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I. NOTATION AND PRELIMINARIES

Let G(H) be the set of quantum states on a Hilbert space H. The trace norm of a bounded linear operator O is
defined by ||©]; ;== TrvOTO. The von Neumann entropy of a quantum state p is denoted by S(p) := — Tr [plog, p] .
Let H2 be a bi-dimensional Hilbert space and let {|0),|1)} be an orthonormal basis. For all 4,j € {0,1}, the state

|Vij) ap € ’Hé“‘) ® 'HéB) is defined as

1
) ap = 5 2 (D™ m) 4 @ Im ) (s1)
m=0

and is called a Bell state (or maximally entangled state), where @ denotes the modulo 2 addition.

A. Gaussian quantum information

Let us briefly review the formalism of Gaussian quantum information [I]. We consider m-modes of harmonic
oscillators Sy, So, ..., Sy, which are associated with the Hilbert space L?(R™) of square integrable functions. Each of
these modes represents a single-mode of electromagnetic radiation with definite frequency and polarisation. For all j =

1,2,...,m the annihilation operator a; of the mode S; is defined as a; := ijj;%ﬁ L. where £; and p; are the well-known

position and momentum operators of S;. The operator a;aj is called the photon number of the mode S;. The nth



2

Fock state of the mode S} is denoted by |n)Sj. By defining the so-called quadrature vector R := (&1, 1, ..., Zm, )T

0 1
-10
identity matrix. The characteristic function y, : R*™ — C of a state p € G(L*(R™)) is defined as x,(r) = Tr[pD_,],
where for all r € R?™ the displacement operator D, is defined as

one can write the canonical commutation relations as [f{, flT] =iQ,,, where Q,, = 1,,® ( ) and 1,, is the mxm

D, = TR (52)

Any state p can be written in terms of its characteristic function as

2mr
N ~/R2m ((;W)m X ) Dr )

and hence quantum states and characteristic functions are in one-to-one correspondence. The first moment and the
covariance matrix of a quantum state p are defined as

m(p) =Tr [f{p} , (54)

V(p) = Tr [ {(R—m(p), (R —m(p))' } o] . (35)

respectively, where {A, B} := AB + BA is the anti-commutator. Note that the covariance matrix is defined with
respect an ordering of the modes in the definition of the quadrature vector: here such an ordering is (51, S2,...,Sm).
A state p is said to be Gaussian if there exists a 2m x 2m real positive definite matrix H, and a vector m, € R?™

such that p can be written as a ground or a thermal state of the Hamiltonian %(15{ ~m,)THR —m,), ie.

efé(ﬁ*mp)THp(R*mp)

Ty {efé(R*mP)THp(R*mp)} .

p= (S6)

It can be shown that m(p) = m, and V(p) = V,, where V,, := coth (%)iﬂm. The characteristic function of a

Gaussian state p is a Gaussian function in r which can be written in terms of m(p) and V(p) as

1 .
0(0) = 50 (= Q) TV ()t + i) Tmlp)) (s7)
n
An example of Gaussian state is the thermal state 7y, == ﬁ S (NN—H> |n)Xn|, where the parameter Ny > 0 is

its mean photon number (N = Tr[a'a7y,]), which satisfies

m(7y,) = (0,0)T,

V(rn,) = (2Ns + 1)1, (S8)

Another example of Gaussian state is the two-mode squeezed vacuum state |¥y_) S18,° which for all Ny > 0 it is
defined as

1 0 N, n/2
|\1le>5152 = \/ﬁ ngo (Ns + 1) |n>51 |n>52 ) (SQ)
where N denotes the mean photon number of the mode S (or, equivalently, of the mode Ss), i.e.
Ns =Trg, [aial W, ><‘I’Ns|slsz] . (S10)

The first moment and covariance matrix of [y, )g g, are

m(|\PNs><\Ile|) = (070707 O)T )

):< (2N, + 1)1, 2maz> (S11)
2 )

Uy X
V(N XN, N,(N, + D)o, (2N, + 1)1,




where 15 := <(1) ?) and o, = (é _01)

A quantum channel is said to be Gaussian if it maps Gaussian states into Gaussian states. Later we will focus
on three important examples of Gaussian quantum channels: the thermal attenuator, the thermal amplifier, and the
additive Gaussian noise. Before concluding this brief recap of Gaussian quantum information, let us state a lemma
which will be useful in the following. The forthcoming Lemma [S1| provides a necessary and sufficient condition on
the covariance matrix to assess whether a two-mode Gaussian state is entangled [I} [2]. This condition is based on the
fact that a two-mode Gaussian states is separable (not entangled) if and only if it is PPT [ [2].

Lemma S1 [1, 2]. Let p € 6(Hg, @ Hs,) be a two-mode Gaussian state. Let us write its covariance matriz V (p)
with respect the ordering (S1,S2) as

Vs, Vas )
\% = ! 122 S12
o=y (512
and define the function [ : 6(Hg, ® Hs,) = R as f(p) :=1+ det(V(p)) + 2det(Vs, s,) — det(Vs,) — det(Vs,). The
state p is entangled if and only if f(p) < 0.

The forthcoming Lemma [S2] gives necessary and sufficient condition on a Gaussian quantum channel to be entan-
glement breaking [3, Chapter 4.6].

Lemma S2. [/] Let ® : G(L*(R™)) — &(L?(R™)) be a Gaussian quantum channel. Let K, 3 € R*™*2™ qnd | € R?™
such that for all p € &(L*(R™)) it holds that

m (®(p)) = Km(p),

S13
V(@(p) = KTV(p)K + 6. (513)

Then, @ is entanglement breaking if and only if B admits the following decomposition:
B=a+vy, whereoa,yeR™ ™ with a >iQ,, and v>iKTQ,, K. (S14)

B. Two-way capacities of a quantum channel

The two-way quantum capacity Q2(®) and the secret-key capacity K(®) of a quantum channel ® are the maximum
achievable rate of qubits and secret-key bits, respectively, that can be reliably transmitted through ® by assuming
that the sender Alice and the receiver Bob have free access to a public, noiseless, two-way classical communication
line. The rate of qubits (resp. secret-key bits) is defined as the ratio between the number of reliably transmitted
qubits (resp. secret-key bits) and the number of uses of ® [5, Chapters 14 and 15]. An ebit is a Bell state |1go) 45
shared between Alice and Bob. For any ®, the two-way capacities satisfy

Q2(P) < K(D). (S15)

Indeed, by recalling that Alice and Bob can freely send an infinite amount of bits to each other, an ebit can generate
a secret-key bit, thanks to E91 protocol [6], and hence Q2(®) < K(®). The two-way quantum capacity Q2(P) and
the secret-key capacity K(®) are collectively called the two-way capacities of ®.

In practice, Alice has access to a limited budget (Ny) of energy to produce each input signal. Here, by definition,
the energy of a signal initialised in a state p is equal to its mean photon number Tr[pafa]. Fixed N, > 0, the
energy-constrained (EC) two-way capacities Q2(®, N,) and K(®, N;) are defined as above but the maximisation of
the rate is restricted to the strategies such that the average photon number less or equal to Ns. In other words, N,
is the maximum allowed average photon number of the input signals to the channel ®. In addition note that the
generalisation of to the EC case holds, i.e.

Q2(®, N;) < K(®,Ny), (S16)

and that any EC capacity is upper bounded by the corresponding unconstrained capacity and tends to it in the limit
Ny — oo.



C. Entanglement distillation

The goal of an entanglement distillation protocol is to turn a large number n of copies of a bipartite entangled state
paB € 6(H 4 ®Hp) shared between Alice and Bob into a smaller number m of ebits by LOCCs (local operations and
classical communication). The yield of an entanglement distillation protocol is defined by the ratio m/n. The two-
way distillable entanglement F4(pap) of pap is defined as the maximum yields over all the possible entanglement
distillation protocols [7] [B, Chapter 8]. The state pap is said to be distillable if E4y(pap) > 0. The coherent
information of pp is defined by

Ie(pap) = S(Tra pas) — S(pap) (S17)

and it is a yield achievable by an entanglement distillation protocol which requires classical communication only from
Alice to Bob [8]. By exchanging the roles of Alice and Bob in such an entanglement distillation protocol, the reverse
coherent information of p4p, which is defined by

Lic(pap) == S(Trp pa) — S(pas) , (S18)

is a yield achievable by an entanglement distillation protocol which only requires classical communication only from
Bob to Alice [8]. In particular, the following inequality, known as hashing inequality, holds:

Eq(pap) = max{Il:(pap), Lic(pan)}- (S19)

Let us briefly link the notions of distillable entanglement E4 and two-way quantum capacity Q2(®, Ns). Suppose that
Alice produces n copies of a state pa 4/ such that the mean photon number of the half A’ is less or equal to N,. Then,
she uses n times the channel ® to send the halves A’, which satisfy the energy constraint, to Bob. Hence, n copies
of Idg ®P(paas) are shared between Alice and Bob and can be used to generate ebits by means of an entanglement
distillation protocol. Consequently, it holds that

Q2(®,Ng) > Eg (Ida @P(paar)) (S20)

for all Ny > 0 and all pas4 satisfying Trla’a pas 4] < N, where a denotes the annihilation operator on A’.

If a bipartite state psp is such that the hashing inequality is trivial (i.e. the right-hand side of is negative),
in order to obtain a non-trivial lower bound on E4(pag), one can adopt a sufficiently large number of iterations of
a recurrence protocol on pap prior to apply the hashing inequality. In the context of entanglement distillation, the
goal of a recurrence protocol is to transform a certain number of copies of the state pap into fewer copies of another
state p'y g such that (Yool pap [¥o0) > (Yool par |Poo) [T, 9, 10]. Examples of recurrence protocols for qubits can be
found in [I0HIZ], and their generalisations to the case of qudits in [I3HI5]. In the present paper we will exploit the
recently introduced P1-or-P2 recurrence protocol [I6]. To achieve a nonzero yield, one may adopt a suitable number of
iterations of a recurrence protocol and then apply the hashing or breeding protocol [9} [I0]. The latter protocols, which
exploit only one-way classical communication, achieves the yield of the hashing inequality in . Improvements of
the hashing and breeding protocols, which exploit two-way classical communication, have been provided in [I7]: the
two-way distillable entanglement of a convex combination of Bell states pap := Z;j:O a5 |15 X1ij;| is lower bounded
by

1 « «
Y (o, o1, 10, 11) = max (0, 1—H({oi;}) + 5(0600 + 1) (011 + apr) [Hz (00) + Hy (11)]> ;
S2

apo + Q10 Qo1 + Q11

with H({a;}) == — Z:n,n:() Qmn 10g5 @y being the Shannon entropy and Ha(x) := —xlogy 2 — (1 — ) logy (1 — ) for

all € [0,1] being the binary entropy. The yield in (S21) is larger than the yield achieved by the hashing protocol,
which is I (Zgj:o i | Wi |> = 1—H({wi;}). Protocols with larger yiels than (S21)) may be obtained by exploiting

the numerical methods introduced in [18].

Now, let us briefly review the definition, the relevant properties, and the known bounds on the two-way capacities
of phase-insensitive bosonic Gaussian channels, namely thermal attenuator, thermal amplifier, and additive Gaussian
noise.

D. Thermal attenuator

Let Hg and Hp be single-mode systems and let @ and b denote their annihilation operators, respectively. For all
A €[0,1] and v > 0, a thermal attenuator &, : 6(Hs) — S(Hs) is a quantum channel defined by

Exu(p) = Trw [USE (o5 @ rP)USPT] (522)



where U fE denotes the unitary operator associated with a beam splitter of transmissivity A, i.e.
USE = exp [arccos VA (afd — abT)} : (523)

and 7, € 6(Hg) denotes the thermal state with mean photon number equal to v. The beam splitter unitary can be
expressed via the following disentangling formula [T9, Appendix 5]

USE = e~V i52ab’ JF I (ala—b'b) \/I52aTh (S24)

By writing the quadrature vector R with respect the ordering (5, E'), it can be shown that

(USEY RUSE = 5, R, (S25)
where
VAl, V1= 2)1,
= . 2
Sx (—\/1—)\12 VA1, (526)

This implies that for all g € 6(Hs ® Hg) it holds that

m (U}?EUSE (UfE)T) = S)\ m(USE) 5

; (S27)
V (USFose (USF)") = Sy Viose) ST

In terms of the annihilation operators a and b, the transformation in (S25|) reads

UsP) aU$P = Vha+VI=Ab,
USPa (USP)' = VXa = VI= b,
USEY bUSE = —VT= Xa+ Vb,
Uy (USE)' = VI=Xa+ VAb.

