©
c
-
=
O
-
-
©
IE
2
o
Iﬂ
§e)
=
(]
)
c
C
<

of Nonlinear Science

RESEARCH ARTICLE | APRIL 07 2026
Chaos and synchronization in financial leverages dynamics:
Modeling systemic risk with coupled unimodal maps

Marco loffredi ¥ @ ; Stefano Marmi @ ; Matteo Tanzi ©

’ '.) Check for updates ‘

Chaos 36, 043111 (2026)
https://doi.org/10.1063/5.0320793

@ B

View Export
Online  Citation

Articles You May Be Interested In

A note on chaotic unimodal maps and applications

Chaos (August 2006)

Universal visibility patterns of unimodal maps

Chaos (June 2020)

Estimation of the control parameter from symbolic sequences: Unimodal maps with variable critical point

Chaos (June 2009)

AIP Advances

Why Publish With Us?

21DAYS e OVER4MILLION INCLUSIVE

4

average time views in the last year * scope
to 1st decision b .

AIP
Learn More _/é_ Publishing

2T 0% :ST 9202 AN 92


https://pubs.aip.org/aip/cha/article/36/4/043111/3386379/Chaos-and-synchronization-in-financial-leverages
https://pubs.aip.org/aip/cha/article/36/4/043111/3386379/Chaos-and-synchronization-in-financial-leverages?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0007-7149-6460
javascript:;
https://orcid.org/0000-0001-5105-8876
javascript:;
https://orcid.org/0000-0001-6613-0551
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0320793&domain=pdf&date_stamp=2026-04-07
https://doi.org/10.1063/5.0320793
https://pubs.aip.org/aip/cha/article/16/3/033113/985800/A-note-on-chaotic-unimodal-maps-and-applications
https://pubs.aip.org/aip/cha/article/30/6/063105/1027254/Universal-visibility-patterns-of-unimodal-maps
https://pubs.aip.org/aip/cha/article/19/2/023125/909610/Estimation-of-the-control-parameter-from-symbolic
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3470632&setID=1044467&channelID=0&CID=1678023&banID=524321803&PID=0&textadID=0&tc=1&rnd=3708114605&scheduleID=3650745&placementScheduleId=3650745&adItemScheduleId=0&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&metadata=%5B%5D&mt=1779810012758645&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fcha%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0320793%2F20967686%2F043111_1_5.0320793.pdf&request_uuid=ed806e7b-7ce8-4680-b17d-8e061024b5f3&hc=f89ede9aed76e95afed8bd492ccf015bea0fd921&location=

Chaos ARTICLE

pubs.aip.org/aip/cha

Chaos and synchronization in financial leverages
dynamics: Modeling systemic risk with coupled

unimodal maps

Cite as: Chaos 36, 043111 (2026); doi: 10.1063/5.0320793

Submitted: 2 January 2026 - Accepted: 17 March 2026 -
Published Online: 7 April 2026

® th ®

View Online Export Citation CrossMark

Marco loffredi,'-®

Stefano Marmi,” 2 and Matteo Tanzi®

AFFILIATIONS

TDepartment of Mathematics, Stanford University, 450 Jane Stanford Way, Stanford, California 94305, USA
?Scuola Normale Superiore, Piazza dei Cavalieri, 7, 56126 Pisa P, Italy
3King's College London, Strand, London WC2R 2LS, United Kingdom

@ Author to whom correspondence should be addressed: ioff redi@stanford.edu

ABSTRACT

Systemic financial risk refers to the simultaneous failure or destabilization of multiple financial institutions, often triggered by contagion
mechanisms or common exposures to shocks. In this paper, we present a dynamical model of bank leverage—the ratio of asset holdings to
equity—a quantity that both reflects and drives risk dynamics. We model how banks, constrained by Value-at-Risk regulations, adjust their
leverage in response to changes in the price of a single asset, assumed to be held in a fixed proportion across banks. This leverage-targeting
behavior introduces a procyclical feedback loop between asset prices and leverage. In the dynamics, this can manifest as logistic-like behavior
with a rich bifurcation structure across model parameters. By analyzing these coupled dynamics in both isolated and interconnected bank
models, we outline a framework for understanding how systemic risk can emerge from seemingly rational micro-level behavior.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0320793

Financial systemic risk (or systemic failure) refers to the event
in which several institutions fail simultaneously, possibly lead-
ing to a large financial crisis. To model the evolution of the level
of risk associated with a system, it turns out to be crucial to
look at the evolution of banks’ leverage ratios, quantities that
can amplify both gains and losses. Building on the works,'~* we
propose a simple analytical dynamical model for the evolution
of coupled leverages and explore how this can lead to complex
behavior within the banking system. In particular, we investigate
how the heterogeneity in bank size and strategies of single banks
may impact the stability of the whole system. These insights con-
tribute to a deeper understanding of the mechanisms that can
precipitate systemic crises and inform strategies for enhancing
financial resilience.

