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Abstract

Artificial neural networks (NNs) and machine learning (ML) algorithms are poorly understood from a
theoretical perspective, which makes it difficult to fully realize their potential and overcome their weaknesses.
For instance, ML algorithms train NN weights by moving them along a low-dimensional subspace of their
allowed values, but this implicitly low-dimensional learning structure is not properly exploited to improve
training because its nature is not well understood. Moreover, trained NN are easily confused by pervasive
adversarial attacks whose theoretical underpinnings are still unclear. This thesis aims to improve our theoretical
understanding of NNs and ML, with a particular focus on adversarial attacks and implicitly low-dimensional
learning. For this purpose, we use mathematical tools from statistical mechanics to study different types of
NNs and ways in which they can fit the data. In particular, we study two classes of models that fit the data with
various degrees of learning and memorization: dense associative memory (DAM) and restricted Boltzmann
machines (RBM). In the process, we investigate connections between different versions of these models that
are useful to make analytical investigations more efficient.

First, we study a type of DAM called dense Hopfield network (dense HN) in the teacher-student setting
where it is trained using data generated by another dense HN. On the Nishimori line, we show that the phase
where dense HNs in the teacher-student setting are able to learn data coincides with the spin-glass phase of
dense HNs with random memorized patterns. Outside the Nishimori line, we investigate the noise tolerance and
adversarial robustness of dense HNs. In particular, we derive an exact formula for the adversarial robustness
of the student at zero temperature, and we clarify why the adversarial robustness of dense HNs changes as a
function of the learning regime.

Second, we study RBMs in the teacher-student setting. When the teacher’s weights are uncorrelated, we
validate the conjecture that the performance of the student in learning them is independent of the number of
hidden units. Moreover, we show that a student that is larger than necessary to learn the teacher’s weights
adopts a low-dimensional learning strategy in which only a subset of its hidden units end up correlated with
those of the teacher, which we argue can be used as a toy model for studying the lottery ticket hypothesis.
When the teacher’s weights are correlated together rather than purely random, we show that the student crosses
multiple regimes of data representation where it learns them in increasingly detailed ways as the number of
samples in its training dataset increases.

Finally, we study a type of RBM that belongs to the class of DAMs and is capable of both supervised
and unsupervised classification. As before, our methods are based on statistical mechanics calculations in
the teacher-student setting. We propose a novel regularization scheme inspired by these calculations, which
we find to make training on real data significantly more stable. Moreover, we show that the weights learned
by relatively small DAMs trained on both real and synthetic data are saddle points of larger DAMs, and we

implement an algorithm that uses this hierarchy to significantly accelerate training on real data.
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Chapter 1

Introduction

1.1 Background

Artificial neural networks (NNs) and machine learning (ML) algorithms have, with stunning speed, gone from
niche tools to being the state-of-the-art in solving numerous fundamental and practical problems. To name a
few of their achievements, they have long surpassed humans in image recognition tasks [1]], they are able to
emulate written language so well that it is possible to have an open-ended conversation with them [2f], and
they can predict the structure of complex molecules such as proteins [3 4|, which has promising applications
in drug discovery and in medicine as a whole [5]. In the process, they have also become much larger and
more sophisticated, to the point where even models with hundreds of millions of parameters such as latent
diffusion [6] are considered compact by today’s standards. This level of complexity makes their behavior very
challenging to explain theoretically. However, the general idea behind them is relatively simple.

In essence, machine learning (ML) is a set of computer algorithms for fitting high-dimensional data x with
a function Fyy by adjusting its parameters W, which are also known as the function’s weights. This process
is commonly refer to as training or learning the weights. Here, the term high-dimensional data means data
with many components x1, 2, ..., T, Which are usually concrete features of the data. For example, digital
grayscale images are a type of high-dimensional data whose components are the intensities of their pixels.
An artificial neural network (NN) is a function Fy whose weights W' can be interpreted as the strengths of
connections in a graph or network. For example, the linear model y = Zfil wix; of x = (21,29, ...,xN) is
an NN whose weights w1, wa, ..., w can be “machine learned” from a set of high-dimensional data points
(xl, yl) , (X2, y2) R (XM7 yM) using linear regression (see Fig. . Intuitively, each connection ¢ is like a
pipe with a width of w; that controls how much of the input component x; flows to the output component y
(see Fig. left panel). In general, NNs have a more sophisticated network of connections, some of which
perform non-linear operations (see Fig. [I.2] right panel), which is what makes them much more complicated
and powerful than the linear model [7]]. The nodes at the junctions of these NN connections are typically called
neurons or units.

ML algorithms are particularly useful for learning probability distribution functions that describe how
data points are placed relative to each other. The goal of such models is usually to generate new data

points that are close enough to the existing ones to appear realistic, such as coherent sentences in the case
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Figure 1.1: In the left panel, a linear function ymeqe = Fu () = wz fit to data ygu, = = + £, where ¢ is
Gaussian noise with variance 02 = 1 (see Fig. . The learned weight is w = 0.99. In the right panel, the
residual distribution of the data around the fit. The orange line Ygaa = Ymodel Can also be interpreted as a
“deterministic” distribution fit to the data.

of (large) language models [2]. Simpler NNs are also used to predict a noisy output from a deterministic
input, such as for categorizing an image into one of many classes [§]. Learning a generic function and a
probability distribution are two sides of the same coin. For example, linear regression is arguably equivalent
to fitting data (X, Ygaa) With the “deterministic” distribution p (y | x) = ¢ (y — vazl wl@) such that y is
equal to Zf\il w;x; with probability 1 and cannot take any other values (see Fig. right panel). On
the flip side, we can also fit the data with a proper probability distribution such as the Gaussian distribution

p(y|x)= \/2;7 exp <—ﬁ [y -V, wixi] 2> of y given x (illustrated in Fig. , then use the resulting
w; as the weights of the linear fit. Generating data points amounts to sampling the probability distribution fit
to the data. In the case of the linear model, it consists of calculating Ymode1 = ZZJ\;I w;x; for a given x and
adding some random noise ¢ to the result, for example according to the Gaussian distribution mentioned above
(see Figs. and . In this context, the variance o? represents the level of noise injected into y. When it is
sufficiently small, the generated values of y are practically indistinguishable from the y,04e1 Obtained without

adding noise.
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Figure 1.2: In the left panel, the network representation of the linear model y = Zi\;l w;x;. In the right

panel, the network representation of y = 25:1 wf})a (Zf\;l wfg)xi> , where o is a non-linear operation,

also known as an activation function. Both models are neural networks (NNs), but the right-panel one can fit
much more complicated data.
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of Gaussian noise £ with o2 = 1.
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Figure 1.4: An adversarial attack making an neural network (NN) trained on the ImageNet dataset
recognize a panda as a gibbon. This plot comes from [I5]], which contains additional details about the
adversarial attack and NN and in question.

Due to the difficulty in studying them theoretically and how quickly they have evolved, ML and NNs are
still poorly understood, making it difficult to fully realize their potential and overcome their weaknesses. On
the one hand, it was observed that ML algorithms train NN weights by moving them along a low-dimensional
subspace, or manifold, of their allowed values [9, [10], which could potentially be used to design more efficient
algorithms if it were better understood. To use an analogy, it is more efficient to locate objects on the surface
of the Earth with the two-dimensional latitude-longitude coordinate system than with the three-dimensional
Cartesian coordinate system. For simplicity, we call this phenomenon implicitly low-dimensional learning for
the rest of the Introduction.

On the other hand, NN that classify data with high accuracy can often be fooled by modifying the data
with carefully crafted perturbations that are either meaningless or completely invisible to humans
(see Fig. [[4] for an example). This data corruption process, called an adversarial attack, can be dangerous in
some cases. For example, it can confuse the traffic sign recognition algorithms of self-driving vehicles [13].
Adversarial attacks are not well understood, which makes them hard to circumvent.

In the same way that a bridge model made of ice cream sticks can give a rough idea of the physics of a real
bridge, many aspects of ML and NNs can be understood by studying simpler high-dimensional models. For
example, modeled high-dimensional data as lying on a low-dimensional manifold and
studied adversarial attacks in linear models. The calculations and theoretical modeling in both of these two
lines of work are based on statistical mechanics, and this is not a coincidence. In fact, the field of statistical
physics (also known as statistical mechanics) was originally developed to study phase transitions in materials
with a large number of particles, but it can also be used to describe data points with many components, datasets
with many data points, NNs with many neurons, etc. In particular, when we change their properties and those
of their training data, NNs can undergo phase transitions between different regimes of data representation
(uninformative, universal, specialized, etc.) analogous to those between the states of matter (gaseous,
liquid, solid, etc.). The scientific literature on the topic is rich and flourishing [22]], recent highlights being
the 2024 Nobel Prize awarded to John Hopfield and Geoffrey Hinton for their highly influential work on two
models of NNs inspired by statistical physics: the Hopfield networks and restricted Boltzmann machines
[24]], respectively.

As suggested in the previous paragraph, restricted Boltzmann machines (RBMs) and Hopfield networks

(HNs) are simple enough to be studied with analytical calculations, yet still exhibit some of the most intriguing
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Figure 1.5: Sketch of two balls sliding down a mountain. At equilibrium, they stand motionless at the bottom
of the valleys surrounding the mountain, which are local minima of the gravitational energy.

characteristics of modern ML and NNs. For example, RBMs and generalizations of HNs called dense Hopfield
networks (25, |26, [27, 28}, |29} 30] can fit data with a rich underlying structure by undergoing a multistage
learning process whose first stages were found to be low dimensional [31} |32} 33| |34], a property that was
then exploited to accelerate RBM training [35]]. Moreover, dense HNs were observed to be either vulnerable
or robust to adversarial attacks in different controlled scenarios [[36], suggesting that it could be possible to
improve our understanding of adversarial attacks by studying them.

RBMs and HNs fit data x using an energy function H, which is also known as a Hamiltonian. In ML
terminology, they are energy-based models. The energy function has weights analogous to those of other NN,
which we will denote as J, and it is designed so that more realistic data points typically have lower energy
than less realistic ones once the weights J have been determined. Intuitively, a physical object leaking energy
with the environment, such as a ball rolling down a mountain, eventually converges to a configuration where
its energy cannot decrease anymore, which in the case of the ball corresponds to standing still at the bottom
of a valley. Such a state is called an equilibrium configuration or a local minimum of the energy. The local
minima x of an energy-based model with given weights J can be found analogously, and these states generally
correspond to realistic data provided that the model and the strategy used to find J are appropriate to represent
its underlying structure 23] |24} 37]]. For example, the minimum energy configurations of HNs are typically
preexisting data points stored in the weights by a “machine memorization” (MM) procedure (described in
Section[I.2)), and RBMs can learn to generate new data on which they were not trained.

This thesis studies the regimes of data representation and the phase transitions of RBMs and dense HN's
[25L 126} 27, 128}, 129, |30, |38]] to advance our understanding of MM, ML and NN, with a focus on implicitly
low-dimensional learning and adversarial attacks. Our methods are based on statistical mechanics calculations



that are enabled by the relative simplicity of these energy-based models. On the way towards this objective,
we investigate deep relationships between different versions of these models and their phase transitions [39,
40, |41} 42] that considerably simplify some of the calculations [43] 44].

The rest of this Chapter aims to introduce readers with a background in probability theory and physics
to the models that we study and the tools that we use to do so. In Section[I.2] we use HNs as an example to
present the general idea behind energy-based models. In Section|[I.3] we build upon this foundation to describe
RBMs and dense HNs. In Section we present the teacher-student setting that we use in our analytical
calculations and explain what kind of results can be derived with it. Finally, Section E] uses the notions
presented in Sections [I.2} [T.3]and[T.4]to put together a comprehensive outline of the other Chapters of the
thesis, which present the results of our research.

Here is a high-level preview of these results. In Chapter 2] we study the adversarially vulnerable and
adversarially robust regimes of dense HNs using a formal relationship between MM and ML that we investigate
in detail [45]]. In Chapter 3] we study the various learning strategies of RBMs as a function of the properties
of the training data [46]. In particular, we show how RBMs that are larger than necessary to learn the data
adopt an implicitly low-dimensional learning strategy. In Chapter [ we develop a theory of implicitly low-
dimensional learning in a kind of RBM that belongs to the class of dense associative memory (DAM), which

is a generalization of dense HNs [47]. We then use our theory to greatly accelerate training.

1.2 The Hopfield network: a simple example of energy-based model

In this Section, we present HNs as simple examples of energy-based models. This exercise is useful for
building intuition before tackling RBMs and dense HNs, which are more complicated.

HNss use their units o = {Ui}f\il = (01,09, ...,0N) to represent data whose components can take only
two values, such as binary black-and-white images (see Fig. [1.6] left panel). Without loss of generality, we

take these two values to be +1 and —1. In this case, the HN Hamiltonian takes the form

N N N
HHN [O',J} = — Z Z Jijgiaj = — Z Jijaiaja (11)
i=1j

j=i+1 i<j=1

where the weights J;; are the strengths of the connections between different components o; and o;. Contrary
to those of the NNs shown in Fig. (I.2), these connections are bidirectional: they are meant to represent how
o; and o; are correlated rather than how one influences the other (see Fig. right panel). The sums in the
Hamiltonian (Eq. [I.T)) are restricted to j > i so that the contribution of every connection to the total energy is
counted exactly once.

There are many ways to fit the weights J;; to data [49, 50, |51} 52], the simplest one being Hebb’s rule 23}
53]

1 I
Jij = Rij (€) = 5 D_ &), (12)

p=1

where i < j and each pattern &+ = {¢!' }fvzl in the set £ = {5“}5:1 is a data point given to the model. This



Figure 1.6: In the left panel, images from the binarized version [48] of the MNIST dataset of handwrittern digits
[8]]. The pixels of these images have two possible values: one for white and the other for black. In the right panel,
the network representation of the Hopfield network (HN) Hamiltonian H [o; J] = — Zf\; Zj\; iv1Jijoio;
with N = 5. The connections J;; are bidirectional, so they are drawn as ordinary lines rather than arrows.

rule establishes strong positive connections between neurons o; and o that consistently take the same value
(0; = 0}), strong negative connections between neurons that consistently take opposite values (0; = —0;)
and weak connections between neurons that do not synchronize in either of these ways. It is often summarized
by the mantra “neurons that fire together, wire together. Neurons that do not sync, fail to link”.

HNs can retrieve the patterns stored in their weights, thus acting as models of associative memory [23]] and
making Hebb’s rule a form of “machine memorization” (MM). To be more precise, once its weights have been
determined, an HN can be driven to local minima of the energy as described in [23[]. When the weights are
given by Hebb’s rule with a sufficiently small number P of patterns 23| |54, the units o usually converge to
one of the patterns £* or to a mixture of them [55,|56]. Conversely, when the number P of patterns exceeds a
specific threshold proportional to the number N of components per data point, the HN typically no longer
converges to meaningful results. In other words, it has limited storage capacity [23}54].

As we argued in Section[I.T] learning a generic function and a probability distribution are two sides of the
same coin. This observation suggests that we could learn the patterns £ by fitting a probability distribution of
the energy Hun [0 R (£)] = — & i\ijzl Zle §i'&aio; (see Egs. and D to the data, as studied in
[40,143L 51], rather than setting the patterns directly equal to the data. For this purpose, we turn to statistical
mechanics.

In statistical mechanics, a physical system exchanging energy with the environment often does not converge
to a single well-defined equilibrium configuration, but rather to an equilibrium distribution of configurations
such that more probable configurations have lower energy. The ambient temperature 7" controls the level of
noise in the distribution in the same way as the variance ¢ in the Gaussian distribution (see Section|[L.1). In
particular, as T decreases, minimum-energy configurations become more probable. Let us illustrate this point
using water. At high temperature, water molecules are randomly distributed in space as vapor. With decreasing
temperature, they eventually condense into ice, which is their minimum-energy configuration. Formally, the
equilibrium distribution of configurations ¢ with energy H [c] is proportional to exp (—=H [c]) at temperature
T. We say that they follow the (Boltzmann)-Gibbs distribution, a property that is assumed to hold analogously

10



for energy-based models. In HNs, this choice leads to the distribution

€xXp (*%HHN [o; R (5)])

1.3
Yorei1,1yv exp (=7 Hun (073 R (€)]) (13)

P(o|§) =

for the state o given the patterns &, where {—1, 1}N is the set of all possible values of o, which we recall
contain only +1’s and —1’s. The denominator of Eq. normalizes the distribution so that the total
probability 3 (1~ P (o | €) isequal to 1, and the temperature 7" is an abstract quantity representing the
level of noise injected into o. Following statistical mechanics conventions, we define the partition function
Z (&) = Yoreq—1,13V €XP (—4Hux [0; R (€)]) and the inverse temperature 3 = 1/T. We then write the
Gibbs distribution as

Ps (0| &) = Z5(6) " exp (~fHun[o: R(£))), (14)

where we use the subscript 3 to explicitly mark the dependence of P (o | £€) and Z (&) on /3. Now that we have
derived this probability distribution, we explain how to learn the patterns. Note that the inverse temperature (3
and the number of patterns P are not learned. We call such parameters hyperparameters.

A relatively intuitive way to fit Eq. ll to a dataset D = {0} = (a',02,...,0M) is to find the
patterns that make the dataset the most probable, a procedure known as maximum likelihood estimation. The
probability that the Gibbs distribution (Eq. produces a specific data point o from such a dataset is
Pg (o® | £). Similarly, the probability that it generates the whole datasetis Pg (D | &) = nyzl Pg(o®| &) =
Pg (o' €) x Pg (02| &) x ... x Pg (o™ | £). Maximum likelihood estimation amounts to finding the

patterns £ that maximize Pg (D | €). It is usually formulated as maximizing the log likelihood

L(&) = —logPﬁ (D¢ = ZlogPﬂ 1 €), (1.5)

which is mathematically equivalent and easier to handle numerically. Maximum likelihood estimation is
popular for training energy-based models and NNs because there are various efficient ways to perform it
numerically [24} 57} 58, [59]], which we will not explain in detail here. In particular, it was used to train HNs in
[40]. For historical reasons, maximum likelihood training of NN is generally phrased as minimizing a loss
function equal to minus the log likelihood, and the shape of the loss as a function of the learnable parameters
is called the loss landscape.

Alternatively, we can also train the patterns £ by sampling the posterior distribution P (£ | D), which
represents the probability that an HN with patterns & generates the data D. Although this algorithm is
generally less efficient from a numerical point of view, it can be studied analytically to characterize the
fundamental limits of NN training [|60], which was applied to HNs [43[], RBMs [42, |44], linear models [61,
62| and far beyond [22f]. The analytical calculations presented in this thesis follow this approach, which also
ends up providing information about the loss landscape in Chapter ] [47]. To understand how to calculate
Ps (£ | D) from Pg (D | £), we first study a similar problem in a more familiar setting. Suppose that we
know the probability P (the ground is wet | it rains) that the ground is wet when it rains. We want to know
the probability P (it rains | the ground is wet) that it rains when the ground is wet to predict the weather. The

probability that it rains and that the ground is wet is equal to the probability that it rains when the ground is

11



wet multiplied by the probability that the ground is wet. Formally, this relationship is written as
P (it rains, the ground is wet) = P (it rains | the ground is wet) P (the ground is wet) .
Crucially, it also works in the other direction, that is
P (it rains, the ground is wet) = P (the ground is wet | it rains) P (it rains) .

Combining both of these equalities, we find

P (the ground is wet | it rains) P (it rains)

P (it rains | the ground is wet) =

)

P (the ground is wet)

which is known as Bayes’ theorem. In the case of HNss, it gives

Py (D |€)Ps (£)
Ps (D) ’

Ps(§]D) = (1.6)
where the prior P (§) represents the knowledge that we have about the distribution of the patterns before
training and Pg (D) = > ¢ 1yvxr Pg (D | &) Pg () normalizes the distribution in the same way as
Zg (€) in the Gibbs distribution (Eq. [1.4). By analogy, we call the normalization constant P (D) the posterior

partition function and write it as Z3 (D).

1.3 Restricted Boltzmann machines and dense Hopfield networks

As for HNs, RBMs and dense HNs are energy-based models whose corresponding Hamiltonians and Gibbs
distributions can be fit on data using maximum likelihood estimation or posterior sampling. Here, we
summarize the differences between them.

The generalized HNss that are nowadays called dense were developed shortly after the original to improve
upon its storage capacity [25}[26, 27, 28, |29]]. These models have been receiving renewed attention under the
name dense associative memory (DAM) since they were used for pattern recognition in [30]]. In the process,
the meaning of the term dense associative was also broadened to encompass more general models with large
storage capacities [63| 64], which were in turn related to various other ML paradigms [38}, |65, |66 |67, 68].
This evolution in terminology is the reason why we adopt the convention of calling the generalized HNs first
considered in [25,[26, 27,28, [29] dense HNs rather than DAMs. The dense HN Hamiltonian is

N
Hpun (03] = — Z iy iy Tiy -0y (1.7)

1< .. <ip=1

M
p!
where Jil...ip = Ril...ip (E) = Np—l E fﬁfi
p=1

i1 = (01,02, ...,0n) within groups of size p. These

The weights of Eq. 1} connect the units o = {o;}"

12



Figure 1.7: Patterns &£* learned by the dense Hopfield network (HN) studied in [30] when trained on the
MNIST dataset of handwritten digits. This plot comes from [30], which contains additional details about the
dense HN in question.

connections, which are called p-body interactions, reduce to those of the original HN when p = 2[|

Dense HNs bridge the gap between ML and MM in the sense that they learn prototypes of the data [30]
when trained with an ML algorithm. For example, their patterns become prototypes of digits when trained on
the MNIST dataset of handwritten digits (see Fig. [I.7). These dense HNs were observed to have a variable
level of adversarial robustness as a function of p [36], offering an interesting opportunity to study adversarial
attacks and how to mitigate them.

Although they have 2-body interactions like the original HN, RBMs differ from it in that they represent
data on two levels of abstraction. Intuitively, these two levels are roughly analogous to how we see objects
and how we describe them mentally (for example, thinking of a fire as “hot”, “red” and “bright”). In practice,
however, the abstract concepts that RBMs associate with data are different from our own mental representations.
Formally, the RBM Hamiltonian is

N P
Hygy [V, 03 3] = = >3 " Tl oihy, (1.8)
i=1 pu=1

where the visible layer v = {vl}fvzl = (v1, V2, ..., v ) is the data expressed in terms of its components, the
hidden layer h = {hu}5=1 is a high-level representation of the data in terms of abstract concepts, and the
learnable weights J = {J" }Eéfﬁ are connections that the RBM makes between v and h. As in HNs, these
connections are bidirectional,_w_hich means that they represent how v and h are correlated rather than how
one influences the other (see Fig. @) The units v; and h, of the two layers can be bound to &1 as those of
HNs, but various other choices are also possible. For example, they can be integers within an interval [69] or
arbitrary real numbers, thus defining multiple types of RBMs [51]]. Every such RBM has a Gibbs distribution
of the form

Pg(v,h|J)=Zg (3)"" Py (v) Py (h) exp (—BH [v,h;J]), (1.9)

where the inverse temperature /3 regulates the strength of the interactions that v and h exchange through H,

!Except for a factor of two that can be removed by rescaling the inverse temperature.
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the priors P (v) and P (h) are the distributions of v and h when they are decoupled, i.e. 5 = 0, and the
partition function Zz (J) is again defined so that the total probability is equal to 1. The priors on both layers,
which represent the knowledge that we have on the data before training, usually have a simple form such that
their units are (a priori) independent and identically distributed (i.i.d.) with respect to each other. For example,
neurons restricted to £1 usually have a Rademacher prior

1/2 ifv, ==+1
PQ (Uz) = )
0 otherwise,

exp(—gpzv?)
V2mo?
priors with non-i.i.d. units are also possible. For example, RBM layers whose units are restricted to always be

at a distance of 4/ Zfil v? = 1 from the origin can be described using the hyperspherical prior

and units that can be arbitrary real numbers usually have a Gaussian prior Pg (v;) = . Simple

0 otherwise,

where 2 (0) is the size of the region of space where Zf\il v? = 1, which is called the unit hypersphere.

Additionally, the categorical (or Potts [70,|71]]) prior

N
A ifve{o, 1" and S v € {0,1
Po(v)={"" (1) a2 v e o1

0 otherwise,

is used in RBM layers where at most one unit v; can be activated at once (equal to 1), while all the others are
turned off (equal to 0).

Given that the priors have a simple form, using a higher temperature 7' = 1/ encourages the RBM to
learn simpler weights J!* during training, which is known as regularization in ML. Intuitively, regularization
encourages NNs not to overthink problems with relatively simple solutions, which can help them perform
better.

RBMs are trained by fitting to the data their marginal distribution P (v | J) = [, dhPg (v, h | J), which
embodies how they represent the data with all their hidden units simultaneously. The marginal distribution often
does not have a simple closed form and must be approximated, such as by repeatedly sampling the conditional
distributions P (h | v,J) and Pg (v | h, J) following the contrastive divergence algorithm introduced in [24].
In some cases, the marginal distributions of RBMs with specific priors reduce to the Gibbs distributions of
other energy models [72]. For example, the marginal distribution of an RBM with a Rademacher prior on its
visible units and a Gaussian prior on its hidden units simplifies to

N P
Py(v[I)=Zsg (@) exp B D D JhT vy |,

1<j=1p=1
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Figure 1.8: The network representation of the restricted Boltzmann machine (RBM) Hamiltonian H [v, h; J] =
— sz\; 25:1 J!v;h,,. The connections J!* are bidirectional, so they are represented using ordinary lines
instead of arrows.

which is the Gibbs distribution of a Hopfield network with inverse temperature SN, memorized patterns
Jr={Jt }fV: 1 and units v. In other words, RBMs with these priors are formally equivalent to HNs [51]. By
analogy, the rows J* of the weights are occasionally called patterns and written as £ even for other choices
of priors.

RBMs with a hyperspherical prior on their visible units and a categorical prior on their hidden units become
dense associative memory (DAM) models that learn prototypes of the data like dense HNs. Formally, the
marginal distribution of such an RBM simplifies to

P_exp (5 PR Jz”vz') 1 1
Ov(B) Pt ian(0)

1
Pg(v[J)= P (1.10)
o

=1
where the normalization constant Q (/3) is defined in Chapter In that Chapter, we discuss such DAMs and
their affinity for prototype learning in more detail.

1.4 Statistical mechanics of networks in the teacher-student setting

‘We now present the main theoretical tool that we use to study the statistical mechanics of RBMs and dense
HNs: the teacher-student setting [61]]. This tool has been used numerous times to solve various fundamental
problems in the field of ML and NN [22]].

In the teacher-student setting, a zeacher NN with weights J* generates a sample dataset D on which a
student NN then trains its own weights J. In other words, the teacher shows the dataset D to the student
to teach it how to mimic its contents. This framework provides a controlled environment for studying NN
behavior with analytical calculations. Although NNs with suitable weights can represent arbitrarily complex
data [7]], the teacher weights J* are usually determined according to a simple criterion to simplify calculations.
For example, they can be fixed samples from a simple probability distribution. Moreover, in the case of dense
HNs, we assume that the weights J* and J decompose into patterns £*# and £” following the second line of
Eq. (L.7).

In our work, the student has limited knowledge of the architecture of the teacher. To be more precise, it
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knows whether the teacher is a dense HN or an RBM and, in the latter case, the priors on the RBM’s neurons.
However, unless explicitly stated otherwise, it does not know the hyperparameters of the teacher, such as its
inverse temperature 5%, its number of patterns P*, its interaction order p*, etc. Therefore, it adopts the same
form as the teacher, but with hyperpameters that are generally different, which we write without an asterisk (*)
to distinguish them from those of the teacher. Following statistical mechanics conventions, we call the special
case where the student has the same hyperparameters as the teacher the Nishimori line [73}74,[75,76].
Given that the teacher and the student are two instances of the same type of model, the degree of similarity
between their weights is a good indication of the performance of the student in learning the data. We measure
this degree of similarity using the overlaps Q (£**,&") = % Zfil &1 ¢Y between the patterns of the student
and those of the teacher, which we recall are the rows J” and J*# of the weights for RBMs. In the case
where all components £ and £/ of the patterns £*# and £” are equal to +1, Q (£*#,£”) = 1 means that
the student learns the teacher pattern £*# perfectly. We use other types of overlaps to probe various other
aspects of learning. For example, the overlaps ) (5 i 52”) = % sz\; fil €2V between two learning attempts

) 1) (SeEP ) o) LSHEP
¢ ={a ., mae = {e"}
1<i<N 1<i<N

pattern configurations rather than visiting all possible values of £. @ (£ i 52”) can sometimes be relatively

of the student represent its tendency to stay frozen in specific

large even when @ (£*+, £") is close to 0, which represents the situation where the student mistakenly learns a
very different pattern from that of the teacher, or in other words misunderstands what the teacher is trying
to teach it. In general, the overlaps change with the hyperparameters of the teacher-student setting and the
number of samples M in the training dataset D, defining different regimes of data representation.

Our theoretical analyses are based on computing mean overlaps, which are also known as order parameters,
using the replica method (explained at length in [74]). This method is well-established in the statistical
mechanics community, where it is used to study a type of physical system called spin glass [22,74]. Spin
glasses are characterized by disordered components that are perpetually frozen, or quenched, as the system
converges to equilibrium. In the case of NNs in the teacher-student setting, the quenched disorder is the patterns
of the teacher and the dataset that it generates, which are kept fixed during learning. Conversely, the student
patterns, which are allowed to evolve throughout training, are not quenched. Although they can sometimes
end up freezing in disordered spin-glass states characterized by @ (£*#,£") ~ 0 and Q) (5 ) £2V) > 0,itis a
consequence of the learning task rather than a hard constraint.

We use these calculations to characterize the learning phases of RBMs and dense HNs as a function of
the number of samples M in the training dataset D and the hyperparameters of the teacher-student setting.
In particular, we calculate phase diagrams representing the different phases and phase transitions of RBMs
and dense HNs as a function of the hyperparameters and the size of the training dataset. For example, Fig.
(T.9), which is taken from [43]], is the phase diagram of HNs in the teacher-student setting when the student
and the teacher have a single pattern and the same inverse temperature 5 = *. We see three phases and two
phase transitions (black lines) as a function of the amount of data v = M /N and the temperature T' = 1/,
which we will now explain in terms of the mean teacher-student overlap (subsequently m) and the mean
overlap between the teacher pattern and the samples that it generates (subsequently 7). Below the first phase
transition, at the bottom of the plot, the temperature 7' = 1/ is low enough for the teacher to generate highly
informative training samples ( > 0) and for the student HN to perfectly learn the teacher pattern through
them (m = 1). Between the two phase transitions, the training dataset is much noisier (r = 0), but the student
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Figure 1.9: Phase diagram of Hopfield networks (HNs) in the teacher-student setting when the student and the
teacher have a single pattern and the same inverse temperature 5 = £*. The axes measure the amount of data
~v = M/N and the temperature T' = 1//3. The phases, separated by black lines, are explained in the text. This
plot comes from [43]].

can still learn the teacher pattern imperfectly (0 < m < 1). Finally, above the second phase transition, the
temperature 7 = 1/( is too high and the dataset too small for the student HN to learn anything about the
teacher pattern (m = 0).

1.5 Outline of the thesis

In Chapter [2] (based on a work with Daniele Tantari, published as [45])), we study dense HNs with a single
pattern in the teacher-student setting. In particular, we investigate the relationship between a dense HN with a
single pattern trained using M data points (the inverse model) and a dense HN with M random memorized
patterns (the direct model), the latter of which is well understood thanks to previous studies [25, |26} 27} 28| [29]
30, |41]]. To be more precise, we show analytically that the phase where the inverse model with 5 = 5* and
p = p* is capable of learning coincides with the phase where the direct model freezes in random states (called
the spin-glass phase), refining the well-established quiet planting bound that the learning phase of the inverse
model extends at least as far as the spin-glass phase of the direct model [60, |77} 78, |79]]. Pushing our analysis
of this relationship further, we study noise tolerance and adversarial attacks in dense HNs memorizing as
patterns the M examples generated by the teacher. In particular, we derive a mathematical formula quantifying
the adversarial robustness of dense HNs at zero temperature, and we clarify why the adversarial robustness of
the dense HNs studied in [[36] changes as a function of the interaction order p. Our results lay the groundwork
for a broader statistical mechanics theory of adversarial attacks, contemporaneously with complementary
studies of adversarial attacks in linear models [18| |19} [20].

In Chapter 3] (based on a work with Francesco Tosello and Daniele Tantari, published as [46]]), we study
RBMs in the teacher-student setting where the numbers of hidden units P* and P are free to be any natural

numbers much smaller than the number of samples in the training dataset. This work generalizes the results
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of [42], which studied the teacher-student setting with P* = P = 2 hidden units. First, we investigate the
relationship between our framework and RBMs in the teacher-student setting with P* = P = 1 hidden units.
To be more precise, we show that an RBM with P hidden units learns data generated by a teacher with P* = P
random patterns with the same overlaps as P RBMs with one hidden unit each, thus validating a conjecture
formulated in [39]]. Going one step further, we study the scenario where the student has more hidden units than
necessary to learn the training data, i.e. P > P*. We show that, in this context, only P* of its patterns end
up learning the data, while the others freeze in disordered states. Empirically, we investigate the connection
between this low-dimensional learning strategy and the lottery ticket hypothesis according to which a generic
randomly initialized overparameterized NN contains subnetworks that fit data with similar accuracy as the
entire trained network when they are extracted from it and trained independently [9]]. Finally, we show that,
when the teacher patterns are correlated together rather than purely random, the student undergoes successive
phase transitions where it learns the data in increasingly detailed ways as the size of the training dataset
increases.

In Chapter [ (based on a work with Daniele Tantari, available as a preprint [47])), we study the teacher-
student setting of an RBM that fits into the class of dense associative memory (DAM) models. This DAM
generalizes Eq. @]}, which is itself a close relative of the DAM studied in [38},/67} 80], to a form capable of
both supervised and unsupervised pattern classification. As in Chapter[3] we study a model with a generic
number of hidden units. Based on our results, we propose a novel regularization scheme that makes training
significantly more stable. Inspired by the observation that dense HNs cross multiple saddle points of the loss
landscape during training [34]], we study the saddle points of our DAM. We demonstrate that the weights
learned by DAMs with a relatively small number of hidden units are saddle points of the loss landscape of
larger DAMs (see Eq. [1.3)), thus extending studies of an analogous property in related models [[72, 81} [82]
83,184,835, 186]. We exploit this hierarchy by letting our DAM grow during learning [87, |88]], which makes it

significantly faster to train as a function of its final size.
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Chapter 2

Dense Hopfield networks in the

teacher-student setting

Based on the article [45]], doi: 10.21468/SciPostPhys.17.2.040
available under the CC BY 4.0 license ‘ W) Check for updates

2.1 Introduction

Hopfield networks are artificial neural networks that model associative memory [23]]. In the Hopfield model,
examples 0 € {—1, I}N of memories £# € {—1, l}N, pw = 1,..., M, are retrieved by sampling the
Gibbs distribution of a 2-body Hamiltonian H [0 | £] at a given temperature 7' [89]]. Hopfield networks
can be trained in a biologically plausible way using Hebb’s rule [23} [53]], which leads to H [0 | §] =
_% Zz/[:l (Ef\il gfaif. However, they can only store up to M ~ O (N) i.i.d. random memories in the
limit of large N [23] 90| 54]. One way to find this scaling is to study the phase diagram of H [o | £] as a
function of the temperature 7" and load o = ]]\\,—4 [54], where the so-called ferromagnetic phase, which extends
up to o =~ 0.14, corresponds to accurate retrieval.

