DISCRETE AND CONTINUOUS do0i:10.3934/dcds.2020055
DYNAMICAL SYSTEMS
Volume 40, Number 6, June 2020 pp. 37673787

PERTURBATIVE TECHNIQUES
FOR THE CONSTRUCTION OF SPIKE-LAYERS

ANDREA MALCHIODI

Scuola Normale Superiore
Piazza dei Cavalieri 7
56126 Pisa, Italy

Dedicated to Wei-Ming Ni with admiration

ABSTRACT. In this paper we survey some results concerning the construction
of spike-layers, namely solutions to singularly perturbed equations that ex-
hibit a concentration behaviour. Their study is motivated by the analysis of
pattern formation in biological systems such as the Keller-Segel or the Gierer-
Meinhardt’s. We describe some general perturbative variational strategy useful
to study concentration at points, and also at spheres in radially symmetric sit-
uations.

1. Introduction. This paper surveys some results over the past decades concern-

ing the study of spike-layers, on which W.M. Ni gave some of the most important

contributions. Here we denote by spike-layers solutions of the following problem
—2Au+u=uP inQ,

Qu — on 99, (P.)
u >0 in €,

where Q is a smooth bounded domain of RV, p > 1, ¢ > 0 is a small parameter
and v stands for the unit normal to 092. We will also consider the same problem
under Dirichlet boundary conditions: although our equation is of specific type, in
the literature more general nonlinearities were also considered.

Such a problem has different motivations, which are well described for example
in [32] or [47]. One of them concerns the stationary Keller-Segel system, meant to
describe chemotactic aggregation

DiAU — xV - UV1ogV)=0 inQ,

DAV —aV 4 bU =0 in Q, (KS)
AU N9 on 0.

Here x,a,b and Dy, Dy are positive parameters in suitable ranges of (0, +00), while
U,V are unknown functions in 2. Another relater system is the Gierer-Meinhard’s,
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describing an activator-inhibitor system in biological pattern formation

AU -U+Y =0 inQ,

dAV —V+4 =0 inQ, (GM)
%:%:O on 012,

where all parameters involved are again positive.

In both models, U and V represent densities of either some chemical substance
or of a biological population, and a phenomenon that is observed is the presence
of solutions that are higly concentrated near some subsets of €2, especially when
the two diffusivities of the components are very different. This is in the spirit of
Turing’s instability for reaction-diffusion systems, [57], while single equations may
not exhibit (stable) patterns ([13], [45]).

In some asymptotic regimes for the diffusivities, one component tends to become
more and more homogeneous in €2, so the above systems in their parabolic versions
reduce to shadow systems where an unknown function is coupled to a constant that
depend on time. In the static version, the other unknown will solve (P.) with
a good approximation. Another motivation for the study of (P.) (in presence of
a potential and/or in unbounded domains like the whole Euclidean space) arises
from the nonlinear Schrédinger equation in the semi-classical limit, where the small
parameter € plays the role of Planck’s constant: some classical references will be
given below.

Among the first papers analyzing rigorously the pattern formation for the above
two systems we mention [33] and [48]: here it was shown via a-priori estimates that
for small values of the diffusivity of V in (K S) (or of U in (GM)) only constant
solutions may arise. On the other hand, in the opposite regime, there is the appear-
ance of solutions with sharp profiles. In showing the latter property, the analysis
of (P-) was crucial: in particular the authors analysed its variational structure and
derived basic estimates on its mountain-pass energy level. This study was continued
in [49], where a detailed analysis of the least-energy solutions was performed (even
for non-linearities more general than those in (P.)). Using rather sharp estimates,
where the main asymptotic of the energy was derived, it was shown that those have
to converge to the boundary of the domain, and that as e — 0 they only have one
global maximum.

The prototypical asymptotics for solutions u. to (P.) can be guessed making
z—Q

€

the change of variables uc(z) ~ ug ( ), where @ is some point of Q (to be

determined), and where ug solves

— Aug + ug = uf) in RV (orian:{xh...,mNeRN cxy > 0}).
&)
The choice of the limiting domain depends on whether solutions concentrate in the
interior of (2 or at the boundary the domain: in the latter case Neumann conditions
are imposed.
When p < 242 (in fact, only in this case, see [11]), problem (1) is well-known to
have a positive radial solution U satisfying

. r N-—1
im T U() = ang, 2
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where ayn,, > 0 depends only on N and p, as well as

!
lim U'r)

_ 1 o ZN)
T —1; lim

r—+4o0 U(T)

~1. (3)

Problem (P.) has variational structure, with Euler-Lagrange functional given by

I.(u) = 1/ (*|Vul* + u?) do — L/ |ulP T da; uwe HY(Q). (4)
In [50] it was proved that solutions with minimal energy converge to a boundary
point with maximal mean curvature. For doing this, the authors expanded the
energy of the mountain-pass solution up to the second main term, showing that the
correction in the expansion is proportional to that of the volume (induced by the
mean curvature) of metric balls in the domain centered at points of the boundary.
Rigorous estimates were obtained using the decay of the above solution U, together
with the study of the linearized equation of (1) at U.