I. INTRODUCTION

Several mechanisms may be responsible for the emergence of
systemic risk in a system of financial institutions (or banks for

simplicity), such as informational contagion leading to bank runs
and liquidity shortages, direct contagion in which banks fail to pay
back loans to other banks, etc. In a broad sense, systemic risk may
also be considered to include the risk associated with a system col-
lapsing simultaneously as a result of a shock, either endogenous or
exogenous.’ For instance, in the case in which multiple banks hold
positions in the same asset, a severe loss of its value would cause all
banks to fail together.

This paper will primarily focus on this broader definition
of systemic risk. As briefly explained below, the dynamics of the
returns of the assets (and thus the evolution of the level of systemic
risk in the “broad” sense) are intimately related to the evolution of
the leverages of the banks.

The leverage A of a market agent, such as a bank, is defined
as the ratio between the value of the assets held A, i.e., the eco-
nomic resources the bank owns, and the value of its equity E, i.e.,
what remains of the asset value after subtracting the liabilities L to
which the bank is subject to, for instance (so that E= A — L). As
the name itself suggests, a large leverage means an amplification of
resources invested, which is made possible by the bank borrowing
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Chaos

money to invest (a “pumping” of money from the creditors allows
the bank to amplify its invested resources) and which translates into
an amplification of gains, but also losses.

The relationship between leverage and risk has indeed already
been suggested by many studies™’ and depends on the follow-
ing mechanism. In order to maximize gain, banks want to be as
leveraged as possible, as a larger leverage will, in general, allow for
more opportunities to make a profit by buying on margin (i.e., by
investing borrowed money). On the other hand, banks have to face
limitations on the maximum attainable leverage imposed by finan-
cial regulations in order to make the financial system more robust
and resilient.

In particular, regulators require banks to define a risk measure,
the Value at Risk (VaR) Av.r, which is associated with a certain
probability of loss Py,x and is implicitly defined by

—Avar
[ e = e 1)
—0o0

with ” being the portfolio return (i.e., the ratio between the gain/loss
yielded by the investment and the initial cost of the investment) and
fits probability density function. In other words, banks are required
to assure that the probability of losing an amount larger than Ay, is
less than Py,g. Having defined Ay, it is required that the maximum
loss, AAvar, be smaller than the equity of the bank. This translates

to a maximum leverage that banks are allowed to set, i.e,, A < A; <

Assume a mean p and a variance o2 for . Then, by Chebyshev
inequality, we can write

2
(M‘FO'T)Z ZP(|7’D_N| ZM+AVaR) ZP(fp = _AVaR)- (2)
VaR

So that

0.2

P(P < —Ayg) < —0—.
( B VR) (1 + Avar)’

(3)
.. o2 : fed

Requiring vt < Py, i€, Aypr > T — M ensures that

P(r? < —Avyr) < Py,r. We deduce the following upper bound for

the leverage: A < < %—u Actually, the most stringent

< ~Pvar .

v T T

inequality is usually required to hold: 1 < 7— Y
Banks will thus make an estimate of o and set a target leverage

A = -=. Having defined o = ﬁ. This leverage-targeting strategy

banks may adopt can result in a positive feedback between leverages
and asset prices,” possibly leading to instabilities very much like what
happens in physical systems with a positive feedback. Being con-
crete, what happens is that if things go well (i.e., the price of the asset
rises and thus E increases), in order to maintain a certain leverage
level, banks must increase A and are thus led to borrow more (i.e.,
increase L); while if things go bad (price falls and thus E decreases)
banks will have to reduce A (by reducing L). Now, the price of the
asset increases (decreases) as the demand for it increases (decreases).
Thus, if the price rises (fall), banks will increase (reduce) A to reach
the target leverage, i.e., the demand for the asset will rise (fall) and
so will do its price, making apparent the positive feedback between
asset price and leverages.

For example, consider a bank having a target leverage A = 10,
which it realizes having an asset value equal to 100 and an equity
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equal to 10. If there is a 1% portfolio return, at the next time the
bank will have an asset value of 101 and an equity equal to 11, with
a resulting leverage 12 ~ 9.2, which is less than the target leverage.
Thus, to increase its leverage, the bank will borrow some money and
increase its asset value, determining as a consequence an increase in
its price.

This positive feedback mechanism is also known as procyclical-
ity of the Value-at-Risk constraint’ and has the effect of amplifying
price movements, which is particularly relevant during a falling
period of a financial crisis (i.e., when prices of assets drop).

On top of the above described feedback mechanism, another
positive feedback effect may play a role. Indeed, many estimates of
risk are based on observation of recent price movements. However,
the choice of the time window in the past to consider to perform
such an estimate is far from trivial, since there is a trade-off between
choosing a long temporal window in order to improve statistical
precision and choosing a short window in order to capture a more
timely measure of risk. This choice, determining the future trading
strategies, endogenously moves the asset prices, resulting in a sec-
ond feedback effect. The models developed here will take both of
these feedback effects into account.

