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Abstract

We establish quantitative second-order Sobolev regularity for functions having a 2-integrable p
Laplacian in bounded metric spaces satisfying the Riemannian Curvature Dimension condition, with p
in a suitable range. In the finite-dimensional case, we also obtain Lipschitz regularity under the assump
tion that the p-Laplacian is sufficiently integrable. Our results cover both p-Laplacian eigenfunctions and 
p-harmonic functions having relatively compact level sets.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction and main results

After providing the existence of a weak solution to an elliptic PDE, it is natural to wonder 
whether it fits its strong formulation. This issue boils down to investigating the regularity of the 
solution, more specifically if it belongs to a Sobolev class with a higher order of derivation. The 
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most classical example dates back to the solution of the Poisson equation. This result can be 
summarized as follows: given any open set Ω ⊂ Rn one has

u ∈ W
1,2
loc (Ω), Δu = f ∈ L2

loc(Ω) =⇒ u ∈ W
2,2
loc (Ω). (1.1)

An analogous result can also be found in the setting of metric measure spaces. More precisely, to 
deal with second-order Sobolev spaces, the class of RCD(K,n) spaces provides a natural, albeit 
quite broad, framework within which to focus our analysis. With this locution, one addresses 
that subclass of metric measure spaces (X,d,m) satisfying a synthetic notion of Ricci curvature 
bounded below by K ∈ R (see [2,39] for the relevant background and for historical notes on the 
topic). In [37], building upon [83], it is showed that given (X,d,m) an RCD(K,∞) space

u ∈ W1,2(X), Δu = f ∈ L2(m) =⇒ u ∈ W 2,2(X) (1.2)

holds, together with the quantitative estimate

ˆ
|Hess(u)|2HSdm ≤ ‖Δu‖2

L2(m)
+ K−‖|∇u|‖2

L2(m)
, (1.3)

where Hess(u) represents the Hessian and | · |HS the Hilbert-Schmidt norm. In this setting, (1.2)
plays a fundamental role in the RCD theory which goes beyond the regularity statement itself. 
It shows that there are many functions in W 2,2(X), which is the cornerstone to develop a rich 
second-order calculus which has been exploited in many recent papers (see e.g. [16,20,26,42,48, 
53,60,73]).

We aim to investigate the regularity of solutions to the p-Poisson equation

Δpu = f, (1.4)

where u ∈ W 1,p(X), p ∈ (1,∞) and f is a sufficiently integrable function. Given u ∈ W 1,p(X)

we say that u has a p-Laplacian, writing u ∈ D(Δp), if there exists (a unique) f ∈ L1
loc(m) such 

that ˆ

X 

〈|∇u|p−2∇u,∇ϕ〉 dm= −
ˆ

X 

ϕf dm, ∀ϕ ∈ LIPbs(X). (1.5)

In this case, we set Δpu := f (see Definition 2.5 for details). The PDE (1.4) is a natural nonlinear 
generalization of the Poisson equation, which corresponds to the case p = 2. In the smooth 
setting, a statement akin to (1.1) is already at our disposal in literature. In [22], the authors 
showed that for any open set Ω ⊂ Rn and for all p ∈ (1,∞) it holds

u ∈ W
1,p
loc (Ω), Δpu = f ∈ L2

loc(Ω) =⇒ |∇u|p−2∇u ∈ W1,2
loc (Ω). (1.6)

Observe that the vector field |∇u|p−2∇u appearing here is precisely the one in the definition of 
the p-Laplacian Δpu = div(|∇u|p−2∇u). This addresses the question of whether the solution 
can be regarded in a strong sense. In light of this, our aim is to prove the counterpart of (1.6) in 
the nonsmooth setting, much like (1.2) is for (1.1). For technical reasons, we have to restrict our 
analysis to those p’s belonging to a certain regularity interval, which is given in the following 
definition.
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Definition 1.1 (Regularity interval). Let (X,d,m) be a bounded RCD(K,N), with N ∈ [2,∞]
and set δX := λ1(X)K−

1+λ1(X)K− ∈ [0,1) (λ1(X) being the first non-zero Laplacian eigenvalue, see (2.4)). 

We define the open interval RIX ⊂ (1,3 + 2 
N−2 ) by

RIX :=

⎧⎪⎪⎨
⎪⎪⎩

(1,∞), if N = 2 and δX = 0,(
2 − √

1 − δX, 2 + √
1 − δX

)
if N = ∞,(

2 − √
1 − δX, 2 + √

1 − δX
N−δX

N−2+δX

)
otherwise.

(1.7)

As one can expect, RIX is always a non-trivial interval containing p = 2 and it is invariant 
under scaling of both the distance and measure. The generalizations of (1.2) and (1.3) to the case 
p �= 2 read now as follows.

Theorem 1.2 (Regularity of p-Laplacian, N = ∞). Let (X,d,m) be an RCD(K,∞) space 
with diam(X) ≤ D < ∞. Fix p ∈ RIX and suppose that u ∈ D(Δp) with Δpu ∈ L2(m). Then 
|∇u|p−2∇u ∈ H

1,2
C (T X) and in particular |∇u|p−1 ∈ W1,2(X). Moreover

ˆ
|∇(|∇u|p−2∇u)|2dm≤ C(‖Δpu‖2

L2(m)
+ K−‖|∇u|p−1‖2

L1(m)
), (1.8)

where C > 0 is a constant depending only on p,K and D.

Note that the right-hand side of (1.8) is finite, indeed ‖|∇u|p−1‖L1(m) < +∞ since u ∈
W 1,p(X). Nevertheless, except for the case p = 2, we do not conclude that u ∈ W 2,2(X). This 
would be false even in the smooth setting (see Remark 6.4).

A well-known consequence of second-order estimates is Lipschitz regularity results for solu
tions to PDEs. A path classically followed is to apply a De Giorgi-Nash-Moser iteration scheme 
to the modulus of the gradient |∇u|. Recall that this iteration method can be used in high gen
erality to obtain L∞-bounds for subsolutions to elliptic partial differential equations and that 
ultimately relies on the Sobolev inequality. Consider as an example a harmonic function in a 
Riemannian manifold with non-negative Ricci curvature. In this framework, we know the va
lidity of a (local) Sobolev inequality while the Bochner identity says precisely that |∇u|2 is 
subharmonic.

In the setting of RCD(K,N) spaces with N < ∞, both a Sobolev inequality (see §2.4) and 
the following weak Bochner inequality

1

2
Δ|∇u|2 ≥ (Δu)2

N
+ 〈∇u,∇Δu〉 + K|∇u|2, (1.9)

for u sufficiently regular (see e.g. [56]), are available. On Alexandrov spaces the local Lip
schitzianity of harmonic functions was established in [78,91], while in the larger class of 
RCD(K,N) spaces, with N < ∞, this follows from [58] and building upon [62]. In the recent 
[40,73] Lipschitz regularity was established for harmonic maps from RCD spaces to CAT(0)

spaces, generalizing the previous results in Alexandrov spaces [92] in turn extending the ones in 
Riemannian manifolds [32] (see the introduction of [73] for more references on this topic). The 
local Lipschitzianity result for the Poisson equation Δu = f ∈ Lq in RCD setting was instead 
established in [58] for q = ∞ and in [59] for q > N .
3 
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A key ingredient in the De Giorgi-Nash-Moser method is that the target function, the modulus 
of the gradient in our case, is of class W 1,2

loc . Hence, thanks to our second-order Sobolev regularity 
result, we can apply this scheme for p ∈ RIX.

Theorem 1.3 (Regularity of p-Laplacian, N < ∞). Let (X,d,m) be an RCD(K,N) with N ∈
[2,∞), diam(X) < ∞ and fix p ∈ RIX where RIX ⊂ (1,∞) is given by (1.7). Let u ∈ D(Δp)

(with Δpu ∈ L1(m)) and fix Ω ⊂ X open. All the following hold.

i) If Δpu ∈ L2(Ω;m) then |∇u|p−2∇u ∈ H
1,2
C,loc(T X;Ω) and in particular |∇u|p−1 ∈

W
1,2
loc (Ω).

ii) If Δpu ∈ Lq(Ω;m) for some q > N , then u ∈ LIPloc(Ω).

Both the regularity results in i) and ii) come with quantitative estimates (see Theorem 6.1). 
Notice that in Theorem 1.3, even if the conclusions are local, we had to assume that u has a 
p-Laplacian in the whole space X. At the moment, excluding the case p = 2, we are not able to 
achieve a purely local regularity result as stated in (1.6) in the flat Euclidean setting. In the case 
p = 2, one can multiply u by a suitable cut-off supported in Ω and extend it to be 0 outside Ω. 
The new function coincides with u on a given compact subset of Ω and its Laplacian belongs 
to L1(m) (see e.g. [6]). Differently from the Poisson equation, this argument collides with the 
nonlinearity of the operator when p �= 2.

As a consequence of Theorem 1.3 we can obtain the following regularity result for eigenfunc
tions of the p-Laplacian.

Corollary 1.4 (Regularity of p-eigenfunctions). Let (X,d,m) be a bounded RCD(K,N), with 
N ∈ [2,∞) and fix p ∈ RIX. Suppose u ∈ W 1,p(X) satisfies Δpu = −λu|u|p−2 for some λ ≥ 0. 
Then |∇u|p−2∇u ∈ H

1,2
C (X), |∇u|p−1 ∈ W 1,2(X) and u ∈ LIP(X).

For p = 2, the Lipschitzianity of eigenfunctions follows from [58] (see also [5, Proposition 
7.1] for a direct proof using heat kernel estimates). Gradient estimates for p-eigenfunctions in 
weighted Riemannian manifolds satisfying the RCD(K,N) condition were also obtained in [31].

Our last result concerns the Lipschitzianity and second-order regularity of a class of p
harmonic functions in RCD spaces.

Corollary 1.5 (Regularity of p-harmonic function with relatively compact level sets). Let 
(X,d,m) be a bounded RCD(K,N) space, with N ∈ [2,∞) and fix p ∈ RIX. Suppose u is 
p-harmonic in some open set Ω ⊂ X and that U := u−1(a, b) ⊂⊂ Ω for some a, b ∈ R. Then 
u ∈ H

2,2
loc (U), |∇u|p−1 ∈ W

1,2
loc (U) and u ∈ LIPloc(U).

As explained earlier, it is unclear how to obtain from Theorem 1.3 regularity estimates for 
functions u defined only in some open subset of the space due to the non-linearity of the operator. 
Corollary 1.5 is obtained by exploiting the homogeneity of Δp. The key observation here is that 
a function u with relatively compact level sets can be extended to the whole space by post
composition with a cut-off function.

The (local) Hölder regularity of p-harmonic functions for p �= 2 is well known in the far more 
general setting of doubling spaces supporting a local Poincaré inequality (see [12, Chapter 8] or 
the Appendix at the end of this note), via standard iteration methods. Corollary 1.5 on the other 
4 
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hand shows local Lipschitzianity of some class p-harmonic functions for p �= 2 in a suitable 
range. This last result, the best of the authors’ knowledge, is new even for Alexandrov spaces.

Overview of the strategy. The usual method to obtain regularity results for the p-Laplacian is 
to consider a sequence of more regular approximating operators. To illustrate this, consider the 
case of p-harmonic functions with Dirichlet boundary conditions in an open set Ω ⊂ Rn

Δp(u) = 0, u ∈ W
1,p

0 (Ω).

If we consider the regularized problems

Δp,ε(uε) := div((|∇uε|2 + ε)
p−2

2 ∇uε) = 0, uε ∈ W
1,p

0 (Ω),

then it holds uε → u in W 1,p(Ω). Moreover, by classical elliptic regularity (see [64, Chapter 4]) 
we have uε ∈ C∞(Ω). Therefore, to obtain the regularity for u it is sufficient to derive appropriate 
estimates for uε independent of ε (see e.g. [22,33,66,68]). However, deriving uniform a priori 
estimates is not the main obstacle in our metric setting, rather, it is the regularity of the solutions 
uε .

The convergence of uε to u as ε → 0 can be proved also in this framework (see §3). On the 
other hand, in RCD spaces the elliptic regularity theory stops at Hölder estimates à la De Giorgi
Nash-Moser (see Appendix A), with the only exception of the Laplacian (recall (1.2)). The main 
obstacle is the lack of a difference quotients method. To overcome this issue we exploit the fact 
that for p close to 2 the operator Δp,ε is in a sense close to the Laplacian, indeed

(|∇u|2 + ε)
p−2

2 Δp,ε(u) = Δu + (p − 2)
Hess(u)(∇u,∇u)

|∇u|2 + ε 
.

This was observed in [69] where it was used to show W 2,2-regularity of harmonic functions for 
1 < p < 3 + 2 

n−2 , by exploiting the so called Cordes conditions for elliptic equations in non
divergence form (see [17,25,71,85]). In our case, we will use this idea to obtain the regularity 
of solutions to Δp,ε(u) = f (see §5), from the regularity property of the Laplacian. This will be 
done in two steps. First for any w ∈ W1,2(X) we obtain a solution Uw ∈ W1,2(X)

ΔUw + (p − 2)
Hess(w)(∇w,∇w)

|∇w|2 + ε 
= f

(|∇w|2 + ε)
p−2

2 
∈ L2(m), ΔUw ∈ L2(m),

by a fixed point method inspired by [71, § 1.2] and [85] (see §5.1). Then we show that there 
exists a further fixed point for the map w �→ Uw and thus obtain a function u ∈ W1,2(X) such 
that Δp,ε(u) = f and Δu ∈ L2(m) (see §5.2). From it, the regularity of solutions to Δp(u) = f

will be obtained via uniform estimates in ε. These estimates are derived by taking suitable test 
functions in the Bochner inequality (see §4 and §6).

2. Preliminaries

2.1. First order calculus on metric measure spaces

We will denote by the triple (X,d,m) a metric measure space, i.e. a complete and sepa
rable metric space (X,d) endowed with a boundedly finite Borel measure m ≥ 0 such that 
5 
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supp(m) = X. For any open set Ω ⊂ X we will denote by LIPloc(Ω) and by LIPbs(Ω) respectively 
the space of all locally Lipschitz functions in Ω and Lipschitz functions with support bounded 
and contained in Ω. By Lp

loc(Ω), p ∈ [1,∞), we denote the space of m-a.e. equivalence classes 
of Borel functions f : Ω → R such that f |B ∈ Lp(Ω;m) for every B ⊂ Ω closed and bounded. 
The slope lip(f ) : X → [0,+∞) of a function f ∈ LIPloc(X) is defined as lip(f )(x) := 0 if x ∈ X
is an isolated point and

lip(f )(x) := lim
y→x

|f (x) − f (y)|
d(x, y) 

if x ∈ X is an accumulation point.

We assume the reader to be familiar with the definition and properties of Sobolev spaces in 
metric measure spaces and normed modules, referring to [12] and [47] for detailed accounts 
on these topics. We will denote by W 1,p(X), with p ∈ (1,∞), the p-Sobolev space on a met
ric measure space (X,d,m) and by |Df |p,w ∈ Lp(m) the minimal p-weak upper gradient of a 
function f ∈ W 1,p(X). In this note we will always work on a metric measure space (X,d,m)

satisfying:

• independent weak upper gradient,
• W1,2(X) is a Hilbert space, i.e. (X,d,m) is infinitesimally Hilbertian (see [36]).

Examples of spaces satisfying the above are RCD(K,∞) spaces and infinitesimally Hilbertian 
PI-spaces, which we will introduce in the sequel (see also [21,41,45]). By independent weak 
upper gradient, we mean that

a) W 1,p ∩ W 1,q(X) is dense in W 1,p(X) for all p,q ∈ (1,∞),
b) if f ∈ W 1,p ∩ W 1,q(X), then |Df |p,w = |Df |q,w m-a.e.,

we refer to [45] for further details. In particular condition b) allows us to drop the sub
script for the minimal w.u.g. and simply write |Df |w . As observed e.g. in [45], it is pos
sible to give a universal notion of gradient operator for functions in W 1,p(X) for arbitrary 
p, whenever X is infinitesimally Hilbertian and the p-independence weak upper gradient as
sumptions are fulfilled. We recall here a simplified construction which is enough for our pur
poses.

Since for every p ∈ (1,∞) the restriction

∇ : W 1,p ∩ W 1,2(X) → Lp(T X) ⊂ L0(T X)

is bounded in Lp(T X) and since W 1,p ∩ W 1,2(X) is dense in W 1,p(X) (see a) above) we can 
uniquely extended ∇ to a linear operator on the whole W 1,p(X), denoted with the same symbol. 
It is also easy to check that ∇ retains the usual calculus rules and satisfies

|∇f | = |Df |w, ∀f ∈ W 1,p(X).

Thanks to the above we will always write |∇f | and actually drop the notion |Df |w . For any 
Ω ⊂ X open we denote by W 1,p

loc (Ω) the space of functions f ∈ L
p
loc(Ω) such that f η ∈ W 1,p(X)

for every η ∈ LIPbs(Ω). Thanks to the locality property, we can define a notion of gradient also 
for functions in W 1,p

(Ω),
loc

6 
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∇ : W 1,p
loc (Ω) → L0(T X)|Ω

(L0(T X)|Ω denotes the module-localization, see e.g. [47, Definition 3.1.11]) satisfying |∇f | ∈
L

p
loc(Ω) and the usual calculus rules.

Remark 2.1. By the density in energy of Lipschitz functions (see [3]), if X is infinitesimally 
Hilbertian and has independent weak upper gradient, then LIPbs(X) is dense in W 1,p(X) for every 
p ∈ (1,∞) (see e.g. the argument in [45, Proposition 5.9]). In particular, by cut-off, given any 
open set Ω ⊂ X, we have also that LIPbs(Ω) is dense in the subset of functions of W 1,p ∩L∞(X)

having support bounded and contained in Ω. ■

To conclude, we recall the Sobolev and Poincaré inequalities on PI spaces, whose definition 
is given in the following.

Definition 2.2 (PI space). A m.m.s. (X,d,m) is said to be a PI space if:

• it is uniformly locally doubling, i.e. there exists a function CD : (0,∞) → (0,∞) such that

m
(
B2r (x)

) ≤ CD(R) m
(
Br(x)

)
for every 0 < r < R and x ∈ X,

• it supports a weak local (1,1)-Poincaré inequality, i.e. there exist a constant λ ≥ 1 and a 
function CP : (0,∞) → (0,∞) such that for every f ∈ LIPloc(X) it holds

 

Br (x)

∣∣∣∣f −
 

Br(x)

f dm

∣∣∣∣dm≤ CP (R) r
 

Bλr (x)

lip(f ) dm for every 0 < r < R and x ∈ X.

It is well known that PI spaces support Sobolev-type inequalities reported below (see [50, 
Theorem 5.1], [12, Theorem 4.21] and also [13, Theorem 5.1]. For the statement, we recall that 
(X,d) is said to be L-quasiconvex for some constant L > 0 if for every x, y ∈ X there exists 
a curve from x to y of length less than or equal to Ld(x, y). Recall also that in any PI-space 
inequality (2.1) always holds for some s > 1 (see Remark A.1).

Theorem 2.3 (Sobolev and Poincaré inequalities). Let (X,d,m) be a PI-space satisfying

m(Br(y)) 
m(BR(y))

≥ c(R0)
( r

R

)s

, ∀ 0 < r < R ≤ R0, ∀y ∈ X, (2.1)

for some constant s > 1 and some function c : (0,∞) → (0,∞). Then for every p ∈ (1, s] and 
every R0 > 0 there exists a constant C depending only on p, λ, R0 and on the functions c, CD , 

CP such that for every BR(x) ⊂ X with R ≤ R0 the following hold.

i)

⎛
⎜⎝  

BR(x)

|f − fBR(x)|p∗
dm

⎞
⎟⎠

1 
p∗

≤ CR

⎛
⎜⎝  

B2λR(x)

|∇f |p dm

⎞
⎟⎠

1 
p

, ∀ f ∈ W 1,p(X),

(2.2)
7 
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with fBR(x) := ffl
BR(x)

f dm and where p∗ := ps 
s−p

(if p < s) and p∗ < ∞ is arbitrary for 
p = s (in which case C depends also on the choice of p∗).

ii)

⎛
⎜⎝  

BR(x)

|f |p∗
dm

⎞
⎟⎠

p

p∗

≤ C

⎛
⎜⎝  

B2λR(x)

Rp|∇f |p + |f |p dm

⎞
⎟⎠ , ∀f ∈ W 1,p(X). (2.3)

Moreover if (X,d) is L-quasiconvex then the constant 2λ in both (2.2) and (2.3) can be replaced 
by L.

If (X,d,m) satisfies only a Poincaré inequality, but it is not locally doubling, Theorem 2.3
does not apply. Nevertheless, a (p,p)-type Poincaré inequality is available as shown in the next 
result, which we could not find explicitly stated in the literature. For the statement, it will be 
relevant to recall the notion of spectral gap for an arbitrary metric measure space (X,d,m) with 
m(X) < +∞, that is

λ1(X) := inf

{ˆ
|Du|22,wdm : u ∈ W1,2(X), 

ˆ
u dm= 0, 

ˆ
u2dm = 1

}
. (2.4)

We also recall that for every A ⊂ X with m(A) < ∞ and every function f ∈ L1(m;A), there 
exists a median for f in A, i.e. a number m ∈ R satisfying m({f < m} ∩ A) ≤ m(A)

2 and m({f >

m} ∩ A) ≤ m(A)
2 . It is well known that m realizes the minimum in infc∈R

´
A

|f − c|dm.

Theorem 2.4 ((p,p)-Poincaré inequality). Let (X,d,m) be a m.m.s. supporting a weak local 
(1,1)-Poincaré inequality and with diam(X) ≤ D < +∞. Then for every p ∈ (1,∞) there exists 
a constant C > 0 such that

ˆ
|f − fX|pdm≤ C

ˆ
|Df |pp,wdm, ∀f ∈ W 1,p(X), (2.5)

where fX := ffl
X f dm. In particular, it holds λ1(X) > 0.

Proof. It is enough to prove (2.5) for f ∈ LIP(X) and with lip(f ) in place of |∇f | and then 
argue by relaxation. Moreover, since 

´ |f − fX|pdm ≤ 2p
´ |f − c|pdm for every c ∈ R and 

f ∈ L1(m) (see e.g. [12, Lemma 4.17]), it is enough to show

ˆ
|f |pdm ≤ C̃

ˆ
lip(f )pdm (2.6)

for some constant C̃ > 0 depending only on R0, K and p and every f ∈ LIP(X) for which zero 
is a median for f in X. Fix one of such f ∈ LIP(X) and define f + := f ∧0 and f − := −(f ∨0). 
Note that zero is a median in X also for (f +)p and (f −)p . By the (1,1)-Poincaré inequality we 
have that

ˆ
|g − m|dm ≤

ˆ
|g − gX|dm ≤ C1

ˆ
lip(g)dm, ∀g ∈ LIP(X), (2.7)
X X X 

8 
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where C1 is a constant depending only on K , D and m is any median of g, having used that ´
X |g −m|dm≤ infc∈R

´
X |g − c|dm. Therefore by (2.7) and since lip((f +)p) ≤ p|f |p−1lip(f ), 

lip((f −)p) ≤ p|f |p−1lip(f ) we have

ˆ

X 

|f |pdm=
ˆ

X 

|f +|p + |f −|pdm≤ 2pC1

ˆ

X 

lip(f )|f |p−1dm

≤ 2pC1

⎛
⎝ˆ

X 

lip(f )p

⎞
⎠

1 
p
⎛
⎝ˆ

X 

|f |p
⎞
⎠1− 1 

p

,

which proves (2.6) and finishes the proof. �
2.2. p-Poisson equation in metric measure spaces

We can now introduce the main subject of this paper, expanding on what we have already 
mentioned in the introduction.