Since Hopfield’s seminal work, several generalizations have been investigated in relation to their critical
storage capacity and retrieval capabilities. For example, parallel retrieval has been studied in relation to
pattern sparsity [91} 92} 93| 94, 95] or hierarchical interactions [96, 97,98, |99, [100], and non-universality
has been shown with respect to more general pattern entries and unit priors [39, 101} (102} |103} 104} 105,
106]. Efforts to overcome the O (N) limitation of the capacity led to the development of a novel class of
modern Hopfield networks [38,|107} |63]], which are sometimes called dense due to their faculty to store much
more memories than the original Hopfield model [30]]. These neural networks surpass O (N) storage capacity
by using higher-order interactions instead of the original 2-body couplings [25} |26} [27} 28} (108} 29]]. In
particular, Gardner [28]] calculated the replica-symmetric (RS) phase diagram of the Hamiltonian H [0 | £] =

N 1 1 : _ p! M 7 " cer ..
— Zi1<...<ip:1 Jiy...i, 0y -0, With p-body interactions J;, s, = xp=1 2_,=1 &, --§;, conditioned on i.i.d.
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random memories £# € {—1, 1}N, findinga M = O (N p_l) storage capacity. These calculations were later
extended to include the effects of one-step replica symmetry breaking (1RSB) [41]].

Although they draw a rather detailed picture of the retrieval of individual i.i.d. random memories, these
results are not the end of the story. First of all, IRSB calculations allegedly struggle to find the paramagnetic
to spin-glass phase transition accurately at large p because of numerical instability issues [41]. Second of all,
dense Hopfield networks have been rapidly gaining a renewed attention for reasons other than their storage
capacity since a recent paper [30] by Krotov and Hopfield (K & H), where they were used as a trainable
machine learning architecture. For instance, they have been related to transformers [38},|109] and diffusion
models [|65} 166]], and they were found to be significantly more explainable and adversarially robust than
feedforward neural networks with ReLLU activation functions [30, |36]].

One such aspect of dense Hopfield networks that is still poorly understood is their performance as generative
models for unsupervised learning, where they are trained over some given dataset to reproduce its probability
distribution. As far as we are aware, this problem has not yet been studied theoretically for p-body models
with p > 3. However, it was studied for the original 2-body Hopfield network by using the teacher-student
setting [43] first described in [39} 101} |40]. In the teacher-student setting, which is also called inverse problem
in opposition to the direct problem of random pattern retrieval, a student model H [¢ | o] is trained with M
teacher examples 0% ~ H [0® | £*| conditioned on the planted pattern £*. In other words, the student tries to
infer the pattern £* of the teacher using a structured set of examples o©.

At finite load o = %, two regimes of pattern retrieval were found: example retrieval (eR) and signal
retrieval (sR). In the eR phase, the student tries to reconstruct £* by directly retrieving the examples o,
which is a good strategy provided that they are strongly correlated with £*. In the sR phase, on the other
hand, retrieval is done by extracting subtle cues from weakly correlated examples. The two types of examples
used in these two retrieval strategies are respectively called prototypes and features of £* [30]. Interestingly, a
prototype regime and a feature regime were also observed by K & H in dense Hopfield networks trained to
classify real data [30]], where it was found that the prototype regime is significantly more adversarially robust
than the feature regime. In other words, the prototype regime is more resistant than the feature regime to
small data perturbations that are specifically designed to cause incorrect classification [[11}|12]. This prototype
approach is arguably a big step towards designing adversarially robust neural networks, a long-standing
problem that still lacks a fully satisfying solution [15, (110} 111].

In this work, we study the performance of p-body Hopfield networks in the teacher-student setting,
revealing a prototype regime and a feature regime as in the 2-body model. In Section[2.2] we review Gardner’s
main results in studying p-body Hopfield models and summarize what the rest of the literature on spin-glass
models with p-body interactions tell us about the paramagnetic to spin-glass phase transition in p-body
Hopfield models. In Section[2.3] we compute the phase diagram of these p-body models in the teacher-student
setting. In Section[2.4.1] we discuss the transition to the retrieval phase in the inverse problem. In Section
[2.4.2] we compare this retrieval transition against the transition to the spin-glass phase in the direct problem.
Despite their different nature, we show that these two transitions are equivalent on the Nishimori line where the
teacher and the student have the same p and 7" [[73} |74} 75, 76]. In Section we discuss the phase diagram
on the Nishimori line in more details. In Section [2.4.4)and Section[2.4.5] we discuss the phase diagram outside
of the Nishimori line. First of all, we investigate the effect of using an inference temperature different from the

dataset noise. Second of all, we reveal that using a larger p for the student than the teacher gives the student an
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extensive tolerance against both teacher noise and pattern interference. Finally, in Section[2.4.6] we derive a
closed-form expression that measures the adversarial robustness of the student at zero temperature and explain
what our results reveal about the nature of adversarial attacks.

2.2 Overview of Gardner’s results

Consider the p-body Hamiltonian

N N M
p!
Hlolg =~ Z = Z Yot oo, (2D
11 <...<ip=1 11 <...<ip=1pu=1
conditioned on a set of M = az\;?;—l quenched memories £# € {—1,1}Y, p=1,..., M, sampled i.i.d. from

the Rademacher distribution § [6 (/' — 1) + & (¢/' + 1)]. In the direct model, patterns o are in turn sampled
from the equilibrium Gibbs distribution P(c | ¢) = Z~te~AHI7l&] where B > 0 is the inverse temperature
and Z =) e~ PHI7IE] s the system’s partition function. The so-called direct problem studied by Gardner
[28]] consists of quantifying the performance of this model as a method of memory retrieval. In that context,
the overlap % >, &0 is a good measure of retrieval accuracy, and its expected value can be derived from the
quenched free entropy f = % (log Z) ¢ in the thermodynamic limit N — oo. At finite p, Gardner used the
(non-rigorous) replica trick [112] to evaluate the RS approximation of f (see also Appendix in terms of a

variational principle of the form

! . a1 ;
g e (3 [beet) - e, sk

whose solution is

qg= Rdx\/%? exp (—;ﬁ) tanh? (B [Varz + k) ,

m= /Rdx\/% exp (—;ﬁ) tanh (8 [Varz +k]) ,

r=pgt,

k=pmPt, (2.2)

and the order parameters m and ¢ are to be interpreted as expected overlaps. To be more precise, m can be
shown to be the expected overlap of a retrieval attempt ¢ against one memory in the thermodynamic limit,
ie.m=limy oo (& >, &'0y) ¢ o Similarly, g is the expected overlap between two retrieval attempts ol
and 02, i.e. ¢ = limy_oo <% > o}af%ﬁ or equivalently ¢ = limy_, o0 <% > <Ji>i>£. Intuitively, ¢
measures the tendency of the system to stay frozen in specific configurations rather than visiting all possible
values of 0.

The resulting RS phase diagram (see Fig. [2.1) are derived from the value of the order parameters as a
function of three hyperparameters: the interaction order p, temperature 7' = 1/ and load o = % There

are four different phases:
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Figure 2.1: RS phase diagrams of the direct models with p = 3 on the left and p = 10 on the right. Accurate
pattern retrieval is not possible in the paramagnetic phase (P) or in the spin-glass phase (SG), but it is
possible in the local retrieval phase (I R) and in the global retrieval phase (g R). The ferromagnetic fixed point
corresponding to accurate pattern retrieval is globally stable in the g R phase, but locally stable in the { R phase.
The phase diagrams are inexact below the white dashed line where the total entropy of the paramagnetic phase
becomes negative. The black dotted line overlaying the p = 3 diagram is the (exact) IRSB P-SG transition
temperature 7T («, 3), which is obtained by rescaling by v/2a the corresponding transition temperature of the
spin-glass model with p-body Gaussian interactions. The d1RSB transition Ty («, 3) is very close to T (v, 3)
throughout the displayed range of . The white dotted line in the p = 3 plot is the temperature T¢ (v, 3)
below which multiple steps of RSB are required to compute the free entropy. It is also obtained by rescaling
by v/2a the corresponding transition temperature of the Gaussian spin-glass model.

¢ In the Paramagnetic phase (P), the overlaps m and ¢ both vanish. The network does not retrieve any

specific pattern: sampled configurations are completely random.

* In the Spin-Glass phase (SG), m vanishes but ¢ > 0. In other terms, the network does not retrieve
individual stored memories but rather converges to spurious patterns depending on all the memories in a

non-trivial way.

* In the signal Retrieval phases (R and gR), m # 0 and ¢ > 0, which means that the network is able to
retrieve the stored memories. [ R and gR are respectively locally stable and globally stable. In other
words, local retrieval [ R is only attainable from initial conditions in a limited neighborhood of a memory
&*, while global retrieval gR is accessible from any initial conditions given enough time. These two

phases are said to be ferromagnetic.

Gardner also calculated the exact p — oo phase diagram without making any assumptions about replica
symmetry [28]]. In this limit, the resulting paramagnetic to spin-glass (P-SG) phase transition occurs at a
temperature T () that coincides with the boundary of the region where the total entropy of the paramagnetic
phase becomes negative, given by 32 = 21og 2 (white dashed line in Fig. .

At finite p, Gardner’s results only tell us that the model cannot be in the paramagnetic phase below T ().

Therefore, a spin-glass transition should occur at a temperature T (o, p) > Tg(«). Since the RS spin glass
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solution of Egs. exists only below T () (violet region in Fig. , the spin-glass transition must be
towards a RSB spin-glass phase.

Outside of the signal retrieval phases, the free entropy of the direct model is the same as for the spin-glass
model with p-body Gaussian interactions where the temperature is rescaled by a factor of v/2a: [113} [114].
Therefore, the spin-glass and paramagnetic solutions are the same in the direct model as in this Gaussian
spin-glass model, and we expect the exact phase diagrams of both models to be identical when the direct
model is not in its signal retrieval phases. According to previous work on the Gaussian model with finite
p [114]], a 1RSB solution with m = k = 0 exists and is globally stable throughout a whole phase below
Ts(a,p) > Tg () (see Fig. 2.1). This solution becomes unstable at a lower transition temperature ¢ (cv, p)
(see Fig. [2.2), below which multiple steps of RSB are required. In the limit of p — oo, it holds that
Ts(a,p) = Tr(a) and T (e, p) — 0. In other terms, the direct model becomes 1RSB, which is consistent
with the fact that it is converging to a random energy model with temperature rescaled by v/2a [115, 113,
28||. Finally, we mention that this type of models exhibits a random first order transition phenomenology
[116L|117,(118,/119]: there is in fact a range of temperatures T (v, p) < T < Ty(«, p) where the dynamics
get trapped in an exponential number of metastable clusters, with an emerging RSB structure that does not
affect the free energy (see Fig. [2.2). This range of temperatures thus defines a so-called dynamical 1RSB
(d1RSB) phase. Below T («, p), the number of clusters is no longer exponential, and the system undergoes
the thermodynamic IRSB phase transition that we mentioned previously. The critical temperatures T («, p),
Ts(a, p) and Ty(c, p) can all be obtained by standard RSB methods, but the resulting saddle-point equations
can be prone to numerical instability at large p [41]l. In Sections [2.4.2]and[2.4.3] we discuss an alternative way

to obtain T (v, p) and Ty(c, p).

2.3 Teacher-student setting

On our end, we study a dense Hopfield network with Hamiltonian (2.1]) as a generative model for unsupervised
learning. In that context, the memories £ are model parameters that have to be trained in such a way that the
examples of a given dataset {o®} | result as typical network configurations.

In particular, we study a controlled teacher-student setting in which the examples are sampled from the
probability distribution P (0@ | £*) of a so-called feacher dense Hopfield network conditioned on a single
planted pattern £* € {—1, 1}N whose entries are quenched Rademacher random variables. A student dense
Hopfield network, also known as the inverse model, then samples its own student pattern £ from the posterior

distribution

POIL P(e" 8 PE
PEIO=""50 " P

M
[[ 2" e (—BHI" | €))

a=1

where P (0 | £) is the Gibbs distribution of the direct model with a single memory £, and P () is the prior
on £ that is chosen to be uniform. Since the direct model has only a single pattern, Z does not depend on &
(see Appendix [2.C), and the posterior simplifies to

P(&]o)=2""(o)exp(~BH[ | o)) .
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In sum, the student posterior distribution is that of a dense Hopfield network where £ plays the role of the
sampled pattern and the examples o act like the M quenched memories. Our task, called the inverse problem,
consists of quantifying the student’s capability to infer the teacher pattern, which we will also call the signal.
Like Gardner, we calculate a free entropy of the form f = % (log Z) in the thermodynamic limit N' — oc.
This time, however, the average ( ~>U is over a structured set of examples o. In fact, we recall that, unlike the
i.i.d. memories studied by Gardner, the examples o are sampled from the teacher distribution P (o® | £*).
In general, the student does not have access to the teacher generative model. In our controlled teacher-
student setting, the student knows that the correct model for P (¢ | £) is a dense Hopfield network. Never-
theless, it does not necessarily have access to the interaction order p* and inverse temperature 3* used by
the teacher. Therefore, we denote the student hyperparameters by p and 5 and emphasize that they are not

necessarily equal to p* and 8*. As previously stated, we calculate the free entropy

*|

M
f=glos2), =2V e (A= Y X €k o,
=

o a=111<...<ipx

M
p!
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in the thermodynamic limit N — oo. We then draw phase diagrams of the inverse problem as a function of p*,

T =1/p* p, T =1/8 and o, where « is M normalized to O (1). Unless explicitly specified otherwise, we

Mp!
Np—1-

use & =

2.3.1 Matched interaction orders

We first consider the case where p* = p and the only possible mismatch between the teacher and student
networks is in the inverse temperature, i.e. 8* # 5. Atlow T*, the student’s task is easy. In fact, below
the critical temperature T of the direct problem with one pattern (see Fig. a = 0 axis), the teacher
produces examples o that cluster around &*. Therefore, the student can infer £* by aligning its pattern & with
the examples 0. This retrieval strategy works even when using a very small amount of examples (see [43]]).
Since the size of our dataset is extensive, the retrieval accuracy is maximum in the thermodynamic limit. We
call this region the (accurate) example Retrieval phase (e R).

Conversely, when T is above T, the examples in the training set are very noisy and we do not observe a
finite overlap between ¢ and £* (see Fig. o = 0 axis). In this regime, we find that the RS approximation
of the p* = p free entropy can be computed (see Appendix in terms of the variational principle

m,k,q,r,q*,r*

f= Bxtr {5*504 la°]" = %B%q” + pm? — B Bar*q"

1 1 1
+ 552047"(] — iﬂzar — Pmk + 5[3204 + log 2

+ /d;v\/zi7r exp {—;xQ} <log [COSh (5 [W:c + frar® + kz])] >Z} , 2.4)
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whose solution is the saddle-point equations
¢ = dxi exp (—1x2) <tanh (ﬁ [\/amc + 8*ar® + kz]) > ,
R vV 21 2 z
1 1
= [ do—exp| —= 2) <tanh2 arz + Bfar® + kz > ,
q= | drs=exp ( (6 [Vare +5 ).

5 ¢
m= /]Rda:\/lzTT exp (—;xQ) <z tanh (6 [Mac + B*ar* + kz}) >Z , (2.5)
r=plg'lh,

r=pg’",

k=pmPt,

%. As in the direct model described in Sec-

tion [2.2] the order parameters m and ¢ have a clear interpretation in terms of expected overlaps. m =

where z is a Rademacher random variable and o =

limpy 00 <% Do ficr?> ok is the expected overlap of a retrieval attempt with an example ¢%, and ¢ =
limpy 00 <ﬁ > <£Z>§>§ is the expected overlap between two retrieval attempts. Similarly, ¢* is the
-

expected overlap between the teacher and student patterns, i.e. ¢* = limy o0 (77 >_; §7&i) - Therefore,

£*,0,
it is a good measure of inference performance. The free entropy (Eq. [2.4) is expected to be exact in absence of
mismatch between the teacher and the student, i.e. 5* = S. This condition is known as the Nishimori line
[73L{74,17576]. Outside of the Nishimori region, RSB corrections are expected. Like the direct problem, the

inverse problem with T > T has different phases characterized by the values of the order parameters:
¢ In the Paramagnetic phase (P), the overlaps m, ¢* and ¢ all vanish.

* In the signal Retrieval phases (IR and gR), m = 0 but ¢* # 0 and ¢ > 0. [R and gR are respectively
locally stable and globally stable. In other words, local retrieval [ R is only attainable from initial
conditions in a limited neighborhood of £*, while global retrieval gR is accessible from any initial

conditions given enough time. These two phases are also said to be ferromagnetic.
¢ In the (inaccurate) example Retrieval phase (eR), m # 0 and ¢ > 0 but ¢* = 0.
¢ In the Spin-Glass phase (SG), ¢ > 0 but ¢* and m vanish.

In sum, when T is above T, the student can only learn the teacher pattern in the signal retrieval phases. In
all the other phases, the student pattern is uncorrelated with the signal, being either a random guess (P phase),
aligned with a noisy example (inaccurate e R phase), or aligned with a spurious low energy state (SG phase).

We stress that we cannot have m # 0 and ¢* # 0 at the same time (accurate eR phase) when T > Ty
because limy o0 (% >, 5;‘(7?)&* ., = 0in that regime (see Fig. a = 0 axis).

2.3.2 Mismatched interaction orders

We also investigate the 7" > T, regime in the presence of a mismatch between the interaction orders of
the teacher and student networks, i.e. p* # p. We focus on the case of p* = 2 and even p > 3 to study

the consequences of fitting the teacher of [43]] using a student with higher order interactions. We find two
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different scaling regimes of the training set size M and inverse temperature 5* that make retrieval possible

(see Appendix D):

* a large-noise scaling where 8* ~ O (N?/?=1) and M ~ O (N?~1), such that @ = 22 and

Np—1
10/
= [fp/];)!sz/Q‘l are finite;

* a finite-noise scaling where 8* ~ O (1) and M ~ O (Np/z), such that o = W is finite.

In the large-noise scaling, we obtain saddle point equations similar to Egs. (2.5) but with 3* replaced by A
(see Appendix [2.D). Conversely, the finite noise scaling leads to

¢ = (tanh (B nar* + kz]) )

z

m = <z tanh (5 [nar® + kz]) > , (2.6)
P = p [q*]pfl ’
k=pmPt,
where 7) generally depends on 3* and p in a non-trivial way, but we find that n = 0 12_@;}5)2 when p = 4

(see Appendix [2.D). These equations can also be derived by extrapolating the large-noise equations to

Oarge noise 0 and A — oo with fixed /\alarge noise — 7]Clfinite noise-

2.4 Results and Discussion

2.4.1 Retrieval transition at large interaction order

The paramagnetic solution of Egs. always exists and is globally stable in the part of the phase diagram
where the temperature 7' is relatively large and o = % is relatively small. On the other hand, the g R phase
exists when 32ap and 3* Sap are both large. In fact, in that limit, ¢* = ¢ = 1 is a fixed point of Egs. .
The critical line where g R becomes globally stable instead of P is not clear from this analysis alone, but we
can at least find it analytically in the limit of infinite p. As for the direct model, the free entropy and the total
entropy of the paramagnetic phase are respectively % B%a +1log?2 and — % B%a +log 2 [28]. At the same time,
the p — oo free entropy takes the form

f = Extr {ﬂ*ﬁa 0(a" 1)~ 5600 (g— 1)~ §ar'q" + L Farg — L Far + %

+10g2+/d:):

\/12? exp {;zz} log {cosh <\/ﬂ2a7“x + ﬁ*ﬁar*)] } ,

where 0 (¢ — 1) := lim,_, ¢?, ¢ € [0, 1], is the Heaviside step function jumping at ¢ = 1, i.e. (1) =1
and 0(q) = 0 Vq € [0,1). In this limit, the ferromagnetic phase is characterized by ¢ = ¢* = 1, and its free
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entropy is then

f=p3"Ba— B*Bap + dx\/% exp {—;xg} log [2 cosh (\/ﬁ%sz + B*ﬁap)}

~ o~ 5 bap + [ o exp {~a* | (VFaps + 5" 5a)
— "B

The corresponding total entropy is s = f —f3 g—g = 0, as expected from a ferromagnetic phase with ¢* = ¢ = 1.

On the Nishimori line, f = §* S« becomes larger than the free entropy of the paramagnetic phase, which

Q
2.
< \/ 2log2’ 27

where T =,/ ﬁ is also the temperature below which the total entropy of the paramagnetic phase becomes

triggers a phase transition, if and only if

negative. Outside of the Nishimori line, this inequality generalizes to 5*Sa > % B2a + log 2, leading to

<B< B+ [ﬁ*]2_2107g2,

o 2log?2
@ !

BT =\ 151

while the temperature where the paramagnetic total entropy becomes negative stays the same.

2.4.2 Transition to the ordered phases: Universality

In the p — oo limit, the transition towards g R of the inverse model on the Nishimori line is identical to the
exact P-SG transition of the direct model [28]]. We claim that these two critical lines are actually closely
related for any p. In the Hopfield model with p = 2, they were already shown to be identical [43]. We
will now argue that they overlap for any p and [ such that T > T¢; (see Figs. and 2.T). In the case of
p = 2, both lines can be obtained exactly from the RS approximation of either the direct model or the inverse
model, so there is no obvious advantage to using this equivalence in calculations. In general, while the inverse
problem on the Nishimori line is replica symmetric, the direct problem is not, and the p > 3 replica symmetric
P-SG transition is not exact. Moreover, even the critical line calculated using 1RSB may be inaccurate due to
numerical instability [41]]. In this situation, the knowledge of the g R transition in the replica-symmetric inverse
problem can be used to locate the exact P-SG transition of the direct problem, where symmetry breaking
occurs.

For that purpose, we will argue that, given T' > T, the direct model is in the paramagnetic phase if and
only if the inverse model is in the paramagnetic phase.

The converse implication comes from the fact that since (see Appendix [2.C)

1 Z(o0)

P (o) = oarw = (2.8)

the example distribution P (o) of the inverse problem is contiguous [[120] to the uniform distribution, i.e. the
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memory distribution of the direct problem, when

. log Z —log(Z)|
1\}E>noo {N =0. 2.9)

As determined in Appendixand , the annealed expression % log (Z) is equal to the free entropy of the
paramagnetic phase. Therefore, when the inverse model is in the paramagnetic phase, P (o) is contiguous
to the uniform distribution. This property is called quiet planting and is known to occur more generally in
mean-field paramagnets [77,(78,,(79,|60]. In our problem setting, it means that if the inverse model is in the
paramagnetic phase, then it is equivalent to the direct model. In particular, if the inverse model is in the
paramagnetic phase, then so is the direct model. In more intuitive terms, the g R transition temperature of the
inverse model must be greater than or equal to the P-SG transition temperature of the direct model because
the ensemble of examples o® generated by the teacher model is on average at least as structured as the set of
i.i.d. random memories stored in the direct model.

For the direct implication, notice that the average replicated partition function of the direct model in the

paramagnetic phase can be approximated as (see Appendix 2.E)
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This expression is identical to the replicated partition function of the inverse model with T" > T¢;, which
therefore must also be in the paramagnetic phase.
As a consequence, when T' > T, the P-SG transition line of the direct model must be identical to the

gR transition line of the inverse model on the Nishimori line.

2.4.3 Phase diagram on the Nishimori line

On the Nishimori line, the student is fully informed about the teacher generative model and uses § = 3* and
p = p*. In this scenario, thanks to the Nishimori identities [74], it is well known that £* and £ play symmetric
roles and that ¢* = ¢. For the same reason, the overlaps + ~ 2 & and + ~ 2 & 1¢2 have the same distribution.
From the self-averaging of + ~ i & & it follows that the system is expected to be replica symmetric, and Eqs.
(2.4) and (2.5) are expected to hold. Fig. (2.2) shows the phase diagrams obtained by solving the saddle-point
equations numerically on the Nishimori line. Both ¢* = ¢ and the replica symmetry condition are verified. In
particular, numerical solutions of a few values of p > 3 show that the g R transition occurs at a higher 7" than
the line 3% = 2log 2 where the total entropy of the paramagnetic phase becomes negative. In other terms,
the phase transition towards g R prevents the total entropy from becoming negative when T' decreases below

ﬁ, which is consistent with the RS solution being exact on the Nishimori line.
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Figure 2.2: Exact RS phase diagrams of inverse models on the Nishimori line, i.e. p* = p and 5* = . the left,
center and right plots respectively have p = 3, p = 4 and p = 10. Accurate pattern retrieval is not possible in
the paramagnetic phase (P), but it is possible in the local retrieval phase (IR), in the global retrieval phase
(gR) and in the example retrieval phase (e R). The ferromagnetic fixed point corresponding to accurate pattern
retrieval is globally stable in the g R phase, but locally stable in the [ R phase. The critical temperature of the
eRR phase is the critical temperature T¢,;; of the direct problem with one pattern (see Fig. o = 0 axis). The
black dashed lines mark the spurious continuation of the /R and g R phase boundaries through the e R phase.
The white dashed line is the p — oo gR critical line calculated analytically in Section[2.4.1] It matches the
corresponding numerical phase boundary increasingly well as p grows larger. The white dotted lines on the
p = 3 plot mark the 1RSB and d1RSB critical temperatures T («, 3) and Ty (v, 3) of the direct model (see
Section[2.2). We truncated them below T¢;; for improved visibility. T (v, 3) and T; (v, 3) are obtained by
rescaling the corresponding critical temperatures found in [117] by v/2a.

Atlow T, the student can learn efficiently within the accurate e R regime. In this phase, learning is possible
(¢* # 0) because the examples are correlated with the signal and the student can retrieve it by simply being
aligned with them (m # 0).

At high T, learning is possible only if the amount of examples, i.e. the size of the dataset, is sufficiently
large. When « is too small, Eqs. (2.5) have only a paramagnetic fixed point because the amount of information
carried by the dataset is not large enough. Numerical solutions suggest that the paramagnetic fixed point
always exist and it is actually locally stable in the whole high-temperature regime. When « is sufficiently
large, the signal retrieval fixed point appears as a locally stable attractor (IR phase). It becomes globally stable
(g R phase) as the size of the dataset is increased further or the student temperature decreases.

As per the previous Section, the critical boundary of the gR phase obtained by solving Eqs. [2.3]is
identical to the 1IRSB P-SG transition temperature Ts(«, p) of the direct model. Similarly, we observe that
the metastable [ R phase coincides with the d1RSB phase of the direct model (see Fig. [2.2)). Our results are
also consistent with the fact that T («, p) — Tr(«) in the p — oo limit. In fact, we find that the analytical
limit boundary closely agrees with the numerical solution of the saddle-point equations with p* = p = 10 and
remains a good approximation even down to p* = p = 4.

In the student model, o plays a similar role as the weights of the trainable dense Hopfield network model
that K & H designed for classification of data [30]. In that context, ¢ is analogous to the test data whose labels
are being predicted (see Fig. [2.3). In fact, the computation performed by K & H’s model to recover labels is
similar to the update rule used by the student to infer the teacher pattern (see Appendix [2.A). Moreover, the
eR and gR phases are respectively reminiscent of the prototype and feature regimes of K & H’s networks.

Therefore, we believe that the student can act as a toy model of label prediction in these two regimes.
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Figure 2.3: The first row of this diagram sketches how a p-body Hopfield network in the teacher-student setting
can reconstruct an incomplete pattern £ to match the teacher pattern £* by relying on the examples o obtained
from £*. The second row summarizes how a dense neural network trained by K & H can recover the labels 7/
of the data = given the weights w learned from z [30]. Both models tackle similar tasks using an approach
where o and £° respectively play the same roles as w and (z,%’). The forward propagation algorithm used to
generate 3’ is similar to the update rule of the student (see [30] and Appendix , but the backpropagation
algorithm used to learn w is very different from the update rule of the teacher.

Comparing instead the phase diagrams of our inverse model with that of the inverse 2-body Hopfield model,
we see that the e R and g R phases of the inverse p-body model with p > 3 are respectively analogous to the
el and sR (signal Retrieval) phases presented in [43]. One of the key differences between p = 2 and p > 3 is
that the paramagnetic to signal retrieval phase transition of the p-body model is second order for p = 2 but first
order for p > 3. On the one hand, the second order phase transition of p = 2 indicates that its paramagnetic
fixed point is never locally stable and sets an unambiguous boundary between the sR phase where £* can be
recovered starting from any initial conditions and the paramagnetic phase where pattern retrieval is impossible
[60]. On the other hand, the first order phase transition of p > 3 allows the retrieval and paramagnetic regimes
to coexist. The [ R phase is locally stable precisely because it coexists with the paramagnetic phase and has a
lower free entropy. Meanwhile, the g R phase also coexists with the paramagnetic phase, but has a larger free
entropy. In the presence of phase coexistence, an algorithm trying to retrieve £* starting from random initial
conditions can get stuck in the paramagnetic phase instead. In fact, it has been conjectured that there is no
algorithm with random initial conditions that can find such a ferromagnetic fixed point in a tractable amount
of time [60,|121]]. That kind of metastable region was thus given the name hard phase [60,|122]. In summary,
we expect that p > 3 models in the g R phase can only recover partially corrupted patterns whereas p = 2 can
recover them entirely.

Fig. (2.4) shows results from Monte Carlo simulations with p = 3, where L replicas of the student pattern
{¢& b}lle are initialized to the teacher pattern £* corrupted by some Rademacher noise . In other words, the
initial values of & are sampled from the distribution (1 — )& (§ — &) + 5[0 (& + 1) + 6 (& — 1)] with
e € [0, 1]. The value of ¢ is tuned so that the simulations start relatively close to the saddle-point solutions. As
explained previously, gR is a hard phase, so this initialization is necessary to make £ converge to gR in a
reasonable amount of time. Additionally, it is also used to make £ converge to the [ R phase rather than the P
phase when desired. Once the simulations are over, the overlaps are averaged over all L replicas. If we fix

€ = 0, then the simulations generally converge to the [ R phase when it is a fixed point. If instead we initialize
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Figure 2.4: Monte Carlo simulations of the p = 3 inverse model compared against RS saddle-point solutions.
The [ R phase is included on the left and central plots, but not on the right one. The left plot has € = 0, and the
two other ones have a handpicked € such that the simulations are initalized near the saddle-point solutions.
The dots are simulation data at a few values of «, and the lines are slices of the saddle-point solutions at the
same «. The teacher generates M = O‘J\; I;_l examples 0 with N = 512 components each, and the simulation
results are then averaged over L = 100 student patterns. The simulation data is sometimes systematically
shifted up with respect to the saddle-point solution. This difference is notably visible on the central plot, right

after the fall from eR to g R when o = 3.

them to the saddle-point solutions by handpicking ¢, then they stay near the initial overlaps. In either case, the
simulations converge to e R when it is globally stable. Some simulation data points might be systematically
shifted up with respect to the saddle-point solutions. However, this difference decreases with the system size
N, so finite size effects seem sufficient to explain it (see Fig. 2.9]in Appendix 2.F). Overall, the Monte Carlo
simulations are in very good agreement with the p = 3 overlap landscape obtained by solving the saddle-point

equations numerically.

2.4.4 Inference temperature vs dataset noise

In the two next Sections, we will discuss the phase diagram when the student is only partially informed about
the teacher generative model, i.e. when the Nishimori conditions do not hold. We start with the case where
p = p* but § # B*, i.e. the inference temperature 7' is different from the dataset noise 7. As we argued
in Section the student accurately retrieves £* when T < T,;;;. On the other hand, we must solve the
saddle-points equations (see Eqs. 2.3)) to study 7% > Tiy.

We show the phase diagram of this region on Fig. (2.5)). At high inference temperature 7', the situation is
similar to Fig. (2.2): retrieval is possible if the data load « is sufficiently large, but the paramagnetic phase is
always locally stable. The situation is different when the inference temperature is low. In that case, there are
two phases that we did not see for 5 = *: the inaccurate e R phase and the SG phase. When « is relatively
small, the student falls in the inaccurate e R phase. In this regime, it has finite overlap with one of the noisy
examples and cannot retrieve the signal £*. When « is larger, the interference among the noisy examples
prevents the student to be aligned with them. In this regime, the SG phase, the student locally converge to
spurious patterns that are uncorrelated with the signal.

Accurate pattern retrieval is only possible in the [ R and gR phases where « is so large that the student
can gather enough information from the dataset to become very close to £*. The phase diagrams indicate that
pattern retrieval is optimal on the Nishimori line in the sense that 3 = 3* is the inverse temperature where the

student needs the least examples to recover £*. In other words, the student’s performance is non-monotonic
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Figure 2.5: RS phase diagrams of inverse models with p* = p and fixed 3*. The top and bottom rows of plots
respectively have p* = p = 3 and p* = p = 4. In the same way, the left, central and right columns correspond
toT* =1.5,T* = 1.6 and T* = 1.7. Accurate pattern retrieval is not possible in the paramagnetic phase
(P), in the spin-glass phase (SG) or in the example retrieval phase (eR), but it is possible in the local retrieval
phase (IR) and in the global retrieval phase (¢R). The ferromagnetic fixed point corresponding to accurate
pattern retrieval is globally stable in the g R phase, but locally stable in the [ R phase. Conversely, the SG
fixed point is always locally stable and leads the student to a frozen spurious signal. The white dashed line
indicates the Nishimori line 8* = /3. The black dashed lined is the g R phase boundary on the Nishimori line.
As explained in SectionlEI, we expect it to overlap the exact SG phase transition.

in T" and peaks at ' = T™. These properties were also observed in the teacher-student setting of the p = 2
Hopfield network [43]].
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Contrary to what one would expect to see on the exact phase diagram [73| |74, the Nishimori line 7" = T
does not to cross a triple point on the RS phase diagram. The issue is that the RS phase diagram is not exact
outside of the Nishimori line. In particular, the SG phase boundary is not exact. Outside of the retrieval
regime, the free entropy of the inverse model is the same as the direct model. Since the transition towards gR
of the inverse model on the Nishimori line overlaps the exact P-SG transition of the direct model (see Section
@]), we deduce that it must also overlap the exact P-SG transition of the inverse model outside of the gR
phase. Plotting it on the RS phase diagrams, we see that it indeed crosses the Nishimori line and the g R phase
boundary at the same point, which therefore becomes a triple point, as expected.

2.4.5 Interaction order and noise tolerance

So far, we assumed that the student is informed about the interaction order used by the teacher, i.e. p = p*.
In this Section, we investigate the role of the student’s choice of p when the task is to learn from a dataset
sampled by a 2-body Hopfield network, i.e. p* = 2. We study two different non trivial scalings regimes of M
and * that make pattern inference possible (see Appendix [2.D).

2.4.5.1 Large noise scaling

We first consider a large noise scaling where 8* ~ O (N2/P=1) and M ~ O (NP~1), such that

| *1P/2
Mpt - and a= BT e

“T N (1/2)! ’

are finite. In this scaling, a p > 3 network requires O (N P _2) more training examples than a p = 2 network
with finite load v = % but also has a higher tolerance to teacher noise. For instance, a student with p = 4
interactions is able to retrieve the pattern of a teacher with 7% ~ O (N 1 2) noise when it is shown enough
examples M ~ O (N?) to be in the gR phase (see Fig. .

