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Abstract

This article studies the canonical Hilbert energy Hs/2(M) on a Riemannian manifold for s ∈ (0, 2),
with particular focus on the case of closed manifolds. Several equivalent definitions for this energy
and the fractional Laplacian on a manifold are given, and they are shown to be identical up to explicit
multiplicative constants. Moreover, the precise behaviour of the kernel associated with the singular
integral definition of the fractional Laplacian is obtained through an in-depth study of the heat kernel
on a Riemannian manifold. Furthermore, a monotonicity formula for stationary points of functionals
of the type E(v) = [v]2Hs/2(M)

+
´

M F(v) dV, with F ≥ 0, is given, which includes in particular the case
of nonlocal s-minimal surfaces. Finally, we prove some estimates for the Caffarelli-Silvestre extension
problem, which are of general interest.

This work is motivated by [13], which defines nonlocal minimal surfaces on closed Riemannian man-
ifolds and shows the existence of infinitely many of them for any metric on the manifold, ultimately
proving the nonlocal version of a conjecture of Yau ([22]). Indeed, the definitions and results in the
present work serve as an essential technical toolbox for the results in [13].
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1 Introduction

In recent years we have seen a great development of the theory of nonlocal equations. The simplest
example of a nonlocal operator is the fractional Laplacian, (−∆)σu =

´
Rn(u(x) − u(y)) 1

|x−y|n+2σ , where
σ ∈ (0, 1) and u : Rn → R. Formally, it corresponds to the σ-th power of the usual Laplacian, and it is,
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therefore, an operator of order (of differentiation) 2σ. Another way to look at it is as the operator arising
from the Euler-Lagrange equation of the functional

E(v) = [v]2Hσ(Rn) =

¨
Rn×Rn

(u(x)− u(y))2 1
|x − y|n+2σ

,

which involves a fractional Sobolev energy term. There are precise multiplicative constants one should
put in front of these objects which will be given later, but we will omit them in the introduction for the
sake of exposition.

The present work addresses how the fractional Sobolev energy Hσ(M) = Wσ,2(M) and the associated
fractional Laplacian on M have a natural, canonical interpretation in the case where M is a closed Rieman-
nian manifold. We give several definitions for these objects and show them to be identical, which justifies
their canonical nature. Moreover, we obtain fundamental properties for these objects thanks to a deeper
study of their different definitions. We give a brief account in what follows:

Let (Mn, g) be an n-dimensional, closed Riemannian manifold, with n ≥ 2. Let us start by giving
the definition of the fractional Sobolev seminorm Hs/2(M) —for convenience and consistency with the
notation in our paper [13], throughout the paper we put σ = s/2, where s ∈ (0, 2).

The Hs/2(M) seminorm can be defined in at least three equivalent ways:

(i) Using the heat kernel1 HM(t, p, q) of M, we can put

Ks(p, q) :=
ˆ ∞

0
HM(p, q, t)

dt
t1+s/2 . (1)

We then define
[u]2Hs/2(M)

:=
¨

M×M
(u(p)− u(q))2Ks(p, q) dVp dVq. (2)

(ii) Following a spectral approach, we can set

[u]2Hs/2(M)
= ∑

k≥1
λs/2

k ⟨u, ϕk⟩2
L2(M) (3)

where {ϕk}k is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator (−∆g) and
{λk}k are the corresponding eigenvalues. For s = 2 this immediately recovers the usual [u]2H1(M)
seminorm.

(iii) Considering a Caffarelli-Silvestre type extension (cf. [9, 3]), namely, a degenerate-harmonic extension
problem in one extra dimension, we can set

[u]2Hs/2(M)
= inf

{ˆ
M×R+

z1−s|∇̃U(p, z)|2 dVpdz s.t. U(x, 0) = u(x)
}

. (4)

Here ∇̃ denotes the Riemannian gradient of the manifold M̃ = M × (0, ∞), with respect natural
product metric g̃ = g + dz ⊗ dz, and the infimum is taken over all U belonging to the weighted
Hilbert space H̃1(M̃) (see Definition 2.24 for the precise definition of this space, and we refer to
Section 2.3 in general for all the basic properties of this extension characterization).

We will prove that (i)-(iii) define the same norm (not merely equivalent norms) up to explicit multiplica-
tive constants. We emphasize that this gives a canonical definition of the Hs/2(M) seminorm on a closed
manifold.

Definition (i) through the expression (2) will allow us to control precisely the behaviour of the fractional
Sobolev energy. See, for example, Lemmas 3.10 and 3.11, which show that the fractional Sobolev energy

1As customary, by heat kernel here we mean the fundamental solution of the heat equation ∂tu = ∆u on M, where ∆ denotes the
Laplace-Beltrami operator on M.
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is smooth with quantitative bounds under inner variations. For that, we will give precise quantitative
estimates for the kernel Ks(p, q) (defined in (1)) and its derivatives, depending only on local quantities.
In particular, we will show that it is comparable to 1

d(p,q)n+s if p and q are contained in a Riemannian ball
with controlled geometry. We recall that the two kernels coincide in the case M = Rn (up to a constant
factor).
The estimates for Ks will follow from corresponding estimates for the heat kernel HM. Albeit of somewhat
“standard flavour”, they are hard to find in the literature with this level of precision, and we give an
almost completely self-contained account that we believe to be of independent interest.

The extension definition (iii) will be used to give a monotonicity formula for stationary points u of
semilinear elliptic functionals, that is, of functionals of the form

E(v) = [v]2Hs/2(M)
+

ˆ
M

F(v) dV,

under the assumption that F ≥ 0. More precisely, u need only be stationary for E(v) under inner varia-
tions; in particular, setting F ≡ 0 will give a monotonicity formula for nonlocal s-minimal surfaces, which
we will define in a moment. Up to now, the result was known on Rn by [8], [7] and [20].

Definition 1.1. Given s ∈ (0, 1) and a (measurable) set E ⊂ M, we define the s-perimeter of E as

Pers(E) := [χE]
2
Hs/2(M)

=
1
4
[χE − χEc ]2Hs/2(M)

, (5)

where χE is the characteristic function of E and Ec := M \ E.
From the estimates that we will prove for Ks, one can see that for every set E ⊂ M with smooth boundary,
one has that (1 − s)Pers(E) → Per(E) as s ↑ 1 (up to a multiplicative dimensional constant, see [5] and
also [15, 11, 1] for further details on the computation in the case of Rn).

Definition 1.2. The boundary ∂E of a set E ⊂ M is said to be an s-minimal surface if Pers(E) < ∞ and, for
every smooth vector field X on M, we have

d
dt

∣∣∣
t=0

Pers(ψ
t
X(E)) = 0 ,

where ψt
X : M × R → M denotes the flow of X at time t.

Remark 1.3. As we prove2 in Lemma 3.10 and Lemma 3.11, if Pers(E, Ω) < ∞ and X ∈ Xc(U ) is such that
spt(X) ⊂ Ω then the map t 7→ Pers(ψt

X(E), Ω) is well-defined for all t and of class C∞. Thus, the previous
definitions are meaningful.

In other words, ∂E is an s-minimal surface if u = χE − χEc is stationary under inner variations for
E(v) = [v]2Hs/2(M)

. The general monotonicity formula claimed before is the following (see Section 3.3 for
the precise definitions and notation):

Theorem 1.4 (Monotonicity formula). Let (Mn, g) be an n-dimensional, closed Riemannian manifold. Let
s ∈ (0, 2) and

E(v) = [v]2Hs/2(M)
+

ˆ
M

F(v) dV,

where F is any smooth nonnegative function. Let u : M → R be stationary for E under inner variations, meaning
that E(u) < ∞ and for any smooth vector field X on M there holds d

dt

∣∣
t=0E(u ◦ ψt

X) = 0, where ψt
X is the flow of

X at time t. For (p◦, 0) ∈ M̃ and R > 0 define

Φ(R) :=
1

Rn−s

(
βs

ˆ
B̃+

R (p◦ ,0)
z1−s|∇U(p, z)|2 dVpdz +

ˆ
BR(p◦)

F(u) dV

)
,

2Notice that for functions taking values in {±1} the potential part of the energy vanishes and the Sobolev part of the energy gives
the fractional perimeter.
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where U is the unique solution (see Theorem 2.25) in H̃1(M̃) to{
d̃iv(z1−s∇̃U) = 0 in M̃ ,
U(p, 0) = u(p) for p ∈ ∂M̃ = M .

Then, there exists a positive constant C with the following property: whenever R◦ ≤ injM(p◦)/4 and K is an upper
bound for all the sectional curvatures of M in BR◦(p◦), then

R 7→ Φ(R)eC
√

KR is nondecreasing for R < R◦ ,

and the inequality

Φ′(R) ≥ −C
√

KΦ(R) +
s

Rn−s+1

ˆ
BR(p◦)

F(u) dV +
2βs

Rn−s

ˆ
∂+ B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 d σ̃

holds for all R < R0, with d(·) = dg̃((p◦, 0), · ) the distance function on M̃ from the point (p◦, 0).

Moreover, in the particular case where M = Rn, F ≡ 0, s ∈ (0, 1), and u = χE − χEc where E is an s-minimal
surface, there holds

Φ′(R) =
2βs

Rn−s

ˆ
∂+B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 dxdz ≥ 0 ,

which shows that Φ is nondecreasing and that it is constant if and only if E is a cone.

1.1 Overview of the kernel estimates

Here is an overview of the estimates for the heat kernel HM and the singular kernel Ks (defined in (1))
that will be proved in subsection 2.2. In particular, the reader is advised to consult Theorem 2.13, which
records several of the main results for Ks, including an explicit asymptotic expansion for short distances.

Heat kernel HM Singular kernel Ks

Global comparability on (Rn, g) Lemma 2.14 Lemma 2.14
Short distance comparability Lemma 2.15, Lemma 2.18 Lemma 2.20

Long distance estimates Lemma 2.16, Lemma 2.17 Theorem 2.13, Proposition 2.21
Precise asymptotics Proposition 2.19 Theorem 2.13

2 The fractional Laplacian on a closed manifold (M, g)

Throughout the paper (unless otherwise stated) (M, g) will be a closed (i.e. compact and without bound-
ary) Riemannian manifold of dimension n.
Taking inspiration from the case of Rn, in this section, we give several equivalent definitions for the
fractional Laplacian (−∆)s/2 on a closed Riemannian manifold, with s ∈ (0, 2).

2.1 Spectral and singular integral definitions

The fractional Laplacian (−∆)s/2 can be defined as the s/2-th power (in the sense of spectral theory) of
the usual Laplace-Beltrami operator on a Riemannian manifold, through Bochner’s subordination.

Given λ > 0 and s ∈ (0, 2), the following numerical formula holds:

λs/2 =
1

Γ(−s/2)

ˆ ∞

0
(e−λt − 1)

dt
t1+s/2 . (6)

Formally applying the above relation to the operator L = (−∆) in place of λ, one obtains the following
definition for the fractional Laplacian.
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Definition 2.1 (Spectral definition). Let s ∈ (0, 2). The fractional Laplacian (−∆)s/2 is the operator that
acts on smooth functions u by

(−∆)s/2 u =
1

Γ(−s/2)

ˆ ∞

0
(et∆u − u)

dt
t1+s/2 . (7)

Here, the expression et∆u is to be understood as the solution of the heat equation on M at time t and with
initial datum u.

From now on, to denote the solution of the heat equation with initial datum u, we will write Ptu in
place of et∆u.

Remark 2.2. On a closed Riemannian manifold a closely related definition of the fractional Laplacian is
available: if {ϕk}∞

k=1 is an L2(M) orthonormal basis of eigenfunctions for (−∆) with eigenvalues

0 < λ1 < λ2 ≤ . . . ≤ λk
k→∞−−−→ +∞

and u is a smooth function then

(−∆)s/2u =
∞

∑
k=1

λs/2
k ⟨u, ϕk⟩L2(M)ϕk .

Since the solution to the heat equation on M with initial datum an eigenfunction ϕk is given by et∆ϕk =
e−λktϕk, the above definition is easily shown to be identical to (7) by first observing that they coincide for
eigenfunctions (thanks to (6)), and then extending the result by approximation. In [21] (see also [10]) all
the details of this equivalence are carried out in the case of certain positive second order operators with
discrete spectrum on a domain Ω ⊂ Rn. In our case of (−∆) on a closed Riemannian manifold, the proof
is then completely analogous. Nevertheless, this characterization will not be used in what follows and is
given only as complementary information.

The second definition for the fractional Laplacian, closely related to the spectral one, expresses it as a
singular integral. It will be our working definition in a substantial portion of the article.

Definition 2.3 (Singular integral definition). The fractional Laplacian (−∆)s/2 of order (of differentiation)
s ∈ (0, 2) is the operator that acts on a regular function u by

(−∆)s/2u(p) = p.v.
ˆ

M
(u(p)− u(q))Ks(p, q) dVq (8)

:= lim
ε→0

ˆ
M
(u(p)− u(q))Kε

s(p, q) dVq .

Here Ks(p, q) : M × M → R denotes the singular kernel given by3

Ks(p, q) =
s/2

Γ(1 − s/2)

ˆ ∞

0
HM(p, q, t)

dt
t1+s/2 (9)

where HM : M × M × (0, ∞) → R denotes the usual heat kernel on M, and Kε
s(p, q) is the natural

regularization

Kε
s(p, q) =

s/2
Γ(1 − s/2)

ˆ ∞

0
HM(p, q, t)e−ε2/4t dt

t1+s/2 . (10)

Remark 2.4. If the compact manifold M is replaced by the Euclidean space Rn then

Ks(x, y) =
s/2

Γ(1 − s/2)

ˆ ∞

0
HRn(x, y, t)

dt
t1+s/2 =

s/2
Γ(1 − s/2)

ˆ ∞

0

(
1

(4πt)
n
2

e−
|x−y|2

4t

)
dt

t1+s/2 =
αn,s

|x − y|n+s ,

3Note that 1
|Γ(−s/2)| =

s/2
Γ(1−s/2) .
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where

αn,s =
2sΓ
(

n+s
2

)
πn/2|Γ(−s/2)|

=
s2s−1Γ

(
n+s

2

)
πn/2Γ(1 − s/2)

. (11)

Hence, we recover the usual form of the fractional Laplacian on Rn.

Let us briefly comment on our choice of the ”natural” regularization Kε
s(p, q) that we have used to

define the principal value (p.v.) in (8). First, we will see in the proof of (44) that this approximation
naturally appears in the computation. This is because Kε

s(p, q) is directly related to the fractional Poisson
kernel PM̃(p, q, z) of M̃ := M × (0,+∞) by the formula

Kε
s(p, q) = PM̃(p, q, ε)ε−s ,

and the fractional Poisson kernel is the fundamental solution of the Caffarelli-Silvestre extension problem.

Moreover, if the compact manifold M is replaced by the Euclidean space Rn then

Kε
s(x, y) =

s/2
Γ(1 − s/2)

ˆ ∞

0
HRn(x, y, t)e−ε2/4t dt

t1+s/2 =
αn,s

(|x − y|2 + ε2)
n+s

2
,

which is arguably a very natural regularization of αn,s
|x−y|n+s , and is easily seen to give the same notion

of principal value that one would get by integrating Ks(x, y) against a function on Rn \ Bε(y) and then
taking ε → 0+. This is also true on a Riemannian manifold, and actually many other desingularizations
of the (singular) kernel Ks(p, q) are possible and give the same notion of principal value (p.v.) under mild
hypotheses:

Proposition 2.5. Let (M, g) be a closed, n-dimensional Riemannian manifold, and let {Kε
s}ε>0 be a family of

nonnegative kernels defined on L∞(M). Assume that the following hold:

• The Kε
s converge uniformly to Ks(p, ·) on compact subsets of M \ {p}, as ε → 0+.

• There exist some r = r(p) > 0 and some chart parametrization φ : Br ⊂ Rn → M with φ(0) = p such that:

(i) The flatness assumptions FA2(M, g, r, p, φ) are satisfied (see Definition 2.9).

(ii) Setting K̃ε
s(y) := Kε

s(p, φ(y)), there is some positive constant C such that, for all y ∈ Brp ,

K̃ε
s(y) ≤

C
|y|n+s (12)

and moreover, the symmetry condition∣∣∣K̃ε
s(y)− K̃ε

s(−y)
∣∣∣ ≤ C

|y|n+s−1 (13)

is satisfied.

Then, for every f ∈ C∞(M), the limit limε→0
´

M( f (p)− f (q))Kε
s(p, q) dVq exists and is independent of the family

Kε
s. In particular, any such family gives the same value for (8) as the choice in (10).

Remark 2.6. As discussed above, this covers the case of removing a geodesic ball Bε(p) in the correspond-
ing definition of the fractional Laplacian as an integral and then sending ε to 0, as in the usual Euclidean
definition of a principal value integral. Indeed, this corresponds to considering Kε

s := Ks(p, q)χM\Bε(p) in
the Proposition above. Another reasonable desingularization could be

Kε
s(p, q) =

s/2
Γ(1 − s/2)

ˆ ∞

ε
HM(p, q, t)

dt
t1+s/2 .

The fact that both of these choices for the families {Kε
s}ε, as well as the choice (10), satisfy the hypotheses

in Proposition 2.5, can be easily seen using the results that will appear in the next section. More precisely,
they follow from the combination of Remark 2.10 and (the proof of) estimate (18) from Theorem 2.13. The
latter shows that conditions (12) and (13) hold directly for the kernel Ks thanks to precise estimates on the
heat kernel HM, and it is then simple to see that they hold for the regularisations Kε

s as well.
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Proof of Proposition 2.5. Recall that φ−1(p) = 0. Given 0 < δ < rp, we can write
ˆ

M
( f (p)− f (q))Kε

s(p, q) dVq =

ˆ
M\φ(Bδ)

( f (p)− f (q))Kε
s(p, q) dVq +

ˆ
φ(Bδ)

( f (p)− f (q))Kε
s(p, q) dVq .