As we will explain, the characterization of the kernel of the linearized equation
(both in the whole RY or in a half space), together with the variational feature of
the problem allows also the construction of solutions at suitable critical points of
the mean curvature of the boundary. These methods, relying on finite-dimensional
reductions, can be used to construct a rich family of solutions, namely with interior
peaks (even with Dirichlet boundary conditions), or with multiple ones, both at
the boundary and at the interior of the domain, see e.g. [14], [16], [18], [25], [26],
[27], [28], [31], [32], [52], [59], [60], [61]. Related results were obtained regarding
semiclassical states of nonlinear Schrédinger equations, see e.g. [1], [17], [22], [53].

As it was conjectured for some time, see e.g. [47], one might expect that (P.) also
has solutions concentrating at k-dimensional sets, for every integer k € {1,..., N —
1}: the literature on this phenomeon is indeed more recent.

In [3], [4] the finite-dimensional reduction technique was used to prove existence
of solutions concentrating on spheres, for both problem (P.), the corresponding
Dirichlet problem and also for the nonlinear Schrodinger equation in the whole
space. An interesting feature of this phenomenon is that the location of the con-
centration set is driven not only by the geometry of the domain (or the potential
in case of the NLS) but also on the volume of spherical shells where concentration
occurs.

The general case, without symmety assumptions, is more delicate since strong
resonance phenomena occur (see also [37], [46] for the geometric problem of finding
constant mean curvature surfaces). In fact, radially symmetric solutions concentrat-
ing on spheres have bounded Morse index within the class of radial functions, while
the index among arbitrary Sobolev functions diverges as e tends to zero. Moreover,
in this limit, more and more eigenvalues approach zero.

A different strategy was then needed, relying on more sophisticated implicit func-
tion arguments. We will not discuss them in detail here (some general description
can be found in [40]), limiting ourselves to mention the principal ideas of the con-
struction and some more recent progress. First, approximate solutions with high
degree of accuracy are constructed. Then, a detailed study of the linearized equa-
tion is done, for which invertibility is shown only for a suitable sequence €; — 0. In
[42], [43] existence of solutions concentrating at the whole boundary was proved (in
dimension two and arbitrary, respectively), while in [39], [37] concentration at non-
degenerate minimal k-dimensional submanifolds of the boundary was proved (for
(N,k) = (3,1) and (N, k) arbitrary, respectively). In [6], solutions developing an
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increasing number of boundary spikes were found, approaching a proper subset of
the boundary (see also [55] for the special case of a rectangle). In [21] instead, a su-
percritical problem was considered, and existence of solutions with interior profiles
approaching suitable submanifolds of the boundary were found (see also [15]).

In [34] solutions with a growing number of peaks (as € — 0) were constructed. In
[29] and [62] solutions concentrating at interior lines or surfaces (orthogonal to the
boundary) were found. In [5] the authors built solutions forming a triple junction
in the interior of the domain, relater to the entire profiles constructed in [41] (see
also [54]).

The plan of the paper is the following. In Section 2 we recall a general pertur-
bative and variational theory that allows to treat concentration at points: we will
focus on both Dirichlet and Neumann conditions. In Section 3 instead we will treat
concentration at spheres in radially symmetric situations, showing a competing ef-
fect between volume energy and boundary conditions, than generate solutions with
spherical profiles.

2. Concentration at points and spheres. In this section we recall a general
perturbative method, variational in nature, which allows to produce solutions con-
centrating at points via a finite-dimensional reduction, see e.g. [2] for a general
treatment on this topic.

2.1. Perturbative critical point theory. Here we recall some general strategy
to tackle variational problems involving a small parameter e. We consider a Hilbert
space H (possibly depending on ¢) containing a finite-dimensional submanifold Z.
satisfying the following properties

: i) Zc has dimension d and 3C,r > 0 such that for any z € Z., Z N B,(z) is
parameterized by & € B;(0) C R? with C3-derivative bounded by C.

On H it is defined a C?*® functional I, such that

2 i) |[VI(2)|| < a(e) for every z € Z. and ||[V2I.(2)[q]|| < b(e)|lq|| for every
z € Z. and q € T, Z., where a,b: (0,60) — R are a smooth functions tending
to zero as € — 0;

: 4i1) 3C, a € (0,1], ro > 0 such that [|[I/]ce < Cin {u : dist(u,Z:) < ro};

: iv) let P, be the projection on the orthogonal complement of 7.Z.. Then
3C > 0 such that, on (T, Z.)*, P,V?I.(z) is invertible from (7, Z.)" in itself,
with inverse satisfying ||(P,V2I.(z))~!|| < C.

Let W denote the orthogonal space W = (T, Z.)*: since by the above property
i) all points of Z. are approximate critical points of I, it is natural to look for true
critical points in the form v = z + w, z € Z. w € W. The conditions I’(z + w) =0
then becomes the following system:

PI(z+w)=0 (auziliary equation); (5)
(Id— P)I.(z4+w) =0 (bifurcation equation).

From the contraction mapping theorem one can prove the following result.