@) (N Y 2) noise tolerance was also observed in the p = 4 direct model, where it is a consequence of the
redundancy stemming from storing O (N) memories rather than the O (N 5) needed to saturate the storage
capacity [[123]. Our p = 4 inverse model exploits a different kind of redundancy by learning from O (N 3)
examples whereas p = 2 only needs O (V). In other terms, both storing extensively less memories than the
maximum allowed amount and generating extensively more examples than the minimum required amount
provide enough redundancy to recover a pattern muddled in an extensive amount of noise. In both cases, there
isan O (N 2) gap between the number of patterns used in the noise-tolerant and noise-susceptible regimes.
Going beyond p = 4, the inverse model has O (N 1=2/p ) noise tolerance as a function of p. In particular, our
theory predicts that the tolerance saturates at 7* ~ O (N) as p — 00, but at the cost of using an intractable
number of examples. This behavior is different from the O (N 1/2=p/ 4) tolerance of the direct p-body model in
the noisy-learning regime studied in [[124]. In other terms, the dataset noise that we are facing is of a different
nature than the learning noise of [[124]). In any case, it is interesting that both the direct and inverse models are
able to tolerate an extensive amount of noise. Overall, our results suggest that it could be advantageous to use
a student network with a relatively large p to learn from a large but noisy dataset when the p* of the teacher

generative model is unknown.
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Figure 2.6: RS phase diagrams of inverse models with p* = 2 and p = 4. The left plot is for o = W,
and 8* =1 — % such that = 1 and the right plot is for o = NMP—{’!l and g* = 1/% with A = 3. Accurate

pattern retrieval is not possible in the paramagnetic phase (P) or in the example retrieval phase (e R), but it is
possible in the local retrieval phase (I R) and in the global retrieval phase (g R). The ferromagnetic fixed point
corresponding to accurate pattern retrieval is globally stable in the g R phase, but locally stable in the { R phase.
The black dashed lines mark the metastable continuation of the eR, [R and gR phase boundaries through
neighboring phases with a larger free entropy. The paramagnetic total entropy becomes negative below the
white dashed line drawn on the right plot. However, the paramagnetic phase is no longer globally stable at that

temperature.
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Figure 2.7: Monte Carlo simulations (dashed lines) and RS saddle-point solutions (full lines) of the inverse
model in the large-noise scaling with p* = 2 and p = 4. The teacher generates M = ‘”\; 1!771 examples o
with N = 256 components each, and the simulation results are then averaged over L = 100 student patterns.

The student patterns are all initialized to £*.

An unavoidable drawback of large teacher noise is that it always lead to uncorrelated examples, which
makes accurate example retrieval impossible. Instead, it is replaced by the inaccurate example retrieval phase
where the student has finite overlap m with a noisy example generated by the teacher but no overlap with

the signal (see Fig. 2.6). Depending on T" and «, this phase can be either globally stable or locally stable.
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For the sake of clarity, we plot only the globally stable phase on our phase diagram in Fig. (2.6). The locally
stable phase is arguably less important to plot because it is identical to the locally stable ferromagnetic phase
previously reported in the direct model when assuming replica symmetry (see [41]] and Fig. [2.1).

Given m = 0, the free entropy of the inverse model with p > 3, p* = 2 and 8 = A is the same as on the
Nishimori line (see Eq. 2.5]and Appendix [2.D). As a direct consequence, the total entropy is positive outside
of the eR phase (see Fig. [2.6). Additionally, the p* = 2, p > 3 phase diagrams with § # \ are identical to the
p = p* phase diagrams with 5 # (3*, which suggests that 5 = \ is optimal for p* = 2, p > 3 in the same
sense as 3 = 3* is optimal for p = p* (see Fig. [2.5). Monte Carlo simulations confirm that a student with
p > 3 is able to retrieve the pattern of a teacher with p = 2 and T* ~ O (N 1/ 2) (see Fig. . However, the
IR phase transition is at a higher 7 in the simulations than on the § = X\ RS phase diagram (see Fig. [2.5),
which means that RSB is necessary to describe it accurately. One could check where replica symmetry holds
by evaluating the stability of the RS saddle point throughout the phase diagram.

2.4.5.2 Finite noise scaling

We also consider a different scaling regime where 3* ~ O (1) and M ~ O (N v/ %), such that

_ M(p/2+1)!
B NP/2 ’

is finite. In this finite-noise scaling, p > 3 requires O (N?/2~!) more training examples than p = 2, which is
a lot less than the first scaling. For instance, a student with p = 4 needs O (N 2) examples to retrieve £*. As
before, the phase transitions are all first order, the overlap ¢* stays high throughout the g R and [ R phase of
p =4 and gR is a hard phase. The saddle-point equations (see Eqs. [2.6) are free from the pattern interference
term /arz present in their p* = p counterparts (see Egs. until 5* becomes so small that is approaches
O (N 2/p ’1). Therefore, contrary to p* = p = 2, the network is never in the SG phase. Practically, it means
that p > 3 gives more freedom than p = 2 for tuning 3 and «. The only remaining restriction is that choosing
« and T too small puts the network into the inaccurate e R phase resulting from the kz term (see Fig. [2.6). The
saddle point equations can be derived without the RS ansatz because they do not involve ¢ and r. Consequently,
we expect them to yield an exact solution. Like on the Nishimori line, the total entropy of the paramagnetic

phase is always positive, which is consistent with the solution being exact.

2.4.6 Robustness against adversarial attacks

Inverse models with p* = 2 and p > 3 offer an opportunity to study adversarial attacks in a simple setting
because their phase diagrams have regions where the signal retrieval phases (gR and [ R) overlap with the
inaccurate e R phase. Recall that, in the [ R phase, a noisy student pattern £ either converges to £* or falls in
the paramagnetic phase, depending on the amount of noise that ¢ contains initially. The quantity of noise
needed to prevent pattern retrieval becomes smaller as one approaches the [ R to P phase transition and the
basin of attraction of [ R shrinks. Similarly, in the region of inaccurate e R where signal retrieval is metastable,
patterns £ that are corrupted by replacing some of their entries §; by the components o of an example o may
converge to o when enough entries are replaced. The fraction ¢ of entries that need to be replaced becomes

smaller as the basin of attraction of inaccurate e R expands and overtakes that of signal retrieval. In practice,
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an adversary can use this strategy to trick the student into converging to a pattern other than £*. This scenario
is similar to an adversarial attack targeting the input of K & H’s dense Hopfield network model because the
student pattern £ plays a similar role in the inverse model as the test data in K & H’s dense Hopfield networks
(see Fig. Section and Appendix 2.A). In that analogy, the examples o are acting like the neural
network weights rather than taking the role of the training data.

We will now investigate what values of the perturbation size ¢ are a threat by deriving a formula for the
largest € such that the student converges to the signal at zero temperature. This largest € will be denoted €*,
and we expect it to be a good measure of adversarial robustness. The saddle-point equations with T" = 0
indicate that the student converges to one of the signal retrieval phases if and only if & < nar* (see Eqs. [2.6).
Sampling the initial conditions of &; from (1 —£) 0 (& — &) +€ 9 (& — of) withe € [0, 1], we get

| (o | N p—1
=Py ; fifi‘f'N;fiUi )
L .

1 (1—e)N 1 eN
k=p|5 D &oi+ 5D olol
i=1 i=1

By the law of large numbers, ELN Zfivl & o and ﬁ ZE:”N & oy are both typically close to m* =

% va &of =~ 0as N — oo. If we take o to be a typical example, then 7* and k reduce to

r* %p(l—a)pfl ,

ko~ peP~t.
Substituting these expressions back in k < nar* yields
Pl <pa(l—e)P !,

1
p—1
< )

] ™7 +1

In other terms, the inverse model with p* = 2 and even p > 3 is resistant to adversarial attacks of size

* = ["O‘]% and smaller. For p = 4, €* is in good agreement with Monte Carlo simulations of the inverse
[na]P=T+1

model corrupted by a typical example (see Fig. 2.8)). This comparison is good evidence that our solution of

g

the finite-noise scaling is indeed exact. Additionally, €* is a decent approximation of empirical robustness
even when the inverse model is corrupted by the example that has the largest overlap with £*. A similar
construction with the perturbation sampled uniformly at random gives k& ~ O (N 1/2=p/ 2) ~ 0, so adversarial
attacks are much more efficient at fooling the model than random noise. Just like adversarial attacks targeting
more complicated neural networks [[11}[12], our example-based attack can be hard to detect at low € because
a few adversarially perturbed entries £; do not look very different from a low amount of meaningless noise.
Moreover, €* grows monotonically with «, which is consistent with the common observation that larger neural
networks are also more adversarially robust [[110} 125} (126, [127,[128},|129,|130]. At first glance, this effect

can be counter-intuitive because adversarial vulnerability looks like a form of overfitting [|15]]. In our model,
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Figure 2.8: Monte Carlo simulations of the overlap ¢* as a function of o and adversarial attack size € in the
inverse model with p* =2, 8* =1 — \/ig, p =4, =ocoand N = 1024. The simulation results are averaged
over L = 100 student patterns. On the left plot, the inverse model is corrupted by an example o that has a
small overlap with £* in absolute value. On the right plot, it is corrupted by the example that has the largest

. . /3, . . .
overlap with £*. The black line e* = %311 is our analytical formula for the largest adversarial perturbation ¢
such that the student retrieves £* rather than the example 0.

however, all examples work together to stabilize the [ R phase, and the best way to push the student into the
eR phase is to perturb it with a single example. Therefore, it is not surprising that increasing « makes the
student more robust. We recall that the examples o are a feature-based representation of £*. Interestingly, it
means that the underlying mechanism of our example-based attack is conceptually similar to gradient-based
attacks targeting many common types of neural networks [15]. In fact, gradient-based attacks find features
stored in neural network weights and add them to the data in order to fool the network [133]. 1t
would be interesting to investigate, both empirically and theoretically, if only a small number of weights are
involved in constructing these adversarial attacks. If it is the case, it could explain why larger neural networks
are often more robust. In general, we expect this kind of one-example attack to be possible in any region of
signal retrieval that overlaps with the inaccurate e R phase. Using p # p* may not be a necessary ingredient of
adversarial vulnerability in more general models with other sources of mismatch, but in our case it ensures that
the signal retrieval phases intersect the inaccurate e R phase. Conversely, the accurate e R phase is by definition
robust to adversarial attacks since retrieving an example ¢ is the same as recovering £*. This distinction
clarifies why the dense Hopfield networks designed by K & H are adversarially robust in the prototype phase
despite being adversarially vulnerable in the feature phase. In fact, K & H observed that adversarial attacks are
unsuccessful in the prototype phase specifically because they retrieve stored examples that are semantically
meaningful [36]. In summary, our model yields two main results concerning adversarial examples. First of all,
it suggests a reason why large feature-based neural networks are more adversarially robust than smaller ones.
Second of all, it clarifies why dense Hopfield networks are much more robust in the prototype phase than in

the feature phase.
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2.5 Conclusion

In this work, we derive the exact phase diagram of the p-dense networks in the teacher-student setting [39}
101}, 28}, /43]]. On the Nishimori line, we find an example retrieval phase (e?) and a global retrieval phase
(g R) reminiscent of the prototype and feature regimes observed empirically in dense Hopfield networks [30].
We show that the phase transition towards g R of the inverse model overlaps the paramagnetic to spin-glass
(P-SG) transition of the direct model, which allows us to locate the P-SG transition much more precisely
than before [28,, 41]]. On the other hand, we discover that inverse models outside of the Nishimori line are
able to resist an extensive amount of noise. In fact, a student with p > 3 is able to learn from a teacher with
p* = 2 even when the teacher’s inverse temperature 3 is as low as O (N*/P~1). Moreover, such a student is
immune to pattern interference until 8* reaches O (N 2/ pfl). In this setting, we derive a formula measuring
the adversarial robustness of the student with p > 3 and 7' = 0. We then use this formula to describe how
making a neural network larger can potentially increase its robustness to adversarial attacks constructed with
only a few learned weights [[110,[125] (126} (127} 128,129} [130]]. Our model also clarifies why the prototype
phase of dense Hopfield networks is adversarially robust [36]]. We compare our key results against Monte
Carlo simulations.

Dense networks with exponential interactions have been argued to be the p — oo limit of the p-body
models [[134]. It would be interesting to see if they can achieve O () noise tolerance at the cost of an
exponential number of training examples. More generally, studying exponential models in the teacher-student
setting would be an interesting extension of this work and could be used to complement existing studies
of the direct model [[134, [135]]. A caveat of our model is that the teacher has only one pattern. In fact, we
would need to use a teacher with at least two patterns to describe more completely the kind of adversarial
attack aiming to misclassify data. It should be possible to study this kind of teacher by using an approach
similar to [42]. In particular, [39] and [42]] argue that the performance of restricted Boltzmann machines with
a finite number P of i.i.d. planted patterns is independent of P in the teacher-student setting. It would be
interesting to investigate whether this characteristic also holds for p-body dense networks. On the practical
side, we highlight the untapped benefits of using p-body models to either resist an extensive amount of noise
in the feature phase or improve adversarial robustness in the prototype phase. Overall, we stress that further

investigations of dense Hopfield networks could unlock their true potential.

Data availability

The figures can be reproduced using the code available on this public Github repository.

2.A Gardner’s Hamiltonian vs K & H’s Hamiltonian

Consider the generalized Hopfield Hamiltonian H [0 | (] = — Zi\f <oyl Jiy...i, Ty -0, With p-body
interactions J;, . ;, = Nﬁ—il 24:1 fi”l 51‘2 described by Gardner [28]], where M indicates the number of
patterns ¥ used to construct J, and N denotes the number of components of each pattern £# and example
o. In this Section, we will omit £ in the argument of H [0 | {] and write H [o] instead for notational

simplicity. Unless indicated otherwise, we will assume a large number number of components N > 1
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and patterns M ~ O (N 1’_1). We will start by comparing it to the dense Hopfield network Hamiltonian
Hlo] = —ﬁ > O &'0;)" studied by K & H [30].

For that purpose, we rewrite H in the form H [o] = —pi! Zh#m#p Jiy...i, 04y -0, by summing over all
permutations of {41...7, } in place of the restricted set i1 < ... < i, and compensating for double counting

with the prefactor é. This manipulation leads to

1
H[O’] = _H Z Jil...ip0i1~-~aip

LAy
_ 1 E : 2 : B )
=1 iy ipa“...azp.
B Fip

On the other hand, K & H’s Hamiltonian may be rewritten

Mol = s O (Z sm)

- X (D) (Seten
m i1 ip
— —#Z Z fﬁufﬁ,%r“aiw

Boo1..2p

where the sum over ¢1...7,, includes both the set of indices i; # ... # i, found in H [o] and other configurations
where some indices are equal. For example, the configuration 4; # ... # i,_1 = i, contains the fewest equal
indices after ¢; # ... # ip,. In other words, # [o] can be expressed as an expansion around H [o], and the two

Ho]—H][o]
N

Hamiltonians are equivalent when the normalized residuals vanish in the limit of large N. In this

study, we encounter two cases which bring different results.

1 The Hamiltonians A [0] and H [o] are dominated by a few closely packed configurations £* that have

finite overlap + Y, £'o; ~ O (1) with 0. We say that they are aligned with 0.

2 The Hamiltonians # [o] and H [o] are dominated by many spread out configurations £# that have

microscopic overlap % Yo &loi~ O (N -1/ 2) with 0. We say that they are misaligned with o

We use the expansion of H [o] to discuss both the aligned case and the misaligned case. We start by writing
the iy # ... #ip and iy # ... # i,_1 = i, terms explicitly, which leads to the form

Hlo] = _Nifl Z Z o Zail---ai,,

BoodFE . Fip
Ip(p—1) i L2 )
_ §WZ Z o ( Z-ZH) Oy (i) + e,
o Fipa
because there are (5) = @ ways for the indices i,_; and i, to be equal. This expression can be
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summarized by H [0] = H [0] + H' [0] + ..., where H' [o] simplifies to

H/[U]:—%Z%Z Z fl( Z—1>20i1"'(0i?*1)2

I il?é---;éip—l

Ip(p—1) T
SRS =) DD DI AR S

i1 F e Fip o

1 p!
T o Np2 Z Z &l 00Oy,

poir<..<ip_2

In the aligned case, H' [o] is O (1) in N because the sum over iy < ... < i, is O (N?~2). The terms
implied by the ellipsis are even smaller because their sums are resctricted by more equality constraints.
Therefore, the residuals w vanish in the limit of large N, and the two Hamiltonians are equivalent.
Conversely, we find that H [o] and H [o] differ from each other in the misaligned case (see Appendix [2.B|for
more details). Therefore, although the phases of H [o] that we obtain in this study are qualitatively similar to
the ones observed by K & H [30,36], the phase diagram of H [0] must be compared against a simulation of
H [o] rather than # [o] in order to test our theory quantitatively.

To understand how to sample o in both models, consider a Monte Carlo simulation used to find the
statistical equilibrium of a spin ensemble o with Hamiltonian G [¢]. To be more specific, suppose o

is updated to a new state ¢’ with a randomly selected spin o; flipped with acceptance probability P; =

TToplAl Gl[a,]f &y for a large number of time-steps. This approach works well for G [0] = H [o]. How-

ever, in the case of H [o], we find that the simulation only converges when we use the local field h; =
H [(7,] —H]Jo]
20'i

o 2 ou &l Y ie<iy S €, 00y 00, mentioned by Gardner [28] to approximate at

tebh s
large N. In other words, we iteratively flip randomly chosen spins o; with acceptance probability P;

m for a large number of time steps. For arbitrary p, it is not obvious how to compute h; quickly as
a sub-routine of the Monte Carlo simulation. However, we find that both p = 3 and p = 4 have closed-formed

expressions that are easy to evaluate numerically in an efficient way. To be more precise,

2
s p=3leadstoh; =33 ¢/ {(ﬁ; > f;LUj) - ]{I:|’

2
s andp =4leadstoh; =43 & (% >, §§L0j> {(1{, >, f;LO'j> - ]‘f,}

For this reason and also because the number M ~ O (N P_l) of patterns £ used in a Monte Carlo simulations
increases exponentially with p, we choose to simulate only p = 3 and p = 4.

The output of the neural network model that K & H designed for classification of data is

p—1
¢y = tanh | 38 (W [o') = H[o])| ~ tans | 3p Y GZ&;@-)
I 7

We omit the linear rectifier present in the original paper [30] because the overlaps % > &l o are almost
always positive (see for example the Supplement of [34]). The predicted class is then j' = argmax {e:}.
Usingl — P; =

Trop] 5(7_[1[0,]_%[0])] instead of ¢; does not change j’ because 1 — P; and ¢; are related by
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1-P; = % [c; + 1]. When we evaluate P; using H instead of #, this relation does not always hold exactly.

Rather, it should be considered an approximation.

2.B Direct model cumulant expansions

In the direct model, the average replicated partition function <Z L > takes the form:

(so(-afi1a).

with o — {gl aL}. Gardner simplifies it to

+ﬁZZNp T Z f . Zp Z1...(7;.Yp>>7

Y pel 11 <. .. <ip

@)= (Sen(wE ¥ [y e

vy pely
(2.10)

where the sets I', contain the patterns £* that have macroscopic overlap with o.,, and their complement
= ﬂﬂi, consists of the remaining patterns. Two approximations are used to obtain this expression:

P I .
. Zuel“w NoT Dy <iy 5&...5&01...07 ~ NZMEF (&>, ¢ 7] because this part of

p

H [07 | €] is aligned with o (see Case[T]of Appendix [2.A).

hoghol o) ~ Lo vy - )
¢ Z;}.EF NP Nr=T Z’Ll< <ip : ipo-il"'o-ip ~ Zyef‘ NP Nr—=T Zzl< <7,p£ : lpO—’Ll "Uip since I' con

tains almost all of the elements in each f‘ﬂ, when N is large.

Gardner evaluates the contribution of the i € I terms via a cumulant expansion, resulting in:

p! s
log <eXp BY vt D Eh-gholol, >
Y

i1 <. <ip

Nﬂ<ZNp 1 Z 5 65’01"'0%>+;BQ< Np . Z f le:) ;Yl : >

i1 <...<lp 11 <...<ip

ZNMZ#M« ool ,
- )

i1 <. <y 5 Jl< -<Jp

because the product of independent spins fi“l 5;; averages to 0. The sums are then regrouped to get

1og<exp B I Y o]0 >
v

11<...<ip

1 2
:5 52 |:NP 1} <ZZ Z Z g . - alai...a?pa?p>.

¥ <. <ip j1<...<Jp
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Consider &!'¢ f for an arbitrary pair of indices ¢ and j. There are two cases.
* If i = j, then £}'¢}' is deterministic and equal to 1.
e If i # j, then &}'¢¥' can be either +1 and —1 with equal probabilities.

On the one hand, if i,, = j, for all n, then < H ” L& f’-‘ > = 1. On the other hand, if i,, # j,, for some
n, then < nEh f K > = 0 because &' 5“ 5” is still a product of independent random spins once the

deterministic variables are removed. These two cases can be summarized by < IR IS > = 0iyjy--0i,j,»

which then gives

log<exp BZNpl Yo ol o) >

11 <...<ip

v 6 v S0
B3 30 Sl SIE W R e

vooo6 <. <ip J1<...<Jp

1
:552 Np 1:| ZZ Z 11 11 U?p

v i1<...<ip
1o p
5 Np— 1Np 1 ZU
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y<d

12
_55

22
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2
JrBNPl

The order n > 2 terms are subdominant in N and can be neglected when p > 3 [28]]. The RS free
entropy is then obtained through a standard approach to the replica method. Note that Gardner’s Hamil-
tonian is misaligned with ¢ when the free entropy is dominated by this cumulant expansion (see Case
of Appendix @ In the case of K & H’s Hamiltonian, we must also take into account the correction
H' [o] = Np =D DD DIPII S £ L0} ..ol  introduced in appendixby imposing i,_1 = iy,.
In fact, a cumulant expansion of this expression gives

log <exp ﬂpZ2Np 3 Z iy 2T 00, >

11<...<ip_2
2 5 2 P
7ﬁ Np 2 Np T Np—-2 ,y§<:5 [Z: 0'1 g, + gﬁ Np_2L
1 1 oy !
_ - - ) ~ Q2 p:
_4p( NP T ;[N;Uia +85 Np_lLN7

which contributes to the free energy on the same order in NV as Gardner’s Hamiltonian. Therefore, K & H’s
Hamiltonian is not equivalent to Gardner’s Hamiltonian when the latter is misaligned with o (see Case[2). The
index configurations with more equality constraints also contribute to the free entropy on the same order in N

because the factors of NV that are lost to equality constraints are restored when the sums get squared in the
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cumulant expansion.
p = 2 is the only positive integer such that Gardner’s Hamiltonian and Krotov’s Hamiltonian are equivalent

(54} 28].. In the misaligned case with a single stored pattern £* (see Case[2), the free entropy of p = 2 simplifies

log (Z
Og]\(7 ):%10 <exp{ Z 5“522 i 12}>—|—10g2

i1 <tg

1 1 1, [ 2
_N10g<exp(—ﬁ)/Rdx\/%exp{—2x +x BNZ:fiai}>+log2
1 1 1 2 1
=1 — ——a? WV [ z\/8= || — B~ +log?2
Nog[RdxmeXp{ 230}(;08 (m 6N>1 5N—|— og2,

by using the Hubbard-Stratonovich transformation. At large [V, it approximates to:

to

log (Z) 1 1 1, 1 5 N 1
~—1 — —= 14 8— —B— +log2
N N log dm\/TeXp 5% BNQC ,BN og

1 1 1 1
~ Nlog [/R dx\/—?r exp{—2x2} exp (BxQ)] — 5ﬁ +log 2
1 1
= (—QIOg(l —28) —ﬁ) N +log2,

thanks to the well-known limit limy 0 (1 + %Z)N = exp (z). This free entropy is consistent with the one
found in literature when v = % [154].

2.C Teacher-student replicated partition function

Recall that the student samples its pattern from the posterior P (¢ | o) = %{S() (see Section .
Given P (£) uniform, it can be rewritten as P (£ | o) = % where P (0@ | £) is the distribution of
the direct model with a single pattern £. To simplify P (5 | o) further, we need to manipulate the partition
function Z = Y _. exp (—fH [0 | {]) of P (¢ | £) (see Appendix [2.Alfor the definition of H [0 | £]). Under

the gauge transformation o — &;0, we may write

Z:Zexp Npl Z 0' ,

i1 <...<ip
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without changing the configurations of o that we are summing over. Therefore, Z does not depend on &, and

we can factor it out of the sum ) | ¢ which yields

T, % oxp (s Sire.cs, Gineriy 0808, )
25 Ha 7 €Xp <5W Zil <. i §i "'fipggl"-ogp)

exp (/BNT' T 0 X< <ip Eiy--&i, 07, - z,,)
Zg exp (ﬂNP T 0 X< <iy Sin &3, 0 zp) |

Plo)=

Therefore, we define the partition function of the inverse model to be Z = . exp (—SH [ | o]) (again, see
Appendix [2.Alfor the definition of H [¢ | o]). The L™ power of Z and its average then take the form

:;Hexp N 12 Z 5 zp ai. ,

a i1<.. <zp

:ZP(J)ZeXp Np 1 Z f 1p 11 )
o ¢

ab i1<...<ip

where b € {1 e L} label replicas in the set of patterns £ = {5 Lo gL} inferred by the student. Using the

definition of conditional probability, we rewrite P (o) as

P(o) =Y P(o]€)PE)
5*
o P16
&*
= v I Pe e
& a

where P (o | £*) has the same functional form as P (o | ¢ b), but has hyperparameters p* and 5* in place of p
and 3. As we did for Z, we factor the partition function Z* of P (c® | £*) out of the sum, which yields

1 1 . P!
PO =g Llew | X &gl
& a

17 <...<ip=*
1oz z*
2N [z«M  2MN [QN/M—NZ*]M

7

where Z* = 3. exp (—8"H [{* | 0]) is the partition function of the inverse model with interaction order p*.

Using ", P (o) = 1, we immediately deduce that [27V/M—N 7] M (2*). Plugging P (¢) = ﬂ%%
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back in (Z%) then gives
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We simplify this expression to:
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where T, represents the set of inputs ¢ which have macroscopic overlap with the pattern £, and T' =
[ﬂbf‘b] N T, contains almost all of the elements in each T, and T, for N — oco. The reasoning used to build
the sets I',., I', and T is the same as outlined at the start of appendix
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2.D Teacher-student free entropy

Assuming that the teacher is misaligned with o (see Case of Appendix , the form of <Z L > obtained in
appendix simplifies to

()~ g zzexp(ﬁ* LSS e )

55 g acl i1<...<ip*
exp(mzz[Nzg LYY Y ddan )
b a€ly b aelir1<...<ip

In order to evaluate (Z*) = [2N /M=N 7 *] M, we recall that the teacher is a special case of the direct model

with a single memory (see Section[2.3). Since the teacher is in the misaligned case, its free entropy is

log (Z*) |} (—5log 1—2ﬁ) B*) & +1log2, pr=2,
N %[6 ] Np —1 +10g2+O(N31>*/2 2)) ’ p*23,
as derived in Appendix Given o = ]\][VITPZ, we use it to simplify % to
log (2*)  Mlog [2N/M =N Z*]
N N
B %( log(l—ZB) ﬂ*)a*—i—logQ, p* =2,
3187 0" +10g2+ O (g7=r) P =3,

which is the paramagnetic free entropy of a p*-body Hopfield network [54,[28]. Coming back to <Z L> we
fix order parameters ¢*°, ¢*° and m? using the delta functions & (Nq*b - ﬁf{f), 1) (Nqbc - > £h¢ ) and
§ (Nmb — >, €00?), which results in

2= gy oL [l [Laa [ T] amt

5 £ o b<c b a€ly

5 (Nq*” - Z EE‘&E’) 5 (Nq”c - Zéﬁ’ff) 5 (Nmz - ;ei’a?)
on (WY 45|

b a€ly

* p' * *
*BN;D*—lz Z fz‘y-fip*aimgi*

acl i1<~~~<ip*

DR TY X detaat )

b geli1<...<ip
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In Fourier space, this expression takes the form

<ZL> — <Zl*> Z</qu*de*bqubcdrlmH H dmgdk‘g

(33 b b<c b a€ly
exp {B*Baz (Zf?gzb _ Nq*b) ’I“*b +62az (ngglc _Nqbc> Tbc}
b i b<c i
P
exp {BZ 3 (Zg;eag - ng> 4N S [le nga;?]
b a€ly % b a€ly 7

§ § %
p*—1 521 Tp* 11 p*

acl 1<, <’Lp

LYY Y dedon }>

b aeli1<...<ip

where the sum over o with a pre-factor of 21»% was replaced by the uniform average (). Following the same
reasoning as in appendix a second order cumulant expansion of the last two terms for any a € T yields

1og<exp{5*N{j’1 DRRERICTREI R R i S }>

11 <.. <Lp b i1<.. <Lp

1 -
25 2|:NP 1} Z Z Z f?l e fp <O'“O'j1 .0} o]p>

b;ﬁcl1< <ip J1<...<Jp

* a ¢b _a b _a
+ B BT o= 12 > > <n iy oo-Giye Tige §5, 0y oo jpf’jp>

b1 <. . <ipx J1<...<Jp

*|

LN+ L 2w,

1 2
T30 NP I 2 NP =1

When p* = p, it reduces to

10g<6XP{6*ij!_1 Z & & i T - NP 12 Z 5 11) iy }>

11 <. <ip* b 11<...<ip

| p
=t Zl Zgbec +56Np INZHZ@*&?]

b<c

1.5 p 1 .2 D
+§B Np—lLN+§[B} Np_1N7

because <0 05 > = 6;,,4, (see Appendixfor more details). On the contrary, the second order expectation
< Hol & ol 2ot 8 o >Vamshes when p* # p. In fact, spins come in pairs (of 0% ) = d;,,;, only
up to n < min {p*, p}, and the remaining single-spin averages <0in> = 0 make the second order expectation
vanish.

We need to go beyond second order to treat p* # p. We will focus on p* = 2 and p > 3 to investigate the

consequences of using a p-body model to learn examples generated by the original 2-body Hopfield model.
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For simplicity, we take p even so that the spins of both terms can be grouped in pairs at order £ + 1, when the
teacher term 3* 2 > i <iy § 65,08 of, is raised to the power of £ and the student term is raised to the power

of 1. This restriction will simplify some of the incoming calculations. To leading order in /V, the cumulant

generating function reduces to

log<exp{5 N Z 5115120'11 12+ﬂNP 12 Z 511 flp i }>

i1 <ig b 1< <ip

~ log [<exp { Z fllfm i1 12}>
11<12

<6Xp Np 1 Z Z f zp 7,1 >

b 1<...<ip
b
< Np— 12 Z €J1' Jp Jl U exp{ﬁ ENa 2511522 Oiy 12}>‘|’
b J1<...<UJp i1 <ig

where the last term encompasses the teacher-student coupling that allows retrieval to take place. The teacher

term
1 * *
log ( exp Z §,6,00 0% 0 ) = —5log (1 -267) — 57,
11<12

and the student term

log <exp NP ~o 1 Z Z f zp i, >

b 1< <ip

~ B N Z[ >

b<c

p!

2
+ﬁNp1

LN,

are both known from Appendix Later on, we will use log (z*) and 2* as shorthands for —1 log (1 — 23*)—
£* and exp ( —% log (1 —268%) -8 *), respectively. The coupling between the teacher and the student can be
rewritten as

< Np— 12 Z 5;)1 Jp Jl U exp{ﬁ N 2511512 Oiy Z2}>

b j1<...<UJp 11 <ig
p' * *x &b b *
= </8Np1 Z Z 5.7'1"'57}7 J1°"Sdp 5 '§1p0J1 U exp{ﬁ N Z '511512 i1 12}>
b j1<...<jp 11 <t
p! * * &b b *
:6]\[11—12 Z fjl"'£jp J1°"Sdp 5 g]p Ji* U exp B AT Z 621512 i1 12 )
b J1<...<Jp 11<22
because [ﬁ;n] = 1 for every index j,,. All interacting spin tuples of the form &; 5* i a are statistically
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equivalent as long as j; < ... < jj, so the teacher-student coupling simplifies to

< NP~ 12 Z 531 fjp uN G] exp{ﬁ N Zgngw Oi ‘2}>

b j1<...<Jp 11 <ig

NP 1 Z Z 571 67? ’ 77)

b i1<...<ip
p:
<N Z é-Jl : Jp Jl U exp{ Z éhllé_’@ i1 12}>
J1<...<Jp 11<12
* p' * * ¢b b
=V (B ’p)ﬁprl Z Z §i1-~-fip§i1---§ip7

b i1<...<’ip

— [ D 2
where V (5*,p) = <W D jiw gy EheE 05 0l exp (B 2, i, &6 12071012)> does not depend on
the microscopic details of the system. In fact, it can be expressed as a comblnatlon of the moments of z*,

which can all be derived from log (z*). To leading order in N, the cumulant generating function expands to

log<exp{5 — Z 5215120“@24-5]\”) 12 Z & &8 0,0 - ng}>

i1 <i2 b 1< <ip

p!
Np—1

p
1
+ 552 LN

zfélog(lfQﬂ*)*ﬂ*Jrﬂsz 1 Z HZ&’&E

b<c

p
+ 128 exp (8)V (87 p) BN Y [le Z&Z‘fﬁ’]
b i

At this stage, we only need to find V (8*, p) in order to solve the system. We focus on two different scalings

of M and 3* that make the teacher-student coupling leading order in N:
1M~O (prl) and 5* ~ O (NQ/pfl) will be called the large-noise scaling.
2 M ~ O (NP/?) and * ~ O (1) will be called the finite-noise scaling.

The student term vanishes in the first scenario but is leading order in the second one. The case of the teacher-
student coupling is more subtle. When 3* is small, we may keep only the first non-vanishing order of the

exponential function present in the definition of V' (8*, p). Since p is even, it leads to

p/2
V(8*,p) ~ (p/2 < g8 ol (ﬁ =Y g&on 12> > .11

J1<...<Jp i1 <12
[/8*]17/2 op/2 !
= (/2 N T

B [5*]1)/2L!
~ (p/2)! NP2

because there are HZ/:Q 1 (22") = 2,{’}2 spin pairings with non-zero expectation that satisfy the inequality
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constraints. In the large-noise scaling, we set

* I)/2
= G oW,

to get the asymptotically exact expression V' ([(p/ 2)! ]2/ PN1=2/p p) =A Np 7. In the finite-noise scaling,
this expansion is only an order of magnitude approximation. However, it still indicates that V (8*, p) is

O (N~P/2) when 8* is O (1) in N. In other words, it shows that there is an O (1) parameter 7 such that

V(B* (n,p),p) = n(pﬁ%y We will now use the cumulants 812%(5 ) and 8§§£§ ) of 2* to derive the value

of 1 corresponding to p = 4. First of all, note that 13*!4 Zj1<...<j4 5 e-&,0%, -..05, can be expressed as:

24
ﬁ Z 5]15]2 5]3 §J4 Ujlgjzajagj4

J1<J2<j3<ja
1
N4 Z 5]1532533534031%20]30]4
j1¢j2#js¢ﬂ4
1 4 2
- A S0 el el ek g0 g T
N4 Z £]1£J2 J1 J2 Z §J3£J4UJ30—]4 N3 Z g]lgjzajlgh N2
| J17]2 J3#ja J17#52
2
_ 1 32 £ & g ot _ 4 EE:grf%Uqu _ 2
T N2 | N 15427 j17 J2 N2 | N J15727j17 J2 N2’
J1<Jg2 J1<g2

by subtracting the diagonals where pairs of indices are equal. Therefore, =V (B*, p) reduces to

4
%V(B*,p): <fv4 Y. E.8.8.8.00 0008 0f, exp {5 ¥ D &Ll }>

J1<j2<j3<Jja i1 <ig
2
1 1
= ; 2 Z §J1§J2 i1 12 exp Z 511512 i1 12
J1<J2 11<12
4< Z §J1§j20—11012 exp {6 AT Z 61167,2 11 22}>
]1<]2 i1 <i2
-2 <6Xp {6 AT Z §11§22 11 12}>‘|
i1 <l
1 810g 810g (z%) ? _4810g (z") 5
The cumulants evaluate to
dlog(z*) 0 1 o | 287
0log (z*) 0 1 . . 2
= ——1 1-2 — = -
952 9572 { B og ( B*) -8 } = 25*>2 )
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SO we obtain

1 1 2 4[8*? 83"
=V *7 = 7o + — -2
= (ﬂ p) N2 (1 725*)2 (1 725*)2 1 _26*
_6 28T
N2 (1-26)°
In other terms, we find n = 2167 \when p = 4. In summary, depending on the scaling, the teacher student

(1-2p%)?
coupling either simplifies to

p/2

1 Al S [£30, 6:¢0])” where a = 225 and A = /2), NP/2=1 are finite,

2 or Bnaft S, %> 5;*55-’][) where o = W and 7 are finite.

