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ABSTRACT. We exhibit examples of compact three-dimensional CR manifolds of positive Webster class,
Rosst spheres, for which the pseudo-hermitian mass as defined in [CMY17] is negative, and for which the
infimum of the CR-Sobolev quotient is not attained. To our knowledge, this is the first geometric context
on smooth closed manifolds where this phenomenon arises, in striking contrast to the Riemannian case.

1. INTRODUCTION

The Yamabe problem consists in deforming conformally the metric of a manifold of dimension n > 3
so that its scalar curvature becomes a constant. Apart from being a natural conformal extension of the
Uniformization Problem in two dimensions, the question was introduced in [Yam60] for trying to attack
Poincaré’s conjecture. Yamabe metrics have also been applied to other contexts, such as the study of
degeneration of conformal structures. For example, in [TV05] it is shown that the set of Yamabe Bach-flat
metrics on a four-manifold is compact up to orbifold degeneration.

If one wishes to have S5 constant, the following elliptic problem must be solved

4(n—1)
n—2

Notice that the exponent on the right-hand side of the equation is critical with respect to the Sobolev

embeddings. In [Yam60] an attempt was made to solve (Y') by lowering the exponent by a small amount,

but the possible weak convergence to zero of solutions was not excluded. Another way to attack (Y') was
to view S as a Lagrange multiplier, considering the Sobolev quotient
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where ¢, = G _2)) and 2* = =% If one could realise the minimum of Qaz,g)(u) over all non-zero u’s of

n—

(Y) AgquSgu:?u% on M; SeR.

(1) Q(M,g)(u) :

class Wh2(M, g), this would give rise to a solution of (Y): notice that it is sufficient to consider functions
in W12(M, g) that are non-negative, therefore by regularity theory one would obtain a positive smooth
solution. Defining then

Y(M,gqg) := inf
( 7g) u€W1'21(IJI\/[,g),u$éO Q(M,g) (U/),

it can be proved that this quantity is independent of the conformal representative of g, and will therefore
be denoted from now on by Y (M, [g]). Depending on the sign of the latter quantity, (M, [g]) is said to
be of negative, null or of positive Yamabe class.
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It was proved in [Tru68] that there exists a dimensional constant €, > 0 such that Y (M, [g]) is attained
(and hence (Y) is solvable) provided Y (M, [g]) < &,. The result applies in particular to all manifolds
with conformal classes of metrics of negative or null Yamabe class.

Consider the (normalized) Sobolev quotient in R™

L enl|Vul?d
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Using the stereographic projection from S™ to R™ it can be proved that the above quantity coincides
with the Yamabe quotient of the round sphere, i.e. for all n > 3 one has S,, = Y(S", [gs=]). It was shown
in [Aub76] that one always has Y (M, [g]) < Sp, and that (Y') is solvable provided the strict inequality
holds. It was also shown in [Aub76] that Y (M, [g]) < S, provided n > 6 and M is not locally conformally
flat, i.e. when the Weyl tensor of (M,g) is not identically zero. It was proved then in [Sch84] that
Y (M,[g]) < Sy in all complementary cases (provided (M, g) is not conformally equivalent to the round
sphere), i.e. when (M, g) has dimension less or equal to 5 or when it is locally conformally flat. While
the argument in [Aub76] was based on a local energy expansion, the one in [Sch84] relied on the Positive
Mass Theorem in general relativity, see [SY79b], [SY81], [SY79a], [SY17], which is in turn related to the
expansion of the Green’s function of the conformal Laplacian L4 near its pole, where

4(n—1)
-

Lyu:= — Agu+ Sgu.

In both [Aub76] and [Sch84] the strict inequality was proved by evaluating the Yamabe-Sobolev quotient
on (suitable perturbations of) highly concentrated extremals of (2) (classified in [Aub76], [Tal76]), suitably
glued to (M, g). Such extremals, parametrized using the Mobius group of S™, can be chosen arbitrarily
peaked near any point: these decay faster at infinity in higher dimensions and therefore the correction
to the quotient due to the geometry of M is more localized in space for n large. In any case, we always

conf.

have Y (M, [g]) < Sy, provided (M,g) # (S™, ggn).

We consider in this paper compact three dimensional pseudo-hermitian manifolds (M, J,): these are
CR manifolds, i.e. endowed with a contact structure ¢ and a CR structure J : € — £ such that J? = —1.
We assume (M, J) to be strictly pseudo-conver, namely that it is globally defined a contact form § which
annihilates £ and for which 6 A df is always non-zero (see [BFG83]). We define the Reeb vector field as
the unique T for which 8(T) = 1 and T, df = 0. Given J as above, we can define locally a vector field
71 such that

(3) JZl = ZZl, JZT = 77:ZT where ZT = (Zl)
We also let (0,6%, QT) be the dual triple to (T, Z1, Z7), so that

df = ih,; 70" A o* for some hyy > 0 (possibly replacing 6 by —6).

In the following we will always assume that h7 = 1.
The connection 1-form w} and the torsion A% are uniquely determined by the structure equations

@ {dellzellAw}JrA}eAel;
wy +wy = 0.
The Tanaka-Webster curvature (or Webster curvature) Ry (or, simply, R) is then defined by the formula
dwi = Ry 0" A o' (mod 6).
A model with positive curvature is the standard sphere (53, Jgs,f), with $3 C C2 = {(z1, 22)}, and
) 6= %i(é _ OV (AR + 22) = ;ikil(zkdzk _ Ry oz =28 = 32% - 21%.

Similarly to what happens with the classical stereographic projection, the CR three-sphere is CR equiv-
alent to the Heisenberg group H' = {(z,t),z € C,t € R}, see e.g. [CMY17].
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The Tanaka-Webster curvature enjoys conformal properties similar to the scalar curvature on Riemann-
ian manifolds. More precisely, scaling the contact form 6 by a positive function, one has the following
law for the transformation of the Webster curvature
(6) Lyu := —4Ayu+ Ryu = R; u?; 6 = u%6.

Here Rj is the Tanaka-Webster curvature corresponding to the pseudo-hermitian structure (J,6). Ay
stands for the operator defined as follows

Apf=fol+fgt=F1+ o

where we have used h'! = h ;7 =1 to raise or lower the indices, and where we set

(7) hi=li=2f foa1= 2 f —wi(Z7) 21 f; fo=TF.
The CR-invariant sub-Laplacian transforms covariantly as follows
Lo(g) = u &3 Ly(ug); 0 =0,

where Q = 4 is the homogeneous dimension of the manifold. By (6), finding 0 with constant Webster
curvature corresponds to solving the following analogous problem to (Y)

(W) Lbuzﬁu% on M; ReR, u>0.
In [JL87] the counterpart of the result in [Aub76] was obtained, i.e. if the infimum of the CR-Sobolev
quotient satisfies
R; 0 ndb 4|Vyul? + Rou?) 0 A dO
" (fyonag)t T (fyy w6 A db)?
then it is attained and a solution of (W) exists (indeed, this holds true in any dimension). The same

authors verified this condition when the dimension is greater or equal to five and (M, J) is not spherical,
see [JL89] and [JL8S|.

< y(SSa JSS)v

However, in the CR setting new phenomena appear, related to the fact that most three-dimensional
structures are non-embeddable, differently from the higher-dimensional case, see [BAM75], [BE90]. In
[CMY17] some results in the above directions were proved, assuming some global conditions related to
the embeddability of the abstract CR structure.

More precisely, a notion of pseudo-hermitian mass was defined for three-dimensional asymptotically-
Heisenberg manifolds (we refer to the latter paper for precise definitions and details) by setting

m(J,0) ;:i5£ wi A= lim 155 wi A,
0 A—+o0 Sa
where Sy = {p= A}, p* = |z|* + ? (with (z,t) coordinates on the Heisenberg group), and where w{
stands for the connection form of the structure. The above definition was introduced considering an
analogue of the Finstein-Hilbert action.
As it happens in the Riemannian case, this mass is related to the expansion of the Green’s function

of the conformal sub-Laplacian Lj, on a compact manifold M. When Y(M, J) > 0 the latter operator is
invertible, so for any p € M there exists a Green’s function G, verifying distributionally

(=42, + R) G, = 6475,

where ¢, in the right-hand side stands for the Dirac delta w.r.t. the volume measure 6 A df. In CR
normal coordinates (z,t) (introduced in [JL89] and discussed in Section 2) G, writes as

(9) Gp,=2p"2 + A+ 0(p),

for some A € R and where p*(z,t) is as above. For the latter expansion, we refer to Proposition 5.2 in
[CMY17] (here we use an extra factor 47 in the definition of Gp), and to Subsection 2.1 for our notation
O(p). Given (M, J,0) compact and p € M, consider a blow-up of contact form as follows

(10) N = (M \ {p}, ], G20).



4 JIH-HSIN CHENG("), ANDREA MALCHIODI(®®, PAUL YANG®)

As it is shown in [CMY17], via an inversion of coordinates, the manifold N turns out to have asymptot-
ically the geometry of the Heisenberg group, and its pseudo-hermitian mass satisfies

(11) m = 1271A

(see Lemma 2.5 there, and recall the difference of 47 in our current notation), where A is as above.
Using crucially a result in [HY15], in the same paper it was also proved that the pseudo-hermitian mass
is non-negative (and zero only when (M, J,0) is CR equivalent to S®), provided that the CR Paneitz
operator P on (M, J) is non-negative definite. The latter operator is
(12) Py :=4(p1'1 +iAne")’,
it has a relation to the log-term coefficient in the Szegd kernel expansion, and it is pseudo-hermitian-
covariant, namely Pyp = e*/ Py for the conformal change § = %/ 0 ([Hir93]). By a result in [CCY12],
manifolds for which P is non-negative and R > 0 can be embedded into some CV (see also [CCY16]).

The assumption on the positivity of the Paneitz operator is not technical, as in [CMY17] some coun-
terexamples for the positivity of the pseudo-hermitian mass were also given for structures (arbitrarily)
close to the spherical one, and hence with positive Webster curvature. In a recent preprint [Tak], the
positivity of the Paneitz operator is shown to hold for embeddable (M, J).

In this paper we are concerned with Rossi spheres: these are a one-parameter-family of CR structures
on the 3-sphere of the form S% := (5%, J,), 0), where 6 is as in (5), and where J(s) is characterized by

5 s,
VIts? Vivs
Rossi spheres are interesting because they are simple examples of CR structures on the three-sphere that
cannot be embedded in CV. In [Bur79] it was shown that all the holomorphic functions on such structures
are even functions if s # 0. On the other hand, there are explicit embeddings in C? of the quotient of
the Rossi spheres by the antipodal map, see [CS01]. By the above discussion, it follows that the Paneitz
operator cannot be non-negative here. In addition, this family of CR structures are homogeneous and if
we take the standard contact form, it is pseudo-Einstein, i.e. Ry —iA;;1 =0, see [CY13] as well as our
notation for covariant derivatives in Section 2.1.

(13) J9)Z1(s) = 1Z1(s)3 Zys) =21+ Zi, Ziwy=Zi+

Our first main result in this paper is the following theorem.

Theorem 1.1. For |s| small, s # 0, the pseudo-hermitian mass of the Rossi spheres S2 is negative. More
precisely, one has the expansion

my = —187s% + o(s?) for s ~0.

Remark 1.2. (a) We can generalize the construction of Rossi spheres in Theorem 1.1 as follows. Ac-
cording to Proposition 3.3 in [Fal92], there exist deformations of the standard CR structure on S3/T
(T' = Zy for the case of Rossi spheres), whose universal covers are not embeddable. These CR structures
(i.e., universal covers) are likely to have negative mass.

(b) We can embed S3/Zsy into C* (see, for instance, [CS01]). So according to [Tak], the CR Paneitz
operator P on S2 /7y is non-negative definite. On the other hand, P on S2 cannot be non-negative definite
by Theorem 1.1 and the positive mass theorem in [CMY17] for |s| small, s # 0 so that the Webster
curvature of S3 is positive. Thus for |s| small, s # 0, S3 /7y provides an example of CR manifold having
non-negative definite P while its covering space S2 does not have non-negative definite P, answering a
question raised by Ngaiming Mok in a conference held in Hong Kong, 2014.

