
DMRG/FQ: A Polarizable Embedding Approach Combining Density
Matrix Renormalization Group and Fluctuating Charges
Matteo Rinaldi, Chiara Sepali, Alicia M. Kirk, Claudio Amovilli, and Chiara Cappelli*

Cite This: J. Chem. Theory Comput. 2026, 22, 1811−1822 Read Online

ACCESS Metrics & More Article Recommendations *sı Supporting Information

ABSTRACT: We present an integrated multiscale framework that
combines the Density Matrix Renormalization Group (DMRG)
with a polarizable fluctuating-charge (FQ) force field for the
simulation of electronic excited states in solution. The method
exploits the capabilities of DMRG to accurately describe systems
with strong static correlation, while the FQ model provides a self-
consistent and physically grounded representation of solvent
polarization within a QM/MM embedding. The DMRG/FQ
approach is applied to representative solvated systems, using
extensive molecular dynamics sampling. The method yields reliable
excitation energies, solvatochromic shifts, and a close agreement
with available experimental data. The results highlight the
importance of mutual polarization for capturing specific solute−solvent interactions, particularly in systems where hydrogen
bonding or directional interactions play a dominant role.

1. INTRODUCTION
Accurate modeling of electronically excited states in complex
environments remains a central challenge in theoretical and
computational chemistry.1−10 In condensed-phase systems,
solvent polarization and specific solute−solvent interactions
can significantly alter the electronic structure of a chromo-
phore,11−16 thereby affecting spectroscopic signatures, photo-
chemical reactivity, and charge-transfer processes. Capturing
these effects requires multiscale approaches capable of
simultaneously treating electron correlation in the quantum
region and the dynamic response of the surrounding
environment.8,9,17−20

A widely adopted strategy for incorporating environmental
effects consists of using continuum embedding models, such as
the Polarizable Continuum Model (PCM) and its variants.21,22

These approaches describe the solvent as a polarizable
dielectric medium defined by macroscopic parameters,
providing an efficient and physically motivated route to
account for bulk electrostatic polarization. PCM-based models
have been successfully applied to many excitation phenomena,
including the description of vertical excitation energies and
solvatochromic shifts.23−27 However, their intrinsic nature
prevents them from capturing specific, localized solute−solvent
interactions, such as hydrogen bonding, π−π stacking, or
structural rearrangements within the first solvation shell. As a
consequence, continuum treatments can underestimate envi-
ronmental contributions when short-range interactions play a
dominant role.22

To address these limitations, quantum mechanics/molecular
mechanics (QM/MM) embedding schemes provide a more

detailed representation of the environment by treating the
solute at a QM level and the solvent explicitly at a classical
MM level.28 In their simplest fixed-charge formulation, QM/
MM models can already capture structural and energetic
features arising from specific solute−solvent contacts.29−32

Their accuracy is substantially enhanced when polarizable MM
models are employed,2,33−36 as they allow the MM environ-
ment to respond to the QM electron density. This mutual
polarization is essential for correctly describing directional
interactions such as hydrogen bonds, charge−dipole couplings,
and the stabilization of charge-transfer excited states.37 Among
the various formulations, the coupling of QM wave functions
with the Fluctuating Charge (FQ) force field38,39 has emerged
as particularly attractive due to its physical grounding in charge
equilibration principles and computational efficiency.13,17,33

The Density Matrix Renormalization Group (DMRG) offers
a robust wave function-based method for treating systems that
exhibit pronounced static correlation, especially when large
active spaces are required.40−45 Its tensor-network formulation
in terms of matrix product states (MPSs) and matrix product
operators (MPOs),46 together with orbital optimization,
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enables a flexible and accurate representation of the multi-
configurational electronic wave function.40,47,48

Extending DMRG to solvated systems, therefore, neces-
sitates embedding schemes capable of handling both the long-
range solvent response and localized interactions at the
solute−solvent boundary. One possible strategy for incorpo-
rating environmental polarization effects in DMRG consists of
a fully quantum-mechanical treatment, in which the environ-
ment surrounding the DMRG subsystem is kept frozen and
represented by an effective embedding potential.49 This
approach is known as Frozen Density Embedding (FDE)50

and environmental polarization is taken into account through
iterative freeze-and-thaw cycles.51 WFT-in-WFT52 embedding
strategies based on a DMRG wave function have also been
proposed, most notably within the framework of Density
Matrix Embedding Theory (DMET).53−55

Environmental polarization effects can also be incorporated
by employing DMRG to describe the quantum-mechanical
region within a QM/MM framework, as demonstrated in the
work of Hedegård and Reiher which, to the best of our
knowledge, represents the only previous attempt to introduce
MM polarization in DMRG.56 It relies on a polarizable
embedding based on induced dipoles.57 The calculations
reported in ref 56 were performed within a DMRG-CI
framework (i.e., not within a self-consistent field scheme),
while dynamical correlation effects were accounted for through
a short-range DFT correction using the DMRG-srDFT
ansatz.58 Despite the individual successes of DMRG and
polarizable QM/MM techniques, their integration for the
simulation of excited states in solution has remained limited.