By the dominated convergence theorem, the first term on the RHS converges to
ˆ

M\φ(Bδ)
( f (p)− f (q))Ks(p, q) dVq .

Therefore

lim sup
ε→0

∣∣∣ ˆ
M
( f (p)− f (q))Kε

s(p, q) dVq −
ˆ

M\φ(Bδ)
( f (p)− f (q))Ks(p, q) dVq

∣∣∣
≤ lim sup

ε→0

∣∣∣ ˆ
φ(Bδ)

( f (p)− f (q))Kε
s(p, q) dVq

∣∣∣ .

In other words, to conclude our desired result, it suffices to show that
´

φ(Bδ)
( f (p)− f (q))Kε

s(p, q) dVq is
bounded independently of ε and moreover can be made arbitrarily small by choosing δ small enough.

To check this, we start by changing variables using the coordinates given by φ, leading to
ˆ

φ(Bδ)
( f (p)− f (q))Kε

s(p, q) dVq =

ˆ
Bδ

( f (φ(0))− f (φ(y)))K̃ε
s(y)

√
|g|(y) dy .

Defining h(y) := ( f (φ(0))− f (φ(y)))
√
|g|(y), which verifies that h(y) = y · ∇h(0) + O(|y|2), and using

the symmetry of the Lebesgue measure under the transformation y 7→ (−y), we can then compute∣∣∣ ˆ
φ(Bδ)

( f (p)− f (q))Kε
s(p, q) dVq

∣∣∣ = ∣∣∣ ˆ
Bδ

h(y)K̃ε
s(y) dy

∣∣∣
≤
∣∣∣ ˆ

Bδ

y · ∇h(0)K̃ε
s(y) dy

∣∣∣+ C
ˆ
Bδ

|y|2K̃ε
s(y) dy

=
∣∣∣1
2

ˆ
Bδ

y · ∇h(0)K̃ε
s(y) dy +

1
2

ˆ
Bδ

(−y) · ∇h(0)K̃ε
s(−y) dy

∣∣∣
+ C
ˆ
Bδ

|y|2K̃ε
s(y) dy

=
1
2

∣∣∣ ˆ
Bδ

y · ∇h(0)(K̃ε
s(y)− K̃ε

s(−y)) dy
∣∣∣+ C

ˆ
Bδ

|y|2K̃ε
s(y) dy

Using the assumptions on the kernel, we conclude that∣∣∣ ˆ
φ(Bδ)

( f (p)− f (q))Kε
s(p, q) dVq

∣∣∣ ≤ C
ˆ
Bδ

|y · ∇h(0)| 1
|y|n+s−1 dy + C

ˆ
Bδ

|y|2 1
|y|n+s dy

≤ C
ˆ
Bδ

1
|y|n+s−2 dy

≤ Cδ2−s .

Since s ∈ (0, 2), this quantity can be made arbitrarily small by choosing δ small enough, independently of
ε. This concludes the proof of our result.

We now show the equivalence between the spectral and singular integral definitions for the fractional
Laplacian.

Proposition 2.7. For every s ∈ (0, 2) definitions (7) and (8) coincide, meaning that:
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(i) For u ∈ C∞(M) they coincide pointwise everywhere.

(ii) For u ∈ L2(M) they coincide as distributions (i.e. in duality with C∞(M)).

Proof. Let u ∈ C∞(M). Expressing the solution Ptu to the heat equation in terms of the initial datum as

Ptu(p) =
ˆ

M
u(q)HM(p, q, t) dVq ,

and using that
´

M HM(p, q, t) dVq = 1 gives, for every ε > 0, that

1
Γ(−s/2)

ˆ ∞

0
(Ptu − u)

e−ε2/4tdt
t1+s/2 =

ˆ
M
(u − u(q))Kε

s(p, q) dVq . (14)

Since u is smooth, letting ε → 0+ gives convergence of both integrals pointwise everywhere and

1
Γ(−s/2)

ˆ ∞

0
(Ptu − u)

dt
t1+s/2 = p.v.

ˆ
M
(u − u(q))Ks(p, q) dVq ,

and this proves (i).

Now to show (ii) take u ∈ L2(M) and φ ∈ C∞(M). Multiply (14) by φ and integrate over M to get

1
Γ(−s/2)

ˆ
M

ˆ ∞

0
(Ptu − u)φ

e−ε2/4t

t1+s/2 dtdV =

¨
M×M

(u(p)− u(q))φ(p)Kε
s(p, q) dVqdVp . (15)

Note that since ε > 0 is fixed and positive, neither of the two integrals above is singular, and they are
both absolutely convergent. Hence, we can exchange the other of integration in both integrals. For the
left-hand-side using that Pt is self adjoint in L2(M) we get

1
Γ(−s/2)

ˆ
M

ˆ ∞

0
(Ptu − u)φ

e−ε2/4t

t1+s/2 dtdV =
1

Γ(−s/2)

ˆ ∞

0

e−ε2/4t

t1+s/2 ⟨Ptu − u, φ⟩L2 dt

=
1

Γ(−s/2)

ˆ ∞

0

e−ε2/4t

t1+s/2 ⟨Pt φ − φ, u⟩L2 dt

=

ˆ
M

(
1

Γ(−s/2)

ˆ ∞

0
(Pt φ − φ)

e−ε2/4t

t1+s/2 dt

)
u dV .

Regarding the right-hand side, since Kε
s(p, q) is symmetric

¨
M×M

(u(p)− u(q))φ(p)Kε
s(p, q) dVqdVp =

¨
M×M

(φ(p)− φ(q))u(p)Kε
s(p, q) dVqdVp .

Thus
ˆ

M

(
1

Γ(−s/2)

ˆ ∞

0
(Pt φ − φ)

e−ε2/4t

t1+s/2 dt

)
u dV =

ˆ
M

(ˆ
M
(φ(p)− φ(q))Kε

s(p, q) dVq

)
u(p)dVp ,

and letting ε → 0+ and using (i) proves (ii).

Remark 2.8. On a noncompact Riemannian manifold, the mass preservation property
´

M HM(p, q, t) dVq =
1 could fail, leading to undesired phenomena such as the fractional Laplacian of a constant being different
from zero. It is thus natural in the noncompact case to assume that M is stochastically complete, i.e. that´

M HM(p, q, t) dVq = 1 for every t > 0.
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2.2 Properties of the kernel

This section gives important estimates on the singular kernel Ks(p, q). In order to precisely quantify the
dependence of the constants in the estimates on the geometry of the ambient manifold, the notion of “local
flatness assumption” will be very useful. Let us introduce it below.

Here, as in the rest of the paper, BR(0) denotes the Euclidean ball of radius R centered at 0 of Rn, and
BR(p) denotes the metric ball on M of radius R and center p.

Definition 2.9 (Local flatness assumption). Let (Mn, g) be an n-dimensional Riemannian manifold and
p ∈ M. For R > 0, we say that (M, g) satisfies the ℓ-th order flatness assumption at scale R around the point
p, with parametrization φ, abbreviated as FAℓ(M, g, R, p, φ), whenever there exists an open neighborhood V
of p and a diffeomorphism

φ : BR(0) → V, with φ(0) = p ,

such that, letting gij = g
(

φ∗
(

∂
∂xi

)
, φ∗

(
∂

∂xj

))
be the representation of the metric g in the coordinates φ−1,

we have (
1 − 1

100
)
|v|2 ≤ gij(x)vivj ≤

(
1 + 1

100
)
|v|2 ∀ v ∈ Rn and ∀ x ∈ BR(0) , (16)

and

R|α|
∣∣∣∣∂|α|gij(x)

∂xα

∣∣∣∣ ≤ 1
100 ∀α multi-index with 1 ≤ |α| ≤ ℓ, and ∀x ∈ BR(0). (17)

Remark 2.10. Notice that for any smooth closed Riemannian manifold (M, g), given ℓ ≥ 0, there exists
R0 > 0 for which FAℓ(M, g, R0, p, φp) is satisfied for all p ∈ M, where φp can be chosen to be the restriction
of the exponential map4(of M) at p to the (normal) ball BR0(0) ⊂ Tp M ∼= Rn.

Remark 2.11. The notion above of local flatness is used in our results to stress the fact that, once the local
geometry of the manifold is controlled in the sense of Definition 2.9, then our estimates are independent
of M. Interestingly, this makes our estimates in the present article and in [13] of local nature, even though
the equation we deal with is nonlocal.

Remark 2.12. The following useful scaling properties hold.

(a) Given M = (M, g) and r > 0, we can consider the ”rescaled manifold” M̂ = (M, r2g). When
performing this rescaling, the new heat kernel HM̂ satisfies

HM̂(p, q, t) = r−n HM(p, q, t/r2) .

As a consequence, the ”rescaled kernel” K̂s defining the s-perimeter on M̂ satisfies

K̂s(p, q) = r−(n+s)Ks(p, q).

(b) Concerning the flatness assumption, it is easy to show that FAℓ(M, g, R, p, φ) ⇒ FAℓ(M, g, R′, p, φ)
for all R′ < R and FAℓ(M, g, R, p, φ) ⇔ FAℓ(M, r2g, R/r, p, φ(r · )).

(c) Similarly, if FAℓ(M, g, R, p, φ) holds, and q ∈ φ(BR(0)) is such that Bϱ(φ−1(q)) ⊂ BR(0), then
FAℓ(M, r2g, ϱ/r, q, φφ−1(q),r) holds, where φx, ρ := φ(x + ρ · ).

In all the sections, we will use the (standard) multi-index notation for derivatives. A multi-index
α = (α1, α2, . . . , αn) will be an n-tuple of nonnegative integers (in other words α ∈ Nn). We define

|α| := α1 + α2 + · · ·+ αn.

For a function f : Rn → R is of class Cℓ we shall use the notation

∂|α|

∂xα
f :=

∂α1+α2+···αn f
(∂x1)α1(∂x2)α2 · · · (∂xn)αn

.

4That is φp = (expp ◦ i)|BR0
(0) for any isometric identification of i : Rn → TMp
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For α = 0, we put ∂|0|

∂x0 f := f .

The next main theorem gives the precise behavior of the kernel around a point satisfying flatness
assumptions, including an explicit approximation in coordinates.

Theorem 2.13. Let (M, g) be a Riemannian n-manifold, not necessarily closed, s ∈ (0, 2) and let p ∈ M. Assume
FAℓ(M, g, R, p, φ) holds and denote K(x, y) := Ks(φ(x), φ(y)).

Given x ∈ BR(0), let A(x) denote the positive symmetric square root of the matrix (gij(x)) —gij being the
metric in coordinates φ−1— and, for x, z ∈ BR/2(0), define

k(x, z) := K(x, x + z) and k̂(x, z) := k(x, z)− αn,s

|A(x)z|n+s .

Then ∣∣k̂(x, z)
∣∣ ≤ R−1 C(n, s)

|z|n+s−1 for all x, z ∈ BR/4(0) , (18)

and, for every multi-indices α, β with |α|+ |β| ≤ ℓ, we have∣∣∣∣ ∂|α|

∂xα

∂|β|

∂zβ
k(x, z)

∣∣∣∣ ≤ C(n, s, ℓ)
|z|n+s+|β| for all x, z ∈ BR/4(0). (19)

The constants C(n, s) and C(n, s, l) stay bounded for s away from 0 and 2.

Moreover, for all x ∈ BR/4(0) and for all q ∈ M \ φ(BR(0)) we have∣∣∣∣ ∂|α|

∂xα
Ks(φ(x), q)

∣∣∣∣ ≤ C(n, ℓ)
Rn+s , (20)

and ˆ
M\φ(BR(0))

∣∣∣∣ ∂|α|

∂xα
Ks(φ(x), q)

∣∣∣∣dVq ≤ C(n, ℓ)
Rs , (21)

for every multi-index α with |α| ≤ ℓ.

2.2.1 Heat kernel estimates

To prove Theorem 2.13 we will need several preliminary lemmas studying the properties of the heat kernel
of M.

The first result compares locally the heat kernel HM(p, q, t) or the singular kernel Ks(p, q) on Rn en-
dowed with a metric g with the standard ones on Rn.

Lemma 2.14. Let g be a smooth metric on Rn such that |v|2
4 ≤ gij(x)vivj ≤ 4|v|2 and |Dgij(x)| ≤ 1 for all

x, v ∈ Rn. Denote M := (Rn, g) and let Ks be defined by (9). Then, there exist positive constants ci = ci(n) for
1 ≤ i ≤ 6 such that

c1

tn/2 e−
|x−y|2

c2t ≤ HM(x, y, t) ≤ c3

tn/2 e−
|x−y|2

c4t ,

and
c5

αn,s

|x − y|n+s ≤ Ks(x, y) ≤ c6
αn,s

|x − y|n+s ,

for all (x, y, t) ∈ Rn × Rn × [0, ∞).

Proof. The two-sided estimates for the heat kernel HM follow directly from the classical parabolic estimates
of Aronson [2]. The second inequality follows by integrating the first one, from the definition (9) of
Ks(x, y).

The next lemma concerns the concentration of mass of the heat kernel.
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Lemma 2.15. Let (M, g) be a Riemannian n-manifold, p ∈ M, and assume FA0(M, g, 1, p, φ) holds. Then

1 − C exp(−c/t) ≤
ˆ

φ(B1/2(0))
HM(p, q, t)dVq ≤ 1, for all t > 0,

with C, c > 0 depending only on n.

Proof. Put H(x, y, t) := HM(φ(x), φ(y), t). Let gij ∈ C0(B1(0)) be the metric coefficients in the chart φ−1,
choose ξ ∈ C0

c (B1(0)) such that χB3/4(0) ≤ ξ ≤ χB1(0) and put g′ij := gijξ + δij(1 − ξ). By assumption,

we have
∣∣g′ij(x)vivj − |v|2

∣∣ ≤ 1
100 |v|2 for all x, v ∈ Rn. Morevoer, g′ij ≡ gij inside B3/4(0). Consider the

complete Riemannian manifold M′ := (Rn, g′) and let H′(x, y, t) denote its associated heat kernel. Then,
by Lemma 2.14 we have

c1

tn/2 e−c2|x−y|2/t ≤ H′(x, y, t) ≤ c3

tn/2 e−c4|x−y|2/t. (22)

Now, since H′(0, x, t) is the heat kernel of the stochastically complete manifold M′ we have
ˆ

M
H′(0, x, t)

√
|g′|(x)dx = 1 for all t > 0. (23)

On the other hand, for every fixed τ > 0 set h(τ) := c3
τn/2 e−c4(1/4)2/τ . Using (22) we have that u(x, t) =(

H′(0, x, t)− h(τ)
)+, where ( · )+ denotes the positive part, is a subsolution of ut ≤ 1√

|g′ |
∂

∂xi

(√
|g′|(g′)ij ∂

∂xj u
)

in B1/4(0)× (0, τ) ,

u = 0 in ∂B1/4(0)× (0, τ) .

Since g′ ≡ g in B1/4(0), it easily follows (using that both H(0, x, t) and H′(0, x, t) have as initial condition
a Dirac delta with respect to the same volume form

√
|g|dx) that u ≤ H(0, x, t) for all t ∈ (0, τ). This

gives, for all t ∈ (0, τ)

ˆ
B1/4

(
H′(0, x, t)− h(τ)

)+√|g|dx =

ˆ
B1/4

u(x, t)
√
|g|dx ≤

ˆ
B1/4

H(0, x, t)
√
|g|dx

On the other hand, using (23) and (22) we obtain that for all t ∈ (0, τ)

1 − C exp(−c/τ) ≤ 1 −
ˆ

Rn\B3/4(0)

c3

tn/2 e−c4|x|2/t(1 + 1
100
)n/2dx ≤ 1 −

ˆ
Rn\B3/4(0)

H′(0, x, t)
√
|g′|dx

=

ˆ
B3/4(0)

H′(0, x, t)
√
|g|dx.

Finally, since also h(τ) ≤ C exp(−c/τ) (notice that we can “absorbe” τ−n/2 in Ce−c/τ chosing c > 0
slightly smaller and a larger C), we obtain the desired estimate

1 − C exp(−c/τ) ≤
ˆ
B1/4(0)

H(0, x, t)
√
|g|dx ≤

ˆ
φ(B1/2(0))

H(p, q, t)dVq, ∀t ∈ (0, τ) ,

and for all τ > 0. The bound by above by 1 of the same quantity follows immediately using that H is a
heat kernel, i.e. nonnegative and with total mass bounded by 1.

Lemma 2.16. Under the same assumptions as in Theorem 2.13, for all q ∈ M \ φ(B1(0)) we have∣∣∣∣ ∂|α|

∂xα
HM(φ(x), q, t)

∣∣∣∣ ≤ C exp(−c/t), for (x, t) ∈ B1/2(0)× [0, ∞) (24)

and for every multi-index α with |α| ≤ ℓ, with C, c > 0 depending only on n and ℓ.
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Proof. Notice that u(x, t) := HM(φ(x), q, t) satisfies ut = Lu, in B1(0)× [0, ∞) and u ≡ 0 at t = 0, where

Lu =
1√
|g|

∂

∂xi

(√
|g|gij ∂u

∂xj

)
(25)

is the Laplace-Beltrami operator with metric g.

