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Abstract

This paper deals with the theory of rectifiability in arbitrary Carnot groups, and in particular
with the study of the notion of &-rectifiable measure. First, we show that in arbitrary Carnot
groups the natural infinitesimal definition of rectifiabile measure, i.e., the definition given in
terms of the existence of flat tangent measures, is equivalent to the global definition given
in terms of coverings with intrinsically differentiable graphs, i.e., graphs with flat Hausdorff
tangents. In general we do not have the latter equivalence if we ask the covering to be made
of intrinsically Lipschitz graphs. Second, we show a geometric area formula for the centered
Hausdorff measure restricted to intrinsically differentiable graphs in arbitrary Carnot groups.
The latter formula extends and strengthens other area formulae obtained in the literature in
the context of Carnot groups. As an application, our analysis allows us to prove the intrinsic
C!-rectifiability of almost all the preimages of a large class of Lipschitz functions between
Carnot groups. In particular, from the latter result, we obtain that any geodesic sphere in
a Carnot group equipped with an arbitrary left-invariant homogeneous distance is intrinsic
C!-rectifiable.

Mathematics Subject Classification 53C17 - 22E25 - 28A75 - 49Q15 - 26A16

1 Introduction

In the Euclidean setting the notion of rectifiable set, and more in general that of rectifiable
measure, can be given in two equivalent ways. Either one could prescribe the infinitesimal
behaviour of the measure by saying that it has flat tangent measures almost everywhere, i.e.,
Hausdorff measures supported on vector subspaces of dimension k or, following a global
approach, one could say that the measure is absolutely continuous with respect to the Haus-
dorff k-dimensional measure, and that it is supported on a countable union of k-dimensional
Lipschitz graphs. In Euclidean spaces the latter two notions are equivalent, pretty well-
understood and thoroughly studied, see [10,15,38,42].
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In the last two decades an increasing interest has grown towards the understanding of recti-
fiability in some specific non-smooth contexts, such as the context of Carnot groups, see Sect.
2 for details. A Carnot group G is a simply connected nilpotent Lie group, whose Lie algebra
is stratified and generated by its first layer. Carnot groups are a generalization of Euclidean
spaces, and we remark that (quotients of) Carnot groups arise as the infinitesimal models of
sub-Riemannian manifolds. The geometry of a Carnot group, even at an infinitesimal scale,
might be very different from the Euclidean one. On every Carnot group we have a natural
family of anisotropic dilations {3, },~0. We always endow G with an arbitrary left-invariant
homogeneous (with respect to {5, },~0) distance d, and we recall that any two of them are
bi-Lipschitz equivalent. We denote Q the Hausdorff dimension of G with respect to any of
such distances.

As shown in the fundamental papers [21,22], in step-2 Carnot groups the reduced boundary
of a finite perimeter set can be covered up to H 2~ -negligible sets by countably many intrinsic
C'-regular hypersurfaces, C 11[ hypersurfaces from now on, see Definition 5.2. The positive
De Giorgi’s rectifiability result in [22] has started an effort to study Geometric Measure
Theory in sub-Riemannian Carnot groups, and in particular to study various notion(s) of
rectifiability, mostly given following the global approach described at the beginning of this
paragraph.

One of the big efforts in this study is trying to understand what is the correct class of
building blocks to consider in order to give a satisfactory global definition of rectifiable set,
or measure, in the setting of Carnot groups. The first notion of rectifiability that has been
proposed and studied is the one which considers as building blocks C ]L—surfaces, as explained
above, see [21,23,24,27,35]. Then a notion of intrinsic Lipschitz graph (see Definition 2.12)
has been proposed and studied in [17,20], and relations between the notion of intrinsic
Lipschitz rectifiability and the notion of C}ll—rectiﬁability have been investigated in [16,
19]. The problem of linking the latter two definitions of rectifiability with the infinitesimal
viewpoint was raised in [39] in the setting of Heisenberg groups H". From the results in
[39] one deduces that in H" the natural infinitesimal notion of rectifiable measure—namely
the one given in terms of the existence of flat tangent measures almost everywhere—agrees
with the one given in terms of intrinsic Lipschitz graphs in low dimensions, and with the one
given in terms of lel-surfaces in low codimensions. Eventually, it took about ten years to
conclude that a Rademacher theorem for intrinsic Lipschitz functions in low codimensions
holds in H", see [43]. As a consequence, at least in H", the natural infinitesimal definition of
rectifiability always agrees with the one given in terms of coverings with intrinsic Lipschitz
graphs. An analysis similar to the one of [39] has been pursued in [26] in the setting of
homogeneous groups and for measures with horizontal tangents.

Other notions of rectifiability modelled on Lipschitz images of (homogeneous subgroups
of) Carnot groups have been proposed by Pauls and Cole-Pauls in [8,41]. An interesting
open question asks whether in H' the notion of rectifiability by means of Cfll-hypersurfaces
is equivalent to the one of Cole-Pauls given in [8], see [5,11] for some partial results. Never-
theless, in arbitrary Carnot groups, the two notions could be very different, see the results in
[2]. A weak notion of rectifiability in terms of building blocks that satisfy some mild cone
property has also been recently investigated in [12].

On the other hand, from the infinitesimal viewpoint, a notion that makes sense in arbitrary
Carnot groups has been proposed in [40] by the second-named author, namely the notion of
P-rectifiable measure, which we recall here. We recall that a subgroup V of G is said to be
homogeneous if it is closed under the action of the dilations {5, }1~0. Again we remark that
G is endowed with a left-invariant homogeneous distance d.
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Definition 1.1 (Z-rectifiable measures) Fix a natural number 1 < 2 < Q. A Radon measure
¢ on G is said to be &), -rectifiable if for ¢p-almost every x € G we have

(i) 0 <O, x) < O"*(p,x) < +oo,
(i) Tang(¢,x) € {AS"LV(x) : A > 0}, where V(x) is a homogeneous subgroup of G of
Hausdorff dimension £,

where @Z (¢, x) and O"*(¢, x) are, respectively, the lower and the upper h-density of ¢ at
x, see Definition 2.7, Tany (¢, x) is the set of h-tangent measures to ¢ at x, see Definition
2.6, and 8" is the spherical Hausdorff measure of dimension /, see Definition 2.4.

In [4] we started to study structure results for the class of Z7-rectifiable measures, proving
a Marstrand-Mattila type rectifiability criterion in the co-normal case [4, Theorem 1.3]. The
latter theorem directly leads to the proof of Preiss’s theorem in the first Heisenberg group H!!
equipped with the Koranyi norm, see [4, Theorem 1.4]. In this paper we complete the study
of the notion of Z-rectifiable measure, when the tangents are complemented, showing that
the notion of Z-rectifiability, which is infinitesimal in nature, is equivalent to the global one
given in terms of intrinsic differentiable graphs, see Theorem 1.1. We stress that our Theorem
1.1 extends to arbitrary Carnot groups and to all the dimensions the results given in [39].

All in all we conclude that, in Carnot groups, the correct building blocks to consider in
order to give a global definition of rectifiability that agrees with the infinitesimal one seem to
be intrinsic differentiable graphs. We also provide an area formula for such building blocks,
see Theorem 1.3. We stress that, due to the existence of intrinsic Lipschitz graphs that are
nowhere intrinsically differentiable, see [28], one cannot give a geometric area formula in the
spirit of Theorem 1.3 for arbitrary intrinsic Lipschitz graphs. Nevertheless the area formulae
in Theorem 1.2 and Theorem 1.3 extend the area formula given in [27, Theorem 1.1], see the
discussion after Theorem 1.3.

We stress that one of the main achievements of this paper is also the rectifiability criterion
in Proposition 3.9 which allows to prove the #-rectifiability of almost all the preimages of
a large number of Lipschitz functions, see Proposition 1.4, and Corollary 1.5.

Remark Some of the results presented in this paper use results proven in [4, Sections 2-3-
4-6]. We recall the most important ones in the preliminary section of this work, see Sect. 2.
During the proofs we give precise references to the results of [4] when we need them.

1.1 Main results

We discuss the main contributions of the present paper. We fix G a Carnot group and we equip
it with a left-invariant homogeneous distance. We recall that when we say that a homogeneous
subgroup V admits a complementary subgroup, we mean that there exists a homogeneous
subgroup L such that G = V- L and VN L = {0}. The first result of this work is a com-
plete characterization of &7 -rectifiable sets with complemented tangents in arbitrary Carnot
groups either in terms of the existence of flat 2-dimensional complemented Preiss’s tangents
almost everywhere or in terms of a covering property with s-dimensional intrinsically dif-
ferentiable graphs with complemented tangents. We recall that, while Tany (¢, x) captures
the behaviour of tangent measures obtained rescaling with the /-th power of the scale, see
Definition 2.6, the Preiss’s tangent Tan(¢, x), see Definition 2.6, captures the behaviour of
all the possible tangent measures, namely

Tan(¢, x) := {v : there exist {c;}, with ¢; > 0, and {r;}
with r; —; 0 such that ¢; Ty ,,¢—;v},
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where the convergence of measures is meant in the duality with C.(G), see Definition 2.5.
For the reader’s convenience we recall here that an intrinsic graph with respect to a splitting
G = V - L of the group is said to be intrinsically differentiable at one of its points if the
Hausdorff tangent at that point is a homogeneous subgroup, see Definition 3.1 for a precise
definition. For the proof of the next statement, see the end of Sect. 3.

Theorem 1.1 Let G be a Carnot group and fix a natural number 1 < h < Q. LetT C G
be a Borel set such that S"(I") < 400, where S" is the h-dimensional spherical Hausdorff
measure. Then the following are equivalent

1. 8" T is a P),-rectifiable measure with complemented tangents, i.c., a Py -rectifiable
measure, see Definition 2.14,
2. For 8" T -almost every x € G we have

Tan(ShLF, x) = {kSh LV(x) : A > 0, V(x) is acomplemented hom. subgroup of G
with dimgV(x) = h},

3. There exist countably many compact intrinsic Lipschitz graphs T that are h-dimensional
intrinsically differentiable graphs at S"-almost every x € T, that have complemented
Hausdorff tangents at S"-almost every x € T, and such that

S"r\ U = 0.

Moreover, denoting with C" the centered Hausdorff measure of dimension h, see Definition
2.4, if any of the previous holds, then ®"(C"_T, x) = 1 exists for C" T -almost every x € G
and

r_h(TXJ)*(ChLF)—\Ch\_V(x), for c'.T — almost every x € @,
where the convergence of measures is meant in the duality with C.(G).

Let us observe that when a Rademacher theorem is available, we can equivalently consider
as the building blocks in item 3. of Theorem 1.1 the class of h-dimensional intrinsically
Lipschitz graphs, without asking anything a priori on the differentiability. Let us recall that
a Rademacher theorem is proved in [16,19] in the setting of Carnot groups G of type «, i.e.,
a class strictly larger than Carnot groups of step 2, and for maps ¢ : U € W — L, where
W and IL are complementary subgroups of G, with L horizontal and one-dimensional.
Moreover, with the recent results of [32], the latter codimension-one Rademacher theorem
can be extended to the groups of type diamond introduced in [32]. Recently, by making
use of the theory of currents, the author of [43] has proved the Rademacher theorem for
intrinsically Lipschitz maps between complementary subgroups of any dimension in the
Heisenberg groups H", while in [3] we proved the validity of a Rademacher theorem for
co-normal intrinsically Lipschitz graphs.

Nevertheless, Rademacher theorem is now known to be false in arbitrary Carnot groups in
a very strict sense, i.e., there exists an s-dimensional intrinsically Lipschitz graph in a Carnot
group such that at every point of it there exist infinitely many blow-ups and each of these
blow-ups is not ahomogeneous subgroup, see [28, Theorem 1.1]. This latter result implies that
in general in item 3. of Theorem 1.1 one cannot equivalently consider as building blocks of
a locally well-behaved definition of rectifiable sets the family of /-dimensional intrinsically
Lipschitz graphs. So, in some sense, the result of Theorem 1.1 is sharp also in view of the
negative result of [28].

Let us further notice that we do not consider in this work the relations between the
three items in Theorem 1.1 and the existence of an approximate tangent in the sense of [38,
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Definition 15.17] (cf. [39, Definition 3.7]). This relation will be target of future investigations.
All in all, taking into account that ST is &} -rectifiable with co-horizontal tangents if and
only if T" is C}LI (G, RQ_h)—rectiﬁable, see Definition 5.3 and Corollary 5.3, our result in
Theorem 1.1 extends and strengthens [39, (1)< (ii))<(iv)<>(v) of Theorem 3.15]. Notice
also that in the previous chain of equivalences, we can also drop the assumption on the lower
density in [39, (iv),(v)]. Moreover, taking into account the Rademacher theorem of [3] in
the co-normal case, our result in Theorem 1.1 extends [39, (1)< (ii)<>(iv)<>(v) of Theorem
3.14] as well. Let us recall, for the reader’s convenience, that [39, Theorem 3.15] deals with
the characterization of co-horizontal rectifiability in the Heisenberg groups H", while [39,
Theorem 3.14] deals with the characterization of horizontal rectifiability in the Heisenberg
groups H".

Let us final notice that we stated our result in Theorem 1.1 for measures of the form
S"LT, but we could also give a version of it for Radon measures with @*(¢, x) < 400 for
¢-almost every x € G, after having proven the analogue of Theorem 3.7 for measures.

The second result of the work is an area formula for intrinsic Lipschitz graphs that are in
addition &7} -rectifiable. The proof of the following statement is at the end of Sect. 4.

Theorem 1.2 Let V, L be homogeneous complementary subgroups of a Carnot group G
such that h := dimpg V. Let T" be the graph of an intrinsic Lipschitz map ¢ : A €V — L
(see Definition 2.12), with A Borel, such that S" T is Py -rectifiable with tangent measures
S" T -almost everywhere supported on homogeneous subgroups complemented by L. Then,
for every Borel function ¥ : T' — [0, 400) the following area formula holds

/FWdChLF=/AW(a~<ﬂ(a))A(V(a-<p(a)))dChLV, ey

where C"" is the centered Hausdorff measure, see Definition 2.4, V(a - ¢(a)) is the tangent
on which it is supported the tangent measure of S" T at the point a - ¢(a) € T, and A(-) is
the centered area factor defined with respect to the splitting G = V - I, see Definition 4.1.

A consequence of the previous result is the following one, which is an area formula for
intrinsic Lipschitz graphs that are also intrinsically differentiable. The proof of the following
statement can be found at the end of Sect. 4.

Theorem 1.3 Let V, IL be homogeneous complementary subgroups of a Carnot group G such
that h = dimpy V. Let I be the graph of an intrinsic Lipschitzmap ¢ : A CV — L, with A
Borel. Let us assume I is an intrinsically differentiable graph (see Definition 3.1) at S"-almost
every x € I" and let us assume that the Hausdorff tangent V(x) of " at x is complemented
by L at S"-almost every x € T. Then, for every Borel function  : T — [0, 4+00), the area
formula in (1) holds.

Let us remark that, taking into account that O"(C".T, x) = 1 for C"LT-almost every
x € G, see Theorem 1.1, and considering the result in [27, Corollary 3.6] one can show
that (1) extends and strengthens the area formula of [27, Theorem 1.1]. Indeed, the graph
of a CQV’V function as in the statement of [27, Theorem 1.1] is a &7} -rectifiable set, see [4,
Proposition 6.2]. Moreover, we stress that Theorem 1.2 strictly strengthens [27, Theorem
1.1] for two reasons: there exists natural examples of graphs that are &?;,-rectifiable but not
Cﬁ-rectiﬁable, see [4, Remark 6.3], and moreover in our result the map ¢ does not need to
be defined on an open set but just on a Borel set.

Letus notice that the area formula in Theorem 1.3 is geometric. It roughly asserts that when
an intrinsic Lipschitz graph over the split V- IL has almost everywhere a flat Hausdorff tangent
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complemented by L, then the area of this graph can be obtained integrating on V a geometric
area factor. With geometric we mean that the factor only depends on the tangent. Let us
stress that when a Rademacher theorem is available, one can remove the hypothesis about
the intrinsic differentiability in Theorem 1.3. Nevertheless, as discussed above, a Rademacher
theorem might not hold in arbitrary Carnot groups, see [28].

Let us point out that in the literature one can find many more analytic area formulae
in Carnot groups, i.e., in which the area element is expressed in terms of properly defined
intrinsic derivatives of the map ¢. This is the case of [9, Theorem 1.1 and Theorem 1.2]
for low-codimensional Clli-surfaces in Heisenberg groups (cf. also [20, Theorem 2]), which
has been extended to intrinsic Lipschitz low-codimensional surfaces in [43, Theorem 1.3]
(cf. also [7, Theorem 1.6]); and of [1, Proposition 1.8] for one-codimensional C]]_I—graphs
in arbitrary Carnot groups. These formulas could be derived from Theorem 1.3 explicitly
writing the area element in terms of the intrinsic derivatives of the parametrisation map ¢.
Other geometric area formulae for Euclidean C! or C'-!-submanifolds in Carnot groups
have been investigated in [34,36,37]. Let us remark that our point of view is intrinsic while
on the contrary the works [34,36,37] investigate Euclidean-regular manifolds. The results in
[37, Theorem 1.1 and Theorem 1.2], [36, Theorem 1.1], and [34, Theorem 1.1 and Theorem
1.2] roughly assert that whenever a point of a Euclidean-regular submanifold is sufficiently
nice, then the intrinsic blow-up at that point exists and it is a homogeneous subgroup; and
as a consequence also the density—of the correct dimension—of the (Euclidean) volume
measure of the submanifold exists at that point. Then what one notices is that in a lot of
cases the nice points are almost all—with respect to the intrinsic Hausdorff measure of
the correct dimension—the points of the submanifold, cf. [36, Theorem 1.2]. These latter
results have to be compared with our Proposition 3.9 in which we prove that having almost
everywhere an intrinsic complemented blow-up implies the existence of the density of the
Hausdorff measure. Let us notice that when a negligibility theorem, a blow-up theorem, and
the existence of the density hold in the sense of [34,36,37] discussed above for a Euclidean-
regular submanifold X, then one gets that Tany, (S" =, x) € {(AS".V(x) : A > 0} holds
for S"-almost every x € X, where £ is the Hausdorff dimension of X, and where V(x) is a
homogeneous subgroup. This last observation easily follows arguing as in the last lines of the
proof of Proposition 3.9. As aresult, when a negligibility theorem, a blow-up theorem, and the
existence of the density hold in the sense of [34,36,37] for a Euclidean-regular submanifold
X, one gets that St Yisa Py, -rectifiable measure.

Let us finally notice that the area formula in Theorem 1.3 is a formula for the building
blocks for the global notion of rectifiability in item 3. of Theorem 1.1. Thus, by localization,
one obtains from Theorem 1.3 and Theorem 1.1, an area formula for arbitrary &7, -rectifiable
measures, see Corollary 4.7.