It can be shown that for any single-mode state p it holds that

(S28)

m (& (p)) = VAm(p),

V (@0 () = AV(p) + (1 — A2+ 1), (529)

and, in terms of the characteristic function, for all r € R? it holds that
Xén.u () (1) = Xp (VAT)e™ 107D Cr I, (S30)

By exploiting (S30|) and the fact that quantum states and characteristic functions are in one-to-one correspondence,
for all A1, A2 € [0,1] and v > 0 the following composition rule holds:

Exiv 080 = Exjagw - (S31)

In Theorem [S5| we will provide a simple Kraus representation of the thermal attenuator.

1. Bounds on two-way capacities of the thermal attenuator

The best known upper bound on the two-way capacities of the thermal attenuator, shown by Pirandola-Laurenza-
Ottaviani-Banchi (PLOB) [20], is

—h(v) —log,[(1 = A)A], if A € (57,1,

S32
0, otherwise (832)

K(g/\,l/) < {



where
h(v) := (v +1)logy(v + 1) — vlogy v (S33)

is the so-called bosonic entropy. The parameter region in which such an upper bound vanishes coincides with the
parameter region in which the thermal attenuator &) , is entanglement breaking, i.e. v > 0 and A € [0, ;*5| [ 21].
The best known lower bound (before our work) on Q2(&),,) is given by [22]

Q2(&y ) > max{0, —h(v) —logy(1 — A)}. (S34)

Although this is also a lower bound on K (&) ,), it is not the best among those currently known. Indeed, an improved
lower bound on K (&), ) has been shown by Ottaviani et al. [23]. In the energy-constrained case, the best known lower
bound (before our work) on the EC two-way capacities of the thermal attenuator has been found by Noh-Pirandola-
Jiang (NPJ) [24], while the best known upper bound is — depending on the parameters A, v, and N; — the bound
found by Davis-Shirokov-Wilde (DSW) [25] or the PLOB bound in (S32).

The lower bound in on the two-way capacities of the thermal attenuator can be proved first by applying
with the choice paar = [V, X ¥n, |44/, Where [¥y,) is the two-mode squeezed vacuum states with local mean photon
number equal to N, defined in , second by applying the hashing inequality in (S19)), and finally by proving that
the reverse coherent information satisfies

i L (04 @80, (P, 1) = —h(v) ~ logy(1 - ). ($35)
Analogously, the coherent information

I (Ida @&, (TN, XN, |))

and the reverse coherent information

Irc (IdA @%)\,y(|\l’]\/s ><\I’Ns

)
are lower bounds on the EC two-way capacities of the thermal attenuator &), with energy constraint equal to N,:
Q2(&xv, Ns) > max {1 (Ida @&, (|UN, NN, ) s Tre (1da @Ex . (YN XUn.[))}
B {IC (1da @&, (|UN WU, ]), it Ny <v, (S36)

Lo (Ida @&, (|Un, X TUn,])), otherwise.

It holds that [20] 22, 24] 26]

I (Ida @85, (U N NP n.]) = h (AN, + (1 — A\)v) — h <D+ (1- A)éNs —v)— 1) _ (D - (1- A);NS —v) — 1> |

D—s—(l—)\)éNs—z/)—l)_h<D—(1—)\)éNs—u)—1>

T (10 58, (9, 0. ) = ) 1 ,
(837)
where D := \/((1 + AN, + (1 = M) +1)> —4AN,(N, +1). The NPJ lower bound, proved by mixing forward (co-

herent information) and backward (reverse coherent information) strategies, is [24]
Q2(&x., Ns) > sup [z Ic (Tda @& (O N, XY N, [) + (1 = 2) L (Ida @B (W, TN )] -

©€[0,1], N1,N>>0 (S38)
TN1+(1—z)N2=N,

Fixed X and v, if the energy constraint IV is sufficiently large, the NPJ lower bound is equal to the reverse coherent
information bound (i.e. the optimal values of the supremum problem in are x = 0, Ny =0, and Ny = Njy).

E. Thermal amplifier

Let Hg and Hg be single-mode systems and let a and b denote their annihilation operators, respectively. For all
g >1and v > 0, a thermal amplifier &, , : S(Hg) - S(Hs) is a quantum channel defined by

Dy (p) = Te [USE (% 0 ) USE] (539)



where U, QSE denotes the unitary operator associated with two-mode squeezing of parameter g, i.e.
UfE = exp [arccosh /g (aTb" —ab)] . (S40)

The two-mode squeezing unitary can be expressed via the following disentangling formula [19, Appendix 5]
USE = V57 Fin(3) (alabtort) — Bl ad. (541)
By writing the quadrature vector R with respect the ordering (S, E), it can be shown that
USP) RUSE = 5, R, (842)

where

o \/_Z]lg g—lG’Z
sg._( S Vil ) (343)

This implies that for all g € 6(Hs ® Hg) it holds that
m (UgSEasE (UgSE)T> =S, m(osg), s
V (UsEosy (USP)") = 8, V(osp) 5] -

In terms of the annihilation operators a and b, the transformation in (S42|) reads

(UEE) aUSE = yga+ /g — 101,

UgSEa (UgSE)T =\ga—+/g—1b",

WUSE) bUSE = \/g—Tal + g,

Uy (USP)' = —\/g—1al + /gb.
It can be shown that for any single-mode state p it holds that

m (®,.,(p)) = /gm(p),
V(@gu(p)=9gVip)+ (g —1)(2v+1)1s,

and, in terms of the characteristic function, for all r € R? it holds that

X, () () = Xp(y/gr)e (0= (847)

By exploiting (S47) and the fact that quantum states and characteristic functions are in one-to-one correspondence,
for all g1,g92 > 1 and v > 0 the following composition rule holds:

(1)91711 o (1)9271/ = <D9192,V . (848)

(S45)

(S46)

In Theorem [S5] we will provide a simple Kraus representation of the thermal amplifier.

1. Bounds on two-way capacities of the thermal amplifier

The best known upper bound on the two-way capacities of the thermal amplifier, shown by PLOB [20], is

_h<l/) +10g2 (9;%11) ; lfg € [L 1+ %)a

(S49)
0, otherwise

K(®y,) < {

where h(v) is the bosonic entropy defined in (S33). The parameter region in which such an upper bound vanishes
coincides with the parameter region in which the thermal amplifier ®,, is entanglement breaking, i.e. ¥ > 0 and
g >1+ 1 [, 21I]. The best known lower bound (before our work) on Q2(®, ) is given by [22]

Q2(®,,) > max {o, —h(v) + log, (g> } , (S50)

g—1



which can be proved, analogously as it has been done in (S35)), by showing that the coherent information satisfies

lim I (Ida @y, ([¥x, { ) = ~h(v) + log, (g> . (S51)

g—1

The best known lower bound on the secret-key capacity K (®,,) has been shown by Wong-Ottaviani-Guo-Pirandola
(WOGP) [27]. In the energy-constrained scenario, the best known lower bound is the NPJ bound [24], which is given
by

Qa4 No) 2 sup e (1da @, (W ¥ a])) (52)
z€[0,1] ® ®

where [20, 22| 24, 26]
I (Ida @@, (|¥ N, X¥nN,|))

=h(gzvs+<g—1><u+1>>—h(

D'+ (g-D(Ns+v+1)—1 D' —(g—1)(Ny+v+1)—1 (S53)
: )= : )

with D’ := \/((g +1)N, + (g — 1)(v +1) +1)* —4g Ny(Ns + 1). Fixed g and v, if the energy constraint N, is suffi-
ciently large, the NPJ lower bound is equal to the coherent information bound (i.e. the optimal value of the supremum

problem in isx=1).

F. Additive Gaussian noise

Let Hg be a single-mode system and let { D, },.¢r2 be its dispacement operators. For all £ > 0, the additive Gaussian
noise A¢ : §(Hs) — S(Hs) is a quantum channel defined by

1

Ae(p) = — | d%re 2" *D.pD}. S54
¢(p) o Jo L TE rpD) (S54)
. = N _ ) . L T L +1
By using that R = (£,p), a = —21’, and by defining r := (z,p)", z := xﬁp’ and
D(z) == exp [zaT - z*a] =D_,, (S55)

the additive Gaussian noise can be expressed in the following equivalent form:

Aelp) = = [ =D D) ($56)

where we have used that d’r = dadp = w = €2 and we have performed the integral variable substitution

z — —z. It can be shown that for all single-mode states p it holds that

m (A¢(p)) = m(p),

V (Ae(p) = V(o) + 26 15 (857)

and, in terms of the characteristic function, for all r € R? it holds that

Xae () (X) = xp(r)e 287 (S58)

In Theorem [S5| we will provide a simple Kraus representation of the additive Gaussian noise.

1. Additive Gaussian noise as the strong limit of thermal attenuator or thermal amplifier

For completeness, let us remark that the Additive Gaussian noise A¢ is the strong limit of the thermal attenuator
&,_c¢ , and thermal amplifier ¢, ¢ , for v — oo, i.e. it holds that

lim (|8, _¢ ,(p) = Ae(p)[1 =0,

vV—00

. (S59)
Tim @y, ¢ ,(p) = Ac(p)lls =0,



for any single-mode state p. Indeed, (S30)), (S47), and (S58) imply that for any single-mode state p and any r € R?
it holds that

Jm xe o
3

lim Xe ¢ (p) (r) = Xae(p)(r)-

() (T) = Xae () (r),
(S60)

V— 00

Consequently, by exploiting the fact that a sequence of states {o)}reny € S(L?(R)) converges in trace norm to a
quantum state o € S(L?(R)) if and only if the sequence of characteristic functions {xo, (r)}xew converges pointwise
to the characteristic function x,(r) [28, Theorem 2], the thermal attenuator &, ¢ , and thermal amplifier ®,_ ¢ ,

strongly converge to the additive Gaussian noise A¢ for v — oo.

2. Bounds on two-way capacities of the additive Gaussian noise
The best known upper bound on the two-way capacities of the additive Gaussian noise, shown by PLOB [20], is

K(Ag) < {élnl —logy(§), if&<1,

S61
0, otherwise (S61)

where h(v) is the bosonic entropy defined in (S33]). The parameter region in which such an upper bound vanishes
coincides with the parameter region in which the Additive Gaussian noise A¢ is entanglement breaking, i.e. £ > 1 [4,[21].
The best known lower bound (before our work) on Q2(A¢) is given by [22]

Q2(A¢) > max{0, —logy(e &)}, (S62)

which can be proved, analogously as it has been done in (S35)), by showing that the coherent information satisfies

lim To (1da @Ag(|Wn, (P,

aar)) =1ogy(e€). (S63)

In the energy-constrained scenario, the best known lower bound is the NPJ bound [24], which is given by

Qo2(Ae, Ny) > sup z 1 (IdA DA (W . T .
z€[0,1] @ @

)) , (S64)

where [20, 22, 24] 20]

I (1 @AW X0 ) = (Ve +.6) — 1 (P ) (P (563)

with D" := \/(QNS + &+ 1)2 — 4N4(Ns + 1). Fixed &, if the energy constraint N; is sufficiently large, the NPJ lower
bound is equal to the coherent information bound (i.e. the optimal value of the supremum problem in isz=1).

II. ACTION OF PHASE-INSENSITIVE BOSONIC GAUSSIAN CHANNELS ON GENERIC
OPERATORS

In this section we establish properties of the channel composition between pure amplifier channel and pure loss
channel.

Definition 1. For all A € [0,1] and g > 1 let us define the channel /#; » as the composition between pure amplifier
channel ®, ¢ and pure loss channel &) o, i.e.

‘/Vg,k = q)g,O o g)\,0 . (866)

Lemma S3. The channel N, x is entanglement breaking if and only if (1 — X)g > 1.
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Proof. First, let us determine the parameter region of g and A where the channel /4 y is entanglement breaking. Since
Ny x is a Gaussian channel, we can apply Lemma By using (572)), one can show that ./,  transforms the first
moment and the covariance matrix as

m (Hy(p)) = VgAm(p), (S67)
V(Mya(p) = gAV(p) + (29 — 1 —g)\) 1z,

for all quantum states p. Hence, Lemma establishes that @ is entanglement breaking if and only if there exists
a,v € R?*2 with a > iy and v > i\gQ; such that

(29—1—gN)la=a+~. (S68)
The condition in (S68) is equivalent to
(29—1-gA\) 1y >i(1+Ag) Q. (S69)

Indeed, if the condition in (S68) is satisfied, then (29 — 1 — gA) 1y = o+ v > i (1 + Ag) 4, i.e. also the condition
in (S69) is satisfied. Conversely, assume that the condition in (S69) is satisfied. Then, the fact that

21y >1Q; ifandonlyif z>1, (S70)

implies that (1 — A\)g > 1. Consequently, by choosing « := 15 and v := (29 — 2 — g\)15 and by using (S70)), it holds
that the condition in (S68) is satisfied with o« > €2 and v > iAg €. By exploiting (S70]), we deduce that /4 » is
entanglement breaking if and only if (1 — \)g > 1. O

Lemma S4. Let v >0, A € [0,1], g > 1, and £ > 0. The thermal attenuator & ,, the thermal amplifier ®,,,, and
the additive Gaussian noise A¢ can be expressed in terms of the composition between pure amplifier channel and pure
loss channel as

Exnv = /V1+(17,\)
P

vy e
g,v = ‘/V;]+(9—1)V7 m ? (871)
Ae = ‘/1/1_,'_57 o -

Proof. Let p be a single-mode state. The characteristic function of 4 x(p) is
_1(g—1)|r|? (29— 1—gN]|rl?
Xty 2 (0)(T) = Xa, 408 0(0) (T) = X o(p) (V/9T)eE 1= DI — o (/gAr)e 1297 1=gAllr] (S72)
for all r € R?, where we have used (S30)) and (S47). Consequently, by exploiting (S30), (S47)), and (S58), one can

check that for all r € R2 it holds that

X%*W(p) (I‘) = X/Vl-%—(l—)\)l’v 1+(1)\_/\)V e) (r) ’
X (o)1) =Xy o) (T), (S73)
Xae(o) (1) = Xy 0 (0)-

Hence, by exploiting the fact that quantum states and characteristic functions are in one-to-one correspondence, ((S71))
is proved. O

The forthcoming Theorem [S5| provides a simple Kraus representation of /#; » and allows one to easily calculate the
output of /) for generic input operators.

