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Abstract

This article studies the canonical Hilbert energy H%/?(M) on a Riemannian manifold for s € (0,2),
with particular focus on the case of closed manifolds. Several equivalent definitions for this energy
and the fractional Laplacian on a manifold are given, and they are shown to be identical up to explicit
multiplicative constants. Moreover, the precise behaviour of the kernel associated with the singular
integral definition of the fractional Laplacian is obtained through an in-depth study of the heat kernel
on a Riemannian manifold. Furthermore, a monotonicity formula for stationary points of functionals
of the type £(v) = [v]is vy T Sy E(v)dV, with F > 0, is given, which includes in particular the case
of nonlocal s-minimal surfaces. Finally, we prove some estimates for the Caffarelli-Silvestre extension
problem, which are of general interest.

This work is motivated by [13], which defines nonlocal minimal surfaces on closed Riemannian man-
ifolds and shows the existence of infinitely many of them for any metric on the manifold, ultimately
proving the nonlocal version of a conjecture of Yau ([22]). Indeed, the definitions and results in the
present work serve as an essential technical toolbox for the results in [13].
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In recent years we have seen a great development of the theory of nonlocal equations. The simplest
example of a nonlocal operator is the fractional Laplacian, (—A)%u = [, (u(x) — u(y))m, where

o€ (0,1) and u : R" — R. Formally, it corresponds to the o-th power of the usual Laplacian, and it is,



therefore, an operator of order (of differentiation) 2. Another way to look at it is as the operator arising
from the Euler-Lagrange equation of the functional

E(v) = [U]%{V(]R”) = //WR”(”(JC) - ”(]/))2|x_;n+2¢71

which involves a fractional Sobolev energy term. There are precise multiplicative constants one should
put in front of these objects which will be given later, but we will omit them in the introduction for the
sake of exposition.

The present work addresses how the fractional Sobolev energy H?(M) = W?(M) and the associated
fractional Laplacian on M have a natural, canonical interpretation in the case where M is a closed Rieman-
nian manifold. We give several definitions for these objects and show them to be identical, which justifies
their canonical nature. Moreover, we obtain fundamental properties for these objects thanks to a deeper
study of their different definitions. We give a brief account in what follows:

Let (M",g) be an n-dimensional, closed Riemannian manifold, with n > 2. Let us start by giving
the definition of the fractional Sobolev seminorm H*/?(M) —for convenience and consistency with the
notation in our paper [13], throughout the paper we put o = s/2, where s € (0,2).

The H*/?(M) seminorm can be defined in at least three equivalent ways:

(i) Using the heat kernel' Hy(t, p,q) of M, we can put

® dt
Ks(p,q) :== /0 Hym(p,q.t) TSz 1)
We then define
W = [ (0) = (@) *Kalp ) 4V, s, @
(ii) Following a spectral approach, we can set
[”]%15/2(1\/1) =) Ai/2<u, ¢k>%2(M) (3)

k>1

where {1} is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator (—A,) and
2

{Ak}x are the corresponding eigenvalues. For s = 2 this immediately recovers the usual [u] F (M)

seminorm.

(iii) Considering a Caffarelli-Silvestre type extension (cf. [9, 3]), namely, a degenerate-harmonic extension
problem in one extra dimension, we can set

[u]ﬂS/Z(M) = inf{/M i zl_sﬁu(p,z)\zdvpdz st. U(x,0) = u(x)} : 4)
X4

Here V denotes the Riemannian gradient of the manifold M = M x (0,00), with respect natural
product metric § = g+ dz ® dz, and the infimum is taken over all U belonging to the weighted
Hilbert space H'(M) (see Definition 2.24 for the precise definition of this space, and we refer to
Section 2.3 in general for all the basic properties of this extension characterization).

We will prove that (i)-(iii) define the same norm (not merely equivalent norms) up to explicit multiplica-
tive constants. We emphasize that this gives a canonical definition of the H*/2(M) seminorm on a closed
manifold.

Definition (i) through the expression (2) will allow us to control precisely the behaviour of the fractional
Sobolev energy. See, for example, Lemmas 3.10 and 3.11, which show that the fractional Sobolev energy

1 As customary, by heat kernel here we mean the fundamental solution of the heat equation 9;u = Au on M, where A denotes the
Laplace-Beltrami operator on M.



is smooth with quantitative bounds under inner variations. For that, we will give precise quantitative
estimates for the kernel K;(p,q) (defined in (1)) and its derivatives, depending only on local quantities.
In particular, we will show that it is comparable to W if p and g are contained in a Riemannian ball
with controlled geometry. We recall that the two kernels coincide in the case M = R" (up to a constant
factor).

The estimates for Ks will follow from corresponding estimates for the heat kernel Hy,;. Albeit of somewhat
“standard flavour”, they are hard to find in the literature with this level of precision, and we give an
almost completely self-contained account that we believe to be of independent interest.

The extension definition (iii) will be used to give a monotonicity formula for stationary points u of
semilinear elliptic functionals, that is, of functionals of the form

£(0) = ol + [ F@)AV,

under the assumption that F > 0. More precisely, 1 need only be stationary for £(v) under inner varia-
tions; in particular, setting F = 0 will give a monotonicity formula for nonlocal s-minimal surfaces, which
we will define in a moment. Up to now, the result was known on R" by [8], [7] and [20].

Definition 1.1. Given s € (0,1) and a (measurable) set E C M, we define the s-perimeter of E as

1
Pers(E) := [XE]%{s/Z(M) = Z[XE _XEf]ils/z(M) , (5)

where x is the characteristic function of E and E° := M \ E.

From the estimates that we will prove for K, one can see that for every set E C M with smooth boundary,
one has that (1 —s)Pers(E) — Per(E) as s T 1 (up to a multiplicative dimensional constant, see [5] and
also [15, 11, 1] for further details on the computation in the case of R").

Definition 1.2. The boundary oE of a set E C M is said to be an s-minimal surface if Per;(E) < co and, for
every smooth vector field X on M, we have

d
Sl Pers (¥ (E)) =0,

where ¢}, : M x R — M denotes the flow of X at time t.

Remark 1.3. As we prove? in Lemma 3.10 and Lemma 3.11, if Pers(E, Q) < oo and X € X(U) is such that
spt(X) C Q then the map t — Pers (4 (E), Q) is well-defined for all t and of class C*. Thus, the previous
definitions are meaningful.

In other words, JE is an s-minimal surface if u = g — xgc is stationary under inner variations for

E(v) = [z;]%{S () The general monotonicity formula claimed before is the following (see Section 3.3 for

the precise definitions and notation):

Theorem 1.4 (Monotonicity formula). Let (M",g) be an n-dimensional, closed Riemannian manifold. Let
s €(0,2) and

E) = [v]?, +/deV,
©) = Wl + | FE)
where F is any smooth nonnegative function. Let u : M — R be stationary for £ under inner variations, meaning

that £(u) < oo and for any smooth vector field X on M there holds 4| i—of (wo k) = 0, where Y is the flow of
X at time t. For (p,0) € M and R > 0 define

1 1—s 2 /
—_— z VU(p,z)|*dV,dz + F(u)dv |,
s (/ss /W’O) VUp ) Pavidzt [ F) )

2Notice that for functions taking values in {41} the potential part of the energy vanishes and the Sobolev part of the energy gives
the fractional perimeter.

®(R) :=




where U is the unique solution (see Theorem 2.25) in H'(M) to
div(z!VU) =0 in M,
U(p,0) = u(p) for peOM =M.

Then, there exists a positive constant C with the following property: whenever R, < inj,,(po)/4 and K is an upper
bound for all the sectional curvatures of M in Br_(po), then

R +— @(R)ec‘/?R is nondecreasing for R < Ro,
and the inequality

28 B _
®'(R) > —CVK®(R +L/ F(u)dV + =£= / Z179(VU,Vd)\do
(R) (R) R Jg ) (u) R Jois (o) ( )

holds for all R < Ro, with d(-) = d3((p.,0), - ) the distance function on M from the point (p.,0).

Moreover, in the particular case where M = R", F =0, s € (0,1), and u = xg — xgc where E is an s-minimal
sutrface, there holds

@' (R) = 2ij/ - Z175(VU, Vd)? dxdz > 0,
R ot B (po,0)

which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

1.1 Overview of the kernel estimates

Here is an overview of the estimates for the heat kernel Hy; and the singular kernel Ks (defined in (1))
that will be proved in subsection 2.2. In particular, the reader is advised to consult Theorem 2.13, which
records several of the main results for K;, including an explicit asymptotic expansion for short distances.

Heat kernel Hy, Singular kernel K;
Global comparability on (R", g) Lemma 2.14 Lemma 2.14
Short distance comparability Lemma 2.15, Lemma 2.18 Lemma 2.20
Long distance estimates Lemma 2.16, Lemma 2.17 Theorem 2.13, Proposition 2.21
Precise asymptotics Proposition 2.19 Theorem 2.13

2 The fractional Laplacian on a closed manifold (M, Q)

Throughout the paper (unless otherwise stated) (M, g) will be a closed (i.e. compact and without bound-
ary) Riemannian manifold of dimension 7.

Taking inspiration from the case of R”, in this section, we give several equivalent definitions for the
fractional Laplacian (—A)%/? on a closed Riemannian manifold, with s € (0,2).

2.1 Spectral and singular integral definitions

The fractional Laplacian (—A)*/? can be defined as the s/2-th power (in the sense of spectral theory) of
the usual Laplace-Beltrami operator on a Riemannian manifold, through Bochner’s subordination.

Given A > 0 and s € (0,2), the following numerical formula holds:

a2 1 © dt
A Z_W A (e M—l)m- (6)

Formally applying the above relation to the operator L = (—A) in place of A, one obtains the following
definition for the fractional Laplacian.



Definition 2.1 (Spectral definition). Let s € (0,2). The fractional Laplacian (—A)%/2 is the operator that
acts on smooth functions u by

1 @ d
(—A)"2u = 1“(5/2)/0 (e u — ”)tprist/z @)

Here, the expression e®

initial datum u.

u is to be understood as the solution of the heat equation on M at time ¢ and with

From now on, to denote the solution of the heat equation with initial datum u, we will write Piu in
place of e'®u.

Remark 2.2. On a closed Riemannian manifold a closely related definition of the fractional Laplacian is
available: if {¢}¢>, is an L?(M) orthonormal basis of eigenfunctions for (—A) with eigenvalues

0</\1</\2§...§)\kk_>—oo>+oo

and u is a smooth function then

[e9)

(=AY 2u =Y A2, @) 2 (o) O
P

Since the solution to the heat equation on M with initial datum an eigenfunction ¢y is given by e'¢; =
e~ My, the above definition is easily shown to be identical to (7) by first observing that they coincide for
eigenfunctions (thanks to (6)), and then extending the result by approximation. In [21] (see also [10]) all
the details of this equivalence are carried out in the case of certain positive second order operators with
discrete spectrum on a domain (3 C R". In our case of (—A) on a closed Riemannian manifold, the proof
is then completely analogous. Nevertheless, this characterization will not be used in what follows and is
given only as complementary information.

The second definition for the fractional Laplacian, closely related to the spectral one, expresses it as a
singular integral. It will be our working definition in a substantial portion of the article.

Definition 2.3 (Singular integral definition). The fractional Laplacian (—A)*/2 of order (of differentiation)
s € (0,2) is the operator that acts on a regular function u by

(=) 2u(p) = pa. [ (u(p) = u(a))Ks(p,a) 4Vy ®
M

=lim [ (u(p) —u(q)K:(p,q)dVy.
=0 /M

Here Ks(p,q) : M x M — R denotes the singular kernel given by>

s/2 « dt
Ks(p,q) = T(l—s/Z)/o HM(Pfq/t)m ©)

where Hy : M x M x (0,00) — R denotes the usual heat kernel on M, and K:(p,q) is the natural

regularization

e _ 5/2 o 782/4t dt
Ki(p.q) = Ti—s/2) _5/2)/0 Hum(p,q,t)e os/2° (10)

Remark 2.4. If the compact manifold M is replaced by the Euclidean space R” then

B s/2 « a s/2 o0 1 _lx=yf? a Kp s
(o) = a7y Jy M0t = a7 ) <<4m> ' )wz‘ Xy

3 1 _ _s/2
Note that =72 = l"(lb— 72




where

NES s21r (1)
2T (=s/2)] 7/ (1-s/2)
Hence, we recover the usual form of the fractional Laplacian on R”.

(11)

Kyp,s =

Let us briefly comment on our choice of the “natural” regularization K&(p,q) that we have used to
define the principal value (p.v.) in (8). First, we will see in the proof of (44) that this approximation
naturally appears in the computation. This is because K§(p, q) is directly related to the fractional Poisson
kernel P ;(p, q,z) of M := M x (0, +-00) by the formula

Ks(p.q) = Py(p,q.€)e,
and the fractional Poisson kernel is the fundamental solution of the Caffarelli-Silvestre extension problem.

Moreover, if the compact manifold M is replaced by the Euclidean space R"” then

s/2 o0 2 dt o
K(x, :7/ Hpo(x,y,t)e /4 = v ,
R ) e A o e
which is arguably a very natural regularization of |xf;'|s,, +5, and is easily seen to give the same notion

of principal value that one would get by integrating K;(x,y) against a function on R” \ B¢(y) and then
taking ¢ — 0". This is also true on a Riemannian manifold, and actually many other desingularizations
of the (singular) kernel K;(p, q) are possible and give the same notion of principal value (p.v.) under mild
hypotheses:

Proposition 2.5. Let (M, g) be a closed, n-dimensional Riemannian manifold, and let {K:}.~o be a family of
nonnegative kernels defined on L®(M). Assume that the following hold:

e The K& converge uniformly to Ks(p,-) on compact subsets of M\ {p}, ase — 0.
* There exist some r = r(p) > 0 and some chart parametrization ¢ : B, C R" — M with ¢(0) = p such that:

(i) The flatness assumptions FAy(M, g,t, p, ) are satisfied (see Definition 2.9).
(i) Setting K&(y) := K&(p, ¢(y)), there is some positive constant C such that, for all y € By,

-~ C
Ki(y) < TEs (12)
and moreover, the symmetry condition
= = C
Ki(y) — Ks(—y)| < i (13)

is satisfied.