This being said, it should be clear that by looking at the evolu-
tion of the leverages, one could get insights into the level of systemic
risk of the system.

Indeed, the larger the leverages, the more amplified asset-price
movements are (due to the first feedback mechanism mentioned
above) and thus the riskier it is for the price to dramatically fall
(maybe after a negative fluctuation), making all banks investing in
it to fail simultaneously, i.e., to an increase in the level of systemic
risk.

In the case in which the banks are “similar” in the sense that
they have comparable sizes and risk estimation strategies, one can
reduce to study the evolution of a “representative” leverage. This
is what has been done, for instance, in a paper by Lillo et al.,'
where they obtain a slow-fast deterministic-random dynamical sys-
tem for the leverage of a bank investing in a single asset. We take
this model as a starting point and introduce heterogeneity in the
system, allowing the banks to have different asset sizes and different
risk estimation strategies. In this case, disregarding random fluctu-
ations, the system can be modeled with a discrete time dynamical
system consisting of unimodal maps coupled through a mean field
[see Eq. (5)].

In most previous works considering the impact of risk manage-
ment practices on the dynamical properties of the leverages, either
a single bank was considered'"'” or multiple banks and multiple
assets>’ but with all banks being in some sense equivalent (they
all solved the same optimization problem and their portfolios were
determined by random choices in a pool of equivalent assets; thus,
in particular, their leverages were at all instances equal). The mod-
els introduced here try to go toward a more realistic direction by
differentiating banks on the basis of their capital size and their risk
forecasting strategies.

Other works related to the dynamical modeling of systemic
risk, following some different approaches, can be found in Refs. 13-
20. However, for example, Ref. 13 and 20 consider an agent-based
model in which the agents do not determine their choices on the
basis of a strategy (e.g., by solving an optimization problem) and are
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endowed with infinite capital, while Refs. 19 and 18 do not take into
account the feedback mechanism due to the estimations of risk by
the banks.

Organization of the paper. First, the case in which there is only
one bank investing in a single asset (that is, the case studied in Refs. 1
and 11) is recalled. Then, the focus will be on the case in which there
are two banks investing in a single common asset. Both numerical
simulations and analytical results (for some special configurations)
are provided.

Il. UNIMODAL EVOLUTION OF THE LEVERAGE FOR
ONE BANK TRADING ONE ASSET

In the case in which there is only one bank investing in a sin-
gle asset, the evolution of its leverage A, with t € N (in the limit
in which the time scale for the financial transactions is much faster
than the one used to adjust the target leverage) will turn out to be
described' by themap T: [0,1 + y] — R,

(e (1—w)a2y225>%
T(x)_<x2+ Gty-»' ) @

sothatA,; = T(A,). Here, w € [0, 1] quantifies the “memory” of the
bank in forecasting the risk of the asset it is trading (a larger w stands
for a larger weight given to the past observations of the asset), while
a,y, X, are parameters whose meaning will be specified later and
that we will assume to be fixed. The map T is a unimodal map on the
interval [0, 1 4 y] (see Fig. 1).

By varying o, several qualitatively different behaviors are
observed for the system, as shown in Fig. 2. Indeed, it is interest-
ing to study how the behavior changes as w is varied, since this is
a parameter the bank can directly control. As for the values of the
other parameters employed, we follow Ref. 21 by setting o = 1.64
and y = 100; I, has been put equal to 0.0015? (thus smaller than the
one in the cited reference, as it is nevertheless to be expected since
there only the map obtained in the y >> 1 is simulated, which is dif-
ferent from T). The choice of this value is not crucial, as the behavior
of the system does not qualitatively change for small variations of

T(x)
100

80 -
60 \
40 \

20 7,

X

20 40 60 80 100

FIG. 1. Map T for w = 0.3 (blue), @ = 0.5 (orange), w = 0.8 (green). Here,
a =164, =, = 0.00152, y = 100.
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100 1

80 1

60 1

Leverage

40 1

20

0.2 0.4 0.6 0.8
w

FIG. 2. Bifurcation diagrams for T (obtained discarding the first 1000 values and
considering the next 800) for =, = 0.0015%, y = 100, « = 1.64.

it. However, for significantly bigger values of this parameter (e.g.,
>0.0152) the behavior becomes trivial and, therefore, not so interest-
ing to investigate, with the leverage reaching a fixed point for every
value of w € [0, 1]. It is also the case that, for these choices of param-
eters (and for w in a subinterval of [0, 1]), one can find an invariant
interval in [1,1 + y] and can thus guarantee that A, € [1,1 + y] for
every t € N, as required by the interpretation of the quantity A, as a
financial leverage (see the supplementary material for more details
on this). Lastly, these choices will be the “standard ones” in numeri-
cal simulations in the following sections, i.e., Sec. ITI, as well. Coming
back to the simulations, it is observed that for smaller values of the
memory o the system becomes more unstable, as can also be seen by
looking at the Lyapunov of the map T varying w (see Fig. 3).