Theorem S5. Let A € [0,1] and g > 1. The quantum channel Wy x, defined in Definition , admits the following
Kraus representation:

oo

com com, T
Hyalp) = > ML (9.2 p (MET (9.0) (s74)
k,m=0

where

com ure am; ure loss g_lkl_Am A aam
M5 (g, 3) = M (g) M ) () = \/( k!Zn!(ng "ty (2] e (875)
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and where we have introduced the Kraus operators of pure loss channel and pure amplifier channel:

(pure amp) 1 L_]‘ * aT k i e
i) = g (V57) @ () 570
Mr(rfure loss)()\> — u;nif‘)m(ﬁ)afa a™ . (877)

In particular, by letting |n) and |i) two Fock states, it holds that

o0

Hoa(n)il) = D> faialg, ML+ n—ixi] - (S78)
l=max(i—n,0)
where
min(n,i) . - . nti—2m
nlill(l +n —1)! g— DML — )M 2
Fridlg )= D, o TS”L)'m'(Z —|—)m o po o (579)
m=max(i—1,0) ’ o ’ 9 2
Proof. By using (S22)), the pure loss channel can be written as
g}\ o Z M(pure loss) ) (Mé’rb)ure loss) ()\))T , (SSO)
where for all m € IN the Kraus operator My, (pure lOSS)()\) is
M#L)ure loss)()\> — (_1)m <m|E U}?E |O>E ) (881)

Hence, by using the disentangling formula for beam splitter unitary [I9, Appendix 5]
U/\SE — e~V Frab 3 (ala—db) \/352aTb (S82)

and the fact that

67§ln)\a aamezln)\aaiAm/Qa, (383)
it holds that
1 A 1-N
(pure loss) _ B m_Linxata _ B m ata m
M(P (A) = = ( — ) ame? =\ (VA)* e a™. (S84)
By using (S39)), the pure amplifier channel can be written as
© T
Z M]gpure amp) ) 9)p (Mlgpure amp) (g)) 7 (885)
k=0
where for all k € IN the Kraus operator M, ,gpure AmP) () i
MP™#) (g) = (k| , USE [0) 5 - (S86)

Hence, by using the disentangling formula for the two-mode squeezing unitary [19, Appendix 5]

USE = V5t A in(3) (ala—blbrn) /o5t (S87)

)

it holds that

MPUe AP (g = ! ( g_l> (ah)F <1> (S88)
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By using (S80), (S85), and the fact #j\ = Py 0 Erp, (S74) is proved. Now, let us calculate Wy x(|n)i]) =
Zm 0 M(Comp)( A) [n )il (M(Comp)( ,\)t in order to prove (S78). By exploiting the following formulae

am|n>:{ wom I —m), ifn>m,

otherwise
(S89)
- k)!
(@) ) = [
for m > n it holds that My, |n) = 0, otherwise for m < n it holds that
com 1 nln—m+k)! [(g—1)F(1—N)mAn—m

Consequently, we conclude that

oo min(n,:) \/ T T

n! n—m—i—k)' Wi—m—+E) [(g—1)%k(1 — N)2mAnti-2m .
Aoalmkil) =2 2 m)!(i —m)'k!m! g2h+2Fnti-2m n—m+ k)i —m+kl
k=0 m=0 (Sgl)

oo

= > fralg Nl Fn =]

l=max(i—n,0)

Hence, (S78) is proved. O

Calculating the action of Gaussian channels on non-Gaussian states is cumbersome in general. The forthcoming
Theorem [S6] overcomes this difficulty and allows one to easily calculate the output of all piBGCs for generic input
operators.

Theorem S6. Let v >0, A €[0,1], g > 1, and £ > 0. The thermal attenuator & ,, the thermal amplifier O, ,, and
the additive Gaussian noise A¢ admit the following Kraus representations:

a a T
€5 (p Z M\ v) (Mk(ﬂff)(/\,y)) : (S92)
k,m=0
am; am; T
Z M (g,0) p (M (9,0)) (593)
k,m=0
a a T
=3 e )o (M) (S94)
k,m=0
where
a com A
M]({,T):)(A7 V) = Mk(,m p) (1 + (1 — A)I/, ]-_'_(]-_)\)V) 5 (895)
am; com g
M (g,v) = Mo (9 + (g -1, M) : (S96)
(add) (comp) ]-
M, =M 1

with Mk(fslmp) being defined in (S75). In particular, by letting |n) and |i) two Fock states, it holds that

B = 5 s (15 0 Ay ) 1 i (59%)

l=max(i—n,0)
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Dy, (|n)i]) = Z Tl (9 + (g -, m> [l+n—iXl|, (599)

l=max(i—n,0)

M) = S faa (1€ ) e (5100

l=max(i—n,0)

with fpi1 being defined in (ST79).
Proof. Theorem [S0]is a direct consequence of Lemma [S4] and Theorem O

We observe here that the Kraus representation in (S95|) of the thermal attenuator is precisely the one obtained
in [29] via the “master equation trick”.

III. RESULTS

In this section we expound our results. In subsection [[ITA] first we prove preliminary results on the two-way
capacities of generic quantum channels and second we apply them to the composition between pure amplifier channel
and pure loss channel. In subsection [V|we specialise these results to the case of piBGCs (thermal attenuator, thermal
amplifier, and additive Gaussian noise) and we find the following two main results:

e The parameter regions where the (EC) two-way capacities of piBGCs are strictly positive are precisely those
where these channels are not entanglement breaking;

e We find a new lower bound on the secret-key and two-way quantum capacity of piBGCs, which constitutes
a significant improvement with respect the state-of-the-art lower bounds [22H24] 27, 30] in many parameter
regions.

A. Preliminary results

Let us begin by introducing the concept of a generalized Choi state of a quantum channel.

Definition S7 Generalised Choi state of a quantum channel [31) B2]. Let Hp be a possibly infinite-dimensional
Hilbert space. Let Ha, Har be isomorphic (possibly infinite dimensional) Hilbert spaces. Let [1)) 4, 4 be a pure state of
the form

) ara = Z Vile) 4 ® e a s (S101)

where (\;); are strictly positive numbers such that ), \; =1, and (|e;) 4)i and (|e;) 4.); form an orthonormal basis of
Ha and H s, respectively. Let 4 p be a quantum channel from Ha to Hp. Then, the state

Cap =1da @P a5 ([VXY| 4 4/) (5102)

is said to be a generalised Choi state of .

In finite dimensions, if the state |¢) in is a maximally entangled state, then the state Cap = Ida @® 4B (|UXY] 4 4/)
is simply referred to as the Choi state of the channel ®. Additionally, it is well known that a quantum channel is
completely characterised by its Choi state [5]. The following lemma extends this result, showing that a quantum
channel can also be completely characterised in terms of its generalised Choi state.

Lemma S8. Let ®4/ g be a quantum channel and let be Cap a generalised Chot state. Then, it holds that

Pap(Xa) =Tra[(Xa®1p) (Da®1p) C's (Da ® 1g)]  for all linear operators X ar (S103)

where, by using the notation introduced in Deﬁm’tion Dy:=3%", )\;1/2 lei)Xei| 4 and ta is the partial transpose on
A, ie (lei)ej| 1) = lejXeil 4 for all i, j.
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Proof. By exploiting that (|e;) 4); are orthonormal, we have that

1 .
D (leiesla) = o Tralllesleils ® 1) Casl, Vi.j. (S104)
ij
By writing
Xar = Z (el X |ej) |€i><ej|A/ (S105)

j
and by exploiting the linearity of ® 4:_, g, it thus follows that
Pap(Xa) =Tra[(DaXaDa) @ 1p) Cas|

=Tra[(DaXaDa®1p) C4y] (5106)
= TrA[(XA ®1p) (Da®1p) C,tAAB (Da® 13)} .

O

In finite dimensions, it is well known that a quantum channel is entanglement breaking if and only if its Choi state
is separable. The following lemma generalises this result, demonstrating that a quantum channel is entanglement
breaking if and only if its generalised Choi state is separable.

Lemma S9. Let ® be a quantum channel and let Cap be a generalised Choi state of ®. Then, ® is entanglement
breaking if and only if Cap is separable.

Proof. By definition, if ® is entanglement breaking, then Idg ®® 4/, 5(pra’) is separable for all bipartite states pra.
In particular, any generalised Choi state of an entanglement breaking channel is separable.

Conversely, let us assume that the generalised Choi state C'4p is separable, that is there exists a probability
distribution p, and states (pff))z, (o %)) such that

z)
pr @ oy (S107)

Let us show that ® is entanglement breaking. To this end let us consider an arbitrary bipartite state pra and let us
show that Idgr ®P 4/, 5(pra+) is separable. By exploiting Lemma it holds that

Idg @@ 4 5(prar) = Tra[(pra ® 18) (1r ® (Da ® 1p) O (Da ® 15))]

= sz Try [PRA (1R ®Da (PEXC))t‘4 DA)} & O'g) . (S108)

Since the operator D 4 (pf))“ D 4 is positive semidefinite, we can write its spectral decomposition as

Da(P) 4 Da =3 0 166l (S109)

with the eigenvalues ( ) being positive. This implies that the operator Tr 4 [pRA (lR ®Da4(p (@ ))tA DA)] is positive

semidefinite, as it can be written as

Tra {PRA (1R @ Da (p§)" DA)} = Z (S 4 praldl™) 4 (S110)

and (gbz(-‘r) | 4 PRA |¢Er))A is positive semidefinite. In particular, the trace of the operator Tr 4 [pRA (13 ® Dy (pff))t*‘ DA>]
vanishes if and only if it is the zero operator. Consequently, (S108|) implies that

ldr @4 5(prar) = Z @wly @o), (S111)
T: e 70
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where we defined
4z = Pz TrrA [PRA (1R ® Da (Pff))tA DA)} ,
Trs {pRA (1R®DA (p()yta DA)} (S112)

Trra [PRA (1R ® Da (pf)4 DA)] |

() . _

wp' =

The fact that the operator Tr 4 {pRA (13 ® Dy (pff))tf“ DA)} is positive semidefinite implies that (¢,), is a probability
distribution and that wg) is a quantum state. Hence, we conclude that Idg ®® 4, 5(pra’) is separable. O

The following theorem establishes that the energy-constrained two-way capacities of a single-mode Gaussian channel
are strictly positive if and only if the channel is not entanglement breaking.

Theorem S10. Let ® be a single-mode Gaussian channel and let Ny > 0. The energy-constrained two-way quantum
capacity Q2(®, Ny) and secret-key capacity K(®, Ny) are strictly positive if and only if ® is not entanglement breaking.

Proof. Since any entanglement-breaking channel has vanishing two-way capacities [5], it suffices to consider the case
where ® is not entanglement breaking. Assume that Alice prepares many copies of the two-mode squeezed vacuum
state |¥Un,) 44 With mean local photon number N and sends the systems A’ through the Gaussian channel ® 4/_, .
Now Alice and Bob share many copies of the two-mode Gaussian state Ciy, == (Ida @ ®a'—5) (¥ n, XN, | 44/), Which
is a generalised Choi state of ® [Il [BI]. As such, Cy, is entangled, as established by Lemma By exploiting the
fact that a two-mode Gaussian state is entangled if and only if it is not PPT [I} 2, B3], it thus follows that Cl, is
not PPT. Since any two-mode Gaussian state that it is not PPT is also distillable [34] — i.e. it can be converted into
ebits with a strictly positive rate — we conclude that K(®, Ng) > Q2(®, Ng) > 0. O

In the following, we provide an alternative, more explicit proof of the above result. We start by proving the following
lemma.