Then, for every f € C®(M), the limit lim,_,o [,,(f(p) — f(q))KE(p, q) dV; exists and is independent of the family
KE. In particular, any such family gives the same value for (8) as the choice in (10).

Remark 2.6. As discussed above, this covers the case of removing a geodesic ball B,(p) in the correspond-
ing definition of the fractional Laplacian as an integral and then sending ¢ to 0, as in the usual Euclidean
definition of a principal value integral. Indeed, this corresponds to considering K := Ks(p,9)xpm\B.(p) in
the Proposition above. Another reasonable desingularization could be

. B s/2 /°° dt
Ks(prQ) - F(l _5/2) . HM(p’q’ t) t1+s/2 '

The fact that both of these choices for the families {K¢}, as well as the choice (10), satisfy the hypotheses
in Proposition 2.5, can be easily seen using the results that will appear in the next section. More precisely,
they follow from the combination of Remark 2.10 and (the proof of) estimate (18) from Theorem 2.13. The
latter shows that conditions (12) and (13) hold directly for the kernel K thanks to precise estimates on the
heat kernel Hy,, and it is then simple to see that they hold for the regularisations K as well.



Proof of Proposition 2.5. Recall that ¢~ 1(p) = 0. Given 0 < § < r,, we can write

/(f(p)_f(Q))Kg(p,q)dvq:/
M

M\g(B5)

£) = FKp Vs + [ (Flp) = @)K Y.

¢(Bs)

By the dominated convergence theorem, the first term on the RHS converges to

[ )= F@Kep vy,
M\ p(B;)
Therefore

timsup | [ (7(p) = Fa)KS )V, ~ [

e—0 M\g(Bs)

<timsup| [ (1)~ f@)Ki(pr0) 0.

e—0

(F(p) = F(@)Ks(p,q) 4V

In other words, to conclude our desired result, it suffices to show that [, q)(Ba)( f(p) = f(q)Ks(p, q)dVy is
bounded independently of ¢ and moreover can be made arbitrarily small by choosing § small enough.

To check this, we start by changing variables using the coordinates given by ¢, leading to

/(P(BJ)(f(P)—f(q))Kﬁ(Pﬂ) qu:/B (f(qo(O))—f(gv(y)))KS(y)\/I?:I(y) dy .

)

Defining h(y) := (f(¢(0)) — f(¢(v)))\/Ig](y), which verifies that h(y) = y - VA(0) + O(|y|?), and using

the symmetry of the Lebesgue measure under the transformation y — (—y), we can then compute

[, 00 = fa e av] = | [ nRetay

IN

[ v InORw | +C [ lyPRew) dy
Bs Bs

- ;/Béyvmmﬁﬁw)dﬁ;/Bé(_y)'w(omg(_y)dyl

2pe
+C [, wPRm ay
=3 [ v IHO R - K- ay]+C [ PR ay

Using the assumptions on the kernel, we conclude that

1 1
- K(p,q)dV, gc/ ~Vh07d+C/ 2 d
| [0 5, [0 = SO ) dVi[ <C [ 1y VHO)| g dy+C [ I s dy

1
By |y|n+sf2 d]/

< Co%s.

<C

Since s € (0,2), this quantity can be made arbitrarily small by choosing § small enough, independently of
e. This concludes the proof of our result. O

We now show the equivalence between the spectral and singular integral definitions for the fractional
Laplacian.

Proposition 2.7. For every s € (0,2) definitions (7) and (8) coincide, meaning that:



(i) For u € C*®(M) they coincide pointwise everywhere.
(ii) For u € L?(M) they coincide as distributions (i.e. in duality with C*(M)).

Proof. Let u € C*(M). Expressing the solution P;u to the heat equation in terms of the initial datum as

Puu(p) = /M u(g)Haa(p,q,t) 4V,

and using that [, Hu(p,q,t) dV,; = 1 gives, for every € > 0, that

1 o —e*/4tg
F(—S/Z)/O (Pt”_”)eth/zt:/M(”—M(Q))Kﬁ(P/Q)qu. (14)

Since u is smooth, letting ¢ — 0 gives convergence of both integrals pointwise everywhere and

F(_ls/z)/ow(ptu_u)tlf:/z :p.v./M(u—u(q))Ks(p,q) av,,

and this proves (i).
Now to show (ii) take u € L?(M) and ¢ € C*(M). Multiply (14) by ¢ and integrate over M to get

—52/41‘
= | = weS v = [ i) - u@epKs ) dviav,. a9

Note that since ¢ > 0 is fixed and positive, neither of the two integrals above is singular, and they are
both absolutely convergent. Hence, we can exchange the other of integration in both integrals. For the
left-hand-side using that P, is self adjoint in L?(M) we get

e~ ¢ 24t 1 0 ,—¢ /4t
s/2 / / (Pru — q) ERY) dtdv = (_5/2)/0 {7572 (Prt — u, @) dt

1 0o ,—€2 /4t
- I'(—s/2) /0 H1+s/2 (Prp — @, u)2dt

1 o 6762/4t

Regarding the right-hand side, since K{(p, q) is symmetric

//MxM(u(m —u(q))e(p)Ki(p, q) dV,ydV, = //MXM((P(P) — () u(p)Ki(p,q) dVadVy .

Thus
1 © 6782/41‘ .
/M T(=s/2) /0 (Prg = @) gy dt | udV = /M (/M(qv(p) — ¢()Ks(p,9) qu> u(p)avy,
and letting ¢ — 0" and using (i) proves (ii). O

Remark 2.8. On a noncompact Riemannian manifold, the mass preservation property [\, Hu(p,q,t) dV, =
1 could fail, leading to undesired phenomena such as the fractional Laplacian of a constant being different
from zero. It is thus natural in the noncompact case to assume that M is stochastically complete, i.e. that
Sy Hm(p,q,t) dV, = 1 for every t > 0.



2.2 Properties of the kernel

This section gives important estimates on the singular kernel Ks(p,q). In order to precisely quantify the
dependence of the constants in the estimates on the geometry of the ambient manifold, the notion of “local
flatness assumption” will be very useful. Let us introduce it below.

Here, as in the rest of the paper, Br(0) denotes the Euclidean ball of radius R centered at 0 of R”, and
Br(p) denotes the metric ball on M of radius R and center p.

Definition 2.9 (Local flatness assumption). Let (M", ¢) be an n-dimensional Riemannian manifold and
p € M. For R > 0, we say that (M, g) satisfies the ¢-th order flatness assumption at scale R around the point
p, with parametrization ¢, abbreviated as FA;(M, g, R, p, ¢), whenever there exists an open neighborhood V
of p and a diffeomorphism

¢ :Br(0) =V, with ¢(0)=p,

such that, letting ¢;; = ¢ (go* (%) , P (a%])) be the representation of the metric g in the coordinates ¢~ 1,

we have o
(1— 155)[01? < gij(x)0'0) < (14 1) |v[* Vo€ R"and Vx € Bg(0), (16)
and
91 g;i(x)
Rl W <15 Vamulti-index with 1 < || < ¢, and Vx € Bg(0). (17)

Remark 2.10. Notice that for any smooth closed Riemannian manifold (M, g), given £ > 0, there exists
Rg > 0 for which FA/(M, g, Ro, p, ¢p) is satisfied for all p € M, where ¢, can be chosen to be the restriction
of the exponential map*(of M) at p to the (normal) ball Bg,(0) C T,M = R".

Remark 2.11. The notion above of local flatness is used in our results to stress the fact that, once the local
geometry of the manifold is controlled in the sense of Definition 2.9, then our estimates are independent
of M. Interestingly, this makes our estimates in the present article and in [13] of local nature, even though
the equation we deal with is nonlocal.

Remark 2.12. The following useful scaling properties hold.

(a) Given M = (M, g) and r > 0, we can consider the “rescaled manifold” M = (M, 2¢). When
performing this rescaling, the new heat kernel H; satisfies

H]\//\I(p/ q/ t) = 7ﬂinH]VI(p/ q/ t/rz) .
As a consequence, the “rescaled kernel” K, defining the s-perimeter on M satisfies
Ks(p.q) = =" Ks(p, ).

(b) Concerning the flatness assumption, it is easy to show that FA,(M, g, R, p, ¢) = FA,(M, g, R, p, ¢)
forall R” < Rand FA,(M, g, R, p, ¢) < FA,(M, rzg,R/r, p,e(r-)).

(c) Similarly, if FA;/(M, g, R, p,¢) holds, and q € ¢(Bg(0)) is such that By(¢~1(g)) C Bgr(0), then
FA((M,7%8,0/7,q, ¢ 5-1(y),) holds, where ¢y, o := ¢(x +p-).

In all the sections, we will use the (standard) multi-index notation for derivatives. A multi-index
a = (a1,ap,...,a,) will be an n-tuple of nonnegative integers (in other words « € IN"). We define

|| == a1 +ap + - - -+ ap.
For a function f : R” — R is of class C’ we shall use the notation

olal aa1+a2+~~-anf

9xa? T (axT)m (9x2)e2 - - - (9 )

4That is ¢, = (expp ) i)|3RO(0) for any isometric identification of i : R" — TM,,

9



For « = 0, we put %f = f.

The next main theorem gives the precise behavior of the kernel around a point satisfying flatness
assumptions, including an explicit approximation in coordinates.
Theorem 2.13. Let (M, g) be a Riemannian n-manifold, not necessarily closed, s € (0,2) and let p € M. Assume
FA/(M, g, R, p, ) holds and denote K(x,y) := Ks(¢(x), ¢(v)).

Given x € Br(0), let A(x) denote the positive symmetric square root of the matrix (g;;(x)) —g;j being the
metric in coordinates ¢~ '— and, for x,z € By »(0), define

‘_ 7 — _ s
k(xzz) T K(x/x +Z) and k(x,z) T k(x,z) |A(X)Z|”+S :
Then Cn,s)
~ B n,s
’k(xzz)‘ <R 1W forall x,z € BR/4(O)/ (18)

and, for every multi-indices a, p with |«| + |B| < £, we have

| 5Bl
olel 9 ‘ Cln,s, ) forall x,z € Bgy4(0). )

Z 7 < =\
ax 928 F )| S e

The constants C(n,s) and C(n,s,1) stay bounded for s away from 0 and 2.

Moreover, for all x € Bg/4(0) and for all g € M\ ¢(Br(0)) we have

ol C(n, ¢
Sestoton| < G 0
and ol
ola C(n,?)
—K x),q)|dV, < , 21
Lo, |t m]avs < < @

for every multi-index « with |a| < ¢.

2.2.1 Heat kernel estimates

To prove Theorem 2.13 we will need several preliminary lemmas studying the properties of the heat kernel
of M.

The first result compares locally the heat kernel Hy;(p,g,t) or the singular kernel K;(p,q) on R" en-
dowed with a metric g with the standard ones on R”.

Lemma 2.14. Let g be a smooth metric on R" such that @ < gij(x)0'v) < 4[o|? and |Dg;i(x)| < 1 for all
x,v € R". Denote M := (R", g) and let K, be defined by (9). Then, there exist positive constants c¢; = c;(n) for
1 < i < 6 such that

2 2
G-t ¢~k
tn/Ze 2= HM(x’y’t) S tn/Ze o
and N N
n,s n,s
C5|x—y|”+5 SKS(x/y) SC6|x—y‘n+S,

forall (x,y,t) € R" x R" x [0, 00).

Proof. The two-sided estimates for the heat kernel Hy; follow directly from the classical parabolic estimates
of Aronson [2]. The second inequality follows by integrating the first one, from the definition (9) of
Ks(x,y). O

The next lemma concerns the concentration of mass of the heat kernel.
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Lemma 2.15. Let (M, g) be a Riemannian n-manifold, p € M, and assume FAo(M, g,1, p, ¢) holds. Then

1—Cexp(—c/t) < / Hy(p,q,t)dVy <1, forallt >0,
@(B1,2(0))

with C,c > 0 depending only on n.