We saw before (in both low-dimensional Riemannian and CR, cases) that positivity of the mass implies
attainment of the Sobolev quotient. We also strengthen the relation between mass and quotient by means
of the following result, which is in striking contrast with the Riemannian case.

Theorem 1.3. For |s| small, s # 0, the infimum of the CR-Sobolev quotient of S3 coincides with
V(S3, Jgs) and is not attained.



Remark 1.4. (a) The phenomenon in Theorem 1.3 is typical of some critical problems in a PDE context,
like the Yamabe equation on Euclidean domains with Dirichlet boundary conditions or the case of some
general elliptic operators on manifolds. However, to our knowledge this is the first time this is displayed
in a purely geometric smooth context.

(b) We recall that in [GamO01] and [GYO01] the CR-Yamabe problem was solved for every three di-
mensional CR manifolds, but there solutions were found via variational arguments and they are not of
minimal type. Theorem 1.3 shows that the use of such methods is in some cases somehow necessary.

Determining or estimating the mass of a manifold is in general a hard problem, since this is deeply
related to the Green’s function of the conformal (sub-)Laplacian, which is a global object. The mass
also appears as its zero-th order coefficient after a proper choice of conformal representative and local
coordinates. After recalling some preliminary facts in Section 2 on CR normal coordinates (introduced
in [JL89] and suited for the above expansion) and on Rossi spheres, we specialize in Section 3 to the
latter manifolds. For doing this we need first to derive a suitable conformal factor satisfying a list of
conditions, and then express pseudo-hermitian coordinates depending on s. By the special expression of
the Green’s function in these coordinates, we are able to determine it quite precisely near the north pole,
up to the constant term A appearing in (9). However, as we remarked before, also some global features
of the Green’s function have to be understood.

For doing this, by a Taylor expansion in s worked-out at the beginning of Section 4 it is possible to
characterize formally the Green’s function for the conformal sub-Laplacian on Rossi spheres up to an
order O(s®). One problem with this expansion is that it generates singular terms, with a particularly
bad behavior near the pole, if expressed with respect to the standard complex coordinates of C2, where
53 embeds. Also in this case non local terms appear, which we are able to evaluate at the pole via some
integral formula.

Via a careful analysis of all terms of order 1, s and s2, we verify then in the second part of the section
that the global singular expansion on S® matches with the one done in CR normal coordinates up to an
order O(s%). This allows us to prove Theorem 1.1.

In Section 5, arguing by contradiction, we analyse the possible behaviours of minimizers for the CR
Sobolev quotient. Due to a non-degeneracy result from [MUOQ2], the analysis of minimizers can be reduced
to a finite-dimensional one, and we show that the CR-Sobolev quotient of all candidate minimizers
is strictly above the spherical one, i.e. Y(S%,Jgs). With negative mass, this is expected for highly
concentrated profiles, reversing the expansion in [Sch84]: however such a property has to be obtained
in all cases, i.e. even for non-concentrated profiles, in order to guarantee that the infimum of the CR-
Sobolev quotient is not attained. In Proposition 5.5 this is proved for s small in a fixed compact set
of the CR maps of S2. This is done starting with the expansion of the quotient on Rossi spheres over
the extremals of the quotient on the standard S2, adding to them a correction term that improves their
accuracy as approximate critical points for s non zero. One needs then to analyze the quotient in a
regime with loss of compactness, which is particularly delicate due to the following reason. It is known
from [Sch84] that the mass of a (given) manifold plays a role in the expansion for Sobolev quotients of
highly concentrated functions. In our case this must be done uniformly in s, and the problem could be
that the principal term coming from the mass could become negligible as s — 0. To solve this issue we
exploit a symmetry s — —s for Rossi spheres, discussed in Section 2, which implies that all variational
expansions are indeed even in s and hence the mass, which vanishes with s, gives still a dominant sign to
the asymptotic expansion of the CR-Sobolev quotient. Two appendices are devoted to the estimates of
the latter quantity in two different scaling regimes. To make the above arguments rigorous, we employ
a finite-dimensional reduction of the problem, via a fixed point argument, which allows to solve for the
CR-Yamabe equation on Rossi spheres up to a Lagrange multiplier. We obtain in this way a manifold
of approximate solutions containing by construction all possible minimizers: our expansion shown then
that on this manifold the CR-Sobolev quotient is strictly higher than Y(S3, Jgs), yielding our result.
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2. BACKGROUND MATERIAL

In this section we recall some useful facts about CR manifolds and the properties of CR normal
coordinates, constructed in [JL89]. We then describe some general features of Rossi spheres.

2.1. Preliminary facts on CR manifolds. Let us begin by recalling the following commutation rela-
tions on tensors, see Lemma 2.3 in [Lee88] (we also refer to this paper for our tensorial notation)

€11 —Cy71 = 1C,0 +kCR;
(14) €01 —C10 = &7 A1 — kcAq1,1;
CyoT —C10= 651 Aﬁ + k‘CAﬁ,l .

Here c is a tensor with 1 or 1 as sub-indices, k is the number of 1-sub-indices of ¢ minus the number
of 1-sub-indices of ¢ and where, we recall, we are assuming that h;7 = 1 (so A1y = A% and Ajp; is the
complex conjugate of Ai7).

In the system of coordinates we will describe below, for (z,t) € H' near zero we will set
(15) pt =zt + 2

For k € Z we denote by O(p"*) a function f(z,%,t) for which |f| < Cp* for some C' > 0; we use instead
the symbol O’(p*) for a function f(z,Z%,t) such that

Fl<Cp¥,  0.fI < CP* M 0.pl,  10fI < CPFT Ozp],  10ufI < CPFT M [Oup] -

One can define similarly the symbols O”(p*), 0" (p*), etc. We will use O(p*) for a function which is of
the form O (p*) for every integer j, or for j large enough for our purposes.

Large positive constants are always denoted by C, and the value of C is allowed to vary from one
formula to another and also within the same line. When we want to stress the dependence of the
constants on some parameter (or parameters), we add subscripts to C, as Cj, etc.. Also constants with
this kind of subscripts are allowed to vary.

Let us recall the notions of pseudo-hermitian geometry from [Web78] and [Lee86]. We would need the
following result in [JL89] on page 313, Proposition 2.5. For a differential form 7, let us denote by 7,
the part of its Taylor series that is homogeneous of degree m in terms of parabolic dilations (see [JL89]
for more details).

Proposition 2.1. Let Z; be a special frame dual to 6! (with iNLﬁ =2) and let ' = V20" be a unitary
coframe (hy7 = 1). Then in pseudo-hermitian normal coordinates (z,t) with respect to Zy, 0, we have

(@) O =0 Oy =0 Oy = £V2 (367 - iéﬂl)(m . om>4
() 0y = V2dz 0y =0; 0, =L (Vo] +20Ar76T — V22 Ar0) .
(¢) w1y =0; (wi)om) == (ﬂR(zGT —z0') + Allj(\/izﬂ —2t0%) — Aﬁjl(ﬂEH - 2t9T)> ,

(m)

m >3

m > 2, where 0 = dt + izdz — izdz.

Definition 2.2. Given a three dimensional pseudo-hermitian manifold (M, 0) we define a real symmetric
tensor QQ as

Q= Q10" ® 0, j.k € {0,1,T}



with 69 := 0, whose components with respect to any admissible coframe are given by
Q11 = Qy = 3iA; Q1 = Q1 = b7 R;
Q()l = Q10 = Qi(ﬁ = Qiio = 4A11$1 + iR’l; QOO = 16]mA11’11 — 2AbR

We have then the following result, see page 315 in [JL89], Theorem 3.1.

Proposition 2.3. Suppose M is a strictly pseudo-convex pseudo-hermitian manifold of dimension three,
and let ¢ € M. Then for any integer N > 2 there exists a choice of contact form 6 such that all
symmetrized covariant derivatives of @ with total order less or equal than N wvanish at q, that is

(16) Qi =0 at g if O(jkl) < N.

By CR normal coordinates of order N we mean the pseudo-hermitian normal coordinates with 6 chosen
as in Proposition 2.3. We recall ([JL89]) that for a multi index [ = (1, ...,ls) we count its order as

O) = O(ly) + -+ O(ls),
where O(1) = O(1) = 1 and where O(0) = 2. The symmetrized covariant derivatives are defined by

1
UESS

In [CMY17], Proposition A.5, the following result was proved.
Proposition 2.4. In CR normal coordinates of order N = 4, we have a contact form 0 such that

0= (1+0(p") 0 + O(p°)dz + O(p°)dz; 0" = (1+ O(p")) vV2dz + O(p*)dz + O(p3)5;

o

wi = O(p°)dz + O(p’)dz + O(p*)6;

o o a a o .
Zi = (1+0(p") Z1+ O(p") 21 + 0(p") 5 T=(1+0(") 5 + 0" 21 + 0(p*) 21,
where we recall
(17) é—dt—i—izdz—ifdz' % = L 24.&9 . 4 —t2—|—|z\4
- ’ = al\e: e ) P T :

2.2. Rossi spheres. We recall here some properties of Rossi spheres, introduced in [Ros65] as a non-
embeddable example of CR manifold (see also [Bur79]). These are families of CR structures on S3,
containing the standard one, obtained in the following way.

Considering the complex vector field Z; as in (5) and its conjugate Zi, one defines the CR structure
J(s) by setting J(s)Zl(s) = iZl(s), where

s s
Zysy=21+ ﬁzia Ly =21+ ﬁZL

Corresponding to these vector fields, we have the dual forms

9(15) = (14 )0 — sv/1 + s26, 9(15) = (14 )0 — sv/1 + s26,

L _ 21d22. Compute

where 0! = 22dz
(18) 00 N0y = (1+s2)if' A0 = (1+ %)),

where df = i0* A 6L, i.e., hy; = 1. Hence, from (18) we get

Y = and h{}) == ({))71 =1+ 5.

1+ s2
By taking
i1

il =g
= s @
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we have fzgsi) = 2. The Webster curvature R of (J, é) is identically equal to 2. Then we should take wi =
—2i6 in the structure equation (4), such that dwi = 26 A 01. We can then determine, from the structure

equation for (J(,),0), that
Wiy = —2i(1+25%0,  hlJAjg) =4isV/1+52, Ry =2(1+25).
Dual to 8! = 22dz! — 2'dz?, we have
(19) lengzzi——z —.
The sub-Laplacian associated to (J(s), 0) reads
(20) A = h%g)(Zl(s)Zi(s) + Zig9 Z1s) = (1+ 2590 + 251+ 52(23 + Z23).

It follows that, at s = 0, the first-and second-order derivatives of Al(f) w.r.t. s are given by

(21) —Ab = QZTZT—F COIlj.; —Ab = —4Ab.
Moreover since Ry = 2(1 + 2s?) it follows that, still at s = 0
(22) R=0; R=38.

We next analyze a symmetry property of Rossi spheres, that will imply in particular the symmetry of
the mass in s. Consider the diffeomorphism ¢ : S3 — S3 defined by

(23) (2t 2%) = (iz!, 2?),

which fixes the point (0,1). A direct computation shows that 1,75 = iZfS and hence L*Zi93 = (—i)Zi‘;S.
By (18), we compute

(24) L*Zl(s) =171 + (72.)21 = iZl(—s)~

It follows that
(FTa)Zis) = 6 I (Zis) = 6 (0 (iZ1—s)) (by (24)) = 171 (= Z1(—s)
= (=1)(—4)Z1(s) (by the inverse of (24)) = iZ () = J5)Z1(s)-
Hence we have shown
(25) Jsy = " J (s

Let v(,) denote the conformal factor in 9(5) = €2V f, yielding CR normal coordinates with respect to
J(s)- It then follows that

Vis) = V(=) Oie) = 1"0(s),
and hence G, = 1*G_, by observing
(26) 0=46
Write

Go=2p7" + As + O(ps)
in s-CR normal coordinates near (0,1). Then p; = t*p_s = p_s o and
A=A =A_,o01=A_,
near the point (0,1). So, we have obtained
m(Jisy,0(s)) = 121As = 121A_; = m(J(_s),0(—s)),

where 0 = G%S)é(s). This property (and other related ones) will be crucial in the last section of the
paper.