In this work, we propose an integrated DMRG/FQ
multiscale methodology, and we specialize it to the calculation
of electronic excitation energies in solution. The method
couples a fully optimized DMRG wave function with a
polarizable FQ environment within a QM/MM formalism,
allowing for mutual electrostatic polarization between the two
subsystems.

The paper is organized as follows: the next section briefly
recalls the fundamentals of DMRG in the MPS-MPO
formulation and the FQ force field. Then, the DMRG/FQ
coupling is discussed. After a section explaining the computa-
tional protocols, the performance and capabilities of DMRG/
FQ approach are illustrated on the calculation of excitation
energies of representative solvated systems, including acetone
in aqueous solution and a merocyanine dye (DCBT, see
below) in acetonitrile, using extensive molecular dynamics
sampling to characterize the distribution of excitation energies.
A brief section summarizing the main results of this study ends
the presentation.

2. THEORY
In this section, the DMRG method in the MPS-MPO
formulation and the super-CI approach, used for orbital
optimization, are briefly recalled. Then, after a brief
presentation of the fluctuating charge (FQ) force field, the
coupling between DMRG and FQ is discussed.
2.1. The DMRG Method in the MPS-MPO Formulation

The DMRG method was originally developed for the study of
one-dimensional lattice systems.59,60 Its first formulation, based
on renormalized blocks, was later introduced into quantum
chemistry.41,48,61,62 More recently, the modern formulation

relying on matrix product states (MPSs) and matrix product
operators (MPOs) has been widely adopted.40,42,46,63−65

The derivation of DMRG starts from the Complete Active
Space Self Consistent Field (CASSCF) wave function, which,
for an active space of L orbitals, can be written as66,67

| = |C . . . L
,... ,

. .. 1

L

L

1

1
(1)

where σi denotes the occupation number of the i-th orbital, and
C ... L1

is the CASSCF coefficient tensor. The number of
parameters in this wave function scales as 4L. The
corresponding molecular Hamiltonian operator is

= +H h E g E E E
1
2

( )
pq

pq pq
pqrs

pqrs pq rs rq ps
(2)

where hpq and gpqrs denote the one- and two-electron integrals
in the molecular-orbital basis and Êpq is the singlet excitation
operator that acts on the molecular orbitals p and q.

In the modern formulation of DMRG,40 the CASSCF wave
function is expressed as an MPS, by performing L successive
singular value decompositions (SVDs) of C ... L1

, yielding:

| = ··· |M M M . . . L
,... ,

1

L

L

1

1 2

(3)

where the dimension of each matrix M i resulting from the
SVD is truncated to M, referred to as the maximum bond
dimension.46 This truncation reduces the number of wave
function parameters to 4LM2, thus lowering the scaling from
exponential to polynomial.

This approach also requires representing operators in matrix
product form.46 In the MPO formalism, the Hamiltonian in eq
2 becomes
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The expectation value of Ĥ is then:
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This expression can be simplified by defining the so-called
left boundaries (L) and right boundaries (R) as follows:46,65
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(7)

As a result, the Hamiltonian expectation value takes the
form:
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To variationally minimize the energy, a constrained
minimization that preserves the normalization of the wave
function must be performed. This is achieved by taking the
derivative with respect to each tensor *Ma al l

l
1

, leading to the
following generalized eigenvalue problem:46,65

=H M E ML R

a a b b

b b a a
b

a a a a
b

DMRG a a
,

, , ,
l l

l l l l

l l
l l

l l
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l l
l

l l
l

l l
l

1 1

1 1 1
1

1 1

(9)

which is solved using sparse eigensolver techniques, such as the
Jacobi−Davidson algorithm. The procedure is performed for
each tensor (or for each pair, if a two-site algorithm is
employed40,65), moving back and forth in a process called a
sweep, until convergence is reached.46

In CASSCF calculations performed with DMRG, the MPS
optimization replaces the calculation of CI coefficients, while
the orbital optimization is performed by resorting to specific
techniques such as the super-CI approach.66,67

In this framework, the orbital optimization is achieved by
satisfying the condition:

= |[ ]| = | | = | | =g H E HE H rs, 2 2 0rs
o

rs rs
( )