Definition 2.5 (p-Laplacian). Fix p ∈ (1,∞). Let (X,d,m) be inf. Hilbertian with independent 
weak upper-gradient and Ω ⊂ X be open. A function u ∈ W

1,p
loc (Ω) belongs to D(Δp,Ω) if and 

only if there exists (unique) Δpu ∈ L1
loc(Ω) such that

ˆ

Ω 

〈|∇u|p−2∇u,∇ϕ〉dm= −
ˆ

Ω 

ϕΔpudm, ∀ϕ ∈ LIPbs(Ω). (2.8)

For simplicity when Ω = X we will simply write D(Δp).

The assumption of independent weak upper-gradient in the previous definition is needed to 
consider the gradient of functions in W 1,p (see §2.1). In particular, for p = 2 this assumption is 
not needed. Recall also that in our convention ∇ takes value in L0(T X), hence the scalar product 
in (2.8) is well defined as the scalar product in L0(T X). The above definition makes sense since 
|〈|∇u|p−2∇u,∇ϕ〉| ≤ |∇u|p−1|∇ϕ| ∈ L1(m).

Remark 2.6. By the density of Lipschitz functions in W 1,p (recall Remark 2.1), we have that 
(2.8) also holds for every ϕ ∈ W 1,p ∩L∞(X) having support bounded and contained in Ω. More
over, in the case Ω = X and Δpu ∈ Lp′

(m), p′ := p
p−1 , the validity of (2.8) extends also in duality 

with all ϕ ∈ W 1,p(X). ■

We also introduce the set of functions with L2-Laplacian in Ω as:

D(Δ,Ω) := {u ∈ D(Δ2,Ω) : Δ2u ∈ L2
loc(Ω)}

and we will write Δu in place of Δ2u wherever u ∈ D(Δ,Ω). Finally, we set D(Δ) := D(Δ,X)∩
W1,2(X) (note that by definition we have only D(Δ,X) ⊂ W1,2

loc (X)). In particular, the notation 
D(Δ) is consistent with the usual one used in literature (see e.g. [47, Section 5.2.1]). If diam(X) <

+∞ it follows immediately from (2.8) that
9 
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ˆ
Δudm = 0, ∀u ∈ D(Δ). (2.9)

Whenever m(X) < ∞, the Laplacian can also be used to characterize the spectral gap λ1(X)

(defined in (2.4)) as follows (see e.g. [8, Proposition 4.8.3]) as the maximimal constant such that

λ1(X)

ˆ
|Du|22,wdm ≤

ˆ
(Δu)2dm, ∀u ∈ D(Δ). (2.10)

The Laplacian Δ is a closed operator in the following sense:

given un ∈ D(Δ,Ω) and u ∈ W
1,2
loc (Ω), if |∇u−∇un| → 0 in L2(Ω) and Δun ⇀ G in L2(Ω), 

then u ∈ D(Δ,Ω) with Δu = G.
(2.11)

The following existence result is a standard consequence of the direct method of the calculus of 
variations and the Poincaré inequality (2.5).

Proposition 2.7. Fix p ∈ (1,∞) and set p′ := p
p−1 . Let (X,d,m) be a bounded m.m.s. with 

independent weak upper gradient and satisfying a weak local (1,1)-Poincaré inequality. Then, 
for every f ∈ Lp′

(m) such that ́ f dm = 0 there exists a unique u ∈ D(Δp) satisfying ́ udm= 0
and Δpu = f .

For future reference, we report the following classical monotonicity inequalities for the p
Laplacian, which proof is the same as in the Euclidean setting (see e.g. [77, Lemma A.0.5]).

Lemma 2.8 (Monotonicity inequalities). For every p ∈ (1,∞) there exists a constant cp > 0
such that the following is true. Let (X,d,m) be an inf. Hilbertian metric measure space and 
v,w ∈ L0(T X). Then

〈|v|p−2v − |w|p−2w,v − w〉 ≥
{

cp|v − w|p if p ≥ 2,

cp
|v−w|2

(|v|+|w|)2−p if 1 < p < 2,
m-a.e., (2.12)

with the convention that, if p < 2, |v|p−2v = 0 (resp. |w|p−2w = 0) whenever |v| = 0 (resp. 
|w| = 0) and that right-hand side is zero when |w| = |v| = 0.

Remark 2.9. In our definition of Δpu we assume that u ∈ W 1,p(X). In Proposition 2.7, we 
showed existence and uniqueness in this space of solutions to Δp(u) = f when f ∈ Lp′

, p′ :=
p

p−1 . However, when f is in merely in L2(m) (or even L1(m)), as in our main results, if p
is not large enough solutions might not exist. This is a well-known issue for p-Laplacian type 
operators that already occurs in the Euclidean framework. As a matter of fact, in [22] the authors 
prove that second-order Sobolev regularity estimates for the p-Laplacian in Rn hold for suitable 
generalized solutions defined via approximation and not necessarily in W 1,p

loc (see [22, Remark 
2.8]). In fact, also our main result could be extended to more general notions of solutions to (1.4), 
see Remark 6.3 for a further discussion. ■
10 
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2.3. Second-order calculus on RCD spaces

In this note, we will mainly work on RCD(K,N) spaces for N ∈ [1,∞], which is a well
known subclass of metric measure spaces. We will not recall their definition and main properties 
and refer to [2,39] for surveys on this topic and further references.

We will assume the reader to be familiar with the theory of second-order calculus on RCD
spaces developed in [37] (see also [47]).

We will denote by dim(X) the essential-dimension of an RCD(K,N) space with N < ∞ (see 
[16,37,46]), which is an integer not greater than N . In the case dim(X) = N by [51, Prop. 4.1] it 
holds

trHess(f ) = Δf, ∀f ∈ D(Δ). (2.13)

We recall the space of test functions introduced in [83]

Test(X) := {f ∈ D(Δ) ∩ L∞(m) ∩ LIP(X) | Δf ∈ W1,2(X)}.

By [37, Theorem 3.3.8] we have Test(X) ⊂ W 2,2(X) and we can define the space H 2,2(X) as the 
closure of Test(X) in W 2,2(X).

Proposition 2.10. Let (X,d,m) be an RCD(K,∞) space. For every v ∈ H
1,2
C (T X) it holds that 

|v| ∈ W1,2(X) and

|∇|v|| ≤ |∇v|, m-a.e.. (2.14)

It holds that D(Δ) ⊂ H 2,2(X). In particular for every u ∈ D(Δ) it holds that ∇u ∈ H
1,2
C (X), 

|∇u| ∈ W1,2(X) and

∇∇u = Hess(u),

|∇u|∇|∇u| = Hess(u) (∇u) ,
(2.15)

Proof. The first part of the statement together with (2.14) is proved in [26, Lemma 3.5]. The fact 
that D(Δ) ⊂ H 2,2(X) together with first in (2.15) is instead a consequence of Theorem 3.4.2-(iv) 
and Proposition 3.3.18 in [37]. From this by definition of H 1,2

C (T X) follows that ∇u ∈ H
1,2
C (X)

and the fact that |∇u| ∈ W1,2(X) follows then from the first part. Finally, the second in (2.15) is 
contained in [37, Proposition 3.3.22]. �

In the sequel, we will need the following approximation result which, to the best of our knowl
edge, is not present in the literature.

Lemma 2.11. Let (X,d,m) be an RCD(K,∞) space. Then for all u ∈ D(Δ) there exists a se
quence (un) ⊂ Test(X) such that Δun → Δu in L2(m), un → u in H 2,2(X) and |∇un| → |∇u|
in W1,2(X).

For the proof, we need the following technical convergence result.
11 
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Lemma 2.12. Let (X,d,m) be an RCD(K,∞) space and suppose that un → u in H 2,2(X). Then 
|∇un| → |∇u| in W1,2(X).

Proof. Fix an arbitrary subsequence, still denoted by un. To conclude it is enough to show that 
there exists a further subsequence such that |∇un| → |∇u| in W1,2(X). Up to passing to a (non
relabelled) subsequence we can assume that |∇un − ∇u| → 0 m-a.e. and |Hess(u − un)| → 0
m-a.e.. We need to prove that

ˆ
|∇(|∇un| − |∇u|)|2dm→ 0, as n → +∞.

The goal is to apply the dominated convergence theorem. First observe that |∇(|∇un|−|∇u|)|2 ≤
2|Hess(u)|2 + 2|Hess(un)|2 and that since |Hess(u)n| are convergent in L2(m), up to a subse
quence, it holds that |Hess(un)| ≤ g for some g ∈ L2(m). Hence to conclude it suffices to show

|∇(|∇un| − |∇u|)| → 0 m-a.e.. (2.16)

To see this we recall that by the second in (2.15) we have

|∇(|∇un| − |∇u|)| =
∣∣∣∣Hess(un)

(
χAn∇un

|∇un| 
)

− Hess(u)

(
χA0∇u

|∇u| 
)∣∣∣∣ , m-a.e.,

where An := {|∇un| > 0} and A0 = {|∇u| > 0}. We then proceed to estimate the above expres
sion as follows∣∣∣∣Hess(un)

(
χAn∇un

|∇un| 
)

− Hess(u)

(
χA0∇u

|∇u| 
)∣∣∣∣

=
∣∣∣∣Hess(un)

(
χAn∇un

|∇un| ± χA0∇u

|∇u| 
)

− Hess(u)

(
χA0∇u

|∇u| 
)∣∣∣∣

≤ ∣∣Hess(un)|
( |∇u − ∇un|

|∇u| χAn∩A0 + χX\A0

)
+ |Hess(u − un)|, m-a.e.,

(2.17)

where in the last step we used that |Hess(un)| = 0 m-a.e. in X\An by the locality of the Hessian. 
Moreover, again by the locality of the Hessian (see [37, Proposition 3.4.9]) we have

|Hess(un)| = |Hess(un) − Hess(u)| → 0, m-a.e. in X \ A0. (2.18)

From this and recalling that |∇un −∇u| → 0 m-a.e. we obtain (2.16), which concludes the proof 
of the lemma. �
Proof of Lemma 2.11. The existence of a sequence (un) ⊂ Test(X) such that Δun → Δu and 
un → u in W1,2(X) is proved in [53, Lemma 2.2]. This implies that un → u in H 2,2(X) by [37, 
Proposition 3.3.9]. The fact that |∇un| → |∇u| in W1,2(X) then follows from Lemma 2.12. �

We introduce the improved Bochner inequality proved in [51] (see [37] for the case N = ∞).
12 
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Theorem 2.13 (Improved Bochner-inequality). Let (X,d,m) be any RCD(K,N) space with K ∈
R and N ∈ [1,∞]. Then for any f ∈ Test(X) it holds that |∇f |2 ∈ W1,2(X) and

−
ˆ 〈

∇ϕ,
∇|∇f |2

2 

〉
dm ≥

ˆ (
|Hess(f )|2 + (Δf − trHess(f ))2

N − dim(X) 

+ 〈∇f,∇Δf 〉 + K|∇f |2
)

ϕdm, 

(2.19)

for any ϕ ∈ W1,2 ∩ L∞+ (X) with bounded support, where the term containing dim(X) is taken to 
be 0 if dim(X) = N or N = ∞.

From the previous result, we immediately obtain the following inequality, which will play a 
key role in the note (see also [37, Corollary 3.3.9] for the case N = ∞).

Corollary 2.14. Let (X,d,m) be a bounded RCD(K,N) space with K ∈ R and N ∈ [1,∞]. 
Then

ˆ (
|Hess(f )|2 + (Δf − trHess(f ))2

N − dim(X) 

)
dm≤ (1 + K−λ1(X))

ˆ
(Δu)2dm, ∀u ∈ D(Δ),

(2.20)
where the term containing dim(X) is taken to be 0 if dim(X) = N or N = ∞.

Proof. Combining (2.19) with ϕ = 1 and (2.10), we obtain that (2.20) holds for all f ∈ Test(X). 
The validity for a general f ∈ D(Δ) then follows by the approximation using Lemma 2.11 and 
in the case N < ∞ observing that by definition |trHess(g)|2 ≤ dim(X)|Hess(g)|2 for every g ∈
W 2,2(X). �

We now report a version of the Leibniz rule for the covariant derivative.

Lemma 2.15. Let (X,d,m) be an RCD(K,∞) space. Then for every v ∈ H
1,2
C (T X) and f ∈

L∞ ∩ W 1,2(X) it holds that f v ∈ H
1,2
C (T X) and

∇(f v) = f ∇v + ∇f ⊗ v. (2.21)

Proof. The case f ∈ LIPbs(X) is proved in [7, Lemma 2.17]. The general case follows by 
approximation in W 1,2(X) by a sequence of functions in LIPbs(X) and uniformly bounded in 
L∞(m). �

We conclude by introducing the space of vector fields with local covariant derivative in L2.

Definition 2.16 (Local covariant derivative). Let (X,d,m) be an RCD(K,∞) space and Ω ⊂ X
be open. We define the space

H
1,2

(T X;Ω) := {v ∈ L0(T X) : ηv ∈ H
1,2

(T X), ∀ η ∈ LIPbs(Ω)}. (2.22)
C,loc |Ω C

13 
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Moreover, for every v ∈ H
1,2
C,loc(T X;Ω) we can define |∇v| ∈ L2

loc(Ω) as follows: for every open 

set Ω′ ⊂ Ω such that Ω
′ ⊂ Ω we define

χΩ′ |∇v| := χΩ′ |η∇v|, m-a.e.,

where η ∈ LIPbs(Ω) and η = 1 in Ω′. This definition is well-posed thanks to the locality property 
of the covariant derivative (see [37, Proposition 3.4.9]).

It also holds that

v ∈ H
1,2
C,loc(T X;Ω) =⇒ |v| ∈ W

1,2
loc (Ω). (2.23)

Indeed for every η ∈ LIPbs(Ω) we have η|v| = |η+v| − |η−v| ∈ W 1,2(X), since η+, η− ∈
LIPbs(X) and by the first part of Proposition 2.10.

The above definition is motivated by the following result.

Lemma 2.17. Let (X,d,m) be an RCD(K,∞) space and Ω ⊂ X be open. Suppose that the 
sequence vn ∈ H

1,2
C (T X) satisfies

sup
n 

ˆ

Ω 

|vn|2 + |∇vn|2dm< +∞, |vn − v| → 0 m-a.e., (2.24)

for some v ∈ L0(T X)|Ω. Then v ∈ H
1,2
C,loc(T X;Ω) and for every B2R(x) ⊂ Ω it holds

ˆ

BR(x)

|v|2 + |∇v|2dm≤ 4 lim
n 

ˆ

B2R(x)

(1 + R−1)2|vn|2 + |∇vn|2dm, ∀B2R(x) ⊂ Ω. (2.25)

Proof. Fix η ∈ LIPbs(Ω). Set wn := ηvn ∈ L2(T X). By (2.24) we have that the sequence (wn)

is bounded in L2(T X). Hence, up to a subsequence, it converges weakly in L2(T X) to some 
w ∈ L2(T X). Applying Mazur’s lemma, for every n ∈ N we can find Nn ∈ N , Nn ≥ n and 
numbers {ak,n}Nn

k=n ⊂ [0,1] satisfying 
∑Nn

k=1 ak,n = 1 and such that Wn := ∑Nn

k=n ak,nwn → w in 
L2(T X). In particular |Wn − w| → 0 m-a.e.. However, by the second in (2.24) it also holds that 
|Wn − ηv| → 0 m-a.e., which shows that w = ηv. Next, by Lemma 2.15 we have wn = ηvn ∈
H

1,2
C (T X) for every n ∈ N with ∇wn = ∇η ⊗ vn + η∇vn. Therefore also Wn ∈ H

1,2
C (T X) for 

every n ∈N and

√
‖|Wn|‖2

L2(m)
+ ‖|∇Wn|‖2

L2(m)
≤

Nn∑
k=n 

ak,n‖|wn|‖L2(T X) +
Nn∑
k=n 

ak,n‖|∇wn|‖L2(m)

≤ (‖η‖∞ + Lip(η))‖|vn|‖L2(supp(η)) + ‖η‖∞‖|∇vn|‖L2(supp(η)).

This and the lower semicontinuity of ‖|∇Wn|‖L2(m) under convergence in L2(T X) (see [37, The

orem 3.4.2]) prove that ηv ∈ H
1,2
C (T X) and by the arbitrariness of η also that v ∈ H

1,2
C,loc(T X;Ω). 

Finally (2.25) follows by taking η such that η = 1 in BR(x) with supp(η) ⊂ B2R(x) and 
Lip(η) ≤ 2R−1. �
14 
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Remark 2.18. If (X,d) is also proper and v ∈ L0(T X)|Ω, for some Ω ⊂ X open, satisfies 

v ∈ H
1,2
C,loc(T X;Br(x)) for every B2r (x) ⊂ Ω, then v ∈ H

1,2
C,loc(T X;Ω). The proof is a standard 

argument using partitions of unity (see e.g. the proof of [43, Proposition 3.17]). ■

2.4. Sobolev-Poincaré inequalities in RCD spaces

Recall that any RCD(K,N) spaces satisfy a weak local (1,1)-Poincaré inequality with CP

depending only on N and K [79,80]. Moreover, by the Bishop-Gromov inequality [84], any 
RCD(K,N) space (X,d,m), with N < ∞, satisfies

m(Br(x)) 
m(BR(x))

≥ CR0,K,N

( r

R

)N

, ∀x ∈ X, ∀0 < r < R ≤ R0, (2.26)

where CR0,K,N is a constant depending only on R0,K,N . In particular, (X,d,m) is PI space and 
by Theorem 2.3 it supports a Sobolev inequality, which we report in the following statement.

Proposition 2.19. Let (X,d,m) be an RCD(K,N) space with N < ∞. Then for every BR(x) ⊂
X with R ≤ R0 inequalities (2.2) and (2.3) hold with s = N , with the constant C depending only 
on K, N, p and R0 and with 2λ replaced by one.

Moreover for every δ > 0 it holds

ˆ

BR(x)

f 2dm≤ δ

ˆ

BR(x)

R2|∇f |2dm+ C̃δ− N
2 

m(BR(x))

⎛
⎜⎝ ˆ

BR(x)

|f |dm
⎞
⎟⎠

2

, ∀f ∈ W 1,2(X), (2.27)

where C̃ is a constant depending only on K, N, p and R0.

Proof. From (2.26) we have that (2.1) holds with s = N and with a constant c again depending 
only on N and K . In particular, (X,d,m) is uniformly locally doubling with doubling con
stant CD depending only on N and K . Moreover (X,d,m) supports a weal local (1,1)-Poincaré 
inequality as mentioned above. Hence the first part of the statement follows directly from The
orem 2.3. The fact that 2λ can be taken replaced by the constant one follows by the last part of 
Theorem 2.3 and the fact that (X,d) is geodesic (see [84]).

Finally inequality (2.27) follows from (2.3) with p = 2 by using that

⎛
⎜⎝  

BR(x)

f 2dm

⎞
⎟⎠

1
2

≤ δ

⎛
⎜⎝  

BR(x)

f 2∗
dm

⎞
⎟⎠

1 
2∗

+ δ−N/2
 

BR(x)

|f |dm

for every δ > 0. �
Inequality (2.27), contained in the previous statement, was inspired by [22, (5.4)].
The next result is a slight variation of inequality (2.2).
15 
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Lemma 2.20. Let (X,d,m) be a bounded RCD(K,N) space, N < ∞, and fix p ∈ (1,N). Then 
for every BR(x) ⊂ X with R ≤ R0 there exists a constant C > 0 depending only on R0, K, N
and p such that

⎛
⎜⎝  

BR(x)

|f − mf |p∗
dm

⎞
⎟⎠

1 
p∗

≤ C

⎛
⎜⎝  

BR(x)

|∇f |pdm

⎞
⎟⎠

1 
p

, ∀ f ∈ W 1,p(X), (2.28)

where p∗ := Np 
N−p

and mf is any median for f in BR(x).

Proof. Set B := BR(x). Without loss of generality, we can assume that m(B) = 1. It is sufficient 
to show that

⎛
⎝ˆ

B

|g|p∗
dm

⎞
⎠

1 
p∗

≤ C̃

⎛
⎝ˆ

B

|∇g|pdm

⎞
⎠

1 
p

, ∀ g ∈ W 1,p(X) such that m({|g| > 0} ∩ B) ≤ 1/2,

(2.29)
where C̃ > 0 is a constant depending only on R0, K, N and p. Indeed to conclude it would be 
enough to apply (2.29) to g := (f − mf )+ and g := (f − mf )−. To show (2.29) we use the 
Sobolev-Poincaré inequality (2.2) in combination with the Hölder inequality

‖g‖Lp∗
(B) ≤ C̃‖∇g‖Lp(B) +

∣∣∣∣
ˆ

g dm

∣∣∣∣ ≤ C̃‖∇g‖Lp(m) +m({|g| > 0} ∩ B)
1− 1 

p∗ ‖g‖Lp∗
(B)

≤ C̃‖∇g‖Lp(B) +
(

1

2

)1− 1 
p∗

‖g‖Lp∗
(B),

which proves (2.29). �
We conclude with a version of (2.27) for RCD(K,∞) spaces.

Proposition 2.21. Let (X,d,m) be a bounded RCD(K,∞) space with diam(X) ≤ D < +∞. 
Then for every δ < min(1, (K−D2)−1) it holds

ˆ
f 2dm≤ 32δ2D2

ˆ
|∇f |2dm+ 8e

2
δ

m(X)

(ˆ
|f |dm

)2

, ∀f ∈ W 1,2(X). (2.30)

Proof. We can assume that m(X) = 1 and ‖f ‖L2(m) = 1. From the HWI inequality (see e.g. [44, 
eq. (5.7), (5.9)] or [88, Corollary 30.22]) we have

ˆ
f 2 log(f 2)dm ≤ 2W2(f

2m,m)

(ˆ
|∇f |2dm

) 1
2 + K−

2 
W2(f

2m,m)2

≤ 2D

(ˆ
|∇f |2dm

) 1
2 + K−

2 
D2,
16 
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where W2(·, ·) denotes the 2-Wasserstein distance in (X,d). Combining this with the elementary 
inequality

t2 ≤ δt2 log(t2) + e
1
δ t, for all t ≥ 0 and δ ∈ (0,1)

we reach

1 =
ˆ

f 2dm ≤ 2δD

(ˆ
|∇f |2dm

) 1
2 + δ

K−

2 
D2 + e

1
δ

ˆ
|f |dm.

Assuming δ < (K−D2)−1 and squaring on both sides gives (2.30). �
3. Approximation results for the p-Laplacian

The main goal of this section is to obtain some approximation results for the p-Laplacian. To 
do so we introduce the ε-regularized operator used, for instance, in [27] by DiBenedetto to prove 
C1,β -regularity of solutions to the p-Poisson equation in the flat Euclidean case.