Proof. Put H(x,y,t) := Hy(¢(x), ¢(y),t). Let g;j € C°(B1(0)) be the metric coefficients in the chart ¢!,
choose ¢ € CY(B;(0)) such that XBy4(0) < ¢ < XB,(0) and put 8?;’ = gij¢ +0;j(1 — ¢). By assumption,
we have ]gfj(x)vivj — 0| < 15glol?* for all x,v € R". Morevoer, ggj = gjj inside B3/4(0). Consider the

complete Riemannian manifold M’ := (R",¢’) and let H'(x,y,t) denote its associated heat kernel. Then,

by Lemma 2.14 we have

%efcz\xfy\z/t < H'(x,yt) < %e—cuxfyp/t’ 22)

Now, since H'(0, x, t) is the heat kernel of the stochastically complete manifold M’ we have

/ H'(0,x,t)1/|¢'|(x)dx =1 forall t > 0. (23)
M

On the other hand, for every fixed T > 0 set h(7) := %6_64(1/4)2/T. Using (22) we have that u(x,t) =
(H'(0,x,t) — ]’l(T))+, where (- )T denotes the positive part, is a subsolution of

u =

w < S (VI Zu) inBia(0) (07,
0 in 861/4 (0) X (O, T) .
Since ¢’ = g in By ,4(0), it easily follows (using that both H(0, x, t) and H’(0, x, t) have as initial condition

a Dirac delta with respect to the same volume form +/|g|dx) that u < H(0,x,t) for all t € (0,7). This
gives, for all t € (0, 1)

[ onn o) flglix= [ uteny/gltv< [ HO,x0,/glx
B4 Bi/s Bi/a
On the other hand, using (23) and (22) we obtain that for all ¢t € (0, 1)

3 _ 24 1 \n/2 /
1—Cexp(—c/T1) <1 —/ =3 _eal¥] 1+ 155) Tdx <1 —/ H'(0,x,t)4/|¢|dx
]RH\B3/4(0) t}’l/z 100 ]Rn\83/4(0)

:/ H'(0,x,t)/|g|dx.
B3/4(0)

Finally, since also h(7) < Cexp(—c/T) (notice that we can “absorbe” T~"/2 in Ce~*/T chosing ¢ > 0
slightly smaller and a larger C), we obtain the desired estimate

1—Cexp(—c/1) < /

H(0,x, ) |g|dx§/ H(p,q,t)dV, Vi€ (0,7),
By/4(0) ¢(B1/2(0))

and for all T > 0. The bound by above by 1 of the same quantity follows immediately using that H is a
heat kernel, i.e. nonnegative and with total mass bounded by 1. O

Lemma 2.16. Under the same assumptions as in Theorem 2.13, for all g € M\ ¢(B1(0)) we have

|
gxaHm(qv(x),q/t)‘ < Cexp(—c/t), for (x,t) € By/2(0) x [0,00) (24)

and for every multi-index a with |a| < ¢, with C,c > 0 depending only on n and £.
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Proof. Notice that u(x, t) := Hp(¢(x), g, t) satisfies uy = Lu, in B1(0) x [0,00) and u = 0 at t = 0, where

1 0 i ou
U= Nk <\/ ’8|81]ax]~> (25)
is the Laplace-Beltrami operator with metric g.

Let us show that
|u| < Cexp(—c/t) for (x,t) € Bs;4(0) x [0,00), (26)

with C, ¢ > 0 dimensional constants. This follows from the following standard probabilistic consideration.
Fix xo € ¢(B3,4(0)). By continuity of sample paths, the probability that a Brownian motion started
at g € M\ ¢(B1(0)) hits ¢(Bs(x.)) (0 < 6§ < 1) within time < t is less that the supremum among
q' € ¢(0Bg/9) of the probability that a Brownian motion started at a point 4’ hits ¢(Bs(x.)) within time
< t. This gives

u(xo,t) < sup  Huy(p(xo),q,t). (27)

7'€p(0Bs/9)

Let us now use (27), Lemma 2.15, and the parabolic Harnack inequality as follows to show (26).

For fixed q' € ¢(dBg,9) set v(x,t) := Hy(¢(x),4q’,t) and consider the rescaled 7(x,t) := v(xo +rx, to +
r?t) for r € (0,1/10). Then T > 0 satisfies a (uniformly) parabolic equation in B;(0) x (0,1) with smooth
coefficients (that only improve as r gets smaller). Thus, by the Harnack inequality for every x € B;,,(0)
and t € (1/4,1/2) we have 0(x,t) < Cinfg, () 0(-,1) < Co(y,1) for all y € By /5(0). Integrating

9(0,t) <C o(y,1)dy =C o(xo + 1y, to +1r*)dy = Cr*”/ v(z, to +1*)dz,
By/2(0) By /2(0) By /a(x0)

for some C = C(n) > 0. Thus, for all t € (t, +1*/4,t, +12/2)

v(xo, 1) < Cr*”/ 0(z, to +1?)dz.
Br/Z(XO)

But ¢(B,/2(xo)) C M\ By/10(q") for every q' € ¢(9Bg/9(0)). Then by Lemma 2.15 we get

v(xo,t) < Cr_”/

M\g(By/10(7)) to + 17

Hu(z,q,to +12)dz < Cr " exp (— ¢ ) ,

where C,c > 0 depend only on n. Now, for small times ¢, < 1/100 choosing 2 =t (together with
the probabilistic argument above) gives the result, since one can absorb the term r~" = t;"/2 in the
exponential up to slightly decreasing the value of c. For non-small times ¢, > 1/100, one can just take
r = 1/10 and obtain the upper bound by a constant as desired. This concludes the proof of (26).

Now, similarly to above, for all ¥ € (0,1/4) and (xo,t.) € By/2(0) x (0,00) the rescaled function
u(x,t) = u(xo + rx, to + r’t) satisfies a (uniformly) parabolic equation with smooth coefficients (since the
bounds on every CK norm of the coefficients only improve as r gets smaller) and, from (26), we have
[i1] < Cexp(—c/t)in By x (0,1). Hence standard parabolic Schauder estimates give

< Cexp(—c/t), for (x,t) € By/»(0) x[1/2,1),

for every multi-index a with |a| < ¢, with C > 0 depending only on # and ¢ and ¢ > 0 as above.

After scaling back the estimate above we obtain, for all r € (0,1/4]

ol
‘ax”‘u(

Xo, to + t)‘ < CriMlexp(—c/r?), for (xo,t) € By2(0) x [r2/2,7%).
Then, for “non-small” times t, > 1/16 we notice that (24) follows taking » = 1/4. On the other hand,

for small times t, € (0,1/16) we obtain (24) taking 1> = t., bounding r~1* by t¢/2, and absorbing
(chosing ¢ > 0 smaller and C larger) this negative power of ¢, in the exponential. O
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Lemma 2.17. Under the same assumptions as in Theorem 2.13, we have

/A/I\(I’(Bl(o))

and for every multi-index a with |a| < £, with C,c¢ > 0 depending only on n and £.

olal
ox®

HM(<p(x),q,t)‘qu < Cexp(—c/t), for (x,t) € By;2(0) x [0,00) (28)

Proof. 1t is similar to the proof of Lemma 2.16. Let o : M\ ¢(B1(0)) — {41, —1} be any measurable
function to be chosen. Consider

uet)i= [ Hu(p(x),q 00l@)av,
M\¢(B1(0))

By Lemma 2.15 — since Hy; > 0 and [, Hu(p, q,t)dV; < 1 — we obtain
lu(x, £)| < / H(p(x),q,0)dV, < Cexp(—c/t),  Y(x,t) € Bya(0) x [0,00).  (29)
M\¢(B1/4(0))

Notice that in this estimate, C and ¢ are positive dimensional constants (and in particular, they do not
depend on the choice of 7). Also, by the superposition principle u satisfies u; = Lu, in B1(0) x [0, 00) and
u =0 att =0, where L is as in (25).

Now proceeding exactly as in the proof of Lemma 2.16 we obtain that

olal
ox®

u| < Cexp(—c/t), for (x,t) € By/2(0) x [0,00)

for |a| < ¢. Now, for any given «, x, and t, we can choose ¢ : M\ ¢(B1(0)) — {+1, —1} so that

olal olal olal
cutvt) = [ Hu(p(x), 9,00 (0)aV; = [ Hua(9(2),0,1) |V,
ox M\g(B, (0)) 0% T g 0)) |9 !
and we are done. O

Lemma 2.18 (Localization principle). Let (M, g) and (M',g") be two Riemannian n-manifolds. Assume that
both M and M’ satisfy the flatness assumptions FAy(M, g, 1, p, ¢) and FA,(M',g,1,p', ¢') respectively, and sup-
pose that g;; = g;j in B1(0) in the coordinates induced by ¢~ and (¢')~!

Then, letting H(x,y,t) := Hyp(@(x), 9(y),t) and H (x,y,t) := Hpp (@' (x), ¢'(y),t), we have that the differ-
ence (H— H')(x,y,t) is of class C* in By ;5(0) x By ,,(0) x [0, 00) and

ol Bl
e = H)(9,8) < Cexpl(—e/t) for (1,3, € Biya(0) x B a(0) x [0,%),
whenever « and B are multi-indices satisfying |a| + |B| < ¢, with C, ¢ > 0 depending only on n and (.
Proof. Let us show that
|H — H'| < Cexp(—c/t) for (x,y,t) € Bs/4(0) x B3/4(0) x [0, 0), (30)

with C,c > 0 dimensional constants.
Indeed, fix x, € Bs,4(0) and let us show first that we have

[(H — H')(x0,, )] < Cexp(—c/t) forally € By/a(0)\ B s (x.) (1)

Indeed, the L* estimate of Lemma 2.16 —appropriately rescaled to have ¢(Byg(x.)) instead of ¢(B1(0))—
gives

Hu(9(x0), (y),t) < Cexp(—c/t) forally € Bs/4(0) \ By/g(xo), (32)
and the same estimate with Hy replaced by H);. Hence (30) follows using |H — H'| < H + H'.
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Now observing that for all x, as above u(y, t) := (H — H')(xo,y, t) solves the heat equation (0; — Ly )u =
0 with zero intial condition, (30) easily follows from the maximum principle.

Finally, the estimate for the higher derivatives follows from standard parabolic estimates, noticing that
u(x,y,t) == (H—H')(x,y,t) solves

1
o1y = E(Lx,yu)

where
1 2 ()0 1 9 i(y) -
Loy = 7 axl.( |g(x)|g](x)axju>+ = ayl( |g(y)lg’(y)ayju>-

is the sum of the Laplace-Beltrami operators with respect to the variables x and y (or, equivalently, the
Laplace-Beltrami operator with respect to the product metric in 51(0) x B1(0)). O

Proposition 2.19. Assume that M = (R",g) with g = (g;j(x)) satisfying

olal

%id < (gij) < 2id and wg,’]’ <1 forall |a| <Y, (33)

for some € > 1. Let H(x,y, t) be the heat kernel of M.
For x € R" let A(x) denote the (unique) positive definite symmetric square root of the matrix g(x) = (g;j(x)),
and define h(z, x, t) by the identity

H(x,y,t) = tnl/z h(A(X)\([}/t—X)’x’ t).

Define also:

ho(x,2,t) = ho(z) := @ 1)n/2e|z|2/4 and hi=h—h,.
s

Then, there are positive dimensional C and ¢ such that

‘ 2

|h| < Cmin(1,Vt)e " forall (x,2,t) € R" x R" x (0, 0).

Moreover, we have

olal glBl

Wa—ﬁh < Ce~cl? forall (x,z,t) € R" x R" x (0,1) and a, p with |a| + |B] < ¢,
z

for positive constants C and ¢ depending only on n and £.

Proof of Proposition 2.19. Notice first that since H(x,y,t) = H(y, x, t) we have

e ) = (AR )y (A0, )

lg1(x)
Direct computation shows:

Let Lyf := —- % (\/ Ig[(x)g(x) % f) denote the Laplace-Beltrami operator (with respect to x).
9zk9z!

. ij . 2
= 51 (Vi 2 ) ) 2oy 4 0 (A ) ) ).
n
2

where
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This leads to the equation for i = h(z,y,t), where we denote 9; := % and 81-]- = %ng'

tdth = Lh := a'l(z,y, )3 + (VI (z,y,t) + §)9;h + gh,

where ) o
al(z,y,t) = g (v + Viz) (434]) ()
and

bz yt) = (Wf?"gkl)) (v+ viz) Al(y);

h(z,y,07) = ho(z) = (471) 2o~ */4,

(Notice that we defined / so that its initial condition is independent of v.)

We emphasize that, by the assumption (33), this equation is uniformly elliptic, and the derivatives of
a’l, b up to order ¢ in the variables z and y are uniformly bounded for times t € (0,T) by constants
depending only on the constants # and To.

Let us now compute an equation for h = h — ho. Since

with initial condition:

§13ho + 331 + gho —0,
we obtain
toyh — Lh = Lho = (a' — 6)9;jho + V/1b'd;hs
= (a7 — 8") (ziz; — 0) — VEb' 83 o .
We emphasize that h satisfies the initial condition
h(z,y,0) =0
Notice that (since by definition A(y) is a square root of ¢(y)) we have, for all y
§7 () (ApA]) (y) = o

and hence, since gkl is smooth,
|[a7(z,y,t) — Y| < CvV't

Hence, we have L
|tdsh — Th| < C(1 + |z)?)V/the (34)

Let us now find some barrier allowing us to control h. We can use as barrier
b(z,t) := \ftef(l/‘l*")'Z'Z
Direct computation shows that, for v/t < 0x (so that aij(S,»j > n — Céx and |67 — aij|zkzl(5ik(5ﬂ < Cox|z|?)

_ 1 . . . i .
toth — Lb = (2 — 4(% — K)2 (Ell])ZkZl(sik(Sﬂ +2(% — K) Lll](sl‘j —+ (\/Ebl + %)2(% — K)Z](sij — Z)b

> (; + (% — 1c)4;<|z|2 — Cox|z|> — Cx — C9K2|>b
> (L3RR 20,

provided we chose 6 > 0 and x > 0 sufficiently small.
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Since clearly b > V/tho we obtain that Cb is a supersolution of (34) for V't < 0x. This shows that
1| < Cb for all t small enough.

Notice that the estimate |ﬁ| < Cb (fixing ¥ > 0 and 6 > 0 small dimensional) shows, in particular, that

[h(z,y, 1) < CVtexp(—clz]?) (35)

holds with ¢ > 0 dimensional for all “small” times ¢ € (0, 921(2). On the other hand, for “non-small” times
t > 62«2, the standard heat kernel estimate (22) for H (which holds with ¢; dimensional) immediately
yields (35) with v/t replaced by 1.

In order to bound the derivatives of 1 with respect to z we notice we notice that, in logarithmic time 7 =
log t, the function h(z,y,e") satisfies, for y fixed, a standard parabolic equation with smooth coefficients
in the domain R"” X (—c0,0). Then, thanks to (35), applying standard parabolic estimates in parabolic
cylinders {|x — xo| < 2,|T — 7| < 2} we easily obtain the claimed bounds for all partial derivatives of h
with respect to z.

