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 a b s t r a c t

We give a rigorous mathematical result, supported by numerical simulations, of the aggregation of a concentrated 
vortex blob with an underlying non-constant vorticity field: the blob moves in the direction of the gradient of 
the field. It is a unique example of a Lagrangian explanation of aggregation of vortex structures of the same 
sign in 2D inviscid fluids. The result is also extended to almost vertical vortex filaments in a (possibly thin) 
three-dimensional domain.

1.  Introduction

Vortex structures emerge from many instabilities mechanisms of 
fluid and plasma dynamics, like Rayleigh-Taylor, Richtmyer–Meshkov, 
and Kelvin–Helmholtz instabilities [1–3]. In the case of 2D (or nearly 
two-dimensional) fluids, their interaction and in particular their merg-
ing properties play a fundamental role in many processes, like in the 
turbulent inverse cascade [4], in the emergence and dynamics of large 
scale structures in the atmosphere of certain planets [5,6] and in the 
poloidal section of confined fusion plasma [7,8]. Here and below we 
shall generically name it vorticity, meaning true vorticity for classical 
fluids, but potential vorticity for geophysical fluids, [9] and a particle 
density or the electrostatic potential - depending on the approximate 
model - for a plasma [10,11].

With a large degree of simplification, we may divide the mutual 
interaction of vortex structures and their interaction with background 
fields into two main classes.

a) The first class contains the interaction of vortex structures approx-
imately of the same size (with small variants of different size but with 
the same order of magnitude [12]). The present paper is not devoted to 
this case, but we mention it for comparison and side remarks. When the 
two vortex structures have the same sign and are sufficiently close to 
each other, they merge into a larger structure (hence the energy previ-
ously incorporated in the smaller ones moves to the large final one, as 
the inverse energy cascade predicts) and produce very small scale struc-
tures like filaments (hence part of the vorticity, previously incorporated 
in the two initial structures, will be found in the very thin filaments, 
in agreement with the direct enstrophy cascade [13]). This process has 
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been widely investigated, in particular for the potential vorticity field 
in geostrophic dynamics and turbulence  [14–16], and has been experi-
mentally observed and investigated in the case of the oval BA (Red Spot 
Jr.) of Jupiter [17–20]; but it has been also studied for simplified plasma 
models, see for instance [21] and references therein.

b) The second class contains the case of interaction of vortex struc-
tures of very different sizes, so that one looks almost pointwise compared 
to the other. Similarly, it contains the case of the interaction between an 
almost pointwise structure and a background shear flow. It is called the 
vortex-wave problem in the limit of a pointwise vortex [22]; the small 
vortex structures are also often called clumps and holes [23]. In this cat-
egory, we may also insert the beta-drift problem, namely the motion of a 
concentrated vortex structure in the presence of Coriolis force, relevant 
for instance to the motion of cyclones in the atmosphere [24–26]. The 
interaction of very concentrated vorticity structures with much larger 
vortex structures or a vorticity background may be important to un-
derstand the properties (e.g. energy maintenance, growth and shaping) 
of large scale structures (like zonal flows or streamers) in planets and 
plasma [6,7,27].

Case (a) is documented by several numerical studies, but it is less 
clear from the theoretical point of view based on the equations of mo-
tion, with some information extracted by statistical mechanics argu-
ments related, for instance , to the concept of entropy [12,28], or On-
sager theory [29]. As already said above, we have mentioned case (a) 
for comparison, but it will not be the main object of this work.

Case (b) is more amenable to an analytical theory, because of the 
presence of a small parameter (the ratio between the scales of the two 
structures) and because in some regimes or small time one may assume 
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$t = 0$


$\mathbb {T}^2$


$\omega ^t:\mathbb {T}^2\to \mathbb {R}$


$\mathbf {u}^t=(u_1^t,u_2^t):\mathbb {T}^2\to \mathbb {R}$


\begin {align}\label {e8} \partial _t\omega +\mathbf {u}\cdot \nabla \omega =0\qquad \mathbf {u}=\mathbf {K}\ast \omega ,\end {align}


$\mathbf {K}(\mathbf {x},\mathbf {y}):=\nabla ^\perp \Delta _{\mathbb {T}}^{-1}\delta _{\mathbf {y}}(\mathbf {x})$


\begin {align*}\omega ^0(\mathbf {x})\in L^\infty (\mathbb {T}^2)\end {align*}


$\omega \in L^\infty ([0,\infty )\times \mathbb {T}^2)$


$\bar {\omega }^0(\mathbf {x})$


$\bar {\mathbf {u}}^0$


\begin {align}\label {e24} \mbox {the vectors}\ \bar {\mathbf {u}}^0(\mathbf {x})\ \mbox {and}\ \nabla \bar {\omega }^0(\mathbf {x})\ \mbox {are orthogonal}\ \qquad \mbox {for every}\ \mathbf {x}\in \mathbb {T}^2.\end {align}


$\dot {\mathbf {x}} = \bar {\mathbf {u}}^0(\mathbf {x})$


$\bar {\omega }^0$


$\bar {\mathbf {u}}^0(\mathbf {x})$


$\nabla \bar {\omega }^0(\mathbf {x})$


$\varepsilon \ll 1$


$\mathbf {x}^0\in \Tt ^2$


$\Gamma \in \Rr $


$p(\mathbf {x})\in C^\infty _c(\Rr ^2)$


$dx:=dx_1dx_2$


\begin {align*}p\geq 0,\int p(\mathbf {x}) d x=1,\int \mathbf {x}~p(\mathbf {x}) d x=0,\text {and} \text {supp}~p \subset B(0,\frac {1}{2}).\end {align*}


$\varepsilon >0$


\begin {align}\label {e30} \rho ^{0,\varepsilon }(\mathbf {x})=\Gamma p^\varepsilon (\mathbf {x}):=\frac {\Gamma }{\varepsilon ^2} p\left (\frac {\mathbf {x}-\mathbf {x}^0}{\varepsilon }\right ).\end {align}


$\mathbf {x}^0$


$\Gamma $


\begin {align}\label {e25} \begin {cases} \partial _t\bar {\omega }+\mathbf {u}\cdot \nabla \bar {\omega }=0\qquad \bar {\omega }^{t=0}(\mathbf {x})=\bar {\omega }^0(\mathbf {x}),\\ \partial _t\rho +\mathbf {u}\cdot \nabla \rho =0\qquad \rho ^{t=0}(\mathbf {x})= \rho ^{0,\varepsilon }(\mathbf {x}) \\ \mathbf {u}^t(\mathbf {x})=\displaystyle \int _{\Tt ^d}\mathbf {K}(\mathbf {x},\mathbf {y})(\bar {\omega }^t(\mathbf {y})+\rho ^t(\mathbf {y})) d y \end {cases}\end {align}


$\bar {\omega }^t(\mathbf {x})$


$\rho ^t(\mathbf {x})$


$\bar {\omega }$


$\rho $


$\omega = \bar {\omega } + \rho $


$\omega ^0(\mathbf {x}) = \bar {\omega }^0(\mathbf {x}) + \rho ^{0,\varepsilon }(\mathbf {x})$


$\bar {\omega }^0$


\begin {align*}\Tt ^2\ni \mathbf {G}(t)=\big (G_1(t),G_2(t)\big ):=\int \mathbf {x}~\rho ^t(\mathbf {x}) d x\Big /\int \rho ^t(\mathbf {x}) d x=\frac {1}{\Gamma }\int \mathbf {x} ~\rho ^t(\mathbf {x}) d x.\end {align*}


\begin {align}\label {e28} \bar {\omega }^0(\mathbf {x})\ \mbox {depends only on} x_2\qquad \ \mbox {and}\ \qquad \Gamma >0,~\partial _2 \bar {\omega }^0(\mathbf {x}^0) > 0.\end {align}


$\varepsilon _0 = \varepsilon _0(\bar {\omega }^0,\Gamma ,p)$


$\varepsilon \in (0, \varepsilon _0]$


$T = T(\varepsilon ) > 0$


$G_2(t)$


$[0, T]$


\begin {align}\label {e26} G_2'(0)=0\qquad \mbox {and}\qquad \Big |G_2''(0)-\frac {\Gamma \partial _2\bar \omega ^0(\mathbf {x}^0)}{4\pi }\ln \frac {1}{\varepsilon }\Big |\lesssim _{\bar \omega ^0,p}1.\end {align}


\begin {align}\label {e29} \mathbf {v}:=\mathbf {K}\ast \rho ,\qquad \bar {\mathbf {u}}:=\mathbf {K}\ast \bar \omega .\end {align}


\begin {align*}\partial _t \bar {\omega }^{t=0}(\mathbf {x})\overset {\eqref {e8}}{=}-\bar {\mathbf {u}}^0(\mathbf {x})\cdot \nabla \bar {\omega }^0(\mathbf {x}) - \mathbf {v}^0(\mathbf {x}) \cdot \nabla \bar {\omega }^0(\mathbf {x})\overset {\eqref {e24}}{=}-\mathbf {v}^0(\mathbf {x})\cdot \nabla \bar {\omega }^0(\mathbf {x})\end {align*}


\begin {equation}\label {e31} \partial _t \bar {\mathbf {u}}^{t=0}(\mathbf {x})= \mathbf {K} \ast \partial _t \bar {\omega }^{t=0}(\mathbf {x})=-\mathbf {K}\ast (\mathbf {v}^0 \cdot \nabla \bar {\omega }^0)(\mathbf {x}).\end {equation}


\begin {align}\label {e40} \bar {\mathbf {u}}^0(\mathbf {x})=(\bar u_1^0(x_2),0).\end {align}


\begin {align}\label {e27} \mathbf {G}'(t)=\frac {1}{\Gamma }\int _{\mathbb {T}}\mathbf {x}\partial _t\rho dx=\frac {1}{\Gamma }\int _{\mathbb {T}}\rho (\bar {\mathbf {u}}+\mathbf {v})dx=\frac {1}{\Gamma }\int _{\mathbb {T}}\rho \bar {\mathbf {u}}dx,\end {align}


$\mathbf {K}$


\begin {align*}\int \rho \mathbf {v}dx=\int \mathbf {K}(\mathbf {x}, \mathbf {y})\rho (\mathbf {x})\rho (\mathbf {y})dxdy=0.\end {align*}


$t=0$


$G_2'(0)=0$


\begin {align}\label {e32} G_2''(0)=\Gamma \int _{\mathbb {T}^2}{\big (K_2\ast p^\varepsilon (\mathbf {x})\big )}^2\partial _2\bar \omega ^0(\mathbf {x})dx.\end {align}


\begin {align*}\mathbf {G}''(t)=\frac {1}{\Gamma } \int \bar {\mathbf {u}}\partial _t \rho d x + \frac {1}{\Gamma } \int \rho \partial _t \bar {\mathbf {u}} d x.\end {align*}


\begin {align*}\mathbf {G}''(0) \cdot \hat {\mathbf {x}}_2 &= \frac {\hat {\mathbf {x}}_2}{\Gamma }\cdot \int \rho ^0 \big (- \mathbf {K} \ast (\mathbf {v}^0\cdot \nabla \bar {\omega }^0)\big ) d x= \frac {\hat {\mathbf {x}}_2}{\Gamma }\cdot \int (\mathbf {K} \ast \rho ^0) (\mathbf {v}^0\cdot \nabla \bar {\omega }^0) d x\\&\overset {\eqref {e29}}{=} \frac {\hat {\mathbf {x}}_2}{\Gamma } \cdot \int \mathbf {v}^0(\mathbf {v}^0\cdot \nabla \bar {\omega }^0)d x\overset {\eqref {e28}}{=}\frac {1}{\Gamma }\int (\mathbf {v}(0,\mathbf {x}) \cdot \hat {\mathbf {x}}_2)^2 \partial _2\bar {\omega }^0(\mathbf {x})dx.\end {align*}


$\mathbf {v}$


$\mathbf {\rho }$


$[-\frac {1}{2},\frac {1}{2}]^2$


$\mathbf {x}^0=0$


\begin {align*}K_2(\mathbf {x})=\bar {K}_2(\mathbf {x})+h(\mathbf {x})\qquad \mbox {with}\qquad \bar {K}(\mathbf {x})=\frac {\mathbf {x}^\perp }{2\pi |\mathbf {x}|^2},h\in L^\infty (\mathbb {T}^2).\end {align*}


$\bar K$


$K$


\begin {align}\label {e2} \Big |\int _{\mathbb {T}^2}(K_2\ast p^\varepsilon (\mathbf {x}))^2d x-\int _{\mathbb {T}^2}(\bar {K}_2\ast p^\varepsilon (\mathbf {x}))^2d x\Big |\lesssim 1.\end {align}


\begin {align*}&\Big |\int _{\mathbb {T}^2}{\big (K_2\ast p^\varepsilon (\mathbf {x})\big )}^2~d x-\int _{\mathbb {T}^2}{\big (\bar {K}_2\ast p^\varepsilon (\mathbf {x})\big )}^2~d x\Big |\\ &\le \int _{\mathbb {T}^2}\big |(K_2+\bar {K}_2)\ast p^\varepsilon (\mathbf {x})\big |\big |(K_2-\bar {K}_2)\ast p^\varepsilon (\mathbf {x})\big | d x\\ &\le \big \|(K_2+\bar {K}_2)\ast p^\varepsilon \big \|_{L^1(\mathbb {T}^2)}\big \|h\ast p^\varepsilon \big \|_{L^\infty (\mathbb {T}^2)}\\ &\le \big (2\|\bar {K}_2\|_{L^1(\mathbb {T}^2)}+\|h\|_{L^1(\mathbb {T}^2)}\big )\|h\|_{L^\infty (\mathbb {T}^2)}\lesssim 1.\end {align*}


\begin {align}\label {f1} \Big |\int _{\mathbb {T}^2}(\bar {K}_2\ast p^\varepsilon (\mathbf {x}))^2~d x-\frac {1}{4\pi }\ln \frac {1}{\varepsilon }\Big |\lesssim 1.\end {align}


$\mathbf {x}\mapsto \mathbf {x}':=\varepsilon ^{-1}\mathbf {x}$


$(-1)$


$\bar {K}_2$


\begin {align*}&\int _{\mathbb {T}^2}{\big (\bar {K}_2\ast p^\varepsilon (\mathbf {x})\big )}^2~d x\\ &\overset {\eqref {e30}}{=}\int _{\mathbb {T}^2}\Big (\int _{\mathbb {R}^2}\bar {K}_2(\mathbf {x}-\mathbf {y})\frac {1}{\varepsilon ^2}p\big (\frac {\mathbf {y}}{\varepsilon }\big ) d y\Big )\Big (\int _{\mathbb {R}^2}\bar {K}_2(\mathbf {x}-\mathbf {z})\frac {1}{\varepsilon ^2}p\big (\frac {\mathbf {z}}{\varepsilon }\big ) d z\Big ) d x\\ &=\int _{\frac {1}{\varepsilon }\mathbb {T}^2}\Big (\int _{\mathbb {R}^2}\varepsilon \bar {K}_2(\varepsilon (\mathbf {x}'-\mathbf {y}'))p(\mathbf {y}') d \mathbf {y}'\Big )\Big (\int _{\mathbb {R}^2}\varepsilon \bar {K}_2(\varepsilon (\mathbf {x}'-\mathbf {z}'))p(\mathbf {z}')\big ) d z'\Big ) d x'\\ &=\int _{\frac {1}{\varepsilon }\mathbb {T}^2}\Big (\int _{\mathbb {R}^2}\bar {K}_2(\mathbf {x}'-\mathbf {y}')p(\mathbf {y}') d \mathbf {y}'\Big )\Big (\int _{\mathbb {R}^2}\bar {K}_2(\mathbf {x}'-\mathbf {z}')p(\mathbf {z}')\big ) d z'\Big ) d x'\\ &=\int _{\frac {1}{\varepsilon }\mathbb {T}^2}{\big (\bar {K}_2\ast p(\mathbf {x})\big )}^2~d x.\end {align*}


\begin {align*}\int _{B(0,2)}{\big (\bar {K}_2\ast p(\mathbf {x})\big )}^2~d x+\int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}{\big (\bar {K}_2\ast p(\mathbf {x})\big )}^2~d x.\end {align*}


$\|\bar {K}_2\|_{L^1(B(0,2))}\|p\|_{L^\infty (B(0,2))}\lesssim 1$


\begin {align*}&\Big |\int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}{\big (\bar {K}_2\ast p(\mathbf {x})\big )}^2~d x-\int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}\bar {K}_2(\mathbf {x})^2~d x\Big |\\ &\le \int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}\Big (\int |\bar {K}_2(\mathbf {x}-\mathbf {y})+\bar {K}_2(\mathbf {x})|p(\mathbf {y}) d y\Big )\Big (\int |\bar {K}_2(\mathbf {x}-\mathbf {y})-\bar {K}_2(\mathbf {x})|p(\mathbf {y}) d y\Big ) d x\\ &\lesssim \int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}\sup _{\mathbf {y}\in B(0,1)}|\bar {K}_2(\mathbf {x}-\mathbf {y})|\sup _{\mathbf {y}\in B(0,1)}|\nabla \bar {K}_2(\mathbf {x}-\mathbf {y})| d x\\ &\lesssim \int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}\sup _{\mathbf {y}\in B(0,1)}\frac {1}{|\mathbf {x}-\mathbf {y}|}\sup _{\mathbf {y}\in B(0,1)}\frac {1}{|\mathbf {x}-\mathbf {y}|^2} d x\lesssim \int _{\mathbb {R}^2\backslash B(0,2)}\frac {1}{|\mathbf {x}|^3}\lesssim 1,\end {align*}


\begin {align*}-1\lesssim \int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}\bar {K}_2(\mathbf {x})^2~d x-\frac {1}{4\pi }\ln \frac {1}{\varepsilon }\lesssim 1.\end {align*}


$\mathbb {T}^2\subset B(0,\frac {1}{\sqrt {2}})$


$\mathbb {T}^2\supset B(0,\frac {1}{2})$


\begin {align*}\int _{\frac {1}{\varepsilon }\mathbb {T}^2\backslash B(0,2)}\bar {K}_2(\mathbf {x})^2~d x&\le \int _{B(0,\frac {1}{\sqrt {2}\varepsilon })\backslash B(0,2)}\bar {K}_2(\mathbf {x})^2~d x=\frac {1}{4\pi ^2}\int _{B(0,\frac {1}{\sqrt {2}\varepsilon })\backslash B(0,2)}\frac {x_1^2}{|\mathbf {x}|^4} d x\\ &=\frac {1}{8\pi ^2}\int _{B(0,\frac {1}{\sqrt {2}\varepsilon })\backslash B(0,2)}\frac {x_1^2+x_2^2}{|\mathbf {x}|^4} d x\\&=\frac {1}{4\pi }\int _2^{\frac {1}{\sqrt {2}\varepsilon }}\frac {1}{\rho } d \rho =\frac {1}{4\pi }\ln \frac {1}{\varepsilon }+O(1).\end {align*}