The third result of the work is a rectifiability result for the level sets of Lipschitz functions
between Carnot groups. For the proof of the following statement, we refer the reader to
Proposition 5.1.

Proposition 1.4 Let B be a Borel set in G and suppose H is a Carnot group of homogeneous
dimension Q' with Q > Q'. Let f : B € G — H be a Lipschitz map such that

Ker(df (x)) is a complemented homogeneous subgroup of G for S 0

—almost every x € {z € B : df (2) exists surjective},

where df (x) is the Pansu differential that exists for S2-almost every x € G, see Definition

5.1. Then,forSQ/—almost everyy € f(B), the measure SQ_Q/\_f_l (y)is ﬁéfQ,—rectiﬁable
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in G and
Tang /(S22 7' (), x) € (A8279 LKer(df (x)) : A > 0}, fors2~¢
-almost everyx € f_l(y).

As an immediate consequence of the previous result we have the following corollary,
which is worth pointing out explicitly, since, even if simple to state, it seems to be not present
in the literature up to the authors’ knowledge. For a proof, see Corollary 5.4. We remark that
a more general statement, in the co-horizontal case, is still true and can be found in Corollary
5.2.

Corollary 1.5 Suppose f : B € G — R is a Lipschitz map, where B is a Borel set. Then, for
S'-almost every y € f(B) the set f~'(y) is Clll—rectiﬁable. In particular, for every r > 0
and x € G, every geodesic sphere 9 B, (x) is Cﬁ—rectiﬁable.

Notice that the last part of the previous result comes from the first applied to the distance
function from x, and the observation that, by dilating, once 9 B, (x) is Cgl-rectiﬁable for one
radius » > 0, then it is C}ll-rectiﬁable for every radius r > 0. The previous corollary should
be compared with [44, Theorem 3.2], where an intrinsic Lipschitz rectifiability for Lipschitz
surfaces is proved in CC-spaces. Notice, however, that nowadayas it is not known whether,
in codimension-one, intrinsic Lipschitz rectifiability and Cﬁ-rectiﬁability are equivalent in
arbitrary Carnot groups; while being intrinsic Lipschitz rectifiable is weaker than being
C ;[—rectiﬁable. Nevertheless, our previous corollary provides the C l]{—rectiﬁability of all the
spheres in every Carnot group. It is however interesting to point out how the Euclidean
rectifiability of the geodesic spheres in Carnot groups is still an intriguing open question in
general, and it is related to asymptotic volume expansion in nilpotent Lie groups [6,31].

Let us remark that the previous results in Proposition 1.4 and Corollary 1.5 follow from
the rectifiability criterion in Proposition 3.9. It is worth pointing out that, given a Lipschitz
function f : B € G — R, forevery y € f(B), the set { f < y} is of locally finite perimeter
in G, see, e.g., [13, Theorem 2.40]. Hence, taking into account Corollary 1.5, we deduce the
following consequence: S'-almost all the sublevel sets of real-valued Lipschitz functions
defined on Borel subsets of Carnot groups are examples of sets of locally finite perimeter
whose boundary is Cfll-rectiﬁable—namely De Giorgi’s rectifiability Theorem holds for such
sets.

Let us finally stress that the previous results in Proposition 1.4 and Corollary 1.5 open the
way to proving slicing theorems and coarea formulae for &7-rectifiable and Lipschitz slicing
functions. This will be target of future investigations.

Let us briefly comment on the proof of Theorem 1.1. For what concerns the implications
1. = 2.,and 1. = 3., the first is just a matter of routine argument, see [38, Remark 14.4(3)],
and the second is a consequence of [4, Theorem 1.8]. The main new contributions of this
paper, which lead to the equivalence in Theorem 1.1, are the implications 2. = 1., and 3. =
1., both of them non-trivial.

For what concerns the implication 2. = 1., we first use that the hypothesis of flat Preiss’s
tangents allows to conclude that I' is S"-almost everywhere covered by countably many
h-dimensional graphs I'; of intrinsically Lipschitz functions, namely 8" (I" \ U;;of Iy =0,
see Proposition 2.26. Hence we exploit the general fact, that dates back to Preiss’s paper (cf.
[42, Corollary 2.7]), that a measure with a compact-based tangent at a point is asymptotically
doubling at that point. Joining the latter two observations, we deduce that, for every i, the
measure S”LT"; is asymptotically doubling, and then this enables us to prove that I'; has big
projections on the plane over which I'; is a graph, see Proposition 3.3. The latter proposition
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is just a straightforward empowerment of our result already proved in [4, Proposition 4.6].
Finally, the big projections property of Proposition 3.3 allows us to conclude that the #-lower
density G)fkl (8", -) is positive S T; almost everywhere, see Proposition 3.6. Hence, the
proof of the implication 2. = 1. is concluded since we can argue, by exploiting Lebesgue
differentiation theorem, that ®"(S".T), -) is positive S"I"-almost everywhere, which was
the non-trivial missing information to prove 1. Let us notice that in 2. we are not requiring
anything a priori on the positivity of the z-lower density of ST, otherwise the implication
2.=> 1. would have been trivial. Nevertheless, we deduce the positivity of the 4-lower density
from the fact that the tangents are flat and complemented as we discussed above.

The proof of the implication 3. = 1. relies on the fact that an arbitrary /-dimensional
(almost everywhere) intrinsically differentiable graph I' with complemented Hausdorff tan-
gents has the property that ST is &y -rectifiable. This is exactly the content of Proposition
3.9. In order to prove the latter proposition, we show that when we have an arbitrary h-
dimensional (almost everywhere) intrinsically differentiable graph I with complemented
Hausdorff tangents, at (S"_I"-almost) every point we have that the graph I is, at arbitrarily
small scales, contained in a cone with arbitrarily small opening and with basis the Hausdorff
tangent at that point. This observation enables us to perform a covering argument and to show
directly that ®" (C"_T, -) = 1at C"_T-almost every point. Then the fact that C_T", and hence
Sh.T, is &} -rectifiable is reached by using a classical argument, see Proposition 2.3 and
Proposition 2.4. Let us notice that in Proposition 3.9 it is essential to work with the centered
Hausdorff measure CLT", since we consider coverings with balls centered on I'. It is also
worth noticing that S"_T" and C"_T" are mutually absolutely continuous so any rectifiability
property for one measure is transferred to the other by means of Lebesgue differentiation
theorem and the locality of tangents.

The final part of the statement in Theorem 1.1 is a consequence of the fact that the ~-density
of C"LT is 1 as a consequence of the previous reasoning, and the fact that C"_V(B(0, 1)) = 1
for every homogeneous subgroup V of Hausdorff dimension 4, see Lemma 2.1.

Let us briefly comment on the proof of Theorem 1.2. The strategy of the proof is similar
to the one in [27] and it is based on a continuity property of the volumes through a blow-up
procedure, see Proposition 4.4. Nevertheless, in order to prove Proposition 4.4, one needs
to face some delicate technical problems due to the fact that the map ¢ is not necessarily
defined on an open set, but just on a Borel set. Hence, one needs to argue directly on the
graph by using a Vitali-type differentiation theorem, see Proposition 4.3, and a new delicate
estimate on the volumes of the projections of balls in I', see Proposition 3.8.

2 Preliminaries

2.1 Carnot groups

In this subsection we briefly introduce some notations on Carnot groups that we will exten-

sively use throughout the paper. For a detailed account on Carnot groups we refer to [29].
A Carnot group G of step « is a connected and simply connected Lie group whose Lie

algebra g admits a stratificationg =V, & Vo, @---® V.. Wesaythat Vi & Vo @&--- @ V,
is a stratification of gif g=V| ® Vo @ --- @ V,,

[Vi,Vil=Viq1, foranyi=1,...,x—1, and [Vi, V(] = {0},
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where [A, B] := span{[a, b] : a € A,b € B}. We call V| the horizontal layer of G. We
denote by # the topological dimension of g, by  ; the dimension of V; forevery j =1, ..., k.
Furthermore, we define r; : G — V; to be the projection maps on the i-th strata. We will
often shorten the notation to v; := m;v.

The exponential map exp : g — G is a global diffeomorphism from g to G. Hence,

if we choose a basis {Xi,..., X,} of g, any p € G can be written in a unique way as
p = exp(p1X1 + - -+ + pnXy). This means that we can identify p € G with the n-tuple
(P1s---, pn) € R" and the group G itself with R” endowed with - the group operation

determined by the Baker-Campbell-Hausdorff formula. From now on, we will always assume
that G = (R", -) and, as a consequence, that the exponential map exp acts as the identity.

The stratificaton of g carries with it a natural family of dilations 6, : g — g, that are Lie
algebra automorphisms of g and are defined by

8. (V1, ..., ve) = (Avy, 2o, 2v,), forany A > 0,

where v; € V;. The stratification of the Lie algebra g naturally induces a gradation on each
of its homogeneous Lie sub-algebras b, i.e., a sub-algebra that is §; -invariant for any A > 0,
that is

h=ViNhbd...®& Ve Nh. 2)

Wesay thath = W @- - -® W, isagradationof hif [W;, W;] C W, jforeveryl <i, j <«,
where we mean that W, := {0} forevery £ > «. Since the exponential map acts as the identity,
the Lie algebra automorphisms §; are also group automorphisms of G.

Definition 2.1 (Homogeneous subgroups) A subgroup V of G is said to be homogeneous if
it is a Lie subgroup of G that is invariant under the dilations §; .

We recall the following basic terminology: a horizontal subgroup of a Carnot group G is
a homogeneous subgroup of it that is contained in exp(V}); a Carnot subgroup W = exp(h)
of a Carnot group G is a homogeneous subgroup of it such that the first layer Vi N b of the
grading of b inherited from the stratification of g is the first layer of a stratification of .

Homogeneous Lie subgroups of G are in bijective correspondence through exp with the
Lie sub-algebras of g that are invariant under the dilations §,. For any Lie algebra f with
gradation h = W; @ ... @ W,, we define its homogeneous dimension as

K
dimpom () := Y i - dim(W;).
i=1
Thanks to (2) we infer that, if h is ahomogeneous Lie sub-algebra of g, we have dimpom () 1=
Zle i -dim(h N V;). It is well-known that the Hausdorff dimension (for a definition of
Hausdorff dimension see for instance [38, Definition 4.8]) of a graded Lie group G with
respect to a left-invariant homogeneous distance coincides with the homogeneous dimension
of its Lie algebra. For a reference for the latter statement, see [30, Theorem 4.4]. From now
on, if not otherwise stated, G will be a fixed Carnot group.
For any p € G, we define the left translation T, : G — G as

g Tpq:=p-q.

As already remarked above, the group operation - is determined by the Campbell-Hausdorff
formula, and it has the form (see [21, Proposition 2.1])

p-q=p+qg+2p,q), foral p,geR",
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7 Page 10 of 52 G. Antonelli, A. Merlo

where 2 = (2,...,2¢) :R"xR" - Vi & ... ® V,, and the 2;’s have the following
properties. For any i = 1, ...« and any p, ¢ € G we have

(i) 2;8np,8.9) = 2 2,(p,q),
(i) Zi(p,q) = —2i(—q, —p),
(iii) 21 =0and 2;(p,q) = 2i(p1, ..., Pi-1.q1, - qi—1)-

Thus, we can represent the product - as

p-g=@i+q,p2+q+220p1,91), -, P + Gi
+QK(P1, ceos Pe—15415 ~--7qK—1))' 3)

Definition 2.2 (Homogeneous left-invariant distance and norm) A metricd : G x G —> R
is said to be homogeneous and left-invariant if for any x, y € G we have, respectively

(1) d(8yx,8,y) = Ad(x,y) forany A > 0,
(ii) d(t;x, t;y) =d(x,y) forany z € G.

Given a homogeneous left-invariant distance, its associated norm is defined by || g|ls =
d(g,0), for every g € G, where 0 is the identity element of G.

Given a homogeneous left-invariant distance d on G, for every x € G and every E C G
we define dist(x, F) := inf{d(x,y) : y € E}.

Throughout the paper we will always endow, if not otherwise stated, the group G with
an arbitrary homogeneous and left-invariant metric. We will denote such a distance with
d. We remark that two homogeneous left-invariant distances on a Carnot group are always
bi-Lipschitz equivalent.

Definition 2.3 (Metric balls and tubular neighbourhoods) Suppose a homogeneous and left-
invariant metric d has been fixed on G. Then, we define Uy (x,r) :={z € G:d(x,2) < r}
to be the open metric ball relative to the distance d centred at x at radius » > 0. The closed
ball will be denoted with By (x,r) :={z € G : d(x, z) < r}. Moreover, for a subset E C G
and r > 0, we denote with By(E,r) := {z € G : dist(z, E) < r} the closed r-tubular
neighborhood of E and with Ug(E,r) := {z € G : dist(z, E) < r} the open r-tubular
neighborhood of E. When the metric d is understood, we will tacitly drop the dependence
on the metric in the notation.

Definition 2.4 (Hausdorff Measures) Let d be a homogeneous and left-invariant metric on
G and A € G be aBorel set. Forany 0 < & < Q and § > 0, define

€ 5(A) = inf{ By(xj,rj), rj < 8andx; eA},

yf,s(A) = inf{ By(xj,rj), rj < 5},

oo o0
2 A
j=1 j=1
o0 o0
2 AU
j=1 j=1

and 7! . () := 0 =: %] (©)). Eventually, we let

C;’(A) = sup sup %5,3(3)
BCA §>0

Sh(A)

su;; ngO(B) be the centred spherical Hausdorff measure,
BC<

gu]g 5{? s(A) be the spherical Hausdorff measure.
>
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We stress that CZ is an outer measure, and thus it defines a Borel regular measure, see [14,
Proposition 4.1], and that the measures S[]}, HZ, Cfi‘ are all equivalent measures, see [15,
Section 2.10.2] and [14, Proposition 4.2]. When the metric d is understood, we will tacitly
drop the dependence on the metric in the notation.

We recall here the following result that has been proved in [4, item (iii) of Proposition
2.11], and that will often be used in the paper.

Lemma 2.1 Let V be a homogeneous subgroup of a Carnot group G endowed with a left-
invariant homogeneous distance d. Let us call h the homogeneous dimension of V. Hence

CH(Ba(x,r)NV) =",

for every x € Vand any r > Q.

2.2 Densities and tangents of Radon measures

Throughout the rest of the paper we will always assume that G is a fixed Carnot group
endowed with a left-invariant homogeneous distance d. The homogeneous, and thus Haus-
dorff, dimension with respect to d will be denoted with Q. Furthermore, as discussed in the
previous subsection, we will assume without loss of generality that G coincides with R”
endowed with the product induced by the Baker-Campbell-Hausdorff formula.

Definition 2.5 (Weak convergence of measures) Given a family {¢;};cn of Radon measures
on G we say that the sequence ¢; weakly* converges to a Radon measure ¢, and we write

¢i—o,if
/ fdoi — / fd¢  forany f € C.(G),
where C.(G) is the space of compactly supported functions on G.

Definition 2.6 (Tangent measures) Let ¢ be a Radon measure on G. For any x € G and any
r > 0 we define the measure

Ty @ (E) :=p(x -8, (E)), for any Borel set E.

Furthermore, we define Tan(¢, x), the tangent measures to ¢ at x, to be the collection of
the non-null Radon measures v for which there is a sequence {r;};cn, with r; — 0, and a
sequence {c; };en, with ¢; > 0, such that

¢iTy ,p—v.

Moreover, we define Tany, (¢, x), the h-tangent measures to ¢ at x, to be the collection of
Radon measures v for which there is a sequence {r; };cn, with r; — 0, such that

—h
ri Ty @—v.

Definition 2.7 (Lower and upper densities) Suppose d is a fixed homogeneous left-invariant
metric on G. If ¢ is a Radon measure on G, and & > 0, we define

¢(Ba(x,r))

rh ’

¢(Ba(x,r))

o := liminf
d.5 (P, X) im in U ,

and ®Z’*(¢,x) := lim sup

r—0
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7 Page12of52 G. Antonelli, A. Merlo

and we say that @Z’*((b, x) and ®Z‘*(¢, x) are the lower and upper h-density of ¢ at the
point x € G, respectively. Furthermore, we say that measure ¢ has h-density if

0< (H)Z’*(qﬁ, x) = (H)Z’*(¢, X) < 00, for ¢-almost any x € G.

When the metric d is understood, we will tacitly drop the dependence on the metric in the
notation.

Proposition 2.2 Assume ¢ is a Radon measure on G and suppose that rl._h Ty, r,¢—v. Then,
for any z € supp(v) there exists a sequence y; € supp(¢) such that 81y, "y = z

Proof A simple argument by contradiction yields the claim. The proof follows verbatim its
Euclidean analogue, see for instance the proof of [10, Proposition 3.4]. O

Definition 2.8 (Definition of E (%, y)) Let ¢ be a Radon measure on G that is supported on
the compact set K, i.e., such that ¢ (G \ K) = 0. For any 9, y € N we define

E®,y) = {x e K o It < ¢(B(x,r)) < dr for any0 <r < l/y}. “4)
The following two propositions can be found in [4, Proposition 2.4 and Proposition 2.5].

Proposition 2.3 (/4, Proposition 2.4 and Proposition2.5]) Assume ¢ is a Radon measure sup-
ported on the compact set K such that 0 < (H)Z (¢, x) < @"* (¢, x) < oo for ¢p-almost every
x € G. Then, forevery ¥, y € Nthe set E(V, y) is compact andqb(G\Uﬂ’yeN E@®,y)) =0.

Proposition 2.4 Suppose ¢ is a Radon measure with h-density. Then for ¢p-almost every x € G
we have that Tany, (¢, x) is not empty and for any v € Tany, (¢, x) we have 0 € supp(v), and
v(B(y,s)) = Oh (g, x)s" forany y € supp(v) and any s > 0.

Proof The proof follows verbatim its Euclidean counterpart, see for instance [ 10, Proposition
3.4]. O

Proposition 2.5 Suppose that u is a Borel regular measure on G supported on a homogeneous
subgroup V € G(h), such that 0 € supp(i) and assume that there exists a constant C > 0
such that for any z € supp(u) and any s > 0 we have

1(B(z,s)) = Cs".
Then w is a Haar measure of the subgroup V.