(10)

where =E E Ers rs sr and | = |rs Ers are the so-called
Brillouin states.66 Eq 10 is the result of the Brillouin-Levy-
Berthier (BLB) theorem, also known as the Extended Brillouin
Theorem.68−70 In case of DMRGSCF calculations, the sweep
process described above is alternated with the super-CI
procedure until convergence is achieved. This is the method-
ology implemented in Openmolcas,71,72 where the DMRG
solver is called from QCMaquis,65,73 to which Openmolcas is
interfaced.
2.2. The Fluctuating Charges (FQ) Force Field
The FQ polarizable force field,38,74 describes each atom in the
classical portion of the system in terms of a charge qiα that is
not fixed (such as in most classical force-fields) but
″fluctuates″ in response to the presence of the other portions
of the system. The total FQ energy functional is given by a
second-order Taylor expansion of the energy with respect to
charges:

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ

= +

+

E q
1
2

q T q

(q ) Q

i
i i

i j
i i j j

i
i

FQ ,
qq

(11)

In this expression, the (i, j) and (α, β) indices run over FQ
atoms and molecules, respectively. χiα indicates the atomic
electronegativity, while Ti j,

qq is the charge−charge interaction
kernel, whose diagonal elements Ti i,

qq are defined from the
chemical hardness ηiα. FQ specifically employs the Ohno
kernel,75 to avoid the so-called ″polarization catastrophe″. The

set of Lagrangian multipliers λα is introduced to constrain the
total charge of each FQ moiety to Qα, thus preventing
unphysical charge transfer effects. Note that FQ depends only
on two parameters, χiα and ηiα, which can be rigorously defined
in the framework of Conceptual Density Functional
Theory.76,77

FQ atomic charges are obtained according to the Electro-
negativity Equalization Principle (EEP).78 In practice, they are
computed by imposing stationarity conditions on the energy
functional with respect to the atomic charges and the
associated Lagrange multipliers, which leads to solving the
following linear system:33

i

k
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i
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i
k
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y
{
zzzzz=

†

T 1

1 0

q
Q

qq

(12)

where 1λ are rectangular blocks associated with Lagrange
multipliers.
2.3. The DMRG/FQ Approach

In line with previous studies of our group,17,33,79 the coupling
between DMRG and the FQ force field is carried out within a
quantum mechanics/molecular mechanics (QM/MM) frame-
work. Accordingly, the total energy of a system described by
the DMRG/FQ approach is given by

= + +E E E EDMRG FQ DMRG/FQ
int

(13)

where EDMRG is defined from eq 9 and EFQ from eq 11. In this
paper, the interaction term in eq 13 is formulated by limiting to
the electrostatic interaction between the FQ charges and the
quantum (DMRG) part, i.e.:

=E q V D( )
i

i iDMRG/FQ
int

(14)

where D is the QM one-particle density matrix, and Viα(D) is
the total electrostatic potential acting on the FQ charge qiα at
position riα. It is defined as

=
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D V VD
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pq pq i pq i
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q
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,
FQ

,
FQ

(15)

In eq 15, the first term is the potential generated by the
nucleus N with charge ZN located at the position RN. The
second term is the electronic potential expressed in terms of D.

Hence, from eq 13, the total DMRG/FQ energy functional
becomes
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(16)
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where P represents the two-particle density matrix. In line with
a previous study of some of us,17 a state-specific (SS) approach
is used to define the densities, i.e., one-particle and two-particle
density matrices come from a single selected state. The FQ
charges of eq 16 are obtained by minimizing the DMRG/FQ
energy functional with respect to FQ charges and Lagrange
multipliers λα. In this way, a linear system like that of eq 12 is
obtained, which is modified by accounting for the QM
potential as an additional polarization source:

i

k
jjjjjjj

y
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zzzzzzz

i
k
jjjj

y
{
zzzz

i
k
jjjjj

y
{
zzzzz

i
k
jjjjj

y
{
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†

T 1

1 0

q
Q

V D

0

( )
qq

(17)

Since the interaction term in eq 14 is monoelectronic, it is
inserted into the one-electron integrals of the molecular
Hamiltonian, resulting in the following effective Hamiltonian:

= [ + ] +†H h E g E E Eq V
1
2

( )
pq

pq pq pq
pqrs

pqrs pq rs rq ps
eff FQ

(18)

which will be expressed as an MPO. To minimize the energy,
analogously to eq 9, the effective Hamiltonian in eq 18�with
the inclusion of the explicit FQ contribution�is diagonalized
by solving the following generalized eigenvalue problem,
yielding the DMRG/FQ energy:

=H M E ML R

a a b b

b b
eff

a a
b

a a a a
b

DMRG FQ a a
,

, , ,

/
l l

l l l l

l l
l l

l l
l

l l
l

l l
l

l l
l

1 1

1 1 1
1

1 1

(19)

The eigenvalue problem in eq 19 is solved alternately with
orbital optimization and the calculations of the FQ charges
from eq 17, until energy convergence is achieved. Orbital
optimization is carried out by including the FQ contributions
in the orbital gradient used in the super-CI procedure, in a
manner analogous to the CASSCF/FQ approach described in
our previous work.17 The expression for the orbital gradient
including the FQ terms is given in eq 20, where the term grs

o( )

corresponds to the expression given in eq 10:

= + | |†g g E rsq V2rs
o

rs
o

pq
pq pqtot,

( ) ( )
0

FQ

(20)

In summary, a DMRGSCF/FQ calculation requires:

1 Computing starting orbitals;
2 Optimizing the MPS and obtaining the initial density

matrices, D(0) and P(0), through eq 9;
3 Computing the starting FQ charges q(0) from eq 17;
4 for k = 1, 2,··· until convergence:

a The MPS optimization and the density matrices
D(k), P(k) are computed with the inclusion of FQ
contributions through eq 19;

b The molecular orbitals T(k) are optimized with the
inclusion of FQ contributions in eq 20;

c The FQ charges q(k) are updated from eq 17;
d The SS-DMRGSCF/FQ energy is finally com-

puted by means of eq 16.

For brevity, hereafter, we denote DMRGSCF/FQ as
DMRG/FQ.

3. COMPUTATIONAL DETAILS
In this work, the vertical excitation energies of acetone in
aqueous solution and of the merocyanine dye 4-(dicyano-
methylene)-2-tert-butyl-6-[3-(3-butyl-benzothiazol-2-ylidene)-
1-propenyl]-4H-pyran (DCBT)80 in acetonitrile were com-
puted to assess the quality of the proposed approach. A
multistep protocol�adapted from previously established
methodology specifically developed for modeling spectral
signals of solvated molecules at the QM/MM level13�was
employed as follows:

Def inition of the system: The solutes (acetone and
DCBT) were treated at the QM (DMRG) level, while
the solvents (water and acetonitrile) were described at
the MM level, using the polarizable FQ force field.
Conformational Sampling: An accurate sampling of the
possible solute−solvent configurations in solution was
obtained by performing classical, nonpolarizable molec-
ular dynamics (MD) simulations over a time scale of
tens of nanoseconds. For acetone, a previous 20 ns MD
simulation of acetone in water (TIP3P) was utilized
(which employed customized parameters for acetone -
MDREFINED).81 For DCBT, a 30 ns MD simulation of
DCBT in acetonitrile (NVT) was performed with the
GROMACS package82 using the general AMBER force
field (GAFF)83 and acetonitrile parameters from
Kowsari and coworkers84 [see Section S1 in the
Supporting Information (SI) for further details].
Extraction of Structures: A set of uncorrelated snapshots
were extracted from the production phase of the MD
simulations of acetone and DCBT. For each config-
uration, a solute-centered spherical droplet was
generated using radii of 15 Å for acetone and 30 Å for
DCBT to retain the relevant solute−solvent interactions.
Example configurations for both systems are illustrated
in Figure 1.

QM/MM calculations: Vertical excitation energies were
computed for each configuration using the DMRG/FQ
approach implemented in a locally modified version of
OpenMolcas.71,72 For acetone, a full-valence (24,22)
active space and aug-cc-pVDZ basis set were employed,
and two different FQ parametrizations considered: FQa

from ref 38 and FQb from ref 79 To assess the influence
of solute−solvent polarization, additional nonpolarizable
ESPF calculations85 employing TIP3P86 charges were
performed. Moreover, CASSCF/FQa,b(12,10) calcula-
tions were carried out to evaluate the effect of expanding
the active space from (12,10) to a full-valence one on

Figure 1. Cross-sections of representative snapshots of (a) acetone in
water and (b) DCBT in acetonitrile. Solutes highlighted in green.
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the final results. For DCBT, the DMRG/FQb approach
was employed with a (30,27) active space and the results
were compared with CASSCF(8,8)/FQb. The 6−31G*
basis set was used.

Starting orbitals were generated at the HF/FQ level,
followed by Pipek-Mezey localization.87 MOs were
selected to define the active space with active orbitals
arranged according to Fiedler vector ordering.88−90 SS-
DMRG/FQ calculations were carried out for both the
ground state (GS) and the first singlet excited state
(ES). For computational efficiency, initial calculations
were performed for both states with a maximum bond
dimension of M = 100. Orbitals obtained from the GS
calculation were used as the initial guess of the ES
calculation. Subsequently, the optimized orbitals of each
state were used as starting orbitals for a more refined
calculation, increasing the maximum bond dimension to
M = 300, the results of which were used to compute the
vertical excitation energies. The Cholesky MEDIUM
option in OpenMolcas was used for acetone and the
RICD option for DCBT.
Analysis and ref inement: For each system, the excitation
energy in solution was calculated by averaging the
excitation energies over all snapshots. The solvatochro-
mic shift was then obtained by subtracting the excitation
energy in solution from the excitation energy in the gas-
phase. The vertical excitation energies in the gas phase
were computed for single structures optimized in the gas
phase: the geometry of acetone was obtained from ref 81
the geometry of DCBT was optimized with Gaus-
sian1691 at the MP2/6−31G* level of theory.