Lemma S11. Let ® : G(L*(R)) — &(L3(R)) be a single-mode Gaussian quantum channel and let Ny > 0. Sup-
pose that f (Id@P(|U N, XUn,|)) < 0, where |Uy.) is the two-mode squeezed vacuum state defined in and f is
the function defined in Lemma . The energy-constrained two-way capacities Qo(P, Ng) and K(®, Ns) are strictly
positive. In particular, the (unconstrained) two-way capacities Q2(P) and K(P) are strictly positive.

Proof. Since the state Id @®(| ¥y, ¥y, |) is a two-mode Gaussian state, we can apply Lemma [ST]to conclude that it is
entangled. Consequently, since any two-mode Gaussian entangled state is distillable [34], then Id @ P (|, X ¥ n.]|) is
distillable. Hence, by exploiting (S20]), we deduce that Q2(®, Ny) > 0. In addition, implies that K(®, Ny) > 0.
Finally, since the energy-constrained capacities are lower bounds on the corresponding unconstrained capacities, we
conclude that the unconstrained two-way capacities of ® are strictly positive. O

The forthcoming Theorem determines the parameter region of ¢ > 1 and A € [0,1] where the composition
Ngx = Py 008y between pure amplifier channel ®, o and pure loss channel &) o has strictly positive (EC) two-way
capacities. In particular, we show that the (EC) two-way capacities of J; » are strictly positive if and only if / » is
not entanglement breaking.

Theorem S12. Let A € [0,1], g > 1, and Ny > 0. The energy-constrained two-way capacities Qa2(Ny x, Ns) and
K (Mg, Ns) are strictly positive if and only if (1 — X)g < 1, i.e. if and only if N  is not entanglement breaking. In
particular, the same holds for the unconstrained two-way capacities.

Proof. Suppose that (1 —A)g > 1. Then Lemma implies that // ) is entanglement breaking and hence [35] its two
way-capacities vanish.

Now, suppose that (1 — \)g < 1. Let us check that the hypothesis of Lemma is fulfilled, i.e. we need to check
that f (Id @M (¥ N, {¥nN,|)) <0, where |¥y,) is the two-mode squeezed vacuum state defined in and f is the
function defined in Lemma Let us calculate the covariance matrix of the state

Ida @My (U N XV N,

Aar)
(S113)

’ ’ ’ ’ T
= Trp, s, {(u DU P @ UXPE) (W U, | yar @ 10X0]5, @ 10X0] 5, (14 @ U P 0 U ) ]
with respect the ordering (A, A’, E1, Es). By using (S27) and (S44)), one can show that the covariance matrix of

! ’ 7 !’ T
(1,4 QUA P U E) U n N, |0 @ [0)0] 5, @ [0)O] 5, (1,4 QUAP U E) (S114)



16

with respect the ordering (A, A’, By, Es) is

(Lo Sy @ 1) (2@ 5)) (V(IUNXUN,|44) @ V([0X0]) & V(J0XO]) (126 ST) (12 @ ST @ 1) , (S115)
where
- VA1, O2x2 V1—=Aly
Sy = O2x2 1, O2x2 (S116)
—VT=X1y 0axa VA1
and Ogy9 = 8 8 . Hence, since V (Id4 @y (¥ N, XV N, |4 4.)) is the 4 x 4 upper-left block of the covariance matrix

in (S115)), one can show that

2N + 1)1, 2y/gA\Ns(Ns + 1)o,
V (Ida @M, x(|U N, NP ) = ( ) S117
( A g,)\(| N5>< NslaA )) (2 g)\Ns(Ns+1)Uz [29(1+)\Ns)_1]12 ( )
where we used and (S11)). Consequently, since

S (Ida @A (N NYN, | 4a/) = —16N(1 + Ns)g (1= (1= A)g) , (5118)

and since (1 — X)g < 1, we have that f (Ida @y x(|[Yn, X¥nN,|44/) <0, i.e. the hypothesis of Lemma is fulfilled.
Hence, Lemmaimplies that the energy-constrained two-way capacities of ./ y are strictly positive. This concludes
the proof of Theorem In Remark []] we will provide an alternative proof. O

In the forthcoming Theorem [S13] we obtain a lower bound on the two-way capacities of a quantum channel ® :
S(L?(R)) — &(L3(R)) by introducing a protocol to distribute ebits though ®. The idea of such a protocol is the
following. First, Alice prepares states of the form

[Oare) ag = c0) 4 0) 4 + V1 =2 [M), M), (S119)

where M € INT and ¢ € (0,1). Then, she sends the halves A’ to Bob trough ®, who makes a measurement on each
half in order to project his half onto the span of {|0), |M)}. Then, Alice and Bob run k& times the P1-or-P2 recurrence
protocol [16] on the resulting states. After this, Alice and Bob run the improved hashing protocol introduced in [I7]
in order to generate ebits. Let R(®, M, ¢, k) be the rate of distributed ebits of this protocol. A lower bound on Q2(®)
(and hence on K(®)) can be obtained by maximising R(®, M, ¢, k) over M € N*, ¢ € (0,1), and k € IN.

Theorem S13. Let ® : G(L*(R)) — &(L*(R)) be a quantum channel which maps a single-mode system A’ into
another single-mode system B. The EC two-way capacities Q2(P, Ng) and K (®, Ny) satisfy the following lower bound
K(@,Ng) > QQ(éaNS) > sup R(®7M7 ¢, k)7
c€(0,1), MENT, keN (S120)
(1—-c?*)M<N,

and, in particular, the unconstrained two-way capacities satisfy

K(®) > Qo(®) > sup R(®, M,c, k),
(@) 2(®) ce(0,1), MeEN+, kelN ( ) (S121)
where
P m
R(®, M, c, k) =B (D, c, M) t;g I (g s Qo1 Q0 s A1) - (S122)

Fized c € (0,1), M € NT, and k € N, the quantities present in (S122)) are defined as follows. € (®,c, M) is defined

as
G (P, c, M) :=Tr[1a @y Ida @P(|Var,eXWnrel 440)] (S123)

where Iys := [0X0| 5 + [M)YM|g and the state |Vas ) 4 0 45 defined in (S119). Let us define for all m,n € {0,1} the
(0)

coefficients ammn as

(o8 | ap 14 ® s 1da @O (1 Ware)Warel) 1a @ Las [in)) 45 (S124)

€ (®,c, M) ’

olf), =
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where |’(/J£n]\741)>AB is defined as

[Wan) ap = \[Z )™ |iM) s @ |(j @ n)M) g . (S125)
For allt € {0,1,...,k — 1} and all m,n € {0,1} the coefficients a( D and P, are defined in the following way:
o If agg) < aéfl), then
1 1
t+1) . t t
av(nn ) = Ft Z 7(71)1n Sn)2n> (8126)

ml,mgzO
mi@ma=m

where

; Z(Za )2. (S127)

n=0

o Ifa >aé) then

1

1
t+1) . t t
gnn )= P Z 1(71)71104571)712 ) (8128)

t ni,n2 =0
ni1@dne=n

where
21: (ZO‘ > ) (S129)
m=0

For all ago, a1, 10, 11 > 0 with agg + o1 + a1g + a11 = 1, the quantity F (aoo, o1, 10, @11) 18 defined as
I (g, o1, 10, @11) = max (Y (oo, o1, 10, 011), Y (00, 10, @01, @11), Y (o1, oo, @10, 1)) (5130)
where the function'Y is defined in (S21J).

Proof. We introduce a protocol to distribute ebits through the channel ®, which depends on three parameters: M €
Nt c € (0,1), k € N. Our lower bound on Q2(®, N,) in can be obtained by optimising over these parameters
the rate of ebits of such a protocol. The lower bound on the other EC two-way capacities follows from . The
steps of the protocol are the following.

-Step 1: Alice prepares ng copies of the state [¥ps ) 4 4, in and she sends the halves A’ to Bob through the
channel ®. Hence, Alice and Bob share ng copies of the state Idg @@ (|Uar,c X Vas,c)-

-Step 2: Bob performs the local POVM {II;;,1 — I/} on each pair Ida @@ (| s, X ar,c|), where Iy := |0)0] +
|M)YM]. If Bob finds the outcome which corresponds to I/, then Alice and Bob keep the pair, otherwise they discard
it. They keep the pair with probability

G (P, c, M) :=Tr[1s @ 1da @P(|ar, XV as,e

)] (S131)
At this point, Alice and Bob shares = ng € (P, ¢, M) pairs. Each of these pairs are in the state p’ given by

. 14Ty Ida@P(|UnreXPare|) 1a @ Iy
p (D, c, M) '

(S132)

Note that the support of p’ is equal to Span{|0) ®10), |0)®|M) ,|M)®|0),|M)®|M)}. For simplicity, in the following
we will use the notation |1) = |M). This formally corresponds to consider the state p” := Uy @ Upy p’ Ug/[ ® U]TVI,
which is obtained once both Alice and Bob have applied the unitary

o

Un =Y )il + [1XM]| + M1 (5133)
i#{0,M}
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on the remaining state p’. Hence, since the support of p” is equal to Span{|0) ® |0),[0) ® [1},]1) ® |0),]1) ®|1)}, in
the following we consider transformations which act on qubit systems.

-Step 3: For each of the ~ ng € (P, ¢, M) pairs, Alice and Bob choose randomly two bits p,v € {0,1} and they
both apply the unitary o,, defined by

1

0 = (=1 [i @ )il (S134)

=0

(in terms of the Pauli matrices it holds that o9 = 12, 001 = 04, 010 = 0, and 011 = ioy). Hence, each pair is
transformed into the state py defined by

1
1
Po 1 Z Oy @ Oﬁu) P" (Uuy & O’;w)T . (8135)
w,v=0

By exploiting the fact that the Bell states defined in [S1| form an orthonormal basis, one can show that p is diagonal
in the Bell basis:

1

PO = Z 0) |wmn><¢mn| (8136)
m,n=0
where the coefficients a( ) are given by
a0 = (Wl 0" o) = (W10 WD) (S137)

with |w£,%)> being defined in

-Step 4: Alice and Bob run the following sub-routine, which is a recurrence protocol dubbed PI-or-P2 [10].
e Step 4.0: Let t = 0.

e Step 4.1: At this point, all the pairs are in the state p;. Alice and Bob collect all the pairs in groups of two

pairs. Let p( 151 denote the first pair of each group and let pgAQBQ) denote the second one. If agg) < a(()tl), then

Alice and Bob apply the bi-local unitary U; defined as
Uy = Unor ® Unot (S138)
where for all S = A, B the operator Uéng?r) is the CNOT gate on S7 and S with control qubit S, i.e.
USNGY 10)s, @ li)s, = lids, ® i @ ), - (S139)
Otherwise if a§3 > aé) they apply the bi-local unitary Us defined as
Uy = (HA @ HBY (Ui o ulB By (HA) @ HA) @ HPY @ HB2)) (S140)

where for all S = Ay, As, B, Bs the operator H®) on § is the Hadamard gate, i.e.
(S) 1 mn
H Z [n)Xm|g . (S141)

At this point, the state of A1 A3B1 B> is

p§A1AzB1B2) — U (AlBZ) ®p (A2B2) Ug . (8142)

(t)

with p = 1 if 0410 < oy, and p = 2 otherwise.
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e Step 4.2: Alice and Bob measure the pair A»B; of each group with respect to the local POVM {M; ;}; jef0,13
with M; j == [i)i] 5, ® |7)}jlp, for all i,j € {0,1}. Then they discard the pair A;By. They discard also the pair
A1 By if the outcome of the previous measurement corresponds to M; ; with ¢ # j. The probability that a pair
A1 By is not discarded is given by

1
. . A1A2B1B . .
=Y ila, (il Teaus, o255 fi) 0, i), - (S143)
=0

By using that for all kq, ko, j1, j2 € {0,1} it holds that

AlA B1 B
UNG? @ USRS raia) a,m, @ [Wkaia) a, 5y = [Vks ko in) a, 3, @ [Vka, juia) a, (S144)

and that
H(A) X H(B) |’(/)k1j1>AB = (_1)k1j1 |¢j1k1>AB ’ (8145)

one can show that P; can be expressed as in (S127]) if agto) < a(()tl), and as in (S129) otherwise. At this point, the
number of remaining pairs is

t
1
~ 0B (P, ¢, M) s II P~ (S146)

m=0

and each of these is in the state p;11 given by

. ) A1A3B1By) |; .
Ly~ by Gy, A iy i),
Pr41 = 2 : _ (A A2BiBa) | _ (S147)
i=0 1TA, B, <Z|A2 <Z|B2 Pt ‘Z>A2 WB2
By using (S144)) and (S145f), one can show that
1
Pt+1 = Z O‘%jz_l) [Vmn XPmnl (5148)

m,n=0

where the coefficients a,(ﬁ#) are given by (S126) if agto) < a(()tl), and by (S128)) otherwise.
e Step 4.3: Let t =t + 1.
e Step 4.4: If the condition ¢ < k is satisfied, then go back to Step 4.1.