Proof Without loss of generality we can assume C = 1. Thanks to [18, Theorem 3.1] we
thus infer that & = C"_supp(u). Moreover, for any x € supp(u), thanks to Lemma 2.1, we
have that u(B(x, r)) = C"_V(B(x, r)) for every r > 0. If by contradiction supp(u) # V,
then there would exista p € Vandarg > 0 such that B(p, ro) Nsupp(r) = @. This however
is impossible since we would have

C"LV (B, 2(lpll + 0)))
> C"(B(0, 2(IIpll + ro)) N supp(w)) + C*(B(p, ro) N V) > (B, 2|l pll + r0))),

and this is a contradiction with what we found above, since by assumption 0 € supp(u). O

A very useful property of locally asymptotically doubling measures is that Lebesgue
theorem holds and thus local properties are stable under restriction to Borel subsets. The
forthcoming result is a direct consequence of [25, Theorem 3.4.3] and the Lebesgue differ-
entiation Theorem in [25, page 77].
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Proposition 2.6 Suppose d is a fixed homogeneous left-invariant metric on G and that ¢ is
a Radon measure on G such that for ¢p-almost every x € G we have
Bi(x,2
lim sup M < 0. )
r—0 @ (Ba(x, 1))
Then

(i) for any Borel set B C G the measure ¢ B is a locally asymptotically doubling measure,
and we have that the following equalities hold for ¢p-almost every x € B

O (¢p.B.x) =0l (¢.x). and O} (¢LB.x) = O} (¢. ),

(ii) for every non-negative p € L' (¢), and for ¢-almost every x € G we have Tan(p¢, x) =
o (x)Tan(¢, x). More precisely, for ¢p-almost every x € G the following holds

ifr; — Ois such that ¢;Tx ,¢—v then c;Tx,,(p$)—p(x)v. (6)

We recall that any Radon measure ¢ on (G, d) that satisfies (5) for ¢-almost every x € G is
said to be locally asymptotically doubling, or simply asymptotically doubling.

2.3 Intrinsic Grassmannian in Carnot groups

We recall in this section some useful properties about homogeneous subgroups in Carnot
groups. We equip G with a fixed left-invariant homogeneous distance d that will sometimes
be understood.

Definition 2.9 (Intrinsic Grassmanian on Carnot groups) For any 1 < & < Q, we define
G(h) to be the family of homogeneous subgroups V of G that have Hausdorff dimension /.
Let us recall that if V is a homogeneous subgroup of G, any other homogeneous subgroup L
such that

V-L=G, and VNL=/{0},

is said to be a complement of G. We let G, () to be the subfamily of those V € G () that have
a complement and we will refer to G (h) as the h-dimensional complemented Grassmanian.
Finally, for any 1 < 4 < Q we endow G(h) with the metric

dg(W1, W) :=dy,c(W; N B0, 1), W, N B(O, 1)),

where dy g is the Hausdorff distance of sets induced by the distance d. For more details we
refer to [4].

We recall here the following proposition from [4, Proposition 2.7] that will be used several
times.

Proposition 2.7 (Compactness of the Grassmannian) For any 1 < h < Q (G(h),dg) is a
compact metric space.

Definition 2.10 (Projections related to a splitting) For any V € G (h), if we choose a com-
plement L of V, we can find two unique elements gy := Pyg € V and g1, := Prg € L such
that

g=Py(g) PL(g) =gv-e&L-

We will refer to Py(g) and Pr,(g) as the splitting projections, or simply projections, of g
onto V and L, respectively.
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7 Page 14 of 52 G. Antonelli, A. Merlo

Proposition 2.8 ([17, Proposition 2.12 and Corollary 2.15], [4, Proposition 2.14]) Suppose d
is a fixed homogeneous left-invariant metric on G and let ||-|| 4 be the associated homogeneous
norm. Then, for anyV € G.(h) with complement LL there is a constant C1(d, V, L) > 0 such
that for any p € G we have

C1d, V. DIIPL(p)lla = dist(p, V) = [[PL(P)la;

7
C1d, V. LHUPL(Plla + I1Py(Plla) < lIplla = I1PL(P)la + 1 Pv(P)la- @

Furthermore, for any r > 0, there exists a constant Co we have SgLV(PV(Bd(p, r))) =
Cyr(,V, L)r" and, for any Borel set A C G for which SZ} (A) < oo, we have

ShLV(Py(A)) <2CH(d, V,L)SH(A). ®)

When the metric d is understood, we will tacitly drop the dependence on the metric in the
notation.

Remark 2.1 (About the definition of C1) We stress that we fix C; to be the supremum of all
the constants for which the inequalities in (7) hold.

We recall here the following proposition that will be useful later on.

Proposition 2.9 ([4, Proposition 2.10], [17, Proof of Lemma 2.20]) Suppose d is a fixed
homogeneous left-invariant metric on G. Let us fix V. € G.(h) and L two complementary
homogeneous subgroups of G. Then, for any x € G the map V : V — V defined as
W (z) := Py(xz) is invertible and it has unitary Jacobian. As a consequence Sg(PV(E)) =
Sh(Py(xPy(€))) = Sh(Py(xE)) for every x € G and € G Borel.

The following proposition will be useful in the proof of Corollary 5.2. We omit the proof.
The first part of the statement, i.e., the one about the homeomorphism, can be reached by
using elementary Linear Algebra; while the second part of the statement follows from the
first. We stress that in the following statement we are endowing g, that is identified with R”
through a choice of a basis of left-invariant vector fields X1, ..., X, with a scalar product
(-, -) that makes X1, ..., X,, orthonormal.

Proposition 2.10 Let L(g, g) be the set of linear maps from the Lie algebra g of G into itself,
endowed with the operator norm p. Then, being G(g) the Grassmannian of the vector space
g, the map P : G(g) — L(g, g) defined as B(V) := Iy 1, where T1,1 is the orthogonal
projection onto viisa homeomorphism onto its image.

Then, amap V : g — exp~ ' (G(h)) is Borel measurable if and only if the projection map
myL 1 g — L(g, g) defined as

Ty (x) = Iy,
where Iy 1 is the orthogonal projection onto V (x)*, is Borel measurable. In addition to

this, the Borelianity of my 1 is also equivalent to saying that for any fixed v, w € g, the map
x = (v, [y ()L [w]) is Borel.

2.4 Cones over homogeneous subgroups and intrinsic Lipschitz functions

In this section we recall some basic definitions about intrinsic cones in Carnot groups.
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Definition 2.11 (Intrinsic cone) Suppose d is an homogeneous left-invariant distance on G.
For any a > 0 and V € G(h), we define the cone Cy 4(«) as:

Cv.a(a) ={w € G :disty(w, V) < aflwlq}-

Furthermore, given V € G(h) and an o > 0, we say that a Borel set E C G is a Cy 4(«)-set
if

E C pCy () forany p € E.

When the metric d is understood, we will tacitly drop the dependence on the metric in the
notation.

Remark 2.2 (Equivalent intrinsic cones) Suppose d is a homogeneous left-invariant distance
on G. For some benefits toward the rest of the paper, let us prove that if V € G.(h), L is a
complementary subgroup of V, and a < Cy(d, V, L), then

Cv.ala) S {w €G: ||PVW||d} . (C))

o
< - 00
IPwle < G

Indeed, let us take an element w in the complement of the set in the right-hand-side above.
Thanks to the fact that |wlls < [[PLwla + |Pywlas < C1(d,V, L)a~"||PLw]|l4 and to
Corollary 2.8 we have

distg(w, V) = C1(d, V, D[ PL(w)lla > ellwlla- (10)

Therefore, any such w is contained in the complement of the left-hand-side of (9), and thus
we get the sought conclusion. Moreover, for any V € G.(h) and any of its complementary
subgroup L, let us show that for any o > 0

CyLa(@) ={weG:||PLwls < a|Pywlq} € Cya(Cid,V,L) ).

Indeed, if w is an element in the left-hand-side above, we can readily see thanks to Corollary
2.8 that

distg(w, V) < [[PLwlla < el Pywlla < aCy(d,V, L)~ lw]q.

Allin all we have proved that if V € G (h), L is one of its complementary subgroups and
a < Cy(d,V, L) we have

CyLa(C1d,V,L)a) € Cyy(a) € CyLa(a/(C1d,V,L) —a)),

thus showing that, below some threshold on the opening, the cones Cy 4 and Cy ., 4 are
equivalent.

Remark 2.3 (Equivalent distances and cones) Let dj, d» be two homogeneous and left-
invariant metrics on G. Since they are bi-Lipschitz equivalent, we can find a constant
0 < ¢ < 1 such that ¢di(x,y) < da(x,y) < ¢~ 'di(x,y) for any x, y € G. Then for
any « > 0 and any V € G(h) we have

Cv,4,(¢*at) C Cy g, () C Cy gy (¢ *a0).

We now recall two results that were already proven in [4]. We refer the reader to the
reference [4] for the simple proofs.
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Lemma 2.11 ([4, Lemma 2.16]) Suppose d is a homogeneous left-invariant distance on G.
For any V € G.(h), given L to be a complementary subgroup of V, there exists 0 < g1 :=
€1(d,V, L) < 1 such that

LNCya(e) ={0}.
and for the aims of this paper, we can and will fix e (d, V, L) := C{(d,V,L)/2.

Proposition 2.12 Suppose d is a homogeneous left-invariant distance on G. The function
¢ : G.(h) — R defined as

e(V) :=sup{e;(d,V,L) : Lis a complement of V}, (11)
is lower semicontinuous. In particular the following conclusion holds

e if 4 C G(h) is compact with respect to dg, then there exists a e > 0 such that
e(V) > ey foranyV € 4.

Proof Tt follows verbatim from the proof of [4, Proposition 2.22], taking [4, Remark 2.5]
into account. O

Let us recall the classical definition of intrinsic Lipschits function, see [17, Definition 11].

Definition 2.12 (Intrinsic Lipschitz function) Let W € G (h), assume L is a complement of
W, and let E € W. A function f : E — L is said to be an intrinsic Lipschitz function if
there exists an & > 0 such that for every p € graph(f) :={v- f(v) : v € E} we have

graph(f) N pCw,1(a) = graph(f),
where the cones Cyy 1.(«) have been defined in Remark 2.2.

We finally state two properties of intrinsic Lipschitz graphs that will be useful later on,
and whose simple proofs can be found in [4].

Proposition 2.13 (/4, Proposition 2.19]) Suppose d is a homogeneous left-invariant distance
on G and let us fix V. € G.(h) with complement . If T C G is a Cy(«)-set for some
a <¢&1(d,V, L), then the map Py : I' — V is injective. As a consequence T" is the intrinsic
graph of an intrinsically Lipschitz map defined on Py ().

Lemma 2.14 ([4, Lemma 2.21]) Let I and V be homogeneous complementary subgroups of

G endowed with a left-invariant homogeneous distance d. Suppose T is a Cy q(a)-set with
a < &1(d,V,LL). Then there exists a constant (o) = C(a, d, V, L) > 0 such that

S§Py(Batx, 1) N T) = S (Py(Batr, €@)r) N xCya(@) N Py(D)),
forany x € ', and any r > 0.
2.5 Rectifiable measures in Carnot groups

In what follows we are going to define the class of h-flat measures on a Carnot group and
then we will give proper definitions of rectifiable measures on Carnot groups.

@ Springer



On rectifiable measures in Carnot groups: representation Page 17 0f52 7

Definition 2.13 (Flat measures) For any i € {1, ..., O} we let M(h) to be the family of flat
h-dimensional measures in G, i.e.,

M(h) = {(AS".W : for some A > 0 and W € G(h)}.

Furthermore, if G is a subset of the 4-dimensional Grassmanian G (%), we let Di(4, G) to be
the set

M(h, G) == (AS".W : for some 1 > 0 and W € G}. (12)
Definition 2.14 (&7, and &7} -rectifiable measures) Let 2 € {1, ..., Q}. A Radon measure ¢
on G is said to be a 7, -rectifiable measure if for ¢-almost every x € G we have

(i) 0 < @ (¢, x) < O"*(¢,x) < 400,
(ii) there exists a V(x) € G(h) such that Tany (¢, x) C S V(x): x> 0.

Furthermore, we say that ¢ is &7} -rectifiable if (ii) is replaced with the weaker

(ii)* there exists a V(x) € G.(h) such that Tany (¢, x) C {)\.ShI_V(X) A >0}

Remark 2.4 (About 1 = 0 in Definition 2.14) It is readily noticed that, since in Definition
2.14 we are asking @Z (¢, x) > 0 for ¢-almost every x, we can not have the zero measure
as an element of Tany, (¢, x) thanks to [4, Proposition 2.26]. As a consequence, a posteriori,
we have that in item (ii) and item (ii)* we can restrict to A > 0. We will tacitly work in this
restriction from now on, see [4, Remark 2.7].

Remark 2.5 (About the rectifiability of Hausdorff measures) We observe that if I is a Borel
setin G, 8" T is 2, -rectifiable if and only if C'_T (oralso H" T") is &)-rectifiable. This is
because S, H", C" are equivalent measures (see Definition 2.4), the &), -rectifiability implies
being locally asymptotically doubling, and then we can transfer the property of being 47,-
rectifiable from one measure to the other by using Lebesgue—Radon—Nikodym theorem (see
[25, page 82]) and the locality of tangents in Proposition 2.6.

We introduce now a way to estimate how far two measures are.

Definition 2.15 (Definition of Fg) Given ¢ and ¥ two Radon measures on G, and given
K < G acompact set, we define

Fr(@.¥) == supH/fdd) —/fdw‘ fe Lipf(K)}, (13)

where Lip}L (K) denotes the class of 1-Lipschitz nonnegative function with compact support
contained in K. We also write Fy , for Fp(y ).

Remark 2.6 (Properties of Fx) With few computations that we omit, it is easy to see
that Fy (¢, ¥) = rFo1(T ¢, Ty r ). Furthermore, Fx enjoys the triangular inequality.
Indeed, if ¢1, ¢2, ¢3 are Radon measures and f € LipT(K ), then

[ rasi~ [ raw|<| [ sa0
~ [ sawa]+ | [ rao~ [ rao| < Feor. o0+ Fron o,

The arbitrariness of f concludes that Fg (¢1, ¢2) < Fx(¢1, $3) + Fx (93, ¢2).
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Definition 2.16 (Definition of F,) For a given Radon measure ¢ on G and for r > 0, let us
define F;(¢) := [ dist(z, U(0, r)*)d¢(2).

Lemma 2.15 Forany Radon measure ¢ on G and anyr > 0we have that F, (¢) = Fo (¢, 0).

Proof 1t is immediate to see that Fy (¢, 0) > F.(¢) for any r > 0. In order to prove the
viceversa, note that for any f € LipT(B(O, r)) we have that f|3p0,-) = 0. Thanks to this
observation, for any y € B(0, r) if we let x € 9 B(0, r) be a point of minimal distance of y
from U (0, r)¢ we have

J) =1f) = f)] <d(y, x) =dist(y, U0, r)),
and this finally shows that Fp (¢, 0) = F(¢), concluding the proof of the lemma. ]

Proposition 2.16 The function defined on M x M as

d(¢, ¥) == Y277 min{l, Fo »(¢, ¥},

p=0

is a distance and (M, d) is a separable metric space. The topology induced by d on M
coincides with the one given by the weak™ topology.

Moreover; let us assume {¢; };en is a sequence of Radon measures such that lim sup; _, o, ¢;
(B(0,r)) < oo foreveryr > 0. Then {¢p;};eN has a converging subsequence with respect to
the weak* topology.

Proof The result is stated in [42, Proposition 1.12] in the Euclidean case, but the proof works
verbatim for Radon measures on Carnot groups. O

Proposition 2.17 The function Fy 1(-, -) is a metric on B(h) := { € M(h) : F1(¢) = 1}
and (°B(h), Fy.1) is a compact metric space.

Proof First of all, we note that for any 1, v € B(h) we have that Fy ;(, v) = 0 if and only
if u = v and this is an immediate consequence of the fact that © and v are cones. Symmetry
follows directly form the definition and the triangular inequality follows from Remark 2.6.
We are left to show that (B (h), Fp,1) is a compact metric space. Let W; be a sequence
in B(h) and note that since C"LV(B(0, 1)) = 1 for every V € G(h), because of Lemma
2.1, we deduce that W; = (h + 1)C"LV; for some V; € G(h). Thus, we can find a (non-
relabeled) subsequence of the planes V; that converges to some V € G(h) in the Hausdorff
metric thanks to the compactness of the Grassmanian G(h), see Proposition 2.7. Hence, by
[4, Proposition 2.29] we infer that W; — (h 4 DnChV e B (h) and therefore the compactness
follows. O

Now we are going to define some functionals that quantifies how far is a measure from
being flat around a point x € G and at a certain scale r > 0.

Definition 2.17 (Definition of d, ,) Forany x € G, any h € {1,..., Q} and any r > 0 we
define the functional

de,r (¢, M(h)) := Vei?;lzh) Fo.(Ter @/ Fi(Ty ,$), (h + 1)C"LV). (14)

Furthermore, if G is a subset of the 4-dimensional Grassmanian G (%), we also define

de (¢, M(h, G)) = &22 Fo.1(Ter¢/Fi(Te ), (h+ 1C"LV). (15)

@ Springer



On rectifiable measures in Carnot groups: representation Page 190f52 7

Remark 2.7 (About the definition of dy ,) For any Radon measure ¢ on G and any r > Qitis
immediate to see that F(Tp ,¢) = r~1F.(¢). Moreover, thanks to the first part of Remark
2.6, we get by few simple computations

T: r¢ h —(h+1) Txa9 h
F —— (h+DC" V) = Fo,| ———————, (h+1)C" V),
! <F1<Tx,r¢) (D ) ' or g g T DO

(16)

for all r > 0 and V € G(h). Hence, since Fi((h + DC'V) = 1asa consequence of
[4, Proposition 2.12] and Lemma 2.1, we notice that the definition in (15) agrees with
the definition given in [42, §2.1(3)]. Namely, dx (¢, 0 (h, G)) = d.(Tx 19, M(h, G)) =
di (T r@, M(h, G)), where d, is the one defined in [42, §2.1(3)].

For the sake of completeness, and for some benefits toward subsequent calculations, let
us recall here the precise definition of the function d Preiss gave in his setting. Let 4 be
an arbitrary cone of measures without the origin, that means 0 ¢ % and u € % implies
ATy, vt € € for every A, v > 0. Then, for every r > 0 and ¢ a Radon measure we define

¢
Fr ()’

By the explicit expression and the continuity of F,.(-) with respect to the weak* convergence,
one easily verifies that, for every » > 0

G—k¢, Fr(@) >0 = dr(¢r,¢) =k dr(@,), (18)

compare [42, 2.1(6)]. Moreover, due to a slight modification of (16), we have, forevery r > 0
and every Radon measure ¢,

dy(¢,€) = inf iF, ( 1//) W e?, F.(y) = 1}. (17)

dr(¢,¢) = di(To,r ¢, ). 19)

We now adapt some classical results contained in [42] to our context. The aim will be to
prove that when a Radon measure on G has a tangent at a point that is a cone (of measures)
with compact basis, then the measure is locally asymptotically doubling. The following
proposition is the analogue of [42, Propostion 2.2].

Proposition 2.18 Assume that T is a non-empty cone of Radon measures, i.e., foranyv € T
and any A, > 0 we have nTy v € T, and moreover O ¢ T. Then, the following are
equivalent
(i) the set B(T) :={v € T : F1(v) = 1} is weak™ compact,
(ii) for any sequence {v;}ien € 7T such that lim;_, », F1(v;) = 0, we have v;—0,
(iii) there is a q € (0, 00) such that v(B(0, 2r)) < qv(B(0,r)) for every r > 0 and any
veT.

