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Abstract

We establish quantitative second-order Sobolev regularity for functions having a 2-integrable p-
Laplacian in bounded metric spaces satisfying the Riemannian Curvature Dimension condition, with p
in a suitable range. In the finite-dimensional case, we also obtain Lipschitz regularity under the assump-
tion that the p-Laplacian is sufficiently integrable. Our results cover both p-Laplacian eigenfunctions and
p-harmonic functions having relatively compact level sets.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and main results

After providing the existence of a weak solution to an elliptic PDE, it is natural to wonder
whether it fits its strong formulation. This issue boils down to investigating the regularity of the
solution, more specifically if it belongs to a Sobolev class with a higher order of derivation. The
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most classical example dates back to the solution of the Poisson equation. This result can be
summarized as follows: given any open set 2 C R” one has

ueWhA(Q), Au=fell (Q) = ueWii(Q). (1.1

An analogous result can also be found in the setting of metric measure spaces. More precisely, to
deal with second-order Sobolev spaces, the class of RCD(K, n) spaces provides a natural, albeit
quite broad, framework within which to focus our analysis. With this locution, one addresses
that subclass of metric measure spaces (X, d, m) satisfying a synthetic notion of Ricci curvature
bounded below by K € R (see [2,39] for the relevant background and for historical notes on the
topic). In [37], building upon [83], it is showed that given (X, d, m) an RCD(K, co) space

ueWh2X), Au= f e L*’(m) = uec W»*(X) (1.2)

holds, together with the quantitative estimate

/ [Hess ()| 7gdm < | Aulya ) + K~ IVull17 2 (1.3)

where Hess(u) represents the Hessian and | - | g the Hilbert-Schmidt norm. In this setting, (1.2)
plays a fundamental role in the RCD theory which goes beyond the regularity statement itself.
It shows that there are many functions in W22(X), which is the cornerstone to develop a rich
second-order calculus which has been exploited in many recent papers (see e.g. [16,20,26,42,48,
53,60,73]).

We aim to investigate the regularity of solutions to the p-Poisson equation

Apu=f, (1.4)

where u € W?(X), p € (1, 00) and f is a sufficiently integrable function. Given u € W7 (X)
we say that u has a p-Laplacian, writing u € D(A ), if there exists (a unique) f € Llloc(m) such
that

/(|Vu|p_2Vu,V(p)dm=—/gofdm, Vg € LIPpy (X). (1.5)
X X

In this case, we set A ,u := f (see Definition 2.5 for details). The PDE (1.4) is a natural nonlinear
generalization of the Poisson equation, which corresponds to the case p = 2. In the smooth
setting, a statement akin to (1.1) is already at our disposal in literature. In [22], the authors
showed that for any open set 2 C R” and for all p € (1, o) it holds

ueWhP(Q), Apu=felLl(Q) = |Vul?2Vu e WLA(Q). (1.6)
Observe that the vector field |Vu|P~2Vu appearing here is precisely the one in the definition of
the p-Laplacian A pu = div(|Vu|P~2Vu). This addresses the question of whether the solution
can be regarded in a strong sense. In light of this, our aim is to prove the counterpart of (1.6) in
the nonsmooth setting, much like (1.2) is for (1.1). For technical reasons, we have to restrict our
analysis to those p’s belonging to a certain regularity interval, which is given in the following
definition.
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Definition 1.1 (Regularity interval). Let (X, d, m) be a bounded RCD(K, N), with N € [2, 00]
MK~
T (0K=
We define the open interval RZx C (1,3 + ﬁ) by

and set §x = € [0, 1) (A1 (X) being the first non-zero Laplacian eigenvalue, see (2.4)).

(1, 00), if N =2and éx =0,
RIx =1{(2—V1=58x,2+/T—68x) if N = oo, (1.7)
(2 —J1=8x,2+1— (SXNN%%X) otherwise.

As one can expect, RZx is always a non-trivial interval containing p = 2 and it is invariant
under scaling of both the distance and measure. The generalizations of (1.2) and (1.3) to the case
p # 2 read now as follows.

Theorem 1.2 (Regularity of p-Laplacian, N = 00). Let (X,d, m) be an RCD(K, 00) space
with diam(X) < D < oo. Fix p € RIx and suppose that u € D(Ap) with Apu € L%(m). Then
|VulP~2Vu e Hé’z(TX) and in particular |Vu|P~' € W“2(X). Moreover

(1.8)

/ IV(VulP Vi) Pdm < C(IA 2y + KNIVl 12, ),

where C > 0 is a constant depending only on p, K and D.

Note that the right-hand side of (1.8) is finite, indeed |||Vu|”_1||L1(m) < 400 since u €

WP (X). Nevertheless, except for the case p =2, we do not conclude that u € W22(X). This
would be false even in the smooth setting (see Remark 6.4).

A well-known consequence of second-order estimates is Lipschitz regularity results for solu-
tions to PDEs. A path classically followed is to apply a De Giorgi-Nash-Moser iteration scheme
to the modulus of the gradient |Vu|. Recall that this iteration method can be used in high gen-
erality to obtain L°-bounds for subsolutions to elliptic partial differential equations and that
ultimately relies on the Sobolev inequality. Consider as an example a harmonic function in a
Riemannian manifold with non-negative Ricci curvature. In this framework, we know the va-
lidity of a (local) Sobolev inequality while the Bochner identity says precisely that |Vu|? is
subharmonic.

In the setting of RCD(K, N) spaces with N < oo, both a Sobolev inequality (see §2.4) and
the following weak Bochner inequality

1 Au)?
§A|Vu|22%+(Vu,VAu)+K|Vu|2, (1.9)

for u sufficiently regular (see e.g. [56]), are available. On Alexandrov spaces the local Lip-
schitzianity of harmonic functions was established in [78,91], while in the larger class of
RCD(K, N) spaces, with N < oo, this follows from [58] and building upon [62]. In the recent
[40,73] Lipschitz regularity was established for harmonic maps from RCD spaces to CAT(0)
spaces, generalizing the previous results in Alexandrov spaces [92] in turn extending the ones in
Riemannian manifolds [32] (see the introduction of [73] for more references on this topic). The
local Lipschitzianity result for the Poisson equation Au = f € L9 in RCD setting was instead
established in [58] for ¢ = oo and in [59] forg > N.
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A key ingredient in the De Giorgi-Nash-Moser method is that the target function, the modulus
of the gradient in our case, is of class W|<])1:2~ Hence, thanks to our second-order Sobolev regularity
result, we can apply this scheme for p € RZx.

Theorem 1.3 (Regularity of p-Laplacian, N < 00). Let (X, d, m) be an RCD(K, N) with N €
[2, 00), diam(X) < oo and fix p € RIx where R1x C (1,00) is given by (1.7). Let u € D(A))
(with Apu € L' (m)) and fix @ C X open. All the following hold.

i) If Apu € LA m) then |VulP~2Vu € HYp

15 ,loc
Wiow (S2).
ii) If Apu € L9(Q2; m) for some g > N, then u € LIPoc(2).

(TX; Q) and in particular |Vu|P~! e

Both the regularity results in i) and ii) come with quantitative estimates (see Theorem 6.1).
Notice that in Theorem 1.3, even if the conclusions are local, we had to assume that u has a
p-Laplacian in the whole space X. At the moment, excluding the case p = 2, we are not able to
achieve a purely local regularity result as stated in (1.6) in the flat Euclidean setting. In the case
p = 2, one can multiply u by a suitable cut-off supported in 2 and extend it to be 0 outside 2.
The new function coincides with u on a given compact subset of 2 and its Laplacian belongs
to L! (m) (see e.g. [6]). Differently from the Poisson equation, this argument collides with the
nonlinearity of the operator when p # 2.

As a consequence of Theorem 1.3 we can obtain the following regularity result for eigenfunc-
tions of the p-Laplacian.

Corollary 1.4 (Regularity of p-eigenfunctions). Let (X, d, m) be a bounded RCD(K, N), with
N € [2, 00) and fix p € RIx. Suppose u € WP (X) satisfies Apu = —\ulu|P~2 for some 1 > 0.
Then |VulP~>Vu € H*(X), [VulP~' € W'2(X) and u € LIP(X).

For p = 2, the Lipschitzianity of eigenfunctions follows from [58] (see also [5, Proposition
7.1] for a direct proof using heat kernel estimates). Gradient estimates for p-eigenfunctions in
weighted Riemannian manifolds satisfying the RCD(K, N) condition were also obtained in [31].

Our last result concerns the Lipschitzianity and second-order regularity of a class of p-
harmonic functions in RCD spaces.

Corollary 1.5 (Regularity of p-harmonic function with relatively compact level sets). Let
(X, d, m) be a bounded RCD(K, N) space, with N € [2,00) and fix p € RIx. Suppose u is
p-harmonic in some open set @ C X and that U := u~"(a, b) CC Q for some a,b € R. Then
u€ HaZ(U), |VulP~" € W2 (U) and u € LIPyoo(U).

As explained earlier, it is unclear how to obtain from Theorem 1.3 regularity estimates for
functions u defined only in some open subset of the space due to the non-linearity of the operator.
Corollary 1.5 is obtained by exploiting the homogeneity of A ,. The key observation here is that
a function u with relatively compact level sets can be extended to the whole space by post-
composition with a cut-off function.

The (local) Holder regularity of p-harmonic functions for p # 2 is well known in the far more
general setting of doubling spaces supporting a local Poincaré inequality (see [12, Chapter 8] or
the Appendix at the end of this note), via standard iteration methods. Corollary 1.5 on the other
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hand shows local Lipschitzianity of some class p-harmonic functions for p # 2 in a suitable
range. This last result, the best of the authors’ knowledge, is new even for Alexandrov spaces.

Overview of the strategy. The usual method to obtain regularity results for the p-Laplacian is
to consider a sequence of more regular approximating operators. To illustrate this, consider the
case of p-harmonic functions with Dirichlet boundary conditions in an open set 2 C R”"

Ap) =0, ueW,"(Q).
If we consider the regularized problems
— 2 22 Lp
Ape(ue) =div(([Vue|”+&) 2 Vue) =0, ue € Wy (€2),

then it holds u; — u in W17 (§2). Moreover, by classical elliptic regularity (see [64, Chapter 4])
we have u, € C*°(2). Therefore, to obtain the regularity for u it is sufficient to derive appropriate
estimates for u, independent of ¢ (see e.g. [22,33,66,68]). However, deriving uniform a priori
estimates is not the main obstacle in our metric setting, rather, it is the regularity of the solutions
Ue.

The convergence of u, to u as ¢ — 0 can be proved also in this framework (see §3). On the
other hand, in RCD spaces the elliptic regularity theory stops at Holder estimates a la De Giorgi-
Nash-Moser (see Appendix A), with the only exception of the Laplacian (recall (1.2)). The main
obstacle is the lack of a difference quotients method. To overcome this issue we exploit the fact
that for p close to 2 the operator A, . is in a sense close to the Laplacian, indeed

(v |2+ )pT—zA ) = Au+( 2)Hess(u)(Vu, Vu)
u & u)=Au — —_—
pe P Vul?> +¢

This was observed in [69] where it was used to show W?2-regularity of harmonic functions for
l<p<3+ ﬁ, by exploiting the so called Cordes conditions for elliptic equations in non-
divergence form (see [17,25,71,85]). In our case, we will use this idea to obtain the regularity
of solutions to A, . (u) = f (see §5), from the regularity property of the Laplacian. This will be
done in two steps. First for any w € W!2(X) we obtain a solution U,, € W"2(X)

Hess(w)(Vw, Vw) f
IVwl? +e (Vwl? + &)

AUy +(p—2) e L’(m), AU, e L*(m),

by a fixed point method inspired by [71, § 1.2] and [85] (see §5.1). Then we show that there
exists a further fixed point for the map w — U, and thus obtain a function u € W2(X) such
that A, . (u) = f and Au € Lz(m) (see §5.2). From it, the regularity of solutions to A, (u) = f
will be obtained via uniform estimates in €. These estimates are derived by taking suitable test
functions in the Bochner inequality (see §4 and §6).

2. Preliminaries
2.1. First order calculus on metric measure spaces

We will denote by the triple (X, d, m) a metric measure space, i.e. a complete and sepa-
rable metric space (X,d) endowed with a boundedly finite Borel measure m > O such that

5
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supp(m) = X. For any open set 2 C X we will denote by LIPo(£2) and by LIP,(£2) respectively
the space of all locally Lipschitz functions in 2 and Lipschitz functions with support bounded
and contained in 2. By L(;C(Q), p € [1, 00), we denote the space of m-a.e. equivalence classes
of Borel functions f : & — R such that f g € LP(2; m) for every B C 2 closed and bounded.
The slope lip(f): X — [0, +00) of a function f € LIPjoc(X) is defined as lip(f)(x) :=0ifx € X
is an isolated point and

lip(/)(x) := Tim W

if x € X is an accumulation point.

We assume the reader to be familiar with the definition and properties of Sobolev spaces in
metric measure spaces and normed modules, referring to [12] and [47] for detailed accounts
on these topics. We will denote by W!-7(X), with p € (1, 00), the p-Sobolev space on a met-
ric measure space (X, d, m) and by |Df|, ., € L?(m) the minimal p-weak upper gradient of a
function f € W7(X). In this note we will always work on a metric measure space (X, d, m)
satisfying:

o independent weak upper gradient,
e WL2(X) is a Hilbert space, i.e. (X, d, m) is infinitesimally Hilbertian (see [36]).

Examples of spaces satisfying the above are RCD(K, co) spaces and infinitesimally Hilbertian
PI-spaces, which we will introduce in the sequel (see also [21,41,45]). By independent weak
upper gradient, we mean that

a) WP N wh4(X) is dense in WP (X) for all p, q € (1, 00),
b) if f € WP N W4 (X), then | Df | pw = |Df g, m-ace.,

we refer to [45] for further details. In particular condition ) allows us to drop the sub-
script for the minimal w.u.g. and simply write |Df],,. As observed e.g. in [45], it is pos-
sible to give a universal notion of gradient operator for functions in W7 (X) for arbitrary
p, whenever X is infinitesimally Hilbertian and the p-independence weak upper gradient as-
sumptions are fulfilled. We recall here a simplified construction which is enough for our pur-
poses.

Since for every p € (1, 0o) the restriction

VW nwh2(X) — LP(TX) c LYTX)

is bounded in L?(TX) and since W'? N W-2(X) is dense in W7 (X) (see a) above) we can
uniquely extended V to a linear operator on the whole W17 (X), denoted with the same symbol.
It is also easy to check that V retains the usual calculus rules and satisfies

IVfI=IDflw, YfeW"r(X).

Thanks to the above we will always write |V f| and actually drop the notion |Df|,,. For any
Q C X open we denote by Wkl)g" () the space of functions f € LY () such that fn e W7 (X)

loc
for every n € LIPys(€2). Thanks to the locality property, we can define a notion of gradient also

for functions in Wlé;:p(Q),
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[

1,
V:W,op(Q)—>L0(TX)|Q

(LO(TX)| o denotes the module-localization, see e.g. [47, Definition 3.1.11]) satisfying |V f| €

L,’;C(Q) and the usual calculus rules.

Remark 2.1. By the density in energy of Lipschitz functions (see [3]), if X is infinitesimally
Hilbertian and has independent weak upper gradient, then LIPy, (X) is dense in W17 (X) for every
p € (1,00) (see e.g. the argument in [45, Proposition 5.9]). In particular, by cut-off, given any
open set 2 C X, we have also that LIP,, (€2) is dense in the subset of functions of wlrn L*®(X)
having support bounded and contained in 2. W

To conclude, we recall the Sobolev and Poincaré inequalities on PI spaces, whose definition
is given in the following.

Definition 2.2 (PI space). A m.m.s. (X, d, m) is said to be a PI space if:
e it is uniformly locally doubling, i.e. there exists a function Cp : (0, co) — (0, co) such that
m(Bzr (x)) <Cp(R) m(Br (x)) forevery 0 <r < R and x € X,

e it supports a weak local (1, 1)-Poincaré inequality, i.e. there exist a constant A > 1 and a
function Cp : (0, c0) — (0, co) such that for every f € LIP|oc(X) it holds

f‘f— ][ fdm‘dmep(R)r ][ lip(f)dm forevery 0 <r <R and x € X.
B, (x) B, (x) By (x)

It is well known that PI spaces support Sobolev-type inequalities reported below (see [50,
Theorem 5.1], [12, Theorem 4.21] and also [13, Theorem 5.1]. For the statement, we recall that
(X, d) is said to be L-quasiconvex for some constant L > 0 if for every x, y € X there exists
a curve from x to y of length less than or equal to Ld(x, y). Recall also that in any PI-space
inequality (2.1) always holds for some s > 1 (see Remark A.1).

Theorem 2.3 (Sobolev and Poincaré inequalities). Let (X, d, m) be a Pl-space satisfying

m(B,(y)) r\*s
mZC(RO) (§> , YO<r<R<RyVyeX, 2.1

for some constant s > 1 and some function c : (0, 00) — (0, 00). Then for every p € (1,s] and
every Ro > O there exists a constant C depending only on p, A, Ry and on the functions ¢, Cp,

Cp such that for every Br(x) C X with R < Ry the following hold.

1

p* P

g | f -t | scr| fowsran| o vrewreo,
Br(x) AR (X)

2.2)
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With fBe(x) == fBR(x) f dm and where p* = Slisp

p =s (in which case C depends also on the choice of p*).
P

(if p < s) and p* < oo is arbitrary for

ii) ][|f|/’*dm <C ][ RPWVFIP+1fIPdm ]|,  YfeW'P(X). (2.3)

R(X) 2R (X)

Moreover if (X, d) is L-quasiconvex then the constant 2 in both (2.2) and (2.3) can be replaced
by L.

If (X, d, m) satisfies only a Poincaré inequality, but it is not locally doubling, Theorem 2.3
does not apply. Nevertheless, a (p, p)-type Poincaré inequality is available as shown in the next
result, which we could not find explicitly stated in the literature. For the statement, it will be
relevant to recall the notion of spectral gap for an arbitrary metric measure space (X, d, m) with
m(X) < 400, that is

MX) = inf{/IDu@’wdm cuewhr X, /udm:O, /uzdmz 1}. (2.4)

We also recall that for every A C X with m(A) < oo and every function f € L(m; A), there
exists a median for f in A, i.e. anumber m € R satisfying m({f <m}NA) < # and m({f >

m}NA) < %. It is well known that m realizes the minimum in inf.cg fA |f —c|ldm.

Theorem 2.4 ((p, p)-Poincaré inequality). Let (X,d, m) be a m.m.s. supporting a weak local
(1, 1)-Poincaré inequality and with diam(X) < D < +o00. Then for every p € (1, 00) there exists
a constant C > 0 such that

/If—fxlpdeC/IDflﬁ,wdm, VfeWw!hr (X, 2.5

where fx = fX fdm. In particular, it holds ’1(X) > 0.