3. CR NORMAL COORDINATES ON ROSSI SPHERES

In this section we will find the main-order terms of CR normal coordinates on Rossi spheres. We first
determine the principal term in the required conformal factor, then discuss pseudo-hermitian coordinates
and finally CR normal coordinates. This will allow us to express with a good precision the Green’s
function of the conformal sub-Laplacian near its pole.

3.1. Conformal factor in normalized contact form on Rossi spheres. Fix p = (0,1) € §3 C C?
and consider a contact form 928) = €2V @', where 0’ = 20 = i(d — 9)(|z}]2 + |22|?) yielding CR normal
coordinates (see Proposition 2.3) with respect to J(4) for N = 4. We are going to solve an equation for
v(s) as in Lemma 3.11 of Jerison-Lee’s paper ([JL89]). Write

(27) Vi) = V2 + U3+ ...y

where vo € Ry C P2, v3 € P3. Recall that, in the notation of [JL89], P,, denotes the vector space of
polynomials in (z,t) that are homogeneous of degree m in terms of parabolic dilations (for which ¢ has
homogeneity 2), and R,, C P,, denotes the subspace of polynomials independent of ¢.

First, write va € Ry as vg = az? + bzz + ¢z? ((2,t) being pseudo-hermitian normal coordinates for 0’
at p) satisfying

(28) Lovy = —2%Qq1 — 2°Qq1 — 22Q11 — 22Q11; Ly = —2|2|*(8.0: + 0:0.) — 12

where Q11 = 3ZA11(5 Q11 and Q1 = Ri]iL(s) = Q; are w.r.t. the Jerison-Lee coframe 0}, =

915)/\/1 + s? with hJ (5) = 2 writ. ¢ by the formulas for Q). on page 315 in [JL89] and (18). We
compute

~ . 12s ~ ~ s 1+ 2s2
(29) Qu = 3id11(s) = \/ﬁ = Q11,; Qi1 = Ry1s) = h&)R(s) = 2W,

with respect to the co-frame 9(15). A direct computation shows that
Lyvy = —12az* — 12¢2* — 16b|2|?,

where Q11 = 12a, Q11 = 12¢, Q171 = Q11 = 8b and

1
(30) a=c=s8V1+ s b:1(1+252).

For vz, we observe that all Qs for j, k,I being 1 or 1 vanish since the space derivatives of the constant
Ry is zero. On the other hand, Qo and Qo for k = 1 or 1 also vanish since they involve space derivatives
by formulas on page 315 in [JL89]. Altogether, the right hand side of the equation in Lemma 3.11 in
[JL89] for m = 3 equals zero, so we have

Lsvs = 0.
By Lemma 3.9 in [JL89], we learn that Ls is invertible on Ps. It follows that
(31) vz = 0.
Therefore, from (30) and (31) we get the following result.

Lemma 3.1. In pseudo-hermitian coordinates, the conformal factor expands in homogeneous powers as

1
(32) vy = sV 14 s2(2% +2%) + 1(1 +25%) |22 + vy + ...
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3.2. Pseudo-hermitian normal coordinates on Rossi spheres. Recall that on Rossi spheres we

e 0ly) = (1+ 520" — s3/1+ 5201, Wiy = —i(1+25%)20,
and that pseudo-hermitian coordinates near (0,1) are defined by the equation
(33) Vo =2¢T"; a(0) = (0, 1),
where T” is the unique vector field such that 6'(17”) = 1 and df’(1”,-) = 0. Recall also that
N . ) 0 Lo, 0 0
0 = z; (z'dz" — Z'd2") ; T =—-Im (Z18zl + 22822) = 51222; (z’ 95 z 8zi> .
Setting

&=aZil+ BZ{(’;) + AT,

(33) becomes

2T = Vs = (a + aw}(s)(&)> ZiE + (B + mg(s)(d)) Z3E + AT
(34) = (@—ia(1+25%)y) 275 + (B +if(1+ 232)7) Z3E + AT
If 7 parametrizes the curve o, the above formulas imply that
¥ = 27 i1+ 257 B i 428,
o 5
which in turn yields
a(t) — a(0)6i0(1+252)T2; ﬁ(t) — 6(0)e—ic(1+252)72.
Therefore we obtained
& = a(0)e 2T ZIE | (o)t IL L ger
Recall also that Z;(5) = Z1(0) + ﬁzﬂo)- Hence we need to solve for
a(r) = da(o(r) = a(0)e M2 az (Z]E) + B(O)e—w(msz)fzdzl(Z{(g)) + 2crdz (1)
A : S
= 1+s2 (a()ez‘;ﬁz 7) + B(0)e = zZ T>+CTZ’Z 7),
v O 22(r) + 5O Lz () ) + erina(r)

where § = ¢(1 + 2s?). Similarly, we obtain
2 S

Zo(7) = V14 82 (—a(O)ei‘STzzl(T) — 5(0)6_i57 mzl (T)) + cTiza(T).

Once we will solve for this system, the pseudo-hermitian coordinates will be given by the map

(35) (2,%,t) = (a(0)1, B(0)T,c7?)  +—  (0,1) +/O a(n)dn.

Setting for simplicity

s
V1+ 82
Fo(T) =V 1 + 82(A0€i5T2 + Boe_iéTQ) = fo(’T) + igo(’r),
we have then the system of ODEs
21(7) = Fo(7)Z2(1) + iCoT21(T); 29(1) = —Fo(7)Z1(7) +iCoT22(T),

which in real form becomes

AO = OZ(O); BO = B(O) C() = 26;

I
=
—~
2

=
[\v}
—~

\]
S~—
_|_
Ne}
(=)
—~
2
Ned
(V)
—
2

|
)

\]
Negd
=
—
2
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We rewrite this system as

where
0 —Cot  folrT)  go(T)
A(r) = Cot 0 go(r) —fo(7)
—fo(r) —go(r) 0  —Cor

—9o(t)  fo(r)  Cor 0
We can Taylor-expand the solution to an arbitrary order in 7. Differentiating the above ODE we obtain

%(T) = 2[(7)%(7) + 2A(7)2%(7); X(r) = 2[(7)%(7) + (Ql(T)Q((T) + 2%[(7’)2[(7’))%(7’) +A(7)3%(7).
We have that

0 0 ReAg + ReBy ImAgy + ImBy
0 0 ImAO + ImBo —ReAO - RGBO
— 2
MO =V1I+5 1 Redy~ ReBy, —ImA, - ImB, 0 0
—ImAO — ImBo RGAO + RGBO 0 0
0 —Cy O 0
. [c 0o 0o o |
A(0) 0 0 0 —-Co|’
0 0 Co O
0 0 2d(ImBo - Ion) —2d(ReBO - REA())
Q[(O) o 0 0 —2d(ReBo — Rer) Qd(Ion — ImBo)
| 2d(ImAy — ImBj) 2d(ReBy — Redy) 0 0
2d(ReBO - RGA()) 2d(ImBO - Ion) 0 0

where d = 6v/1 + s2. In conclusion, looking at the first three terms in the Taylor expansion of X(7) near
(0,1) we find that

7(RedAo + ReBy)
?(ImAO + ImBo) 2 _
2(7) = |1 - 122 (ImAg + InBo)? + (Redo + ReBy)?) | +007°) 7= VI+sir

Co72 1

2 2(1+s2)

Recalling (35), we then obtain the following result.

Lemma 3.2. Pseudo-hermitian normal coordinates near (0,1) on Rossi spheres w.r.t. 0' = 20 are given
by the following map

(1+s%) (z + ﬁz)

(2,2,t) — ) ) ST S + o(p?).
1-5(1+s )‘z—i—imz +ig
Inverting in the first component, we have in particular that
1 s
36 z= 1+s? <z—z>+0 2.
( ) m( ) 1 1r 52 1 (p )

3.3. CR normal coordinates. Recalling (27), Lemma 3.1 and using (36), we get

1
v2 =g (3(2% +77)sVs2+1(25% +1) — || (125" + 125 — 1)) = Ai(22 +7) + B3,
where

37 Ay = Lo (24 1) %35 (252 +1) By = —1o(125% + 1252 — 1

@) L= B2 ) s (25 1) (= g2t 1260 1),
Recall that also

2
é(lo) = 22dz' — 2td2?, 0 = ZZ (zidfi — Zidzi) ,
i=1
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and that -

9(15) =(1+ 52)9(10) —sv1+s2 9(10).
Conformally changing the contact form and recalling Appendix 1.1.1 in [CMY17], we have that 9(15)
transforms as

(38) Oly >  e'(0f, +2i0'0"),
where (df’ = Qié(lo) A é(TO)) i
1 1Ts _ (@47,
v — h(G)ZT(s)U — TZT(S),U'

By computing explicitly, it turns out that
s +1) zp5(24121 + B1Z s?+1
(1)2)1=<( )2( 1<1 11)+( )

24,7 + B
2 S+ 1 g Az 1Z1)>’

which can be written as

(39) (v2)' = Aaz120 + Boz1Z2 + CaZ122 + DoZ1 %9,
with
(40)
1 1
A2:§(82+1)B1, By =sA1Vs?+1, Co=4 (32+1)a D2=§831m-

Up to higher order terms, we have that
(’Ug)l = (A2 + Bg)zl + (Cg + Dg)zl.

Taylor expanding (38), up to higher-order terms é(ls) transforms into
a(ls) + [UQG(IS) + 2i(”2)19/} .

We now multiply by a complex unit factor e*¥, and impose a closeness condition on e multiplied by
the latter form, up to higher-order terms, since by Proposition 2.4 it should be approximately a constant
multiple of dZcg, up to h.o.t.. We then find

0 = afe (0L + [val,) +2i()'0]) }
(41) = e {ZdT/) A é(ls) +idy A |:v2é(ls) 4 Qi(vz)lé'] }
e (B dvs A Ol + vy +20d(2)') A0+ 2i(02) a0} + ot
We also have )
da(ls) =2(1 + s2)dz® Adz' — 25V/1 + s2d72 A dz'.

We expand diy and 9(13) in homogeneous powers of the (z,t) coordinates (w.r.t. parabolic scaling,
including differentials) as follows

dyp = (dip)o + (dp)1 + (dep)a + -+ .
Taylor-expanding the above system up to order one we obtain the relations

{(dw)o AL, =0; A

42 A R R R
(42) i(dw)1 A Oy + Bl + (dva) ABL) + 2i(vy) df’ + 2i(d(v2)') A0 = 0.

The first component is easy to solve setting (di)g = ,ué(ls) for some p € R.
For the second component, recall that we have

01 = —i(1+25)0; Aj,) = 2isV1+ %
It then follows
71 pl A1 Al A A pl 2\p1 n! . YA
d9(s) = 9(5) /\wl(s) + AT(S)H AN 9(8) = _Z(l + 28 )9(8) AN 9 + 228 1 + 829 AN 9(8)



Moreover we have

Vo os1 ol Nl
do’ = QZhu(S)@(S) N

and that (up to )
d(v2)" = Z1(5)(02) "0y + Z1 (o) (v2) 0]

By the above expression of (v3)! and (39), this becomes

d(ve)t = {(52 +1/2)B1(|22|* — |21]?) 4+ Boza — C27% 4 5v/1 4 s2 A1 23 — 32Alzﬂ é%s)
+ {sx/ 1+ 82By(|22]? — |21%) — Bo2? + s2A175 — s\/1 + 524,75 + CQZ%] é(is) mod 6.

‘We next write

(dw)l = (Ang + Bgfl)é%s) + (Zgzl +§3Zl)é(z) + Cgé/; Ag = —A3, Eg = —Bg.

The GA(TS) A é%s)—component of the second equation in (42) is given by

) (2351 +§321) + m(vz)l =0.
This determines A3 and Bs by
_ 6 — 6
A ——(Cy + Dy) = 0; B —— (A +By) =0
7/3"1'1_’_82( 2+ 2) 5 1 3+1+52( 2 + 2) P
giving
3 2is 3
43 Ay = —=—(7+65%); Bz = —=2i(1 — 65%).
(43) SV e G 3= —g%(l=65)

Next, the 6’ A é(ls) component gives
iCy + (1 + 28%) + Tvg — 212, (5 (v2)' = 0.
Finally, the o' A Hg—component of the second equation in (42) is given by

2is\/1+ 52 — 2i 27, (v2)" = 0.