In either case, the result is similar to p* = p except for its pre-factor. We describe the rest of the derivation
only for p* = p because the p* = 2 and p > 3 calculations are almost identical. Putting the result of the

p* = p cumulant expansion back in <ZL>, we get:

<ZL> ;*> </qu*bdr*bqub“drb“H H dm dk:b

b<c b a€l’y
exp {B ﬁOé (Zg:glb _ Nq*b> ’I“*b +62az <Z€S§Zc _ Nqbc> Tbc}
i b<c i
exp{ﬂzz (et -t e av Y 3 1|
b a€ly \ i b a€l,
exp{ BaNZ *b + BQaNg bc + BQQLN + = 5 [6*]2 aN} > ,
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where o = 2. The saddle point of { Z%) then evaluates to
log (2%) *b 2 bc
N B 56&2 + 823 [+ 833 [m
b<c b acly
_ﬁ Bazr*bq*b BZaZTbc be ﬁzzma b
b<c b a€ly
L oo 1 2 log (Z)
—B*aL + - [B" — ————+1log2
+2Boz +2[,8]a N Tlog
1
+log<ZeXp{ﬂz z kbz
b a€ly
+B*Baz *bZam%Z bCZaa}> ]
b<c E*o
= Extr | 8* ﬂaz *b +ﬂ2az bc +ﬂz Z
b<c b a€ly
_ﬁ BaZT*bq*b BQQZrbr be 622”7/@ b
b<c b a€ly
1 1
+762aL+§[/3*]2a Ogjf, !t log2
+Zlog<2exp{ﬂz Z kbebol
b a€ly
+ 8 Bazr*bf &+ FPa )y rieg }> ,
b<c 52‘0’,
. os(ZL
where the average over £* and o is uniform. We use % = % [,8*]2 a + log 2 to simplify : ggvz ) to

L
1Og§f>NExtrlﬂ Bocz *b —|—,BQO<Z bc +ﬂzz

b<c b a€ly

_6 ﬁaZr*b *b BQQZTbC be BZ Zma b

b<c b a€lly

+ 52aL+Zlog<Zexp {52 > kbet

b a€ly

+ 6" ﬁaz e+ PPy ol §}> ]
§ioi

b<c

Assuming each £° has macroscopic overlap with at most one pattern o® and using the replica-symmetric ansatz
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b = m, kb = k, the free entropy approximates to
, o1 5
f B Nﬁlolor,nLHO <6L {N 1og <Z >})
* *1D 1 2 * * ok 1 2
~ Extr | 3" Ba[q”] —§5QQP+5mp—550¢TQ +§Barq

log < > exp {ﬁk > gl
& b

1, [

+ B*Bar* Y &rel + ﬂQarZ@%fm )] :
b

b<c

Furthermore, the Hubbard-Stratonovich transformation gives

exp {62047“2&’55} o<exp{—;B%WL}/Rda?exp{—;mQ—&—xﬁ\/afo} )
b

b<c

We can then use the factorization
> exp {Bk > ot + BT Bart Y &+ aBVary sﬁ’}
&i b b b
= 1D _exp{Bklos + B Bar ;&) + apv/are!}

boogb

= H [2 cosh (ﬁk‘af + B Bar*&; + xﬁﬁ)]
b

= 2% cosh” (Bko! + B*Bar &S + xBy/ar) ,

in order to simplify the free energy to

[ = Extr {5*504 g — %520461” + BmP — B*Bar*q* + %ﬁzarq — Bmk
1 1 . 0 1
- 5520”" + 55204 + %1_}11}) <3L [log < ;/}Rdxexp {—sz}
exp {BkZd’oﬁ + B Bar &6 + xﬁnggm) }
b b b

= Extr {B*ﬁa [*]P — %ﬂQOqu + BmP — B*Bar*q* + %Bzarq — Bmk
1, 1, . 0 L o
— 25 ar + 25 a+10g2+%% <8L [log</Rdxexp{—xm

cosh” (Bko! + B*Bar*&; + zBy/ar) >1> } )
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After differentiating and taking the limit, we get

m,k,q,r,q*,r*

1
f= Extr {B*ﬁa [*]" — iﬁzaqp-i-ﬁmp — B Bar*q”
1, 1., 1,
—|—§ﬁ arq—ib’ ar—ﬁmk+§ﬂ o+ log?2

dm\/% exp {—;ﬁ} <log [cosh (ﬁ [\/@J; + Brar* + k:z])] >Z} )

In the case of p* = 2 and p > 3 with finite o = Np et and A = [f }2) NP/2=1 the free energy has the same

form but with 5* replaced by A. On the other other hand, the free energy with finite o = % and n

evaluates to:

f = Extr {57704 [¢*]F — BmP — Bnar*q* — fmk + log 2 + <log [cosh (B [nar™ + kz])] > } .

m,k,q*,r*

2.E Direct model RSB ansatz

Recall that the average replicated partition function of the direct model (see Eq. [2.10) takes the form

<zexp(mvzz[ S LYY Y e )>

v wely Y pel 11 <...<ip
(2.12)

0

Introducing a new replica o, we rewrite it as

@)= (Teow(WE T |y Tl

v pel,

Z
NS N dedia ) )

v pel 11 <...<ip

where Z = 37 exp (ﬂ > er W Np e D <i, " Zagl...a?p). Recall that, in the paramagnetic phase,
we have (see [28] and also Appendix [2.B))

1, 1 1
(Z) = exp (26 a+log2+ O (NMQ—?)> = Zexp (O <NW2—2>>’

s0 (Z") can be expressed as

+5ZZNp1 P )

Y pel i1 <...<lp

- (Sen (W ¥ [ 3e|

v pely

ZGXP BZNPI > & 552091---0?p+@<]vp/12_2> >

nel i1 <...<ip

The O ( N7 /2 5 ) corrections vanish to leading order in /N when we calculate the free entropy.
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2.F Monte Carlo simulations for various system sizes
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Figure 2.9: Monte Carlo simulations of the p = 3 inverse model compared against saddle-point solutions for
different values of N. The [ R phase is not included in these plots. The left plot has N = 128, the center plot
has N = 256, and the right plot has N = 512. The dots are simulation data at a few values of «, and the lines
are slices of the saddle-point solutions at the same «. There are M = "‘J\; ?71 examples ¢, and simulation
results are averaged over L = 100 student patterns. The simulation data is sometimes systematically shifted up
with respect to the saddle-point solution, but the size of the difference tends to decrease with [N. The shift is
the most visible when v = 6 and right after the fall from eR to gR when o« = 3. As expected, the fluctuations

of the paramagnetic phase also decrease with V.
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Chapter 3

Modeling structured data learning with
Restricted Boltzmann machines in the

teacher—student setting

Based on the article [46], doi: |10.1016/j.neunet.2025.107542

. . heck f
available under the CC BY 4.0 license ‘ B Check for updates

3.1 Introduction

Restricted Boltzmann machines (RBM) [[136, 137, 138, [24]] are empirically known to fit complicated data
and then sample new instances that are faithful to the underlying distribution [24}|139, [140|]. For example,
[69] trained RBMs to predict the interests of Netflix users by fitting a database of movie ratings, [141] used
them to generate realistic textures and [ 142] employed them for topic modelling. There are even universal
approximation theorems stating that an RBM with an arbitrary number of hidden units can approximate any
distribution with binary support arbitrarily well [[143|[144]]. The current theoretical understanding of RBMs
is largely based on statistical mechanics. For example, [31}|32] used statistical mechanics to model RBM
training on real data. The statistical mechanics community also studied RBMs trained on simpler, synthetic
datasets [31,|32]]. In particular, many works investigated the feacher-student setting where a student RBM is
trained with data produced by a teacher RBM [145][146| 39,101} {147} 42} 40} 44]. Such studies are crucial to
isolate individual characteristics of structured datasets and neural network (NN) design choices in a controlled
environment and explain their effects on NN training. For example, [39,|101} 44| investigated the effects of
the prior chosen for the data on RBM learning. In this paper, we study the effects of data correlations and
number of hidden units on RBMs in the teacher-student setting. In particular, we show that RBMs with a few
hidden units in the teacher-student setting can serve as a toy model of the lottery ticket hypothesis [9} {148 149]
150, [151]).
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RBMs have a visible layer o = {al-}fil, a hidden layer 7 = {Tu}fj:l and a set of internal connections

_ [ 1Sus<P
§={¢ 1<i<N >

found directly in the data, the hidden layer is an internal representation of the data in terms of abstract concepts,

which are commonly referred to as weights. The visible layer is a set of concrete features

and the weights represent how the input features and abstract concepts are correlated with one another. To
give a caricatural example, the presence of pointy ears as an input feature could be correlated with the abstract
concept of a cat in the weights of a particular RBM. Given &, the visible and hidden layer follow the joint

distribution
Ps (0,7 €) = Z5 (€)' P (0) P (7) exp (~BH [0, 75¢]). (€AY
where the Hamiltonian H [0, 7;¢] = — = Sy Tu Yoiv €oi weighs the cost of every RBM con-

figuration, P (o) and P (7) are priors on the visible and hidden layers, respectively, and Zg ({) =
E, - [exp (—8H [0, T;&])] is the partition function normalizing the distribution, with E, - the joint expecta-
tion over the visible and hidden unit priors. Intuitively, the priors are the default distributions of o and 7 when
the Hamiltonian does not contribute to P (o, 7 | £), i.e. when £ is zero. Gibbs ditributions of the form
have been deeply investigated in the mathematical physics community for their link with the Parisi theory of
spin glasses [[102] 152} 104} 105} 153, [154]. An RBM with a given £ can generate data o by sampling the

marginal distribution
P
Py (0|€) = Z5 (&) P0)vs (03€) = Z5 (&) Plo) [ ] 6s(¢* - 0), (3.2)
pn=1

where ¢ (£ - 0) = E,, [exp (\/%TH Zfil 52’-‘0,»)}, g (0;€) factorizes as g (0;&) = H5:1 bp(EH - o)
and Z3 (&) = E, [¢3 (0;)]. Marginal Gibbs distributions of the form (3.2) are also known as generalized
Hopfield networks [39, 101} 23| 94, 97, 96, |98|]. Conversely, following Bayes’ theorem, the weights of an

RBM can be trained on a dataset o = {Jf}EE]]\\f of M examples by sampling the posterior distribution

M

Pj (€lo) = 25 (a) " P (&) [[ Ps (0”19), (3.3)

a=1

where P (§) is a prior on the weights and Z3 (o) = E¢ [Hi\il Pg(a®¢ )} is the posterior partition function
normalizing the distribution. In the teacher-student setting, the data o used to train the RBM is produced by
another RBM [145}146,(39, (101} 147, 42| 40, {44]. In other words, a student RBM is trained using a dataset
supplied by a feacher RBM. The student’s ability to fit the teacher’s data can then be evaluated in terms of the
so-called overlaps Q(£*,&Y) = % Zszl &Y between the teacher’s weights £* = {5:“}12515 and the
student’s weights £ = {&¥ Ei‘f]i whose rows £*# = {f;‘“}il and £ = {fi’}fil are also called patterns.
As such, we refer to the expected value of Q(£*#, ) as the student’s performance. This framework was used
to predict the critical amount of data needed to train multiple variants of RBMs [|145,|146} 39,101} |147, |42,
44]).

In [39], it was observed empirically and conjectured that the performance of a student RBM is independent

of the number of hidden units when the teacher patterns are uncorrelated. It was later shown analytically that a
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student RBM taught by a teacher with uncorrelated patterns achieves the same performance whether the teacher
and the student have 1 or 2 hidden units each [42]]. In a nutshell, this simplification occurs because an RBM
with 2 uncorrelated hidden units effectively factorizes into 2 RBMs with 1 hidden unit each. The conjecture of
[39] was explicitly rephrased in terms of this factorization property in [42ﬂ Beyond this idealized scenario, it
has long been known that machine learning models benefit from the correlations found in structured data to
build an efficient internal representation [[155]]. This phenomenon has received considerable attention in recent
theoretical studies [31} 32,156, |16l [157, 158} 159} 160l 161, |162| [163| (164} [165| |166], notably for RBMs
with 2 hidden units in the teacher-student setting [42]. Extending the latter study to an arbitrary number of
hidden units remains an intriguing open problem. In fact, although increasing the number of hidden units in
the teacher model may bring us closer to the complexity of real data—complexity that RBMs are known to
capture due to universal approximation theorems [143| [144]—there is still no theoretical framework that fully
explains the learning performance of RBMs for an arbitrary number of hidden units.

In this work, we evaluate the student’s learning performance in the teacher-student setting where both the
teacher and the student have an arbitrary finite number of hidden units and the teacher patterns are allowed to
be correlated with one another. In particular, we evaluate the critical data load oy = % above which learning
becomes possible. In Section [3.2] we introduce the teacher-student setting and the replica method used in our
calculations. In Section[3.3.1] we present the so-called saddle-point equations governing the performance and
the critical load that we obtain from it. In Section[3.3.2] we discuss the case where there are no correlations
between the teacher patterns. This Section is divided into three Subsections. In Subsection[3.3.2.1]and [3.3:2.2]
we show that the student’s performance is independent of the number of hidden units when the teacher patterns

are uncorrelated. In Subsection[3.3.2.3] we argue that our teacher-student setting with uncorrelated teacher
patterns can serve as a toy model of the lottery ticket hypothesis. Next, in Section [3.3.3] we discuss the effects
of uniform teacher pattern correlations on the student’s performance. In particular, in Subsection[3.3.3.1] we
discuss the different learning phases of the teacher-student problem as a function of the correlations and the
number of hidden units. Finally, in Section [3.3.4] we discuss random correlations and compare their effect on
the performance to that of uniform correlations. Throughout the paper, we compare key results against Monte
Carlo simulations. The code and hyperparameter values of the training algorithms used to make the figures are

available at the following public Github repository [167].

3.2 Model

In the teacher-student setting, a student RBM with marginal likelihood P (o|¢) (Eq. is trained using a
dataset o = {af}}fﬁfﬁfl of M examples 0% = {Uf}f\; of dimension N, generated by a teacher RBM with
a prescribed margigaflikelihood Pg« (0|€*). We call v = % the ratio between the size of the training set
and the input dimension. In this scenario, the student knows that the correct model for the data is an RBM.
However, it does not necessarily know the number of hidden units P* and the inverse temperature 5* used
by the teacher. Therefore, unless explicitly stated otherwise, we will assume that the number of hidden units
P and the inverse inference temperature /3 of the student are not necessarily the same as the teacher’s. For

convenience, we will frequently state our results in terms of the temperatures 7% = 1/3* and T’ = 1/3 rather

I'See the end of Appendix C of the cited paper.
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than in terms of 8* and 5.

For simplicity, we assume that the visible and hidden units of both the student and the teacher take values
in {—1, 41} with a uniform prior, i.e. they are binary random variables with no prior bias towards —1 or +1.
We impose structure in the data by taking the teacher patterns to be random variables with a fixed covariance

p

y=1 of £* are i.i.d. random variables,

matrix Q. To be more precise, we assume that the columns £ = {57* w }
with mean 0 and a well-defined P* x P* covariance matrix Q. Uncorrelated teacher patterns are obtained by
setting Q = 1.

As previously mentioned, the student learns its patterns £ by sampling them from the posterior distribution

Ps(€lo) = Z3(0) " P ] Ps(o"l6) = Zs (@) P& T] [ 26 )7 v (0*:9)]
a=1 a=1

M P
= Z5(0) ' P(9) Z5 (&) Po®) [] 65 (0 - €")

a— P n=
= Z5(0) ' P(0) Z5 (&) ] ws(¢"s0). (3.4

Compared with Eq. (3.2), the posterior distribution is composed of P generalized Hopfield distributions,
one for each hidden unit. The data now plays the role of dual patterns, which interact only through the
term Zg (£ )_M. The latter is therefore responsible for encoding mutual correlation between student patterns,
otherwise independent [39, |40, 43]]. The student has no access to the structure of the teacher patterns, so we
assume an identity covariance matrix for the student pattern prior P(¢).

In general, the partition functions Z3 (§) and Z3 (o) are intractable, which makes the properties of Eq.
(3.4) difficult to study. However, our assumptions about the priors on the visible units, hidden units and
patterns make analytical computations possible in the limit of N, M — oc.

The overlaps Q(£*+, &) = ﬁ vazl &1¢Y are a good measure of the student’s learning performance
because they quantify how close the student patterns are to the teacher patterns. We exploit techniques from
statistical mechanics to compute the expected value E¢- o ¢ [Q(E#, £V)] of the overlaps with respect to the
distribution of the teacher patterns, the generated dataset and the inferred student patterns. Specifically, in
the limit of large dataset and data dimension M, N — oo, we obtain the expected value of the overlaps as a
byproduct of the limiting quenched free entropy

N—o0

1
f(a7ﬁ*aﬂap*ap7 Q) = ]Mhm NEf*,U IOg [ZB(O-)]’ (35)

where E¢« o is the expected value w.r.t. the joint distribution of the teacher patterns and generated dataset. In
fact, we show in Section [3.3.1]that Eq. (3.3) can be expressed as the result of a variational principle w.r.t. a
set of order parameters, whose optimum gives the expected value of the overlaps. We then use this result to
investigate the effects of P and 3 on the student’s ability to learn a dataset characterized by P*, 5* and Q, as
well as the impact of these hyperparameters on the critical threshold a.; beyond which learning becomes
possible. We focus our quantitative discussion on Gaussian and binary priors P (&), P(£*) (see , but our
results can be generalized to other pattern distributions that meet the other assumptions stated earlier in this

Section. The Gaussian case is particularly interesting because it is closely related to RBMs used in practical
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applications [[141}|69, |142], which usually have continuous weights.

3.3 Results and discussion

3.3.1 Free entropy and saddle point equations

The free entropy f can be computed by exploiting a well-established statistical mechanics technique called the

replica trick, which is based on the identity

L log E [zﬂ) .

1 .
F= ]\}gnoo NEIOg 2] = N—>lolor¥lL—>0 (LN

Calculations are shown in the Appendices. In we calculate the average replicated partition function
E¢x o [ZL] in the limit of N — oo. In we use E¢« o [ZL] to evaluate the quenched free entropy f under
the so-called replica-symmetric (RS) approximation. We find that the RS free entropy can be expressed in

terms of the variational principle

N iz 1 d nv suv 1 z ynZeyng
f= Extr —ZZm m —525 s +§Zq q

m,m,q,q,s,8
112,4,4,8, syt iy Pt

*

+Ee-E. log [Z (£9)] + a(E.log [Z (£°)]) ,, — alog[Z (M)] } (3.6)

P . . . . . .
where z = [ZM,,LL L1 s asetof i.i.d. standard Gaussian random variables, and where the effective energies

M, M, £° and L€ are defined as

p
1
M, (T*) - 5 [6*]2 Z Q/LVT;;T: 3.7
prv=1
1 P
M(r) = 6% Y s (3.8)
wn,v=1
c° (1;7%,2) = Lp-g (7,7, 2;m,58,q) 3.9)
LO(&E,2) = Lia(6€2m,5,9) (3.10)
P
. . 1 v v v
with »C)\l,)\2 (fag 7Z;mvsaq) = 5[)‘2]2 Z (SN _qM )5“5 (311)
pn,v=1
P* P
FAde Y D mrerrey (3.12)
p=1v=1
P
£+ ¢
+A2 Z A (q) ZWT
pn,v=1
P
and A, (¢) = 2" — 6, qrn. (3.13)
n=1
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In particular, we use the notation Z(f) = E;[exp{f (z;-)}] for the partition function and (g), =
E; {g(x)P [f] (z;-)} for the expectation value of an observable g w.r.t. the Gibbs distribution P [f] (x;-) =
Z(f)"texp|[f (z;-)] of an effective energy f, where [E,, is the expectation over the prior of . As explained
in[3.A3] ¢ is assumed symmetric in Eq. (3.11). The solution of this variational principle (see [3.D]for a
detailed derivation) must obey the saddle-point equations

mt = Ee. B [§7 (€7) o]

s" = Eg-B [(£€") cc]

¢ = Ee-E. [(€") zo (€") el

m* = B*Ba < [ (10, LO]>M* (3.14)
# = B0 (B [(rum) go])pq. — 1Tt

¢ = B%a <E [ (Tw) ro (Tv) /;O]>M

The optimal order parameters m € R *F s € RP*F and ¢ € RP*F solving Egs. (3.14) are to be
interpreted as expected overlaps. First of all, m#”, which is commonly known as the Mattis magnetization, is

the limiting expected overlap between the teacher pattern £** and the student pattern £¥, i.e.

=1 Eex a3 =1,....,.P*v=1,...,P .1
m N]\14H_1> 3 o’ﬁ[Q(& aE )] 1% ) ) v ) s 4y (3 5)
where E¢- ¢ is the expectation w.r.t. the joint distribution P(£*) Pg« (o|¢*) Ps(£|o) of teacher patterns,
dataset and student patterns. Second of all, s#* with u # v is the limiting expected overlap between any two

student patterns £ and £” from the same sample & ~ P (¢]o), i.e.

= 1 E¢x o By w=1,...,P. 3.16

= i Be o [QET ] pv (3.16)
Finally, ¢"¥ is the limiting expected overlap between any two student patterns £'# and £2¥ from two indepen-
dent posterior samples ¢! and £2, i.e.

¢ = lim B geve [QEW, )]

N,M—o0

= Jm_Fe o [Q(Eqo (€] By [€)] pr=1,....P, (3.17)

where [E¢ |, indicates the expectation w.r.t. the posterior distribution (Eq. . While s measures the effective
correlation between student patterns, the so-called spin-glass order parameter ¢ quantifies the tendency of
the student to stay frozen in specific configurations rather than sampling all possible patterns uniformly. For
simplicity’s sake, we will usually call m the magnetization and ¢ the spin-glass (SG) overlap. As in the
Introduction, we will also occasionally refer to m as the student’s performance.

The RS saddle point equations (Eqgs. [3.14) can be solved by numerical iteration for any values of the
hyperparameters 5%, 3, o, P* and P (see[3.I). We expect the RS solution to be exact when the student is fully
informed about the teacher’s prior and hyperparameters and matches them with its own, i.e. § = *, P = P*

and P (§) = P (£*). This regime of complete information is commonly referred to as the Nishimori line [[73}
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76, [74,[75]. When 8 = 3*, we find two different phases (see Figs. and[3.16) :

¢ the paramagnetic (P) phase, where the order parameters m, s and g all vanish;

e the ferromagnetic (F) phase, where they are all larger than zero.

Intuitively, the student RBM can partially learn the teacher patterns in the F phase but becomes unable to do so
in the P phase. The corresponding P-F phase transition is thus also the onset of learning. When 3 # 5*, we
also find

e the spin-glass (SG) phase, where m = 0 but ¢ > 0.

In this phase, the student converges to spurious low-energy states (¢ > 0) unrelated to the teacher patterns
(m = 0) (see Figs. B.1T]and [3.12). Looking at Figs. (3.2), (3.3), (3.10) and (3.16)), the P-F phase transition
appears to be second order. In general, such second-order phase transitions coincide with the onset of instability
of the paramagnetic solution in the saddle-point equations (Eqgs. [3.14). The instability condition (see
reads as

_
8% B ASux

Q> OQerit = , (3.18)
where XS, is the largest eigenvalue of the matrix S = QR, with the covariance matrix R defined as
Ruw = (T M, As expected, the o of Eq. coincides with the P-F phase transition of Figs.
(3.10) and (3.16). Interestingly, cric does not depend on the number of hidden units P of the student nor on
its prior P (£). Outside the Nishimori line, i.e. when (5, P, P(§)) # (5*, P*, P(£*)), the RS approximation
is not expected to be exact. Therefore, in principle, one would need to calculate the so-called replica
symmetry breaking (RSB) corrections of cvii. However, we find that Eq. (3.18) is consistent with Monte
Carlo simulations even when P # P* (see Fig. and P(§) # P(¢*) (see Fig. 3.14). As such, the RS

approximation of a.j seems robust to the priors and number of hidden units in practice.

3.3.2 Learning uncorrelated patterns

In this Section, including Subsections [3.3.2.1} [3.3.2.2]and [3.3.2.3] we take Q = 1, i.e. there are no correlations

between the teacher patterns. In that regime, we find that the teacher-student setting exhibits an effective

factorization property on the student patterns, which makes the behavior of the student RBM explainable in
terms of that with a single hidden unit. A first indication of this result is given by the critical load o (see Eq.
[3.18). As we explained in the previous Section, no matter Q, Eq. (3.18) does not depend on the number P of
student patterns. When Q = I, and thus S = I (see Eqs. [3.18)), we find that

1
185>

which does not depend on the number P* of teacher patterns either. Eq. (3.19) generalizes to arbitrary
finite P* and P the critical load o = S~ 4 previously found for P* = P = 1 hidden units [[145},|146] and
P* = P = 2 uncorrelated hidden units [42]] when 5* = 3. As we show in the next Subsections, the previous

(3.19)

Qerit =

universality result also holds for the order parameters, which we recall are a good measure of the student’s

learning performance.
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3.3.2.1 Independence of the number of hidden units: binary patterns

In the case of binary patterns, Eqs. (3.14) with P = P* = 1 simplify to
m=E. [tanh (m n qz)]
g=E, [tanhQ (m + ﬂzﬂ (3.20)

m = B*Ba E, [tanh (8" fm + 8+/q2)]
= p%aE, [taunh2 (ﬁ2m + 6\/512')] ,

whose solution is summarized in the phase diagrams of Fig. (3.1I). To be more precise, the left and right panels
of Fig. show the fixed-3* regime and the Nishimori regime 5 = §*, respectively. For clarity’s sake, we
will discuss Fig. and the solution of Eq. in terms of 7* = 1/3* and T' = 1/ for the remainder of
this paragraph. We recall that the student can learn the teacher patterns in the ferromagnetic (F) phase (m # 0),
but not in the paramagnetic (P) phase (m = ¢ = 0) nor in the spins-glass (SG) phase (m = 0 and g > 0). For
T < T*, we find the SG phase between the P phase and the F phase. The corresponding P-SG transition line
Qap.sG = T4 extends until the Nishimori line T = T*, where it meets the F phase. Therefore, the Nishimori
line crosses the triple point of the P, SG and F phases, as expected from spin glass theory [73, [74]. On the
Nishimori line, it is straightforward to verify that m = ¢, which is also expected from spin glass theory [73}
74]). In particular, m and ¢ simultaneously become non-zero above the critical load oy = [T*T]2 =T*of
the P-F phase transition on the Nishimori line, which prevents the SG phase from forming (see Fig. right
panel). As in some related inference problems in the teacher-student setting, ap.sg = 7 is identical to the
Qrit found on the Nishimori line [44] |43} {45]]. For T' > T*, the SG phase does not exist either, and the P phase
transitions directly to the F phase at ay = [T*T]z.

Looking at the SG-F transition, we see that decreasing the inference temperature 7' too much can make it
harder for the student to learn the teacher patterns. In particular, a student with enough data to learn the teacher
patterns at a given inference temperature 77 may fail to do so at a lower inference temperature 75 < 73. The
RS approximation is probably not completely accurate in this regime, so one would need to calculate RSB
corrections to study this behavior quantitatively.

When P, P* are arbitrary finite numbers and Q = I, we search for solutions of Egs. by making the

ansatz

mt = 4,,m, m* = 0,,m,
s" =6, st =0,
(3.21)
q#“ff 5/“/(1 M’VSP* ijj* 5MV‘j M7V§P*
Ouvg otherwise, O g otherwise,

which describes the situation where the student learns the teacher patterns one-to-one. Following the nomen-
clature introduced in [42]], we will call Eq. the permutation symmetry breaking (PSB) ansatz. We have
assumed without loss of generality that the min { P, P* } non-zero magnetizations are on the main diagonal, as
any hidden unit permutation would give an equivalent solution. According to this ansatz, the first min { P, P*}
student patterns converge one-to-one to the first min { P, P*} teacher patterns with magnetization m and SG

overlap g. When P > P*, the remaining P — P* student patterns (i.e. P > v > P*) are aligned in spurious
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Figure 3.1: RS phase diagrams of the teacher-student setting with P = P* = 1 obtained by solving Egs.
. The left diagrams has 5* = 1.2, and the right one, * = § = 1/T. The student is unable to learn
the teacher patterns in the paramagnetic phase (P) and in the spin-glass phase (SG), but it is able to do so
in the ferromagnetic phase (F). The white dashed line in the left plot is the Nishimori line 5* = 5. The
magnetization m and SG overlap ¢ solving Egs. along this line are plotted on Fig. (3.2).

directions (i.e. m"” = 0 Vu = 1,..., P*) with a different SG overlap g # ¢. Conversely, when P < P*,
P* — P of the teacher patterns are not learned for lack of student hidden units. The latter case is described in
terms of only m and ¢, and so is P = P*. Under the PSB ansatz, Eqs. (3.14) decouple into P independent
systems of equations for the P hidden units v = 1, ..., P (see[3.G). In other words, the student factorizes
into P students with one hidden unit each. The systems of equations for the first min { P, P*} patterns are
all identical to each other and equivalent to Egs. (3.20). When P > P*, the P — P* remaining systems of
equations all take the form

9= . [ia? (1/32) 322)
§ =B E; [tanh® (8,/g2)] -

In summary, Eqs. (3.14) with binary patterns and Q = I reduce to Egs. [3:22) under the PSB ansatz. In
particular, the solution of Egs. (3.20} [3.22)), which we will call the PSB solution, has m = ¢ even in the region
outside the Nishimori line where 3 = 3* and P # P*. In Fig. (3:2), we verify that the PSB solution can be
found by iterating the original saddle-point equations (Eqs. [3.14) with binary student patterns (see [3.A)),
Q = I and near-diagonal initial conditions m*” = §,,mo + (1 — 6,,,) €, where ¢ < my. In other words, we
verify that the solution of Eqs. (3.20] is stable for the full saddle-point iteration. We plot only the case of
P > P* because P < P* yields similar results.

The original saddle-point equations (Eq. [3.14) with binary patterns, Q = I and P > P* also have other
solutions that cannot be expressed as cleanly by a set of simplified saddle-point equations (see Fig. [3.3).
These solutions can be found by initializing m** with mg > € on the diagonal and at least one off-diagonal
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Figure 3.2: Permutation symmetry breaking (PSB) solution of Eqgs. for binary student patterns with a
uniform prior and binary teacher patterns with covariance Q = I, in red and orange, compared against the
solution of Egs. (3:20] [3:22)), in blue. We plot the Mattis magnetization m in the top row, and the spin-glass
(SG) overlap q in the bottom row. The magnetization plots and the top lines of the SG overlap plots show that
the student patterns that converge to teacher patterns have the same m and ¢ as the solution of Eqgs. (3.20),
and thus also satisfy m = q. Conversely, the bottom lines of the SG overlap plots show that the student
patterns that do not converge to a teacher pattern have the same SG overlap g as the solution of Egs. (3.22).
We use P = 3 and P* = 2 in the left column and P = 4 and P* = 3 in the right column. All plots have

g*=p=12

entry close to mg, a process we will refer to as off-diagonal initialization. They correspond to a distributed
representation where some of the student patterns learn the same teacher pattern, so we dub these solutions
partial PSB. Throughout this paper and its figures, we focus on the case where at most two student patterns
learn the same teacher pattern, but larger numbers are also possible. Within a partial PSB solution, some
student patterns may still learn teacher patterns one-to-one. These student patterns by have the same m and
q as Eq. (3.20), and in particular satisfy m = ¢ (see Fig. [3.3). Comparison of the RS free entropy (Eq. [3.6)
of the PSB and partial PSB solutions of Eqs. (3.14) suggests that the former is always favored in the limit
N, M — oco. The free entropy difference between them decreases with increasing 7' = T and vanishes at
the onset of the paramagnetic phase (see Fig. [3.17). These results are confirmed by numerical simulations.
In low T' = T™ simulations, students with binary patterns always converge to the PSB solution, even when
we use random initial conditions (see Figs. @), which is solid evidence that PSB is favored at low T' = T™*.
When T = T is relatively close to the paramagnetic phase, the simulations have relatively large error bars
and repeatedly jump between the different solutions rather than converging to a single mode. This kind of
instability can be attributed to finite-size fluctuations.

The PSB solution is independent of P* and P, which means that, in terms of the student’s performance m,

learning P* i.i.d. patterns stored in a single teacher RBM is as difficult as learning P* i.i.d. patterns from
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Figure 3.3: Partial permutation symmetry breaking (partial PSB) solutions of Eqgs. for binary student
patterns with a uniform prior and binary teacher patterns with covariance @ = I, in red and orange, compared
against the solution of Eqs. (3:20] 3:22), in blue. We plot the Mattis magnetization m in the top row, and the
SG overlap ¢ in the bottom row. The top lines of the plots show that the student patterns {pqp that converge to
teacher patterns one-to-one have the same m and g as the solution of Egs. (3.20), and thus also satisfy m = q.
Conversely, the other lines show that the student patterns &hg that converge to a common teacher pattern have
a smaller m and a different ¢q. To be more precise, the central and bottom branches of ¢ are the spin-glass
order parameters corresponding to Q(g}fg, f%’g) and Q(f},’g, 21.) with 11 # v, respectively (see Section
They are both different from the g of Eq. (3.22). The Mattis magnetization and SG overlaps omitted from this
Figure all vanish. We use P = 3 and P* = 2 in the left column and P = 4 and P* = 3 in the right column.

All plots have §* = § = 1.2.
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Figure 3.4: The magnetization m solving Eqs. , in orange, compared against N = 512 dimensional
Monte Carlo simulations, in blue, of the teacher-student problem where the student has P = 2 binary patterns
with a uniform prior and the teacher has P* = P = 2 binary patterns with covariance Q = I. The blue dots
and error bars represent the means and standard deviations, respectively, of the diagonal of the magnetization
m during the simulations. The inverse temperature is set to 5* = 5 = 1.2, and the simulations have a small
external field biasing the student towards the PSB solution.