Proof Let us first prove that (i)=(ii). Let v; be a sequence in 7 and let us assume that
lim; o F1(v;) = 0. We note that v; —0 if and only if Fy;(v;,0) = F;(v;) —; 0 for any
t > 0. This means that if v; does not converge to 0, we infer that there are a + > 0 and an
& > 0 such that, up to passing to subsequences, we have F;(v;) > ¢ for any i € N. Let us
define

ri ==sup{r € [1,t]: F(v;) < F1(v;) + 1/i}.
It is immediate to see that up to further subsequences F1(Ty ,, v;) = rl._] Fy, (v;) > 0 and that

Fyyr (Torvi) lim Fr(v)
imoo Fi(Tovi)  ioo Fry(v)

> g lim (F(v;) + 1/i)~' = o0.
11— 00
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Thanks to the fact that 7 is a cone, we know that Fy (T, v,-)’lTo,,l. v; € B(7) and thus
there must exists a converging (non-relabeled) subsequence of r; and a v € B(7) such that
Fi(To,, v,')_1 To,r; vi—v. This however implies that
oo = fim Turdonvi) o BTonv) e om0 1T ) = Fi(),
imoo I (To,vi) ~ imoo Fi(Topvi) i—oe o o
that is a contradiction with the fact that v is a Radon measure.

Secondly, let us show that (ii)=-(iii). Since 7 is a cone, it suffices to prove that there
exists g € (0, +o0) such that v(B(0,2)) < gv(B(0,1)) for every v € 7. Indeed, we
thus would get that for every v € 7 and r > 0 we have v(B(0, 2r)) = Ty ,v(B(0, 2)) <
qTo,v(B(0,1)) = qv(B(0,r)). Suppose by contradiction that there exists a sequence of
measures v; € 7 such that v;(B(0, 2)) > iv;(B(0, 1)). Note now that since 7 is a cone, the
measures v; (B(0, 2)) "y, are still in 7 and lim;_ o0 Fi (v; (B(0, 2))~'v;) = 0. Thanks to (ii)
this shows in particular that

v (B(0,2))"'v;—0 (20)

However, since F3(v; (B(0,2))"v;) > 1 for any i € N, this is a contradiction with (20),
according to which one should have

lim F3(vi(B(0,2)""v) = F3(0) =0,

as clearly F3 is a weak* continuous operator on Radon measures.
Finally, let us prove the implication (iii)=-(i). Let {v; };en be a sequence in B(7") and note
that for any i € N we have

vi(B(0,1/2)) =2F1(v) =2,

and thus thanks to (iii) we infer that for any » > 0 we have v; (B(0, r)) < 4 max{1, g'°&2")+1}
for any i € N. Proposition 2.16 and the weak* continuity of Fj conclude the proof. O

Remark 2.8 For some benefit towards the remaining part of this section, let us notice that if
7 is a non-empty cone of Radon measure such that 8(7") is weak* compact, for every A > 1
there is T > 1 such that F;.(Y) < AF, () for every r > 0 and ¢ € 7. The proof follows
verbatim from the five lines in [42, (1)=>(5) of Proposition 2.2].

Proposition 2.19 For any Radon measure ¢ on G and ¢-almost every x € G the set Tan(¢, x)
is either empty or a cone. Suppose ¢ is a Radon measure on G such that the set B(¢p, x) :=
{v € Tan(¢, x) : F1(v) = 1} is a non-empty weak* compact for ¢-almost every x € G. Then
¢ is locally asymptotically doubling.

Proof In order to prove the first part of the statement, let x € supp(¢) be a point where
Tan(¢, x) is non-empty, choose a v € Tan(¢, x) and assume that r; and ¢; are two sequences
such that

¢iTy ,p—v.

To conclude the proof of the claim we need to show that for any 1, A > 0 we have n7p v €
Tan(¢, x) and to do this, we just note that

nei Tx,kri¢ = UTO,A(CZ' Tx,ri¢)_\nTO,)\v~

This shows that nTp ;v € Tan(¢, x) and thus Tan(¢, x) is a cone.
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Fix a pointin G where the set B (¢, x) is acompact cone and thanks to Proposition 2.18(iii)
we infer there exists a ¢ > 0 such that v(B(0, 2r)) < qv(B(0, r)) for any v € Tan(¢, x)
and every r > 0. Let 0 := inf{dist(z, U (0, 1/2)°) : z € B(0, 1/4)} > 0. We now prove that

lim sup Fi (T2r$)/ Fi (T, ) < 207 'g°. 1)

r—0
Indeed, if by contradiction r; is an infinitesimal sequence such that F(Tx 2, ¢) >
2071g% F|(Ty.,¢), then for any v € B(¢, x) we have
Fi(Ty2r, 0/ F1(Tx 2 $), v) = F12(Tx 21,0/ F1 (Tx 21, 9), V)
> Fip(v) = F1o(Tx 21,0 F1 (T 21, 0), (22)

where the last inequality comes from Remark 2.6 and Lemma 2.15. Furthermore, we also
have for any v € B(¢, x) that

Fip(v) _ ov(BO, 1/4) 2
Fi(v) — 2v(B(0,1)) ~ 2¢?%°

Thanks to the absurd hypothesis and the fact that for any s > 0 we have Fy(Ty ,¢) =
sF(Ty rs¢), we infer that

F12(Te2r, )/ FI (Te 2, ) = Fi(Te r,$)/2F1 (T 2r, ) < 0/4q°. (24)
Putting (22), (23) and (24) together, we conclude that

Fip() = (23)

Fi(Te 2,/ Fi (T 21, $), v) > 0/4¢% > min{d/4q?, 1/2} =: ¢, (25)

for any v € B(¢, x). Let us now denote, for simplicity, .7 := Tan(¢, x). By taking
into account the definition of d; in (17), we get from the previous computations that
di(Tx ¢, 7) > ¢ for every i. Let us fix v € Tan(¢, x) such that ¢; Ty ;;¢—v and let
us note that (17) and (18) imply that

hn(l)dl (T)C,Si¢v ‘7) = hm d] (CiTX,S,'(pa y) = dl (U, y) = 0
11— 11— 00

Thanks to the above chain of identities, for i sufficiently large, we denote by ¢; the smallest

number among those ¢ € [0, s;] with the property that d (T ,, 7) < ¢ for every £ <

n < s;. Since di(Ty 2,4, 7) > € we conclude that £; > 0 for i sufficiently large and

d\(Ty,e;¢, T) = e by the minimality of ¢; and the continuity of the map n > d{(Tx ,¢, 7).
If, up to subsequences, ¢;/s; —; t > 0, we conclude that, thanks to (18),

di(Tov, 7) = lim di(Tx5,9. 7)
1—>+00
> &,
where the last inequality is true since ts; is arbitrarily near to ¢; for i large enough, and
di(Tx,¢;¢, 7) > e. The previous inequality gives a contradiction since Ty ;v € .7 and hence

we should have d(Ty ;v, ) = 0. Thus, ¢; /s; — 0. This means that for every r > 1, taking
into account (19), we have

limsupd, (Tx.¢;, 7) = limsupdy (Ts 0,6, 7) < e, (26)

i—+00 i—+00

since ¢; < r{; < s; for i sufficiently large. Since ¢ < 1, we have that A :=2/(1 + ¢) > 1,
and hence, by Remark 2.8, there exists T > 1 such that F7, () < AF,.(y) forevery ¢ € 7
and for every r > 0, since .7 has a compact basis. Hence, taking (26) into account with tr
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instead of r, we get that, whenever r > 1 and i is sufficiently big, there exists ¥ € .7 with

Frp(¥) = 1 and
Tx,f,'(p
F” (Frr(Tx,K,-d)) ' w) = 8/2'

As a consequence, whenever r > 1 and i is sufficiently big, by the triangle inequality for F
(cf. Proposition 2.17) and by the fact that F7,(-) > F,(-), we get that

F.(Ty .,

Il o p ) —e/22 27 Forh) e 2 172

Frr (Tx,éiﬁb)
Hence, iterating, we have shown that there exists r > 1 such that that for every r > 1 and
every p € N,

Frpor(Ty o,
limsupM<+oo.

i—400 Fr(Tx,K,-¢)
By the arbitrariness of p € N and r > 1, this implies that we are in a position to apply
Proposition 2.16 to the sequence %, which then converges, up to subsequences, to
vV €  with F| (V) = 1. But then, by (18),

div, 7)= lim d\(Tx ¢, T) > ¢,
i—+400

that is a contradiction since d; (V, ) = 0. Hence we finally have proven (21).
Hence, from (21), we deduce

B(x,2 2F(Ty 4r
lim sup ¢ (B(x,2r)) < lim sup 11( X, 4r®) < 160 2%,
r—>0 @(B(x,r)) r>0 27 Fl(Tx,r¢)

whence the conclusion. O

Let us now prove a simple consequence of the previous Proposition.

Proposition 2.20 Let ¢ be a Radon measure on G such that for ¢-almost every x € G we
have Tan(¢, x) = {AS"LV(x), A > 0} for some homogeneous subgroup V(x) of Hausdorff
dimension h € N. Then, for ¢-almost every x € G, the measure Ty ¢/ F(Tx ,¢) weak*
converges to (h + 1)C" .V (x).

Proof For ¢-almost every x € G we have that B(¢, x) = {(h + 1)C"LV(x)}, taking into
account [4, Proposition 2.12] and Lemma 2.1. Hence B (¢, x) is clearly compact for ¢-almost
every x € G, andthen ¢ is locally asymptotically doubling, due to Proposition 2.19. Hence for
every sequence 7; — 0 we can extract a subsequence in i such that 7 ,, ¢/ F1 (T ;) weak*
converges to some v € Tan(¢, x), due to the fact that ¢ is locally asymptotically doubling
and thus the hypothesis of Proposition 2.16 is verified. Since F(v) = 1 by continuity of Fi,
we conclude that v = (h + 1)C"LV(x). Thus, being the sequence r; arbitrary, we obtain the
thesis. O

The following proposition, which is inspired by [42, 4.4(4)], will be of crucial importance
in the proof of the two fundamental results of this section, namely Proposition 2.25, and
Proposition 2.26.

Proposition 2.21 Let 0 < o < 1/5, ¢ be a Radon measure on G, h € {l1,..., Q}, and
d,.i (¢, M(h, (V) < o4, then

G (B(y,s) N BV, 0%t/(h+ 1)) = (1 —50)(s/r) " p(B(x, 7)),
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whenever x,y € zVN Bz, (1 —o)t), ot <r < (1 —o)t — ||z7 x|, and ot < s <
(I—o)t—z7yl.

Proof The definition of d ,(-, M(h, {V})) implies that
Fo(Ty ) Fi(To ), (h + 1)C" V) < o4,

and thus up to redefining ¢ we can assume without loss of generality that z = 0,7 = 1 and
that F1(¢) = 1. Thus, let g := 02/(h + 1), x € Vand r > 0 as in the hypothesis of the
proposition. Define

g(w) := min{l, dist(w, G\ B(x,r +¢))/q}.

Notice that B(x,r) € B(0, 1), and thanks to the assumptions on ¢ we infer that, calling
Lip(g) the Lipschitz constant of the function g,

¢ (B(x,r))
= /g(w)d¢)(w) <=th+1 / gw)dC" LV (w) + Lip(g) Fo,1(¢. (h + 1DC" .V (w))
<h+DC"VBG&, r+g9)+c"/g=0+ D)0 +"+0"q.
(27)

With the same argument used above,see [4, Equation (37)], for any y and s > O as in the
hypothesis of the proposition one can also show that

(h+1D(s = )" = (h+ DC"V(B(y,s = 9)) < $(B(y,$) N B(V, @) +0"**/q.
(28)
Thus, putting together (27) and (28) we infer that

¢(B(y,s) N BV, q))
¢ (B(x,r))

2 h+2
_ D —g) —a"g <S)h (1 - s(17+1>> — %

T+ D+ +oht g~ \r o2

o2\
(1+wn) +

h
2
S"<1_h%) 7 s\' 1=h/(h+ 1o —0? _ (s\h1-20
BB -0
<1+h%> L2 1420/t Do to r/ 1430

> (1 - 50) (;)h

where in the third inequality above we are using that 0 < r and ¢ < s; in the fourth
inequality we are using that (1 — o /(h + Wt >1—=h/(h+ Do by Bernoulli inequality,
and (1 +o/(h + <1+ 2h/(h + 1)o, which can be easily verified by induction since
2ho/(h+1) < 1. O

Before proving the main results of this section, namely Proposition 2.25, and Proposition
2.26, we now state and prove three measurability results that will play a crucial role in the rest
of the paper. Roughly speaking, we prove that when a measure has unique tangents (or unique
approximate tangents), the map that associates a point x € G to its tangent (or approximate
tangent) is measurable.
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Lemma 2.22 Let ¢ be a Radon measure such that, for ¢p-almost every x € G, there exists
(¢, x) € G(h) such that

Tan(¢, x) = {AC" (¢, x) : A > O}.
Then the map x +— t(¢p, x) is p-measurable as a map from G to G(h).

Proof First of all, from Proposition 2.19 we get that ¢ is locally asymptotically doubling.
We let {V},en be a countable dense set in G (/) that exists thanks to the compactness of the
Grassmanian, see Proposition 2.7. Furthermore, for any » € (0, 1) N Q any ¢ > 0, and any
£ € N we define the function

Free(@) =B, ) '¢({w e B(x,r) : dist(x'w, Vy)
>ellx " wll)) = @B, ) o (x,r, L 8)),

when ¢ (B(x, r)) > 0 and we set it to be 400 if ¢ (B (x, r)) = 0. We claim that the functions
fr.e.e are upper semicontinuous. Let {x;};en be a sequence of points converging to some
x € G. If ¢(B(x,r)) = 0 the upper semicontinuity on the sequence {x;};cN is trivially
verified by definition of f, ¢ .. Soletus assume withoutloss of generality that¢ (B (x, r)) > 0.
Since x; — x and ¢ is a Radon measure we have ¢ (B (x, r)) = lim; ¢ (B(x;, r)), and then
we can assume withouot loss of generality that ¢ (B(x;, r)) > O for every i.

Since the sets I (x;, r, £, €) are contained in B(x, 2) provided i/ is sufficiently big, we infer
thanks to Fatou’s Lemma that

lim sup f ¢, (x;) =hmsup¢(3(xivr))_l/Xl(x,-,r,l,a)(z)dd)(z)

i—+00 i—+00
<¢(B(x,r)”"! /lim SUP X1 (x;.r.t,e)(2)dP(2). (29)
i—400

Furthermore, since x; — x and the sets I (x;,r, £, ¢) and I(x, r, £, &) are closed, we have

lim SUp X1(x;,r.€,e)
i—+00
= Xlimsup;_, o0 1 (xi,7,6,8) = XI(x,r,0,6)s
where the first equality is true in general. Then, from (29), we infer that
lim sup fr e (x;) < ¢p(B(x, 1)~ /lim SUP X1(x;,r,t,6)(2)d¢(2)
i—00 i—+00
<¢B(x.r)"! / Xi(x,r ) (2)dP(2) = free(x),

and this concludes the proof that f, ;. is upper semicontinuous. This shows that for every
£ € Nand ¢ > 0, the function

Soe = liminf  f; ¢e,
reQn(o,1),r—0

is ¢-measurable. Hence also ﬁ,,g = SUPzeQ7-e fe.e IS P-measurable. As a consequence,
since Tan(¢, x) = {AC"Lt(¢, x) : A > 0} for ¢p-almost every x € G, we infer that the set
By, :={xeG: fr.e(x) =0} N {x € G : there exists (¢, x)}

(30)
={xeG:1(d,x) S Cv, (o)},
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is ¢p-measurable as well. Let us justify the last equality in the previous line. If fé s(x) =0,
then fyz(x) = O for every € > ¢, ¢ € Q. Hence, arguing as in [4, Proof of Proposition
5.5], in particular as in the lines slightly above [4, Equation (109)], we get 7(¢, x) € Cy, @)
for every € € Q and ¥ > ¢. Let us explain this with further details. We first get that there
exist 7; — O such that f,, ¢ z(x) —; 0. Since ¢ is locally asymptotically doubling, thanks to
Proposition 2.16 we deduce that ¢ (B (x, r;)) ! Ty, ¢ converges, up to subsequences, to some
tangent measure v € Tan(¢, x), and then from the hypothesis we have v = ALt (¢, x), for
some A > 0. Then the same computations in the two displayed equations before [4, Equation
(109)] give the sought conclusion. Taking € — & we get the first inclusion of (30). On the
other hand, if 7(¢, x) C Cy, (), we get that (¢, x) C {w € G : dist(w, V) < &||w]|} for
every € > ¢. Hence we can argue as in [4, Equation (111)] in order to obtain that f; z(x) = 0
for every € > ¢ and then passing to the limit as € — ¢ we get the sought conclusion.

In order to prove that the map x — 7(¢, x) is ¢-measurable, it suffices to check that the
for any open 2 C G(h) we have that 171(Q) is p-measurable. To show this we note that,
thanks to [4, Lemma 2.15], there is a sequence of radii ry > 0 such that

Q= (J{WeGHh) :Wc Cy,(n)).
%ﬁkeel\gz

This implies that, up to ¢-null sets, 7' (2) = Jyey Br.re» Which thanks to the above
discussion is a ¢-measurable set. ]

Lemma 2.23 Let ¢ be a &), -rectifiable measure. Denote t(¢, x) to be the unique element of
G(h), that exists ¢p-almost everywhere by definition, for which

Tany (¢, x) < {kCer(¢,x) :A > 0}
Then the map x +— t(¢p, x) is p-measurable as a map from G to G(h).

Proof From a routine argument (cf. [38, Remark 14.4(3)]), we get that Tan(¢,x) =
{(AC" 1 (¢, x)} for ¢p-almost every x € G. Hence we can apply Lemma 2.22 O

The proof of the following lemma follows as the ones above. We omit the details.

Lemma 2.24 Suppose d is a homogeneous left-invariant metric on G, let E be a Borel set
of finite Sg-measure, and suppose that for Sg-almost every x € E there exists V(x) € G(h)
for which forany 0 < ¢ < 1 and any 0 < 8 < 1 there exist a p(x, &, ) > 0 such that

SjLE(Ba(x, 1)\ xCy().a(B) < eSjLE(Ba(x, 1)), (31)
forany 0 < r < p(x, ¢, B). Then the map x +— V(x) from E to G(h) is SgLE-measurable.

Notice that the previous statement could be also obtained arguing as in [39, Proposition
3.9], after having noticed that, since 27h < @)Z’*(SZLE ,x) < 1 for SgLE—almost every
x € G dueto[15,2.10.19(1) and 2.10.19(5)], the condition (31) is equivalent to asking that
V(x) is an approximate tangent plane to E at x in the sense of [39, Equation (3.2)].