Proof. It is enough to prove (2.5) for f € LIP(X) and with lip(f) in place of |V f| and then
argue by relaxation. Moreover, since [ |f — fx|?dm <27 [|f — c|Pdm for every ¢ € R and
feL'(m) (see e.g. [12, Lemma 4.17]), it is enough to show

/ |f1Pdm < C / lip(f)”dm 2.6)

for some constant C > 0 depending only on Ry, K and p and every f € LIP(X) for which zero
is a median for f in X. Fix one of such f € LIP(X) and define f*:= f AOand f~ = —(f v 0).
Note that zero is a median in X also for (f1)? and (f7)”. By the (1, 1)-Poincaré inequality we
have that

/ g — mldm < / g — gxldm < € / lip(g)dm, Vg € LIP(X), @.7)
X X X

8
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where C; is a constant depending only on K, D and m is any median of g, having used that
[x |g —m|dm <inf.cr [y |g — c|dm. Therefore by (2.7) and since lip((f™)?) < p| |7~ ip(f),

lip((f)?) < plfIP~'ip(f) we have

/Ifl”dm=/IerI"’+If_l”deZPQ/lip(f)lfl”_lﬁlm
X X

X

N
<2pCy / lip(f)” / sl
X

X

which proves (2.6) and finishes the proof. O
2.2. p-Poisson equation in metric measure spaces

We can now introduce the main subject of this paper, expanding on what we have already
mentioned in the introduction.

Definition 2.5 ( p-Laplacian). Fix p € (1, 00). Let (X, d, m) be inf. Hilbertian with independent
weak upper-gradient and 2 C X be open. A function u € Wlé’cp (£2) belongs to D(A ), 2) if and

only if there exists (unique) A ,u € L,loc(Q) such that

/(|Vu|1’—2w, Ve)dm = — /(pApudm, Vo € LIP,s (). (2.8)
Q Q

For simplicity when © = X we will simply write D(A ).

The assumption of independent weak upper-gradient in the previous definition is needed to
consider the gradient of functions in W7 (see §2.1). In particular, for p = 2 this assumption is
not needed. Recall also that in our convention V takes value in L°(7'X), hence the scalar product
in (2.8) is well defined as the scalar product in LO(TX). The above definition makes sense since
(IVulP~2Vu, V)| < |VulP~'|Ve| € L (m).

Remark 2.6. By the density of Lipschitz functions in W7 (recall Remark 2.1), we have that
(2.8) also holds for every ¢ € WP N L°°(X) having support bounded and contained in . More-
over, in the case @ =X and A ,u € L? (m), p' == %, the validity of (2.8) extends also in duality

withallp e WhP(X). W
We also introduce the set of functions with L?-Laplacian in € as:
D(A,Q):={ueD(A2, Q) : Aue leoc(Q)}

and we will write Au in place of Ayu wherever u € D(A, 2). Finally, we set D(A) :=D(A, X)N
WL2(X) (note that by definition we have only D(A, X) C Wll)’cz (X)). In particular, the notation
D(A) is consistent with the usual one used in literature (see e.g. [47, Section 5.2.1]). If diam(X) <
+00 it follows immediately from (2.8) that
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/Audm =0, VYueD(A). 2.9

Whenever m(X) < oo, the Laplacian can also be used to characterize the spectral gap 11(X)
(defined in (2.4)) as follows (see e.g. [8, Proposition 4.8.3]) as the maximimal constant such that

M X) / |Duf3 ,dm < /(Au)zdm, Yu € D(A). (2.10)
The Laplacian A is a closed operator in the following sense:

given u, € D(A, Q) and u € W2 (R), if [Vu — Vu,| — 0in L2(Q) and Au, — G in LA(RQ),
then u € D(A, Q) with Au =G.
(2.11)
The following existence result is a standard consequence of the direct method of the calculus of
variations and the Poincaré inequality (2.5).

Proposition 2.7. Fix p € (1,00) and set p’' = %. Let (X,d,m) be a bounded m.m.s. with
independent weak upper gradient and satisfying a weak local (1, 1)-Poincaré inequality. Then,
forevery f € LP' (m) such that [ fdm =0 there exists a unique u € D(A ) satisfying [ udm =0
and Apu = f.

For future reference, we report the following classical monotonicity inequalities for the p-
Laplacian, which proof is the same as in the Euclidean setting (see e.g. [77, Lemma A.0.5]).

Lemma 2.8 (Monotonicity inequalities). For every p € (1, 00) there exists a constant ¢, > 0
such that the following is true. Let (X,d, m) be an inf. Hilbertian metric measure space and
v, we LYTX). Then

(]P0 — [w|P 2w, v — w) >

cplv—wl|? ifp=>2,
{ 7| | Fp= m-a.e., (2.12)

lo—w|* ;
Py Fl<p<2

with the convention that, if p <2, |v|P~2v =0 (resp. |w|?~2w = 0) whenever |v| = 0 (resp.
|w| = 0) and that right-hand side is zero when |w| = |v| =0.

Remark 2.9. In our definition of A,u we assume that u € WP (X). In Proposition 2.7, we
showed existence and uniqueness in this space of solutions to A,(u) = f when f € LY, p =
%1. However, when f is in merely in L?(m) (or even Ll(m)), as in our main results, if p
is not large enough solutions might not exist. This is a well-known issue for p-Laplacian type
operators that already occurs in the Euclidean framework. As a matter of fact, in [22] the authors
prove that second-order Sobolev regularity estimates for the p-Laplacian in R” hold for suitable
generalized solutions defined via approximation and not necessarily in Wllf (see [22, Remark
2.8]). In fact, also our main result could be extended to more general notions of solutions to (1.4),
see Remark 6.3 for a further discussion. W

10
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2.3. Second-order calculus on RCD spaces

In this note, we will mainly work on RCD(K, N) spaces for N € [1, oo], which is a well-
known subclass of metric measure spaces. We will not recall their definition and main properties
and refer to [2,39] for surveys on this topic and further references.

We will assume the reader to be familiar with the theory of second-order calculus on RCD
spaces developed in [37] (see also [47]).

We will denote by dim(X) the essential-dimension of an RCD(K, N) space with N < 0o (see
[16,37,46]), which is an integer not greater than N. In the case dim(X) = N by [51, Prop. 4.1] it
holds

trtHess(f) = Af, Vf eD(A). (2.13)
We recall the space of test functions introduced in [83]
Test(X) :={f € D(A) N L®m) NLIPX) | Af € Wh2(X)}.

By [37, Theorem 3.3.8] we have Test(X) C W22(X) and we can define the space H>?(X) as the
closure of Test(X) in W22(X).

Proposition 2.10. Lezr (X, d, m) be an RCD(K, 00) space. For every v € Hé’z(TX) it holds that
lv| € Wh2(X) and

Vvl < |Vv], m-ae.. (2.14)

It holds that D(A) C H*2(X). In particular for every u € D(A) it holds that Vu € Hé’z(X),
IVu| € W-2(X) and

VVu = Hess(u),
(2.15)
|Vuu|V|Vu| = Hess(u) (Vu),

Proof. The first part of the statement together with (2.14) is proved in [26, Lemma 3.5]. The fact
that D(A) € H%2(X) together with first in (2.15) is instead a consequence of Theorem 3.4.2-(iv)
and Proposition 3.3.18 in [37]. From this by definition of Hé’z(TX) follows that Vu € Hé’z(X)
and the fact that |Vu| € W2(X) follows then from the first part. Finally, the second in (2.15) is
contained in [37, Proposition 3.3.22]. O

In the sequel, we will need the following approximation result which, to the best of our knowl-
edge, is not present in the literature.

Lemma 2.11. Let (X, d, m) be an RCD(K, 00) space. Then for all u € D(A) there exists a se-
quence (u,) C Test(X) such that Au, — Au in L%(m), u, — u in H*2(X) and |Vu,| = |Vu|
in W2(X).

For the proof, we need the following technical convergence result.

11
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Lemma 2.12. Let (X, d, m) be an RCD(K, 00) space and suppose that u,, — u in H>2(X). Then
Vi, | — |Vu| in WH2(X).

Proof. Fix an arbitrary subsequence, still denoted by u,,. To conclude it is enough to show that
there exists a further subsequence such that |Vu,| — |Vu| in wh2(X). Up to passing to a (non-

relabelled) subsequence we can assume that |Vu, — Vu| — 0 m-a.e. and |Hess(u — u,)| - 0
m-a.e.. We need to prove that

/|V(|Vun|—|Vu|)|2dm—>O, as n — 4o00.

The goal is to apply the dominated convergence theorem. First observe that |V (| Vu,| —|Vu|)|*> <
2|Hess(u)|2 + 2|Hess(un)|2 and that since |Hess(u),| are convergent in L%(m), up to a subse-
quence, it holds that |Hess(u, )| < g for some g € L?%(m). Hence to conclude it suffices to show

V(| Viy| — |Vu])| = 0 m-ae.. (2.16)

To see this we recall that by the second in (2.15) we have

XAV XAV
|V(|Vun|—|Vu|)|:‘Hess(un)<A”7un>—Hess(u)( Ao ”)
[Vu,| [Vl

,  m-a.e.,

where A, = {|Vu,| > 0} and Ag = {|Vu| > 0}. We then proceed to estimate the above expres-
sion as follows

‘Hess(un) (XA”Vun> — Hess(u) (XAOVM>’

[V [Vul
Xa,V XA,V Xa,V
:‘Hess(un)( An Yln 4 2do u)—Hess(u) (Ao_”>‘ 2.17)
[V [Vu| [Vul
|Vu — Vu,|
< |Hess(un)| WXA'IQAO + Xx\Ao | + |Hess(u —uy)|, m-a.e.,

where in the last step we used that |Hess(u,)| = 0 m-a.e. in X\ A, by the locality of the Hessian.
Moreover, again by the locality of the Hessian (see [37, Proposition 3.4.9]) we have

|Hess(uy,)| = |Hess(u,) — Hess(u)] — 0, m-a.e.in X\ Ag. (2.18)

From this and recalling that |Vu, — Vu| — 0 m-a.e. we obtain (2.16), which concludes the proof
of the lemma. 0O

Proof of Lemma 2.11. The existence of a sequence (u,) C Test(X) such that Au,, - Au and
up — u in WH2(X) is proved in [53, Lemma 2.2]. This implies that u,, — u in H>>(X) by [37,
Proposition 3.3.9]. The fact that |Vu,| — |Vu| in W1-2(X) then follows from Lemma 2.12. 0O

We introduce the improved Bochner inequality proved in [51] (see [37] for the case N = 00).

12
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Theorem 2.13 (Improved Bochner-inequality). Let (X, d, m) be any RCD(K, N) space with K €
R and N € [1, oc]. Then for any f € Test(X) it holds that |V f|> € W'2(X) and

2 _ 2
—/<V(p, V'Zf' >dmz /<|Hess(f)|2+ (&7 = tHess(f)) (2.19)

N — dim(X)

+(VAVAS) + KIVfIZ) pdm,

forany ¢ € W2 N LS°(X) with bounded support, where the term containing dim(X) is taken to
be 0 if dim(X) = N or N = oo.

From the previous result, we immediately obtain the following inequality, which will play a
key role in the note (see also [37, Corollary 3.3.9] for the case N = 00).

Corollary 2.14. Let (X, d, m) be a bounded RCD(K, N) space with K € R and N € [1, oo].
Then

A f —trH 2
/<|Hess(f)|2+( J;v_trdiris(sg)) )dm§(1+K_k1(X))/(Au)2dm, Vi € D(A),

(2.20)
where the term containing dim(X) is taken to be 0 if dim(X) = N or N = cc.
Proof. Combining (2.19) with ¢ =1 and (2.10), we obtain that (2.20) holds for all f € Test(X).
The validity for a general f € D(A) then follows by the approximation using Lemma 2.11 and
in the case N < oo observing that by definition trHess(g)|? < dim(X)|Hess(g)|? for every g €
wW22(X). O

We now report a version of the Leibniz rule for the covariant derivative.

Lemma 2.15. Let (X, d, m) be an RCD(K, 00) space. Then for every v € Hé’z(TX) and f €
L® N WY2(X) it holds that fv e HY*(TX) and

V(fv)=fVv+VfQRu. (2.21)
Proof. The case f € LIPps(X) is proved in [7, Lemma 2.17]. The general case follows by
approximation in W12(X) by a sequence of functions in LIP,s(X) and uniformly bounded in
L®m). O

We conclude by introducing the space of vector fields with local covariant derivative in L.

Definition 2.16 (Local covariant derivative). Let (X, d, m) be an RCD(K, 0o) space and 2 C X
be open. We define the space

HEno(TX: Q) = {v € LUTX) |, : qv e HEA(TX), ¥ € LIP,(Q)}. (2.22)

13
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2
loc

set Q' C Q such that Q@ C Q we define

(TX; 2) we can define |Vv| € L? (R2) as follows: for every open

1,
Moreover, for every v € H¢' loc

Xo|Vu| =X InVv|, m-ae.,

where 7 € LIP,s (2) and n = 1 in €'. This definition is well-posed thanks to the locality property
of the covariant derivative (see [37, Proposition 3.4.9]).

It also holds that
ve Hip (TX: Q) = [v] € W2 (). (2.23)

Indeed for every 1 € LIPy(2) we have nlv| = |ntv] — |[n7v| € WH2(X), since nt,n~ €
LIPys (X) and by the first part of Proposition 2.10.
The above definition is motivated by the following result.

Lemma 2.17. Let (X, d, m) be an RCD(K, 00) space and Q2 C X be open. Suppose that the
sequence v, € Hé’z(TX) satisfies

sup/ lonl?> + [V, [2dm < 400, |vp—v| >0 m-ae., (2.24)
n
Q

for some v € LO(TX)|Q. Then v € Hé:lzoc(TX; Q) and for every Bag(x) C Q it holds

/|v|2+|Vv|2dm§4li_m / (A + R HHu,> + |[Vup2dm, VBar(x) C Q. (2.25)
n

Bgr(x) Bag(x)

Proof. Fix 1 € LIPy (). Set w, := nv, € LA2(TX). By (2.24) we have that the sequence (w;,)
is bounded in L2(TX). Hence, up to a subsequence, it converges weakly in L>(TX) to some
w € L?(TX). Applying Mazur’s lemma, for every n € N we can find N, € N, N, > n and
numbers {ak,n},]:/in C [0, 1] satistying Z,ivil ak., = 1 and such that W, .= Z,ivin Ak p Wy — W in
L2(TX). In particular |W,, — w| — 0 m-a.e.. However, by the second in (2.24) it also holds that
|W, — nv| — 0 m-a.e., which shows that w = nv. Next, by Lemma 2.15 we have w, = nv, €
H-2(TX) for every n € N with Vw, = V1 ® v, + nVv,. Therefore also W, € H*(TX) for
every n € N and

Ny N
JIWal 25 4 Y Wall25 0 = D akalllwalllzzers) + D kol Vuall 2
k=n

k=n

< (Inlloo + LipON) H10n 22 suppen) + 17100 1TV 0 22 suppny-

This and the lower semicontinuity of |||V Wy ||| 12y under convergence in L*(TX) (see [37, The-

orem 3.4.2]) prove that nv € Hé’z(TX) and by the arbitrariness of 1 also that v € Hé:i)c(TX; Q).
Finally (2.25) follows by taking n such that n = 1 in Bg(x) with supp(n) C Brr(x) and

Lip(n) <2R~'. O

14
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Remark 2.18.If (X, d) is also proper and v € LO(TX)|Q, for some 2 C X open, satisfies

vE Hé’,?oc(TX? B, (x)) for every By, (x) C 2, then v € Hé’,%oc(TX? 2). The proof is a standard
argument using partitions of unity (see e.g. the proof of [43, Proposition 3.17]). W

2.4. Sobolev-Poincaré inequalities in RCD spaces

Recall that any RCD(K, N) spaces satisfy a weak local (1, 1)-Poincaré inequality with Cp
depending only on N and K [79,80]. Moreover, by the Bishop-Gromov inequality [84], any
RCD(K, N) space (X, d, m), with N < oo, satisfies

m(B,(x) _
m(Bgr(x)) —

N
CRro.K.N (%) . VxeX.VO<r<R<Ry, (2.26)

where Cg,, k,n is a constant depending only on Ry, K, N. In particular, (X, d, m) is PI space and
by Theorem 2.3 it supports a Sobolev inequality, which we report in the following statement.

Proposition 2.19. Ler (X, d, m) be an RCD(K, N) space with N < co. Then for every Br(x) C
X with R < Rg inequalities (2.2) and (2.3) hold with s = N, with the constant C depending only
on K, N, p and Ry and with 2\ replaced by one.

Moreover for every § > 0 it holds

2

~o_N
/fzdmsé / R2|Vf|2dm+% /|f|dm C VFew'2(X), (227

Bg(x) Br(x) Br(x)
where C is a constant depending only on K, N, p and R.

Proof. From (2.26) we have that (2.1) holds with s = N and with a constant ¢ again depending
only on N and K. In particular, (X, d, m) is uniformly locally doubling with doubling con-
stant Cp depending only on N and K. Moreover (X, d, m) supports a weal local (1, 1)-Poincaré
inequality as mentioned above. Hence the first part of the statement follows directly from The-
orem 2.3. The fact that 2A can be taken replaced by the constant one follows by the last part of
Theorem 2.3 and the fact that (X, d) is geodesic (see [84]).

Finally inequality (2.27) follows from (2.3) with p =2 by using that

1

2 2%

][f2dm <$ ][f2*dm +57N2 ][ | f1dm

R(X) BRr(x) Br(x)
forevery§ >0. O

Inequality (2.27), contained in the previous statement, was inspired by [22, (5.4)].
The next result is a slight variation of inequality (2.2).

15
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Lemma 2.20. Let (X, d, m) be a bounded RCD(K, N) space, N < 0o, and fix p € (1, N). Then
for every Br(x) C X with R < Ry there exists a constant C > 0 depending only on Ry, K, N
and p such that

1
¥

][|f—mf|P*dm <C ][Wﬂpdm . YVFew'rX), (2.28)

BRr(x) R(X)

where p* = NN—_’; and m g is any median for f in Bg(x).

Proof. Set B := Bg(x). Without loss of generality, we can assume that m(B) = 1. It is sufficient
to show that

L 1
PE

/|g|1’*dm <C /|Vg|”dm , Vge W"P(X)such that m({|g| > 0} N B) < 1/2,

(2.29)
where C > 0 is a constant depending only on Ry, K, N and p. Indeed to conclude it would be
enough to apply (2.29) to g .= (f — mf)“' and g == (f —my)~. To show (2.29) we use the
Sobolev-Poincaré inequality (2.2) in combination with the Holder inequality

~ 1_%
= ClIVgllram +m{lgl > 0N B)" 7 lIgll Lo (g,

gl g < CIVelLrm + ’/gdm

1--L
P
> ”g”Lp*(B),

[N R

<C|IVgllLrp + (—
which proves (2.29). O
We conclude with a version of (2.27) for RCD(K, co) spaces.