Proposition 1. Suppose the above conditions i)-iv) hold. Then Jeg > 0 such
that for all |e| < e and z € Z., the auziliary equation in (5) possesses a unique
solution w = w. € W = (T.Z.)*, of class C' in z and such that, for |g| — 0,
lwe(2)|| < Cia(e) and such that ||Ocwe(2)|| < Ci(a(e)* +b(e)).
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Given the equivalence I’(z +w) to the above system (5), we are left with solving
the bifurcation equation. For doing this, it is possible to exploit the variational
structure of the problem, considering the reduced functional I. : Z — R given by

L(2) = Ie(z + we(2)). (6)

As stated in the next proposition, this finite-dimensional quantity determines pre-
cisely the critical points in a neighborhood of Z of fixed size.

Proposition 2. Consider the same assumptions as in Proposition 1. If I. has a
critical point ze then ue. = z. +we(2e) is also critical point of I.. Moreover, 3¢,7 > 0
small so that if u is critical for I. with dist(u, Z. ;) < T, where

Zes={z€Z. : dist(z,0Z.) > ¢},
then there exists z. € Z. such that u is of the form z. + we(zc).

The proof of the first statement can be geometrically described as follows. Con-
sider the perturbed manifold

Zo={z4w(z) : z€ Z.}.

Since also the C'-norm of z + w.(z) tends to zero as € — 0, the two tangent
spaces 1, Z. and Tz+w5(z)ZE are nearly parallel. By Lagrange’s multipliers rule, the
gradient of I, at z.+we(z¢) is orthogonal to TZEJWE(ZE)ZE. On the other hand, by the
auxiliary equation in (5), this gradient must also be orthogonal to T,_Z., but since
the two tangent spaces are nearly parallel, it must eventually vanish identically. The
proof of the second statement relies instead on the uniqueness of the fixed point in
the contraction mapping.

The above abstract results will be next applied to the concrete settings of singu-
larly Neumann and Dirichlet problems, dealing with both concentration at points
or spheres.

2.2. Concentration at boundary points for the Neumann problem. Here
we discuss the construction of boundary spike-layers for problem (P-), giving only
general ideas and referring to [2] for more details. It is convenient to perform a
change of variables, so that the Neumann problem (P-.) becomes

—Au+u=u? in )
gu—0 on O€); Q. = EQ (7)
u>0 in Q,

Forp < %, solutions of the latter problem are critical points of the Euler-Lagrange

energy
1

1
= 2 ?) - —— Pt HY(L).
=g [ ewt) — g [t wem@) @)

In the limit ¢ — 0, after a proper translation and rotation, 2. converges to the
half-space Ri\_’ . The limit problem then becomes

—Au+u=uP ian;

%ZO on ORY; (9)
u >0 ian.

The last problem admits as a solution the radial function U discussed in the in-
troduction, satisfying the asymptotics in (2) and (3). It is also known that the
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linearization of (9) at U has minimal degeneracy, namely its kernel is formed by
the infinitesimal generators of translations of U along the boundary, namely by the
functions 9,, U, ..., 0,,_,U. This will guarantee property iv) is the abstract setting
of Subsection 2.1.

We construct next the manifold Z. for this concrete setting: for doing this,
we need to introduce a parametrization of the boundary of (). near one of its
points, which we call X. We can suppose that X = 0 € RY, that {xx = 0} is
the tangent plane of 9. (or 0Q) at X, and that the unit normal to Q. at X is

v(X)=(0,...,0,—1). Assuming the same conditions on the original domain £, let
xn = P (2’) be a local parametrization of Q. Then for some po small there holds
zn =(2) = L{Axa',2') + O(|2'); |z’ < po- (10)

Here Ax is the hessian of 1, and the mean curvature H at X satisfies H(X) =
ﬁtrA x. Dilating the domain, we easily see that the boundary of (). is parame-
terized by the function yy = 9. (2') := 24)(ez’), and one has that

=
€
(') = §<Ax.13,,$l> +20(|2"]?).
The outer unit normal v to 9. can be expanded in these coordinates as

e e
Oxy1’ " ") 0xN—_1’

1
V= ) = (e(Axa), —1) + £20(]2'?). (11)

V1+ [V |?

Given pg as in (10), we straighten the coordinates on Bro (X)NE2, as follows. Define

y = a; ynv =N — (') (12)

It these coordinates the metric coefficients (g;;) are given by

Ope.
Oy
ox Ox 5. 4 Obe 0% :
i) = , = t] 0y; Oy; : ,
(9:7) <<8yz 5yi>) 9.
OYyn—1
% PP 3% 1
Oy1 OYyn—1
and they satisfy?
gij = Id+eA+ Oy *); 0y, (9i) = €0y, A+ O(®]y']), (13)
0 Axy' . . .
where A = Nt . It is also easy to check that the inverse matrix
(Axy') 0

(g7) is of the form ¢ = Id — A + O(£%|y'|?), and that 9, (¢¥) = —d,, A +
O(?|y']). Since (12) preserves volume, one has also that det(g);; = 1. The Laplace
operator with respect to a given Riemannian metric is

1 A ij ‘ ij 52
Agu = ﬁ@ (g J\/detg) diu + g" 0;;u,

so when the determinant of ¢ is identically equal to 1 this simplifies to
Agu = g%u;; + 0;(97)0;u.
From (13), is u is a smooth function, we then obtain
Agu=Au—e(2(Axy',VyOyyu) + trAxdy,u)
+ Oy ) Vul + O(2[y'1*)|Vul.
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The area-element of the boundary of €. can be written as

do = (14+O(2|y|?))dy’. (15)
Choose a radial non-increasing cut-off function v, identically equal to 1 on B oy (0),
vanishing outside B (0), and then define

ze x () = Yo (€y)U (y)- (16)

We next want to apply the abstract framework in Subsection 2.1 by choosing
I. = J. (see (8)) and as Z. the following manifold

Z. = {ZE,X : X € 895} (17)

We already discussed the role of non-degeneracy of U with respect to condition iv):
we next aim to show here the first part of conditions 7) with a(e) = O(¢), the other
ones being more technical. We have the following result.