\begin {align*}\Big |\int _{\mathbb {T}^2}{\big (K_2\ast p^\varepsilon (\mathbf {x})\big )}^2~d x-\frac {1}{4\pi }\ln \frac {1}{\varepsilon }\Big |\lesssim _{p} 1.\end {align*}


\begin {align*}\Big |\int _{\mathbb {T}^2}{\big (K_2\ast p^\varepsilon (\mathbf {x})\big )}^2\partial _2\bar \omega ^0(\mathbf {x}) d x-\partial _2\bar {\omega }^0(0)\int _{\mathbb {T}^2}{\big (K_2\ast p^\varepsilon (\mathbf {x})\big )}^2~d x\Big |\lesssim \|\nabla ^2\bar \omega ^0\|_\infty ,\end {align*}


\begin {align*}&\int _{\mathbb {T}^2}{\big (K_2\ast p^\varepsilon (\mathbf {x})\big )}^2|\partial _2\bar \omega ^0(\mathbf {x})-\partial _2\bar \omega ^0(0)| d x\lesssim \|\nabla ^2\bar \omega ^0\|_{L^\infty }\int _{\mathbb {T}^2}(K_2\ast p^\varepsilon (\mathbf {x}))^2|\mathbf {x}| d x\\ &=\|\nabla ^2\bar \omega ^0\|_{L^\infty }\Big (\int _{B(0,2\varepsilon )}(K_2\ast p^\varepsilon (\mathbf {x}))^2|\mathbf {x}| d x+\int _{\mathbb {T}^2\backslash B(0,2\varepsilon )}(K_2\ast p^\varepsilon (\mathbf {x}))^2|\mathbf {x}| d x\Big )\\ &\le \|\nabla ^2\bar \omega ^0\|_{L^\infty }\Big (\varepsilon \int _{B(0,2\varepsilon )}(K_2\ast p^\varepsilon (\mathbf {x}))^2~d x+\int _{\mathbb {T}^2\backslash B(0,2\varepsilon )}(\sup _{B(0,\varepsilon )}|K_2(\mathbf {x}-\mathbf {y})|)^2|\mathbf {x}| d x\Big )\\ &\lesssim \|\nabla ^2\bar \omega ^0\|_{L^\infty }\Big (\varepsilon \ln \frac {1}{\varepsilon }+\int _{\mathbb {T}^2\backslash B(0,2\varepsilon )}\frac {1}{|\mathbf {x}|^2}|\mathbf {x}| d x\Big )\lesssim \|\nabla ^2\bar \omega ^0\|_{L^\infty }.\end {align*}


$\Gamma $


$\partial _{x_2}\bar {\omega }^0(\mathbf {x}^0)$


\begin {equation*}t \mapsto \text {sign}\big (\Gamma \partial _2\bar {\omega }^0(\mathbf {x}^0)\big ) G_2(t)\end {equation*}


$\bar {\omega }^0(\mathbf {x})$


$x_2$


$\Gamma > 0$


$\nabla \bar {\omega }^0(\mathbf {x}^0) = \partial _2 \bar {\omega }^0(\mathbf {x}^0) \hat {\mathbf {x}}_2$


$\partial _2 \bar {\omega }^0(\mathbf {x}^0) > 0$


$\mathbf {G}^\varepsilon (t)$


$\varepsilon $


\begin {equation*}\lim _{\varepsilon \to 0} G_2^\varepsilon (0)' = 0 \qquad \lim _{\varepsilon \to 0} G_2^\varepsilon (0)'' = +\infty .\end {equation*}


$\varepsilon \to 0$


\begin {align*}G_2(t)\sim t^\alpha \qquad \mbox {for some}\ \alpha \in (1,2).\end {align*}


$\varepsilon $


$y=y(t):=\theta (0)-\theta (t)$


$\omega _b$


$10\varepsilon $


$\varepsilon $


$(\varphi ,\theta )$


$\omega _r$


$y=y(t):=\theta (0)-\theta (t)$


$x_v$


$(\varphi ,\theta )$


$\omega $


$N=65$


$h=10^{-5}$


$\Gamma =0.1$


$\theta (0)=\pi -\arccos 0.6$


$f = 62\cos \theta $


$10^{-2}s$


$2$


$\frac {3}{2}$


$t=0$


$\frac {3}{2}$


$2$


$0.1s$


$y=y(t)$


$N=257$


$\varepsilon =1/N$


$h=10^{-3}$


$N_V=0$


$\omega =\omega _b+\omega _r$


$\frac {3}{2}$


$\frac {3}{2}$


$10$


$\Ss ^2$


$\Rr ^2$


$\mathbb {S}^2\subset \mathbb {R}^3$


\begin {align}\label {e5} \partial _t\omega +\{\psi ,\omega \}=0\qquad \Delta _{\mathbb {S}^2}\psi =\omega ,\end {align}


$\omega ,\psi :\mathbb {S}^2\to \mathbb {R}$


$\{\cdot ,\cdot \}$


$\mathbf {u}^t(\mathbf {x})$


\begin {align}\label {f7} \mathbf {u}^t(\mathbf {x})=\nabla ^\perp _{\mathbb {S}^2}\psi ^t(\mathbf {x})\in T_\mathbf {x}\mathbb {S}^2\qquad \mbox {for}\ t\in [0,\infty )\ \mbox {and}\ \mathbf {x}\in \mathbb {S}^2\end {align}


$\Phi ^t:\mathbb {S}^2\to \mathbb {S}^2$


\begin {align*}\Phi ^0(\mathbf {x})=\mathbf {x}\qquad \mbox {and}\qquad \partial _t\Phi ^t(\mathbf {x})=\mathbf {u}^t(\Phi ^t(\mathbf {x}))\qquad \mbox {for all}\ t\in [0,\infty )\ \mbox {and}\ \mathbf {x}\in \mathbb {S}^2,\end {align*}


$\omega ^t(\mathbf {x})=\omega ^0\big ((\Phi ^t)^{-1}(\mathbf {x})\big )$


$\omega ^0$


\begin {align*}\omega ^0(d\mathbf {x})=\bar {\omega }^0(\mathbf {x})d\mathbf {x}+ \Gamma \delta _{\mathbf {x}^0}(d\mathbf {x}),\end {align*}


$\bar \omega ^0\in L^\infty (\mathbb {S}^2)$


$\Gamma \delta _{\mathbf {x}^0}$


$\mathbf {x}^0\in \mathbb {S}^2$


$\Gamma $


$\bar \omega ^t$


$\mathbf {x}_v(t)\in \mathbb {S}^2$


$t$


\begin {align*}\omega ^t(d\mathbf {x})=\bar {\omega }^t(\mathbf {x}) d \mathbf {x}+\Gamma \delta _{\mathbf {x}_v(t)}( d \mathbf {x})\end {align*}


$\bar {\omega }\in L^\infty ([0, +\infty )\times \mathbb {S}^2)$


$\mathbf {x}_v \in C^1([0, +\infty ), \Ss ^2)$


\begin {equation}\label {eq:vw} \begin {cases} \partial _t\Phi ^t(\mathbf {x})=\bar {\mathbf {u}}^t\big (\Phi ^t(\mathbf {x})\big )+\Gamma \mathbf {K}\big (\Phi ^t(\mathbf {x}),\mathbf {x}_v(t)\big ),\quad \Phi ^0(\mathbf {x})=\mathbf {x}, \;\mathbf {x}\neq \mathbf {x}^0\\ \displaystyle \frac { d \mathbf {x}_v}{ d t}(t)=\bar {\mathbf {u}}^t\big (\mathbf {x}_v(t)\big ),\quad \mathbf {x}_v(0)=\mathbf {x}^0\\ \bar {\mathbf {u}}^t(\mathbf {x})=\displaystyle \int _{\mathbb {S}^2} \mathbf {K}(\mathbf {x},\mathbf {y})\bar {\omega }^t(\mathbf {y}) d y \\ \bar {\omega }^t(d\mathbf {x})=\bar {\omega }^0\big ((\Phi ^t)^{-1}(\mathbf {x})\big ) \end {cases}\end {equation}


$\bar {\mathbf {u}}$


$\bar {\omega }$


$\mathbf {K}=\mathbf {K}_{\mathbb {S}^2}$


$\Ss ^2$


\begin {align*}\mathbf {K}(\mathbf {x},\mathbf {y}):=\nabla ^\perp _{\mathbb {S}^2}\Delta _{\mathbb {S}^2}^{-1}\delta _\mathbf {y}(\mathbf {x})=\frac {1}{2\pi }\frac {(\mathbf {x}-\mathbf {y})\times \mathbf {y}}{|\mathbf {x}-\mathbf {y}|^2}.\end {align*}


$\mathbf {x}_v$


$\bar {\mathbf {u}}$


$\bar {\omega }$


$\bar {\mathbf {u}}$


$\bar {\omega }^0 \in L^\infty (\Ss ^2)$


$\mathbf {x}^0 \in \Ss ^2$


$\Gamma \in \Rr \backslash \{0\}$


$\bar {\omega }^0$


$\mathbf {x}^0$


$\varepsilon \downarrow 0$


\begin {align*}\omega ^{0,\varepsilon }(\mathbf {x}):=\bar {\omega }^0(\mathbf {x})+ \frac {\Gamma }{\pi \varepsilon ^2}\chi _{B(\mathbf {x}^0, \varepsilon )}\end {align*}


$\chi _{B(\mathbf {x}^0,\varepsilon )}$


$B(\mathbf {x}^0,\varepsilon )$


$\mathbf {x}^0$


$\varepsilon $


$\bar {\omega }^0$


$\bar {\omega }^0$


$\nabla \bar {\omega }^0(\mathbf {x}^0) \neq 0$


$\Gamma \nabla \bar {\omega }(\mathbf {x}^0)$


$\Ss ^2\subset \Rr ^3$


$\mathbf {x}_v^i:[0,T]\rightarrow \Ss ^2$


$i=1,\ldots ,N_V$


$\bar \omega :[0,T]\times \Ss ^2\rightarrow \Rr $


$f=f(\mathbf {x}):=\mathbf {\Omega }\cdot \mathbf {x}$


$\mathbf {\Omega }\in \Rr ^3$


\begin {equation}\label {eq:vw_sphere} \begin {array}{cc} &\dot {\mathbf {x}}_v^i = \dfrac {1}{4\pi }\displaystyle \sum _{\substack {j=1,.,N_V \\ i\neq j}}\Gamma _j\dfrac {\mathbf {x}_v^i\times \mathbf {x}_v^j}{1-\mathbf {x}_v^i\cdot \mathbf {x}_v^j}+\mathbf {x}_v^i\times \nabla \Delta _{\mathbb {S}^2}^{-1}(\bar \omega -f)(\mathbf {x}_v^i) \hspace {.5cm} \mbox {for } i=1,\ldots ,N_V\\ &\dot {\bar {\omega }} =\lbrace \bar \omega , \Delta _{\mathbb {S}^2}^{-1}(\bar \omega -f) + \displaystyle \sum _{i=1,\ldots ,N_V}\Gamma _i\log (1-\mathbf {x}_v^i\cdot \mathbf {x})\rbrace . \end {array}\end {equation}


$f,g$


$\lbrace f,g\rbrace :=\textbf {x}\cdot (\nabla f\times \nabla g).$


$\Delta _{\mathbb {S}^2}$


\begin {equation*}H=-\frac {1}{2}\sum _{i\neq j} \Gamma _i\Gamma _j \log (1-\mathbf {x}_v^i\cdot \mathbf {x}_v^j) - \sum _{i}\Gamma _i(\bar \omega -f)(\mathbf {x}_v^i) - \frac {1}{2}\int _{\Ss ^2}\Delta _{\mathbb {S}^2}^{-1}(\bar \omega -f)(\bar \omega -f).\end {equation*}


$C_f=\int _{\Ss ^2}f(\bar \omega )$


$f$


$M=\int _{\Ss ^2}(\sum _i \Gamma _i\delta _{\mathbf {x}_v^i}+\bar \omega )\textbf {n}dS\cdot \mathbf {\Omega }$


$\mathbf {\Omega }\neq 0$


$Y_{lm}$


$l\leq N-1,m=-l,\ldots ,l$


$N\geq 1$


$\lbrace Y_{lm}\rbrace _{\substack {l=1,.,N-1 \\ m=-l,\ldots ,l}}$


$\SU (N)$


$\lbrace T_{lm}\rbrace _{\substack {l=1,.,N-1 \\ m=-l,\ldots ,l}}$


$\bar {\omega }=\sum _{l=1}^\infty \sum _{m=-l}^l\bar {\omega }^{lm}Y_{lm}$


$W=\sum _{l=1}^{N-1}\sum _{m=-l}^l\bar {\omega }^{lm}T_{lm}$


\begin {align}\label {eq:vw_sphere_zeitlin} &\dot {\mathbf {x}}_v^i = \dfrac {1}{4\pi }\mathop \sum \nolimits _{\substack {j=1,.,N_V \\ i\neq j}}\Gamma _i\dfrac {\mathbf {x}_v^i\times \mathbf {x}_v^j}{1-\mathbf {x}_v^i\cdot \mathbf {x}_v^j}\notag \\ &\qquad \,\,-\mathop \sum \nolimits {\substack {l=1,.,N-1\\m=-l,\ldots ,l}}\dfrac {\mathbf {x}_v^i\times \nabla Y_{lm}(\mathbf {x}_v^i)}{-l(l+1)}(W-F)^{lm} \qquad \mbox { for } i=1,\ldots ,N_V\notag \\ &\dot {W}= - [W , \Delta _N^{-1}\big (W+ \mathop \sum \nolimits {\substack {i=1,.,N_V \\ l=1,.,N-1 \\ m=-l,\ldots ,l}}\Gamma _i Y_{lm}(\mathbf {x}_v^i)T_{lm}- F\big )]_N,\end {align}


$\Delta _N$


$[A,B]_N=\frac {\sqrt {N^2-1}}{2}(AB-BA)$


$F=\vert \mathbf {\Omega }\vert i T_{10}$


\begin {equation}\begin {array}{cc} H = &-\dfrac {1}{8\pi }\sum _{\substack {i,j=1,.,N_V \\ i\neq j}}\Gamma _i\Gamma _j\log (1-\mathbf {x}_i\cdot \mathbf {x}_j) +\\ &- \sum _{\substack {i=1,.,N_V \\ l=1,.,N-1 \\ m=-l,\ldots ,l}}\Gamma _i \dfrac {Y_{lm}(\mathbf {x}_i)}{-l(l+1)}(W-F)^{lm} +\\ &- \dfrac {1}{2}\Tr (\Delta _N^{-1}(W-F)^*(W-F)). \end {array} \label {Xeqn5-19}\end {equation}


\begin {equation}\label {first_integrals_quant} \begin {array}{cc} &C_n(W) = \Tr (W^n), \mbox { for } n=2,\ldots ,N-1 \\ &\\ &M = \left (\sum _{i=1}^{N_V}\Gamma _i\mathbf {x}_v^i + \left [\begin {matrix} \Tr (W^*T_x)\\ \Tr (W^*T_y) \\ \Tr (W^*T_z) \\ \end {matrix}\right ]\right )\cdot \mathbf {\Omega }, \end {array}\end {equation}


$T_x=\frac {iT_{1-1}-iT_{1-1}}{\sqrt {2}},T_y=\frac {T_{1-1}+T_{1-1}}{\sqrt {2}},T_z=iT_{10}$


$C_n$


$M$


$H$


$\omega $


$(\varphi ,\theta )$


$N=501$


$\Gamma >0$


$\omega ^0=2\Omega \cos \theta $


$\Omega =-1/2$


$\mathbf {G}\left ( t\right )$


\begin {equation*}\mathbf {\gamma }^{t}\left ( r\right ) \in \mathbb {R}^{3},\qquad r\in \mathbb {R}\end {equation*}


$t$


$r$


$\Gamma $


\begin {equation*}\mathbf {\omega }^{\prime }\left ( t,\mathbf {x}\right ) =\Gamma \int _{\mathbb {R} }\delta \left ( \mathbf {x}-\mathbf {\gamma }^{t}\left ( r\right ) \right ) \partial _{r}\mathbf {\gamma }^{t}\left ( r\right ) dr\end {equation*}


$\mathbf {\omega }^{\prime }$


$t=0$


\begin {equation*}\mathbf {\omega }_{\varepsilon }^{\prime }\left ( 0,\mathbf {x}\right ) =\Gamma \int _{\mathbb {R}}p^\varepsilon \left ( \mathbf {x}-\mathbf {\gamma } ^{0}\left ( r\right ) \right ) \partial _{r}\mathbf {\gamma }^{0}\left ( r\right ) dr\end {equation*}


$p^\varepsilon \left ( \mathbf {x}\right ) :=\varepsilon ^{-3}p\left ( \varepsilon ^{-1}\mathbf {x}\right )$


$p$


$\mathbf {\omega }_{\varepsilon }^{\prime }\left ( 0,\mathbf {x}\right )$


$\mathbb {T}^3$


$\mathbb {T}^3_\delta $


$\alpha :\mathbb {T}\to \mathbb {T}$


$\mathbb {T}^3$


\begin {align}\gamma ^0:\mathbb {T}\to \mathbb {T}^3,\qquad \gamma ^0(r)=\alpha (r)\hat {\mathbf {x}}_2+r\hat {\mathbf {x}}_3\label {e7},\end {align}


\begin {align}\label {e41} \eta :=\|\alpha '(r)\|_\infty .\end {align}


$\eta \ll 1$


\begin {align}\label {e3} \bar {\mathbf {u}}^0(\mathbf {x}):=(\bar {u}^0_1(x_2),0,0)\qquad \mbox {and}\qquad \bar \omega ^0(\mathbf {x}):=(0,0,\bar \omega ^0_3(x_2)),\end {align}


$\bar \omega =\text {curl}~\bar u$


\begin {align}\label {e42} \bar \omega ^0_3(x_2)=-\frac {d}{dx_2}\bar u^0_1(x_2).\end {align}


$\mathbf {k}$


$\mathbb {T}^3$


$[-\frac {1}{2},\frac {1}{2}]^3$


\begin {align*}\mathbf {k}(\mathbf {x})=\bar {\mathbf {k}}(\mathbf {x})+\mathbf {h}(\mathbf {x}),\quad \mbox {with}~\bar {\mathbf {k}}(\mathbf {x})=\frac {1}{4\pi }\frac {\mathbf {x}}{|\mathbf {x}|^3}~\mbox {and}~\mathbf {h}\in C^\infty \big ([-\frac {1}{2},\frac {1}{2}]^3,\mathbb {R}^3\big ).\end {align*}


