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1 Introduction

Our starting point is the observation that, in the presence of a time dependent background,
such as in cosmological spacetimes, operators of very high dimension in an Effective Field
Theory (EFT), which are expected to be very irrelevant, at face value give very large
contributions to low energy observables. We show this in detail for scalar EFTs in de Sitter
spacetime, envisaging applications to cosmology. To be more precise, we begin with an
elementary review of EFTs in time-independent flat spacetime and contrast this situation
with a simple explicit calculation in a time-dependent cosmological background. While time
dependence is not unique to curved spacetime, it is not often discussed in the context of
flat-space scattering amplitudes. Conversely, time dependence is a universal defining feature
of cosmological calculations and should be systematically accounted for when employing
EFT principles.
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Static flat spacetime. When a system with a characteristic energy scale M is studied at
a much lower energy scale E, a remarkable simplification occurs. EFTs provide a general
and successful paradigm to leverage the separation of scales E ≪M and deliver a simpler
description of the system that focuses only on the relevant degrees of freedom. The construc-
tion of an EFT requires schematically three steps: (i) Identify the relevant degrees of freedom
and symmetries; (ii) Write down the infinite number of effective interactions built out of the
degrees of freedom and compatible with the symmetries; (iii) Establish a power counting to
estimate the contribution from each interaction and use it to truncate the theory to a finite
number of interactions. For the theory to be predictive a fourth step is necessary in which
one fixes the values of the unknown low-energy constants either by fitting to experiments
(bottom up) or by matching to some high-energy completion of the EFT (top down). For
concreteness and following [1], we will now briefly review the case of a time-independent
system in flat spacetime. Let’s consider an operator O∆ of dimension ∆ and a single-scale
power counting in which this appears in the action as

S ⊃
∫

d4xg
O∆
M∆−4 , (1.1)

where g is a dimensionless coupling that is expected to be of order one if naturalness applies.
When probing the theory at energy E we expect d4x ∼ E−4 and O∆ ∼ E∆, so that the
contribution of this operator to observable is expected to be of order

Observable ∼ g

(
E

M

)∆−4
+ . . . (1.2)

where the dots contain higher order contributions in g. Irrelevant operators with ∆− 4 > 0
give smaller and smaller contributions to low energy observables. An elementary toy model
confirming the above expectation is the 2-to-2 scattering amplitude of a light field ϕ mediated
by the tree-level exchange of a field χ with mass M . For a coupling (λ/2)ϕ2χ the tree-level
s-channel contribution is simply1

A4s = λ2

S −M2 , (1.3)

where S = −(p1 + p2)2 is the first Mandelstam variable. When probing the theory at an
energy E =

√
S much smaller than its characteristic scale M , the simplification is that we

don’t need to include the field χ in the theory because we can never reach the pole s =M2.
Instead, we can approximate the contribution of this pole with higher derivative quartic
interactions of the schematic form O∆ ∼ (λ/M)2ϕ2(□/M2)nϕ2, where ∆ = 2n− 4 leading to

A4s = λ2

M2

∞∑
n=0

(
S

M2

)n

. (1.4)

Not only can the EFT with just ϕ reproduce the tree-level prediction of the full theory (1.3)
to arbitrary accuracy (at order λ2), but also a finite number of higher dimension operators

1It is straightforward to include the other channels (T −M2)−1 and (U −M2)−1. For the physical process
12 → 34 note that S > 4m2 — where m is the mass of the light field — and T,U < 0. From S + T +U = 4m2

it follows that |T |, |U | < S.
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is needed for any finite precision. In other words, the contribution of O∆ to A4s scales
as (E/M)∆−4, as predicted by (1.3), and so becomes arbitrarily small for fixed ∆ > 4 as
(E/M) → 0 or for fixed E/M < 1 as ∆ → ∞. In yet other words, the Taylor expansion of
A4s around S = 0 has a finite radius of convergence |S| = M2.

Time-dependent background. The reason why we have dragged the time-starved reader
through such an elementary discussion is to point out that in a time-dependent background
things can work out very differently. Indeed, let’s consider the toy model of a massless scalar
field in de Sitter spacetime. Just like in the example above we imagine the massless scalar
field is coupled to a massive scalar χ, but to avoid having to concern ourselves with late-time
divergences, we assume ϕ has a shift symmetry and consider the coupling (λ/2)χϕ̇2. The
exact result for the late-time four-point correlator of ϕ from the exchange of χ is known [2],
but we want to focus on the EFT where χ has been integrated out. This EFT should contain
the infinitely many higher dimension operators. For concreteness, let’s focus on the following
infinite family of higher-dimension operators for which the algebra is exceptionally simple
(see section 2.2 for more details)

LEFT ⊃ − λ2

4M2ϕ
′2
(

∇2

a2M2

)n (
ϕ′

2
)
. (1.5)

It is straightforward to compute the four-point function induced by one such contact operator
in the in-in (or in-out [3]) formalism:

B
(n)
4s = 2Re 2iλ2s2n

M2(n+1)

∫ dη
(ηH)4 (Hη)

2n

[ 4∏
a

(−ηH∂η)G+(η, ka)
]

= λ2

M2
H8

4k1k2k3k4k5
T

(
Hs

MkT

)2n

Γ(∆− 3) ,
(1.6)

where s = |k1 + k2| and ∆ = 8 + 2n is the dimension of the operator. This result is largely
familiar: the overall scaling B4s ∼ k−9 is enforced by de Sitter dilations, the only pole is the
total-energy pole kT :=∑

a |ka| = 0, and the order of the pole is 1 + (∆− 4) as expected on
general grounds [4]. If we strip off the kinematics,2 we find the suppression factor (H/M)∆

for large ∆. This confirms the intuition3 that cosmological correlators of massless fields
probe the theory at an energy of order Hubble. What strongly differs from flat spacetime
and prompted this investigation is the factorial enhancement Γ(5 + 2n) of large dimension
operators. This enhancement is forthright disturbing: no matter how small H/M is, there are
always infinitely many very-high-dimension operators whose contribution to the observable
correlator B4s is much larger than that of any lower order ones. Naively, these very large
contributions also seem to be incompatible with perturbativity of the effective field theory [5].
This simple example shows that in general the EFT expansion is not convergent. While this
fact is not unique to curved spacetime and would occur also in time-dependent situations in

2This can be done more precisely considering the field-theoretic wavefunction Ψ, where integrals over the
Fourier modes ka ensure that log Ψ scales as k0.

3The reason why we don’t find the precise exponent ∆ − 4 in (1.2) is that time and space derivatives don’t
scale in the same way as this is not a single-scale power counting. We shouldn’t get distracted by this technical
detail.
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flat spacetime, it is a universally occurring feature of cosmological theories and calculations.
We hope that our detailed discussion of several cosmological toy models in this work will
help setting the correct expectations for more general cosmological EFTs.

Summary of results. As the reader might have guessed, the sum of EFT contributions (1.6)
is asymptotic and can be resummed with a variety of mathematical techniques, the better
known of which is due to Borel. The goal of this paper is to study how the EFT contributions
can be made sense of via resummation techniques and to what extent the resummation agrees
with the (partial) high-energy completion of the EFT. To do this, we focus on two de Sitter
toy models which can capture the main qualitative features while avoiding the technical
difficulty of a fully realistic theory. Here is a summary of our main results:

• In section 2 we study the EFT expansion for a non-dynamical massive field coupled to a
light field in de Sitter. We show that Mittag-Leffler summation of the EFT contributions
to the wavefunction correctly recovers the UV result.

• In section 3 we switch to the case of a massive field with zero sound speed coupled to a
light field in de Sitter. In this case the resummation of the EFT contributions misses
terms of the UV result. Such terms are exponentially small in M/H if the massive field
is in the Bunch-Davies state, but can be larger for an excited initial state. We explicitly
show how the missed terms can be accounted for in the EFT via ad hoc boundary
contributions.

• The resummed result is compatible with UV unitarity in the non-dynamical field case,
as pointed out in section 2.3. In contrast, section 3.3 shows that for the zero sound
speed case the EFT resummation does not satisfy the UV unitarity condition — it
misses the information about the discontinuity in the full theory.

• In section 4 we study the zero sound speed EFT expansion in Mellin space and show
that it actually converges, offering an alternative summation method. The Mellin
resummation procedure presents an ambiguity corresponding to different possible
boundary conditions of the massive field, capturing the fact that such information is
not accessible from the EFT.

Comments. Before getting into the details of our study, several general remarks are in order.
First, the asymptotic nature of the perturbative expansion in quantum field theory is of

course very well known [6–9]. The non-convergence of the perturbative expansion comes about
because the sum over the different order solutions of the equations of motion is exchanged
in perturbative calculation with the average implemented by the path integral or stochastic
initial conditions. The average ranges over values of the fields that extend beyond the radius
of convergence of the perturbative solution and this results in an ever increasing mistake to
higher orders in perturbation theory. The issue we are studying in this paper is not unrelated
to but quite distinct from this. Here we point out that integrating out a field already at tree
level, generates a infinite number of higher dimension operators whose contribution to low
energy observables grows factorially in the mass dimension, a phenomenon that would not
occur in the time-independent background of Minkowski spacetime.
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The second comment is that even though all of our detailed examples concern higher
derivative (quartic) operators in de Sitter spacetime, the phenomenon we are describing is
much more general and would occur for general higher dimension operators, with arbitrary
field multiplicity, and for general accelerating4 FLRW spacetimes. For example, consider
an interaction of the schematic form ∂mϕnΛ4−n−m in de Sitter. Just like in (1.6) we get
a power of η for each derivative, but also an additional power of η for each field since, in
the early-time limit the mode functions of a field of arbitrary mass asymptote ηeikη. Upon
performing the time integral this in turn leads to the factorial growth Γ(∆ − 3) where
∆ = n+m is the dimension of the operator. Another example is a conformally coupled field
with interaction of the schematic form ∂mφnΛ4−n−m in an FLRW spacetime with scale factor
a = (η∗/η)α, where η is conformal time. This spacetime experiences accelerated expansion,
i.e. ä > 0, iff α > 0, with α(α− 1) ≥ 0 representing the null-energy condition (NEC). The
corresponding contact correlator is

Bn ∼ 2Re ia(η0)−n
∫ η0

−∞
dη a4−∆ km∏n

a=1 ka
eikT η (1.7)

∝
(
η0
η∗

)αn kmΓ[α(∆− 4) + 1]
kT
∏n

a=1 ka
Re

[(
i

kT η∗

)α(∆−4) (
1 + ikT η0 +O

(
(kT η0)2

))]
, (1.8)

where kT =∑n
a ka. The factorial enhancement is now Γ[α(∆−4)+1], which for NEC-abiding

accelerated cosmologies grows even faster than factorially in ∆ − 4.
A third comment is that there is a very direct way to see that a cosmological correlator

has a factorial enhancement relative to the corresponding flat space amplitude. Indeed,
the correlators Bn of n massless fields in de Sitter with a Bunch-Davies initial state dis-
play a characteristic pole when the so-called total energy vanishes kT = 0, which can be
reached only for complex kinematics, whose residue is proportional to (the UV-limit of)
the associated flat space n-particle amplitude An [10, 11]. The precise relation including
the overal normalization is [12]

lim
kT →0

Bn = 2 (−1)nH
2I+2n+

V∑
α

(Nα−4)
Γ[p]× Re

{
iA′

n

(−ikT )p

n∏
a

i+ kaη0
2k2

a

}
, (1.9)

where I is the number of internal lines, p = 1 +∑α(∆α − 4) with the sum running over all
V vertices in the associated diagram, which have mass dimension ∆α and multiplicity Nα.
This relation tells us that Bn is enhanced as compared to An by (p − 1)!, which becomes
very large for operators of very large dimension. Even when the flat-space EFT expansion is
convergent for An, the corresponding cosmological EFT expansion for Bn is typically not.