Let us show that
|u| ≤ C exp(−c/t) for (x, t) ∈ B3/4(0)× [0, ∞), (26)

with C, c > 0 dimensional constants. This follows from the following standard probabilistic consideration.
Fix x◦ ∈ φ(B3/4(0)). By continuity of sample paths, the probability that a Brownian motion started
at q ∈ M \ φ(B1(0)) hits φ(Bδ(x◦)) (0 < δ ≪ 1) within time ≤ t is less that the supremum among
q′ ∈ φ(∂B8/9) of the probability that a Brownian motion started at a point q′ hits φ(Bδ(x◦)) within time
≤ t. This gives

u(x◦, t) ≤ sup
q′∈φ(∂B8/9)

HM(φ(x◦), q′, t). (27)

Let us now use (27), Lemma 2.15, and the parabolic Harnack inequality as follows to show (26).

For fixed q′ ∈ φ(∂B8/9) set v(x, t) := HM(φ(x), q′, t) and consider the rescaled ṽ(x, t) := v(x◦ + rx, t◦ +
r2t) for r ∈ (0, 1/10). Then ṽ ≥ 0 satisfies a (uniformly) parabolic equation in B1(0)× (0, 1) with smooth
coefficients (that only improve as r gets smaller). Thus, by the Harnack inequality for every x ∈ B1/2(0)
and t ∈ (1/4, 1/2) we have ṽ(x, t) ≤ C infB1/2(0) ṽ( · , 1) ≤ Cṽ(y, 1) for all y ∈ B1/2(0). Integrating

ṽ(0, t) ≤ C
ˆ
B1/2(0)

ṽ(y, 1)dy = C
ˆ
B1/2(0)

v(x◦ + ry, t◦ + r2)dy = Cr−n
ˆ
Br/2(x◦)

v(z, t◦ + r2)dz ,

for some C = C(n) > 0. Thus, for all t ∈ (t◦ + r2/4, t◦ + r2/2)

v(x◦, t) ≤ Cr−n
ˆ
Br/2(x◦)

v(z, t◦ + r2)dz .

But φ(Br/2(x◦)) ⊂ M \ B1/10(q′) for every q′ ∈ φ(∂B8/9(0)). Then by Lemma 2.15 we get

v(x◦, t) ≤ Cr−n
ˆ

M\φ(B1/10(q′))
HM(z, q′, t◦ + r2)dz ≤ Cr−n exp

(
− c

t◦ + r2

)
,

where C, c > 0 depend only on n. Now, for small times t◦ ≤ 1/100 choosing r2 = t◦ (together with
the probabilistic argument above) gives the result, since one can absorb the term r−n = t−n/2

◦ in the
exponential up to slightly decreasing the value of c. For non-small times t◦ > 1/100, one can just take
r = 1/10 and obtain the upper bound by a constant as desired. This concludes the proof of (26).

Now, similarly to above, for all r ∈ (0, 1/4) and (x◦, t◦) ∈ B1/2(0) × (0, ∞) the rescaled function
u(x, t) = u(x◦ + rx, t◦ + r2t) satisfies a (uniformly) parabolic equation with smooth coefficients (since the
bounds on every Ck norm of the coefficients only improve as r gets smaller) and, from (26), we have
|u| ≤ C exp(−c/t) in B1 × (0, 1). Hence standard parabolic Schauder estimates give∣∣∣∣ ∂|α|

∂xα
u
∣∣∣∣ ≤ C exp(−c/t), for (x, t) ∈ B1/2(0)× [1/2, 1) ,

for every multi-index α with |α| ≤ ℓ, with C > 0 depending only on n and ℓ and c > 0 as above.

After scaling back the estimate above we obtain, for all r ∈ (0, 1/4]∣∣∣∣ ∂|α|

∂xα
u(x◦, t◦ + t)

∣∣∣∣ ≤ Cr−|α| exp(−c/r2), for (x◦, t) ∈ B1/2(0)× [r2/2, r2) .

Then, for “non-small” times t◦ ≥ 1/16 we notice that (24) follows taking r = 1/4. On the other hand,
for small times t◦ ∈ (0, 1/16) we obtain (24) taking r2 = t◦, bounding r−|α| by t−ℓ/2

◦ , and absorbing
(chosing c > 0 smaller and C larger) this negative power of t◦ in the exponential.
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Lemma 2.17. Under the same assumptions as in Theorem 2.13, we have

ˆ
M\φ(B1(0))

∣∣∣∣ ∂|α|

∂xα
HM(φ(x), q, t)

∣∣∣∣dVq ≤ C exp(−c/t), for (x, t) ∈ B1/2(0)× [0, ∞) (28)

and for every multi-index α with |α| ≤ ℓ, with C, c > 0 depending only on n and ℓ.

Proof. It is similar to the proof of Lemma 2.16. Let σ : M \ φ(B1(0)) → {+1,−1} be any measurable
function to be chosen. Consider

u(x, t) :=
ˆ

M\φ(B1(0))
HM(φ(x), q, t)σ(q)dVq,

By Lemma 2.15 — since HM ≥ 0 and
´

M HM(p, q, t)dVq ≤ 1 — we obtain

|u(x, t)| ≤
ˆ

M\φ(B1/4(0))
H(φ(x), q, t)dVq ≤ C exp(−c/t), ∀(x, t) ∈ B3/4(0)× [0, ∞). (29)

Notice that in this estimate, C and c are positive dimensional constants (and in particular, they do not
depend on the choice of σ). Also, by the superposition principle u satisfies ut = Lu, in B1(0)× [0, ∞) and
u ≡ 0 at t = 0, where L is as in (25).

Now proceeding exactly as in the proof of Lemma 2.16 we obtain that∣∣∣∣ ∂|α|

∂xα
u
∣∣∣∣ ≤ C exp(−c/t), for (x, t) ∈ B1/2(0)× [0, ∞)

for |α| ≤ ℓ. Now, for any given α, x, and t, we can choose σ : M \ φ(B1(0)) → {+1,−1} so that

∂|α|

∂xα
u(x, t) =

ˆ
M\φ(B1(0))

∂|α|

∂xα
HM(φ(x), q, t)σ(q)dVq =

ˆ
M\φ(B1(0))

∣∣∣∣ ∂|α|

∂xα
HM(φ(x), q, t)

∣∣∣∣dVq,

and we are done.

Lemma 2.18 (Localization principle). Let (M, g) and (M′, g′) be two Riemannian n-manifolds. Assume that
both M and M′ satisfy the flatness assumptions FAℓ(M, g, 1, p, φ) and FAℓ(M′, g, 1, p′, φ′) respectively, and sup-
pose that gij ≡ g′ij in B1(0) in the coordinates induced by φ−1 and (φ′)−1.

Then, letting H(x, y, t) := HM(φ(x), φ(y), t) and H′(x, y, t) := HM′(φ′(x), φ′(y), t), we have that the differ-
ence (H − H′)(x, y, t) is of class Cℓ in B1/2(0)×B1/2(0)× [0, ∞) and∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
(H − H′)(x, y, t)

∣∣∣∣ ≤ C exp(−c/t) for (x, y, t) ∈ B1/2(0)×B1/2(0)× [0, ∞),

whenever α and β are multi-indices satisfying |α|+ |β| ≤ ℓ, with C, c > 0 depending only on n and ℓ.

Proof. Let us show that

|H − H′| ≤ C exp(−c/t) for (x, y, t) ∈ B3/4(0)×B3/4(0)× [0, ∞), (30)

with C, c > 0 dimensional constants.
Indeed, fix x◦ ∈ B3/4(0) and let us show first that we have∣∣(H − H′)(x◦, y, t)

∣∣ ≤ C exp(−c/t) for all y ∈ B3/4(0) \ B1/8(x◦) (31)

Indeed, the L∞ estimate of Lemma 2.16 —appropriately rescaled to have φ(B1/8(x◦)) instead of φ(B1(0))—
gives

HM(φ(x◦), φ(y), t) ≤ C exp(−c/t) for all y ∈ B3/4(0) \ B1/8(x◦), (32)

and the same estimate with HM replaced by HM′ . Hence (30) follows using |H − H′| ≤ H + H′.
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Now observing that for all x◦ as above u(y, t) := (H − H′)(x◦, y, t) solves the heat equation (∂t − Ly)u =
0 with zero intial condition, (30) easily follows from the maximum principle.

Finally, the estimate for the higher derivatives follows from standard parabolic estimates, noticing that
u(x, y, t) := (H − H′)(x, y, t) solves

∂tu =
1
2
(Lx,yu)

where

Lx,yu =
1√
|g(x)|

∂

∂xi

(√
|g(x)|gij(x)

∂

∂xj u
)
+

1√
|g(y)|

∂

∂yi

(√
|g(y)|gij(y)

∂

∂yj u
)

.

is the sum of the Laplace-Beltrami operators with respect to the variables x and y (or, equivalently, the
Laplace-Beltrami operator with respect to the product metric in B1(0)×B1(0)).

Proposition 2.19. Assume that M = (Rn, g) with g = (gij(x)) satisfying

1
2 id ≤ (gij) ≤ 2id and

∣∣∣∣ ∂|α|

∂xα
gij

∣∣∣∣ ≤ 1 for all |α| ≤ ℓ, (33)

for some ℓ ≥ 1. Let H(x, y, t) be the heat kernel of M.
For x ∈ Rn let A(x) denote the (unique) positive definite symmetric square root of the matrix g(x) = (gij(x)),

and define h(z, x, t) by the identity

H(x, y, t) =
1

tn/2 h
(

A(x)(y − x)√
t

, x, t
)

.

Define also:

h◦(x, z, t) = h◦(z) :=
1

(4π)n/2 e−|z|2/4 and ĥ := h − h◦.

Then, there are positive dimensional C and c such that

|ĥ| ≤ C min(1,
√

t)e−c|z|2 for all (x, z, t) ∈ Rn × Rn × (0, ∞).

Moreover, we have∣∣∣∣ ∂|α|

∂xα

∂|β|

∂zβ
h
∣∣∣∣ ≤ Ce−c|z|2 for all (x, z, t) ∈ Rn × Rn × (0, 1) and α, β with |α|+ |β| ≤ ℓ,

for positive constants C and c depending only on n and ℓ.

Proof of Proposition 2.19. Notice first that since H(x, y, t) = H(y, x, t) we have

H(x, y, t) = t−n/2h
(

A(x)(y − x)√
t

, x, t
)
= t−n/2h

(
A(y)(x − y)√

t
, y, t

)
.

Let Lx f := 1√
|g|(x)

∂
∂xi

(√
|g|(x)g(x)ij ∂

∂xj f
)

denote the Laplace-Beltrami operator (with respect to x).

Direct computation shows:

LH = t−
n
2 −1
(√

t
(

∂i
(√

|g|gij)√
|g|

)
(x)Al

j(y)
∂

∂zl h(∗) + gij(x)
(

Ak
i Al

j
)
(y)

∂2

∂zk∂zl h(∗)
)

,

∂tH = t−
n
2 −1
(
− n

2
h(∗)− 1

2
∂

∂zl h(∗) (A(y)(x − y))l
√

t
+ t∂th(∗)

)
,

where

(∗) means evaluated at
(

A(y)(x − y)√
t

, y, t
)

.
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This leads to the equation for h = h(z, y, t), where we denote ∂i := ∂
∂zi and ∂ij := ∂2

∂zi∂zj ,

t∂th = Lh := aij(z, y, t)∂ijh +
(√

tbi(z, y, t) + zi

2
)
∂ih +

n
2

h,

where
aij(z, y, t) := gkl

(
y +

√
tz
)(

Ai
k Aj

l
)
(y)

and

bi(z, y, t) :=
(

∂k
(√

|g|gkl)√
|g|

)(
y +

√
tz
)

Ai
l(y);

with initial condition:
h(z, y, 0+) = h◦(z) = (4π)−

n
2 e−|z|2/4.

(Notice that we defined h so that its initial condition is independent of y.)
We emphasize that, by the assumption (33), this equation is uniformly elliptic, and the derivatives of

aij, bi up to order ℓ in the variables z and y are uniformly bounded for times t ∈ (0, T◦) by constants
depending only on the constants n and T◦.

Let us now compute an equation for ĥ = h − h◦. Since

δij∂ijh◦ + zi

2 ∂ih +
n
2

h◦ = 0,

we obtain

t∂t ĥ − Lĥ = Lh◦ = (aij − δij)∂ijh◦ +
√

tbi∂ih◦

=
(
(aij − δij)(zizj − δij)−

√
tbi zj

2 δij
)
h◦ .

We emphasize that ĥ satisfies the initial condition

ĥ(z, y, 0) ≡ 0

Notice that (since by definition A(y) is a square root of g(y)) we have, for all y

gkl(y)
(

Ai
k Aj

l
)
(y) = δij

and hence, since gkl is smooth,
|aij(z, y, t)− δij| ≤ C

√
t

Hence, we have
|t∂t ĥ − Lĥ| ≤ C(1 + |z|2)

√
t h◦ (34)

Let us now find some barrier allowing us to control ĥ. We can use as barrier

b(z, t) :=
√

te−(1/4−κ)|z|2

Direct computation shows that, for
√

t < θκ (so that aijδij ≥ n − Cθκ and |δij − aij|zkzlδikδjl ≤ Cθκ|z|2)

t∂tb − Lb =

(
1
2
− 4
( 1

4 − κ
)2

(aij)zkzlδikδjl + 2( 1
4 − κ

)
aijδij + (

√
tbi +

zi

2
)2( 1

4 − κ
)
zjδij −

n
2

)
b

≥
(

1
2
+
( 1

4 − κ
)
4κ|z|2 − Cθκ|z|2 − Cκ − Cθκ|z|

)
b

≥
( 1

4 + κ
2 |z|

2)b ≥ 0,

provided we chose θ > 0 and κ > 0 sufficiently small.
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Since clearly b ≥
√

t h◦ we obtain that Cb is a supersolution of (34) for
√

t < θκ. This shows that
|ĥ| ≤ Cb for all t small enough.

Notice that the estimate |ĥ| ≤ Cb (fixing κ > 0 and θ > 0 small dimensional) shows, in particular, that

|ĥ(z, y, t)| ≤ C
√

t exp(−c|z|2) (35)

holds with c > 0 dimensional for all “small” times t ∈ (0, θ2κ2). On the other hand, for “non-small” times
t ≥ θ2κ2, the standard heat kernel estimate (22) for H (which holds with ci dimensional) immediately
yields (35) with

√
t replaced by 1.

In order to bound the derivatives of h with respect to z we notice we notice that, in logarithmic time τ =
log t, the function h(z, y, eτ) satisfies, for y fixed, a standard parabolic equation with smooth coefficients
in the domain Rn × (−∞, 0). Then, thanks to (35), applying standard parabolic estimates in parabolic
cylinders {|x − x◦| < 2, |τ − τ◦| < 2} we easily obtain the claimed bounds for all partial derivatives of h
with respect to z.

In order to show the regularity in y, one can then differentiate the equation with respect to y as many
times as needed (the coefficients depend in a very smooth way also in y) and notice that the initial
condition will be zero (since h◦ is independent of y). By standard parabolic regularity arguments (e.g.,
using a Duhamel-type formula to represent the solutions), we obtain the estimates.

2.2.2 Estimates for the singular kernel Ks(p, q)

As a first consequence of Lemma 2.18 we have that the following “local version” of Lemma 2.14 above
also holds.

Lemma 2.20. Let s0 ∈ (0, 2) and s ∈ (s0, 2). Let (M, g) be a Riemannian n-manifold and p ∈ M. Assume that
FA1(M, g, p, 1, φ) holds. Then

c7
αn,s

|x − y|n+s ≤ Ks(φ(x), φ(y)) ≤ c8
αn,s

|x − y|n+s ,

for all x, y ∈ B1/2(0), where c7, c8 > 0 depends on n and s0.

Proof. Take η ∈ C∞
c (B1(0)) with χB1/2(0) ≤ η ≤ χB1(0) and let g′ij := gijη + (1 − η)δij. This is a metric on

Rn with g′ij = gij in B1/2(0). Denote by Ks, K′
s and H, H′ the singular kernels and heat kernels of (M, g)

and (Rn, g′) respectively. Then, by Lemma 2.18 applied to the manifolds (M, g) and (Rn, g′) we have, for
x, y ∈ B1/4(0):∣∣Ks(φ(x), φ(y))− K′

s(x, y)
∣∣ ≤ s/2

Γ(1 − s/2)

ˆ ∞

0

∣∣H(φ(x), φ(y), t)− H′(x, y, t)
∣∣ dt
t1+s/2

≤ Cs
Γ(1 − s/2)

ˆ ∞

0
e−c/t dt

t1+s/2 ≤ C(2 − s) ,

for some dimensional C = C(n). Then, the result follows directly by Lemma 2.14 (and the explicit formula
(11) for αn,s) for x, y ∈ B1/4(0), and the conclusion also holds for x, y ∈ B1/2(0) by a standard covering
argument.

Now, we have all the ingredients to give the proof of Theorem 2.13.

Proof of Theorem 2.13. Note that the statement is scaling invariant. Hence, with no loss of generality, we
can (and do) assume that R = 1. Moreover, it suffices to consider the case M = (Rn, g), p = 0, φ = id,
and gij satisfying the assumptions of Proposition 2.19:

Indeed, similarly to the proof of Corollary 2.20, in the general case we can fix a radially nonincreasing
cutoff function η ∈ C∞

c (B1) such that η ≡ 1 in B7/8 and consider the “extended” metric g′ij := gijη +

δij(1 − η). Observe that (M, g) and (Rn, g′) the assumptions of Lemma 2.18 with M′ = Rn and φ′ = id.
Let H(x, y, t) and H′(x, y, t) be defined as in Lemma 2.18.
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Recall that, by definition, for all x, y ∈ B1(0)

K(x, y) = Ks(φ(x), φ(y)) = cs

ˆ ∞

0
HM(φ(x), φ(y), t)

dt
t1+s/2 = cs

ˆ ∞

0
H(x, y, t)

dt
t1+s/2 , (36)

where cs =
s/2

Γ(1−s/2) . Let likewise

K′(x, y) = cs

ˆ ∞

0
H′(x, y, t)

dt
t1+s/2 .