In order to show the regularity in y, one can then differentiate the equation with respect to y as many
times as needed (the coefficients depend in a very smooth way also in y) and notice that the initial
condition will be zero (since . is independent of y). By standard parabolic regularity arguments (e.g.,
using a Duhamel-type formula to represent the solutions), we obtain the estimates. O

2.2.2 Estimates for the singular kernel K;(p, q)

As a first consequence of Lemma 2.18 we have that the following “local version” of Lemma 2.14 above
also holds.

Lemma 2.20. Let so € (0,2) and s € (so,2). Let (M, g) be a Riemannian n-manifold and p € M. Assume that
FA1(M, g, p,1, ¢) holds. Then

Xp,s Kp,s

Tyt < Ks(p(x), 9(y)) < BTy’

forall x,y € By,2(0), where cz,cg > 0 depends on n and s.

Proof. Take 17 € C°(B1(0)) with x5, ,0) < 17 < Xp,(0) and let ggj := gij1 + (1 —n)d;;. This is a metric on
R" with gfj = gij in By/2(0). Denote by Ks, Ky and H, H' the singular kernels and heat kernels of (M, g)
and (R", ¢’) respectively. Then, by Lemma 2.18 applied to the manifolds (M, g) and (R",g’) we have, for

x,y € By/4(0):

Ke(p() 0(0)) = Kl < 7 ey [ 1H(0(0), 00, = H 2,0 1557

Cs 0 dt
< = —c/t < C(2—
- TI(1 —S/Z)/o ¢ flts/2 = C( s)s

for some dimensional C = C(n). Then, the result follows directly by Lemma 2.14 (and the explicit formula
(11) for ay) for x,y € By,4(0), and the conclusion also holds for x,y € B;,,(0) by a standard covering
argument. O

Now, we have all the ingredients to give the proof of Theorem 2.13.

Proof of Theorem 2.13. Note that the statement is scaling invariant. Hence, with no loss of generality, we
can (and do) assume that R = 1. Moreover, it suffices to consider the case M = (R",g), p =0, ¢ = id,
and g;; satisfying the assumptions of Proposition 2.19:

Indeed, similarly to the proof of Corollary 2.20, in the general case we can fix a radially nonincreasing
cutoff function 7 € C®(B;) such that ¥ = 1 in By, and consider the “extended” metric gfj = gijn +
0ij(1 —1n). Observe that (M, g) and (IR",g’) the assumptions of Lemma 2.18 with M’ = R" and ¢’ = id.
Let H(x,y,t) and H'(x,y, t) be defined as in Lemma 2.18.
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Recall that, by definition, for all x,y € B;1(0)

*© d *© d
K(oy) = Kalpl),po)) = e | Hualp(e) o) i = o [ Hewbiys,  09)

where ¢; = % Let likewise

0 dt
Kry) = [ Hxub s

Now, thanks to Lemma 2.18 we obtain, for all x,y € By /,:

olal glBl

olxl glBl dt
ww(H— H’)(x,y,t)

-z _x " —c/t
ax"‘ayﬁ(K K)(x,y,t)‘ﬁcs/() is72 SCS/O e t1+5/2§C

So, as claimed, we are left to prove the estimate for the M = (R",g), p =0, ¢ = id, and Sij satisfying
the assumptions of Proposition 2.19.
Recalling (36), notice that

o0 dt o A(x)z dt
k(x,z):K(x,x+z):cs/0 H(x,x+z,t)m:cs/o h( (t) ,x,t>tn/2+1+s/2. (37)

Also, recalling that ho(z) := (47'()_"/26_'2‘2/4, we have

~ B Qp s B 0 A(x)z A(x)z dt
k(x,z) = k(X,Z) — W = CS/O (h( \/E , X, t) - ho( F 1/2+1+s/2
©~/A(x)z dt
:CS/O h( NG ,x,t) n/2+1+s/2’

Therefore using the heat kernel estimates from Proposition 2.19 (and noticing |A(x)z| > % |z| for all

x,z by assumption) we obtain

This proves (18). Similarly, the estimates (19) follow differentiating (37) and using the corresponding
estimates for derivatives of the heat kernel from Proposition 2.19.

Finally, (20) and (21) follow analogously integrating the heat kernel estimates in Lemmas 2.16 and 2.17,
respectively. O

YRS Ry, I pn/2+1+s/2

k(x,2)] < s /
0

at CS/ VEexp(—clzl /v =t — Clzlons,
0

The next property concerns the behavior of the kernel when the two points p and q are separated from
each other.

Proposition 2.21. Let (M, g) be a Riemannian n-manifold and s € (0,2). Assume that for some p,q € M both
FA,(M,g,1,p, ¢p) and FA((M, g, 1,9, ¢4) hold, and suppose that ¢,(B1(0)) N ¢4(B1(0)) = @. Put Kpy(x,y) :=
Ks(9p(x), 94(y)). Then

olal gl 1 1
Wa}/’[SKPQ(x/y>‘ < C(n ) forall|x| <3 and|y| < 3,

whenever |a| + |B] < L.

Proof. Let Hi(x,y,t) := Hy(@p(x), 94(y),t). It follows from Lemma 2.16 that

olal
< Cexp(—c/t)

wH* (x,y,t)
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for all |x| < 2 and |y| < 3, where C and ¢ depend only on 1, and |«|.
We now use that (by the symmetry of the heat kernel in p and g), for each x € By, fixed, the function

u(y,t) = g‘xi H.(x,y,t) is solution of the heat equation u; = Lu, in the ball |y| < 1, where L denotes
the Laplace-Beltrami (with respect to y, in local coordinates). Since |u| < Cexp(—c/t) in Bs;4 x (0,00),
reasoning exactly as in the proof of Lemma 2.16 (only that now the spatial variables are y instead of x) we

obtain
o8l
‘ayﬁu(y, t)‘ < Cexp(—c/t),

for some new positive constants C and ¢ depending only on 7, and |B|. This shows:

olal glBl
9 0yf

H, (x,y,t)‘ < Cexp(—c/t)

Then the proposition follows immediately after noticing that, by definition,

s e dt
Kpq(x,y) = 1”(1—5/2)/0 H*(x,y,t)m,

and hence
alel 9lFl s/2 o glal glpl dt 00 gt
Jxt ayﬂ Kpq(x, y)‘ '(1_5/2) 0 ﬁWH*(x,y,t)m < Cs/0 exp(— C/t)t1+5/2 < C,

for some constant C > 0 that depends only on n and ¢, and this concludes the proof. O
2.3 Extension definition
Definition 2.22. We define the weighted Sobolev space

H'(R" x (0,00)) = H(R" x (0, 0),z' ~*dxdz)

as the completion of CX(RR" x [0,00)) with the norm

HUH "] HUHL2 R"x (0,00),z1~5dxdz) + ”DUHL2 R"x (0,00),z1~5dxdz) *
where DU = (a—u, eeey aL,{ , a—u) denotes the Euclidean gradient in R”*1. This is a Hilbert space with the
ox! X"’ 0z g

natural inner product that induces the norm above. It is a known fact that any U € H'(IR" x (0, 0)) has
a well defined trace in L?(IR") that we denote by U(x, -).

The following essential result by Caffarelli and Silvestre shows that fractional powers of the Laplacian
on R” can be realized as a Dirichlet-to-Neumann map via an extension problem.

Theorem 2.23 ([9]). Let s € (0,2) and u € H/2(R") N C®(R"). Then, there is a unique solution U = U(x,z) :
R” x [0, +00) — R among functions in H'(R" x (0,00)) to the problem

2U | 1-saU
Au+a—+7770, on R" x (0, 00) (38)
U(x,0) = u(x) for x € R",
and it satisfies
tim 10 (1,2) = ;" (~4)u(x) 9)
z—0F 0z ° ’

where Ay denotes the standard Laplacian on R" and B is a positive constant that depends only on s.
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In [9], three different proofs of this fact are presented, but each of these proofs relies on some additive
structure of the base space. To prove that the extension procedure produces the fractional power of the
Laplacian also on a Riemannian manifold, which is the setting we are interested in, one has to rely on
different ideas. It was proved by P.R. Stinga in [21] that the unique solution to (38) verifying (39) admits
the explicit representation

u( z)—zis/ooPu( Yoo (40)
ps _ZSF(S/Z) 0 tuip tl+s/27

which expresses U in terms of the solution to the heat equation P;u (and thus makes sense also on a
manifold). The proof of this fact does not strongly rely on the additive structure of R” and will be proved
now also on closed Riemannian manifolds.

First, let us define the weighted Sobolev spaces for the extension on compact manifolds.

Definition 2.24. We define the weighted Sobolev space
HY (M) = HY(M x (0,00))
as the completion of C°(M x [0,00)) with the norm

IUNZ = ITUIZ2 ) + HVUHLZ M1 dVdz) ’

where TU = U(-,0) is the trace of U and VU = (VU, U,) denotes the gradient in M x (0, +0c0). This
is a Hilbert space with the natural inner product that induces the norm above. Moreover, basically by

definition, any U € H'(M) leaves a trace in L2(M x {0}).

Theorem 2.25. Let (M", g) be a closed Riemannian manifold, let s € (0,2) and u : M — R be smooth. Consider
the product manifold M = M x (0, +co) endowed with the natural product metric®. Then, there is a unique solution
U : M x (0,00) — R among functions in H'(M) to

div(z!VU) =0 in M,
~ (41)
U(p,0) = u(p) for peoM =M,
given by (40), and it satisfies
(Wqan) = 26 [ |TURE vz, @)
where [u]%is 12() is defined through (2) and
_25711(s/2)
Ps = r(1—s/2)° 43
Moreover, 5
. 175711 _ s/2
Tim 21759 (p,2) =~ (—) up), @9

where the fractional Laplacian on the right-hand side is defined by either (7) or (8).

Proof. Note that functions in HY(M) leave a well-defined trace (that is, there exists a continuous trace
operator with respect to the norm on H!(M)) on M x {0}. Then, the fact that a solution among functions
in I:Il(]\71) exists follows by direct minimization of the associated energy v — [ |Vo|?z!—5dVdz over
H'(M). Since the energy is convex, the solution is also unique.

From here we divide the proof in two steps.

Step 1. We show that the (unique) solution U € H H' (M) to (41) is given by (40).

5That is, the metric defined by §((§1, 21), (&2, zz)) = g(¢1,&) + z12p, and where div and V denote the divergence and Riemannian
gradient with respect to this product metric respectively.
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Making the identification T(M x (0, +0c0)) ~ TM x (0, +o0) we have

div(z! *VU) = divg (2! 5VU) + d%(zl—Suz)

=21 SAU+ (1 —8)z U, + 25U,
1—

S
u, + uzz) .
Z

=zI75(AU +

Thus, in order to prove that U solves &Viv(zl’s VU) = 0 we show that U (weakly) solves

1—

S
2 uz+uzz =0. (45)

L(U) =AU+

Define ,
1 e W
)= ——————— 4
Gz 1) = 51 72) ez - (46)

so that (40) rewrites simply as

u(. z) = /0 " (Pa)G(z, 1) dt 47)
It can be easily checked that G satisfies
GG+ G =0, (48)
and also
oo ctn =0l e cn=0

for every [z1,z3] C (0, +00). Moreover, from the definition of G and the fact that u is smooth we se that
the integral in the right-hand side of (47) is absolutely convergent in H'(M). Hence U € H!(M).

Now we check that U weakly solves the desired problem. Let ¢ € C®(M), K := supp(¢) and zy,2, €
(0, +00) such that K CC M x [z1,2p]. Let also

" 1-s
L (90) ::Aq)+aZ( 2 §0) + @z .

This is the formal adjoint of the operator in (45). Clearly £*(¢) still has compact support in K CC M and
is smooth. Then

/M UL* () dVidz = /M /0 " (Pa)G(z, 1)L (@) dtdViz,

and we claim that this integral is absolutely convergent. Indeed

/M/O |(Ptu)G(z,t)£*(go)|dthdzS||£*(¢)||Loo/0 /K|Ptu|\G(z,t)\ddedt

2 1 ’
<cC (/ |Piu|?|G (2, t)]?2 dde) </ T dde> < 400,
K Kz~

since the integral in (47) is absolutely convergent in H' (M). Hence we can exchange the order of integra-
tion and we get, integrating by parts in space many times

/M UL (¢)dvdz = /Ooo (/K(Ptu)G(z,t)ﬁ*((p) dde) dt

= /OOO/K (G(z,t)A(Ptu) + (Pu) ! ;SGZ(Z,f) + (Prut) Gz (z, t)) pdVdzdt.
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Since Pyu is smooth and solves the heat equation, the first term equals to

/O N /K G(z, t)A(Pi) dVedzdt — /0 N /K Gz, t):(Peut) dVedzdt — / / " Gz, )i (Pur) dtdVidz

:/(Ptu) (z,1) dde // (Prut)Gy(z, t) dtdVdz .
K

< (/ Ptu|dV> </ G(z, t)|dz>

< [M[V2||u]| 2 gy |22 — 21| sup G(-, 1) =0,

[z1,22]

The boundary terms vanish since

/(Ptu)G(zt )dVdz
K

both as t — co and as t — 07. Hence, putting all together and using (48)

/~£(U)godde:/~ uc*(q;)dv,,dz:// (o) (- =561 )q)ddedt:O.
M M KJo z

Hence U given by (40) is a weak solution of (45), and by standard elliptic regularity it is also a classical
solution.

Moreover, the fact that U(-,07) = u follows by the explicit formula (40). Indeed, by a simple change of
variable in the integral, we have

—r

Up2) = gy [, (s () s,

and taking z — 0™ in this formula gives U(-,0") = u. This concludes Step 1.
Step 2. Proof of (44).