Lyapunov exponent

0.2 0.4 0.6 0.8
w

FIG. 3. Lyapunov exponent for the map T (calculated over 100 time steps) for
=, = 0.0015%, y = 100, o« = 1.64.
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Further, it can be proven that the set of w for which T'is periodic
is dense, and the set of @ for which T is chaotic has positive Lebesgue
measure (see the supplementary material for theorems useful to get
these results).

I1l. COUPLED UNIMODAL MAPS MODEL FOR THE
LEVERAGE EVOLUTION OF BANKS TRADING A
COMMON ASSET

Let us from now on focus on the case in which there are N
banks investing in a single asset. This asset can be thought of as an
index. In this case, the evolution of the leverages is given by (with
ie{l,...,N})

ol—

w; (1 — w)a?y?%
g = |5+ - B . (5)
A (1 +y - Zi=1 ni)"i,t—l)

Here, ; € [0,1] and Zil 7; = 1. The s may be given the inter-
pretation of the “weights” of the banks in terms of assets owned. A
derivation of this model is presented in Sec. III A. But first, we are
going to summarize our observations in the case N = 2.

Remark We are interested in considering the behavior of the
system for different values of the weights of the banks in terms of asset
size 7ty and 1, and of the “memories” of the banks w, and w,. In other
words, for our purposes, the bifurcation parameters are w, w,, 7y,
while all other parameters are intended fixed.

For N = 2 and in the “homogeneous case” in which o, = w,,
the two leverages will completely synchronize, as in Fig. 4 (see
Sec. I11 B), and this happens regardless of 7r;. The common behavior
of the two leverages will depend on the value of w; = w,.

Remark We say that two banks are synchronized if the values
of their leverages coincide. In this sense, a system of banks is synchro-
nized if it sits on the “diagonal” of the phase space. In the situations

B0,

92801 ?—‘*

2

o~ 70 = : ; : ; :
0 20 40 60 80 100

53

%g 80

<70 ; : : : :
0 20 40 60 80 100

c3

Q

S)v

.—cré\‘ 50‘ I I ] ¥ I 1

~ 0 20 40 60 80 100

Time

FIG. 4. Leverages synchronization for wy = w; = 0.8, 0.6, 0.3 (top to bottom)
and iy = 0.5.
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where we say that the leverages synchronize, we mean that the diag-
onal is locally stable. An initial condition in the proximity of the
diagonal will synchronize if it will approach asymptotically the diag-
onal or, equivalently, if the orbits of different banks asymptotically
converge. Given this characterization of synchronization, a measure-
ment of synchronization could be the distance from the diagonal of
the space.

If instead the heterogeneous case is considered, in which each
bank has a possibly different memory w, then the behavior can vary
nontrivially depending on the values of w;, w,, and ;.

It is useful to start by considering the limiting case where
bank 1 is much smaller than bank 2, with good approximation,
m; =0 (see Sec. IIIC1). This may looked at as a forced-forcing
system, where bank 2 forces bank 1. Regardless of the initial con-
ditions, it is observed and shown that if the forcing bank is periodic,
the forced bank will also show periodic, while if the forcing bank
leverage evolves chaotically, then the forced bank will behave in
an irregular manner (in a sense that will be made precise later).
Thus, one may say that the behavior of the smaller bank will be
determined by the larger one, whose choices thus have a crucial
impact on the overall stability of the market. This scenario gener-
alizes the case in which there are two groups of banks, each group
with its own memory, and one of the two groups weighs signifi-
cantly more than the other: in this case, the memory of the group
weighing more determines the nature of the evolution of the whole
system.

Considering now the case in which 7; # 0, 1, interesting bifur-
cation diagrams for the leverages of the two banks are observed
as relevant parameters are changed. In particular, by keeping w,;
and w, fixed and changing the weight 7; one observes a bifurca-
tion diagram, which “connects” the behaviors one would have in
the forced-forcing systems corresponding to 7r; = 0 (where only w,
has a role in determining the nature of the behavior) and m; =1
(where now w; is the relevant parameter). Therefore, for example,
there exist values for w;, w, for which there is a threshold value for
71 below which both banks switch from a regular behavior to an
aperiodic one (see Fig. 5).