Relation to previous work. We are not the first ones to notice the asymptotic behavior
of the derivative expansion in cosmological spacetimes and here we comment on a series of
related results and investigations in the literature.

Particle production in time-dependent backgrounds is a well-studied physical effect.
Characterizing it, for example by computing Bogoliubov coefficients and particle number

4Similar issues could also arise in decelerating cosmologies. Here we stick to accelerated cosmologies because
in that case it is clear how to consistently impose a Bunch-Davies initial state in the infinite past.
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densities, requires the study of the limiting behavior of mode functions at early and late times.
Due to the non-perturbative nature of particle production these mode functions manifest the
Stokes phenomenon, so that their description as a perturbative expansion is asymptotic (see
for instance [13, 14] and references therein). In this work we point out that the derivative
expansion resulting from integrating out a massive field in cosmology is similarly asymptotic.

Effective field theories in time-dependent settings were also explored in the past. For
example, in [15] the authors use the in-in (Schwinger-Keldysh) formalism and analyze a model
comprising interacting heavy and light scalar fields in flat spacetime, both initialized in their
free vacuum states at a finite initial time. They find that the EFT for the light scalar contains
terms that depend on the initial conditions, a phenomenon for which they use the arguable
expression “non-locality in time”. Three crucial differences with our study are that we focus
on de Sitter spacetime, that we impose an initial Bunch-Davies state [16] in the infinite past
of the Poincaré patch (which can be reached in a finite proper time), as opposed to at some
finite time, and that we point out the asymptotic nature of the derivative expansion.

The divergent behavior of a particular time-derivative expansion was pointed out in [17],
where a model with a heavy, luminal vector field coupled to a massless, slowly propagating
scalar in de Sitter was studied. In this peculiar setup the EFT that results from integrating
out the former is organized as an expansion in (only) time derivatives of the latter, and is
non-local in space. The authors mention that such a series is formally divergent, since the
time derivatives’ contribution grows factorially, and that this reflects the failure to capture the
on-shell production of the heavy field. Here we show that this phenomenon is more general,
and is not necessarily tied to time derivatives. As a matter of fact, the model that we study
in section 2 corresponds to keeping only the zeroth-order operator in the time-derivative
expansion of [17], which has (∂t)0, and the asymptotic behavior is observed too.

Finally, the question of the convergence of the EFT derivative expansion in flat space was
studied in [18–20], in the context of attempting to solve the RG flow equations approximately
by including contributions from operators in the effective action up to some order in derivatives.
Differently from our case, the issue there is that these contributions are evaluated in the
flow equations at a scale close to the radius of convergence of the derivative expansion, so
special care is needed to avoid divergent behavior. It would be interesting to see what the
asymptotic behavior described in this paper implies for these techniques, were they to be
applied in curved spacetimes.

Notation and conventions. We work in 3+1 dimensions, using conformal coordinates
on a flat slicing,

ds2 = a(η)2(−dη2 + dx2) , (1.10)

with a(η) = −1/Hη for de Sitter spacetime. Derivatives with respect to η are sometimes
indicated with a prime. The field theoretic wavefunction at the future boundary of de Sitter
(conformal time η = 0) is parameterized as

Ψ[ϕ] = exp
[
−

∞∑
n

1
n!

∫
k1,...,kn

(2π)3δ(3)
(

n∑
a

ka

)
ψn({k})ϕ(k1) . . . ϕ(kn)

]
, (1.11)

– 6 –
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where ψn are wavefunction coefficients. To simplify the notation we use∫
k
:=
∫ d3k

(2π)3 , and
∫

x
:=
∫

d3x . (1.12)

We define four-point correlators as

⟨ϕk1ϕk2ϕk3ϕk4⟩s = (2π)3 δ

( 4∑
a=1

ka

)
B4s(k1,k2,k3,k4) , (1.13)

where the label s refers to the s-channel. We use that label not only for quantities coming
from exchange diagrams but also from contact diagrams, meaning that we only write the
contribution that has the same permutation symmetry as an s-channel exchange diagram
(see e.g. (1.4) and (1.6)). We work in momentum space, using ka := |ka| and kab := ka + kb.
In four-point wavefunction coefficients and correlators we also use

kT :=
n∑

a=1
ka , s := |k1 + k2| = |k3 + k4| , e4 := k1k2k3k4 . (1.14)

The conventions used in Mellin space are explained in appendix C.

2 Non-dynamical massive field

We start with the simplest example, a massive field χ whose equations of motion contain
no time derivatives. We will couple this to a shift symmetric scalar field ϕ, therefore, the
Lagrangian for the theory is

L = −1
2a

4(∂µϕ)2 − 1
2a

2∂iχ∂
iχ− 1

2M
2a4χ2 + λ

2a
2ϕ′

2
χ. (2.1)

This field can be integrated out just like any other, with the advantage that the resulting EFT
will contain only spatial derivatives. This EFT, as already mentioned, captures (at leading
order in time derivatives) the dynamics of the low-speed cosmological collider [17, 21]. One can
think of this action as arising from the limit in which the speed of sound of χ is very large (as
compared to that of ϕ) and so one can neglect the time-derivative part of the χ kinetic term.

2.1 Calculation in the full theory

The equations of motion for χ are

(−a2∇2 + a4M2)χ = −λ2a
2ϕ′

2
. (2.2)

If we demand that this field vanished in the infinite past, so that we are in a vacuum state,
then the mode functions are zero at all times by the non-dynamical nature of the field.
However, there is still a contribution from the Green’s function which satisfies the equation

(−a2∇2 + a4M2)Gχ(x, x′) = −iδ4(x− x′) , (2.3)

– 7 –
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subject to the boundary condition that the field vanishes in the infinite past, on the future
boundary, and at spatial infinity. It will be convenient to perform calculations in momentum
space where the propagator is

Gχ(k; η, η′) =
−iH4η4

k2H2η2 +M2 δ(η − η′) . (2.4)

This form of the propagator is suggestive of the fact that χ mediates instantaneous interactions
at distance, as expected for a field with a very high speed of sound. The s-channel quartic
wavefunction coefficient ψ4s in the UV theory is therefore,

ψ4s=(−iλ)2
∫

dηdη′a2a′2
(
Kϕ

k1
(η)
)′(
Kϕ

k2
(η)
)′(
Kϕ

k3
(η′)

)′(
Kϕ

k4
(η′)

)′ −iH4η4

s2H2η2+M2 δ(η−η
′) (2.5)

= iλ
2k2

1k
2
2k

2
3k

2
4

M2

∫
dη η4eikT η

1+k2
T z

2η2 =−λ
2k2

1k
2
2k

2
3k

2
4

M2k5
T

2z(1+2z2)+e−1/zE1(−1/z)−e1/zE1(1/z)
2z5 .

where s := |k1 + k2|, E1(w) is the exponential integral, and Kϕ is the usual bulk-boundary
propagator for the massless field ϕ,

Kϕ
k (η) = (1− ikη)eikη . (2.6)

We have also introduced

z := Hs

MkT
, (2.7)

for notational simplicity, and have assumed that kT has a small negative imaginary part to
recover the Bunch-Davies vacuum in the infinite past. Since the bulk-boundary propagator
of χ vanishes, the cubic wavefunction coefficient ψϕϕχ for this theory also vanishes. Hence,
the 4-point function of ϕ is simply proportional to the real part of ψ4s,5

B4s=
2Reψ4s∏4

a=12Reψ
ϕ
2 (ka)

=− λ2H8

16k1k2k3k4M2k5
T

2z(1+2z2)+e−1/zRe[E1(−1/z)]−e1/zE1(1/z)
z5 ,

(2.8)
where we have used that the two-point wavefunction coefficient for a field with bulk-to-
boundary propagator Kk(η) is

ψ2 = −i lim
η→η0

a(η)2Kk(η) ∂ηKk(η) . (2.9)

2.2 Calculation in the EFT and resummation

The solution to the equations of motion for χ can also be written in terms of an infinite sum
of local derivative operators acting on the massless field

χ = −λ2a
2 1
−a2∇2 + a4M2

(
ϕ′

2
)
= − λ

2a2M2

∞∑
n=0

(
∇2

a2M2

)n (
ϕ′

2
)
+ χCF. (2.10)

5Notice that E1(1/z) is real for z ∈ R+, but E1(−1/z) is complex. Its imaginary part is sensitive to the iϵ
prescription that we implement on kT to make the time integral (2.5) converge, which tells us that kT (z)
approaches the positive real line from below (above). We have then Im [E1(−1/z)] = −π. This imaginary part
appears in the wavefunction but not in the correlator.
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We have made explicit the possible additional term χCF that we are free to add when solving
this equation, i.e. when we are inverting the singular equation of motion operator. This
arbitrariness is always present when integrating out a field and to make progress one must
specify the boundary conditions for the problem at hand (see section 3.2 for a brief summary
or section 4 of [22] for an extensive discussion of this in the context of the wavefunction).
In our case, the boundary condition that χ vanishes in the past fixes χCF = 0 for all times.
Similarly, the infinite sum vanishes in the late time limit and so we can ignore all boundary
terms. This aspect will be very different in the model we discuss in the next section. Therefore,
we will be working with the following single-field EFT

LEFT = −1
2a

4(∂µϕ)2 − λ2

4M2ϕ
′2

∞∑
n=0

(
∇2

a2M2

)n (
ϕ′

2
)
. (2.11)

Inserting this back into the Lagrangian gives the wavefunction coefficients at a given order
in our effective field theory,6

ψ
(n)
4s = iλ2s2n

M2(n+1)

∫
dη (Hη)2n

4∏
a=1

(
Kϕ

ka
(η)
)′ = λ2k

2
1k

2
2k

2
3k

2
4

M2k5
T

(
Hs

MkT

)2n

Γ(5 + 2n) , (2.12)

As anticipated in the introduction, due to the time-dependence of the background we find
that these contributions grow factorially as Γ(∆− 3) where ∆ = 8+2n is the mass dimension
of the relevant operator containing 2n spatial derivatives, 4 time derivatives and 4 fields.
At face value this suggests that higher dimensional operators give a larger contributions
to ψEFT

4s than lower dimensional ones. Moreover, the series obtained by summing over n
diverges and the naive result in the EFT is infinite

ψEFT
4s

??=
∞∑

n=0
ψ

(n)
4s = ∞ . (2.13)

Here we point out that we can still make sense of this sum through the process of resummation.
As the divergence goes like (2n)! we use Mittag-Leffler summation, a generalization of Borel
resummation (see appendix A for additional details),

ψEFT
4s =

∫ ∞

0
dte−t

( ∞∑
n=0

ψ
(n)
4s

t2n

(2n)!