This is true because, as one can check

. s R 5
Z1(5)(v2)" = (Co + D) + —z=—==(42 + By); Z1(s)(v2)! = (A2 + Ba) + Cy + Ds).
1(s)(v2)" = (C2 + Ds) m( 2+ Ba) 1(s)(v2)" = (A2 + Ba) ﬁJrSQ( >+ Do)
By a direct computation it follows that
5 1/2 A 1
T ()t =5 (52 +1)"%; Ziy(v2)' = 5 (28° +1).
These also imply
__3 oy _ 32 3
Cs = 4(1—1—25)* 55~ T

Let us now try to integrate for the phase . There holds
9(13) = (14 s%)dz — s\/1 + s2dZ; + h.o.t.; 0' = i[(21d71 — Z1dz1) + (dZ2 — d2z2)] + heo.t..
In this way, we have that (di’); becomes
|:<A321 + B3z1)(1 + s?) + (A3Z; + B;),Z;L)S\/l—&-is2 - ngEl} dz, + conj. — iCs(dzg — dzs)

= { [(1 + 5% A3 + SmBg] z1 + {(1 + s%)Bs + SmAg — ng} El} dz1 + conj.

— iC3(dze — dz9).
Since (1 + s%)Bs + sv/1+ 5245 —iCs = 0, we get

(dp)1 = Ayz1dzy + Badza + conj.,

13
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with
3
(44) Ay = —6is\/1+ s By = —iCs = Zz'(1 + 25?).
Integrating, we find
1 .
(¥)2 = 51442% + Byzo + conj..
Taylor-expanding, we then get
(45) dzgp = 004 (1+v2 +i(1))2) + 2i(v2)'0' + h.o.t..
Writing the homogeneous 0-th and 2nd order terms in (z,t) of the right hand side, we obtain
1 . _
[1+ Ay (2 + 27) + 51&44(2% — 2}) + Bi|21]* +iBy(z2 — %)]
{(1 4+ 5%)z2dzy — sV 1+ 825dz; — (1 + 5%)21d2za + s\ 1 + s221d%}
—2[(A2 + Ba)z + (02 + Dz)fl][zldil — zZ1dz1 + dZy — dZQ}.
Further expanding this, gives
1+ 32)22d21 — sV 1+ 822dz — (14 52)21d22 + 5y 1+ s2z;dzs
1. _ . _
(46) HAL( + 2 + §ZA4(Z% = 21) + Bilz1|? + iBa(z2 — %))
[(1 + 52)d2’1 — SV 14+ Szdfl] - 2[(142 + Bg)Zl + (CQ + Dg)fl] [Zldzl - Eldzl + dég - dZQ]

We next set
W = 2o — 29,

and rewrite the terms involving 2o as

1 1 _ 1 1
29 = 1+§U}—§|21‘2; 22:1—§w—§|21|2;
1 1 _ _ 1 1, _
(47) dze = idw — §(Zld21 + z1dZy); dzs = —§dw — i(zldzl + z1d7z).
Here Lemma 3.2 has been used. Write (46) as
(48) 06(22d2:1 — ZleQ) + Dg (22d51 — Zldzg)

HAEE +2) + ida( — ) + Bileal? + iBaul[Cadzy + Dadz]
—2[(Ag + Bg)z1 + (Cy + D3)z1][z1dZ1 — Z1dzy — dw],
where
(49) Co=Cg =1+ s% Dg = Dg = —s/1 + s2.
We now substitute Cg(20dz1 — 21d22) + Dg(Z2dz1 — zZ1dz2) = Cg[(1 + %w)dzl + %zfdil — %zldw] +
Dg[(1 — jw)dz; + $zidz + 1z1dw] into (48) and collect terms involving w as follows:

1 1
(50) (iB4CS + §Oﬁ)wd2:1 + [2(142 + BQ) — 506]216110

1 1
+(iB4D8 - §D6)wd21 + [2(62 + DQ) + §D6}Zldw.

A direct computation shows that

1 1 3 1
(51) iByCs + 50 = 2(Az + Bz) = 5C6 = (1 + 52)(—552 -7
Similarly, we have

1 1 3 5
(52) iB4Dg — §D6 = 2(02 —|— DQ) —|— §D6 = SV 1 + 8(582 + Z)

In view of (51) and (52) we can write (50) as

(53) d[(1+s2)(—252 - i)zlw—ksx/l—i—s(ng—l— Z)Elw].
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On the other hand, we can write terms only involving z; and z; in (48) as

(54) (Kui27 + K112; + Kig|z1?)dz + (Nu2f + Niizi + Mgl ) dz,
where
1. 1 1.
K11 = (Al —|— 51144)08; Kii = §D6 + (A1 — §ZA4)C8 —|— 2(02 —|— DQ),

1 1
K1 =B1Cs+ 2(A2 + BQ); Ny = 506 + (A1 + §iA4)D8 — 2(A2 + Bg);

1.
Nii = (A1 — §’LA4)D8; Nli = B1D8 B 2(02 + DQ)

Observe that

3 3 3 9 1
(55)  Kii=gNa=sV1+2(5s'+ 78 = 1), Nu=gKig=(1+s)(-5s" = 75"+ ),
2 4 2 2 4 4
and
3 15 3 9
(56) K =s(1+ 52>3/2(§52 + Z)» Nip = —s*(1+ 82)(532 - Z)

In view of (55) and (56), we can express (54) as

1 1 -
(57) d{gKllz% + gNﬁEf + Ky1zi21 + Nuziz )
Altogether, from (53) and (57) we obtain Zcg (see (45)) as follows:

3 1 3 5
Zor = (1+5%)2 —sV1+s22 + (1 + 52)(—552 - Z)zlw + 5V 1+ s2(=s%+ 5w

2 4
232l 2 5\ 3 o ol o 303 734, 32 =2
(58) +s(1 + s%) (53 +1)21 —s(1+s )(53 - Z)Zl +svV1+s (55 —|—Zs —1ziz
3 9 1, 5.
+(1+ 82)(—554 - 182 + Z)zle + h.o.t..

The CR normal coordinate z’c g W.r.t. Jerison-Lee’s frame reads

Z/ _ ECR
CR — .
V1+s?

We want next to determine the t-component of CR normal coordinates. Recall the definition of 6 and
(47): after some cancellations one can check that

R 1 1
9/ =1 {zldzl — Eldzl — dw + §|zl|2dw — iw(fldzl + Zldfl)} .
We now need to consider the conformal change of contact form
0" =e0 = (1+ 20y +---)0.
Recalling that vy = Ay (2?2 4+ 2%) + By|21/? we obtain that
. 1 1 1
0 = (1 + 2A1(Z% —|—§%) + 2B1|2’1|2) 1 { <2’1 — 211)21) dz; — (21 + 211)21) dz] — (1 — 22’1|2> dw}+hot

From straightforward computations one finds

1
9 = g <Z1 + 2A1(Zf +§?)21 + 231|2’1‘22’1 — 21112’1) dz,

1
- (z1 + 24, (28 + 271 + 2By |21 %21 + 2w21> dz

1
i (1 + 24, (2 +22) + 2By |1 | — 2|212> dw + h.o.t..
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Therefore, from (58) we deduce

1
dgCR = (1 —+ 52)d21 — SV 1+ 52d21 —+ (1 —+ 52) <252 _ 4) (wdzl —+ Zld’LU)
3 5
+ sV1+s2 (252 + 4) (wdzy + Z1dw)

+ Kllzfdzl + Nﬁf%dzl + Kﬁ(2212’1d§1 + Efdzl) + N11(221§1d21 + Z%dzl) + h.o.t..
One can then expand 0/ + iz, pd2fp — 124 pdZ0p to find that
(59) tor = —iw(l 4+ 1/2|21 ) +is|z1)? (22 — 22) +is? (2] — 21) + h.o.t..
We can summarize the above discussion into the following result.

Proposition 3.3. The CR normal coordinates on Rossi spheres w.r.t. 6 = €20 are given by the

Z

formulas 2 = F, with Zer as in (58) and tinp as in (59).

We next collect some useful formulas derived from the latter proposition. Taylor-expanding 2z one finds
1 1
senl? = Ja? (14 31aal) = (24 2 4w = ) + 3o2 (Waal ~ sl = 4 - ) + Do

while taking its square we obtain
lzerlt = lalt (L4 [21?) = slaa? (o1 + 20) (2 + [21]?) + 2w(zf — 7))
(60) + (A +2)A = |z ?) + 202" (3 — |21 ) + 2w(2] — 21)) + heot..
The square of tip is given by
(top)? = —w?(1 + |21]?) + 2sw|21 | (27 — 22) + 25%w(Z] — 2}) + h.o.t..
Summing the latter formula and (60) we obtain that, up to higher-order terms
(ber)t = A+ lzl)(al —w?) = slal?(:f + 2)(2 + )
+ 8 [ ) =) F 2013 )]

It is also useful to expand the quantity e?(pz) 2, related to the conformal covariance for the Green’s
function, which up to higher-order terms is given by

|21]? + 4 (22 + 22) (12[z1]* + 8|21 |* — 6w?)
WP D=0 8((=P + ) (- w?)
(23 + 21)(20]21|% + 8|21|* + 4w? — 5|21 [2w?) — 4|21 |10 + 58|21 [Sw? + 24|21 [*w? — 24|z |2w?
8((|12 +1) (|aa|* — w?))*?

(61) e (o) =

+ §?

Note that w.r.t. the contact from =

%é’ the CR normal coordinates and the Heisenberg distance would
P

be (z¢cgr,tcr) = (ZICT;?, t/CTR) and pcr = \/{7? respectively.

4. PROOF OF THEOREM 1.1

In this section we determine the Green’s function for the conformal sub-Laplacian on Rossi spheres,
up to an error of order s3. This allows to estimate the mass of Rossi spheres, which turns out to be
negative for s # 0 small. This is done by deriving a formal expansion in s of the Green’s function G
globally away from the pole with respect to the standard coordinates (z1, z2) of S and comparing this
with the expression for G4 in CR-normal coordinates.
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4.1. Formal expansion of the Green’s function in powers of s. Let L; denote the conformal sub-
Laplacian for the J(,)-structure on S3. For s = 0, the fundamental solution of LyGy = 6474, with pole
at p=(0,1) is given by

(62) Go = 2((1 — 22)(1 — 72)) 2.

We next solve formally, up to an error O(s%), LG5 = 0 away from p in power series of s in the form

1
(63) G =Go+5G1 + 55°(G2 + ado — Gs) + o(s?),

where Gy, G, are suitable explicit singular functions near p, @ € R and G3 is a Holder continuous function
near p for which we would need to determine only Gs(p). We chose to expand the second-order term
including separately aGp: this will be useful later in order to fix the distributional component of the
solution at the pole p. In principle this should be done also for the first-order term, but by our choice of
Gy this further correction will not be necessary.

For the above expansion, the following formulas will be used

(64) Z1Z128 (1 — 20)"(1 — 22)° = 2§ 2(1 — 22)"2(1 — 22)° (b(|22)* — 1)(2aZ2(22 — 1) — |20|* + 1)
+ (ll — 1)(15%(2’2 - 1)2 + bz(|22‘2 — 1)2) 3

(65) Z1Z728(1 — 29)°(1 — 2)¢ = (¢ — 1)e2f2(1 — 29)(1 — 22)°7%;

(66) 7121281 — 2)°(1 — 2)°
= 21— 2)"" (=1 = 2)7") (a(z2 = D((c+ D22 — 1) + bc(|22]* — 1) + (22 — 1)z2));

(67) 212128 (1 = 22)°(1 = 22)° = —c2f (1 — 20)" 1 (1 = 22) (0 + 1)Za(22 — 1) + b(|22* — 1)),
with similar ones for z¢(1 — 22)%(1 — 22)¢, passing to conjugates.