Remark 2.9 The results in Lemma 2.22, Lemma 2.23, and Proposition 2.24 are readily true
also when we allow 7 (¢, x) (or V(x)) to be in some Borel subset of G (k).

Proposition 2.25 Suppose ¢ is a Radon measure on G such that, for ¢p-almost every x € G,
we have Tan(¢, x) = {AS" . V(x) : A > 0} for some V(x) € G(h). Then, foreverya € (0, 1)
there exist {V;}ien € G(h), and a family of compact Cy, («)-sets {I';};en such that

¢(G\ UienIy) = 0.
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Proof First of all, by Proposition 2.19, the measure ¢ is locally asymptotically doubling. Up
to restricting ¢ to closed balls and by using the locality of tangents in Proposition 2.6 and
Lebesgue Theorem in Proposition 2.6, we may assume that ¢ is supported on a compact
set K and that it is still locally asymptotically doubling. Let S be dense countable subset
of (G(h), dg), that exists thanks to Proposition 2.7. Thanks to [4, Proposition 2.29], we
infer that also the countable set {(h + 1)C".W : W e S} is dense in the metric space
({((h 4+ DC"V : V e G(h)}, Fo1).
Letus now fixe < 1/10, 0 < 1/100(e/(3(1 + )",V € S and let us denote

Ky :={x € K : Fo1((h+ 1)C".V, (h + DHC" V(x)) < o',

where V(x) € G(h) is such that Tan(¢, x) = {AS"_V(x), A > 0}. Since {(h + 1)C".W :
W e S} is dense in the metric space ({(h + DC'V : V e Gh)}, Fo,1) we conclude that
K = UyesKy. By Lemma 2.22, one gets that Ky is ¢-measurable for every V € S. Thus
by Proposition 2.6, we can assume without loss of generality that ¢ is locally asymptotically
doubling and supported on Ky for some V € S, which from now on we fix.

We now claim that for ¢-almost every x € G the following holds

lim, do., (¢, M(h, (VD) = Fo((h + DC'LV, (h 4+ DHC'LV(x)). (32)

Indeed, for ¢-almost every x € G the measure Ty ¢/ F) (T, -¢) converges to (h+ I)Ch LV(x)
asr — 01, see Proposition 2.20 and thus, from the definition of dy ,, we get that

dy.r (¢, M, {V)) = Fo1(Te.r ¢/ F1(Te r9), (h + DC"LV), (33)

from which we deduce the claim (32) by using the previous convergence and the continuity
of Fy 1, see, e.g., [40, Proposition 1.10] or Proposition2.16. Moreover, the function x —
dy (¢, M(h, {V})) is continuous in x for every r > 0. Indeed, by (33) and the continuity of
Fo,1, it is sufficent to see that, for every r > 0, the map x — Ty ¢/ F1(Ty ¢) is continuous
from G to the space of Radon measures equipped with the weak* convergence, which is clear
again by the continuity of F(-) and by the continuity of the map x — T ,¢, which is readily
verified (see, e.g., the computations at the end of [40, page 22]). Hence, by using Severini-
Egoroff Theorem, we can assume without loss of generality that ¢ is supported on a compact
set E such that diam(E) < s and such that dy (¢, M, {V})) < oh** whenever x € E
and r € (0, 400(h + 1)s). Let us now fix X, ¥ € E and denote a := d(X, 5), 7 := 2a(l +¢),
7:=a(l +¢)and s := ae.

Let us apply Proposition 2.21 first with the choicesx = y =z =75,s =r =7,t =f and
o as above, that yields

¢ (B(5,7) N BGV, 0T/ (h+ 1)) = (1 — 50)¢(B(F. 7)), (34)
and secondly withx =y =z=X,r =7 +a,s =75, =3a(l +¢) and o, we get

(BRE,5HNBEV, 0% 3a(l+e)/(h+ 1) > (1 —50)G/F +a)"$p(BF.F + a)).
(35
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Putting together (34) and (35), we conclude that

¢(B(5.P)\ BGV, 2a0>(1+¢)/(h + 1))
=¢(B(Y. 7)) — ¢(BG.7)NBGV,2a0%(1 +¢)/(h + 1))
<50¢(B(3.7)
<50¢(B(X,T+a))

50 (2(1 )

(36)

<
~1-50 [4

h
) 6 (BE.5))

If by contradiction B (X, ea) N B(yV, 2a02(1 +¢)/(h+1))) = @ then from (36) and the fact
that B(X,s) € B(y,7), we infer

(B(X,5)) <

S0 (2(1 +e)

h
e ) $(BE.5),

that is in contradiction thanks with the choice of o. Hence, for every X, ¥ € E we have that
B(X, ea)NB(V, 2a02(14¢)/(h+1))) # Pand thusd (X, TV) < a(e+202(14¢)/(h+1)) =
d®, ¥)(e+202(1+¢)/(h+1)). Hence, the compact set E is a Cy (e +202(1 +¢)/(h+ 1))-
set. Since it is clear that, for any given « > 0, o and ¢ can be chosen small enough in order
to have ¢ + 202(1 + ¢)/(h + 1) < «, the proof is thus concluded. ]

In the case the tangents are complemented we can give the following improvement of the
latter Proposition.

Proposition 2.26 Let 1 < h < Q be a natural number. There exist {V;}ien C Ge(h) and IL;
complementary subgroups of V; such that the following holds.

Suppose ¢ is a Radon measure on G such that, for ¢-almost every x € G, we have
Tan(¢, x) = S Vx) A > 0} for some V(x) € G.(h). Then, for every a € (0, 1) there
exists a family of compact sets {I'; }jeN such that

#(G\ UienI's) =0,
and, for every i € N, I'; is a compact intrinsic Lipschitz graph, which is also a Cy, (a)-set,

ofamap ¢; : A; CV; — L;, where A; is compact.

Proof The proof follows exactly the same lines as the proof of Proposition 2.25, so we just
sketch it underlying the main differences. For every £ € N, with £ > 2, let us define

Ge(h, €) :={V € G¢(h) : AL complement of V s.t. 1/¢ <1 (V,L) <1/(£ — 1)}.

Observe that Proposition 2.7 implies that G.(h, £) is separable for any £ € N, since
Ge(h, £) € G(h) and (G(h), dg) is a compact metric space. Let

Do = {V ¢}ieN, (37
be a countable dense subset of G (&, £) and
foralli € N, choose acomplement L; p of V; ¢ s.t. 1/£ < e1(V; ¢, L) <1/(€ —1).

Now, let S := {V; ¢}; ¢en, which is a dense countable subset of (G, (), dg) thanks to the
definition given above. As in the above proposition we infer that also the countable set
{(h + DC'" W : W € S} is dense in the metric space ({(h + DC'V Ve G.(h)), Fo.1).
Letus now fix, forevery £ € N, ¢, < min{1/10, 1/(2¢), «/2}, where « is as in the statement,
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and oy < min{1/100(e¢/(3(1 + er))", o0,}, where o, is chosen small enough such that
e + 2(0é)2(1 +¢¢)/(h 4+ 1) < min{e, 1/€}. Moreover, for every V; , € Z, let us denote

Kvy,, ={x € K : Fo1((h+ DC" Vi ¢, (h+ DC" V(x)) < o™},

where V(x) is the element of G(/) for which Tan(¢, x) = {ASh LV(x), A > 0}. Arguing as
in the above proposition, being K the compact set on which we can assume ¢ is supported
without loss of generality, we have K = Uyen Uy, e, Kv, ,. Hence, we can assume without
loss of generality that ¢ is supported on Ky, , for some V; ;. The computations in the proof
of the above proposition can be repeated substituting oy with o accordingly, allowing us
to conclude that ¢-almost every Ky, , can be covered by compact sets that are Cy, ,(e¢ +
2(00)%(1 + ¢) /(h + 1)). By the very choice of aé this implies that the latter compact sets
are Cy, ,(min{a, 1/£})-sets, and since 1/¢ < 1 (V; ¢, L; ¢), we also conclude that they are
graphs according to the splitting G = V; - L; ¢, see Proposition 2.13. O

3 From flat tangents to Z?-rectifiability

In this section we first prove that, in an arbitrary Carnot group, having flat (complemented)
tangent measures a la Preiss implies being Z-rectifiable, see Theorem 3.7. Then we will
prove a rectifiable criterion, see Proposition 3.9, which will allow us to complete the proof
of Theorem 1.1.

In this section a Carnot group G will be fixed, along with a left-invariant homogeneous
distance on it, that sometimes will be understood. Throughout this section we assume that
V € G¢(h) and that V. = G. In this chapter whenever we deal with Cy(«)-sets we are
tacitly assuming that o < 1 (V, L).

3.1 From flat Preiss’s tangents to &-rectifiability

We are going to prove that whenever a measure has flat (complemented) tangents 4 la Preiss,
then it is -rectifiable. Throughout this section we assume that V € G.(4) and that L is
a complementary subgroup of V. Let us begin with a proposition that roughly tells us the
following. If I is a compact Cy («)-set with @ < e (V, L), and moreover we know that the
measure ST is locally asymptotically doubling, hence I' has big projections on V. This
will allow us to prove that the lower h-density of S"LT is positive almost everywhere, see
Proposition 3.6. The latter conclusion eventually leads to the following result: if a set has flat
(complemented) Preiss’s tangents, then it is &7“-rectifiable, see Theorem 3.7.

Let us start by recalling two results from [4] and proving an adaption of [4, Proposition
4.6] to our context.

Lemma 3.1 ([4, Lemma 4.2]) Suppose d is a homogeneous left-invariant metric on G. Then,
there existsan A := A(d,V,1L) > 1suchthatforanyw € B;(0, 1/5A),anyy € dB;(0, )N
Cv,a(e1(d,V, L)) and any z € By(y, 1/5A), we have wlz ¢ L.

Proposition 3.2 ([4, Proposition 4.3]) Suppose d is a homogeneous left-invariant metric on
G. Let us fix a < e1(d, V, L) and suppose I is a Cy 4(a)-set. For any x € T let p(x) to
be the biggest number satisfying the following condition. For any 0 < r < p(x) and any
y € B(x,r) NI we have

Py(Ba(x,r)) 0 Py(Ba(y,s)) =0 foranyr,s < d(x,y)/5A,
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where A = A(d, V, L) is the constant yielded by Lemma 3.1. Then, the function x — p(x)
is positive everywhere on I' and upper semicontinuous.

Proposition 3.3 Let o < ¢ (V, L) and suppose I' is a compact Cy(a)-set ofSh ~finite mea-
sure such that for S" T -almost every x € G we have

. S T(B(x,2r))
lim sup YT YA
>0 STW(B(x,r))

Then, there exists a constant C3 := C3(h, A) > 0 such that for S"-almost every x € T there
exists an infinitesimal sequence {{;(x)};eN such that for any i € N we have

S"(Py(I' N B(x, 4 (x)))) > C34;(x)" (38)

Proof We will just sketch the proof, that is an adaptation of [4, Proposition 4.6] and we
refer the reader to [4, Proposition 4.6] for the missing details. Let N € N be the unique
natural number for which 572 < A < 5¥—1 where A is as in Lemma 3.1. Notice that,
since 27" < ©"*(S"LT, x) < 1 for S"LI-almost every x € G (cf. [15, 2.10.19(1) and
2.10.19(5)]), hence, for S"_I"-almost every x € G there exists an infinitesimal sequence
{€; (x)}ien such that

h .
2,11“ <0 meig;lz’ SN (39)
Thus, for any k € Nand 0 < § < 1/2 we define the following sets
Ak) :={x €T : p(x) > 1/k},
S"B(x,r)NAK) }
S"Bx,rnnT) — f
min{k~!, 8} L S'.T(B(x,5V*1r)) - 2}’

2(k) ::{x e Ak) : lirr}]

d
10004 O QRHT =T GNELyE S

(40)

Fs(k) ::{B(x,r) x € 92(k),r <

where p(x) is the number defined in Proposition 3.2. First of all notice that, thanks to (39),
Zs(k) is a fine covering of S I'-almost all 2(k). Furthermore, for any k the sets A(k) are
Borel since thanks to Proposition 3.2, the function p is upper semicontinuous and, since by
assumption S” T is locally asymptotically doubling, we also know that S" LT (A (k)\ 2 (k)) =
0. Finally, from Proposition 3.2 we infer that " (I'\ U/ A(k)) = 0. Let us apply [4, Lemma
4.5] to N and .Zs(k) and we obtain the disjoint subfamily ¥5(k) of .Z#;5(k) such that

(o) forany B, B’ € 95(k) we have that 5N BN 5V B’ = ¢,
B) Uper,a) B S Upewya) 5" ' B.

Throughout the rest of the proof we fix a w € Z(k) such that there exists a sequence
{€; (w)}ien satisfying (39), £; (w) < min{k~', §}/8, and

St () (B(w, £ (w))) 1

ST (B(w, & (w)) ~ 2

foranyi € N, 41)

where the inequality follows from the fact that S’ I'-almost every point of (k) has density
one with respect to the locally asymptotically doubling measure S”L_I". Notice that, according
to the previous discussion, the previous choice on w is made in a set of full S"_I"-measure,
so that if we prove the estimate (38) with such a w we are done. For the ease of notation we
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7 Page 30o0f52 G. Antonelli, A. Merlo

continue the proof fixing the radius ¢; (w) = R. We stress that the forthcoming estimates are
verified also for any ¢; (w). As in [4, Proposition 4.6], one can prove that for any couple of
closed balls B(x,r), B(y,s) € ¥ (k) such that B(w, R) intersects both B(x, 5N+11) and
B(y, 5N*1s), we have
Py(B(x,r)) N Py(B(y,s)) = 0. (42)
In order to proceed with the conclusion of the proof, let us define

Fs(w, R) :={B € Zs(k) : 5N T' BN B(w, R) N 2(k) + 0},

Gs(w, R) :={B € (k) : SN*'B N B(w, R) N 2(k) # ¥},
Thanks to our choice of R, see (41), and the definition of ¥5(w, R) we have

Rh
ST = S".I'(B(w, R)) <258"_2(k)(B(w, R)) < 25%@(@( U 5N+13>.
Be¥Ys(w,R)

Let %s(w, R) := {B(x;i, ri)}ien and recall that x; € Z(k). This implies, thanks to Corollary
2.8, that

S"L.@(k)( U 5N“B> <2.5WERY
Be¥%s(w,R) ieN
=25V (v, )7 Y S (Py(B(xi, 1))
ieN
=2.5WHDhcy (v L)~ sh <PV( U B, n)))
ieN
52.5(N+l)hC2(V7L)7lSh<PV< U B)),
BeZs(w,R)

where the first inequality comes from the subadditivity of the measure and the upper estimate
that we have in the definition of .%s (k); while the first identity of the second line above comes
from (42). Summing up, for any § > 0 we have

Cy(V,L)R" i
5(N+Dhph+3 =S| v U B :
Be.Zs(w,R)

Arguing as in the end of the proof of [4, Proposition 4.6], we get the Hausdorff convergence

PV< U B) Frad m(%mmw, R)).
BeZs(w,R)

Thanks to the upper semicontinuity of the Lebesgue measure with respect to the Hausdorff
convergence we eventually infer that

Co(V,I)R" h
sFDigis = mspS <PV(BG<%~L£U) R>B>>
< S"(Py@®) N B(w, R))) < S"(Py(' N B(w, R))),

where the last inequality above comes from the compactness of I" and the fact that Z (k) C I'.
o
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Proposition 3.4 Let us fix a < e1(V, L) and suppose T" is a compact Cy(a)-set of finite
S"-measure such that

_ S" T (B(x,2r))

limsup ——————— < 00,

r0  S'I(B(x,r))

for S"-almost every x € T. Let us set ¢ : Py(I') — L the map whose graph is T, see
Proposition 2.13, and set ® : Py(I') — G to be the graph map of ¢. Let us define ®,S".V
10 be the measure on T such that for every measurable A C T we have ®,S" V(A) :=
S V(@1 (A) = S V(Py(A)). Then ®,S8" .V is mutually absolutely continuous with
respect to S"LT.

Proof The fact that ®, SV is absolutely continuous with respect to S"LI" is an immediate
consequence of the second part of Corollary 2.8. Viceversa, suppose by contradiction that
there exists a compact subset C of I" of positive S"-measure such that

0= d,S" V() =S"(Py(C)). (43)

Since S"LC is locally asymptotically doubling by Proposition 2.6 and C has positive and
finite S”-measure, we infer thanks to Proposition 3.3 that the set C must have a projection
of positive S -measure. This however comes in contradiction with (43). ]

In order to prove the forthcoming Proposition 3.6 we need the following result, which is
precisely [4, Proposition 4.10].

Proposition 3.5 Suppose d is a homogeneous left-invariant distance on G, let V, 1L be com-
plementary subgroups of G such that V e G.(h), and let us fix @ < 1 (V, L). Suppose that
' is a compact Cy 4()-set of finite S"-measure. As in Proposition 3.4, let us denote with
® . Py(I') — G the graph map of ¢ : Py(I') — IL whose intrinsic graph is T. Then, for
Sg -almost every w € Py(T") we have

Sh(Py(By(@(w), r) N @ (w)Cy 4(e)) N Py(I))
r=0  SH(Py(Ba(®(w), r) N (w)Cy 4(@)))

Proposition 3.6 Let o < ¢1(V, L) and suppose I" is a Cy(a)-set such that S T is locally
asymptotically doubling. Then, ®"(S".T, x) > 0 for S"-almost every x € T.

=1. (44)

Proof Assume by contradiction that there exists a compact set C C I of positive S”-measure
such that @Z (S".T', x) = Oforevery x € C.Since by Proposition 3.4 the measures S”_I" and
@, 8"V are mutually absolutely continuous, the set Py(C) must have positive S"-measure
as well. In particular we have thanks to Proposition 3.5, Lemma 2.14, Corollary 2.8, and
Proposition 2.9 that for S"-almost every x € C we have

S"(Py(B(0, 1) N Cy()))

g S(Pr(BG €@ N2 Cuy(@) 0 Py(ID) S"(Py(B( ), E@)r) 0 @w)Cy (@)
=0 Sh(Py(B(®(w), €a)r) N & (w)Cy())) (€(e)r)h
 SH(Py (B, €@)r) N xCy(@)) N Py (D))

= liminf
r—0 (Q:(Ol)r)h
L ShNV(Py(B(x,r)NT)) . Shr(B(x.r)

< limipf (€@)r) =2 DI =y =

where €(w) is the constant introduced in Lemma 2.14. The above computation is in contra-
diction with the fact that " (Py (B(0, 1) N Cy(a))) is positive thus concluding the proof of
the proposition. O
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We are now in a position to state the main result of this subsection.