)
= λ2k2

1k
2
2k

2
3k

2
4

M2k5
T

∫ ∞

0
dte−t

( 12
(tz + 1)5 − 12

(tz − 1)5

)

= −λ
2k2

1k
2
2k

2
3k

2
4

M2k5
T

2z(1 + 2z2) + e−1/z E1(−1/z)− e1/z E1(1/z)
2z5 . (2.14)

The convergence of this integral requires that Im (z) ̸= 0 which is ensured by our Bunch-Davies
condition that introduces a small positive imaginary part to z = Hs

MkT
. This result is identical

to what we saw in the exact calculation. Indeed, we can understand the resummation as
moving the sum inside the time integral and hence undoing the mistake of exchanging sum

6Note that the minus sign from ∇2 cancels with a minus sign coming from the additional factors of η in
the integral.
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and integral when we integrated out χ. To see this, consider closing the time integral (2.5) in
the upper right quadrant to move the integration from i∞ to 0 and then redefine t = −ikT η,

ψ4s = i
λ2k2

1k
2
2k

2
3k

2
4

M2

∫ 0

−∞
dη η4eikT η

1+k2
T z

2η2 = λ2k2
1k

2
2k

2
3k

2
4

2M2k5
T

∫ ∞

0
e−t

(
t4

1−zt+
t4

1+zt

)
dt (2.15)

= λ2k2
1k

2
2k

2
3k

2
4

2M2k5
T

∫ ∞

0
(∂4

t e
−t)
(

t4

1−zt+
t4

zt+1

)
dt= λ2k2

1k
2
2k

2
3k

2
4

M2k5
T

∫ ∞

0
e−t

(
12

(tz+1)5 − 12
(tz−1)5

)
dt

=ψEFT
4s .

The penultimate equality follows from integrating by parts repeatedly, noting that all of
the boundary terms this generates will vanish. This shows us why the EFT is asymptotic.
When we attempt to bring the sum in the Taylor expansion of (1 + k2

T z
2η2)−1 around z = 0

outside of the time integral we encounter the obstacle that we are integrating over values
of η that are outside the radius of convergence of the expansion. This exchange of limits
therefore results in an asymptotic series. The divergence of the series can be cured through
resummation to recover the correct result.

In this very simple theory there is no complementary function7 term that we could add
that is compatible with our vacuum initial condition and there are no three point interactions.
It is therefore trivial to read off the correlator in this theory as

BEFT
4s = 2ReψEFT

4s∏4
a=1 2Reψ

ϕ
2 (ka)

. (2.16)

Which, by virtue of (2.15), is in exact agreement with the full, UV-complete, theory result (2.8).
The same resummation procedure works for a theory with conformally coupled field φ and
coupling φ2χ, rather than ϕ and ϕ′ 2χ.

2.3 Relationship to the cosmological optical theorem

Unitarity plus the choice of the Bunch-Davies initial state8 implies that four-point wavefunction
coefficients must satisfy the cosmological optical theorem (COT) [12, 26, 27], which for the
full theory (2.1) reads9

ψ4s(ka, s) + [ψ4s(−k∗a, s)]∗ = 0 , (2.17)

where the real values of ka should be approached from the lower-half complex plane [12]. In
the full expression for the tree-level COT the right hand side would consist of two factors of
the discontinuity of the three-point coefficient ψϕϕχ, but it vanishes in this theory because
ψϕϕχ = 0. To check that the result (2.5) satisfies the COT, it is useful to express E1(w) in
terms of the complementary exponential integral Ein(w), which is an entire function, using

E1(w) = Ein(w)− lnw − γ , (2.18)
7By “complementary” function we mean the general solution of the homogeneous equation of motion.
8Similar results for other initial states were found in [23–25].
9Appendix C of [28] pointed out that, in this theory, the non-analytic behavior of the propagator (2.3)

in the internal energy variable implied an anomaly of Hermitian analyticity for ψ4s, this was also discussed
in [29] through the lens of local symmetries in the Lagrangian. These results have important implications for
the no-go theorems on parity-odd correlators [30–32]. However, this is not a problem here because the COT
does not require us to analytically continue the internal energy s, but only the external ones.
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where w is a complex variable, γ is Euler’s constant, and the principal branch of the logarithm
is to be taken. Using this and taking into account the iϵ prescription for kT that makes
the time integral (2.5) converge, we have

ψ4s ∝ 2z(1+2z2)+e−1/z
(
Ein(−1/z)−ln(1/z)−iπ−γ

)
−e1/z

(
Ein(1/z)−ln(1/z)−γ

)
, (2.19)

where we have omitted an overall factor that does not play any role in the following. When
substituting this four-point coefficient in (2.17), it is easy to see that the first term as well
as the terms proportional to the complementary exponential integral and to γ cancel out
(notice that z → −z when ka → −ka). To see the cancellation of the remaining terms, recall
that the analytic continuation of ka is done via a rotation in the clockwise direction [12], so
it accumulates a phase −π in the argument of the logarithms,

ln(1/z) → ln
(
e−iπ/z

)
= ln(1/z)− iπ . (2.20)

The imaginary piece in (2.19) precisely cancels these phases, and we conclude that the UV
four-point wavefunction coefficient (2.5) satisfies the COT. In the EFT, we have infinitely
many contact diagrams ψ(n)

4s . Each one of them individually satisfies the contact COT, which
takes the form (2.17). Their resummation is identical to the result in the full theory with
χ and so also obeys the COT in the form (2.17).

3 Zero sound speed massive field

The next case that we will study is that of a massive field χ with vanishing sound speed, i.e.
a field whose equations of motion contains no spatial derivatives. The theory will also contain
a conformally coupled scalar φ and a cubic interaction between both. The Lagrangian is

L = −1
2a

4(∂µφ)2 − a4H2φ2 + 1
2a

2(χ′)2 − 1
2M

2a4χ2 + λ a4φ2χ . (3.1)

In contrast to the toy model we studied in the previous section, see (2.1), the massive χ
field is now dynamical and thus harder to integrate out. We focus on the less generic case
of a vanishing speed of sound for χ because the absence of spatial derivatives makes the
calculation manageable. This example constitutes a middle step between the very simple case
studied in section 2 and the realistic but difficult case of a field with standard full kinetic term
(∇µχ)2. In this case, the EFT will keep track of just the φ, which, in contrast to the previous
section, has a mass tuned to the conformally coupled valued rather than being massless.

3.1 Calculation in the full theory

We start by computing the four-point correlator of φ coming from tree-level exchange of χ in
the full theory. We will do this using the field-theoretic wavefunction. The Bunch-Davies
mode function and bulk-to-boundary propagator for the conformally coupled scalar are

φk(η) ∝ ηe−ikη ⇒ Kφ
k (η) =

η

η0
eikη . (3.2)

The free (i.e. λ = 0) equation of motion for the heavy field is[
η∂η(η∂η) + µ2

]
(η−3/2χ) = 0 , where µ2 := M2

H2 − 9
4 . (3.3)
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The solution is

χ(η) = H√
2µ(−η)

3
2

[
A

(
η

η∗

)iµ

+B

(
η

η∗

)−iµ
]
, (3.4)

where −η∗ is an arbitrary positive constant that makes the base of the exponents dimensionless
and the constant prefactor is introduced to simplify later expressions. The normalization
condition requires

χ∗χ′ − (χ′)∗χ = −iH2η2 ⇒ |A|2 − |B|2 = 1 . (3.5)

We will compute the wavefunction assuming generic boundary conditions for the field χ,
so A and B will only be constrained by (3.5). The reason why we keep these constants
arbitrary deserves some explanation. First, to provide some context, we note that the limit
of a vanishing sound speed is related to the so-called Carroll limit, which describes a set of
Wigner-Inonou contractions of kinematical groups [33]. It is known that, in this limit, the
quantization of fields is problematic [34]. Here the problem manifests itself in the ambiguity
of choosing an initial state for χ that is the equivalent of the standard Bunch-Davies state.
Since this toy model serves us as a concrete setup where calculations are manageable, rather
than as a realistic construction, we prefer to simply keep A and B arbitrary and refrain
from asking probing questions about the nature of the χ field and what initial conditions
would be consistent or natural.

When we finally compare the EFT and exact theory it will, however, be interesting
to demand that there are no heavy particles present in the initial state. To do this, we
will take A and B to come from the zero speed of sound limit of the general massive-field
solution in the Bunch-Davies vacuum,

χ = lim
cs→0

√
πH

2 e−
πµ
2

(
− η

cs

)3/2
H

(1)
iµ (−cskη) (3.6)

= H(−η)3/2
√
2µ

(
−ie

πµ
2 Γ(−iµ)

√
µ

2π

(
−cskη

2

)iµ

− ie−
πµ
2 Γ(iµ)

√
µ

2π

(
−cskη

2

)−iµ
)
. (3.7)

This defines for us a specific value of A and B as well as an η∗,

A = −e
πµ
2 Γ(−iµ)

√
µ

2π , B = −ie−
πµ
2 Γ(iµ)

√
µ

2π , η∗ = − 2
csk

. (3.8)

However, for the majority of this section, this specific choice will not be assumed. The
bulk-to-boundary and bulk-to-bulk propagators are

Kχ(η) = χ∗(η)
χ∗(η0)

, (3.9)

Gχ(η, η′) = χ(η)χ∗(η′)θ(η − η′) + χ∗(η)χ(η′)θ(η′ − η)− χ∗(η)χ∗(η′) χ(η0)
χ∗(η0)

, (3.10)

and satisfy the boundary conditions Kχ(η0) = 1 and Gχ(η0, η
′) = 0 at some late time η0.
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2- and 3-point functions. Using (2.9) we find that the two-point wavefunction coefficients
for φ and χ are respectively

ψφ
2 = − i

H2η3
0
(1 + ikη0) , (3.11)

ψχ
2 = − i

H2η3
0

[
3
2 − iµ

A∗(η0/η∗)−iµ −B∗(η0/η∗)iµ

A∗(η0/η∗)−iµ +B∗(η0/η∗)iµ

]
. (3.12)

The three-point wavefunction coefficient coming from the cubic interaction in (3.1) is

ψ3 = iλ

∫ 0

−∞
dη a(η)4Kφ

k1
(η)Kφ

k2
(η)Kχ(η) = iλ

H4(−η0)7/2
A∗ I

(1)
− (k12) +B∗ I

(1)
+ (k12)

A∗(η0/η∗)−iµ +B∗(η0/η∗)iµ
,

(3.13)
where kab := ka + kb and we have defined

I
(1)
± (k) := (−η∗)∓iµ

∫ 0

−∞
dη (−η)−

1
2±iµ eikη = (−η∗)∓iµ e

i 3π
4 ±πµ

2

k
1
2±iµ

Γ
(1
2 ± iµ

)
. (3.14)

4-point function. The s-channel exchange wavefunction coefficient is:

ψ4s = −λ2
∫ 0

−∞
dη dη′ a(η)4 a(η′)4Kφ

k1
(η)Kφ

k2
(η)Gχ(η, η′)Kφ

k3
(η′)Kφ

k4
(η′) . (3.15)