$\mathbf {k}^\varepsilon $


$\mathbf {k}$


\begin {align*}\mathbf {k}^\varepsilon (\mathbf {x}):=\frac {1}{4\pi }\frac {\mathbf {x}}{(|\mathbf {x}|^2+\varepsilon ^2)}^{\frac {3}{2}}+\mathbf {h}^\varepsilon (\mathbf {x}).\end {align*}


$\mathbf {h}_\varepsilon $


$\mathbf {h}$


$\mathbf {k}^\varepsilon $


$\varepsilon $


$L^\infty $


\begin {align}&\partial _t\bar \omega +(\mathbf {u}+\mathbf {v})\cdot \nabla \bar \omega -\bar \omega \cdot \nabla (\mathbf {u}+\mathbf {v})=0,\label {e44}\\ &\bar {\mathbf {u}}^t(\mathbf {x})=\int _{\mathbb {T}^3}\mathbf {k}^\varepsilon (\mathbf {x}-\mathbf {y})\times \bar \omega ^t(\mathbf {y})dy,\label {e45}\\ &\mathbf {v}^t(\mathbf {x})=\Gamma \int _{\mathbb {T}}\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^t(r))\times \partial _r\gamma ^t(r)dr,\label {e6}\\ &\partial _t\gamma ^t(r)=\bar {\mathbf {u}}^t(\gamma ^t(r))+\mathbf {v}^t(\gamma ^t(r))\label {e1}.\end {align}


$\partial _2\bar {\omega }_3^0(\gamma ^0(r_0))>0$


$r_0\in \mathbb {T}$


$\bar \omega ^0$


\begin {align}\label {e43} \varepsilon \ll 1\qquad \mbox {and}\qquad \eta \ll \varepsilon ^3\frac {\partial _2\bar \omega _3^0(\gamma ^0(r_0))}{\Gamma },\end {align}


\begin {align*}\partial _t\gamma _2^{t=0}(r_0)=0\qquad \mbox {and}\qquad \partial _t^2\gamma ^{t=0}_2(r_0)\sim \frac {\Gamma \partial _2\bar \omega ^0_3(\gamma ^0(r_0))}{4\pi }\ln \frac {1}{\varepsilon }.\end {align*}


\begin {align}&\int _{\mathbb {T}}\big |\partial _ik^\varepsilon _j(\gamma ^0(r_0)-\gamma ^0(r))\big |dr\lesssim \varepsilon ^{-2},\label {e16a}\\ &\int _{\mathbb {T}}\big |\partial _ik_j^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))\big ||r_0-r|dr\lesssim \varepsilon ^{-1},\label {e16b}\\ &\int _{\mathbb {T}}\big |k_3^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))\big |dr\lesssim \varepsilon ^{-1}.\label {e16c}\end {align}


\begin {align*}\partial _ik_j^\varepsilon (\mathbf {x})=\delta _{ij}{(|\mathbf {x}|^2+\varepsilon ^2)}^{-\frac {3}{2}}-3x_ix_j{(|\mathbf {x}|^2+\varepsilon ^2)}^{-\frac {5}{2}}+\partial _ih^\varepsilon _j\end {align*}


$|\partial _ik_j^\varepsilon |(\mathbf {x})\lesssim {(|\mathbf {x}|^2+\varepsilon ^2)}^{-\frac {3}{2}}$


\begin {align}\label {e23} \int _{\mathbb {T}}\big |\partial _ik_j^\varepsilon (\gamma ^0(r^0)-\gamma ^0(r))\big |dr&\lesssim \int _{\mathbb {T}}{(|\gamma ^0(r_0)-\gamma ^0(r)|^2+\varepsilon ^2)}^{-\frac {3}{2}}dr\le \int _{\mathbb {T}}{\big ((r-r_0)^2+\varepsilon ^2\big )}^{-\frac {3}{2}}dr\nonumber \\ &\lesssim \int _{|r-r_0|\ge \varepsilon }(r-r_0)^{-3}dr+\int _{|r-r_0|\le \varepsilon }\varepsilon ^{-3}dr\lesssim \varepsilon ^{-2}.\end {align}


$\phi :[0,\infty )\to [0,\infty )$


$C>0$


\begin {align}\label {e22} \phi \ \mbox {is increasing,}\ \qquad \phi (t)\le Ct,\qquad \lim _{t\to \infty }\phi (t)=1,\end {align}


\begin {align*}k_1^\varepsilon \ast k_1^\varepsilon (\mathbf {x})=-\frac {1}{4\pi |\mathbf {x}|}\phi \big (\varepsilon ^{-1}|\mathbf {x}|\big )+O(1)\qquad \mbox {for all}~\mathbf {x}=(0,x_2,x_3).\end {align*}


$\bar k_1^\epsilon $


$k_1^\epsilon $


\begin {align*}\bar k_1^\varepsilon \ast \bar k_1^\varepsilon (\mathbf {x})=\frac {1}{16\pi ^2}\int _{\mathbb {T}^3}\frac {x_1-y_1}{(|\mathbf {x}-\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}\frac {y_1}{(|\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}dy.\end {align*}


$\mathbb {T}^3\simeq [-\frac {1}{2},\frac {1}{2}]^3$


$\mathbf {x}\in B(0,\frac {1}{4})$


$\mathbb {R}^3$


\begin {align*}\Big |\int _{\mathbb {R}^3\backslash [-\frac {1}{2},\frac {1}{2}]^3}\frac {x_1-y_1}{(|\mathbf {x}-\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}\frac {y_1}{(|\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}dy\Big |\lesssim \int _{\mathbb {R}^3\backslash [-\frac {1}{2},\frac {1}{2}]^3}\frac {1}{|\mathbf {y}|^4}dy\lesssim 1\end {align*}


$\varepsilon =0$


\begin {align*}|\mathbf {x}-\mathbf {y}|\ge \frac {1}{2}|\mathbf {y}|\qquad \mbox {for all}~\mathbf {x}\in B(0,\frac {1}{4}),\mathbf {y}\in \mathbb {R}^3\backslash [-\frac {1}{2},\frac {1}{2}]^3.\end {align*}


$x_1=\mathbf {x}\cdot \hat {\mathbf {x}}_1=0$


\begin {align*}&\bar k_1^\varepsilon \ast \bar k_1^\varepsilon (\mathbf {x})=-\frac {1}{16\pi ^2}\int _{\mathbb {R}^3}\frac {y_1^2}{(|\mathbf {x}-\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}{(|\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}dy+O(1)\\ &=-\frac {1}{16\pi ^2}\int _{\mathbb {R}^3}\frac {y_1^2}{(|\mathbf {y}-|\mathbf {x}|\hat {\mathbf {x}}_3|^2+\varepsilon ^2)}^{\frac {3}{2}}\\ &\quad \times {(|\mathbf {y}|^2+\varepsilon ^2)}^{\frac {3}{2}}dy+O(1)\qquad \mbox {(Rotation in the}\ \hat {\mathbf {x}}_2,\hat {\mathbf {x}}_3\ \mbox {plane.)}\\ &=-\frac {1}{16\pi ^2|\mathbf {x}|}\int _{\mathbb {R}^3}\frac {y_1^2}{(|\mathbf {y}-\hat {\mathbf {x}}_3|^2+(\frac {\varepsilon }{|\mathbf {x}|})^2)}^{\frac {3}{2}}\\ &\quad \times {(|\mathbf {y}|^2+(\frac {\varepsilon }{|\mathbf {x}|})^2)}^{\frac {3}{2}}dy+O(1)\qquad (\mbox {Change of variables}\ \mathbf {y}\mapsto |\mathbf {x}|\mathbf {y}.)\\ &=-\frac {1}{4\pi |\mathbf {x}|}\phi \big (\varepsilon ^{-1}|\mathbf {x}|\big )+O(1),\end {align*}


\begin {align*}\phi (t):=\frac {1}{4\pi }\int _{\mathbb {R}^3}\frac {y_1^2}{(|\mathbf {y}-\hat {\mathbf {x}}_3|^2+t^{-2})}^{\frac {3}{2}}{(|\mathbf {y}|^2+t^{-2})}^{\frac {3}{2}}dy.\end {align*}


\begin {align*}\int _{\mathbb {R}^3}\frac {y_1^2}{|\mathbf {y}-\hat {\mathbf {x}}_3|^3|\mathbf {y}|^3}dy=4\pi .\end {align*}


$t$


$t<\frac {1}{2}$


\begin {align*}\phi (t)&\lesssim \int _{B(0,t^{-1})}\frac {y_1^2}{(|\mathbf {y}-\hat {\mathbf {x}}_3|^2+t^{-2})}^{\frac {3}{2}}{(|\mathbf {y}|^2+t^{-2})}^{\frac {3}{2}}dy\\ &\quad +\int _{B(0,t^{-1})^c}\frac {y_1^2}{(|\mathbf {y}-\hat {\mathbf {x}}_3|^2+t^{-2})}^{\frac {3}{2}}{(|\mathbf {y}|^2+t^{-2})}^{\frac {3}{2}}dy\\ &\lesssim t^6\int _{B(0,t^{-1})}|\mathbf {y}|^2dy+\int _{B(0,t^{-1})^c}|\mathbf {y}|^{-4}dy\lesssim t.\end {align*}


\begin {align}&\sup _{r\in \mathbb {T}}|v_1^0(\gamma ^0(r))|\lesssim \Gamma \eta \varepsilon ^{-1}\label {e18a}\\ &\sup _{\mathbf {x}\in \mathbb {T}^3}|\partial _3\mathbf {v}^0(\mathbf {x})|\lesssim \Gamma \eta \varepsilon ^{-2}\label {e18b}.\end {align}


\begin {align*}v^0_1(\gamma ^0(r))=\Gamma \int _{\mathbb {T}}k_2^\varepsilon (\gamma ^0(r)-\gamma ^0(r'))dr'-\Gamma \int _{\mathbb {T}}\alpha '(r')k_3^\varepsilon (\gamma ^0(r)-\gamma ^0(r'))dr'.\end {align*}


\begin {align*}\big |k_2^\varepsilon (\gamma ^0(r)-\gamma ^0(r'))\big |\lesssim \frac {|\gamma _2(r)-\gamma _2(r')|}{(|r-r'|^2+\varepsilon ^2)}^{\frac {3}{2}}\lesssim \eta {(|r-r'|^2+\varepsilon ^2)}^{-1},\end {align*}


$\mathbb {T}=\{|r-r'|\ge \varepsilon \}\cup \{|r-r'|<\varepsilon \}$


\begin {align*}\partial _3\mathbf {v}(\mathbf {x})&=\Gamma \int _{\mathbb {T}}\partial _3\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\times \partial _r\gamma ^0(r)dr=\\ &=\Gamma \int _{\mathbb {T}}\partial _3\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\times \alpha '(r)\hat {\mathbf {x}}_2dr+\Gamma \int _{\mathbb {T}}\partial _3\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\times \hat {\mathbf {x}}_3dr.\end {align*}


$\Gamma \eta \varepsilon ^{-2}$


$|\alpha '(r)|\le \eta $


\begin {align*}\Gamma \int _{\mathbb {T}}\partial _3\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\times \hat {\mathbf {x}}_3dr&=-\Gamma \int _{\mathbb {T}}\frac {d}{dr}\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\times \hat {\mathbf {x}}_3dr\\ &\quad -\Gamma \int _{\mathbb {T}}\partial _2\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\alpha '(r)\times \hat {\mathbf {x}}_3dr\\ &=-\Gamma \int _{\mathbb {T}}\partial _2\mathbf {k}^\varepsilon (\mathbf {x}-\gamma ^0(r))\alpha '(r)\times \hat {\mathbf {x}}_3dr.\end {align*}


\begin {align*}\partial _t^2\gamma ^{t=0}_2(r_0)=(\nabla \bar u_2)^{t=0}(\gamma ^0(r_0))\cdot \partial _t\gamma ^{t=0}(r_0)+\partial _t(v_2^t(\gamma ^t(r_0))\big |_{t=0}+(\partial _t\bar u_2)^{t=0}(\gamma ^0(r_0))\end {align*}


$\bar u^0_2\equiv 0$


\begin {align}\label {e10} |\partial _t(v_2^t(\gamma ^t(r_0))\big |_{t=0}|\lesssim \eta \Big (\frac {\Gamma ^2}{\varepsilon ^3}+\frac {\Gamma \|\bar \omega ^0\|_\infty }{\varepsilon }\Big ),\end {align}


\begin {align*}(\partial _t\bar u_2)^{t=0}(\gamma ^0(r_0))&\overset {\eqref {e45}}{=}-\int _{\mathbb {T}^3}(\mathbf {k}^\varepsilon (\gamma ^0(r_0)-\mathbf {y})\times \hat {\mathbf {x}}_2)\cdot (\partial _t\bar \omega )^{t=0}(\mathbf {y})dy\\ &\overset {\eqref {e44}}{=}\int _{\mathbb {T}^3}(\mathbf {k}^\varepsilon (\gamma ^0(r_0)-\mathbf {y})\times \hat {\mathbf {x}}_2)\cdot (\bar {\mathbf {u}}^0\cdot \nabla \bar \omega ^0-\bar \omega ^0\cdot \nabla \bar {\mathbf {u}}^0)dy\\ &\quad +\int _{\mathbb {T}^3}(\mathbf {k}^\varepsilon (\gamma ^0(r_0)-\mathbf {y})\times \hat {\mathbf {x}}_2)\cdot (\mathbf {v}^0\cdot \nabla \bar \omega ^0-\bar \omega ^0\cdot \nabla \mathbf {v}^0)dy\\ &\overset {\eqref {e3}}{=}\int _{\mathbb {T}^3}(\mathbf {k}^\varepsilon (\gamma ^0(r_0)-\mathbf {y})\times \hat {\mathbf {x}}_2)\cdot (\mathbf {v}^0\cdot \nabla \bar \omega ^0-\bar \omega ^0\cdot \nabla \mathbf {v}^0)dy.\end {align*}


\begin {align*}&\Big |\int _{\mathbb {T}^3}(\mathbf {k}^\varepsilon (\gamma ^0(r_0)-\mathbf {y})\times \hat {\mathbf {x}}_2)\cdot (\bar \omega ^0\cdot \nabla \mathbf {v}^0)dy\Big |\\&\overset {\eqref {e3}}{=}\Big |\int _{\mathbb {T}^3}(\mathbf {k}^\varepsilon (\gamma ^0(r_0)-\mathbf {y})\times \hat {\mathbf {x}}_2)\cdot (\bar \omega ^0_3\partial _3\mathbf {v}^0)dy\Big |\overset {\eqref {e18b}}{\lesssim }\frac {\Gamma \eta \|\bar \omega ^0\|_\infty }{\varepsilon ^2},\end {align*}


$\mathbf {k}^\varepsilon $


$L^1$


\begin {align*}\partial _2\bar \omega ^0_3(\gamma ^0(r_0))\int _{\mathbb {T}^3}k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})v_2^0(\mathbf {y})dy+\int _{\mathbb {T}^3}k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})v^0_2(\mathbf {y})\big (\partial _2\bar \omega ^0_3(\mathbf {y})-\partial _2\bar {\omega }^0_3(\gamma ^0(r_0))\big )dy.\end {align*}


\begin {align}\label {e19} \Big |\int _{\mathbb {T}^3}k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})v^0_2(\mathbf {y})\big (\partial _2\bar \omega ^0_3(\mathbf {y})-\partial _2\bar {\omega }^0_3(\gamma ^0(r_0))\big )dy\Big |\lesssim \Gamma \|\partial _2^2\bar \omega ^0_3\|_\infty \end {align}


\begin {align}\label {e21} \int _{\mathbb {T}^3}k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})v_2^0(\mathbf {y})dy\sim \frac {\Gamma }{4\pi }\ln \frac {1}{\varepsilon }\qquad \mbox {as}~\varepsilon \to 0.\end {align}


\begin {align}\int _{\mathbb {T}^3}k_1^\varepsilon (\gamma ^0(r)-\mathbf {y})v_2^0(\mathbf {y})dy&\overset {\eqref {e7},\eqref {e6}}{=}-\Gamma \int _{\mathbb {T}^3}\int _{\mathbb {T}} k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})k_1^\varepsilon (\mathbf {y}-\gamma ^0(r))drdy\nonumber \\ &=-\Gamma \int _{\mathbb {T}}(k_1^\varepsilon \ast k_1^\varepsilon )(\gamma ^0(r_0)-\gamma ^0(r))dr.\label {e9}\end {align}


$|r-r_0|\gg \varepsilon $


$M=\ln ^{\frac {1}{2}}(\varepsilon ^{-1})$


\begin {align*}-\Gamma \int _{|r-r_0|\le M\varepsilon }k_1^\varepsilon \ast k_1^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))dr-\Gamma \int _{|r-r_0|> M\varepsilon }k_1^\varepsilon \ast k_1^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))dr.\end {align*}


$\|k_1^\varepsilon \ast k_1^\varepsilon \|_\infty \lesssim \varepsilon ^{-1}$


$\Gamma \lesssim \ln ^\frac {1}{2}(\varepsilon ^{-1})$


\begin {align*}&\frac {\Gamma }{4\pi }\int _{|r-r_0|>M\varepsilon }\frac {1}{|\gamma ^0(r_0)-\gamma ^0(r)|}\phi \Big (\frac {|\gamma ^0(r_0)-\gamma ^0(r)|}{\varepsilon }\Big )dr+O(\Gamma )\\ &=\Gamma \frac {1+o(1)}{4\pi }\int _{|r-r_0|>M\varepsilon }\frac {1}{|r-r_0|}dr+O(\Gamma )\qquad (\mbox {since} |\gamma ^0(r_0)-\gamma ^0(r)|\overset {\eta \ll 1}{\sim }|r-r_0|\gg \varepsilon )\\ &=\Gamma \frac {1+o(1)}{4\pi }\ln \frac {1}{M\varepsilon }+O(\Gamma )=\Gamma \frac {1+o(1)}{4\pi }\ln \frac {1}{\varepsilon }+O(\Gamma ).\end {align*}


\begin {align*}v_2^t(\gamma ^t(r_0)) &=-\Gamma \int _{\mathbb {T}} (\mathbf {k}^\varepsilon (\gamma ^t(r_0)-\gamma ^t(r))\times \hat {\mathbf {x}}_2)\cdot \partial _r\gamma ^t(r)dr\\ &=-\Gamma \int _{\mathbb {T}} k^\varepsilon _1(\gamma ^t(r_0)-\gamma ^t(r))\partial _r\gamma ^t_3(r)dr +\Gamma \int _{\mathbb {T}} k^\varepsilon _3(\gamma ^t(r_0)-\gamma ^t(r))\partial _r\gamma ^t_1(r)dr\end {align*}