Now, thanks to Lemma 2.18 we obtain, for all x, y ∈ B1/2:∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
(K − K′)(x, y, t)

∣∣∣∣ ≤ cs

ˆ ∞

0

∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
(H − H′)(x, y, t)

∣∣∣∣ dt
t1+s/2 ≤ Cs

ˆ ∞

0
e−c/t dt

t1+s/2 ≤ C.

So, as claimed, we are left to prove the estimate for the M = (Rn, g), p = 0, φ = id, and gij satisfying
the assumptions of Proposition 2.19.

Recalling (36), notice that

k(x, z) = K(x, x + z) = cs

ˆ ∞

0
H(x, x + z, t)

dt
t1+s/2 = cs

ˆ ∞

0
h
(

A(x)z√
t

, x, t
)

dt
tn/2+1+s/2 . (37)

Also, recalling that h◦(z) := (4π)−n/2e−|z|2/4, we have

k̂(x, z) = k(x, z)− αn,s

|A(x)z|n+s = cs

ˆ ∞

0

(
h
(

A(x)z√
t

, x, t
)
− h◦

(
A(x)z√

t

))
dt

tn/2+1+s/2

= cs

ˆ ∞

0
ĥ
(

A(x)z√
t

, x, t
)

dt
tn/2+1+s/2 ,

Therefore using the heat kernel estimates from Proposition 2.19 (and noticing |A(x)z| ≥ 1√
2
|z| for all

x, z by assumption) we obtain

|k̂(x, z)| ≤ cs

ˆ
0

∣∣∣∣ĥ(A(x)z√
t

, x, t
)∣∣∣∣ dt

tn/2+1+s/2 ≤ Cs
ˆ ∞

0

√
t exp(−c|z|/

√
t)

dt
tn/2+1+s/2 = C|z|1−n−s.

This proves (18). Similarly, the estimates (19) follow differentiating (37) and using the corresponding
estimates for derivatives of the heat kernel from Proposition 2.19.

Finally, (20) and (21) follow analogously integrating the heat kernel estimates in Lemmas 2.16 and 2.17,
respectively.

The next property concerns the behavior of the kernel when the two points p and q are separated from
each other.

Proposition 2.21. Let (M, g) be a Riemannian n-manifold and s ∈ (0, 2). Assume that for some p, q ∈ M both
FAℓ(M, g, 1, p, φp) and FAℓ(M, g, 1, q, φq) hold, and suppose that φp(B1(0))∩ φq(B1(0)) = ∅. Put Kpq(x, y) :=
Ks(φp(x), φq(y)). Then ∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
Kpq(x, y)

∣∣∣∣ ≤ C(n, ℓ) for all |x| < 1
2 and |y| < 1

2 ,

whenever |α|+ |β| ≤ ℓ.

Proof. Let H∗(x, y, t) := HM(φp(x), φq(y), t). It follows from Lemma 2.16 that∣∣∣∣∣ ∂|α|

∂xα
H∗(x, y, t)

∣∣∣∣∣ ≤ C exp(−c/t)
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for all |x| < 3
4 and |y| < 3

4 , where C and c depend only on n, and |α|.
We now use that (by the symmetry of the heat kernel in p and q), for each x ∈ B1/2 fixed, the function

u(y, t) := ∂|α|
∂xα H∗(x, y, t) is solution of the heat equation ut = Lu, in the ball |y| < 1, where L denotes

the Laplace-Beltrami (with respect to y, in local coordinates). Since |u| ≤ C exp(−c/t) in B3/4 × (0, ∞),
reasoning exactly as in the proof of Lemma 2.16 (only that now the spatial variables are y instead of x) we
obtain ∣∣∣∣ ∂|β|∂yβ

u(y, t)
∣∣∣∣ ≤ C exp(−c/t),

for some new positive constants C and c depending only on n, and |β|. This shows:∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
H∗(x, y, t)

∣∣∣∣ ≤ C exp(−c/t)

Then the proposition follows immediately after noticing that, by definition,

Kpq(x, y) =
s/2

Γ(1 − s/2)

ˆ ∞

0
H∗(x, y, t)

dt
t1+s/2 ,

and hence∣∣∣∣ ∂|α|

∂xα

∂|β|

∂yβ
Kpq(x, y)

∣∣∣∣ = ∣∣∣∣ s/2
Γ(1 − s/2)

ˆ ∞

0

∂|α|

∂xα

∂|β|

∂yβ
H∗(x, y, t)

dt
t1+s/2

∣∣∣∣ ≤ Cs
ˆ ∞

0
exp(−c/t)

dt
t1+s/2 ≤ C ,

for some constant C > 0 that depends only on n and ℓ, and this concludes the proof.

2.3 Extension definition

Definition 2.22. We define the weighted Sobolev space

H̃1(Rn × (0, ∞)) = H1(Rn × (0, ∞), z1−sdxdz)

as the completion of C∞
c (Rn × [0, ∞)) with the norm

∥U∥2
H̃1 := ∥U∥2

L2(Rn×(0,∞),z1−sdxdz) + ∥D̃U∥2
L2(Rn×(0,∞),z1−sdxdz) ,

where D̃U =
(

∂U
∂x1 , . . . , ∂U

∂xn , ∂U
∂z
)

denotes the Euclidean gradient in Rn+1. This is a Hilbert space with the
natural inner product that induces the norm above. It is a known fact that any U ∈ H̃1(Rn × (0, ∞)) has
a well defined trace in L2(Rn) that we denote by U(x, ·).

The following essential result by Caffarelli and Silvestre shows that fractional powers of the Laplacian
on Rn can be realized as a Dirichlet-to-Neumann map via an extension problem.

Theorem 2.23 ([9]). Let s ∈ (0, 2) and u ∈ Hs/2(Rn) ∩ C∞(Rn). Then, there is a unique solution U = U(x, z) :
Rn × [0,+∞) → R among functions in H̃1(Rn × (0, ∞)) to the problem{

∆xU + ∂2U
∂z2 + 1−s

z
∂U
∂z = 0 , on Rn × (0, ∞)

U(x, 0) = u(x) for x ∈ Rn ,
(38)

and it satisfies

lim
z→0+

z1−s ∂U
∂z

(x, z) = −β−1
s (−∆)s/2u(x) , (39)

where ∆x denotes the standard Laplacian on Rn and βs is a positive constant that depends only on s.
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In [9], three different proofs of this fact are presented, but each of these proofs relies on some additive
structure of the base space. To prove that the extension procedure produces the fractional power of the
Laplacian also on a Riemannian manifold, which is the setting we are interested in, one has to rely on
different ideas. It was proved by P.R. Stinga in [21] that the unique solution to (38) verifying (39) admits
the explicit representation

U(p, z) =
zs

2sΓ(s/2)

ˆ ∞

0
Ptu(p) e−

z2
4t

dt
t1+s/2 , (40)

which expresses U in terms of the solution to the heat equation Ptu (and thus makes sense also on a
manifold). The proof of this fact does not strongly rely on the additive structure of Rn and will be proved
now also on closed Riemannian manifolds.

First, let us define the weighted Sobolev spaces for the extension on compact manifolds.

Definition 2.24. We define the weighted Sobolev space

H̃1(M̃) = H̃1(M × (0, ∞))

as the completion of C∞
c (M × [0, ∞)) with the norm

∥U∥2
H̃1 := ∥TU∥2

L2(M) + ∥∇̃U∥2
L2(M̃,z1−sdVdz) ,

where TU = U(·, 0) is the trace of U and ∇̃U = (∇U, Uz) denotes the gradient in M × (0,+∞). This
is a Hilbert space with the natural inner product that induces the norm above. Moreover, basically by
definition, any U ∈ H̃1(M̃) leaves a trace in L2(M × {0}).

Theorem 2.25. Let (Mn, g) be a closed Riemannian manifold, let s ∈ (0, 2) and u : M → R be smooth. Consider
the product manifold M̃ = M× (0,+∞) endowed with the natural product metric5. Then, there is a unique solution
U : M × (0, ∞) → R among functions in H̃1(M̃) to{

d̃iv(z1−s∇̃U) = 0 in M̃ ,
U(p, 0) = u(p) for p ∈ ∂M̃ = M ,

(41)

given by (40), and it satisfies

[u]2Hs/2(M)
= 2βs

ˆ
M̃
|∇̃U|2z1−s dVdz , (42)

where [u]2Hs/2(M)
is defined through (2) and

βs =
2s−1Γ(s/2)
Γ(1 − s/2)

. (43)

Moreover,

lim
z→0+

z1−s ∂U
∂z

(p, z) = −β−1
s (−∆)s/2u(p) , (44)

where the fractional Laplacian on the right-hand side is defined by either (7) or (8).

Proof. Note that functions in H̃1(M̃) leave a well-defined trace (that is, there exists a continuous trace
operator with respect to the norm on H̃1(M̃)) on M × {0}. Then, the fact that a solution among functions
in H̃1(M̃) exists follows by direct minimization of the associated energy v 7→

´
M̃ |∇̃v|2z1−sdVdz over

H̃1(M̃). Since the energy is convex, the solution is also unique.

From here we divide the proof in two steps.

Step 1. We show that the (unique) solution U ∈ H̃1(M̃) to (41) is given by (40).

5That is, the metric defined by g̃
(
(ξ1, z1), (ξ2, z2)

)
= g(ξ1, ξ2) + z1z2, and where d̃iv and ∇̃ denote the divergence and Riemannian

gradient with respect to this product metric respectively.
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Making the identification T(M × (0,+∞)) ≃ TM × (0,+∞) we have

d̃iv(z1−s∇̃U) = divg(z1−s∇U) +
d
dz

(z1−sUz)

= z1−s∆U + (1 − s)z−sUz + z1−sUzz

= z1−s(∆U +
1 − s

z
Uz + Uzz) .

Thus, in order to prove that U solves d̃iv(z1−s∇̃U) = 0 we show that U (weakly) solves

L(U) := ∆U +
1 − s

z
Uz + Uzz = 0 . (45)

Define

G(z, t) :=
1

2sΓ(s/2)
zse−

z2
4t

t1+s/2 , (46)

so that (40) rewrites simply as

U(·, z) =
ˆ ∞

0
(Ptu)G(z, t) dt . (47)

It can be easily checked that G satisfies

−Gt +
1 − s

z
Gz + Gzz = 0 , (48)

and also
lim

t→0+
sup
[z1,z2]

G(·, t) = 0 , lim
t→∞

sup
[z1,z2]

G(·, t) = 0 ,

for every [z1, z2] ⊂ (0,+∞). Moreover, from the definition of G and the fact that u is smooth we se that
the integral in the right-hand side of (47) is absolutely convergent in H̃1(M̃). Hence U ∈ H̃1(M̃).

Now we check that U weakly solves the desired problem. Let φ ∈ C∞
c (M̃), K := supp(φ) and z1, z2 ∈

(0,+∞) such that K ⊂⊂ M × [z1, z2]. Let also

L∗(φ) := ∆φ + ∂z

(
1 − s

z
φ

)
+ φzz .

This is the formal adjoint of the operator in (45). Clearly L∗(φ) still has compact support in K ⊂⊂ M̃ and
is smooth. Then ˆ

M̃
UL∗(φ) dVdz =

ˆ
M̃

ˆ ∞

0
(Ptu)G(z, t)L∗(φ) dtdVdz ,

and we claim that this integral is absolutely convergent. Indeed
ˆ

M̃

ˆ ∞

0
|(Ptu)G(z, t)L∗(φ)| dt dVdz ≤ ∥L∗(φ)∥L∞

ˆ ∞

0

ˆ
K
|Ptu||G(z, t)| dVdzdt

≤ C
(ˆ

K
|Ptu|2|G(z, t)|2z1−s dVdz

) 1
2
(ˆ

K

1
z1−s dVdz

) 1
2
< +∞ ,

since the integral in (47) is absolutely convergent in H̃1(M̃). Hence we can exchange the order of integra-
tion and we get, integrating by parts in space many times

ˆ
M̃

UL∗(φ) dVdz =

ˆ ∞

0

(ˆ
K
(Ptu)G(z, t)L∗(φ) dVdz

)
dt

=

ˆ ∞

0

ˆ
K

(
G(z, t)∆(Ptu) + (Ptu)

1 − s
z

Gz(z, t) + (Ptu)Gzz(z, t)
)

φ dVdzdt .
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Since Ptu is smooth and solves the heat equation, the first term equals to
ˆ ∞

0

ˆ
K

G(z, t)∆(Ptu) dVdzdt =
ˆ ∞

0

ˆ
K

G(z, t)∂t(Ptu) dVdzdt =
ˆ

K

ˆ ∞

0
G(z, t)∂t(Ptu) dtdVdz

=

ˆ
K
(Ptu)G(z, t) dVdz

∣∣∣∣∞
0+

−
ˆ

K

ˆ ∞

0
(Ptu)Gt(z, t) dtdVdz .

The boundary terms vanish since∣∣∣∣ˆ
K
(Ptu)G(z, t) dVdz

∣∣∣∣ ≤ (ˆ
M
|Ptu| dV

)(ˆ z2

z1

|G(z, t)| dz
)

≤ |M|1/2∥u∥L2(M)|z2 − z1| sup
[z1,z2]

G(·, t) → 0 ,

both as t → ∞ and as t → 0+. Hence, putting all together and using (48)
ˆ

M̃
L(U)φ dVdz =

ˆ
M̃

UL∗(φ) dVpdz =

ˆ
K

ˆ ∞

0
(Ptu)

(
−Gt +

1 − s
z

Gz + Gzz
)

φ dVdzdt = 0.

Hence U given by (40) is a weak solution of (45), and by standard elliptic regularity it is also a classical
solution.

Moreover, the fact that U(·, 0+) = u follows by the explicit formula (40). Indeed, by a simple change of
variable in the integral, we have

U(p, z) =
1

Γ(s/2)

ˆ ∞

0
(Pz2/4ru)(p)

e−r

r1−s dr ,

and taking z → 0+ in this formula gives U(·, 0+) = u. This concludes Step 1.

Step 2. Proof of (44).

Note that by the representation formula we just proved for U we have

τs
z U(p) :=

U(p, z)− u(p)
zs =

1
2sΓ(s/2)

ˆ ∞

0
(Ptu(p)− u(p))e−

z2
4t

dt
t1+s/2 .

Moreover, by L’Hopital’s rule

lim
z→0+

τs
z U = lim

z→0+
s−1z1−s ∂U

∂z
.

Writing Ptu as the convolution against the heat kernel HM of M we get

τs
z U(p) =

1
2sΓ(s/2)

ˆ ∞

0

ˆ
M

HM(p, q, t)(u(q)− u(p))
e−

z2
4t

t1+s/2 dVqdt .

Since u is smooth, and since Kε
s(p, q) is non-singular for ε > 0 on the diagonal {p = q} (recall (10)) there

holds

ˆ
M

s/2
Γ(1 − s/2)

ˆ ∞

0
HM(p, q, t)|u(q)− u(p)| e−

z2
4t

t1+s/2 dtdVq =

ˆ
M
|u(q)− u(p)|Kz

s (p, q) dVq < +∞ .

Thus the integral in τs
z U(p) is absolutely convergent, and we can exchange the order of integration to get

τs
z U(p) =

Γ(1 − s/2)
s2s−1Γ(s/2)

ˆ
M
(u(q)− u(p))Kz

s (p, q) dVq .
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From here, by the very definition of the principal value

lim
z→0+

z1−s ∂U
∂z

= lim
z→0+

s · τs
z U = lim

z→0+
β−1

s

ˆ
M
(u(q)− u)Kz

s (p, q) dVq

= −β−1
s

(
p.v.
ˆ

M
(u − u(q))Ks(p, q) dVq

)
= −β−1

s (−∆)s/2u .

This finishes Step 2.

Before proving (42) we prove also that the convergence in (44) holds in Lr(M) for every r ∈ [1,+∞).
Since we have pointwise convergence, we show that the sequence is dominated. In particular, we prove
that for z ≤ 1 there holds

z1−s|Uz(·, z)| ≤ C , (49)

where C depends on ∥∆u∥L∞ , ∥u∥L∞ and s. The proof is a standard barrier argument very similar to the
proof of Lemma 3.12. Consider b(p, z) := u(p)− C(z2 − 2zs), for C > 0 that will be chosen soon. Since

d̃iv(z1−s∇̃b) = z1−s(∆u − (4 − 2s)C) ,

taking C = 1
4−2s∥∆u∥L∞ + 2∥u∥L∞ , we see that b is a supersolution of (41) and that U ≤ b on M × {0, 1}.

Hence b is barrier for U, and by the maximum principle for z ≤ 1 we have

U(·, z) ≤ u −
(

1
4 − 2s

∥∆u∥L∞ + 2∥u∥L∞

)
(z2 − 2zs) ≤ u + zs

(
1

2 − s
∥∆u∥L∞ + 4∥u∥L∞

)
,

and this implies

lim
z→0+

z1−sUz = lim
z→0+

s
U(·, z)− u

zs ≤ s
2 − s

∥∆u∥L∞ + 4s∥u∥L∞ .