Definition 3.1 ((p, ε)-Laplacian). Fix p ∈ (1,∞), ε > 0 and let (X,d,m) be an RCD(K,∞)

space. A function u ∈ W 1,p(X) belongs to D(Δp,ε) if and only if there exists (unique) Δp,εu ∈
L1

loc(X) such that

ˆ

X 

〈(|∇u|2 + ε)
p−2

2 ∇u,∇ϕ〉dm= −
ˆ

X 

ϕΔp,εudm, ∀ϕ ∈ LIPbs(X). (3.1)

As in the definition of p-Laplacian, the scalar product appearing in (3.1) is the one of L0(T X). 
The integral on the left-hand side of (3.1) is well defined, indeed if p ≥ 2 there exists a constant 
cp,ε > 0 such that

(|∇u|2 + ε)
p−2

2 |∇u| ≤ cp,ε(|∇u|p−1 + 1), (3.2)

while for p < 2

(|∇u|2 + ε)
p−2

2 |∇u| ≤ |∇u|p−1, (3.3)

and the right-hand sides of both (3.3) and (3.2) are in L1
loc(X), because |∇u| ∈ Lp(m). In fact, 

we are not yet claiming any extra regularity property of Δp,ε with respect to Δp . The existence 
of regular solutions to Δp,εu = f will be instead discussed in §4.

Remark 3.2. By the density of LIPbs(X) in W 1,p(X) and thanks to (3.3) and (3.2) we have 
that (3.1) holds also for every ϕ ∈ W 1,p ∩ L∞(X) having bounded support. Moreover if 
Δp,εu ∈ Lp′

(X), where p′ := p
p−1 , the validity of (3.1) extends also to all ϕ ∈ W 1,p(X) (cf. 

with Remark 2.6). ■

We will prove two approximation results: the first one (Proposition 3.3) says that solutions of 
Δp,εu = f converge to a solution of Δpu = f , as ε → 0+; the second (Proposition 3.4) says 
that if fn → f ∈ L1(m), then solutions of Δpu = fn converge to a solution of Δpu = f .
17 



L. Benatti and I.Y. Violo Journal of Differential Equations 439 (2025) 113398 
3.1. Approximation via regularized p-Laplacian operators

Here, we prove that solutions to Δp,εu = f converge to a solution of Δpu = f , as ε → 0+. 
This statement is made precise by the following proposition.

Proposition 3.3 (ε-approximation of the p-Laplacian). Fix p ∈ (1,∞) and let p′ := p
p−1 . Let 

(X,d,m) be a bounded RCD(K,∞) space and let f ∈ Lp′
(m). Suppose that the sequence 

un ∈ W 1,p(X), satisfies Δp,εn(un) = f with εn → 0+ and 
´

undm = 0. Suppose also that 
u ∈ W 1,p(X) satisfies Δp(u) = f and 

´
udm = 0. Then un → u in W 1,p(X).

Proof. Without loss of generality, we assume that m(X) = 1. Moreover, up to ignoring finitely 
many elements of the sequence un, we can assume that εn ≤ 1. We start by deriving uniform 
bounds on un. If p ≥ 2, by choosing un itself as test function in (3.1) (recall Remark 3.2) and by 
the Young’s inequality we get

ˆ

X 

|∇un|pdm≤ −
ˆ

X 

f undm ≤
ˆ

X 

cp,δ|f |p′
dm+ δ

ˆ

X 

|un|pdm,

for every δ > 0 and for some constant cp,δ > 0 depending only on p and δ. Similarly for p < 2

1

2

ˆ

X 

|∇un|pdm− cp ≤
ˆ

X 

f undm ≤
ˆ

X 

cp,δ|f |p′
dm+ δ

ˆ

X 

|un|pdm,

where in the first inequality we used that ε ≤ 1 and that μ(t) := t2

(t2+1)
2−p

2 
− 1

2 tp ≥ −cp for every 

t ≥ 0 and for some constant cp > 0 (indeed μ(t) → 0 as t → 0+ and μ(t) → +∞ as t → +∞). 
Therefore in both cases choosing δ > 0 small enough and by the (p,p)-Poincaré inequality of 
Theorem 2.4 and we obtain that un is bounded in W 1,p(X). Taking un − u as test function both 
in Δp,εn(un) = f and Δp(u) = f and subtracting the two identities gives

ˆ
〈|∇u|p−2∇u,∇(u − un)〉 − 〈(|∇un|2 + εn)

p−2
2 ∇un,∇(u − un)〉dm = 0

that we rewrite as
ˆ

〈|∇u|p−2∇u − |∇un|p−2∇un,∇(u − un)〉 

=
ˆ (

(|∇un|2 + εn)
p−2

2 − |∇un|p−2
)

〈∇un,∇(u − un)〉dm. 
(3.4)

The right-hand side is dominated by

ˆ ∣∣∣(|∇un|2 + εn)
p−2

2 − |∇un|p−2
∣∣∣ |∇un||∇(u − un)|dm 

≤ Cpε
αp
n

ˆ
(|∇un|p−1 + 1)|∇(u − un)|dm,
18 
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where αp := min( 1
2 ,

p−1
4 ) > 0 and where we used that for every p ∈ (1,∞) there exists a con

stant Cp > 0 depending only on p such that

|(t2 + εn)
p−2

2 − tp−2|t ≤ Cpε
αp
n (tp−1 + 1), ∀ t ≥ 0.

Indeed if t2 ≥ √
εn we have

|(t2 + εn)
p−2

2 − tp−2|t = tp−1

∣∣∣∣∣
(

1 + εn

t2

) p−2
2 − 1

∣∣∣∣∣ ≤ cptp−1 εn

t2 ≤ cp

√
εnt

p−1,

while if t2 ≤ √
εn

|(t2 + εn)
p−2

2 − tp−2|t ≤
⎧⎨
⎩2tp−1 ≤ 2ε

p−1
4 

n (tp−1 + 1), if p < 2,

2(t2 + εn)
p−2

2 t ≤ 2
p
2 ε

p−1
4 

n (tp−1 + 1), if p ≥ 2.

We proceed applying the Hölder inequality

ˆ ∣∣∣(|∇u|2 + εn)
p−2

2 − |∇u|p−2
∣∣∣ |∇un||∇(u − un)|dm 

≤ Cpε
αp
n (‖|∇un|‖Lp(m) + 1)p−1(‖∇un‖Lp(m) + ‖∇u‖Lp(m)), 

(3.5)

up to increasing the constant Cp. For p ≥ 2, combining (3.5) with (3.4) and Lemma 2.8 we get 
(up to further increasing the constant Cp)

lim
n 

ˆ
|∇u − ∇un|pdm ≤ lim

n 
Cpε

αp
n (‖|∇un|‖Lp(m) + 1)p−1(‖∇un‖Lp(m) + ‖∇u‖Lp(m)) = 0,

by the boundedness of |∇un| in Lp(m). Instead for p < 2 we first use the Hölder inequality to 
write,

ˆ
|∇u − ∇un|pdm ≤

(ˆ |∇u − ∇un|2
(|∇u| + |∇un|)2−p

dm

) p
2 (ˆ

(|∇u| + |∇un|)pdm

) 2−p
2 

that combined with (3.5), (3.4) and Lemma 2.8 yields

lim
n 

(ˆ
|∇u − ∇un|pdm

) 2 
p ≤ lim

n 
Cpε

αp
n (‖|∇un|‖Lp(m) + 1)p−1(‖∇un‖Lp(m)

+ ‖∇u‖Lp(m))
3−p = 0.

Summing up we obtained that |∇un − ∇u| → 0 in Lp(m). From this, the claimed convergence 
in W 1,p(X) follows using again the (p,p)-Poincaré inequality. �
19 



L. Benatti and I.Y. Violo Journal of Differential Equations 439 (2025) 113398 
3.2. Approximation via regularized source term

Here we prove the following convergence result.

Proposition 3.4. Let (X,d,m) be a bounded RCD(K,N) space, N < ∞, and let u ∈ W 1,p(X)

be such that Δpu = f ∈ L1(m). Suppose there exists a sequence (un) ⊂ W 1,p(X) such that 
Δp(un) = fn with fn → f in L1(m). Then there exists a subsequence unk

such that

|∇unk
− ∇u|p−1 → 0 in L1(m). (3.6)

Proof. The argument is inspired by the techniques from [10] in the Euclidean case, adapted to 
our setting. Since (X,d,m) is also an RCD(K,N ′) space for every N ′ ≥ N we can assume that 
p < N . Up to subtracting a constant from u and un, n ∈ N , by the locality of the gradient, we 
can assume that zero is a median for u and for all un, n ∈ N . Additionally, up to passing to a 
non-relabelled subsequence, we can assume that ‖fn‖L1(m) ≤ 2‖f ‖L1(m). To prove (3.6) it is 
sufficient to show that there exists q > 1 such that

|∇un − ∇u| → 0 in m-measure,

sup
n 

‖|∇u|p−1‖Lq(m) + ‖|∇un|p−1‖Lq(m) < +∞.
(3.7)

Indeed (3.6) can be deduced from (3.7) by standard arguments (see e.g. [50, Lemma 8.2]).
We start by deducing several uniform bounds. For every k > 0 define Fk(t) := (−k) ∨ t ∧ k, 

t ∈ R. Taking as test functions ϕ = Fk ◦ u ∈ W 1,p ∩ L∞(X) and ϕ = Fk ◦ un ∈ W 1,p ∩ L∞(X)

respectively in the weak formulation of Δpu = f and Δp(un) = fn we obtain that

ˆ

{|u|≤k}
|∇u|pdm ≤ k‖f ‖L1(m), 

ˆ

{|un|≤k}
|∇un|pdm≤ k‖fn‖L1(m), ∀ n ∈N. (3.8)

Moreover, zero is a median for both Fk ◦ u and Fk ◦ un, therefore applying (2.28) we get that for 
every k > 0

ˆ
|Fk ◦ u|p∗

dm ≤ Cp(k‖f ‖L1(m))
p∗/p, 

ˆ
|Fk ◦ un|p∗

dm≤ Cp(k‖fn‖L1(m))
p∗/p, ∀ n ∈ N

and by the Markov inequality

m({|u| > k}) = m({|F2k ◦ u|p∗
> kp∗}) ≤ 2Cpkp∗/p−p∗‖f ‖L1(m),

m({|un| > k}) = m({|F2k ◦ un|p∗
> kp∗}) ≤ 4Cpkp∗/p−p∗‖f ‖L1(m),

(3.9)

where Cp is a constant independent of n and k. Combining (3.9) and (3.8) we get for every k > 0
and t > 0

m({|∇u| > k}) ≤ m({|∇u| > k} ∩ {|u| ≤ t}) +m({|u| > t})
≤ t ‖f ‖L1(m) + 2Cptp

∗/p−p∗‖f ‖L1(m).

kp
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Taking t = k
N−p
N−1 and repeating the same argument for un gives

m({|∇u| > k}) ≤ k−h(2Cp + 1)‖f ‖L1(m),

m({|∇un| > k}) ≤ k−h(4Cp + 2)‖f ‖L1(m),
(3.10)

where h := N(p−1)
N−1 > p − 1. This already shows the second in (3.7).

It remains to prove the first in (3.7). Fix ε > 0 arbitrary. By (3.9) and (3.10) there exists a 
constant kε > 0 such that for every n ∈N

m({|u| > kε}) +m({|un| > kε}) +m({|∇u| > kε}) +m({|∇un| > kε}) < ε/2. (3.11)

Taking as test function ϕ = F2kε ◦ (un −u) ∈ W 1,p ∩L∞(X) in both Δpun = fn and Δp(u) = f

and subtracting the two resulting identities, we obtain

ˆ

{|un−u|<2kε}
〈|∇u|p−2∇u − |∇un|p−2∇un,∇u − ∇un〉dm ≤ 2kε‖f − fn‖L1(m).

Applying Lemma 2.8 and noting that {|un| < kε, |u| < kε} ⊂ {|un − u| < 2kε} we get that for 
some constant cp > 0 depending only on p

ˆ

{|un|<kε, |u|<kε}
cp|∇u − ∇un|p ≤ 2kε‖f − fn‖L1(m), if p ≥ 2,

ˆ

{|un|<kε, |u|<kε, |∇u|<kε, |∇un|<kε}
cp(2kε)

2−p|∇u − ∇un|2 ≤ 2kε‖f − fn‖L1(m), if p < 2.

(3.12)
Therefore in both cases, applying the Markov inequality, for every δ > 0 it holds

m
({|∇u − ∇un| > δ, |un| < kε, |u| < kε, |∇u| < kε, |∇un| < kε}

)
≤ 2c−1

p kεδ
−(p∨2) max((2kε)

2−p,1)‖f − fn‖L1(m). 

Combining this with (3.11) yields

m({|∇u − ∇un| > δ}) ≤ δ−p2kε‖f − fn‖L1(m) + ε/2.

Since by assumption ‖fn −f ‖L1(m) → 0 as n → +∞ and by the arbitrariness of ε > 0 we obtain 
the first in (3.7) and conclude the proof. �
4. Uniform a priori estimates for �p,ε

The goal of this section is to obtain second-order regularity and gradient estimates for solu
tions of

Δp,εu = f ∈ L2(m), (4.1)
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assuming a priori that u has second-order regularity, that is u ∈ D(Δ) ⊂ W 2,2(X). Technically 
speaking we will actually not consider exactly solution of (4.1), since we do not want to assume 
extra integrability of |∇u| other than L2. Instead we consider the operator Dε,p(u), defined 

below, given by formally expanding div((|∇u|2 + ε)
p−2

2 ∇u).

Definition 4.1 (Developed (p, ε)-Laplacian). Let ε > 0 and p ∈ (1,∞). We define the operator 
Dp,ε : D(Δ) → L2(m), that we call developed (p, ε)-Laplacian, as

Dp,ε(u) := Δu + (p − 2)
Hess(u)(∇u,∇u)

|∇u|2 + ε 
= Δu + (p − 2)

|∇u|〈∇|∇u|,∇u〉
|∇u|2 + ε 

. (4.2)

Note that Dp,ε is defined only for functions in D(Δ), while Δp,ε makes sense for all functions 

in W 1,p(X). Nevertheless, at least at a formal level, we have (|∇u|2 + ε)
p−2

2 Dp,εu = Δp,εu.
We will start in §4.1 below to deduce some initial properties and estimates concerning the 

developed (p,ε)-Laplacian. Then we will establish L2-uniform estimates on the Hessian (in 
§4.2) and L∞-uniform estimates on the gradient (in §4.3), both involving Dp,ε but independent 
of the parameter ε. These estimates will play a crucial role in the proof of our main results, in 
particular in obtaining regularity estimates for Δp by sending ε → 0+.

4.1. Preliminary properties and estimates for the developed (p,ε)-Laplacian

The following result gives a rigorous version of the fact that (|∇u|2 + ε)
p−2

2 Dp,εu = Δp,εu.

Lemma 4.2. Fix p ∈ (1,∞) and ε > 0. Let (X,d,m) be an RCD(K,∞) space and let u ∈ D(Δ). 
If p ≥ 2 suppose in addition that |∇u|p−1 ∈ L1(m), |∇u|2(p−2) ∈ L1(m). Then

ˆ

X 

〈(|∇u|2 + ε)
p−2

2 ∇u,∇ϕ〉dm= −
ˆ

X 

ϕ(|∇u|2 + ε)
p−2

2 Dp,ε(u)dm, ∀ϕ ∈ LIPbs(X). (4.3)

In particular if also u ∈ W 1,p(X) then u ∈ D(Δp,ε) and Δp,εu = (|∇u|2 + ε)
p−2

2 Dp,ε(u).

Proof. CASE p ≥ 2. Fix k ∈ N . Since |∇u| ∈ W1,2(X) (see Proposition 2.10) we have wk :=
((|∇u| ∧ k)2 + ε)

p−2
2 ∈ W 1,2 ∩ L∞(X) and

∇wk = (p − 2)χ {|∇u|≤k}|∇u|(|∇u|2 + ε)
p−2

2 −1∇|∇u|. (4.4)

Moreover, for every ϕ ∈ LIP(X) we have wkϕ ∈ W1,2(X). Therefore by the Leibniz rule for the 
gradient and integrating by parts we obtain

ˆ
wk〈∇u,∇ϕ〉dm=

ˆ
〈∇u,∇(ϕwk)〉 − ϕ〈∇u,wk〉dm =

ˆ
−ϕ(wkΔu + 〈∇u,wk〉)dm.

Substituting the expression for wk and ∇wk (as given in (4.4))
22 
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ˆ
((|∇u| ∧ k)2 + ε)

p−2
2 〈∇u,∇ϕ〉dm 

=
ˆ

−ϕ((|∇u| ∧ k)2 + ε)
p−2

2 
(

Δu + χ {|∇u|≤k}(p − 2)|∇u| 〈∇u,∇|∇u|〉
|∇u|2 + ε 

)
dm. 

Thanks to the assumptions |∇u|p−1 ∈ L1(m) and |∇u|2(p−2) ∈ L1(m) and since Δu ∈ L2(m)

and |∇|∇u|| ∈ L2(m), we deduce that both the integrands are dominated by an L1(m)-function 
independent of k. Hence letting k → +∞ and using the dominated convergence theorem we 

deduce that (3.1) holds with Δp,εu = (|∇u|2 + ε)
p−2

2 Dp,ε(u) and so the conclusion follows.

CASE p < 2. In this case, we have directly that (|∇u|2 + ε)
p−2

2 ∈ W1,2 ∩ L∞(X) with

∇(|∇u|2 + ε)
p−2

2 = (p − 2)|∇u|(|∇u|2 + ε)
p−2

2 −1∇|∇u|,
without the need of a cut-off. Indeed, |∇u| ∈ W1,2(X) and the function (t2 + ε)(p−2)/2 ∈ C1(R)

is bounded with bounded derivative. Therefore (|∇u|2 + ε)
p−2

2 ∇ϕ ∈ W1,2(X) for every ϕ ∈
LIPbs(X). Arguing as above integrating by parts we reach

ˆ
(|∇u|2 + ε)

p−2
2 〈∇u,∇ϕ〉dm=

ˆ
−ϕ(|∇u|2 + ε)

p−2
2 
(

Δu + (p − 2)|∇u| 〈∇u,∇|∇u|〉
|∇u|2 + ε 

)
dm,

which is the sought conclusion. �
For convenience, given u ∈ D(Δ) we write recalling (2.15)

Δ∞(u) := |∇u|〈∇|∇u|,∇u〉 = Hess(u)(∇u,∇u) ∈ L0(m).

Hence, we can rewrite the operator Dε,p as

Dε,p(u) = Δu + (p − 2)
Δ∞(u) 

|∇u|2 + ε
, ∀p ∈ (1,∞), ε > 0. (4.5)

Next, we prove a technical inequality inspired by some computations done in the smooth setting 
in [67, Lemma 3.4], that will be used in the next section to obtain uniform regularity estimates 
for Dε,p .

Proposition 4.3. For every N ∈ [2,∞], p ∈ (1,∞) and α > 1
2

(
p − 3 − p−1 

N−1

)
there exist con

stants λ = λ(p,N,α) ∈ (0,1) and C1 = C1(p,N,α) ≥ 0 such that the following holds. Let 
(X,d,m) be an RCD(K,N) space, with n := dim(X) ≥ 2 (if N < ∞) and u ∈ D(Δ). Then for 
every ε > 0

[(p − 2)2 − 2α(p − 2)] (Δ∞(u))2

(|∇u|2 + ε)2 − 2α
|∇|∇u||2|∇u|2

|∇u|2 + ε 

≤ λ

[
|Hess(u)|2 + (Δu − trHess(u))2

N − n 

]
+ C1 (Dp,ε(u))2,

(4.6)

where the term containing N − n is not present if either N = +∞ or N = n. Moreover, if α ≥
p − 2 the constants λ and C1 can be taken independent of both α and N .
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In the above proposition, it might look strange to have both the dependence on N of the 
constants and the possibility of taking N = ∞. However note that the range of the admissible 
α’s increases as N decreases, hence we cannot take C1 and λ to depend only on α and p. The 
proof of Proposition 4.3 relies on the following fundamental inequality, well known in the smooth 
case (see e.g. [82] and also [23,34,67,90]).

Proposition 4.4 (Key inequality). Let (X,d,m) be an RCD(K,N) space with N ∈ [1,∞]. Then 
for every u ∈ W 2,2(X) it holds

|∇u|4|Hess(u)|2 ≥ 2|∇u|4|∇|∇u||2 +
(|∇u|2trHess(u) − Δ∞u

)2

dim(X) − 1 
− (Δ∞u)2, m-a.e., (4.7)

where term containing dim(X) is not present if N = ∞ or dim(X) = 1.

Proof. First we consider the case N < ∞. The statement is a direct consequence of an elemen
tary inequality for quadratic operators on finite dimensional vector space (see [82, Lemma 2.1]). 
Indeed, for every symmetric real matrix A ∈ Rn×n, n ≥ 2 it holds

|v|4|A|2 ≥ 2|v|2|Av|2 + (|v|2trA − 〈Av,v〉)2

n − 1 
− 〈v,Av〉2, ∀v ∈Rn,

where |A| denotes the Hilbert-Schmidt norm of A. If n = 1 the above is still trivially true (with 
equality) without the term containing n − 1. Inequality (4.7) now follows by computing in coor
dinates recalling the second in (2.15).

If N = ∞ we recall that since Hess(u) is a symmetric tensor and by the construction 
of the tensor products of Hilbert modules there exist tensors Ak , k ∈ N of the form Ak =∑Nk

i,j=1 ak
i,j ei ⊗ ej , such that {ak

i,j }i,j is a symmetric real matrix, 〈ei, ej 〉 = δi,j m-a.e. and 

|Ak − Hess(u)|HS → 0 in L2(m) (see [37, Section 1.5]). Computing in coordinates, thanks to 
the above inequality with n = Nk we obtain that

|w|4|Ak|2HS ≥ 2|w|2|Akw|2 − 〈w,Akw〉2, m-a.e. for every w ∈ L0(T X).

Passing to the limit, since |Ak|HS → |Hess(u)|HS , |Akw| → |Hess(u)(w)| and 〈w,Akw〉 →
〈w,Hess(u)w〉 all hold m-a.e., we obtain (4.7). �

We can now prove the main technical estimate.

Proof of Proposition 4.3. Note that (4.6) is trivially satisfied whenever |∇u| = 0, since the left
hand side is zero by the locality of the gradient. Hence all the estimates from now on will be 
done on the set {|∇u| > 0} (well defined up to measure zero sets).

From (4.7)

|Hess(u)|2 ≥ 2|∇|∇u||2 +
(trHess(u) − Δ∞(u)

|∇u|2 )2

n − 1 
− (Δ∞(u))2

|∇u|4 , m-a.e., (4.8)

without the term containing n in the case N = ∞. We proceed assuming that N < ∞ and by 
giving a lower bound on the term containing n.
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First, by (4.5), we have the following identity

trHess(u) − Δ∞(u)

|∇u|2 = Δ∞(u)

|∇u|2
(

(2 − p)
|∇u|2

|∇u|2 + ε
− 1

)
+ Dε,p(u) + trHess(u) − Δu.