\begin {align}\label {e13} &\frac {d}{dt}v_2^t(\gamma ^t(r_0))\Big |_{t=0}\nonumber \\ =&-\Gamma \int _{\mathbb {T}}\nabla k_1^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))\cdot \big [\mathbf {v}^0(\gamma ^0(r_0))-\mathbf {v}^0(\gamma ^0(r))+ \bar {\mathbf {u}}^0(\gamma ^0(r_0))-\bar {\mathbf {u}}^0(\gamma ^0(r))\big ]dr\nonumber \\ &-\Gamma \int _{\mathbb {T}} k_1^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))\partial _r\big (v_3^0(\gamma ^0(r))+\bar u_3^0(\gamma ^0(r))\big )dr\nonumber \\ &+\Gamma \int _{\mathbb {T}} k_3^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))\partial _r\big (v_1^0(\gamma ^0(r))+\bar u_1^0(\gamma ^0(r))\big )dr,\end {align}


$\partial _r\gamma ^0_3(r)=1$


$\partial _r\gamma ^0_1(r)=0$


\begin {align*}\partial _ik^\varepsilon _j(\mathbf {x})={(|\mathbf {x}|^2+\epsilon ^2)}^{-\frac {3}{2}}\delta _{ij}-3x_ix_j{(|\mathbf {x}|^2+\epsilon ^2)}^{-\frac {5}{2}},\quad \mbox {together with}~(\gamma ^0(r_0)-\gamma ^0(r))\cdot \hat {\mathbf {x}}_1\overset {\eqref {e7}}{=}0,\end {align*}


\begin {align}\label {e12} \partial _2k_1^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))=\partial _3k^\varepsilon _3(\gamma ^0(r_0)-\gamma ^0(r))=0.\end {align}


$\bar u^0_2=\bar u^0_3=0$


\begin {align*}\frac {d}{dt}v_2(t,\gamma ^t(r_0))\Big |_{t=0} &=\Gamma \int _{\mathbb {T}}\partial _1k_1^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))[v_1^0(\gamma ^0(r_0))-v_1^0(\gamma ^0(r))]dr\\ &+\Gamma \int _{\mathbb {T}}(\alpha '(r)\partial _2k_3^\varepsilon +\partial _3k_3^\varepsilon )(\gamma ^0(r_0)-\gamma ^0(r))v_1^0(\gamma ^0(r))dr\\ &+\Gamma \int _{\mathbb {T}}(\partial _1k_1^\varepsilon +\alpha '(r)\partial _2k_3^\varepsilon +\partial _3k_3^\varepsilon )\big (\gamma ^0(r_0)-\gamma ^0(r)\big )\big (\bar u_1^0(\gamma ^0(r))-\bar u_1^0(\gamma ^0(r_0))\big )dr\\ &+\bar {u}_1^0(\gamma ^0(r_0))\Gamma \int _{\mathbb {T}}\big (\partial _3k_3^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))+\alpha '(r)\partial _2k_3^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r)\big )dr.\end {align*}


$\lesssim \Gamma ^2\eta \varepsilon ^{-3}$


\begin {align*}\big |\bar u_1^0(\gamma ^0(r_0))-\bar u_1^0(\gamma ^0(r))\big |\le \|(\bar u^0_1)'\|_\infty |\gamma ^0_2(r_0)-\gamma ^0_2(r)|\overset {\eqref {e41}}{\le }\eta \|(\bar u^0_1)'\|_\infty |r-r_0|\overset {\eqref {e42}}{=}\eta \|\bar \omega ^0\|_\infty |r-r_0|\end {align*}


$\Gamma \eta \|\bar \omega ^0\|_\infty \varepsilon ^{-1}$


\begin {align*}\int _{\mathbb {T}}\big (\partial _3k_i^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))+\alpha '(r)\partial _2k_i^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r)\big )dr=-\int _{\mathbb {T}}\partial _r\big (k_i^\varepsilon (\gamma ^0(r_0)-\gamma ^0(r))\big )dr=0.\end {align*}


\begin {align}\label {e20} \int _{\mathbb {T}^3}\frac {1}{|\mathbf {x}-\mathbf {y}||\mathbf {y}|^2}dy\lesssim 1+|\ln \frac {1}{|\mathbf {x}|}|\end {align}


\begin {align*}\int _{\mathbb {T}^3}\frac {1}{|\mathbf {x}-\mathbf {y}||\mathbf {y}|^2}dy&\le \int _{B(0,1)}\frac {1}{|\mathbf {x}-\mathbf {y}||\mathbf {y}|^2}dy\overset {(\mathbf {y}=|\mathbf {x}|\mathbf {y}')}{=}\int _{B(0,\frac {1}{|\mathbf {x}|})}\frac {1}{|\frac {\mathbf {x}}{|\mathbf {\mathbf {x}}|}-\mathbf {y}'||\mathbf {y'}|^2}dy'\\&\lesssim 1+\int _{B(0,\frac {1}{|\mathbf {x}|})\backslash B(0,2)}\frac {1}{|\mathbf {y}'|^3}dy'\lesssim 1+\int _2^{\frac {1}{|\mathbf {x}|}}\frac {1}{\rho } d\rho \lesssim 1+|\ln \frac {1}{|\mathbf {x}|}|.\end {align*}


\begin {align*}&\Big |\int _{\mathbb {T}^3}k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})v^0_2(\mathbf {y})\big (\partial _2\bar \omega ^0_3(\mathbf {y})-\partial _2\bar {\omega }^0_3(\gamma ^0(r_0))\big )dy\Big |\\ &\le \|\partial _2^2\bar \omega ^0_3\|_\infty \int _{\mathbb {T}^3}|k_1^\varepsilon (\gamma ^0(r_0)-\mathbf {y})||\gamma ^0(r_0)-\mathbf {y}||v^0_2(\mathbf {y})|dy\\ &\overset {\eqref {e6}}{\lesssim }\Gamma \|\partial _2^2\bar \omega ^0_3\|_\infty \int _{\mathbb {T}}\int _{\mathbb {T}^3}\frac {1}{|\gamma ^0(r_0)-\mathbf {y}||\gamma ^0(r)-\mathbf {y}|^2}dydr\\ &=\Gamma \|\partial _2^2\bar \omega ^0_3\|_\infty \int _{\mathbb {T}}\int _{\mathbb {T}^3}\frac {1}{|\big (\gamma ^0(r_0)-\gamma ^0(r)\big )-\mathbf {y}||\mathbf {y}|^2}dydr\\&\overset {\eqref {e20}}{\lesssim }\Gamma \|\partial _2^2\bar \omega ^0_3\|_\infty \int _{\mathbb {T}}\big (1+|\ln \frac {1}{|\gamma ^0(r_0)-\gamma ^0(r)|}|\big )dr\overset {\eqref {e7}}{\lesssim }\Gamma \|\partial _2^2\bar \omega ^0_3\|_\infty .\end {align*}


\begin {equation*}D=\left [ 0,1\right ] \times \left [ 0,1\right ] \times \left [ 0,\delta \right ]\end {equation*}


$\mathbb {T}_{\delta }^{3}$


$D$


$\mathbb {T}_{\delta }^{3}$


$1$


$\delta $


$\mathbb {T}_{\delta }^{3}$


\begin {equation*}\gamma \left ( r\right ) =\alpha \left ( r\right ) \widehat {\mathbf {x}} _{2}+r\widehat {\mathbf {x}}_{3}\end {equation*}


\begin {equation*}\bar {\mathbf {u}}^{0}\left ( \mathbf {x}\right ) =\left ( \bar {u} _{1}^{0}\left ( x_{2}\right ) ,0,0\right ) ,\qquad \bar {\mathbf {\omega } }^{0}\left ( \mathbf {x}\right ) =\left ( 0,0,\bar {\omega }_{3}^{0}\left ( x_{2}\right ) \right ) ,\qquad \mathbf {x}\in \mathbb {T}_{\delta }^{3}\mathbf {.}\end {equation*}


$\mathbb {T}^{3}$


\begin {align*}\tilde {\gamma }\left ( s\right ) & =\tilde {\alpha }\left ( s\right ) \widehat {\mathbf {x}}_{2}+s\widehat {\mathbf {x}}_{3}\\ \tilde {\alpha }\left ( s\right ) & =\alpha \left ( \delta s\right )\end {align*}


\begin {equation*}\bar {\mathbf {u}}^{0,\delta }\left ( \mathbf {x}\right ) =\left ( \bar {u}_{1}^{0}\left ( x_{2}\right ) ,0,0\right ) ,\qquad \bar {\mathbf {\omega }}^{0,\delta }\left ( \mathbf {x}\right ) =\left ( 0,0,\bar {\omega }_{3}^{0}\left ( x_{2}\right ) \right ) ,\qquad \mathbf {x}\in \mathbb {T}^{3}.\end {equation*}


$x_{3}$


$\delta $


$\bar {\mathbf {u}}^{0,\delta }$


$\bar {\mathbf {\omega }}^{0,\delta }$


$\mathbb {T}_{\delta }^{3}$


$\mathbb {T}^{3}$


$\left ( \gamma ^{t}\left ( r\right ) \right ) _{r}$


$\left ( \tilde {\gamma } ^{t}\left ( s\right ) \right ) _{s}$


$t$


$\left ( \gamma \left ( r\right ) \right ) _{r}$


$\left ( \tilde {\gamma }\left ( s\right ) \right ) _{s}$


$\partial _{t}^{2}\tilde {\gamma }_{2} ^{t=0}\left ( s\right ) =\partial _{t}^{2}\gamma _{2}^{t=0}\left ( \delta s\right )$


\begin {equation*}\eta :=\left \Vert \alpha ^{\prime }\left ( r\right ) \right \Vert _{\infty }\end {equation*}


\begin {equation*}\left \Vert \tilde {\alpha }^{\prime }\left ( s\right ) \right \Vert _{\infty }=\delta \eta .\end {equation*}


$\tilde {\gamma }$


$\bar {\mathbf {\omega }}^{0}$


$\partial _{2}\bar {\omega } _{3}^{0}\left ( \tilde {\gamma }_{2}\left ( s_{0}\right ) \right ) >0$


$\varepsilon \ll 1$


\begin {equation*}\delta \eta \ll \varepsilon ^{3}\frac {\partial _{2}\bar {\omega }_{3}^{0}\left ( \tilde {\gamma }_{2}\left ( s_{0}\right ) \right ) }{\Gamma }\end {equation*}


\begin {equation*}\partial _{t}^{2}\tilde {\gamma }_{2}^{t=0}\left ( s_{0}\right ) \sim \frac {\Gamma \partial _{2}\bar {\omega }_{3}^{0}\left ( \tilde {\gamma }_{2}\left ( s_{0}\right ) \right ) }{4\pi }\ln \frac {1}{\varepsilon }.\end {equation*}


$r_{0}=\delta s_{0}$


$\mathbb {T}_{\delta }^{3}$


$\partial _{2}\bar {\omega }_{3}^{0}\left ( \gamma _{2}\left ( r_{0}\right ) \right ) >0$


$\varepsilon \ll 1$


\begin {equation*}\delta \eta \ll \varepsilon ^{3}\frac {\partial _{2}\bar {\omega }_{3}^{0}\left ( \gamma _{2}\left ( r_{0}\right ) \right ) }{\Gamma }\end {equation*}


\begin {equation*}\partial _{t}^{2}\gamma _{2}^{t=0}\left ( r_{0}\right ) \sim \frac {\Gamma \partial _{2}\bar {\omega }_{3}^{0}\left ( \gamma _{2}\left ( r_{0}\right ) \right ) }{4\pi }\ln \frac {1}{\varepsilon }.\end {equation*}


$\eta \ll \varepsilon ^{3}$


$\delta $


$\delta \eta \ll \varepsilon ^{3}$


\begin {equation}G_{2}\left ( t\right ) \sim \left ( \frac {\Gamma \partial _{2}\bar {\omega }^{0}\left ( \mathbf {x}^{0}\right ) }{4\pi }\ln \frac {1}{\varepsilon }\right ) t^{2}\label {rigorous in summary}\end {equation}


$\varepsilon $


$G_{2}\left ( t\right )$


$\varepsilon \rightarrow 0$


$G_{2}\left ( t\right ) \sim t^{\alpha }$


$\alpha $


$\alpha =\frac {3}{2}$


$\alpha =1$


$\alpha =\frac {3}{2}$


$\frac {3}{2}$


$\varepsilon $


$\alpha ^{\prime \prime }\left ( r\right ) <0$


$\alpha ^{\prime \prime }\left ( r\right ) >0$
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a moderate modification of the background. We focus here on this case. 
More precisely, we focus on a specific property of the interaction be-
tween a concentrated structure and a background: the motion of the 
structure along the gradient of the background vorticity. Beyond being of 
interest in itself, this particular property is in a loose sense a property of 
aggregation of vorticity structures having the same sign, thus with some 
analogy with the coalescence of similar size vortices mentioned in point 
(a) above. Moreover, there is some loose analogy also in some detail of 
the process, like the formation of a the strong shear layer between the 
structures during the merging process (a) [15,21] or the encapsulation 
process (b) [30,31].

We do not discuss in detail the rich literature focusing on other ques-
tions for (b) different from the question of the motion along the gradi-
ent. Among others, let us only mention the analysis of the oscillations 
of the concentrated vortex when it is close to the boundary of a large 
one and could lead to coalescence of the two [31] (containing an inter-
esting hamiltonian analysis of the model); or the growth of holes and 
their dynamics [23] which contains many ideas and methods used later 
on by other authors.

We specifically recall, on the contrary, the experimental and nu-
merical investigation of the motion along the gradient performed by 
Amoretti et al. [30] which highlights the complexity of the interaction 
layers between concentrated vortex and the interior of the large one. 
And the deep analytical analysis of the motion along the gradient by 
Schecter and Dubin [32], who found quantitative formulae for the mo-
tion, with good numerical fit in some case, and explain well also the 
heuristics behind the methodology, based on the idea of a strong local 
mixing of the background near the concentrated vortex, which produces 
a motion of the vortex by conservation of momentum.

In spite of the previously mentioned progress, which provided sure 
evidence that a motion along the gradient exists and understood some 
of its features, a rigorous mathematical proof, without approximations, 
does not exist. For instance, the analytical computation of [32] is based 
on a sequence of two approximations: first a formula for the approximate 
deformation of the background field produced by the very strong action 
of the concentrated vortex structure; then an approximate formula for 
the displacement caused by the deformed field on the structure. These 
approximations are very realistic and implementing them in sequence 
instead of in parallel (in spite of the fact that the two actions happen 
simultaneously) looks an acceptable approximation in view of the diffi-
culty of the problem. However, we see two criticalities. The first one is 
the lack of rigorous proof. Maybe more important, the great difficulty 
to extend the argument to problems which are similar but more com-
plex, where other approximations hold simultaneously (each of them 
should then be under precise control for comparison, and it is not the 
case until now). We have in mind in particular the quasi-two-dimensional 
case, of paramount importance see [33] and references therein. If the 
same approximation arguments of previous works are applied to quasi-
2D structures, the link between the mathematical approximations, their 
3D effects (potentially very strong) and the small parameters character-
izing the quasi-2D set-up should be very clear.

Our primary aim in this paper is adding some information on the 
initial stage of the motion along the gradient. The initial stage is cleaner, 
since the background flow at time zero is assumed to be a shear flow. 
Later stages may be very complex, namely the background may suffer 
a strong modification. In certain experiments and real world problems 
the shear-flow structure of the background could be reinforced by some 
mechanism, the shear flow structure may be restored to some degree 
by other forces acting on the fluid (for instance a pressure difference 
maintained between two positions), and these factors could contribute 
to prolong the time where we observe a clean motion along the gradient. 
But in the numerical simulations of the basic model equations (the Euler 
equations without forces), the clump (or hole) typically has a strong 
influence on the background which alters too much its structure and 
makes quite unpredictable and complex the dynamics after short time; 
also the concentrated vortex structure undergoes transformations after 

short time [34]. Therefore we put ourselves in the idealized situation of a 
clump in a strict shear flow at time zero, and aim to understand the first 
dynamical phase, before it reaches an uncontrolled complexity. With 
this restriction to the first phase of the dynamics, our aim is to develop 
a completely rigorous analysis, based on the full nonlinear equations of 
motion, free of any assumption and approximation.

Among the advantages of an approach free from uncontrolled ap-
proximations, there is potentiality to be extended to more complex 
cases. Here we shall investigate a quasi-two-dimensional framework, 
namely a vortex filament in a 3D shear flow, under assumptions of small 
deviation from a 2D case. The equations for vortex filaments have a long 
story, are notoriously difficult and present potential singularities. The 
question investigated here, of the motion along the gradient of a back-
ground shear flow, is new but other aspects of the motion of filaments, 
like well posedness and singularities, has been studied for long time, 
see for instance [35–47] and other references in the technical sections 
below.

Concerning mathematically rigorous approaches to vortex dynamics, 
but for questions different from the one treated here, we are indebt to 
important contributions to non-pointwise vortex structures [41,48,49] 
and to the dynamics of point vortices and its statistical mechanics prop-
erties, among others [49–56]. These results are not directly related to 
our work but they are generically in the background of our investiga-
tion. Other more directly related references will be quoted below in the 
technical sections.

The numerical simulations performed in the literature on these prob-
lems are various, with some preference for the particle-in-cell method 
[30]. We shall explore the performances of a variant of the Zeitlin model, 
on the rotating 2D sphere, that we call the vortex-wave Zeitlin model 
aiming to confirm the theoretical predictions.

In our problem the small intense vortex is not generated by the shear 
flow instability; the shear flow is still unperturbed at time 𝑡 = 0, when 
the merging process starts. Clearly, the intrusion of the intense vortex 
in the shear flow will produce a strong perturbation of the latter, but we 
do not aim to give rigorous results on the evolution of the background 
perturbation, only on the initial-stage motion of the concentrated vortex 
in the direction of the initial gradient of the background vorticity.

Vortices in shear flow have also been considered from another view-
point, see [57]. In that work, the authors found stable vortices stretched 
by the flow. But the basic assumption in that case is that the shear is 
constant, namely the vorticity is constant. Our result of motion along 
the vorticity gradient requires a non-zero vorticity gradient.