To validate the performance of the DMRG/FQ model,
benchmarking was carried out on a single structure of acetone
with two water molecules hydrogen-bonded to the carbonyl
oxygen (see Figure 2). A series of basis sets (6−31G*, cc-

pVDZ, and aug-cc-pVDZ), active spaces [(4,3), (6,5), (12,10),
and (24,22)], and solvation models (ESPF, FQa, and FQb)
were examined. Note that for the smaller active spaces,
sufficient values of M were selected corresponding to the
dimension of the active spaces: M = 100 for the (4,3) and
(6,5) cases, and M = 200 for (12,10), while M = 300 for
(24,22). For the active spaces up to (12,10), the HF orbitals
were used as the initial guess for both the GS and the ES
DMRG/FQ calculations whereas for (24,22) the protocol
reported above in point 4 of the list was employed. FQ
parameters for acetonitrile were taken from ref.79

4. RESULTS AND DISCUSSION

4.1. Model Validation

To validate DMRG/FQ, the n → π* excitation energy of
acetone in aqueous solution is taken as a reference. We
selected acetone in aqueous solution as a test system, as it
represents a well-established model widely used as a bench-
mark in the study of photochemical and photophysical
phenomena, including photoreactivity and photochromism-
related processes.81,92−94 Owing to its simple molecular
structure and well-characterized excited-state behavior, acetone
in water provides a reliable reference system for assessing the
accuracy and robustness of theoretical and computational
approaches aimed at describing solvent effects and light−
matter interactions. In particular, a representative structure is
considered in which two water molecules donate hydrogen
bonds to the carbonyl oxygen of acetone, as shown in Figure 2.
For this model structure, the excitation energy is computed
across a range of active spaces, basis sets, and solvent models.
Gas-phase results, obtained with the same basis set, active
space, and starting orbitals, will be taken as reference.

The (4,3), (6,5), (12,10), and (24,22) active spaces are
explored. The HF orbitals defining the first three active spaces
are shown in Figure 3 while (24,22) corresponds to the full-
valence space.

The (4,3) active space includes four electrons in the n
orbital antisymmetric with respect to the plane perpendicular
to the carbon skeleton, together with the π and π* orbitals.
The (6,5) active space is obtained by adding the carbonyl σ
and σ* orbitals to the (4,3) set. Further expansion leads to the
(12,10) active space, which includes the σ and σ* orbitals of
each C−C bond, as well as the symmetric n orbital. Finally, the
(24,22) (full-valence) space includes the remaining six σ and
six σ* orbitals associated with the C−H bonds. The lowest
values of the computed excitations were obtained with the
(4,3) active space (see Figure 4 and Table S1 in the
Supporting Information). As the active space expands to
(6,5) and (12,10) excitation energies generally increase;
however, a decrease can be observed for the full-valence
(24,22) space. This behavior reflects the increasing stabiliza-
tion of the ES relative to the GS as the active space approaches
the full-valence limit.

To assess the impact of polarization and diffuse functions on
the computed excitation energies, the 6-31G*, cc-pVDZ, and
aug-cc-pVDZ basis sets were employed. In addition, the
solvent environment was described using the nonpolarizable
ESPF approach85 and the polarizable FQ model for two
different parametrizations (FQa from ref 38 and FQb from ref
79). Regarding the basis set, a systematic increase in the
calculated excitation energies can be seen, moving from 6 to
31G* to cc-pVDZ and further to aug-cc-pVDZ (see Figure 4
and Table S1 in the Supporting Information). The effect is
most pronounced for FQb, the solvent parametrization that
yields the highest excitation energies. All excitation energies
calculated in solution are larger than the corresponding gas-
phase values, indicating a solvent-induced blue shift. This
solvatochromic shift increases when moving from the ESPF
model, which uses fixed TIP3P charges, to the FQa, and
subsequently FQb models. This increase can be explained by
considering the different parametrizations of the solvent
approaches: ESPF with TIP3P charges85 and FQa38 are
designed to reproduce bulk water properties, with FQa

additionally accounting for solute−solvent polarization. In

Figure 2. Representative structure of the model system that is
exploited to validate DMRG/FQ. Acetone is treated at DMRG level,
while two hydrogen-bonded water molecules are treated with FQ.
Hydrogen bonds are illustrated with blue dashed lines.
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contrast, FQb targets solute−solvent electrostatic and polar-
ization interactions79 leading to a stronger solvent effect.
Evidently, the choice of the active space and of the solvent
model (and its parametrization) plays a major role in
determining the computed excitation energies.