Therefore, using twice the Young’s inequality, we obtain

(
trHess(u) − Δ∞(u)

|∇u|2
)2

≥ (1 − δ1)

[
Δ∞(u)

|∇u|2
(

(2 − p)
|∇u|2

|∇u|2 + ε
− 1

)
+ Dε,p(u)

]2

+
(

1 − 1

δ 1

)
(Δu − trHess(u))2

≥ (1 − δ1 − δ2)
(Δ∞(u))2

|∇u|4
(

(2 − p)
|∇u|2

|∇u|2 + ε
− 1

)2

+
(

1 − δ1 − 1 
δ2

)
Dε,p(u)2 +

(
1 − 1

δ 1

)
(Δu − trHess(u))2,

(4.9)

for every δ1, δ2 > 0. This yields

(
trHess(u) − Δ∞(u)

|∇u|2
)2

n − 1 
≥

(
1 

N − 1
− δ2

n − 1

)
(Δ∞(u))2

|∇u|4
(

(2 − p)
|∇u|2

|∇u|2 + ε
− 1

)2

+
(

1 
N − 1

− 1 
(n − 1)δ2

)
Dε,p(u)2 − (Δu − trHess(u))2

N − n 
,

(4.10)

where the last term is taken to be zero if N = n. To see this in the case n < N we simply choose 
δ1 = N−n

N−1 in (4.9) and divide both sides by n − 1. If instead N = n, since Δu = trHess(u) (see 
(2.13)), we have that (4.9) actually holds also with δ1 = 0 taking 

(
1 − 1

δ 1

)
(Δu − trHess(u))2 to 

be identically zero. Hence to get (4.10) we only need to divide both sides by N − 1 = n − 1.
Resuming the argument for all N ∈ [1,∞], we add on both sides of (4.8) the quantity

−(1 + δ2)

[
(p − 2)(p − 2 − 2α)

(Δ∞(u))2

(|∇u|2 + ε)2 − 2α
|∇|∇u||2|∇u|2

|∇u|2 + ε 

]

and, in the case N < ∞, we also plug in inequality (4.10). Doing so we reach
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|Hess(u)|2 − (1 + δ2)

[
(p − 2)(p − 2 − 2α)

(Δ∞(u))2

(|∇u|2 + ε)2 − 2α
|∇|∇u||2|∇u|2

|∇u|2 + ε 

]

≥ (Δ∞(u))2

|∇u|4
[(

1 
N − 1

− δ2

n − 1

)(
(2 − p)

|∇u|2
|∇u|2 + ε

− 1

)2

− (1 + δ2)(p − 2)(p − 2 − 2α)
|∇u|4

(|∇u|2 + ε)2 − 1

]

+ |∇|∇u||2
(

2 + 2α(1 + δ2)
|∇u|2

|∇u|2 + ε

)

+
(

1 
N − 1

− 1 
(n − 1)δ2

)
Dε,p(u)2 − (Δu − trHess(u))2

N − n 
,

(4.11)

where if N = ∞ all the terms containing n or N are taken to be zero and the last term is taken to 
be zero also if N = n. By assumption

2α > p − 3 − p − 1 
N − 1

= −2 + (p − 1)

(
1 − 1 

N − 1

)
≥ −2.

This means that, even when α < 0, we have 2α(1 + δ2) > −2 if δ2 > 0 is chosen small enough 
depending on α, which we assume from now on. In particular

2 + 2α(1 + δ2)
|∇u|2

|∇u|2 + ε
≥ 0.

This means that the factor multiplying |∇|∇u||2 in (4.11) is non-negative and thus we can plug 

in the inequality |∇|∇u||2 ≥ (Δ∞(u))2

|∇u|4 to obtain

|Hess(u)|2−(1 + δ2)

[
(p − 2)(p − 2 − 2α)

(Δ∞(u))2

(|∇u|2 + ε)2 − 2α
|∇|∇u||2|∇u|2

|∇u|2 + ε 

]

≥ (Δ∞(u))2

|∇u|4
[(

1 
N − 1

− δ2

n − 1

)(
(2 − p)

|∇u|2
|∇u|2 + ε

− 1

)2

︸
− (1 + δ2)(p − 2)(p − 2 − 2α)

|∇u|4
(|∇u|2 + ε)2 + 2(1 + δ2)α

|∇u|2
|∇u|2 + ε

+ 1

]
︷︷ ︸

=:A(δ2) 

+
(

1 
N − 1

− 1 
(n − 1)δ2

)
Dε,p(u)2 − (Δu − trHess(u))2

N − n 
,

where again if N = ∞ all the terms containing n or N , are taken to be zero and if N = n, the last 
term is not present. To conclude it is sufficient to show that A(δ2) ≥ 0 for some δ2 > 0 depending 
only on N,p and α. Indeed, (4.6) would then follow dividing both sides of the inequality above 

by (1 + δ2). To show this we denote t := |∇u|2
2 ∈ [0,1) and rewrite
|∇u| +ε
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A(δ2) =
[

1 
N − 1

((2 − p)t − 1)2 − (p − 2)(p − 2 − 2α)t2 + 2αt + 1

]
︸ ︷︷ ︸

Q(t):= 

− δ2

n − 1
((2 − p)t − 1)2 − δ2(p − 2)(p − 2 − 2α)t2 + 2αδ2t

≥ Q(t) − δ2c(p),

where c(p) > 0 is a constant depending only on p, having used that α > 1
2

(
p − 3 − p−1 

N−1

)
, 

n ≥ 2 and |t | ≤ 1. Hence, it is enough to show that

min 
t∈[0,1]Q(t) ≥ δ(N,p,α) > 0,

where δ(N,p,α) > 0 is a constant depending only on N,p and α (independent of α and N if 
α ≥ p/2). We rewrite the polynomial Q(t), t ∈R, as

Q(t) =
{(

(p−2)2

N−1 − (p − 2)(p − 2 − 2α)
)

t2 +
(

2 (p−2)
N−1 + 2α

)
t + 1 

N−1 + 1, if N < ∞,

1 − (p − 2)(p − 2 − 2α)t2 + 2αt, if N = ∞.
(4.12)

Q(t) attains the minimum in [0,1] at t = 0 or t = 1, or at some t̄ ∈ (0,1), where d 
dt

Q(t)|t=t̄
= 0. 

In the latter case we have that

Q(t̄) =
(

(p − 2)

N − 1 
+ α

)
t̄ + 1 

N − 1
+ 1,

which holds also for N = ∞. If (p−2)
N−1 + α ≥ 0, then Q(t̄) ≥ 1. Otherwise, since t̄ ≤ 1,

Q(t̄) ≥ (p − 2)

N − 1 
+ α + 1 

N − 1
+ 1 ≥ (p − 2)

N − 1 
+ p − 3

2 
− p − 1 

2(N − 1)
+ 1 

N − 1
+ 1

= p − 1 
2(N − 1)

+ p − 3

2 
+ 1 >

p − 1 
2(N − 1)

≥ 0,

where we used the assumption on α. On the other hand Q(0) = 1 + 1 
N−1 . Moreover

Q(1) = (p − 2)2

N − 1 
− (p − 2)(p − 2 − 2α) + 2(p − 2)

N − 1 
+ 2α + 1 

N − 1
+ 1

= 1 − (p − 2)2 + (p − 2)2 + 2(p − 2) + 1

N − 1 
+ 2α(p − 1)

= (3 − p)(p − 1) + (p − 1)2

N − 1 
+ 2α(p − 1) = (p − 1)

(
p − 1 
N − 1

+ 3 − p + 2α

)
.

Since by assumption α > 1
2

(
p − 3 − p−1 

N−1

)
we obtain Q(1) ≥ δ(p,N,α) > 0 as desired. More

over, if α ≥ p − 2 then Q(1) ≥ (p − 1)2, in which case the constant δ(N,p,α) can be taken 
independent of both N and α. �
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4.2. Second-order regularity estimates

In this part, we show some L2-weighted bounds on the Hessian, in terms of L2-bounds on 
Dε,p . The key feature is that the constants appearing in the estimate do not depend on ε. More 
precisely, the main goal is to prove the following.

Theorem 4.5. For every N ∈ [2,∞], p ∈ (1,3 + 2 
N−2 ) and α > 1

2

(
p − 3 − p−1 

N−1

)
there exists a 

constant C = C(p,N,α) ≥ 0 (independent of α if α ≥ p − 2) such that the following holds. Let 
(X,d,m) be an RCD(K,N) space, with dim(X) = n ≥ 2 (if N < ∞) and fix u ∈ D(Δ). Then, 
for every M > 0, ε > 0 and η ∈ LIPbs(X) it holds

ˆ
|Hess(u)|2((|∇u| ∧ M)2 + ε)αη2dm

≤ C

ˆ [
(1 + |α|2)(Dε,pu)2η2 + |∇u|2(|∇η|2 + K−η2)

]
((|∇u| ∧ M)2 + ε)αdm,

(4.13)

where M is taken +∞ when α < 0. Moreover, if |Hess(u)||∇u|α, |∇u|α+1 ∈ L2(supp(η);m) the 
above holds for all p ∈ (1,∞) and M = +∞.

The core idea to obtain inequality (4.13) is to plug in suitable test functions in the Bochner 
inequality and to use the identity

Dε,p(u) = Δu + (p − 2)
Δ∞(u) 

|∇u|2 + ε

(recall (4.5)) to get rid of the Laplacian terms. In the computations the technical estimate in 
Proposition 4.3, proved in the previous section, will play a key role. Similar arguments appeared 
recently in the smooth setting for the derivation of second-order estimate for p-harmonic func
tions (see [30,67,82]).

Before proving Theorem 4.5, we state two inequalities following from it.

Corollary 4.6. For every N ∈ [2,∞), R0 > 0, K ∈ R and p ∈ (1,3 + 2 
N−2 ) there exists a con

stant C = C(p,N,K,R0) > 0 such that the following holds. Let (X,d,m) be an RCD(K,N)

space and let u ∈ D(Δ). Then for all M > 0, ε > 0, x ∈ X, R ≤ R0 and r < R it holds

ˆ

Br(x)

R−2|vε|2 + |∇vε|2dm≤ C
ˆ

BR(x)

(Dε,pu)2((|∇u| ∧ M)2 + ε)p−2dm

+ CRNm(BR(x))−1

(R − r)N+2

⎛
⎜⎝ ˆ

BR(x)

|vε|dm
⎞
⎟⎠

2

,

(4.14)

where vε := ((|∇u| ∧ M)2 + ε)
p−2

2 ∇u ∈ H
1,2

(X) and M is taken to be +∞ when p < 2.
C
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Proof. It is sufficient to prove the statement for r ≥ R/2. Since ((|∇u| ∧ M)2 + ε)
p−2

2 ∈ W1,2 ∩
L∞(X) and ∇u ∈ H

1,2
C (T X) (recall Proposition 2.10) by Lemma 2.15 we have vε ∈ W

1,2
C (T X)

and

∇vε = ((|∇u|∧M)2 +ε)
p−2

2 ∇∇u+χ {|∇u|≤M}|∇u|((|∇u|∧M)2 +ε)
p−4

2 (p−2)
(∇|∇u|⊗∇u

)
.

Therefore,

|∇vε| ≤ |p − 1|((|∇u| ∧ M)2 + ε)
p−2

2 |Hess(u)|, m-a.e.. (4.15)

Fix a ball BR(x) ⊂ X, with R ≤ R0 and numbers 1
2 ≤ s < t ≤ 1. Let η ∈ LIPc(BtR(x)) be such 

that η = 1 in BsR(x) and Lip(η) ≤ R−1(t − s)−1. Combining (4.15) and (4.13) with α = p − 2
gives

ˆ

BsR(x)

|∇vε|2dm≤ C

ˆ

BR(x)

(Dε,pu)2((|∇u| ∧ M)2 + k)p−2dm+ C

R2(t − s)2

ˆ

BtR(x)

|vε|2dm,

where C ≥ 1 is a constant depending only on K,N,p and R0. Using inequality (2.27) with 
δ = 1

2C−1(t − s)2 < 1, recalling that |∇|vε|| ≤ |∇vε| (see (2.14) and by the doubling property of 
the space, we can bound the last term as follows

C

R2(t − s)2

ˆ

BtR(x)

|vε|2 ≤ 1

2

ˆ

BtR(x)

|∇vε|2dm+ C̃

R2(t − s)N+2m(BR(x))

⎛
⎜⎝ ˆ

BR(x)

|vε|dm
⎞
⎟⎠

2

,

where C̃ is a constant depending only on K,N,p and R0. Therefore we have

ˆ

BsR(x)

|∇vε|2dm≤ 1

2

ˆ

BtR(x)

|∇vε|2dm+ A(R) + B(R) 
(tR − sR)N+2 ,

where A(R) := C
´
BR(x)

(Dε,pu)2((|∇u| ∧ M)2 + k)p−2dm and B(R) := 

C̃RN

m(BR(x))

(´
BR(x)

|vε|dm
)2

. Applying a standard iteration argument (see e.g. [52, Lemma 4.3]) 
we obtain

ˆ

Br(x)

|∇vε|2dm≤ cA(R) + c

(R − r)N+2 B(R), ∀r ∈
[
R

2 
,R

)
,

with c > 0 a constant depending only on N . This proves (4.14) without the |vε|2 term on the 
left-hand side. From this, another application of (2.27) concludes the proof. �

Without an upper bound on the dimension, we have the following.
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Corollary 4.7. For every K ∈ R, D > 0 and p ∈ (1,3) there exists a constant C = C(p,K−,D) 
> 0 such that the following holds. Let (X,d,m) be an RCD(K,∞) space with diam(X) ≤ D and 
let u ∈ D(Δ). Then for all M > 0, ε > 0 it holds

ˆ

X 

|∇vε|2dm≤ C

ˆ

X 

(Dε,pu)2((|∇u| ∧ M)2 + ε)p−2dm+ CK−
⎛
⎝ˆ

X 

|vε|dm
⎞
⎠2

, (4.16)

where vε := ((|∇u| ∧ M)2 + ε)
p−2

2 ∇u ∈ H
1,2
C (X) and M is taken to be +∞ when p < 2.

Proof. Simply combine the inequalities (4.13) (with α = p−2, η ≡ 1) and (2.30), recalling both 
|∇|vε|| ≤ |∇vε| (by (2.14)) and (4.15). �

We pass to the proof of Theorem 4.5. The first step is the following Bochner-type inequality.

Lemma 4.8 (Bochner-type inequality). Let (X,d,m) be an RCD(K,N) space, N ∈ (1,∞] and 
let u ∈ D(Δ). Fix ψ ∈ LIP ∩ L∞(R) with ψ ′ continuous up to a negligible set and satisfying

|ψ ′(t)| ≤ c(1 + |t |)−1, for a.e. t ∈R, (4.17)

for some constant c > 0. Then, for every η ∈ LIPbs(X), η ≥ 0, it holds

ˆ

X 

(
|Hess(u)|2 + (trHess(u) − Δu)2

N − dim(X) 

)
ψ(|∇u|)ηdm

≤
ˆ

X 

〈∇uΔu − |∇u|∇|∇u|,∇η〉ψ(|∇u|)dm

+
ˆ

X 

〈∇uΔu − |∇u|∇|∇u|,∇|∇u|〉ψ ′(|∇u|)ηdm+
ˆ

X 

((Δu)2 + K−|∇u|2)ψ(|∇u|)ηdm,

(4.18)

where the term containing dim(X) is not present if dim(X) = N or N = ∞.

Proof. From the improved Bochner inequality in (2.19) and integration by parts we have that for 
every u ∈ Test(X)

ˆ (
|Hess(u)|2 + (trHess(u) − Δu)2

(N − dim(X)) 

)
ϕdm

≤
ˆ

〈∇uΔu − 1

2
∇|∇u|2,∇ϕ〉 + ((Δu)2 + K−|∇u|2)ϕdm, ∀ϕ ∈ W1,2 ∩ L∞+ (X),

(4.19)

where the term with dim(X) is not present if dim(X) = N or N = ∞. Fix ψ as in the statement. 
We choose ϕ := ψ(|∇u|)η, with η ∈ LIPc(X)+. Since |∇u| ∈ W1,2(X) (recall Proposition 2.10), 
we have that ϕ ∈ W1,2 ∩ L∞(X) and
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∇ϕ = ψ ′(|∇u|)∇|∇u|η + ∇ηψ(|∇u|).

Plugging our choice of ϕ in (4.19) and using that ∇|∇u|2 = 2|∇u|∇|∇u| (which is a consequence 
of |∇u| ∈ W1,2(X) ∩ L∞(m) and the chain rule) gives

ˆ

X 

(
|Hess(u)|2 + (trHess(u) − Δu)2

(N − dim(X)) 

)
ψ(|∇u|)ηdm

≤
ˆ

X 

〈∇uΔu − |∇u|∇|∇u|,∇η〉ψ(|∇u|)dm

+
ˆ

X 

〈∇uΔu − ∇|∇u||∇u|,∇|∇u|〉ψ ′(|∇u|)ηdm

+
ˆ

X 

((Δu)2 + K−|∇u|2)ψ(|∇u|)ηdm.

This proves (4.18) when u ∈ Test(X). For a general u ∈ D(Δ), we consider a sequence un ∈
Test(X) such that Δun → Δu in L2(m), un → u in W 2,2(X) and |∇un| → |∇u| in W1,2(X), 
which existence is given by Lemma 2.11. We want to pass to the limit on each term using domi
nated convergence. To this aim, up to passing to a subsequence, we can assume that there exists 
a function G ∈ L2(m) such that

|Hess(un)|, |Δun|, |∇un| ≤ G, m-a.e., ∀n ∈ N (4.20)

and also that |∇u − ∇un| → 0 m-a.e., |Δu − Δun| → 0 m-a.e., |Hess(un − u)| → 0 m-a.e. and 
|∇|∇u| − ∇|∇un|| → 0 m-a.e.. This permits to pass to the limit in the left-hand side, indeed 
ψ ∈ L∞(R) and |trHess(un)|2 ≲N |Hess(un)|2. For the first term on the right-hand side we have

|〈∇unΔun − |∇un|∇|∇un|,∇η〉| ≤ 2Lip(η)‖ψ‖∞G2 ∈ L1(m).

Moreover

|〈∇unΔun − |∇un|∇|∇un|,∇η〉 − 〈∇uΔu − |∇u|∇|∇u|,∇η〉| 
≤ Lip(η) (|∇unΔun − ∇uΔu| + |∇|∇un||∇un| − ∇|∇u||∇u||)
≤ Lip(η)G(2|∇u − ∇un| + |Δu − Δun| + |∇|∇u| − ∇|∇un||) → 0, m-a.e.,

(4.21)

where we used (4.20) and that |∇|∇un|| ≤ |Hess(un)| (see (2.14)). This justifies the passage to 
the limit in the first term of the right-hand side. For the second term observe that by (4.17) and 
(4.20)

∣∣〈∇unΔun − |∇un||∇|∇un||,∇|∇un|〉ψ ′(|∇un|)
∣∣ ≤ (1 + c) · G2, m-a.e..

Moreover, arguing as in (4.21) we can show
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〈∇unΔun − |∇un|∇|∇un|, |∇un|∇|∇un|〉ψ ′(|∇un|)
m-a.e.→ 〈∇uΔu − |∇u|∇|∇u|, |∇u|∇|∇u|〉ψ ′(|∇u|).

The above convergence clearly holds for m-a.e. point x such that ψ ′ is continuous at |∇u|(x). 
On the other hand setting A := {x : |∇u|(x) ∈ N} where N is the negligible set of points where 
ψ ′ is not defined or continuous, by locality |∇|∇u|| = 0 m-a.e. in A. However |∇|∇un|| →
|∇|∇u|| m-a.e. and so |∇|∇un||(x) → 0 for m-a.e. x ∈ A. Therefore the convergence above 
holds pointwise m-a.e. also in A. Therefore, we can apply the dominated convergence theorem 
to pass to the limit in the second term of the right-hand side. Finally, the last term can be dealt 
with by applying dominated convergence one last time, recalling (4.20). �

From the previous result, we deduce the following technical inequality that combined with 
Proposition 4.3 of the previous section will give Theorem 4.5.

Lemma 4.9 (Key estimate). For every δ > 0 and p ∈ (1,∞) there exists a constant C2 =
C2(p, δ) > 0 such that the following holds. Let (X,d,m) be an RCD(K,N) space, N ∈ (1,∞]
and let u ∈ D(Δ). For every α ∈ R, ε > 0 and η ∈ LIPbs(X) it holds

ˆ (
(1 − δ)|Hess(u)|2 + (trHess(u) − Δu)2

(N − dim(X)) 

)
|∇u|αMη2dm

≤
ˆ

{|∇u|≤M}
−2α(p − 2)

(Δ∞u)2|∇u|αM
(|∇u|2 + ε)2 η2 − 2α|∇|∇u||2 |∇u|2

|∇u|2 + ε
|∇u|αMη2dm

+
ˆ

(p − 2)2 (Δ∞u)2(|∇u|M)α

(|∇u|2 + ε)2 η2dm

+ C

ˆ
(1 + |α|2)(Dε,p(u))2|∇u|αMη2 + (|∇η|2 + K−η2)|∇u|2|∇u|αMdm,

(4.22)

where |∇u|M := (|∇u| ∧ M)2 + ε for α ≥ 0, and |∇u|M := |∇u|2 + ε for α < 0. Moreover, if 
α < 0 all integrals are over the whole X. Finally, the term containing dim(X) is not present if 
dim(X) = N or N = ∞.

Proof. Set f := Dε,p(u). Recall that by (4.5) it holds

Δu = −(p − 2)
Δ∞u 

|∇u|2 + ε
+ f. (4.23)

Fix M > 0, α > 0 and η ∈ LIPc(X) arbitrary. Define

ψ(t) :=
{

((|t | ∧ M)2 + ε)α, t ∈R, if α ≥ 0,

(t2 + ε)α, t ∈ R, if α < 0.

Since
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ψ ′(t) =
{

χ {|t |≤M} 2αt ·ψ(t)

t2+ε , if α ≥ 0,
2αt ·ψ(t)

t2+ε , if α < 0,
a.e. t ∈ R, (4.24)

we have that ψ satisfies (4.17) for some c depending on ε and α. The strategy is to apply 
Lemma 4.8 with ψ and η2 and to estimate the right-hand side of (4.18) by plugging in (4.23).

The first term on the right-hand of (4.18) can be bounded as follows

ˆ 〈
∇uΔu − |∇u|∇|∇u|,∇η2

〉
ψ(|∇u|)dm

≤
ˆ

|p − 2| |Δ∞u| 
|∇u|2 + ε

|∇u||∇η2|ψ(|∇u|) dm 

+
ˆ

|f ||∇u||∇η2|ψ(|∇u|) + |∇|∇u|||∇η2||∇u|ψ(|∇u|) dm 

≤
ˆ

(f 2 + δ1|Hess(u)|2)η2ψ(|∇u|) dm 

+
ˆ

4(((p − 2)2 + 1)δ−1
1 + 1)|∇η|2|∇u|2)ψ(|∇u|) dm, 

for all δ1 > 0, where in the last step we used the inequalities |Δ∞(u)| ≤ |Hess(u)||∇u|2, 
|∇|∇u|| ≤ |Hess(u)| and the Young’s inequality on each term.