Completely analogously using −b as a barrier for −U, one also gets the reverse inequality. Moreover, note
that the function V := z1−sUz solves −(∆V + Vzz) +

1−s
z Vz = 0, thus by the maximum principle

sup
M×(0,1]

|V| ≤ max

{
sup

M
V(·, 0+), sup

M
V(·, 1)

}
≤ max

{
C(∥∆u∥L∞ , ∥u∥L∞ , s), sup

M
V(·, 1)

}
.

But since V(·, 1) = Uz(·, 1) we have by standard interior gradient estimates

|Uz(p, 1)| ≤ C sup
B̃1/10(p,1)

|U| ≤ C∥u∥L∞ ,

for some absolute constant C > 0 independent of u. Putting everything together

sup
M×(0,1]

|V| = sup
M×(0,1]

z1−s|Uz| ≤ C(∥∆u∥L∞ , ∥u∥L∞ , s) ,

and this concludes the proof of (49).

We’re left with proving (42). Integrating by parts, for every δ > 0 we find that
ˆ

M×[δ,∞)
|∇̃U|2z1−s dVdz = β−1

s

ˆ
M

U(·, δ)δ1−sUz(·, δ) dV .

Letting now δ → 0+, by (44), (49) and dominated convergence on the right-hand side
ˆ

M̃
|∇̃U|2z1−s dVdz = β−1

s

ˆ
M

u(−∆)s/2u dV =
β−1

s
2

[u]2Hs/2(M)
.

This concludes the proof.
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We have just used the following fact, which is proved with a one-line computation using (8).

Proposition 2.26. For a smooth function, one has that

[u]2Hs/2(M)
= 2
ˆ

M
u(−∆)s/2u dV .

Remark 2.27. Let us briefly comment on the role played by the energy space for the uniqueness of the
extension in Theorem 2.25. One can note that, for every C > 0, the function V = Czs on M̃ is a solution
of d̃iv(z1−s∇̃V) = 0 with zero trace. Hence, uniqueness outside the energy space H̃1(M̃) does not hold
in general, and every uniqueness result that does not rely on being in H̃1(M̃) must, in particular, rule out
this phenomenon.

A simple uniqueness result that does not rely on the energy space is the following. Let U solve
d̃iv(z1−s∇̃U) = 0, with U(·, 0) = 0 be such that

lim sup
z→∞

sup
p∈M

|U(p, z)|z−s = 0 .

That is, U grows at infinity slower than any multiple of zs. Then U ≡ 0.

This can be proved using Czs as a barrier. Indeed, this is a solution of d̃iv(z1−s∇̃U) = 0, with U(·, 0) =
0. By the growth hypothesis on U we have that there exists C large (depending on U) such that Czs ≥ 10U
on M̃. In particular, with this C, we have U < Czs.

Now start decreasing C. The graph of Czs can never touch U from above since this would contradict
the maximum principle in the interior. Hence U < Czs for every C > 0 and sending C → 0+ gives U ≤ 0.

By the same argument from below one also gets U ≥ 0. Hence U ≡ 0 and this concludes the proof.

3 The fractional Sobolev energy

3.1 Several definitions and their equivalence

We recall the definition for the fractional Sobolev seminorm that we have used in the previous section,
and we define the associated functional space.

Definition 3.1. We define the fractional Sobolev seminorm [u]Hs/2(M) for s ∈ (0, 2) as

[u]2Hs/2(M)
=

¨
M×M

(u(p)− u(q))2Ks(p, q) dVpdVq . (50)

The associated functional space Hs/2(M) is

Hs/2(M) = {u ∈ L2(M) : [u]2Hs/2(M)
< ∞} , (51)

and it is called the fractional Sobolev space of order s/2. This is a Hilbert space with norm given by

∥u∥2
Hs/2(M)

= ∥u∥2
L2(M) + [u]2Hs/2(M)

.

The fractional Sobolev seminorm can also be expressed using spectral or extension approaches:

Proposition 3.2. Let u ∈ Hs/2(M). Then, the fractional Sobolev seminorm (50) is equal to

[u]2Hs/2(M)
= 2

∞

∑
k=1

λs/2
k ⟨u, ϕk⟩2

L2(M) (52)

and

[u]2Hs/2(M)
= inf

v∈H̃1(M̃)

{
2βs

ˆ
M̃
|∇̃v|2z1−s dVdz : v(·, 0) = u(·) in L2(M)

}
. (53)
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Moreover, the conclusions of Theorem 2.25 also hold for u (with the exception of (44)), and the infimum in (53) is
attained by the unique U ∈ H̃1(M̃) given by Theorem 2.25. In particular, we also have that

[u]2Hs/2(M)
= 2βs

ˆ
M̃
|∇̃U|2z1−s dVdz , (54)

where βs is the constant defined in (43).

Proof. Step 1. We show that (50) and (52) coincide for a function in L2(M).

Recall the regularised kernel Kε
s defined in (10), which is bounded, symmetrical and increases mono-

tonically to Ks as ε → 0. By monotone convergence and these properties, for any function u ∈ L2(M) we
can write

[u]2Hs/2(M)
=

¨
M×M

(u(p)− u(q))2Ks(p, q) dVpdVq

= lim
ε→0

¨
M×M

(u(p)− u(q))2Kε
s(p, q) dVpdVq

= lim
ε→0

2
¨

M×M
(u(p)− u(q))u(p)Kε

s(p, q) dVpdVq

= lim
ε→0

2
ˆ

M
((−∆)s/2

ε u)(p)u(p)Kε
s(p, q) dVp , (55)

where we have set

((−∆)s/2
ε u)(p) :=

ˆ
M
(u(p)− u(q))Kε

s(p, q) dVq

=
s/2

Γ(1 − s/2)

ˆ
M
(u(p)− u(q))

ˆ ∞

0
HM(p, q, t)e−ε2/4t dt

t1+s/2 dVq

=
s/2

Γ(1 − s/2)

ˆ ∞

0
(u(p)− Ptu(p))e−ε2/4t dt

t1+s/2 .

Now, if (ϕk)k≥0 is an orthonormal basis of L2(M) made of eigenfunctions for (−∆), with eigenvalues

0 = λ0 < λ1 ≤ λ2 ≤ . . . ≤ λk
k→∞−−−→ +∞ ,

then they are also eigenfunctions for (−∆)s/2
ε with eigenvalues

λs/2
k,ε :=

s/2
Γ(1 − s/2)

ˆ ∞

0
(1 − e−λkt)e−ε2/4t dt

t1+s/2 ,

which one sees immediately by applying the formula above for (−∆)s/2
ε to ϕk and using that Ptϕk =

e−λktϕk. These eigenvalues are uniformly bounded in k (for a fixed ε > 0) and increase monotonically to
the λs/2

k as ε → 0+.

Expanding u = ∑∞
k=0 akϕk, with ak := ⟨u, ϕk⟩L2(M), we deduce that

(−∆)s/2
ε u =

∞

∑
k=0

λs/2
k,ε ⟨u, ϕk⟩L2(M)ϕk .

We remark that the expression makes sense since the λs/2
k,ε are bounded uniformly in k (for a fixed ε), and

thus the sum is absolutely convergent in L2(M). Using this fact, substituting into (55) gives that

[u]2Hs/2(M)
= lim

ε→0
2
ˆ

M
((−∆)s/2

ε u)(p)u(p)Kε
s(p, q) dVp

= lim
ε→0

2
∞

∑
k=0

λs/2
k,ε a2

k .
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Using again the monotone convergence theorem (for sums now), we deduce that

[u]2Hs/2(M)
= 2

∞

∑
k=0

λs/2
k a2

k

as desired.

Step 2. We show that U given by the representation formula (40), which was only used for smooth
functions u, is valid for u ∈ Hs/2(M) in general and moreover (54) still holds with this U.

Fix u ∈ Hs/2(M), and let U be defined through the representation formula (40). We will first show
that U has finite H̃1(M̃) energy, using the spectral expression (52) for the energy that we have just proved.
Recall that if ϕk is an eigenfunction of (−∆), then Ptϕk = e−λktϕk. Therefore, writing u = ∑∞

k=0 akϕk, where
ak := ⟨u, ϕk⟩L2(M), we have that

U(p, z) =
zs

2sΓ(s/2)

ˆ ∞

0
Ptu(p) e−

z2
4t

dt
t1+s/2

=
zs

2sΓ(s/2)

∞

∑
k=0

akϕk(p)
ˆ ∞

0
e−λkt− z2

4t
dt

t1+s/2 .

Then, we can compute (recall that ∇ = ∇p denotes the gradient on M)

∇U(p, z) =
zs

2sΓ(s/2)

∞

∑
k=1

ak∇ϕk(p)
ˆ ∞

0
e−λkt− z2

4t
dt

t1+s/2 ,

and

∂zU(p, z) =
1

2sΓ(s/2)

∞

∑
k=1

akϕk(p)
ˆ ∞

0
e−λkt− z2

4t

(
szs−1 − z1+s

2t

) dt
t1+s/2

=
zs−1

2sΓ(s/2)

∞

∑
k=1

akϕk(p)
ˆ ∞

0
e−λkt− z2

4t

(
s − z2

2t

) dt
t1+s/2 .

Recall that the ϕi and ϕj are orthogonal in L2(M) and H1(M) seminorms for i ̸= j, and that moreover´
M ϕ2

k = 1 and
´

M |∇ϕk|2 = λk for every k. Then, given z ∈ R+ we find that

ˆ
M×{z}

|∇U(p, z)|2dVp =
z2s

22sΓ2(s/2)

∞

∑
k=1

a2
k

( ˆ ∞

0
e−λkt− z2

4t
dt

t1+s/2

)2 ˆ
M
|∇ϕk|2 dV

=
z2s

22sΓ2(s/2)

∞

∑
k=1

λka2
k

( ˆ ∞

0
e−λkt− z2

4t
dt

t1+s/2

)2

=
z2s

22sΓ2(s/2)

∞

∑
k=1

λ1+s
k a2

k

( ˆ ∞

0
e−r− z2λk

4r
dr

r1+s/2

)2
,

where in the last line we have performed the change of variables r = λkt.

We can argue analogously for ∂zU, which leads to

ˆ
M×{z}

(
∂zU(p, z)

)2dVp =
z2s−2

22sΓ(s/2)2

∞

∑
k=1

a2
k

(ˆ ∞

0
e−λkt− z2

4t

(
s − z2

2t

) dt
t1+s/2

)2

=
z2s−2

22sΓ(s/2)2

∞

∑
k=1

a2
kλs

k

(ˆ ∞

0
e−r− z2λk

4r

(
s − z2λk

2r

) dr
r1+s/2

)2

.
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Now, multiplying by z1−s and integrating in z over (0, ∞), and then performing the change of variables
z = λ−1/2

k w (so that z2λk = w2), gives that
ˆ

M×R+

|∇U(p, z)|2z1−sdVp dz =
1

22sΓ2(s/2)

∞

∑
k=1

λ1+s
k a2

k

ˆ ∞

0
z1+s

( ˆ ∞

0
e−r− z2λk

4r
dr

r1+s/2

)2
dz

=
1

22sΓ2(s/2)

∞

∑
k=1

λs/2
k a2

k

ˆ ∞

0
w1+s

( ˆ ∞

0
e−r− w2

4r
dr

r1+s/2

)2
dw

= 2c1(s)
∞

∑
k=1

λs/2
k a2

k

= c1(s)[u]2Hs/2(M)
,

and similarly

ˆ
M×R+

|∂zU(p, z)|2z1−sdVp dz =
1

22sΓ2(s/2)

∞

∑
k=1

λs
ka2

k

ˆ ∞

0
zs−1

(ˆ ∞

0
e−r− z2λk

4r

(
s − z2λk

2r

) dr
r1+s/2

)2

dz

=
1

22sΓ2(s/2)

∞

∑
k=1

λs/2
k a2

k

ˆ ∞

0
ws−1

(ˆ ∞

0
e−r− w2

4r

(
s − w2

2r

) dr
r1+s/2

)2

dw

= 2c2(s)
∞

∑
k=1

λs/2
k a2

k

= c2(s)[u]2Hs/2(M)
.

Here, we have defined c1(s) and c2(s) implicitly as the corresponding constants (which depend only on s)
resulting from the expression, and we have applied (52) in the last line in both computations.

Putting everything together, we get that
ˆ

M×R+

|∇̃U(p, z)|2z1−s dVpdz =
(
c1(s) + c2(s)

)
[u]2Hs/2(M)

.

We could write the constant
(
c1(s) + c2(s)

)
explicitly in terms of the resulting complicated integral expres-

sions. On the other hand, thanks to (42) and (43) from Theorem 2.25 (which was proved only for smooth
functions), we know that c1(s) + c2(s) = (2βs)−1. This proves (54) with U given by the representation
formula (40).

In particular, we now know that U has finite energy for the extension problem. Moreover, arguing as
in Step 1 of the proof of Theorem 2.25, it is simple to see that U has u as its trace in L2(M), and that it is a
weak (meaning in duality with C∞

c (M̃)) solution to d̃iv(z1−s∇̃U) = 0. Let now Umin ∈ H̃1(M̃) be defined
as the unique minimizer of (53). The fact that Umin exists follows by a standard lower-semicontinuity
argument, just as at the beginning of the proof of Theorem 2.25, together with the fact that the space of
competitors is not empty (which holds since for example U defined above, which has finite H̃1(M̃) energy,
is one such competitor). Clearly, Umin is also a weak solution of d̃iv(z1−s∇̃Umin) = 0 with trace u.

Step 3. U = Umin.

This follows directly from the uniqueness of weak solutions shown in Lemma 3.3, which we state as a
separate result after the present proof.

With this, we conclude the proof of Proposition 3.2.

Lemma 3.3. (Uniqueness of weak solutions) Let u ∈ L2(M), and denote by T : H̃1(M̃) → L2(M) the trace
operator. Then, there exists at most one solution U ∈ H̃1(M̃) to the problem{

d̃iv(z1−s∇̃U) = 0 in duality with C∞
c (M × (0, ∞)) ,

TU = u .
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Proof. Suppose U1 and U2 are two such solutions and denote V := U1 − U2. By hypothesis TV = 0.

We claim that there exists a sequence (Vk)k ∈ C∞
c (M × (0, ∞)) such that

ˆ
M̃
|∇̃Vk − ∇̃V|2z1−s dVdz → 0 , as k → ∞ . (56)

The point here being that Vk is zero both in a neighborhood of M × {0} and in a neighborhood of infinity.

The proof is inspired by (a weighted version of) [16, Section 5.5, Theorem 2]. By the definition of the
space H̃1(M̃) there exists a sequence (Uk)k ⊂ C∞(M × [0, ∞)) with (as k → ∞)

ˆ
M̃
|∇̃Uk − ∇̃V|2z1−s dVdz → 0 , and TUk = Uk(·, 0) → 0 in L2(M) .

Note also that V is smooth in M × (0, ∞). Now, for every (p, z) ∈ M̃, by the fundamental theorem of
calculus and Holder’s inequality

|Uk(p, z)|2 ≤ 2|Uk(p, 0)|2 + 2
(ˆ z

0
|∇̃Uk(p, y)| dy

)2

≤ C|Uk(p, 0)|2 + Czs
ˆ z

0
|∇̃Uk(p, y)|2y1−s dy ,

and integrating for p ∈ M gives
ˆ

M
|Uk(p, z)|2 dVp ≤ C

ˆ
M
|Uk(·, 0)|2 + Czs

ˆ
M

ˆ z

0
|∇̃Uk(p, y)|2y1−s dy dVp .

Letting k → ∞ we get ˆ
M
|V(·, z)|2 dV ≤ Czs

ˆ
M

ˆ z

0
|∇̃V|2y1−s dy dVp . (57)

Now, for every k ≥ 10, let ηk ∈ C∞([0,+∞)) be a smooth cutoff function with η = 0 on [0, 1/k], η = 1
on [2/k, ∞) and |η′| ≤ Ck. We claim that the sequence Vηk = V(p, z)ηk(z) ∈ C∞

c (M × (0, ∞)) has the
desired property. We have

ˆ
M̃
|∇̃(Vηk)− ∇̃V|2z1−s dVdz ≤ C

ˆ
M̃
|∇̃V|2(1 − ηk)

2z1−s + C
ˆ

M̃
|V|2|η′

k|
2z1−s =: I1,k + I2,k .

We estimate the two integrals separately.

For the first integral we have

I1,k ≤ C
ˆ 2/k

0

ˆ
M
|∇̃V|2z1−s dVdz → 0 ,

as k → ∞, since V has finite energy.

Moreover, by (57), we have regarding the second integral

I2,k ≤ Ck2
ˆ 2/k

0

ˆ
M

z1−s|V|2 dVdz

≤ Ck2
ˆ 2/k

0
z1−s

(
zs
ˆ

M

ˆ z

0
|∇̃V|2y1−s dydV

)
dz

≤ Ck2

(ˆ 2/k

0
z dz

)(ˆ 2/k

0

ˆ
M
|∇̃V|2y1−s dVdy

)

= C
ˆ 2/k

0

ˆ
M
|∇̃V|2y1−s dVdy → 0
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as k → ∞, again as V has finite energy.

Hence Vk := Vηk has the desired property (56), and it can be used as a test function in the weak formu-
lation in duality with C∞

c (M̃). Multiplying d̃iv(z1−s∇̃V) = 0 by Vk, integrating on M̃ and integrating by
parts gives ˆ

M̃
(∇̃V · ∇̃Vk)z1−s dVdz = 0 .

Letting k → ∞ and using (56) gives ˆ
M̃
|∇̃V|2z1−s dVdz = 0 ,

hence V is constant, and then (since TV = 0) it must be V ≡ 0. Thus, U1 = U2 coincide, and the proof is
complete.