2.  Local dynamics of the blob-wave system

In this section, for the sake of clarity of the calculations, we take 
as reference domain the flat torus 𝕋 2. The Euler equation is the follow-
ing nonlinear transport equation for the vorticity 𝜔𝑡 ∶ 𝕋 2 → ℝ of fluid, 
advected by the velocity field 𝐮𝑡 = (𝑢𝑡1, 𝑢

𝑡
2) ∶ 𝕋 2 → ℝ it generates 

𝜕𝑡𝜔 + 𝐮 ⋅ ∇𝜔 = 0 𝐮 = 𝐊 ∗ 𝜔, (1)

where 𝐊(𝐱, 𝐲) ∶= ∇⟂Δ−1
𝕋 𝛿𝐲(𝐱) denotes the Biot-Savart kernel on the 

torus. The initial value problem is well-posed for every bounded initial 
datum 

𝜔0(𝐱) ∈ 𝐿∞(𝕋 2)

and produces a unique solution 𝜔 ∈ 𝐿∞([0,∞) × 𝕋 2) (see [58]). We will 
work in this setting.

The aim of this section is to rigorously prove some results concerning 
the dynamics of a concentrated blob of vorticity with respect to a shear 
flow with a non-zero vorticity gradient. Let 𝜔̄0(𝐱) be a steady smooth 
solution 𝐮̄0 be the associated velocity field. This is equivalent (cf. (1)) 
to requiring that 

the vectors 𝐮̄0(𝐱) and ∇𝜔̄0(𝐱) are orthogonal for every 𝐱 ∈ 𝕋 2. (2)
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A passive particle immersed in the fluid moves according to the dif-
ferential equation 𝐱̇ = 𝐮̄0(𝐱). A point vortex with non-zero vorticity mod-
ifies the underlying vorticity field 𝜔̄0, so that its motion deviates from 
that of a passive particle. We want to describe this deviation, namely the 
motion along the direction perpendicular to 𝐮̄0(𝐱), so parallel to ∇𝜔̄0(𝐱)
(whenever this vector is non-zero).

To make our calculation rigorous we will not use the exact vortex-
wave model (see the later Section 3), but instead a blob-wave system of 
equations, where we substitute the delta Dirac with a smooth, compactly 
supported function with a diameter of the support of order 𝜀 ≪ 1. To be 
more precise, let 𝐱0 ∈ 𝕋 2 (the center of the blob), Γ ∈ ℝ (the circulation 
the blob) and 𝑝(𝐱) ∈ 𝐶∞

𝑐 (ℝ2) be a smooth function such that1

𝑝 ≥ 0,∫ 𝑝(𝐱)𝑑𝑥 = 1,∫ 𝐱 𝑝(𝐱)𝑑𝑥 = 0, andsupp 𝑝 ⊂ 𝐵(0, 1
2
).

For 𝜀 > 0, define 

𝜌0,𝜀(𝐱) = Γ𝑝𝜀(𝐱) ∶= Γ
𝜀2
𝑝
(

𝐱 − 𝐱0
𝜀

)

. (3)

which will be the profile of a vortex around 𝐱0 with total circulation Γ. 
The blob-wave dynamics is the solution of the following problem 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑡𝜔̄ + 𝐮 ⋅ ∇𝜔̄ = 0 𝜔̄𝑡=0(𝐱) = 𝜔̄0(𝐱),
𝜕𝑡𝜌 + 𝐮 ⋅ ∇𝜌 = 0 𝜌𝑡=0(𝐱) = 𝜌0,𝜀(𝐱)

𝐮𝑡(𝐱) = ∫𝕋 𝑑
𝐊(𝐱, 𝐲)(𝜔̄𝑡(𝐲) + 𝜌𝑡(𝐲))𝑑𝑦

(4)

where 𝜔̄𝑡(𝐱) and 𝜌𝑡(𝐱) describe respectively the evolution of the large-
scale vorticity field 𝜔̄ and of the vortex 𝜌. Summing the first two equa-
tions, we obtain that the total vorticity 𝜔 = 𝜔̄ + 𝜌 solves the Euler Eq. (1) 
starting from the initial condition 𝜔0(𝐱) = 𝜔̄0(𝐱) + 𝜌0,𝜀(𝐱).

In [22] it is proven, in a slightly different setting, that the solutions of 
blob-wave dynamics converge (weakly as measures) to a solution of the 
vortex-wave system (Section 3), possibly allowing for a greater number 
of blobs, but with the additional assumption that the underlying vortic-
ity field 𝜔̄0 is locally constant around the initial position of the blobs.

Following [22], we introduce the barycenter of the blob 

𝕋 2 ∋ 𝐆(𝑡) =
(

𝐺1(𝑡), 𝐺2(𝑡)
)

∶= ∫ 𝐱 𝜌𝑡(𝐱)𝑑𝑥
/

∫ 𝜌𝑡(𝐱)𝑑𝑥 = 1
Γ ∫ 𝐱 𝜌𝑡(𝐱)𝑑𝑥.

Theorem 1. Assume that 
𝜔̄0(𝐱) depends only on𝑥2 and Γ > 0, 𝜕2𝜔̄0(𝐱0) > 0. (5)

Then there exists a positive 𝜀0 = 𝜀0(𝜔̄0,Γ, 𝑝) and, for every 𝜀 ∈ (0, 𝜀0], a time 
𝑇 = 𝑇 (𝜀) > 0 such that 𝐺2(𝑡) is stricly increasing in [0, 𝑇 ]. More precisely, 

𝐺′
2(0) = 0 and |

|

|

𝐺′′
2 (0) −

Γ𝜕2𝜔̄0(𝐱0)
4𝜋

ln 1
𝜀
|

|

|

≲𝜔̄0 ,𝑝 1. (6)

Proof. Introducing the velocity generated by the blob and the back-
ground vorticity respectively 
𝐯 ∶= 𝐊 ∗ 𝜌, 𝐮̄ ∶= 𝐊 ∗ 𝜔̄. (7)

we have 
𝜕𝑡𝜔̄

𝑡=0(𝐱)
(1)
= −𝐮̄0(𝐱) ⋅ ∇𝜔̄0(𝐱) − 𝐯0(𝐱) ⋅ ∇𝜔̄0(𝐱)

(2)
= −𝐯0(𝐱) ⋅ ∇𝜔̄0(𝐱)

hence

𝜕𝑡𝐮̄𝑡=0(𝐱) = 𝐊 ∗ 𝜕𝑡𝜔̄𝑡=0(𝐱) = −𝐊 ∗ (𝐯0 ⋅ ∇𝜔̄0)(𝐱). (8)

Let us show the first item in (6). The first assumption in (5) is equiv-
alent to 
𝐮̄0(𝐱) = (𝑢̄01(𝑥2), 0). (9)

The velocity of the barycenter is 

𝐆′(𝑡) = 1
Γ ∫𝕋

𝐱𝜕𝑡𝜌𝑑𝑥 = 1
Γ ∫𝕋

𝜌(𝐮̄ + 𝐯)𝑑𝑥 = 1
Γ ∫𝕋

𝜌𝐮̄𝑑𝑥, (10)

1 by 𝑑𝑥 ∶= 𝑑𝑥1𝑑𝑥2 we mean the volume element of the torus.

where in the last equality we used the antisymmetry of 𝐊 to deduce 

∫ 𝜌𝐯𝑑𝑥 = ∫ 𝐊(𝐱, 𝐲)𝜌(𝐱)𝜌(𝐲)𝑑𝑥𝑑𝑦 = 0.

Evaluating at 𝑡 = 0 and using (9), we deduce 𝐺′
2(0) = 0.

Regarding the second derivative, let us start be showing that 

𝐺′′
2 (0) = Γ∫𝕋 2

(

𝐾2 ∗ 𝑝𝜀(𝐱)
)2𝜕2𝜔̄

0(𝐱)𝑑𝑥. (11)

Taking the derivative in (10), we get 

𝐆′′(𝑡) = 1
Γ ∫ 𝐮̄𝜕𝑡𝜌𝑑𝑥 +

1
Γ ∫ 𝜌𝜕𝑡𝐮̄𝑑𝑥.

Evaluating at time 0 and using (8), we have

𝐆′′(0) ⋅ 𝐱̂2 =
𝐱̂2
Γ

⋅ ∫ 𝜌0
(

−𝐊 ∗ (𝐯0 ⋅ ∇𝜔̄0)
)

𝑑𝑥 =
𝐱̂2
Γ

⋅ ∫ (𝐊 ∗ 𝜌0)(𝐯0 ⋅ ∇𝜔̄0)𝑑𝑥

(7)
=

𝐱̂2
Γ

⋅ ∫ 𝐯0(𝐯0 ⋅ ∇𝜔̄0)𝑑𝑥
(5)
= 1

Γ ∫ (𝐯(0, 𝐱) ⋅ 𝐱̂2)2𝜕2𝜔̄0(𝐱)𝑑𝑥.

Using the definitions of 𝐯 and 𝛒 in (7) & (3), we obtain (11).
Let us identify the unit torus with [− 1

2 ,
1
2 ]

2 and assume without loss 
of generality that 𝐱0 = 0. Let us recall that the Biot-Savart kernel on the 
torus can be written as 

𝐾2(𝐱) = 𝐾̄2(𝐱) + ℎ(𝐱) with 𝐾̄(𝐱) = 𝐱⟂
2𝜋|𝐱|2

, ℎ ∈ 𝐿∞(𝕋 2).

In order to exploit the better scaling properties of 𝐾̄ with respect to 𝐾, 
let us show that 
|

|

|∫𝕋 2
(𝐾2 ∗ 𝑝𝜀(𝐱))2𝑑𝑥 − ∫𝕋 2

(𝐾̄2 ∗ 𝑝𝜀(𝐱))2𝑑𝑥
|

|

|

≲ 1. (12)

This is a consequence of the following inequalities:

|

|

|∫𝕋 2

(

𝐾2 ∗ 𝑝𝜀(𝐱)
)2 𝑑𝑥 − ∫𝕋 2

(

𝐾̄2 ∗ 𝑝𝜀(𝐱)
)2 𝑑𝑥||

|

≤ ∫𝕋 2

|

|

|

(𝐾2 + 𝐾̄2) ∗ 𝑝𝜀(𝐱)
|

|

|

|

|

|

(𝐾2 − 𝐾̄2) ∗ 𝑝𝜀(𝐱)
|

|

|

𝑑𝑥

≤ ‖

‖

‖

(𝐾2 + 𝐾̄2) ∗ 𝑝𝜀
‖

‖

‖𝐿1(𝕋 2)
‖

‖

‖

ℎ ∗ 𝑝𝜀‖‖
‖𝐿∞(𝕋 2)

≤
(

2‖𝐾̄2‖𝐿1(𝕋 2) + ‖ℎ‖𝐿1(𝕋 2)
)

‖ℎ‖𝐿∞(𝕋 2) ≲ 1.

As a second step, let us prove that 
|

|

|∫𝕋 2
(𝐾̄2 ∗ 𝑝𝜀(𝐱))2 𝑑𝑥 −

1
4𝜋

ln 1
𝜀
|

|

|

≲ 1. (13)

The rescaling 𝐱 ↦ 𝐱′ ∶= 𝜀−1𝐱 and the (−1)-homogeneity of 𝐾̄2 yields the 
following

∫𝕋 2

(

𝐾̄2 ∗ 𝑝𝜀(𝐱)
)2 𝑑𝑥

(3)
= ∫𝕋 2

(

∫ℝ2
𝐾̄2(𝐱 − 𝐲) 1

𝜀2
𝑝
(𝐲
𝜀
)

𝑑𝑦
)(

∫ℝ2
𝐾̄2(𝐱 − 𝐳) 1

𝜀2
𝑝
( 𝐳
𝜀
)

𝑑𝑧
)

𝑑𝑥

= ∫ 1
𝜀 𝕋

2

(

∫ℝ2
𝜀𝐾̄2(𝜀(𝐱′ − 𝐲′))𝑝(𝐲′)𝑑𝐲′

)(

∫ℝ2
𝜀𝐾̄2(𝜀(𝐱′ − 𝐳′))𝑝(𝐳′)

)

𝑑𝑧′
)

𝑑𝑥′

= ∫ 1
𝜀 𝕋

2

(

∫ℝ2
𝐾̄2(𝐱′ − 𝐲′)𝑝(𝐲′)𝑑𝐲′

)(

∫ℝ2
𝐾̄2(𝐱′ − 𝐳′)𝑝(𝐳′)

)

𝑑𝑧′
)

𝑑𝑥′

= ∫ 1
𝜀 𝕋

2

(

𝐾̄2 ∗ 𝑝(𝐱)
)2 𝑑𝑥.

Splitting the domain of integration of the last integral, we get 

∫𝐵(0,2)

(

𝐾̄2 ∗ 𝑝(𝐱)
)2 𝑑𝑥 + ∫ 1

𝜀 𝕋
2∖𝐵(0,2)

(

𝐾̄2 ∗ 𝑝(𝐱)
)2 𝑑𝑥.

The first term is bounded by ‖𝐾̄2‖𝐿1(𝐵(0,2))‖𝑝‖𝐿∞(𝐵(0,2)) ≲ 1, so it is 
enough to study the second one. Up to an additive error of order 1, 
we can neglect the convolution since

|

|

|∫ 1
𝜀 𝕋

2∖𝐵(0,2)

(

𝐾̄2 ∗ 𝑝(𝐱)
)2 𝑑𝑥 − ∫ 1

𝜀 𝕋
2∖𝐵(0,2)

𝐾̄2(𝐱)2 𝑑𝑥
|

|

|
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≤ ∫ 1
𝜀 𝕋

2∖𝐵(0,2)

(

∫ |𝐾̄2(𝐱 − 𝐲) + 𝐾̄2(𝐱)|𝑝(𝐲)𝑑𝑦
)(

∫ |𝐾̄2(𝐱 − 𝐲) − 𝐾̄2(𝐱)|𝑝(𝐲)𝑑𝑦
)

𝑑𝑥

≲ ∫ 1
𝜀 𝕋

2∖𝐵(0,2)
sup

𝐲∈𝐵(0,1)
|𝐾̄2(𝐱 − 𝐲)| sup

𝐲∈𝐵(0,1)
|∇𝐾̄2(𝐱 − 𝐲)|𝑑𝑥

≲ ∫ 1
𝜀 𝕋

2∖𝐵(0,2)
sup

𝐲∈𝐵(0,1)

1
|𝐱 − 𝐲|

sup
𝐲∈𝐵(0,1)

1
|𝐱 − 𝐲|2

𝑑𝑥 ≲ ∫ℝ2∖𝐵(0,2)

1
|𝐱|3

≲ 1,

so that (13) will be implied by 

−1 ≲ ∫ 1
𝜀 𝕋

2∖𝐵(0,2)
𝐾̄2(𝐱)2 𝑑𝑥 −

1
4𝜋

ln 1
𝜀
≲ 1.

Using that 𝕋 2 ⊂ 𝐵(0, 1
√

2
), we deduce the upper bound (the lower bound 

follows analogously from 𝕋 2 ⊃ 𝐵(0, 12 )):

∫ 1
𝜀
𝕋 2∖𝐵(0,2)

𝐾̄2(𝐱)2 𝑑𝑥 ≤ ∫𝐵(0, 1
√

2𝜀
)∖𝐵(0,2)

𝐾̄2(𝐱)2 𝑑𝑥 = 1
4𝜋2 ∫𝐵(0, 1

√

2𝜀
)∖𝐵(0,2)

𝑥21
|𝐱|4

𝑑𝑥

= 1
8𝜋2 ∫𝐵(0, 1

√

2𝜀
)∖𝐵(0,2)

𝑥21 + 𝑥
2
2

|𝐱|4
𝑑𝑥

= 1
4𝜋 ∫

1
√

2𝜀

2

1
𝜌
𝑑𝜌 = 1

4𝜋
ln 1
𝜀
+ 𝑂(1).

From (12) and (13), we have proven that 
|

|

|∫𝕋 2

(

𝐾2 ∗ 𝑝𝜀(𝐱)
)2 𝑑𝑥 − 1

4𝜋
ln 1
𝜀
|

|

|

≲𝑝 1.

Starting from this and using (11), then (6) is finally established once we 
prove that 
|

|

|∫𝕋 2

(

𝐾2 ∗ 𝑝𝜀(𝐱)
)2𝜕2𝜔̄

0(𝐱)𝑑𝑥 − 𝜕2𝜔̄0(0)∫𝕋 2

(

𝐾2 ∗ 𝑝𝜀(𝐱)
)2 𝑑𝑥||

|

≲ ‖∇2𝜔̄0
‖∞,

which follows from the following sequence of inequalities

∫𝕋 2

(

𝐾2 ∗ 𝑝𝜀(𝐱)
)2
|𝜕2𝜔̄

0(𝐱) − 𝜕2𝜔̄0(0)|𝑑𝑥 ≲ ‖∇2𝜔̄0
‖𝐿∞ ∫𝕋 2

(𝐾2 ∗ 𝑝𝜀(𝐱))2|𝐱|𝑑𝑥

= ‖∇2𝜔̄0
‖𝐿∞

(

∫𝐵(0,2𝜀)
(𝐾2 ∗ 𝑝𝜀(𝐱))2|𝐱|𝑑𝑥 + ∫𝕋 2∖𝐵(0,2𝜀)

(𝐾2 ∗ 𝑝𝜀(𝐱))2|𝐱|𝑑𝑥
)

≤ ‖∇2𝜔̄0
‖𝐿∞

(

𝜀∫𝐵(0,2𝜀)
(𝐾2 ∗ 𝑝𝜀(𝐱))2 𝑑𝑥 + ∫𝕋 2∖𝐵(0,2𝜀)

( sup
𝐵(0,𝜀)

|𝐾2(𝐱 − 𝐲)|)2|𝐱|𝑑𝑥
)

≲ ‖∇2𝜔̄0
‖𝐿∞

(

𝜀 ln 1
𝜀
+ ∫𝕋 2∖𝐵(0,2𝜀)

1
|𝐱|2

|𝐱|𝑑𝑥
)

≲ ‖∇2𝜔̄0
‖𝐿∞ .

 ∎
Remark 2. From (6), one deduces that the general case (without mak-
ing assumptions of the signs of Γ and 𝜕𝑥2 𝜔̄0(𝐱0)) is that the map
𝑡↦ sign

(

Γ𝜕2𝜔̄0(𝐱0)
)

𝐺2(𝑡)

is strictly increasing.
Remark 3. Following the same lines of the proof above, the theorem 
can be extended in the following way. Assume 𝜔̄0(𝐱) is a steady solution 
of the Euler equations (not necessarily depending only on 𝑥2). Without 
loss of generality, assume that Γ > 0 and that ∇𝜔̄0(𝐱0) = 𝜕2𝜔̄0(𝐱0)𝐱̂2 with 
𝜕2𝜔̄0(𝐱0) > 0 (cf. Remark 2 for the other cases). Call 𝐆𝜀(𝑡) the position 
of the barycentre depending on the parameter 𝜀. Then
lim
𝜀→0

𝐺𝜀2(0)
′ = 0 lim

𝜀→0
𝐺𝜀2(0)

′′ = +∞.