We separate the contributions from the three terms in (3.10) as

ψ4s = ψ
(I)
4s + ψ

(II)
4s + ψ

(III)
4s . (3.16)

The first time-ordered term gives

ψ
(I)
4s (k12, k34) =

−λ2

2µH6η4
0

[
|A|2I(2)

+−(k12, k34) + |B|2I(2)
−+(k12, k34)

+A∗B I
(2)
−−(k12, k34) +AB∗I

(2)
++(k12, k34)

]
,

(3.17)

with

I
(2)
±∓(k, k′) :=

∫ 0

−∞
dη (−η)−

1
2±iµ eikη

∫ η

−∞
dη′(−η′)−

1
2∓iµ eik′η′

= − i(
1
2 ± iµ

)
(k + k′)

2F1

(
1, 1; 32 ± iµ; k

k + k′

)
,

I
(2)
±±(k, k′) := (−η∗)∓i2µ

∫ 0

−∞
dη (−η)−

1
2±iµ eikη

∫ η

−∞
dη′(−η′)−

1
2±iµ eik′η′

= −(−η∗)∓i2µ i e±πµ Γ (1± 2iµ)(
1
2 ± iµ

)
(k + k′)1±2iµ

2F1

(
1, 1± 2iµ; 32 ± iµ; k

k + k′

)
,

(3.18)

and the second gives the same result with k12 and k34 swapped,

ψ
(II)
4s (k12, k34) = ψ

(I)
4s (k34, k12) . (3.19)
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Using the properties of the hypergeometric functions [35] we can see that

I
(2)
±±(k, k′) + I

(2)
±±(k′, k) = I

(1)
± (k)I(1)

± (k′), (3.20)

I
(2)
±∓(k, k′) + I

(2)
∓±(k′, k) = I

(1)
± (k)I(1)

∓ (k′). (3.21)

Therefore,

ψ
(I)
4s + ψ

(II)
4s = −λ2

2µH6η4
0

[
I

(2)
+−(k12, k34) + I

(2)
+−(k34, k12) +A∗B I

(1)
− (k12)I(1)

− (k34) (3.22)

+AB∗ I
(1)
+ (k12)I(1)

+ (k34) + |B|2
(
I

(1)
− (k12)I(1)

+ (k34) + I
(1)
− (k34)I(1)

+ (k12)
) ]

,

where we have employed the relationship (3.5). The non-time-ordered term gives

ψ
(III)
4s = −ψ3(k12)ψ3(k34)

2Reψχ
2

. (3.23)

Correlator. The correlation function of four conformally coupled scalars φ exchanging a
massive χ in the s-channel is given by

⟨φk1φk2φk3φk4⟩s = (2π)3δ

( 4∑
a=1

ka

)
B4s , with (3.24)

B4s =
( 4∏

a=1
2Reψφ

2 (ka)
)−1 [

2Reψ4s(k12, k34) +
2Reψ3(k12) 2Reψ3(k34)

2Reψχ
2

]

=
( 4∏

a=1
2Reψφ

2 (ka)
)−1 [

2Re
(
ψ

(I)
4s + ψ

(II)
4s

)
+

Re
(
ψ3(k12)ψ∗

3(k34)
)

Reψχ
2

]
.

Substituting the wavefunction coefficients obtained above we get

B4s = H2λ2η4
0

32µk1k2k3k4

{
− 2Re

(
I

(2)
+−(k12, k34) + I

(2)
+−(k34, k12)

)
+ |A|2 2Re

(
I

(1)
− (k12)

(
I

(1)
− (k34)

)∗)+ |B|2 2Re
(
I

(1)
+ (k12)

(
I

(1)
+ (k34)

)∗)
−A∗B

[
I

(1)
− (k12)−

(
I

(1)
+ (k12)

)∗][
I

(1)
− (k34)−

(
I

(1)
+ (k34)

)∗]
−AB∗

[
I

(1)
+ (k12)−

(
I

(1)
− (k12)

)∗][
I

(1)
+ (k34)−

(
I

(1)
− (k34)

)∗]}
.

(3.25)

One can verify that the same result is found when the correlator is calculated in the in-in
formalism. In that case, there is a factorized contribution Bfact

4s arising from diagrams with
G±∓ propagators of the heavy χ field, and a non-factorized contribution Bnon-fact

4s from
diagrams with G±± propagators for χ,

B4s = Bfact
4s +Bnon-fact

4s . (3.26)
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These contributions are

Bfact
4s = H2λ2η4

0
32µk1k2k3k4

[
|A|22Re

(
I

(1)
− (k12)I(1)

− (k34)∗
)
+ |B|22Re

(
I

(1)
+ (k12)I(1)

+ (k34)∗
)

+A∗B
(
I

(1)
− (k12)I(1)

+ (k34)∗ + I
(1)
+ (k12)∗I(1)

− (k34)
)

+AB∗
(
I

(1)
+ (k12)I(1)

− (k34)∗ + I
(1)
− (k12)∗I(1)

+ (k34)
) ]

, (3.27)

Bnon-fact
4s = H2λ2η4

0
32µk1k2k3k4

[
− 2Re

(
I

(2)
+−(k12, k34) + I

(2)
+−(k34, k12)

)
−A∗B

(
I

(1)
− (k12)I(1)

− (k34) + I
(1)
+ (k12)∗I(1)

+ (k34)∗
)

−AB∗
(
I

(1)
+ (k12)I(1)

+ (k34) + I
(1)
− (k12)∗I(1)

− (k34)∗
) ]

. (3.28)

We now proceed to discussing the EFT in which χ is integrated out.

3.2 Calculation in the EFT and resummation

Before we get into the specifics of this model we will review the general properties of EFTs
in the presence of a boundary, discussed in [22], as there are some subtleties that were not
important in section 2.2 but that will arise here. Suppose we have some theory with a massive
and massless field that are coupled through the following Lagrangian

S =
∫

x

∫
dη
(
−1
2a

4∂µϕ∂
µϕ+ 1

2a
2∂ηχ∂ηχ− 1

2c
2
sa

2∂iχ∂iχ− 1
2Ma4χ2 + λLint[χ, ϕ]

)
.

(3.29)
We have temporarily restored the spatial derivatives in this theory and introduced an arbitrary
sound speed for the purpose of this general discussion. When we return to discussing the
zero speed of sound limit, all the arguments made here will continue to apply. Suppose we
wish to integrate out the massive field, χ, then we must solve its equations of motion(

∂ηa
2∂η − c2

sa
2∂i∂i + a4M2

)
χ =: O χ = λ

∂Lint
∂χ

. (3.30)

This has formal solution

χ = λ

(
O−1∂Lint

∂χ

∣∣∣∣
χ=0

+ χCF

)
, (3.31)

where χCF is a solution to the homogeneous equations of motion that is required to fix the
boundary conditions that we impose on χ. The fact that χCF appears with a λ factor in the
above expression is due to the fact that we are working in the EFT where the background
value of χ vanishes. Putting this solution back into our action gives the effective action which
we can integrate by parts to make the operator that defines our equations of motion manifest

S=
∫

x

[
λ2

2

(
O−1∂Lint

∂χ
+χCF

)
a2∂η

(
O−1∂Lint

∂χ
+χCF

)]η0

−∞

+
∫

x

∫
dη
[
1
2∇µϕ∇µϕ+λLint [0,ϕ]

−λ
2

2

(
O−1∂Lint

∂χ
+χCF

)
O
(
O−1∂Lint

∂χ
+χCF

)
+λ2

(
O−1∂Lint

∂χ
+χCF

)
∂Lint
∂χ

]
. (3.32)
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In this expression we have dropped the notation that Lint is evaluated at χ = 0 and expanded
the final expression for Lint assuming λ is small. To simplify the second line we first note
that OχCF = 0. Therefore, we can see that, when we cancel the O and O−1 the first term is
equal to the second one. As in [22] this can be further simplified by integration by parts,

λ2

2

∫
x

∫
dη χCFOO−1∂Lint

∂χ
= λ2

2

∫
x

[
χCFa

2∂ηO−1∂Lint
∂χ

−O−1∂Lint
∂χ

a2∂ηχCF

]η0

−∞
. (3.33)

Here there is no bulk integral term on the right hand side as this procedure has moved the
operator O onto χCF, which therefore vanishes.

We now return to the theory at hand. The first step is to determine the EFT operators
that enter the theory. To do this we need the equations of motion which we manipulate
into a simple form,( 1

µ2 η∂η(η∂η) + 1
)(

(−η)−3/2χ
)
= λ

H2µ2 (−η)
−3/2φ2. (3.34)

This differential operator can be inverted and expanded to give an expression for χ in terms
of an infinite sum of local-in-time operators

χ = λ(−η)3/2

H2µ2

∞∑
n=0

(
− 1
µ2

)n

(η∂η)2n
(
(−η)−3/2φ2

)
+ λχCF . (3.35)

The Lagrangian recovered upon integrating out the χ field can thus be read off from (3.32)
and (3.33)

S = SBD + SEFT

=
∫

x

[1
2a

2χ∂ηχ+ λa2χCF∂ηχ− λa2χ∂ηχCF

]η0

−∞
+
∫

x

∫
dη
[
1
2a

2φ′2 − 1
2a

2∂iφ∂
iφ (3.36)

−H2a4φ2 + λ2

2µ2H6(−η)5/2φ
2

∞∑
n=0

(
− 1
µ2 η∂η(η∂η)

)n (
φ2(−η)−3/2

) ]
.

Here we have expressed the boundary contribution in terms of the full solution to keep the
expression concise. We will ultimately be evaluating this using the infinite sum in (3.35).

To compute the wavefunction from this expression we need to know the action of the
differential operator (η∂η)2n on the conformally coupled mode functions. In general one
has the identity

(η∂η)2n(−η)meikη = (−η)meikη
2n∑

b=0

b∑
a=0

(−1)a+b

(
b

a

)
(a+m)2n

b! (ikη)b . (3.37)

In our case the conformally coupled mode functions are proportional to ηeikη and so m = 1
2 .

By computing the time integral in the Feynman rules for the contact wavefunction
coefficient generated by a generic interaction in (3.36) we find

ψ
(n)
4s (k12, k34) =

λ2

2H6µ2η4
0kT

2n∑
b=0

b∑
a=0

(
− 1
µ2

)n

(−1)a

(
b

a

)(
k12
kT

)b (
a+ 1

2

)2n

. (3.38)
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This double sum can be replaced by a single sum as

ψ
(n)
4s (k12, k34) =

λ2

2H6µ2η4
0

∞∑
a=0

(
− 1
µ2

)n 1
k34

(
−k12
k34

)a (
a+ 1

2

)2n

=: λ2

H6µ2η4
0

∞∑
a=0

A(n)
a .