As the second term in the right-hand side of (4.18) is concerned, we estimate only the first 
half

ˆ
〈∇uΔu,∇|∇u|〉ψ ′(|∇u|)η2dm =

ˆ
ΔuΔ∞u

ψ ′(|∇u|)
|∇u| η2dm

(4.23)=
ˆ

Δ∞uf
ψ ′(|∇u|)

|∇u| η2 − (p − 2)
(Δ∞u)2ψ ′(|∇u|)
|∇u|(|∇u|2 + ε) 

η2 dm

≤
ˆ (

δ2
(Δ∞u)2

|∇u|2 + ε
+ f 2(|∇u|2 + ε)

δ2

) |ψ ′(|∇u|)|
|∇u| η2 dm

− (p − 2)

ˆ
(Δ∞u)2ψ ′(|∇u|)
|∇u|(|∇u|2 + ε) 

η2 dm

≤
ˆ

−(p − 2)
(Δ∞u)2ψ ′(|∇u|)
|∇u|(|∇u|2 + ε) 

η2dm

+
ˆ (

δ2|Hess(u)|2 + f 2

δ2

)
2|α|ψ(|∇u|)|η2 dm,

where in the last step we used (4.24). Finally, we can estimate the last term containing the Lapla
cian in (4.18) by using (4.23) as follows

ˆ
(Δu)2ψ(|∇u)|η2dm

≤
ˆ

((p − 2)2 + δ2)
(Δ∞u)2ψ(|∇u)|

2 2 η2 +
(

1 + δ−1
2

)
f 2ψ |∇u|η2 dm
(|∇u| + ε)
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≤
ˆ (

(p − 2)2 (Δ∞u)2

(|∇u|2 + ε)2 + δ2|Hess(u)|2 +
(

1 + δ−1
2

)
f 2

)
ψ |∇u|η2 dm

for every δ2 > 0. The conclusion follows putting all together, using (4.24), choosing δ1 = δ/2, 
δ2 = δ/8(1 + |α|)−1 and absorbing the terms containing |Hess(u)|2 into the left-hand side. �

We can finally prove the main result of this section.

Proof of Theorem 4.5. CASE 1: α ≥ 0. Consider the first two terms in the right-hand side of 
(4.22). We have

−2α(p − 2)
(Δ∞u)2|∇u|αM
(|∇u|2 + ε)2 η2 − 2α|∇|∇u||2 |∇u|2

|∇u|2 + ε
|∇u|αM ≤ 0 (4.25)

which is immediate for p ≥ 2, while for 1 < p < 2 follows recalling that |Δ∞u| ≤ |∇|∇u|||∇u|2. 
Plugging (4.25) in (4.22)

ˆ (
(1 − δ)|Hess(u)|2 + (trHess(u) − Δu)2

(N − dim(X)) 

)
|∇u|αMη2dm

≤
ˆ

(p − 2)2 (Δ∞u)2(|∇u|M)α

(|∇u|2 + ε)2 η2dm 

+ C

ˆ
(1 + |α|2)(Dε,p(u))2|∇u|αMη2dm

+
ˆ

(|∇η|2 + K−η2)|∇u|2|∇u|αMdm,

where C depends only on p, δ and the term containing dim(X) is not present if dim(X) = N

or N = ∞. Using the estimate (4.6) (with the choice α = 0), choosing δ > 0 small enough 
depending on p and N and up to increasing the constant C (depending now also on N ) we can 
absorb the first term in the right-hand side into the left-hand side and obtain (4.13). Note that 
(4.6) is available with α = 0, provided 0 > p − 3 − p−1 

N−1 , that is p < 3 + 2 
N−2 , which matches 

the assumption on p.
CASE 2: α < 0. In this case all the integrals in (4.22) are over the whole X. Hence we can collect 
the terms containing Δ∞u and directly plug the estimate (4.6) to obtain

(1 − δ − λ)

ˆ (
|Hess(u)|2 + (trHess(u) − Δu)2

(N − dim(X)) 

)
(|∇u|2 + ε)αη2dm 

≤ C̃

ˆ
(1 + |α|2)(Dε,p(u))2(|∇u|2 + ε)αη2 + (|∇η|2 + K−η2)|∇u|2(|∇u|2 + ε)αdm, 

for every δ > 0, where C̃ > 0 is a constant depending on N,p,α and δ > 0, while λ ∈ (0,1) is a 
constant depending on N,p,α (but not on δ). Choosing any δ < 1 − λ concludes the proof.
CASE 3: |Hess(u)||∇u|α, |∇u|α+1 ∈ L2(m). In this case, we can take the limit as M → +∞ in 
(4.22) using dominated convergence so that all the integrals in (4.22) become over the whole X
and then plug in directly (4.6) as in the previous case. �
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4.3. Gradient estimates

In the next proposition, we prove L∞-gradient bounds in terms of integral bounds on Dε,p. As 
mentioned in the introduction, the argument is based on the use of suitable test functions in the 
Bochner inequality and Moser iteration. Similar computations in the RCD setting are present in 
[56, Section 4] in the case of harmonic functions, but assuming the boundedness of the gradient. 
Since the needed estimates using the Bochner inequality have already been carried out in §4, we 
are now able to start the iteration directly from the integral inequality given by Theorem 4.5.

Proposition 4.10. Let N ∈ (2,∞), q ∈ (N,∞], p ∈ (1,2 + 3 
N−2 ) and fix constants R0 > 0, 

C0 > 0. Let (X,d,m) be an RCD(K,N) space. Suppose that u ∈ D(Δ) satisfies

∣∣(|∇u|2 + ε)
p−2

2 Dp,εu
∣∣ ≤ f, m-a.e. in BR(x), (4.26)

for some ε ∈ (0,1), BR(x) ⊂ X, with R ≤ R0 and f ∈ Lq(BR(x);m) with 
ffl
BR(x)

|f |qdm ≤ C0. 
Then for all m ≥ 1 it holds

‖|∇u|‖L∞(Br (x)) ≤ CR
N
m 

(R − r)
N
m 

⎛
⎜⎝(  

BR(x)

|∇u|m dm

) 1 
m + 1

⎞
⎟⎠ , ∀r < R, (4.27)

where the constant C ≥ 1 depends only in p,N,K,q,C0,m and R0. Moreover, if |∇u| ∈
L∞(BR(x)) then all the above holds for all p ∈ (1,∞).

Proof. Fix B := BR(x) ⊂ X, R ≤ R0 and u as in the hypotheses. Thanks to the scaling of (4.27)
we can assume that m(BR(x)) = 1. We will denote by C ≥ 1 a constant whose value may change 
from line to line, but which will ultimately depend only on N,K,p,q,C0,m and R0.

Let η ∈ LIPc(B) be such that 0 ≤ η ≤ 1. Let also M > 0 be an arbitrary constant, if |∇u| ∈
L∞(BR(x)) we take M = +∞. For every β ≥ 1/2 define the function

v := (|∇u|2 + ε)
1
2 ((|∇u| ∧ M)2 + ε)β− 1

2 ∈ W1,2 ∩ L∞(X).

Then, we have

|∇v| ≤ |∇|∇u||((|∇u| ∧ M)2 + ε)β− 1
2 + χ {|∇u|≤M}(2β − 1)|∇|∇u||((|∇u| ∧ M)2 + ε)β− 1

2

≤ 2β|Hess(u)|((|∇u| ∧ M)2 + ε)β− 1
2 , m-a.e..

By Theorem 4.5 applied with α = 2β − 1 ≥ 0 and using (4.26) we have

ˆ
|∇v|2η2dm ≤ Cp,N(1 + β4)

ˆ
f 2η2(|∇u|2 + ε)2−p((|∇u| ∧ M)2 + ε)2β−1

+ (|∇η|2 + K−η2)v2dm

≤ Cp,N(1 + β4)

ˆ
f 2η2v

2β−p+1
β + (|∇η|2 + K−η2)v2dm,

(4.28)
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where Cp,N > 0 is some constant depending only on p and N (since α ≥ p − 2). In the second 
inequality above we used that

(|∇u|2 + ε)2−p
2β≥1≤ (|∇u|2 + ε)

1− p−1
2β ((|∇u| ∧ M)2 + ε)

p−1
2β −(p−1)

= v
2β−p+1

β ((|∇u| ∧ M)2 + ε)1−2β . (4.29)

In the case |∇u| ∈ L∞(BR(x)) we have |Hess(u)||∇u|α, |∇u|α+1 ∈ L2(supp(η);m) and so the 
above (and the rest of the proof) holds for all p ∈ (1,∞). We estimate the first term as follows

ˆ
f 2η2v

2β−p+1
β dm≤ ‖f ‖2

Lq(BR)‖η2v
2β−p+1

β ‖
L

q
q−2 (m)

≤ ‖f ‖2
Lq(BR)‖η2 2β−p+1

2β v
2β−p+1

β ‖
L

q
q−2 (m)

= ‖f ‖2
Lq(BR)‖ηv‖2λβ

L
λβ

2q 
q−2 (m)

≤ ‖f ‖2
Lq(BR)‖ηv‖2λβ

L
2q 

q−2 (m)

,

(4.30)

where λβ := 2β−p+1
2β ∈ [0,1). In the first line we used Hölder inequality, η ≤ 1 and λβ ∈ [0,1), 

while in the second line, we employed the Jensen inequality (since m(B) = 1). Plugging (4.30)
in (4.28), by the local Sobolev inequality applied in BR(x) (see Proposition 2.19) we get

‖ηv‖2
L2∗

(m)
≤ C(1 + β4)

(
‖f ‖2

Lq(BR)‖ηv‖2λβ

L
2q 

q−2 (m)

+ (R2Lip(η)2 + 1)‖v‖2
L2(supp(η))

)

≤ C(1 + β4)

(
max

(
‖ηv‖2

L
2q 

q−2 (m)

,1

)
+ (R2Lip(η)2 + 1)‖v‖2

L2(supp(η))

)
,

(4.31)

where we used the inequality tλ ≤ max(t,1) for all t ≥ 0 and λ ∈ [0,1]. Since by assumption 
q > N > 2, we can check that 2 <

2q 
q−2 < 2∗ = 2N 

N−2 . Therefore, taking λ := N
q

∈ (0,1) we have 
λ/2∗ + (1 − λ)/2 = 1/(2q/(q − 2)) and by interpolation

‖ηv‖2

L
2q 

q−2 (m)

≤ ‖ηv‖2λ

L2∗
(m)

‖ηv‖2(1−λ)

L2(m)
≤ δ1/λ‖ηv‖2

L2∗
(m)

+ δ1/(λ−1)‖ηv‖2
L2(m)

,

for every δ > 0. Plugging the above in (4.31), we get

‖ηv‖2
L2∗

(m)
≤ C(1 + β4)

(
max

(
δ1/λ‖ηv‖2

L2∗
(m)

+ δ1/(λ−1)‖ηv‖2
L2(m)

,1
)

+ (R2Lip(η)2 + 1)‖v‖2
L2(supp(η))

)
. (4.32)

Set now δ := (
2C(1 + β4))−λ. We distinguish the two cases: δ1/λ‖ηv‖2

L2∗
(m)

> 1 and 

δ1/λ‖ηv‖2
L2∗

(m)
≤ 1. In the first case, we can absorb the L2∗

into the left-hand side and obtain

‖ηv‖2
2∗ ≤ C(1 + β4)α

(
R2Lip(η)2 + 1

)
‖v‖2

2 ,

L (m) L (m)
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where α := 1+ N
q−N

and possibly increasing the constant C. In the second case, we directly have

‖ηv‖2
L2∗

(m)
≤ C(1 + β4).

In both cases, we thus have

‖ηv‖2
L2∗

(m)
≤ C(1 + β4)α max

((
R2Lip(η)2 + 1

)
‖v‖2

L2(supp(η))
,1

)
. (4.33)

We now proceed with the Moser iteration. For all k ∈ N and r, s ∈ [R/2,R] with r < s, we 
choose a function η as before and satisfying

η = 1 in B
r+ (s−r)

2k+1
(x), η ∈ supp(η) ⊂ B̄

r+ (s−r)

2k
(x), Lip(η) ≤ 2k+1

s − r
.

We suppose for now m ≥ 2 and set γ0 := m/2 and γk := Nγk−1/(N − 2) > γk−1 for all k ∈ N . 
Finally, we set Bk := B

r+ (s−r)

2k+1
(x) for k ∈ N and B0 := Bs(x). Choosing β = γk−1/2 (note that 

2β ≥ 1) in the inequality (4.33) and recalling the expression of v gives

aγk−1
k ≤ 2C(1 + γ 4

k−1)
α max

(
22(k+1)R2

(s − r)2 aγk−1
k−1 ,1

)

≤ 8CR2

(s − r)2

[
4

(
N

N − 2

)4α
]k

(1 + γ 4
0 )α max

(
aγk−1
k−1 ,1

)
, ∀k ∈N,

where

ak :=
⎛
⎜⎝ˆ

Bk

(|∇u|2 + ε)((|∇u| ∧ M)2 + ε)γk−1 dm

⎞
⎟⎠

1 
γk

, k ∈N ∪ {0}.

In the second line we used that 22(k+1)R2

(s−r)2 ≥ 1 and that N/(N − 2) > 1. Note also that we used 

that |∇u|2 + ε ≥ (|∇u| ∧ M)2 + ε m-a.e. on the left-hand side.
Raising to the 1/γk−1, we reach

ak ≤ AkR
2 

γk−1

(s − r)
2 

γk−1

max (ak−1,1) , ∀k ∈ N, (4.34)

where

Ak :=
⎧⎨
⎩8C

[
4

(
N

N − 2

)4α
]k

(1 + γ 4
0 )α

⎫⎬
⎭

1 
γk−1

≥ 1, ∀k ∈ N.

Observe that 
∑ 1 = γ −1 N and that 

∑
k < +∞. Therefore,
k∈N γk−1 0 2 k∈N γk−1
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∞ ∏
k=1

Ak ≤ C,

up to increasing the constant C. Iterating (4.34), we obtain

‖(|∇u| ∧ M)2 + ε‖Lγk (Bk) ≤ ak ≤ (a0 + 1)

k∏
k=1

AkR
2 

γk−1

(s − r)
2 

γk−1

,

where we used again that |∇u| ≥ |∇u| ∧ M m-a.e.. Letting k → +∞, we reach

‖(|∇u| ∧ M)2‖L∞(Br (x)) ≤ CR
2N
m 

(s − r)
2N
m 

(a0 + 1) ≤ CR
2N
m 

(s − r)
2N
m 

(
‖|∇u|2 + ε‖

L
m
2 (Bs(x))

+ 1
)

.

(4.35)

Sending M → +∞, recalling that m(Br(x)) ≤ m(BR(x)) ≤ 1 and taking the square root we 
obtain

‖|∇u|‖L∞(Br (x)) ≤ CR
N
m 

(s − r)
N
m 

(‖|∇u|‖Lm(Bs(x) + 1
)
, (4.36)

up to further increasing C. Taking s = R this concludes the proof of (4.27) for m ≥ 2. The case 
m < 2 can be obtained from the case m = 2 with the following standard argument (cf. with [52, 
p. 75]):

‖|∇u|‖L∞(Br (x))

(4.36)≤ 
CR

N
2 

(s − r)
N
2 

(
‖|∇u|‖1− m

2 
L∞(Bs(x))

‖|∇u|‖
m
2 
Lm(Bs(x)

+ 1
)

≤ 1

2
‖|∇u|‖L∞(Bs(x)) + CR

N
m 

(s − r)
N
m 

‖|∇u|‖Lm(Bs(x) + CR
N
2 

(s − r)
N
2 

≤ 1

2
‖|∇u|‖L∞(Bs(x)) + CR

N
m 

(s − r)
N
m 

(‖|∇u|‖Lm(BR(x) + 1
)
,

where in the second line we used Young’s inequality and in the third that s−r
R

≤ 1. Hence, the 
conclusion follows using e.g. [52, Lemma 4.3]. �
Remark 4.11. In the case q = ∞, the inequality (4.27) can be improved to

‖|∇u|‖L∞(Br (x)) ≤ CR
N
m 

(s − r)
N
m 

⎛
⎜⎝(  

BR(x)

|∇u|m dm

) 1 
m +

(  

BR(x)

|∇u|m dm

) α
m + ε

⎞
⎟⎠ , (4.37)

for some α ∈ (0,1) depending only on p,N,m, provided m > (p − 1)(N + 2).
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Indeed plugging (4.30) in (4.28) directly gives the following version of (4.33)

‖ηv‖2
L2∗

(m)
≤ C(1 + β4)

(
‖f ‖2

Lq(BR)‖ηv‖2λβ

L
2q 

q−2 (m)

+ (R2Lip(η)2 + 1)‖v‖2
L2(supp(η))

)

≤ C(1 + β4)(R2Lip(η)2 + 1)max

(
‖v‖2λβ

L
2q 

q−2 (supp(η))

,‖v‖2
L2(supp(η))

)
.

Recalling that λβ = 2β−p+1
2β and choosing β = γk−1/2, we get a new version of (4.34) which 

reads as

ak ≤ AkR
2 

γk−1

(s − r)
2 

γk−1

max

(
ak−1, (ak−1)

1− p−1 
γk−1

)
, ∀k ∈ N. (4.38)

Now, if ak ≤ a0 for infinitely many k’s, arguing as in (4.35) and (4.36) we would obtain (4.37). 
So we can assume that ak0 ≤ a0 for some k0 and ak > a0 for all k > k0. We can also assume 
a0 ≤ 1, otherwise (4.37) follows directly from (4.27). By (4.38), we have

ak ≤ AkR
2 

γk−1

(s − r)
2 

γk−1

ak−1

a
p−1 
γk−1
0

, ∀k ≥ k0 + 2. (4.39)

Iterating (4.39) for all k ≥ k0 + 2, (4.38) for k = k0 + 1, and finally that ak0 ≤ a0, we reach

ak ≤ CR
2N
m 

(s − r)
2N
m 

a
1− p−1 

γk−1
0

a
∑

k∈N
p−1 
γk−1

0

≤ CR
2N
m 

(s − r)
2N
m 

a
1− p−1

m (N+2)

0 , ∀k ≥ k0 + 2,

having used that 
∑

k∈N 1 
γk−1

= γ −1
0

N
2 and that γ0 = m/2. Assuming that m > (p − 1)(N + 2)

and proceeding again as in (4.35) and (4.36), we reach (4.37). ■

5. Existence of regular solutions of �p,ε(u) = f

To show the existence of regular solutions for Δp,ε , we will first show the existence for an 
auxiliary linear operator Lv,ε (defined below). This operator is obtained by freezing the nonlin
ear part of the developed (p, ε)-Laplacian Dε,p introduced at the beginning of §4.

Definition 5.1. Let (X,d,m) be an RCD(K,∞) space, v ∈ L0(T X) and ε > 0. The map Lv,ε :
D(Δ) → L2(m) is defined by

Lv,ε(u) := Δu + (p − 2)
Hess(u)(v, v)

|v|2 + ε 
∈ L2(m),

which makes sense because D(Δ) ⊂ W 2,2(X).
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The operators Lv,ε and Dε,p(u) are connected by the following immediate identity

L∇u,ε(u) = Dε,p(u), ∀u ∈ D(Δ). (5.1)

In §5.1 we will apply a fixed point argument to obtain an existence result for Lv,ε together with 
L2-Laplacian estimates on the solution. Building on top of this and using a second fixed point 
argument we will establish in §5.2 the main existence result for Δp,ε(u) = f , together with 
uniform estimates independent of ε based on the technical results in §4.

5.1. Existence for an auxiliary operator

Before stating the existence result, we introduce an important space of functions that will be 
frequently used here and also in §5.2. Given (X,d,m) an RCD(K,∞) space with m(X) < +∞, 
we define

D0(Δ) :=
⎧⎨
⎩u ∈ D(Δ) : 

ˆ

X 

u dm= 0

⎫⎬
⎭ (5.2)

and we endow it with the norm ‖Δu‖L2(m). In the following proposition, we collect a few basic 
but important properties of this space.

Proposition 5.2. Let (X,d,m) be a bounded RCD(K,∞) space. Then 
(
D0(Δ),‖Δ(.)‖L2(m)

)
is 

a Hilbert space. Moreover, the inclusion 
(
D0(Δ),‖Δ(.)‖L2(m)

)
↪→ (

D0(Δ),‖ · ‖W1,2(X)

)
is com

pact.

Proof. D0(Δ) is a vector space thanks to the linearity of the Laplacian and one can readily 
check that ‖Δ(.)‖L2(m) is a norm which satisfies the parallelogram identity. Since λ1(X) > 0
(recall Theorem 2.4) and using (2.10) we have λ1‖u‖2

W 1,2(X)
≤ 2‖Δu‖2

L2(m)
for all u ∈ D0(Δ), 

from which the completeness easily follows recalling (2.11). It remains to check the compactness 
of the inclusion in the statement. Consider a sequence un ∈ D0(Δ) with supn ‖Δ(un)‖L2(m) ≤
C < +∞. From λ1‖u‖2

W 1,2(X)
≤ ‖Δu‖2

L2(m)
, it follows that the sequence is also bounded in 

W1,2(X). From the compactness of the embedding W 1,2(X) ↪→ L2(m) (see [44, Proposition 
6.7]), up to a subsequence, un → u ∈ L2(m). Moreover, since supn ‖un‖W 1,2(X) < +∞, by 
lower-semicontinuity we have u ∈ W1,2(X) (see e.g. [47, Proposition 2.1.19]). Finally integrating 
by parts

ˆ
|∇(un − um)|2dm = −

ˆ
Δ(un − um)(un − um)dm≤ ‖Δ(un − um)‖L2(m)‖un − um‖L2(m)

≤ 2C‖un − um‖L2(m),

from which follows that |∇u − ∇un| → 0 in L2(m). Finally Δun ⇀ g in L2(m) for some g ∈
L2(m) and since un → u in W1,2(X), this shows that u ∈ D0(Δ) (recall (2.11)). The proof is now 
concluded. �

The goal of this part is to prove the following preliminary existence result for Lv,ε.
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Proposition 5.3 (Existence of solutions for Lv,ε). Let (X,d,m) be a bounded RCD(K,N) space, 
with N ∈ [2,∞] and fix p ∈ RIX where RIX ⊂ (1,∞) is given by (1.7). Then for all f ∈
L2(m), v ∈ L0(T X) and ε > 0 there exists (unique) u ∈ D0(Δ) that solves

Lv,ε(u) = f − θ−1
v

 

X 

θv(f −Lv,ε(u))dm, (5.3)

where θv ∈ L∞(m) is defined as

θv :=
{

1, if p ∈ (1,2),
N+g 

N+g2+2g
, otherwise,

(5.4)

where we denote g := (p − 2)
|v|2

|v|2+ε
. Moreover, there exists a constant C depending only on p, 

N and λ1(X)K− such that

‖Δu‖L2(m) ≤ C‖f ‖L2(m). (5.5)

By (5.4) we have that θv ≥ c > 0 for some constant c depending only on p and N , hence (5.3)
makes sense. The key feature of the estimate (5.5) is that the constant C does not depend on v, 
which will be essential for the arguments in the next subsection.