Since the second derivative is divergent in the limit 𝜀→ 0, it is nat-
ural to ask whether the limiting behaviour of the point vortex is of the 
form 
𝐺2(𝑡) ∼ 𝑡𝛼 for some 𝛼 ∈ (1, 2).

We were unable to theoretically determine it, but we analysed the prob-
lem numerically both with the blob-wave dynamics with decreasing ra-
dius of the blob 𝜀 (Fig. 2) and the limiting vortex-wave system (Fig. 1). 
The time-scales at which we observe the fitting with the 32  exponent in 
Fig. 1 differ by a factor 10 from Fig. 2. This is conceivable, as we are 

comparing a point-wise vortex with a blob of positive area. A precise 
description of the trajectory of the barycenter of the blob, in the limit of 
its size vanishing, is beyond the scope of this work and is left for a future 
study. We stress that the numerical simulations presented do not vali-
date the theoretical predictions in a strict sense. Nevertheless, we show 
discrete agreement with the analysis performed in this section. We re-
fer to the next section for a more detailed description of the numerical 
scheme used.

3.  The vortex-wave system

3.1.  The model

In this section, we recall the results of Marchioro and Pulvirenti 
about the vortex-wave system (see [22]). 2 Let us consider the incom-
pressible Euler equations on the unit sphere 𝕊2 ⊂ ℝ3

𝜕𝑡𝜔 + {𝜓,𝜔} = 0 Δ𝕊2𝜓 = 𝜔, (14)

where 𝜔,𝜓 ∶ 𝕊2 → ℝ denote respectively the (scalar) vorticity and the 
stream function and {⋅, ⋅} the Poisson brackets on the sphere. For a clas-
sical solution of (14), the velocity of the fluid 𝐮𝑡(𝐱) defined by 
𝐮𝑡(𝐱) = ∇⟂

𝕊2𝜓
𝑡(𝐱) ∈ 𝑇𝐱𝕊2 for 𝑡 ∈ [0,∞) and 𝐱 ∈ 𝕊2 (15)

generates a flow of diffeomorphism Φ𝑡 ∶ 𝕊2 → 𝕊2 which satisfies 
Φ0(𝐱) = 𝐱 and 𝜕𝑡Φ𝑡(𝐱) = 𝐮𝑡(Φ𝑡(𝐱)) for all 𝑡 ∈ [0,∞) and 𝐱 ∈ 𝕊2,

and so that the transport formula 𝜔𝑡(𝐱) = 𝜔0((Φ𝑡)−1(𝐱)
) holds.

We will consider an initial condition 𝜔0 which is a (possibly signed) 
measure of the form 
𝜔0(𝑑𝐱) = 𝜔̄0(𝐱)𝑑𝐱 + Γ𝛿𝐱0 (𝑑𝐱),

where 𝜔̄0 ∈ 𝐿∞(𝕊2) denotes a large-scale background vorticity and Γ𝛿𝐱0
a point-like vortex located at 𝐱0 ∈ 𝕊2 of circulation Γ. In [22], denot-
ing, respectively, by 𝜔̄𝑡 and 𝐱𝑣(𝑡) ∈ 𝕊2 the background vorticity and the 
position of the vortex at time 𝑡, the time-dependent measure 
𝜔𝑡(𝑑𝐱) = 𝜔̄𝑡(𝐱)𝑑𝐱 + Γ𝛿𝐱𝑣(𝑡)(𝑑𝐱)

is said to satisfy the Euler equations in a weak form if 𝜔̄ ∈ 𝐿∞([0,+∞) ×
𝕊2), 𝐱𝑣 ∈ 𝐶1([0,+∞),𝕊2) and the following system of equations holds
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑡Φ𝑡(𝐱) = 𝐮̄𝑡
(

Φ𝑡(𝐱)
)

+ Γ𝐊
(

Φ𝑡(𝐱), 𝐱𝑣(𝑡)
)

, Φ0(𝐱) = 𝐱, 𝐱 ≠ 𝐱0
𝑑𝐱𝑣
𝑑𝑡

(𝑡) = 𝐮̄𝑡
(

𝐱𝑣(𝑡)
)

, 𝐱𝑣(0) = 𝐱0

𝐮̄𝑡(𝐱) = ∫𝕊2
𝐊(𝐱, 𝐲)𝜔̄𝑡(𝐲)𝑑𝑦

𝜔̄𝑡(𝑑𝐱) = 𝜔̄0((Φ𝑡)−1(𝐱)
)

(16)

Here ̄𝐮 is the velocity field given by 𝜔̄, the bounded part of the vorticity. 
In this section, the function 𝐊 = 𝐊𝕊2  is the Biot-Savart kernel on 𝕊2

𝐊(𝐱, 𝐲) ∶= ∇⟂
𝕊2Δ

−1
𝕊2 𝛿𝐲(𝐱) =

1
2𝜋

(𝐱 − 𝐲) × 𝐲
|𝐱 − 𝐲|2

.

The point vortex 𝐱𝑣 follows only the velocity field ̄𝐮, discarding the self-
interaction, while 𝜔̄ evolves transported by the sum of the divergent 
velocity field of the vortex and its velocity field 𝐮̄.

Some results from [22] are summarised in the following theorem.
Theorem 4. Given initial conditions 𝜔̄0 ∈ 𝐿∞(𝕊2), 𝐱0 ∈ 𝕊2 and Γ ∈
ℝ∖{0}, there exists a global in time solution of system (16). Under the addi-
tional assumption that 𝜔̄0 is constant in a neighbourhood of 𝐱0, the solution 
is unique and it is the weak-* limit (in the sense of finite measures) as 𝜀 ↓ 0
of the solutions starting from the bounded initial conditions 

𝜔0,𝜀(𝐱) ∶= 𝜔̄0(𝐱) + Γ
𝜋𝜀2

𝜒𝐵(𝐱0 ,𝜀)

2 For our later scopes, we give the results on 𝕊2, rather than ℝ2. We have 
not seen any crucial difference in changing the reference domain to extend the 
results of [22].
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Fig. 1. Vertical coordinate trajectory 𝑦 = 𝑦(𝑡) ∶= 𝜃(0) − 𝜃(𝑡), plotted in loglog scale, of a point-vortex 𝑥𝑣 on a sphere in azimuth-inclination coordinates (𝜑, 𝜃) with 
background vorticity 𝜔 equal to the Coriolis vorticity. The plot is obtained by a DNS of (18) via the numerical scheme described at the end of Section 3, for 𝑁 = 65
and time-step ℎ = 10−5. The point-vortex has circulation Γ = 0.1, initial inclination 𝜃(0) = 𝜋 − arccos 0.6, the Coriolis vorticity is 𝑓 = 62 cos 𝜃. In the very initial time, 
of approximately 10−2𝑠, the slope of the curve is approximately 2. After that, it bends towards 3

2
, which would fit with the prediction of Remark 3 of the second 

derivative being infinity at 𝑡 = 0. However, the time where the slope is 3
2
 is comparable to the one in which it is 2. Therefore this simulation cannot be conclusive. 

After 0.1𝑠 the trajectory of the vortex stops to follow any power law in time, due to the emergence of some more complex dynamics.

where 𝜒𝐵(𝐱0 ,𝜀) denotes the characteristic function of the ball 𝐵(𝐱0, 𝜀) centered 
at 𝐱0 of radius 𝜀. 

Due to the divergence of the vector field of the vortex, the case when 
𝜔̄0 is not locally constant is less understood. In the smooth case, 𝜔̄0 is not 
locally constant in particular if ∇𝜔̄0(𝐱0) ≠ 0. Under this assumption, we 
provide numerical simulations (Section 3.2) and a rigorous proof (Sec-
tion 2) that the vortex perceives a very strong acceleration proportional 
to Γ∇𝜔̄(𝐱0).

3.2.  Direct numerical simulations

In this section, we specifiy the vortex-wave Eq. (16) on a rotating 
2-sphere 𝕊2 ⊂ ℝ3. These equations were first introduced by Bogomolov 
[59] and more recently studied by Laurent–Polz in [60], in the context 
of geometric mechanics. Formally, we set the equations in the following 
notations:

• Position of the point vortices: 𝐱𝑖𝑣 ∶ [0, 𝑇 ] → 𝕊2, for 𝑖 = 1,… , 𝑁𝑉 .
• Background vorticity: 𝜔̄ ∶ [0, 𝑇 ] × 𝕊2 → ℝ.
• Coriolis vorticity: 𝑓 = 𝑓 (𝐱) ∶= 𝛀 ⋅ 𝐱, for 𝛀 ∈ ℝ3 angular velocity of the 
rotating sphere.

Then the vortex-wave equations on a rotating sphere are given by:

𝐱̇𝑖𝑣 =
1
4𝜋

∑

𝑗=1,.,𝑁𝑉
𝑖≠𝑗

Γ𝑗
𝐱𝑖𝑣 × 𝐱𝑗𝑣

1 − 𝐱𝑖𝑣 ⋅ 𝐱
𝑗
𝑣
+ 𝐱𝑖𝑣 × ∇Δ−1

𝕊2
(𝜔̄ − 𝑓 )(𝐱𝑖𝑣) for 𝑖 = 1,… , 𝑁𝑉

̇̄𝜔 = {𝜔̄,Δ−1
𝕊2
(𝜔̄ − 𝑓 ) +

∑

𝑖=1,…,𝑁𝑉

Γ𝑖 log(1 − 𝐱𝑖𝑣 ⋅ 𝐱)}.

(17)

The Poisson bracket of two functions 𝑓, 𝑔 is defined as {𝑓, 𝑔} ∶= x ⋅
(∇𝑓 × ∇𝑔). We remark that the Laplace-Beltrami operator on the sphere 
Δ𝕊2  is invertible on the space of functions with zero mean. Eq. (17) are 
a infinite dimensional Hamiltonian system (more precisely Lie–Poisson 
system) with energy

𝐻 = −1
2
∑

𝑖≠𝑗
Γ𝑖Γ𝑗 log(1 − 𝐱𝑖𝑣 ⋅ 𝐱

𝑗
𝑣) −

∑

𝑖
Γ𝑖(𝜔̄ − 𝑓 )(𝐱𝑖𝑣) −

1
2 ∫𝕊2

Δ−1
𝕊2
(𝜔̄ − 𝑓 )(𝜔̄ − 𝑓 ).

Eq. (17) also have additional Casimir invariants given by 𝐶𝑓 = ∫𝕊2 𝑓 (𝜔̄), 
for any real function 𝑓 and the angular momentum 𝑀 = ∫𝕊2 (

∑

𝑖 Γ𝑖𝛿𝐱𝑖𝑣 +
𝜔̄)n𝑑𝑆 ⋅𝛀, for 𝛀 ≠ 0.

A spatial discretization which retains many conservation laws is 
known for the 2D Euler equations as the Zeitlin model [61]. In the 
following discussions, we use the conventions of [62]. Starting from 
Eq. (17), we obtain the vortex-wave–Zeitlin model. Given the expansion 
of the vorticity field in spherical harmonics 𝑌𝑙𝑚, we take the truncated 
expansion for 𝑙 ≤ 𝑁 − 1, 𝑚 = −𝑙,… , 𝑙. Then, for any 𝑁 ≥ 1, we have an 
explicit vector space isomorphism between the one spanned by classical 
spherical harmonics {𝑌𝑙𝑚}𝑙=1,.,𝑁−1

𝑚=−𝑙,…,𝑙
 and a 𝔰𝔲(𝑁) (skew-Hermitian matrix 

with zero trace), spanned by the matrices {𝑇𝑙𝑚}𝑙=1,.,𝑁−1
𝑚=−𝑙,…,𝑙

. In other words, 

if 𝜔̄ =
∑∞
𝑙=1

∑𝑙
𝑚=−𝑙 𝜔̄

𝑙𝑚𝑌𝑙𝑚, then 𝑊 =
∑𝑁−1
𝑙=1

∑𝑙
𝑚=−𝑙 𝜔̄

𝑙𝑚𝑇𝑙𝑚. In these nota-
tions, the vortex-wave–Zeitlin is given by:

𝐱̇𝑖𝑣 =
1
4𝜋

∑

𝑗=1,.,𝑁𝑉
𝑖≠𝑗

Γ𝑖
𝐱𝑖𝑣 × 𝐱𝑗𝑣

1 − 𝐱𝑖𝑣 ⋅ 𝐱
𝑗
𝑣

−
∑

𝑙=1,.,𝑁−1
𝑚=−𝑙,…,𝑙

𝐱𝑖𝑣 × ∇𝑌𝑙𝑚(𝐱𝑖𝑣)
−𝑙(𝑙 + 1)

(𝑊 − 𝐹 )𝑙𝑚  for 𝑖 = 1,… , 𝑁𝑉

𝑊̇ = −[𝑊 ,Δ−1
𝑁
(

𝑊 +
∑ 𝑖=1,.,𝑁𝑉

𝑙=1,.,𝑁−1
𝑚=−𝑙,…,𝑙

Γ𝑖𝑌𝑙𝑚(𝐱𝑖𝑣)𝑇𝑙𝑚 − 𝐹
)

]𝑁 , (18)

where Δ𝑁  is the discrete Laplacian, [𝐴,𝐵]𝑁 =
√

𝑁2−1
2 (𝐴𝐵 − 𝐵𝐴) and 𝐹 =

|𝛀|𝑖𝑇10. The Hamiltonian is:

𝐻 = − 1
8𝜋

∑

𝑖,𝑗=1,.,𝑁𝑉
𝑖≠𝑗

Γ𝑖Γ𝑗 log(1 − 𝐱𝑖 ⋅ 𝐱𝑗 )+

−
∑

𝑖=1,.,𝑁𝑉
𝑙=1,.,𝑁−1
𝑚=−𝑙,…,𝑙

Γ𝑖
𝑌𝑙𝑚(𝐱𝑖)
−𝑙(𝑙 + 1)

(𝑊 − 𝐹 )𝑙𝑚+

−1
2
Tr(Δ−1

𝑁 (𝑊 − 𝐹 )∗(𝑊 − 𝐹 )).

(19)

Eq. (18) have the following independent first integrals:
𝐶𝑛(𝑊 ) = Tr(𝑊 𝑛),  for 𝑛 = 2,… , 𝑁 − 1

𝑀 =
⎛

⎜

⎜

⎝

∑𝑁𝑉
𝑖=1 Γ𝑖𝐱

𝑖
𝑣 +

⎡

⎢

⎢

⎣

Tr(𝑊 ∗𝑇𝑥)
Tr(𝑊 ∗𝑇𝑦)
Tr(𝑊 ∗𝑇𝑧)

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠

⋅𝛀,
(20)
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Fig. 2. Vertical coordinate trajectory 𝑦 = 𝑦(𝑡) ∶= 𝜃(0) − 𝜃(𝑡), plotted in loglog scale, of the barycenter of a blob of vorticity 𝜔𝑏 of radius 10𝜀 (top) and 𝜀 (bottom), on 
a sphere in azimuth-inclination coordinates (𝜑, 𝜃) with background vorticity 𝜔𝑟 equal to the Coriolis vorticity in the simulation of Fig. 1. The blob is defined as in (3) 
and it has the same circulation and initial barycenter inclination coordinate of the point-vortex in the simulation of Fig. 1. The curve 𝑦 = 𝑦(𝑡) is obtained by a DNS 
of (18) via the numerical scheme described at the end of Section 3, for 𝑁 = 257, 𝜀 = 1∕𝑁 and time-step ℎ = 10−3, with no point-vortices (𝑁𝑉 = 0) and with initial 
vorticity obtained by the discretization of 𝜔 = 𝜔𝑏 + 𝜔𝑟. The slope of the curve, after an initial short time, not captured by the tracking of the blob’s barycenter, is 
around 3

2
, until we see a linear growth. We do not see significant differences between the two simulations, denoting a certain stability with respect to the blob size.

where 𝑇𝑥 = 𝑖𝑇1−1−𝑖𝑇1−1
√

2
, 𝑇𝑦 =

𝑇1−1+𝑇1−1
√

2
, 𝑇𝑧 = 𝑖𝑇10.

A conservative time-discretization of Eq. (18) can be obtained by ex-
tending the method used in [63]3 to the coupled vortex-wave system. 
Therefore, we obtain a Lie–Poisson integrator for (18) that exactly con-
serves the integrals 𝐶𝑛 and 𝑀 and nearly conserves the Hamiltonian 𝐻 . 
In Fig. 3, we illustrate an example of a DNS of (18), solved with the 
Lie–Poisson integrator developed in [63], in which 6 identical point-
vortices are placed in the vertices of a regular equatorial hexagon and 
a background smooth vorticity equal to the Coriolis one.

3 The code used to perform numerical simulations of the Zeitlin model can 
be found https://github.com/klasmodin/quflow. The code for the vortex-wave 
Zeitlin model is not available yet.

4.  Quasi-two-dimensional flows

Most real systems where, in a first approximation a 2D model is in-
vestigated, are indeed quasi-two-dimensional. The deviation from 2D 
may be relevant and the consequences very important. We address to 
[33] for a review of problems and results on this topic.

The question we discuss in this section is whether our first-stage re-
sult of motion along the gradient extends to thin vortex tubes in 3D 
shear flows, with approximate symmetries that make the system close 
to 2D.

The first difficulty in order to develop a theory is the concept of 
vortex tube and its evolution. See [64] as an instance of the difficulty to 
handle this topic. Just to mention a technical problem we encountered 
when trying to extend our 2D result, the concept of center of mass 𝐆(𝑡)
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Fig. 3. From the top-left to the bottom-right, time snapshots of the evolution of the vorticity field 𝜔 on a 2-sphere, interacting with six equal equatorial point vortices. 
The plots, in azimuth-inclination coordinates (𝜑, 𝜃), are obtained by a DNS of (18) for 𝑁 = 501. The initial (unstable) equilibrium of 6 equatorial point-vortices placed 
at the vertices of a regular equatorial hexagon, all with the same vorticity Γ > 0, surrounded by an initial smooth field equal to the Coriolis vorticity 𝜔0 = 2Ω cos 𝜃, 
for Ω = −1∕2, evolves into a coupled vortex-wave dynamics. Here, the self-interaction among the point-vortices is crucial to develop this kind of behaviour. The 
interaction with the background shear flow acts only as a perturbation of the initial equilibrium configuration of point-vortices.

introduced above is not very clear. Can we define a curve inside the 
vortex tube which replaces the center of mass?