To end this discussion, it is important to note that for the
(4,3) and (6,5) active spaces, there is an inconsistency between
GS and ES optimized active orbitals. In the ES, the orbital with
n character is antisymmetric with respect to the symmetry
plane perpendicular to the carbon skeleton, as expected. In the
GS, however, the corresponding orbital is symmetric with
respect to the same plane (see Figure S2 in the Supporting
Information). To address this problem and enforce consistency
between GS and ES orbitals, GS calculations using (2,2) and
(4,4) active spaces were performed and compared to ES
calculations at the (4,3) and (6,5) levels, respectively (see
Table S1 and Figure S3 in the Supporting Information). In this
way, the symmetric n orbital is always kept in the core of the
DMRG calculation. All excitation energies for these active
spaces are reduced by about 0.05 eV compared to those
calculated with the (4,3) and (6,5) active spaces for both the
GS and the ES.
4.2. Acetone in Aqueous Solution

Based on the validation reported above, in this section
DMRG/FQ is applied to simulate the n → π* excitation of
acetone in aqueous solution, according to the protocol
reported in Section 3. Absorption energies are computed for
200 snapshots extracted from the MD trajectory using the
polarizable DMRG/FQa,b levels of theory and compared to
nonpolarizable DMRG/ESPF and CASSCF(12,10)/FQa,b

calculations (see Figure 5). The comparison with DMRG/
ESPF assesses the effect of mutual solute−solvent polarization,
while the comparison with CASSCF(12,10)/FQ aims to
evaluate the impact of expanding the active space from
(12,10) to the full valence limit. All calculations are performed
using the aug-cc-pVDZ basis set and localized HF starting
orbitals, with the (24,22) full valence active space and M = 300
for DMRG in accordance with the validation described in
Section 4.1. Convergence with respect to the number of frames
is evaluated by calculating the average excitation energies over
the first 50, 100, and 150 snapshots out of the total 200,

confirming that 200 snapshots are sufficient for reliable
convergence (Table S4).

The calculated absorption energies show large fluctuations
across the snapshots due to variations in the solute
conformations (see Figure 5) and the dynamic behavior of
the water molecules surrounding acetone. This broadening is
dependent on the solvent model used. Specifically, the spread
of excitation energy is 0.88 eV for DMRG/ESPF, 0.87 eV for
DMRG/FQa, and 1.05 eV for DMRG/FQb while the mean
excitation energies are 4.96, 4.89, and 5.06 eV, respectively
(see Figure 5 and Table S6). For a full report of mean, median,
mode, and standard error, refer to Table S2 in the Supporting
Information. These results highlight how different atomistic
approaches provide distinct descriptions of solute−solvent
interactions; however, the difference between mean and
median for all solvent models is approximately 0.01 eV,
suggesting nearly symmetric distributions in all cases.

The results obtained with the CASSCF/FQ (12,10)
calculations (see Figure 5 and Table S6) show a larger spread
of energy: 1.28 eV for CASSCF/FQa (mean = 5.30 eV), and
1.62 eV for CASSCF/FQb (mean = 5.69 eV). This broader
distribution likely reflects the variability in the active orbitals,
which results from their incompleteness relative to the full
valence case. Table S2 in the Supporting Information also
presents the mean, median, mode, and standard error of the
mean for the excitation energies for the CASSCF/FQ(12,10)
level of theory.

For water-to-vacuo solvatochromic shifts, all models yield a
blue shift, the largest for the FQb solvent model (see Figure 6
and Table S6). Compared to experimental values (0.22 eV95

and 0.21 eV96), DMRG/ESPF(24,22) and DMRG/
FQa(24,22) underestimate the solvatochromic shift, giving
0.12 and 0.05 eV, respectively. DMRG/FQb(24,22), however,
yields 0.22 eV, consistent with experiment. In contrast,
CASSCF/FQ(a,b)(12,10) overestimates the shift (0.29 and
0.68 eV), highlighting the advantage of a full-valence active
space over the smaller (12,10). These findings demonstrate
that combining a full valence active space calculation�
prohibitively large for conventional CASSCF�with the FQb

parametrization (which, as already reported above, is tailored
to reproduce solute−solvent polarization) provides the most
reliable description of the solvated system among those tested.

Figure 3. HF localized valence orbitals of acetone, which are employed as the initial guess in the DMRG calculations. Orbitals in the blue box
define the (4,3) active space; those in the red box define the (6,5) space; the full set displayed corresponds to the (12,10) space.
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Notably, although the computed excitation energies
qualitatively reproduce the experimental trends, the absolute
values in both the gas phase and aqueous solution remain
larger than experimental values due to the lack of dynamic
electron correlation in the DMRG and CASSCF calculations
(Table S6). The effect of dynamic correlation can be estimated
using the CASPT2 approach97 to improve quantitative
accuracy. Gas-phase CASPT2 calculations with the (12,10)
active space yield an excitation energy of 4.46 eV, in good
agreement with the experimental data reported in Table S6.
The dynamic correlation contribution, relative to CASSCF-
(12,10) (which yields an excitation energy of 5.01 eV),
amounts to 0.55 eV.