Before going into the proof of Proposition 5.3, we outline the core idea in the case K = 0
and N = +∞. We borrow some of the techniques from [71, Section 1.2], which date back to the 
theory of Cordes conditions in Rn for equations with measurable coefficients in non-divergence 
form (see also [18,19,25,85]). To solve the equation Lv,ε(u) = f it is sufficient to find a fixed 
point of the map T : D(Δ) → D(Δ), where T (w) := u is the solution to

Δu = Δw −Lv,ε(w) + f.

The key observation is that

|Δw −Lv,ε(w))| ≤ |p − 2||Hess(w)|, m-a.e.. (5.6)

Indeed combining (5.6) with inequality (2.20) we have

ˆ
(ΔT (w1 − w2))

2 =
ˆ

((Δ −Lv,ε)(w1 − w2))
2 ≤ (p − 2)2

ˆ
|Hess(w1 − w2)|2

(2.20)≤ (p − 2)2
ˆ

(Δ(w1 − w2))
2,

which shows that T is a contraction with respect to ‖Δ(·)‖L2 provided p ∈ (1,3). In fact, we 
will see that if N < ∞ this estimate can be further refined to include a slightly larger range of 
the parameter p (at least if K = 0 or small enough). The auxiliary function θv defined in (5.4)
will be needed exactly for this purpose.

We start by proving a refined version of (5.6).
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Lemma 5.4 (Lv,ε is close to the Laplacian). Let (X,d,m) be an RCD(K,N) space with N ∈
[2,∞) and let p ∈ [2,∞]. Then

∣∣∣∣Δu − N + g 
N + g2 + 2g

Lv,ε(u)

∣∣∣∣2

≤ (p − 2)2(N − 1) 
N + 2(p − 2) + (p − 2)2

[
|Hess(u)|2 + (trHess(u) − Δu)2

N − dim(X) 

]
, m-a.e.,

(5.7)

for every u ∈ D(Δ), v ∈ L0(T X), where g := (p − 2)
|v|2

|v|2+ε
and the last term is not present if 

N = ∞ or dim(X) = N .

To prove Lemma 5.4 we will need the following elementary estimate, which proof is omitted 
for brevity.

Lemma 5.5. Fix N ≥ 2. Then for every t ≥ 0 it holds

[
t2 + t 

N + t2 + 2t
A − tN + t2

N + t2 + 2t
B

]2

≤ t2(N − 1) 
N + 2t + t2

[
(A − B)2

N − 1 
+ B2

]
, ∀A,B ∈ R. (5.8)

Proof of Lemma 5.4. Set n := dim(X) (if N < ∞). Note that (5.7) is trivially satisfied when 
|v| = 0, since the left-hand side vanishes and the right-hand side is non-negative. Hence, we can 
work in the set {|v| > 0}.

Set g := (p − 2)
|v|2

|v|2+ε
∈ L∞(m). Rewriting Lv,ε(u) as Lv,ε(u) = Δu − g

Hess(u)(v,v)

|v|2 , we find

∣∣∣∣Δu − N + g 
N + g2 + 2g

Lv,ε(u)

∣∣∣∣2 =
∣∣∣∣ g2 + g 
N + g2 + 2g

Δu − gN + g2

N + g2 + 2g

Hess(u)(v, v)

|v|2
∣∣∣∣
2

, m-a.e..

Lemma 5.5 yields

∣∣∣∣Δu − N + g 
N + g2 + 2g

Lv,ε(u)

∣∣∣∣2 (5.8)≤ α

[
1 

N − 1

(
Δu − Hess(u)(v, v)

|v|2
)2

+ Hess(u)(v, v)2

|v|4
]

≤ α

[
1 

n − 1

(
trHess(u) − Hess(u)(v, v)

|v|2
)2

+ 1 
N − n

(trHess(u) − Δu)2 + Hess(u)(v, v)2

|v|4
]

≤ α

[
|Hess(u)|2 + 1 

N − n
(trHess(u) − Δu)2

]
,

where α := (p−2)2(N−1) 
N+2(p−2)+(p−2)2 and in the second step we have used Young’s inequality. In the first 

line we also used that g ≤ (p − 2) and the function t2

2 is increasing on [0,∞). �

N+2t+t
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We are now ready to prove the first existence result.

Proof of Proposition 5.3. The proof consists in using a fixed-point argument.
Recall the space D0(Δ) = D(Δ) ∩ {u : ´ udm = 0} defined in (5.2). Fix also v ∈ L0(T X), a 

constant ε > 0 and a function f ∈ L2(m). Define the map

Tf,v : D0(Δ) → D0(Δ)

given by Tf,v(w) := u, where u is the solution to the following equation

{
Δu = Δw + θvf − θvLv,ε(w) − ffl

θv(f −Lv,ε(w)dm ∈ L2(m),´
u dm= 0,

(5.9)

where θv is as in (5.4). Note that Tf,v depends also on ε, even if not expressed in our notation. It 
can be easily verified that 0 < c ≤ θv ≤ C < +∞, for some constants c,C depending only on N . 
Tf,v is well defined. Indeed for every h ∈ L2(m) with zero mean there exists a unique function 
u ∈ D(Δ) such that Δu = h and 

´
u dm = 0 (see Proposition 2.7).

STEP 1: FIXED POINT. We claim Tf,v is a contraction with respect to the norm ‖Δ( · )‖L2(m). Set

αp :=
{

(p−2)2(N−1) 
N+2(p−2)+(p−2)2 , if p ≥ 2, N < ∞,

(p − 2)2, if p ∈ (1,2) or N = ∞.

For every w1,w2 ∈ D0(Δ), since 
´
(h − ffl

h)2dm ≤ ´
h2dm for all h ∈ L2(m) and 

´
Δw dm= 0

(recall (2.9)) for all w ∈ D(Δ), we have

‖ΔTf,v(w1 − w2)‖2
L2(m)

≤ ‖Δ(w1 − w2) − θvLv,ε(w1 − w2)‖2
L2(m)

≤ αp

ˆ
|Hess(w1 − w2)|2 + (trHess(w1 − w2) − Δ(w1 − w2))

2

N − dim(X) 
dm

(2.20)≤ αp(1 + K−λ1)‖Δ(w1 − w2)‖2
L2(m)

,

where in the second inequality we used (5.7) whenever p ≥ 2 and N < ∞, ignoring the term 
with dim(X) if dim(X) = N or N = ∞. In particular, Tf,v is a contraction if αp(1 +K−λ1) < 1. 

This is where we use the fact that p ∈RIX. For convenience of notation, we set δX := λ1K
−

1+λ1K
− ∈

[0,1). Consider first the case p ∈ (1,2). We have a contraction provided

2 −√
1 − δX < p ≤ 2,

which is ensured by p ∈ RIX. We now turn to the case p ≥ 2. If N = ∞ then αp(1 + K−λ1) =
(p−2)2(1+K−λ1) < 1 is equivalent to p < 2+√

1 − δX. Conversely, observe that the function 

f (t) := t2(N−1) 
N+2t+t2 is strictly increasing for t ≥ 0, and, thus, invertible. Hence, we have that αp(1+

K−λ1) = f (p − 2)(1 + K−λ1) < 1 if and only if 0 ≤ p ≤ p, where f (p − 2) = (1 + K−λ1)
−1. 

A direct computation gives
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p = 2 +√
1 − δX

√
1 − δX +√

(N − 1)2 + δX(N − 1)

(N − 2 + δX) 
≥ 2 +√

1 − δX
N − δX

N − 2 + δX
,

where p := +∞ if N = 2 and δX = 0. Also in this case we have that Tf,v is a contraction for 
every p ∈RIX.
STEP 2: EQUATION FOR THE fiXED POINT. From (5.9) the unique fixed point u ∈ D0(Δ) of the 
map Tf,v satisfies

θvLv,ε(u) = θvf −
 

X 

θv(f −Lv,ε(w))dm

and, since as observed above θv ≥ c > 0 m-a.e., (5.3) follows.
STEP 3: ESTIMATE. Let u ∈ D0(Δ) be again the fixed point of the map Tf,v. In particular

Δu = Δu − θvLv,ε(u) + θvLv,ε(u) = Δu + θvf − θvLv,ε(u) −
 

θv(f −Lv,ε(w))dm

Hence arguing as above using 
´
(h − ffl

h)2dm ≤ ´
h2dm and 

´
Δudm= 0 we obtain

‖Δu‖L2(m) ≤ ∥∥Δu − θvLv,ε(u) + θvf
∥∥

L2(m)

(5.7),(2.20)≤ √
αp

√
1 + K−λ1‖Δu‖L2(m) + C ‖f ‖L2(m) ,

were we used that θv ≤ C. Since as observed in Step 1 we have αp(1 + K−λ1) < 1 if p ∈ RIX, 
this proves (5.5). �
5.2. Main existence result

The goal of this part is to prove the following.

Theorem 5.6 (Existence of regular solutions to the regularized equation). Let (X,d,m) be an 
RCD(K,N) space, with N ∈ [2,∞], diam(X) ≤ D < ∞. Let p ∈ RIX, where RIX ⊂ (1,∞)

is given by (1.7). Then, for every f ∈ Lq(m), q := max(2, 2 
p−1 ), with zero mean there exists a 

function u ∈ D(Δ) ∩ D(Δp,ε) such that

Dε,pu(|∇u|2 + ε)
p−2

2 = Δp,ε(u) = f. (5.10)

Moreover, v := (|∇u|2 + ε)
p−2

2 ∇u ∈ H
1,2
C (T X) and for every R0 > 0 and BR(x) ⊂ X with R ≤

R0 the following hold:

i)
ˆ

BR/2(x)

|v|2 + |∇v|2dm≤ C1

ˆ

BR(x)

f 2dm+ C2m(BR(x))−1

⎛
⎜⎝ ˆ

BR(x)

|∇u|p−1dm

⎞
⎟⎠

2

,

(5.11)
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where C1,C2 are constants depending only on K,N,p,R0 if N < ∞, while in the case 
N = ∞ all integrals are on the whole X and C2 = K−C1 with C1 a constant depending on 
D,p and K .

ii) if N < ∞ and f ∈ Lq(BR(x);m) for some q > N , with 
ffl
BR(x)

f qdm≤ C0, then

‖|∇u|‖L∞(Br (x)) ≤ CR
N
m 

(R − r)
N
m 

⎛
⎜⎝(  

BR(x)

|∇u|m dm

) 1 
m + 1

⎞
⎟⎠ , ∀r < R, (5.12)

where the constant C ≥ 1 depends only in p,N,K,q,C0,m and R0.

The existence part of Theorem 5.6 is based on the existence result given in the previous section 
(Proposition 5.3) and on an application of the Schauder fixed point theorem.

Theorem 5.7 (Schauder fixed point theorem, see e.g. [49, Corollary 11.2]). Let M be a Banach 
space and T : M → M be a continuous map such that T (M) is relatively compact in M . Then, 
T has a fixed point.

The regularity estimates stated in i) and ii) will be instead deduced by the uniform a priori 
estimates previously obtained in Section 4.

Proof of Theorem 5.6. By the scaling property of the statement we can assume that m(X) = 1. 
Fix p ∈RIX and f ∈ Lq(m) as in the statement. We aim to apply Schauder fixed point theorem. 
Fix ε,M > 0. We define the map Sf,M,ε : W 1,2

0 (X) → D0(Δ) ⊂ W
1,2
0 (X) given by Sf,M,ε(w) :=

u, where u ∈ D0(Δ) is the (unique) solution to

{
L∇w,εu = h(ε,w) − (θ∇w)−1

´
θ∇w(h(ε,w) −L∇w,εu)dm,´

u dm= 0,
(5.13)

where θ∇w is as in (5.4) and h(ε,w) ∈ L2(m) is defined as

h(ε,w) :=

⎧⎪⎨
⎪⎩

f(|∇w|2+ε
) p−2

2 
, if p ≥ 2

f(
(|∇w|∧M)2+ε

) p−2
2 

, if p < 2.
(5.14)

The map Sf,ε,M is well defined, since (5.13) admits a unique solution u by Proposition 5.3. We 
also stress that Sf is non-linear.

For brevity, we almost always omit the dependence on ε and M and simply write Sf . The 
parameter ε will remain fixed throughout the proof, while M will appear only in the case p < 2
and we will take M → +∞ towards the end.

To apply the Schauder fixed point theorem, it is sufficient to show that Sf is continuous with 
relatively compact image.
COMPACTNESS. The image Sf (W

1,2
0 (X)) is relatively compact in W 1,2

0 (X). Indeed, from (5.5)
we have
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‖ΔSf (w)‖L2(m) ≤ C‖h(ε,w)‖L2(m) ≤
{

Cε
2−p

2 ‖f ‖L2(m), if p > 2

C(M2 + ε)
2−p

2 ‖f ‖L2(m), if p < 2,
(5.15)

for every w ∈ W
1,2
0 (X), where C is a constant depending only on p, N and λ1(X)K−. Moreover, 

the inclusion D0(Δ) ↪→ W1,2
0 (X) is compact by Proposition 5.2. Observe that the above estimates 

depend on ε and also on M (if p < 2), but this is sufficient at this stage of the argument.
CONTINUITY. The map Sf is continuous in W 1,2(X). It is enough to prove that if wn → w in 
W1,2(X) then ‖Δ(Sf (wn) − Sf (w))‖L2(m) → 0. Indeed the inclusion (D0(Δ),‖Δ(·)‖L2(m)) in 
W 1,2(X) is compact by Proposition 5.2 and thus continuous. It is sufficient to show that this holds 
for every subsequence, up to a further subsequence. Fix then a non-relabelled subsequence. Up 
to extracting a further non-relabelled subsequence, we can then assume that |∇wn − ∇w| →
0 and |∇wn| → |∇w| in m-a.e.. For ease of notation, we write θn := θ∇wn , θ = θ∇w , hn :=
h(ε,wn),h := h(ε,w), Ln := L∇wn,ε , L := L∇w,ε , un := Sf (wn) and u := Sf (w). Recall that 
0 < c ≤ θn ≤ CN , for some constants c,CN depending only on N . From the current assumptions 
and definitions we have

θn → θ, m-a.e.. (5.16)

Recall also that for every p ∈ RIX, there exists a constant c < 1 depending only on p,N and 
the value of λ1(X)K−, such that

‖Δ(un − u) − θnLn(un − u)‖L2(m) ≤ c‖Δ(un − u)‖L2(m), ∀n ∈ N.

(see the proof of Proposition 5.3). Therefore using the equation (5.13) and the inequality above 
we can compute

‖Δ(un − u)‖L2(m) =
∥∥∥∥Δ(un − u) + θn(hn −Ln(un)) + θ(L(u) − h)

−
ˆ

X
θn(hn −Ln(un)) + θ(L(u) − h)

∥∥∥∥
L2(m)

≤ ‖Δ(un − u) − θnLn(un) + θnhn + θL(u) − θh‖L2(m)

≤ ‖Δ(un − u) − θnLn(un) + θL(u)‖L2(m) + ‖θnhn − θh‖L2(m)

≤ ‖Δ(un − u) − θnLn(un − u)‖L2(m) + ‖L(u)(θ − θn)‖L2(m)

+ ‖θn(L(u) −Ln(u))‖ + ‖θn(hn − h)‖L2(m) + ‖h(θn − θ)‖L2(m)

≤ c‖Δ(un − u)‖L2(m) + ‖L(u)(θ − θn)‖L2(m)

+ CN‖L(u) −Ln(u)‖ + CN‖hn − h‖L2(m) + ‖h(θn − θ)‖L2(m),

where we used that |θn| ≤ CN . Since c < 1 (independent of n), we can absorb the first term of 
the right-hand side into the left-hand side. Hence, it is sufficient to show that all the other terms 
on the right-hand side go to zero as n → +∞. By dominated convergence and (5.16) (recall that 
by definition L(u) ∈ L2(m)), it follows that

‖L(u)(θ − θn)‖L2(m) → 0, ‖h(θn − θ)‖L2(m) → 0, as n → +∞.
46 



L. Benatti and I.Y. Violo Journal of Differential Equations 439 (2025) 113398 
From the definition of the operators Ln,L, we have

|Ln(u) −L(u)|

= |p − 2|
∣∣∣∣Hess(u)(∇wn,∇wn)

|∇wn|2 + ε 
− Hess(u)(∇w,∇w)

|∇w|2 + ε 

∣∣∣∣
= |p − 2|

∣∣∣∣∣Hess(u)

(
∇wn√|∇wn|2 + ε

− ∇w √|∇w|2 + ε
,

∇wn√|∇wn|2 + ε
+ ∇w √|∇w|2 + ε

)∣∣∣∣∣
≤ 2|p − 2||Hess(u)|

∣∣∣∣∣ ∇wn√|∇wn|2 + ε
− ∇w √|∇w|2 + ε

∣∣∣∣∣
≤ 2|p − 2||Hess(u)|

(
|∇wn − ∇w| √|∇wn|2 + ε

+ |∇w| √||∇w|2 − |∇wn|2|√|∇w|2 + ε
√|∇wn|2 + ε

)
,

where we used that |√t −√
s| ≤ √|t − s|, for every t ≥ 0, s ≥ 0. Therefore, |Ln(u) −L(u)| → 0

m-a.e.. Moreover, it holds that |Ln(u) −L(u)| ≤ 2|p − 2||Hess(u)| ∈ L2(m). Hence from the 
dominated convergence theorem we deduce that ‖Ln(u) − L(u)‖L2(m) → 0. It remains to esti
mate ‖hn − h‖L2(m). For p > 2 we have

|hn − h| = |f |
∣∣∣∣∣∣

1 (|∇wn|2 + ε
) p−2

2 
− 1 (|∇w|2 + ε

) p−2
2 

∣∣∣∣∣∣ ≤ 2|f | 
ε

p−2
2 

, m-a.e..

While clearly hn → h m-a.e., from which we conclude that ‖hn − h‖L2(m) → 0 by dominated 
convergence theorem. Analogously, for p < 2

|hn−h| ≤ |f |
∣∣∣∣∣∣

1 (
(|∇wn| ∧ M)2 + ε

) p−2
2 

− 1 (
(|∇w| ∧ M)2 + ε

) p−2
2 

∣∣∣∣∣∣ ≤ 2|f |(M+ε)
2−p

2 , m-a.e..

This yields ‖hn − h‖L2(m) → 0, again by dominated convergence.
FIXED POINT. We deduce that Sf has a fixed point u ∈ D0(Δ) and recalling (5.1) we have

Dε,p(u) = h(ε,u) − (θ∇u)
−1λu, (5.17)

where λu ∈ R is defined as

λu :=
ˆ

θ∇u(h(ε,u) − Dε,p(u))dm, (5.18)

h is defined in (5.14) and θ∇u ∈ L∞(m) is as in (5.4).
EXISTENCE OF SOLUTION TO (5.10). We now have to distinguish the two cases p < 2 and 
p > 2. Indeed, for p > 2 we show directly that a fixed point of Sf solves (5.10), while the case 
p < 2 requires an additional limiting procedure sending M → +∞.
Case p > 2. If N > 2, since |∇u| ∈ W1,2(X), by the Sobolev inequality (recall Proposition 2.19) 
we have that |∇u| ∈ L2∗

(m), where 2∗ := 2N (2∗ := 2 if N = ∞). Moreover, since p ∈ RIX ⊂

N−2
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(1,2 + N
N−2 ) (recall Definition 1.1) we can check that p − 1 ≤ 2∗ and 2(p − 2) ≤ 2∗. On the 

other hand if N = 2, since (X,d,m) is also an RCD(K,2 + δ) space for all δ ≥ 0, we have 
|∇u| ∈ Lq(m) for all q ≥ 1. In both cases, it holds |∇u|p−1 ∈ L1(m) and |∇u|2(p−2) ∈ L1(m). 
Therefore we can apply Lemma 4.2 and deduce from (5.17) that

ˆ
−(|∇u|2 + ε)

p−2
2 〈∇ϕ,∇u〉 =

ˆ
(f − (|∇u|2 + ε)

p−2
2 (θ∇u)

−1λu)ϕdm, ∀ϕ ∈ LIP(X).

Taking ϕ ≡ 1 and recalling that f has zero mean we get

λu

ˆ
(|∇v|2 + ε)

p−2
2 (θ∇u)

−1dm= 0.