Note that by the representation formula we just proved for U we have

U(p,z) —u 1 e 2 d
()= A [ hatp) — utpe ¥ s

Moreover, by L'Hopital’s rule

_.ou
lim U = lim s “ll-s
z—07F z—0t 0z

Writing Pyu as the convolution against the heat kernel Hy; of M we get

22
e
zU(p) = 57 s/Z/ /HM p,q,t)(u(q) — (p))tlJrs/Zqudt

Since u is smooth, and since K:(p, q) is non-singular for € > 0 on the diagonal {p = g} (recall (10)) there
holds

2

S/Z o e7f17 . .
| e ) e 0l — ulp)l stV = [ Ju(a) — u(p) K (p, ) vy < +es.
Thus the integral in TSU(p) is absolutely convergent, and we can exchange the order of integration to get

I(1—s/2)

SU(p) = sy, 040) — DK ) ;.
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From here, by the very definition of the principal value

Jim 25— tim st = Tim B [ (ulg) — 0K (pa) dV,
=" (po. [ 0= u@)Kep )V,
N

This finishes Step 2.

Before proving (42) we prove also that the convergence in (44) holds in L"(M) for every r € [1,+o0).
Since we have pointwise convergence, we show that the sequence is dominated. In particular, we prove
that for z < 1 there holds

2 (2 < €, (49)

where C depends on ||Aul|r~, ||u]/L~ and s. The proof is a standard barrier argument very similar to the
proof of Lemma 3.12. Consider b(p,z) := u(p) — C(z% — 2z°), for C > 0 that will be chosen soon. Since

div(z! Vb)) = 2" (Au — (4 — 25)C),

taking C = ;15 || Au||r~ + 2||u||L~, we see that b is a supersolution of (41) and that U < b on M x {0,1}.
Hence b is barrier for U, and by the maximum principle for z < 1 we have

1
U,2) <= (g0l + 2l ) (2= 22) S w2 (5wl + 4l ),

and this implies

U(,z)—u s
lim z! U, = lim s—~ < Au||pe + 4sju||re .

z—0+ 2 o0t z5 - 2—5” I ol

Completely analogously using —b as a barrier for —U, one also gets the reverse inequality. Moreover, note

that the function V := z!=5U, solves —(AV 4+ V) + 1=sy, — 0, thus by the maximum principle

z

sup |V| < max<supV(:,07),sup V(~,1)} < max {C(|Au||Loo, ||| L, s), sup V(~,1)}.
Mx(0,1] M M M

But since V(-,1) = U,(+,1) we have by standard interior gradient estimates

[Uz(p, )| <C sup |U| < Clluf|r,
Bi/10(p1)

for some absolute constant C > 0 independent of u. Putting everything together

sup [V|= sup 2 |U| < C(||Aullgs, lulli,s),
Mx(0,1] Mx(0,1]

and this concludes the proof of (49).
We're left with proving (42). Integrating by parts, for every 6 > 0 we find that

/ |€u|221-5dwzz:ﬁ;1/ U(-, 6)5' U, (-, 6) dV .
Mx[6,00) M

Letting now 6 — 07, by (44), (49) and dominated convergence on the right-hand side

- -1
/M VU Pz dVdz = ﬁ;l/Mu(—A)s/2udV = ﬁ; ()2 )

This concludes the proof.
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We have just used the following fact, which is proved with a one-line computation using (8).

Proposition 2.26. For a smooth function, one has that

200 :Z/Mu(—A)S/2udV.

Remark 2.27. Let us briefly comment on the role played by the energy space for the uniqueness of the
extension in Theorem 2.25. One can note that, for every C > 0, the function V = Cz° on M is a solution
of div(z!'"5VV) = 0 with zero trace. Hence, uniqueness outside the energy space H H' (M) does not hold

in general, and every uniqueness result that does not rely on being in H! (M) must, in particular, rule out
this phenomenon.

A simple uniqueness result that does not rely on the energy space is the following. Let U solve
div(z!sVU) = 0, with U(-,0) = 0 be such that

limsup sup |U(p,z)|z"° = 0.

200 peM

That is, U grows at infinity slower than any multiple of z°. Then U = 0.

This can be proved using Cz° as a barrier. Indeed, this is a solution of div(z!VU) = 0, with U(-,0) =
0. By the growth hypothesis on U we have that there exists C large (depending on U) such that Cz® > 10U
on M. In particular, with this C, we have U < Cz°.

Now start decreasing C. The graph of Cz° can never touch U from above since this would contradict
the maximum principle in the interior. Hence U < Cz° for every C > 0 and sending C — 0" gives U < 0.

By the same argument from below one also gets U > 0. Hence U = 0 and this concludes the proof.

3 The fractional Sobolev energy

3.1 Several definitions and their equivalence

We recall the definition for the fractional Sobolev seminorm that we have used in the previous section,
and we define the associated functional space.

Definition 3.1. We define the fractional Sobolev seminorm [u] s 2y fors € (0,2) as

H>/2 //M » u(q))*Ks(p,q) dV,dV, . (50)

The associated functional space H*/2(M) is

H2(M) = {u € L2(M) : [u]} 05y < 3, (51)

and it is called the fractional Sobolev space of order s /2. This is a Hilbert space with norm given by
”u”Hb/Z(M) = ||”H%2(M) + [u]%_]s/Z(M) .
The fractional Sobolev seminorm can also be expressed using spectral or extension approaches:

Proposition 3.2. Let u € H*/?(M). Then, the fractional Sobolev seminorm (50) is equal to

(352 = 2 1o AV 210 90072 ) (52)
k=1
and
(W20 = inf 42Bs [ |Vo|%2'dVdz : o(-,0) = u(-) in L2 (M) }. (53)
HY2(M) e () Iy
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Moreover, the conclusions of Theorem 2.25 also hold for u (with the exception of (44)), and the infimum in (53) is
attained by the unique U € H' (M) given by Theorem 2.25. In particular, we also have that

(W) = 26 [ |TUP vz, 64

where Bs is the constant defined in (43).
Proof. Step 1. We show that (50) and (52) coincide for a function in L?(M).
Recall the regularised kernel K defined in (10), which is bounded, symmetrical and increases mono-

tonically to Ks as ¢ — 0. By monotone convergence and these properties, for any function u € L2(M) we
can write

Wz o //M » u(g))2Ks(p, 9) dV,dV,
= lim //M » u(q))2KE(p, q) dV,dV,
= lim 2 //MxMw(p) — u(g))u(p)KE(p, q) dVydV,
— lim 2 /M ((—A)"2u) (p)u(p)KE(p,q) AV, (55)

where we have set

((=2)%u)(p) = /M(M(P) —u(q))Ks(p,9) dVy

s/2 *© 2
- ity [ W) = @) [ Hutpa, 0 v

- 5/2 e _52/4 dt
= m/o (u(p) — Pru(p))e tm'

Now, if (¢ )x>0 is an orthonormal basis of L?(M) made of eigenfunctions for (—A), with eigenvalues

0=XA) <A <A <L <Akk—>—oo>+
then they are also eigenfunctions for (—A)$/? with eigenvalues
s/2 ._ s/2 * Aty ,—€2 /4t dt
Ak,s T r(l _ 5/2) /0 (1 e )e tl+s/27

which one sees immediately by applying the formula above for (=A)? to ¢r and using that Py, =
e~ M!¢;. These eigenvalues are uniformly bounded in k (for a fixed ¢ > 0) and increase monotonically to
the A{/Z as e — 0*.

Expanding u = Y2 axgr, with ax := (1, ¢k) 12(p1), we deduce that
(—A) 2w =Y A2, @) 2 (o) O
k=0

We remark that the expression makes sense since the /\2/82 are bounded uniformly in k (for a fixed ¢), and
thus the sum is absolutely convergent in L2(M). Using this fact, substituting into (55) gives that

(W = im 2 [ (=020 (P)u(p)KE ) Y,

e—0

—hmZZ)\s/z 2

e—0
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Using again the monotone convergence theorem (for sums now), we deduce that

[ Yoy = -9 Z AS/Z

as desired.

Step 2. We show that U given by the representation formula (40), which was only used for smooth
functions u, is valid for u € H*/?(M) in general and moreover (54) still holds with this U.
Fix u € H%/?(M), and let U be defined through the representation formula (40). We will first show

that U has finite H! (M) energy, using the spectral expression (52) for the energy that we have just proved.
Recall that if ¢ is an eigenfunction of (—A), then Piy = e’/\ktgbk. Therefore, writing u = Y 22 ax$r, where
ay := (1, Px)12(m), we have that

z5 *© _2 dt
U(p2) = grgeray Jy P e

Zs g A t—j dt
= T osT S/z Z ak(Pk / ¢ Hlts/2”

Then, we can compute (recall that V = V, denotes the gradient on M)

VU(p2) = gtz L V) [ e
T T (s/2) &R ), f17s/2"
and
_ 1 S N .
U(p,z) = W}g%%(r’)[) e ‘” (SZ T)W

ZS—l e8] o 2 t_i Z2 dt
- k - —_ -
>T(s/2) k_zlﬂkﬁbk(P)/o e . (S Zt) f+s/2

Recall that the ¢; and ¢; are orthogonal in L?*(M) and H'(M) seminorms for i # j, and that moreover
Ju®? =1and [, |Véi|* = A for every k. Then, given z € R we find that

/ VU(p,2) PV, = i#(/we—w—* dt )2/ V2 dV
Mx{z} 4 14 225F2(S/2) = k 0 t14s/2 M k
S g dt 2
= 673 o Mk e )
ZZS

o0 22\ dr 2
1+s 2 —r— rk
22sr2 5/2 ZA </0 € ! rl+s/2> ’

where in the last line we have performed the change of variables r = Ajt.

We can argue analogously for d,U, which leads to

7252 00 0 2 20 4r \?
2 _ 22 Mt=Z
/MX{Z} (0:U(p,z))"dVy = 22T (5/2)2 ; (/0 € Y (s 2t> t1+s/2>
Zs 2 00 00 2 2/\ d 2
245 . N - r
2251"(5/2) ; ak/\k (/O € * (S 2r ) T’H‘S/Z) :



Now, multiplying by z!~* and integrating in z over (0,c0), and then performing the change of variables
z= /\k_l/zw (so that z2A; = w?), gives that

/ |VU<P/Z)‘2Zlist dz = 1 i A1+s 2/oo ZlJrs(/Oo 8777224/:" i)%’z
MxR, b ZZSFZ(S/Z 0 0 yl4s/2

1 s/2 .2 * 1+s * —r—w—z dr 2
zerz(s/z)Z?\ %[ (0 e * rl+s/2> dw

1

=201(s ZAS/Z :

=0 (S) [u]%{s/Z(M) ’

and similarly

/ |a U( )‘2 sy 4 1 Z)\ / s—1 /°° 777224/\1(< _ﬂ) dr Zd
MxRy e paz= ZZSFZ(S/Z z 0 ¢ s 2r ) yl+s/2 z

2
1 s/2 2 * s—1 ® —r—ﬁ w? dr
2251"2(3/2) Z Ay ey 0 w 0 ¢ v (S o 5) rl+s/2 dw

= 2C2 2 As/z 2

= C2(S) [u]%{s/Z(M) .

Here, we have defined c; (s) and c;(s) implicitly as the corresponding constants (which depend only on s)
resulting from the expression, and we have applied (52) in the last line in both computations.

Putting everything together, we get that
/MX]R+ |§u(plz)|22175 dedZ = (Cl (s) + Cz(S)) [u]%_p/z(M) .

We could write the constant (c;(s) + c2(s)) explicitly in terms of the resulting complicated integral expres-
sions. On the other hand, thanks to (42) and (43) from Theorem 2.25 (which was proved only for smooth
functions), we know that ¢;(s) + c2(s) = (2Bs)~!. This proves (54) with U given by the representation
formula (40).

In particular, we now know that U has finite energy for the extension problem. Moreover, arguing as
in Step 1 of the proof of Theorem 2.25, it is simple to see that U has u as its trace in L?(M), and that it is a

weak (meaning in duality with C(M)) solution to div(z!=SVU) = 0. Let now Upin € H'(M) be defined
as the unique minimizer of (53). The fact that Upiy exists follows by a standard lower-semicontinuity
argument, just as at the beginning of the proof of Theorem 2.25, together with the fact that the space of

competitors is not empty (which holds since for example U defined above, which has finite H' (M) energy,
is one such competitor). Clearly, Up;, is also a weak solution of div(z! =V Upin) = 0 with trace u.

Step 3. U = Umnin-

This follows directly from the uniqueness of weak solutions shown in Lemma 3.3, which we state as a
separate result after the present proof.

With this, we conclude the proof of Proposition 3.2. O

Lemma 3.3. (Uniqueness of weak solutions) Let u € LZ(M) and denote by T : H (M) — L?>(M) the trace
operator. Then, there exists at most one solution U € H' (M) to the problem

div(z!=SVU) = 0  in duality with CX(M x (0,00)),
TU=u.
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Proof. Suppose U; and U, are two such solutions and denote V := Uj — Uy. By hypothesis TV = 0.
We claim that there exists a sequence (Vy)x € C°(M x (0, 00)) such that

/~ |VV, —VV|?2'=dVdz - 0, ask — . (56)
M

The point here being that Vj is zero both in a neighborhood of M x {0} and in a neighborhood of infinity.