One could also look at what happens if 7; is fixed and w;, @,
are varied. This may be of particular interest as the memories can be
more easily and directly controlled by the bank than the weights.
In this case, having fixed 7, one observes, for example, that for
every w, above a certain threshold, there is a critical w; value above
which the system is stable (i.e., both leverages reach a common fixed
point) and below which one observes period doubling bifurcations
leading to chaos (see Fig. 6). This critical value depends on 7; in
such a manner that as m; gets closer to one it becomes less and
less dependent on w,. Intuitively, for large ;, the stability of the
system depends almost exclusively on ;. More plots from numer-
ical simulations can be found in the supplementary material. Next,
it is also interesting to note that whenever the behavior of the two
banks is aperiodic, there is no functional asymptotic dependence
between the two leverages. Instead, for some choice of parameters,
one observes in the A;, A, plane an Hénon-like attractor (see Fig. 7
and the supplementary material). Indeed, this may not be so sur-
prising as we are dealing with a system constituted of perturbed
unimodal maps which, in certain limits, can indeed be looked at as
a linear transformation of an Hénon system. It is indeed found that
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Bank 1 (Green) and Bank 2 (Blue) Leverages

100
801
601
401
20
00 02 04 06 08 10

T

FIG. 5. Example of asymptotic orbits for the two banks (green for bank 1 and blue
for bank 2) as 74 varies and for different choices of w, w,. Here, w1 = 0.8, w;,
= 0.3. In doing the plot, the first 1000 values have been discarded and the next
500 plotted.

the attractor has a nontrivial box counting dimension of ~1.2. For
other choices of parameters, one observes other kinds of attractors,
as shown, for instance, in Fig. 8.

A. The model

In the case of a single bank, referring to the model introduced
in Ref. 3 and further developed in Refs. 1 and 2, the evolution of
its leverage will be the result of the following main principles: (1) to
increase profit, a bank wants to maximize its leverage up to the limit

120
100 4
801
60-7

40 1

02 03 04 05 06 07 08
w1

Bank 1 (Green) and Bank 2 (Blue) Leverages

FIG. 6. Example of asymptotic orbits for the two banks (green for bank 1 and blue
for bank 2) as wy varies for 71 = 0.5 and w, = 0.6. In doing the plot, the first
1000 values have been discarded and the next 800 plotted.
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Az
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60 -

50

40+

50 60 70 80 90

FIG. 7. Hénon-like attractor in the A4 vs A, plane. Here, 71 = 0.5, w1 =
0.5, w, = 0.3.

imposed by regulations; (2) this limit depends on the risk associ-
ated with the asset that is estimated by the bank in a way that can
vary from bank to bank; (3) the time evolution of the prices of the
asset is characterized by an autoregressive process with a time scale
faster than the one in which the banks update their leverage; and
(4) the relative size of the total assets detained by the banks (i.e.,
their weights 7;) is approximately constant.

The last assumption simplifies the model making it tractable
analytically and leading to the theorems below. Although not uni-
versally verified, we expect it to hold in the situations we study
analytically: when banks have synchronized leverages due to the
same risk estimation strategies, and when one bank is several orders
of magnitude larger than the others (i.e., m; & 1). We also expect it

150
90 /7 125
100
80
< <75
70 50
25
60
0
60 65 70 75 80 85 0 20 40 60 80 100
M A
100 100
80
80
o~ ~ 60
~< -
60
40
40 30

40 50 60 70 80
M M

FIG. 8. Attractor in the A4 vs A, plane. From top to bottom, left to
rlght, = 08, w = 05, wy = 03, = 08, w = 03, wy = 02,
m = 0.2, w1 = O.G,wz = 03, T = 0001, w1 = 06, wy = 0.3.
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to hold more generally in the short term or until large shocks perturb
the system (which goes beyond the scope of our model).

This results in a slow-fast deterministic-random dynamical sys-
tem with heteroscedastic noise. In the limit in which the fast time
scale is much faster than the slow one, this reduces to a determinis-
tic dynamical system given in (5). We now show how to derive this
expression by generalizing the derivation given in Ref. 11 to the case
of multiple banks.

At each time t € N, bank i has an equity E;; and an amount

of the asset, A;;. The ratio A;; = 2—’; > 1 is called the leverage of

the bank. Each bank will try to maximize its leverage (in order to
increase gains), but it will have to face VaR type constraints imposed
by financial institutions. The dynamics of the leverages is deter-
mined by two main interactions between the banks and the asset
prices. First, VaR constraint determines the leverage as a function
of the behavior of asset prices. Second, a given target leverage will
determine a sequence of trading events, which will impact the price
of the asset. Thus, one sees that it is possible to “close the circle” and
obtain a law for the time evolution of the leverages.