Since θ−1
∇u ≥ c > 0 m-a.e. for some constant c > 0 we obtain that λu = 0. Therefore,

ˆ
−(|∇u|2 + ε)

p−2
2 〈∇ϕ,∇u〉 =

ˆ
f ϕdm, ∀ϕ ∈ LIP(X). (5.19)

This would be the desired conclusion once we prove that u ∈ W 1,p(X). Observe that u ∈
W 1,p(X) would be a consequence of (5.11). Indeed that would imply |∇u|2(p−1) ∈ L1(m) and 
since 2(p − 1) ≥ p for all p ≥ 2, one concludes that u ∈ W 1,p(X). We then turn to prove 

(5.11). Since λu = 0, by (5.17) we have that Dε,p(u) = f (|∇u|2 + ε)
2−p

2 . Therefore, setting 

vM := ((|∇u| ∧M)2 + ε)
p−2

2 ∇u ∈ H
1,2
C (X), applying (4.14) in the case N < ∞ we have that for 

every R0 > 0, every x ∈ X and 0 < R < R0,

ˆ

BR/2(x)

R−2|vM |2 + |∇vM |2dm≤ C1

ˆ

BR(x)

f 2dm+ C2m(BR(x))−1

⎛
⎜⎝ ˆ

BR(x)

|∇u|p−1dm

⎞
⎟⎠

2

,

where C1,C2 are constants depending only on p,R0,N,K . In the case N = ∞ we apply instead 
(4.16) and obtain the same inequality with R = 2diam(X) and C2 = K−C̃1 with C1 depend
ing on K,p and D. Recalling that f ∈ L2(m) and that as observed above |∇u|p−1 ∈ L1(m), 
the right-hand side is uniformly bounded in M . Therefore by Lemma 2.17 we obtain that 

(|∇u|2 +ε)
p−2

2 ∇u ∈ H
1,2
C (T X) together with (5.11). Finally, ii) follows directly applying Propo

sition 4.10.
Case p < 2. Let uM ∈ D0(Δ) be a fixed point of Sf,ε,M . By (5.17) and Lemma 4.2 we have that

ˆ
−(|∇uM |2 + ε)

p−2
2 〈∇ϕ,∇uM〉dm =

ˆ
(g − λuM

(|∇uM |2 + ε)
p−2

2 )ϕdm, (5.20)

where g := f (|∇u|2+ε)
p−2

2 (
(|∇u|∧M)2+ε

) p−2
2 

∈ L∞(m) and λu is defined in (5.18). The goal now is to send 

M → +∞. To do so we need first some uniform estimates.
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Estimates independent of M. From the first inequality in (5.15) we have that, because p ∈ (1,2),

ˆ
(ΔuM)2dm ≤ C̃‖h(ε,∇uM)‖2

L2(m)
≤ C̃

ˆ
f 2(|∇uM |2 + ε)2−pdm

≤ C̃

ˆ
ε2−pf 2 + f 2|∇uM |2(2−p)dm

≤ C̃

ˆ
ε2−pf 2 + δ

1 
(2−p) ‖|∇uM |‖2

L2(m)
+ δ

− 2 
p−1 ‖f ‖

2 
p−1

L
2 

p−1 (m)

,

(5.21)

where C̃ is a constant, possibly changing from line to line, depending only on p and N . By (2.10)
we have

‖|∇uM |‖2
L2(m)

≤ λ1(X)−1
ˆ

(ΔuM)2dm. (5.22)

Plugging (5.22) into (5.21) and taking δ small enough we reach

ˆ
(ΔuM)2dm≤ D

(ˆ
ε2−pf 2dm+ ‖f ‖

2 
p−1

L
2 

p−1 (m)

)
, (5.23)

where D is a constant depending only on X, N and p.
Letting M → +∞. By the uniform estimate (5.23) we have that

sup 
M>0

‖ΔuM‖L2(m) < +∞ (5.24)

Therefore, Proposition 5.2 ensure that it exists a sequence Mn → +∞, n ∈ N such that un :=
uMn → u in W 1,2(X), for some u ∈ D0(Δ). Recall that by (5.20) the function un satisfies

ˆ
−(|∇un|2 + ε)

p−2
2 〈∇ϕ,∇un〉dm =

ˆ
f (|∇un|2 + ε)

p−2
2 (

(|∇un| ∧ Mn)2 + ε
) p−2

2 
ϕ −λun(|∇un|2 + ε)

p−2
2 ϕdm,

(5.25)
for every ϕ ∈ LIP(X), where

λun =
ˆ

f(
(|∇un| ∧ Mn)2 + ε

) p−2
2 

− Dε,p(un)dm

(recall that θ∇un ≡ 1 because p < 2). As the left-hand side of (5.25) is concerned, by strong 
convergence in W 1,2(X), we have

〈∇un,∇ϕ〉 L2(m)→ 〈∇u,∇ϕ〉, ∀ϕ ∈ LIP(X)

and clearly ||∇un|2 + ε| p−2
2 ≤ ε

p−2
2 . Therefore, for all ϕ ∈ LIP(X)
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ˆ
(|∇un|2 + ε)

p−2
2 〈∇ϕ,∇un〉dm →

ˆ
(|∇u|2 + ε)

p−2
2 〈∇ϕ,∇u〉dm, as n → +∞. (5.26)

We now turn to deal with the right-hand side. Observe that the functions Dε,p(un) are uniformly 
bounded in L2(m). Indeed, by the definition of Dε,p(un) (see (4.2)),

|Dε,p(un)| ≤ |Δun| + |Hess(un)|

holds m-a.e.. Since ‖un‖D0(Δ) is uniformly bounded, we have that |Hess(un)| and Δun are uni
formly bounded in L2(m) (recall Proposition 5.2), hence so is |Dε,p(un)|. Additionally, since 
p ∈ (1,2), we have

ˆ ∣∣∣∣∣∣
f(

(|∇un| ∧ Mn)2 + ε
) p−2

2 

∣∣∣∣∣∣dm≤
ˆ

|f |(|∇un| + √
ε)2−pdm

≤ ‖f ‖L2(m)‖∇un| + √
ε‖L2(2−p)(m)

≤ ‖f ‖L2(m)‖∇un| + √
ε‖L2(m),

where we used twice the Hölder inequality and also that m(X) = 1 (as assumed at the beginning). 
Note that ‖ · ‖L2(2−p)(m) might not be a norm as it possible that 2(2 −p) < 1, however the Hölder 
inequality still applies. Next we observe that supn ‖∇un|‖L2(m) < +∞. This follows from the 
uniform Laplacian bound in (5.24) together with (5.22). Combining this with the L2-uniform 
bound on |Dε,p(un)|, we conclude that supn |λun | < +∞. Hence, up to a subsequence we can 
assume that λun → λ ∈ R. Observing that, because p < 2,

∣∣∣∣∣∣
(|∇un|2 + ε)

p−2
2 (

(|∇un| ∧ Mn)2 + ε
) p−2

2 

∣∣∣∣∣∣ ≤ 1 m-a.e., (5.27)

by the dominated convergence theorem

lim 
n→+∞

ˆ
f (|∇un|2 + ε)

p−2
2 (

(|∇un| ∧ Mn)2 + ε
) p−2

2 
ϕ − λun(|∇un|2 + ε)

p−2
2 ϕdm 

=
ˆ

f ϕ − λ(|∇u|2 + ε)
p−2

2 ϕdm. 

(5.28)

Combining (5.25) with (5.26) and (5.28) we obtain

ˆ
−(|∇u|2 + ε)

p−2
2 〈∇ϕ,∇u〉dm=

ˆ
f ϕ − λ(|∇u|2 + ε)

p−2
2 ϕdm, ∀ϕ ∈ LIP(X).

Taking ϕ ≡ 1, since f has zero mean, we must have λ = 0. This shows that u ∈ D(Δp,εu) (recall 
that u ∈ W 1,p(X) because p < 2) and the second equality in (5.10). The first identity in (5.10)
then follows from Lemma 4.2 and the uniqueness of Δp,εu.
50 



L. Benatti and I.Y. Violo Journal of Differential Equations 439 (2025) 113398 
Regularity estimates for p < 2. The fact that v := (|∇u|2 + ε)
p−2

2 ∇u ∈ H
1,2
C (T X) together with 

(5.11) is shown exactly as in the case p ≥ 2 using Dε,pu = (|∇u|2 + ε)
2−p

2 f . The gradient 
estimate in ii) follows again from Proposition 4.10. �
6. Proof of the main results

We are now ready to deduce our main regularity estimates for the p-Laplacian, which will 
follow by the results of the previous section and by sending ε → 0+. In §6.1 we will prove all 
our main results, except for the one for p-harmonic functions (Corollary 1.5) which will be left 
to §6.2.

6.1. Proof of Theorem 1.2, Theorem 1.3 and of Corollary 1.4

The following result essentially contains all our main statements.

Theorem 6.1. Let (X,d,m) be an RCD(K,N) space with N ∈ [2,∞], diam(X) ≤ D. Let p ∈
RIX where RIX ⊂ (1,∞) is given by (1.7). Fix also BR(x) ⊂ X with R ≤ R0 (with R :=
8diam(X) if N = ∞), u ∈ D(Δp) and set f := Δpu ∈ L1(m). Then the following hold:

i) If f ∈ L2(BR(x)) then v := |∇u|p−2∇u ∈ H
1,2
C,loc(T X;BR/2(x)) and

ˆ

BR/8(x)

|v|2 + |∇v|2dm≤ C1

ˆ

BR(x)

f 2dm+ C2m(BR(x))−1

⎛
⎜⎝ ˆ

BR(x)

|∇u|p−1dm

⎞
⎟⎠

2

, (6.1)

where C1,C2 are constants depending only on K,N,p,R0 if N < ∞, while in the case 
N = ∞ all integrals are on the whole X and C2 = K−C1 with C1 a constant depending on 
D,p and K .

ii) If N < ∞ and f ∈ Lq(BR(x);m) for some q > N , with 
ffl
BR(x)

|f |qdm ≤ C0, then for all 
m ≥ 1 it holds

||∇u|‖L∞(Br (x)) ≤ CR
N
m 

(R − r)
N
m 

⎛
⎜⎝(  

BR(x)

|∇u|m dm

) 1 
m + 1

⎞
⎟⎠ , ∀r < R, (6.2)

where C ≥ 1 is constant depending only in p,N,K,q,C0,m and R0,
iii) if f = 0 in BR(x) then u ∈ D(Δ,BR/2(x)) and

ˆ

BR/2(x)

(Δu)2dm≤ C̃

ˆ

BR/4(x))

(1 + R−2)|∇u|2dm, (6.3)

where C̃ > 0 is a constant depending only on K,N and p.

For the proof of item iii), we will need one last technical estimate.
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Lemma 6.2. Let (X,d,m) be an RCD(K,N) space, N ∈ [2,∞] and let p ∈ (1,3 + 2 
N−2 ) and 

ε > 0. Suppose that u ∈ D(Δ) satisfies

Dε,pu = 0, m-a.e. in BR(x) ⊂ X. (6.4)

Then there exists a constant C > 0 depending only on K,N and p such that

ˆ

BR/2(x)

(Δu)2dm ≤ C

ˆ

BR(x)

(1 + R−2)|∇u|2dm. (6.5)

Proof. Take η ∈ LIPbs(BR(x)) such that η = 1 in BR/2(x) and Lip(η) ≤ 3/R. Applying the 
improved Bochner inequality (2.19) with ϕ = η2, integrating by parts and applying the Young’s 
inequality, we obtain

ˆ (
|Hess(f )|2 + (Δf − trHess(f ))2

N − dim(X) 

)
η2dm

≤
ˆ

(Δu)2ϕ + |∇η2||∇|∇u|||∇u| + |Δu||∇u||∇η2| + K−|∇u|2η2dm

≤
ˆ

(1 + δ)(Δu)2η2 + δ|Hess(u)|2η2 + (K−η2 + 8δLip(η)2)|∇u|2dm.

Therefore

(1 − δ)

ˆ (
|Hess(f )|2 + (Δf − trHess(f ))2

N − dim(X) 

)2

η2dm 

≤
ˆ

(1 + δ)(Δu)2η2 + (K−η2 + 8δLip(η)2)|∇u|2dm. 

(6.6)

We now argue similarly to the proof of Proposition 5.3 and define θ ∈ L∞(m) as

θ :=
{

1, if p ∈ (1,2),
N+g 

N+g2+2g
, otherwise ,

(6.7)

where g := (p − 2)
|∇u|2

|∇u|2+ε
. Then, applying Lemma 5.4 when p ≥ 2, we have

‖ηΔu‖2
L2(m)

(6.4)= ‖η(Δu − θDε,pu)‖2
L2(m)

≤ αp

ˆ (
|Hess(f )|2 + (Δf − trHess(f ))2

N − dim(X) 

)
η2dm,

where αp = (p − 2)2 if p < 2 and αp = (p−2)2(N−1) 
N+2(p−2)+(p−2)2 < 1 for p ≥ 2. Combining this with 

(6.6) and choosing δ so that 1+δ
1−δ

αp < 1 gives (6.5). �
We are now ready to prove the above theorem.
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Proof of Theorem 6.1. We first assume that f ∈ L∞(m). Fix a sequence εn > 0 such that εn →
0. Note that f must have zero mean. Hence, from Theorem 5.6 for every n ∈ N there exists a 
function un ∈ D0(Δ) ∩ D(Δp,εn) such that Δp,εn(un) = f and (5.11), (5.12) hold. Moreover, by 

Proposition 3.3 it holds un → u in W 1,p(X). In particular, setting vn := (|∇un|2 + εn)
p−2

2 ∇un, 
we have |vn − v| → 0 m-a.e.. From (5.11), we obtain

sup
n 

ˆ

Br (y)

|vn|2 + |∇vn|2dm< +∞, ∀B2r (y) ⊂ BR(x).

Lemma 2.17 combined with (5.11) ensures that v ∈ H
1,2
C,loc(T X;BR(x)) together with (6.1) (with 

BR/4(x) instead of BR/8(x)). Similarly, if f ∈ Lq(BR(x);m) for some q > N , since |∇un| →
|∇u| m-a.e. we also get (6.2) passing to the limit in (5.12). If f = 0 in BR(x) by Lemma 6.2
we have that Δun is bounded in L2(BR/2(x)). Hence, up to a subsequence Δun|BR/2(x)

⇀ G ∈
L2(BR/2(x)). By (6.2) and (5.12) we have both that un,u ∈ W

1,2
loc (BR/2(x)) and that |∇un −

∇u| → 0 in L2(BR/2(x)). Recalling (2.11), we conclude that u ∈ D(Δ,BR/2(x)) with Δu = G. 
Moreover (6.3) follows from (6.5) and lower-semicontinuity.

For a general f ∈ L1(m), we consider fn := (−n) ∨ f ∧ n − cn ∈ L∞(m), where cn ∈ R is 
chosen so that ́ fndm= 0. For every n ∈N by Proposition 2.7 there exists functions un ∈ D(Δp)

with zero mean and Δp(un) = fn. Since fn → f in L1(m), applying Proposition 3.4 and up to 
passing to a subsequence we have |∇un−∇u| → 0, m-a.e.. Since (6.1) holds for un with BR/4(x)

in place of BR/8(x) (as observed above), Lemma 2.17 gives |∇u|p−2∇u ∈ H
1,2
C,loc(T X;BR/2(x))

and (6.1) for u. Similarly, (6.2) follows passing to the limit in (6.2) for un. Finally (6.3) follows 
observing that (6.2) (for un and u) implies that un,u ∈ W

1,2
loc (BR/4(x)) and |∇un − ∇u| → 0 in 

L2(BR/4(x)) and arguing as in the previous part of the proof, using (6.3) for un. �
Remark 6.3 (About weaker notions of solutions). Inspecting the proof of Theorem 6.1, we only 
used that there exists a sequence of functions un ∈ D(Δp) and fn ∈ L∞(m) satisfying Δpun =
fn, fn → f in L1(m) and |∇un −∇u| → 0 m-a.e.. Also (except for item iii)) we never used that 
∇u is actually the gradient of u. The conclusion can be read as a statement only about ∇u as an 
element of L0(T X). This shows that we could weaken the assumption of Theorem 6.1 assuming 
only the existence of such approximating sequence, without even assuming that u belongs to a 
Sobolev space W 1,r (X), but rather that it has a gradient ∇u ∈ L0(T X) in some generalized sense. 
This is what was done in Euclidean setting in [22], where second-order estimates (as in our main 
theorem) are deduced for a suitable notion of generalized solutions defined via approximation in 
the same spirit as above (see [22, Section 4]). The reason for doing it is that solutions to Δpu =
f ∈ L2 sometimes exist only in this generalized sense (recall Remark 2.9). We also observe 
that is not possible to weaken the assumption of Theorem 6.1 to ask only that u ∈ W 1,r (X)

with r < p (note that for the definition of p-Laplacian in (2.8) to make sense r ≥ p − 1 suffices). 
Indeed recently in [24] for all p ∈ (1,∞) it has been constructed a p-harmonic function u ∈ W

1,r
loc

with r > p − 1 for which |∇u| / ∈ L
p
loc and in particular we cannot have that |∇u|p−1 ∈ W1,2

loc if 
p ≥ 2∗/(2∗ − 1). ■

We can prove our main statement for RCD(K,∞) spaces.
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Proof of Theorem 1.2. Applying Theorem 6.1 we have directly that |∇u|p−2∇u ∈ H
1,2
C (T X)

and by Proposition 2.10 also that |∇u|p−1 ∈ W 1,2(X). Finally, inequality (1.8) is just (6.1). �
Next, we show the main result in finite dimension.

Proof of Theorem 1.3. Fix (X,d,m), p, Ω and u as in the statement. Assume that Δp(u) ∈
L2(Ω). From (6.1) of Theorem 6.1 we have that |∇u|p−2∇u ∈ H

1,2
C,loc(T X;BR(x)) for every 

BR(x) ⊂ Ω. From this it follows that |∇u|p−2∇u ∈ H
1,2
C,loc(T X,Ω) (recall Remark 2.18) and 

by (2.23) also that |∇u|p−1 ∈ W
1,2
loc (Ω), which proves i). Assume now that Δp(u) ∈ Lq(Ω) for 

some q > N . Then again by (6.2) of Theorem 6.1 we get that |∇u| ∈ L∞(BR/2(x)) for every 
BR(x) ⊂ Ω. By the Sobolev-to-Lipschitz property (see [4,35]) property this implies that u ∈
LIPloc(BR/2(x)). By the arbitrariness of BR(x) we obtain that u ∈ LIPloc(Ω), that proves ii) and 
concludes the proof. �

Before continuing we comment on our main statement.

Remark 6.4. Under the assumptions of Theorem 1.2 we do not necessarily have that u ∈
W 2,2(X), not even in the smooth setting. Indeed, as explained in [22, Remark 2.7], the func

tion u : Rn → R defined as u(x1, . . . , xn) := |x1| 3−δ
2 with δ ∈ (0,1) satisfies Δp(u) ∈ L2

loc(R
n)

for any p > 1 + 1 
1−δ

, while u / ∈ W
2,2
loc in any neighborhood of the origin. Then, by a cut-off argu

ment, a function with the same property can be easily built on the n-dimensional flat torus Tn. 
However note that p ∈RITn if δ is small, which shows that we can not improve the conclusion 
of Theorem 1.2 to u ∈ W

2,2
loc (X), not even when p is close to 2. ■

Remark 6.5 (Previous results). In the Euclidean setting the second-order regularity result in The
orem 1.2 was obtained in [22] for all 1 < p < +∞ (see (1.6)). We mention also an earlier result 
in [68] showing that |∇u|p−1 ∈ W1,2

loc (Ω) whenever Δp(u) = f ∈ L
q
loc with q > max(2, n/p). 

Second-order regularity estimates of the type in (1.6) are classical for (non-degenerate) quasilin
ear elliptic equations (see [64, Chap. 4]). For p-harmonic functions in Rn it is also well known 

that |∇u| p−2
2 ∇u ∈ W1,2

loc for all p ∈ (1,∞) (see e.g. [15,86,87]). Recently in [30,82] this was 

improved to |∇u| p−s
2 ∇u ∈ W1,2

loc for any s < 3 + p−1
n−1 (see also [31] and [67] for the same result 

in weighted smooth Riemannian manifolds). In particular when 1 < p < 3 + 2 
n−2 , taking s = p, 

this implies that u ∈ W
2,2
loc (see also [69] for an earlier prof of this fact). Note that this last prop

erty is coherent with iii) in Theorem 6.1. It is instead not known whether u ∈ W
2,2
loc in the case 

p ≥ 3 + 2 
n−2 for n ≥ 3. In RCD(K,N) spaces was also shown in [48] that |∇u|2−s/2 ∈ W1,2

loc

for all s < 3 + 1 
N−1 , for any u harmonic (note that this corresponds to the results that we just 

mentioned, in the case p = 2). In weighted smooth Riemannian manifolds the Lipschitzianity of 
p-harmonic functions was shown in [31] (see also [90]). It is also worth mentioning that in the 
Heisenberg group of any dimension (which is a PI space [12, Appendix A.6]), p-harmonic func
tions are known to be Lipschitz for any p ∈ (1,∞) and actually C1,α [76,94] (see also [28,29,72] 
for similar results and references). ■

We can now deduce the regularity of p-eigenfunctions.
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Proof of Corollary 1.4. As in the statement, we take (X,d,m) a bounded RCD(K,N), with 
N ∈ [2,∞) and suppose u ∈ W 1,p(X) satisfies Δpu = −λu|u|p−2 for some constant λ ≥ 0 and 
p ∈ RIX. Then, by Theorem A.2 we have that u ∈ L∞(m) (in fact u has a Hölder continuous 
representative). Hence, Δpu ∈ L∞(m) and the conclusion follows applying Theorem 1.3. �
6.2. Regularity of p-harmonic functions

We pass to the proof of Corollary 1.5 about the regularity of p-harmonic functions. The main 
idea is, given a p-harmonic function u defined only on some open subset Ω, to find a suitable 
cut-off ϕ such that ϕ(u) has global p-Laplacian in L1(m) and coincides with u in a subset of 
Ω. Then the required regularity will follow automatically from Theorem 1.3. We will need the 
following chain rule for the p-Laplacian.

Proposition 6.6 (Chain-rule for Δp). Fix p ∈ (1,∞). Let (X,d,m) be an RCD(K,∞) space 
and Ω ⊂ X be open. Then for every u ∈ D(Δp,Ω) and ϕ ∈ C2 ∩ LIP(R) such that ψ(t) :=
ϕ′(t)|ϕ′(t)|p−2 ∈ LIP ∩ L∞(R) it holds ϕ(u) ∈ D(Δp,Ω) and

Δp(ϕ(u)) = ψ(u)Δp(u) + ψ ′(u)|∇u|p. (6.8)

Proof. By the chain rule for the gradient we have ϕ(u),ψ(u) ∈ W
1,p
loc (Ω) and ∇ϕ(u) = ϕ′(u)∇u, 

∇ψ(u) = ψ ′(u)∇u. Since ψ(u) ∈ L∞(Ω), by the Leibniz rule, for every η ∈ LIPbs(Ω) it holds 
that ηψ(u) ∈ W 1,p ∩ L∞(X) with bounded support in Ω. In particular, we can use ηψ(u) as a 
test function in the definition of Δp(u) (recall Remark 2.6). Hence

ˆ
|∇ϕ(u)|p−2〈∇ϕ(u),∇η〉dm =

ˆ
|∇u|p−2〈∇u, (ϕ′(u)|ϕ′(u)|p−2)∇η〉dm

=
ˆ

|∇u|p−2〈∇u,ψ(u)∇η〉dm

=
ˆ

−Δp(u)ψ(u)η − |∇u|pψ ′(u)η,

which is what we wanted. �
In the following we state the existence of cut-off functions ϕ such that ϕ′(t)|ϕ′(t)|p−2 is 

Lipschitz. The proof is elementary and left to the reader (note that for p ≥ 2 any ϕ ∈ C2
c ([0,1])

would work).

Lemma 6.7. For every ε ∈ (0,1) and every p ∈ (1,∞) there exists ϕ ∈ C2
c ([0,1]) such that 

ϕ(t) = t in [ε,1 − ε] and ψ := ϕ′|ϕ′|p−2 ∈ LIP([0,1]).

We can now prove the regularity of p-harmonic functions with relatively compact level sets.

Proof of Corollary 1.5. Let (X,d,m), p and u as in the hypotheses and suppose that u−1((a, b))

is relatively compact in Ω. Up to translating and rescaling u we can assume that a = 0 and b = 1. 
Fix ε > 0. By Lemma 6.7 there exists a function ϕ ∈ C2([0,1]) such that ϕ(t) = t in [ε,1−ε] and 
c
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ψ := ϕ′|ϕ′|p−2 ∈ LIP(R). Then by the chain rule of Proposition 6.6 we have ϕ(u) ∈ D(Δp,Ω)

with

Δp(ϕ(u)) = ψ ′(u)|∇u|p ∈ L1(Ω).

Moreover, since ψ ≡ 0 in R∖ (0,1), we have that Δp(ϕ(u)) ≡ 0 in Ω ∖ {0 < u < 1}. Observe 
that {0 ≤ u ≤ 1} is relatively compact in Ω. Using the definition of Δp, we can thus check that 
u ∈ D(Δp,X) with Δp(ϕ(u)) = ψ ′(u)|∇u|p ∈ L1(m). Since Δp(ϕ(u)) = 0 in {ε < u < 1 − ε}
and ϕ(u) = u in {ε < u < 1−ε} (recall that this set is open because u is continuous), Theorem 6.1
yields u ∈ LIPloc ∩ H

2,2
loc ({ε < u < 1 − ε}). By the arbitrariness of ε this concludes the proof. �

The statement of Corollary 1.5 pertains to a class of functions referred to as p-capacitary 
potentials, which represent solutions denoted as u to the following boundary value problem:

⎧⎪⎨
⎪⎩

Δpu = 0 in Ω \ K ,

u = 1 on ∂K ,

u = 0 on ∂Ω.

(6.9)

Here, Ω signifies an open, bounded subset within a compact Riemannian manifold (M,g), while 
K is precompact within Ω. The pair (K,Ω) is commonly referred to in the literature as a 
condenser. Notably, when p = 2, the solution u takes on the interpretation of the electrostatic 
potential of the condenser. In this case, the p-Dirichlet energy quantifies the total electrostatic 
energy contained within the domain of the condenser, often referred to as the capacity.