To find the first-order correction Gy, we differentiate the relation LsGs = 0 with respect to s, evaluating
it for s = 0. Using (21) and (22), this yields

LoGy = —LGo = 821 71Go + 877 Z1Go on S\ {p},
where L = d—dS|S:0LS. The right-hand side is given by
12 ((z2 — 1)%2% + 23(22 — 1)?)
((72 = 1)(22 = 1))/2

By formulas (64)-(67), the first-order correction G; to G can be chosen as

1 1 1

+ 42 -

- 1= (- a0 -2)]
We pass next to the second order expansion for G4: we will find it up to a smooth function that can

be determined at p, which is enough for our purposes. Differentiating the relation L;Gs = 0 twice with
respect to s and evaluating at s = 0 we obtain (with analogous notation to above for the s-derivatives)

LoG = —2LG — LG.
Recalling from (21), (22) that L = 4L, we have
Lo(G + 4Gy) = —2LG = 162, 7,G1 + 16Z;2:G,.
It is possible to show by direct computation, again from (64)-(67), that 1621 Z1G1 + 16Z7Z7G1 equals
-1
(1 —22)(1—7%2))
71 (30(Z2 — 1)® 4+ 6(22 — 1)%(20 — 1) — 12(22 — 1)3(22 — 1))
30(Zo — 1)° +30(2z — 1)° + 18(Z2 — 1)* (20 — 1) + 18(2p — 1)*(Zo — 1)
6(Za — 1)°(20 — 1)> +6(22 — 1)5(Zo — 1)% = 18(Z2 — 1)* (22 — 1)3 — 18(Z5 — 1)3(20 — 1)?
12(z0 — 1)*(z2 — 1)° — 12(22 — 1)%(22 — 1)°]

1
(68) G =5(a1 +70)

(21 (30(22 — 1)® + 6(22 — 1)%(Z2 — 1) — 12(22 — 1)*(z2 — 1))

(WA

=)
N>
+ o+ o+
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where we grouped the terms by homogeneity in zo — 1 and 2z — 1.
We can invert Lo explicitly for the terms with factors z{ and z{. The solution is given by

(21 +71) 921

gQ,l = )
(1= 2)(1 —%))>
where
3 5 3 5 1 _ 3 9 9
92,1 = *(Zg*l) +*(2'271) +*(2’271)(2271)+*(ng1) (2’271)
8 8 4 2
3 3
— 1(2271)2(22 71) — Z(ZQ 71)(2271)2.
For the other terms, we can only find an explicit approximate solution. We set
4 4
G2 = (2—1)'+ (2 —1)* - §(22 DYz —1) - 3(52 —1)*(z2 - 1)
+ A(Z—1)3 (20 — 12 +4(z — 1)3(2 — 1)?
11 11 .
+ 3(22 Dz - 1)+ g(zg —D)* (2 — 1) 4+ 6(20 — 1)3(22 — 1)3,
and 5
Gogo = 1 92,2 —=-
(1= 22)(1—%))>
Defining
(70) Ga2 =021+ G2,

still by (64)-(67) one finds that

124 (312 -3z -1 - 1) _
(71) Lo Go — 16212,Gy — 16 252Gy = Lol TG =8 — DE 2 = (20, 22),

(1 =22)(1 =%))>

|

with the right-hand side now bounded on S3.

It will be now sufficient to add a more regular correction (which is Holder continuous by standard
regularity theory) to solve the equation for G, pointwise, away from p. From (71), setting Gs = Ly 15(2, w)
we then find that

Lo(gg — gg) — 16Z1Z1g1 — 16ZTZT91 =0 on 53 \ {p},

which corresponds to (63) up to the term s? a Gy, which will be determined later. To obtain G3(p), we
use the Green’s representation formula, convoluting =(z2, Z2) with Go:

2 (= 2 3
Ga(p) = 6417r2 /S3 o2 1) +(((Z12_Zl2))(1—3(,:22))_ DE -1, 4
The Taylor expansion of the integrand in zs,Z is
(24 — 2475 — 2475 — 2425 — 2423) + (2475 + 2475 + 2475 + 24235 + 48%)) 2o
(247 — 24)22 + (2472, — 24)25 + (2475 — 24)25 + (2470 — 24)25 + - - - .
Integrated, this gives

/ (24 4 48]23]) 0 A df = 4827 4 96 w2 = 19272,
S’B
which implies that

(72) Gs(p) = 3.
In conclusion, we found that )
G:g2_g3+ag05

i.e. (63), where « is a real number to be determined later. We proved therefore the following result.

Proposition 4.1. For every compact set K in S\ {p}, p = (0,1), there exists a constant Cx > 0 such
that the function &4 := Gy + sG1 + %82 (G2 + aGo — G3) in (63) satisfies

|Ls®,| < Cks® on K.
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4.2. Rigorous estimates. We prove next that the function &, in Proposition 4.1 well matches with the
expression of the Green’s function of Ls in CR normal coordinates. Recall from the end of Section 3 that
per = 2(pog)?: then from (61) we obtain that

(73)  devpcd — |22 + 4 S(z% + 27) (12]z1]* + 8|21 [* — 6w?)
ValP+1) ([l —w?) 2((Jz1)2 + 1) (|2 |* — w2))*/?
L (28 + 21)(20]21 |6 + 8|21|* + 4w? — 5|21 |2w?) — 4]21 |10 + 58|21 Sw? + 24|21 [*w? — 242 |?w?
2((J21]2 +1) (|2 ]* — w2))*?
+ O(s°p7?),

where w = 29 — Z3. Given the covariance property of the Green’s function (G(é) =e"Gy) if 6= e?vf), we
aim to compare this expression to the function &, in Proposition 4.1 on a suitable small annulus centered
around p. We do it term by term for the Taylor series in s, and for this purpose the following formulas
will be useful. Since zy — Z5 is purely imaginary, we can write

21" + |22 — 2* = |21 = (22 — 22)° = (|1)* + (22 — 22)) (|21]* — (22 — 22)) -
As |21 + |22]? = 1, we get
(74) |21|4 — W2 = |21|4 + |22 — 52|2 = (1 =+ Zg)(l + 52)(1 — 2’2)<1 — ZQ).

Setting v = 23 + Zz — 2 (which is real), we have that 2z = 1+ 3 + Z, which implies

v2 o ow?
2] = 14+ v + T Z+0(P4)~
Squaring this relation, we obtain
v3 o ovw?
(75) |Zl|4:"2+3—7+0(ﬂ6)~

We also have that |z3|? = 1+ v up to an error O(p?), so v2 = |z1|* + o(p*). These imply that

1 1 1 1
(76) ool 1= (224 ) = glaal* — 7+ 0(p) = 11" + 1ol +0(o).
Furthermore, there holds
(77) T+ 20+ 20+ |20 2 34+ v 4 [20]2 = 24 2|2)* = 4 — 2|12 + o(p?).

Recalling our notation from Section 2, we have then the following result.
Lemma 4.2. For a = f%, the following estimate holds

1
(78) 4e” pog = <go +5G1 + 532(92 + ago)) +0(s%)0"(p™2) + 0,(1),

where 0,(1) = 0 as p — 0.

PrOOF. We analyse separately different orders in s for the left-hand side and the first term in the
right-hand side of (78).

%7 we need to compare the two quantities
|21 ‘2 +4 2
5 ; > and T
V(2?2 +1) (|21 —w?) (1= 23)(1 — 25))2
Taylor-expanding the terms involving |21|? in the left-hand side we are left with comparing

M and 2
(lza[* —w?) ((1—22)(1 = 22))

Zero-th order in s. Recalling that Go = 2 ((1 — 22)(1 — z2))

(79)

=
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Using (74) and multiplying by ((1 — 22)(1 — 22))%, we are left with the comparison of
4(1— 4l P)

T and 2.
(T4 29)(1+ 22))?
From (77) we are left with comparing
4(1- 122
7( 1l 1) and 2,
(4—2|z[%)2

which holds true up to an error of order O(p*). Therefore the two quantities in (79) coincide up to an
error of order O(p?).

First order in s. Recalling (68), we have that

1,5 5 4—322—322+2|22|2

4(Z1+zl) (1722)(1722) gO'
Considering the first-order term in s of (73), we need to compare the two quantities

(21 + 27) (12]z1]* + 8]21|* — 6w?) 1, 5 o [4—32— 3% + 2|2
3/2 and —(21 + 71) - Go-
2((lz2? + 1) (|za]* = w?)) 4 (1 —2)(1—2)

Using the expression of Gy, dividing by (z% + 2%) and multiplying by 2 we need to compare

g1 =

(12[z1]* + 821]* — 6w?) od [4—3,22 —322+2|z2|2]
((J21]? + 1) (Jaa]* = w2))*/2 (1-=)1-2)* |
Using (74), this is equivalent to the comparison of

(12|21]* + 8|z1]* — 6u?)

(|22 + 1)1+ 22) (1 + 22))*?
Using (77) and Taylor-expanding the left-hand side we arrive to comparing
(1= 3/4|z1]%) (1221 |* + 8]z1]* — 6w?)
8

Using instead (76) we transform the right-hand side, arriving to the comparison of

(= 3al) Q2 + 8P = 08) g ey B B

which is again true up to an error of order O(p%). Therefore, we get matching of the first-order terms in
s in both sides of (78) up to an error O(p?).

and 4 — 32y — 3% + 2| 22|

and 4 — 3z — 3%, + 2|22

Second order in s. Recalling again (73) and the fact that Go comes with a factor %, let us first compare

(4 + Al + 8l + 42 =51 1 e
72,1 -— & 5
2((|z1]% + 1) (| — w2))*? 2 2((1-2)(1-2))*

where, up to order O(p®)

ot = (= 12 4 22— 1) 4 2z = 1)(Fa = 1) = (2p = 12(Za = 1) = 2 (25 — 1)(Z5 — 1)

8 8 4 4 4
Factoring out (27 + z}) and using (74), we need to compare
(20|21 |6 + 8|21 |* + 4w? — 5|21 |>w?) 1
5/2 and 592.1-
2((Jz1 2+ 1) (1 + 22) (1 4+ 22)) 2

Using then (77) and Taylor-expanding the denominator in the first term in |z;|?, we arrive to comparing

5. o) (20]21]6 + 8|21 |* + 4w? — 5|21 |*w?) 1
(1 4|zl> 1 and 592.1-
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Expanding g2 1 and using (75) we come to the comparison of

(1 5| |2> (20]21 (6 + 821|* + 4w? — 5|21 |2w?)
~ 21
4

11
64 and 575

(—3v3 +4v? + 3vw? + 2w2) ,

which is correct, up to an error of order O(p'?).
We need next to compare

[—4zl|10 + 58|21 [0w? + 24|z [*w? — 24|z1|2w4] L 13 2.0
an —— 5
2((|a1 > + 1) (|4 — w2))*? 24 (1= 2)(1 - 7))
where, up to higher order terms

)

G2 = (-4 (-1*— %(ZZ Dz —1) - 3(52 —1)*(z2 - 1)

+ 4z —1)3(20 — 1)2 +4(20 — 1)3(5 — 1)%
Using again (74), we then need to compare
—4|21|10 + 58|Zl|6W2 + 24|21|4W2 - 24|21|2W4 3
573 and =022
2((Jz12+ 1)1 + 22)(1 +2z2)) 8
As before, we are then comparing
(1 5| 2) —4]21[*0 + 58|21 [Ow? + 24]z1 [*u? — 24|z |*w? 3
— Yy
4

6 and §9272.

In fact, we can add to Gy any multiple of Gy. In the latter formula, we can then replace g 2 with g2 2,
where

Go2 = goo —2(z0 — 1)%(22 — 1)%
It turns out that

3 1
§§2,2 = EV (v4 — 4v?%a® + 6vw® + 3w4) .
Using (75) and the previous formula to expand |21 |* as |z1]? = —v — 2v? + 1w?, the left-hand side in the

above formula becomes
v® /16 + (3v?w?)/8 — (v3w?) /4 + (3vu?) /16 + O(p'?),

so it coincides with the right-hand side, i.e. with % Ga.2 up to error terms of order O(p'?). Therefore, also
the second-order terms in s of both sides of (78) coincide up to an error of order O(p~2).

It is standard to check that the above matching also holds up to computing first- and second-order
derivatives, which then implies the conclusion. ®

PROOF OF THEOREM 1.1. Consider a small annulus of the form
A ={r<p<2r},
and a smooth cut-off function y, satisfying
xr =1 on {p <r};
xr =10 on {p > 2r};
Voxe| <S50 IVixel + [Vrxe| < 5.