If o, is an estimate of portfolio variance made at time ¢, VaR
constraints require that the leverage of bank i should be such that
a0, Ay < Eit, where @ depends on the distribution of the returns
of the asset and on the strictness of the constraints (for instance, it
is 1.64 for Gaussian returns and for a VaR probability of 5%). Thus,
one may assume that

)Li,t = . (6)

Now consider how fixing a target leverage impacts the movement of
the asset’s price. Having set a value for the target leverage, the bank
will trade the asset between time tand t + 1 in order to keep its lever-
age equal to this target value. This trading process takes places at a
faster pace than the one in which the target leverage is updated (i.e.,
at every integer time). Let us, thus, introduce a quantity n € N so
that trading operations occur n times every integer time step. Next,
call r, Lk with k = 1,2,...,n being the returns on investments (as
already defined in the Introduction). The dynamics of these returns
can be thought of as made of two components,

r.k =€,k +e, ki, 7)

the first term in the RHS is an exogenous component (depend-
ing on external, nonmodeled events) given by a white noise term
with variance 022, while the second term in the RHS is instead an
endogenous component, which is the one depending on the trad-
ing actions of the bank. More in detail, the endogenous component
er+h/n depends on the demand for the asset arising from portfolio
rebalancing of the bank, as will now be explained. Given a fractional
time s =t + %,h =1,2,...,n, let us call the desired asset size for
a generic bank i A7, = A;E;,. Therefore, at s bank i rebalances its
portfolio by trading (i.e., buying or selling, depending on the sign of
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A, — Ay,), the quantity

A:s - Ai,s = )\i,tEi,s - A;,sfl (1 + rs) (8)

= b (Bes + 147 )= AL Akr) O

LS— &

= (e — DRAY_ . (10)

Here, it is assumed that from ¢ to ¢+ 1 the liabilities of the
banks are constant, so that the change in their total assets derives
only from that of the equity. The total demand for the asset will then
be given by

N

D= (A}, — Ai). (11)

i=1

Assuming a standard linear price impact function (i.e., assum-
ing that the change in the price of the asset is directly proportional
to the demand for it), the endogenous component e, for the return
of the asset is given by

D
€ = > (12)
4%
with y quantifying the liquidity of the asset and where
N
CS = ZA:sfl (13)
i=1 "

is a proxy for market capitalization of the investment. What we are
saying here is that the price change is larger when the ratio of the
demand for it to the total amount of money invested in the asset
is large and when the liquidity is low (indeed, by definition the
liquidity measures the impact of selling/buying an asset on its price).

Thus,
N *
Zi:l ()"i,t - l)Ai)57;
re = N “r 1+ & (14)
14 Zi:l A,-,S,; e
A*
Letus put, foreveryi € {1,2,...,N},m;; = > =—€[0,1],50
a=1"a,;s

that Zil s =1.

Now notice that (recall A, =A;E;s and Ej = ]_[;=0(1
+ 1) E;,) if the leverages were the same for all banks, then m;,
would not depend on time; this is a consequence of the fact that all
banks are investing in the same asset. More precisely, the weights
in this case would be constant both within a unit time interval
(e.g., between t — 1 and t) and across different times ¢. Thus, in the
homogeneous case, we can consider the weights as independent of s.
Moreover, numerical simulations show that the error made by con-
sidering the weights as independent of s even in the heterogeneous
case is small enough to make it reasonable to start by analyzing
the simplest case in which the weights are constant in time, leav-
ing the investigation of the general case in which the weights change
over time to future works. All the more reason for the fact that for
the cases studied analytically more in depth (i.e., the homogeneous
case and the forced-forcing one) this approximation is exact. Let us,
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therefore, put m;; = m; for every s € E and look at 77; as a measure
of the “size” of bank i. It is then possible to write

Zfil()ti,tﬂi -1
Y

rs = s

r. 1+ & (15)

So that the dynamics of the returns of the asset for times in
(t,t + 1] may be modeled again as a AR(1) process with autoregres-
sive parameter,

N
o= —Z'ﬁl(k}"j”" -, (16)

which now depends on a convex combination of the leverages of the
N banks A, As, ..., Ay in a mean field fashion. At time ¢ + 1, banks

need to update their target leverage so that A, = W;M Thus, it

now remains to provide an expression for the forecast of the variance
of the aggregate return of the asset o,,,;. A reasonable hypothesis is
to assume that the forecast made by bank i at time ¢ 4 1 is a weighted
average (w; € [0, 1] being the weight) of the previously made fore-
cast of the same kind and a statistical estimate of aggregate returns
made by observing the returns between ¢ and t 4 1. i.e, for bank i,

UEZ,:+1 = wia:t + 1 - wi)6ez,z+1 (17)

and
n
62,1 = Var |:Z rt+£i| (18)
k=1

which is the aggregated variance of the AR(1) taking place between

tand t+ 1 as a function of the estimates of the parameters ¢, and
2 N - A 62
07, namely, ¢; and 6. In the n — oo limit, one has 67,,, = (li‘;&t)z
(see Appendix A of Ref. 2 for the derivation of this result), having
introduced the Maximum Likelihood estimates for o, and ¢,. These

are given by (see again Ref. 2)

n

n Z: Ttpk/mTt4(k—1)

b= S e (19)
Zk:l t+(k—1)/m

and

A 2
6% = 27;1 (/o — Pel i k—1)/m)
= .
n

(20)