The function u complies with the assumptions detailed in Corollary 1.5. It is a p-harmonic 
function, and the maximum principle ensures that the sets u−1([a, b]) are relatively compact 
within Ω \ K for all 0 < a ≤ b < 1. As a result, the second-order Sobolev regularity and local 
Lipschitz continuity properties can be applied to this function.

A promising area for future research involves extending the above result to its application 
in unbounded RCD(0,N) spaces (X,d,m). With this extension, one can show the regularity of 
solutions to (6.9) taking Ω = X, using an exhaustion argument.

Emphasizing the importance of regularity of nonlinear potentials of bounded domains is es
sential, as it deeply shapes various outcomes in Riemannian geometry. One achievement involves 
proving a Minkowski-type inequality which establishes a scale-invariant lower limit for the L1
norm of mean curvature with respect to the perimeter. This inequality has been proven in the 
context of Riemannian manifolds with non-negative Ricci curvature by the first author of this pa
per in collaboration with Fogagnolo and Mazzieri in [9]. This result is the counterpart for p �= 2
of the previous result by Agostiniani, Fogagnolo, and Mazzieri in [1] which is been extended in 
the non-smooth setting, by the second author with Gigli in [48] (see also [89]).

Building upon the above regularity and the defined regularity range, it may become feasible to 
establish the existence of a weak inverse mean curvature flow (IMCF for short). This conceptual 
tool, initially introduced by Huisken and Ilmanen in their work [57], held a pivotal role in their 
demonstration of the Riemannian Penrose Inequality. The existence of this flow can be rigor
ously demonstrated by employing an approximation involving the p-capacitary potential. Indeed, 
taking up the p-capacitary potential of some bounded K , the sequence wp = −(p − 1) logup

converges in a suitable sense to the weak IMCF as the parameter p → 1+. This has been shown 
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firstly by Moser [74,75] in Euclidean setting. It was subsequently extended to curved spaces by 
Kotschwar and Ni [63], and more recently by Mari Rigoli and Setti [70].

We emphasize that the specified regularity interval RIX in (1.7) is not excessively restrictive 
in the context of RCD(0,N) spaces, since for K = 0 we have RIX = (1,3 + 2/(N − 2)).
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Appendix A. Hölder regularity for elliptic equations in PI spaces

In this section, we give a proof of Harnack’s inequalities and Hölder continuity for a broad 
class of elliptic equations in PI spaces involving the p-Laplacian. The validity of these results 
seems to be folklore among the community and already appeared often in different settings and 
in different forms, even if mostly for p = 2 (see for example [12, Chapter 8], [14,55,61,65], [58, 
Section 4], [38, Theorem 6.7], [93, Lemma 3.5] and also the recent [54, Section 6]). Since we 
explicitly need this for p �= 2 both in Corollary 1.4 and Corollary 1.5, but also for future use, we 
decided to include a self-contained proof.

The main idea for the proof is that, thanks to the doubling property, the local Poincaré in
equality improves to a local Sobolev inequality [50] (see also [81]), which then allows to use of 
the iteration methods of De Giorgi-Nash-Moser.

Throughout this section we assume that (X,d,m) is a PI-space (see Definition 2.2) satisfying

m(Br(y)) 
m(BR(y))

≥ c(R0)
( r

R

)s

, ∀ 0 < r < R ≤ R0, ∀y ∈ X, (A.1)

for some constant s > 1 and some function c : (0,∞) → (0,∞).

Remark A.1. If (X,d,m) is a PI-space then (A.1) always holds for some s > 0 (see [12, Lemma 
3.3]). Moreover, by the locally doubling assumption, if (A.1) holds for some s then it holds also 
for any s′ > s, up to changing the function c. In particular (A.1) always holds for some s > 1. ■

Theorem A.2 (Harnack inequality). Let (X,d,m) be an infinitesimally Hilbertian PI-space sat
isfying (A.1) with some s > 1 and let c0 > 0 be any constant. Fix also p ∈ (1, s] and q > s/p. 
Suppose u ∈ W

1,p
loc (B), where B := BR(x) ⊂ X, satisfies

ˆ
|∇u|p−2〈∇u,∇ϕ〉dm =

ˆ
gu|u|p−2ϕ + f ϕdm, ∀ϕ ∈ LIPc(B), (A.2)
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for some f,g ∈ Lq(B) and such that Rp
(ffl

B
|g|qdm

) 1 
q ≤ c0. Then u has a locally Hölder contin

uous representative in B . Moreover, if u is also non-negative, for every B70λr(y) ⊂ B with r ≤ R

it holds

ess sup
Br (y) 

u ≤ C ess inf
Br(y) 

u + Cr
p−s/q
p−1 R

s
q(p−1)

⎛
⎝ 

B

|f |qdm

⎞
⎠

1 
q(p−1)

, (A.3)

where C is a constant depending only on p,q,λ,CD,CP ,R0, s, c and c0 (CP ,CD,λ being the 
constants appearing in Definition 2.2 of PI-space and c the function in (A.1)).

Remark A.3 (The case s > p). Recall that if (X,d,m) is a PI-space satisfying (A.1) for some 
s > 0, then every function u ∈ W

1,p
loc (Ω), with p > s and Ω ⊂ X open, is automatically locally 

Hölder continuous (see [50, Theorem 5.1] or [12, Corollary 5.49]). ■

We start by proving a Harnack-type inequality for supersolutions.

Theorem A.4. Let (X,d,m) be an infinitesimally Hilbertian PI-space satisfying (A.1) with some 
s > 1 and c0 > 0 be a constant. Fix also p ∈ (1, s] and q > s/p. Suppose u ∈ W

1,p
loc (BR(x)), for 

some B = BR(x) ⊂ X with R ≤ R0, satisfies

ˆ
|∇u|p−2〈∇u,∇ϕ〉dm≤

ˆ
g|u|p−1ϕ + f ϕdm, ∀ϕ ∈ LIPc(BR(x)), ϕ ≥ 0, (A.4)

for some f,g ∈ Lq(B), g ≥ 0, f ≥ 0 and such that

Rp

⎛
⎝ 

B

|g|qdm

⎞
⎠

1 
q

≤ c0.

Then for all Br(y) ⊂ B with r ≤ R, every θ ∈ (0,1) and every l ∈ [1,∞) it holds

ess sup
Bθr (y) 

u+ ≤ C

(1 − θ)
s
l

⎛
⎜⎝  

Br(y)

|u+|ldm
⎞
⎟⎠

1
l

+ C

⎛
⎜⎝  

Br(y)

|rpf |qdm

⎞
⎟⎠

1 
(p−1)q

, (A.5)

where C is a constant depending only on p,q,λ,CD,CP ,R0, s, c, l and c0 (CP ,CD,λ being 
the constants appearing in Definition 2.2 of PI-space and c the constant in (A.1)).

Proof. It is enough to show (A.5) for r = R and y = x. Indeed suppose for a moment that this 
holds. Then for every Bt(z) ⊂ BR(x) with t ≤ R we have
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tp

⎛
⎜⎝  

Bt (z)

|g|qdm

⎞
⎟⎠

1 
q

= tp

m(Bt (z))
1 
q

⎛
⎜⎝ ˆ

BR(x)

|g|qdm

⎞
⎟⎠

1 
q

(A.1)≤ c(2R0)(2R)
s
q

t
p− s

q

m(B2R(z))
1 
q

⎛
⎜⎝ ˆ

BR(x)

|g|qdm

⎞
⎟⎠

1 
q

≤ c(2R0)(2R)p

⎛
⎜⎝  

BR(x)

|g|qdm

⎞
⎟⎠

1 
q

≤ 2pc0c(2R0)

(A.6)

having used that p − s
q

> 0, where c(·) is the constant given by (A.1). Therefore the hypotheses 
of the theorem are satisfied taking B := Bt(z) and with c0 replaced by 2pc0c(2R0). Then we can 
just apply (A.5) taking Br(y) = B (which we are assuming to hold).

Next, we observe that is sufficient to prove (A.5) in the case θ = 1
2 . Indeed the general case 

follows considering the balls B(1−θ)r (z) ⊂ B for all z ∈ Bθr(y) and using that m(B(1−θ)r (z)) ≥
2−s(1 − θ)sm(Br(y)), thanks to (A.1) (for the second term in the right-hand side of (A.5) we 
also use pq > s).

Moreover, we need to prove (A.5) only for l ≥ p. Indeed if this was true, for the case l < p

we would conclude with a standard iteration argument as in the proof of Proposition 4.10 (see 
also [52, p. 75]).

All in all we only need to prove (A.5) for y = x, r = R, θ = 1
2 and l ≥ p. Along the proof C >

0 will denote a constant depending only on p,q, s, c0,R0,CP ,CD, c,λ, l and possibly changing 
from line to line. Thanks to the scaling of the statement we can assume that m(BR(x)) = 1. By 
the Sobolev embedding (recall Theorem 2.3) W 1,p

loc (BR(x0)) ⊂ L
p∗
loc(BR(x0)), with p∗ = sp 

s−p
if 

s < p and for any p∗ > 1 if s = p, hence by the integrability assumptions on g and f (and 
the density of Lipschitz functions) we have that (A.4) holds also for all ϕ ∈ W

1,p
loc (BR(x0)). 

Fix ε > 0 arbitrary and set k := (‖Rpf ‖Lq(BR(x)) + ε)
1 

p−1 < +∞. Set ū := (u+ + k) and for 
every m ≥ k define ūm := ū ∧ m. By the chain rule it holds ū, ūm ∈ W

1,p
loc (BR(x0)) and ūm ∈

L∞(BR(x0)). Moreover ū, ūm ≥ k. For every β ≥ 1 and η ∈ LIPc(BR(x)), with η ≥ 0, we choose 
as test function

ϕ := ηp(ūū
p(β−1)
m − kp(β−1)+1) ≥ 0, m-a.e..

Note that ϕ = 0 in {u ≤ 0} and ϕ ≤ ηpūū
p(β−1)
m . In particular ∇u = ∇ū m-a.e. in {ϕ > 0}. By 

the Leibniz rule we have ϕ ∈ W 1,p(X) with

∇ϕ = pηp−1∇η(ūū
p(β−1)
m − kp(β−1)+1) + ηp

(
ū

p(β−1)
m ∇ū + p(β − 1)ūp(β−1)∇ūm

)
(A.7)

Substituting ϕ in (A.4) and using (A.7)

ˆ
|∇ū|pū

p(β−1)
m ηp + p(β − 1)|∇ūm|pūp(β−1)ηpdm
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≤
ˆ

p|∇ū|p−1|∇η|ηp−1ūū
p(β−1)
m + gūpū

p(β−1)
m ηp + f ūū

p(β−1)
m ηpdm

≤
ˆ

(δp)
p

p−1 |∇ū|pū
p(β−1)
m ηp + δ−p|∇η|pūpū

p(β−1)
m +

(
g + f

kp−1

)
ūpū

p(β−1)
m ηp dm,

for every δ > 0, having used that

|∇u|p−2〈∇ū,∇u〉 = |∇ū|p, m-a.e., |∇u|p−2〈∇ūm,∇u〉 = |∇ūm|p, m-a.e.,

by the locality. In the last step, we used also that ū ≥ k. Choosing δ = 1/(2p) and absorbing the 
first term of the right-hand side into the left one we reach

ˆ
|∇ū|pū

p(β−1)
m ηp + p(β − 1)|∇ūm|pūp(β−1)ηpdm 

≤ C

ˆ
|∇η|pūpū

p(β−1)
m + R−phūpū

p(β−1)
m ηpdm, 

(A.8)

where h := Rpg + Rpf 
kp−1 ∈ Lq(BR(x)). Note that by how we chose k it holds ‖h‖Lq(BR(x)) ≤

c0 + 1. Set w := ūū
β−1
m . As above we have w ∈ W

1,p
loc (Ω) with

|∇w| ≤ |∇ū|ū(β−1)
m + (p(β − 1))|∇ūm|ū(β−1), m-a.e..

Therefore by (A.8)

ˆ
|∇(wη)|pdm ≤

ˆ
2p(|∇w|p|η|p + |w|p|∇η|p)dm ≤ Cβp

ˆ
|∇η|pwp + R−phwpηpdm,

having used that (β − 1)p ≤ (β − 1)βp , since β ≥ 1. We define p∗ := ps 
s−p

if p < s, while if 

p = s we set p∗ := 2sq 
q−1 (any number strictly greater than sq 

q−1 would do). Applying the Sobolev 
inequality in (2.3) and recalling η ∈ LIPc(BR(x))

‖wη‖p

Lp∗
(m)

≤ Cβp

ˆ
Rp|∇η|pwp + (h + 1)wpηpdm

≤ Cβp

ˆ
Rp|∇η|pwpdm+ Cβp‖wη‖p

L
pq 
q−1 (m)

,

(A.9)

where in the Sobolev inequality we used that m(B2λR(x)) ≥ m(BR(x)) ≥ 1 and in the last step 
the Hölder inequality together with ‖h‖Lq(BR(x)) ≤ C. Since q > s/p, we have that p <

pq 
q−1 <

p∗ (this holds also if s = p, since in that case we defined p∗ = 2pq 
q−1 ). Hence by interpolation of 

norms, we have that for every δ > 0 it holds

‖wη‖p

L
pq 
q−1 (m)

≤ δ−α1‖wη‖p

Lp(m) + δα2‖wη‖p

Lp∗
(m)

,

for suitable exponents α1, α2 > 0 depending only on q,p and s. Plugging this estimate in (A.9)

and choosing δ := (δ′β−p)
1 
α2 for some δ′ > 0 small enough we obtain
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‖wη‖p

Lp∗
(m)

≤ Cβα

ˆ
Rp|∇η|pwp + |wη|pdm, (A.10)

for some number α > 0 depending only on q,p and s. Now we fix 1/2 ≤ a < b ≤ 1 arbitrary 
and choose η so that η = 1 in BaR(x), 0 ≤ η ≤ 1, η ∈ LIPc(BbR(x)) and Lipη ≤ 2 

(b−a)R
. Using 

this choice in (A.10), recalling that w = ūū
(β−1)
m and sending m → +∞ we reach

‖ū‖γ

Lχγ (BaR(x)) ≤ Cβα

(b − a)p
‖ū‖γ

Lγ (BbR(x)),

where γ := pβ , χ := s
s−p

> 1 if p < s and χ := 2q 
q−1 > 1 if p = s. Raising both sides to the 

1 
γ

and choosing β = l
p
χi ≥ 1 (recall that β was arbitrary), a = 1

2 + 1 
2i+2 and b = 1

2 + 1 
2i+1 for 

i = 0,1, . . . ,+∞, we obtain

‖ū‖Lγi+1 (Bri+1 (x)) ≤ (C(l/p)α)
1 
γi (χ)

αi
γi (4)

pi
γi ‖ū‖Lγi (Bri

(x))

≤ (C̃)
i

χi ‖ū‖Lγi (Bri
(x)), ∀ i = 0,1, . . . ,+∞,

where γi := lχi , ri := R
2 + R

2i+1 , for i = 0,1, . . . ,+∞, and where C̃ > 0 is a constant depending 
only on p,q, s, c0,R0,CP ,CD, c,λ, l. Iterating this estimate and recalling that ū = u+ + k and 
m(BR(x)) = 1 we obtain

ess sup
BR/2(x) 

u+ ≤ ‖ū‖L∞(B R
2 

(x)) ≤ (C̃)

∑+∞
i=0

i

χi ‖ū‖Ll(BR(x)) ≤ C
(‖u‖Ll(BR(x)) + k

)
,

where as above C is a constant depending only on p,q, s, c0,R0,CP ,CD, c,λ, l. Recalling the 
value of k and by the arbitrariness of ε > 0 gives (A.5) in the case x = y, r = R, θ = 1/2 and 
l ≥ p. This, as observed at the beginning, is sufficient to conclude. �

We pass to Harnack’s inequality for non-negative subsolutions.

Theorem A.5. Let (X,d,m) be an infinitesimally Hilbertian PI-space satisfying (A.1) with some 
s > 1 and let c0 > 0 be a constant. Fix also p ∈ (1, s] and q > s/p. Suppose u ∈ W

1,p
loc (B), for 

some B := BR(x) ⊂ X with R ≤ R0, is non-negative and satisfies

ˆ
|∇u|p−2〈∇u,∇ϕ〉 ≥

ˆ
−gup−1ϕ − f ϕdm, ∀ϕ ∈ LIPc(B), ϕ ≥ 0, (A.11)

for some f,g ∈ Lq(B), g ≥ 0, f ≥ 0 and such that

Rp

⎛
⎝ 

B

|g|qdm

⎞
⎠

1 
q

≤ c0.

Then there exist constants C > 0 and l ∈ [1,∞) both depending only on p,q,λ,CD,CP ,R0, s, c

and c0 (CP ,CD,λ being the constants appearing in Definition 2.2 of PI-space and c the constant 
in (A.1)) such that for every B35λr(y) ⊂ B with r ≤ R it holds
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ess inf
Br/2(y) 

u+ +
⎛
⎜⎝  

B25r (y)

|rpf |qdm

⎞
⎟⎠

1 
(p−1)q

≥ C

⎛
⎜⎝  

Br (y)

|u+|ldm
⎞
⎟⎠

1
l

. (A.12)

Proof. Fix B35λr (y) ⊂ B with r ≤ R. Along the proof C > 0 will denote a constant depending 
only on p,q,λ,CD,CP ,R0, s, c, c0 and possibly changing from line to line. As for (A.4) we 
have that (A.11) holds also for all ϕ ∈ W

1,p
loc (B). By scaling we can assume that m(Br(y)) = 1. 

Let ε > 0 be arbitrary and set k := (‖rpf ‖Lq(B25r (y)) + ε)
1 

p−1 . Setting ū := (u + k) and choosing 
ϕ := ψū−2(p−1), with ψ ∈ LIPc(Br(y)), we obtain

ˆ
|∇(ū)−1|p−2〈∇(ū)−1,∇ψ〉 ≤

ˆ (
g + f

kp−1

)
|ū−1|p−1ψdm,

having neglected the term 〈∇u,∇ū−2(p−1)〉ψ ≤ 0 m-a.e.. Setting h := g + f

kp−1 and arguing 
exactly as in (A.6), since m(Br(y) = 1, we obtain rp‖h‖Lq(Br (y)) ≤ c̃, where c̃ is a constant 
depending only on p,R0, c0 and c(·) (i.e. the constant given by (A.1)). Therefore the hypotheses 
of Theorem A.4 are satisfied taking B = Br(y), u = ū−1, g = h, f = 0 and with the constant 
2pc0 + 1 in place of c0. Hence we obtain that for every l ∈ [1,∞) and every B35λr(y) ⊂ BR(x)

with r ≤ R it holds

1 
ess infBr/2(y) u + k

= ess sup
Br/2(y) 

ū−1 ≤ Cl

⎛
⎜⎝  

Br (y)

|ū|−ldm

⎞
⎟⎠

1
l

, (A.13)

where Cl is a constant depending only on p,q,λ,CD,CP ,R0, s, c, c0 and also on l. There
fore to conclude it is enough to show that there exists l ∈ [1,∞) (depending only on 
p,q,λ,CD,CP ,R0, s, c, c0) such that

 

Br(y)

ūldm ·
 

Br(y)

ū−ldm ≤ 9. (A.14)

Indeed plugging this estimate in (A.13), combined with the assumption m(Br(y)) = 1 and our 
choice of k would yield (A.12). To show (A.14), it is sufficient to show that

 

Bt (z)

∣∣∣∣∣∣∣w −
 

Bt (z)

wdm

∣∣∣∣∣∣∣dm ≤ C, (A.15)

for every Bt(z) ⊂ B5r (y), where w := log(ū) ∈ W
1,p
loc (Ω), i.e. that w ∈ BMO(B5r (y),X). Then 

(A.14) would follow applying the John-Nirenberg lemma in the metric setting (see [11, Corollary 
3.21]).

To show (A.15) fix Bt(z) ⊂ B5r (y) arbitrary. We can assume that t ≤ 10r , and in particular 
B2t (z) ⊂ B25r (y) and B3λt (z) ⊂ B35λr (y) ⊂ B . Let ψ ∈ LIPc(B2t (z)) satisfy ψ = 1 in Bt(z), 
ψ ≥ 0 and Lip(ψ) ≤ 2/t . Choosing as test function ϕ := ψpū1−p in (A.11) we obtain
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(p − 1)

ˆ
|∇w|pψpdm ≤

ˆ
ψp g + f

kp−1 + |∇ψp||∇w|p−1dm

≤ cp

ˆ
ψph + δp/(p−1)|∇w|pψp + δ−p|∇ψ |pdm,

for every δ > 0, where cp > 0 is a constant depending only on p and where h := g + f

kp−1 . In 
particular taking δ > 0 small enough with respect to p, we can (and will) absorb the second term 
in the right-hand side to the left of the inequality. Applying the Hölder inequality we estimate 
the first term on the right-hand side as follows

ˆ
ψphdm ≤

ˆ

B2t (z)

hdm≤ ‖h‖Lq(B2t (z))m(B2t (z))
1− 1 

q ≤ c̃r−pm(B2t (z))
1− 1 

q ,

having used that ‖rph‖Lq(B25r (y)) ≤ c̃, where c̃ is a constant depending only on p,R0, c0 and 
c(·), which as above can be shown as in (A.6), recalling that m(Br(y)) = 1.

Plugging this estimate in the above inequality (using that Lip(ψ) ≤ 2/t) we obtain

ˆ

Bt (z)

|∇w|pdm ≤ Cm(B2t (z))
(
r−pm(B2t (z))

− 1 
q + t−p

)

(A.1)≤ Cm(B2t (z))
(
r

s
q
−p

t
−s
q m(B6r (z))

− 1 
q + t−p

)
≤ Cm(B2t (z))

(
r

s
q
−p

t−pt
p− s

q + t−p
)

≤ Cm(B2t (z))t
−p

(A.1)≤ Cm(Bt (z))t
−p,

where in the third inequality we used that m(B6r(z) ≥ m(Br(y)) ≥ 1 and in the fourth one that 
p − s

q
≥ 0 and that t ≤ 10r . From this (A.15) follows by the Poincaré inequality (see (2.2)) 

applied to wη, where η ∈ LIPc(B3λt (z)) is a cut-off function with η = 1 in B2λt (z) indeed wη ∈
W 1,p(X), since as observed above B3λt (z) ⊂ B . This concludes the proof. �

We can now prove the main result of this section.

Proof of Theorem A.2. We prove only (A.3), from which the Hölder regularity of u follows im
mediately by standard arguments exactly as in the Euclidean case (see e.g. [52, Corollary 4.18]). 
Fix B70λr (y) ⊂ B . Then combining Theorem A.4, Theorem A.5 and the doubling property we 
get
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which is (A.3). �
Remark A.6. Both Theorem A.4 and Theorem A.5 hold without the infinitesimally Hilbertian 
assumption, replacing 〈∇u,∇ϕ〉 respectively by the objects D+ϕ(∇u) and D−ϕ(∇u) introduced 
in [36, Section 3]. The proof is exactly the same, only the first part needs to be translated by using 
the suitable calculus rules present in [36]. ■
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