Lemma 2.1. There ezists a constant C' > 0 such that for € small one has the
inequality
(IVJe(ze x)|| < Ce; for all X € 052..

Proof. Consider an arbitrary function v € WH2(Q.). Since 2. x is supported in
B (X), see (16), the coordinates y are globally defined in this set, and we get

0ze
VJe(ze x)[v] = / ZLX vdo —|—/ (—AQZE’X + 2o x — ng) vdy. (18)
0. OV Q.

Concerning the normal derivative 625;‘ , one has
0z X ~ ~
% = UV, (ey) - U+, (ey)VU - b.

Since Vb, (e-) is supported in RV \B%o, and by properties (2)-(3), we have

UV (ey) - 7| < C(1+ [y|)e Tz eI,

On the other hand, since U has zero normal derivative on hyperplanes passing
through the origin and by (11) we find that

0z x 2,/ 2, 112 Ho

X : < Ko,

X o2y |[Vul) + O PIVUT): ] < A
0ze x _ — _ —c -1 Ho Ho
b < lyl 1 C lyl < c Ce - — < < —,
5 ‘_C’e + Ce(1+ |y|9)e ¥ < CemCe oz 1 S ls oo

By last two bounds, formula (15), and the trace Sobolev embedding we find that

15)
/ ijvda
a0, 81/

Furthermore, from (14) and the fact that U solves the equation in (9) we obtain

< Celjv]l- (19)

=Bgzex +zx — x| £ CE(WIVULI+ Iy FIV2UI),

for |y| < (%) %, and

4easupx [JAXx]|

‘—Agzs,X + 2z, x — Z?,X‘ < C(l 4 |y/|€)e*|y'| < 05706*&’
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for (m) % < ly| < 52. Hence from the last two formulas we deduce that
~Agrex s -] S CEH WO WS (s ) B
e ’ il ~ \4eCsupy ||Ax]|/ C
(20)
O

which from Hoélder’s inequality implies
/ (—Agz&x + 2 x — zfx) vdy‘ < Celjv]|.
Q

From (19) and (20) we finally get the conclusion.
With the aim of applying Proposition 1, we next expand J.(z x) up to the first

yn |y |*do.

order in €.
Lemma 2.2. Ase — 0, the following formula holds uniformly on 0S).
= Cy— CieH(X) + O(e?),

Je (ZE,X)
where

1 1 *°
gt e ()
p+ RY 0 sn
Proof. Since z is supported in Bro (X)), we can still use the above coordinates y, so
zf}ldy.
N

2
Ze
_ 1
p+1
3

1

=3

we can write that
JE(ZE,X) / (|ngE,X|2 + Z?,X) dy
RY
0z, 1
X do + 7/ Zex (—Qgze x + 2:,x) dy
2 Ri\r]

An integration by parts yields
2,
z
aRY =X 0w

N |ZE’X|p+1dy.

Js(za,X) = 5
1
p+1 Jry

Using formulas (16) and (14) we obtain

1
Ze x (—Qgze,x + 2o x)dy — —— v ‘Ze,X‘erldy =

p+1 RY
UPHldy + % UlAxy .V, U)do
ORY

27 p+1

2/
2 Rﬁ
G54
RY
U(Axy', Vy 0y, Uldy + gtrAX / Ud,,Udy + O(c2).
RY
U(Axy',V,Uldy + O(£?).

+e /
RY
€

Also, from (11) we obtain that
Oz
X o =
2 Jomrw

1/ ;
ORY =00
)/ P+1dy+5/ U(Axy',VyU)do
RY 2 Jomy

2
Collecting the above formulas we find
1 1
- U
+
U(Axy', V0, U)dy + %trAX / Ud,,Udo + O(e?)
RY

Tez) = <2 p+1

+€/
Ry
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A further integration by parts shows that the terms of order ¢ are given by

4f8RN (Axy',V,U?) do+fRN (Axy', V0, U)dy + LtrAx fRN Oy U?dy
= —jtrAx faRfU do — faRNU Axy',V, U)do — fRN U(Axy',V,U)dy
= _fRf Oy U(Axy', V, U)dy.

Since U is radial, we have that

a?JN[] = N

7Ur; \Y% ,U:77
] Y

and therefore

/RN T / AL,

Expressing the integral in radial coordinates, we obtain the conclusion. O

The latter result allows to expand the finite-dimensional functional in (6). In fact,
from the regularity of J. and from the fact that by Lemma 2.1 and by Proposition
1 |Jwe(2)|| = O(¢), we have that

L(2) = I(2 + we(2)) = Je(2e,x) + [ Ve (22, x) | |we (2 )|
+ O(J|we (ze x)I*) = Je(ze,x) + O(e?).
As a consequence we obtain the following:
Proposition 3. Let Z. be as in (17) and let I. = J.. Let 1.(z) be as in (6). Then
I.(2) = Cy — CieH(X) + O(¢?); z € Z,
with Cy, C1 as in Lemma 2.2.