The proof is inspired by (a weighted version of) [16, Section 5.5, Theorem 2]. By the definition of the
space H'(M) there exists a sequence (Uy);x C C®(M x [0,0)) with (as k — o)

/~ VU — VV|?%2!=dVdz — 0, and TUj = Ui(-,0) — 0in L2(M).
M

Note also that V is smooth in M x (0,c0). Now, for every (p,z) € M, by the fundamental theorem of
calculus and Holder’s inequality

z 2
e(p )P < 200p, 0P +2 ([ FUtp ] )
z ~
< ClU(p,0)R +C=* [ [VUp ) Py dy,
and integrating for p € M gives
Z o~
| aPav, <c [ uof+ce [ 9Py dyav,.
M M MJO

Letting k — oo we get
z ~
/M |V(-,z)[?dV < Cz* /M/O IVV 2y S dydv,. (57)

Now, for every k > 10, let i, € C*®([0, +00)) be a smooth cutoff function with # = 0on [0,1/k], 7 =1
on [2/k,o) and |5'| < Ck. We claim that the sequence Vi, = V(p,z)ni(z) € CP(M x (0,00)) has the
desired property. We have

/MW(VW) _ VR vz < C/M TV — )220 + c/A~4 VPRI = Ly + Ing.

We estimate the two integrals separately.

For the first integral we have

2/k _
Lix < c/ / IVV|2z1 = dvdz — 0,
0 M

as k — oo, since V has finite energy.

Moreover, by (57), we have regarding the second integral

2/k
Ly < CK? / / 25|V 2 dVdz
0o JMm
2/k z
< Ckz/ zi—s (zs/ / |VV|2yl—s dde) dz
0 MJo
2/k 2/k ~
< CK? (/ zdz) </ / |VV[2yt—s dde)
0 0o Jm

2/k _
= c/ / IVV|2y1 =5 dvdy — 0
0 M
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as k — oo, again as V has finite energy.

Hence Vj := Vi has the desired property (56), and it can be used as a test function in the weak formu-
lation in duality with C®(M). Multiplying div(z!*VV) = 0 by V;, integrating on M and integrating by
parts gives

/~(€V VV)z =5 dvdz = 0.
M

Letting k — oo and using (56) gives
|VV[22i T dvdz =0,

hence V is constant, and then (since TV = 0) it must be V = 0. Thus, U; = U, coincide, and the proof is
complete. O

3.2 A note on noncompact manifolds

In this subsection, we briefly describe if and how the given previous definitions of the spaces H%/2(M)
generalize to the case of complete, noncompact Riemannian manifolds (without boundary).

First, let us stress that all the properties and estimates for the heat kernel Hy, and thus also for the
singular kernel K;, in subsection 2.2 hold for every complete Riemannian manifold (not necessarily com-
pact).

Recall definitions (i)-(iii) from the introduction (see (1)-(4)). First, let us rewrite definitions (i) and (ii)
of the H*/? seminorm, still on a closed manifold M, exploiting the corresponding fractional Laplacians.
Indeed, note that definition (2) can be rewritten (say, for smooth functions) as

W =2 [ w0y,

where (—A)g; is the singular integral fractional Laplacian given by (8). Similarly, the spectral definition
(3) of the seminorm can be written as

W =2 [ (-2 udv,

where (—A)ggﬁc is the spectral fractional Laplacian given by

'Ss;ic” = Y AP, 1) 12(M) Pk (58)
k>0

Here, the convergence on the right-hand side is to be understood in L?(M).

Both of these definitions can be generalized to the case of a noncompact manifold, perhaps without
equality between them anymore:

The singular integral definition (8) applies verbatim to the case of noncompact manifolds. This requires
dealing with the heat kernel on noncompact manifolds. We refer to the survey [18] for the construction
and properties of the heat kernel on complete, noncompact Riemannian manifolds. In the case of the
Euclidean space R”, this viewpoint is consistent (i.e. coincides) with the usual definition (see Remark 2.4).

Moreover, also the spectral fractional Laplacian expression has an interpretation on noncompact mani-
folds since actually it is not needed that the spectrum is discrete. Indeed, for every (possibly) noncompact
manifold M we can regard (—A) as a densely defined, nonnegative, essentially self-adjoint unbounded
operator on L?2(M). Then, by the spectral theorem, there exists a unique spectral resolution E of (—A). That
is, an operator-valued measure

E : {Borel subsets of [0, +00)} — {Bounded linear operators on L?(M)}
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supported on the spectrum o(—A) C [0, +00) of (—A) (which can, in general, be non-discrete) such that,
for every u € Dom(—A) and v € L?(M)

(=Au,0) 12 =/ Ad(Eyu,v) :/ Ad{Eju,v) .
0 o(—A)

Actually E, is a projector, that is a non-negative and self-adjoint operator with E3 = E,, for every A €
[0, +00). Then, the spectral fractional Laplacian is defined by the spectral theorem as

(=) gpect = / A2 dEu, (59)
0

for every u in its natural domain

e}
uc Dom((—A)ggic) = {v € L*(M) ‘ /0 ASd||Eyv]? < +oo}.
This formula coincides with definition (58) we gave for closed manifolds since in the case of closed mani-
folds, the spectrum o(—A) is discrete, and the spectral measure E is supported on the eigenvalues.

Moreover, it is important to notice that the spectral formula (59) coincides, essentially always (meaning
on the natural function space where both formulas make sense and the integrals converge), with the one
we gave in (7) using Bochner’s integrals. Indeed, for every u that makes the integral in (7) convergent in
the sense of Bochner, then u € Dom((—A)‘;l/oiC) and the two Laplacians coincide (—A)Sél/ozecu = (—A)Y%u.
Making a complete and precise proof of this is beyond the scope of this work, but the proof is essentially

as follows. Let u € Dom((—A)géic) so that

(ee]
/ A d|| Eyu]]? < 4o,
0

and recall formula (6). Then (see Section A.5.4 in [19] to justify all the steps)

=802l = [ A dIEwl?

0 1 © dt \?

_ 1 ot L AV/2,12

ST Jo E T gy, TN 0
From here, using that both (—A)g{aic and (—A)3/? are self-adjoint one can depolarize the last identity of
the norms to get (—A);ézecu = (—A)SB/Zu in L2(M).

Moreover, it was proved in [12] that they also coincide, on a very general class of functions, with
(—A)gi/ 21 on every stochastically complete Riemannian manifold.

Regarding definition (iii), via the extension problem, it still generalizes well in the case of some non-
compact manifolds. Some extra assumptions are needed in order to establish the equivalence between
(i) and (iii) —see [3] for a related discussion concerning the definition of the fractional Laplacian on
noncompact manifolds.

It will be clear from our proofs that, in the case of noncompact manifolds for which the equivalence
of (i) and (iii) can be established, the fractional Sobolev spaces H*/? will enjoy the same properties as
the ones established here in the case of compact manifolds (e.g. the monotonicity formula), with almost
identical proofs.
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3.3 Monotonicity formula for stationary points of semilinear elliptic functionals and
s-minimal surfaces

The monotonicity formula for minimizing s-minimal surfaces in R” was proved in the seminal article [8],
and for Allen-Cahn type critical points, it was first obtained in [7]. In [20], the monotonicity formula
is shown to extend to stationary s-minimal surfaces. Here, we prove the analogous (local) monotonicity
formula on a Riemannian manifold. The proof holds simultaneously for any s-minimal surface, that is, for
any stationary point of the fractional perimeter regardless of second variation or regularity, and also for
any stationary point of a semilinear elliptic functional with a nonnegative potential term, hence including
the fractional Allen-Cahn energy. For r > 0 and p € M denote

P):{qGM dg(q,p) <7},
B (p,0) = {(g,2) € M : dg((q,2),(p,0)) <r},
(60)
9B+(n0)==3(3+(n )
0B, (p,0) = 3B, (p,0) N {z > 0}.

In all this section, since there will be no possible ambiguity, we will use V instead of V to denote the
gradient in M with respect to the product metric.

Theorem 3.4 (Monotonicity formula). Let (M",g) be an n-dimensional, closed Riemannian manifold. Let
s € (0,2) and

£0) = By + [ FO)V,
where F is any smooth nonnegative function. Let u : M — R be stationary for £ under inner variations, meaning

that £(u) < oo and for any smooth vector field X on M there holds % | & (wo k) = 0, where Y is the flow of
X at time t. For (p,,0) € M and R > 0 define

1 ,BS/ 1-s 2 /
®(R) := = 2 ¥ IVU(p,z)|" dV,dz + F(u)dv |,
(R) = s (2 5 () IVU(p,z)|*dVy o) (u)

where U is the unique solution given by Theorem 2.25. Then, there exist constants C = C(n) and Rmax =
Rmax (M, po) > 0 with the following property: whenever Ro < Rmax and K is an upper bound for all the sectional
curvatures of M in Br_(p.), then

R~ CD(R)eC‘/KR is non-decreasing for R < R,,
and the inequality

S

2B _ _
@' (R) > —CVK®(R +7/ av 4+ =22 / Z17(VU,Vd)\ do
" EIH R fy T o 7" B (po0) < /

holds for all R < Ro, with d(-) = d3((p.,0), - ) the distance function on M from the point (p.,0).

Moreover, in the particular case where M = R", F =0, s € (0,1), and u = xg — xgc is a stationary set for the
fractional s-perimeter, there holds

®'(R) = %R”_s/ . Z78(VU, Vd)? dxdz > 0,
3" Bg (po.0)

which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

Remark 3.5. It will follow from the proof that the radius Rpnax in Theorem 3.4 can be taken to be Rmax =
inj,;(po)/4. Moreover, since M is compact Rmax is uniformly bounded below as Rmax(M, po) > inj,,/4,
for all p, € M.
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Before proving the monotonicity formula of Theorem 3.4, we will need two preliminary lemmas from
Riemannian geometry, which will allow us to bound the “Riemannian errors” in two formulas regarding
the distance function.

Lemma 3.6. Let (M",g) be an n-dimensional Riemannian manifold, p € M, Ry < inj,,(p) and let K be an upper
bound for all the sectional curvatures in Br,(p). Denote by d the distance function to the point p. Then, for all

R < min{Ry, ﬁ} there holds in Br(p):

[(Vv(aVd), V) - V]| < VKR|V[?,
for every vector field V on M.

Proof. We can compute

(V,Vy(dVd)) = (V,(V,Vd)Vd) + d(V,Vy(Vd))
=(V,Vd)> +dV?d(V,V).

On the other hand, the Hessian Comparison theorem—see Lemma 7.1 in [14]—gives that
dV2d(V, V) — |V —(V,Vd)Vd|?| < dVK|V|?

in Bgr(p), whenever R < min{inj,,(p), ﬁ} Moreover, since |Vd|? = 1, we also have that

|V —(V,Vd)Vd|? = |V|> = 2(V,Vd)? + (V,Vd)?|Vd|* = |V|* = (V,Vd)2

Hence
|dV2d(V,V) +(V,Vd)? - |V|*| <dVK|V|> < RVK|V|?
holds in Br(p), as long as R < min{Ry, ﬁ}, and this conludes the proof. O

Lemma 3.7. Let (M",g) be an n-dimensional Riemannian manifold, p € M, Ry < inj,,(p) and let K be an upper
bound for all the sectional curvatures in Bg,(p). Then, there exists C = C(n) > 0 such that, for all R < Ry, in
Br(p) we have that

|div(dVd) — n| < CKR?.

Proof. Fix p € M, and denote d(p,-) just by d(-). Observe first that every geodesic o with ¢(0) = p and
contained in Bg,(p) is uniquely minimizing. For any R < Ry and x € Bg(p), let v : [0,d] — M be the
normalized geodesic with (0) = p and y(d) = x. Note also that

div(dVd) = |Vd|* +dAd = 1 +dAd.

Consider §(d) € TyM, and complete it to an orthonormal basis {e; := (d),ep,...,en} of TyM. For
i=2,3,...,n,let v; be the geodesic with ;(0) = x and ¥;(0) = e;. We can compute

) n d n dz
Ad(x) = ZV d(x)(e;, e;) 2—2 (doryl-):z@ (dow;),

i=1 i=1 s= i=2 s=0

2
where we have used that d

(d( )+s)=0.

= 0 and J;(d) = e;, well defined by uniqueness of geodesics

(dom = &5
Let J; be the Jacobi field along 'y with [;(0) =
between endpoints. Denote by

d
I(X,Y) = / (DiX, DyY) — Rm(7, X, 7, Y) dt
0
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the index form associated to 7 on [0,d]. Since vy is minimizing along all curves with the same endpoints,
for every vector field X on ([0, d]) orthogonal to ¢ and with X(0) = 0 and X(d) = ¢; we must have

0<I(Ji—=X,Ji —X) =I(J;, Ji) = 2I(J;, X) + I(X, X) .

Since J; is a Jacobi field, one can easily check that I(J;, X) = I(J;, ];), hence I(J;,];) < J(X,X). Take
X(t) = LE;(t), where E;(t) is the parallel transport of ¢; € TyM along 7. From the second variation
formula for arc length we get

d2
ds?

d
(o) = [ 1D = Re(s, Ji 1) dt = 107, 1)
s=0 0
d
< I(X,X) :/ |DiX|*> — Rm(7, X, 7, X) dt
0
d
g/ |D:X|? + K|X|?dt,
0

where we have used that sup,, g, |Secy| < K. Thus
0

42 d ) ) dq 12 1 P2
2 N < _ 1 2o Y
| @om [ 1o eixpan= [ L] (1+K i )
Hence
Slia n—1
dAd:Z@ (doy;)) <n—1+K 4,
i=2 s=0
or equivalently
|div(dVd)(x) —n| = |d(x)Ad(x) +1—n| < KnT_le < KL_lRZ,
and this completes the proof with C(n) = ”T—l > 0. -

We can now prove the monotonicity formula.

Proof of Theorem 3.4. Since during the entire proof, the point p, € M will be fixed, we will not specify the

center of the balls in what follows, as this will always be (p.,0) for balls inside M and p. for balls on M.
We divide the proof into two steps.