Before introducing Step 5, let us recall that if the improved hashing protocol of [I7] is applied on states of the form
p= szzo @ [1i;)(i;| then it can generate ebits with a yield Y (a0, a1, @10, 011) given by . Note that such a
yield is not invariant under permutations of the variables aqq, a1, @10, @11- Hence, one may achieve a yield which is
larger than Y (ago, o1, @10, @11) by applying suitable bi-local unitaries, which suitably permutes the Bell states, just
before running the improved hashing protocol. Since the yield function Y (o, ao1, @10, 11) satisfies

Y (ago, o1, 10, 11) = Y (0, o1, 00, 11)
Y (a0, ao1, 10, a11) = Y (@0, 11, @10, @01) (S149)
Y (ago, @01, @10, 1) = Y (1, 00, 011, 10)

then by permuting the four variables a;; it is possible to obtain at most three different values of the rate function,
which are: Y(Oloo, a1, 10, Oéll), Y(Oto(), 10, 01, 0411)7 and Y(Ot()l, oo, X10, 0411). Let us define the function ¥ as

I (ago, o1, 10, @11) »= max (Y (ago, a1, @10, @11), Y (@0, 10, 201, @11), Y (o1, 0, 10, 011)) - (S150)

Note that at the beginning of Step 5, the number of remaining pairs is

k—1
1
~ o (P, e, M) op 11~ (S151)
t=0
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and each of these is in p, = Z:n’nzo o), [V XV |-
-Step 5: If f(ozga), aé’?, ozglf)), aﬁ)) = Y(a(()lf)), agg), aé];), agﬁ)), then both Alice and Bob apply the Hadamard gate

defined by (S141)). Therefore, in this case, the state of each of pairs becomes
(H® H) pr, (H® H)' = age) [Yoo)boo| + ) [tor)tor| + oy [10)tbno] + oy [r1 e (S152)

where we have exploited (S145|). If J(aélg), aé’i), agﬁ), 04(1]?) = Y(agli), oz(()]f)), 045’8), aﬁ)), then both Alice and Bob apply
B, = 12_#, where g is defined by (S134]), and hence the state becomes

(Bx ® By) pi (Bx ® Ba)' = ol [wooXtboo| + by [ tor| + alh) [wroXwbio] + iy [on e - (5153)
-Step 6: Alice and Bob run the improved hashing protocol of [17], which can achieve the yield & (ozgg), oz((ﬁ), agg), aﬁ) ).
Hence, in the end, Alice and Bob can generate a number of ebits equal to

k—1
—o b k) (k) (k) _(k
~ g B (@, e, M) 7 (o) agy o, ag)) (8154)
Since the channel @ is used ng times (during Step 1) to send the ng halves of the state |¥ s ) , 4/, the rate of distributed
ebits of the presented protocol is

k—1
t=0 P

C(P,c, M) X

k) (k) (k) (k
J(O‘go)v O‘E)l)’ O‘go)v 0‘51)) : (S155)
Since the local mean photon number of |[Was ) 44, is (1 — ¢®)M, the rate in (S155) is a lower bound on the energy-
constrained two-way quantum capacity Q2(®, Ny) for all M € N*, ¢ € (0,1), k € N such that (1 — ¢?)M < N,. The
optimisation over these parameters of the rate in (S155]) leads to the lower bound on Q2(®, N;) in (S120)). In addition,

since K(®, Ny) > Q2(®, N,) thanks to (S16), we have proved (S120). By taking the limit Ny — oo of (S120)), the
lower bound on the unconstrained two-way capacities in (S121)) is also proved. O

In the forthcoming Theorem we apply Theorem to the composition Jj \ = @, 0 & between pure
amplifier channel ®, ¢ and pure loss channel &) .

Theorem S14. Let g > 1, A € [0,1], and Ny > 0. The EC two-way capacities Q2(Ny x, Ns) and K(Ny x, Ns) of the
composition Ny y = @y 008Ex o between pure amplifier channel and pure loss channel satisfy the following lower bound

K(‘/Vg,)nNs) EQQ(/Vg,)\aNs) > sup ‘%(g7AaM767k)a
c€(0,1), MENT, keEN (S156)
(1—c?*)M<N,

and, in particular, the unconstrained two-way capacities satisfy

K(WMyx) 2 Qa( Ny n) > sup R(9,\, M, c,k), (S157)
c€(0,1), MENT, keN

where

R(g, A\, M, c,k) = R(Ny\, M, c k), (S158)

with the quantity R(Ny x, M, c, k) being defined in Theorem . The quantities € ( Ny x,c, M) and aﬁ,%, which appear
in the definition of R(Ny x, M, c, k) in Theorem can be expressed as

1

%(-/Vg,)ng M) = Z Ci an,Mn,Ml(g7 )‘) )
n,l=0
1 14+min(y—z,0) (S159)

1
o - - E § _1ym(z+y)
Qmn 2%(-/,/9)\76,1%) 5706971714'96—1/ 61/597171 ( 1) Y CICyJMLMy:Ml(g’)‘) ’

z,y=0 |=max(y—z,0)

where ¢y = ¢, ¢1 = V1 —¢2, fnii(g,A) is defined in (S79), and 65, denotes the Kronecker delta.
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Proof. (S156) and (S157) follows by applying Theorem to My . We only need to show the expressions of

G (Mg, c, M) and aﬁ,% in (S159). In this proof we use the notation introduced in the statement of Theorem By
using (S78)), we deduce that

1 [e%s}
Tda @My A (1P areXParel) = > > nCifarnin (g, ) |Mn)Mi| , @ |14+ M(n —i)Xi| 5 . (S160)
n,1=0 =M max(i—n,0)

Consequently, it holds that

1 14min(i—n,0)
1a @y Jda @M a(Ware)Wnre)Ia @y = > > encifarmarinn(g, \) [Mn)YMi| , @ [M(1+n — i) M| .

n,i=0 [=max(i—n,0)

(S161)
By inserting this into the definition of € (4} x,c, M) in (S123) and of o), in (S124), one obtains the expressions
in (ST59). 0

B. Remarks

Let us consider the entanglement distribution protocol shown in the proof of Theorem applied to the the
composition Ny ) = Py 0 &) between pure amplifier channel @, and pure loss channel &) . After completing
Step 2 of this protocol, the entanglement distribution process is reduced to an entanglement distillation protocol on
the two-qubit state reported in . We will denote thls two-qubit state as p(g A Me) , where M € Nt and ¢ € (0,1)
correspond to the constants appearlng in the state in (S119)) that Alice produces durlng Step 1. The natural question

that arises is: ” Under what conditions is p(q’/\’M c distillable?” In Remark [I| we answer this question.

Remark 1. p(g MM o distillable if and only if X and g satisfy the inequality (1 —X)g < 1, meaning that Ny x is not
entanglement breaking. This provides an alternative proof of Theorem [ST3

Proof. By exploiting (S161]), for all g > 1,\ € (0,1), M € INT,c € (0,1) the state in (S132)) can be expressed as

14min(i—n,0 . .
oottey | Sh g SO e fagn a9, ) [Mn)(Mi y @ ML+ n— )M

i (S162)
ZnJ:O n an,Mn,Ml (9, )\)

where ¢g == ¢, ¢1 := V1 —¢?, and f,,;.1(g,A) is defined in (S79)). Consequently, it holds that

(9,\,M,c) _ 1 )
P ¢ fo,00(g, \) [0X0] , ® [0)0]
w Zvlz,lzo 2 farn,mn, (g, A) [ A B

+ ¢ fo,0,m(g, M) [0)0] , @ [M)YM]| 5

+ eV 1 —c2fonmm(g,A |0><M|A ® [0XM| g (5163)
+ev1—c®far0(g,A) |[M)X0], @ [M)0| 5

+ (1= faaroly, ) |M><M|A ® |0X0] 5

+ (1= ) faraaar (g, A) [MYM ], @ [MYM| 5],

(g)\Mc)

Hence, the matrix associated with the partial transpose on B of pj , written with respect the basis {|0), ®

|O>Ba|0> ®M)p,|M),®[0)p,|M),®[M)g}, is

sz0,0,0(ga )\> 0 0 0

1 0 e fo,0,m (g, N) ev1—c2fo (g, N) 0

Zil 0 €2 fain v, (g, A) 0 V1= far00(9,A) (1 =) farmolg, N , 0
0 0 0 (1 =) far,mnm(9, A)

(g,\,M,c) .

It follows that py5 is not PPT if and only if

I21,0,0(9, A) far,ar0(9, A) < fonrar (g, A) fo,0,01(9, A) - (S164)
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The definition of f. . ) in - yields
g—1HM
Joon (g, ) = (glﬂ\zy
1-\M
fao(g,N) = (g)’ (S165)
AT
fonnr(9,A) = far0,0(9,\) = T
g 2

Consequently, (S164]) establishes that p(g AMoe) s not PPT if and only if (1 — A)g < 1, independentely of ¢ and M.

The fact that any two-qubit state is distillable if and only if it is not PPT [36] implies that pffjg)"M’C) is distillable if
and only if (1 —\)g < 1 for all ¢ € (0,1) and all M € IN*.

Let us now show that this fact constitutes an alternative proof of Theorem i.e. let us show that the energy-
constrained two-way capacities Qa2(Hy x, Ns) and K (4, x, N) are strictly positive if and only if (1 — X)g < 1, i.e. if
and only if // » is not entanglement breaking. The entanglement distribution protocol’s Steps S1 and S2 imply that

for all Ny > 0 it holds that Qa(Ayx, Ns) > Eq (pffj;\’M’c)) for any ¢ € (0,1) and M € IN* satisfying (1 —c?)M < N,.

Here, E,4(-) denotes the distillable entanglement. As we have proved above, if (1 — X)g < 1 then the state p(q’/\ Mee)

distillable, i.e. Ed(pff]’;"M’c)) > 0. This implies that if (1 — A)g < 1, then the energy-constrained two-way Capa(:ltles
of Wy x are strictly positive, i.e. K (A x, Ns) > Qa(Hyx, Ns) > 0. Conversely, by exploiting Theorem and the
fact that any entanglement-breaking channel has vanishing two-way capacities, it follows that if (1 — X)g > 1 then
K(‘/Vg,,\):Qg(./Vg,,\):Oand hence K(./Vg YY) ) QQ( g,\s )—0 O

Remark |1| ensures that if the channel ./ » is not entanglement breaking, then the state p(g MM Ghtained at the

end of Step 2 is distillable for any M € INT and ¢ € (0,1). We now turn our attention to the state, denoted as

,(Liql’a/\ A (g’)‘ M) Tt s possible for this

operation to map distillable states to undistillable states, so we ask the question: ’ Under what conditions is aff;’M’c)

distillable?” In Remark [2| I we will demonstrate that for any A € (0,1) and g > 1, if Mg, is not entanglement breaking,
then for all M € IN* the state o ;" ) 4

, which is obtained at the end of Step 3 through Pauli-based twirling of p}

is distillable, where ¢ := \/ﬁ This means that Alice and Bob can
g

choose the value of ¢ appropriately such that the Pauli-based twirling does not affect the distillability of the shared
state.

Remark 2. Let M € N*, XA € (0,1), and g > 1 with (1 — X)g <1 (meaning that N, x is not entanglement breaking).

Then, the state O'(g MME) g distillable, where ¢ := L

V1it(g-1)M "
Proof. After applying the Pauli-based twirling on the state p(g A M) , the resulting state aff]’BA’M’E) is transformed into
a Bell-diagonal form, that is
\M.e M M
M) = ji: pis 0w (S166)
4,7=0
where p;; <¢ \ g 2 M2) |¢ ) and {|w1(11'\/[)>,43}i»j€{071} are the Bell states defined in (S125). In particular, it

holds that

poo + P10 = (0] 4 (015 55 10) 4 10) g + (M| 4 (M| o353 |M) 4 M) 5
por — 11 = 2004 (015 P55 [M) 4 [M)

pot +pun = (04 (M| pG5"010) 4 M)+ (M] 4 0] p 53" [ M) 4 [0)
Poo — p10—2<0‘A<0|BPgAMC ‘M>A|M>B

(S167)

Lemma guarantees that if poy + p11 — |poo — p1o| < O then the state JS”’\ M%) ig distillable. By using (S163)
and (S167)), the condition po1 + p11 — |[Poo — P1o] < 0 is satisfied if and only if

& foom (g, N) + (1 — &) fararo(g, N) — 26V 1 — @ far00(g,\) <0, (S168)
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that is
Plg-DM+(1-2) 1 - )MgM —2e/1 -2 (\g)M/? <0, (S169)

where we have exploited (S165). By hypothesis, the channel /4  is entanglement breaking and hence (1 — \)g < 1,
as established by Lemma Consequently, for all g > 1 and A € (0,1) it holds that

Plg-—DM+ (1 -3) - NMgM —2e/1 - 20PM? < E(g— DM + (1 - 3) — 261 — (g — 1)M/?