Theorem 3.7 Let " € G be compact such that S"(I') < 4o00. Assume that for S"_T-almost
every x € G we have Tan(S" T, x) = (AS".V(x) : A > 0, }, where V(x) € G¢(h). Then,
Sh.Tis Py -rectifiable.

Proof We have that ST is locally asymptotically doubling, see Proposition 2.19. Moreover,
from Proposition 2.26, there exist {V;};en € G (h), and {IL;};en, such that I; and V; are
homogeneous complementary subgroups, with the property that for every o > 0 there exists
a family of compact sets {I";} such that I'; is a Cy, (min{c, e (V;, L;)})-set, and

S"(\ UienTi) = 0. (45)

Since S” T is locally asymptotically doubling, then S"_T'; is locally asymptotically doubling
for every i € N, see Proposition 2.6. Hence, we can apply Proposition 3.6 to conclude that
@ﬁ (8" T, x) > 0 for every i € N and for S"-almost every x € I;. In addition, from the
previous inequality and [15, 2.10.19(5)] for every i € N, we get that

0 < O8Iy, x) < O8I, x) < +o0, for 8" — almost every x € T';.  (46)

Moreover, since for S”-almost every x € I' we have Tan(S".T, x) = {kSh LV(x) : 2 > 0}
with V(x) € G.(h), we deduce that, for every i € N, the locality of tangents in Proposition
2.6 ensures that for S”-almost every x € I'; we have Tan(S" T, x) = (AS" V(x) : & >
0}. From the previous equality, we conclude that for every i € N we have Tan, (¢, x) C
{)\.ShLV()C) : A > 0}. Hence, from the latter conclusion and (46) we get that S'.Tjisa
&} -rectifiable measure for every i € N. Finally, from (45) and Proposition 2.6 we conclude
that S"LT is a &}, -rectifiable measure. ]

3.2 From approximate tangent planes to &-rectifiability

In this section we aim at proving that whenever an approximate (complemented) -
dimensional tangent plane to a set I' exists almost everywhere in the sense of Proposition
3.9, then the measure " T" is @ﬁ—rectiﬁable. First, we need a crucial estimate on projections
that will be useful also later on. Since none of the main results of this subsection depends on
the choice of the metric, in the following d will be an arbitrary homogeneous left-invariant
metric and || || its associated homogeneous norm.

Proposition 3.8 Suppose d is a homogeneous left-invariant distance on G and let V, W €
G (h) be complemented by the same subgroup L. Then, there exists an increasing function A :
0,C1(d, W, 1L)] — (0, +00), depending only on'V, W, L. and d, such thatlimg_,o A(B) =
0 and satisfying the following condition.

For any o < e1(V, L) and any Cvy 4(a)-set T of finite S"-measure if there are an x € T,
ap <Cy(d,W,L)anda p > 0 such that

LN By(x,r) CxCwq(B), forall0<r <p. 47)

then
SH(Py(Bar, 1) NxCora(B) O Py(T) _ S (Py(Batx,r) 0 xCona®) NN | _ o
rh rh - ’

forany0 <r < (1 +a(Cy(d,V,L) —a)"H~1Cy(d,V,L)p =: 0(p, @).
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Proof In order to simplify notation throughout the proof of the proposition, we will drop
everywhere the dependence on d.

Letusfixanx € I'a0 < B8 < C1(W, L) and a p where (47) holds. We denote with
Py, PIE/ , respectively, the projections associated to the splitting G = V - L, and analogously
for the splitting G = W-LL. For the sake of notation, for any fixed0 < » < (I1+a(Cq(V,L)—
ot)_l)_lCl(V, L)p we let

A= Py(B(x,r)NxCw(B)NPy(') and B, := Py(B(x,r) NxCw(B) NT).

Since the inclusion B, € A, is always verified, we want to estimate the measure of those w
contained in A, \ B,.If y € A,, there are w € T such that Py(w) = y, and an £ € LL such
that y¢ € B(x,r) N xCw/(pB). Let us notice that Corollary 2.8 implies that | Py(x—ty)| =
||PV(x_1yE)|| < C1(V, L)~ !r. Moreover, since I is a Cy(a)-set, we even get that, by
exploiting Remark 2.2,

IPY ' w)ll < «(C(V,L) —a) [ Py(x " w) || = a(C1(V, L) — ) [ Py(x 1yl
<a(C;(V,L) —a)'Cy(V, L)~ 7. (48)
This implies in particular that
Ilx wl < 1Py w) | + 12 G w)ll = 1Py )L+ I1PY Tl |
< (I +a(C(V,L) =)~ Hey (v, Lyr.
Hence, from the choice of r, we infer that (1 + a(C{(V, L) — a)’l)Cl (V,L)"!'r < pand

thus we can use the hypothesis in (47) applied to w to obtain that x ~'w € Cyy(B8). Thus, by
also exploiting Remark 2.2 and the fact that x ' y¢ € Cyy(8) we get that

1P (7t y)e)l < BC(W, L) — B)~ | Pw(x"'y)| and
1P Iy P ()l < BC1(W, L) — B I Pw ()l (49)

where the last inequality comes from the fact that P]f‘jv x"lw) = PHYV (x_lyP]E/ (w)) =
PH“’V (x_] y)P]E/ (w). Thanks to (49) we deduce that

et P )l < 1P el + 1P ety Y (w)l|
<2B(C1(W,L) — &)~ Pwx "y
=2B(C{(W,L) — B | Pw(x"'yo) (50)
<2B(C1(W, L) — B)~'Cy (W, L) lx~" ye]|
<2B(C1(W.L) — )~ C (W, L)~ 'r.
This in particular implies that
I wl = 1~y P @)l < v + 167 Y ()l < (14 2B(CH(W. L) = B~ (W, L) "hr =t f2(B)r.
The above chain of inequalities, together with the hypothesis (47), allows us to conclude that
Ar C Py(B(x, f2(B)r) NxCw(B) NT).

Finally this allows us to infer

S"(A;) — 8"(B,) < S"(Py(B(x, 2(B)r) NxCw(B) NT)\ Py(B(x,r) NxCw(B) NT))
= S"(Py(B(x, 2(B)r) \ B(x,r) NxCw(B) NT)), (51)
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where the last identity comes from the injectivity of Py when restricted to I, since o <
€1(V, L), see Proposition 2.13. Finally, Proposition 2.9 implies

S"(A,) — S"(B,) < S"(Py(B(x, 2(B)r) \ B(x,r) N xCw(B)))
= S"(Py(B(0, £2(8)) \ BO, 1) N Cw(B))r" =: AB)I".

The function A is easily seen to be increasing and thanks to the continuity from above of
the measure, the fact that limg_.g A(8) = 0 immediately follows too since f>(8) — 1 as
B — 0. O

(52)

Proposition 3.9 Suppose d is a homogeneous left-invariant distance on G and that T is a
Borel set of CZ’ -finite measure such that at CZ -almost every x € T there exists V(x) € G.(h)
for which for any 0 < B < 1 there exists a p(x, ) > 0 such that

I'N Ba(x, p(x, B)) S xCv(x),a(B). (53)

Then, the measure CSLF is z@;—rectiﬁable. In addition we have that ®Z (CgLF, x) = 1and
Tany, (CgLF, x) = {CZLV(X)}fOI’ CZLF-almost every Xx.

Proof In order to simplify notation throughout the proof of the proposition, we will drop
everywhere the dependence on d. First of all we define the family of sets

Z :={T C G :T isBorel, S". " is #{ — rectifiable and ©" (C". T, x)
= 1 for S".T" — almost every x}.

Thanks to [40, Proposition 1.22] we can write I" as I’ = I'” UT* where I'" is a Borel set for
which there are countable many X; € .# such that 7 C U, X, and I'* is a Borel set such
that S"(I' N £) = 0 forany ¥ € .7.

Let us prove that I € .%. For any k € N we define ¥} := %; \ Uj<j<t_1 %;. Thanks to
Proposition 2.6 the measures S"L_5; is still &7}, rectifiable, the %1 are pairwise disjoint and
their union still contains I'”. Again by Proposition 2.6 we infer that for any k € N the measure
S"(Zx N T7) is Zf-rectifiable and O (C' (2, N T7), x) = 1 for S"L(Z; N T")-almost
every x and this finally implies that

eI, x) =1,

for S"_I""-almost every x. Applying Proposition 2.6 to the measure S" T and to the Borel
set f]k we infer that Tany, (Sh\_F’ , X) is unique and flat S I -almost everywhere on f]k.
Since the & countably cover I'" this concludes the proof that S*LT"" is Py -rectifiable.

The above argument shows that we can assume by contradiction that I is compact set of
positive and finite S"-measure and that

S"rnx)=0forany T € .Z. (54)
For any n > 0 we let
Gl(h) = {V €Ge(h):  inf  dg(V, W) > n} C Go(h).
WeG(h)\G(h)

Thanks to Proposition 2.7 it follows that GJ(h) is a closed, thus compact, subset of G(h).
Thanks to Proposition 2.24, for any n > O the set ') := {x € I" : (53) holds atxand V(x) €
Gl(h)} is S"-measurable. In addition to this, since V(x) belongs 8" I'-almost everywhere
to G.(h), that is an open set in G(h), see [4, Proposition 2.17], we have

sy | m=o.
neQ+\(0}
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In particular there exists an 7o > 0 such that S"(I'0) > 0. In the following we let E be a
compact subset of ' such that

sharm\ Ey < 8"1m)y /2.
Note further that thanks to Proposition 2.12 we have that

m(ng) ;= min ¢(V) > 0.
WeGH (h)

Let 7 := {V}jen be a countable dense subset of GX(h) and
for all j € N we choose a complement IL; of V; s.t. e1(V;, L) > e(V;)/2 > m(no)/2.
From now on we let ¢ be a fixed positive number in (0, m(19)/10) such that

1= 3m(no)~"e(1 4 3m(po) )/ (m(no) — &) > 0, (55)

which we can do taking ¢ small enough. The previous estimate will play a role later on. For
any p, g € N we define the set

F(p,q) ={x e E:B(x,1/g)NT € xCy,(e/6)}, (56)
and we claim that
S"(EN | For.9) =0. (57)
p.geN

By density of the family 2 in GZ° (k) and since by construction for any x € I'"0 we have
V(x) € GX(h), we deduce that there must exist a plane V,, € 2 such that dg (V ), V(x)) <
30~ !s. This, jointly with [4, Lemma 2.15], implies that

Cyw(307'e) € Cv, (67 'e). (58)

Since by definition of I'"°, (53) holds at every point x € E, we can find a p(x) > 0 such that
forany O < r < p(x) we have

B(x,r)NT C xCy) (30~ Le). (59)

In particular, putting together (58) and (59) we infer that for S h_I-almost every x € E there
area p = p(x) > 0and a p(x) > 0 such that whenever 0 < r < p(x) we have

B(x,r)NT CxCy, (67 'e),

and this concludes the proof of (57). Thanks to [4, Proposition 3.3] and Proposition 2.13, we
get that there are countably many V; € G (k) complemented by some L ;, compact subsets
K of V; and intrinsic Lipschitz functions ¢; : K; C V; — L; such that

. forany z € K; wehave I'; = {we;(w) : w € K;} € z¢;(z)Cy;(e),and I'; C E
2. S"(E\U,;T}) =0.

Thanks to [14, Corollary 4.17] we know that ©*" (C"LE, x) < 1 for C"_E-almost every x
and now we wish to prove that @Z (C"_E, x) > 1 for C"_ E-almost every x.

Fixa j € N, and an x € I'; such that the conclusion in Proposition 3.5 holds. Notice that
such a choice of x can be made in a set of C"L.T j-full measure in I";. Suppose that r¢ is an
infinitesimal sequence such that

e .r;,x) = lim r,"c" 1 ;(B(x, r)).
k—o00
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Thanks to item 1. above and to Proposition 3.8 one infers that we have that for any k € N we
get

C"(Py, (B(x.ri) NxCy, () N Py, (T))  C"(Py,(B(x.r) NxCy, (&) NT)))
rh rh
< Aj(e), (60)

where A was introduced in the statement of Proposition 3.8 and depends only on the split
V; -L; = G. In addition to this, for any j € N the definitions of £ (-, -) and of L; imply
that

C1(V;,Lj) =2e1(V;,Lj) > e(V;) = m(no), (61)
and in turn this means that A j(e) can be estimated with

Aj(e) = C"(Py, (B0, f2(£)) \ B0, 1) N Cy,(€)))
= C"(Py,(B(0. 1+2e(Cy(V;. L) — ) ' C(V; L)~ \ BO, 1) N Cy, (e)))
< C"(Py, (B0, 1+ 3m(no) *¢) \ B(0, 1) N Cv, (¢))),
(62)

where the last inequality above comes from (61) and the fact that ¢ € (0, m(no)/10). From
(60), the invariance properties in Proposition 2.9, the fact that x € I'; was chosen in such a
way that Proposition 3.5 holds, and the homogeneity of C"LV, we infer that

C"(Py;(B(0,1) N Cy,(¢)))
_ (C”(PV,- (B(x, 1) NxCy,(€)) N Py, (T))  C*(Py,(B(x, ) NxCy,(e) NT) )
lim sup —

Ch(Py, (B(x. 1) N xCy, (€))) Ch(Py, (B(x. 1) NxCy, (€)))
C"(Py, (B(x.r) NxCy,(e) NT}))
Ch(Py, (B(x. ) NxCy, (¢)))

This implies that, for every 0 < § < 1/100, up to passing to a non-relabelled subsequence
in k, we can assume without loss of generality that for any k € N we have

k—+o00

= C"(Py,(B(0, 1) N Cy, (&) (1 — lim inf ) = a5,

_ CMPy,(Ba.m)NT)) o CM(Py(B(m) NxCy,(e) NT)))
reCh(Py,(BO, 1) N Cy;(2)) Ch(Py; (B(x, rx) N xCy,(e)))
S+ A(e)

= Ch(Py, (B0, ) N Cy, (0)

Now, letus fixak € Nsufficiently large such that |ch LIj(B(x, rk))/r,i' —G)Z (e L0l <
8,and let I, C T'; be a Borel set such that IC"(B(x, )T ) = CH(B(x,r) N )l < srf.
Finally, we choose a covering with balls {B(y¢, s¢)}¢en of F} N B(x, ry), with y, € 1"}, such
that |, sé’ — Cg (B(x,rp) N F})| < 8r,ﬁ'. This implies in particular that

IC"(Bx.r) ML) =Y spl
LeN
<" B, ) NT,) = CGBCe, i) NI+ 1D s = Co(Bx, i) NT))| < 267
teN
(63)
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The above inequalities together imply in particular that for such a k € N we have
. 544 _ Py B NT))
Ch(Py;(B(0.1) N Cv,(e)) ~ rfiC"(Py, (B, 1) N Cy, ()
B Ch(Py, (B(x, i) NT))) + Co(V, Lj)éry
riCh(Py;(B(0,1) N Cy,(¢)))
_ Py Ugen B, 50) 0 yeC; (0))) + Codry
N riC"(Py;(B(0,1) N Cy, (¢)))

i, P Cyé
=1 E%;]Sz + C'(Py,(B(0,1) N Cy,(e)))’

(64)

where in the second inequality we used
Ch(PV,- (B(x,re) NT;)) — Ch(PV,-(B(x, ) M%)
=C"(Py,(B(x,r) NT; \ B(x,r) NT})
< CC*(B(x, ) NI\ Blx, i) NT))
=y (C"(BG. N T = C'(Bx, ) NT)
<0y (Ch(B(x, r) ML) = ClBx, o) N r;)) < Cyort, (65)

that is true taking into account the second part of Corollary 2.8, the fact that Py, is injective
on I'}, see Proposition 2.13, and the fact that S" < " by definition. Hence putting together
(63) and (64) we deduce that, for k large enough,
_ (14+C)8+A ()

Ch(PVj (BO.HNCy; (€)))

<" e st < CMBx, ) NT)) /rl 428 < @1(CHT;, x) +38.

1

Thanks to the arbitrariness of 8, this implies that for C".T" j-almost every x we have, by
making use of (62)

C"(Py, (B(O, 1 +3m(no)%e) \ B(O, ) N Cy,(©))
CM(Py;(B(0,1) N Cy;(¢)))

o Aj(e) (66)

T Ch(Py;(B(0,1) N Cy;(e)))

<ol x) <elc E, ).

1—Te, j)=1-

We now wish to get abound from above of 1(g, j) that does notdepend on ;. In order to do this,
we firstofall let p; (¢) := 143m (o) “2e and pa(e) := 1=3m(n9) 'ep; (e)/(m(no)—e) > 0,
thanks to (55). We claim that the following inclusion holds
Py, (B(0. p1 (&) \ B, 1) N Cy, ()
C Py, (B(0, pi(£)) N Cy,(e)) \ Py, (B0, p2(e)) N Cy, (¢)).

By definition, if y € Py, (B0, p1(e))\ B(O, )N Cv; (), there exists an £ € L; such that
yl1 € B(0, p1(e)) \ B(O, 1) N Cy, (¢). Notice that if £ € LL; is such that y¢ € Cyv, (¢), by

(67)
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Corollary 2.8 we have
mmo)|l€]l = Cp(Vj, Lpliell < dist(yl, Vj) < ellyl]l < ellyll + ell€],

and then ||£]] < e|ly|l/(m(no) — ¢). This implies that in order to prove that y does not belong
to Py; (B0, pa(e)) N Cy,(e)) we just need to show that y£ ¢ B(0, p2(€)) N Cy,(e) for any
£ € B0, gllyll/(m(no) — €)) N LL;. This however, follows from the following computation
Iyel = Iyerl = e el = 1= —a2 o e,
m(no) — €

where the last inequality comes from the fact that IIZIIZ I < IIEIl I+l < 2¢eliyll/(m(no)—
e), and |lyll < C{(V;,, L)~ Iyt < m(no)~'pi(e). This proves (67) and in turn the
inequality (g, j) < pj (&) — 02 )", by homogeneity of C h Furthermore, since on the right-
hand side of the previous inequality we have an expression independent on j we conclude
that, by exploiting (66), for C"-almost every x € I’ j we have

1= (p1(&)" — pa(e)") < O (C"E, x).

Thanks to the arbitrariness of j and to the fact that C"(E \ U iI'j) = 0, we deduce that the
previous inequality holds for C"-almost every x € E. Since & can be chosen arbitrarily small,
we conclude that @f: (C"_E, x) > 1, and then ®" (C"_E, x) = 1 for C"-almost every x € E.

Eventually, Proposition 2.2 together with (53) concludes that for C"-almost every x € E
and for any v € Tany (C"_E, x) the support of v is contained in V(x). In addition to this,
from Proposition 2.4 and Proposition 2.5 we have that for C" E-almost every x € G we
have Tany, (C"_E, x) = {C"_V(x)}. This concludes the proof of the fact that C' E is Wf.‘-
rectifiable and this comes in contradiction with the fact that E C T has positive S h_I'-measure
by construction and (54). ]

Let us now verify that an intrinsically differentiable graph satisfies the hypothesis of
Proposition 3.9. First, we recall the definition of intrinsically differentiable graph.