Step 1. First, we show that if u is stationary for the energy £(v) = [v}%p 2

variations, then its Caffarelli-Silvestre extension U is stationary for the energy

o) T Sy F(v) under inner

U — &/N zl_s|VU|2dVdZ+/ F(U|m)aVv,
2w M

under inner variations on M given by vector fields Y on M such that Y| is tangent to M.
Recall that the Caffarelli-Silvestre extension of u is given by (41).

Let Y be a vector field on M such that Y|y is tangent to M, and let i}, denote its flow at time £. Let
also V; be the Caffarelli-Silvestre extension of u o ¢§/‘M, for any t € IR. By the minimality of the extension
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in the energy space, we have

ol [#vwop P =ty (& [ awup-E [ awwe )

< lim (ﬁ/ 21’5|VU|2—&/ 215|VVt|2)
t—0 t M 2 Jm

2 2
— Iim [u]HS/Z(M) - [” © ¢§(]HS/Z(M)
t—0 t

4] o R

and likewise
\ / 2175V (U o gy )2 = Tim - ﬁs/ 1Y (U0 gyt 2 — 55/ 25|V
dtli=0 2 Y =0 t A Y 5

> lim = (55/ zlfs|VV_t\2—&/ ZlSVU2>
t—0 t M 2 Im

[u ° lp; ]?—-IS/Z(M) - [u]?—_ls/z(M)

= lim
t—0 t

-2
= E‘t:o[u o lpyt]Hs/Z(M) .

Hence
i & 1 s )
dt’t:O 2 / |V(UO¢Y ) dt’t 0 oy e -

Since u is stationary for the energy £ ( )=[v ]%{S 2oy + Ji F(v) dV under inner variations, this shows that
U is stationary for the energy U — f ozl S|VLI|2 dvdz + f v F(U|m) dV under inner variations on M,
with vector fields Y as above, and thls concludes the first step.

Step 2. We now compute such an inner variation for a suitably chosen Y. First, the variation of the
potential part of the energy is

d - d
EL:O/MF(Molet)dV: E’t:O/MP(u)]t(p)de
— [ Fdivg(vu)av. 1)
M

The quantity divg(Y|y) will be estimated later. We now focus on computing the variation for the Sobolev
part of the energy. Once again, we change variables in the integral using the flow ¥, obtaining

/~ 25V (U o pyt) P dVidz = / (2o PV (U0 g5 )P o g Ji(p,2) dVydz. 62)
M M

Now, we choose the vector field Y. We take Y = 1(d)dVd, where d = dz((po,0), ) is the distance on M
from the point (po,0) and 1 = 7, is a single variable smooth function with # = 1 on [0, R], decreasing
to zero on [R,R+ 4], and 7 = 0 on [R + 6, +0). Since the distance dg((po,0), - ) restricts to the distance

dg(po, -) on M when computed on points on M with z = 0, clearly Y|y is tangent to M. We want to
exchange the order of derivation and integration in (62). Hence, we compute separately the three terms
that will appear in doing so. For the first term, using that d(%((p,z), (po,0)) = dé(p, Po) + 2% and the

definition of Y we see that

2l outy = 9@z = (- ).
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As for the second term that will appear, a simple general computation —see for example the lines after
Lemma 3.1 in [17]— shows that

d

il VU NP () = —2(VyuY, VU) .
Moreover, using the form chosen for Y we have that

(VyuY, VU) = (Vyu(y(d)dvd), vU)
= (VU, Vy(d)){dVd, VU) + 7(d)(Vyy(dVd), VU)
= 1/ (d)(VU, Vd)(dVd, VU) + 5(d)(Vyy(dVd), VU)
= dif' (d)|(VU, Vd)[? +1(d)(Vyu(dVd), VU).

Notice that K is also an upper bound for all the sectional curvatures on Min B R.(Po,0) and that inj,,(p.) =
inj; (po,0). Thus, by Lemma 3.6 applied to V = VU,

(VyuY, VU) = dy' (d)|(VU, Vd)|> + 5(d) (1 + O(VKR))|VU|?
for all R < min {Ro, ﬁ } Lastly, for the remaining factor in the integral, Lemma (3.7) gives that
d - —
ELOB = div(Y) = '(d)d|Vd[* + 1 (d)div(dVd)
= dy'(d) +5(d)(n+1)(1+ O(VKR)),

in Br(po), for R < min {Ro, ﬁ}

Now, analogously applying Lemma (3.7) on M instead of M to (61), we already find an estimation for
the potential energy:

jt’t_()/MF(uOllﬂyt)dV=/MF(u)(dq’(d)+17(d)n(1+o(\/ER)))dv,

Moreover, it follows from (the local version of) Bonnet-Myers’ theorem that Ro < Rmax := inj M( po) /4 <

min {inj M(po), ﬁ }, and this will be our final choice of Rpax for the statement. From now on, we always

consider R < Ro < Rpax = injy,(po) /4.
Regarding the Sobolev part of the energy, exchanging differentiation and integration and substituting the
estimates we have obtained so far gives:

2 [ A vweyP
= /M(1 —8)2! Sy (d)| VU + 275 (= 2dy/(d)|(VU, Vd)|* — 2 (d) (1 + O(VKR))|VU|?)
+ [ IVUPR @' @)+ () (n+ 1)1 + O(VRR))) dvi:

- (n—s)(1+O(\/ER))/~+ zl—smuz;y(d)+/~ 2175y (d) (|VUJ? — 2|(VU, Vd) ).

+ \Bt
Brys Bgys\Br
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Adding the expressions for the potential and Sobolev parts of the energy, we get

d :BS —s —t —t
(& [ Avwenr s [ Fuevh)
— =51+ O(VRR)E [ i@zt vup

dt
R+6

n é/ dy' (d)2 5 (|VU? — 2(VU, Vd)?)
B

B+ \B+
2 JB,\Bf

+n(1+ O(\/ER))/

Br+s

p@Fe)+ [ @F).

By stationarity of u and Step 1 we know that the left-hand side is equal to 0 for every Y, thus the right-
hand side vanishes for all # = #; defined as above. Since this holds for all § > 0, we now let § \, 0 so that
15 converges to the characteristic function of [0, R]. This gives (for a.e. R € (0,R,))

O:(n—s)(1+O(\/ER))%/§+ zl—S\vu\LR% /a§+ zl—S|VU|2+zR%/ (U2

2+ By

+n(1+ O(VKR)) /

B

F(u) — R/aB F(u).

Rearranging the terms and multiplying by R~"*5~!, we deduce that

= (@ [, #avur | RF(”)> b <i [ 7k | BRF“”)

CvK [ Bs 1— 2 Bs 1— 2 s
> — = 5 $ 2
= "R < 2 /g; = lvurs /BR i) |+ pis /m; @ VUV /BR F.

for some absolute constant C > 0. In other words,

/ _ Bs 1—s 2 5
®'(R) > C\/ECD(RH—RWS /a+§,;z (VU V) + o=y /BRF(u)dV,

and this implies, in particular, that
d ( cvEr
—_— >
e (e d)(R)) >0 forall R< R..

Lastly, in the case where M = R", F=0,s € (0,1) and u = xg — xgc is a stationary set for the fractional
s-perimeter, instead of the two bounds used above

(Vyu(dvd), vU) = (14 O(VKR))|VU[?,
div(dVd) = (n+1)(14 O(VKR)),
given respectively by Lemmas 3.6 and 3.7, one has the equalities
(Vou(dVd), VU)ge = [VU]?,
diV]Rn+1 (dvd) =n + ]. ’

where U is the extension of u = xg — xgc. Thus, following the proof one finds the exact expression

@' (R) = Ps / Z17(VU, Vd)? dxdz > 0.
(R) R o8t o) ( ) >

In particular, ® is constant if and only if (VU, Vd) = 0, that is, if and only if E is dilation-invariant for
dilations with center at p, € R". With this, we conclude the proof. O
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3.4 The fractional Sobolev energy under inner variations

We next study how the fractional Sobolev energy behaves under inner variations. For this, we need first
to study how the singular kernel K; behaves when translating its arguments under the flow of a vector
field.

Proposition 3.8. Let (M, g) be a closed n-dimensional Riemannian manifold and s € (0,2). Consider any smooth
vector field X € X(M), and fix points p,q € M. Writing ' for the flow of X at time t, then the kernel satisfies

Ks(p'(p), ¢'(9))| < C(1+Ks(p,q)). (63)

’ dﬂ
t=0

dtt

for some constant C = C(M, s, £, maxg<k<y HV"XHLw(M)) which stays bounded for s away from 0 and 2.

Proof. This follows from the estimates of Theorem 2.13, in particular by (19) and (20). We prove the
result just for £ = 1, as the general case just follows by induction by the very same arguments. Let
R = R(M) > 0 be such that the flatness assumption FA,(M, g, 16R, p, ) holds for every p € M; such an
R exists by Remark 2.10. We split in two cases.

Case 1: g € ¢,(B4r(0)).
In this case, denoting K(x,y) := Ks(¢p(x), ¢p(y)) and k(x,z) := K(x, x + z) as in Theorem 2.13, we have
that
Ks(9' 0 gp(x), 9" 0 9p(y)) = K(tp (x), ¥, (v)) = k(9 (x), 3, (v) — 93, (x)),

where 1,02 is the flow of { = (¢,)*X, i.e. the vector field { = ¢, € X(B16r(0)) such that X o ¢, = (¢;)«C.
Then, for all x,y € Byr(0) we have:

d

dt

K(yy (x), ¢y, (y)) = % k(p (x), 9 () — $p(x)

t=0
= oy~ W)+ Sy - NEE) W),

t=0

where sum over repeated indices is assumed. Hence, by (19) of Theorem 2.13 we get

C C
K, )| € el + el Dl ly

C
S s = CKy)

l,

for some C = C(n,s, ||| co1), where in the last line we have also used Lemma 2.20. Finally, evaluating this
inequality at x =0 and y = (plgl(q) we obtain

K(9,(0),y,,(y))| < CK(0,y) = CKs(p,q),

t=0

as wanted.

Case 2: q ¢ ¢p(B4r(0)). Then FA,(M,g,R,q, ¢;) holds and the sets ¢,(Br(0)) and ¢,(Bg(0)) are
disjoint. Hence, by Proposition 2.21 the kernel Kp;(x,y) := Ks(¢p(x), ¢4(y)) is smooth (with uniform
estimates on all derivatives) in the domain Bg,,(0) x Bg,2(0). Hence

d d
Sl KW o gy, o pg(x) = T Kpa(Wh(x), h(n)
t t=0 t t=0
oK oK
= S + SE 5 )

ox«
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Using Proposition 2.21 to bound the derivatives of K,;, and then evaluating at (x,y) = (0,0) gives

K9 () 90| < e

d
dt

t=0

for some C = C(n,s, [|¢pllre, 18gllL)-

Putting together the two cases above, we get

3 K@) <carkp,
t=0

for some C = C(M, n,s, || X||c1(p)) and conclude the proof.

We also record a version of Proposition 3.8, which depends only on local quantities:

Proposition 3.9. Let (M, g) be a closed n-dimensional Riemannian manifold and s € (0,2). Assume that the
flatness assumption FA;(M, g, R, p, ¢) holds, and let X € X(M) be a smooth vector field supported on ¢(Bgy)-
Writing ¢' for the flow of X at time t, then for every x,y € Bg,4(0) we have

d@
E

K (900), 9 (00)| < CK(ol), 0l) < Ot (64

or some constant C = C(n, s, || X|| ~ . Moreover, given T > 0 we have that, forall 0 < t < T,
Ctp(Br)) &

dé

SR (o), ¥ (90| < ool 9) < Cri 2, (65)

where Cr = Cr(n,s, T, ||XHC@(¢(BR/4))),
The constants stay bounded for s away from 0 and 2.

Proof. By scaling, we can assume R = 1. The second inequality in both (64) and (65) then follows from

Lemma 2.20. As for the first inequality of (64), it follows from the proof of Case 1 in Proposition 3.8, since

it only depends on local estimates for X. Finally, (65) can be deduced from (64). Indeed, note that for all
1<k</land0<t<T,

dk dk

ark

Ks("™ " (@(x)), 9" (1)) | < CoKs(¢' ((x)), ¥* (9 (1)),  (66)

r=0

WKs(l/f(qv(x)),wt(fp(y)))

with Co = Co(n, s, [|X||ce(p(5,)))- Thus, we are only left with proving that

K (' (p(x)), ¢' (9(y))) < CrKs((x), ¢())

for some Cy = Cr(n,s, T, ||XHC@( go(Bl)))' But this follows itself from (66), with k = 1, since we can write
the inequality as

LK (g (p(), ¥ (p(9)))] <0,

and integrating we find that

Ks(' (9(x)), 9" (9(y))) < 2T Ks(9(x), 9(y))
forevery 0 <t <T. O

Proposition 3.8 can be used to bound time derivatives of the energy of “flown objects” by their energy
at time zero. We show this for the fractional Sobolev energy:
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Lemma 3.10. Let s € (0,2) and v € H¥2(M) be a function with |v| < 1. Let X € X(M) be a smooth vector field
and vy :=vo !, where ' is the flow of X at time t. Then, for all T > O there holds

dZ

W&’M(m) < C(1+Em(v)),

sup
0<t<T

for some constant C = C(M, s, ¢, T, maxg<y<y ||VkX||Lw(M)) which stays bounded for s away from 0 and 2..