Proposition 2.21. Let (X, d, m) be a bounded RCD(K, 00) space with diam(X) < D < 4o00.
Then for every 8§ < min(1, (K~ D?)~1) it holds

/fzdm§3232D2/|Vf|2d +W</|f|dm) , Viewh?X). (2.30)

Proof. We can assume that m(X) = 1 and || f[| .2 = 1. From the HWT inequality (see e.g. [44,
eq. (5.7), (5.9)] or [88, Corollary 30.22]) we have
1
2 2 2 2 . 2 2
folog(fH)dm <2Wo(f m,m) | [ [V f|"dm ) + TWz(f m, m)

2 P K- 2
<20( [ IVfPdm) " +=-D%

16
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where W» (-, -) denotes the 2-Wasserstein distance in (X, d). Combining this with the elementary
inequality

12 <8t2log(r®) +esr, forallr>0ands e (0,1)

we reach

) o\ K-,
1= [ f2dm<28D |V f]*dm +8TD +ed [ [f|dm.

Assuming 8 < (K~ D?)~! and squaring on both sides gives (2.30). O
3. Approximation results for the p-Laplacian

The main goal of this section is to obtain some approximation results for the p-Laplacian. To
do so we introduce the ¢-regularized operator used, for instance, in [27] by DiBenedetto to prove
C'P _regularity of solutions to the p-Poisson equation in the flat Euclidean case.

Definition 3.1 ((p, ¢)-Laplacian). Fix p € (1,00), ¢ > 0 and let (X, d, m) be an RCD(K, o0)
space. A function u € whr(x) belongs to D(A, ) if and only if there exists (unique) A, cu €
LL_(X) such that

/((|W|2 + )5 Vu, Vo)dm = —/wA,,,gudm, Vg € LIPps (X). 3.1)
X X

As in the definition of p-Laplacian, the scalar product appearing in (3.1) is the one of LO(T'X).
The integral on the left-hand side of (3.1) is well defined, indeed if p > 2 there exists a constant
Cp,e > 0 such that

n—2
(Vul> + &) 7 |Vu| < cp e ((VulP~ 4+ 1), (3.2)
while for p <2
-2
(Vul® +6)"7 |Vu| < |VulP~ !, (3.3)

and the right-hand sides of both (3.3) and (3.2) are in Llloc (X), because |Vu| € L?(m). In fact,
we are not yet claiming any extra regularity property of A, . with respect to A . The existence

of regular solutions to A, .u = f will be instead discussed in §4.

Remark 3.2. By the density of LIP(X) in WLP(X) and thanks to (3.3) and (3.2) we have
that (3.1) holds also for every ¢ € wbhp n LX) having bounded support. Moreover if
Ap el € Ll’/(X), where p’ = #, the validity of (3.1) extends also to all ¢ € WP (X) (cf.
with Remark 2.6). W

We will prove two approximation results: the first one (Proposition 3.3) says that solutions of
Ap cu = f converge to a solution of A,u = f, as ¢ — 0™; the second (Proposition 3.4) says

that if f, — f € L'(m), then solutions of Apu = f, converge to a solution of A,u = f.

17
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3.1. Approximation via regularized p-Laplacian operators

Here, we prove that solutions to A, ;u = f converge to a solution of A,u = f, as ¢ — ot.
This statement is made precise by the following proposition.

Proposition 3.3 (s-approximation of the p-Laplacian). Fix p € (1, 00) and let p’ = %. Let

(X,d,m) be a bounded RCD(K, 00) space and let f € LY (m). Suppose that the sequence
up, € WhP(X), satisfies Ape, (un) = f with e, — 0% and [u,dm = 0. Suppose also that
u € WhP(X) satisfies Ap(u)= f and fudm: 0. Then u, — u in WHP(X).

Proof. Without loss of generality, we assume that m(X) = 1. Moreover, up to ignoring finitely
many elements of the sequence u,, we can assume that ¢, < 1. We start by deriving uniform
bounds on u,. If p > 2, by choosing u, itself as test function in (3.1) (recall Remark 3.2) and by
the Young’s inequality we get

/|Vu,,|pdm§—/fundmf/cp,3|f|p/dm+8/|un|pdm,

X X X X

for every > 0 and for some constant ¢, s > 0 depending only on p and §. Similarly for p <2

1 ,
E/|Vun|pdm—cp5/fundmf/cp,5|f|pdm+8/|u,,|pdm,
X X X X

l‘2
(t2+1>2_Tp
t > 0 and for some constant ¢, > 0 (indeed u(t) > Oast — 0" and u(t) — 400 as t — +00).
Therefore in both cases choosing § > 0 small enough and by the (p, p)-Poincaré inequality of
Theorem 2.4 and we obtain that u,, is bounded in W7 (X). Taking u,, — u as test function both

inAp. (u,) = f and A,(u) = f and subtracting the two identities gives

where in the first inequality we used that ¢ < 1 and that u(¢) := - %t” > —c, for every

p—2
/<|w|f"2w, V(@ — ) = ((Vitn* + €2) T Vity, V(u — 1))dm =0
that we rewrite as

/(IWI”_QW — Vun P2V, V(u — up))
, 34
= [ (0P 4 £0)'F = 1901772) (V. ¥ = )i,
The right-hand side is dominated by

-2
[ 0502 4 2005 = 19001772 1900190 = )

<Cpen” /(IVunl‘"*1 + DIV (u — up)|dm,

18
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where a ), = min(%, pr1) > (0 and where we used that for every p € (1, co) there exists a con-
stant C, > 0 depending only on p such that

n—2
(2 +e)T =P 2t < Cpen? (P 1), V120
Indeed if 12 > /€, we have

p—2

En\ 2
(1+3) 7 -1

pP=2 _ _
(2 +e0) T —tP 2t =177}

&
p—1zn p—1
Scpt’™ 3 Sepent”
. . 2
while if 1* < /e,

p—1
2071 <26, (1P 4 1), if p <2,

2 22 p2
(1% +en) 2 —tP 7t < s L p-l
2002 +e,) Tt <22g," P4+ 1), ifp=2.

We proceed applying the Holder inequality

-2
/\(IW )7 = [Vul? 72| Vit ||V (= ) |dm
(3.5)
< CpEZp(lllvunlllLP(m) + 1P (Vg | Loy + IVEll L ()

up to increasing the constant C . For p > 2, combining (3.5) with (3.4) and Lemma 2.8 we get
(up to further increasing the constant C )

@/ Vi — Vu,|Pdm < @CpSgp(kuanu’(m) + )P (I Vun | Loy + Vil Lr (my) = 0,

by the boundedness of |Vu,| in L”(m). Instead for p < 2 we first use the Holder inequality to
write,

2-p

_ 2 5 =
Vit — Vit |Pdm < Vu = Vinl™ (IVut| + |Viun|)Pdm
" = \J (Vul+|Vuu 2 "

that combined with (3.5), (3.4) and Lemma 2.8 yields

2

Pras P o D —

h,gn( / |Vu—wn|ﬂdm) <TmCpen” (11VunlllLrem + D~ VUl Lo
+IVullLramy)* P = 0.

Summing up we obtained that |Vu,, — Vu| — 0 in L?(m). From this, the claimed convergence
in W17 (X) follows using again the (p, p)-Poincaré inequality. O
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3.2. Approximation via regularized source term
Here we prove the following convergence result.

Proposition 3.4. Let (X, d, m) be a bounded RCD(K, N) space, N < 0o, and let u € WP (X)
be such that Apu = f € LY (m). Suppose there exists a sequence (u,) C WP (X) such that
Ap(up) = fuo with fu — fin LY (m). Then there exists a subsequence Up, Such that

|Vitn, — VulP~' =0 in L'(m). (3.6)

Proof. The argument is inspired by the techniques from [10] in the Euclidean case, adapted to
our setting. Since (X, d, m) is also an RCD(K, N’) space for every N’ > N we can assume that
p < N. Up to subtracting a constant from u and u,, n € N, by the locality of the gradient, we
can assume that zero is a median for u and for all u,, n € N. Additionally, up to passing to a
non-relabelled subsequence, we can assume that || full 11 (m) < 2I1f | L1 (m)- To prove (3.6) it is
sufficient to show that there exists ¢ > 1 such that

|Vu, — Vu| — 0 in m-measure,

_ _ 3.7
sup [11Veel”~ | ooy + 11Vt~ Lo amy < 400 .7
n

Indeed (3.6) can be deduced from (3.7) by standard arguments (see e.g. [50, Lemma 8.2]).

We start by deducing several uniform bounds. For every k > 0 define Fi(¢) := (—k) Vit Ak,
t € R. Taking as test functions ¢ = Fx ou € Wh? N L®(X) and ¢ = Fj ou, € WP N L®(X)
respectively in the weak formulation of A ,u = f and A, (u,) = f,, we obtain that

\VulPdm < k|| £l 11 ) / [Vup|Pdm <k full 1y, YREN.  (3.8)
{lul<k} {lun) <k}

Moreover, zero is a median for both Fi ou and Fj o u,, therefore applying (2.28) we get that for
every k > 0

/|Fk oul? dm < Cp(kll £l L1m)? /7, / | Fi o un|? dm < Cp(kll fall p1en))” . V€N
and by the Markov inequality

m({Jul > k}) = m{| Fak o ul”” > kP"}) < 2C,k" /PP £ 11 ()

m({lun| >k} =m({| Fak o un|”” > kP }) <4C,k” /PP Fll 11 ()

where C), is a constant independent of n and k. Combining (3.9) and (3.8) we get for every k > 0
andr >0
m({[Vul| > k}) <m({|Vu| >k} N {|u] <1}) +m({|u] > 1})
t * —n¥*
= T 1 My +2Cpt 7 P f L -

20



L. Benatti and 1.Y. Violo Journal of Differential Equations 439 (2025) 113398

Taking t = k=T and repeating the same argument for u,, gives

m({|Vu| > k}) <k7*QC, + DIl 21

i (3.10)
m({|Vin| > k) <k~ @Cp + 21 Fll 1 (s
where h = p — 1. This already shows the second in (3.7).
It remains to prove the first in (3.7). Fix ¢ > 0 arbitrary. By (3.9) and (3.10) there exists a
constant k, > 0 such that for every n € N

N(p—-1
N_T =

m({lul > ke}) +m({lun| > ke}) + m({[Vul > ke}) + m{|Vua| > ke}) < €/2. (3.11)

Taking as test function ¢ = Fy, o (u, —u) € W N L>®(X) in both A pu, = f, and A, (u) = f
and subtracting the two resulting identities, we obtain

(IVulP=2Vu — [Vun P>V, Vi — Vuy)dm < 2ke || f — full 11 ()-
{lun—u|<2ks}

Applying Lemma 2.8 and noting that {|u,| < k¢, |u| < k¢} C {{u, — u| < 2k.} we get that for
some constant ¢, > 0 depending only on p

cplVu — Vu|P <2ke |l f = full 1 () if p=>2,

{lunl<ke, lul<ke}

p(ke)* P IVu = Vi <2kl f = full p1mys i P <2.

{lun|<ke, lul<ke, |Vu|<ke, |Vun|<ke}
(3.12)
Therefore in both cases, applying the Markov inequality, for every 6 > 0 it holds

m({|Vu = Viun| > 8, |un| < ke, |u| < ke, |Vu| < ke, |Vity| < ke})
<2¢, ke8P max((2ke)* P DI = full L1 my-

Combining this with (3.11) yields
m({|Vu = Vig) > 8)) <8 P2kl f — full o1y +£/2-

Since by assumption || f, — f || L1 (m) —> 0 as n — 400 and by the arbitrariness of ¢ > 0 we obtain
the first in (3.7) and conclude the proof. O

4. Uniform a priori estimates for A , .

The goal of this section is to obtain second-order regularity and gradient estimates for solu-
tions of

Apeu=feL*m), @.1)
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assuming a priori that u has second-order regularity, that is u € D(A) C W>?2(X). Technically
speaking we will actually not consider exactly solution of (4.1), since we do not want to assume
extra integrability of |Vu| other than L?. Instead we consider the operator D ,(u), defined

below, given by formally expanding div((|Vu 1> +¢) byt Vu).

Definition 4.1 (Developed (p, €)-Laplacian). Let ¢ > 0 and p € (1, 0c0). We define the operator
Dpe:D(A) — L2(m), that we call developed (p, €)-Laplacian, as

Hess(u)(Vu, Vi) IVul(V|Vul, Vi)

D =Au+(p—-2 Au+(p—2
pel) = Aut (p === G R e

4.2)

Note that D, . is defined only for functions in D(A), while A, . makes sense for all functions

in W7 (X). Nevertheless, at least at a formal level, we have (|Vu|2 + 8)% Dpcu=Acu.

We will start in §4.1 below to deduce some initial properties and estimates concerning the
developed (p, ¢)-Laplacian. Then we will establish LZ-uniform estimates on the Hessian (in
§4.2) and L°°-uniform estimates on the gradient (in §4.3), both involving D, , but independent
of the parameter ¢. These estimates will play a crucial role in the proof of our main results, in
particular in obtaining regularity estimates for A, by sending ¢ — 0.

4.1. Preliminary properties and estimates for the developed (p, €)-Laplacian

-2
The following result gives a rigorous version of the fact that (IVul® +¢) 7 Dpcu=A) . u.

Lemma4.2. Fix p € (1,00) and ¢ > 0. Let (X, d, m) be an RCD(K, 00) space and letu € D(A).
If p > 2 suppose in addition that |Vu|P~' € L' (m), |Vu|>?=2 e L (m). Then

/((|Vu|2+s)"%2vu,w>dm=—/¢(|Vu|2+s)pTJDp,g(u)dm, Vo € LIPys(X). (4.3)
X X

-2
In particular if also u € WLP(X) thenu € D(Ape) and Ay cu = (|Vu|2 + 8)pTDp,g(u).

Proof. CASE p > 2. Fix k € N. Since |Vu| € W'2(X) (see Proposition 2.10) we have wy =
n—2
(Vul Ak +¢)T e W20 L®(X) and

-2
Vwr=(p— 2)X{|vu|5k}|Vu|(|Vu|2 +8)pT_1V|Vu|. “4.4)

Moreover, for every ¢ € LIP(X) we have wigp € W1-2(X). Therefore by the Leibniz rule for the
gradient and integrating by parts we obtain

/wk(Vu, Vo)dm = /(Vu, V(pwy)) — ¢(Vu, wi)dm = / —p(wrAu + (Vu, w))dm.

Substituting the expression for wy and Vwy, (as given in (4.4))
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/((|W| AR +6) 52 (Vi, Voydm
’ p=2 (Vu, V|Vul)
=/—¢((|W|Ak> + 07 Au+ X vaiziy(p — 2)[Vu o VIVED

[Vul2 +¢

Thanks to the assumptions |Vu|?~! € L!(m) and |Vu|>?=2 e L'(m) and since Au € L?(m)
and |V|Vu|| € L?(m), we deduce that both the integrands are dominated by an L'(m)-function
independent of k. Hence letting k — 400 and using the dominated convergence theorem we

deduce that (3.1) holds with A, .u = (|Vu|2 +¢€) b D, ¢(u) and so the conclusion follows.
-2
CASE p < 2. In this case, we have directly that (\Vu|® + e)pT e Wh2 N LX) with

V(Vul® + )" = (p — 2|Vl (|Vul® + )T ~1V|Vul,

without the need of a cut-off. Indeed, |Vu| € W!2(X) and the function (t> + £)(?=2/2 ¢ C1(R)

-2
is bounded with bounded derivative. Therefore (|Vu|? + 8)%V(p e WH2(X) for every ¢ €
LIPps (X). Arguing as above integrating by parts we reach

/(|W|2+s)"22<w,V¢>dm=/—¢(|vu|2+8)”22(Au+(p—2)|Vu|—<V”’V|V”|)> ,

|Vul? +¢
which is the sought conclusion. O
For convenience, given u € D(A) we write recalling (2.15)
Aco(u) = |Vu|(V|Vu|, Vu) = Hess(u)(Vu, Vi) € L°(m).
Hence, we can rewrite the operator Dy, as

Aso(u)

D =A - 2)——,
S,P(u) u+(p )|Vu|2+8

Vpe(l,00), e>0. (4.5)

Next, we prove a technical inequality inspired by some computations done in the smooth setting
in [67, Lemma 3.4], that will be used in the next section to obtain uniform regularity estimates
for Dy p.

Proposition 4.3. For every N € [2,00], p € (1,00) and a > 3(p —3 — 1’\’,;_11) there exist con-

stants . = A(p, N,a) € (0,1) and C1 = C1(p, N, ) > 0 such that the following holds. Let
(X, d, m) be an RCD(K, N) space, with n :=dim(X) > 2 (if N < o0) and u € D(A). Then for
every e >0

(Aos@)? ) IVIVull?|Vul?
(IVul? 4 ¢)? |Vul? + ¢

(Au — trHess(1))?
N —

[(p—2)* —2a(p —2)]

(4.6)

<i [|Hess<u>|2 + ] + C1(Dy.e (),

where the term containing N — n is not present if either N = +00 or N = n. Moreover, if a >
p — 2 the constants A and Cy can be taken independent of both a and N.
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In the above proposition, it might look strange to have both the dependence on N of the
constants and the possibility of taking N = co. However note that the range of the admissible
a’s increases as N decreases, hence we cannot take C; and A to depend only on « and p. The
proof of Proposition 4.3 relies on the following fundamental inequality, well known in the smooth
case (see e.g. [82] and also [23,34,67,90]).

Proposition 4.4 (Key inequality). Let (X, d, m) be an RCD(K, N) space with N € [1, co]. Then
for every u € W>2(X) it holds

(|Vu|2trHess(u) — Aoou)z

— 2 _
dim(X) — 1 (Aou)®, m-ae, (4.7)

|Vul*[Hess(u)|?> > 2|Vul*|V|Vu|* +

where term containing dim(X) is not present if N = oo or dim(X) = 1.

Proof. First we consider the case N < oo. The statement is a direct consequence of an elemen-
tary inequality for quadratic operators on finite dimensional vector space (see [82, Lemma 2.1]).
Indeed, for every symmetric real matrix A € R"*", n > 2 it holds

(Jv]?trA — (Av, v))?

— (v, Av)>, VveR”,
n—1

[v[*|AI? > 2|v]}|Av|* +

where | A| denotes the Hilbert-Schmidt norm of A. If n = 1 the above is still trivially true (with
equality) without the term containing n — 1. Inequality (4.7) now follows by computing in coor-
dinates recalling the second in (2.15).

If N = oco we recall that since Hess(u) is a symmetric tensor and by the construction
of the tensor products of Hilbert modules there exist tensors Ak, k € N of the form Ay =
Zgjzﬂﬁjei ® ej, such that {alk,j}i,j is a symmetric real matrix, (¢;,e;) = J; ; m-a.e. and
|Ar — Hess(u)|gs — 0 in L2(m) (see [37, Section 1.5]). Computing in coordinates, thanks to
the above inequality with n = Ny we obtain that

lwl* Axl3s = 2w Agw|* — (w, Ayw)?,  m-ae. for every w € LO(T'X).

Passing to the limit, since |Ax|gs — |Hess(u)|gs, |Axw| — |Hess(u)(w)| and (w, Ayw) —
(w, Hess(u)w) all hold m-a.e., we obtain (4.7). O

We can now prove the main technical estimate.