Definition 3.1 (Intrinsically differentiable graph) Let V and IL be two complementary sub-
groups of a Carnot group G, with & := dimg V. Let 9 : A € V — L be a continuous
function with A Borel in V. Let ap € A. We say that I' := graph(g) := {a - ¢(a) : a € A} is
an h-dimensional intrinsically differentiable graph at w € T if there exists a homogeneous
subgroup V(w) such that for all k > 0

lim dyr (8, (w™" - T) N B(0, k), V(w) N B(0, k)) =0, (68)

where dy ¢ is the Hausdorff distance between closed subsets of G. We will call V(w) the
Hausdorff tangent of I' at w.

Lemma3.10 Let ¢ : A € V — L be a map such that I' := graph(¢) is an intrinsically
differentiable graph at w € T" with tangent V(w). Then, for every B there exists p = p(B)
such that

N Bw, p) € wCy) ().
Proof We first claim that for every ¢ > 0 there exists o := ro(¢) such that

sup  dist(p, wV(w)) < er, forall 0 < r < rp. (69)
pel'NB(w,r)
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Indeed, this follows just by taking k = 1 in the definition (68) and by exploiting the very
definition of Hausdorff distance.

Now let us take ¢ < B/2. We claim that I' N B(w, ro(¢)) € wCyw)(B). Indeed, let
p € T'N B(w,ro(e)), and k > 1 be such that r)2 % < |w™' - p|| < ro27¥*!. Since
p e I'NB(w, rg27**1), from (69) we get

dist(p, wV(w)) < erg2 ¥ < 2¢w™! - pll < Blw™" - pl,

thus showing the claim. O

We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1 We prove different implications in separate points.
1.=2.If§".Tis 9 ,-rectifiable, then S"LT is asymptoticall doubling. Hence, by a routine
argument (cf. [38, Remark 14.4(3)]) we get that, for S I'-almost every x € G, every
element in Tan(S h T, x) is a constant multiple of an element of Tany, (S ho T, x), which is by
hypothesis of the form A8V (x) with V(x) € G.(h), whence the conclusion.
2. = 1. It follows from Theorem 3.7 by approximating the Borel set I' from within by
compact sets.
1. = 3. It is a consequence of [4, Theorem 1.8], Proposition 2.26, and the fact that the
Hausdorff tangent at S”_T';-almost ever x of I'; is complemented since it coincides almost
everywhere with the subgroup on which it is supported the tangent measure.
3. = 1. Since, for every i € N, I'; is an intrinsically differentiable graph at S"_T';-almost
every point of it, by Proposition 3.10 we conclude that the hypothesis of Proposition 3.9 is
verified. Hence, forevery i € N, ShLFi is ,@fl-rectiﬁable. Hence, since S” (r\ U;’:"]O ) =0,
by a routine argument involving the locality of tangents and the Lebesgue differentiation
theorem, see Proposition 2.6, we conclude that S Tis ,@Z—rectiﬁable as well.

Let us show that the item 3. implies the last part of the statement. Since, for every i € N,
I'; is intrinsically differentiable, arguing as above we can apply Proposition 3.9 and then
conclude that ©”(C"_T';, x) = 1 for C"LT';-almost every x € G. Hence, from the Lebesgue
differentiation theorem in Proposition 2.6, we conclude that, forevery i € N, " (Ch Lx) =
1 for C"_T';-almost every x € G, and hence the same conclusion holds for C"_I"-almost every
x € G since C"(T"\ U;;Of I';) = 0. The last convergence result is a direct consequence of the
fact that the density is 1 and [4, Proposition 2.26]. O

4 Area formula

In this section G is an arbitrary Carnot group, and V and L are two homogeneous comple-
mentary subgroups, i.e., such that G = V- L and VN L = {0}. Moreover, let 4 be the
Hausdorff dimension of V. We equip G with an arbitrary fixed left-invariant homogeneous
distance d that sometimes will be understood.

Lemma 4.1 ([16, Proposition 3.1.5]) Let V, L be two complementary subgroups in G. Let
P be a homogeneous subgroup that is a complementary subgroup of L. Then there exists a
map gp : V — L such that P = ®p(V) :=V - ¢p(V).

Definition 4.1 (Area factor, [27, Lemma 3.2]) Let V, I be two complementary subgroups

in G. Let P be a homogeneous subgroup that is a complementary subgroup of L. Take
op : V — L asin Lemma 4.1 and let ®p : v > v - gp(v) be its graph map. Then the
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centered area factor of P with respect to the splitting V - LL is the unique 0 < A(P) < +o0
such that

C'" P = AP)(®p),(C' V). (70)

Let P, ¢p, and ®p : V — P be as in Definition 4.1. It is readily seen that (Pp)(C"LV)
is a Haar measure on P, compare with the beginning of the proof of [27, Lemma 3.2]. From
[18, Theorem 3.1] we conclude

b ((Pp)+(C"LV))(B(O, 7)) _ up C*(Py(B(0,r) N P))

AP)~! = limsu 7 lims N
r—0 r r—0 r
= C"(Py(B(0, 1) N'P)), (71)

where in the last equality we used the homogeneity of CLV.

Lemma 4.2 Given the splitting G =V - L, the area factor A(-) is continuous on the set of
homogeneous subgroups that have 1L as a complementary subgroup.

Proof Tt directly follows from the explicit expression in (71) together with a simple argument
that can be found, e.g., at the end of [27, Proof of Lemma 3.2]. ]

Definition 4.2 (Elementary &7;-rectifiable graph) Let V, L be two homogeneous comple-
mentary subgroups of a Carnot group G, and @ < ¢ (V,L). We say that a compact set
" is an a-elementary &) -rectifiable graph with respect to V and L if the following four
conditions hold

(i) T is a compact Cy(a)-set of S"-finite measure and thus it is the intrinsic graph of a
continuous map ¢ : A €V — L, with A := Py(I"), see Proposition 2.13,
(ii)) S".I'isa &, -rectifiable measure,
(iii) for 8" I-almost every x € G, the subgroup (T, x) := 7(S"_T, x) defined in Lemma
2.23 is complementary to L,
(iv) The value of A(z (T, x)) is uniformly bounded above for Sh_TI'-almost every x € G,
where A is the centered area factor defined in Definition 4.1.

For the crucial limit result in Proposition 4.4, we need the following adaptation of [4,
Proposition 4.10].

Proposition 4.3 Let V, 1L be complementary subgroups of a Carnot group G. Let us fix ¢ <
£1(V, L) and suppose that I" is a compact Cy(a)-set of finite S"-measure. For 8" T -almost
every x € G, let Cy := Cy(x)(Bx), for some V(x) € G.(h) that is complemented by L,
and some By > 0. Let us further assume that A(V(x)), defined with respect to the splitting
G = V- L (see Definition 4.1) is uniformly bounded above by a constant C for S" T -almost
every x € G. As in Proposition 3.4, let us denote with ® : Py(I') — G the graph map of
¢ : Py(I') — L whose intrinsic graph is T.
Then for S"-almost every w € Py(I') we have

i S (Py(B@w). 1) 0 w)Can) N Py(D))
=0 Sh(Py(B(®w). r) N ®w)Cow))

=1. (72)

Proof The proof is almost identical to the one of [4, Proposition 4.10], and we outline just
the main changes. First, the fine covering S is exactly the same of [4, Proposition 4.10],
except that in (8) one defines G(w, r) := Py(B(®(w),r) N ®(w)Cy (s (w)) (Baow))) for
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w € Py(I"). Thus we need to check [4, Equation (84)] with the newly defined covering S.
The verification of [4, Equation (84)] for the part of the covering in («) is precisely the same
as in [4]. Moreover, as it is readily seen by how the estimates are made, arguing verbatim as in
[4], and by using the same notation therein, we get whenever w € Py(I') and 0 < r < r(w)
is sufficiently small we have

G(w.r) S Py(B(®(w), 50(A + 1)r)) U Py(B(®(w), C(D)r)),
where C(I") is a suitable constant depending only on I'. Hence whenever w € Py(I") and
0 < r < r(w) is sufficiently small we have, by exploiting the homogeneity of C and the
invariance properties in Proposition 2.9,
CcM(Gw,r) _ C'(Py(BO, max50(A + 1), C(1))
CM(Gw,r) = Ch(Py(B(O, 1) N Cy(@w) Baow))
< CC"(Py(B(0, max 50(A + 1), C(I"))))

where the last inequality is true since

C"(Py(B(0,1) N Cy(@ ) (Bow))) = C*(Py(B(0,1) N V(d(w))))
= AV(@w) ' =c
Since the ratio of centered Hausdorff measures on V is the same as the ratio of spherical Haus-
dorff measures, the previous estimate allows to conclude that [4, Equation (84)] holds true

also for w € Py(I") for this newly defined covering S described above. Hence applications
of standard differentiation results allow to conclude the proof of (72) as in [4]. ]

Proposition 4.4 Let V, Il be two complementary subgroups of G and let o < e1(V, L) and.
Let I be an a-elementary & -rectifiable graph with respect to V, L, see Definition 4.2. Then
for 8" T almost every x € G, we have the following equality

lim r~"C* (Py (B(x,r) NT)) = C"(Py(BO, ) N (T, 1)), (73)

where T (L', x) is the tangent plane at x introduced in Lemma 2.23.

Proof Let us notice first that by means of Proposition 2.9 and from the homogeneity of the
measure we get that

C"(Py(B(0, 1) N8, (x~'1))) = A" (Py(B(x, 271 N1D)), (74)

forevery x € I', A > 0. Letuscall ® : A € V — L the graph map of ¢ as in item
(i) of Definition 4.2. From Proposition 3.4 we get that the measure D, (C"LV) is mutually
absolutely continuous with respect to C*LI". As a consequence, if we fix 9, y € N, we have
that C"' I"-almost every point x in E (9, y), see Definition 2.8, is a point of density one for
the measure <I>*(Ch L V), that is to say for every ¢, y € N we have that

i (@< VDB, 1)

r—=0 (D4 (CHLV))(B(x, ) N E®, y))
g CMPYBEHNT)
r=0 Ch(Py(B(x,r) N E(®,y)))

From the previous equality, Proposition 2.3, identity (74) and the invariance properties of

Proposition 2.9, we conclude that it is sufficient to prove that for every ¢, y € N we have
that

1, for C".T" — almost every x € E(9, y).

lim C"(Py(BO, 1) N 81, (xE@, ) = C"(Py(BO, D NT(I, X)), (75
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for C"_I"-almost every x € E(9, y).

From now on we assume 9, y € N to be fixed. Thanks to [4, Proposition 3.2] for chor-
almost every x € E(¢, y) and any § < Cy(z(I', x), L), there exists a 0(x, B) such that
E®,y) N B(x,r) € xCrr,x(B) for very 0 < r < p(x, B). For such an x and 8 <
C1(z (T, x), L), note that Proposition 3.8 with the choices I' = E(¥%, y) and p = o(x, B)
allows us to infer that

C"(Py(B(x,r) N xCr(r0)(B)) N Py(E(®, ¥))) _ C"(Py(B(x,r) NxCo(rpy)(B) N E®, y)))
rh rh

= Ax(B), (76)

forany 0 < r < p(0(x, B), «). In addition to this, Proposition 4.3, the homogeneity of
C"_V, and the invariance properties of Proposition 2.9 imply that, for any 8 > 0, we get that
for C""_I'-almost every x € E (19, y) we have

lim C"(Py(B(x,r) N xCr(r.x)(B)) N Py(E®, y)))

r—>0 rh
— lim C"(Py(B(x,r) NxCr(r.x(B) N Py(E®, y))) . C"(Py(B(x.r) NxCy(r v (B)))
r—0 Ch(Py(B(x,r) N xCr(rx)(B))) rh

=C"(Py(B(0,1) N Crr ) (B))).
(77)

Finally, from the continuity of measures, for C"_I'-almost every x € E (19, y) there exists a
function A’ (8) with A’.(8) — 0 as 8 — 0 (pointwise in x), and

IC" (Py(B(0, 1) N Cr(r.) () — CH(Py(BO, ) Nt(T, )| < AL(B),  forall p>0. (78)

Letus define E,, as the setof points x in E (¢, y) suchthat 7 (T, x) existsand C (z (I, x), L) >
1/n. Obviously Ch(E(v, )\ U,J;’Ol E,) = 0. Thus it is sufficient to prove the claim (75) for
¢ I-almost every x € E,. Let us fix n € N. The above discussion shows that, if we fix
B < 1/n, then for C"T-almost every x € E, we have that (76), (77) and (78) imply

lim s(l)lp|ch(PV(B(0, DN 81T E®, v))) — C"(Py(B(0, 1) N (T, x)))|

< AL (B) + lim sup|C" (Py(B(0, 1) N 81/, (x " E®, y))))

r—0

— C"(Py(B(0, 1) N Crry(B))

CM(Py(B(x,r) N xCe(r)(B) N E®, ¥)))
h

< AL(B) + lim sup

r—0
_ C"(Py(B(x,r) N xCrrx)(B)) N Py(E(®, ¥)))

rh

CH(Py(B(x,r) N xCr(rx)(B) N Py(E@, ¥)))

rh

(79

+ lim sup

r—0
B C"(Py(B(x,r) N xCr(r.x)(B)))
rh
< ALB)+ A (B).

Thus by taking the intersection of the C"_I"-full measure sets in E,, on which the previous
inequality holds for 8 = 1/m, with m > n, we get that for C"_TI"-almost every x € E,, the
previous inequality holds for every = 1/m, with m > n. By fixing an x in such a set of
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full " I'-measure in E, and taking 8 = 1/m in (79) and m — 400, we get the claim (75)
for C"_T"-almost every x € E,,, and thus the proof is concluded. O

Proposition 4.5 There exist a family 7 := {Vi}ren € G (h) and Ly complementary sub-
groups of Vi such that the following holds. If ¢ is a &P} -rectifiable measure, there are
continuous maps ¢y : Ax S Vi — Ly, with Ay compact, such that

(i) for every k € N we have Ty := graph(gx) = Ax - ¢x(Ag) is an ag-elementary Q’fl-
rectifiable graph with respect to Vi, and 1Ly for some ay, see Definition 4.2,
(ii) ¢(G\ UrenTp) =0,

Proof The result in [4, Theorem 3.4] implies that we can find countably many V; € G (h)
complemented by some L such that the following holds. If ¢ is a &7} -rectifiable measure,
then there exist compact sets I'x such that

L. ¢(G\ UgenI's) = 0,
2. for any k € N the set I'y is a Cy4(min{e| (V, Lg), fig})-set, where fig > 0 is the
constant in [4, Proposition 2.8].

It is immediate to see that the measures ¢ and C” are mutually absolutely continuous (see,
e.g., [4, Proposition 2.6]) and hence by the Lebesgue differentiation theorem and the locality
of tangents, cf. Proposition 2.6, the measure Ch Ty is still a &} -rectifiable measure. This
proves that each 'y verifies the hypothesis (i) and (ii) of Definition 4.2. In order to check
(iii) we note that that, from item 2. above, for ch LI'k-almost every x we have that the tangent
V(x) is contained in Cy, (min{e (V, Lk), hg}) =: Ci. This implies thanks to [4, Proof of
Proposition 2.17] that V(x) is a complementary subgroup of L. In order to conclude the
proof of item (iv) of Definition 4.2, we must prove that for any k € N there exists a constant
C > 0 such that

C(Py, (B0, ) NV(x)) ™! = A(V(x)) < C  for C"_T-almost any x € G.

Since V(x) € Cy for ChLFk—almost every x € G, it is sufficient to show that there exists a
constant ¢ > 0 such that for any W € G (k) contained in C; we have

cM(Py, (B0, 1) NW)) > c.

Suppose by contradiction that there exists a sequence of planes W; € G (h) contained in Cy
such that

C"(Py, (BO, ) NW;)) <i™ '

The compactness result in Proposition 2.7 implies that there exists a W € G(h) such that
lim; 0 dg(W, W;) = 0. Since W; € Cy for every i we also get W € Cy and then, since the
aperture of the cone Cy is smaller than min{e| (V, Ly), hg}, [4, Proof of Proposition 2.17]
we have that Ly and W are complementary subgroups, and thus W € G (k). Finally Lemma
4.2 implies that ch (Py, (B(0, 1) NW)) = 0. This is not possible since the area factor A(W)
relative to the splitting G = Vj - L should be finite, see Definition 4.1. O

Theorem 4.6 (Area formula for the centered measure) Let V, L be two complementary sub-
groups of G. Suppose further I is an a-elementary &) -rectifiable graph with respect to 'V
and L, see Definition 4.2. Then, for every Borel function ¥ : I' — [0, 400) we have
/ ¥ (wydc" = / ¥ (a-9@) A (T, a - p@))dc" V. (80)
r A

where A(-) denotes the centered area factor introduced in Definition 4.1.
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Remark 4.1 Note that the above expression is well defined since thanks to Proposition 3.4
the map a — (I, a - ¢(a)) is defined up to C"-null sets on V.

Proof As a first step, let us show that the map a — Az (T, a - ¢p(a))) =: f(a) is ch V-
measurable. To do so let us first recall that

1. the map a + a - ¢(a) is continuous from A to I,

2. the map x > (T, x) sending points of I into elements of G (h) is C"_I"-measurable
thanks to Lemma 2.23 and for S”_T"-almost every x & I' the plane 7(I', x) is a comple-
mentary subgroup of LL thanks to Definition 4.2(iii),

3. thanks to Lemma 4.2, the function W — A(W) is continuous when restricted to those
W e G (h) that are complements of L.

Finally, items 1., 2. and 3. conclude the proof of the C"LV-measurability of the function f.
In addition to this, thanks to Definition 4.2(iv) we know that f is uniformly bounded on A
and thus it is an element of LllOC (A).

We now introduce a measure p supported on I such that for any Borel set E we have

w(E) = / f(a)dc" V(a).
Py(TNE)

SinceC".I"isa 2} -rectifiable measure, it is locally asymptotically doubling and thus Propo-
sition 3.4 implies that u < C"_T. Therefore, if we are able to prove that O"*(u, x) = 1 for
p-almost every x € I, then [18, Theorem 3.1] concludes the proof.