3.2 A note on noncompact manifolds

In this subsection, we briefly describe if and how the given previous definitions of the spaces Hs/2(M)
generalize to the case of complete, noncompact Riemannian manifolds (without boundary).

First, let us stress that all the properties and estimates for the heat kernel HM, and thus also for the
singular kernel Ks, in subsection 2.2 hold for every complete Riemannian manifold (not necessarily com-
pact).

Recall definitions (i)-(iii) from the introduction (see (1)–(4)). First, let us rewrite definitions (i) and (ii)
of the Hs/2 seminorm, still on a closed manifold M, exploiting the corresponding fractional Laplacians.
Indeed, note that definition (2) can be rewritten (say, for smooth functions) as

[u]2Hs/2(M)
= 2
ˆ

M
u(−∆)s/2

Si u dV ,

where (−∆)s
Si is the singular integral fractional Laplacian given by (8). Similarly, the spectral definition

(3) of the seminorm can be written as

[u]2Hs/2(M)
= 2
ˆ

M
u(−∆)s/2

Specu dV ,

where (−∆)s/2
Spec is the spectral fractional Laplacian given by

(−∆)s/2
Specu = ∑

k≥0
λs/2

k ⟨u, φk⟩L2(M)φk . (58)

Here, the convergence on the right-hand side is to be understood in L2(M).

Both of these definitions can be generalized to the case of a noncompact manifold, perhaps without
equality between them anymore:

The singular integral definition (8) applies verbatim to the case of noncompact manifolds. This requires
dealing with the heat kernel on noncompact manifolds. We refer to the survey [18] for the construction
and properties of the heat kernel on complete, noncompact Riemannian manifolds. In the case of the
Euclidean space Rn, this viewpoint is consistent (i.e. coincides) with the usual definition (see Remark 2.4).

Moreover, also the spectral fractional Laplacian expression has an interpretation on noncompact mani-
folds since actually it is not needed that the spectrum is discrete. Indeed, for every (possibly) noncompact
manifold M we can regard (−∆) as a densely defined, nonnegative, essentially self-adjoint unbounded
operator on L2(M). Then, by the spectral theorem, there exists a unique spectral resolution E of (−∆). That
is, an operator-valued measure

E :
{

Borel subsets of [0,+∞)
}
→
{

Bounded linear operators on L2(M)
}
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supported on the spectrum σ(−∆) ⊂ [0,+∞) of (−∆) (which can, in general, be non-discrete) such that,
for every u ∈ Dom(−∆) and v ∈ L2(M)

⟨−∆u, v⟩L2(M) =

ˆ ∞

0
λ d⟨Eλu, v⟩ =

ˆ
σ(−∆)

λ d⟨Eλu, v⟩ .

Actually Eλ is a projector, that is a non-negative and self-adjoint operator with E2
λ = Eλ, for every λ ∈

[0,+∞). Then, the spectral fractional Laplacian is defined by the spectral theorem as

(−∆)s/2
Specu :=

ˆ ∞

0
λs/2 dEλu , (59)

for every u in its natural domain

u ∈ Dom((−∆)s/2
Spec) =

{
v ∈ L2(M)

∣∣∣ ˆ ∞

0
λs d∥Eλv∥2 < +∞

}
.

This formula coincides with definition (58) we gave for closed manifolds since in the case of closed mani-
folds, the spectrum σ(−∆) is discrete, and the spectral measure E is supported on the eigenvalues.

Moreover, it is important to notice that the spectral formula (59) coincides, essentially always (meaning
on the natural function space where both formulas make sense and the integrals converge), with the one
we gave in (7) using Bochner’s integrals. Indeed, for every u that makes the integral in (7) convergent in
the sense of Bochner, then u ∈ Dom((−∆)s/2

Spec) and the two Laplacians coincide (−∆)s/2
Specu = (−∆)s/2

B u.
Making a complete and precise proof of this is beyond the scope of this work, but the proof is essentially
as follows. Let u ∈ Dom((−∆)s/2

Spec) so that

ˆ ∞

0
λs d∥Eλu∥2 < +∞ ,

and recall formula (6). Then (see Section A.5.4 in [19] to justify all the steps)

∥(−∆)s/2
Specu∥2

L2(M) =

ˆ ∞

0
λs d∥Eλu∥2

=

ˆ ∞

0

(
1

Γ(−s/2)

ˆ ∞

0
(e−λt − 1)

dt
t1+s/2

)2
d∥Eλu∥2

=

∥∥∥∥ 1
Γ(−s/2)

ˆ ∞

0
(et∆u − u)

dt
t1+s/2

∥∥∥∥2

L2(M)
= ∥(−∆)s/2

B u∥2
L2(M) .

From here, using that both (−∆)s/2
Spec and (−∆)s/2

B are self-adjoint one can depolarize the last identity of

the norms to get (−∆)s/2
Specu = (−∆)s/2

B u in L2(M).

Moreover, it was proved in [12] that they also coincide, on a very general class of functions, with
(−∆)s/2

Si u on every stochastically complete Riemannian manifold.

Regarding definition (iii), via the extension problem, it still generalizes well in the case of some non-
compact manifolds. Some extra assumptions are needed in order to establish the equivalence between
(i) and (iii) —see [3] for a related discussion concerning the definition of the fractional Laplacian on
noncompact manifolds.

It will be clear from our proofs that, in the case of noncompact manifolds for which the equivalence
of (i) and (iii) can be established, the fractional Sobolev spaces Hs/2 will enjoy the same properties as
the ones established here in the case of compact manifolds (e.g. the monotonicity formula), with almost
identical proofs.
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3.3 Monotonicity formula for stationary points of semilinear elliptic functionals and
s-minimal surfaces

The monotonicity formula for minimizing s-minimal surfaces in Rn was proved in the seminal article [8],
and for Allen-Cahn type critical points, it was first obtained in [7]. In [20], the monotonicity formula
is shown to extend to stationary s-minimal surfaces. Here, we prove the analogous (local) monotonicity
formula on a Riemannian manifold. The proof holds simultaneously for any s-minimal surface, that is, for
any stationary point of the fractional perimeter regardless of second variation or regularity, and also for
any stationary point of a semilinear elliptic functional with a nonnegative potential term, hence including
the fractional Allen-Cahn energy. For r > 0 and p ∈ M denote

Br(p) =
{

q ∈ M : dg(q, p) < r
}

,

B̃+
r (p, 0) =

{
(q, z) ∈ M̃ : dg̃((q, z), (p, 0)) < r

}
,

∂B̃+
r (p, 0) = ∂

(
B̃+

r (p, 0)
)

∂+ B̃+
r (p, 0) = ∂B̃+

r (p, 0) ∩ {z > 0} .

(60)

In all this section, since there will be no possible ambiguity, we will use ∇ instead of ∇̃ to denote the
gradient in M̃ with respect to the product metric.

Theorem 3.4 (Monotonicity formula). Let (Mn, g) be an n-dimensional, closed Riemannian manifold. Let
s ∈ (0, 2) and

E(v) = [v]2Hs/2(M)
+

ˆ
M

F(v) dV,

where F is any smooth nonnegative function. Let u : M → R be stationary for E under inner variations, meaning
that E(u) < ∞ and for any smooth vector field X on M there holds d

dt

∣∣
t=0E(u ◦ ψt

X) = 0, where ψt
X is the flow of

X at time t. For (p◦, 0) ∈ M̃ and R > 0 define

Φ(R) :=
1

Rn−s

(
βs

2

ˆ
B̃+

R (p◦ ,0)
z1−s|∇U(p, z)|2 dVpdz +

ˆ
BR(p◦)

F(u) dV

)
,

where U is the unique solution given by Theorem 2.25. Then, there exist constants C = C(n) and Rmax =
Rmax(M, p◦) > 0 with the following property: whenever R◦ ≤ Rmax and K is an upper bound for all the sectional
curvatures of M in BR◦(p◦), then

R 7→ Φ(R)eC
√

KR is non-decreasing for R < R◦ ,

and the inequality

Φ′(R) ≥ −C
√

KΦ(R) +
s

Rn−s+1

ˆ
BR(p◦)

F(u) dV +
2βs

Rn−s

ˆ
∂+ B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 d σ̃

holds for all R < R0, with d(·) = dg̃((p◦, 0), · ) the distance function on M̃ from the point (p◦, 0).

Moreover, in the particular case where M = Rn, F ≡ 0, s ∈ (0, 1), and u = χE − χEc is a stationary set for the
fractional s-perimeter, there holds

Φ′(R) =
βs

2
Rn−s

ˆ
∂+B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 dxdz ≥ 0 ,

which shows that Φ is nondecreasing and that it is constant if and only if E is a cone.

Remark 3.5. It will follow from the proof that the radius Rmax in Theorem 3.4 can be taken to be Rmax =
injM(p◦)/4. Moreover, since M is compact Rmax is uniformly bounded below as Rmax(M, p◦) ≥ injM/4,
for all p◦ ∈ M.
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Before proving the monotonicity formula of Theorem 3.4, we will need two preliminary lemmas from
Riemannian geometry, which will allow us to bound the “Riemannian errors” in two formulas regarding
the distance function.

Lemma 3.6. Let (Mn, g) be an n-dimensional Riemannian manifold, p ∈ M, R0 < injM(p) and let K be an upper
bound for all the sectional curvatures in BR0(p). Denote by d the distance function to the point p. Then, for all
R < min{R0, 1√

K
} there holds in BR(p):

|⟨∇V(d∇d), V⟩ − |V|2| ≤
√

KR|V|2 ,

for every vector field V on M.

Proof. We can compute

⟨V,∇V(d∇d)⟩ = ⟨V, ⟨V,∇d⟩∇d⟩+ d⟨V,∇V(∇d)⟩
= ⟨V,∇d⟩2 + d∇2d(V, V) .

On the other hand, the Hessian Comparison theorem—see Lemma 7.1 in [14]—gives that

|d∇2d(V, V)− |V − ⟨V,∇d⟩∇d|2| ≤ d
√

K|V|2

in BR(p), whenever R < min{injM(p), 1√
K
}. Moreover, since |∇d|2 = 1, we also have that

|V − ⟨V,∇d⟩∇d|2 = |V|2 − 2 ⟨V,∇d⟩2 + ⟨V,∇d⟩2|∇d|2 = |V|2 − ⟨V,∇d⟩2.

Hence
|d∇2d(V, V) + ⟨V,∇d⟩2 − |V|2| ≤ d

√
K|V|2 ≤ R

√
K|V|2

holds in BR(p), as long as R < min{R0, 1√
K
}, and this conludes the proof.

Lemma 3.7. Let (Mn, g) be an n-dimensional Riemannian manifold, p ∈ M, R0 < injM(p) and let K be an upper
bound for all the sectional curvatures in BR0(p). Then, there exists C = C(n) > 0 such that, for all R < R0, in
BR(p) we have that

|div(d∇d)− n| ≤ CKR2 .

Proof. Fix p ∈ M, and denote d(p, ·) just by d(·). Observe first that every geodesic σ with σ(0) = p and
contained in BR0(p) is uniquely minimizing. For any R < R0 and x ∈ BR(p), let γ : [0, d] → M be the
normalized geodesic with γ(0) = p and γ(d) = x. Note also that

div(d∇d) = |∇d|2 + d∆d = 1 + d∆d .

Consider γ̇(d) ∈ Tx M, and complete it to an orthonormal basis {e1 := γ̇(d), e2, . . . , en} of Tx M. For
i = 2, 3, . . . , n, let γi be the geodesic with γi(0) = x and γ̇i(0) = ei. We can compute

∆d(x) =
n

∑
i=1

∇2d(x)(ei, ei) =
n

∑
i=1

d2

ds2

∣∣∣∣
s=0

(d ◦ γi) =
n

∑
i=2

d2

ds2

∣∣∣∣
s=0

(d ◦ γi) ,

where we have used that d2

ds2

∣∣∣∣
s=0

(d ◦ γ) = d2

ds2

∣∣∣∣
s=0

(d(x) + s) = 0.

Let Ji be the Jacobi field along γ with Ji(0) = 0 and Ji(d) = ei, well defined by uniqueness of geodesics
between endpoints. Denote by

I(X, Y) =
ˆ d

0
⟨DtX, DtY⟩ − Rm(γ̇, X, γ̇, Y) dt
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the index form associated to γ on [0, d]. Since γ is minimizing along all curves with the same endpoints,
for every vector field X on γ([0, d]) orthogonal to γ̇ and with X(0) = 0 and X(d) = ei we must have

0 ≤ I(Ji − X, Ji − X) = I(Ji, Ji)− 2I(Ji, X) + I(X, X) .

Since Ji is a Jacobi field, one can easily check that I(Ji, X) = I(Ji, Ji), hence I(Ji, Ji) ≤ J(X, X). Take
X(t) = t

d Ei(t), where Ei(t) is the parallel transport of ei ∈ Tx M along γ. From the second variation
formula for arc length we get

d2

ds2

∣∣∣∣
s=0

(d ◦ γi) =

ˆ d

0
|Dt Ji|2 − Rm(γ̇, Ji, γ̇, Ji) dt = I(Ji, Ji)

≤ I(X, X) =

ˆ d

0
|DtX|2 − Rm(γ̇, X, γ̇, X) dt

≤
ˆ d

0
|DtX|2 + K|X|2 dt ,

where we have used that supp∈BR0
|Secp| ≤ K. Thus

d2

ds2

∣∣∣∣
s=0

(d ◦ γi) ≤
ˆ d

0
|DtX|2 + K|X|2 dt =

ˆ d

0

1
d2 + K

t2

d2 dt =
1
d

(
1 + K

d2

3

)
.

Hence

d∆d =
n

∑
i=2

d2

ds2

∣∣∣∣
s=0

(d ◦ γi) ≤ n − 1 + K
n − 1

3
d2 ,

or equivalently

|div(d∇d)(x)− n| = |d(x)∆d(x) + 1 − n| ≤ K
n − 1

3
d2 ≤ K

n − 1
3

R2,

and this completes the proof with C(n) = n−1
3 > 0.

We can now prove the monotonicity formula.

Proof of Theorem 3.4. Since during the entire proof, the point p◦ ∈ M will be fixed, we will not specify the
center of the balls in what follows, as this will always be (p◦, 0) for balls inside M̃ and p◦ for balls on M.
We divide the proof into two steps.

Step 1. First, we show that if u is stationary for the energy E(v) = [v]2Hs/2(M)
+
´

M F(v) under inner
variations, then its Caffarelli-Silvestre extension U is stationary for the energy

U 7→ βs

2

ˆ
M̃

z1−s|∇U|2 dVdz +
ˆ

M
F(U|M) dV ,

under inner variations on M̃ given by vector fields Y on M̃ such that Y|M is tangent to M.

Recall that the Caffarelli-Silvestre extension of u is given by (41).

Let Y be a vector field on M̃ such that Y|M is tangent to M, and let ψt
Y denote its flow at time t. Let

also Vt be the Caffarelli-Silvestre extension of u ◦ ψt
Y|M

, for any t ∈ R. By the minimality of the extension
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in the energy space, we have

d
dt

∣∣∣
t=0

βs

2

ˆ
M̃

z1−s|∇(U ◦ ψ−t
Y )|2 = lim

t→0

1
t

(
βs

2

ˆ
M̃

z1−s|∇U|2 − βs

2

ˆ
M̃

z1−s|∇(U ◦ ψt
Y)|2

)
≤ lim

t→0

1
t

(
βs

2

ˆ
M̃

z1−s|∇U|2 − βs

2

ˆ
M̃

z1−s|∇Vt|2
)

= lim
t→0

[u]2Hs/2(M)
− [u ◦ ψt

Y]
2
Hs/2(M)

t

=
d
dt

∣∣∣
t=0

[u ◦ ψ−t
Y ]2Hs/2(M)

,

and likewise

d
dt

∣∣∣
t=0

βs

2

ˆ
M̃

z1−s|∇(U ◦ ψ−t
Y )|2 = lim

t→0

1
t

(
βs

2

ˆ
M̃

z1−s|∇(U ◦ ψ−t
Y )|2 − βs

2

ˆ
M̃

z1−s|∇U|2
)

≥ lim
t→0

1
t

(
βs

2

ˆ
M̃

z1−s|∇V−t|2 −
βs

2

ˆ
M̃

z1−s|∇U|2
)

= lim
t→0

[u ◦ ψ−t
Y ]2Hs/2(M)

− [u]2Hs/2(M)

t

=
d
dt

∣∣∣
t=0

[u ◦ ψ−t
Y ]2Hs/2(M)

.

Hence

d
dt

∣∣∣
t=0

βs

2

ˆ
M̃

z1−s|∇(U ◦ ψ−t
Y )|2 =

d
dt

∣∣∣
t=0

[u ◦ ψ−t
Y ]2Hs/2 .

Since u is stationary for the energy E(v) = [v]2Hs/2(M)
+
´

M F(v) dV under inner variations, this shows that

U is stationary for the energy U 7→ βs
2
´

M̃ z1−s|∇U|2 dVdz +
´

M F(U|M) dV under inner variations on M̃,
with vector fields Y as above, and this concludes the first step.