Proof of Proposition 4.3. Note that (4.6) is trivially satisfied whenever |Vu| = 0, since the left-
hand side is zero by the locality of the gradient. Hence all the estimates from now on will be
done on the set {|Vu| > 0} (well defined up to measure zero sets).

From (4.7)

(urHess(u) — 9g)?  (As@)?
—1 [Vul*

[Hess(u)|* > 2|V|Vul||> + m-a.e., (4.8)

without the term containing n in the case N = co. We proceed assuming that N < oo and by
giving a lower bound on the term containing 7.
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First, by (4.5), we have the following identity

2
trHess(u) — Boolt) = Boo(¥) <(2— p) [Vul

|Vul? |Vu|? [Vul2 + ¢ )+ e, p(u) + trHess (1) u

Therefore, using twice the Young’s inequality, we obtain

2

- Boo)\? _ N - O Vel N\ p
(r ess(u)——u> >(1- 1)|:W <( —P)m— )+ s,p(u)i|

+ <1 — él) (Au — trHess(u))?

(4.9)
2
(Ao (u))? |Vu|?
>1=8-86)—" (2-p)—>r——1
> (1 =681 —6) NVl ( p)|w|2+€
1 2 1 2
+{1-61—— ) Depw) +|1—~ ) (Au—trHess(u))",
& ’ §1
for every 81, 62 > 0. This yields
Ao ()2 2
(Hess@) —TGF)" (1 8 ) (A@)’ PR A/l
n—1 =\NZ1 =) vl Pivur+e
(4.10)
1 1 (Au — trHess(1))?
_ D 2 _ ,
+<N—l (n—1)82) e () N—n

where the last term is taken to be zero if N = n. To see this in the case n < N we simply choose
81 = %:’{ in (4.9) and divide both sides by n — 1. If instead N = n, since Au = trHess(u) (see
(2.13)), we have that (4.9) actually holds also with §; = 0 taking (1 — %1) (Au — trHess(u))? to
be identically zero. Hence to get (4.10) we only need to divide both sidesby N — 1 =n — 1.

Resuming the argument for all N € [1, oc], we add on both sides of (4.8) the quantity

2 2 2
—(1+68) |:(17—2)(p—2—2a) (Aoo(w)) IVIVull“|Vu| }

IVl +62 |[VuP+e

and, in the case N < oo, we also plug in inequality (4.10). Doing so we reach
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Aoo@)? ) IVIVulP|Vul?
(IVul? +¢)2 Vul? +&

(Ao ()2 1 5 |Vul? ?
= v |:<N—1_n—1><(2_p)|Vu|2+e_l)

4
(46 (p=D(p =2 — 20y — 1} @.11)

|Hess(u)[* — (1+ 82) [(p —2)(p—2-2a)

(VulP+¢?

\v/ 2
vVl (2 + 2001 + 89—
[Vul2 +¢

1 1 5 (Au — trHess(u))?
+(N—1 _(n—1)52>D8*P(”) - N—n

where if N = oo all the terms containing n or N are taken to be zero and the last term is taken to
be zero also if N =n. By assumption

2 C YA S S P S
a>p—-3——" =— - - —2.
p N—1 p N-1)~

This means that, even when « < 0, we have 2« (1 4 §2) > —2 if 5 > 0 is chosen small enough
depending on «, which we assume from now on. In particular

|Vul|?

2420(l 4+8)———
+ 20 (1 + 2)|Vu|2+8 >
This means that the factor multiplying |V|Vu||? in (4.11) is non-negative and thus we can plug

2
in the inequality |V |Vu| |2 > % to obtain

Boo@)? ) IVIVulP|Vul?
(IVul? +¢)2 IVul? +&
2

(Aoc@)? | (1 5 |Vu?
= Tvap |:(N—l_n—l><(2_p)|Vu|2+8_l>

IVul* IVul? ]
—(14+8)p-2(p—-2-20)————+2(0 +&)a——s—+1

[Hess(u)|*—(1 + 82) [(p —2)(p—2—20)

(|Vul?> +¢)2 |Vul? + ¢
=A%)
1 1 5 (Au— trHess(u))?
— D — ,
+(1\/—1 (n—1)32> e () N—n

where again if N = oo all the terms containing n or N, are taken to be zero and if N = n, the last
term is not present. To conclude it is sufficient to show that A(82) > 0 for some §, > 0 depending
only on N, p and «. Indeed, (4.6) would then follow dividing both sides of the inequality above

by (1 4 85). To show this we denote ¢ := IVIZ‘L;ZS

€ [0, 1) and rewrite
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1
A(b) = [ﬁ((Z —p)t — 2 — p—2(p—-2-— 20)t% + 2at + 1}

Q)=

5
flqz—pn—1ﬁ—wxp—2xp—2—2mﬁ+aa@t

= 0(t) — da2c(p),

where c(p) > 0 is a constant depending only on p, having used that o > % <p -3 1’\’,;_]1)
n > 2 and |¢| < 1. Hence, it is enough to show that

min Q(t) > §(N, p,a) >0,
1e[0,1]

where 6(N, p,«) > 0 is a constant depending only on N, p and « (independent of @ and N if
a > p/2). We rewrite the polynomial Q(7), t € R, as

2
((II)V_—ZI) —(p—2)(p—2—2a))t2+(2(/’\’,;_21)+2a>t+ﬁ+1, if N < oo,

1—(p—=2)(p—2—2a)? +2at, if N = oo.
(4.12)

Q(t) attains the minimum in [0, 1] atf =0 or ¢ = 1, or at some 7 € (0, 1), where % Q(t)|t_t_ =0.
In the latter case we have that B

Q(t)={

- ((p=2) _ 1
Q(t)—<N_1 +a)t+—N_1+1,

which holds also for N = oo. If (]{’,—:21) +a >0, then Q(7) > 1. Otherwise, since f < 1,

- _ (=2 1 (p—2) p-3 p—1 1
N> 1> _ 1
A VS R v By v LR SRS 17 VA I VS
—1 - —1
- A >0,
XN-1) 2 2N-1)

where we used the assumption on «. On the other hand Q(0) =1+ ﬁ Moreover

_(p=2y 2(p—2) 1
Q(l)—ﬁ—(p—2)(p—2—2a)+ﬁ+2a+ﬁ+l
-2 4+2(p—-2)+1

(oo TR0 ZDFL )

N -1

—1)? —1
=G—pﬂp—D+ﬁ%ijL+2Mp—D=4P—D<%j7+3—p+mo.

Since by assumption o > % (p —-3- ]{’,—:11) we obtain Q(1) > §(p, N, @) > 0 as desired. More-
over, if « > p — 2 then Q(1) > (p — 1)2, in which case the constant § (N, p, o) can be taken
independent of both N and «. O
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4.2. Second-order regularity estimates

In this part, we show some L2-weighted bounds on the Hessian, in terms of L2-bounds on
D¢ . The key feature is that the constants appearing in the estimate do not depend on ¢. More
precisely, the main goal is to prove the following.

Theorem 4.5. For every N € [2,00], pe (1,3 + ﬁ) and o > %(p -3 - 1’\7,—:11) there exists a
constant C = C(p, N, «) > 0 (independent of o if « > p — 2) such that the following holds. Let
(X,d, m) be an RCD(K, N) space, with dim(X) =n > 2 (if N < 00) and fix u € D(A). Then,
for every M > 0, ¢ > 0 and n € LIPps(X) it holds

/ [Hess(u)|>((|[Vu| A M)? + &)*n*dm
(4.13)
SC/[(1+|Q|2)(DWM)2,72+ IVul*(IVn* + K~ 9H)]((IVul A M)? + &)*dm,

where M is taken +0o when o < 0. Moreover, if [Hess(u)||Vu|®, |Vu|*t € Lz(supp(n); m) the
above holds for all p € (1, 00) and M = +o0.

The core idea to obtain inequality (4.13) is to plug in suitable test functions in the Bochner
inequality and to use the identity

D p(u)=Au+(p— 2)%
(recall (4.5)) to get rid of the Laplacian terms. In the computations the technical estimate in
Proposition 4.3, proved in the previous section, will play a key role. Similar arguments appeared
recently in the smooth setting for the derivation of second-order estimate for p-harmonic func-
tions (see [30,67,82]).

Before proving Theorem 4.5, we state two inequalities following from it.

Corollary 4.6. For every N € [2,00), Rp >0, K€ Rand pe (1,3 + ﬁ) there exists a con-
stant C = C(p, N, K, Ry) > 0 such that the following holds. Let (X, d, m) be an RCD(K, N)
space and let u € D(A). Then forall M > 0,e >0, x € X, R < Ry and r < R it holds

/R_2IUSI2+|VUS|2dm§C / (De. pu)*((IVu| A M)? + £)P~2dm
B, (x) Bg(x)
2 (4.14)
CRNm(Bg(x))™! d
(R—V)N+2 |U€| m )

Br(x)

-2
where v, = ((|Vu| A M) + s)pTVu € Hé’2(X) and M is taken to be +00 when p < 2.
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Proof. It is sufficient to prove the statement for r > R /2. Since ((|Vu| A M)* + s)% ewh?2n
L*®(X) and Vu € Hé’z(TX) (recall Proposition 2.10) by Lemma 2.15 we have v, € Wé’z(TX)
and

—2 —4
Ve = (IVu| AM)? +) 7 VVu+ X (vaj<an [Vt (Vi) A M) +6) T (p—2)(VIVu| ® Vur).

Therefore,

-2
Vel < |p — 1/(IVu| A M)? + )T |Hess(u)|, m-ae.. (4.15)

Fix a ball Bg(x) C X, with R < Ry and numbers % <s <t <1.LetnelLIP.(B;r(x)) be such
that » = 1 in By (x) and Lip(n) < R~!(r — s)~'. Combining (4.15) and (4.13) witha = p — 2
gives

C
2 2 2 -2 2
/ [Vue|"dm < C / (Dg, pu)“((IVu| A M)~ + k)P dm—l—m / |ve|“dm,
Byr(x) Bg(x) Bg(x)
where C > 1 is a constant depending only on K, N, p and Ry. Using inequality (2.27) with

8 =$C1(r —5)? < 1, recalling that | V|vs|| < |Vv,| (see (2.14) and by the doubling property of
the space, we can bound the last term as follows

2
c , 1 5 C /
- < - Voe|*d dm |,
R2(—s)? / ve=3 / Vel R o mBeoy | )
B;r(x) Bigr(x) Br(x)
where C is a constant depending only on K, N, p and Ry. Therefore we have
/ Vv |2dm<l / Vv |2dm+A(R)+L
¢ ) ¢ (tR —sR)N+2’
Bgpg(x) Bir(x)
where A(R) = chR(x)(Dg,,,u)2((|W| A M? + kP 2dm and B(R) =

. 2
% ( /, Br(x) |v£|dm> . Applying a standard iteration argument (see e.g. [52, Lemma 4.3])

we obtain
CU d[[l<CAR +7BR Vr € _R
Vel (R) (R—r)N+2 (R), 2’ ’
Br(X)

with ¢ > 0 a constant depending only on N. This proves (4.14) without the |v,|> term on the

left-hand side. From this, another application of (2.27) concludes the proof. O
Without an upper bound on the dimension, we have the following.
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Corollary 4.7. For every K € R, D > 0 and p € (1, 3) there exists a constant C = C(p, K—, D)
> 0 such that the following holds. Let (X, d, m) be an RCD(K, 00) space with diam(X) < D and
let u € D(A). Then for all M > 0, ¢ > 0 it holds

2

/|Vvs|2dm5c/(DE,,,u)Z((|vu|AM)2+8)P—2dm+CK— /|v8|dm . (4.16)
X X X

where v, = ((|Vu| A M)? + s)pTqu € Hé’z(X) and M is taken to be +00 when p < 2.

Proof. Simply combine the inequalities (4.13) (witha = p —2, n = 1) and (2.30), recalling both
[V]ve|| < |Vug| (by (2.14)) and (4.15). O

We pass to the proof of Theorem 4.5. The first step is the following Bochner-type inequality.

Lemma 4.8 (Bochner-type inequality). Let (X, d, m) be an RCD(K, N) space, N € (1, 0c0] and
let u € D(A). Fix ¥ € LIP N L®(R) with ¢’ continuous up to a negligible set and satisfying

WOl <cA+1t)",  foraeteR, 4.17)

for some constant ¢ > 0. Then, for every n € LIPys(X), n > 0, it holds

A2
/(|Hess(u)|2 + (trHess(u) — Au) >W(|Vu|)77dm
X

N — dim(X)

< /(VuAu — |[Vu|V|Vul|, Vi) (|Vul)dm
X

+/(VuAu — |Vu|V|Vul|, V|Vul)y¥'(|Vu|)ndm + /((Au)2 + K~ |Vu) ¥ (|Vu|)ndm,
X X
(4.18)

where the term containing dim(X) is not present if dim(X) = N or N = oo.

Proof. From the improved Bochner inequality in (2.19) and integration by parts we have that for
every u € Test(X)

> (trHess(u) — Au)?
/(|HeSS(u)| + (N — dim(X)) >¢dm

(4.19)
_l 2 2 - 2 1,2 0
< | (VuAu 2V|Vu| Vo) + ((Au)” + K™ |Vu|)edm, Vo e W>"NLT(X),

where the term with dim(X) is not present if dim(X) = N or N = oco. Fix i as in the statement.
We choose ¢ := ¥ (|Vu|)n, with 5 € LIP.(X)*. Since |Vu| € W'2(X) (recall Proposition 2.10),
we have that ¢ € W2 N L>(X) and
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Vo =y (IVuDV|Vuln + Vg (|Vul).

Plugging our choice of ¢ in (4.19) and using that V|Vu|? = 2|Vu|V|Vu| (which is a consequence
of |Vu| € WH2(X) N L (m) and the chain rule) gives

A2
/(|Hess(u)|2~|- (rHesau) = Ax) )W(Wul)??dm
X

(N — dim(X))

< /(VMAM — [VulVIVul, V)¢ (|Vu|)dm
X

+ /(VuAu — V|Vul|Vu|, VIVu|)y¥'(|Vu ) ndm
X

+ / (&) + K~ |[VuP)y (IVul)ndm.
X

This proves (4.18) when u € Test(X). For a general u € D(A), we consider a sequence u, €
Test(X) such that Au, — Au in L2(m), u, — u in W22(X) and |Vu,| — |Vu| in W"2(X),
which existence is given by Lemma 2.11. We want to pass to the limit on each term using domi-
nated convergence. To this aim, up to passing to a subsequence, we can assume that there exists
a function G € L%(m) such that

|Hess(uy)|, |Auyl, |Vu,| <G, m-ae., VneN (4.20)
and also that |Vu — Vu,| — 0 m-a.e., |Au — Au,| — 0 m-a.e., |Hess(u, — u)| — 0 m-a.e. and

|V|Vu| — V|Vu,|| — 0 m-a.e.. This permits to pass to the limit in the left-hand side, indeed
¥ € L°(R) and |trHess(u,,)|? <y |Hess(u,) |2. For the first term on the right-hand side we have

(Vitg Aty — |V |V|Vuuy|, V)| < 2Lip() [ |00 G* € L' (m).
Moreover

[{Vu, Au, — |Vu,|VIiVuy|, Vn) — (VulAu — |Vu|V|Vul|, Vn)|
<Lip(n) |Vu,Au, — VulAu|+ |V|Vu,||Vu,| — V|Vul||Vul|) 4.21)
<Lip(n)G 2|Vu — Vu,| + |Au — Auy| + |V|Vu| — V|Vu,|)) - 0, m-ae.,
where we used (4.20) and that |V|Vu,|| < |Hess(u,)| (see (2.14)). This justifies the passage to

the limit in the first term of the right-hand side. For the second term observe that by (4.17) and
(4.20)

[(Vitn Aty = |Vun ||V Viun|l, VIVu )Y (Vua )| < (1 +0) - G2, m-ace..
Moreover, arguing as in (4.21) we can show
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(VupAuy — |Vuy |V|Vuy,|, |V“n|v|vun|>¢/(|vun|)
"B (VulAu — |VulV|Vaul, |VulVIVu )y (| Vul).

The above convergence clearly holds for m-a.e. point x such that v is continuous at |Vu|(x).
On the other hand setting A := {x : |Vu|(x) € N} where N is the negligible set of points where
Y’ is not defined or continuous, by locality |V|Vu|| = 0 m-a.e. in A. However |V|Vu,|| —
[V|Vu|| m-a.e. and so |V|Vu,||(x) — O for m-a.e. x € A. Therefore the convergence above
holds pointwise m-a.e. also in A. Therefore, we can apply the dominated convergence theorem
to pass to the limit in the second term of the right-hand side. Finally, the last term can be dealt
with by applying dominated convergence one last time, recalling (4.20). O

From the previous result, we deduce the following technical inequality that combined with
Proposition 4.3 of the previous section will give Theorem 4.5.

Lemma 4.9 (Key estimate). For every § > 0 and p € (1,00) there exists a constant Cr, =
Ca(p, 8) > 0 such that the following holds. Let (X, d, m) be an RCD(K, N) space, N € (1, o]
and let u € D(A). For every a € R, ¢ > 0 and n € LIPyy(X) it holds

Y
/ ((1 — 8)[Hess(u) |2 + LHesst0) — Auw) )IVuI‘j(,,nde

(N — dim(X))
(Aoctt)?|Vul%, , 5 [Vul? 5
< -2 - ) —— Y p* —2u|V|V — |Vul% n“dm
< / a(p =) ST R~ 209Vl Vi
(IVal<M) (4.22)
(Aoou)z(|Vu|M)“ 2
—2)? dm
+/(” S vup a2 "

+C/(1 + @) (De, p @) Vul%yn® + (Vnl* + K1) Vul* | Vul$,dm,

where |Vu|py = (|Vu| A M)2 + ¢ for a >0, and |Vuly = |Vu|2 + & for a < 0. Moreover, if
o < 0 all integrals are over the whole X. Finally, the term containing dim(X) is not present if
dim(X) =N or N = 0.

Proof. Set f := D, ,(u). Recall that by (4.5) it holds

Aot

Au=—(p—2
“=-P =g,

+ f. (4.23)
Fix M > 0, « > 0 and n € LIP.(X) arbitrary. Define

(| AM)?+6)¥, teR, ifa>0,

v :{(t2+s)“, 1 eR, ifa <0.

Since
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dary(t) -
XMy =y > ifa =0,
I/f/(l) — [Zat-w(t) te+e

t24e

) ae. teR, (4.24)
ifa <O,

we have that i satisfies (4.17) for some ¢ depending on ¢ and «. The strategy is to apply
Lemma 4.8 with ¢ and 5? and to estimate the right-hand side of (4.18) by plugging in (4.23).
The first term on the right-hand of (4.18) can be bounded as follows

/<VuAu— |Vu|V|Vu|,Vn2>1//(|Vu|)dm
/|p 2|IV |2 oot ~IVu VR ¥ (|Vul) dm
+/|f||Vu||Vn2|w(|w|>+|V|w|||Vn2||W|w(|Vu|>dm

< / (/2 + 81 [Hess(w) PPy (| Vul) dm
+/4((<p —2)24+ D87+ DIV Vul?) Y (IVul) dm,

for all 8; > 0, where in the last step we used the inequalities |Aqo(u)| < |Hess(u)||Vul|?,
|V|Vul|| < |Hess(u)| and the Young’s inequality on each term.