A similar result holds for the expansion of the derivatives of I, in terms of the
gradient of the mean curvature of Q. Using a direct maximization (resp., minimiza-
tion) argument, or a local degree computation one finds the following result.

Theorem 2.3. Let p < % and suppose P is a strict local minimum (resp.,
mazimum) or a non-degenerate critical point for the mean curvature H of OS.

Then there exist spike-layers ue of (P-) concentrating at P for e — 0.

As discussed in the introduction, the papers [49], [50] studied the limiting be-
haviour of solutions with minimal energy. Once it is proven that, after a proper
translation and dilation in e the limiting profile is at the boundary and converges
to the radial solution U, it is intuitive from the above proposition that minimality
in energy corresponds to maximality of boundary mean curvature. Therefore, from
the second part of Proposition 2 one can then show also the following result.

Theorem 2.4. ([50]) Let p < ££2. Then solutions of (P.) with minimal energy

form, as € — 0, spike-layers concentmting at boundary points of Q with maximal
mean curvature.

As again discussed in the introduction, a variant of the above finite-dimensional
reduction allows to find solutions with multiple boundary peaks, concentrating at
suitable stationary points of the mean curvature.
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2.3. Concentration at points for the Dirichlet problem. We consider next
the singularly-perturbed Dirichlet problem

—2Au+u=uP inQ,
u=0 on 0, (D.)
u >0 in €,

Our goal is to apply again the abstract method in Subsection 2.1 starting with
approximate solutions that are dilations (by a factor ¢) of the radial soliton U, and
centered at interior points @ of the domain.

We need though to achieve boundary conditions, so these approximate solutions
need to be suitably adjusted near the boundary, which is possible to the exponential
decay of U. However a generic cut-off function will not be precise enough, and it
is useful to consider a projection operator which associates to each u € H(Q) its
closest element (w.r.t. the Sobolev distance) in Hg (£2). This amounts to subtracting
to such a function u the solution of

—2Ap+ =0 in Q;
trace(p) = trace(u) on IN.

We choose u = U (‘FQ) for @ € Q, and we will need to determine some asymptotic

€

behaviour of ¢ as e — 0. By (2), the trace of u behaves like e~ =

It is convenient now to make a change of variables: setting ¢ = —elogp, one
finds that it satisfies

(21)

eAY —|VyY2+1=0 in Q;
P(x) = —elogU ("C_EQ) .

By the asymptotic behaviour of U at infinity, one has that

slogU(mgQ>%|xQ| as € — 0.

Using a barrier argument it was shown in [52] that the above functions v are
uniformly Lipschitz as ¢ — 0. Moreover, it is possible to prove that that their
limit, guaranteed by Ascoli’s theorem, is a Lipschitz function that can explicitly
characterized as follows.

Proposition 4. ([52]) Let ¢ = 1. be the solutions to the above boundary value
problem. Then, as € — 0, 1. converge uniformly in Q to a Lipschitz function i
which is defined as

Po(x) = Piélgﬂ (|IP-Q|+L(Px)); x e .

Here L(x,y) stands for the infimum of the numbers T such that there exists ((s) €
C%1([0,T); Q) with ¢(0) =z, ¢(T) =y and |3—§| <1 ae. on|0,T].

Taking straight curves from @ to its closest point to the boundary, one obtains
the following result.

Corollary 1. If v is as above, one has that
Po(Q) = 2d(Q, 09).
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The above results can be used to generate good approximate solutions. We
first scale the boundary as in the previous subsection, and consider the equivalent
problem

—Au+u=uP in ., 1
u=0 on 0€), Q. = EQ (22)
u >0 in Q;
For @ € )., define
ug. = U(r = Q) — ¥ qlex).
By construction the above function uS_ys satisfies the Dirichlet boundary conditions

on .. We will next give an idea of the fact that “8, . is a good approximate solution
for the Dirichlet problem in the following sense. Consider the Euler-Lagrange energy
for (22)

. 1 1
IE(U) = 5\/9 (|VU|2 + U2) dy — m/ﬂ Up+1dy.

We have then the following result.

Lemma 2.5. Suppose uas is as before, and that Q) belongs to the e-dilation of a
fixed compact set of Q). Then one has

IVI(uf )| < Ce min{2p}d(@.00:), we Hi Q)

Proof. We only give a sketch of the proof, referring to papers mentioned below for
full details. Consider any test function v € H}(.): then integrating by parts and
using the fact that ug’s satisfies

D D
—Quge t+ug. =Ug,

we have that

Vla(ug)s)[v] = /Q (Vug)E - Vo + ugav) dx — /Q (ugg)pvdx

= €

= /Q (—Aug’e + uge — (ug)s)pv) vdx (23)

- /Q (UCZS - (Uq — 1/15,@(833))1’) vdr.