2 (S170)
- (E(g _)M2 1 52) —0,
where we have used that ¢ := ——L——. Hence, for all M € N*, X\ € (0,1), and g > 1 with (1 — \)g < 1, it holds
\/m ’ ) y+)s )
that o(%M"9 s distillable. O

Lemma S15. Let {|ij)}; jefo1} be the Bell states defined in (S1). A convex combination of Bell states pap =
Zg,j:o Pij [ij Wiz is distillable if and only if poo + p1o < [po1 — P10l or po1 + P11 < [Poo — P10l

Proof. The matrix associated with pap = Z;jzo Pij |1ij)i;], written with respect the basis {|0), ® [0)5,|0) , ®
Vg, Da@0)p, 1) 4@ 1)g} s

Poo + P1o 0 0 DPoo — P10
1 0 P10 + P11 Pio — P11 0
2 0 P10 — P11 P1o + P11 0
Poo — P10 0 0 Poo + P1o
Its partial transpose on B is
Poo + P1o 0 0 P10 — P11
1 0 P1o + P11 Poo — P1o 0

0 Poo — P10 P1o + P11 0
P10 — P11 0 0 Poo + P1o

Hence, the state pap is PPT if and only if poo + p10 > [po1 — p1o| and po1 + p11 > |poo — p1o|- Consequently, the fact
that any two-qubit state is distillable if and only if it is not PPT [36] implies the validity of the thesis. O

C. Experimental challenges regarding our protocol

As demonstrated in the main text, applying our main result regarding the maximum tolerable excess noise to the
current Internet infrastructure shows that continuous-variable quantum key distribution is feasible if and only if the
fibre length is approximately less than 1000 kilometres. Hence, any practical QKD protocol, which is based on the
existing Internet infrastructure, must adhere to this fundamental limit. Furthermore, this limit of 1000 kilometres
can now serve as a benchmark for evaluating the quality of any new CV-QKD protocol, underscoring the significant
impact of our results on practical implementations.

The potential benefit of our protocol (presented both in the main text and in the proof of Theorem above) lies in
its faithfulness — it can distil entanglement (and hence generate secret keys) whenever the channel is not entanglement
breaking. With the current Internet infrastructure based on optical fibres, our protocol could theoretically achieve
the ultimate limit set by quantum physics of transmitting entanglement and secret keys over distances up to 1000
kilometres. This is a unique feature of our protocol, which stands in stark contrast with all existing entanglement
distribution and key distribution protocols.

While there exist CV-QKD protocols that are relatively easy to implement with current technology (capable of
distributing secret keys across optical fibres of at most 200 kilometres [37H41]), this is not the case for entanglement
distribution. Indeed, all known entanglement-distribution protocols are experimentally challenging with current
technology. For example, the best known entanglement-distribution protocol prior to our work [22] — i.e. the hashing
protocol applied to the Choi state of the channel — is not experimentally feasible.

Our protocol is an entanglement-distribution protocol and, as such, is experimentally challenging at present. We
emphasise that this limitation is not unique to our protocol but is a common challenge faced by all entanglement
distribution protocols due to current technological constraints. A major factor is the lack of a noiseless quantum
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memory, which makes it challenging to perform even a few iterations of a recurrence entanglement distillation proto-
col. Nevertheless, given the significant recent experimental advancements regarding quantum memories [42] [43] and
entanglement distillation [44H46], we are optimistic about the future experimental viability of our protocol. Hence,
we stress that, although our protocol is experimentally challenging with current technology, there is no way that a
protocol as simple as our ours will not be realisable in a few decades at worst.

Let us provide further details about a possible practical realisation of our protocol. To perform Step 1, it suffices
that Alice produces the state

|\II>AA/ — |O>A®O>A’;§|1>A®|1>A/ (8171)

in order to make the rate of the protocol faithful. However, without changing the rate (as explained below), Alice can
instead produce the NOON state [47]

WY, = 004 ®[1)4r +[1)4®1[0) 4/
AA \/i )

(S172)

which can be experimentally prepared [48] 49]. After Alice has sent the sub-system A’ through the channel to Bob,
Step 2 involves performing a non-demolition measurement with the POVM operator |0)0|; + |1)(1| 5. Although this
measurement appears challenging to implement experimentally, fortunately the problem has been studied already,
and several promising approaches do exist. Specifically, one may exploit either: the pre-certification scheme employed
in [50]; the coupling scheme between optical signals and trapped cold atomic gas designed in [51]; single photon filters
based on Rydberg blockade [52] [53] to implement single photon subtraction [54] [55]; single atoms inside an optical
cavity to perform single photon subtraction [56] [57]. After this non-demolition measurement, Alice and Bob share a
two-mode state in the subspace spanned by {|0)®10), |0)®]|1),[1)®|0),|1)®]|1)}. At this point, they can transfer their
state from the optical modes to a qubit solid-state platform (e.g., superconducting or trapped ion platform). This
transfer can be experimentally performed in several ways, for example by exploiting: the quantum-memory based
approaches introduced in [42] [43]; the aforementioned single photon subtraction methods [52H57], which map the
photonic state onto the atomic state; quantum transduction from optical to microwave photons that are compatible
with the superconducting qubits [68H60]. This means that only the first two steps of the protocol involve optical
platforms, which is advantageous because all the two-qubit unitaries used in the subsequent steps of our protocol are
much easier to experimentally implement in a qubit platform. To address the fact that Alice has sent the NOON
state in instead of the state in , she simply needs to apply the Pauli o, before initiating Step 3.

IV. MULTI-RAIL STRATEGIES

In this section we introduce an additional protocol for distributing ebits across the piBGC .4} y by combining
and optimising the multi-rail protocol introduced in [61] and the qudit Pl-or-P2 protocol introduced in [16]. To
begin, we will establish some notation and we will prove a useful lemma. For any K € IN with K > 2 and any
n:=(ny,...,ng) € INK | we denote as |n)A1‘”AK the following K-mode Fock state with total photon number equal
to ||nl1:

0) 4, A = n1)a, ®IN2) 4, @@ nK) 4, s (S173)
where we have used the notation ||n||; := Zszl nj. For any N, K € Nt with K > 2, let us order the set
{In) 4, 4, : m€N¥ ||l = N} (S174)

according to the restricted lexicographic ordering. More formally, the relation < is defined as

K K
M)A, a4 DM g 4, = an (N+1) < ij (N+1). (S175)

j=1 j=1



25

The set has (NJF]IV(*l) elements, and for all n = 0,1,..., (Nﬂ{,(*l) — 1, we define the state |¢£1N))A1H.AK as the nth
element of the ordered set. For example, if N = 2 and K = 3, we have that

165)) A, aya, = 1004, ®10) 4, ©12) 4,
|¢g2)>A1A2A3 =100, ® 14, @ )4,
|¢52)>A1A2A3 =10)a, @24, ©10) 4, » (S176)
|¢g2)>A1A2A3 = 1) 4, ®10) 4, ® 1) 4,
|¢E;2)>A1A2A3 =104, @104, @10)4,
|¢£’>2)>A1A2A3 =124, ©10) 4, ®10) 4, -

In addition, for all N, K € N with K > 2 let us define the following state of K + K modes Ay, ..., A, A}, ..., A

()
1
._ (N) (N)
UNK) A, A AL Ay, E z_% 60 ) ay.ooa, @O0 g ay
1N (S177)
= Ty 2 M @M
N nelN
[Infli=N
which is a (N +]{f 71)-dimensional maximally entangled state that corresponds to the subspace of the Hilbert space of
K modes with total photon number equal to N. Moreover, let us define for all K, F € IN the projector H%K) onto the
subspace of K modes A1,..., Ax whose total photon number equals F', i.e.
K
M = 7 |mymly, L, -
e (S178)
[m[,=F

The following lemma will be useful in order to calculate the rate of our entanglement distribution protocol.

Lemma S16. Let A € [0,1],g > 1,N € N,K € N*, and n € N¥ such that ||n|; = N. Assume that Alice transmits
the K-mode Fock state |m) to Bob via K parallel uses of the piBGC Ny x == ®g0 &\ o and suppose further that Bob
measures the total photon number of the K received modes. The probability Pr that Bob gets the outcome F € IN is

min(F,N)

g =[] =S () (F5 T et sim)
P=0

In particular, note that Pr depends on m only through the total photon number ||n|y = N. Specifically, if the
communication channel is the pure loss channel &y o = A1 x, the probability of getting the outcome F € N is

[ ) ] = ()47 (1= 0o - F). (5180)

where we have introduced the Heaviside function ©(x) defined as O(x) =1 ifx > 0, and O(x) = 0 if x < 0. In addition,
if the communication channel is the pure amplifier channel ®40 = N, 1, the probability of getting the outcome F' € IN
18

-~ _ {\F-N
T (@3 (i) O] = (K;ij 1) %@(F-N). (S181)

Therefore, the probability Pr in of getting F photons at the output of K parallel uses of the composition
between pure loss channel and pure amplifier channel can be expressed as the sum over P € IN of the conditional
probability of getting F photons at the output of the K pure amplifier channels conditioned on the event of getting P
photons at the output of the K pure loss channels, multiplied by the probability of the latter event.
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Proof. As a consequence of (S98]), for all n € IN it holds that

n
LAY/ n—l
Snala = 3 (7)o ($152)
and hence
Ko,
1ens \j=1 "
1<n
where the inequality between vectors a > b means that a; > b; for all j = 1,..., K. Consequently, by using that
2% 19 = 1 it holds that
K - K K K
Pr =T [0 (855 (mim))) (7| = 7w [@ff (Mg (nym)m” ) m|
P,P'=0
N Koo (S184)
_ n K
=S aa-n"" 3 (I (lé) Tr [@%(mm) ! )} .
P=0 1eNK J=1 J
1<n
=P

Moreover, (S99) implies that for all I € IN it holds that

oIt = v Z (”m) (;>m|m+l>(m+l (S185)

and hence
250 (D) = —prre > H(J . J) () m -+ 1){m +1] . (S186)
meNk \j=1 J g
Consequently, it holds that
5K () mE] = W=D " T (L
T [egi guan 0] = Foe— > TI(7 ") (s187)
melNX =1 J
[m|,=F-P

The sum

) f[l (lj zmj> v (S188)

melN
|m|,=F-P

which appears in (S187)), is the coefficient of the term z¥~F of the power series Q(z) in the variable z € (0, 1) defined
as

o= % (TI("5™) ). (5189)
meN® \j=1 !

By exploiting that for all [ € IN it holds that

2 (") i)

m=0
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< +m; K = Li+m K 1
meNX \7=1 ! j=1 \m= =i (S191)
B i <P+K+m—1> m
m=0
It follows that
K
l; —i—mJ _(K+F -1
> II( )—( F_p )WF_P) (5192)
meN¥  j=1
[m|=F-P
and hence
g-DFP/K+F—1
o [og (oo 0] = U (R e - p. (s198)

where we have introduced the Heaviside function ©(x) defined as O(x)

Consequently, (S184}) implies that

min(F,N) F—pP K
_ I e S -
D I e e D Sl 1 [
P=0 1leNE J=1
1<n
I,=P
min(F,N) _
— Z N )\P(li)\)pr(g_]‘)F P K+F—]‘
2 \p gK+F F-pP )

where in the last equality we have exploited that

=P

lifz >0, and ©(z) = 0 if z < 0.

(S194)

(S195)

This follows from the fact that the sum in (S195)) is equal to the coefficient of the term z¥ of the following polynomial

in the variable z € R:

Ko, K N N
> Il<f> le:Iﬂl+@”:ﬂl+mN=§:<l)ﬁ
leNE \Jj=1 J Jj=1 1=0

1<n

Remark 3. Here we present an alternative method to calculate the probability Pp reported in (S179).

(S196)

O
For all

x € (0,1) let us consider the tensor product of K thermal states with mean photon number 1=, i.e.