As the second term in the right-hand side of (4.18) is concerned, we estimate only the first
half

/(VuAu, V|Vu)¥' (|Vul)n*dm =/AquouMn2dm

Vul
(423 (Va5 (Aeo)*Y (V)
/A‘” Sa T TP Ravar v T
2 2 2
S/((Sz (At f2(Vul +s)> LAUZDII.
[Vul2 +¢ 82 |Vu|
ey [ (VuD
e A TR
/ (p =y LotV AVuD 5
Vul(IVul? + )

+/<62|Hess(u>|2+%)2|a|w(|w|>|n2dm,

where in the last step we used (4.24). Finally, we can estimate the last term containing the Lapla-
cian in (4.18) by using (4.23) as follows

/ (Au)*y (|Vu)|n*dm

2, (Asc)* Y (V)| n + 2 2
/((p e s (1+3 )f ¥|Vuln? dm
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2 (Asou)? 2 —1\ .2 2
5/((1)—2) Ve 02 Hess ) +(1+82 )f )wwm dm

for every &, > 0. The conclusion follows putting all together, using (4.24), choosing §; = §/2,
8 =38/8(1+ |a)~! and absorbing the terms containing [Hess(u)|? into the left-hand side. O

We can finally prove the main result of this section.

Proof of Theorem 4.5. CASE 1: @ > 0. Consider the first two terms in the right-hand side of
(4.22). We have

(Aoo)?|Vul%,
(IVu|? +¢)2

|Vul?

—2a(p —2) n? — 2a|V|Vu||? |Vul% <0 (4.25)

[Vul> +¢

which is immediate for p > 2, while for 1 < p < 2 follows recalling that | Asou| < |V|Vu|||Vu/|?.
Plugging (4.25) in (4.22)

,  (trHess(u) — Au)? v 2
/((1—5)|Hess<u)| T )IVuIMn dm

2 Aes)*(Vulym)®
S/(” Ve T

e / (14 [P (Do ())*| Vulyrdm
+/<|Vn|2+1<*n ) Val |Vl dm,

where C depends only on p,§ and the term containing dim(X) is not present if dim(X) = N
or N = oo. Using the estimate (4.6) (with the choice o = 0), choosing § > 0 small enough
depending on p and N and up to increasing the constant C (depending now also on N) we can
absorb the first term in the right-hand side into the left-hand side and obtain (4.13). Note that
(4.6) is available with @ = 0, provided 0 > p — 3 — 1’\7,;_]1, thatis p <3+ ﬁ which matches
the assumption on p.

CASE 2: o < 0. In this case all the integrals in (4.22) are over the whole X. Hence we can collect
the terms containing Ao and directly plug the estimate (4.6) to obtain

(trHess(u) — Au)?
(N — dim(X))

1-3 —A)/<|Hess(u)|2 + )(IWI2 +&)%ndm

sé/a + 1) (De, p @) (I Vul* + £)*n* + (V> + K~ )| Vul*(|Vul* + &)*dm,

for every 6 > 0, where C > 0 is a constant depending on N, p, @ and § > 0, while A € (0, 1) is a
constant depending on N, p, « (but not on §). Choosing any § < 1 — A concludes the proof.
CASE 3: [Hess(u)||Vu|®, |Vu|*t! € L2(m). In this case, we can take the limit as M — +00 in
(4.22) using dominated convergence so that all the integrals in (4.22) become over the whole X
and then plug in directly (4.0) as in the previous case. 0O
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4.3. Gradient estimates

In the next proposition, we prove L>°-gradient bounds in terms of integral bounds on D, ,. As
mentioned in the introduction, the argument is based on the use of suitable test functions in the
Bochner inequality and Moser iteration. Similar computations in the RCD setting are present in
[56, Section 4] in the case of harmonic functions, but assuming the boundedness of the gradient.
Since the needed estimates using the Bochner inequality have already been carried out in §4, we
are now able to start the iteration directly from the integral inequality given by Theorem 4.5.

Proposition 4.10. Let N € (2,00), g € (N,0], p e (1,2 + ﬁ) and fix constants Ro > 0,
Co > 0. Let (X, d, m) be an RCD(K, N) space. Suppose that u € D(A) satisfies

|(1Vul? +8)%Dp,gu| < f, m-a.e. in Br(x), (4.26)
for some € € (0,1), Br(x) C X, with R < Ry and f € L1(Bg(x); m) with JCBR(x) | f19dm < Cy.

Then for all m > 1 it holds

N 1
CR™ 0
|||Vu|||LOO(Br(x))§ﬁ (f |Vu|’"dm) +1|. vr<r, (4.27)
(R=r)m \ N

where the constant C > 1 depends only in p, N, K,q,Co,m and Ro. Moreover, if |Vu| €
L% (Bgr(x)) then all the above holds for all p € (1, 00).

Proof. Fix B := Bgr(x) C X, R < Rp and u as in the hypotheses. Thanks to the scaling of (4.27)
we can assume that m(Bg(x)) = 1. We will denote by C > 1 a constant whose value may change
from line to line, but which will ultimately depend only on N, K, p, g, Co, m and Ry.

Let n € LIP.(B) be such that 0 < n < 1. Let also M > 0 be an arbitrary constant, if |Vu| €
L*°(Bg(x)) we take M = +o00. For every 8 > 1/2 define the function

vi= (Va2 + )2 ((|Vul A M)? + )P~ e W2 0 L2 (X).
Then, we have
1 1
Vol < |VIVul|(IVu] A M) 4+ )72 + X (vuj<my 2B — DIVIVul[(|Vu| A M)* +&)f~2
< 2B[Hess()|((|Vu| A M)? +)P~3, meae..

By Theorem 4.5 applied with « =28 — 1 > 0 and using (4.26) we have

/ Vol2nPdm < Cpy (1 4+ BY) / PrRAVuP + &2 (Vul A M) + )21
+(IVn)? + K~ n*H)v3dm (4.28)
2B—p+1

scp,N<1+ﬁ“)/f2n2v P+ (IVnl? + K phvidm,
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where C, y > 0 is some constant depending only on p and N (since « > p — 2). In the second
inequality above we used that

2p=1 _pzl Pl
(VU +e2 7 < (Vul+) '~ F ((Vu| A M) +)5 P

28— p+1
— 0 (Vul A M) +e) 2, (4.29)

In the case |Vu| € L% (Bg(x)) we have [Hess(u)||Vu|¥, |Vu|*t! € Lz(supp(n); m) and so the
above (and the rest of the proof) holds for all p € (1, c0). We estimate the first term as follows

) 28—p+1 ) 2 28—p+1 2 22/37p+l 2—p+1
v Fodm < | fllapllne Pl o < fllapylln™ v Pl
(BRr) 2 (BR) 2

L4972 (m) L4972 (m)

= 110y 0l <1fBasplmol™s,
L7 my L3472 (m)
(4.30)
where Ag = M € [0, 1). In the first line we used Holder inequality, n < 1 and Ag € [0, 1),
while in the second line, we employed the Jensen inequality (since m(B) = 1). Plugging (4.30)
in (4.28), by the local Sobolev inequality applied in Bg(x) (see Proposition 2.19) we get

1701720 gy < C(L+ B (IIfIILqu;R) v ) + (R°Lip(n)* + 1>||v||iz(supp(m))

431

, 1) + (R*Lip(n)* + 1)”””%2(supp(fl))> ’

’1‘ (m)

<C(+pY (max(nnvnzzq

L3472 (m)

where we used the inequality t* < max(z, 1) for all 7 > 0 and A € [0, 1]. Since by assumption
q > N > 2, we can check that 2 <3 2q 2 <2*= ]7\72. Therefore, taking A = g € (0, 1) we have
A2+ (A —=10)/2=1/Q2q/(q — 2)) and by interpolation

2(1—A
e e e b A Ll L R
La7% (m)

for every 6 > 0. Plugging the above in (4.31), we get

17012 gy < CA+ ﬁ4)<max (‘Sm””“”iﬁ(m) +8V A Dol ). 1)
27 : 2 2
LD + DIV ) 43

Set now & := (2C(1 + B*)™*. We distinguish the two cases: 1/A||r]v||L2*( ) > 1 and

Y2 Inv)? 12 (m) = < 1. In the first case, we can absorb the L2 into the left-hand side and obtain

190122y = €L+ BH (RLip)? + 1) 10135 -
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where o := 1+ q_LN and possibly increasing the constant C. In the second case, we directly have

Inol17 2y < €A+ Y.

In both cases, we thus have

19012 gy = €L+ B max ((R2LipGD2 +1) 1012 qppiys 1) - (433)

We now proceed with the Moser iteration. For all k € N and r,s € [R/2, R] with r < 5, we
choose a function 7 as before and satisfying

2k+l

n=1inB_ n(x), nesupp(n) C B _ sn(x), Lip(n) <—0:.
U~ +5 s—r

We suppose for now m > 2 and set yp :=m/2 and y; = Nyx—1/(N —2) > yx—1 for all k € N.
Finally, we set By := B, ) (x) for k € N and By := B, (x). Choosing 8 = yx—1/2 (note that
2k+1

2B > 1) in the inequality (4.33) and recalling the expression of v gives

a;:k*] <2C(1+ ylétl)a max (Wakl ,

k
8CR? N \*
= (s —r)? |:4<N—2> :| (1+yé)“max(azlfll,l), VkeN,

2(k+1) p2
22(k+1) p Vi 1)

where

1

Yk
a = /(|W|2+e)((|w|/\M)2+a)yk—1dm , keNUJ{0}.

Bk

22((:3))52 > 1 and that N/(N — 2) > 1. Note also that we used

that |Vu|? 4+ & > (|Vu| A M)? + & m-a.e. on the left-hand side.
Raising to the 1/y%—1, we reach

In the second line we used that

_2
AgR7i
a < max(a_1, 1), VkeN, (4.34)
(s —r)%-1
where
1
N 4a k m
Ap = 8C|:4<ﬁ) ] (1+)/6‘)a >1, VkeN.

Observe that ) ", . ﬁ =y, 'Y and that 3", ﬁ < +o00. Therefore,
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18

A =C,
k

up to increasing the constant C. Iterating (4.34), we obtain

2

K AGRT
1AVl A MY + el <a <@+ D] [ ———.
k=1 (s —r) "1

where we used again that |[Vu| > |Vu| A M m-a.e.. Letting k — 400, we reach

2N 2N
CRW CRW
(VU A M) oo, () < ——5 (@0 + 1) < ——— (IIVul* + el » +1).
(s—=r)m (s—r)m LA

(4.35)

Sending M — 400, recalling that m(B,(x)) < m(Br(x)) <1 and taking the square root we
obtain

CR
Vulll Lo, (x) < 7( % (INVulllLm s, + 1), (4.36)
s—r)m

up to further increasing C. Taking s = R this concludes the proof of (4.27) for m > 2. The case
m < 2 can be obtained from the case m = 2 with the following standard argument (cf. with [52,
p. 75D):

(4.36) CR_ 1-Z
IVaullen = ———g (190l g, oy V8l fg o + 1)

s — r)
N N
1 CRm CRZ2
< §”|Vu|”L°°(BS(X)) + ——F= VulllLm B, x) + &
(s—=r)m (s—r)2
1 CRm
< §|||V”|||L°°(Bs(x)) + —— (NVulllLn g + 1),
§—r)m
where in the second line we used Young’s inequality and in the third that 5~ < 1. Hence, the

conclusion follows using e.g. [52, Lemma 4.3]. O

Remark 4.11. In the case g = 0o, the inequality (4.27) can be improved to

CRm n
VulllLe B, x) < —— ) <][ |Vu|mdm) (][ IVulmdm> +e|, 437
S—I" m

Bg(x)
for some « € (0, 1) depending only on p, N, m, provided m > (p — 1)(N + 2).
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Indeed plugging (4.30) in (4.28) directly gives the following version of (4.33)

2A .
Ivll? <C<1+ﬁ4><||f||%q(BR)||nv|| e +<R2L1p<n>2+1>||v||iz(supp(,,))>

(m) — L7 (m)

. 2
< C(1+ ) (R’Lip(n)* + 1) max (nvn . , ||v||iz(supp(,,))) :
L 472 (supp(n))

Recalling that Ag = % and choosing 8 = yx—1/2, we get a new version of (4.34) which
reads as

n—1

AkRﬁ 1— 1
ay < ——————max (akl ,(ag_1) -1 > , VkeN. (4.38)
(s—r) 71
Now, if a; < ag for infinitely many k’s, arguing as in (4.35) and (4.36) we would obtain (4.37).
So we can assume that ay, < ap for some ko and a; > ag for all kK > ko. We can also assume
ap < 1, otherwise (4.37) follows directly from (4.27). By (4.38), we have

2
AgR™-1  ap_q

Y= — 5
) Yk _
(s —r)n-1 agk 1

Vk > ko + 2. (4.39)

Iterating (4.39) for all k > ko + 2, (4.38) for k = ko + 1, and finally that a;, < ag, we reach

2N l_kal 2N |
CR™m a CR™m 1-2ZL(N+2)
a; < 0 < mn
- 2N p=1 — 28 €0 ’
(s—r)m astN Yi—1 (s—r)m
0

Vk > ko + 2,

having used that ), .n ﬁ = yofl % and that y9 = m /2. Assuming that m > (p — 1)(N +2)
and proceeding again as in (4.35) and (4.36), we reach (4.37). N

5. Existence of regular solutions of A, . (u) = f
To show the existence of regular solutions for A, ., we will first show the existence for an

auxiliary linear operator L, . (defined below). This operator is obtained by freezing the nonlin-
ear part of the developed (p, €)-Laplacian D, , introduced at the beginning of §4.

Definition 5.1. Let (X, d, m) be an RCD(K, o0) space, v € LY%TX) and ¢ > 0. The map Ly :
D(A) — L%(m) is defined by

Hess(u) (v, v)

2
TEET I

Lyesm)=Au+(p—2)

which makes sense because D(A) C WZ’Z(X).
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The operators £, ¢ and D, ,(u) are connected by the following immediate identity
EVu,g(u) = Ds,p(u)a Yu € D(A). (5.1

In §5.1 we will apply a fixed point argument to obtain an existence result for £, . together with
L2-Laplacian estimates on the solution. Building on top of this and using a second fixed point
argument we will establish in §5.2 the main existence result for A, .(u) = f, together with
uniform estimates independent of ¢ based on the technical results in §4.

5.1. Existence for an auxiliary operator

Before stating the existence result, we introduce an important space of functions that will be
frequently used here and also in §5.2. Given (X, d, m) an RCD(K, co) space with m(X) < +o0,
we define

Do(A):={ueDbD(A) : /udm:O 5.2)
X

and we endow it with the norm || Au| 2y, In the following proposition, we collect a few basic
but important properties of this space.

Proposition 5.2. Let (X, d, m) be a bounded RCD(K, 00) space. Then (DO(A), [[AC) ||L2(m)) is
a Hilbert space. Moreover; the inclusion (DO(A), ||A(.)||Lz(m)) — (DO(A), Il - ||W1,2(X)) is com-
pact.

Proof. Do(A) is a vector space thanks to the linearity of the Laplacian and one can readily

check that [|A(.)|[12() is @ norm which satisfies the parallelogram identity. Since A1(X) > 0
(recall Theorem 2.4) and using (2.10) we have Aq ||u||%V1Y2(X) < 2||Au||iz(m) for all u € Do(A),
from which the completeness easily follows recalling (2.11). It remains to check the compactness

of the inclusion in the statement. Consider a sequence u, € Do(A) with sup,, [|Aua) 12 (m) <
C < +o00. From )”1”””%/1-20() < ||Au||i2(m), it follows that the sequence is also bounded in
W12(X). From the compactness of the embedding Wh2(X) — L%(m) (see [44, Proposition
6.7]), up to a subsequence, u, — u € L?(m). Moreover, since sup, llunllwi2xy < +00, by
lower-semicontinuity we have u € W'2(X) (see e.g. [47, Proposition 2.1.19]). Finally integrating
by parts

/ IV (up — um)|2dm =- / Aup — um) (Up — up)dm < [[A(u, — ”m)||L2(m) lun — um ||L2(m)
<2Cllun — um”LZ(m),

from which follows that |Vu — Vu,| — 0 in L?(m). Finally Au, — g in L?>(m) for some g €

L?(m) and since u,, — u in W-?(X), this shows that u € Do(A) (recall (2.11)). The proof is now

concluded. O

The goal of this part is to prove the following preliminary existence result for £, ..
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Proposition 5.3 (Existence of solutions for L, ¢). Let (X, d, m) be a bounded RCD(K, N) space,
with N € [2,00] and fix p € RLx where R1x C (1,00) is given by (1.7). Then for all f €
Lz(m), v e LO(TX) and ¢ > 0 there exists (unique) u € Do(A) that solves

Lye(w)=f—0," ][GU(f — Lye(u))dm, (5.3)

X

where 6, € L°°(m) is defined as

54
Ntg otherwise, 4

{1, ifpel.2),
0, =
e

v
[v|2+e”

where we denote g = (p — 2)
N and L (X)K ™ such that

Moreover, there exists a constant C depending only on p,

lAullp2(my < CILf Nl L2(m)- (5.5

By (5.4) we have that 6, > ¢ > 0 for some constant ¢ depending only on p and N, hence (5.3)
makes sense. The key feature of the estimate (5.5) is that the constant C does not depend on v,
which will be essential for the arguments in the next subsection.

Before going into the proof of Proposition 5.3, we outline the core idea in the case K =0
and N = +o00. We borrow some of the techniques from [71, Section 1.2], which date back to the
theory of Cordes conditions in R” for equations with measurable coefficients in non-divergence
form (see also [18,19,25,85]). To solve the equation L, .(#) = f it is sufficient to find a fixed
point of the map 7 : D(A) — D(A), where T (w) := u is the solution to

Au=Aw— Ly (w)+ f.

The key observation is that

[Aw — Ly (w)| <|p —2||Hess(w)|, m-ae.. (5.6)

Indeed combining (5.6) with inequality (2.20) we have

/ (AT (w1 — w2))? = / (A = Ly.e)(w) —w2))? < (p—2)° / [Hess(w — wy)|?

(2.20)

< (p—2)* / (A(wy —w))?,

which shows that T is a contraction with respect to ||A(-)||;2 provided p € (1, 3). In fact, we
will see that if N < oo this estimate can be further refined to include a slightly larger range of
the parameter p (at least if K = 0 or small enough). The auxiliary function 6, defined in (5.4)
will be needed exactly for this purpose.