Let us now proceed and prove that ©"*(u, x) = 1 for p-almost every x € I'. As a first
step, we note that

o (f(@ = f()dc" @)
Py(B(z-¢(z),r)NT)

Ch(Py(B(0, 1))
T CH(Py(B(z - ¢(2), 1) NT)) Jpy(B(zo@).nnr)

for any z € A and where, in order to obtain the above inequality, we used the fact that
C"(Py(B(z- ¢(),r) NT)) = C"(Py(B(z- ¢(2), ) = r"C"(Py(B(O, 1)).
In addition to this, since C"LT" is supposed to be a 2} -rectifiable measure, we infer by [4,
Proposition 4.9] that for any z € Py(I") there exists a0 < p(z) < 1 such that the covering
relation of Py (I")
{(z, Py(B(®(z),r)NT)) :z€ Py(I') and 0 < r < p(2)}},

is a C"_ Py(I")-Vitali relation. Hence, since f e LIIOC(A), [15, Corollary 2.9.9] allows to
conclude that

|f(@) — f(2)ldC" @), (81

IpyBo@.nnm | — F@1dC"
Ch(Py(B(z - ¢(z),r) N T))

lim sup {

n tr < p(2),diam(Py(B(z - ¢(z),r)NI)) < a’ =0,

(82)
for C"'_ Py (I')-almost every z € Py(I'). As a consequence, thanks to (81) and (82) we get

lim sup (B (z - 9(2),0) — fe"CM (Py(B(z - ¢(2), ) N F))]

(83)
|f(@) — f(2)ldC" () =0,

i ch(Py(B(O, 1))
< lim sup
vs0 CH(Py(B(z-9(2), ) NT)) JpyBzp).0nr)
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for CL Py(I')-almost every z € Py(I"). Thanks to the absolute continuity of 1 with respect
to C"_T", and to (83) we infer that for -almost every x € I" we have

O (1, x) = f(0) limsupr"CM LV (Py (B(x, ) N D)) = Fn)C" (Py(BO, 1) N (T, x) = 1,

t—0

where the last identity follows from the definition of f, (71) and Proposition 4.4. O

Corollary 4.7 For any &;-rectifiable measure ¢ there are countably many Vi € G (h)
respectively complemented by some 1Ly, and countably many pairwise disjoint elementary
P} -rectifiable graphs Ty with respect to Vi and 1Ly such that for every Borel function
Y G — [0, 400) we have

f Y )dpw) = f V(a-9@)0"(@, ) A (t(T,a - p@)dC" Vi,  (84)

keN

where Ai(-) denotes the centered area factor with respect to the splitting G = Vi - Ly
introduced in Definition 4.1.

Proof First of all, thanks to [4, Theorem 3.4, Proposition 2.5 and Proposition 2.6] there exists
a C"-o-finite Borel set & on which ¢ is supported, and moreover ¢ is mutually absolutely
continuous with respect to C"_¥. Moreover, from [4, Theorem 4.13] and [18, Theorem 3.1]
we conclude that

¢ =0"@¢, )" x.

Since clearly C"_ 3 is .@f -rectifiable thanks to Proposition 2.6, we infer by Proposition 4.5
that we can find the claimed disjoint &7, -elementary graphs I'; covering C"-almost all X.
Applying Theorem 4.6 to each one of the I'ys concludes the proof. O

Let us now conclude this section by giving the proof of Theorem 1.2 and Theorem 1.3.

Remark 4.2 We remark that Theorem 4.6 holds as well if we substitute the item (i) in the
definition of a-elementary &7} -rectifiable graph, see Definition 4.2, with the following item

() * I' is the compact graph of an intrinsic Lipschitz functiong : A €V — L,
see Definition 2.12. (85)

Indeed, the proof of Theorem 4.6 is ultimately based on Proposition 3.4, the differentiation
result in Proposition 3.5, and Proposition 4.4, which are themselves based on Proposition
3.4, the differentiation results Proposition 3.5, Proposition 4.3 and Proposition 3.8. All these
latter results do not specifically use the fact that I is a compact Cy (a)-set for o < 7(V, L)
but just two basic consequences of this: namely, the fact that . N Cy(«) = {0}, see Lemma
2.11, and the fact that Py is injective on I', see Proposition 2.13. Since we obviously have,
by the very definition of the cone Cy 1 (c), that L N Cy 1. (o) = {0} for every o > 0, and
since we also readily have that if I is an intrinsic Lipschitz graph then Py is injective on I,
we conclude that the same strategy of the proof can be adapted to prove Theorem 4.6 with
the above modification of the definition of a-elementary &7 -rectifiable graph.

Proof (Proof of Theorem 1.2) First of all, let us notice that we can assume A, and hence I,
to be compact. Indeed, since A is Borel, I" is Borel, because it is the image of A under the
graph map of ¢, which is a continuous injective map. Since S”_T" is &} -rectifiable we hence
deduce that I is S"-o-finite, cf. [4, Proposition 2.4 and Proposition 2.5]. Hence we have
that there exists an increasing sequence {E; };cn of compact sets such that xz, — xr holds
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8" T-almost everywhere. From (8) we also deduce that xp,(g;) — xp, () holds S"LA-
almost everywhere. Hence if we know the Theorem 1.2 to be true for each E; we are done
by monotone convergence.

Hence we now prove Theorem 1.2 assuming A, and then I', to be compact. Taking into
account Remark 4.2, we observe that the proof of Theorem 1.2 is concluded if we have in
addition that A(V(x)) is uniformly bounded above for S"_T-almost every x € G, since it is
the only reamining hypothesis to verify in order to apply the modified version of Theorem 4.6
discussed in Remark 4.2. But sincea — A(V(a-¢(a))) is C""_V-measurable, see the first part
of the proof of Theorem 4.6, we can divide the set A into countably many disjoint measurable
subsets where A(-) is uniformly bounded above. Hence, by approximating each of these
countably many pieces from the inside with compact sets as explained at the beginning of this
proof, and applying Theorem 4.6 as discussed in Remark 4.2, we conclude by approximation
that Theorem 4.6 holds on each piece of the latter disjoint union. Then summing together
finishes the proof of Theorem 1.2. O

Proof of Theorem 1.3 1t is a consequence of Theorem 1.2 and Proposition 3.9, taking into
account that the intrinsic differentiability implies the hypothesis of Proposition 3.9 (cf. Propo-
sition 3.10) from which we get that S". T is Py -rectifiable. O

5 Applications

In this section we provide some applications of the rectifiability criterion proved in Proposi-
tion 3.9, which was at the core of the proof of 3. = 1. of Theorem 1.1. Let us first recall the
definition of C lll—function.

Definition 5.1 (Clli-function) Let G and G’ be two Carnot groups endowed with left-invariant
homogeneous distances d and d’, respectively. Let 2 € G be open and let f : 2 — G’ be
a function. We say that f is Pansu differentiable at x €  if there exists a homogeneous
homomorphism dfy : G — G’ such that

@O fO) A6 y)

li
y=x d(x,y)

=0.

Moreover we say that f is of class C}lI in Q if the map x +—> dfy is continuous from 2 to the
space of homogeneous homomorphisms from G to G'.

Proposition 5.1 Let B be a Borel set in G and suppose H is a Carnot group of homogeneous
dimension Q' with @ > Q'. Let f : B C G — H be a Lipschitz map such that

Ker(df (x)) € G¢(G) for S — almost every x € {z € B : df(z) exists and is surjective}, (86)

where G.(G) denotes the set of complemented homogeneous subgroups in G. Then, for S Q.
almost every y € f(B), the following holds. For S2=< -almost every x € f~(y) and any
0 < B < 1 there exists a p(x, B) > 0 such that

') N B, px, B)) € xCerasxy (B)-

In particular the measure SQ_Q/Lf_l (y)is S CQ_Q,-rectiﬁable in G and

Tang_o/(82™2Lf 1 (1), x) € (022 Ker(df (x)) : & > 0} for §O~ —almost every xe 7).
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Proof Without loss of generality we can assume that B is a bounded Borel set. Thanks to
[33, Equation (9) and Proposition 1.12], since B is bounded and f is Lipschitz on B, one
infers that for S< -almost every y € f(B) we have S Q- (f~'(y)) < oo. Moreover, from
[33, Theorem 2.6 and Theorem 2.7] we have

STt yynNy=0, and ST HNN) =0, (87)

where N is the S@-null set on which the Pansu differential d f(x) does not exists and N’ is
the S©-measurable set where d f (x) is not surjective. In addition to this, thanks to (86), we
know that

S%(z € B\ (NUN') : Ker(df (x)) ¢ Gc(G)}) =0,
and thus, [33, Theorem 2.6] implies that for S <" _almost every y € f(B) we have
SQ_Q/({Z € f_l(y) 1 df () exists, is surjective and Ker(df (z)) ¢ G.(G)}) = 0. (88)

We can further refine the above condition thanks to the following observation. Since for
S< -almost every y € f(B) and for S -9 _almost every z € f!(y) the Pansu differential
df (z) exists and is surjective, then by the first homomorphism theorem G/Ker(df(z)) = H
and in particular the subgroup Ker(df (z)) must have homogeneous dimension Q — Q.

Therefore, throughout the rest of the proof, wefixay € f(B)suchthatS o-< (') <
00, and recall that for 2~ < -almost every z € f ~1(y) the Pansu differential df (z) exists,
is surjective and Ker(df (z)) € G.(Q — Q).

In order to conclude the proof we show that the hypothesis of Proposition 3.9 is satisfied.
Fix a point x € £~ 1(y) such that df (x) exists, is surjective and Ker(df (x)) € G.(Q — Q).
Notice that thanks to what we proved above, such x can be chosen in a set of S Q-9 fyq1
measure in f -1 (v). Let us note that for any ¢ > 0 there exists an n := n(x, &) > 0 such that
for any w € B(x, n) we have

du(f)df Ox ™ wl, f(w)) < edg(w, x).
This in particular implies that for any w € B(x, n) N f ~1(y) we have
0 = d(f(w), f(x) = dug(fx)df )x " wl, £(x) — da(f@)df ()x wl, fw))
> du(f)df (Ox~ wl, f(x) — edg(w, x),
implying that
ldf (O PLey (" w)llle = lldf O x wlll < ellx ™ wllg,

where L(x) is a complementary subgroup of Ker(df (x)) and Py y) is the splitting projection
on LL(x) associated to the split Ker(d f (x))-LL(x). Thanks to a standard compactness argument,
itis not hard to see that there exists a constant C (x) > 0 such that ||df (x)[ PLx) e ')l =
C) I PLex) (x~'w)|g for every w € B(x, n), and thus

diste (x'w, Ker(df (x))) < | PLaoy(x "' w)lle < C)'ellx ™ wllg,

forevery w € B(x,n)N f_1 (y), proving that f_1 (y)NB(x,n) < xCKer(df(x))(C(x)_lg) N
B(x, n). Since we fall in the hypothesis of Proposition 3.9, the proof of the proposition is
achieved. O

Before stating the following corollaries of Proposition 5.1, let us recall the definition of
(G, G')-rectifiable sets.
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Definition 5.2 (Cfll-submanifold) Given an arbitrary Carnot group G, we say that ¥ € G is
a Clli—submanifold of G if there exists a Carnot group G’ such that for every p € ¥ there
exists an open neighborhood €2 of p and a function f € CI]{(Q; G’) such that

ENQ={ge: fg) =0} (89)

and df, : G — G’ is surjective with Ker(df,) complemented. In this case we say that X is
a CII{ (G, G')-submanifold.

Definition 5.3 ((G, G')-rectifiable set) Given two arbitrary Carnot groups G and G’ of homo-
geneous dimensions Q and Q’, respectively, we say that ¥ C G is a (G, G')-rectifiable set
if there exist countably many subsets X; of G that are C 111 (G, G’)-submanifolds, such that

+00
HOC (2 U 2,-) = 0.

i=1

Corollary 5.2 Suppose Q > m, let B € G a Borel subset and f : B — R™ be a Lipschitz
map such that

Ker(df (x)) € G.(G) for S — almost every x € {z € B : df(2) exists and is surjective}.
(90)

Then, m < dim(Vy) and for 8™-almost every y € f(B) the set f~'(y) is C}_I(G, R™)-
rectifiable.

Proof First of all, let us note that Proposition 5.1 immediately implies that for S -almost
every y € f(B), the measure S~ f~1(y) is Z¢ _p-Tectifiable.

A necessary step to conclude the proof is to investigate further the structure of Ker(d f (x))
whenever it exists. In order to do so, we fix a point where d f (x) exists and note that for any
v € G we have df (x)[5, (v)] = Adf (x)[v] for any A > 0. Since, thanks to the identification
through exp of G with its Lie algebra, df (x) can be expressed as a matrix, thus we conclude
that for every v € V; with 2 < j < «, where « is the step of the group, we have

df @B _ MA@ _
A T A0 A N

So, Ker(df (x)) is a normal subgroup containing V> & ... @ V, and on the points where
df (x) is surjective we must have

dimpom (Ker(df (x))) = Q —m > dimpom (V2 @ ... & Vi) = Q — dim(Vy),

df (0lv] = lim

proving that we have m < dim(V}).

Throughout the rest of the proof we fix an y € f(B) such that f~!(y) is a 2¢ "
rectifiable measure. In addition to this, since f~'(y) is closed we may as well assume
without loss of generality that f~!(y) is compact with S©~""-finite measure since the class
of ¢, _, -rectifiable measures is closed under restriction to a Borel subset by splitting f -1y
as in [4, Proposition 2.4, Proposition 2.5 and Proposition 2.6].

Thanks to Lemma 2.23 applied to the measure S€~"_ f ~!(y), and thanks to Proposition
5.1, we know that the map x +— Ker(df (x)) € G.(Q —m) is SQ_mLf_l(y)—measurable.
Calling {e;}7_, abasis of g, the latter observation in conjunction with Proposition 2.10 yields
thatforanyi = 1, ..., nthe vector fields x — HKer(df(x))L e;] =: vi(x) are SQ”"Lf’l (y)-
measurable. Moreover, thanks to the above discussion, according to which Ker(df(x)) 2
Vo®--- @V, each v;(x) belong SQ_’”\_f_1 (y)-almost everywhere to G V.
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For any ¢ > 0 thanks to Lusin’s theorem and the Borel regularity of the measure
SQ_mLf_l(y), we can find a compact set K, € G such that Sg_m(f_l(y) \ Kg) <
8§ (f_1 (v)) and the vector fields v; (x) are continuous on K, foranyi = 1,...,n.In
particular we can split K, into a finite partition {Kgl I = (1, ..., 0m) € {1,...,n}"} of
Borel subsets on which the vector fields v;, (x), ..., v;, (x) are a basis for Ker(df o))t

In the following we will show that for any choice of I € {l,...,n}" such that
S fl ()(K!) > 0 and of ¥,y € N, the set E(%, y) relative to the measure
S§9m K 81 , introduced in Definition 2.8, can be covered S -almost all with countably
many C}L] (G, R™)-rectifiable sets. This would imply that K/ can be covered S Q-m_almost
all with C }1 (G, R™)-rectifiable sets thanks to Proposition 2.3 and thus so can K, thanks to
the finiteness of the family /. Finally, the arbitrariness of € would conclude the proof of the
proposition.

Forany j =1,...,m we let

(v, (), 71 (2 2)|

lx~z|

pjs(x) = sup{ z€ E@, y)and [x7'z] < 6},
and we claim that for any j = 1,..., m we have lims_,¢ pj s(x) = O for any x € E(%, y)
at which for any B > 0 there exists a p = p(x, ) > 0 such that

F ) N B, p) € xCrerary (B)- 1)

Note that thanks to Proposition 5.1, the above condition (91) is satisfied for S - _almost
every x € E(¥9, y). We remark that the functions p; s are measurable for any i € N and
d > 0. Indeed, on the one hand the function (x,z) = [{v;;(x), 7 (x'2))|/d(x, 2) is
8§27 f~1(y)-measurable since it is the quotient of two S~ f~!(y)-measurable func-
tions. On the other, since G is separable, it is immediate to see that p; s can be rewritten as
the supremum on z over a countable subset of E (¢, y) N B(x, §), showing that p; ;5 is indeed
measurable. Thanks to [40, Proposition 1.5], we know that at any x € E (3, y) where (91) is
satisfied for some B and some p > 0, we have

(v (), 1)) distr Tz, Vg () dist(x 'z, Ker(df (x))

<B, (92

llx =1zl llx ="zl llx =1zl

for any z € B(x, p) N f_] (v), where V(Ui,- (x)) is the 1-codimensional homogeneous sub-
group orthogonal (in the Euclidean sense) to the vector Vi, (x), and where the second last
inequality above comes from the fact that Ker(df (x)) is contained in V(vii (x)). The bound
(92) together with Proposition 5.1 conclude that lims_. p; s(x) = 0 for S Q-m_E(®, y)-
almost every x € G. Thanks to Severini-Egoroft’s theorem for any &€ > 0 we can find a
compact set K; inside E (9, y) such that

1. SE™E®, y) \ Kp) < ESST(E®. ),
2. Vi, (x) is continuous on Kz forany j =1, ..., m,
3. pj,s converges uniformly to 0 on K;forany j=1,...,m.

Thanks to Whitney extension theorem, see for instance [21, Theorem 5.2], we infer that we
can find m CII{—functions defined on all of G such that fjelg, = 0and Vi f z(x) = Vi (x)
forany x € K z. This shows that, thanks to arbitrariness of & and to the fact that the Vi ’s are
independent everywhere on E (9, y), the set E (¢, y) can be covered S - _almost all by the
0-level set of countably many C }LI (G, R™)-maps. Thus the proof is concluded. O
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We end this section with some consequences of the previous Corollary 5.2. The first part
of the forthcoming corollary follows verbatim from the second part of the proof above; while
the second part of the forthcoming corollary is a byproduct of the first part in conjunction
with [4, Proposition 6.2].

Corollary 5.3 Let G be a Carnot group of homogeneous dimension Q, andlet 1 < h < Q be
a natural number. Let T' € G be a compact set such that S"(I') < 4o0. The following are
equivalent

1. 8" Tisa P} -rectifiable measure, and at 8" _T-almost every x € G the tangent plane
is complemented by a horizontal subgroup.
2. Tis CH(G, R2~M)-rectifiable.

If any of the previous holds we have Q — h < dim(V}).

Proof 1. = 2. is obtained arguing precisely as in the second part of the proof of Corollary
5.2.2. = 1. is an immediate consequence of [4, Proposition 6.2] O

Corollary 5.4 Let B C G be a Borel subset. Suppose f : B — R is a Lipschitz map. Then,
for S'-almost every y € f(B) the set f~'(y) is Cﬁ-rectiﬁable.

Proof Let us assume that x is point where the Pansu’s differential d f (x) exists and is surjec-
tive. Thanks to the first homomorphism theorem we know that G/Ker(df(z)) = R and in
particular Ker(df (z)) is a 1-codimensional homogeneous subgroup of G. These subgroups
are always complemented, and thus Corollary 5.2 concludes the proof. O

Corollary 5.5 Let B € G be a Borel subset. Suppose f : B — R™ is a Lipschitz function
with Q > m. Then for S™-almost every y € f(B) there are m C}i—rectiﬁable sets I'; () such
that

e =rio).

i=1

Proof Since f(z) = y if and only if forany i = 1, ..., m we have f;(z) = y;, the claim
immediately follows thanks to Corollary 5.2 and Corollary 5.4. O
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