What is easy to define is the concept of vortex filament: a time-
dependent parametrized curve of the form

𝛄𝑡(𝑟) ∈ ℝ3, 𝑟 ∈ ℝ

where 𝑡 is time and 𝑟 is the parameter. Given a circulation parameter Γ, 
we may define the associated vorticity field as the vector valued distri-
bution [65]

𝛚′(𝑡, 𝐱) = Γ∫ℝ
𝛿
(

𝐱 − 𝛄𝑡(𝑟)
)

𝜕𝑟𝛄𝑡(𝑟)𝑑𝑟

(we use the notation 𝛚′ as if it were a fluctuation, a perturbation of a 
field). We may also create at time 𝑡 = 0 a smoother version by a convo-
lution

𝛚′
𝜀(0, 𝐱) = Γ∫ℝ

𝑝𝜀
(

𝐱 − 𝛄0(𝑟)
)

𝜕𝑟𝛄0(𝑟)𝑑𝑟

where 𝑝𝜀(𝐱) ∶= 𝜀−3𝑝
(

𝜀−1𝐱
) and 𝑝 is a smooth compact support function 

of integral 1. However, opposite to the fact that the filament remains a 
curve for larger times, what happens to 𝛚′

𝜀(0, 𝐱) is less easy to describe. 
Also an initially circular blob in 2D is subject to strong deformations as 
time evolves, but at least we may investigate its baricenter. In the case 
of a vortex tube, this is more difficult.

One is therefore tempted to work with only the vortex filament, and 
investigate its evolution in a background shear flow. However, as ex-
plained in [65,66] and other works, the dynamics of a vortex filament 
is too singular and the only way to study it is by introducing a regular-
ization (a cut-off) of the Biot-Savart kernel.

In the next two subsections, we proceed in this way, by mollification 
of the Biot-Savart kernel. We start in Section 4.1, working on the torus 
𝕋 3, with a slightly tilted vortex filament. In Section 4.2, we derive the 
result for a thin three-dimensional domain 𝕋 3

𝛿 .

4.1.  A vortex filament in a smoothed Biot-Savart set-up

Given a smooth 𝛼 ∶ 𝕋 → 𝕋 , let us consider an initial vortex filament 
in the three dimensional torus 𝕋 3

𝛾0 ∶ 𝕋 → 𝕋 3, 𝛾0(𝑟) = 𝛼(𝑟)𝐱̂2 + 𝑟𝐱̂3, (21)

whose maximal slope with respect to the vertical line is described by 
the non-dimensional parameter 
𝜂 ∶= ‖𝛼′(𝑟)‖∞. (22)

We will work in the regime 𝜂 ≪ 1, namely the vortex filament is just 
slightly tilted with respect to the vertical axis.

The velocity and the vorticity of the background shear flow are as-
sumed to be of the form 
𝐮̄0(𝐱) ∶= (𝑢̄01(𝑥2), 0, 0) and 𝜔̄0(𝐱) ∶= (0, 0, 𝜔̄0

3(𝑥2)), (23)

so that from the relation 𝜔̄ = curl 𝑢̄, we learn that 

𝜔̄0
3(𝑥2) = − 𝑑

𝑑𝑥2
𝑢̄01(𝑥2). (24)

Let us denote by 𝐤 the Biot-Savart kernel on the torus 𝕋 3 (identified 
in the sequel with [− 1

2 ,
1
2 ]

3) and recall the following property 

𝐤(𝐱) = 𝐤̄(𝐱) + 𝐡(𝐱), with 𝐤̄(𝐱) = 1
4𝜋

𝐱
|𝐱|3

and 𝐡 ∈ 𝐶∞(

[−1
2
, 1
2
]3,ℝ3).

We will use the regularized version 𝐤𝜀 of 𝐤 defined by 

𝐤𝜀(𝐱) ∶= 1
4𝜋

𝐱
(|𝐱|2 + 𝜀2)

3
2 + 𝐡𝜀(𝐱).

Here 𝐡𝜀 is a slight perturbation of 𝐡 which makes the kernel 𝐤𝜀 periodic. 
We will only use that is satisfies uniform (in 𝜀) 𝐿∞ bounds.

The dynamics is the following
𝜕𝑡𝜔̄ + (𝐮 + 𝐯) ⋅ ∇𝜔̄ − 𝜔̄ ⋅ ∇(𝐮 + 𝐯) = 0, (25)

𝐮̄𝑡(𝐱) = ∫𝕋 3
𝐤𝜀(𝐱 − 𝐲) × 𝜔̄𝑡(𝐲)𝑑𝑦, (26)
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𝐯𝑡(𝐱) = Γ∫𝕋
𝐤𝜀(𝐱 − 𝛾 𝑡(𝑟)) × 𝜕𝑟𝛾 𝑡(𝑟)𝑑𝑟, (27)

𝜕𝑡𝛾
𝑡(𝑟) = 𝐮̄𝑡(𝛾 𝑡(𝑟)) + 𝐯𝑡(𝛾 𝑡(𝑟)). (28)

The main result of this section is the following.
Theorem 5. Assume that 𝜕2𝜔̄0

3(𝛾
0(𝑟0)) > 0 for some 𝑟0 ∈ 𝕋 . For 𝜔̄0 fixed, 

in the limit 

𝜀 ≪ 1 and 𝜂 ≪ 𝜀3
𝜕2𝜔̄0

3(𝛾
0(𝑟0))

Γ
, (29)

we have that 

𝜕𝑡𝛾
𝑡=0
2 (𝑟0) = 0 and 𝜕2𝑡 𝛾

𝑡=0
2 (𝑟0) ∼

Γ𝜕2𝜔̄0
3(𝛾

0(𝑟0))
4𝜋

ln 1
𝜀
.

To do the proof, we need some technical lemmas. The first two give 
estimates on the regularized Biot-Savart kernel.
Lemma 6. 

∫𝕋
|

|

|

𝜕𝑖𝑘
𝜀
𝑗 (𝛾

0(𝑟0) − 𝛾0(𝑟))
|

|

|

𝑑𝑟 ≲ 𝜀−2, (30)

∫𝕋
|

|

|

𝜕𝑖𝑘
𝜀
𝑗 (𝛾

0(𝑟0) − 𝛾0(𝑟))
|

|

|

|𝑟0 − 𝑟|𝑑𝑟 ≲ 𝜀−1, (31)

∫𝕋
|

|

|

𝑘𝜀3(𝛾
0(𝑟0) − 𝛾0(𝑟))

|

|

|

𝑑𝑟 ≲ 𝜀−1. (32)

Proof. Let us show (30), since the other two are analogous. From the 
explicit expression 

𝜕𝑖𝑘
𝜀
𝑗 (𝐱) = 𝛿𝑖𝑗 (|𝐱|2 + 𝜀2)

− 3
2 − 3𝑥𝑖𝑥𝑗 (|𝐱|2 + 𝜀2)

− 5
2 + 𝜕𝑖ℎ𝜀𝑗

we learn that |𝜕𝑖𝑘𝜀𝑗 |(𝐱) ≲ (|𝐱|2 + 𝜀2)−
3
2 . This implies

∫𝕋

|

|

|

𝜕𝑖𝑘
𝜀
𝑗 (𝛾

0(𝑟0) − 𝛾0(𝑟))||
|

𝑑𝑟 ≲ ∫𝕋
(|𝛾0(𝑟0) − 𝛾0(𝑟)|2 + 𝜀2)

− 3
2 𝑑𝑟 ≤ ∫𝕋

(

(𝑟 − 𝑟0)2 + 𝜀2
)− 3

2 𝑑𝑟

≲ ∫
|𝑟−𝑟0 |≥𝜀

(𝑟 − 𝑟0)−3𝑑𝑟 + ∫
|𝑟−𝑟0 |≤𝜀

𝜀−3𝑑𝑟 ≲ 𝜀−2. (33)

 ∎
Lemma 7. There exists a function 𝜙 ∶ [0,∞) → [0,∞) and a constant 𝐶 > 0
with the properties 
𝜙 is increasing, 𝜙(𝑡) ≤ 𝐶𝑡, lim

𝑡→∞
𝜙(𝑡) = 1, (34)

such that the following expansion holds 

𝑘𝜀1 ∗ 𝑘
𝜀
1(𝐱) = − 1

4𝜋|𝐱|
𝜙
(

𝜀−1|𝐱|
)

+ 𝑂(1) for all 𝐱 = (0, 𝑥2, 𝑥3).

Proof. Up to losing an error of order 1, we can prove the expansion for 
𝑘̄𝜖1 (in place of 𝑘𝜖1), for which we have 

𝑘̄𝜀1 ∗ 𝑘̄
𝜀
1(𝐱) =

1
16𝜋2 ∫𝕋 3

𝑥1 − 𝑦1
(|𝐱 − 𝐲|2 + 𝜀2)

3
2 𝑦1
(|𝐲|2 + 𝜀2)

3
2 𝑑𝑦.

With the identification 𝕋 3 ≃ [− 1
2 ,

1
2 ]

3 and for 𝐱 ∈ 𝐵(0, 14 ), we can extend 
the integral to the all space ℝ3, by making an error of order one, since 

|

|

|∫ℝ3∖[− 1
2 ,

1
2 ]

3

𝑥1 − 𝑦1
(|𝐱 − 𝐲|2 + 𝜀2)

3
2 𝑦1
(|𝐲|2 + 𝜀2)

3
2 𝑑𝑦||

|

≲ ∫ℝ3∖[− 1
2 ,

1
2 ]

3

1
|𝐲|4

𝑑𝑦 ≲ 1

where in the first inequality we compared with 𝜀 = 0 and used that 

|𝐱 − 𝐲| ≥ 1
2
|𝐲| for all 𝐱 ∈ 𝐵(0, 1

4
), 𝐲 ∈ ℝ3∖[−1

2
, 1
2
]3.

If 𝑥1 = 𝐱 ⋅ 𝐱̂1 = 0, then

𝑘̄𝜀1 ∗ 𝑘̄
𝜀
1(𝐱) = − 1

16𝜋2 ∫ℝ3

𝑦21
(|𝐱 − 𝐲|2 + 𝜀2)

3
2
(|𝐲|2 + 𝜀2)

3
2 𝑑𝑦 + 𝑂(1)

= − 1
16𝜋2 ∫ℝ3

𝑦21
(|𝐲 − |𝐱|𝐱̂3|2 + 𝜀2)

3
2

× (|𝐲|2 + 𝜀2)
3
2 𝑑𝑦 + 𝑂(1) (Rotation in the 𝐱̂2, 𝐱̂3 plane.)

= − 1
16𝜋2|𝐱| ∫ℝ3

𝑦21
(|𝐲 − 𝐱̂3|2 + ( 𝜀

|𝐱| )
2)

3
2

× (|𝐲|2 + ( 𝜀
|𝐱|

)2)
3
2 𝑑𝑦 + 𝑂(1) (Change of variables 𝐲 ↦ |𝐱|𝐲.)

= − 1
4𝜋|𝐱|

𝜙
(

𝜀−1|𝐱|
)

+ 𝑂(1),

where we introduced 

𝜙(𝑡) ∶= 1
4𝜋 ∫ℝ3

𝑦21
(|𝐲 − 𝐱̂3|2 + 𝑡−2)

3
2

(|𝐲|2 + 𝑡−2)
3
2 𝑑𝑦.

It remains to show (34). The monotonicity follows from the defini-
tion, while the limit at infinity follows from the explicit integral 

∫ℝ3

𝑦21
|𝐲 − 𝐱̂3|3|𝐲|3

𝑑𝑦 = 4𝜋.

Regarding the linear bound in 𝑡, it is enough to prove it for 𝑡 < 1
2 , for 

which we have

𝜙(𝑡) ≲ ∫𝐵(0,𝑡−1)

𝑦21
(|𝐲 − 𝐱̂3|2 + 𝑡−2)

3
2

(|𝐲|2 + 𝑡−2)
3
2 𝑑𝑦

+ ∫𝐵(0,𝑡−1)𝑐
𝑦21

(|𝐲 − 𝐱̂3|2 + 𝑡−2)

3
2

(|𝐲|2 + 𝑡−2)
3
2 𝑑𝑦

≲ 𝑡6 ∫𝐵(0,𝑡−1)
|𝐲|2𝑑𝑦 + ∫𝐵(0,𝑡−1)𝑐

|𝐲|−4𝑑𝑦 ≲ 𝑡.

 ∎
Now comes a lemma which exploits two quasi-two-dimensionality to 

derive estimates on the velocity field generated by the vortex filament.
Lemma 8. 
sup
𝑟∈𝕋

|𝑣01(𝛾
0(𝑟))| ≲ Γ𝜂𝜀−1 (35)

sup
𝐱∈𝕋 3

|𝜕3𝐯0(𝐱)| ≲ Γ𝜂𝜀−2. (36)

Proof. From (21) and (27), we have that 

𝑣01(𝛾
0(𝑟)) = Γ∫𝕋

𝑘𝜀2(𝛾
0(𝑟) − 𝛾0(𝑟′))𝑑𝑟′ − Γ∫𝕋

𝛼′(𝑟′)𝑘𝜀3(𝛾
0(𝑟) − 𝛾0(𝑟′))𝑑𝑟′.

The second term is estimated by (32) and definition (22). For the second 
term, we notice that 

|

|

|

𝑘𝜀2(𝛾
0(𝑟) − 𝛾0(𝑟′))||

|

≲
|𝛾2(𝑟) − 𝛾2(𝑟′)|
(|𝑟 − 𝑟′|2 + 𝜀2)

3
2
≲ 𝜂(|𝑟 − 𝑟′|2 + 𝜀2)−1,

and apply the splitting 𝕋 = {|𝑟 − 𝑟′| ≥ 𝜀} ∪ {|𝑟 − 𝑟′| < 𝜀} as in (33). This 
proves (35).

Regarding (36), we have

𝜕3𝐯(𝐱) = Γ∫𝕋
𝜕3𝐤𝜀(𝐱 − 𝛾0(𝑟)) × 𝜕𝑟𝛾0(𝑟)𝑑𝑟 =

= Γ∫𝕋
𝜕3𝐤𝜀(𝐱 − 𝛾0(𝑟)) × 𝛼′(𝑟)𝐱̂2𝑑𝑟 + Γ∫𝕋

𝜕3𝐤𝜀(𝐱 − 𝛾0(𝑟)) × 𝐱̂3𝑑𝑟.

The first term is estimated (up to a constant) by Γ𝜂𝜀−2 using (30) and 
|𝛼′(𝑟)| ≤ 𝜂. Finally, the same can be applied to the second one after ob-
serving that

Γ∫𝕋
𝜕3𝐤𝜀(𝐱 − 𝛾0(𝑟)) × 𝐱̂3𝑑𝑟 = −Γ∫𝕋

𝑑
𝑑𝑟

𝐤𝜀(𝐱 − 𝛾0(𝑟)) × 𝐱̂3𝑑𝑟

− Γ∫𝕋
𝜕2𝐤𝜀(𝐱 − 𝛾0(𝑟))𝛼′(𝑟) × 𝐱̂3𝑑𝑟

= −Γ∫𝕋
𝜕2𝐤𝜀(𝐱 − 𝛾0(𝑟))𝛼′(𝑟) × 𝐱̂3𝑑𝑟.

 ∎
We are finally able to show the theorem.

Proof of Theorem 5.Taking the time derivative of (28), we obtain 
𝜕2𝑡 𝛾

𝑡=0
2 (𝑟0) = (∇𝑢̄2)𝑡=0(𝛾0(𝑟0)) ⋅ 𝜕𝑡𝛾 𝑡=0(𝑟0) + 𝜕𝑡(𝑣𝑡2(𝛾

𝑡(𝑟0))
|

|

|𝑡=0
+ (𝜕𝑡𝑢̄2)𝑡=0(𝛾0(𝑟0))
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The first term vanishes since 𝑢̄02 ≡ 0. The second one satisfies the esti-
mate 

|𝜕𝑡(𝑣𝑡2(𝛾
𝑡(𝑟0))

|

|

|𝑡=0
| ≲ 𝜂

(Γ2

𝜀3
+

Γ‖𝜔̄0
‖∞

𝜀

)

, (37)

which will be proven in the sequel. We can then discard it due to (29).
The main contribution will come from the last term, for which we 

have that

(𝜕𝑡𝑢̄2)𝑡=0(𝛾0(𝑟0))
(26)
= −∫𝕋 3

(𝐤𝜀(𝛾0(𝑟0) − 𝐲) × 𝐱̂2) ⋅ (𝜕𝑡𝜔̄)𝑡=0(𝐲)𝑑𝑦

(25)
= ∫𝕋 3

(𝐤𝜀(𝛾0(𝑟0) − 𝐲) × 𝐱̂2) ⋅ (𝐮̄0 ⋅ ∇𝜔̄0 − 𝜔̄0 ⋅ ∇𝐮̄0)𝑑𝑦

+ ∫𝕋 3
(𝐤𝜀(𝛾0(𝑟0) − 𝐲) × 𝐱̂2) ⋅ (𝐯0 ⋅ ∇𝜔̄0 − 𝜔̄0 ⋅ ∇𝐯0)𝑑𝑦

(23)
= ∫𝕋 3

(𝐤𝜀(𝛾0(𝑟0) − 𝐲) × 𝐱̂2) ⋅ (𝐯0 ⋅ ∇𝜔̄0 − 𝜔̄0 ⋅ ∇𝐯0)𝑑𝑦.

We can neglect the second term (which takes into account the stretching 
effects) because
|

|

|∫𝕋 3
(𝐤𝜀(𝛾0(𝑟0) − 𝐲) × 𝐱̂2) ⋅ (𝜔̄0 ⋅ ∇𝐯0)𝑑𝑦||

|

(23)
= |

|

|∫𝕋 3
(𝐤𝜀(𝛾0(𝑟0) − 𝐲) × 𝐱̂2) ⋅ (𝜔̄0

3𝜕3𝐯
0)𝑑𝑦||

|

(36)
≲

Γ𝜂‖𝜔̄0
‖∞

𝜀2
,

where we also used that 𝐤𝜀 have uniformly bounded 𝐿1 norm. Regarding 
the first term, using (23), it can be rewritten as 

𝜕2𝜔̄
0
3(𝛾

0(𝑟0))∫𝕋 3
𝑘𝜀1(𝛾

0(𝑟0) − 𝐲)𝑣02(𝐲)𝑑𝑦 + ∫𝕋 3
𝑘𝜀1(𝛾

0(𝑟0) − 𝐲)𝑣02(𝐲)
(

𝜕2𝜔̄
0
3(𝐲) − 𝜕2𝜔̄

0
3(𝛾

0(𝑟0))
)

𝑑𝑦.