We start by proving a refined version of (5.6).
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Lemma 5.4 (L, ; is close to the Laplacian). Let (X, d, m) be an RCD(K, N) space with N €
[2, 00) and let p € [2, o0]. Then

N+g 2
Y8
N +g%+2g
(p—2*N—-1)
“N+2(p—-2+(p—-2)2

Cv,s(”)

(5.7)

5 (trHess(u) — Au)?
|:|Hess(u)| + N — dim(X) i|, m-a.e.,

2
for every u € D(A), v e LYTX), where g .= (p — 2) lv"l;‘ﬂ and the last term is not present if
N =00 ordim(X) = N.

To prove Lemma 5.4 we will need the following elementary estimate, which proof is omitted
for brevity.

Lemma 5.5. Fix N > 2. Then for every t > 0 it holds

2

[ 241 tN + 12 ]

- t2(N—=1) [(A—B)?
N+1242t N+1242t

+B%|, VA,BeR. (58
TN+2t+12| N-1 } (5:8)
Proof of Lemma 5.4. Set n := dim(X) (if N < 00). Note that (5.7) is trivially satisfied when
|v| = 0, since the left-hand side vanishes and the right-hand side is non-negative. Hence, we can
work in the set {|v| > 0}.

Setg:=(p—2) ‘v‘;;'; € L (m). Rewriting £, ¢ (1) as Ly ¢ () = Au — g%&(”), we find
2
N+g 2 P+ gN +g2 Hess(u)(v, v)
A~ ————"—Ly ()| = 5 Au — 5 > , -a.e
N +g*+2g N+ g*+2g N +g*+2g [v|

Lemma 5.5 yields

ay_ _NTs ) 2 65, L (5, Hesst@.v) 2 | Hessw(v, v)?
N+g2+2¢ 7 N -1 |v|? lv|*
1 H )\
< o| — 1 (tHess(u) — BES@W@. V)
n—1 [v|2
1 H ,v)?
+ (trHess(u) — Au)2 + M
N-—n lv|4
2 1 2
< o | |Hess(u)|” + (trHess(u) — Au)“ |,
N—n
where o = N e (e VO and in the second step we have used Young’s inequality. In the first
T N+2(p—2)+(p-2)? .

line we also used that g < (p — 2) and the function is increasing on [0, 00). O

2
N+2t412
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We are now ready to prove the first existence result.

Proof of Proposition 5.3. The proof consists in using a fixed-point argument.
Recall the space Do(A) =D(A) N {u : fudm = 0} defined in (5.2). Fix also v € LY(TX), a
constant ¢ > 0 and a function f € L*(m). Define the map

Ty :Do(A) — Do(A)

given by Ty, (w) := u, where u is the solution to the following equation

{ Au=Aw+0,f —0,Lyc(w) — f0,(f — Ly (w)dm € LE(m), 59

Judm=0,

where 6, is as in (5.4). Note that T, depends also on &, even if not expressed in our notation. It
can be easily verified that 0 < ¢ < 6, < C < 400, for some constants ¢, C depending only on N.
Ty, is well defined. Indeed for every h € L*(m) with zero mean there exists a unique function
u € D(A) such that Au = h and f u dm = 0 (see Proposition 2.7).

STEP 1: FIXED POINT. We claim 7', is a contraction with respect to the norm [|A(- )| .2y - Set

(p=2°(N-1) :
o, = | N2p-Drpape TP =2 N <co.
(p—27% if pe(1,2) or N =o0.
For every wy, wz € Do(A), since [(h —  h)?dm < [ h*dm for all h € L?(m) and [ Awdm =0
(recall (2.9)) for all w € D(A), we have

IAT (w1 = w212y < AW —w2) = 6yLy (i — w72y

»  (trHess(wi — w2) — A(wy — w2))?
ozp/|Hess(w1 —w)|” + N — dim(X) dm

IA

(2.20 B )
< ap(I+ K AD[Awr — w272

where in the second inequality we used (5.7) whenever p > 2 and N < oo, ignoring the term
with dim(X) if dim(X) = N or N = co. In particular, T, is a contraction if o, (1 + K~ 11) < 1.

MK~
I+1 K~

This is where we use the fact that p € RZx. For convenience of notation, we set §x =
[0, 1). Consider first the case p € (1, 2). We have a contraction provided

S

2—1-46x<p=<2,

which is ensured by p € RZx. We now turn to the case p > 2. If N = oo thenap(1 + K™ A1) =
(p—2)>(14+ K~ 1) < 1is equivalent to p < 24 /T — 6x. Conversely, observe that the function

2
f@® = ]i,jr];/;rlt)z is strictly increasing for ¢t > 0, and, thus, invertible. Hence, we have that o, (1 +

K A1) =f(p—2)1+K ;) <lifandonlyif0< p <P, where f(p—2)=(1+K 1)~ L.
A direct computation gives
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_ JT=8x+ (N =12+ 8x(N — 1) N — 8x
=2+/1-3 >24/1—0x— "
p=2st X (N—2+00) zet XN _2+ox

where p := +o0 if N =2 and dx = 0. Also in this case we have that Ty, is a contraction for
every p € RZx.

STEP 2: EQUATION FOR THE FIXED POINT. From (5.9) the unique fixed point u € Dy(A) of the
map T, satisfies

Qvﬁv,s(u) =0, f — ][Gv(f - Ev,s(w))dm

X

and, since as observed above 6, > ¢ > 0 m-a.c., (5.3) follows.

STEP 3: ESTIMATE. Let u € Dg(A) be again the fixed point of the map 7,,. In particular
Au = Au — evﬁv,e(u) + Qv/v‘v,s(u) =Au+0,f — gvﬁv,s(u) - ][Qv(f - £v,s(w))dm

Hence arguing as above using [(h — { h)>dm < [ h*dm and [ Audm = 0 we obtain

Aull 20y < H Au— 0y Ly ¢ (u) + 9vf|| L2(m)

(5.7),(2.20)
<

Vopv 1+ K= rllAullp2imy + C I 2 m) s

were we used that 6, < C. Since as observed in Step 1 we have o,,(1 + K~ A1) < 1if p € RIx,
this proves (5.5). O

5.2. Main existence result
The goal of this part is to prove the following.

Theorem 5.6 (Existence of regular solutions to the regularized equation). Let (X, d, m) be an
RCD(K, N) space, with N € [2, 0], diam(X) < D < oo. Let p € RLx, where RZx C (1, 00)
is given by (1.7). Then, for every f € L9(m), g == max(2, %), with zero mean there exists a
Sfunction u € D(A) ND(A ) such that

-2
Do pu(Vul? +6)7 =Ap o) = f. (5.10)

Moreover, v = (|Vu|? + s)pTJVu € Hé’Z(TX) and for every Ry > 0 and Br(x) C X with R <
Ry the following hold:
2
/ v + |Vu|2dm < C; / f2dm 4 Com(Bg(x))~! / [Vu|P"ldm |,
Brj2(x) Br(x) R(x)

i)

(5.11)
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where C1, Co are constants depending only on K, N, p, Ry if N < oo, while in the case
N = oo all integrals are on the whole X and Cy = K~ C1 with C1 a constant depending on
D, pand K.

ii) if N <ooand f € L1(Bg(x); m) for some g > N, with JEBR(x) f2dm < Cy, then

N 1
CR% m
IVulliman o < -~ (][wur"dm) w1l wrer G2

="\ o

where the constant C > 1 depends only in p, N, K, q, Co, m and Ry.

The existence part of Theorem 5.6 is based on the existence result given in the previous section
(Proposition 5.3) and on an application of the Schauder fixed point theorem.

Theorem 5.7 (Schauder fixed point theorem, see e.g. [49, Corollary 11.2]). Let M be a Banach
space and T : M — M be a continuous map such that T (M) is relatively compact in M. Then,
T has a fixed point.

The regularity estimates stated in i) and ii) will be instead deduced by the uniform a priori
estimates previously obtained in Section 4.

Proof of Theorem 5.6. By the scaling property of the statement we can assume that m(X) = 1.
Fix p € RTx and f € L9(m) as in the statement. We aim to apply Schauder fixed point theorem.
Fix &, M > 0. We define the map Sy,u.¢ : Wy'>(X) = Do(A) C Wy *(X) given by Sf .- (w) =
u, where u € Do(A) is the (unique) solution to

Ly it =h(e,w) — Ovy)~! [0y, (h(e, w) — Ly cu)dm,

5.13
Judm=0, (5-13)
where Oy, is as in (5.4) and h(e, w) € Lz(m) is defined as
hie, w) = § (VFe) , (5.14)
——, ifp<2.

(IVw|AM)?+e)

The map Sy, » is well defined, since (5.13) admits a unique solution u by Proposition 5.3. We
also stress that Sy is non-linear.

For brevity, we almost always omit the dependence on ¢ and M and simply write Sy. The
parameter ¢ will remain fixed throughout the proof, while M will appear only in the case p <2
and we will take M — +o0 towards the end.

To apply the Schauder fixed point theorem, it is sufficient to show that S¢ is continuous with
relatively compact image.

COMPACTNESS. The image S f(Wol’z(X)) is relatively compact in WOI’Z(X). Indeed, from (5.5)
we have
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2-p .
Ce 2 1l p2mys ifp>2

1A 020y < ClCe, )2y < i
P O e 0T 1l 1Tp<2

(5.15)

for every w € W(} ’2(X), where C is a constant depending only on p, N and 11 (X)K ~—. Moreover,

the inclusion Dg(A) — Wé’Z(X) is compact by Proposition 5.2. Observe that the above estimates
depend on ¢ and also on M (if p < 2), but this is sufficient at this stage of the argument.
CONTINUITY. The map Sy is continuous in W12(X). It is enough to prove that if w, — w in
W2(X) then | A(S(wn) — Sy (W)l z2my — 0. Indeed the inclusion (Dg(A), [|A()[I12(y)) in
W12(X) is compact by Proposition 5.2 and thus continuous. It is sufficient to show that this holds
for every subsequence, up to a further subsequence. Fix then a non-relabelled subsequence. Up
to extracting a further non-relabelled subsequence, we can then assume that |Vw, — Vw| —
0 and |Vw,| — |[Vw]| in m-a.e.. For ease of notation, we write 6, := fv,,,, 0 = Ovy, h, =
h(e,wp), h ==h(e,w), Ly = Lvw,.e, L= Lvuwe, y = Sr(w,) and u := Sr(w). Recall that
0 <c¢ <6, <Cy, for some constants ¢, Cy depending only on N. From the current assumptions
and definitions we have

6, — 6, m-ae. (5.16)

Recall also that for every p € RZx, there exists a constant ¢ < 1 depending only on p, N and
the value of A{(X)K ~, such that

A, —u) = O L n — )l L2(m) < clA@n — 1)l 2¢),  Yn€N.

(see the proof of Proposition 5.3). Therefore using the equation (5.13) and the inequality above
we can compute

A, =)l 2m) = H A(up —u) + 6p(hn — Ln(n)) + 0 (L(w) — h)

_ / O — L (1)) + O (L) — h)
X

L?(m)
<A@, —u)— OnLn(uy) + Ophy +0L(w) — Oh”Lz(m)

< NA@n —u) = 0y L (up) + O L@ 2y + 10nhn — Ol 12
< IAGtn — 1) = 03 Lot — )] 12y + 1L O = ) 2 my
+ 116, (L) = Lo @) 4105 (hn — W 2y + 17O — O]l 22(m)
<cllAun —wllp2¢my + 1L@)O — Ol 12(m)
+ CNIL@) = Lo+ Cx 1y = 1l 2y + 176 = O 2
where we used that |6,| < Cy. Since ¢ < 1 (independent of n), we can absorb the first term of
the right-hand side into the left-hand side. Hence, it is sufficient to show that all the other terms

on the right-hand side go to zero as n — +00. By dominated convergence and (5.16) (recall that
by definition L(u) € L?(m)), it follows that

I1£@) (O =6l L2y = 0, 18O —O)ll2(m)y = 0, asn— +oo.
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From the definition of the operators £,, £, we have

[Ln(u) — L(u)]
—1p—2] Hess(u)(Vw,, Vwy) _ Hess(u)(Vw, Vw)
p [Vwnl? + ¢ IVwl +¢
Vuw, \% \ \Y%
=|p — 2| |Hess(u) U e U o
VIVwa2+e  VIVwP+e VIVw2+e  V|Vw]? +¢

Vw, Vw

= 2p = 2llfessw)l \/|an|2+8 - \/|Vw|2+8

Vw, —Vw|  [Vw|{/|[Vw|? — [Vw,|?
S2|p_2“HeSS(u)|<| wy =Vl | [Vul VIIVwP | n||>,

VIVwa 2 +¢  VIVw2+ey|Vw, |2 +¢

where we used that |ﬁ—ﬁ| < /It —s|, forevery t > 0, s > 0. Therefore, |L,,(u) — L(u)] = 0
m-a.e.. Moreover, it holds that |, (u) — L(u)| < 2|p — 2||Hess(u)| € L%(m). Hence from the
dominated convergence theorem we deduce that || £, (u) — L(u)ll 12 () —> 0. It remains to esti-
mate ||, — hll 2y For p > 2 we have

1 1 21f
lhp —hl=1f] = | < —=, mae.

(IVwn? +¢) 2 (IVw>+e) 2 | &7

While clearly h, — h m-a.e., from which we conclude that ||k, — hl| 12y, — 0 by dominated
convergence theorem. Analogously, for p <2

1 1 —p
lhy—h) < |f] - <2fI(M+e)2, moae.

p=2 p=2

((IVwa| A M)2 46 2

((IVw| A M)2 +¢) 2

This yields [|hn — Al 2(m) — O, again by dominated convergence.
FIXED POINT. We deduce that Sy has a fixed point u € Dp(A) and recalling (5.1) we have

De.p(u) = h(e,u) — Ovi) " A, (5.17)

where A, € R is defined as

Au = / Ovu(h(e,u) — Dg p(u))dm, (5.18)

h is defined in (5.14) and Oy, € L®°(m) is as in (5.4).

EXISTENCE OF SOLUTION TO (5.10). We now have to distinguish the two cases p < 2 and
p > 2. Indeed, for p > 2 we show directly that a fixed point of Sy solves (5.10), while the case
p < 2 requires an additional limiting procedure sending M — +00.

Case p > 2.If N > 2, since |Vu| € W%(X), by the Sobolev inequality (recall Proposition 2.19)

we have that |Vu| € L (m), where 2* := 1372 (2% :=2if N = 00). Moreover, since p € RZx C
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(1,2 + %) (recall Definition 1.1) we can check that p — 1 < 2* and 2(p — 2) < 2*. On the
other hand if N =2, since (X, d, m) is also an RCD(K, 2 + §) space for all § > 0, we have
|Vu| € L9 (m) for all ¢ > 1. In both cases, it holds |Vu|?~! € L'(m) and |Vu|*?~2 e L' (m).
Therefore we can apply Lemma 4.2 and deduce from (5.17) that

/—(|W|2 +e)'T (Yo, Vu) =/(f — (VuP + )T Ov) " h)pdm, Ve € LIP(X).

Taking ¢ = 1 and recalling that f has zero mean we get
2 22 -1
A [ (IVV[T+€) 7 (Ovy) dm=0.

Since 9;; > ¢ > 0 m-a.e. for some constant ¢ > 0 we obtain that A,, = 0. Therefore,

/—(|Vu|2+e)"7_2<w,w>=/f¢)dm, Vo € LIP(X). (5.19)

This would be the desired conclusion once we prove that u € WhP(X). Observe that u €
WP (X) would be a consequence of (5.11). Indeed that would imply |Vu|2(” —D e L'(m) and
since 2(p — 1) > p for all p > 2, one concludes that u € W7 (X). We then turn to prove

(5.11). Since A, =0, by (5.17) we have that D, ,(u) = f(qu|2 + S)PTP. Therefore, setting

v = ((|Vu| A M)2 + 8)‘”772 Vu e Hé’z(X), applying (4.14) in the case N < oo we have that for
every Rop > 0, every x € X and 0 < R < Ry,

2

/ R™2|um|* + |[Vuy *dm < Cy / f2dm + Com(Bg(x)) ™! / |VulP~ldm |
Bg/2(x) Bgr(x) Br(x)

where C1, C; are constants depending only on p, Ry, N, K. In the case N = oo we apply instead
(4.16) and obtain the same inequality with R = 2diam(X) and C, = K -C 1 with C; depend-
ing on K, p and D. Recalling that f € L?(m) and that as observed above |Vu|1’_1 e L'(m),
the right-hand side is uniformly bounded in M. Therefore by Lemma 2.17 we obtain that
(|Vu|>+ 8),77_2 Vu e Hé’z(TX) together with (5.11). Finally, i1) follows directly applying Propo-
sition 4.10.

Case p < 2. Letuy € Do(A) be a fixed point of Sy pr. By (5.17) and Lemma 4.2 we have that

-2 -2
/ —(\Vup? +6)"7 (Vo, Viy)dm = / (8 = by (Ve * + )7 )pdm, (5.20)

p=2
where g == Mg)zp_z € L*°(m) and A, is defined in (5.18). The goal now is to send

((VulAM)2+e) 2
M — +00. To do so we need first some uniform estimates.
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Estimates independent of M. From the first inequality in (5.15) we have that, because p € (1, 2),

/ (Aup)*dm < Cllha(e, VD) I35y < € / A Vupl? +¢)* Pdm

< é/sz_”f2+f2|VuM|2(2_”)dm (5.21)

2
—1

)

A 2-p 2| s 2 -
=C [ e P f+ 80P IVumllipz i +8 7SI

P
2
LP=L(m)

where C is a constant, possibly changing from line to line, depending only on p and N. By (2.10)
we have

Vsl 2y < 21O / (Aup)’dm. (5.22)

Plugging (5.22) into (5.21) and taking § small enough we reach
2
[@uniam=p( [ paninTy ). (5.23)
LP=T(m)

where D is a constant depending only on X, N and p.
Letting M — +o00. By the uniform estimate (5.23) we have that

sup [|Aumllp2my < +00 (5.24)
M=>0

Therefore, Proposition 5.2 ensure that it exists a sequence M, — +00, n € N such that u, =
Uy, —> uin W12(X), for some u € Dy(A). Recall that by (5.20) the function u,, satisfies

—2
Vi +6)T -

S ) 1,,2(p—kL,n(|Vu,1|2+8)pT<pdm,

((IVunl AMp)?+¢) 2

/—(IVMn ? +8),7T_2 (Vo, Vuy)dm =

(5.25)
for every ¢ € LIP(X), where

D, = / ! . — D p(uy)dm
((|Vun| AM,)? + S)T

(recall that 6v,, = 1 because p < 2). As the left-hand side of (5.25) is concerned, by strong
convergence in W12(X), we have

2
(Vuyn, Vo) Fw (Vu, Vo), Vo e LIP(X)
and clearly ||Vu,|* + ¢ byt < ng_z. Therefore, for all ¢ € LIP(X)
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=2 n—2
/(|Vu,,|2 +8)"T (Vo, Viuy)dm — /(|Vu|2 +6) T (Vp, Vu)dm, asn— +oo. (5.26)

We now turn to deal with the right-hand side. Observe that the functions Dy, (u,) are uniformly
bounded in L2(m). Indeed, by the definition of D¢ p(u,) (see (4.2)),

| De,p(un)| < |Auy| + [Hess(uy)|

holds m-a.e.. Since ||u; ||py(a) is uniformly bounded, we have that [Hess(u,)| and Au, are uni-
formly bounded in L?(m) (recall Proposition 5.2), hence so is |Dg, p(uy)|. Additionally, since
p € (1,2), we have

(IVin| A My)* +¢) 2

/ ! = dm§/|f|(|vun|+\/g)2_pdm
(

= ”f”Lz(m) IVun| + \/EHLZQ—P)(m)
< f g2y Vunl + \/§||L2(m)a

where we used twice the Holder inequality and also that m(X) = 1 (as assumed at the beginning).
Note that | - || 2¢-p) (ry) Might not be a norm as it possible that 2(2 — p) < 1, however the Holder
inequality still applies. Next we observe that sup, ||Vuu||l12(m) < +00. This follows from the
uniform Laplacian bound in (5.24) together with (5.22). Combining this with the L?-uniform
bound on |D; ,(u,)|, we conclude that sup, |A,,| < +oc. Hence, up to a subsequence we can
assume that A, — A € R. Observing that, because p < 2,

p—2
YVu, |2 b=
(Vunl” + ) <1 mae., (5.27)

p—2

((|Vun| AM,)? + 8) :
by the dominated convergence theorem

n—2
Vu, |2 b= p—
f(' uﬂ' +8) piz(p_)\lunﬂvun'z_l_g)%(pdm
((IVup| A M2 +¢) 2 (5.28)

- /fgo (Vi 467 pdm.

lim
n——+00

Combining (5.25) with (5.26) and (5.28) we obtain

/—(|Vu|2+8)%(Vg0,Vu)dm=/fgo—k(|Vu|2+8)pT_2<pdm, Vo € LIP(X).