P* separate RBMs with one hidden unit each. Such independence of the student’s performance from the
number of hidden units was first conjectured in [39] based on empirical observations. The performance on
the Nishimori line was then shown to be the same for P = P* = 2 [42] as for P = P* =1 [|145,146|]. Our
PSB solution extends this result to 5 = 5* and any finite P, P*. On the Nishimori line, i.e. when g = 5* and
P = P*, the teacher-student setting is replica symmetric, so we expect the PSB solution to be exact, which is
confirmed by simulations (see Fig. [3.4). When § = 3* and P # P*, replica symmetry is not guaranteed, but
the PSB solution is still in good agreement with simulations (see Fig. [3.5). Finally, we expect RSB corrections
when 8 # *. Interestingly, we observe a weaker form of independence from the number of hidden units in
the suboptimal partial PSB solutions, in the sense that the partial PSB solutions that we find at given P* and P
are also present at larger P* and P. These results seem related to the embedding principle stating that a neural

network contains all minima of narrower neural networks with the same architecture [[168|].
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Figure 3.5: Solutions of Egs. shown in Fig. , in orange, compared against N = 512 dimensional
Monte Carlo simulations, in blue, of the teacher-student problem where the student has P = 2 binary patterns
with a uniform prior and the teacher has a single binary pattern. The blue dots and error bars represent the
means and standard deviations, respectively, of a single diagonal coefficient of m during the simulations. The
inverse temperature is set to §* = f = 1.2 = 1/0.83 and * = § = 2.8 ~ 1/0.36 in the top and bottom
rows, respectively. In the left column, the student with T* = T" = (.83 is biased towards the PSB solution by
near-diagonal initial conditions, while the student with 7% = T' = (.36 has random initial conditions. The
students of the right column have off-diagonal initial conditions. The top left and top right students are also
biased by a small external field pointing towards the PSB and partial PSB solutions, respectively. The bottom
students are not biased by an external field.
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3.3.2.2 Independence of the number of hidden units: Gaussian patterns

When the student patterns ¢ are real-valued variables with an i.i.d. standard Gaussian prior, Egs. 4) under
the PSB ansatz (Eqs. [3.21)) simplify to (see[3.G)

m = 144
q m T
1+9* (149

N

g= L (3.23)
= B*Ba E, [tanh (8" Bm + B/q2)]

j=p%E, [‘canh2 ( m+ B\/@z)]
§ = B*aE, [tanh® (8y/72)] .

This regime is interesting because RBMs used in practical applications usually have continous weights [[141}
69l [142]. Similarly as before, we compare Egs. (3.23) against the PSB and partial PSB solutions of Eqs. (3.14)
for real-valued student patterns with an i.i.d. standard Gaussian prior and teacher pattern covariance Q = I.
The resulting plots are qualitatively similar to Figs. (3.2)) and (3.3)), so we show them in [3.J]rather than in
the main text (see Figs. and . As before, we observe that the solutions of the Gaussian equations
are independent of P* and P. One important difference between the student model with binary patterns and
the student model with real-valued patterns is that they are simulated differently. In fact, binary patterns
are obtained using the standard random walk Metropolis-Hastings algorithm, while real-valued patterns are
learned via underdamped stochastic Langevin dynamics [[169,|170] of the RBM marginal likelihood (Eq.
gradient. In a nutshell, the latter algorithm is a variant of stochastic gradient ascent where noise is added to
the momentum vector to sample the RBM posterior (Eq. [3.3) rather than to find one of its modes. We use
contrastive divergence, i.e. alternate Gibbs sampling of the visible and hidden units, to evaluate the marginal
likelihood [24}|171]]. At low temperature, simulations of the student model with real-valued patterns usually
converge to the solution of Egs. (3.23) (see Fig. [3.6). They can also sometimes stay stuck near the partial
PSB solution without converging to it when the learning rate is reduced too aggressively during training. This
behavior is shown in Fig. by the simulation data points that are scattered around the partial PSB solution
but do not agree with it within their error bars. In fact, although simulation error is useful for measuring the
convergence of the Langevin learning algorithm, its sensitivity to the learning rate schedule makes it poorly

representative of the equilibrium distribution of the magnetization m.

3.3.2.3 A simple model of the lottery ticket hypothesis

Many works studying feedforward neural networks found a training regime where some of the hidden units
learn the underlying data distribution while the others take a back seat [[172} |173,|174, |168]. Interestingly,
this behavior is similar to our PSB solution with P > P*, where only a subset of the student patterns learn
the teacher patterns (see Sections[3.3.2.1]and [3.3.2.2)). As proposed in [168]], we investigate the relationship
between this kind of training regime and the lottery ticket hypothesis [9].
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Figure 3.6: Solutions of Egs. for real-valued student patterns with a standard Gaussian prior and teacher
pattern covariance @ = I, in orange, compared against N = 512 dimensional Monte Carlo simulations,
in blue, of the teacher-student problem where the student has P = 2 real-valued patterns with a standard
Gaussian prior and the teacher has a single Gaussian pattern. The top orange line is the magnetization m of
student patterns that converge to teacher patterns one-to-one, so it is also the m solving Eqs. (3.23). On the
other hand, the bottom orange line is the m of student patterns that converge to a common teacher pattern in
the partial PSB solution. The blue dots and error bars represent the means and standard deviations, respectively,
of the largest entry of the magnetization m during the simulations. The top and bottom blue lines result from
simulations with i.i.d. standard Gaussian initial conditions and off-diagonal initial conditions, respectively.
The learning rate was reduced more quickly for the bottom line than for the top line. The inverse temperature

issetto 8* = 3 =4.

The lottery ticket hypothesis states that a generic randomly initialized overparameterized neural network
contains subnetworks that fit data with similar accuracy as the entire trained network when they are extracted
from it and trained independently [9,|148| 149} |150,(151]]. These special subnetworks, which are commonly
referred to as winning lottery tickets, are thought to have fortuitous initial conditions that facilitate training
[9]. The PSB solution studied in Sections [3.3.2.1and [3:3.2.2| makes it clear that any student network of size
P > P* contains subnetworks of size P € {P*, ..., P — 1} that learn the teacher patterns to the same extent,
and thus fit the data at least as well. It is not obvious, however, whether any of these subnetworks can have
lucky initial conditions such that they train more easily than with i.i.d. random initial conditions. As such, we
apply to our teacher-student setting a variant of the magnitude pruning algorithm traditionally used to identify
winning tickets [9}/151]] and check if it finds a subnetwork that converges especially quickly. Consider one
teacher and three students with real-valued patterns, hereby referred to as the teacher, student 0, student A and
student B, respectively, where A is a control network and B is a candidate winning ticket obtained from 0. We

perform the following numerical experiment:

* Initialize student O with P = 8 i.i.d. Gaussian patterns and the teacher with P* = 4 i.i.d. Gaussian

patterns. Save the initial value of the patterns of student 0 as .
* Train student 0 on data generated by the teacher. Compute the Euclidean norms of the learned patterns.

¢ Initialize student A with P = 4 i.i.d. Gaussian patterns and student B with the P = 4 patterns of £, that

evolved to have the largest Euclidean norm when trained.
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Figure 3.7: Results of the lottery ticket experiment described in Section In the left panel, N = 512
dimensional Monte Carlo simulations of student B, in blue, are compared against the solution of Egs. (3.23),
in orange. The blue dots and error bars represent the means and standard deviations, respectively, of the
diagonal of the magnetization m during the simulations. The right panel shows the difference mp — m 4 of the
magnetizations of A and B as a function of the simulation epochs. The solid blue line and the shaded region
represent the median of m4 — mp over « € [0, 1] and the corresponding mean absolute deviation around
the median, respectively. m 4 — mp goes to zero when the number of elapsed epochs is large, so student A
converges to the solution of Egs. like student B. The inverse temperature is set to 5* = § = 4.

* Train student A and student B on data generated by the teacher. Record their respective magnetizations

my4 and mp as a function of the training epochs in order to compare their convergence speeds.

This procedure is slightly different from the usual magnitude pruning algorithm in that it prunes the patterns
with the smallest norms rather than the entries of the weight matrix with the smallest absolute values [9,|151].
As in Section [3.3.2.2] we train students 0, A and B with underdamped stochastic Langevin dynamics [169}
170] of the RBM marginal likelihood (Eq. [3.2). Our results are shown in Fig. (3.7). In the left panel, we
verify that student B converges to the PSB solution (i.e. the solution of Egs. in the range of a that we
are studying. As in Section the error in m is useful for measuring the convergence of the learning
algorithm, but poorly representative of the equilibrium distribution. There seems to be a small systematic shift
in the simulations at low «, which could be due to finite-size effects or order % corrections [39]. In the right
panel, we plot the median of mp — m4 over « as a function of the epochs. B initially converges more quickly
than A, and the lead of B eventually shrinks to zero because of the ergodicity of the training algorithm. In
other words, magnitude pruning is able to identify a winning ticket that converges more quickly than networks
with 1.i.d. random initial conditions. The patterns of student O that converge to the teacher patterns the fastest
have a small initial magnetization (see Fig. epoch 0). Therefore, the shape of the loss function at the
initial conditions and the basin of attraction in which they are located may be more important than the initial

conditions themselves, as suggested by [9].
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Figure 3.8: Critical load a. for 5 = * and P = P* as a function of the number of hidden units P, the
temperature 7" and the correlation c. i, is obtained from Eq. (3.18). The top row has Q,,, = d,,+(1 — 0,.) ¢,
so the max eigenvalue A5, is that of Eq. (3.24)). The bottom row is the arithmetic mean ary; over correlation

max

matrices Q sampled from the projected Wishart distribution W (¢, P) defined in

3.3.3 Learning uniformly correlated patterns

In this Section, including Subsection [3.3.3.1] we introduce uniform correlations in the teacher patterns by
fixing the covariance matrix Q of £* to Q,,, = 0,,, + (1 — 0,,) ¢, where ¢ € [0, 1) controls the correlation
strength. In the presence of uniform correlation, the Hamiltonian M, (Eq. is that of the Curie-Weiss
model with coupling constant % B *]2 c. Therefore, its correlation matrix R has the same form as Q but with a
different off-diagonal element d. In we show that the maximum eigenvalue A, of Eq. is

Agax = (P* = 1)?cd + (P* — 1) (c+d) + 1. (3.24)
As expected, the corresponding critical load is also the onset of non-zero Mattis magnetization in the regime
of 8 = [3* where only the paramagnetic and ferromagnetic phases exist, which we show explicitly in Fig.
for binary patterns. We show in [3.J] that the same holds for real-valued student patterns with a standard
Gaussian prior (see Fig. [3.20). Eq. (3.24) extends to arbitrary finite P* the critical load obtained for P* = 2
in || In fact, when P* = 2, we find d = tanh ([6*]2 c) and Eq.lg_%;ﬂ) reduces to the critical load of .
Plotting Eq. (3:24) (see Fig. [3.9) and the corresponding cvri¢ (Fig. 3.
that o decreases with P* and c. For ¢ >> [T*]Q, the spins of Curie-Weiss Hamiltonian M, all align, so their

as a function of T', ¢ and P*, we see

correlation is d = 1, and we obtain

S
)‘max

= ((P* —1)c+1) P".
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Figure 3.9: Largest eigenvalue \5,, of S = QR (see for § = 8* and P = P* as a function of the number
of hidden units P, the temperature 1" and the correlation c. The top row has Q,,, = 6., + (1- (5,“,) ¢, so the

max eigenvalue A5 is that of Eq. (3.24). The bottom row is the harmonic mean |1/ )\flax} over correlation

matrices Q sampled from the projected Wishart distribution W (c, P) defined in[3.A.2

In this limit, o is roughly inversely proportional to both ¢ and [P*]z. Conversely, for ¢ < [T*]2, the
correlation of M, is d = 0, and we obtain
)\S

max

=(P*—1)c+1. (3.25)

In this limit, o decreases less quickly by a factor of P* than for ¢ > [T*]Q. However, relatively small
correlations can still significantly decrease o when P* is large. In other words, the critical load benefits
from structured data with many correlated underlying abstract concepts even when the correlation between the
different concepts is rather small. Overall, these results shed light upon the way a.,;; depends on P*, which
was previously unclear given that previous work focusedon P = P* = 2.

Neural networks are often regularized by feature decorrelation techniques that reduce or eliminate cor-
relations in their inputs and hidden layers [178]]. Decorrelation is known to increase training
speed [179]. However, our work suggests that it can also increase the critical load as a
drawback, which may hinder performance when the data is noisy (i.e. * finite). observed that
batch normalization [176], which was motivated by decorrelation 8], makes neural networks less robust
to noise. This effect could potentially be related to our findings. Arguably, the main caveat to our analysis is
that we assumed that P* was finite when deriving Eq. (3:24), so the critical load is probably different when
P*is O (N) [39].

Figs. (3.T1) and (3:12) display the magnetization m and the SG overlap g, respectively, found by solving
Egs. at fixed 5*. As usual, we find the paramagnetic (P) phase (m = ¢ = 0) at small « and low 7.
At low c and P, the spin glass (SG) phase (m = 0 and g > 0) occupies the medium « and low 7" region
of the «, T' plane. It transitions to the ferromagnetic (F) phase (m # 0) as «, ¢ and P increase. At high ¢,
P and o, the SG overlap ¢ seems to be non-monotonic in 7'. As expected, the critical load of Eq. (3-18))
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Figure 3.10: Mattis magnetization m for 3 = * and P = P* as a function of the number of hidden
units P, the correlation ¢, the temperature 7" and the data load . m is obtained by solving Eqs. (3.14)
numerically for binary student patterns with a uniform prior and binary teacher patterns with covariance
Quv =0 + (1 —6,0) ¢, where ¢ € [0,1) (see . The top and bottom rows feature P = 2 and P = 3,
respectively. The white lines mark the phase transition described by Eq. with A\S_ given by Eq. .
The speckles in the plots with P = 3, ¢ = 0.4 and P = 3, ¢ = 0.7 are due to the occasional numerical
instability of the saddle-point equations (see .
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Figure 3.11: Mattis magnetization m for §* = 0.8 and P = P* as a function of the number of hidden
units P, the correlation ¢, the temperature 7" and the data load . m is obtained by solving Eqs. (3.14)
numerically for binary student patterns with a uniform prior and binary teacher patterns with covariance
Quv = 0w + (1 — 6,) ¢, where ¢ € [0,1) (see3.-H). The top and bottom rows feature P = 2 and P = 3,
respectively. The white lines mark the critical load of Eq. with 3* = 0.8 and A5, given by Eq. .
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Figure 3.12: SG overlap ¢ for f* = 0.8 and P = P* as a function of the number of hidden units P, the
correlation c, the temperature 7" and the data load . ¢ is obtained by solving Eqs. (3.14) numerically for binary
student patterns with a uniform prior and binary teacher patterns with covariance Q,,, = 0,,, + (1-96 W) c,
where ¢ € [0,1) (see . The top and bottom rows feature P = 2 and P = 3, respectively. The white lines
mark the critical load of Eq. with 3 = 3* and S, given by Eq. .

with A5 given by Eq. follows the onset of non-zero magnetization corresponding to the P-F phase
transition, but not the SG-F phase transition. The critical load of 8 = 3* approximately follows the P-SG
phase transition when c is small, which is consistent with Section [3.3.2.1]and previous works [43] 45].. As in
Section [3.3.2.1] decreasing the inference temperature 7' too much can make it harder for the student to learn
the teacher patterns (see Fig. [3.11] top right panel).

3.3.3.1 Permutation symmetry breaking transitions

As in Section[3.3.2] the critical load marking the onset of learning (see Eq. [3.18) again does not depend on
the number of hidden units P of the student RBM. Despite this, a single wide RBM does not learn teacher
patterns as would multiple separate RBMs with one hidden unit each. Moreover, distinct phases emerge based
on the level of correlation ¢ and data load «, each characterized by a different learning strategy.

RBMs with P = P* = 2 hidden units learning correlated patterns were previously found to have three

distinct ferromagnetic phases [42]:

* in the spontaneous symmetry breaking (SSB) phase, both student patterns converge to a single configu-
ration that has the same overlap with the two teacher patterns. In other words, the student learns only

the features that the teacher patterns have in common;

* in the student permutation symmetry breaking (PSBy) phase, the student patterns converge to two distinct
configurations that have the same overlap with the teacher patterns. In other words, the student is able to

learn distinct features of the teacher patterns;

* finally, in the teacher permutation symmetry breaking (PSB,) phase, the student can tell the two teacher
patterns apart and learns them one-to-one as in the PSB phase of Section (3.3.2.1).

75



No. hidden units P* =2, P=2 No. hidden units P* =2, P=3
1 - T b Lo 1Y iy
= el BB g T B gl BE 8
g 061 & @ Tk g L i~
g I R £ | |
Soal | |phah | Eoap | |
2 i #i Y TP I o i
g 02 i,;}' I g %2 1 |
2 e AR g /| |
0011 ! ! , 0.01— | I
1 2 3 4 1 2 3 4
0.61 wid i
nan 1
Rt i
< < . i
a, o, 047 1 .
© < o !
[ — ] ] 1
S S Lo |
S o 027 b !
0.0{ — | i |
1 2 3 4
Load o load a

Figure 3.13: Mattis magnetization m and SG overlap ¢ solving Egs. , in orange and red, as a function
of the load o and number of student patterns P for 5 = * = 1, P* = 2 and ¢ = 0.3. The top and bottom
branches of the plots are respectively the diagonal and off-diagonal coefficients of m and q. In the top-left
panel, m is compared against N = 512 dimensional Monte Carlo simulations, in blue. The blue dots and error
bars represent the means and standard deviations, respectively, of the diagonal and off-diagonal coefficients
of the magnetization m during the simulations. Simulation results do not agree with the predictions of the
saddle-point equations shown in the right panel when o > o (see Eq. @ Besides that, they are not very
insightful, so we do not plot them for the sake of clarity.

These three phases can be identified by comparing the values of the order parameters m*” and ¢** on and off

the diagonal. As shown in the left panel of Fig. (3.13)), bifurcations occur as « increases, marking second-order

o PSBs SSB PSB, PSB,
phase transitions at the critical loads o538 = aie, v ® > aSSP and )t > ag.

In this context, the
student does not know the level of correlation c of the teacher patterns. As such, it uses a uniform prior
P (§) # P (£¥), and we are always outside the Nishimori regime. Despite this, the RS critical thresholds and
magnetizations are in good agreement with Monte Carlo simulations (see Fig. [3.13] left panel).

As shown in Figs. and , the same three phases also appear at larger P and P*. agrSiP once

again coincides with the onset of the ferromagnetic phase, which occurs at the same load o regardless of
the number of hidden units P of the student. On the other hand, /55 is smaller for P = 3 than for P = 2

(,l’ll

(see Fig. [3.13). We think that the term A,,, (¢ \/2qW — > .,—19*in Ly, (see Egs. 3.11|and [3.13

penalizes values of ¢ with a large off—dlagonal sum, i.e. Z q‘"’, compared to the diagonal ¢g"*. As the

nFu
number of terms in the sum grows with P, the individual off-diagonal coefficients ¢ may be encouraged to

become smaller, pushing permutation symmetry breaking of the student patterns (PSB;) to occur at a lower
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Figure 3.14: Mattis magnetization m and SG overlap q solving Egs. , in orange and red, as a function of
the load « and teacher pattern correlations ¢ for 5 = * = 1 and P = P* = 3. The top and bottom branches
of the plots are respectively the diagonal and off-diagonal coefficients of m and gq. m is compared against
N = 512 dimensional Monte Carlo simulations, in blue. The blue dots and error bars represent the means
and standard deviations, respectively, of the diagonal and off-diagonal coefficients of the magnetization m
during the simulations. The dashed lines indicate the approximate locations of the SSB, PSB; and PSB; phase
transitions of Egs. (3.14). The black crosses in the top plots mark the o and m at which the PSB; transition
occurs in the right plots. It serves as a visual guide to show that the m predicted by Eqs. (3.14) can sometimes
decrease significantly with ¢, but not the m of the simulations.
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PSB,
crit *

In [42], the critical load «

phase transition from PSB, to PSBy and thus decrease the magnetization. In other words, large correlations

critical threshold o

PSB;
crit

increases with the correlation strength c. As such, increasing c can trigger a
in the teacher patterns can undermine the student’s ability to learn them accurately. Based on these findings,
Hou et al. [42]] formulated the hypothesis that the best c for learning a relatively low load of data is non-zero
but still relatively small. In the case of P, P* > 3 (see Fig. , we also find that aCPrSitB ‘ grows with c.
However, unlike P = P* = 2, Monte Carlo simulations of P, P* > 3 do not completely agree with the RS
approximation at large c. In particular, increasing ¢ does not seem to decrease the magnetization significantly
in the simulations, even when it does so according to the RS approximation (see Fig. [3.14] black crosses).
Repeating the lottery ticket experiment of Section[3.3.2.3|for ¢ = 0.05, we find that the lead of the winning
ticket B over its randomly-initialized counterpart A has a smaller maximum (see Fig. [3.15). In other words,
small correlations in the data appear to make the student less sensitive to initial conditions, which also reduces
the benefits of magnitude pruning (see Section[3.3.2.3)). As in Sections[3.3.2.2]and [3.3.2.3] the error in m

(see Fig. [3.15] left panel) is useful for measuring the convergence of the learning algorithm, but poorly

representative of the equilibrium distribution.

Outside the teacher-student setting, RBMs typically undergo a sequence of second-order phase transitions
at the beginning of training [31} |32} |33} [35]]. After the first transition, they learn a rank-one matrix, which
is reminiscent of our SSB phase. The second transition then breaks the rank-one symmetry like our PSBy
transition. The subsequent phase transitions are harder to interpret from the point of view of permutation
symmetry breaking, and it is not clear whether a transition analogous to PSB, can occur without an explicit
teacher. PSBy phase transitions were also observed in Gaussian mixture models [84} 85, |86l |72] and modern

Hopfield networks [34], which suggests that they could be common in machine learning models.

3.3.4 Random correlations

In this section, we take the covariance matrix Q to be random. By definition, Q must be positive semi-definite.
Moreover, when the teacher weights are binary, Q must have ones on the diagonal. We sample Q from the
projected Wishart distribution W (¢, D) defined in[3.A.2]because it satisfies these two requirements. By the
law of large numbers, Q ~ W (¢, D) approaches C = 6., + (1 — 6,,,,) ¢ in probability as D — oo (see[3.A.2).
Therefore, )\ﬁax and o are the same as in Sectionwhen D is large. At finite D = P, the dependence of
Qcrie on T is still qualitatively similar to that of uniform correlations. However, the arithmetic mean @ and

-1
the harmonic mean [1 /A8 } over many independent samples Q ~ W (¢, P = D) are very different from

max
the o and )\I‘fwx of uniform correlations as a function of ¢ and P (see Figs. and . For instance, ot
decreases much more slowly with ¢ than the critical load of uniform correlations. At small ¢ and high 7', oi¢
tends to be smaller than the critical load of uniform correlations. Conversely, at large ¢ and low T, the critical
load of uniform correlations is usually smaller. At any given c, the entries of a random correlation matrix
can sometimes be larger than ¢, which can make learning possible even when 7" is too high for correlations
of size c or smaller to be picked up on by the student. However, this advantage disappears at larger ¢ and
lower T" where correlations of size ¢ and smaller are no longer muddled in noise. In summary, the behavior of
the critical load as a function of P and c is in general very different for random correlations and for uniform

correlations.
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Figure 3.15: Results of the lottery ticket experiment of Section when the teacher patterns have a
uniform correlation matrix with ¢ = 0.05 instead of being i.i.d. In the left panel, N = 512 dimensional Monte
Carlo simulations of student B, in blue, are compared against the solution of Egs. (3:22), in orange. The
blue dots and error bars represent the means and standard deviations, respectively, of the diagonal of the
magnetization m during the simulations. The right panel shows the difference m p —m 4 of the magnetizations
of A and B as a function of the simulation epochs. The solid blue line and the shaded region represent the
median of m4 — mp over o € [0, 1] and the corresponding mean absolute deviation around the median,
respectively. m4 — mp goes to zero when the number of elapsed epochs is large, so student A converges to
the solution of Egs. @ like student B. The inverse temperature is set to 8* = g = 4.
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Figure 3.16: Mattis magnetization m for 5 = $* and P = P* as a function of the number of hidden units
P, the correlation c, the temperature 7" and the data load «v. m is obtained by solving Eqs. (3.14) for binary
student patterns with a uniform prior and binary teacher patterns with covariance Q,,,, ~ W (¢, P), where
c €10,1) (see . The top and bottom rows feature P = 2 and P = 3, respectively. The white lines mark

the phase transition described by Eq. l| with A\S__ given by Eq. (3.24).
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3.4 Conclusion

In this paper, we theoretically study the learning performance of restricted Boltzmann machines (RBM) [[136]
137,|138 24| with a finite number of hidden units in the teacher-student setting [[145} (146,39, (101} 147} 42}
40] using the replica method under the replica-symmetric (RS) approximation [[112]]. Given M data points
and N visible units, we compute the critical data load o = % above which learning becomes possible.
Our findings validate the conjecture that the student’s performance is independent of the number of hidden
units when the patterns of the teacher are uncorrelated [39]], generalizing the results of [42] to any number of
hidden units P and teacher patterns P* much smaller than M and N. In particular, we confirm that an RBM
with P uncorrelated hidden units factorizes into P RBMs with one hidden unit each [42]. Additionally, we
show that the teacher-student setting without correlations has both a permutation symmetry breaking (PSB)
solution in which the student learns the teacher patterns one-to-one and a metastable partial PSB solutions in
which multiple student patterns can converge to the same teacher pattern. We argue that the teacher-student
setting complies with the lottery ticket hypothesis [9,|148||149,|150,|151]], and demonstrate that the student
can be trained efficiently using a variant of the magnitude pruning algorithm [9, |I151]]. Given teacher patterns
with uniform correlations ¢ € [0,1), we find a closed-form expression for ., which generalizes the one
found in [42] for P = P* = 2, and show that it decreases with both ¢ and P*. Still in the case of uniform
correlations, we find that the teacher-student setting undergoes a sequence of spontaneous symmetry breaking
(SSB) and permutation symmetry breaking transitions that generalizes the one found in [42] to P*, P > 3.
Both with and without correlations, we find that decreasing the inference temperature 7' too much can prevent
the student from learning the teacher’s solution even when the dataset is relatively large. Throughout the
paper, we compare key results against Monte Carlo simulations and observe that the RS ansatz is often a solid
approximation even in the region outside the Nishimori line [[73} 76, 74, |75|]] where the teacher and the student
have the same temperature, but a different number of hidden units and a different prior on their patterns.

One could study the learning dynamics of the magnitude pruning experiment described in Section [3.3.2.3|
or characterize the distribution of winning ticket initial conditions to gain additional insight into the lottery
ticket hypothesis. More generally, it would be interesting to extend our study to the case where P and P* are
of order V. In fact, RBMs trained on real data typically have a large number of hidden units [24}|139] 140,
1411|182]. One could also introduce correlations between the columns & = {{Z* " }i;l of the teacher’s weight
matrix &* = {&* }Eif]i in addition to the correlations between patterns £* = {&* }ZV:I that we study in
this work. Such a modification could be achieved by using a weight matrix with a low-rank SVD structure like
in [31}32] and would allow the teacher to generate data with even more structure than in this paper. One could
use this framework to investigate whether the distinction between PSBg and PSB; persists in real data and has
a measurable effect on the critical slowing down patterns observed in RBM training [31} |32} 33| [35[]. Another
promising research avenue would be to study other generative models with a finite number of hidden units in
the teacher-student setting, such as modern (a.k.a. dense) Hopfield networks [23], 45| [25] 26| 30]. In sum, the
teacher-student setting still has a lot of untapped potential for studying generative models with many hidden

units.
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3.A Definitions

3.A.1 Binary random variables with a fixed covariance matrix

We generate binary random variables & € {—1, +1}P with mean 0 and a fixed covariance matrix Q in two
steps:

* sample z} ~ N (0, sin (g Q)) from a multivariate Gaussian distribution with mean 0 and covariance

matrix sin (g Q) s

* set & = sign (z7).

This sampling method is commonly known as the arcsine law and originates from [[183]]. It implicitly defines a
probability distribution P (£*) for correlated binary teacher patterns £*.

3.A.2 Projected Wishart distribution

We generate random positive definite matrices 3 by sampling them from the Wishart distribution [[184]. That
is, we sample the columns of a P x D matrix A from the Gaussian distribution A" (0,C), then set B = AAT.
Let D be the diagonal matrix with the same values as B on the diagonal. We obtain a positive definite matrix
Q with ones on the diagonal by normalizing B according to Q = D~/2BD~1/2 In other words, B is a
generic covariance matrix, and the entries Q,,,, of Q are the Pearson correlation coefficients corresponding
to B,,,.. For simplicity’s sake, we take the covariance matrix C of the Gaussian distribution A (0, C) to be
Cuv = 64 + (1 —6,,) c. In this paper, we say that Q is sampled from the projected Wishart distribution
W (¢, D).
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3.A.3 Effective Hamiltonian £, ,,

The effective Hamiltonian £y, x, plays a crucial role in deriving the free entropy and the saddle-point equations

of the problem studied in this work. In this Section, we define it to be

P
* 1 E v /LV + 4 E E L ¢ *Y ¢
‘CAh)\z (€7§ ,2;M, S, Q) = 5 [AQ]Q <Sl - q ) £I £ + )‘1)\2 m'YI f ’Yf/

Hv=1 y=1p=1

P P
b g+ g g+
+ )\2 Z qH +4q B— 6/“/ 2 Zuv 9 .
p,v=1 n=1

where we set the diagonal of s to s** = 0 to regroup s** and W in the same sum. In £ (see Eq. ,
the diagonal of s is arbitrary because it does not affect the saddle-point equations (see Eqgs. [3.14). In £ (see
Eq.[3.10), the diagonal of § always vanishes (also see Egs. [3.14). When ¢ and § are symmetric, we obtain the

simpler form

£k1,>\2 (67 f*a Z;m, S, q) = % [A2]2 Z (Sl“/ - qw/) €H£V + )\1>\2 Z m’yug*’yg}t

By Yok

+ A2 Z 2qHv — 5uu Z qlmz;w

V

which is the definition used in the main text (see Eq. [3.11). We symmetrize the initial conditions of ¢** before

solving the saddle-point equations numerically because any ¢*” solving them must be symmetric (see Egs.

and[3.1). Defining

n

A,u,l/ (Q) = \/QQ'LW - 5;u/ Z ql“77

these two expressions can be written more compactly as

* 1 v v v *
»C)q,)\g (575 7Z;m7s7Q) = 5 [AQ]QZ(SM _qN )é‘ﬂf +)‘1)\22m’}/u£ ’qu (326)
JTa% Vb
q+q" E 4 ¢ .
+ A ; A ( 5 > 2w 5 for generic ¢ and
1
»c)\l,/\z (57 E*v zZ;m,s, Q) = 5 [)‘2]2 Z (sll«l’ - ql“j) gugu + )\1)\2 Z m’YNé’*’YfM (327)
787 Yokt

v
+ A2 Z A (g ZW 5 +& for symmetric q.
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This way of writing £, », is useful to make the derivation of the saddle-point equations more concise (see
[.D). The third term of L, », can also be written as

3 Zuv + 2
%o 3 A (@) 7 TS = 203 A g) P

2
v 8%

by interchanging summation indices. The two ways of writing the third term have different numerical
implementations, but we did not see a significant difference in computational complexity and accuracy

between them.

3.B Replicated partition function

In the following appendices, we omit the subscripts 5* and 3 to make notation lighter. The sums over ~y or

M the

p are from 1 to P*, and the sums over p or v, from 1 to P. Given a set of M examples o = {c%}_,,

probability distribution of a single replica b takes the form
P o) =2 () P(E) [P (" 1€).

by using Bayes’ theorem (see Section . The partition function is Z (o) = E¢ [[I, P (0 | £°)], which
leads to

Z(o)"

Ege o [E5] =) Ee- [HP(U“ | €7)
=) Ee [HP (c* | 5*)1 E¢

HP<0“|5>]
[[D PP ¢

a o%

M
— Ee-c (ZP(oa 1€)P (0" | f))

= Ee¢-¢

where & = {§b}£:1 is a set of L replicas and P (6 | £) =[], P (o | £°). As per Eq. 1i P (0| &%) with

binary units takes the form
P(o" €)= 2(&) w(on¢),

where ¢ (0% ¢%) = P (09) E,, [exp (f% > o s gf*‘ag)} and Z (£%) = ¥, (09 €Y). In particular,
we have

S P(e" [P (0" [ =)_ Z(¢)

o

117 (5‘))1] b (0%€") [Hw (J“;fl’)] .

b b
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We will now take P (¢*) uniform and eliminate o from Z (£*) [T, Z (&) in order to factor it out of the sum

over . We first rewrite Z (fb) as

Z () =27NY K,

exp (\/ﬂﬁ XH: Tou ; gfl‘af)]
_ Q—NETb HZeXp (\/> ZTbufb“ a)

H cosh (\/’% Z prff“) ]
exp (Z log cosh [\/‘% Z Tb“gfﬂ] )] 7

=E,,

)

then we expand the log cosh function in small % to obtain
1[5 ’
Z (") ~E,, |ex g - | /= E Ty EOH
(f) b p i 2 [\/N ~ bHSz ]

=E,, [exp ( 52 ZTbHTbVN Zfbﬂﬁbl’)]

8%

The equivalent expression for Z (£*) is identical except for the asterisk * replacing the replica index b
and the sum running from 1 to P* rather than 1 to P. Once Z (£*) ], Z (") is factored out of the sum,

> pe ¥ (0%E) I, ¥ (0% €°) simplifies in a similar way to

b lﬁ * L b
;w 1 Hw “€) exp ;2 m;m@HW%Mﬁ

=E, . |exp ( 2 ZT*,YT*pN Z{Wﬁw

+ 578 Z T*,YTbuN Zg*w€bu

V,u3b

+ ﬁ2 Z Tle«TCVN Zgb,ugm/ )

wovib,c
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2~ LN Combining all these expressions, we get

up to an irrelevant multiplicative factor of
L Y ok
E [Z } = Eg*g ET*T exp < Z T*‘YT*PN Zg ’Y& 8

exp {M (log
v<p

+ B*B Z T*A,Tb,AN Zf*ﬂyﬁb“ + B2 Z Tb,mwN Zfbufb”

¥, 150 u<vib
Z TouTev 37 N Z ng£CV>]
w,vib<c
—log |E,, exp < Z T*,YT*pN Zf*ﬂ/f*p)]
v<p

— log |E,exp | 52 Z TouTby ~= Zfbufby

u<v;b

3.C RS free entropy

In this Section, we introduce order parameters and conjugate order parameters for the various overlaps between

patterns present in E [Z%]. We define
1
by ~ by - *y cbp
m’ 7" and "7t forNE. ISR
1
s and 5% for N % €01e where p # v,

1
¢** and ¢*°*v  for ~ Z 5?“55” where b # c,

where m?7#, sV and ¢"“*¥ are the ordinary order parameters, m?7#, 5°#* and ¢"“*¥ are the conjugate order

parameters and s*¥ and °# are symmetric in y and v by construction. We use a Fourier transform to rewrite
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E [Z1] as

E[2L] = B¢ / Hdmb’*“ H dsbmv H dgberv

v, 15b pu<v;b w,vib<c

/H dmbr+ H dst* H dg** exp Zm (Zfﬁfg“—Nmbw>

v, p5b pn<v;b p,vib<lc v, u3b

exp Z ’\b,u.D <Z gb,ugbu Nsbpt/) + Z ~beuv (Z gb;tgcu _ b(',uu)

pn<v;b w,vib<c

exp {M <log E,. - exp ( Z T*'YT*”N 25*75*0

y<p
+ 6*5 Z mb’yu'r*’y’rb,u + 52 Z Sb'uy'rbp'rbu + 62 Z qbcm’TbuTcu>‘|

Vs h3b n<vib H,vib<c

. €XP ( Z T*,YT*pN Z §*W£*P>]

v<p

—log |E

— log |E,exp | 52 E Sb’uVTbHTby
n<vib

By hypothesis, the columns & = {57* W}f; of &* ~ P (¢*) are i.i.d. random variables and their distribution
P (&) has a well-defined P* x P* covariance matrix Q (see Section [3.1). Therefore, by the law of large

numbers, 7 >, £77&;” converges in probability to the covariance Q,, as N — oc. E [Z%] then simplifies to

E [ZL _ H dmb’y,udmb'y,u H débuudsbuv H qubc,ul/dqbc,ul/

v, p5b pn<vib w,vib<c
exp {Nlog [Eer¢, exp{Hg (&, &5, 8,4)}] — NHg (m,s,q,m,3,4)}
exp {aN log [(E, exp {Hg (T, T;m, 5,q)}) o] — aNlog [Z (M)]}

where the thermal average (-) ., and the partition function Z (M) are defined in Section using Egs.
(3.7) and (3.8), respectively, o = & and

HQ (’ITL, S,q,’ﬁ%g q § :mbwumbv;t+ § : sbuu buu+ § : ~bepv bc;u/

v, k3b u<v;b H,vib<c
X, A A A\ ~ by ¥ fbit } : ~buv #bp b ~beuv ¢bp Fcv
HS <§i7 i7m7saq) - E m i gz 51 + S ! 51 57, + q " 62 gi )
v, H3b p<vib w,vib<ec
. _ % b 2 buv 2 beuv
HE (Ta Ty, S, Q) - ﬁ B § m 'YILT*’YTb;L + 6 E st TouTov + 6 § q " TopTev-
Vshe5b n<vib p,vib<e
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We use the replica symmetry ansatz to simplify E [Z L ] further. To be more precise, we assume that

mP = m ™ and MmbH = P for all b; v, p,
PV = ghY  and UMY = g for all b; u # v,

@ =g and M =G forall b # c; , .