Step 2. We now compute such an inner variation for a suitably chosen Y. First, the variation of the
potential part of the energy is

d
dt

∣∣∣
t=0

ˆ
M

F(u ◦ ψ−t
Y ) dV =

d
dt

∣∣∣
t=0

ˆ
M

F(u)Jt(p) dVp

=

ˆ
M

F(u)divg(Y|M) dV. (61)

The quantity divg(Y|M) will be estimated later. We now focus on computing the variation for the Sobolev
part of the energy. Once again, we change variables in the integral using the flow ψt

Y, obtaining
ˆ

M̃
z1−s|∇(U ◦ ψ−t

Y )|2 dVdz =

ˆ
M̃
(z ◦ ψt

Y)
1−s|∇(U ◦ ψ−t

Y )|2 ◦ ψt
Y Jt(p, z) dVpdz . (62)

Now, we choose the vector field Y. We take Y = η(d)d∇d, where d = dg̃((p◦, 0), · ) is the distance on M̃
from the point (p◦, 0) and η = ηδ is a single variable smooth function with η ≡ 1 on [0, R], decreasing
to zero on [R, R + δ], and η ≡ 0 on [R + δ,+∞). Since the distance dg̃((p◦, 0), · ) restricts to the distance
dg(p◦, · ) on M when computed on points on M̃ with z = 0, clearly Y|M is tangent to M. We want to
exchange the order of derivation and integration in (62). Hence, we compute separately the three terms
that will appear in doing so. For the first term, using that d2

g̃((p, z), (p◦, 0)) = d2
g(p, p◦) + z2 and the

definition of Y we see that

d
dt

∣∣∣
t=0

(z ◦ ψt
Y)

1−s = (1 − s)z−sη(d)z = (1 − s)z1−sη(d) .
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As for the second term that will appear, a simple general computation —see for example the lines after
Lemma 3.1 in [17]— shows that

d
dt

∣∣∣
t=0

|∇(U ◦ ψ−t
Y )|2(ψt

Y(x)) = −2⟨∇∇UY,∇U⟩ .

Moreover, using the form chosen for Y we have that

⟨∇∇UY,∇U⟩ = ⟨∇∇U(η(d)d∇d),∇U⟩
= ⟨∇U,∇η(d)⟩⟨d∇d,∇U⟩+ η(d)⟨∇∇U(d∇d),∇U⟩
= η′(d)⟨∇U,∇d⟩⟨d∇d,∇U⟩+ η(d)⟨∇∇U(d∇d),∇U⟩
= dη′(d)|⟨∇U,∇d⟩|2 + η(d)⟨∇∇U(d∇d),∇U⟩ .

Notice that K is also an upper bound for all the sectional curvatures on M̃ in B̃R◦(p◦, 0) and that injM(p◦) =
injM̃(p◦, 0). Thus, by Lemma 3.6 applied to V = ∇U,

⟨∇∇UY,∇U⟩ = dη′(d)|⟨∇U,∇d⟩|2 + η(d)(1 + O(
√

KR))|∇U|2

for all R < min
{

R◦, 1√
K

}
. Lastly, for the remaining factor in the integral, Lemma (3.7) gives that

d
dt

∣∣∣
t=0

Jt = d̃iv(Y) = η′(d)d|∇d|2 + η(d)d̃iv(d∇d)

= dη′(d) + η(d)(n + 1)(1 + O(
√

KR)) ,

in BR(p◦), for R < min
{

R◦, 1√
K

}
.

Now, analogously applying Lemma (3.7) on M instead of M̃ to (61), we already find an estimation for
the potential energy:

d
dt

∣∣∣
t=0

ˆ
M

F(u ◦ ψ−t
Y ) dV =

ˆ
M

F(u)
(
dη′(d) + η(d)n(1 + O(

√
KR))

)
dV .

Moreover, it follows from (the local version of) Bonnet-Myers’ theorem that R◦ < Rmax := injM(p◦)/4 <

min
{

injM(p◦), 1√
K

}
, and this will be our final choice of Rmax for the statement. From now on, we always

consider R < R◦ ≤ Rmax = injM(p◦)/4.
Regarding the Sobolev part of the energy, exchanging differentiation and integration and substituting the
estimates we have obtained so far gives:

d
dt

∣∣∣
t=0

ˆ
M̃

z1−s|∇(U ◦ ψ−t
Y )|2

=

ˆ
M̃
(1 − s)z1−sη(d)|∇U|2 + z1−s(− 2dη′(d)|⟨∇U,∇d⟩|2 − 2η(d)(1 + O(

√
KR))|∇U|2

)
+

ˆ
M̃

z1−s|∇U|2
(
dη′(d) + η(d)(n + 1)(1 + O(

√
KR))

)
dVdz

= (n − s)(1 + O(
√

KR))
ˆ

B̃+
R+δ

z1−s|∇U|2η(d) +
ˆ

B̃+
R+δ\B̃+

R

z1−sdη′(d)
(
|∇U|2 − 2|⟨∇U,∇d⟩|2

)
.
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Adding the expressions for the potential and Sobolev parts of the energy, we get

d
dt

∣∣∣∣
t=0

(
βs

2

ˆ
M̃

z1−s|∇(U ◦ ψ−t
Y )|2 +

ˆ
M

F(u ◦ ψ−t
Y )

)
= (n − s)(1 + O(

√
KR))

βs

2

ˆ
B̃+

R+δ

η(d)z1−s|∇U|2

+
βs

2

ˆ
B̃+

R+δ\B̃+
R

dη′(d)z1−s(|∇U|2 − 2⟨∇U,∇d⟩2)

+ n(1 + O(
√

KR))
ˆ

BR+δ

η(d)F(u) +
ˆ

BR+δ\BR

dη′(d)F(u) .

By stationarity of u and Step 1 we know that the left-hand side is equal to 0 for every Y, thus the right-
hand side vanishes for all η = ηδ defined as above. Since this holds for all δ > 0, we now let δ ↘ 0 so that
ηδ converges to the characteristic function of [0, R]. This gives (for a.e. R ∈ (0, R◦))

0 =(n − s)(1 + O(
√

KR))
βs

2

ˆ
B̃+

R

z1−s|∇U|2 − R
βs

2

ˆ
∂B̃+

R

z1−s|∇U|2 + 2R
βs

2

ˆ
∂+ B̃+

R

(∂νU)2

+ n(1 + O(
√

KR))
ˆ

BR

F(u)− R
ˆ

∂BR

F(u).

Rearranging the terms and multiplying by R−n+s−1, we deduce that

− (n − s)
Rn−s+1

(
βs

2

ˆ
B̃+

R

z1−s|∇U|2 +
ˆ

BR

F(u)

)
+

1
Rn−s

(
βs

2

ˆ
∂B̃+

R

z1−s|∇U|2 +
ˆ

∂BR

F(u)

)

≥ −C
√

K
Rn−s

(
βs

2

ˆ
B̃+

R

z1−s|∇U|2 +
ˆ

BR

F(u)

)
+

βs

Rn−s

ˆ
∂+ B̃+

R

z1−s⟨∇U,∇d⟩2 +
s

Rn−s+1

ˆ
BR

F(u) ,

for some absolute constant C > 0. In other words,

Φ′(R) ≥ −C
√

KΦ(R) +
βs

Rn−s

ˆ
∂+ B̃+

R

z1−s⟨∇U,∇d⟩2 +
s

Rn−s+1

ˆ
BR

F(u) dV ,

and this implies, in particular, that

d
dR

(
eC

√
KRΦ(R)

)
≥ 0 for all R < R◦.

Lastly, in the case where M = Rn, F ≡ 0, s ∈ (0, 1) and u = χE − χEc is a stationary set for the fractional
s-perimeter, instead of the two bounds used above

⟨∇∇U(d∇d),∇U⟩ = (1 + O(
√

KR))|∇U|2 ,

d̃iv(d∇d) = (n + 1)(1 + O(
√

KR)) ,

given respectively by Lemmas 3.6 and 3.7, one has the equalities

⟨∇∇U(d∇d),∇U⟩Rn+1 = |∇U|2 ,
divRn+1(d∇d) = n + 1 ,

where U is the extension of u = χE − χEc . Thus, following the proof one finds the exact expression

Φ′(R) =
βs

Rn−s

ˆ
∂+B̃+

R (p◦ ,0)
z1−s⟨∇U,∇d⟩2 dxdz ≥ 0 .

In particular, Φ is constant if and only if ⟨∇U,∇d⟩ = 0, that is, if and only if E is dilation-invariant for
dilations with center at p◦ ∈ Rn. With this, we conclude the proof.
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3.4 The fractional Sobolev energy under inner variations

We next study how the fractional Sobolev energy behaves under inner variations. For this, we need first
to study how the singular kernel Ks behaves when translating its arguments under the flow of a vector
field.

Proposition 3.8. Let (M, g) be a closed n-dimensional Riemannian manifold and s ∈ (0, 2). Consider any smooth
vector field X ∈ X(M), and fix points p, q ∈ M. Writing ψt for the flow of X at time t, then the kernel satisfies∣∣∣∣ dℓ

dtℓ

∣∣∣∣
t=0

Ks(ψ
t(p), ψt(q))

∣∣∣∣ ≤ C(1 + Ks(p, q)). (63)

for some constant C = C(M, s, ℓ, max0≤k≤ℓ ∥∇kX∥L∞(M)) which stays bounded for s away from 0 and 2.

Proof. This follows from the estimates of Theorem 2.13, in particular by (19) and (20). We prove the
result just for ℓ = 1, as the general case just follows by induction by the very same arguments. Let
R = R(M) > 0 be such that the flatness assumption FAℓ(M, g, 16R, p, φp) holds for every p ∈ M; such an
R exists by Remark 2.10. We split in two cases.

Case 1: q ∈ φp(B4R(0)).

In this case, denoting K(x, y) := Ks(φp(x), φp(y)) and k(x, z) := K(x, x + z) as in Theorem 2.13, we have
that

Ks(ψ
t ◦ φp(x), ψt ◦ φp(y)) = K(ψt

p(x), ψt
p(y)) = k(ψt

p(x), ψt
p(y)− ψt

p(x)) ,

where ψt
p is the flow of ξ = (φp)∗X, i.e. the vector field ξ = ξp ∈ X(B16R(0)) such that X ◦ φp = (φp)∗ξ.

Then, for all x, y ∈ B2R(0) we have:

d
dt

∣∣∣∣
t=0

K(ψt
p(x), ψt

p(y)) =
d
dt

∣∣∣∣
t=0

k(ψt
p(x), ψt

p(y)− ψt
p(x))

=
∂k

∂xα
(x, y − x)ξα(x) +

∂k
∂zα

(x, y − x)(ξα(x)− ξα(y)) ,

where sum over repeated indices is assumed. Hence, by (19) of Theorem 2.13 we get∣∣∣∣ d
dt

∣∣∣∣
t=0

K(ψt
p(x), ψt

p(y))
∣∣∣∣ ≤ C

|y − x|n+s ∥ξ∥L∞ +
C

|y − x|n+s+1 ∥Dξ∥L∞ |y − x|

≤ C
|y − x|n+s ≤ CK(x, y)

for some C = C(n, s, ∥ξ∥C0,1), where in the last line we have also used Lemma 2.20. Finally, evaluating this
inequality at x = 0 and y = φ−1

p (q) we obtain∣∣∣∣ d
dt

∣∣∣∣
t=0

K(ψt(p), ψt(q))
∣∣∣∣ = ∣∣∣∣ d

dt

∣∣∣∣
t=0

K(ψt
p(0), ψt

p(y))
∣∣∣∣ ≤ CK(0, y) = CKs(p, q),

as wanted.

Case 2: q /∈ φp(B4R(0)). Then FAℓ(M, g, R, q, φq) holds and the sets φp(BR(0)) and φq(BR(0)) are
disjoint. Hence, by Proposition 2.21 the kernel Kpq(x, y) := Ks(φp(x), φq(y)) is smooth (with uniform
estimates on all derivatives) in the domain BR/2(0)×BR/2(0). Hence

d
dt

∣∣∣∣
t=0

Ks(ψ
t ◦ φp(x), ψt ◦ φq(x)) =

d
dt

∣∣∣∣
t=0

Kpq(ψ
t
p(x), ψt

p(y))

=
∂Kpq

∂xα
(x, y)ξα

p(x) +
∂Kpq

∂yα
(x, y)ξα

q (y).
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Using Proposition 2.21 to bound the derivatives of Kpq, and then evaluating at (x, y) = (0, 0) gives∣∣∣∣ d
dt

∣∣∣∣
t=0

Ks(ψ
t(p), ψt(q))

∣∣∣∣ ≤ C
Rn+s ,

for some C = C(n, s, ∥ξp∥L∞ , ∥ξq∥L∞).

Putting together the two cases above, we get∣∣∣∣ d
dt

∣∣∣∣
t=0

Ks(ψ
t(p), ψt(q))

∣∣∣∣ ≤ C(1 + Ks(p, q)) ,

for some C = C(M, n, s, ∥X∥C1(M)) and conclude the proof.

We also record a version of Proposition 3.8, which depends only on local quantities:

Proposition 3.9. Let (M, g) be a closed n-dimensional Riemannian manifold and s ∈ (0, 2). Assume that the
flatness assumption FAℓ(M, g, R, p, φ) holds, and let X ∈ X(M) be a smooth vector field supported on φ(BR/4).
Writing ψt for the flow of X at time t, then for every x, y ∈ BR/4(0) we have∣∣∣∣ dℓ

dtℓ

∣∣∣∣
t=0

Ks(ψ
t(φ(x)), ψt(φ(y)))

∣∣∣∣ ≤ CKs(φ(x), φ(y)) ≤ C
αn,s

|x − y|n+s , (64)

for some constant C = C(n, s, ∥X∥Cℓ(φ(BR))
). Moreover, given T > 0 we have that, for all 0 ≤ t ≤ T,∣∣∣∣ dℓ

dtℓ
Ks(ψ

t(φ(x)), ψt(φ(y)))
∣∣∣∣ ≤ CTKs(φ(x), φ(y)) ≤ CT

αn,s

|x − y|n+s , (65)

where CT = CT(n, s, T, ∥X∥Cℓ(φ(BR/4))
).

The constants stay bounded for s away from 0 and 2.

Proof. By scaling, we can assume R = 1. The second inequality in both (64) and (65) then follows from
Lemma 2.20. As for the first inequality of (64), it follows from the proof of Case 1 in Proposition 3.8, since
it only depends on local estimates for X. Finally, (65) can be deduced from (64). Indeed, note that for all
1 ≤ k ≤ ℓ and 0 ≤ t ≤ T,∣∣∣∣∣ dk

dtk Ks(ψ
t(φ(x)), ψt(φ(y)))

∣∣∣∣∣ =
∣∣∣∣∣ dk

drk

∣∣∣∣
r=0

Ks(ψ
t+r(φ(x)), ψt+r(φ(y)))

∣∣∣∣∣ ≤ C0Ks(ψ
t(φ(x)), ψt(φ(y))) , (66)

with C0 = C0(n, s, ∥X∥Cℓ(φ(B1))
). Thus, we are only left with proving that

Ks(ψ
t(φ(x)), ψt(φ(y))) ≤ CTKs(φ(x), φ(y))

for some CT = CT(n, s, T, ∥X∥Cℓ(φ(B1))
). But this follows itself from (66), with k = 1, since we can write

the inequality as
d
dt
[
e−C0tKs(ψ

t(φ(x)), ψt(φ(y)))
]
≤ 0 ,

and integrating we find that

Ks(ψ
t(φ(x)), ψt(φ(y))) ≤ eC0TKs(φ(x), φ(y))

for every 0 ≤ t ≤ T.

Proposition 3.8 can be used to bound time derivatives of the energy of “flown objects” by their energy
at time zero. We show this for the fractional Sobolev energy:
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Lemma 3.10. Let s ∈ (0, 2) and v ∈ Hs/2(M) be a function with |v| ≤ 1. Let X ∈ X(M) be a smooth vector field
and vt := v ◦ ψ−t, where ψt is the flow of X at time t. Then, for all T > 0 there holds

sup
0<t<T

∣∣∣∣ dℓ

dtℓ
EM(vt)

∣∣∣∣ ≤ C
(
1 + EM(v)

)
,

for some constant C = C(M, s, ℓ, T, max0≤k≤ℓ ∥∇kX∥L∞(M)) which stays bounded for s away from 0 and 2..

Proof. Let C denote a constant that depends only on M, s, ℓ, T and max0≤k≤ℓ ∥∇kX∥L∞(M).
The idea of the proof is to change variables using the flow ψt in the corresponding integrals defining

the Allen-Cahn energy, and after that to exchange integration and differentiation.
Let us start with the Sobolev part of the energy. We have, denoting by Jt the Jacobian of the flow:

dℓ

dtℓ
ESob

M (vt) =
dℓ

dtℓ

¨
|v(ψ−t(p))− v(ψ−t(q))|2Ks(p, q) dVp dVq

=
dℓ

dtℓ

¨
|v(p)− v(q)|2Ks(ψ

t(p), ψt(q)) Jt(p)Jt(q) dVp dVq

=

¨
|v(p)− v(q)|2 dℓ

dtℓ
[
Ks(ψ

t(p), ψt(q)) Jt(p)Jt(q)
]
dVp dVq. (67)

Since 0 < t < T, the derivatives in time of the Jacobians Jt can of course be bounded by a constant C with
the right dependencies. What remains in order to bound (67) by C(1 + ESob

M (v)) is to control the first k-th
derivatives in time of Ks(ψt(p), ψt(q)) by C(1 + Ks(p, q)), for all 0 < t < T. The main bound is given by
Proposition 3.8, which gives for all 1 ≤ k ≤ ℓ:∣∣∣∣∣ dk

dtk Ks(ψ
t(p), ψt(q))

∣∣∣∣∣ =
∣∣∣∣∣ dk

drk

∣∣∣∣
r=0

Ks(ψ
t+r(p), ψt+r(q))

∣∣∣∣∣ ≤ C
(
1 + Ks(ψ

t(p), ψt(q))
)

. (68)

Now, integrating this inequality for k = 1 similarly to how we proceeded in the proof of Lemma 3.9, we
conclude that

Ks(ψ
t(p), ψt(q)) ≤ C(1 + Ks(p, q)), for all 0 < t < T . (69)

We can now go back to (67) and apply the bounds that we just derived. We get that∣∣∣∣∣ dℓ

dtℓ
ESob

M (vt)

∣∣∣∣∣ ≤
¨

|v(p)− v(q)|2 dℓ

dtℓ
[
Ks(ψ

t(p), ψt(q)) Jt(p)Jt(q)
]
dVp dVq

≤ C
¨

|v(p)− v(q)|2(1 + Ks(p, q)) dVpdVq

= C(1 + ESob
M (v))

for all 0 < t < T, where C has the right dependencies.