If v is the conformal factor as in Proposition 2.3 then, with obvious notation, the Green’s function
conformally transforms as Gy = e~"Gj. Consider then the function

_ 1 v
Gs = Xxr <2p012{ — 2g3(p)52> + (1= xr)e "Gy

From the conformal covariance of L, Proposition 4.1 and Lemma 4.2 it follows that, applying the
conformal sub-Laplacian with respect to the contact form 6:

|LYG| < Co(s?) pointwise on S®.
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It then follows from standard regularity theory that the Green’s function Gy of the conformal sub-

Laplacian satisfies ||Gg — G|~ (s2) = 0o(s?). Sending s to zero and recalling that Gs(p) = 3, we deduce
3

(80) A= —532 + o(s?).

Therefore, given that m = 127 A (see (72) and (11)), we obtain the conclusion. B

5. PROOF OF THEOREM 1.3

In this section we prove Theorem 1.3 by an implicit function argument and some asymptotic expansions,
which crucially use also Theorem 1.1.

We start by analysing the relation of the CR Sobolev quotient on Rossi spheres with the minimizers
on standard spheres found in [JL88]. Recall that in [JL87] it was proved that for any three-dimensional
CR manifold one has Y(M, J) < Y(S3, Jgs), which in particular implies

(81) V(S?, Jis)) < V(S Jss = J0))-

In [JL88] it was proven that V(S3, Jgs) is precisely attained by the following functions, up to composing
(21, z2) with elements of SU(2)

2 122_ = \2 B
(82) s0A:A< (1212 + |22 + 112)% = (22 — 22) ) | o

(N2|21]2 + |22 + 1[2) — M (22 — %2)2

Recalling that 6 A df is a volume form double w.r.t. the Euclidean one, the ¢y’s satisfy the following
normalization condition

(83) / 0} 0 A df = 47? for all X > 0.
S3

On the standard S3, see [FS74], the Folland-Stein space G12(S3) is defined as the completion of the
(complex-valued) C°° functions on S? with respect to the norm

||u||61,2 = (/ (u}lﬂj + UjﬂJ) é A\ dé) + (/ ‘U|2é A dé)
S3 S3

Notice that, for |s| small, this defines an equivalent norm on Rossi spheres too: from now on, this will be
assumed understood.

We show next that, if a minimizer for the CR-Sobolev quotient on Rossi spheres exists for |s| small, it
must be close in G2(S3) to some function ¢, as in (82). We have indeed the following result.
Lemma 5.1. Fir s € R, [s| small. Assume us, > 0 attains inf Q) = V(S3, Jisy). Then, if u, is

normalized so that fs3 ul oA db = 472, up to a homogeneous action on S° there exists A > 0 such that

llus — SDA”GL?(SS) = 04(1),
where 04(1) — 0 as s — 0.

PrOOF. It is sufficient to notice that, if Z;(,) is as in (13), then for all smooth u’s one has

/S(Zl(s)u Z1(0)T + Zy oyt Z1(syT) O A df = (14 04(1)) /3(Z1u Z50 + Zwu Z13) 6 A d6.
S S

Since we are assuming us to be normalized in L*(S?) as in the statement, its &12(S3)-norm is uniformly
bounded from above, and therefore

/ (Zyus Zis + Zyus Z17s) 0 A df = / (Z1(s)ths Zr(oylhs + Z1(aytis Z1(s)Ts) O A d + 04 (1).
S3 g3

This relation implies that us is nearly a minimizer also for the Sobolev-type quotient in (85) on the
standard CR-sphere (S%, Jgs = Jwy)- By Ekeland’s Variational Principle (see e.g. Chapter I in [Str08]),
us is close in &12(S3) to a minimizing Palais-Smale sequence for such quotient. Palais-Smale sequences
for problems involving critical Sobolev embeddings can be characterized by a well-known decomposition
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due to Struwe. For the subelliptic case, this feature is analyzed e.g. in Theorem 2.1 of [Cit95] for
domains of the Heisenberg group and functions vanishing at the boundary (the same arguments apply in
the present case using dilations in normal coordinates as those introduced in [JL87]), or for CR manifolds
in Proposition 8 of the later paper [GY01]. The minimality condition implies that us can only develop a
single bubble profile, which is precisely our conclusion. B

5.1. Finite-dimensional reduction. Let ¢y be as in (82), and define the following family of functions
(84) M={pa(U(): |A>0,U € SU@)}.

Even though SU(2) is a three-dimensional Lie group, since @, is invariant by a complex rotation in 27,
the result of these compositions is also a set of three dimensions. We previously saw that the functions
in M are global minimizers of the CR-Sobolev quotient @,y on the standard 53 when s = 0, where

Jgs uLs u@/\dG

( Jga utf A d0)

In [MUO02], Lemma 5, it was proved that the linearization of the Yamabe equation (with s = 0) at M is
minimally degenerate, in the sense that its kernel coincides with the tangent space to M.

As a consequence, one has that the CR-Sobolev quotient on the standard sphere is mon-degenerate
in the sense of Bott on M. Thanks to this fact and to Lemma 5.1, for s small we can characterize
with particular precision all the solutions of the CR-Yamabe equation lying in a fixed neighborhood (in
&12) of the manifold M, and in particular the (hypothetical) minimal ones. We first show that the
CR-Yamabe equation is always solvable, in a fixed neighborhood of M, up to a Lagrange multiplier: see
[AMOG] for a general reference on this method.

(85) Qs)(u) =

Proposition 5.2. For py as in (82) there exists a unique wy € &42(S3), depending smoothly on X, such
that ||wy|ls1.2(s3y < C's and which satisfies

2 0px
o\
for some £ € R. Moreover, there exists § > 0 with the following property: if there exists a critical point of

Q(s) i a d-neighborhood of M (in &Y2 norm), then it must be of the form px +wx up to a homogeneous
action on S® and up to a scalar multiple, with wy as above.

5 0px
(86) / e B X w6 A df = 0; Ls(px +wy) — 2(px +wp)? = 3 2=
53

PrROOF. For A > 1, ¢, has a global maximum at (z1,22) = (0,1). Locally near these functions, all
other extremals can be obtained composing on the right with elements of SU(2). When also A varies,
the extremals can be described locally near the ¢,’s by

EA,’)’ = {@a,)\(zl, 22) = QDA(UB(ZM 22)) rac (_7’7)3’ A€ [1/23 2A]} c Ma

where

(87) Ua(21,20) = (exp( —tas ‘“ﬂ‘”)) ( % ) a— (a1, a2, a3).

—a1 +1as 103 29
Consider next the CR-Yamabe equation on the standard sphere
Lou = 2u? on S°.
It was proved in [MUO02] (see Lemma 5 there) that solutions of the linearized equation at ¢y
Lov = 6p3v on 3

are of the form

0pa, Opa,
o(pA-i-Zl(pA

where [; € R and where the latter derivatives are evaluated at a=0.
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Define W = WA to be the space of functions w satisfying the four constraints

(88) /@g,xag:/\NGAdQ—O /api,{?g;“ame_o i=1,2,3,
S3 S i

where, again, the derivatives are evaluated at a = 0.
It follows from the classification result in [MU02] and Fredholm’s theory that the operator

Ay 20— Py [Le — 60310]

where Py; denotes the projection onto W, is invertible from W in itself, endowed with the &2($3)-norm.

Setting Sax (@) := Ls(pr+w)—2(pax+w)?, equation (86) has a relation to the condition Pg;Sax (W) =
0, are we will explain below. Since Ag; is invertible (with the norm of the inverse uniformly bounded),
we have that

PWSa,)\(ﬁ)) =0 <~ w="T, )\(UN/)’

)

where

Ta,/\(w) = _(AW)_l {Sa,/\(o) -2 [(Spa)\ + ﬁ))s - 802,/\ - 3<P§,>\“~}] } .
From the smoothness in s of the J( structures it follows that ||T4x(0)|| = O(s), where here and below
|-l =1 lg12(s3). Moreover, it is quite standard that for s and ¢ small

[Ta (1) = Tax(W2)|| = o(1)[[dr — wall, |1l [l < 6.

It follows that for s small T},  is a contraction in a normed ball of radius C's for C > 0 large and fixed,
so in such a ball there exists a unique fixed point wy of T .
In this way we found a (unique) solution to the problem

Ls(ox +ws) = 2(px +wy)? —5% +Z€ %A

for some Lagrange multipliers ¢, ¢;. However the last three vanish by Palais’ criticality principle. In fact,
let us recall that, being (52, J5)) a homogeneous space, Q(s) is invariant under the maps U, as in (87).
Therefore, with obvious notation, we have with the same Lagrange multipliers that

3

Ipxa 0Pa
Ls(orna+wra) = 2(pra + wA,a)B = hoi,a g;’ + Zﬁi@ia (;paj/\’
i=1 ¢

for a in a neighborhood of zero. Differentiating with respect to a; and then scalar-multiplying by %J*
one obtains an invertible system for (¢;);, yielding that ¢; = 0 for ¢ = 1,2, 3, as desired.

Let now u be a critical point of Q) in a d-neighborhood of M for s small. Then it satisfies Lsu = nud
for some Lagrange multiplier 4. Since u is close to the family of s, satisfying Loy = 2¢3, the multiplier
1 must be d-close to 2.

Defining u = ,u_%u, this is still close of order J to M, and it satisfies L 4 = 2u%, i.e. the second
equation in (86) with ¢ = 0. By uniqueness of the fixed point, we must then have 4 = ¢y + wy, up to a
homogeneous action on S3. This concludes the proof. m

Remark 5.3. In Proposition 5.2 it is possible to replace the py’s with other approrimate solutions to
the CR-Yamabe equation on Rossi spheres. With a better approximate solution, for example, one would
then require a correction as in (86) of smaller norm, yielding a more precise expansion for the quotient
Q(s)- This observation will be crucially used in the next two sections.
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5.2. Expansion of the CR Sobolev quotient. Recalling the latter statement in Proposition 5.2, we
analyze the CR Sobolev quotient on functions of the form ¢y +wy, showing that it is strictly higher than
the standard spherical one. We first show that the latter expansion is always even in s.

Lemma 5.4. Let s > 0 be small, and let wg\s) and wE\_s) denote the counterparts of wy in Proposition

5.2 for s and —s respectively. Then one has that
Qe (on + wl)) = Qg (pa +w( ™).

PROOF. Let ¢ : S — 52 be the diffeomorphism given in (23). We notice that o, is invariant under ¢
and that, due to (24), (25) and (26), for any u € &12(S3) one has

Qs)(t"u) = Q) (u).
(s) (—s)

From this covariance property and the uniqueness in Proposition 5.2 it follows that wy’ = ¢*w, ', and
therefore we get

Quolpr +ul) = Qo (" (or + 0l ™)) = Qg (pr + i ™),
which is the desired conclusion. ®

We analyse next two situations. The first is when the parameter A in the previous lemma tends to
infinity or to zero, and the second when log A remains bounded. In the latter case we will show that the
CR Sobolev quotient would be strictly higher than Y(S3, Jgs), which would give a contradiction to (81).
On the other hand, we can also rule out the former case using the estimates on the Green’s function in
Section 4, and in particular the negativity of the mass of (53, J(s)) for s small and non zero. The proofs
of the next two results, beginning from the latter case, are given in the next two appendices.

Proposition 5.5. Let A > 1 be a fivred number. Then there exist Cp > 0 such that, for A € [1/A, A] and
for s small one has Q5)(x +wy) = 47 + s2 Ay + By s, where

16w (3 + 12X% 4+ 201 + 1200 + 3)%)
A (1+22)6 ’

and where |By s| < Cps®.

Notice that the minimizers in [JL88] stay unchanged when we compose with the antipodal map on
53 and replace \ by %: this symmetry implies that Ay = A%. Therefore, in the next proposition it is
sufficient to consider large values of \.

Proposition 5.6. The following expansion holds true, uniformly in s (small)

Qo (px +wy) =4 —§@+0(f)—4 448 i(1+ (1))+0(f)
(s){PA T WA) = 4T = 3743 N T ™2 Os N3/

for X large.

Remark 5.7. The above function A — Ay is positive and strictly decreasing for X > 1, see the picture
below. Notice that the matching of the first-order correction terms for A large in the above two propositions:
the expansions are indeed obtained with two completely different approaches. However, while the mass
does not appear in the expansions of Section 6, it is somehow hidden in the fact that there we are using
standard coordinates on S%, and not CR normal coordinates.