Taking ¢ = 1, since f has zero mean, we must have A = 0. This shows that u € D(A, cu) (recall
that u € W7 (X) because p < 2) and the second equality in (5.10). The first identity in (5.10)
then follows from Lemma 4.2 and the uniqueness of A, cu.
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p—2
Regularity estimates for p < 2. The fact that v := (|Vu|? + &)T Vu € H.*(TX) together with

(5.11) is shown exactly as in the case p > 2 using D pu = (|Vu|?> + 8)277[] f. The gradient
estimate in ii) follows again from Proposition 4.10. O

6. Proof of the main results

We are now ready to deduce our main regularity estimates for the p-Laplacian, which will
follow by the results of the previous section and by sending ¢ — 0T In §6.1 we will prove all
our main results, except for the one for p-harmonic functions (Corollary 1.5) which will be left
to §6.2.

6.1. Proof of Theorem 1.2, Theorem 1.3 and of Corollary 1.4
The following result essentially contains all our main statements.

Theorem 6.1. Let (X, d, m) be an RCD(K, N) space with N € [2, 0], diam(X) < D. Let p €
RIx where R1x C (1,00) is given by (1.7). Fix also Br(x) C X with R < Ry (with R :=
8diam(X) if N = 00), u € D(Ap) and set f = Apu € LY(m). Then the following hold:

i) If f € L*(Br(x)) then v :=|Vu|P~>Vu € Hy (TX; Brj2(x)) and

2

/ [v]> + |Vv|?dm < C; / F2dm 4+ Com(Bg(x) ™! /|W|P—1dm , (6.1)
Br/s(x) BR(x) BR (x)

where C1, Cy are constants depending only on K, N, p, Ry if N < 0o, while in the case
N = o0 all integrals are on the whole X and Co = K~ C with Cy a constant depending on
D, pand K.

ii) If N < oo and f € L1(Bgr(x); m) for some g > N, with JCBR(x) | f19dm < Co, then for all
m > 1 it holds

S|

CRw»
||V”|||L°°(B,(x))§(R7N (][Ivm’"dm) +1], Vr<R, (6.2)

Br(x)

where C > 1 is constant depending only in p, N, K, q, Co, m and Ry,
iii) if f =0in Br(x) then u € D(A, Br2(x)) and

/ (Au)’dm < C / (1+ R7?)|Vu|>dm, (6.3)
Bgy2(x) Bgya(x))
where C > 0 is a constant depending only on K, N and p.
For the proof of item iii), we will need one last technical estimate.
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Lemma 6.2. Let (X, d, m) be an RCD(K, N) space, N € [2,00] and let p € (1,3 + 52) and
& > 0. Suppose that u € D(A) satisfies

D¢ pu =0, m-a.e in Brp(x) CX. (6.4)
Then there exists a constant C > 0 depending only on K, N and p such that
/ (Au)’dm < C / (1+ R™%)|Vu|*dm. (6.5)
Bga(x) Br(x)
Proof. Take n € LIPy;(Bg(x)) such that n =1 in Bg/2(x) and Lip(n) < 3/R. Applying the

improved Bochner inequality (2.19) with ¢ = 5?2, integrating by parts and applying the Young’s
inequality, we obtain

»  (Af —tHess(f)?*\ ,
/<|Hess(f)| TN —dim(X) )’7 "

< /(Au)% + VPV IVul[|Vul| + |Aul|Vul|Vi?| + K~ [Vul*ndm

< /(1 + 8)(Au)*n? + 8|Hess(u)|*n* + (K ~n* + 88Lip(n))|Vu|*dm.

Therefore
2
Af —trH 2
a-s [ (|Hess(f)|2 4 (8] ZuHless(/) ) Pdm
N — dim(X) (6.6)
< /(1 +8)(Au)*n* + (K ~n* + 88Lip(1)?)| Vu|*dm.
We now argue similarly to the proof of Proposition 5.3 and define 6 € L*°(m) as
1, if pe(l,2),
=1 vie -~ 6.7)
Ntgi+2g otherwise ,
where g == (p — 2) IV'Z;‘;. Then, applying Lemma 5.4 when p > 2, we have

6.4)
InAulFa = 11(Au = 0D )72y < p / (IHeSS(f)|2+

(Af — trHess(f))2> )
- n“dm,
N — dim(X)

(P=2*(N-1)
N+2(p—2)+(p—2)2
(6.6) and choosing § so that %a,, < 1 gives (6.5). O

where a, = (p — 2)%if p <2 and ap = < 1 for p > 2. Combining this with

We are now ready to prove the above theorem.
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Proof of Theorem 6.1. We first assume that f € L°°(m). Fix a sequence ¢, > 0 such that ¢, —
0. Note that f must have zero mean. Hence, from Theorem 5.6 for every n € N there exists a
function u,, € Dg(A) ND(A, ¢,) such that A, ., (u,) = f and (5.11), (5.12) hold. Moreover, by

-2
Proposition 3.3 it holds u, — u in W7 (X). In particular, setting v, == (|Vu,|*> + 8n)pTVun,
we have |v,, — v| > 0 m-a.e.. From (5.11), we obtain

sup / [Vl + |V, |2dm < 400, VB (y) C Br(x).
n

Br(y)

Lemma 2.17 combined with (5.11) ensures that v € Hé’foc(TX; Br(x)) together with (6.1) (with

Bg/4(x) instead of Bg/g(x)). Similarly, if f € L9(Bg(x);m) for some ¢ > N, since |Vu,| —
[Vu| m-a.e. we also get (6.2) passing to the limit in (5.12). If f =0 in Bg(x) by Lemma 6.2

we have that Au,, is bounded in LZ(BR/z (x)). Hence, up to a subsequence Au, | Brj2(x) —~Ge

LZ(BR/Z(x)). By (6.2) and (5.12) we have both that u,,u € Wléf(BR/z(x)) and that |Vu, —
Vu| — 0in LQ(BR/Z(x)). Recalling (2.11), we conclude that u € D(A, Bg/2(x)) with Au = G.
Moreover (6.3) follows from (6.5) and lower-semicontinuity.

For a general f € L(m), we consider fun=(=n)V f An—c, € L®(m), where ¢, € R is
chosen so that | f,,dm = 0. For every n € N by Proposition 2.7 there exists functions u, € D(A )
with zero mean and A, (u,) = f,. Since f, — f in L'(m), applying Proposition 3.4 and up to

passing to a subsequence we have |Vu, —Vu| — 0, m-a.e.. Since (6.1) holds for u,, with Bg/4(x)

in place of Bg/g(x) (as observed above), Lemma 2.17 gives |Vu|1’_2Vu € Hé”lzoc(TX; Bgrj2(x))

and (6.1) for u. Similarly, (6.2) follows passing to the limit in (6.2) for u,. Finally (6.3) follows
observing that (6.2) (for u, and u) implies that u,,u € Wkljf(BR/é;(x)) and |Vu, — Vu| — 0 in
L?(Bg /4(x)) and arguing as in the previous part of the proof, using (6.3) for u,. O

Remark 6.3 (About weaker notions of solutions). Inspecting the proof of Theorem 6.1, we only
used that there exists a sequence of functions u, € D(A,) and f, € L*(m) satisfying A ,u, =
fos fn— fin L'(m) and |Vu, —Vu| — 0 m-a.e.. Also (except for item iii)) we never used that
Vu is actually the gradient of u. The conclusion can be read as a statement only about Vu as an
element of LO(7'X). This shows that we could weaken the assumption of Theorem 6.1 assuming
only the existence of such approximating sequence, without even assuming that u belongs to a
Sobolev space WL (X), but rather that it has a gradient Vu € LO(TX) in some generalized sense.
This is what was done in Euclidean setting in [22], where second-order estimates (as in our main
theorem) are deduced for a suitable notion of generalized solutions defined via approximation in
the same spirit as above (see [22, Section 4]). The reason for doing it is that solutions to A ,u =
f € L? sometimes exist only in this generalized sense (recall Remark 2.9). We also observe
that is not possible to weaken the assumption of Theorem 6.1 to ask only that u € W' (X)
with r < p (note that for the definition of p-Laplacian in (2.8) to make sense r > p — 1 suffices).
Indeed recently in [24] for all p € (1, o) it has been constructed a p-harmonic function u € Wkl)g

with r > p — 1 for which |Vu| ¢ L,’;C and in particular we cannot have that |Vu|P~1 e W,L’cz if
p=2*/2*—1). 1

We can prove our main statement for RCD(K, 0o) spaces.
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Proof of Theorem 1.2. Applying Theorem 6.1 we have directly that |Vu|?~2Vu € H:*(TX)
and by Proposition 2.10 also that |[Vu|P~! € W!2(X). Finally, inequality (1.8) is just (6.1). O

Next, we show the main result in finite dimension.

Proof of Theorem 1.3. Fix (X,d, m), p, Q and u as in the statement. Assume that A ,(u) €
L?(2). From (6.1) of Theorem 6.1 we have that |Vu|”_2Vu € Hé’lzoc(TX; Br(x)) for every
Bg(x) C 2. From this it follows that |Vu|?~2Vu € H:} (TX, ©2) (recall Remark 2.18) and

by (2.23) also that |Vu|P~! € Wkl)’cz(Q), which proves i). Assume now that A, (u) € L9(2) for
some g > N. Then again by (6.2) of Theorem 6.1 we get that |[Vu| € L°°(Bg/2(x)) for every
Br(x) C 2. By the Sobolev-to-Lipschitz property (see [4,35]) property this implies that u €
LIPioc(Bgr/2(x)). By the arbitrariness of Bg(x) we obtain that u € LIPoc(£2), that proves ii) and
concludes the proof. O

Before continuing we comment on our main statement.

Remark 6.4. Under the assumptions of Theorem 1.2 we do not necessarily have that u €
W2*2(X), not even in the smooth setting. Indeed, as explained in [22, Remark 2.7], the func-

tion u : R” — R defined as u(xy, ..., x,) = |x] |¥ with 6 € (0, 1) satisfies A, (u) € L%C(]R{”)
forany p > 1+ 1176, while u ¢ Wlil:z in any neighborhood of the origin. Then, by a cut-off argu-
ment, a function with the same property can be easily built on the n-dimensional flat torus T".
However note that p € RZT= if § is small, which shows that we can not improve the conclusion

of Theorem 1.2 tou € W,if (X), not even when piscloseto2. H

Remark 6.5 (Previous results). In the Euclidean setting the second-order regularity result in The-
orem 1.2 was obtained in [22] for all 1 < p < 400 (see (1.6)). We mention also an earlier result
in [68] showing that |Vu|P~! Wll)’cz(Q) whenever A,(u) = f € LZ)C with ¢ > max(2,n/p).
Second-order regularity estimates of the type in (1.6) are classical for (non-degenerate) quasilin-
ear elliptic equations (see [64, Chap. 4]). For p-harmonic functions in R” it is also well known
that [Vu| " Vu € W2 for all p e (1,00) (see e.g. [15,86,87]). Recently in [30,82] this was

p7} (see also [31] and [67] for the same result

improved to |Vu|§Vu € le)’cz forany s <3+

in weighted smooth Riemannian manifolds). In particular when 1 < p <3 + %, taking s = p,
this implies that u € Wli’cz (see also [69] for an earlier prof of this fact). Note that this last prop-
erty is coherent with iii) in Theorem 6.1. It is instead not known whether u e ngf in the case
p=>3+ % for n > 3. In RCD(K, N) spaces was also shown in [48] that |Vu|z_s/2 € W|]cfc2
forall s <3+ ﬁ, for any # harmonic (note that this corresponds to the results that we just
mentioned, in the case p = 2). In weighted smooth Riemannian manifolds the Lipschitzianity of
p-harmonic functions was shown in [31] (see also [90]). It is also worth mentioning that in the
Heisenberg group of any dimension (which is a PI space [12, Appendix A.6]), p-harmonic func-
tions are known to be Lipschitz for any p € (1, 0o) and actually C La [76,94] (see also [28,29,72]
for similar results and references). W

We can now deduce the regularity of p-eigenfunctions.
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Proof of Corollary 1.4. As in the statement, we take (X, d, m) a bounded RCD(K, N), with
N €[2, 00) and suppose u € Wl”’(X) satisfies A pu = —)Lu|u|”_2 for some constant A > 0 and
p € RZx. Then, by Theorem A.2 we have that u € L°°(m) (in fact u has a Holder continuous
representative). Hence, A ,u € L°(m) and the conclusion follows applying Theorem 1.3. O

6.2. Regularity of p-harmonic functions

We pass to the proof of Corollary 1.5 about the regularity of p-harmonic functions. The main
idea is, given a p-harmonic function u defined only on some open subset €2, to find a suitable
cut-off ¢ such that ¢(u) has global p-Laplacian in L'!(m) and coincides with u in a subset of
2. Then the required regularity will follow automatically from Theorem 1.3. We will need the
following chain rule for the p-Laplacian.
Proposition 6.6 (Chain-rule for Ap). Fix p € (1,00). Let (X,d, m) be an RCD(K, 00) space

and Q C X be open. Then for every u € D(A,, Q) and ¢ € C?2 N LIP(R) such that V(1) =
@' (O)]¢ (1)|P~2 € LIPN L®(R) it holds ¢(u) € D(A,, Q) and

Ap (@) =Y w)Apu) + ¥ )| Vul . (6.3)
Proof. By the chain rule for the gradient we have ¢ (u), ¥ (u) € Wléép(Q) and Vo((u) = ¢’ (u)Vu,
Vr(u) = ¥’ (u)Vu. Since ¥ (u) € L>°(L2), by the Leibniz rule, for every 1 € LIP;(2) it holds

that vy (u) € WP N L>°(X) with bounded support in Q. In particular, we can use 1V (1) as a
test function in the definition of A ,(u) (recall Remark 2.6). Hence

/ V)P ~2(Vew), Vi)dm = / Vul?=2(Vu, (¢ ()] @)|P =) Vi) dm
=/|Vu|ﬂ—2<vM,w(u)vn)dm
=/—Ap(u)1ﬂ(u)77— [Vul?y' (u)n,
which is what we wanted. O
In the following we state the existence of cut-off functions ¢ such that ¢'(r)|¢’ O1P2 is
Lipschitz. The proof is elementary and left to the reader (note that for p > 2 any ¢ € C Cz([O, 1)

would work).

Lemma 6.7. For every ¢ € (0, 1) and every p € (1,00) there exists ¢ € CCZ([O, 1]) such that
o) =tinle,1 —¢]land = ¢'|¢'|P~2 € LIP([0, 1]).

We can now prove the regularity of p-harmonic functions with relatively compact level sets.
Proof of Corollary 1.5. Let (X, d, m), p and u as in the hypotheses and suppose that u ™~ ((a, b))
is relatively compact in Q2. Up to translating and rescaling u we can assume thata =0and b = 1.

Fix ¢ > 0. By Lemma 6.7 there exists a function ¢ € CLZ.([O, 1]) suchthat p(¢) =tin[e, 1 —¢] and
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¥ == ¢'|¢'|P~? € LIP(R). Then by the chain rule of Proposition 6.6 we have ¢(u) € D(A,, 2)
with

Ap(pw) =y w)|Vul” € L'(Q).

Moreover, since ¥ =0 in R \ (0, 1), we have that A ,(¢(u)) =0in Q \ {0 <u < 1}. Observe
that {0 <u < 1} is relatively compact in 2. Using the definition of A ,, we can thus check that
u € D(A,, X) with A, (pu)) = ' (w)|Vul|? € L' (m). Since Ap(pu))=0in{e <u <1 —¢}
and ¢(u) = u in {&¢ < u < 1— ¢} (recall that this set is open because u is continuous), Theorem 6.1
yields u € LIPjoc N ngf({s < u < 1—¢}). By the arbitrariness of ¢ this concludes the proof. O
The statement of Corollary 1.5 pertains to a class of functions referred to as p-capacitary
potentials, which represent solutions denoted as u to the following boundary value problem:

Apu=0 inQ\K,
u=1 on ok, (6.9)
u=0 on 0%2.

Here, 2 signifies an open, bounded subset within a compact Riemannian manifold (M, g), while
K is precompact within 2. The pair (K, 2) is commonly referred to in the literature as a
condenser. Notably, when p = 2, the solution u takes on the interpretation of the electrostatic
potential of the condenser. In this case, the p-Dirichlet energy quantifies the total electrostatic
energy contained within the domain of the condenser, often referred to as the capacity.

The function u# complies with the assumptions detailed in Corollary 1.5. It is a p-harmonic
function, and the maximum principle ensures that the sets u=1([a, b)) are relatively compact
within Q2 \ K for all 0 <a < b < 1. As a result, the second-order Sobolev regularity and local
Lipschitz continuity properties can be applied to this function.

A promising area for future research involves extending the above result to its application
in unbounded RCD(0, N) spaces (X, d, m). With this extension, one can show the regularity of
solutions to (6.9) taking 2 = X, using an exhaustion argument.

Emphasizing the importance of regularity of nonlinear potentials of bounded domains is es-
sential, as it deeply shapes various outcomes in Riemannian geometry. One achievement involves
proving a Minkowski-type inequality which establishes a scale-invariant lower limit for the L!-
norm of mean curvature with respect to the perimeter. This inequality has been proven in the
context of Riemannian manifolds with non-negative Ricci curvature by the first author of this pa-
per in collaboration with Fogagnolo and Mazzieri in [9]. This result is the counterpart for p # 2
of the previous result by Agostiniani, Fogagnolo, and Mazzieri in [1] which is been extended in
the non-smooth setting, by the second author with Gigli in [48] (see also [89]).