By construction, it turns out that |1 g(ex)| < CUg, hence from a Taylor expansion
one has

(Uq — veq(ex))” = U — pUL e glex) + O(UL e g (ex)?). (24)
Therefore from the last two formulas it follows that

VB = [ (U8 elen) + O *eglca))) vio

€

Using then Hoélder’s inequality and the decay properties of Ug and 1. g, the con-
clusion follows. O

We have then the following energy expansion (where we neglect the power-like
terms in (2)).
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Proposition 5. Suppose that Q belongs to the e-dilation of a fixed compact set of
Q. The following asymptotic expansion holds:

fe(u876) = Oy 4 Cye24@0%) 410t
for some Cy,C3 € R,C5,C3 > 0.

Proof. We again give a sketch of the argument, referring to [32] for full details.
Integrating again by parts we write that

. 1 1
L) =5 [ (VuB.P+ (B de - g [ (Bt ide
2 Ja. p+1Jq.
1
- 5/Q (—AuaE + ugg — (ugja)p) ugedz (25)

1 1 P
- dz.
- (2 p+1> /QE(UQ’E) !

Using the equation satisfied by ug,s we then get

LB =5 [ (U8~ Wa - vea(en)) Wo — veqler) ds "
1 1

i (2 - p—|—1> /QE(UQ — e q(ex))"d.

Fro the first term we can use formula (24), together with the analogous expansion

(Ug = te,q(ex) Pt = Ub — (p + 1)Uhe q(ex) + O(UG e glex)?)  (27)

to write that

fg(ugﬁ)

= ;/QE (pUg_lL/)E,Q(E-T) + O(Ug_2¢57Q(6x)2)) (UQ — ¢67Q(5Qj)) dx (28)
L ! 1 P p—1

+ (2 - p+1> /QE (UgJr -+ 1)UQ1/157Q(€x) + O(UQ ws,Q(€$)2))dx.

Collecting all terms, from the decay of Ug and 1. g one finds that

. 1 1 1
Dy _ +1
I (ug,.) = (2 arn 1) /QE Ug™dx + 3 /QE Ube,q(ex)dr + Lo.t.

For the first term, from the exponential decay of U one has
/ U™ dx = / Urtde — / UG de = Gy + O(e” PHDUQ000))
Qe RN RN\Q.
For the second term instead, from the decay of U and Corollary XX one has that

1
/ Uge.(e)de = S1be,o(=Q) / UPdz + lot. = Cre™24@9%) L[4t
Q. RN

This concludes the proof. O
Similarly to Proposition 3, we obtain the following expansion.

Proposition 6. Fiz a compact set K in ), define Z. = {“8,5 Qe %K}, and let
I.=1I.. Let I.(z) be as in (6). Then, if z = ug’s one has that

L(2)=Cy + Cse™2UR:09) 1| 5 ¢ z € Z.,
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for some positive constants Cy, Cs5.

Using this proposition and the above abstract arguments, it is possible to prove
results of the following type.

Theorem 2.6. ([32]) Let p < {42 and let V C Q be an open set with compact

closure in Q and let d denote the distance function from 0. Suppose that
deg(d, V., 0) # 0.

Then as ¢ — 0 problem (D.) admits spike-layer solutions concentrating at some
point in V.

As for Theorem 2.4, the following result for the Dirichlet problem was proved,
regarding solutions with minimal energy.

Theorem 2.7. ([52]) Let p < Y+2. Then solutions of (D-) with minimal energy
form, as € — 0, spike-layers concentrating at interior points of Q with mazimal

distance from the boundary.

Expansions similar to the ones discussed in this subsection were used to construct
interior spikes for (P.) as well, and solutions with multiple spike-layers, even of
mixed interior and boundary types. We refer to the introduction for more precise
references.

3. Concentration at spheres in symmetric domains. Here we consider again
problem (P.) for the unit ball @ = By = {z € R : |z[ < 1}, N > 2, showing the
existence of radial solutions concentrating near the boundary, but with the profile
of interior one-dimensional spike-layers. The phenomenon is peculiar of the higher-
dimensional case and is due to a balancing effect between the wvolume energy of
radial spike-layers, which would tend to shrink their radius, and an attractive force
due to the imposed boundary condition: there are indeed no such solutions in one
dimension.
It is convenient to scale the domain by a factor %, i.e. to consider

{—Au—i—u:up7 in B,

29
U —(ondB1, u>0. (29)

o
and to use the functional I. defined in (4).
We next construct a family of approximate solutions to (29), imposing approx-
imate Neumann boundary conditions. Given ro < 3, let ¢.(r) be a smooth cutoff
function satisfying

0 for r € [0, 5] ;
1 for r € [0, 1]
Pe(r) =9 o [ﬁs i] (30)
|L(r)| < Ce  forre [g2, 5]
¢/ (r)] < Ce?  forr €[22, ],
Consider the one-dimensional solution U to
-U'+U=0" in R. (31)
Let @ = limy_, 4 oo €'U(t), recalling (2), and let z,(r) = U(r — p): define then
_(1_,) —(i_. 3
2 = 0e (zpu) = 0.0) (50 +ae )} 2 3y
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For the normal derivative, we have the following estimate

A (2) =5 (3) —me
()0 -=e) )

The term v, in the definition of zﬁf can be heuristically viewed as a virtual spike

outside €2, which has the effect of attracting the interior spike to the boundary.
We have next the following result concerning approximate solutions.