We can finally prove our second main result.

PrOOF OF THEOREM 1.3. Assume by contradiction that « is a minimizer of the CR-Sobolev quotient
Qs) for s # 0 small. By Lemma 5.1, v must then lie in a é-neighborhood of the manifold M defined in
(84). From the second part of Proposition 5.2 we have also that u = ¢y 4+ w) up to a homogeneous action
on S3, where wy is as in the first part of the Proposition. The conclusion then follows from Proposition
5.5 and Proposition 5.6, which cover all ranges of A for s small enough. ®



26 JIH-HSIN CHENG("), ANDREA MALCHIODI®®, PAUL YANG®)

6. APPENDIX A: PROOF OF PROPOSITION 5.5

We consider the Cayley map from S® into H' given by

o zZ1 )
(89) .7:(21,22)—<1+22,Re<11+22)>,

with inverse

2i —t+i(1—|z)?
.7:71(2,2?) _ ( : (74 = +7/( |Z2| )
t+i4i(1+22)" t+4i(1+]2]2)
Using F, we can derive explicit expressions for the CR maps on S52. Letting 0, denote the natural dilation
in the Heisenberg group
(2, t) = (A2, A% 0); A>0,
consider the map @5 : S — S defined by
Dx(p) = (F1odno F) (p).
By explicit computations one finds that the inverse is given by
_ 2X(z2 + 1)z MNloa+ 12 =2 — |21 + 2
(90) q))\l(zla'z?): < 2 2( 27 ) = 2 ) 2‘ 2 ‘2 72 | 1|2 2 .
ANzg + 112+ 722+ |212 — 22" A2|20 + 112 +Z2 + |21]% — 22

For later purposes the following formula will be useful

2 %
(o) (831 (1, 22) 0 = 2270 ( e ) |

(A2[1+ 22 + [21[2)” = (22 — 22)?

Notice also that ¢yx—; =1 on S>.

6.1. Approximate solutions. We construct next, on every compact interval in the range of A\, approx-
imate solutions to the CR-Yamabe equation with s # 0 up an order O(s?), improving the accuracy of
the pa’s (approximate up to order O(s)) for s # 0.

Lemma 6.1. Let A > 1 be a fized number. Then there exist Cx > 0 and reqular functions Wy, depending
smoothly on A such that for A € [1/A, A] and for s small one has

Ls(px + sy) — 2(pa + sin)* = £,
with ||f)\||Loo(S3) < Cps2.

PROOF. Recall that the extremals of the CR-Sobolev inequality (up to a homogeneous CR-action of
S3) have the expression in (82), namely

o (a2 + 122 +112)° = (22 —22)2 \’ o 1+ 2|2 ?
A= - )
(N2|21]2 + |22 + 1[2)? — M (23 — 22)2 (A2|21]2 + |22 + 1[2)% — M (2 — %2)2
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and for all A > 0 they satisfy the equation
(92) Loy = —4Appx + 205 = 205 on S3.

Our goal is to find a correction sy such that ¢y + s satisfies the CR-Yamabe equation on (S2, Jis))
up to an order s2. Recalling (21) and (22), it is sufficient to solve for

—4Apwy + 2wy — 6(,0%\117)\ =G, = 8Z1Z1(p)\ + conj..
From a straightforward computation one has that

1920(A2 — 1)2|1 + 2|*Re [zf (14 20+ A2(22 — 1))2}
Gr(21,22) =

ot
e

[()\2|Z1|2 + |22 + 1\2)2 — (2, —32)2} [(|Z1|2 o+ 1|2)2 () _52)2}
3., (W —1DRe {Z% (14 22 + A%(22 — 1))2]

— 1/\_ égo,\(zl,zQ)5.
2

[(2[z0]2 4 |22 + 12) = N (2 — 2)?]

It is useful to evaluate this expression after composing with the inverse CR map defined in (90): by direct
computation, using also (90), one finds that

~ 3._ 14 22 :
) 1 = 2\ 3 )\2_1 2
P ) = gy <<A21+z22+|z1|2>2mm?)
(93) X [zf (1 -2+ A*(1 +52))4 +77 (1 — 2+ N1+ zQ))4] )

Let us recall the covariance of the conformal sub-Laplacian Lgy: for a conformal contact form e
one has

Lo = uf%Lg(u ).
Let £,, be the linearized CR-Yamabe operator at ¢y on (5%, J(g)), i.e.
(94) L0 = —40pv + 2v — 6430,
and let ) denote the pull-back of w) via @), namely
(95) wa(2) = 03 (@71 (2)) (07 (2)).

Then the covariance of Ly implies that

(96) (Lor=1)(2) = oa(P 1 (2)) 72 (L2 ) (@) ()

It follows from this formula and (93) that the pull-back v satisfies the following equation on S®, which
has constant coefficients on the left-hand side

1—Zo+ A(1+7%2))27

(1 =22+ A2(1+22))3

The latter equation can be solved explicitly in o) via Fourier decomposition: in fact, the right-hand side
in (97) is given by

(97) —4Apr0y — 4oy = 12(\? — 1)2Re(

()‘2 - 1)2 Z%(l —TIZz,) ) 1— )2
12 ; th T = .
(A2 + 1)2Re (1 -Tz)3 ’ wi 14+ A2
Since we have the expansion
1
T—T=)P 14302 + 61225 + 10325 + 15025 + -+ -,
we obtain that
(A — 1) 2t~ %) (A —1)? 2 2.2 3.3 4.4
12()\2 T 1)2R6 (1-Tz)3? 12WR6 {27 [1 43Tz + 6I%25 4+ 10025 + 15025 + - - -

(98) — Tz (14302 4 6I%25 +10I°25 + 15025 + -+ )] }.
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While the set of functions of the right—hand side in the first line are spherical harmonics, i.e. satisfying
(99) —Ay(2725) = (k+2)2i 23,

the functions on the second line of the right-hand side are not. However, they can be easily modified in
order to satisfy an eigenvalue equation. More precisely, one has that (see [JL89])

_ k+1 _ k+1
Hence we rewrite the right-hand side in (97) in the following way
2 1)2 201 _ T
(A2 41)2 (1 —Tz)3
(A -1) 2 2.2 3.3 4_4
= 12m£{e{z1 [1+ 302 + 60725 + 10I%25 + 15025 + - -
- 2 - 1 3 -2 4.2 - 3
— Iz —3I 2222—1 — 61729 2222—5 — 10125 2222—6 + -
1 2 3
— 3F21 — 6F3223 — 10F4z§6 — } } .

The latter expression can in turn be rewritten as

1272Re {zf %W(F@)k (1 _ Fﬂ}:i)
(101) -y B gy (zzzQ—ZiD }
k=-—1

Recall that by (97), to obtain vy, we need to invert the operator —4A; — 4 on the latter expression,
so we have to divide the coefficients of the spherical harmonics respectively by (using (99) and (100))
4(k+2) —4=4(k+1) and by 4(3k + 10) — 4 = 12(k + 3). We then find

(102)
3 - E+3) 1, _ k41
)y = 5P2Re {zf [Z(k +2)(Dzy)F (1 — r2k+4> - §r2 D (k+2)(T2) (mz - )
with I' = % Notice that since |T'| < 1 all the above series are absolutely converging on S®. Finally,
the correction Wy to ¢y for the CR-Yamabe equation can be obtained from (95). ®

k=0 k=-1 kt4

6.2. Second order expansion of the CR Sobolev quotient. We want next to analyse the order s>
in the expansion of the CR Sobolev quotient.

Lemma 6.2. If Q) is as in (85), then we have that

16mA2(3 4+ 1227 + 20% + 12X6 + 3)18)
(1+A2)6

Q(s)(go)\—i—su?)\) =471 + 82+B)\75,

with |By s| < Cps3.

PROOF. Recall that, at s = 0, from (22) one has dilsRS =0 and %RS = 8. We use the choice of contact

form
2

1 o .

0= 52 z_; (z:dZ; — Zidz;) 5 ONdO =2dogue.
From the expression of —A; (in (21)) and of R we have that the second derivative Q(¢y) of Qs)(r) at
s =0 is given by

Qpy) = / ©x (_4Ab%0>\ + R%) OAdh= / o (1620 + 8px) O A db.
58 58
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Using (92), this also becomes

(103) Q) :8/3@§\éAdé:32w2,
S

since the integral is independent of A and since py—1 = 1.

Our next goal is to expand to second order in s the quantity Qs (o + swy). We claim that

S

. 2 /1. . oA A
Qes)(pa+swy) = 4dm+ < Qpr) — / WAL, Wy O A d9> + o(s%)
S3

21 \ 2
2 /1. A «

(104) = A7+ — *Q(%D/\)—/ Lo, 0 AdO ) + o(s?).
271' 2 S3

Here, 1oy is given in (102) (see also (95)) and £, is given in (94). The latter equality follows from the
covariance property (96). To check this claim, we want to expand Qs (@ + sy ), which we write as

Jyolox + si0) (Lo + 5L+ 55°E) (ox + sir)d A df

(fss (o + s103)40 A dé) :
Expanding in s we find that this quantity is equal to
Q(s)(px + stby)
[ [mLom +s (@ALW + 211),\L0cp>\> + 52 (%wtm + 2 Loy + uﬁALOu}A)} oA db

(fss (p% + dspBay + 65203 02) O A dé) ?
+  o(s?).

The first-order term in s vanishes, as one can see using the Euler equation for ¢y, so we will just consider
the second-order term. Since t) only consists of spherical harmonics of positive order, see (102), using
(95) it also turns out that

/gof{zb)\é/\dé:/ 0,0 A df =0,
58 58

so there is no contribution to the expansion of the denominator from the first-order term (in s) in the
denominator.

Since fsg waLopa 6 Adf = 872 and fS3 o ONdh = 472, we can collect these numbers in the numerator
and denominator respectively to get that

) 872 1+ &3 [gu(30aLipx + 2Ly + aLotn) O A df
Qs)(pr + s103) = (@n2)i2 s Jsa s — 1 + o(s?).
(14 2 J5o 66303 0.1 dd)

Taylor-expanding one finds

Q(s)(or + 510)

82 52 1 . . R A A o A A
s s
+ o(s?).
We now use the fact that w) satisfies
L,y 1= Loty — 6310y = —Lipx
to deduce that
. 872 52 1 . R o )
Qes)(or + st0y) = (@m2)i2 I+25 Sg(iwLw — AL WA)OAdD )| + o(s?)

82 52 1 . A A 9
(105) = W 1—‘1-8? Ss(iw,\Lm—m,\SmmA)G/\dH +0<5 )
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We next compute the latter integral. To explicitly integrate spherical harmonics, we need the following
explicit formula (see Proposition 5.3 in [JL89])

N N 82
106 Y220 N db = .
(106) /S e (k+ 1)k +2)(k+3)

Both ) and £,, 1) consist of two types of spherical harmonics, orthogonal to each-other. For the first
series, taking real parts, we need to compute integrals of the form (notice that only products of conjugate
terms contribute)

R
- 2125 + Z1Z = .
4 Jg 122 (k + 1)(k +2)(k + 3)
For the second series, still taking real parts, we need to compute instead

1 I S  k+1N\1*,
Z/S:. {zfzg (2222 - k:—i—4> + 7275 (2222 - k—|—4>} 0N do

k+1 E+1\%) » -
2k 4 2

- —9 2T Jondd.
/ |21 2| ("22' 22| k+4 (k+4) )

Using (106), the expression becomes

1272
(k+2)(k+3)(k+4)2(k+5)
Therefore, from (101) and (102) we obtain

" - 1 2)? 2 272
—/ 10,,£,, 105 6 A df —243F4{Z<k+>(k+)(1—r2k+3) T2k i
- > 2

— k+4 (k+1)(k+2)(k +3)
4 i Tkt 2)2(k + 3T 67
==, 6 (k+2)(k+3)(k+4)%(k+5) [

After some simplification, this gives

(o)
PR k+2 k+3 2k (k + 2)
— — 367472 T2 12k E S ey
/S3m,\£w1m>\9/\d9 36T {k_ok 3( A 4) + k D2k +5)

Notice that the last series starts from k = —1, so after relabelling we get
N, k2 k+3 26k +1)
— [ 1wy &, wy0AdI=—360"7° —(1-T*— r% FQ— :
/Ss AT " {k_0k+3< k+4 Z (k+3)2(k +4)

After some manipulation, the series reduces to a finite one, and we find
—/ m,\Smm,\ 0 A df = 87214 (F2 — 3) .
S3

Collecting this formula and (105), from (103) and (104) we obtain the second order expansion
2

1. A A 1B
A 4 2 <2Q(90/\) - / Ly, 105 6 A d9> +o(s%)
S3

Qs)(or + s10y) o

1— )2

(107) = Ar+4ms® (T° = 30" + 2) + o(s?), L= —z

This concludes the proof. ®

We display next the graph of the function 47 (I‘G — 3+ 2) in I'. This shows that the second-order
correction of the Sobolev quotient is always positive in A, and tends to zero as A — oo.
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6.3. Conclusion. We can use the observation in Remark 5.3, to work out the contraction argument in
Proposition 5.2 starting from @) + sw, instead of from @) only. Given the improved accuracy in Lemma
6.1, the contraction can be performed in a ball of radius O(s?) in &%2(S3), yielding a corresponding
correction wy of that order. By Lemma 6.1 and the smoothness of ((,), we then have that

Qs)(oa + sx +1W0x) = Q) (pa + s10r) + dQs) (o + sr)[x] + O(Wa]1?) = Qs)(0a + s10r) + O(s).