=(1-2)% Y 2l

leNK

Consequently, the quantity
P =T [ A5 (|mj]) 10|
of the power series P(x) in the variable x € (0,

g T [ (i) 2]

is the coefficient of the term xf’

P(x) =

(S197)

(S198)

1) defined as

(S199)
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By using the characteristic function properties reported in , , (S72), and the fact that the characteristic

1v41)|r)?

function of a thermal state T, is X, (r) = e , one obtains that for any single-mode state p it holds that

d2r d2I‘ _1 _ x rl?
Te [Hya(p) 7s | = / o Xt () Xr e (1) = / S Xe(VgAr)em i Gomeri )i

2 2m T—x
1 d?r
o g>\ R2 2

(S200)

_ 1 (94— o 2 1
Xp(T)e 7o (20— 42725 ) I = —Tr|p To—or+0+gr-g) | -
g gx(d-2)

Hence, by exploiting (S190) and the fact that ||n|y = N, the power series P(xz) can be expressed as

o) — 1 )l 9K g =N+ (14 gh— g)x]™
Plz) = <1—x>K<gA>K“[' A >] = (g DavK

— i Z;)u Lo —g)F(1— )\)N—Pg—P—KxPi (N+ Kl— 1 +l) (g_1>le'

=0 9

(S201)

It follows that
min(F,N)

N\(N+K+F-P-1 _1)F-P
Pr = PZ::O <p)< i ;7}3 >(1+g/\—g)P(1—A)N‘P(ggF+)K. (S202)

Incidentally, by comparing the two expressions of Pr in (S179) and (S202), one deduces the following identity:

ST @) S G ()

(S203)

Let us now introduce an additional entanglement distribution protocol to distribute ebits across any piBGC A ».
The protocol depends on two parameters, K, N € INT with K > 2, and it is composed of five steps named S1-S5,
which we now outline.

S1: Alice prepares the state |\I'N,K>A1 A, AL A of K + K modes Ay,..., A, A, ..., A%, sending the systems

Al ..., Al to Bob through K uses of the channel ./, . Now Alice and Bob share the state Id 4, .. 4, ®/Vg§)f((|\I/N’K><\I/N’K\).
By using (S78]), such a state can be expressed as

Ida, . a, @V (1UN kWY N k)

K
1 . . S204
akcez= I D DEED DI U | RN [ECPNVET RS S PR (5204)
N nelN®  jeN¥ leN ¥ j=1
Infi=N [ili=N 1>max(i—n,0)

where 0 € IN¥ is the zero vector and the inequality between vectors a > b means that a; > bjforallj=1,... K.

S2: Bob performs the local POVM {H%K)} FeN, wWhere H%K) is the projector onto the subspace whose total photon
number equals F' (see (S178))), on the K modes he has received. The probability of getting the outcome F' is
denoted by &Pr and it can be calculated as

K 1 K
Pr ="Tr [(1A1...Ak & H% )) (IdAl,,,Ak ®/’@(’8AK<I\I’N,K><‘I’N,K|))} = W Z Tr {H% )‘/V‘q(?)\K(ln><n|):|

N nelNX

=N

min(F,N
_ (Z VNN (K +F -1 )\P(l_)\)N—P(g_l)F_P
= P F—-P gK+F ’
(S205)
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where we have exploited Lemma The post-measurement state pg) A,.B,...5, conditioned on the outcome

F € N is given by

(£
PA,..AyLB:1...By,

1
= <1A1...Ak ® H%K)> (IdAl...Ak ®‘/Vg§>>\K(|\IjN7K><\IIN,KD) (1A1...Ak ® H%K))
F
K
1 . .
= g (CEY ZN PO, Hf (9:0) | Wil ae @ 1040 =85, e g0

lelN
[nli=N [lijli=N  [lL=F
1>max(i—n,0)

(N+]{’(71)_1 (F+;§71)_1
N F F
= > Y il a2 10Ky,
n,i=0 h,1=0
where for all n,i =0,1,..., (N+]f,<_1) —1landall h,l=0,1,..., (F+II§_1) — 1 the coefficient ¢, ; 5, is defined as

follows. Let n,i,h,1 € INK such that [¢$")) = n), |¢!™)) = |i), [6{")) = |h), and |¢\"") = |1). If1 > max(i—n, 0)
and h =1+ n — i, then

(TSs S0 )

g}F(NJr]IV(*l) ’

(S207)

Cn,ih,l =

otherwise ¢, ; 5,1 = 0. By setting

d::max<<N+§_1),<F+§_l>> , (S208)

the resulting state in (S206|) can be seen as a bipartite two-qudit state ,0542 € 6(Hq ® Hy) of the form

d-1
F )
s =D i |nkil g )l (5209)
n,i,h,l=0
where H,4 is the qudit Hilbert space with {|0),|1),...,|d — 1)} as an orthonormal basis, and where the coeffi-
cients 1, ; 5,1 are defined as follows:
e ifn,i < (Nﬂf,(*l) —1and h,l < (Fﬂ{f*l) — 1, then 0y i h.1 = Cni s

e otherwise, 0y, i 4,1 = 0.

Consequently, Alice and Bob have reduced the problem in distilling ebits from the two-qudit state pE4FB).

S3: Now Alice and Bob decide whether or not to run the reverse hashing protocol, which can distil ebits from p(AFB)
with a rate equal to its reverse coherent information, i.e.

Le(p)) = S(Trp p5)) = S(04)) (5210)

where S(-) denotes the von Neumann entropy. By exploiting that

(HE )
1

Trp PE4FB) = @ Z In)n|, (S211)
N n=0

as guaranteed by (S206) and Lemma it follows that the reverse coherent information can be calculated as

d—1
N+K-1 ,
relpf =tos, (VTN T =5 [ X manalnkil i) (212
Ny h,l=0
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If Alice and Bob choose to run the reverse hashing protocol, the protocol terminates. Otherwise, they apply the
qudit Pauli-based twirling reported in [I6, Eq. (18)] in order to transform their state in a Bell-diagonal state of

the form
Z Al SO NG a (5213)
m,n=0
where
= ‘
[0S 4 = —= D> T 1), @ |(r —n) mod d) (S214)
\/a r=0
and
1 e 2rm(ry — 1)
F 2 —T1
asfﬁ()) = < mn| P( ) |wmn> - d Z €os <d> Nry,ra, (ri—n) mod d, (ro—n) mod d * (8215)

T1,72 =0

S4: Alice and Bob run & times the P1-or-P2 sub-routine for qudits [I6], where k is chosen in order to maximise the
ebit rate. The goal of this step is to bring the shared state closer to the d-dimensional maximally—entangled state

Wj(d)) This step is successful, i.e. the protocol is not aborted, with a probablhty of success equal to H (F)

and it allows Alice and Bob to transform 2* copies of pflg) = Zm 0 olh \1/1(d) X 7(7(37)1‘,43 in a state of the form

Z bt SN - (5216)
m,n=0
For all t € {0,1,...,k — 1} and all m,n € {0,1,...,d — 1} the coefficients S and the probabilities Pt(F)
are recursively defined in the following way [16]:
o If Zml =0 5516) < Zi o éit) then
1 d—1
ag ) = o > agetalnl), (S217)
t mi,ma2=0

(m14+ms2) mod d=m

where
d—1
Pt(F) — Z alFt) o (Ft) (S218)

min —-maon
mi,mg,n=0

e Otherwise,

d—1

1
Fit+1) _ Fit F,t

a1 = p(F) > O i » (S219)

t ny,me2=0

(n14+n2) mod d=n
where
d—1
F
B i= 3T ol (8220)
m,ni,n2=0

S5: Alice and Bob distil ebits from the state p, 5 /(ER) _ Zi 0 55,1’“) \w(d) X 7%)1 | g With a yield denoted as Jd(a(F*E))

by running the following protocol:
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o If d = 2, then Alice and Bob run the Step 5 and Step 6 of the entanglement distribution protocol introduced
in the proof of Theorem in order to distil ebits from p%;’k) with a yield equal to

Jz(a(F’fc)):: j(a(F,/_ﬁ) O[(FJQ) (Fk) (Fk)) (S221)

00 »®1 %0 5011
where 7 is defined in (S130)).

o If d > 2, then Alice and Bob run the hashing protocol on p4

equal to the coherent information of p éf;k) ie.

BB and thus they distil ebits with a yield

B d—1 B )
Ta(aFR) = I (p{5Y) = logy d+ > alliF log, alEP). (5222)
m,n=0
The ebit rate of the protocol is given by
e k-1 P(F) _
R(g,\,N,K) := Z Pp max <[rc(p54 ), sup t;kfjd(a@k))) . (S223)
F: keN

The term % in the expression arises from the fact that Alice uses the channel K times during step S1, and the
variable F' corresponds to the outcome of the total photon number measurement in step S2, with associated probability
Pr. T he sum over F' equals the expected value of the yield of ebits that can be distilled from the post-measurement
state p, B) by running steps S3, S4, and S5. The maximum comes from the fact that during step S3 Alice and Bob
choose whether or not to run the reverse hashing protocol, which can distil ebits with a rate equal to Irc(pf4 5)- The
supremum over & comes from the fact that Alice and Bob choose the number of iterations k of the P1-or-P2 subroutine
in order to maximise the rate. The rate in is a lower bound on the two-way quantum capacity of the piBGC
Ny for all N, K € NT with K > 2. Therefore, we have

K(WM,2) > Qa( Ny 2)> sup R(g,\N,K).
(43) 2 @2 H2) 2 sup Ry ) ($224)
K>2

Let us summarise this result in the following theorem.

Theorem S17. For all A € [0,1] and g > 1 the secret-key capacity K (N, x) and the two-way quantum capacity
Q2(Ny.) of the piBGC Ny x satisfy

K(My\) > Qa(Myn) > sup R(g,\,N,K),

N,KeN+* (5225)
K>2
where
HE—l pE) _
R(g,\,N,K) Z Ppmax | I sup tzgiktfd(a(ﬂk)) . (S226)
keN

The quantities present in (S226|) are defined as follows. For all F' € N the dimension d is defined as

b (V) (FEY) -~

and the probability Pr is defined as

min(F,N)

- N\ /K+F-1 _ (g—l)F_P
P = PZ::O (P)< Fop )AP(I—/\)N PW. (S228)

Moreover, the probabilities PI—EF) and the coefficients {aﬁ,f,;’;)}m,ne{o,l’,,,,d,l} are recursively defined as follows. For all
t€{0,1,...,k—1} and all m,n € {0,1,...,d — 1} it holds that:
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(Ft
i [f Zml 0 m10) < an Oa0n1)f then

d—1

1
Fit+1) . Fit Fit
L B ]
t my,mo=0
(m1+m2) mod d=m (8229)
d—1

mi,mz,n=0

e Otherwise,

d—1

1
D DI L
Pt ny,m2=0
(n14+n2) mod d=n (8230)
d—1
F
Pt( ) = Z ’ST}L:"I’Ltl) aﬁfntz) .
m,ni,n2=0
Moreover, for allm,n € {0,1,...,d — 1} the coefficient agﬁo) is defined as
(F,0) 1 it 27Tm( ro — 7‘1)
Ay’ = d Z COs # Nry,ra,(ri—n) mod d,(ro—n) mod d - (8231)
7r1,72=0
In addition, for allm,i €0,1,..., (Nﬂf,(*l) — 1, we define (n1,...,nx) and (i1,...,ix) as the nth and ith element of
the ordered set Sk n, where Sk N is defined as
K
S = {(f1,--, fx) ENF 2 Y f = N} (5232)
j=1
and it is ordered according to the relation <k n, given by
K K
(f1re oo f) BN (g15-9K) <= ) SN+ <> g (N +1)7. (S233)
j=1 j=1

Additionally, for all h,1 € {0,1,..., (FJFII,{*l) — 1}, we define (hy,...,hk) and (11, ...,lk) as the hth and lth element
of the set Sk p ordered according to the relation <p n. Furthermore, for allm,i,h,l € {0,1,...,d—1} the coefficients
Mn,i,h,l are defined as follows:

o If
N+K-1
, < -1
e ()
F+K-1
hl< -1
, _( I > , (S234)
l; > max(i; —n;,0) forallj=12,..., K,
hj:lj+nj—ij forallj:1,2,...,K,
then
K
< g ,)\)
Mosisht = (Hjlffvfzﬁj_(f ! : (5235)
*@F( N )

where fn.i1(g, ) is defined in (S79)).
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o Otherwise, 1y, ip,1 = 0.

Moreover, the quantity Iﬁf) 1s defined as

I = log

TC

d—1
N+K-1 .
TGRS E I S R (s236)

n,i,h,l1=0

where S(-) denotes the von Neumann entropy. Finally, the term fd(a(F’E)) is defined differently depending on the
value of d:

o Ifd =2, then
£(aFR) = 7 (i ol oy, alf), (5237)
where F is defined in .
o Ifd > 2, then
— d—1 — —
T TR = log, d + Z 'R Jog, allk) (S238)
m,n=0

V. RESULTS ON THE TWO-WAY CAPACITIES OF PIBGCS

In this subsection, for each of the piBGCs, first we determine the parameter region where the two-way capacities
vanish, second we find a new lower bound on the two-way capacities, and finally we compare our results with the
existing literature.

A. Results on the two-way capacities of the thermal attenuator

Let us consider the thermal attenuator &) , of transmissivity A € [0,1] and thermal noise v > 0. Since the PLOB
bound in (S32)) vanishes for A < —+ it is already known that the two-way capacities of &) , vanish for A < 41 The
following theorem establishes that also the vice-versa is true.