(33)

Lemma 3.1. Then there exists C > 0 such that, testing on radial functions
||VIE(2£/)|| <Cer (5 +o (e_(%_p))) for every zév as in (32).
Proof. As z, = U(-—p) and v, satisfy fz/p'Jrzp = 2B and fv’p’Jr’up = 0, for arbitrary

radial functions u € H}(B1) there holds

1

LM = /OE ((Z,j,\/)” - N; 1(22\[)' + V(sr)zi)v - (z;,v)p> ur¥ " ldr
+ TN EY (1 /e)u(1/e)
= SVEY /1)) - (N - 1) [
o T

- /g (2(/)’6(,4)\/)’ T qﬁ’g’(zf)v)) ur = tdr — / ((Zi)v)p — ¢e2h) urN " dr.
0

0
For brevity, we might omit next the index p in 2, and v, and for simplicity we will

write )
/(-) — /OE(-)TN_ld’r. (34)

From Strauss’ Lemma, see [56], and (33) we obtain that
N Y (1 feu(1/e)] = £ F o (e Jul. (35)

It is easy to check that [|(2V)'|| < Ce*=" and moreover, since 2

{r > g—g}, one also has

i

By the exponential decays of z = z, and v = v,,, the fact that ¢_, ¢ are supported

is supported in

< Cell MY llull < €™ Jull. (36)

in [g—g, %} and from the condition p > %, one finds
’ / OL(z +0)u < C T e ul; ‘/ oL (z+v)u| < Ce*H 5 e % ul|
€ = ’ € — .

(37)
Let us consider now [ ((zV)? — ¢.2) u, noticing that
(ZM)P = §e2? = 82 (2 + 0)P — 2P) + @ ($227 — pe2P).
Since z is uniformly bounded in L>° we find that

|(z +v)P = 2 — p2P~ o] < Cmax{[v|?, [v[P}.
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As a consequence

/[(Z+U)p — Pu Sp‘/zp1v|u|

From Holder’s inequality we obtain

1

1
and we notice that also | [ 2P~ w|u|| < ([ 22P=Yv?)? [jul|. For the latter integral

-1 —1 -1
we consider separately the sets r < % and r > %. For r < ”+; , v satifies

lv] < e=2(2-7) and therefore
/ 22(p=1) 2 N=1 gy
reege

If instead r > p+;71, z satisfies |z(r)| < e=2(:7°) 50 one finds

+c\ [ manof? o

< Ce=Cr0)(2-0) /e—(%p)(%—r)w < Ce=C)(E-p) 5N ],

2

2

AN
Q
m\
N
—~
o [=
|
=
/N
—
IA
™
T
o

22(p_1)rN_1dr>

< Ce3(

N

1
2

1
(/ zz(p_l)v2rN_1dr> < Ce "7 (:70) (/E v|27"N_1dr>
r> pte 0

2

A

Notice that also

1
J@r—omi <o -0 0") Jul < co e
All the above inequalities yield
[ (o
Therefore (35)-(38) guarantee that
||I;(z£/)|| <Ce (6 +o (e_(%_p» + 6_%) ;

concluding the proof. O

<0 (e (FEDE) p ) Jul. 39)

Even though the norm of the gradient in Lemma 3.1 is not small in ¢, it is small
relatively to that of the z{)\[ ’s. It is possible then to perform a contraction argument
as in the previous sections, working in the set of radial functions

CN‘E = {w € Hi(Bé) : ||w||H%(Bl) < 75||z£/|\H%(Bl), lw(r)| < ~e for r > O}.

One can then prove the following result (see [2]) for complete details.

T0 1

Proposition 7. For e small there exists > 0 such that for p € [— = — }, there

- ele
N = wN(ZpVE) € C. with the following property. Set

I.(p) = IE(Z:;\/ + wﬁ,/s) :

if pe is stationary point of I, then u. = zf)\g + wjp\g)g

exists a function w

is a critical point of I..

The reduced functional I. can then be expanded as follows.
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Proposition 8. Let ZN be defined in (32), and set

o = § - ﬁ / Up+1 B = %74Uper. (39)

Then for all p € [% l} one has
L(p) = & Nep™! [a - 5672(%’@] +0E* M)+ o (6*2(%*@) .

Proof. It will be sufficient to estimate I, (zp ) since the contribution of w . will be
negligible, as for the previous cases. Integrating by parts we obtain

L) = [P+ ) - 2 (1470
=3 [ ) 2Ry )
F LN () (N (1) — L / | 1 (40)
= 1NN /)N (/) + /qbezp - /Ilef”+1

—/ Nyt /(b (z4+v) /cﬁ”Nz—i—v

We next estimate each term separately. By (33) we get
NN (1/e) (VY (1/e)] = 1Mo (8*2(%#))) . (41)

To control the second and the third terms in the r.h.s. of (40), we can write
/¢€sz _ 1 / |ZN|p+1 5 p+1 /¢p+lzp+1
+3 / (92 — ¢2) 2P (2 + ) /qb”+1 (42)

—oH /(bf;.’+1 (Jz + vt — 2Pt — (p+1)zPv) .