Proof. Let C denote a constant that depends only on M, s, £, T and maxo<x<¢ || VFX]| L (M)-

The idea of the proof is to change variables using the flow ¥ in the corresponding integrals defining
the Allen-Cahn energy, and after that to exchange integration and differentiation.
Let us start with the Sobolev part of the energy. We have, denoting by J; the Jacobian of the flow:

4 0
Lesron = 5 [ o6 ) — oty @)Ky avyay,
dtf//'” —0(q) PKs (' (p), 9'(9)) Je(p) 1 (q) AV, dVy
f
= [ o) o 5 [0, 9 @) B )] Vv -

Since 0 < t < T, the derivatives in time of the Jacobians J; can of course be bounded by a constant C with
the right dependencies. What remains in order to bound (67) by C(1 + Slsv?b(v)) is to control the first k-th
derivatives in time of Ks(¢(p), ¢'(9)) by C(1+ Ks(p,q)), for all 0 < + < T. The main bound is given by
Proposition 3.8, which gives for all 1 <k < ¢:

dk
ﬁ

K (9" (p), 9" ()

r=0

< C(1+Ks(@'(p) v (9))) - (68)

dk K t t _
T s(W(p)y (@) =

Now, integrating this inequality for k = 1 similarly to how we proceeded in the proof of Lemma 3.9, we
conclude that
Ks(¢'(p), 9'(q9)) < C(1+Ks(p,q)), forall0<t<T. (69)

We can now go back to (67) and apply the bounds that we just derived. We get that

d Sob
dtf

| = [ 1ot —o(q P K (0,9 @) B R0) ]V, v,

<C//|v —0(q)P(1+Ks(p,q)) dV,dV,
= C(1+ &% (v))

for all 0 < t < T, where C has the right dependencies.

The potential part of the energy is simpler to deal with. Indeed, we have

df Pot df

- _ _ d
) = 5 [ W (p)av, = [ W) G v, 70)
from which we directly conclude that

l
d POt(T)t)

W M < CglI\J/Ft(v)f

finishing the proof. O

Lemma 3.10 has a local version, which comes from applying local estimates for the kernel instead.
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Lemma 3.11. Let M satisfy the flatness assumptions FA;(M,g,p, R, ¢). Let s € (0,2) and v € H*/?(M) be a
function with |v| < 1. Let X € X(M) be a smooth vector field supported on ¢(Bg 2), and put vy := v o 5", where
Wl is the flow of X at time t. Then, for all T > 0 there holds

¢
d &

sup 40 € 9(Br/2) (01)

<C(1+ g(P(BR/Z) (©)),
0<t<T

for some constant C = C(s, ¢, T, maXo<k<¢ ||VkXHLoo<(p(BR/2))) which stays bounded for s away from 0 and 2.

Proof. We modify the proof of Lemma 3.10 accordingly. First, by scaling, it suffices to prove the Lemma in
the case R = 1. Since X is supported on ¢(B;,,), the integrand in (67) is supported then on

(N X N)\ ((B1/2) % 9(B1/2)) = | (@(Basa) x 9(Bay2)) \ (9(B12)° x 9(By2)°)| U
U [(9(B12) x (N\ 9(Ba/3))) U (N \ 9(Bass)) x 9(B1y))]

so that
Sob dk gSob
dtk 0| = | gEEls, ) (1)
dk
= [0(p) — o(q) |~ | KW (p), ¥ (@) e (p)Je(q) | AV, dV,
’//«p(zsm)x¢<62/3>>\<<o<81/2>cw(Blmc) dt"[ Y Javyavy

w2 //(P(B1/2)><(N\(p(62/3)) op) = olg) Z;tkk [K(‘/’tY(p)'q)]f(p)} dVy dVy
= C//<B2/3x32/3>\<sg/2x3;/2> [o((x)) = o(p(y))] \dtk [K(g (e (), @0k (1)) i (9()) i (@(y))] | dx dy
- C//Bl/zx(N\(p(Bz/3)) |v(§0(x)) | ’dtk [ (IIJX( )) )]t } ‘ dx qu

Bounding the derivatives in time of the Jacobians by a constant with the right dependencies, using (64)
to bound the kernel in the first double integral, and using (21) to bound the integral in g in the second
double integral by a constant, we conclude that

d* Sob
ﬁE(P(Bl/z)( o)

<CL+E% ) (@)
Regarding the potential part of the energy, from the computation in (70) we readily find that

0
igPot (Ut)

Pot
dtl “e(Biy2) =ce ?31/2)(0) (71)

where C has the right dependencies, which completes the proof.

3.5 Estimates for the extension problem

Lemma 3.12. Let s € (0,2) and M satisfy the flatness assumption FAy(M, g,2, p, ). Let also U : By (p,0) — R
be any function solving

div(z!=VU) =0 in Bf (p,0),
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and let u be its trace on By(p). Assume also U € L°°(§2+(p,0)) and u = 0 in B3/o(p). Then there exists
C = C(n) > 0 such that

- C
1-s B
277 IVU(g,2)] < S IUl 32 o) -
for every (q,z) € By (p,0).

Proof. Let C denote a constant that depends only on n. This estimate is proved by a barrier argument. Let
a, B > 0 to be chosen later, and for g, € Byy,19(p) define

by.(3,2) = 3]0 (a) — 97 (90) " — B2~ 22°).

Denote by A, the Laplace-Beltrami operator of (M, g). Then, by FA>(M, g,2,p, ¢), for (x,z) € §6+/5 there
holds [A¢by,(q,z)| < C. Moreover

(9 +13%9.)22 =25 and (9. + 15°9,)2° = 0.
Hence )
&R/(zl_sﬁbqo) =zl°" (Agbqo + 022y, + —; Sazbqo> <zI75(Ca—25B) <0,

provided we take f = Ca/s.
Since U = 0 in B3/5(p) x {0} clearly |U| < by,(+,0) in Bg5(p) x {0} . Moreover, for every (x,z) €

8+§gr/5(p, 0) there holds

by.(4,2) > Ca = p(2* = 22°) > Ca > Ul g,

L (p0) > U(x,z),

provided we choose & = C||U||Loo(,§+/ (p.0))*
6/5\F7

Hence, with this choice of & and B, |U| < by, on the full boundary 8]5;’ /5(p,0). Since also U solves
div(z!SVU) = 0 in §6+/5(p,0), by the maximum principle we get

Cz*
[U(g0,2)| < by, (90,2) < THUHL“(EZ/s(p,O)) ’ (72)

for (qo,z) € Eﬂ /10(P,0). Moreover, by standard (interior) gradient estimates for uniformly elliptic equa-
tions, for all (g,z) € BZ* (p,0) we have

VU@ )] < 19U,

/100\9-%

C
N < Z MUl g2

z/50

which, since B 5(q,2) C By ,10(p,0), together with (72) implies

~ C .
VU 2)| < T2 Ul

and this concludes the proof. O

Lemma 3.13. Let sg € (0,2), s € (so,2). Consider the Riemannian manifold (R",g) with (1 — f5)[v]* <
gi]-(x)vivf < (1+ 1) [v|? and Hgij”cl,l(ﬁ”) <1 Letalsou:R" — [—1,1] and U : R" x Ry — [—1,1] be the
extension of u (in the sense of Theorem 2.25). Then

2
= _ u(x) —u
/B+ |VU 2 ~5dVdz < c// o w dxdy, (73)
1(0,0) R xR"\ (B§ % BS) Yy
with C depending only on n and s.
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Proof. We proceed as in [8, Proposition 7.1]. Assume without loss of generality that [, u B, x)dx = 0. Let

¢ : R" — R be a cutoff function such that ¢ = 1 in B3,,(0) and it is compactly supported in B,(0). We
write u = ué +u(1—¢&) = uy +up and U = Uy + Uy.

On the one hand, since u; is compactly supported we have
1-s |77, 2
Bs /JR’l“ z VU [TdVdz = [Jug]| oo (g g)

- // lug (x) — ul(]/)|2K(x,y) dVydV,
]RnX]Rn (BCXBC

u(x) —uy)* ZM
<Cans//82w St )dxdy—l—Ctxns//BZXRn W dvdy

2
< Cans// w:ixdy—i-(f/ |u(x)[*dx.
n xR\ (BS % BS) lx =yl B,

Moreover, using the fractional Poincaré inequality (recall |, B, u(x)dx = 0):

)2 |u(x) —u(y) // |u(x) —u(y)?
u dx < Ca // dxdy < Ca 2 dxdy =: 1
Bz| () " )5, %8, |x— |ts Y= Sl R xR\ (BsxB5) | X — y[" s Y

On the other hand (using again [ u(y)dy = 0)

/Rn (1+|x|2 // 1+|x|2 Ile xay - 1+|x!2 By YT

and by Holder’s inequality

) 1/2 1/2
/deg /de / %dx < cr,
R (1+[x]?)"2 R (1+[x]?)"2 R (1+[x[?) 2

Claim. There is C = C(n) > 0 such that for (x,z) € B}

2175 |V (x,2)| < C %ﬂmdy. (74)
R (14 |y[?) 2

We postpone the proof of this claim and first see how to conclude the proof of Lemma 3.13 with it.
By the claim, if (x,z) € Bf‘ then

2ozl sc [ WL gy < [ MWLy < cpr
R (1+ [yf2) R (1 [y2)F

But then the inequality

1/2 1/2
/ 2| VU |dxdz < CI”Z/ (VU |dxdz < CIl/z(/ zl_s|VU2|2dxdz> (/ Zs_ldxdz> ’
5} B Bf Bf

1 1 1 1
gives
/+ 2178 | VU [Pdxdz < CI,
B

1

and the lemma follows.
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It only remains to prove (74). Let Hy(x,y, t) be the heat kernel of N := (R", ). By (40) the fractional
Poisson kernel® Py : R” x R" x (0,00) — [0,00) of N can be represented as

B z° h 2 dt
H’N(x,y,Z)—m ; Hn(x,y, 0)e T 7

and the solution U) to the extension problem with trace uy is U (x,z) = [gn Pn(x,y,2)u2(y) dVy. Then, by
Lemma 2.14 we have that Py is comparable (up to dimensional constants) to the fractional Poisson kernel
of R™ with its standard metric, that is

e (x,y,2) < C e
cs e <Pn(xy,z) <Cs e
(x =P+ (x—yP+2)

for some C,c > 0 dimensional. Hence, for every (x,z) € 52/5

Uy (x,2)| < Cs/ l2(y)] B dy < Cs/]R |u2(y2,|+sdy.

R (|x — y|? + 22 g, [x—y

Since x € Bg/5 and y € R" \ B, there holds |x —y| > 351/1+ [y[% and hence

12 (y)|
U || ;o ’ <C5/ — = dy.
£ Beys) R (14 [y[2)"T

From here, the result follows directly by Lemma 3.12. O

We will now give an interpolation result for the extended energy. We will use the following standard
interpolation result on a Euclidean ball:

Proposition 3.14. Let s € (0,1), and let u : By C R" — [—1,1] be a function of bounded variation. Then,

2
//BlXB1 |M|x_ |n(+s)| dxdy < (1C£ns)) [u ]BV (By) H |L1 (By)

Proof. See, for instance, Proposition 4.2 in [6] for a simple proof; see also [4]. O

Lemma 3.15. Let sy € (0,1) and s € (s, 1). Let M satisfy flatness assumptions FA1(M,g,1,p, ¢). Let also
U: By (p,0) = (—1,1) be any function solving

div(z'°VU) =0, (75)

and let u be its trace on By(p). Then forall ¢ >0, R > 1,k € Rand q € By 5(p) such that Bry(q) C Bz/a(p),

1-s s
0 "Bs [ z1*5\6u\2dvtzz<£+ ¢ o " lu+k|dV ol |VuldV |,
+ R 1-—
B (4.0) s Bgo(q) Bro(q)

where the constant C depends only on n and s.

Proof. Let us show that if U and U’ are two different solutions Efr (p,0) = (—1,1) of (75) with the same
trace u on B34 (p), then

25 (|VUP = |VU' ) dvdz < C 5| VU P dVdz. (76)
By (4.0) B{ (40)

. S . . . . .
®Which equals 07,5 2 - on R” with its standard metric, for some normalization constant 0,5 > 0.

-z
(lx=y2+22) 2"
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Indeed, by Lemma 3.12 (rescaled) we have zHW(u —u)|<Cin B1/2(p1 0). Thus, we obtain

/~ 2175(|VUP — [VU' ) dVidz =/~ 2 (VU -U)) - (V(U+U))dvdz
" +
BJ (4,0) By (4,0)

1 1
2 - - 2
c</~ zsldde> (/~ 25 (|VU + |vu’2)dde)
By (4,0) By (4,0)

[ 25 (VU - VU P) dde+C/~ 18| VU' |2 dVidz
By (4,0) By (4,0)

Q

IN

IN
N =

Thus (76) follows.

Now let g;; be the components of the metric in the coordinates ¢!, 7 € C®(B) be a nonnegative
smooth cut-off function satisfying 7 = 1 in By /4, and put ggj = gijn + 6;j(1 — 1), a metric defined in the

whole R”. Thanks to (76) it is enough to prove the lemma for the manifold (R",¢’) with p = 0 and with
U replaced by the (unique!) bounded solution U’ of (75) (with respect to the metric ¢’) in all of R" x R.
But in this case we can use Lemma 3.13 (rescaled) and obtain

_ 2
stn/ 1 5|vu/|2 dVdz < CQS n// |u(x) un(i/s” dxdy
By " xR\ (B, % BS,) x =yl

2
o nz// u(x) — n(+s)| dxdy
BRngRQungzs lx =yl

o |u(x) —u(y)? CQ”_S)
< 72~ dxdy + ,
(//BRoXBRg |x — ‘n+s Y RS
where we have used that

|u(x) —u(y)]* / 1 Co"
dxdy < C =y |dx< .
//ngzsf Ix— oy Y B, \UBg, (lyl —@)"** Y (Ro)®

We conclude using the interpolation inequality of Proposition 3.14, since the modulus of the Euclidean
gradient in R"*! and the metric gradient |VU| are comparable. O
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