Under this hypothesis, the term Zu vibee A" TopTey can be rewritten as

1 1
Z qMVTb/I,Tcu = 5 Z q“yTb/LTcu - 5 Z qijbuTbu

w,v;b<c w,v;b,c w,v;b
1 ’ 1 ’
ZZZQW [Z(pr,‘i‘ﬂ)y) —ZZQW [Zﬂm]
sy b v b
1 u
- § Z q" TouTov

2
- i Z qwj [Z Tov
8% b w,v;b

2
N e Top + Tow L + g
=2 Xb: e T3

8% v

1
- 5 Z q#DTbuTbu

w1V

|

2

1 il 4 i )
e S |

8% 7 b

1
- 5 Z qHVTbMTbl/-

H,v3b

Subsequently, the Hubbard-Stratonovich transformation gives

HE (T7 Txy M, S, q) = B*ﬁ Z m’YMT*’YTbM + 62 Z SuuTbP«TbV + 52 Z q;“/’rb;ﬂ—cu

v, k3b pu<v;b p,vib<c

= 1Og (Ez |;II €xXp {Eﬁ*,ﬁ (Tb7 Ty 23110, S, q)} >
b

where Ly, x, (§,€%,2;m, s, ¢) is defined in and z = [zw}fyzl is a matrix of independent standard
Gaussian random variables z,,. Similarly, we get

HS (f,f*;m,§,(f): Zmﬁug*vgbﬂ+ Z guugbﬁgbﬁ_’_ Z qA,M,Ebﬂgc,/

v, u3b n<v;b w,vib<lc

= log (Ez l]‘[ exp {L11 (€°,€%, 2, g,q)}D .
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We then factor E [Z L} over the replicas and take the limit of L — 0, N — oo to obtain

f=_Extr f(m,m, qq,s,83) (3.28)

m,m,q,q,s,5

1 1
— Ext _ YH YR HY v _ KV Sy
m,'rh,);,cjr,s,é { %m m 2 Z 58 + 2 Zq q

=g MV

+Ee-E.log [2 (£Y)] +a(E.log [Z (LO)DM* — alog [Z (M)] },

where we used the replica trick limy o (% logE, {z (Lx,xa)"]) = E.log[Z (£x,.2,)] to simplify the
expectations over z. The partition functions Z (EO) and Z (EC) are defined in Section using Eqs. li
and (3.10), respectively.

3.D Saddle-point equations

Our goal is to find the values of the order parameters for which the derivatives of f (m, 1, q, G, s, §) vanish
(see Eq. [3.28). For that purpose, we need to evaluate

ampL IOg [Z (L:)\l,AQ)] - <amf“'c)\1,>\2>
Osgun log [Z (‘Cz\l,)\z)] = <65"N£/\1>)‘2>LA1,>\2
aqm log [Z ('C/\h)\z)] = <aqm£)‘17)‘2>£>\1,kz ’

Lxi 2o

so we must calculate the partial derivatives inside the expectation values. We use equation (3.26)) for Ly, »,

because we do not know that ¢ is symmetric before deriving the saddle-point equations (see[3.A.3). We obtain

3mm£>\17>\2 = A AE7PE
1
Osen Ly 2, = 3 o) £te"

1
aq“‘LMJ\z = 1)‘2 (A;;l [Zm + Zm] [§L + gﬁ} - A;,lZLLEL - A;nlzlmfn)

e,

where A,,,, is defined in[3.A.3] Using the first two equalities, we immediately get

m™ = % fa < [7'*7 Ty ﬁODM*

3 = B2 ((E. [(7am) o)) s, — (T )
m = Ee-E. (€77 (€") cc]
= Ee B [(£"6") ],
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where the thermal averages (-) . , () (> () co and (-) ;¢ are defined in Section using Eqgs. (3.7), (3.8),
(3:9) and (3.10), respectively. The case of the third derivative is a bit more involved. We find that its expectation

with respect to the Gaussian variables z can be expressed as

[1 — L K — L
E. [<aq““£>\1,)\2>[,kl»\2:| =E. 1/\2 (ALnl [zm + Zm] <§ +¢& >£x1,x2 - ALleLL <§ >£>\1),\2

A€, ) - 5 D €€

) ) L L
=E. |7 % (Aml [azlﬁ (€ e,y T 0 (e,
+ azm <fK>LMy,\2 + azm <£K>£,\1,,\2 } - AL_LlaZLL <£L>£A1‘A2

A0 s, ) - 5 el €€

by using integration by parts. As known from linear response theory [185]], any Gibbs distribution with a
generic Hamiltonian H verifies the identity

O <6>H = <96IH>7-[ - <6‘>?-L <81H>7-L (3.29)
for any order parameter 6 that does not depend on . We use this identity to get

... <§L>LXI,A2 = <§L({9Z“€£>\1,>\2>£A1_A2 - <€L>LA1‘A2 <8z,,ﬁ-,£>\1,>\2>[;h’k2

L _|_ K L _|_ K
o <Am$§2§> e (e, <Am5 i >
L3122 L3122

- %AQAM (€€ e, sy = €er, s, €20, 0)
boan ((er), - [€0e,]).

Coming back to the previous expression, we obtain

1 2 v K
E: [Or-Lrnde, ] = 3 B (€00, €00, |
From this result, we find that the two remaining saddle-point equations are

qA,uu _ ﬂ205 <Ez |:<TM>LO <Tﬁ>£o]>M*

¢ = Be- B [(§") po (€7 cel -
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3.E Saddle-point equations for Gaussian &

In this Appendix, we take the prior P (£) on the student pattern to be a standard Gaussian distribution. As per
Section|3.3.1],

PO (667 2) = 2 (£°) (;)P exp (—i > W) exp [L9(§¢",2)]

m

=2 (29 e (£9(662) - 567

(2m)"

where the second line is written in matrix notation. This expression will allow us to simplify the thermal
averages (-) .c in the saddle-point equations (Egs. [3.14). By completing the square, £ (&;£*, 2) — 2£7°€ can

be written as

L0665, 2) — SeTe = -

; (5— [+¢-3" [m%wdiag{A@ “;ZT }DT

T
+ % {ng* + diag {A DE J;ZT H
I+g—4" [ng* +diag{A(cj) ZZZT H ,

where the function diag (§) returns the diagonal of §. We read out the mean and variance as

2
<§§T>/;c - <§>£c <€>ch = [I +q— §]71 .

(€ po=[T+q— 8" {ng* + diag {A @ 22 H ,

By evaluating the thermal averages (-) . of the saddle-point equations, we then obtain

m=Ee [Tl +q—3]

g =B [[1+q—3 " e eTm(l+3-3 ]

I T T
+E. [1+Q—§]‘1diag{A(q)Z+22 }diag{A(c])Z—zz } T+g—387"

s=[[+q-3" +Ee [[T+q— 8] el +q-3 ']

T T
+E, [I+(j§]1diag{A((j)Z+2'z }diag{A((j)Z—;Z } I+G—47"
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The expected value over z simplifies to

E. |diag {A(q) : ZZT } diag {A @) }T]

2

2

W ZRp T Zak  2iv Tt Zoi
Z Apz (@) % Z Ay (§) =

A (§) Api (@) zrjzin

In the end, we find

+[I+¢—8""GI+q—38" (3.30)

3.F Critical load

In the paramagnetic phase, the order parameters all vanish. The paramagnetic to ferromagnetic phase transition
of the student RBM is the line where the paramagnetic solution of the saddle-point equations (see Eq.
becomes unstable to leading order in the order parameters (see Fig. [3.10). As a consequence of Eq. (3.29), any
Hamiltonian of the form H (¢) = 3 >yt S €€+ 37 Iy & has

<§H>H ~ hy,
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to first order in the parameters J,,,, and h,,. Therefore, given that the prior on £ has a mean of zero, we have

E, |7 <€#>£MAJ ~AME;

e Z mpuf*p]

p

= Ay Z mPREFT P
P
to first order in m, s and q. The saddle-point equations for m and m then simplify to

m™ = 5 Ba <Ez [7'*7 <TM>LO}>M*
= [B*BI" @) (TeyTap) g, M
p

= [IB*B]Q o Z Ryupmlt
p
m =Ee-E; [ (£) cc]
= Y B [EE )
p

— ~ Pl
= Z Quupr”,
P

where Q and R are the covariance matrices of £* and M., respectively. We see that the behavior of m and m
is much simpler near criticality than at an arbitrary location in the phase diagram. In fact, the stationary values
of 7 and m do not depend on the other order parameters. We can even rewrite the equations for m and m in
the more compact form

m = [ﬁ*ﬂ]2 « Z Q[LLRLlimHM'

LK

Let the largest eigenvalue of S, = >, Q.. R, be )\iax. As known from stability theory [186]], the
paramagnetic solution m”* = 0 is unstable when [ﬂ*ﬁ]2 a S has at least one eigenvalue larger than 1. In other

words, the student is able to learn the teacher patterns above a critical load of

_
18*B)* A8

Qlerit =

3.G Saddle-point equations in the absence of correlations

In the absence of correlations, we have Q = I. The effective Hamiltonian M, (see Eq. then simplifies to

1
M* (T*) = §P* [ﬁ*fa
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so the expectation () M. is uniform. When P < P*, i.e. the student has at most the same number of hidden

units as the teacher, we make the ansatz

m'™ =6,,m, M = 6,,m,
SH =, g =0, (3.31)
qMV = 6}Ll/q) (jNV = 5,u1/qAa

under which M (Eq. 3.8) and L3, , (Eq. 3.TT) respectively simplify to
L
M (r) = §P6 and

P
1
Lo (€6 2m,5,9) = P Dal” (1= )+ D (Madam€™ + X2/, €.
p=1

The spins £ do not interact with one another in £y, x, (£%, &, z;m, s, ¢). In other words, they are independent
with respect to the Gibbs distribution with Hamiltonian £y, »,. Therefore, all of the spins with v # 1 can

be marginalized from the thermal average (&) . In particular, when the student patterns & are binary

Lx1,29
random variables, we obtain

Z exp ([)xy\sz*” + Ag\/@zu] 5“) EH
ety OXP (Al)\gmf*” + )\2\/@2,,) + exp (—Al)\gmf*“ — Ag\/@zu)

= tanh (A1 Adam&™ + Xa/qz,) -

<§M>LMA2 =

Similarly, the hidden unit spins 7,, are independent with respect to the Gibbs distribution with Hamiltonian
M (7). By the independence of all these spins, the saddle-point equations (Eqs. [3.14)) with binary £ reduce to

W = BB 8y (Es [Ty tanh (8° Bmmay, + By/az)]) s,
= 0
§" = B0 by (B [tanh® (B°m7oy + Bv/G24)]) o,
M = 8,y Be- . [€7 tanh (g™ + /32, ) |
s = 0
0" = O Be-E. [tanh? (1 + /24|

Assume the teacher patterns £* are also binary. Since tanh is an odd function, we factor the spins out

of it according to tanh ({*#y) = £** tanh (y) and use the change of variables z = £*#z,, to simplify the
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saddle-point equations to
n = 6" Ba E. [tanh (6"Bm + 5,/g2)]
j=p%E, [‘caunh2 ( m+ B\/(}z)]
m=E, [tanh (m + (jz)}

q=E, {tanh2 (m + \/&ﬂ .

On the Nishimori line 8* = 3, we have

m = B2aE, [tanh (BQm + ﬂ\/az)]
m=LE, [tanh (ﬁz + \/%zﬂ .

When P > P*, the saddle-point equations are slightly different. We make the ansatz

m =8, ,m, M = 6,10,

s" =6, sM =0,
q'u,y 5/“/q w,v S p* (j'uu . 5/‘”@
Ouvg otherwise, O g
and obtain
p*
Ly (€56 2m,5,9) =Y (MAamé™ + Xay/q2,) € +
p=1

Following the same steps as for P < P*, we get

n = f*fa E, [tanh (8 fm + B/qz)]

= p%ak, [‘canh2 ( m—+ ﬁ\/(}z)]
§ = B*aE, [tanh® (8,/g2)]

= [tanh ( qz)}
E. [tanb? (17 + /G2 )|

B [tani® (V5]
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otherwise,

Z )\szugu.

pu=P*+1

(3.32)



When 3 = §*, these equations reduce to

= B2a E, [tanh (82m + Bv/mz)]

aE, [tanh2 (Bv97)]

. [tanh (Th + \/TTHZ)}
[tanh (\[z)} .

=
E

g_

When the student patterns £ are Gaussian random variables, we find instead

E, [tanh (5% m + 5/q2)]

= B"Ba
j=p%E, [‘canh2 ( m+ ﬂ\/@z)]
§ = B*aE, [tanh® (8,/g2)]
M
m= 7 3
o
Tt At
g0
(1+3)°
When § = %, these equations reduce to
i = B2a K, [tanh (8°m + Bv/mz)]
§=p%aE, [tanh2 (ﬂ\/ﬁz)]
m
m =
14+m
g=— .
(1+3)°

3.H Effect of uniform correlations

We introduce uniform correlations in the teacher patterns by fixing the covariance matrix Q of {* to Q.
dyp + (1 —9d5,) ¢, where ¢ € [0, 1). Given this particular Q, the Hamiltonian M., (see Eq. simplifies to
e mom, + Lp (6] (3.33)
YEP 2
YEP

DN =

M, (1,) =

The interaction between any two spins 7., and 7., does not depend on the sites v # p. Therefore, the
covariance matrix R of 7, has the same form as Q, but with a different coefficient d outside the diagonal.
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S = OR then reduces to

Syp=Y (et (1—)dy) (d+(1—d)d,,)

T

=P'cd+c(l—d)+(1—-c)d+(1—c¢c)(1—d)é,

Any P* x P* matrix of the form A, = a + bd.,, has eigenvalues

\/% o],
Zix,:o}.

)\“14 = P*a + b with corresponding eigenvector e =

/\54 = b with corresponding eigenspace {x e R

Therefore, S has eigenvalues

A =P (Pedtec(l—d)+(1—c)d)+(1—c)(1—-d),
M =>01-c(1-d.

d is positive because the interaction between any two spins 7. and 7., is positive (see Eq. @]and [[187]).

Therefore, the largest eigenvalue A5, of S is A. In sum,

AS =2 = (P*—1)’cd+ (P*—1)(c+d)+ 1.

max

3.1 Numerical methods

We solve the saddle-point equations (Egs. [3.14)) by numerical iteration. To be more specific, we iterate

M (t 4 1) = m(t) + At (5*504 Ear . E. |:T*7 <TM>£o(t+1):| - mw(t))
(1) = 5" (t) + At (5205 (IEM*IEZ |:<T#Tg>co(t):| - <T#TQ>M(t)) - gW(t))
G (t4+1) = ¢" (1) + At (BQalEM*]EZ [(mﬁo“) <n>50(t)] - cj‘“’(t))
(4 1) = w7 () + AT (s €7 (€9) o )| = m (1)
sM(t+1) =s"(t) + AT (Eg*Ez [<£M£y>£c(t+1)] — Sw(t))
¢+ 1) = g (1) + A (Be-Ex [(€) cogin (€ coqan | — ()
with time steps At, At € (0, 1]. By construction, Egs. (3.14)) are a fixed point of the iteration. Empirically,
the iteration is the most stable when one of the two time steps is equal to one and the other one is small. Even
then, it is still occasionally unstable at large «, large teacher pattern correlations and low 7", which introduces
a few easily identifiable spurious discontinuities in Figs. (3.10). We symmetrize the initial conditions of ¢
before the iteration because any ¢ solving the saddle-point equations must be symmetric (see Eqs. [3.14).

We use Monte Carlo integration over whitened samples to estimate the Gaussian expectations E, [-]. We

enforce the sample means to be 0 by symmetrizing around the origin each set of samples z,,,, that approximates
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the corresponding integral over z,,,,. We then constrain the sample variances to 1 using Cholesky whitening
[188].

L, (€,E%, ) is a complex-valued function because it involves the square root of a real number that is
not necessarily positive. Therefore, the thermal averages (-) .c and (-) »0, are also complex-valued. By the
symmetry of the Gaussian variables in the saddle point equations (see Eqs. [3.14), the imaginary part of each
thermal average is equal to a and —a with the same probability. Therefore, the exact Gaussian expectations
must be real-valued. However, in practice, standard Monte Carlo integration for evaluating E, [g ()] with
a finite number of samples is very unlikely to randomly produce both g (z) and its complex conjugate
g (2). Therefore, we replace E, [-] by E, [Re (-)] when solving the saddle-point equations numerically. This

adjustment significantly increases the stability of the numerical iteration.

3.J Supplementary figures

This Appendix contains a graph of the free entropy difference of the PSB and partial PSB solutions of Eqs.
(3.14), as well as some plots of the Mattis magnetization m and spin-glass overlap ¢ obtained for real-valued
student patterns with a standard Gaussian prior. The former supports some claims made in Section [3.3.2.1]
but is not strictly necessary to understand the paper. The latter are not shown in the main text because they
look similar to the m and ¢ obtained for binary student patterns with a uniform binary prior. We simplified the
saddle-point equations (Egs. according to in order to make them.
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Figure 3.17: Free entropy difference of the so-called PSB and partial PSB solutions of Eqs. (3.14) shown in
Figs. (3.2) and (3.3). This plot was made using P* = 2 and P = 3, but the free entropy of P* =3 and P =4
looks identical.
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Figure 3.18: Permutation symmetry breaking (PSB) solution of Egs. for real-valued student patterns
with a standard Gaussian prior and teacher pattern covariance Q = I, in red and orange, compared against
the solution of Egs. (3.23), in blue. We plot the Mattis magnetization m in the top row, and the SG overlap ¢
in the bottom row. The magnetization plots and the top lines of the SG overlap plots show that the student
patterns that converge to teacher patterns have the same m and g as the solution of Eqs. (3.23), and thus also
satisfy m = q. Conversely, the bottom lines of the SG overlap plots student patterns that do not converge to
a teacher pattern have a spin-glass overlap of g as in Eqs. (3.23). The top branch of ¢ is We use P = 3 and
P* = 2 in the left column and P = 4 and P* = 3 in the right column. All plots have §* = § = 1.2.
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Figure 3.19: Partial permutation symmetry breaking (partial PSB) solutions of Egs. for real-valued
student patterns with a standard Gaussian prior and teacher pattern covariance Q = I, in red and orange,
compared against the solution of Eqs. (3:23), in blue. We plot the Mattis magnetization m in the top row, and
the SG overlap g in the bottom row. The top lines of the plots show that the student patterns &hgy that converge
to teacher patterns one-to-one have the same m and ¢ as the solution of Eqs. (3.23)), and thus also satisfy
m = q. Conversely, the other lines show that the student patterns {hg that converge to a common teacher
pattern have a smaller m and a different ¢q. To be more precise, the central and bottom branches of ¢ are the
spin-glass order parameters corresponding to ¢Q( },“57 5123“3) and Q( Ilg’g, £24,) with pu # v, respectively (see
Section [3.2). They are both different from the g of Eq. (3.23). The Mattis magnetization and SG overlaps
omitted from this Figure all vanish. We use P = 3 and P* = 2 in the left column and P = 4 and P* = 3 in
the right column. All plots have §* = § = 1.2.
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Figure 3.20: Mattis magnetization m for 3 = * and P = P* as a function of the number of hidden
units P, the correlation ¢, the temperature 7" and the data load . m is obtained by solving Eqs. (3.14)
numerically for real-valued student patterns with a standard Gaussian prior and teacher pattern covariance
Quv =0 + (1 —6,0) ¢, where ¢ € [0,1) (see . The top and bottom rows feature P = 2 and P = 3,
respectively. The white lines mark the phase transition of Eq. with A5, given by Eq. . The
speckles in the plots with P = 3, ¢ = 0.4 and P = 3, ¢ = 0.7 are due to the saddle-point iteration converging
to a different solution of Eqs. (3.30) than at neighboring v and 7.
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Figure 3.21: Mattis magnetization m for § = 5* and P = P* as a function of the number of hidden units P,
the correlation ¢, the temperature 7" and the data load . m is obtained by solving Egs. (3.14) for real-valued
student patterns with a standard Gaussian prior and teacher pattern covariance Q,,, ~ W (c, P), where
¢ €0,1) (see[3.A.2). The top and bottom rows feature P = 2 and P = 3, respectively. The white lines mark

the phase transition of Eq. (3.18) with A3, given by Eq. (3.24).
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Chapter 4

Saddle Hierarchy in Dense Associative

Memory

Based on the preprint [47]], doi: 10.48550/arXiv.2508.19151

available under the CC BY 4.0 license

4.1 Introduction

Studying the stationary points of machine learning algorithms is crucial to understand how they work. For
example, [[189]190] demonstrated that local minima in the loss landscape of large artificial neural networks
(NNB5) are relatively close to the global minimum, explaining why they generalize well in practice. Moreover,
[191} |192] showed that saddle points are much more numerous than local minima in large NNs. These
breakthroughs were made by establishing deep connections between the loss landscape of NNs and the energy
landscape of disordered systems studied in statistical mechanics. Beyond the broad insights provided by
these studies, and despite the progress made by [[193| 194, |195| 168]], the classification of stationary points
in machine learning algorithms remains an open problem. An interesting way forward is through dense
associative memory (DAM) models [23}|30]]. In fact, the interpretability of DAMs and the relative simplicity of
their learning dynamics [34] suggest that their critical points could potentially be characterized using analytical
calculations.

The Hopfield network was originally introduced as a paradigmatic model of biological associative memory
[23]]. Generalized Hopfield networks [25} 26,2728 |108}, 29] were then developed to improve upon the limited
storage capacity of the original [23||54]]. A few years ago, these generalized networks, commonly referred to
as dense associative memory (DAM) or modern Hopfield networks [30} 38|, were made into trainable machine
learning models capable of accurate pattern classification by Krotov and Hopfield (K & H) [30]. In a nutshell,
K & H’s DAM learns prototypes of patterns in a trainable weight matrix. Each prototype casts a vote for a class,
and the patterns awaiting classification are assigned based on the votes of the prototypes that most closely

resemble them. The resulting classification scheme is considerably more adversarially robust and interpretable
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than that of feedforward NNs with ReLU activation functions [30} 36, [45]]. Since their debut as trainable
machine learning architectures, deep connections have been made between modern Hopfield networks and
transformers [38]], as well as generative diffusion models [65,|66]. In particular, modern Hopfield networks
were used to implement the attention mechanism of transformers [38.,|107]], which has been attracting a lot
of interest in fundamental [63]|196, |67, 109, |80]] and applied research [107}[109,|197,|198]]. Recently, it was
observed that the trainable weights of K & H’s DAM are channeled toward minima by a low-dimensional
network of valleys in the loss landscape [34]. Moreover, the points where valleys branch out from one another
were identified as saddles in the simple case where the DAM has two patterns to learn. In general, it is not
straightforward to classify the stationary points of machine learning algorithms [168]]. However, the results
of [34] and the interpretability of DAMs suggest that their stationary points are both fundamental to their
learning dynamics and easier to characterize than that of generic NNs. With this goal in mind, we revisit dense
associative memory for pattern classification [[30] using the framework of Boltzmann machines (BMs) [[136|
137,138, [24] and Statistical Mechanics.

In Section[d.2] we present the DAM model that we study and the tools that we use to do so. This Section
is divided into two subsections. In Section we derive a DAM from a BM template. In Section[4.2.2]
we describe the setting in which we study DAM stationary points. In Section[4.3] we present our theoretical
results. This Section is also divided into two subsections. In Section[d.3.1] we introduce saddle-point equations
that characterize DAM stationary points. In Section we use these equations to demonstrate the existence
of a saddle-point hierarchy according to which the weights learned by DAMs of a given width are embedded in
larger DAMs, where they become saddle points. In Section[4.4] we use our theoretical results to significantly
improve DAM training, and we investigate the results. This Section is divided into three subsections. In
Section we design a theoretically motivated regularization method that facilitates supervised training. In
Section we show that our DAM, despite being designed for supervised learning, can learn interpretable
solutions to both supervised and unsupervised classification problems. Finally, in Sectiond.4.3] we relate
our findings to the learning dynamics guided by valleys and saddles studied in [34]], and we implement a
network-growing algorithm [87,|88]] that uses the saddle-point hierarchy to significantly reduce the cost of
DAM training. The code and hyperparameter values used in our numerical experiments are available at this

public repository [[199].

4.2 Model

The Boltzmann machine (BM) is a canonical graphical model of correlations in discrete data [[136]. It is
customary to partition BMs into a visible layer v = {vi}f\; and a hidden layer h = {h“}ﬁ;l such that
connections between the two layers are allowed, but connections within them are prohibited [[137]]. In this case,
the visible layer represents concrete features of the data, whose mutual correlations are encoded in connections
with the hidden layer. The restricted Boltzmann machine (RBM) obtained using this partition is much easier
to train than a generic BM [[138},|24]] and still has considerable generating power [[138,|143]], making it more
practical in machine learning applications [69,|141,|142]. The visible and hidden units of an RBM follow the
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Gibbs distribution
Py (v,h|J) = Z5(J) " Py (v)Po (h)exp (—BH [v,h; J]),

where 5 > 0 is known as the inverse temperature, P (v) and Py (h) are priors on v and h, H [v,h;J] =

. . S <u<
-y, 25:1 JHv;h,, is called the energy function or Hamiltonian, J = {J/}1=/=V

and Z (J) is a normalization constant called the partition function. The inverse temperature 3 represents the

are trainable weights,

absolute strength of the RBM connections, or equivalently controls the amount of noise 7' = 1/ in the RBM.
In this regard, Py (v) and Pg (h), which restrict the form of the Gibbs distribution to help the RBM represent
the data, are the marginal laws of v and h when there are no connections, i.e. 8 = 0. Their contribution to the
Gibbs distribution can be tuned with 5, which can therefore be interpreted as a regularization parameter.

4.2.1 A dense associative memory (DAM) model

As mentioned in the Introduction, we will now derive a dense associative memory (DAM) model for classifica-
tion from a BM template. We will explain why our model is a DAM at the end of this Section, once we have
clearly defined it. We make three basic assumptions on the distribution of data to be classified:

1. the data is scale invariant, i.e. any data point x is equivalent to cx;
2. the data can be partitioned in disjoint clusters;
3. the clusters can be grouped into mutually exclusive classes.

In order to exploit these three assumptions, we study a BM partitioned into three layers with different roles:
the data layer x, the hidden layer h and the class layer q, which represent data, cluster membership and class

membership, respectively. The corresponding energy is

N P
xoq b3 = whaih, + Z Zuythﬂ + Z hubt, (4.1)

i=1 pu=1 y=1 pu=1

1<p<P ¢ pq1<p<P _
1<i<N > {ui}1<icc and b =

{b“}f::l. There are no direct interactions between the visible layer and the class layer. In other words,

where J = {w,u, b} is the set of the trainable weights w = {w!'}

conditional on the cluster layer, the visible layer and the class layer are independent. Therefore, this BM is a
deep Boltzmann machine (DBM) with 3 layers [200]], which can also be thought of as an RBM whose visible
layer v is further divided into x and q.

Since the data is scale invariant (Assumption|[I]), we normalize it by its (Euclidean) norm in the data layer.
In other terms, we take the data units x; to be continuous variables with unit norm 1/ Zf\il (331)2 =1. We
assume no further knowledge about x, so we take the prior Py (x) to be the uniform distribution on the N — 1
dimensional unit hypersphere S~ ~!. Data normalization is a very common practice in machine learning. For
example, normalization by the Euclidean norm is frequent in text document clustering [201},/202,203]]. Various
types of normalization also occur in the brain and retina [204].

Since the hidden layer and the class layer represent disjoint clusters and classes, respectively (Assumptions

and , we take their respective units to be mutually exclusive binary variables, i.e. h € {0,1} with
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25:1 h, € {0,1} and q € {0,1}“ with 25:1 gy € {0,1}. In other words, we take each of these two
layers to be the vector representation of a single categorical (or Potts [[70, [71]]) variable with P + 1 and C + 1
categories, respectively. As such, Py (h) and Py (q) simplify to probability mass functions Py (h = e,) and
Py (q = ey), where we introduce e, = {57u},1j=1 fory € {0,..., P} and define e, € {0,1} analogously
fory € {0,...,C}. In particular ey = O represents a state outside the P clusters or the C' classes.

These priors on the hidden layer and the class layer can also be obtained by introducing fixed inhibitory
connections within the hidden layer and the class layer, respectively [81} 82} 83]]. Since at most one hidden
unit h,, can be activated at once, the hidden layer is a very sparse representation of the visible layer. In
machine learning, sparsity can improve interpretability [205]], generalization, computational efficiency [206],
and adversarial robustness [207} 208|209, 210l 211} [212]. The sparsity of the brain suggests that it is also
beneficial for biological neural networks [213]].

Given these priors Py (x), Po (h) and Py (q), we derive the marginal distribution of the visible layer (x, q)
(see Appendix [4.A]for details). We start our derivation by showing that the conditional distribution of the data
layer given the hidden layer has the form

Pg (x|p,J) :=Pg (xlh =e,,J) (4.2)

N
x exp <5Zwé‘xi> Vxe SV landp e {1,.., P}.
i=1

In other words, the probability density Pg (x|, J) corresponding to each cluster y > 0 is a von Mises-Fisher
(VMF) distribution centered on the direction w* = {w!' }f\il (see Appendix . In order to interpret the
wH as centroids for their respective clusters, we assume that they belong to SV ! like the data layer. Under
this assumption, we find the normalization constant of P (x|u, J) to be Qn (8) = %#m, where
I,, (z) is the modified Bessel function of the first kind of order n (see Appendix .

After slightly more work, we find the marginal distribution of the visible layer to be

Ps(x,y|w,p) :=Ps(x,q=e, |J)

P exp(ﬁz Y owla) .
Z:: ~ (B) PN (0) Vxe S tandy €{0,..,C}, (4.3)

0<H<P oN/2
where p = {p} }0<Z;C ={Ps(q=e,,h= eﬂJ)}Sizgg. Qn (0) = £y is the surface area of SV,

where I' () is the Gamma function, so m is the uniform distribution on S™¥~!. The uniform distribution
term of Eq. encourages the model to ignore very noisy data during training, which may or not be desirable
depending on the application.

The detailed derivation of Eq. (.3) (in Appendix {f.A) is inspired by the derivation of Gaussian mixtures

from RBMs presented in [72] based on the framework of [81}|82}83]]. In our case, the marginal distribution
Pg(x,y|w,p)

> o PalyIw,p)

convex mixtures between the uniform distribution on SV~1 and the vMF distributions P (x|, J) (see

Ps (x|w,p) = Z o Ps (x,y|w, p) and conditional distributions Py (x|y; w,p) = are

Eq. . Probabilistic models similar to P (x|w, p) are notably used in text document clustering [203].

Mixture distributions that have class-dependent weights like P (x|y; w, p) are also used in Gaussian mixture
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Figure 4.1: All of the P = 25 memories {w”}isz1 learned by an instance of our model with 5 = 16 when it
is trained on the MNIST dataset of handwritten digits [[8]] using constrained stochastic gradient descent (SGD)
of the negative log-likelihood loss (Eq. szf[) The hidden units are indexed using pairs of letters from A to E.

discriminant analysis [214].

The class weights p depend on the trainable parameters u and b of Eq. (see Appendix [4.A). Without
loss of generality, we choose to directly study (and train) p instead of u and b. Recall that p]) is a probability
distribution, and in particular p;) > 0 (see Eq. . We constrain the marginal Z;’;O py» i.e. the fraction of
data in each cluster, to a fixed distribution py, () and the marginal Zf:o py» i.e. the proportion of data in each
class y, to another fixed distribution pq (y). In sum, we end up with the constraints p; > 0, Zf:o Py = Pq (V)
and 25:0 Py = Ph (7). Since each cluster belongs to a single class (Assumption , we expect the pj of a
trained model to be close to 25:0 p;’, for a given y and close to 0 otherwise.

Given a dataset of P* patterns {x*“}fj;l with soft labels g;* [215]], we can train the weights w and p by

minimizing the negative log-likelihood loss

P C

D> gt log Py (x™, ylw,p), 4.4)

p=1y=0

L(w,p) =- %
which is a form of maximum likelihood estimation. We do so using constrained stochastic gradient descent
with momentum (simply called SGD in this paper). We explain how the constraints on w and p are enforced
in Appendix [4.F and we briefly discuss the initial conditions and the learning rate in Appendix 4.1}

The weights w* learned by SGD of the loss (Eq. .4) [8] are interpretable prototypes, or memories, of the
data (see Fig. Fl;flin the case of the MNIST dataset of handwritten digits [8]]), which is consistent with their role
as cluster centroids. Once the model is trained, we can use its conditionals Pg (y|x; w, p) and Pg (x|y; w, p)
to efficiently reconstruct y from x or x from y, respectively. In particular, we can classify unseen patterns
using the Bayes classification rule y = argmax,, {log Ps (¢'|x; w, p)} and reconstruct patterns of a given
class by finding the local minima of the effective energy —log P (x|y; w, p) as a function of x € S N-L

High-dimensional probabilistic models that store or learn prototypes, such as our model, can typically
reconstruct a limited number of patterns with non-trivial accuracy. In other words, they have limited storage
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capacity. For instance, Hopfield’s model of associative memory, the Hopfield network [23]], has a capacity of up
to O (N) patterns [23,54]. Dense associative memory (DAM) models are a class of Hopfield network-inspired
models with an asymptotically much higher capacity [30, 28|]. The effective energy — log P (x|y; w, p) that
we can minimize to reconstruct patterns with our model (see Eq. is very similar to that of the DAM
studied in [38L |67, [80], which also reconstructs patterns by energy minimization. In fact, according to [80], our

model belongs to the class of DAMs with exponential capacity.