‘/qﬁﬁ“zpﬂ —pN_l/UpHdr
R

sﬂ*/’ ﬁ“v—MW+/u—¢“w“
>1/e
1

/E (N = N YT (- pdr
0

There holds

+

Taylor expanding rV =1 — pN=1 and using 7 < C(rg)p (by p > ro/e), we find

1
[N T e pyar
0

_ g 1 _
SCW%MNQ/\ —plT" (= p)dr < CpN 2.
0
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By the exponential decay of U, we obtain

pN_l/ UpH(r —pydr < Cet7N (e_(p‘*‘l)(%—P) 4 e—%) :
r>1/e

[T ta- ot < cetoNe
0
From the last three formulas we get
‘/WQHZPH —pNt / Up+1dr‘ < QeN (e*(zwl)(%*p) + 5) ) (43)
R

The term [ @2 (|2 + v[PT! — 2P* — (p+ 1)2Pv) in (42) can be estimated in the
following way: from

|2+ 0[P = 2PH — (p+ 1)2Pv — p(p+ 1)2P~10?| < Cmax{Jof, [v[P 1],

we get
/Hz + ot — 2Pt — (p41)2P0| < C’/zfg*lv2 + C’/max{|v\3, lu[PH1}.

The first term in the r.h.s. can be controlled considering separately the sets {r <

—1 —1
£rs % and {r > £*—}, as before, while for the second it is sufficient to use the

explicit expression of v. We then get

[ s o == 1))

< Celt™N (6—3(%—/3) pem (i) 4 e‘(?”\(”l))(%—/))) :

The term [ ¢PT1zPv in (42) is of order el=Ne=2(29) | We also have
/¢§+1zpv zapN_le_z(%_P)/Uperdr
R
—apNle2(Er) / U (r = p)e"dr
r>1/e
n /Oi(TNl N prl)ZpU +/(¢167+1 _ 1)Zp’U.

As before, we find

pN71€72(%7P) / Up(r — p)e(rfp)dr < C'sl*Ne*(THl)(%*P);
r>1/e
1
/ (rN_l — pN_l)zpvdr < CE2_N6_2(%_;));
0
/(1 — PPy < CelTNem ol
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The last formulas imply

:Eprled(%*p)/Upererrel*Ne*z(%*p)O <€+e (e=1)(z- p)>
R

_ —517N(€p)N71672(§7p) /

TPerdr +e=Ne2(:-r)0 (s + e’(p’l)(%*/))) ,
R

(45)
for & small. The fourth term in (40) can be controlled similalry to (36), and yields

‘ / ’ < Ce? N, (46)

The fifth and the sixth terms in (40) can be controlled by

/¢ (z+0)| < Ce2Nem2e ‘/(l)”’vz—l—v

concluding the proof. O

<O Nem22,  (47)

Choosing some special values and using the above expansion, it is possible to show
that Hence it follows that the reduced functional I, possesses a maximum point in
a suitable interval (p1, p2,c), where both values approach % at a logarithmic rate
in €. From the first part of Proposition 7 one then finds the following result.

Theorem 3.2. [4] Given n > 2 and p > 1, there exists a family of radial solutions
us of (P-) concentrating at |x| = re, where re is a local mazimum point of u.
satisfying 1 — re ~ £|loge|.

The same proof, with minor modifications, also applies when ) is an annulus: in
this case there are still solutions concentrating near the exterior boundary. However
when Dirichlet conditions are imposed the boundary has a repelling effect on radial
spike-layers, so concentration occurs at inner boundaries of annuli. One has indeed
the following result.

Theorem 3.3. ([4]) Let Q@ C RN be the annulus {a < |z| < 1}, with a € (0,1).
Then there exists a family of radial solutions u. of (D.) concentrating near |z| = a.
More precisely, u. possesses a local maximum point a < r. < 1 for which r. —a ~
el logel.

As for the construction of multiple peaks mentioned at the end of the previ-
ous section, it is possible to construct via a finite-dimensional analysis solutions
with multiple spherical layers that approach parts boundary of balls or of annuli,
depending on the boundary conditions one imposes, see [44].

The above results hold more in general for the problems

—e2Au+V(|lz))u=uP in Q;
%zOonaQ, u >0 in §;
(48)

—e2Au+V(|z))u =uP in 9,
u =0 on 0, u > 0in £,

or for the above equations in the whole Euclidean space. Here one assumes V to
be positive, bounded in C? norm and bounded away from zero. In this case, the
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location of an interior concentration set is determined by the critical points of the
auziliary function M(r) = rN=1V9(r) (see also [12]). We also mention [7], [10]
for similar results obtained with different techniques and [8], [9] for problems with
reduced symmetries. For general potentials (without symmetry restrictions), see
[19], [38] and [58], especially for what concerns a conjecture in [3].

Concerning concentration at the boundary, it occurs for the Neumann problem
provided M’(1) > 0 or M’(a) < 0: for the Dirichlet problem, opposite inequalities
are needed.

In [3], where the equation appearing in (48) was studied in the whole RY was
studied, it was also shown that, as ¢ — 0, there is bifurcation of non-radial solutions
from the radial one. This is related to the divergence of the Morse index of such
solutions within Sobolev spaces of general (non-radial) functions, as discussed at
the end of the introduction.
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