Building upon the above regularity and the defined regularity range, it may become feasible to
establish the existence of a weak inverse mean curvature flow (IMCF for short). This conceptual
tool, initially introduced by Huisken and Ilmanen in their work [57], held a pivotal role in their
demonstration of the Riemannian Penrose Inequality. The existence of this flow can be rigor-
ously demonstrated by employing an approximation involving the p-capacitary potential. Indeed,
taking u,, the p-capacitary potential of some bounded K, the sequence w, = —(p — 1)logu,
converges in a suitable sense to the weak IMCF as the parameter p — 17, This has been shown
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firstly by Moser [74,75] in Euclidean setting. It was subsequently extended to curved spaces by
Kotschwar and Ni [63], and more recently by Mari Rigoli and Setti [70].

We emphasize that the specified regularity interval RZx in (1.7) is not excessively restrictive
in the context of RCD(0, N) spaces, since for K =0 we have RZx = (1,3 +2/(N —2)).

Acknowledgments

Part of this work has been carried out during the authors’ attendance to the Thematic Pro-
gram on Nonsmooth Riemannian and Lorentzian Geometry that took place at the Fields Institute
in Toronto. The authors warmly thank the staff, the organizers and the colleagues for the won-
derful atmosphere and the excellent working conditions set up there. L.B. is supported by The
European Research Council (ERC) project n. 853404 ERC VaReg — Variational approach to the
regularity of the free boundaries, financed by the program Horizon 2020, by PRA_2022_11 and
PRA_2022_14 (University of Pisa). I.Y.V. was partially supported by the Academy of Finland
projects No. 328846 and No. 321896.

The authors want to thank M. Fogagnolo, N. Gigli, J. Liu, F. Nobili and A. Pluda for their
interest in the work and for pleasureful and useful conversations on the subject.

Appendix A. Holder regularity for elliptic equations in PI spaces

In this section, we give a proof of Harnack’s inequalities and Holder continuity for a broad
class of elliptic equations in PI spaces involving the p-Laplacian. The validity of these results
seems to be folklore among the community and already appeared often in different settings and
in different forms, even if mostly for p = 2 (see for example [12, Chapter 8], [14,55,61,65], [58,
Section 4], [38, Theorem 6.7], [93, Lemma 3.5] and also the recent [54, Section 6]). Since we
explicitly need this for p # 2 both in Corollary 1.4 and Corollary 1.5, but also for future use, we
decided to include a self-contained proof.

The main idea for the proof is that, thanks to the doubling property, the local Poincaré in-
equality improves to a local Sobolev inequality [50] (see also [81]), which then allows to use of
the iteration methods of De Giorgi-Nash-Moser.

Throughout this section we assume that (X, d, m) is a PI-space (see Definition 2.2) satisfying

m(B,(y)) F\S
mZC(RO) <E> , VO<r<R<Ry VyeX, (A1)

for some constant s > 1 and some function c¢ : (0, c0) — (0, 00).

Remark A.1. If (X, d, m) is a PI-space then (A.1) always holds for some s > 0 (see [12, Lemma
3.3]). Moreover, by the locally doubling assumption, if (A.1) holds for some s then it holds also
for any s’ > s, up to changing the function c. In particular (A.1) always holds for some s > 1. W
Theorem A.2 (Harnack inequality). Let (X, d, m) be an infinitesimally Hilbertian PI-space sat-

isfying (A.1) with some s > 1 and let co > 0 be any constant. Fix also p € (1,s] and g > s/p.
Suppose u € Wkl)’cp(B), where B := Bg(x) C X, satisfies

/|vu|1’*2<w,w)dmz/gu|u|l’*2¢+f<pdm, Vo € LIP.(B), (A2)
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1
for some f, g € L1(B) and such that R? (fB |g|‘7dm) 7 < cq. Then u has a locally Holder contin-
uous representative in B. Moreover, if u is also non-negative, for every B70,,(y) C B withr <R
it holds

q(p D

p—=s/q
esssupu < Cessinfu + Cr »- o Ra D ][|f|qdm , (A.3)
B (y) By (y)

where C is a constant depending only on p,q, ,Cp,Cp, Ry, s,c and co (Cp, Cp, A being the
constants appearing in Definition 2.2 of PI-space and c the function in (A.1)).

Remark A.3 (The case s > p). Recall that if (X, d, m) is a PI-space satisfying (A.1) for some

s > 0, then every function u € Wll,’cp (2), with p > s and 2 C X open, is automatically locally
Holder continuous (see [50, Theorem 5.1] or [12, Corollary 5.49]). N

We start by proving a Harnack-type inequality for supersolutions.
Theorem A 4. Let (X, d, m) be an infinitesimally Hilbertian PI-space satisfying (A 1) with some

s > 1 and cy > 0 be a constant. Fix also p € (1, s] and q > s/p. Suppose u € W| P(Br(x)), for
some B = Bgr(x) C X with R < Ry, satisfies

/|Vu|"*2<w, Vg)dm < /g|u|1’*1¢> + fodm, V¥p eLIP.(BR(x)), ¢ >0,  (A4)

for some f,g € L1(B), g >0, f >0 and such that

1

q
][lg|‘/dm < cp.
B

Then for all B (y) C B withr <R, every 6 € (0, 1) and every | € [1, 00) it holds

1

1
1 (p—Dq

esssupu’ < ———— : ][ utldm | +C ][ 7P £19dm , (A.5)
By, () (1-0)1
B (¥) Br ()

where C is a constant depending only on p,q,\,Cp,Cp, Ry, s,c,l and co (Cp,Cp, A being
the constants appearing in Definition 2.2 of PI-space and c the constant in (A.1)).

Proof. It is enough to show (A.5) for r = R and y = x. Indeed suppose for a moment that this
holds. Then for every B;(z) C Br(x) with ¢t < R we have
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1 1
q

tP
7 ][|g|Qdm - /|g|’1dm
B[(Z) m(Bt(Z))q BR()C)
1
p—= q
(A.D) s v
fc’(ZRO)(ZR)qil /|g|qdm (A.6)
m(Bag(z))4 \5

R(X)

1

q
<c(2Ro)(2R)? ][Iglqdm <2Pcoc(2Ro)

Br(x)

having used that p — 3 > 0, where c(-) is the constant given by (A.1). Therefore the hypotheses
of the theorem are satisfied taking B := B;(z) and with ¢ replaced by 2”coc(2Rg). Then we can
just apply (A.5) taking B,(y) = B (which we are assuming to hold).

Next, we observe that is sufficient to prove (A.5) in the case 6 = % Indeed the general case
follows considering the balls B(j_g),(z) C B for all z € By, (y) and using that m(B(—g),(z)) >
275(1 — 0)’m(By(y)), thanks to (A.1) (for the second term in the right-hand side of (A.5) we
also use pg > s).

Moreover, we need to prove (A.5) only for [ > p. Indeed if this was true, for the case [ < p
we would conclude with a standard iteration argument as in the proof of Proposition 4.10 (see
also [52, p. 75]).

All in all we only need to prove (A.5)fory=x,r =R,0 = % and / > p. Along the proof C >
0 will denote a constant depending only on p, ¢, s, co, Rg, Cp, Cp, ¢, A, I and possibly changing
from line to line. Thanks to the scaling of the statement we can assume that m(Bg(x)) = 1. By

the Sobolev embedding (recall Theorem 2.3) W, (Bg (x0)) C LE (Br(x0)), with p* = oL if

loc
s < p and for any p* > 1 if s = p, hence by the integrability assumptions on g and f (and

the density of Lipschitz functions) we have that (A.4) holds also for all ¢ € Wkl)’cp (Br(xp)).
1

Fix & > 0 arbitrary and set k := (||[R? f|La(Bg(x)) + &) P~T < +00. Set i := (ut + k) and for

every m > k define u,, == u A m. By the chain rule it holds u, u,, € W,é:cp (Br(xp)) and 1, €

L*°(Bg(x0)). Moreover i, i, > k. Forevery 8 > 1 and n € LIP.(Bg(x)), with n > 0, we choose
as test function

@ =P @il P —kpB-DHy >0 moae.

Note that ¢ =0 in {# <0} and ¢ < n”ﬁﬁ,’,’l(ﬁfl). In particular Vu = Vi m-a.e. in {¢ > 0}. By
the Leibniz rule we have ¢ € wbP(X) with

Vo = pn? 'y@@alP D — gpB-DHly 4P (ﬁi’,}ﬂ*”w + p(B — 1)ﬁp<ﬁ—1>wm) (A.7)
Substituting ¢ in (A.4) and using (A.7)
/ \ValPah? " P + p(B — V)| Viin|Pa? B~ DnP dm
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< [ prvar = en -t gt a4 paa”
/(8p)p T |Vu|pup(ﬁ b n? + 8P |\Vn|Pul i, TIAGERE <g + kpf 1)&”12;’,’1(’3_1)7]1” dm,
for every § > 0, having used that

|VulP~2(Vi, Vu) = |Va|P, m-ae., |Vul?"2(Viy, Vu) = |Vi,|?, m-ae.,

by the locality. In the last step, we used also that u > k. Choosing § = 1/(2p) and absorbing the
first term of the right-hand side into the left one we reach

/ Val?al® = On? 4+ p(8 — 1)|Vitn [Pa? D yPdm
(A.8)
< c/wm!’:zi’a,f,(ﬁ*” + R PhiPial P~V prdm,

where h := RPg + 5 f € L9(Bg(x)). Note that by how we chose k it holds [|/]|za(Bg(x)) <

co+ 1. Set w:= uuf1 . As above we have w € W|oc (2) with

\Vw| < |Vl 4+ (p(B — 1) |Vit,[a®~D, m-ae..

Therefore by (A.8)
/IV(wn)Ipde/2p(|Vw|p|77|P+IWI”Ianp)deCﬁp/IVﬂlpwp-i-R*Phwpﬂpdm,

having used that (8 — 1) < (8 — 1)B8”, since B > 1. We define p* = ﬁ if p <s, while if

p =s we set p* = 259 7 (any number strictly greater than —5 q 7 would do). Applying the Sobolev
inequality in (2.3) and recalhng n € LIP.(Bgr(x))

Bwnl? ey < CIBP/RP|V77|PwP + (h + Dw?nPdm
(A.9)
<Cp” [ RVl 4 OBl
=T (m)
where in the Sobolev inequality we used that m(Bs)g(x)) > m(Bg(x)) > 1 and in the last step
the Holder inequality together with |||l e, (x)) < C. Since ¢ > s/p, we have that p < ﬂ <

p* (this holds also if s = p, since in that case we defined p* = 2” 4 1)- Hence by mterpolatlon of
norms, we have that for every § > 0 it holds

lwnll” b <87 Nwnll]p g + 8 lwnll?
: (m)

LT (m) L7 (m)’

for suitable exponents o1, @y > 0 depending only on ¢, p and s. Plugging this estimate in (A.9)
1

and choosing & := (§’877) % for some &' > 0 small enough we obtain
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lwnll? =Cp” /RPIanpprrlwnlpdm (A.10)

LP*(m) =
for some number « > 0 depending only on ¢, p and s. Now we fix 1/2 <a <b < 1 arbitrary
and choose 7 so that n =1 in B,gr(x), 0 <n <1, n € LIP.(Bpg(x)) and Lipn < (b Usmg

this choice in (A.10), recalling that w = uuf,’,3 Y and sending m — +00 we reach

—Y < CB* v
”u“LXV(BaR(X)) =b—ayr ”u“LV(BbR(x))’
where y =pB, x = L >lif p<sand x ==L > 1if p=s. Raising both sides to the
? and choosing 8 = - Xl > 1 (recall that 8 was arbrtrary) a= 2 + 5 +2 and b = 2 + 5 +1 for
1=0,1,..., 400, we obtain
_ gk e pi
letllzriet B, oy = (CA/P)) GOV @) 7 il Ly By, ()
< ()7 Nl (s, vy ¥i=0,1,.... 400,

where y; :=Ix!,r; == g + 2& ,fori =0,1,...,+00, and where C > 0 is a constant depending

only on p,q,s,co, Ro,Cp,Cp,c, A, L. Iteratlng this estimate and recalling that u = ut +k and
m(Bg(x)) = 1 we obtain
+oo L
esssupu’t < IIMIILOO(BR @) = (C) il 2t ey < € (Il LBy +K)
Bg2(x)

where as above C is a constant depending only on p, g, s, co, Ro, Cp, Cp, ¢, A, . Recalling the
value of k and by the arbitrariness of ¢ > 0 gives (A.5) in the case x =y, r =R, 6 = 1/2 and
[ > p. This, as observed at the beginning, is sufficient to conclude. O

We pass to Harnack’s inequality for non-negative subsolutions.

Theorem A.5. Let (X, d, m) be an infinitesimally Hilbertian PI-space satisfying (A. 1) with some

s > 1 and let co > 0 be a constant. Fix also p € (1,s] and q > s/p. Suppose u € W,O (B), for
some B := Br(x) C X with R < Ry, is non-negative and satisfies

/IWI”_z(W,Vqﬁ)2/—gu"’_l<p—f¢dm, Yo € LIP.(B), ¢ >0, (A.11)

for some f,g € L1(B), g >0, f >0 and such that

1

q
][|g|’1dm <.
B

Then there exist constants C > 0 andl € [1, 00) both depending only on p,q,A,Cp,Cp, Ry, s, c
and co (Cp, Cp, A being the constants appearing in Definition 2.2 of PI-space and c the constant
in (A.1)) such that for every B3s;,(y) C B withr < R it holds
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1

1
(p—Dq [

essinfu’t + ][ PP £l9dm >C ][ lut|dm | . (A.12)
B2 (y)
250 () ()

Proof. Fix Bs3s,,(y) C B with r < R. Along the proof C > 0 will denote a constant depending
only on p,q,A,Cp,Cp, Ry, s, c, co and possibly changing from line to line. As for (A.4) we
have that (A.11) holds also for all ¢ € W,lg’ (B). By scaling we can assume that m(B,(y)) = 1.

1
Let & > 0 be arbitrary and set k := (|r? f || La(B,s, (y)) +€) 7T . Setting i := (u 4 k) and choosing
¢ =i 2P~ with ¥ € LIP.(B,(y)), we obtain

/|V<ﬁ)‘1|1"2<m>—‘,w>s/(g+ f >|ﬁ“|f’“wdm,

kp=1

having neglected the term (Vu, Vii=2P~D)yy < 0 m-a.e.. Setting h == g + kp%l and arguing
exactly as in (A.6), since m(B,(y) =1, we obtain r”||h| r4(p,(y)) < ¢, where ¢ is a constant
depending only on p, Ry, co and c(-) (i.e. the constant given by (A.1)). Therefore the hypotheses
of Theorem A 4 are satisfied taking B = B,(y), u ="', g =h, f =0 and with the constant
2Pc¢p + 1 in place of cg. Hence we obtain that for every [ € [1, 0co) and every B3s),(y) C Bgr(x)

with » < R it holds

1
. —esssupi ' <C; ][ i) “ldm | (A.13)
€ss mer/z(y) u+k B2(y) 50)

ry

where C; is a constant depending only on p,q,A,Cp,Cp, Ry, s, c, co and also on [. There-
fore to conclude it is enough to show that there exists / € [1,00) (depending only on
p.q4,*,Cp,Cp, Ry, s, c, co) such that

][ it dm - ][ i ldm <9. (A.14)

By (y) By (y)

Indeed plugging this estimate in (A.13), combined with the assumption m(B,(y)) = 1 and our
choice of k would yield (A.12). To show (A.14), it is sufficient to show that

][ w— f wdm|dm < C, (A.15)

B (2) B (2)

for every B;(z) C Bs,(y), where w = log(u) € Wl})’cp (R2), i.e. that w € BMO(Bs5, (y), X). Then
(A.14) would follow applying the John-Nirenberg lemma in the metric setting (see [ 1, Corollary
3.21).

To show (A.15) fix B;(z) C Bs,-(y) arbitrary. We can assume that r < 10r, and in particular
By(z) C Basr(y) and B3y (z) C B3sur(y) C B. Let ¥ € LIP:(Bx(2)) satisfy ¥ =1 in Bi(2),
¥ >0 and Lip(¥) < 2/t. Choosing as test function ¢ := ¥/?i' =7 in (A.11) we obtain
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(p—l)/Ile”deS/W’ (g+,d,i])+|wp||w|f’—ldm

< c,,/wh + 8P/ P=D|Vw| Py P 4+ 5P|V [Pdm,

for every § > 0, where ¢, > 0 is a constant depending only on p and where h = g + kpi—l' In

particular taking § > 0 small enough with respect to p, we can (and will) absorb the second term
in the right-hand side to the left of the inequality. Applying the Holder inequality we estimate
the first term on the right-hand side as follows

_1 - _1
/ P hdm < / hdim < 1728y oym(Bar (2)) 77 < &r~Pm(Ba ()77,
BZt(Z)

having used that ||[7”h| L4 (B,s,(y)) < ¢, where ¢ is a constant depending only on p, R, cp and
c(-), which as above can be shown as in (A.0), recalling that m(B,(y)) = 1.
Plugging this estimate in the above inequality (using that Lip(y¥/) <2/¢) we obtain

/ IVw[Pdm < Cm(By (2)) (r—"m(th(z»‘ql +177)
B (2)

"L CmBa ) (18 1T B 2) F +17)
s _ _s (A1)
< Cm(Bx(2)) (rq Pr=peP=q +t‘1’)§Cm(th(z))t‘” < Cm(B/(2)t 7,

where in the third inequality we used that m(Bg,(z) > m(B,(y)) > 1 and in the fourth one that
p— 3 > 0 and that + < 10r. From this (A.15) follows by the Poincaré inequality (see (2.2))
applied to wn, where n € LIP.(B3,:(z)) is a cut-off function with n = 1 in Bjy;(z) indeed wn €
WP (X), since as observed above Bsy;(z) C B. This concludes the proof. O

We can now prove the main result of this section.
Proof of Theorem A.2. We prove only (A.3), from which the Holder regularity of u follows im-
mediately by standard arguments exactly as in the Euclidean case (see e.g. [52, Corollary 4.18]).
Fix B70,,(y) C B. Then combining Theorem A.4, Theorem A.5 and the doubling property we
get

1
(p—Dyg

esssupu < Cessinfu + C ][ [r? f19dm
B: () By
2 25 ()
P
. rp T
< Cessinfu + C—————1fll 4
5 m(Basy (y) 77D
P=s/q s
(A1) . r p=T Ra»-1 4
< Cessinfu +C———— | fll /45
By () m(B)1
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which is (A.3). O

Remark A.6. Both Theorem A.4 and Theorem A.5 hold without the infinitesimally Hilbertian
assumption, replacing (Vu, V) respectively by the objects DT¢(Vu) and D~ ¢(Vu) introduced
in [36, Section 3]. The proof is exactly the same, only the first part needs to be translated by using
the suitable calculus rules present in [36]. W
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