The second term is an error, which satisfies the estimate 
|

|

|∫𝕋 3
𝑘𝜀1(𝛾

0(𝑟0) − 𝐲)𝑣02(𝐲)
(

𝜕2𝜔̄
0
3(𝐲) − 𝜕2𝜔̄

0
3(𝛾

0(𝑟0))
)

𝑑𝑦||
|

≲ Γ‖𝜕22 𝜔̄
0
3‖∞ (38)

proven below. The thesis will then follow from 

∫𝕋 3
𝑘𝜀1(𝛾

0(𝑟0) − 𝐲)𝑣02(𝐲)𝑑𝑦 ∼
Γ
4𝜋

ln 1
𝜀

as 𝜀→ 0. (39)

We have

∫𝕋 3
𝑘𝜀1(𝛾

0(𝑟) − 𝐲)𝑣02(𝐲)𝑑𝑦
(21),(27)

= −Γ∫𝕋 3 ∫𝕋
𝑘𝜀1(𝛾

0(𝑟0) − 𝐲)𝑘𝜀1(𝐲 − 𝛾
0(𝑟))𝑑𝑟𝑑𝑦

= −Γ∫𝕋
(𝑘𝜀1 ∗ 𝑘

𝜀
1)(𝛾

0(𝑟0) − 𝛾0(𝑟))𝑑𝑟. (40)

Using Lemma 7, we learn that the main contribution to the last integral 
comes from the set |𝑟 − 𝑟0|≫ 𝜀. Indeed for 𝑀 = ln

1
2 (𝜀−1), we can split 

the last integral as 

−Γ∫
|𝑟−𝑟0 |≤𝑀𝜀

𝑘𝜀1 ∗ 𝑘
𝜀
1(𝛾

0(𝑟0) − 𝛾0(𝑟))𝑑𝑟 − Γ∫
|𝑟−𝑟0 |>𝑀𝜀

𝑘𝜀1 ∗ 𝑘
𝜀
1(𝛾

0(𝑟0) − 𝛾0(𝑟))𝑑𝑟.

From Lemma 7, we have ‖𝑘𝜀1 ∗ 𝑘𝜀1‖∞ ≲ 𝜀−1, which implies that the first 
term is Γ ≲ ln

1
2 (𝜀−1), hence is of lower order. Regarding the second term, 

it is equal to
Γ
4𝜋 ∫

|𝑟−𝑟0 |>𝑀𝜀

1
|𝛾0(𝑟0) − 𝛾0(𝑟)|

𝜙
(

|𝛾0(𝑟0) − 𝛾0(𝑟)|
𝜀

)

𝑑𝑟 + 𝑂(Γ)

= Γ
1 + 𝑜(1)

4𝜋 ∫
|𝑟−𝑟0 |>𝑀𝜀

1
|𝑟 − 𝑟0|

𝑑𝑟 + 𝑂(Γ) (since|𝛾0(𝑟0) − 𝛾0(𝑟)|
𝜂≪1∼ |𝑟 − 𝑟0|≫ 𝜀)

= Γ
1 + 𝑜(1)

4𝜋
ln 1
𝑀𝜀

+ 𝑂(Γ) = Γ
1 + 𝑜(1)

4𝜋
ln 1
𝜀
+ 𝑂(Γ).

This concludes the proof of (39). It remains to prove the error estimates
(37) and (38).

Here comes the proof of (37). Starting from

𝑣𝑡2(𝛾
𝑡(𝑟0)) = −Γ∫𝕋

(𝐤𝜀(𝛾 𝑡(𝑟0) − 𝛾 𝑡(𝑟)) × 𝐱̂2) ⋅ 𝜕𝑟𝛾 𝑡(𝑟)𝑑𝑟

= −Γ∫𝕋
𝑘𝜀1(𝛾

𝑡(𝑟0) − 𝛾 𝑡(𝑟))𝜕𝑟𝛾 𝑡3(𝑟)𝑑𝑟 + Γ∫𝕋
𝑘𝜀3(𝛾

𝑡(𝑟0) − 𝛾 𝑡(𝑟))𝜕𝑟𝛾 𝑡1(𝑟)𝑑𝑟

and taking the derivative, we obtain
𝑑
𝑑𝑡
𝑣𝑡2(𝛾

𝑡(𝑟0))
|

|

|𝑡=0

= − Γ∫𝕋
∇𝑘𝜀1(𝛾

0(𝑟0) − 𝛾0(𝑟)) ⋅
[

𝐯0(𝛾0(𝑟0)) − 𝐯0(𝛾0(𝑟)) + 𝐮̄0(𝛾0(𝑟0)) − 𝐮̄0(𝛾0(𝑟))
]

𝑑𝑟

− Γ∫𝕋
𝑘𝜀1(𝛾

0(𝑟0) − 𝛾0(𝑟))𝜕𝑟
(

𝑣03(𝛾
0(𝑟)) + 𝑢̄03(𝛾

0(𝑟))
)

𝑑𝑟

+ Γ∫𝕋
𝑘𝜀3(𝛾

0(𝑟0) − 𝛾0(𝑟))𝜕𝑟
(

𝑣01(𝛾
0(𝑟)) + 𝑢̄01(𝛾

0(𝑟))
)

𝑑𝑟, (41)

where we used that 𝜕𝑟𝛾03 (𝑟) = 1 and 𝜕𝑟𝛾01 (𝑟) = 0 (see (21)).
Let us notice the following cancellation. Using that 

𝜕𝑖𝑘
𝜀
𝑗 (𝐱) = (|𝐱|2 + 𝜖2)−

3
2 𝛿𝑖𝑗 − 3𝑥𝑖𝑥𝑗 (|𝐱|2 + 𝜖2)

− 5
2 , together with (𝛾0(𝑟0) − 𝛾0(𝑟)) ⋅ 𝐱̂1

(21)
= 0,

we obtain 
𝜕2𝑘

𝜀
1(𝛾

0(𝑟0) − 𝛾0(𝑟)) = 𝜕3𝑘
𝜀
3(𝛾

0(𝑟0) − 𝛾0(𝑟)) = 0. (42)

Starting from (41), let us integrate by parts the last two terms. Using
(42) and the fact that 𝑢̄02 = 𝑢̄03 = 0 (cf. (23)), one derives the following
𝑑
𝑑𝑡
𝑣2(𝑡, 𝛾 𝑡(𝑟0))

|

|

|𝑡=0
= Γ∫𝕋

𝜕1𝑘
𝜀
1(𝛾

0(𝑟0) − 𝛾0(𝑟))[𝑣01(𝛾
0(𝑟0)) − 𝑣01(𝛾

0(𝑟))]𝑑𝑟

+ Γ∫𝕋
(𝛼′(𝑟)𝜕2𝑘𝜀3 + 𝜕3𝑘

𝜀
3)(𝛾

0(𝑟0) − 𝛾0(𝑟))𝑣01(𝛾
0(𝑟))𝑑𝑟

+ Γ∫𝕋
(𝜕1𝑘𝜀1 + 𝛼

′(𝑟)𝜕2𝑘𝜀3 + 𝜕3𝑘
𝜀
3)
(

𝛾0(𝑟0) − 𝛾0(𝑟)
)(

𝑢̄01(𝛾
0(𝑟)) − 𝑢̄01(𝛾

0(𝑟0))
)

𝑑𝑟

+ 𝑢̄01(𝛾
0(𝑟0))Γ∫𝕋

(

𝜕3𝑘
𝜀
3(𝛾

0(𝑟0) − 𝛾0(𝑟)) + 𝛼′(𝑟)𝜕2𝑘𝜀3(𝛾
0(𝑟0) − 𝛾0(𝑟)

)

𝑑𝑟.

Using (30) and (35), the first two terms are ≲ Γ2𝜂𝜀−3. From 
|

|

|

𝑢̄01(𝛾
0(𝑟0)) − 𝑢̄01(𝛾

0(𝑟))||
|

≤ ‖(𝑢̄01)
′
‖∞|𝛾02 (𝑟0) − 𝛾

0
2 (𝑟)|

(22)
≤ 𝜂‖(𝑢̄01)

′
‖∞|𝑟 − 𝑟0|

(24)
= 𝜂‖𝜔̄0

‖∞|𝑟 − 𝑟0|

and (31) from Lemma 6, the third Γ𝜂‖𝜔̄0
‖∞𝜀−1. Finally, the last term is 

zero, since 

∫𝕋

(

𝜕3𝑘
𝜀
𝑖 (𝛾

0(𝑟0) − 𝛾0(𝑟)) + 𝛼′(𝑟)𝜕2𝑘𝜀𝑖 (𝛾
0(𝑟0) − 𝛾0(𝑟)

)

𝑑𝑟 = −∫𝕋
𝜕𝑟
(

𝑘𝜀𝑖 (𝛾
0(𝑟0) − 𝛾0(𝑟))

)

𝑑𝑟 = 0.

To conclude, let us establish (38). We claim that 

∫𝕋 3

1
|𝐱 − 𝐲||𝐲|2

𝑑𝑦 ≲ 1 + | ln 1
|𝐱|

| (43)

which follows from

∫𝕋3

1
|𝐱 − 𝐲||𝐲|2

𝑑𝑦 ≤ ∫𝐵(0,1)
1

|𝐱 − 𝐲||𝐲|2
𝑑𝑦

(𝐲=|𝐱|𝐲′)
= ∫𝐵(0, 1

|𝐱| )

1
|

𝐱
|𝐱| − 𝐲′||𝐲′|2

𝑑𝑦′

≲ 1 + ∫𝐵(0, 1
|𝐱| )∖𝐵(0,2)

1
|𝐲′|3

𝑑𝑦′ ≲ 1 + ∫

1
|𝐱|

2

1
𝜌
𝑑𝜌 ≲ 1 + | ln 1

|𝐱|
|.

We then deduce (38)
|

|

|∫𝕋 3
𝑘𝜀1(𝛾

0(𝑟0) − 𝐲)𝑣02(𝐲)
(

𝜕2𝜔̄
0
3(𝐲) − 𝜕2𝜔̄

0
3(𝛾

0(𝑟0))
)

𝑑𝑦||
|

≤ ‖𝜕22 𝜔̄
0
3‖∞ ∫𝕋 3

|𝑘𝜀1(𝛾
0(𝑟0) − 𝐲)||𝛾0(𝑟0) − 𝐲||𝑣02(𝐲)|𝑑𝑦

(27)
≲ Γ‖𝜕22 𝜔̄

0
3‖∞ ∫𝕋 ∫𝕋 3

1
|𝛾0(𝑟0) − 𝐲||𝛾0(𝑟) − 𝐲|2

𝑑𝑦𝑑𝑟

= Γ‖𝜕22 𝜔̄
0
3‖∞ ∫𝕋 ∫𝕋 3

1
|

(

𝛾0(𝑟0) − 𝛾0(𝑟)
)

− 𝐲||𝐲|2
𝑑𝑦𝑑𝑟

(43)
≲ Γ‖𝜕22 𝜔̄

0
3‖∞ ∫𝕋

(

1 + | ln 1
|𝛾0(𝑟0) − 𝛾0(𝑟)|

|

)

𝑑𝑟
(21)
≲ Γ‖𝜕22 𝜔̄

0
3‖∞.

 ∎

4.2.  The case of a thin domain

Consider the set
𝐷 = [0, 1] × [0, 1] × [0, 𝛿]

and call by 𝕋 3
𝛿  the set obtained from 𝐷 by identification of the bound-

aries as in the case of a torus; all functions on 𝕋 3
𝛿  will be periodic, of 
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period 1 in the two horizontal directions, period 𝛿 in the vertical direc-
tion.

In 𝕋 3
𝛿 , consider a smooth curve of the form

𝛾(𝑟) = 𝛼(𝑟)𝐱̂2 + 𝑟𝐱̂3

and a smooth background velocity field and the associated vorticity 
field, given by
𝐮̄0(𝐱) =

(

𝑢̄01
(

𝑥2
)

, 0, 0
)

, 𝛚̄0(𝐱) =
(

0, 0, 𝜔̄0
3
(

𝑥2
))

, 𝐱 ∈ 𝕋 3
𝛿 .

Then introduce, on the classical torus 𝕋 3, the curve
𝛾̃(𝑠) = 𝛼̃(𝑠)𝐱̂2 + 𝑠𝐱̂3
𝛼̃(𝑠) = 𝛼(𝛿𝑠)

and the fields
𝐮̄0,𝛿(𝐱) =

(

𝑢̄01
(

𝑥2
)

, 0, 0
)

, 𝛚̄0,𝛿(𝐱) =
(

0, 0, 𝜔̄0
3
(

𝑥2
))

, 𝐱 ∈ 𝕋 3.

If the original fields depended on 𝑥3, the new ones would have been 
rescaled. But they were independent, hence we may drop the superscript 
𝛿 from 𝐮̄0,𝛿 and 𝛚̄0,𝛿 .

Given these initial conditions in the thin domain 𝕋 3
𝛿  and in the nor-

malized domain 𝕋 3, we may consider their time evolution. For the sake 
of the following result we call (𝛾 𝑡(𝑟))𝑟 and 

(

𝛾̃ 𝑡(𝑠)
)

𝑠 the evolution at time 
𝑡 of the curves (𝛾(𝑟))𝑟 and (𝛾̃(𝑠))𝑠 respectively; using the equations of 
motion it is elementary to verify that 𝜕2𝑡 𝛾̃ 𝑡=02 (𝑠) = 𝜕2𝑡 𝛾

𝑡=0
2 (𝛿𝑠).

If we set
𝜂 ∶= ‖

‖

𝛼′(𝑟)‖
‖∞

then

‖

‖

𝛼̃′(𝑠)‖
‖∞ = 𝛿𝜂.

Theorem 5 applies to 𝛾̃, 𝛚̄0 and gives us the following result. Assume 
𝜕2𝜔̄0

3
(

𝛾̃2
(

𝑠0
))

> 0. In the limit 𝜀 ≪ 1 and

𝛿𝜂 ≪ 𝜀3
𝜕2𝜔̄0

3
(

𝛾̃2
(

𝑠0
))

Γ

we have

𝜕2𝑡 𝛾̃
𝑡=0
2

(

𝑠0
)

∼
Γ𝜕2𝜔̄0

3
(

𝛾̃2
(

𝑠0
))

4𝜋
ln 1
𝜀
.

Call 𝑟0 = 𝛿𝑠0. Then we have the following result in the thin domain 𝕋 3
𝛿 :

Corollary 9.  If 𝜕2𝜔̄0
3
(

𝛾2
(

𝑟0
))

> 0, in the limit 𝜀 ≪ 1 and

𝛿𝜂 ≪ 𝜀3
𝜕2𝜔̄0

3
(

𝛾2
(

𝑟0
))

Γ

we have

𝜕2𝑡 𝛾
𝑡=0
2

(

𝑟0
)

∼
Γ𝜕2𝜔̄0

3
(

𝛾2
(

𝑟0
))

4𝜋
ln 1
𝜀
.

Remark 10.  In the standard torus, we need (up to constants) 𝜂 ≪ 𝜀3, 
which looks quite severe, but we have to notice that we deal with a 
modification of a vertical straight line (namely a modification of the 
pure 2D case) which is global, affecting the whole length of the domain. 
In the case of a 𝛿-thin domain, which is common in geophysical fluid 
dynamics and a very natural set-up for a quasi-2D theory, the condition 
becomes 𝛿𝜂 ≪ 𝜀3 (up to constants), which is less severe.

5.  Conclusions

With reference to the conceptual subdivision in the classes (a) and 
(b) of vortex structure interactions described in the Introduction, we fo-
cused on case (b), precisely on a concentrated 2D vortex structure of 
small radius in background shear flow, with a non-zero gradient of vor-
ticity. We have proved a rigorous theorem about the motion along the 

gradient, confirming without any approximation a phenomenon previ-
ously identified on experimental and numerical basis, with certain ap-
proximate theoretical justifications. We have reached the explicit for-
mula for the displacement in the orthogonal direction to the fluid flow

𝐺2(𝑡) ∼

(

Γ𝜕2𝜔̄0(𝐱0
)

4𝜋
ln 1
𝜀

)

𝑡2 (44)

The first derivative is zero and the second derivative diverges as the 
radius 𝜀 of the vortex structure goes to zero (vortex point limit); numer-
ically, this is confirmed by the log-log plots of the graph of 𝐺2(𝑡), which 
in the limit as 𝜀 → 0 behaves qualitatively as 𝐺2(𝑡) ∼ 𝑡𝛼 with powers 𝛼
less than 2. A very vague fit gives 𝛼 = 3

2  in an intermediate stage, before 
going down towards 𝛼 = 1 (or even less, but when time is so large that 
the peculiarities of the deformation of the background do not allow any 
more to deduce general principles). In spite of many attempts, we have 
not found an explanation of the power 𝛼 = 3

2 ; therefore we are not sure 
if it is a true result or only the average indication of values smaller than 
2, slowly changing around 32 .

Concerning the quasi-2D-flows, we have proved that a quasi-straight-
line vortex filament in a shear flow performs a motion along the gradi-
ent, as in the 2D case. In order to handle such complex 3D system we 
have idealized a realistic vortex tube as a vortex filament (a curve) and 
we have paid the price of introducing a mollification of the Biot-Savart 
kernel at scale 𝜀, the number that should describe the average radius of 
the tube. Three main open problems arose that we cannot treat in this 
work: a) generalize to a realistic vortex tube; b) find a threshold, like 
the one discussed in [33], beyond which the behaviour is different; c) 
identify special features, typical of the 3D case, even in the case under 
consideration where the motion along the gradient holds. In particular, 
about (c), from heuristic consideration we have the following conjec-
ture.

i) where 𝛼′′(𝑟) < 0, a larger concentration of background vorticity is 
created ”behind” the vortex filament, which produces a stronger dis-
placement, locally, of the filament along the gradient; with opposite 
behaviour where 𝛼′′(𝑟) > 0;

ii) with the consequence of the beginning of an instability of the fila-
ment, eventually leading to an increase of deformation with respect 
to a vertical straight line.

However, the self-interaction of the vortex filament is so strong that 
perhaps the previous phenomena, even if existing, could be less relevant, 
and instabilities could occur more strongly for other reasons.

Among the perspective of our work there a rigorous analysis of stages 
of the dynamics which go beyond the first one, and analytical compu-
tations beyond the assumption of a small vorticity blob (clump or hole) 
in a background or larger vortex, approaching the case of vortices ap-
proximately of the same size. However it seems that these two problems 
require new techniques.
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