(3.39)
The full EFT expression then comes from summing over all values n. However, this sum
does not converge. We can produce a resummed expression for this EFT if we instead
exchange the order of summation:

ψEFT
4s =

∞∑
n=0

[
ψ

(n)
4s (k12, k34) + ψ

(n)
4s (k34, k12)

]
= λ2

2H6µ2η4
0

∞∑
n=0

∞∑
a=0

A(n)
a + (k12 ↔ k34)

= λ2

2H6µ2η4
0

∞∑
a=0

∞∑
n=0

A(n)
a + (k12 ↔ k34),

(3.40)

where we have made the two contributions to this expression in the s channel explicit. To
make sense of this double sum we propose a resummation procedure as follows. First we look
at the sum over n at fixed a. We apply the ratio test to the sum over n, finding the condition

lim
n→∞

|A(n+1)
a |

|A(n)
a |

= (a+ 1/2)2

µ2 < 1 . (3.41)

For any finite a, not necessarily integer, we can find a finite range of µ for which this
sum converges to

∞∑
n=0

A(n)
a = 4µ2

k34(4µ2 + (1 + 2a)2)

(
−k12
k34

)a

. (3.42)

Now we can analytically continue this expression in a to arbitrary values. Then we can
perform the sum over a which now converges to

ψEFT
4s =− λ2

2µH6η4
0

(
I

(2)
+−(k12,k34)+I(2)

+−(k34,k12)−
1
2I

(1)
− (k12)I(1)

+ (k34)−
1
2I

(1)
− (k34)I(1)

+ (k12)
)
,

(3.43)
where we have written the resulting hypergeometric functions in terms of the integrals defined
in (3.18) for ease of comparison. This makes it clear that for any boundary conditions the
first two terms are identical to those in the exact result in (3.22). Conversely, to match the
remaining terms we would need to consider the potential additional boundary term χCF,
as we show in appendix B. This requires information that exists outside of the EFT as the
form of χCF depends on the solution of the full theory.

One can ask how close the EFT resummed expression in (3.43) approximates the true
result of the full theory, without invoking the knowledge of any boundary terms. To make
this comparison we look at the infinite mass limit of the difference between the EFT and
exact calculations,

lim
µ→∞

ψ4s − ψEFT
4s = − λ2

2µH6η4
0
√
k12k34

[
iB∗(η2

∗k34k12)−iµ

A∗(η0/η∗)−iµ +B∗(η0/η∗)iµ

(
η0
η∗

)iµ
]
+O(e−πµ) ,

(3.44)
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where we have used that

lim
µ→∞

I
(1)
+ (k) = (−η∗)−iµ k−

1
2−iµe−i 3π

4 , (3.45)

lim
µ→∞

I
(1)
− (k) = e−πµ(−η∗)iµ k−

1
2 +iµei π

4 . (3.46)

to conclude that anything involving I
(1)
− is exponentially suppressed and hence O(e−πµ).

There is still a non-exponentially suppressed contribution to this wavefunction coefficient
for generic values of A and B.

However, taking the values of A and B to coincide with the general massive-field solution
in the Bunch-Davies vacuum, given in (3.8), we find that

lim
µ→∞

B∗

A∗ = lim
µ→∞

π(1 + coth(πµ))
µΓ(iµ)2 = i

2

(
e

m

)2iµ

eπµ(1 + coth(πµ)) = i

2

(
e

m

)2iµ

e−πµ. (3.47)

These boundary conditions thus ensure that

lim
µ→∞

ψ4s − ψEFT
4s = O(e−πµ). (3.48)

The same is true for the correlator as the three point wavefunction coefficient also vanishes
exponentially fast in this limit

lim
µ→∞

ψ3 = lim
µ→∞

iλ

H4(−η0)7/2
B∗(−η∗k)−iµe−

3iπ
4

A∗(η0/η∗)−iµ +B∗(η0/η∗)iµ
= O(e−πµ). (3.49)

Therefore, the EFT recovers the true solution up to exponentially small corrections whether we
are looking at the wavefunction coefficient or the correlator. It may initially seem concerning
that we were required to specify a particular initial condition for χ to match the exact result
as the EFT shouldn’t have access to this information, which pertains only to the full theory.
However, if the initial state of the system contains some on-shell χ particles, rather than
being in the Fock vacuum, then the EFT prescription that we have implemented of setting
the heavy field to zero will differ from the true description in a way that is not suppressed in
the infinite mass limit and so we expect that the mistake the EFT makes as compared to the
result of the full theory is not necessarily exponentially suppressed in the large mass limit.

3.3 Relationship to the cosmological optical theorem

We can look at the consequences of unitarity in this theory just like we did for the previous
one in section 2.3. This case is more subtle, however, because we work with generic initial
conditions for the massive field χ. For a three-point wavefunction coefficient in a scalar
theory, the generic constraint from unitarity is [23]10

ψ3(ka) + [ψ3(k̄a)]∗ = β3(ka) , (3.50)

where a = 1, 2, 3, the bar in k̄ denotes the analytic continuation of the momentum that
achieves fk̄ = f∗k in the corresponding mode function, and β3(ka) is a function of the momenta

10One could alternatively use the cutting rules for Bogoliubov initial states derived in [24, 25].
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that vanishes if the three fields are taken to be in the Bunch-Davies vacuum. In our case
the three-point function (3.13) only depends on the momenta of the c.c. fields via k12, so
the above expression simplifies to

ψ3(k12) + [ψ3(−k∗12)]∗ = β(k12) =
iλ

H4(−η0)7/2
(η0/η∗)iµ I

(1)
− (k12)− (η0/η∗)−iµ I

(1)
+ (k12)

|A(η0/η∗)iµ +B(η0/η∗)−iµ|2
,

(3.51)
where in the last equality we have plugged in the explicit result (3.13).

For the s-channel four-point function, unitarity implies [23]

ψ4s(ka, s) + [ψ4s(k̄a, s)]∗ =

[
ψ3(k1, k2, s) + [ψ3(k̄1, k̄2, s)]∗

] [
ψ3(k3, k4, s) + [ψ3(k̄3, k̄4, s)]∗

]
2Reψ2(s)

+ β4s(ka, s) , (3.52)

where a = 1, . . . , 4. In our theory, and focusing on the coefficient (3.15), the four external fields
are conformally coupled scalars with BD initial condition, so we have β4s(ka) = 0. In addition,
the three-point discontinuities in the right hand side are ψ3(k1, k2, s) + [ψ3(k̄1, k̄2, s)]∗ =
ψ3(k12) + [ψ3(−k∗12)]∗, so we can use (3.51) getting

ψ4s(k12, k34) + [ψ4s(−k∗12,−k∗34)]∗ =
β3(k12)β3(k34)

2Reψχ
2

. (3.53)

One can easily check that this constraint is satisfied by the UV four-point wavefunction
coefficient computed in (3.22) and (3.23). However, the four-point coefficients ψ(n)

4s of (3.38)
are computed in the EFT where the massive field has been integrated out, and come from
contact interactions. As a consequence, they do not satisfy (3.53), but its contact version,
which has a vanishing right-hand side. This is also the case after resummation, (3.43), i.e.

ψEFT
4s (ka) + [ψEFT

4s (−k∗a)]∗ = 0 . (3.54)

We conclude that the EFT misses the information about the discontinuity in the full theory,
that is, about the right-hand side of (3.53). This information is encoded in the complementary
function terms studied in appendix B, which require knowledge of the UV theory.

4 Mellin-space resummation at zero sound speed

By studying the EFT derivative expansion in the zero speed of sound theory via Mellin space,
an alternative method of resummation will present itself, with a finite radius of convergence,
analogous to the case of flat-space scattering amplitudes described in section 1. The Mellin
transform f(s) of a function f(η) defined in conformal time is given by

(Mf)(s) = f(s) =
∫ 0

−∞

dη
−η

(−η)2sf(η) , (4.1)

where s is a complex variable, corresponding to a projection onto a basis of complex power-
law functions in conformal time. This diagonalizes scalings in conformal time, and because
−η = e−Ht/H, where t is cosmic time,

f(s) =
∫ ∞

−∞
Hdt e−2Hstf(t) . (4.2)
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Therefore, the Mellin transform is a two-sided Laplace or Fourier transform in cosmic time.
Integrals in Mellin space often take the form of so-called Mellin-Barnes integrals, which
are of the general form11

I(z) =
∫ c+i∞

c−i∞
[ds]

∏
i Γ (ais+ αi)∏
i Γ (bis+ βi)

z−2s , (4.3)

where [ds] := ds/2πi and the contour of integration separates the poles of the gamma
functions with ai > 0 from those with ai < 0. For a general introduction to this integral
transform and its properties, see [36]. Mellin-space methods have been applied to a broad
range of problems in cosmology [37–42], holography [43, 44], and particle physics [45]. For
some relevant properties of the Mellin transform and a formulation of the Feynman rules
for cosmological correlators in Mellin space, see appendix C. An equivalent diagrammatic
formalism appears already in the Mellin space literature [46, 47].

4.1 Calculation in the EFT and resummation

In this section, we will study correlators rather than wavefunction coefficients: this will
also illustrate the extent to which a unitary effective field theory can successfully reproduce
observables of the UV theory. We will study the s-channel contribution to the trispectrum of
the zero sound speed model of section 3. In that calculation, the effective action (3.36) for
the wavefunction was written in terms of time derivatives acting on (−η)3/2φ2 in order to
make the calculation tractable. In Mellin space, this is not required, and we write exactly
the same interactions in a slightly different form

Hint :=
∑

n

φ2Onφ
2 where On := −λ2

4M2

[
−H2

M2 (η∂η(η∂η)− 3η∂η)
]n

. (4.4)

These interactions can be understood analogously to the flat-space case (1.4): the Feynman
propagator of the heavy field χ is

Gχ
F = 1

H2 (η∂η(η∂η)− 3η∂η) +M2 , (4.5)

and we aim to describe the trispectrum of φ produced by the λχφ2/2 using a unitary effective
description in terms of the conformally-coupled field φ alone. To that end, we Taylor expand
the propagator of χ assuming large mass:

−λ
2

4 φ
2 1
H2 (η∂η(η∂η)− 3η∂η) +M2φ

2 ≈ Hint . (4.6)

The EFT expression for the contact trispectrum in the s-channel then takes the form

BEFT
4s =

∞∑
n=0

2Re
∫ −idη

(−Hη)4G+(k1, η)G+(k2, η)On [G+(k3, η)G+(k4, η)]+(k1, k2 ↔ k3, k4) ,

(4.7)
11This family of integrals is not sharply defined; an important characteristic is that there are gamma

functions whose poles are separated by the contour of integration.
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where
G+(k, η) = η0

H2

k
ηeikη , (4.8)

is the usual plus-time-ordered external propagator of a conformally-coupled scalar in the
in-in formalism. Using three properties (C.4), (C.12), and (C.19) of the Mellin transform

M(−η∂ηf)(s) = 2sf(s) , (4.9)

M(f1 . . . fn)(s) =
∫

2n[ds]n[δ](2s− 2sT )f1(s1) . . . fn(sn) , (4.10)

G+(k, s) := M(G+(k, η)) =
−η0H

2

2 e−iπ(s+ 1
2)Γ (2s+ 1) k−2s−2 . (4.11)

where [δ] = 2πiδ is the Dirac delta, [ds]n := [ds1] . . . [dsn], and sT = s1 + · · · + sn. These
results may be found in [36, 37]. Specializing (4.10) to 2s = −3 to evaluate the required time
integral in (4.7), we can attempt to calculate B4s with a formal sum BEFT

4s of Mellin integrals

BEFT
4s = H−4 2Re

∞∑
n=0

∫
[d4s]2[δ](−3− 2sT )G+(k1, s1) . . . G+(k4, s4)