Additionally, the DMRG/FQ coupling completely neglects
solute−solvent nonelectrostatic interactions. In particular, we
have recently shown that solute−solvent Pauli repulsion is
particularly relevant for consistently modeling vacuo-to-water

Figure 4. Computed n → π* vertical excitation energies (eV) of
acetone in the gas phase and hydrogen-bonded to two water
molecules (single structure) for selected basis sets (6−31G*, cc-
pVDZ, and aug-cc-pVDZ), active spaces [(4,3), (6,5), (12,10), and
(24,22)], and solvation models (ESPF, FQa, and FQb). The number
in square brackets represents M, the maximum bond dimension.

Figure 5. Distributions of vertical excitation energies (eV) computed
for the n → π* transition of acetone in aqueous solution using (top)
DMRG/ESPF(24,22), DMRG/FQa(24,22), and DMRG/FQb(24,22)
compared to (bottom) CASSCF/FQa(12,10) and CASSCF/
FQb(12,10). All values refer to 200 snapshots. The mean excitation
energies are indicated by black dashed lines. [300] refers to the
maximum bond dimension M.
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solvatochromic shifts.98 Pauli repulsion is expected to confine
the QM density, thereby reducing the absolute value of the
solvatochromic shift.98−101 The inclusion of dynamic correla-
tion and nonelectrostatic terms within the QM/FQ framework
is therefore expected to provide quantitatively accurate
excitation energies and refine the computed solvatochromic
shifts.
4.3. DCBT in Acetonitrile
To demonstrate the applicability of the method to larger
systems, DMRG/FQ is applied to the simulation of the bright
π → π* excitation of DCBT80 in acetonitrile.

DCBT is a push−pull merocyanine dye featuring a strongly
conjugated donor−acceptor architecture (see Figure 7). Its
main applicative interest lies in its environment-dependent
fluorescence behavior, particularly the pronounced sensitivity
of its emission efficiency to solvent polarity and local molecular
surroundings.80 DCBT serves as a valuable model system for
investigating nonradiative decay pathways and excited-state
dynamics, enabling a deeper understanding of how molecular
structure and environment govern fluorescence quantum
yields. These insights are crucial for the rational design of
high-performance fluorophores with controlled emission
properties.

In line with the previous section, DCBT absorption energies
are computed on 200 snapshots at the DMRG(30,27)/FQb

and CASSCF(8,8)/FQb levels and convergence assessed as
described above for acetone (see Table S5 in the Supporting
Information). All calculations are performed using the 6−
31G* basis set and localized HF starting orbitals. The (30,27)
active space of DMRG includes all π orbitals orthogonal to the
molecular plane, as well as the π orbitals of the C−N bonds
lying in the plane. For each π orbital, the corresponding π*
orbital is also included, except for those associated with lone
pairs localized on heteroatoms O, S and N. The (8,8) active
space employed for the CASSCF calculation is limited to the π
orbitals on the polymethine chain. For DMRG, excitation
energies are obtained using a maximum bond dimension M =
300.

As with acetone in aqueous solution, the computed
absorption energy for DCBT in acetonitrile varies substantially
from snapshot to snapshot, reflecting the role of the different
geometrical arrangements of solvent molecules around DCBT
(see Figure 7). Specifically, the DMRG(30,27)/FQb excitation
energies span 1.29 eV around a mean of 3.32 eV (from 2.79 to
4.08 eV). Similarly, CASSCF(8,8)/FQb shows a spread of 1.35
eV around a mean of 3.50 eV (from 2.94 to 4.29 eV). The

values of the mean, median, mode, and standard error of the
mean of the excitation energies are reported in Table S3 of the
Supporting Information.

To compute the solvent-to-vacuum solvatochromic shift,
gas-phase references are taken from the excitation energies of
(i) the optimized structure (as reported in Section 3) and (ii)
the crystal structure reported in ref 80 DMRG(30,27)/FQb

provides excitation energies of 3.73 and 3.66 eV, correspond-
ing to shifts of −0.41 eV and −0.34 eV. For CASSCF(8,8)/
FQb, these values are 3.94 and 3.91 eV, with shifts of −0.44 eV
and −0.41 eV, respectively. Both models predict a red shift.
For this molecule, DMRG(30,27)/FQb and CASSCF(8,8)/
FQb yield similar solvatochromic shifts; however, the DMRG
approach is generally more robust, as it can accommodate
significantly larger active spaces.

These results can be compared with computed TDDFT/
IEFPCM values and experimental data reported in ref 80 as
well as with state-averaged SA(2)-CASSCF/C-PCM(6,5)
values27 (see Figure S4 in the Supporting Information for
more details on how these data were extracted).