4.2.2 Teacher-student setting

Among the extensive research on the properties of artificial neural networks (NNs) from the perspective of
statistical mechanics [[190} 191} 192} 27, 28 |108| |29, |54} |80, 72,216} |16} |164, |[217]], there have been many
studies of simple RBMs trained by maximum likelihood estimation (see Eq. 31,32, 218, (33} 219, [220]
or by averaging samples from the posterior distribution of the weights J given some observed data D. The
latter approach has notably been used to characterize the fundamental limits of RBM learning [|145} 146 39|
101} 147,142,143 |44, |46 in the teacher-student setting where the data used to train J is sampled from another
RBM with planted weights J* [61}|39,|101} 40]. This teacher-student setting can also be used to study our
DAM. In this scenario, a teacher DAM with weights w* and p* generates a large amount M = aN of noisy
data D = {x°, yc}gil and feeds them to a student DAM, which then trains its weights w and p by averaging

samples from the posterior distribution

M
Pﬁ (Wa p|D) = Z,B (D)71 PO (W, p) H Pﬁ (Xca yc|w, p) 3 4.5)

c=1

where Z3 (D) =Eyw p [Hfil Ps (x°,y°|w, p)} is the posterior partition function and Py (w, p) is the prior
on w and p, which for simplicity we choose as uniform over the sets in which w and p are constrained.

We use a statistical mechanics approach to derive a single set of saddle-point equations that simultaneously
characterize the weights that are stationary points of maximum likelihood estimation (Eq. for generic data
and the typical weight configurations obtained by averaging samples from Eq. in the teacher-student
setting. We assume that the student does not know the number of hidden units P* and the inverse temperature
(£* of the teacher, so it cannot match them with its own. In particular, we consider the case where the noise
injected by the teacher in the data is relatively small, i.e. 8*/N > 0 as N — oo, while the student chooses a
conservative inverse temperature 8 < N to avoid overfitting. Moreover, we fix ZyC:U p;’ = pj, (0) = 0 and
25:0 pyt = py (1) = 1/P~ for all 4 > 0 so that each g** := Py (y|p; w,p) = p*™*/p}, (1) = P*p™*isa
soft label for the corresponding w*#. On the contrary, we do not give Zf;o Py = py (y) arestrictive form.

In other words, pg (y) is free to be any given probability mass function.

4.3 Theoretical results

4.3.1 Saddle-point equations

In this Section, we introduce a set of equations for the stationary points of the loss (Eq. #.4), which we then

relate to the saddle-point equations emerging from the statistical mechanics analysis of posterior sampling (see
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Eq. @.3) in the teacher-student setting.

Let us first establish a few definitions that we will use frequently throughout the Section. Given two

RP*XN RPXN

matrices w* € and w € , we define the overlap matrix m(w*, w) = w*w’ € RP" %P We

.. . N . .
write its entries as m/# (w*, w) = .0, w;"*w!" and its row vectors as m#* (w*, w), where 1 < p1,, < P*

and 1 <y < P. Moreover, for any matrix m € R”™*(P+1) with entries mm*+" and row vectors m*+, we use

exp (m-)
S exp (mie)

oy (mh) =

to represent the entry number v € {0, 1, ..., P} of the softmax function applied to the row vector m*~=. In this
context, m** has a zeroth component mH+0, and so does its softmax.
In Appendix we show that the stationary points of the negative log-likelihood loss (Eq. satisfy

i
-
> iy [@]
Py
=y (4.6)
Y (y (P;Pn)
P* C
with @)’ = Y ") g;#r o, (Bm™ (x*, w) +log [py))
=1 y=0

p*
Py = 3 a0y (Bm" (<", w) +log [p,))
pa=1
forall1 < u < Pand0 < v < P, where m*? (x*,w) = %1og [Qn (8) /9 (0)] and the normalization

constant ;) (p; pn) is defined in Appendix
Similar equations arise naturally in our statistical mechanics analysis, which amounts to using the replica

method [74,(112] to compute the limiting free entropy

f(o,v,B,P*, P)= 5*,A}[1,I]{]l~>oo N]Ew*’p*"p log [Z5 (D)], (4.7
where v = 8*/N, o = P¥N and Ey,- - p is the joint expectation over the distribution of examples

D = {x°, yc}i\il generated by the teacher and the priors on the teacher weights. To be more precise, we show
that the free entropy can be computed with a variational principle of the form

f (vi7ﬂ7 P*7 P) = EXtrm,rh,p f(mvma P)7 (48)

whose extremizer m = {m“*“}EZfPP can be interpreted as the N — oo limit of the expected value of

the teacher-student overlaps m(w*, w). We show the derivation of the variational principle in Appendix
together with an explicit expression for the trial function f(m, 1, p). If we assume that there are P* < N

teacher memories and that the priors on w*#* and g* are uniform like those of the student, we find that the
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expected teacher-student overlaps must satisfy the saddle-point equations

m,u*,u

P* ~ 2
Zu* =1 [mu* M]

P Py 4.9
y Cl/ (p7ph)
c
with 1 =" ph (y) o, (Berm* + log [py))
y=0
P
Py = pg () Z o (Besrm** + log [py])
px=1

foralll < p < Pand 0 < ~v < P, where ¢ (2)

ﬁ log [0y (8) /2 (0)].
If we instead clamp the teacher weights w*#* and g*#~ to fixed patterns x**+ and their corresponding soft

Ty Ber = <(2v) B and M0 =

labels q*#+ [2135]], respectively, to mimic a more general distribution for the data, then Eqs. (.9) become (see

Appendix [4.E)

(4.10)

with z = Z S Zq*“* (Betrm* + log [, ])

[L*—l

Py = Z 4" 0 (Beerm™* + 1og [p,])
=1

forall 1 < < Pand 0 < v < P, where we recall that m*+0 = %ﬁ log [2n (B) /Q (0)].
€

In the limit of p, v — oo, which indicates a large number of examples and a low level of teacher noise,
Egs. (4.10) become equivalent to Eqs. (4.6) if we make the identification 7' = @/, i.e.

-
. (4.11)

I

Let us explain this limit step by step. For any v and g, the M examples {x°}*., provided to the student are
corrupted versions of the teacher patterns x* with a noise level of 1/v. Therefore, in the limit of v — oo with
finite o, each example x© provided to the student is one of the original patterns x*, as in Egs. (4.6). However,

even in this case, the empirical distribution of the examples deviates from that of x*, of which it is merely

]\/I
*N

is finite, or equivalently the expected number of repetitions M /P* of each pattern is not sufficiently large

a bootstrap sample. At fixed P* and P, this mismatch disturbs the accurate learning of x* when p =
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compared to N (see Eq. .10). This influence progressively weakens as o grows and the ¢ function approaches
1, reflecting the convergence of the empirical distribution of the examples to that of the teacher patterns.

In the limit of ¢ — oo with finite v, Eq. is still very similar to Eq. (.6). The only difference
between them is that Eq. has (e instead of S in the argument of o and in the denominator of the
definition of m*+°. Using < as a shorthand for ¢ (2v), we find that the fixed points of Eqgs. with o — o0
are related, through the identification made by Eq. (.T1), to the stationary points of the effective loss

L(w,p) = ' log P o (x™ ylw,p), (4.12)

p=1y=0
exp(gﬂzl L wi x)

1
0
where  Ps (X,y | w,p) Zpy ~ (8) TPy Qn (0)

What distinguishes this equation from the standard loss (Eq. is that Pg ¢ (x,y | w, p) has Ser = ¢ in the
argument of the exponential function instead of 5. As a consequence, P3¢ (X, y | w, p) is not a probability
distribution unless ¢ = 1, in the limit of v — oo (see Appendix[.C). A value of ¢ less than one in the effective
loss (Eq. is reminiscent of the presence of noise in the data generation process, SO we propose to use it as
a regularizer for the weights. We discuss this point in more detail in Section[d.4.1]

4.3.2 Saddle-point hierarchy

As shown in [[168]], the loss landscape of any NN with unconstrained weights contains the stationary points
of narrower NNs with the same architecture. In Appendix we show that this result also applies to the
teacher-student setting with ¢ — oo and any non-zero v. To be more precise, we show that, if the parameters
pied Pyt miredi7 | pixedy with hidden unit prior pEY" (+) are a fixed point of Egs. |i with P

hidden units, then the duplicated parameters

_fixed,
Ll _ z, o O<pu<P
! j;‘;"ed’”_P P<u<P+R
pgxed ,0 v = 0
1 fixed,
P 1pfixedy 0<~y<R
Y —fixed,~y R < < P
Dy 7>
Lpieda=P  poy<P4R
mﬁxed,,u*O v = 0
mdwplipy — 0 fixed,puay 0<y<P (4.13)
mfixed,ps,y—P P<~v<P+R
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pgxed,O = 0
1, fixed,
pdupli,’)’ _ §pyxe v 0< Y S R
Yy pt‘;xed,v R < ol S P

%pgxed,'y—P P < v < P+R

pigliven (O) Y= 0

1, given 0<~v<R
along with py, () = 2]1};1 " o

A () B<y<P

" (y-P) P<y<P+R,

are a fixed point of the same saddle-point equations with P+ R € {P, ..., 2P} hidden units (See Appendix
for a detailed derivation). In other words, we duplicate some of the weights solving Egs. (4.10) to construct a
fixed point for a wider network. In that sense, wide DAMs contain the fixed points of narrower DAMs. In
particular (see Section.3.T)), this property also holds for the stationary points of both the standard loss (Eq.
[M.4) and the effective loss (Eq. @{.12).

The saddle-point equations (Eq. with duplicated order parameters (Egs. are invariant to
the permutation of any hidden unit v € {1, ..., R} and its duplicate v + P. This kind of symmetry can be
spontaneously broken if it leads to a higher free entropy (see Egs. and[4.27). However, symmetry-breaking
transitions can be prohibitively slow when the symmetric state is stable to local perturbations [60]]. Interestingly,
the DAM introduced in [30]] quickly undergoes many successive permutation symmetry-breaking bifurcations
during training [34]]. This observation and additional empirical evidence suggest that the symmetric states are
unstable, or in other words that they are saddles, which was verified analytically for DAMs with only two data
points to memorize [34]]. In Appendix [.G| we prove that, if § is large enough, Eqs. is a saddle, which
is a major step toward explaining why permutation symmetry-breaking transitions are relatively fast in DAMs
trained with a large number of data points. We call this result the saddle-point hierarchy principle.

4.4 Empirical results

In this Section, we use our theoretical results to improve training, and we show empirically that our DAM
learns interpretable solutions to both supervised and unsupervised classification problems. We perform all our
numerical experiments on the MNIST dataset of handwritten digits [8]]. The code and hyperparameter values

used in our numerical experiments are available at this public repository [[199].

4.4.1 Learning by minimizing the effective loss

As the number of hidden units P increases, standard maximum likelihood estimation with fixed inverse
temperature 5 becomes progressively less apt to train our DAM to its full potential. At high P and 8, many
memories stay stuck in noisy states that do not contribute to classification, which is wasteful. Using a lower (3

helps the memories converge, but also reduces their resolution and diversity, possibly because it also lowers the
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Figure 4.2: 25 of the P = 1000 memories w* learned by two instances of our dense associative memory
(DAM) model with different values of 5. Both networks are trained on the MNIST dataset of handwritten
digits [[8] using constrained stochastic gradient descent (SGD) of the negative log-likelihood loss (Eq. f.4).
The left-panel model has 5 = 18, and the right-panel one 5 = 6. DAMs with 18 > /3 > 6 learn memories that
interpolate between these two pictures. The hidden units are indexed using pairs of letters from A to E.

DAM’s capacity [80]. This change is far from being only cosmetic. In fact, it comes with a gradual reduction
in classification accuracy (see Table[.T)).

Optimization algorithms with a parameter analogous to 3 often converge to better solutions when this
parameter is increased from a small value during optimization. For example, annealing schedules can
be incorporated into minimization algorithms to help them find deeper local minima than they could otherwise.
This observation suggests that our DAM would learn better memories if we increased S during training. It
is tempting to do so by SGD of Eq. (&.4) with respect to /3, but it makes /3 increase so quickly that many
memories still stay stuck in noisy states.

We find that optimizing the effective loss (Eq. f.12) with a suitable ¢ slows down the evolution of 3 enough
to let the DAM learn much cleaner memories (see Fig. 3] top panel) and achieve much better classification
accuracy (see Table 4T than with standard training (Eq. f.4). Looking back at Section #.3.1} we propose
to interpret ¢ as a regularization parameter that helps the DAM take noise from the data into account during
training. There is no obvious theoretically motivated way to find the best value of ¢ for a generic dataset, so
we choose it by hand. Despite this limitation, we believe that the simplicity and interpretability of our method
still make it an interesting alternative to annealing schedules.

When we use this training method, we compute the DAM classification accuracy from the effective

predictions

Psc (x,y | w,p)

4.14
Pae (x| w,p) @19

Ps(y|x;w,p) =

c
where Pz (x| w,p) = Zpﬁ,c (x,y | w,p),
y=0

instead of the true predictions Pg (y | x; w,p) = Pg (x,y | w,p) /Pg (x | w,p). This approach allows us
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Inverse temperature 3 \ Classification accuracy

6 79%
10 85%
14 89%
18 91%
Trained with ¢ = 0.25 96%

Table 4.1: DAM classification accuracy (rounded down to two significant figures) for P = 1000 and various
values of 3. The last line is for 3 trained by SGD of the effective loss (Eq. 4.12) with ¢ = 0.25.

to calculate both the accuracy and the loss through a single evaluation of Pg ¢ (y | x; w, p), which is more
efficient than computing Pg ¢ (x,y | w,p) and P (x,y | w, p) separately when monitoring the progress of

training.

4.4.2 Dense associative memory is interpretable, even in unsupervised classification

Now that we understand how to train our DAM reasonably well, we investigate one of the most interesting
properties of the solutions that it learns: their interpretability. As advertised in the Introduction, we will
explain how to further improve training in the following Section. We already mentioned that the regularization
parameter ¢ of the effective loss is interpretable (see Section and Eq. .12). Here, we point out that
the learned weights are as well. In fact, each learned p* /pn (1) can be interpreted as a soft label for the
corresponding w# (see Fig. [£.3). This property was also observed by [34] in K & H’s DAM for pattern
classification [30].

At test time, we observe that our DAM classifies approximately 98% of the test data points into the class
y = argmax,, {pz,} of the memory w* to which they are the most similar. In other words, a 1-nearest
neighbor classifier [222]] conditioned on the memories w* and their soft soft labels p* /pn (1) approximates
the classification of our model with 98% fidelity. This behavior is reminiscent of K & H’s DAM [30], where
only a few memories participate in the classification of each data point. The 1-nearest neighbor classifier
approximates DAM classification more faithfully for correctly classified data points (approximately 99%
fidelity) than incorrectly classified data points (approximately 70% fidelity).

We now show that the notion of interpretability described in this Section extends beyond supervised
5;1,
unsupervised classification by replacing the soft labels ¢, in the effective loss (Eq. with the softened
DAM predictions (1 — ¢) Ps ¢ (y|x**;w,p) + 6%+1, where ¢ € [0, 1] and Pg ¢ (y|x**; w, p) is defined in
Eq. (#.14). In this scenario, we are minimizing

learning. Given a dataset of P* unlabeled patterns {x** we find that we can train our DAM for

P C
1 o 1 ™
Lunsup (W, P) = —;ZZ [(1 =€) Pos (™ w,p) e [ log P (X, ylw,p) . (4.15)

p=1y=0

As before, we do so using constrained SGD (see Appendix with the initialization and learning rate
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Figure 4.3: In the top panel, 25 of the P = 1000 memories w* learned by an instance of our dense associative
memory (DAM) model trained on the MNIST dataset of handwritten digits [[8]] using constrained stochastic
gradient descent (SGD) of the effective loss (Eq. [#-4) with ¢ = 0.25. In the bottom panel, the corresponding
rescaled class weights p* /pn (@), where py, (7) = P%H forall 0 <y < P. The hidden units are indexed using
pairs of letters from A to E, and the column-wise maxima of the class weights are the classes of the memories
with the corresponding letter indices. Rescaled class weights learned with py, () # %ﬂ are qualitatively
similar to the ones shown in this figure. Approximately 98% of test digits fed to the DAM are given the class
of the memory that resembles them the most. For example, a digit that looks like the memory #AA is given
the class 8.

described in Appendix [4.]] Equivalently, we can also view this algorithm as minimizing the combined loss
Ltotal (w7 p) = Lmargin (W7 p) + )‘Econd (Wa p) ) (416)

P
1 *
where  Liargin (W, P) = ~ B E log Pg ¢ (x**|w, p)
p=1

P* C
SN Po (ylx ™ w, p) log P (yx™; w, p)

p=1y=0

1
P

and  Leona (W, p) = —

113



where Pg ¢ (x**|w,p) = Zgzo Psc (x**,y|w,p) (see Eq. . Leona (W, p) is called the minimum
entropy regularization term in unsupervised machine learning [223]]. Intuitively, it encourages the DAM to
learn different class weights py for each class y, which is not possible by minimizing only Liargin (w,p)
because Pg . (x**|w, p) does not depend on y. Exploiting this characteristic, we train our DAM on patches
of MNIST digits [8] and find that it learns reasonable latent classes y = argmax,, { pZ,} for the memories

w# (see Fig. [4.4)and Figs. [.8] [4.9)and 4.10|of Appendix [4.J). This approach could potentially be useful
for feature extraction [224]).

4.4.3 Fast training with splitting steepest descent

We now explain how to further improve the training method of Section4.4.1} More specifically, we use the
saddle-point hierarchy derived in to accelerate training.

Machine learning models that experience the permutation symmetry-breaking bifurcations described
in Section @] during training—such as the DAM studied in [34]], RBMs with binary units [42, 46] and
Gaussian mixtures [[72} |81} 82| |83 84} 85| |86]—have characteristic tree-shaped learning dynamics. Intuitively,
permutation symmetry-breaking transitions are points where model parameters differentiate from each other,
so they correspond to the bifurcations of the tree. In the left panel of Fig. {.5), we show that the learning
dynamics of our DAM also follows a tree of permutation symmetry-breaking transitions.

The saddle-point hierarchy principle introduced in Section4.3.2] suggests the following idea to accelerate
learning: train a relatively narrow DAM for cheap, then repeatedly duplicate (or “split”’) some of the hidden
units 4, escape the corresponding saddle point and continue training. Intuitively, we expect to save a lot of
computing resources by using relatively few hidden units at the start of training, when the learning dynamics
follows a few branches close to the root of the learning dynamics tree. The splitting steepest descent algorithm
introduced in [[87] formalizes this idea in an efficient and theoretically motivated way. We implement a variant
of this algorithm that takes the constraint w* € S™~1 into account, but is otherwise very similar to the
original version (see Alg. , with fast splitting implemented as in [88]. The constraint w* € SN~ only
matters in steps 5 and 11, which are also arguably the most conceptually difficult parts of Alg. (), so we
explain them in detail in Appendix 4.H| Fig. shows that the learning dynamics tree of splitting steepest
descent has a more sparsely populated trunk than that of SGD without splitting (see Fig. .5). In other words,
by using a relatively small number P of memories at the beginning of training, we reduce the total number
of values P x T that they take over a period of time 7', which is consistent with our intuition that it can
save computational resources. The situation could have been different if using fewer memories slowed down

training.
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Figure 4.4: In the top panel, 25 of the P = 100 memories w# learned by an instance of our dense associative

memory (DAM) model trained in an unsupervised way (Eq. [4.15) on 6 x 6 patches of the MNIST dataset

of handwritten digits [8] while assuming C' = 10 latent classes and ¢ = 0.6. In the bottom panel, the

corresponding rescaled class weights p* /py (1), where py, ()

< P. The hidden units

forall0 <~ <

_1
P+1

are indexed using pairs of letters from A to E, and the column-wise maxima of the class weights are the classes

of the memories with the corresponding letter indices.
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Figure 4.5: Overlaps m/=* (x*,w) = Y1 ;" w! between the first 1000 digits x*#+ = {z}"* }f\;l of the
MNIST training set 8] and the memories w* = {w!’ }f\; of our dense associative memory (DAM) model
while it is learning them. Each point is one of the high-dimensional magnetization vectors m,, (x*, w) =
{m#=H (x*, w)}P projected onto a two-dimensional plane using the UMAP algorithm [225]]. On the left,

fx=1
the m,, (x*, w) found during training without splitting steepest descent. On the right, the m,, (x*, w) found

with splitting steepest descent (Alg. . In both cases, UMAP is trained on the m,, (x*, w) found without

splitting steepest descent. The classes y = argmax,, { pg,} of the memories w# are color-coded in the legend.

7 and 1 are the most numerous classes, so they have the top two largest entries in 25:0 DYy = DPq (y) (see
Appendix @ which is why the memories are classified as either 7 or 1 at the beginning of training.
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Algorithm 1 Splitting steepest descent [87, |88]|

1: Preallocate space for a DAM with Py« hidden units and the corresponding weights w and p
2: Initialize the weights w* and p* connected to the P, first hidden units p € {1, ..., Py}, as well as p°
3: min L (w, p) with SGD
4: while P, < P do
5: Identify a subset fteopy C {1, ..., Peur} Of R < Ppax — Peyr hidden units to split, return if empty
6: Let pipasie = {Peur + 1, ..., Peur + R}
7: Build weights whrse = whens for pop,ge
8: Rescale pHen < pher /2 and pn (fspiic) <= Ph (Ksplit) /2
9: Build Weights p”pas‘e = p“COpy and Ph (Hpaste) = Pn (ucopy) for Fpaste
10: Update Py +— Py + R

11: Escape the saddle point by 2" order descent of L (w, p) w.r.t. w

12: min L (w, p) with SGD

13: end while

14: return > See Appendix@and [87,/88] for details about steps 5 and 11

We now establish a methodology that we will use to compare the training times of DAMs trained
using the effective loss (Eq. [4.12) on MNIST [8]] with and without splitting steepest descent. It is more
interesting and meaningful to compare the training times of NNs with similar performance. Therefore, we
pick hyperparameters such that DAMs trained with and without splitting have similar classification accuracy.
For that purpose, we find the general region of hyperparameter space where DAMs trained without splitting
steepest descent have the best classification accuracy. The accuracy does not change much in this region, so
we pick generic hyperparameters inside. Next, we manually tune the hyperparameters of splitting steepest
descent so that the resulting DAMs have comparable accuracy. Note that we did not find hyperparameters that
make the accuracy with splitting steepest descent significantly better than without it.

Once the hyperparameters are set, we collect statistics of the accuracy and training time. We run our
experiment on a CPU and manually set the seed of pseudorandom number generation to make training
deterministic and reproducible. Two DAMs with the same hyperparameters and the same seed are guaranteed
to be trained using the same number of computer operations and to have the same classification accuracy after
training. However, background processes and other external factors can change between two runs with the
same seed, which adds noise to the bare training time that we want to measure. As such, we approximate the
bare training time as the minimum over many runs with the same seed. We then calculate the average and
standard deviation of the classification accuracy and bare training time over multiple seeds.

In Fig. (4.6), we compare DAM training time and accuracy with and without splitting steepest descent,
using round markers and error bars to show their respective means and standard deviations as a function of
the maximum number of hidden units P,. Splitting stops at P,.x hidden units, and DAMs without splitting
have Ppax hidden units from the start. All hidden units are split in each while-loop iteration of Alg. (I,
except for the last iteration, where exactly Ppax — Peyr hidden units are split. As wanted, DAMs have similar
accuracy with and without splitting (left panel). Moreover, the relatively small error bars of the training time
indicate that the residual noise of the background processes is small and that the seed has a limited impact
on the training speed (right panel). Splitting steepest descent has a significant speed advantage that scales
very advantageously with P« (right panel). Without splitting, the training time is proportional to P,a.x. With
splitting, the training time is almost constant. The clearest sign that it increases with Py, is the small jump
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Figure 4.6: The classification accuracy and training time of dense associative memory (DAM) networks trained
with and without splitting as a function of the maximum number of hidden unit Py,,x. The round markers and
their corresponding error bars show the means and standard deviations of the measurements made at each Pp,x.
Statistics are collected from 10 different random seeds. In the left panel, we verify that the DAMs with and
without splitting have a similar accuracy. In the right panel, we compare their training times ¢. To facilitate
this comparison, we normalize the t-axis such that the data point indicated by the arrow is at ¢ = 1.

between P, = 1500 and P,,x = 1625, where the number of while-loop iterations in Alg. (E]) increases by 1.
In other words, the run time of Alg. (1) is better explained as proportional to [log Ppa.x | than Py in the range
of Phax of our numerical experiment, which is a dramatic improvement over the run time without splitting.

4.5 Conclusion

In this work, we study a dense associative memory (DAM) model capable of learning interpretable solutions to
both supervised and unsupervised problems, which we construct from the framework of Boltzmann machines.

We derive two sets of equations that respectively characterize the stationary points of DAMs trained on
real data using maximum likelihood estimation and the fixed points of DAMs trained on synthetic data in the
teacher-student setting. Guided by their similarity, we then establish that the maximum likelihood equations
are a special case of the teacher-student equations. Building on this equivalence, we introduce an effective loss
function that significantly stabilizes training thanks to a regularization parameter that mimics the noise present
in the data generation process.

We show that the stationary points of the effective loss of DAMs with a given number of hidden units are
saddle points of larger DAMs. We considerably accelerate training using a custom implementation of the
splitting steepest descent network-growing algorithm [87, [88] inspired by this saddle-point hierarchy principle.
In our numerical experiments, the training time of splitting steepest descent is approximately logarithmic in
the number of hidden units, which is a huge improvement over the linear training time that we observe without
splitting steepest descent. Further research is needed to clearly determine the asymptotic functional form of
the training time.

In Section we briefly discuss how our DAM is interpretable. The ingredients needed to make
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an interpretable neural network are not well understood, and we believe that our DAM offers a promising
opportunity to explore that area. Studying the teacher-student setting with teacher inverse temperature 5* less
than order IV is another interesting research direction that we leave to future work. Beyond the framework
of our model, [226, [227] have designed a technique that trains Gaussian mixture models by replicating
mixture components. In contrast with our work, it uses a handpicked cooling schedule and breaks permutation
symmetries with random noise. By design, splitting steepest descent finds the directions in the loss landscape
that allow NN to escape saddle points with permutation symmetries as quickly as possible, but finding these
directions is more expensive than generating random noise (see Appendix d.H|and [87, [88])). It would be
interesting to study this tradeoff and identify the regimes where each method is preferable over the other. More
generally, one could investigate how permutation symmetry-breaking takes place in energy models related
to DAMs, such as attentional BMs [[67]], and study its relationship with the permutation symmetry-breaking
[42,146] and dynamical transitions [31} 32} 228 |33} |35]] found in other types of RBMs. [34] 229] have made
connections between DAM learning dynamics and cellular differentiation. Similarly, it could be possible to
investigate whether there are similarities between cellular division and splitting steepest descent in our model.
Finally, it would be interesting to see if splitting steepest descent and our proposed regularization technique

can be used to improve the training of transformers and generative diffusion.

Data availability

The code for the numerical experiments presented in this work is available at this public repository [[199].
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4.A Derivation of the model

Consider the RBM Hamiltonian

P N P C P
—BH[x,q. ;I =B hy Y whzi+8Y hy Y ubig,+8Y bt
p=1 y=1

pn=1 i=1 p=1

. . 1<p<p 1<u<P
where J = {w,u,b} is the set of all RBM parameters, i.e. w = {w!'} 2/>y, u = {u/'} Z/>. and

b= {b“}le. The prior densities Py (h) and Py (q) are non-zero only when h € {97}5:0 andq € {ey}gzo,

in which case we have

0 vy=0
—BH [x,ey,e4;J] = N
Bzizlexi—i—aZ 0<~y<P
b* =0
where ag = p 4

Bull + b 0<y<C
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For convenience, we write the corresponding Gibbs distribution Pg (x,q = e,,h = e, |J) as P (x, y, u|J),
and the priors Py (q = e,) and P (h = e,) as 74 (y) and 7y, (7y), respectively. Given a uniform prior on x,

we find

7Th(0) ’}/:O

Ps(x,y, pu|d) = T,
8 (%9, 1J) Zs (J) a ) wh(v)exp(a;)exp(ﬁzij\;wzmi) O<y<h

where Z3 (J) is an unknown normalization constant. The data x belonging to each cluster ;> 0 follows a

von Mises-Fisher (vMF) distribution P (x|, J) o exp (B wN wfxl) centered on w# = {w!} Y | (see

Appendix . We assume that Zil (wh )?> = 1 so that the corresponding cluster centroids w# lie on the
hypersphere SV ! like the data x = {xz}i\; We marginalize P (x, y, u|J) over the hidden units 4 and get

Ps(x,y|J) =

[Z 7 (1) exp a“) exp (ﬂZw xz) + T (O)] .

=1

We will now find the normalization constant Z3 (J). Marginalizing P (x, y|J) over x, we obtain
Pa(u) = [ dxPsGxald)
SN-—-1

1 P
= Zﬁ(‘])ﬂ-q /SN 1dx [Zﬂ_h exp (al)) exp (52111 xz> +7Th(0)]

pn=1 i=1

P
= Zgl(.]) Z 7 (@) exp a“) + Qn (0) 7, (0)
1 Mip

where a® = log [0y (0) /Qn (B)]. Normalization of P (y|J) requires that

7q (Y) [25:1 7 (@) exp (ag) + 7 (0) exp (ao)}

N e ) [y () oxp () + 7 0) e ()]

)

so we deduce that Zg (J) = Qu (5) ZS:O Tq (¥) [Zle T (1) exp (alt) 4 7 (0) exp (ao)} . We define

wq(y ) (0) exp(ao) _
v=0
p'7 — Ey/ o ma(y’ )[ =1 (V) exp (a ’)—Hrh(o) exp( aO)]
y Trq(y)ﬂh(lt) exp(a Z) 0<y <P,
Z o g (y") [ ﬂh(u) exp (a ,)+7rh(0) exp ao)]
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from which we obtain

exp (ﬂzz L w! xl) 1
skl = Zpy SO o)

The conditional distributions P (x|y, J) and their marginal P (x|J) = Zyc o P (x]y,J)Pg (y|J) are von
Mises-Fisher mixtures [203]] with weights p” 7 and Zy o Py respectively. As explained in Sectlon

v=0

we constrain the marginals Zy:O py = Ps(7]|J) and 27:0 py = Ps (y|J) to be equal to fixed distributions
0<y<C
0<y<C

polytope with sum constraints 25:0 Py = Pq (y) and Zgzo py = pn () [230].

ph (77) and pq (y), respectively. Formally, this means that p = {pg} belongs to the transportation

4.B Stationarity conditions of the loss

Since we constrain the memories w* to have unit norm (see Section[4.2)), the method of Lagrange multipliers

tells us any set of memories w that minimizes Eq. (4.4) must solve the extremization problem

ol (S

The extrema are the points where the gradient vanishes, so they take the form
Oyr L (W, p) + p'w =0
N
>l =1
i=1

forall 1 <y < P. We calculate 9,,» L (w, p) and write the solution in the more explicit form

= Z *“*Zq*“* (BmH* (x*, w) + log [py])

pe=1
wt
wh = = Wi =,
2 [f]
forall 1 < pu < P, where o, (z7*) = ) (x* ) w) = Zfil ;" w! for 1 < p < P and

>0 exp(zrr)

mi0 (x,w) = 5 log [Qn (8) /Qn (0)]-
Similarly, any set of class weights p that minimizes Eq. (4.4) must solve the extremization problem

C P P C
Extr{L(w,p) +3 N <ZPZ ~ Pq (y)) +Y W (Zp;j ~ Ph (7)) }

p,w,A
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In Appendix [4.F| we show that its solution is

Z 4" o (BmP (x,w) + log [p, )

fa=1

Dy
Py = 5= —~
Y ¢ (Pipn)

forall 0 <~ < P, where the normalization constant ¢; (P; pn) is defined using Egs. (4.26) of Appendix

Combining these equations with the ones for w, we find the stationarity conditions

> *“*Zq*”* (Bmi* (x",w) + log [py )
u*fl

Y= Z g oy (Bmt (x*, w) + log [p,))
pe=1

wh— P

[ N a2

Py 2

Y & (Pipn)

forall < pu < Pand0 <~ < P.