× iλ2

M2

[
−H2

M2

(
(2s34)2 + 3(2s34)

)]n

+ (k1, k2 ↔ k3, k4) .
(4.12)

The sum in n still diverges, as discussed in the previous section. However, we can study
the integrands themselves: if we formally bring the sum inside the integral, we find a series
in Mellin space with coefficients xn =

[
−H2

M2
(
(2s34)2 + 3(2s34)

)]n
. This series converges

absolutely as long as
∣∣(2s2

34) + 3(2s34)
∣∣ < M2/H2, and corresponds to the Taylor expansion

of (1 + x)−1. We can blame the asymptotic nature of the derivative expansion of BEFT
4s on

the failure of this series to converge for all values taken by the integration variables si. We
can sum the series inside its radius of convergence and then perform an analytic continuation
to obtain an integrand that is defined along the whole contour of integration. This produces
another way to give meaning to the non-convergent sum of all EFT correlators:

BEFT
4s = 2

H4 Re
∫
[d4s]2[δ](−3− 2sT )G+(k1, s1) . . . G+(k4, s4)

× iλ2

M2 +H2 ((2s34)2 + 3(2s34))
+ (k1, k2 ↔ k3, k4) . (4.13)

We can now perform the integrals over the Mellin variables:

BEFT
4s =(−η0H)4e

− 1
2

4

∫
[ds]234Γ

(
2s2−

1
2

)
Γ
(
2s3−

1
2

)
Γ
(
2s4−

1
2

)
Γ
(5
2−2s234

)
(4.14)

×k−3
1

(
k1
k2

)2s2(k1
k3

)2s3(k1
k4

)2s4 λ2

M2+H2 [(2s34−3)2+3(2s34−3)]+(k1,k2↔k3,k4),

where the integral over s1 has been performed using the Dirac delta, and the integration
variables have been shifted to match onto standard integrals. Here, e4 := k1k2k3k4. Next, we
change variables to s± = s3 ± s4. The integrals in s2 and s− are of the common form∫

[ds]z2sΓ(a+ 2s)Γ(b− 2s) = 1
2z

bΓ(a+ b)(1 + z)−a−b . (4.15)
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Re s+

Im s+

Re s+

Im s+

Figure 1. (Left) For any term in the series (4.12) of integrals, any complex linear combination of the
contours in the figure gives the same value to the integral, as long as the coefficients sum to 1. The
region of convergence of the series of Mellin integrands is illustrated by the dashed circle. (Right)
New poles are produced by summing the series of Mellin integrands. Depending on the coefficients of
the contours on the left, the red poles’ residues can be added to the value of the resummed integral.

After performing those integrals, we decompose the rational function into partial fractions,
then convert the partial fractions into gamma functions. The resulting integral is

BEFT
4s = (−η0H)4 (16e4)−

1
2

∫
[ds+] Γ (2s+ − 1) Γ (2− 2s+) k−3

1

(
k1k4
k2k3

) 1
2
(
k12
k1

)−2
(4.16)

×
(
k34
k4

)(
k12
k34

)2s+ λ2

M2 +H2 [(2s+ − 3)2 + 3(2s+ − 3)] + (k1, k2 ↔ k3, k4)

= (−η0H)4 (16e4)−
1
2

∫
[ds+] Γ (2s+ − 1) Γ (2− 2s+) k−3

1

(
k1k4
k2k3

) 1
2
(
k12
k1

)−2
(4.17)

×
(
k34
k4

)(
k12
k34

)2s+ λ2

2µH2

i Γ
(
2s+ − 3 + 3

2 + iµ
)

Γ
(
2s+ − 2 + 3

2 + iµ
) − i

Γ
(
2s+ − 3 + 3

2 − iµ
)

Γ
(
2s+ − 2 + 3

2 − iµ
)


+ (k1, k2 ↔ k3, k4) .

To perform the final integral in s+, we must decide how to approach the new poles at
s+ = −3

2 ± iµ introduced by the resummation.

4.2 Contour ambiguity

When the new poles in the BEFT
4s integral are on the left of the integration contour, the

integral has a standard expression in terms of a 2F1 hypergeometric function, and passing
either pole on the right introduces an additional residue. If we interpret the rational function
as the Mellin-space propagator of the heavy field, we are in principle free to add positive-
and negative-frequency solutions to the propagator to change its boundary conditions, while
it remains a Green’s function. These correspond to arbitrary multiples of the residues of
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the new poles. The situation is illustrated in figure 1. For scattering amplitudes on flat
spacetime, this ambiguity is fixed by imposing Feynman boundary conditions on the heavy
field. Here, without a definite boundary condition for the field χ, we parameterize the
additional complementary functions by complex numbers D+ and D−. The result is

BEFT
4s = (−η0)4H

2λ2

16µ
1

e4k34

[
i

1 + 2iµ 2F1

[1, 1
2 + iµ

3
2 + iµ

;−k12
k34

]
+ (i→ −i) (4.18)

+D+
i

2

((
k12
k34

)− 1
2−iµ

Γ
(1
2 − iµ

)
Γ
(1
2 + iµ

))
+D− (i→ −i)

]
+ (k12 ↔ k34)

= H2λ2η4
0

16µ
1

k1k2k3k4

[
−Re

(
I

(2)
+−(k12, k34) + I

(2)
+−(k34, k12)

)
(4.19)

+ ie−πµD+
(
I

(1)
+ (k12) I(1)

+ (k34)∗ + I
(1)
+ (k12)∗ I(1)

+ (k34)
)

+ ieπµD−
(
I

(1)
− (k12) I(1)

− (k34)∗ + I
(1)
− (k12)∗ I(1)

− (k34)
)]

,

in terms of the functions I(1)
± and I(2)

±± defined in (3.14) and (3.18). As I∗− = ie−πµI+, defining

D := D+ +D− , (4.20)

it is possible to write the trispectrum as

BEFT
4s = H2λ2η4

0
16µ

1
k1k2k3k4

[
−Re

(
I

(2)
+−(k12, k34) + I

(2)
+−(k34, k12)

)
+ ie−πµD

(
I

(1)
+ (k12) I(1)

+ (k34)∗ + I
(1)
+ (k12)∗ I(1)

+ (k34)
)]

,

(4.21)

Unitarity requires that the trispectrum be real, from which it follows that D must be purely
imaginary. Comparing with the factorized (3.27) and non-factorized (3.28) contributions to
the trispectrum in the in-in formalism, we see that under the identification

2ie−πµD = e−2πµ|A|2 + |B|2 , (4.22)

we recover part of the factorized trispectrum. However, no choice of the D±s will reproduce
additional parts of the full trispectrum, since these involve terms of the form I

(1)
+ I

(1)
+ and

I
(1)
+ I

(1)∗
− , which have a different k dependence to the terms that appear here. Here, the

EFT is unable to reproduce aspects of the UV physics that depend on the phases of the
A and B coefficients.

4.3 Comparison with wavefunction resummation

It is interesting to compare this correlator with the resummation of section 3. The EFT
wavefunction ψEFT

4s in (3.43) contains no free parameters and has the same set of I functions
as (4.19). In the Mellin-space resummation for the correlator, some exponentially small
terms in µ are recovered, and there is more freedom to account for the initial state of the
heavy field, but other exponentially small terms in µ are still missing from the low-energy
theory in the Mellin-space resummation. The boundary conditions of the wavefunction
additionally allow the EFT for the wavefunction to be augmented with two free functions of
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momentum in the final correlator via ψBC
4s , as discussed in appendix B. The wavefunction

resummation can then reproduce all terms from the UV theory, at the cost of putting in
their exact functional forms by hand. The Mellin-space resummation can match more parts
of the UV correlator than the EFT wavefunction resummation before it is augmented with
boundary terms, but the wavefunction formalism with boundary terms is able to match
the full correlator of the UV theory.

We might hope that the Mellin-space resummation would work also for a general massive
scalar or, more simply, the non-dynamical massive field of section 2. Heuristically, an operator
with n spatial derivatives will then give rise to Mellin-Barnes integrands involving gamma
functions that look like (

H2

M2

)n

Γ(αn+ 2s+ β)Γ(−2s) ({k})s , (4.23)

for some α and β. The problem is that, by the ratio test, a series with these terms has zero
radius of convergence in the Mellin variable s. The procedure of simply summing a convergent
series in Mellin space followed by analytic continuation, which is what we were able to do
in this section, fails. One could attempt Borel or Mittag-Leffler resummation of the Mellin
integrands, but we will not explore this direction further in the present work.

5 Conclusion and discussion

In this work, we have studied the EFT expansion resulting from integrating out a massive
field coupled to a light field in de Sitter. Focusing on two specific toy models, we have
analyzed different ways to resum the otherwise divergent EFT contributions and we examined
to what extent the resummation reproduces the UV results. We found that the EFT correctly
resums to the full result when the massive field is non-dynamical, but more generally the
resummation misses nonlocal terms which are exponentially suppressed in the heavy field
mass for the Bunch-Davies state.

The starting point for our investigation was the fact that in the time-dependent back-
grounds often encountered in cosmology, such as for example de Sitter or accelerated FLRW
spacetimes, the contribution of operators of high-dimension ∆ grows factorially in ∆ at
fixed couplings, hence contradicting the naive expectation from flat spacetime. This problem
occurs both for operators with a large field multiplicity and for operators with a large number
of derivatives. In the presence of sufficiently small couplings, the first few neglected high-
dimension operators in perturbation theory do, indeed, give small contributions to observables
because the factorial enhancement in ∆ is still modest for not-too-large ∆’s. In light of this,
the approach in most of the literature so far has been to simply proceed as we usually do in flat
spacetime and neglect all high-dimension operators beyond the leading few. While this may
be a viable phenomenological approach, it comes with some drawbacks. First, conceptually,
one would like to possess some mathematical framework to make sense of neglecting infinitely
many operators whose contribution is large. More precisely, one would like to learn the
precise rules for setting up a consistent power counting scheme in cosmological EFTs, which
takes into account the specificities of the time-dependent background. Second, one would like
to learn how to deal with EFT power counting schemes with multiple competing scales. If an
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infinite family of high-dimension operators is suppressed by a much larger scale than that of
a second infinite family, one would expect that, at a given precision, fewer operators of the
first family need to be included compared to the second family. But if both families include
infinitely many operators with arbitrary large contributions to observables this expectation
seems to rest on shaky mathematical foundations. Third, one may want to learn to what
extent building EFTs from integrating out sectors that are separated in energy is a good idea
in time-dependent backgrounds where energy is not a conserved quantum number.