Moreover, in the n — oo limit, one expects the limit lim,
no? = ¥, to exist. Indeed, as already noticed one may consider
the AR(1) as the discretization (with discretization step i) of an
Orstein-Uhlenbeck process, and so by a scaling argument the exis-
tence of the above limit may be deduced. Combining Eqs. (6) and
(17) one thus has, in the n — oo limit (fori € {1,2,...,N}),

) — )2 B
Ai,f+1=(%+%> . @1)

o=

Further, for n large enough @, is a Gaussian with mean ¢, and
—2 A —2
variance %. Writing thus ¢; = ¢; + 1, where n, ~ A (0, %)
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and expanding Eq. (21) at zeroth order, it is possible to write, for
i=12,...,N,

w; 1—w)a?T,\
Aipr1 = ()\—121 + ﬁ) =Ti(fhidimip ) (22)
which is the evolution law already introduced at the beginning of
Sec. I11. Note that, should one have considered the first-order term
in the expansion above, one would have obtained a heteroscedas-
tic noise term superimposed on the deterministic skeleton given by
the maps T. This kind of system has been studied in Ref. 11 in case
N = 1. Here, dealing with the more general case in which N > 1, we
aim to first understand the behavior of the deterministic skeleton
before considering the random system that is based on it.

In the following, we will be interested in studying how the
deterministic dynamical system defined by the Ts behaves for differ-
ent choices of the sets {w;} and {r;}. One last remark must be done
before proceeding. From the definition of leverage, it is required that
Ay > 1Vt e N and from the stationarity of the AR(1) process for r;
it is required that |¢;| < 1, i.e., Z?=1 wihiy < 14 y,Vt € N. When
performing numerical simulations, initial conditions have been cho-
sen at random in the box [1, 1 + y]* and the simulations leading to
violations of the constraints at any greater t have been discarded. In
the following, let 7 C R? the largest set such that (for all the values
of the ws and 7s considered and for the given choices of the other
parameters) by choosing initial conditions in this set the above con-
straints are satisfied. At least for |w; — w,| sufficiently small, it can
be shown that this set is nonempty and contains an open rectangle
(see the supplementary material).

oI—

B. Homogeneous case: Sychronization

When the two banks use the same strategy in forecasting the
risk, we obtain the following result.

Theorem 1 (Synchronization in the Homogeneous Case): If
) = w3, Y(Ai0,A20) €7

nliglo [T} (A1,0o A20) — T5 (X105 X20)| = O. (23)

That is, the leverages of different banks approach asymptot-
ically the same orbit. This can be proven (see the supplementary
LS Wi
e
ing along the orbits. Therefore, in the homogeneous case, it does not
matter (as far as the behavior of the system is concerned) if a bank
is larger than the other: the only relevant parameter to describe the
evolution of the system is the common memory. This allows us to
reduce this system to a one-dimensional one already studied. Lastly,
this result can be easily generalized to the case in which N > 2,
obtaining that even if all the memories are the same then there will
be asymptotic synchronization among the N orbits regardless of the
weights.

material) by observing that the quantity is strictly decreas-

C. Heterogeneous case

Here, the case in which w; # w, is analyzed.

As mentioned, if 7r; # 0, 1 the behavior of the system depends
nontrivially on 77}, @;, and w, with the overall behavior described by
an interpolation of the behaviors associated with the isolated banks
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with memory parameters @, and w,. This case will not be explored
further here, as a complete rigorous understanding seems out of
reach. Still, it is worth emphasizing that for some choices of the
parameters a Hénon-like attractor seems to appear in the A; vs A,
plane.

The box counting dimension for the attractor shown above
has been calculated to be equal to 1.203 & 0.006, thus confirm-
ing its apparently fractal nature (see the supplementary material
for details). Finally, the nature of the attractor led us to consider
applying the main theorem in Ref. 22 about the existence of an
SRB measure supported on it. However, it seems that not all of
the hypotheses can be met in our case: The main issue is that for
| — w,| going to zero, although the attractor becomes essentially
one dimensional, there is no collapse of dimensionality for w; = w,
and initial conditions approach the diagonal only asymptotically;
whereas, for the Hénon map, when the parameter usually denoted
with “b” is zero there is a collapse of the dimensionality and all initial
conditions are mapped to a 1D segment.

1. “Big vs small” bank: The skew-product case

Let us focus here on the case with 7 = 0. This case may be
looked at as a forcing-forced system, in which the larger bank
“drives” the smaller one. This setting is indeed a subcase of the gen-
eral “heterogeneous case” previously introduced, but the fact that
several interesting results may be, even rigorously, obtained makes
it an interesting case to study.