The potential part of the energy is simpler to deal with. Indeed, we have

dℓ

dtℓ
EPot

M (vt) =
dℓ

dtℓ

ˆ
ε−sW(v(ψ−t(p))dVp =

ˆ
ε−sW(v(p))

dℓ

dtℓ
Jt(p)dVp, (70)

from which we directly conclude that ∣∣∣∣∣ dℓ

dtℓ
EPot

M (vt)

∣∣∣∣∣ ≤ CEPot
M (v),

finishing the proof.

Lemma 3.10 has a local version, which comes from applying local estimates for the kernel instead.
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Lemma 3.11. Let M satisfy the flatness assumptions FAℓ(M, g, p, R, φ). Let s ∈ (0, 2) and v ∈ Hs/2(M) be a
function with |v| ≤ 1. Let X ∈ X(M) be a smooth vector field supported on φ(BR/2), and put vt := v ◦ ψ−t

X , where
ψt

X is the flow of X at time t. Then, for all T > 0 there holds

sup
0<t<T

∣∣∣∣∣ dℓ

dtℓ
Eφ(BR/2)

(vt)

∣∣∣∣∣ ≤ C(1 + Eφ(BR/2)
(v)) ,

for some constant C = C(s, ℓ, T, max0≤k≤ℓ ∥∇kX∥L∞(φ(BR/2))
) which stays bounded for s away from 0 and 2.

Proof. We modify the proof of Lemma 3.10 accordingly. First, by scaling, it suffices to prove the Lemma in
the case R = 1. Since X is supported on φ(B1/2), the integrand in (67) is supported then on

(N × N) \ (φ(B1/2)
c × φ(B1/2)

c) =
[
(φ(B2/3)× φ(B2/3)) \ (φ(B1/2)

c × φ(B1/2)
c)
]
∪

∪
[
(φ(B1/2)× (N \ φ(B2/3))) ∪ ((N \ φ(B2/3))× φ(B1/2))

]
,

so that

∣∣∣∣ dk

dtk E
Sob
M (vt)

∣∣∣∣ = ∣∣∣∣ dk

dtk E
Sob
φ(B1/2)

(vt)

∣∣∣∣
=

∣∣∣∣¨
(φ(B2/3)×φ(B2/3))\(φ(B1/2)c×φ(B1/2)c)

|v(p)− v(q)|2 dk

dtk

[
K(ψt

Y(p), ψt
Y(q))Jt(p)Jt(q)

]
dVp dVq

+ 2
¨

φ(B1/2)×(N\φ(B2/3))
|v(p)− v(q)|2 dk

dtk

[
K(ψt

Y(p), q)Jt(p)
]

dVp dVq

∣∣∣∣
≤ C
¨

(B2/3×B2/3)\(Bc
1/2×Bc

1/2)
|v(φ(x))− v(φ(y))|2

∣∣∣ dk

dtk

[
K(φ(ψt

X(x)), φ(ψt
X(y)))Jt(φ(x))Jt(φ(y))

]∣∣∣ dx dy

+ C
¨

B1/2×(N\φ(B2/3))
|v(φ(x))− v(q)|2

∣∣∣ dk

dtk

[
K(φ(ψt

X(x)), q)Jt(φ(x))
]∣∣∣ dx dVq .

Bounding the derivatives in time of the Jacobians by a constant with the right dependencies, using (64)
to bound the kernel in the first double integral, and using (21) to bound the integral in q in the second
double integral by a constant, we conclude that∣∣∣∣∣ dk

dtk E
Sob
φ(B1/2)

(vt)

∣∣∣∣∣ ≤ C(1 + ESob
φ(B1/2)

(v)) .

Regarding the potential part of the energy, from the computation in (70) we readily find that∣∣∣∣∣ dℓ

dtℓ
EPot

φ(B1/2)
(vt)

∣∣∣∣∣ ≤ CEPot
φ(B1/2)

(v) (71)

where C has the right dependencies, which completes the proof.

3.5 Estimates for the extension problem

Lemma 3.12. Let s ∈ (0, 2) and M satisfy the flatness assumption FA2(M, g, 2, p, φ). Let also U : B̃+
2 (p, 0) → R

be any function solving
d̃iv(z1−s∇̃U) = 0 in B̃+

2 (p, 0) ,
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and let u be its trace on B2(p). Assume also U ∈ L∞(B̃+
2 (p, 0)) and u = 0 in B3/2(p). Then there exists

C = C(n) > 0 such that

z1−s|∇̃U(q, z)| ≤ C
s
∥U∥L∞(B̃+

6/5(p,0)) .

for every (q, z) ∈ B̃+
1 (p, 0).

Proof. Let C denote a constant that depends only on n. This estimate is proved by a barrier argument. Let
α, β > 0 to be chosen later, and for q◦ ∈ B11/10(p) define

bq◦(q, z) :=
α

2

∣∣φ−1(q)− φ−1(q◦)
∣∣2 − β(z2 − 2zs) .

Denote by ∆g the Laplace-Beltrami operator of (M, g). Then, by FA2(M, g, 2, p, φ), for (x, z) ∈ B̃+
6/5 there

holds |∆gbq◦(q, z)| ≤ C. Moreover(
∂zz +

1−s
z ∂z

)
z2 = 2s and

(
∂zz +

1−s
z ∂z

)
zs = 0 .

Hence

d̃iv(z1−s∇̃bq◦) = z1−s
(

∆gbq◦ + ∂zzbq◦ +
1 − s

z
∂zbq◦

)
≤ z1−s(Cα − 2sβ) ≤ 0 ,

provided we take β = Cα/s.
Since U = 0 in B3/2(p) × {0} clearly |U| ≤ bq◦(·, 0) in B6/5(p) × {0} . Moreover, for every (x, z) ∈

∂+ B̃+
6/5(p, 0) there holds

bq◦(q, z) ≥ Cα − β(z2 − 2zs) ≥ Cα ≥ ∥U∥L∞(B̃+
6/5(p,0)) ≥ U(x, z) ,

provided we choose α = C∥U∥L∞(B̃+
6/5(p,0)).

Hence, with this choice of α and β, |U| ≤ bq◦ on the full boundary ∂B̃+
6/5(p, 0). Since also U solves

d̃iv(z1−s∇̃U) = 0 in B̃+
6/5(p, 0), by the maximum principle we get

|U(q◦, z)| ≤ bq◦(q◦, z) ≤ Czs

s
∥U∥L∞(B̃+

6/5(p,0)) , (72)

for (q◦, z) ∈ B̃+
11/10(p, 0). Moreover, by standard (interior) gradient estimates for uniformly elliptic equa-

tions, for all (q, z) ∈ B̃+
1 (p, 0) we have

|∇̃U(q, z)| ≤ ∥∇̃U∥L∞(B̃+
z/100(q,z)) ≤

C
z
∥U∥L∞(B̃+

z/50(q,z)) ,

which, since B̃+
z/50(q, z) ⊂ B̃+

11/10(p, 0), together with (72) implies

|∇̃U(x, z)| ≤ C
s

zs−1∥U∥L∞(B̃+
6/5)

,

and this concludes the proof.

Lemma 3.13. Let s0 ∈ (0, 2), s ∈ (s0, 2). Consider the Riemannian manifold (Rn, g) with
(
1 − 1

100
)
|v|2 ≤

gij(x)vivj ≤
(
1 + 1

100
)
|v|2 and ∥gij∥C1,1(R

n
) ≤ 1. Let also u : Rn → [−1, 1] and U : Rn × R+ → [−1, 1] be the

extension of u (in the sense of Theorem 2.25). Then
ˆ
B+

1 (0,0)
|∇̃U|2z1−sdVdz ≤ C

¨
Rn×Rn\(Bc

2×Bc
2)

|u(x)− u(y)|2
|x − y|n+s dxdy, (73)

with C depending only on n and s0.
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Proof. We proceed as in [8, Proposition 7.1]. Assume without loss of generality that
´
B2

u(x)dx = 0. Let
ξ : Rn → R be a cutoff function such that ξ = 1 in B3/2(0) and it is compactly supported in B2(0). We
write u = uξ + u(1 − ξ) = u1 + u2 and U = U1 + U2.

On the one hand, since u1 is compactly supported we have

βs

ˆ
Rn+1
+

z1−s|∇̃U1|2dVdz = ∥u1∥Hs/2(Rn ,g)

=

¨
Rn×Rn\(Bc

2×Bc
2)
|u1(x)− u1(y)|2K(x, y) dVxdVy

≤ Cαn,s

¨
B2×Rn

|u(x)− u(y)|2
|x − y|n+s ξ2(x) dxdy + Cαn,s

¨
B2×Rn

|u(x)|2 |ξ(x)− ξ(y)|2
|x − y|n+s dxdy

≤ Cαn,s

¨
Rn×Rn\(Bc

2×Bc
2)

|u(x)− u(y)|2
|x − y|n+s dxdy + C

ˆ
B2

|u(x)|2dx.

Moreover, using the fractional Poincaré inequality (recall
´
B2

u(x)dx = 0):

ˆ
B2

|u(x)|2dx ≤ Cαn,s

¨
B2×B2

|u(x)− u(y)|2
|x − y|n+s dxdy ≤ Cαn,s

¨
Rn×Rn\(Bc

2×Bc
2)

|u(x)− u(y)|2
|x − y|n+s dxdy =: I

On the other hand (using again
´
B2

u(y)dy = 0)

ˆ
Rn

u(x)2

(1 + |x|2) n+s
2

dx =

¨
(u(x)− u(y))2

(1 + |x|2) n+s
2

χB2(y)
|B2|

dxdy −
¨

u(y)2

(1 + |x|2) n+s
2

χB2(y)
|B2|

dxdy ≤ CI,

and by Holder’s inequality

ˆ
Rn

|u(x)|
(1 + |x|2) n+s

2
dx ≤

(ˆ
Rn

|u(x)|2

(1 + |x|2) n+s
2

dx

)1/2(ˆ
Rn

1

(1 + |x|2) n+s
2

dx

)1/2

≤ CI1/2.

Claim. There is C = C(n) > 0 such that for (x, z) ∈ B+
1

z1−s|∇̃U2(x, z)| ≤ C
ˆ

Rn

|u2(y)|
(1 + |y|2) n+s

2
dy . (74)

We postpone the proof of this claim and first see how to conclude the proof of Lemma 3.13 with it.

By the claim, if (x, z) ∈ B+
1 then

z1−s|∇̃U2(x, z)| ≤ C
ˆ

Rn

|u2(y)|
(1 + |y|2) n+s

2
dy ≤ C

ˆ
Rn

|u(y)|
(1 + |y|2) n+s

2
dy ≤ CI1/2

But then the inequality

ˆ
B+

1

z1−s|∇̃U2|2dxdz ≤ CI1/2
ˆ
B+

1

|∇̃U2|dxdz ≤ CI1/2
( ˆ

B+
1

z1−s|∇̃U2|2dxdz
)1/2( ˆ

B+
1

zs−1dxdz
)1/2

,

gives ˆ
B+

1

z1−s|∇̃U2|2dxdz ≤ CI,

and the lemma follows.
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It only remains to prove (74). Let HN(x, y, t) be the heat kernel of N := (Rn, g). By (40) the fractional
Poisson kernel6 PN : Rn × Rn × (0, ∞) → [0, ∞) of N can be represented as

PN(x, y, z) =
zs

2sΓ(s/2)

ˆ ∞

0
HN(x, y, t)e−

z2
4t

dt
t1+s/2 ,

and the solution U2 to the extension problem with trace u2 is U2(x, z) =
´

Rn PN(x, y, z)u2(y) dVy. Then, by
Lemma 2.14 we have that PN is comparable (up to dimensional constants) to the fractional Poisson kernel
of Rn with its standard metric, that is

cs
zs

(|x − y|2 + z2)
n+s

2
≤ PN(x, y, z) ≤ Cs

zs

(|x − y|2 + z2)
n+s

2
,

for some C, c > 0 dimensional. Hence, for every (x, z) ∈ B̃+
6/5

|U2(x, z)| ≤ Cs
ˆ

Rn

|u2(y)|
(|x − y|2 + z2)

n+s
2

dy ≤ Cs
ˆ

Rn\B2

|u2(y)|
|x − y|n+s dy .

Since x ∈ B6/5 and y ∈ Rn \ B2 there holds |x − y| ≥ 1
100

√
1 + |y|2, and hence

∥U2∥L∞(B+
6/5)

≤ Cs
ˆ

Rn

|u2(y)|
(1 + |y|2) n+s

2
dy .

From here, the result follows directly by Lemma 3.12.

We will now give an interpolation result for the extended energy. We will use the following standard
interpolation result on a Euclidean ball:

Proposition 3.14. Let s ∈ (0, 1), and let u : B1 ⊂ Rn → [−1, 1] be a function of bounded variation. Then,

¨
B1×B1

|u(x)− u(y)|2
|x − y|n+s dx dy ≤ C(n)

(1 − s)s
[u]sBV(B1)

∥u∥1−s
L1(B1)

.

Proof. See, for instance, Proposition 4.2 in [6] for a simple proof; see also [4].

Lemma 3.15. Let s0 ∈ (0, 1) and s ∈ (s0, 1). Let M satisfy flatness assumptions FA1(M, g, 1, p, φ). Let also
U : B̃+

1 (p, 0) → (−1, 1) be any function solving

d̃iv(z1−s∇̃U) = 0 , (75)

and let u be its trace on B1(p). Then for all ϱ > 0, R ≥ 1, k ∈ R and q ∈ B1/2(p) such that BRϱ(q) ⊂ B3/4(p),

ϱs−nβs

ˆ
B̃+

ϱ (q,0)
z1−s|∇̃U|2 dVdz ≤ C

Rs +
C

1 − s

(
ϱ−n
ˆ

BRϱ(q)
|u + k| dV

)1−s(
ϱ1−n

ˆ
BRϱ(q)

|∇u| dV
)s

,

where the constant C depends only on n and s0.

Proof. Let us show that if U and U′ are two different solutions B̃+
1 (p, 0) → (−1, 1) of (75) with the same

trace u on B3/4(p), then
ˆ

B̃+
ϱ (q,0)

z1−s(|∇̃U|2 − |∇̃U′|2
)

dVdz ≤ C
ˆ

B̃+
ϱ (q,0)

z1−s|∇̃U′|2 dVdz. (76)

6Which equals σn,s
zs

(|x−y|2+z2)
n+s

2
on Rn with its standard metric, for some normalization constant σn,s > 0.
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Indeed, by Lemma 3.12 (rescaled) we have z1−s
∣∣∇̃(U − U′)

∣∣ ≤ C in B̃+
1/2(p, 0). Thus, we obtain

ˆ
B̃+

ϱ (q,0)
z1−s(|∇̃U|2 − |∇̃U′|2

)
dVdz =

ˆ
B̃+

ϱ (q,0)
z1−s(∇̃(U − U′)

)
·
(
∇̃(U + U′)) dVdz

≤ C
( ˆ

B̃+
ϱ (q,0)

zs−1dVdz
) 1

2
( ˆ

B̃+
ϱ (q,0)

z1−s(|∇̃U|2 + |∇̃U′|2
)
dVdz

) 1
2

≤ 1
2

ˆ
B̃+

ϱ (q,0)
z1−s(|∇̃U|2 − |∇̃U′|2

)
dVdz + C

ˆ
B̃+

ϱ (q,0)
z1−s|∇̃U′|2 dVdz

Thus (76) follows.

Now let gij be the components of the metric in the coordinates φ−1, η ∈ C∞
c (B1) be a nonnegative

smooth cut-off function satisfying η ≡ 1 in B3/4, and put g′ij = gijη + δij(1 − η), a metric defined in the
whole Rn. Thanks to (76) it is enough to prove the lemma for the manifold (Rn, g′) with p = 0 and with
U replaced by the (unique!) bounded solution U′ of (75) (with respect to the metric g′) in all of Rn × R+.
But in this case we can use Lemma 3.13 (rescaled) and obtain

ϱs−n
ˆ

B̃+
ϱ

z1−s|∇̃U′|2 dVdz ≤ Cϱs−n
¨

(Rn×Rn)\(Bc
2ϱ×Bc

2ϱ)

|u(x)− u(y)|2
|x − y|n+s dxdy

≤ Cϱs−n2
¨

BRϱ×BRϱ ∪Bϱ×Bc
Rϱ

|u(x)− u(y)|2
|x − y|n+s dxdy

≤ Cϱs−n
(¨

BRϱ×BRϱ

|u(x)− u(y)|2
|x − y|n+s dxdy +

Cϱn−s

Rs

)
,

where we have used that
¨

Bϱ×Bc
Rϱ

|u(x)− u(y)|2
|x − y|n+s dxdy ≤ C

ˆ
Bϱ

(ˆ
BRϱ

1
(|y| − ϱ)n+s dy

)
dx ≤ Cϱn

(Rϱ)s .

We conclude using the interpolation inequality of Proposition 3.14, since the modulus of the Euclidean
gradient in Rn+1 and the metric gradient |∇̃U| are comparable.
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