Theorem S18. Let A € [0,1], v > 0, and Ny, > 0. The energy-constrained two-way capacities of the thermal
attenuator Q2(&x ., Ns) and K(&x,, Ns) vanish if and only if X < %5, i.e. if and only if &\, is entanglement
breaking. In particular, the same holds for the unconstrained two-way capacities.

Proof. Theorem is a direct consequence of Lemma [S4] and Theorem O

The validity of Theorem was not known before the present work. Indeed, in [30, [62] the authors says that it is
an open problem to determine the exact value of the maximum tolerable excess noise, which is defined by

e(A) == ¥ max{v >0 : K(&.,) > 0}. (S239)

Theorem implies that £(A) = 1 for all A € (0,1). Hence, we have answered to the question, which was deemed
“crucial” in [30 Section 7], “What is the maximum excess noise that is tolerable in QKD? ILe., optimizing over all
QKD protocols?” In [30, 62] the authors showed, by applying the PLOB bound, the upper bound e(\) < 1 and
provided also a lower bound on £(\) which was far from 1.

Except for the special case v = 0, it is an open question whether the reverse coherent information lower bound
in Eq. [S34] equals the true two-way quantum capacity of the thermal attenuator Q2(&),,): Theorem provides a
negative answer to this question. Indeed, although Q2(&),) = 0 if and only if A < —*= (thanks to Theorem ,

v+1
Mv). Hence, since 1 — 27M*) > #_1 for

all v > 0, the reverse coherent information lower bound is not equal to Q2(&»,) at least in the region v > 0 and
A€ (#_1, 1-— 2*"(”)]. In the following theorem we obtain an improved lower bound on the two-way capacities of the
thermal attenuator.

the reverse coherent information lower bound vanishes for all A < 1 — 2~



34

Theorem S19. Let A € [0,1], v > 0, and Ny > 0. The EC two-way capacities Q2(&x,, Ns) and K(&x ., Ns) of the
thermal attenuator &y, satisfy the following lower bound

A

K IJ?NS Z IJaNs Z 1 1- 77aM7 ’ )
(&, ) = Q2(8), ) sup 9?( + (1= Av 1+ (1— A ¢ k) (S240)

c€(0,1), MENT, k€N
(1—c®)M <N,

and, in particular, the unconstrained two-way capacities satisfy

K(%/\,V) > QQ(g)\,u) > sup R (1 + (1 - )‘)V7

,Afnzk) ) (S241)
ce(0,1), MEN+, kEN v

T+ (1—N)

where the quantity R is defined in (S158)).
Proof. Theorem is a direct consequence of Lemma [S4] and Theorem O

Theorem shows a new lower bound, reported in , on the two-way capacities of the thermal attenuator
&x,v. Our new lower bound outperforms all the previous known lower bounds in a large region of the parameters A and
v. In Fig. [lp and in Fig. we plot our new bound and its ratio with the PLOB bound, respectively, with respect to
v where the transmissivity is chosen to be equal to A\(v) i=1— 2-"") which is the upper endpoint for the A-range for
which the best known lower bound on Q2(&,,) (i.e. the reverse coherent information lower bound reported in (S34)))
vanishes. From Fig. and Fig. we see that for these choices of v and A(v), our new lower bound is now the best
lower bound on Q2(&) ) and it achieves the ~ 14% of the PLOB bound for v > 1. For example, if v = 1 and if the
transmissivity is equal to A = 1 — 27"1) = (.75, our new lower bound is ~ 0.033, its ratio with the PLOB bound
is ~ 0.08, and the optimal parameters of the supremum present in the expression of our new bound in are
¢~ 0.703, M =2, and k = 2. In Fig. We plot our new bound on Q2(&) ) with respect to A for » =1 and v = 10.

Our new bound can outperform also the best known lower bound (before our work) on the secret-key capacity
K(&,,,) found by Ottaviani et al. [23]. To demonstrate that our new bound can be strictly tighter than the Ottaviani
et al. lower bound, in Fig. [3] we plot the latter bound and our new bound with respect to A for v = 1 and v = 10.
From Fig. 3] we note that the Ottaviani et al. lower bound vanishes for larger transmissivities than our bound. In
particular, fixed v > 0, we numerically observe that our new bound is strictly positive for all A > =, which is the
region where the two-way capacities of &) , are strictly positive, as established by Theorem As an example, for
v =1, in Fig. [l we plot the ratio between our bound and the PLOB bound in logarithmic scale and we see that our
bound is strictly positive for A 2 =1 = 0.5. In addition, fixed v > 0, we numerically observe that the optimal value
of k of the supremum present in the expression of our new bound in increases as A decreases and tends to
infinity as A tends to %5, where we recall that k represents the number of iterations of the P1-or-P2 sub-routine [16]
in the entanglement distribution protocol we have introduced in the proof of Theorem

We numerically observe that for all A and v the optimal choice of M of the supremum present in the expression of
our bound in is always less or equal to 3. Hence, since the mean photon number of each signal sent by Alice
is Tr[ata |Ware)(Warel] = (1 — c*)M (see (S119)), the entanglement distribution protocol we have presented in the
proof of Theorem exploits a mean photon number per channel use which is strictly lower than 3. On the contrary,
the entanglement distribution protocol which leads to the reverse coherent information lower bound in requires
infinite mean photon number per channel use, as we reviewed in

Theorem shows also the bound in , which constitutes a new lower bound on the EC two-way capacities
of the thermal attenuator &) ,. This new lower bound can outperform the NPJ lower bound [24] reported in (S38)),
which is the best known lower bound on the EC two-way capacities of the thermal attenuator, as we show in Fig. [5|
where we plot our new bound in ((S240|) with respect to A for different choices of v and of the energy constraint Nj.

By using the results of Section [[V] in the forthcoming Theorem we show an additional lower bound on the
two-way quantum capacity of the thermal attenuator &) , .

Theorem S20 Multi-rail lower bound. For all A € [0,1] and v > 0 the two-way capacities of the thermal attenuator
&\, satisfy

A
K(&\,) > Qa(&2,) > R(1+(1-Ny,———— NK),
(&rw) = Q2(8r) o, ( ( )V1+ﬂfAW ) (S242)
K>2

where the quantity R is defined in (S226)).
Proof. Theorem is a direct consequence of Theorem and Lemma [S4} O
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Theorem shows an additional lower bound on Q2(&) ), that we dub ‘multi-rail lower bound’. This bound is
the ebit rate of the entanglement distribution protocol presented in Section [[V] which combines the multi-rail protocol
introduced in [61] and the qudit P1-or-P2 protocol introduced in [16]. In Fig. [f| we plot both the multi-rail lower
bound (reported in ) and our previously discussed lower bound (reported in ) as a function of A for
v=0.1,v=0.5, v =1, and v = 10. Our numerical investigation shows that for v < 1, the multi-rail lower bound is
tighter than the previously discussed lower bound, as confirmed by Fig. [6]

B. Results on the two-way capacities of the thermal amplifier

Let us consider the thermal amplifier @, , of gain g > 1 and thermal noise v > 0. Since the PLOB bound in (S49)
vanishes for g > 1 + %, it is already known that the two-way capacities of ®,, vanish for ¢ > 1 + % The following
theorem establishes that also the vice-versa is true.

Theorem S21. Let g > 1, v > 0, and Ny > 0. The energy-constrained two-way capacities of the thermal amplifier
Q2(®4,.,Ns) and K(®g,, Ns) vanish if and only if g > 1+ %, i.e. if and only if @4, is entanglement breaking. In
particular, the same holds for the unconstrained two-way capacities.

Proof. Theorem [S21]is a direct consequence of Lemma [S4] and Theorem [S12} O

Except for the special case v = 0, it is an open question whether the coherent information lower bound in Eq.
equals the true two-way quantum capacity of the thermal amplifier Q2(®y ,): Theoremprovides a negative answer
to this question. Indeed, although Q2(®,,) = 0 if and only if g > 1+ % (thanks to Theorem , the coherent
ﬁ. Tfh(y) for all v > 0, the coherent
information lower bound is not equal to Q2(®,,,) at least in the region v > 0 and g € [;=5y,1 + 1), In the
following theorem we obtain an improved lower bound on the two-way capacities of the thermal amplifier.

information lower bound vanishes for all g > Hence, since 1 + % >

Theorem S22. Let g > 1, v > 0, and Ny > 0. The EC two-way capacities Q2(Pg4 ., Ns) and K(P,,,Ns) of the
thermal amplifier ®, ., satisfy the following lower bound

g M, c k

K((I)gyajvs) Z QZ((bg,lnNs) 2 sup R <g + (g - 1)1/’ m7 s &y ) ) (8243)

c€(0,1), MENT, keN
(1—c?*)M <N,

and, in particular, the unconstrained two-way capacities satisfy

9

K(®g,) > Q2(Py,) > sup R <9 + (g — v, I+ (g— 1)

M, c, k) ; (S244)
ce(0,1), MEN*, kelN

where the quantity R is defined in (S158)).
Proof. Theorem is a direct consequence of Lemma [S4] and Theorem O

Theorem shows a new lower bound, reported in 7 on the two-way capacities of the thermal amplifier ® .
Our new lower bound outperforms all the previous known lower bounds in a large region of the parameters g and
v. In Fig. [fh and in Fig. [Tp we plot our new bound and its ratio with the PLOB bound, respectively, with respect
to v where the transmissivity is chosen to be equal to g(v) := ﬁ, which is the lower endpoint for the g-range
for which the best known lower bound on Q(®,,) (i.e. the coherent information lower bound reported in (S50))
vanishes. From Fig. [Th and Fig. [7b we see that for these choices of v and g(v), our new lower bound is now the best
lower bound on Q2(®y,,) and it achieves the ~ 14% of the PLOB bound for v > 1. In Fig. [§ we plot our new bound
with respect to g for v =1 and v = 10.

Our new bound can outperform also the WOGP-bound [27], which is the best known lower bound (before our work)
on the secret-key capacity K(®,,). To demonstrate that our new bound can be strictly tighter than the WOGP
lower bound, in Fig. [9] we plot the latter bound and our new bound with respect to g for » = 1 and v = 10. From
Fig. [9] we note that the WOGP lower bound vanishes for smaller values of g than our bound. In particular, fixed
v > 0, we numerically observe that our new bound is strictly positive for all g < 1+ %, which is the region where the
two-way capacities of ®,, are strictly positive, as established by Theorem [S2I] As an example, for v = 1, in Fig.
we plot the ratio between our bound and the PLOB bound in logarithmic scale and we see that our bound is strictly
positive for g S 1+ 1 =2.
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C. Results on the two-way capacities of the additive Gaussian noise

Let us consider the additive Gaussian noise A¢ of parameter £ > 0. Since the PLOB bound in (S61) vanishes for
&€ > 1, it is already known that the two-way capacities of A¢ vanish for £ > 1. The following theorem establishes that
also the vice-versa is true.

Theorem S23. Let £ > 0, and Ny > 0. The energy-constrained two-way capacities of the additive Gaussian noise
Q2(A¢, Ng) and K (A¢, Ng) vanish if and only if € > 1. In particular, the two-way capacities Q2(A¢) and K(A¢) vanish
if and only if € > 1.

Proof. Theorem is a direct consequence of Lemma [S4] and Theorem O

It is an open question whether the coherent information lower bound in Eq. equals the true two-way quantum
capacity of the additive Gaussian noise Q2(A¢): Theorem provides a negative answer to this question. Indeed,
although Q2(A¢) = 0 if and only if £ > 1 (thanks to Theorem [S23)), the coherent information lower bound vanishes
for all £ > % Hence, the coherent information lower bound is not equal to Q2(A¢) at least in the region § € [é, 1). In
the following theorem we obtain an improved lower bound on the two-way capacities of the additive Gaussian noise.

Theorem S24. Let { € [0,1) and Ny > 0. The EC two-way capacities Q2(A¢, Ns) and K(A¢, Ns) of the additive
Gaussian noise A¢ satisfy the following lower bound

1
K(A£7N9)ZQ2(A55N9)Z sup %(1+555M767k) )

c€(0,1), MEN*, kEN 1+¢ (5245)

(1—-c?*)M<N,

and, in particular, the unconstrained two-way capacities satisfy

1
K(AE) EQZ(Af) 2 sup =%<1+€77M703k> ’ (8246)
c€(0,1), MEN+, kN 1+¢
where the quantity X is defined in (S158)).

Proof. Theorem is a direct consequence of Lemma [S4] and Theorem O

Theorem shows a new lower bound, reported in (S246[), on the two-way capacities of the additive Gaussian
noise A¢. Our new lower bound outperforms all the previous known lower bounds in a large region of the parameter
&, as it can been seen from Fig.
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the reverse coherent information lower bound reported in (S34). The green line is the PLOB upper bound reported in (S532)).
These bounds are also bounds on the secret-key capacity K(&x,.).
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