The dynamics of the leverage of the second bank (the forcing
one) is described by the map T. The dynamics of the leverage of
bank 1 depends on the leverage of bank 2. One could make this
dependence explicit by introducing the family of maps f, so that

)»1,:+1 = f)LL, ()\l,t)> (24)
with

_ 2,25 \ "1
£ = (ﬂ + U -e)re 28) , (25)

x2 (1+y—y)2

the maps f, are concave, monotonically increasing with a horizontal
asymptote for large values of the argument (see Fig. 9).
This system is, in fact, a skew product system

ALt = fig G0 (26)

)‘Z,H—l = T()"2,t)- (27)

To present some analytical results, it is useful to introduce the
invertible extension of T, T: T — I, where

T={Gaiicz : T(ha) = hypnVi € Z) (28)

and
T(adica) = Gai)icz- (29)
Also, for A € T, let us write f = fazno1 O faznos © 7+ 0 fryq © fag,- (Let
us stress once more that the evolution of the forcing bank does not
depend on the forced bank and has already been discussed when

dealing with the case N = 1.) Let us now give some analytical results
(refer to supplementary material for further details and proofs). To

pubs.aip.org/aip/cha
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FIG. 9. Some maps from the family of maps f, with y = 70 (orange), y = 80
(green), and y = 90 (red). Here, @ = 1.64, =, = 0.0015?, ¥ = 100, w; = 0.5.
The blue line is the bisector of the first quadrant.

begin with, no matter the initial conditions, the leverages of the
forced bank will always behave asymptotically in the same manner
(determined by the initial condition of the large bank, as specified
further in Theorem 6). This also means that if one has two or more
banks with weights 7; = 0, their orbits will synchronize under the
common forcing of the bigger bank.

Theorem 2 (Synchronization on the Fiber): For any orbit
A €1 of the forcing bank and for any initial conditions of the forced
bank )\1)0, )\./1,0 [S [1, OO)

lim [Ay, — A, | = 0. (30)
n—00 >

The proof of the theorem above is of a topological nature and
exploits the “shape” of the functions f,. In addition, one can also
show that the Lyapunov exponent of the forced bank is negative.

Theorem 3 (Negative Lyapunov Exponent on the Fiber):
Forany A € Tand Ao € [1,00)

L 1 /
Ar(Ar,A) = }g’& . log |(fy) (A10)] < 0. (31)

From these results, it looks like the dynamics of A; is deter-
mined by something from the “outside.” Not surprisingly, it is the
large bank that determines the trajectory on which the leverage of
the small bank will synchronize. Let us start by looking at what
happens when 1, reaches a periodic attractor

Theorem 4 (Periodic Forcing): If the dynamics of the forcing
bank is periodic, then the dynamics of the forced one will be periodic
too (of the same period).

If instead the forcing is chaotic (meaning that it is topologi-
cally transitive on a finite union of intervals and that it has a unique
a.c..m. with respect to Lebsegue), then the forced one shows some
irregularity too:

Theorem 5 (Chaotic Forcing): If the dynamics of the forcing
bank is chaotic, then the dynamics of the forced one is topologically
transitive on an open subset of [1, 00).

We emphasize that the proof of this theorem relies on the fact
that the Schwarzian derivative of the map T is negative and that this
is the unique assumption we have verified only numerically. These
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results show how the choices of even a single parameter (e.g., the
memory w,) made by a large bank may have an impact on the sta-
bility of the whole system. This may be of interest to policymakers,
who may, for example, constrain the values of the memory of the
large bank in a “safe” region.

Next, it is possible to provide an explicit characterization of the
behavior of the leverage of the small bank as a function of the past
orbit of the forcing leverage. First, put, for z € I,

oo ttr-z (32)

T ye/A—onE.
and define the function x(A),1 — R

x(A) = lim supff'_ﬂm (@5,—n)> (33)

where A = (Ay),c7 € 1. Then, one has A
Theorem 6 (Random Fixed Point): For every A € I, it holds

Srag(x@)) = x(T(A)) and

(34)

x(A) =

v Z,-oio A()\Z,—l—i)a)i
(1+y—2)?

Thus, for example, the fixed point depends continuously on the
parameters and the past orbit of the forcing bank (e.g., with respect
to the sup norm in the space 1). In principle, this expression may,
for example, allow the large bank to make the leverage of the small
one behave in a specific way, provided it knows w,. This is another
evidence of the control the large bank has on the system. Lastly, it
is possible to make some estimates on the frequency of visit of sub-
sets of the domain by the orbit of the forced bank by exploiting the
ergodicity on the base (see the supplementary material).

1
with A(L) = 222Ze

SUPPLEMENTARY MATERIAL

Proofs of theorems, as well as additional results and numerical
simulations, are provided in the supplementary material.
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