4.C Integration of the von Mises-Fisher density

The von Mises-Fisher (vMF) distribution [231] is an isotropic Gaussian distribution restricted to the N — 1
dimensional unit sphere S™V—1. It takes the form

N
p(x)=Q (r)_1 exp <Z ria:,») ,

where r = 4/> ", [ri]2 is called the concentration parameter. When r = 0, it reduces to the uniform distribution

N/ -
on the unit sphere, whose surface surface area F( N3y 18 thus also the normalization constant Qn (0). When
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r > 0, we define the mean direction & = {r;/ r} _, and find the normalization constant to be

N
Qn (r) = / dx exp (Z rizi> “4.17)
SN—I

i=1

N
= d P
/SN_1 X exXp (r%rm)

1
=Qn_1 (O)/ du (1 - u2)(N73)/2 exp (ru)
-1

=Qn(0) (g)liN/Z r (J;[) Injo—1(7),

where I, () is the modified Bessel function of the first kind of order n. The third line of (4.17) comes from
the change of variables u = vazl 7;x;, and the fourth line is a consequence of Poisson’s Bessel function
we find

integral [232]. In the limit of large N with p = = ~ &,

N 1-N/2 _
/SN71 dx exp <Z TiJH) ~ 2752(117;(;)— 0 (];] - 1) (1 + (20)2) v

(e[ i)

where 7 (z) = (1 + x2)1/2 —1—log {1 + (1 + xz)l/ﬂ + log 2,

by exploiting the large N asymptotic expansion of In/3_1 ([N/2 — 1] - 2p) found in [233, 234]. We use

Stirling’s approximation

(V) s vmem o (Y ) " e (X 4)

to simplify it to

/SN_l dx exp (i m) ~ Qn (0) (1 + (2p —1/4 exp KZ ) } (4.18)

i=1

Wheren(a:):(l—i—xZ)/ —1—log{ (14 2?) }—HogQ

4.D Replicated partition function and free entropy

Suppose a student dense associative memory (DAM) model is trained using a dataset D = {x°, yc}i\il of M

ii.d. examples x° with labels y°. By Bayes’ theorem, the student weights w and p follow the distribution
M

Py (w,p|D) = Z2(D)"'P(w,p) [[ Ps (x°.y° | w.p),

c=1
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where Z (D) = Ey Hi‘il Pg (x°,y°lw, p)} . Assuming the examples are sampled from a teacher DAM

with weights w* and p*, the average replicated partition takes the form

<ZL>: Z /-ﬁd C]E [ﬁp (c Clag,® o
X w* p* L. B x,y|W,p)

{ IW Le=1

Z(D)"

M M L M
Z / decl Ew+ p* lH Pg (xc,yc|w*,p*)1 HEwa’pa [H Ps (Xc,yc|w“,pa)]
=1 c=1 a=1 c=1

{ye3d,
M C L
=Ew wEp+ p lH Z / dx®Ppg (x°, y°|w™, p") H Pg (x¢, y“|w?, p“)]
c=1yc=0 SNt a=1
c L M
=Ew pr*,p (Z /SN* dXPB (va‘W*vp*) H Pﬁ (X7ywa7pa)> )
y=0 a=1

where we redefined w = {wa} _,and p = {p“}a ;- In order to simplify the argument of (- ) , it is
convenient to write Eq. (4.3) in the form

Pg (x,y|w",p%) ZQN —0y)) ' ”@m( Bl =0y Zw x) (4.19)

where the value of w2 is arbitrary. Until the end of this Section, all sums over the hidden units will include
the index 0 unless explicitly indicated otherwise. Define I, (x) = Pg (x, y|w*, p*) H£=1 Ps (x,y|lw*, p*),
then

v«=0 =1

N
Z Q (5 [1— 8,.0)) ™ p exp (/3* [1—6,.0] waﬂ

L P

11> on (31— 6,07 Wexp< Bl - von x)]
a=1 Ly=0

Z Qv (B [1-4 HQN D]

*fy* ala'yal exp (ﬁ* [1 _ 5%0} szﬁv*xi + BZ [1 _ 5%0] Zw?%xi> ]

We will now evaluate the integral [y, dx I, (x). Using Eq. (4.18) of Appendixwith P = Py =
*Y avq12
%\/Zz [B7[1 = by0]wi™ + B3, [1 = .0 wi™ ], we get

/ dxexp< 1= bl S 4 30— 6] S x)
SN-—1 -

/
~w 0) (14 20)7) o (5- 1) 12,
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in the limit of large N. Since /Y, (w”*)2 = 1, the square of p.,, -, simplifies to

K2

2

(p7*7)2 = % Z lﬁ* [1 - 5%0} w:’y* + ﬁz [1 - 5%0] w?%

i

= (1 o] 20 (1= 8,0) T [ 80

a

2
avye b
+ N2 E [1 = 6y,0] [1 = 0vy0] E wg T w ",
a,b i

where v = % To leading order in % we find

—1/4 —1/4

(1 + (2pvw)2)
ad (5 1) 0o~ (G- 1)n @l = + = 0] S - b

a A

~ (1 +(20[l — 5%0])2)

+ [ﬁ@*}z Z [1—06,0][1—0 ]Zwm“wb%
IN Va0 Y0 : i )

a,b
_ 2v — 2 _ i
where Ser = [2v]2+1+16 and§,, = d,.0+ T [1 —0,,0]. Assuming thatv > 1/Nand < N,
we drop the last term. Finally, we use Eq. (4.18) backwards with p = v [1 — §.,,¢] and obtain
* —1 * Y ava
QN (ﬂ []. — 67*(]}) /SN—1 dXeXp (5 []. — 57*()} Ei:wi’y x; + ﬁza: []. — 5’Ya()] zi:'wi’y ZCZ>
~ exp <5eff [1=6y.0] > [1 = 65.0] wav*wT“) ;

a

from which we conclude that

C

ST Sib 1

y=0 VY1 YL Y

exp (ﬁeff [1—65.0] Z [1 = dy,0] Zw:%w?%> :

a

[Tonen- 5%0])]

We define « = M/ N, introduce the order parameter

m= for » " w; " w, (4.20)
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and insert into (Z%) the identity operator

dma'y*l/(s a'y* v _ wik"/* wqy
i %
i

’Y*7V7a
H dm® = H din®r+v Beffa Z &Y Zw*v* w® — m&rv
P - K 3
'Y»m’/va 7*7”7‘1 RETLS1Y 7
so that we can rewrite it as
(28 = [ T[ dm®"dm® "By exp {NHs (w, w*;1h)} exp {—NHg (m, 1)}
VsVia
4.21)
Ep- p exp {aNlog [ > > oy [HPZ%] exp {Hp (%%;m)}] }
Y«Y1---YL Y a

. Befrox . .
where Hg (w,w*;th) = — MmNl T wd
; y P % %
i

Ve rvia

HQ (m, rh) — /Bgt*a Z ,r/'\?ja'y,kl/?,na’y,kl/7

Hip (7,72im) = = > 10g [ (8L = 0y,0])] + et [1 = 8.0] D7 [1 = by, 0] m-7.

a

Using Eq. (#.18)) of Appendix the exponential of Hg integrates to
Ewexp{NHg (w,w*;1h)}

= QO (0)_PL /SN?1 dw exp (%;f*a Z mm”zw;‘”*wg”>
i

RERLETY

NHexp _710g 14 |:26effoz:| Z [th‘”* .

via K2 4

2
exp (J;—l)n 2&'“(1 Z [Zma%vw ]

i
In order to continue the calculations, we make the replica-symmetric ansatz

m*Y = m™" and m*"Y = m7*" for all a; 7., v

py” = p, forall a;v
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so that we can use the replica trick to simplify

Fos| 3 S [T ot
zélog lZZpZ”* > al‘y”“] exp {Hp (%V*;m)}]

~ ZZp*v* log [ZpZQN (B[L— 570])*1 exp (Ber [1 — 4.0 [1 — d40) mwn)] 7

as we take L to zero. Similarly, we get

2
%log [Ewexp {NHg (w,w*;1h)}| = fflog 1+ [2&%} Z lzmvw ]

)

+ (];7 - 1) n 25630‘ 3 [mew r

%

From now on, we assume for simplicity that 3> pi® = py, (0) = Oand }° pj#* = py, (p1.) = 1/P* for all

ino g . 1<p. <P*
p > 0. Defining g;#+ = P*py#~ = Pg (y|pes, J) forall p, > 0, g* = {gy OSZSC and 9 = 55 = %,
the free entropy f then takes the form
P
f~ Extr {f(m,im,p)}  such that > ) =pq(y) and > p)=pn(v) 4.22)
,Im, ’Y=0 y=0

PP N [P 2
with  f (m,1h, p) = —Befro Z Y 4+ IE Zn 2Beft0 Z lz m"/nw;‘v*}

Y, ¥y=0 ~+=0 i=1 Lv«=0

P C
o) > Eg [gy]log ZPWQN — 040]) " exp (Betr [1 = 810 m“”)]

px=1y=0
where we approximated the expectation over p as a (constrained) extremization problem using Laplace’s
method. By inspection, the order parameters m®” and /%Y always vanish, so we ignore them in the incoming
derivation of the saddle-point equations.

4.E Saddle-point equations

In this Appendix, we adopt the convention 1 < p, < P*, 0 <y < Pand 1 < o < P. By the Lagrange

multiplier theorem, any set of class weights p that extremizes Eq. (#.22)) must solve the extremization problem

C P

y=0 v=0 y=0
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In Appendix [#.F] we show that its solution is

Py = Z Eg- [g;m} 0y (Bett [1 = dy0] m**= —log [Qn (B [1 — d50])] + log [py])

Py = P
Y ¢ (Pspn)

for all 0 < v < P, where () (p;pn) is defined using Eqs. (#.26) of Appendix #.Fand o, (z/*) =
exp(a:“*’y)
ST exp(e) -

solving for the gradient equal to zero. Opu.n f (m, 1h, p) = 0 immediately yields

is the softmax function. We extremize Eq. (4.22) with respect to the remaining parameters by

= - EC g B[ ~ol) ! exp (Ber [1 — 040] m#+7)
7 Y p QN ﬁ ) 0 eff ~0

HY — 1 — § E.. * [ Y 4 .
" [ 0] y=0 [ ! ] ZK:O pZSZN (ﬁ [1 6&0]) ! exXp (ﬁeff [1 — 6%0] mu*n)

(4.23)

On the other hand, Oy~ f (m, 1, p) = 0 gives an equation that depends on the choice of prior for the teacher
memories w*#*. We first investigate the case where the teacher memories w*#+ and the class weights g*
are distributed uniformly at random over the sets to which they are constrained (see Section[d.2.2)). In this
scenario, we have g [g;”*] = p;; (y). Moreover, assuming that P* < N, random vectors on the unit sphere

are orthonormal with high probability, which means that

2

N P* N pr
Z lz muww:u*‘| :Z Z muwmuww:u*w:v*
i=1 Lp,=1 =1 pla,vs=1
p N
_ Z [muw]2+ Z m“*"’er””Zw:”*w;‘”*
=1 PV i=1
p
~ Y [
pa=1

Therefore, Oypus~ f (1, 1, p) = 0 gives

0= 3mu*vf (ma ﬁla p)

P

1
0 = —Berom7 + iamuw Z n | 2Berc0
k=0
P .
sy
mtY = ¢ Z [muw]Q m ,
P* ., 12
vy=1 ZU*ZI [m *’Y]

where ¢ (z) = ﬁ =7 vanishes (see Eqgs. i and m#=7 is arbitrary (see Egs. and i when
~v = 0. Therefore, we may update only /m*+* and m*+* with 1 < p < P when solving for Vf = 0 by
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fixed-point iteration. Defining m#*+0 = %ff log [y (8) /Qw (0)], we then obtain the saddle-point equations
€

et = qu Y) o (Berm + log [py])

e

)

P* ~ 2
ZV*:l [ml/*p.]

exp(mi"*!")
SoF_o exp(zher)
using m#=0 = %ﬁ log [ (8) /€ (0)]. Putting the equations for m*+* and p; together, we find
€

forall 1 < p < P, where we simplified the argument of the softmax function o, (z#+) =

mit = qu O';A ﬂeﬁmu* + lOg [py])

-
Py =15 W) Y 0y (Berm™ + log [p,])
p=1

Ay Hox b
mtt = ¢ | 260 Z [rvep]? o
P 2
ve=1 ZV*_I [m *f }
=y
Pl =
Y (y (Pipn)

forall1 < pu < Pand0 <~ < P. If we instead clamp w*#+ and g*#* to some fixed patterns x*#* and their
soft labels q*#+, respectively, then the solutions of Eq. (#.22) take the form

C
it =" g o, (B +10g [py)
y=0
P
= 40 (Barmt +log [py))
pe=1
N P* 2 N *U P it
x kg
mit = ¢ | 2840 Z lz mV*Hx;V*] >im1 D=1 2
i=1 Lyv.=1 \/ZZ 1 y* mu*Mx*u*
I 2
Y () (P;pn)
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Defining z}' = >° , #/~#a;", we thus find

P* C
T = Z ;e quju*gu (Besrm®* + log [py])
pta=1 y=0
p*

5y = a0y (B +log[py))
p=1

mtt = ¢ | 2Be0

W=—@f
Y ¢ (Pspn)

forall < pu < Pand0 <~ < P.

4.F Normalization of the weights

In order to enforce vazl (wﬁ)2 = 1 at each SGD step, we project w# and the gradient of the loss with
respect to w# onto the unit sphere SV ~! and the tangent space of w*, respectively. We divide w!' by its
norm to project it onto S™V~1, and we multiply the gradient by ;5 — w;‘ wj, to project it onto the tangent
space. Projecting the gradient onto the tangent space is a mathematically sound way to obtain the gradient of a
function restricted to a manifold embedded in RN [233]).

The tasks of deriving the saddle-point equations for pj (Egs. @), finding the stationarity condition of
the loss with respect to the class weights pj (Egs. @ and efficiently training p;) all amount to solving the

extremization problem

C P P C
Extr {f (P)+ YN (Z Py — Pa (y>> +y W (Zpg ~ ph (7)) } : (4.24)
o y=0 =0 =0 y=0

where A, and w” are Lagrange multipliers that enforce the constraints } 5. pj = pq (y) and >_, pj = pn (7).
In the former task, f (p) is the free entropy (Eq. at fixed m and m. In the latter two, it is the negative
log-likelihood loss (Eq. [4.4) at a given w. To find the saddle-point equations and the stationarity conditions of
the loss, we derive an implicit solution of Eq. that is useful in analytical calculations. On the other hand,
to train p), we design an algorithm to quickly compute a numerical solution of Eq. (Ff_ﬂ[) We start by noting
that, since the extrema of Eq. (#.24) are the points where the gradient vanishes, they take the form

P
> 0} =pq ) (4.25)
v=0

C
> oy =rn(y).
y=0
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Define p) = 0,7 exp (f (p)) = PyOpy f (p), then

@

=X, + w7,
py

along with the previously established row and column sum constraints on p. Rearranging terms, we get

1

v 1
Py Ay +w?Y Py
Using the row and column constraints Zf:o Py = Pq (y) and quzo py = Ph (7), we find that the Lagrange

multipliers )\, and w” solve the non-linear equations

P
Y pq(y)yzo)‘y+w7y

1 C
. :ph(v)z

y=0

wlo
o Dy (4.26)
For conciseness, we define () (p;pn) = Ay (P;Pn) + w” (P; pn), where A, (P; pn) and w” (P; pn) are the
Ay and w” solving Eqs. (4.26) at given P and py. Using these definitions, we find the implicit solution
Py =Dy / Cy (D; pn)- As wanted, this equation is useful in analytical calculations involving the saddle-point
equations and the stationarity conditions of the loss. However, it is also quite slow to solve numerically for a
given P, as reported in [236, 237, 238]. Therefore, although we can train p by iterating p) = p; / ¢ (D; pn),
it is not a very efficient method.
In order to efficiently train pj, we devise a faster way to solve Egs. (#.25) than through Eq. (#.26).
Exponentiating both sides of the first line of Eqs. {#.25)), we find

exp (1051 (P) ) exp (—nA,) exp (—nw) = 1

exp (—nw”) py exp (nﬁpgf (p)) exp (=nAy) = py,

where 7) is an arbitrary scalar that will play the role of a learning rate. Fix k] = pJ exp (77817; f (p)) By
the Sinkhorn-Knopp theorem [239, 240, 241], there is a rescaled matrix of the form p)) = D7 (k) k) D (k)
that satisfies the same constraints p;’ > 0, Zf:o Py = Pq(y) and Z§=o Py = pn(7) as py if some
technical conditions are satisfied [241|]. Moreover, if pgﬁ exists, then it is unique [242} 243} 24 1], and we can
quickly compute suitable scaling factors D] (k) and D}, (k) fork = {k;’ 85;32
algorithm [239} 240, 241} [244]. p;] is generally not equal to pz. However, we observe that the iteration

using the Sinkhorn-Knopp

Ky (8) =y (O exp (10,50 f (B (1))
py (t+1) = Dp, (k(¥) kj (t) Dy (k (¢)) 427

converges at small 7 (for example ~ 0.1/P), which means that it must converge to a solution of Egs. (4.25)).
Since the Sinkhorn-Knopp algorithm is fast, it is significantly more efficient to iterate Egs. than
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py = DPy/C) (P;pn) to solve Egs. (4.25).

In practice, we train p; using a stochastic variant of Eqs. (4.27) where the gradient is estimated over small
batches of data and smoothed with a momentum hyperparameter. Furthermore, we multiply the gradient by
dyy — Py /Pn (7) to reduce the size of the components of exp (778%@) f(p (t))) that move p; away from the
constraints Zi:o Py = Pq (y) and Zf:o P, = pn (7). This step is a simple approximation of the gradient
projection proposed in [245].

4.G Saddle-point hierarchy

Suppose that the set of parameters Z1°#, pixed: 7 ppfixeduay | pfixedy with hidden unit prior PV (4) s

a fixed point of Eqs. (#.I0) with P hidden units. Substitute into the same saddle-point equations with
P+ R € {P,...,2P} hidden units the duplicated order parameters

—fixed,p
dupli,p Z; O<p<P
i - i _
gieds=P  p<u<P+R
pgxed,o v = 0
1 ~fixed,y
ﬁdupli,'y _ 2py 0< v < R
Yy ~
s R<y<P
1 - _
Ipfedy—P Py <P4R
mﬁXCd,}L*O v = 0
mdupliyﬂ*’)’ — mﬁxed,,u*’y 0< v < P
mfixed,pey =P P<~v<P+R
pgxed,o v = 0
1, fixed,y
oy — 2Py 0<y<R
Y .
pied R<y<P
1, fixed,y—P
Lpfredn P<y<P+R

pigliven (0) Y= O
1 _given
| A () 0<y<R
along with  py (v) = Qgiv};n
Pn (’Y) R<y<P

" (y-P) P<y<P+R,

where the hidden units v € {P + 1, ..., P + R} and their corresponding order parameters are duplicates, or

copies, of v € {1, ..., R}. v = 0 can also be duplicated, but the result is less interesting. By definition (see
Egs. (4.26), ¢ (5" pn) = Ay (B pn) +w? (B"""; pn), where A, (p*;pp) and w? (5" pn) are
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the A\, and w” solving

Z Aupll
/\ + !

E —ﬁxed Y
glven )\ + WY y

P+R
E —dupll,’y
< Ay + wr P

E ’é/ —flxedyy
/\ + w”

Therefore, ¢ (P"“P; pn) = (] ( fixed. pi‘ven> and the saddle-point equations simplify to

P C
1
_fixed * s *
S ST > B) Y a3 g (™ o )
pe=1 y=0
p*
Z—)gxed'y — Z q;# o, (ﬂeﬁmﬁmd . _|_10g|: ﬁxed])
=1
N N * 1y = *fixed
X . 2 z; IL*X e
R EEPIND Bl o St e (428)
i=1 va ) |:>_(*hxed ,u:|
—fixed,~y
pgxed,w pyxe

¢ (pined; glven ’
Pn

where I (¢ > R) is the indicator function equal to 1 when 1 > R and 0 otherwise. Assume that ¢ — oo so

that ¢ (2/6effg\/ Zf\; [fﬂz) =1 ( va 1 &5 12> 0> then the saddle-point equations are the same no

matter how the prefactor of 3 (1 + I (x> R)) affects the norm of z/', and Egs. are a fixed point of the
saddle-point equations with P + R hidden units. In particular, Eq. .13) is a stationary point of the loss (Eq.
@A) when Beir = B.

For the rest of this Appendix, all sums are understood as having the same bounds as Eqs. (4.28) and (#.10).
The stability of any fixed point of the form x = F(x), such as those of Egs. , can be evaluated using
the Jacobian matrix J of F'. If all eigenvalues ) of the Jacobian satisfy |>\|< 1, then the fixed point is stable.
Conversely, if the Jacobian has an eigenvalue A with |A|> 1, then the fixed point is unstable. In particular, if
the quadratic form v? Jv is larger than 1 for some v with ||v||= 1, then the fixed point is unstable. For the
rest of this Appendix, we evaluate the stability of Eqs. (4.10) with duplicated order parameters. Keeping p
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and p fixed, the Jacobian of the saddle-point equation for X is

Oay T =D a5 Oaym? Y gt Doy (Besrm!** + log [py])

o Y

= Betr Z x;u* a:i‘];mu*u Z QZ“*UM (ﬂeffmu* + log [py]) (6uu — 0Oy <5effmﬂ* + log [py]))
s Yy

1
_ * L s K e v | sU
= 5efle‘j Y =— (xk lz Ty ‘rz‘| %)
Fox > @] ¢
Z @y o (Berm® + log [py]) (0 — 0 (Berm’*= + log [py])) ,
Y

where 7 = . Suppose that Z%', py» m*=7 and p] are the duplicated parameters of Eq. (4.13) with

0<p,v<RorP < pu,v <P+ R,then

* 1 * *he ~v | ~v
Ozy T = Beffzmju*ﬁ (xku* - [Z xiu*%] xk)
o > 7] i
1 1
>4y 5000 (Berm™ 4 +log [p)]) (% = 5000) (Berm™ " + log [pﬁxed])> ’
y

I O<u<R
uw—P O0<u<P+R.

where 0 (u) =

If S is relatively large (for instance of order V/N), then the softmax Tg(u) splits the indices 1. into a cover S
of sets S (1) such that og(,,) (Begm™#= + log [p,]) ~ I (s € S (1)). Therefore, we have

_ 1 | -
Oz T ~ 5effzx;w*72 (IZ# - [Z zf”*ff] IZ)
oo > @] i

310 €50 (G~ 3700 €5 0)).

The subcovers S (0 < u < P) and S (R < p < P + R) are both partitions of the indices p.. As such,
[0z /] P+Rl is block-diagonal with 2 x 2 blocks coupling the indices 0 < p < R and v = u + P. Without

] o, V=

loss of generality, we investigate the stability of the block

2 1112

1 B 3 [x}*“* (= ezl @) o (o = [ 2" 2] 23)
1
o wees k )
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where ! = 37 gy 2;". Let u' be an arbitrary vector orthogonal to X' and define

1 -
’ 2 —u} uw=P+1,
then we have the quadratic form
N * L s *
S oot [ GRS
T L s 1
ve{l,P+1} k=1 \/7’1 s €S8(1) V2 Dok Ty Ty,

pve{l,P+1} j,k=1

If u! is orthogonal to all the x*#+ such that u, € S (1), and in particular if S (1) contains a single pattern

2
sy _ <l ks 1 _ . . . 1 -
X = X', then ) peeS( [ %5 uj} = 0, so the quadratic form vanishes. In this case, u" is a stable

direction of the saddle- pomt equations. Otherwise, the quadratic form does not vanish, so there is a By such

1

that the direction u" is unstable when Seir > Bepiit-

4.H Splitting steepest descent

Steps 5 and 11 of splitting steepest descent (Alg. [I) involve the splitting matrices S,, (w, p) derived in [87].
In this appendix, we explain their role in the algorithm. Consult [[87] for a detailed explanation of their
interpretation and theoretical underpinnings.

Define the thresholds Tipes € (0,1] and Apres < 0. At step 5 of Alg. , we duplicate the hidden
units corresponding to the R < min {7ihres Peury Pmax — Peur } MOst negative minimum eigenvalues )\r‘;m of the
splitting matrices S, (w, p) such that Al < Apres [87]. To make Fig. , we pick Tipres = 1 and Agres = 0.

Our splitting matrices are

— =T N n
Pl Vwn Vi exp (ﬁeff D el W xl)

Su (w,p) = —Ex - P N 092N (B)
2_u—1 Dy exp (ﬁeff Dim1 W xz) TPy ono)

where Vg is the gradient constrained to the unit hypersphere SV =1 (see Appendix and e can be written
explicitly in terms of 3 as Sefr = <3 (see Egs. [4.12]and[4.10). Atstep 11 of Alg. (I), we break permutation
symmetries in the memories w* by descending along the eigenvectors u* € SV~! corresponding to the
eigenvalues A, . To be more precise, we update the memories w* and their duplicates wduli 4 according
to wH < wH + Ju and wdWPlib# < wduPlii — Suk, respectively, where § is a relatively small learning rate
[87]. In physics terminology, the eigenvectors u* are excitation modes that break the permutation symmetries
of the memories. N and P are generally large, so it is prohibitively expensive to store S,, (w, p) explicitly
for all hidden units 1 < p < P. Therefore, as proposed in [88]], we find the eigenvectors u* and their
eigenvalues A\, by minimizing the Rayleigh quotients Q,, [w,p] : S¥=1 3 u* — [u*]" S, (w,p) u¥,

which can be evaluated without constructing S,, (w, p) explicitly. To derive @, [w, p], we first compute
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Vwu VL. exp (Ber >, wha;). Given f () =", 0;x;, we find
vevg exp (Betrf (8)) = exp (Betrf (0)) (Beffvevgf (0) + ﬁszvsf (9) vgf (9)) .

As mentioned at the beginning of Appendix Vo f (0) is the unrestricted gradient of f (6) projected onto
the tangent space of 6. It remains to calculate VoV f (8). Following [235], we find it to be the iterated
projected gradient

[VoVa £ (©)],, = (ke —0k0c) Do, | D> (3 — 0;0k) Dy, [Z 9,1:0,11
k h

J

= (Bke — 460) D 29% O
k

=D (Gre = Oube) | wibho + | Y6055 | i
k J

Zﬁjxj (571 — 9104) s
J

SO we obtain

Py exp (5eff i w”%‘)
i1 Pl exp (Ben YL, w Iz) +p0G §§3

where F (p;0,x) = T [ﬂeff?gvgf (0) + BxVaf (0)Vy f (9)} ®
= B% (Z kTl — [Z @kak] {Z Qﬂjl )
k k J
+ Betr [Z le“j] lz pi; — 1] lz webe+1
7 [ l

Qu[w,p] () = —Ex-

F (u“;w“,x)]

We can directly minimize @ [w, p] (1) = >_, @, [w, p] (u”) to find the set of all eigenvectors u* simultane-
ously. However, it is more convenient to integrate the eigenvector calculations into the DAM architecture. As

such, we define the modified loss

Le(w,p,u)=—1lo i b ex §5iw’-‘x4 [1+4 eF (u*;wh x)] + 0 iy (B)
P P o WX TPy 0 (0)

n=1 i=1

P N Qn (B)
= —log [Zpg exp <<5wamz +log [l + €eF (u“;wﬂ,x)]> -H?S Q]]\\If (0)1 5

pn=1 i=1
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so that the four gradients used to trained the DAM can be calculated using the equations

Va0 lw.p] (w) = g { 1L, (o) |

VW‘C (W7 P) = vWL:O (W7 p, u)
VPL (W7 p) = VpEO (Wa p; ll)
and VgL (w,p) =VgLy(w,p,u).

This technique is based on the automatic differentiation trick proposed in [88]]. We numerically implement
the limit in the first equation by setting ¢ = 0 during loss evaluation and € = 1 during gradient computation.
When we optimize Q [w, p] (u), the minima of the different Rayleigh quotients Q,, [w, p] (u*) can span
multiple orders of magnitude, so we normalize the gradients V. Q,, [w, p] (u*) by a running average of
their magnitudes to facilitate convergence. This is inspired by the use of RMSProp in [88]]. Moreover, we
constrain the eigenvectors u* and the gradients V» Q,, [w, p] (u*) to the unit hypersphere as we do for w#
(see Appendix [4.F). To make Fig. (4.6), we train the eigenvectors for 1 epoch, during which we monitor
min,, {% [u"])" Ve Q[w, pl (u“)} = min, {Q[w,p] (u*)} ~ min, {\}, } as a metric. The Rayleigh
quotients converge very quickly, and using a higher patience does not seem to improve the quality of the

learned eigenvectors.

4.1 Initialization and learning rate

To make all our figures, except Fig. (4.5), we initialize the memories w# uniformly at random on the unit
hypersphere SV~ [246]. To make Fig. we instead use the algorithm of [247] to sample the initial

memories w# from a vMF distribution (see Appendix with mean direction x* = X*/||X*||, where
X' =+ 25*21 x*#= is the mean of the patterns x*/+ and ||X*||= ZfV:1 [z]°. By construction, the mean

direction X* is the ordered solution of Eq. (.10) with the most permutation symmetries, or in other words the
root of the learning dynamics tree shown in Fig. 4.5 so initializing the memories around it helps reveal the
tree structure.

We use a learning rate of n ~ 0.1 to train the memories w*. Based on our experience, p trains well

P (0)
1—pn(0)

multiplicative update factor exp (nap; L (w, p)) described in Appendix can be relatively large even when

when its own learning rate is approximately (1 + ) P times smaller. Without this rescaling, the

7 is relatively small, making it ill-behaved. Equivalently, we can also train g, = <1 + £ *1‘7510()0)) Pp with the

same learning rate 1 as w. We adopt this approach in our code available at [[199].

Let Py = 152510()0)P so that g] = (P + Py)p}. In terms of gi*47 = (P + Py) pf*4, the duplicated

parameters (Eq. 4.13)) of the saddle-point hierarchy principle are

—fixed,
z, O<u<P

i,‘_jupli’ﬂ _
4 —fixed,u— P P
z, <u<P+R
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ggxed,o v = 0
‘ PiR lgﬁxed,fy 0<y<R
gduphﬂ = T ]2 -

Y P Sfixed,y R <P
I <7v<
lghedr=P  P<y<P+R

mﬁxed,u*o ¥ = 0
mdwtiey — b fixed .y 0<~y<P
nfixed; o,y =P P<y<P+R
ggxed,o Y= 0
1 fixed,
gdupli,’Y - M igyxe K Os7= &

Y P fixed,y R <P

g5 <7<

lghedy=P Py <P4R

gn " (0) 7=0
| P+R |18 () 0<y<R
along with gn (y) = P 2gi\1/r;n
9n (7) R<ysP

18" (y—P) P<~y<P+R,

where g2"" (7) = (P + Po) p&**" (v) and gn () = (P + Po) pn (7). The newly introduced scaling factor of

# must be taken into account in our implementation of splitting steepest descent (Alg. , which gives Alg.

(), shown below.

Algorithm 2 Rescaled splitting steepest descent 87, [88]]

Preallocate space for a DAM with Pp,x hidden units and the corresponding weights w and g
Initialize the weights w* and g* connected to the Py, first hidden units p € {1, ..., Pey }, as well as g?
min L (w, g) with SGD
while P.,;, < P do
Identify a subset fteopy C {1, ..., Peur} Of R < Ppax — Peyr hidden units to split, return if empty
Let Mpaste = {Pcur +1,..., Por + R} and Hdupli = {1, ey Por + R}
Build weights whrse = whers for prpage
Rescale gHer < gheorr /2 and gy (pspiic) < gn (Ksplic) /2
Build Weights ghese = gheor and g (;U'paste) =g (/Lcopy) for Hpaste
Rescale gHawti «— %g” wri and gn (Kdupli) < %gh (Medupti)
Update Py <+ Py + R
Escape the saddle point by 2" order descent of L (w, g) w.r.t. w
13: min L (w, g) with SGD
14: end while
15: return > | See Appendix@and [87, 88] for details about steps 5 and 12

R e A AN A

_ = =
N o2

138



We initialize the weights g7 and the hidden unit distribution gy, () according to

~ Popq (y) 7=0
gy =
Pq (y) v>0
P

1
P+B, "Y>0

and  gn (7) =

When we train our DAM without splitting steepest descent, we set Py = 1. The resulting weights are,
in some sense, the most “typical” [248, 249] for the constraints g; > 0, 25:0 gy = (P +1)pq(y) and
25:0 gy = (P+1)pn () =1 (see Section . With splitting steepest descent, we set Py = Peyr/ Piinal t0
ensure that gy, (0) = Zg?:() gy is approximately the same size as the other entries of gp, () after training. For
simplicity, we set pq (y) to the proportions of classes in the data during supervised training. For unsupervised
training (see Section [4.4.2), we break the permutation symmetry between the different classes by using
different values for all the entries of pq (y). Otherwise, class weights with unbroken permutation symmetries

stay stuck at their initial conditions.

4.] Weights learned with unsupervised training

This Appendix contains plots of DAM weights learned in an unsupervised way (see Section[d.4.2)) and sorted

in increasing y = argmax,, { pZ, } They are not in the main text because they take a lot of space.
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Figure 4.7: In the top panel, 25 of the P = 100 memories w* learned by an instance of our dense associative

memory (DAM) model trained in an unsupervised way (Eq. [4.15) on 6 x 6 patches of the MNIST dataset

of handwritten digits [8] while assuming C' = 10 latent classes and ¢ = 0.6. In the bottom panel, the

corresponding rescaled class weights p*/pn (1), where py ()

for all 0 < v < P. The hidden

L
P+1

units are indexed using pairs of letters from A to E, and the column-wise maxima of the class weights

< 25.

,}, and this figure shows 1 < p

are the classes of the memories with the corresponding letter indices. w* and p* are sorted in increasing
1L
Y

y = argmax,, {p
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Figure 4.8: In the top panel, 25 of the P = 100 memories w* learned by an instance of our dense associative

memory (DAM) model trained in an unsupervised way (Eq. f.15) on 6 x 6 patches of the MNIST dataset

0.6. In the bottom panel, the

of handwritten digits [8] while assuming C' = 10 latent classes and ¢
corresponding rescaled class weights p* /pn (1), where pp (7)

for all 0 < v < P. The hidden

1
Pl

units are indexed using pairs of letters from A to E, and the column-wise maxima of the class weights

are the classes of the memories with the corresponding letter indices. w* and p* are sorted in increasing

< 50.

/}, and this figure shows 26 <

"
Y

y = argmax,, {p
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Figure 4.9: In the top panel, 25 of the P = 100 memories w* learned by an instance of our dense associative

memory (DAM) model trained in an unsupervised way (Eq. f.15) on 6 x 6 patches of the MNIST dataset

0.6. In the bottom panel, the

of handwritten digits [8] while assuming C' = 10 latent classes and ¢
corresponding rescaled class weights p* /pn (1), where pp (7)

for all 0 < v < P. The hidden

1
Pl

units are indexed using pairs of letters from A to E, and the column-wise maxima of the class weights

< 75.

/}, and this figure shows 51 < p

are the classes of the memories with the corresponding letter indices. w* and p* are sorted in increasing
1
Y

y = argmax,, {p
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Figure 4.10: In the top panel, 25 of the P = 100 memories w* learned by an instance of our dense associative

memory (DAM) model trained in an unsupervised way (Eq. f.15) on 6 x 6 patches of the MNIST dataset

of handwritten digits [8] while assuming C' = 10 latent classes and ¢
corresponding rescaled class weights p* /pn (1), where pp (7)

0.6. In the bottom panel, the

for all 0 < v < P. The hidden

1
Pl

units are indexed using pairs of letters from A to E, and the column-wise maxima of the class weights

< 100.

/}, and this figure shows 76 <

are the classes of the memories with the corresponding letter indices. w* and p* are sorted in increasing
1L
Y

y = argmax,, {p
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Conclusion

In this thesis, we study various kinds of dense associative memory (DAM) models and restricted Boltzmann
machines (RBMs) in the teacher-student setting.

In Chapter[2] we study a DAM called dense Hopfield network (dense HN). On the Nishimori line, we show
that the phase transition where student dense HNs with a single pattern become capable of learning a dataset
with M samples generated by a teacher dense HN with a single pattern coincides with the spin-glass transition
of dense HNs with M random patterns. Outside the Nishimori line, we study the resistance of dense HNs
to noise and adversarial attacks. In particular, we derive a formula quantifying the adversarial robustness of
dense HNs at zero temperature, and we clarify why the adversarial robustness of dense HNs depends on the
learning regime, as observed in [36].

In Chapter[3] we study RBMs with any finite number of hidden units. When the patterns incident to the P*
hidden units of the teacher RBM are uncorrelated, we show that a student RBM with P hidden units learns the
data in the same way as P separate RBMs with one hidden unit each, thus validating a conjecture formulated
in [39]. Moreover, we show that student RBMs with more hidden units than their teacher learn a representation
of the data where exactly P* of their patterns align themselves with those of the teacher while the P — P*
remaining ones freeze in spin-glass states. We then argue that such RBMs can be used as toy models to study
the lottery ticket hypothesis [9]. When the teacher patterns are correlated, we show that the student can adopt
different learning strategies depending on the hyperparameters of the teacher-student setting and the number
of samples in the training dataset.

In Chapter ] we study a kind of DAM that fits into the framework of RBMs and is capable of both
supervised and unsupervised classification. Based on insights from our theoretical analysis of the teacher-
student setting, we propose a novel regularized loss function that makes training significantly more stable.
Moreover, we show that the fixed points of relatively small DAMs are saddle points of larger DAMs, and we
leverage this saddle-point hierarchy to considerably accelerate training using the splitting steepest descent
algorithm introduced in [87]].

A natural continuation of this work would be to study adversarial attacks in DAMs with many hidden units,
such as the model studied in Chapter[d] [47]]. In particular, it would be interesting to see if the methods that we
use to study adversarial attacks in Chapter 2]can be generalized and used for this purpose in combination with
those used to study adversarial attacks in linear models [18, |19, [20].

One could also extend this work by studying DAM and RBM training dynamics with analytical calculations,
the statistical mechanics approach of [31}[32] being a possible starting point. First, it would be interesting to

build a theoretical model of the training dynamics of the lottery ticket experiment presented in Chapter 3] [46],
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as it could provide crucial insight into the lottery ticket hypothesis. In particular, it could help us to understand
if the initial conditions that make certain subnetworks of large NNs converge especially quickly have common
properties that can be exploited to design novel initialization schemes leading to faster training. Second, it
would also be interesting to study analytically the learning dynamics of the DAM studied in Chapter [ [47],
particularly near saddle points, for a rigorous comparison of the standard training time with that of splitting
steepest descent.

To further our study of implicitly low-dimensional learning, it would be interesting to investigate models
with low-rank weights, such as in [31}32]. For example, one could study the teacher-student setting in which a
student RBM (or DAM) with weights constrained to have a low rank learns data generated by a teacher whose
weights are structured in a similar way for representing data lying on a low-dimensional manifold 16, |17]].
This kind of study could be used to investigate the benefits of low-rank constraints in exploiting the structure
of data to improve the speed and quality of learning.

Finally, the interpretable learning dynamics [31} [32] [34] of RBMs and DAMs make them promising
surrogate models of biological systems. It was notably shown that DAM learning dynamics is similar to
cellular differentiation [34], and it would be interesting to see if the splitting steepest descent algorithm used
to train DAMs in Chapter 4] [47]] can be related to cellular division in an analogous way.
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