Our work could be extended in a variety of different directions. For example, it would
be interesting to study more realistic cases, like the exchange of a scalar field with unit
speed of sound. Here the full result is known [2] but it is much more complicated. Also, it
would be nice to investigate how the set of radiatively-stable EFT power-counting schemes
differs in flat and time-dependent backgrounds.
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A Mittag-Leffler summation

In this appendix we provide a brief overview of the Mittage-Leffler summation method
based on [48] which we used in section 2 to resum the asymptotic series produced by the
EFT. This method is a generalization of Borel summation which is better adapted to our
purposes. It can also be used to ensure the convergence of the infinite sum over n in (3.39)
at all values of a which recovers the same result as in (3.43). We first define our function
as a formal power series,

f(z) =
∞∑

n=0
anz

n. (A.1)

Taking this sum as a starting point we define

a(x) =
∞∑

n=0

anz
n

Γ(1 + αn)x
αn. (A.2)

Integrating this new function term-by-term gives∫ ∞

0
e−xa(x)dx =

∞∑
n=0

anz
n

Γ(1 + αn)

∫ ∞

0
xαne−xdx =

∞∑
n=0

anz
n. (A.3)
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From this relationship we define the sum

s(B,α) :=
∫ ∞

0
dxe−x

∞∑
n=0

anz
nxαn

Γ(1 + αn) . (A.4)

Then we take this sum to define the resummed series

f(z) = s(B,α). (A.5)

In this way we can make use of the improved convergence properties of the sum
∞∑

n=0
an

anz
nxαn

Γ(1 + αn) , (A.6)

compared to our original sum which, in the cases considered here, is enough to assign a
finite value to our EFT series.

B Boundary wavefunction coefficient

In this appendix we demonstrate how we can choose a particular complementary function to
add to the infinite tower of local differential operators to exactly recover the true correlator and
wavefunction coefficient. The total contribution to the action from the boundary is, cf. (3.36),

SBD =
∫

x

[1
2a

2χ∂ηχ+ λa2χCF∂ηχ− λa2χ∂ηχCF

]η0

−∞
. (B.1)

To begin with, we parameterize the complementary function just as we did for the
exact solution,

χCF = i(−η)3/2

2µH2η2
0

(
A(k)

(
η

η∗

)iµ

+ B(k)
(
η

η∗

)−iµ
)
φ̄2 . (B.2)

Where the boundary value of the conformally coupled field, φ̄, is necessary for matching
to wavefunction coefficients. Likewise, the scaling with η0 may seem adhoc but, as we will
see, it is required to match the scaling of the exact solution. Note that we are required to
introduce some momentum dependence on the coefficients A and B, despite the χ field itself
not having any such dependence. We can understand this as coming from the momentum of
the external fields. On this boundary the contribution from the infinite sum can be evaluated
similarly to the integral by an exchange of the sums,

χ= λ(−η)2

H2µ2η2
0

∞∑
b=0

b∑
a=0

∞∑
n=0

(
− 1
µ2

)n

eik12η(−1)a+b

(
b

a

)(
a+1

2

)2n (ik12η)b

b! φ̄2+λχCF (B.3)

= iλη2

2µH2η2
0
(−ik12η)−

1
2−iµ

(
(−ik12η)2iµγ

(1
2−iµ,−ik12η

)
−γ
(1
2+iµ,−ik12η

))
φ̄2+λχCF .

Here we have introduced the lower incomplete gamma function,

γ(s, x) =
∫ x

0
ts−1e−tdt . (B.4)
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We could have similarly computed the solution to the equations of motion in the full theory
by performing a time integral over the Green’s function. This exact solution will necessarily
satisfy the boundary conditions imposed on the Green’s function that it vanishes in both
the infinite past and future,

χexact =
iλη2

2µH2η2
0
(−ik12η)−1/2−iµ

(
(−ik12η)2iµγ

(1
2− iµ,−ik12η

)
−γ

(1
2 + iµ,−ik12η

))
φ̄2

+ iλ(−η)
3/2

2µH2η2
0

A∗I
(1)
− (k12)+B∗I

(1)
+ (k12)

A∗(η0/η∗)−iµ+B∗(η0/η∗)iµ

((
η

η0

)iµ

−
(
η

η0

)−iµ
)
φ̄2 . (B.5)

We can see that this first line is precisely the result of summing over all the EFT contributions
and so the second line must equal χCF in (B.2). We can enforce this matching by setting

A(k12) =
A∗I

(1)
− (k12) +B∗I

(1)
+ (k12)

A∗(η0/η∗)−iµ +B∗(η0/η∗)iµ

(
η0
η∗

)−iµ

= −B(k12)
(
η0
η∗

)−2iµ

. (B.6)

We can also see, most clearly in (B.5), that this solution has χCF(η0) = 0. This is compatible
with the results presented in [22] as the infinite series has no contribution at O(η−2

0 ) in
the limit that we send η0 → 0. Therefore, the future boundary term will vanish. However,
there is still a contribution from the infinite past. In performing this matching we have set
the two solutions to be identical and we must get the same answer. Explicitly evaluating
this on the past boundary then gives

ψBD
4s = − λ2

4µH6η4
0

(
A(k12)I(1)

+ (k34) + B(k12)I(1)
− (k34)

)
φ̄4 + (k12 ↔ k34) . (B.7)

Adding this to the previously calculated EFT contribution gives the full wavefunction,

ψEFT
4s +ψBD

4s =− λ2

2µH6η4
0

[
I

(2)
+−(k12,k34)+I(2)

+−(k34,k12)+
1

A∗(η0/η∗)−iµ+B∗(η0/η∗)iµ

(
η0
η∗

)iµ

×
[
−2B∗

(
I

(1)
+ (k12)I(1)

− (k34)+I(1)
− (k12)I(1)

+ (k34)
)

−A∗I
(1)
− (k12)I(1)

− (k34)+B∗I
(1)
+ (k12)I(1)

+ (k34)
]]
. (B.8)

This agrees with the exact result that we calculated previously in section 3.1. However, as
mentioned in the main text, this procedure is not well defined within the EFT as it requires
adding in a contribution, χCF, that can only be computed using the full theory.

Alternatively, in [41], to match the correlator, they take the late time limit of this
boundary term to be

lim
η→η0

χ = ψ3 + ψ∗
3

ψχ
2 + (ψχ

2 )∗
φ̄2 = iλ

2µH2(−η0)1/2

(
η0
η∗

)−iµ

×
[(

(1 + |B|2(1− ieπµ)I(1)
− (k) +AB∗(1− ie−πµ)I(1)

+ (k)
)(

η0
η∗

)2iµ

+
(
BA∗(1− ieπµ)I(1)

− (k) + (|B|2(1− ie−πµ)− ie−πµ)I(1)
+ (k)

)]
φ̄2 . (B.9)
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As we saw in the previous discussion, the infinite sum coming from the EFT terms in χ

vanishes on the future boundary. To match this to the η → η0 limit of the complementary
function (B.2) we will expand our coefficients as

A(k) = A−I
(1)
− (k) +A+I

(1)
+ (k) , B(k) = B−I

(1)
− (k) + B+I

(1)
+ (k) . (B.10)

Then, we find that these coefficients must be given by

A− = 1 + |B|2(1− ieπµ) , B+ = −ie−πµ(1 + |B|2(1 + ieπµ)) ,
A+ = AB∗(1− ie−πµ) , B− = A∗B(1− ieπµ) .

(B.11)

Imposing this boundary condition we find that the contribution to ψBD
4s from the late time

limit vanishes at O(η−4
0 ) so we once again only need the early time boundary. Similarly, the

boundary term [a2χ∂ηχ] will vanish in the past due to our vacuum condition on the mode
functions. Thus, the boundary contribution is given, as before, by (B.7). As there is no three
point interaction in this EFT the correlator is straightforwardly given by

2Re
(
ψEFT

4s + ψBD
4s

)
2Re (ψφ

2 )
4 = − λ2H2η4

0
16µk1k2k3k4

[
Re (I(2)

+−(k12, k34) + I
(2)
+−(k34, k12)) (B.12)

+Re
[
(A+ − B∗

−e
−2πµ)I(1)

+ (k12)I(1)
+ (k34)

]
+ e−πµIm (A− + B+)Re

(
I

(1)
+ (k12)I(1)

+ (k34)∗
)]

.

The exact correlator (3.25) can be expressed as

B4s=− λ2H2η4
0

16µk1k2k3k4

[
Re
(
I

(2)
+−(k12,k34)+I(2)

+−(k34,k12)
)
+Re

(
AB∗(1−ie−πµ)2I

(1)
+ (k12)I(1)

+ (k34)
)

−(e−2πµ+(e−2πµ+1)|B|2)Re
(
I

(1)
+ (k12)I(1)

+ (k34)∗
)]
. (B.13)

Equality between these two is thus ensured if

−e−πµ − (eπµ + e−πµ)|B|2 = Im (A− + B+),
AB∗ (1− ie−πµ)2 = A+ − B∗

−e
−2πµ.

(B.14)

Which is satisfied by the relationships in (B.11). Therefore, we can recover both the correlator
and the wavefunction coefficients by an appropriate choice of A and B in the complementary
function.

C Mellin transform and Feynman rules

The properties of the Mellin transform are described in [36], and particularly useful properties
are summarized here. Following conventions12 in [37], the Mellin transform of a function
f is defined as

M(f)(s) = f(s) :=
∫ 0

−∞

dη
−η

(−η)2sf(η) , (C.1)

12In [36], the variable z = 2s is used instead. It is easy to pass between conventions, but we will use the one
which simplifies comparison with previous work in cosmology.
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when the integral converges. Changing variables to 2s = iω and −η = H−1e−t, the Mellin
transform becomes a standard Fourier transform: this sets expectations for its properties
as an integral transform. If the integral converges absolutely for

a < 2Re s < b , (C.2)

which requires that f(η) decays faster than (−η)−a at η = 0 and (−η)−b in the infinite past,
then we refer to this region as the fundamental strip or the strip of analyticity in the complex
s plane, and f(s) is analytic there. We therefore have that

f(η) = 1
2πi

∫ c+i∞

c−i∞
2ds (−η)−2sf(s) =:

∫
2[ds](−η)−2sf(s) , (C.3)

where the vertical contour lies in the fundamental strip, and the notation [ds] means that
the integral should be normalized by 1/2πi and should pass along the appropriate Mellin
inversion contour. When n such integrals are to be performed, the notation [ds]n is used.

C.1 Properties of the Mellin transform

We describe the Mellin-space analogues of some familiar, useful properties of the Fourier
transform. These will allow us to translate the Feynman rules to Mellin space in much
the same way as to Fourier space.

Derivatives. Conformal time derivatives are diagonal in the power law basis:

M(−η∂ηf)(s) = 2sf(s) . (C.4)

in the fundamental strip.

Shifts. Multiplication by −η corresponds to a shift in s:

M ((−η)rf) (s) = f

(
s+ r

2

)
, (C.5)

which also has the effect of shifting the fundamental strip.