Experimental gas-phase spectra of DCBT are not available in
the literature. Therefore, experimental spectra in methylcyclo-

Figure 6. Computed water-to-vacuum solvatochromic shifts of the n
→ π* excitation of aqueous acetone using DMRG/ESPF(24,22),
DMRG/FQa(24,22), and DMRG/FQb(24,22) compared to
CASSCF/FQa(12,10) and CASSCF/FQb(12,10) methods, together
with the experimental value.95,96

Figure 7. Distribution of computed π → π* transition energies (eV)
of DCBT in acetonitrile using DMRG(30,27)/FQb[300] and
CASSCF(8,8)/FQb. The purple dashed line marks the mean
excitation energy. The gray and orange dashed lines indicate the
gas-phase values calculated using the optimized structure and crystal
structure reported in ref 80 respectively.
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hexane can be exploited as a proxy for the gas-phase, because
this solvent is the one with the lowest dielectric constant (ϵr =
2.02) among those measured in ref 80 Under these conditions,
the experimental spectrum yields a shift of −0.15 eV, while
TDDFT/IEFPCM (def2-TZVP) gives −0.38 eV (see also
Table S8 of the Supporting Information for more details). Both
values are in fair agreement with DMRG(30,27)/FQb values
(−0.41/−0.34 eV) and CASSCF(8,8)/FQb values (−0.44/−
0.41 eV). In fact, they indicate a red shift, which is correctly
reproduced by our calculations, and are expected to under-
estimate the actual solvatochromic shift, as they correspond to
DCBT in methylcyclohexane rather than in the gas phase.

In ref 27 state-averaged SA(2)-CASSCF/C-PCM (6,5)
calculations using the 6−31G* basis set were performed,
yielding excitation energies of 4.44 eV in the gas phase and
3.68 eV in dimethyl sulfoxide. The latter value can be taken as
a proxy for acetonitrile, given the similar dielectric constants of
the two solvents (35.1 for acetonitrile and 46.7 for dimethyl
sulfoxide) with PCM surface charges scaling as 1r

r
. The

corresponding solvatochromic shift is −0.76 eV. This value
appears to be overestimated, perhaps reflecting an excessively
fast solvent response in PCM calculations. Other potential
sources of inaccuracy in PCM values include the smaller (6,5)
active space that was employed and the shape and size of the
molecular cavity. Indeed, according to the data of ref 27 the
solvatochromic shift for toluene (ϵr = 2.38) is already −0.40 eV
(see also Table S9 of the Supporting Information for more
details). Therefore, our calculated solvatochromic shift, which
lies between the values extracted from ref 80 and ref 27
discussed above, confirms the reliability of our approach. We
summarize these results in Figure 8 to facilitate a direct
comparison.

Finally, the effect of dynamic correlation for DCBT in the
gas phase can be estimated with CASPT2.97 To this purpose,
we use the CASSCF(8,8) as the reference wave function for a
subsequent CASPT2 calculation. The initial excitation energy
of 3.94 eV reduces to 2.99 eV, indicating a dynamic-correlation
contribution of −0.95 eV. A similar effect is expected for
DMRG, but performing such perturbative calculations is
beyond our current capabilities. As already mentioned above
for acetone, also in this case, incorporating dynamic correlation
explicitly in the QM/FQ framework�together with non-

electrostatic interaction terms�should further improve the
absolute excitation energies and the predicted solvatochromic
shifts.

5. SUMMARY AND CONCLUSIONS
In this work we presented an integrated DMRG/FQ
framework for the simulation of solvated molecular systems,
combining the accuracy of the Density Matrix Renormalization
Group (DMRG) with the flexibility of the fluctuating-charge
(FQ) force field. The method exploits the MPS−MPO
formulation of DMRG and its orbital-optimization capabilities
to capture static electron correlation in the quantum region,
while the FQ model provides a polarizable classical environ-
ment. The approach was validated on representative solute−
solvent systems, including acetone in water and the DCBT
chromophore in acetonitrile. Using extensive MD sampling, we
demonstrated that DMRG/FQ reliably describes solvent-
induced polarization and yields excitation energies and
solvatochromic shifts that are in good agreement with
experiment, particularly when the FQb parametrization is
employed. The observed spectral spreading and average
excitation energies underline the method’s capability to capture
the interplay between electronic structure and solvent
fluctuations.

Overall, the DMRG/FQ scheme constitutes a significant
step forward in the multiscale modeling of electronically
excited states in complex environments. Future developments
should focus on extending the framework to incorporate
dynamic electron correlation, for instance through perturbative
schemes45,73,102 or using DMRG-DFT hybrid ap-
proaches,103,104 and nonelectrostatic solute−solvent interac-
tions, which are expected to further improve absolute
excitation energies and solvatochromic predictions.105−107

Such enhancements will broaden the applicability of DMRG-
based embedding methods to increasingly complex chemical
and photochemical processes.
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