Generalized functions. It is also useful to have the Mellin transform of a pure power
law and, for completeness, the Dirac delta, which follow from the Fourier transforms of a
complex exponential and the Dirac delta:

(−η)r =
∫

2[ds](−η)−2s[δ](2s+ r) , (C.6)

(−η0)2s =
∫

d ln(−η) (−η)2sδ(η − η0) . (C.7)

where the bracketed Dirac delta comes with a factor of 2πi, and the contour of integration
formally passes through 2s = −r parallel to the real axis. In each case, the forward or inverse
transform will formally fail to converge. The transform of a step function is also desirable:∫

dη(−η)2s−1θ(η − η0) =
(−η0)2s

2s . (C.8)

The integral converges only for Re s > 0, so the contour of integration passes to the right
of this pole. One can similarly derive a Sokhotski-Plemelj theorem if needed.
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Integrals and products. Integrals over all time are given by a particular value of the
Mellin transform: ∫ 0

−∞
dη f(η) = f

(
s = 1

2

)
, (C.9)

which is trivial given the definition of the Mellin transform, but in combination with convolu-
tion, this property allows the elimination of time integrals.
There is a Parseval’s theorem:∫ 0

−∞

dη
(−η)f(η)g(η) =

∫
2[ds]f(s)g(−s) , (C.10)∫ 0

−∞
dη f(η)g(η) =

∫
2[ds]f(s)g

(1
2 − s

)
, (C.11)

where the first line is a change of variables in the familiar result for the Fourier transform,
and the second line is a result of the shift property.
There is also a convolution theorem:

M(f1 . . . fn)(s) =
∫

2n[ds]n[δ](2s− 2sT )f1(s1) . . . fn(sn) . (C.12)

as long as the integrals converge, so

∫ 0

−∞
dη f1(η) · . . . fn(η) =

∫
2n[ds]n[δ](1− 2sT )f1(s1) . . . fn(sn) . (C.13)

C.2 Feynman integrals

Other authors have already used these properties of the Mellin transform to develop a
diagrammatic Mellin-space approach to correlators [46, 47]. Here we describe an essentially
equivalent formalism. We will work in the in-in formalism. Application to the wavefunction
formalism is straightforward. We will study a Feynman diagram with V± vertices, E external
lines, and I internal lines forming L loops. The ith internal line will carry momentum
qi between vertices Ai and Bi, with NA

i and NB
i time derivatives, respectively. The eth

external line will carry momentum ke from vertex Ee and has NE
e time derivatives. The

vth vertex has Dv spatial derivatives, resulting in some invariant structure {qv}Dv , and Nv

time derivatives appearing to the right of all spatial derivatives (for definiteness, but it is
easy to adapt to other situations). The individual momenta (external and internal) flowing
into the vertex are q(i)

v . This vertex is (anti-)time ordered according to the sign ±v, and
has coupling λv. The diagram takes the form

D=
[∏

i∈I

∫
d̃dpi

∏
v∈V

∫ dηv

(−Hηv)d+1 (±viλv)(−Hηv)Dv{qv}v δ̃

(∑
i

q(i)
v

)]
(C.14)

×
∏
i∈I

(
−HηAi∂ηAi

)NA
i
(
−HηBi∂ηBi

)NB
i G±Ai

±Bi
(qi,ηAi ,ηBi)

∏
e∈E

(
−HηEe∂ηEe

)NE
e G±Ee

(ke,ηEe).
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We can rewrite the time integrals in Mellin space, handling the products with the convolution
theorem and generating Mellin variables for (half-)lines and δs at vertices

D =
[∏

i∈I

∫
d̃dpi

∏
i∈I

22[dsI
Ai
dsI

Bi
]
∏
e∈E

2[dsE
e ]
]

×
∏
v∈V

(±viλv)H−d−1+DV +NV {qv}v δ̃

(∑
i

q(i)
v

)
2[δ]

(
Dv − d− 2sIv

T − 2sEv
T

)
(C.15)

×
∏
i∈I

(sI
Ai
)NA

i (sI
Bi
)NB

i G±Ai
±Bi

(qi, s
I
Ai
, sI

Bi
)
∏
e∈E

(sE
e )NE

e G±Ee
(ke, s

E
e ) .

This expression will allow us to write down Feynman rules in Mellin space. It appears that we
have 2I+E−V = E+I+L−1 = E+V +2L−2 integrals over s to perform. On flat space, the
Feynman propagator is monochromatic: it is only supported at ωI

Ai
= −ωI

Bi
. On de Sitter, the

step function in the Feynman propagator will bring an additional integral for each propagator.
We need to know the Mellin transforms of the various propagators. These appear in [37],

with the Mellin transform of Hankel functions also given in [36]. An iε prescription enforced by
giving the momenta small imaginary parts, which ensures that the Mellin integrals converge
on contours parallel to the imaginary axis. The non-Feynman propagators are

G±(k, s) = Nν

2 e∓iπ(s+ d
4−

ν
2 )Γ

(
s+ d

4 + ν

2

)
Γ
(
s+ d

4 − ν

2

)(
k

2

)−2s− d
2−ν

, (C.16)

Nν := (−η0)
d
2−νHd−1Γ(ν)

4π , (C.17)

G±∓(q, sA, sB) = 1
4

1
4πe

∓iπ(sA+ d
4−

ν
2 )Γ

(
sA + d

4 + ν

2

)
Γ
(
sA + d

4 − ν

2

)(
q

2

)−2sA− d
2

× e±iπ(sB+ d
4−

ν
2 )Γ

(
sB + d

4 + ν

2

)
Γ
(
sB + d

4 − ν

2

)(
q

2

)−2sB− d
2
. (C.18)

where a dependence on the final time at which the correlator is evaluated has been omitted
from Nν , corresponding to taking the leading component at late times For conformally-coupled
scalars in d = 3, ν = 1/2 and the external propagator is

G±(k, s) = 2N1/2π
1/2e∓iπ(s+ 1

2)Γ (2s+ 1) k−2s−2 . (C.19)

For the Feynman propagator, we need

(Mθ(η1 − η2))(s1, s2) =
∫ 0

−∞
dη1

∫ η1

−∞
dη2(−η1)2s1−1(−η2)2s2−1

=
∫ 0

−∞
dη1(−η1)2s1+2s2−1 −1

2s2 + ε
(C.20)

= −1
2s2 + ε

[δ](2s1 + 2s2) .

requiring Re s2 < 0 for convergence; the ε > 0 is a reminder that the pole should be on the
right of the s2 contour, arranging for this to happen if the contour is placed on the imaginary
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axis. Now, using the convolution theorem and the factorized propagators, we obtain

G++(q, sA, sB) =
∫

4[dsa1dsa2 ]
∫

4[dsb1dsb2 ][δ](2sA − 2sa1 − 2sa2)[δ](2sB − 2sb1 − 2sb2)

× −1
2sb2 + ε

[δ](2sa2 + 2sb2)G−+(q, sa1 , sb1) + (sA ↔ sB)

=
∫

4[dsa1dsbq ]
∫

2[du][δ](2sA − 2sa1 + 2u)[δ](2sB − 2sb1 − 2u) (C.21)

× −1
2u+ ε

G−+(q, sa1 , sb1) + (sA ↔ sB)

=
∫

2[du] 1
2u− ε

G−+(q, sA − u, sB + u) + (sA ↔ sB) ,

and there may not be much hope of evaluating the integral for general ν. In any case, we
will not need the Mellin-space Feynman propagator for the calculations in the main text,
and it is only included here for completeness.

If we do not perform the Mellin integrals of the external lines, and for simplicity remove
the external propagators themselves, we can obtain an amputated correlator in Mellin space
with E external lines A(s1 . . . sE ,±1 · · · ±E). This is because in calculating a correlator ⟨ϕn⟩
of a field ϕ in the in-in formalism, each external propagator of a Feynman diagram must
be labeled as either time-ordered (+) or anti-time ordered (−). The contribution to the
correlator from each possible assignment can be written as an integral of external propagators
multiplying a function A defined in Mellin space: schematically,

⟨ϕn⟩′ = Bn =
∑

all connected Feynman diagrams D

=
∑

±1···±n

∑
D such that the ith external line has a G±i propagator (C.22)

=
∑

±1···±n

∫
[dns]G±v1

(k1, s1) . . . G±vn
(kn, sn)A (s1, . . . , sn;±1 · · · ±n) ,

where A accounts for all possible diagram topologies compatible with the choice of ±
propagators on each of the external legs. The final line may be written as an integral in
Mellin space thanks to the theorem (C.12), which relates integrals of products in conformal
time to integrals in Mellin space. Because of the similarity of this final set of integrals to
the procedure of [49] to pass from an amputated correlator to an S-matrix element, or the
procedure in [3] which gives correlators in terms of off-shell amplitudes, it is tempting to
interpret these final integrals as turning an amputated correlator A in Mellin space into
an observable at the end of inflation.

The Feynman rules to calculate this A in Mellin space can be given as a transformation
of the conformal-time Feynman rules:

• Label each external line and each half of each internal line with a Mellin s variable.

• Amputate the external propagators and replace each internal propagator with the
appropriate double Mellin integrand.

• A vertex from an interaction λϕn/n! at which external lines with Mellin variables sE
i

and internal half-lines with variables sI
i carries a factor λ 2[δ](−d− 2∑i s

E
i − 2∑i s

I
i ),

constraining the sum of Mellin variables meeting at that point.
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• If there are Dv spatial derivatives at that vertex, the Dirac delta is instead 2[δ](Dv −
d− 2∑i s

E
i − 2∑i s

I
i ). Spatial derivatives introduce factors of ik as usual.

• Each vertex also carries the usual momentum-conserving Dirac delta.

• Every −η∂η becomes the Mellin 2s of its argument.

• Integrate over all internal momenta and Mellin variables

• Sum over all connected diagrams compatible with the ± time-orderings of the external
legs.

• The corresponding contribution to the correlator at the end of inflation is found by
re-introducing the external propagators and integrating over all of the external Mellin
variables.

To pass from these As to a correlator at the end of inflation, one takes
G±1(s1) . . . G±E (sE)A(s,±1 · · · ±E) and integrates over the free Mellin variables, then sums
over all of the ± time orderings associated to the external legs.

When calculating the tree-level trispectrum in the EFT of section 3.2, only contact
interactions contribute: all external legs of the Feynman diagrams are attached to the same
vertex and so all must have the same + or − time ordering. Therefore, only A(s1, . . . , s4; + +
++) and A(s1, . . . , s4;− − −−) are nonzero and we define

A(s1, . . . , s4; + + ++) =: A+(s1 . . . s4) , A(s1, . . . , s4;−−−−) =: A−(s1 . . . s4) . (C.23)

The contribution to A+ from the interaction

On := λ2

M2

[
−H2

M2 (η∂η(η∂η)− 3η∂η)
]n

, (C.24)

is
A+

n (s1 . . . s4) = 2[δ](−3− sT )
iλ2

M2

[
−H2

M2

(
(2s34)2 − 3(2s34)

)]n

. (C.25)

Formally, we expect that the sum over all orders in the derivative expansion should capture
information about the UV physics

A+(s1 . . . s4) =
∞∑

n=0
A+

n (s1 . . . s4) (C.26)

=
∞∑

n=0
2[δ](−3− sT )

iλ2

M2

[
−H2

M2

(
(2s34)2 − 3(2s34)

)]n

, (C.27)

and although the series of correlators at the end of inflation corresponding to the right-hand
sum is asymptotic, as discussed in the previous section, this series in Mellin space converges
absolutely as long as

∣∣s2
34 − 3s34

∣∣ < M2/H2. We can then analytically continue the sum to

A+
resum = 2[δ](−3− sT )

iλ2

M2 +H2 ((2s34)2 − 3(2s34))
, (C.28)
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and similarly

A−
resum = 2[δ](−3− sT )

−iλ2

M2 +H2 ((2s34)2 − 3(2s34))
. (C.29)

To find the trispectrum at the end of inflation, we just need to introduce the external
propagators, whereupon we recover the integral (4.14) from the main text.
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