By uniqueness in the fixed point of the contraction, it must be ¢y + sy +wWy = @ +wy, so the conclusion
follows from Lemma 6.2.

7. APPENDIX B: PROOF OF PROPOSITION 5.6

The goal of this section is to expand Q) on the functions ) + wy given by Proposition 5.2 for
large values of A. Since the estimates of the previous section deteriorate for A in this range, we choose
approximate solutions in terms of CR normal coordinates, better suited for highly-concentrated profiles.

Recall from the results in Section 5 of [CMY17] that, given p € M, the Green’s function of the
conformal sub-Laplacian satisfies, in CR normal coordinates

(108) Gp=2p"2+A+0(p).

7.1. Approximate solutions. For p € S3, fix a small number r > 0 and define in CR normal coordinates
a function F' such that

F(z,t)=1z]> forp<m;
F=0 for p > 2r.

In this way, F can be extended via cut-offs to all of S as the zero function away from p, so F can be
written as

(109) F(z,1) = |22 + O(6").
For A > 0 large, let us consider a test function in CR normal coordinates as follows
. A
(110) Br= —
(14 22F + 216)°
where G = G;Q.

Lemma 7.1. In CR normal coordinates one has the expansion

" 9 - o 3
Lypx = &X (24 O(0°) + A720(p%)) + &3 [—2lzl2p2(4 + M)A+ 0(p”) + O(NpT)
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ProOOF. By direct computation we have that

y 1 A3 2 A 1
©x1=—Z E F71+)\ G’1:| :—5@)\ [F1+/\G }

2 (1 FO2F(2) + /\4G>

and similarly for its conjugate. As a consequence, we have that

(S

P, 12—290)\{17114-)\ Gn]"‘ @A‘Fl‘F)\ G1

which implies
Ao = 58 [P+ MG + S8} |Fa [
By direct computation one finds (with G = G,)
AyG = —2GT3N,G + 12G7*G 4G 1.
We then deduce
Ly@a =2@5 [ApF + X} (12G7*G 1G 1 — 2G 2 AG)] — 6 3 ‘F,l + NG, ]2 + R@y.
We can next write
R@y=R@S (A 2+ F+XG°G).
Since G satisfies LG = 0, we get some cancellation and find that
Loy = 33 (20,F + A\2R+ RF) + 6 3 [4@*40,16{1 (1 +A2F(2) + MG ) ’Fl + 226G 1’ ] .
Using some further cancellation we then obtain
Ligx = 3 (2A0F + A 2R+ RF) + 63 [4G7*G1G 1 (14 X2F(2)) = FaFy = N(FaG i + GaFy)]

From Proposition A.5 in [CMY17] (where a different but analogous notation is used) one has that, in CR
normal coordinates

° 0
Z1=(140(p")Z1+O0(p )Z1+O( )8t
wl = O(p*)dz + O(p*)dz + O(p*)6,
see (17). By direct computation, one then has
iv/2zZ z
Gi1=———F——+0(1); Fi=—"=+0(pY;
1 T il27)p2 +0(1) 1 \/5+ (r)
~ 2v/2%(|2)? + it) 6 3
Gi=—""7"—==+0(p); ApF =14 O(p?).
1 (402 12 (r°) b (p°)

Using these expressions in the above formula for Ly@, one finally finds
Lypr = @3 (2+A720(0%) + O(p”)) + 6 2% —ilzl2p2(4 + X2 A+0(p°) + O(N?p")
which is the desired result. m
If the contact form 6 involved in the definition of CR normal coordinates writes as = e2v0), setting

(111) or =€ "@n,

by the covariance property of the conformal sub-Laplacian one has that
(112) G ONdI =L 0 A do; LB 0N dO = prLoprOndh, Ly=L".

These imply the invariance

Jss PALspr 0N D _ [ L350 A db

Qs)(Pr) = = . i
(f33¢§9Ad9)2 (fgs #30 N dB)?
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We then get the following consequence of Lemma 7.1, concerning the differential of Q4 at @x.

Corollary 7.2. There exists a constant C > 0 such that for all s small and X large one has the inequality
1dQ sy (@) [v]] < )\%H’U”Gl,2 for every v € &Y2(S3).

PROOF. By direct computation, for v € &12(S%), one has

(113) dQuu(@2)] = L ([ #t0nad) o ([ ostapdnai) ] vinan
(fs3<p§éAdé>2 5% LA 5

From (112) and Lemma 7.1 it follows that

9

[ ertapsindi=2 [ Gonds+ [ [A406°)+ RO + G061 + X0()] 6 n db.
S3 S3 S3

Using a change of variable it is possible then to show
/ PYONd) = — / GALIPAO N dO + O(N72).
58 53
Therefore, inserting the latter estimate and the result of Lemma 7.1 into (113) we find that

4Q (@lull < [ B [00) +00) + 33 (0(") + O] o]0 n ds.
Applying Holder’s inequality we get that

1dQ s) (@) [v]]

< [wz) ([ stoun) s+ ([Lamoun) v ([ ¢i0/30<p8>ﬂ folles

where all integrals are computed w.r.t. the volume form 6 A df. By the expression of ¢y, all terms are
integrable and of order A~2, which concludes the proof. B

7.2. Expansion of the CR Sobolev quotient. We expand next the CR Sobolev quotient () on the
approximate solutions @, in (111), obtaining the following result.

Lemma 7.3. Let ¢y be defined in (110). Then for A large one has the expansion

s2

Q(s)(@A) =47 + 487 2 (I+o05(1)+0O ()\13> .

ProoF. We use (112), Lemma 7.1 and integrate: expanding the numerator in Q) we find that
06 © o
/ AL pr0 N do = 2/ @O N dO — §A/ 122(4 + A2|2[2) 0%y 0 A df
S3 S3 2 Hl

" / SOM20%) + O(p%))0 A db + / S(O(F5) + O(N2pT))0 A db),
S3 g3

where

o A
o= ; (2,t) € H'.

15
(L4 X222 4+ 1Nt + 12))

For the first term, which also appears in the above expression, we Taylor-expand G as

- (24 A4p2\ 7 1
G= < pzp ) = 70" (1= Ap*) + O(p").
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Therefore, ¢, expands as

v

©x =

(L4+22([212 + 0(p°)) + X p* (1 — Ap?) + O(p®)])*
1 Apﬁ/\4 p12/\8 o
( ST RN gt ((1 n )\4;)4)2)) 2

o 1 03 p12)\8 o
= —Ap®X? O —F— .
P + ] P P + ((1 ¥ )\4p4)2 P

Taylor-expanding the integral of the fourth power of ¢, and using a change of variable we get that

odo o 1 060 o
/ GrONdD = / 0 0 A dO+ —A/\Q/ PP\ 0 A dO + O(1/X3).
S3 H 2 H!
odo o
Hence, using the fact that [, ¢,60 A df is independent of A, Q(s)(¢x) becomes

04 © o 060 o 060 o
2 (le 30 AdO+ FAN? [ pPor0 A d9> — 34 [ 20?4+ N2 z]?) 0y 0 A dO
+O(1/)\3).

1
2

04 © o 1 9 6060 o
Jur @va 0 A dO+ 3AN? [ir 0530 A dO

We can expand the denominator in the latter expression as

04 © o 1 9 6060 o
030 NdO+ - AN p o0 A do
H1 2 H1

1 060 o
04 © o\ ~ 2 lA)\2 . 6 O N dfo o
_ (/ @ﬂe/\cw) 14 2N w0 ndog o
HL

(o)

o4 o
Jir 10 N dO

| 06 © o
0d o o\ 72 1 NN
(/ngoﬁmcw) 1—ZA)\2fH'Mp—A O/,

1
2

Nl

4 0 o

S P10 A dO

which gives

Qs)(Pr)
04 o o\
= (/ goﬂa/\dg)
Hl
1
n 0(A3>,

equivalent to

[N

04 © o 1 06 © o 060 o
[2/ go\@G/\dQ—i—fA)\Q/ PP\ 0 A dO — §A/ |22p2(4+)\2|z|2)g016‘/\d9]
H1 2 Hl 2 Hl

_ 04 o o _% 04 o o 1 9 9 9 9 4 2060 o
Qs)(@r) = / 050 Ndf 2/ <p\/§9/\d9—§A/ (322(4 + X?|2|?) — N?p*) p*p, 0 A db
H! H H

(114) + 0 (;) .

. od
The computation on page 177 in [JL87] (where 6; in their notation equals 26) shows that ¢,z is the

scaling factor for the volume of the Cayley map. Recalling that 6 A df is twice the (induced) Euclidean
volume on S2, this implies

0d © o R R
(115) / Pyz0Nd0= [ Ondd=4x.
H1 S3
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We now make the following change of variables Az — /22’ A2t ~— 2t, and notice that

Br(z:t) = 2 v
VR )

Ao ;o
= — 2, t).
\/590\@( )
In this way we have
06 0 o 4 06 © o
[ Bl R21P) = 020 6 A dient) = 55 [ BIPR+ 27) = (0)") (0 Py n b 1),
As one can check by direct computations, the primitive w.r.t. ¢ of the integrand is

2(1,714 22 _ 2|2 /Z/2 21 |,/)4 2|2 2214
3 (|z’\6 + 8|2 + 19|22 —|—8) |2’|6 log (t ("1 rale'P2) 21 |Z|/|:r(1t)2+(2“z/‘|2_~_+11)2)t A () 12 )

2|22 +1)° @2l + 1)
NGESPIT (t2 (312/[8 + 412'16 — 17)2'[* — 422 + 2) + (1P + 1) (3]2/|° — 8]2'|* — 55|2'|? — 24))
5 .
(122 + D' @12 + 1) (2 + (122 + 1)%)
As a consequence, we deduce that

/R BIZP@+ ) — () (7)2evzdt

2| —2(/2]2/[24+1-2) |2/ |2 —2/2|2" |2+1+2
_3U/P+&5ﬁ+lm%P+8)/Pbg( (Vere) i ey o] )

|z/|4+2( 2\z'|2+1+2) |z’|2+2( 2\z'\2+1+1)

2 (|22 +1)° (2|22 + 1)/
4 (|22 +1) V2122 + 1 (3|2'|° + 4]2"|5 — 17]2'|* — 4|22 + 2)
2 (212 + 1)° (2|22 + 1)*/?
Multiplying this quantity by 27|z’|, its primitive w.r.t. |2/| is

212 =2(/2]2'1241-2) 2" |2 =2+/2]2"|2+1+2
ﬂ(ﬂk”+2ﬂjﬁbg<ll (V2P 2) 11221 ))+4szp+1(zw+6/ﬁ+ﬁzﬁ+n)

\z'|4+2( 2|z/\2+1+2) \z'|2+2( 202 2141

2(12/ 12+ 1) V222 + 1 ’

whose difference between the values |2'| — 400 and |2| = 0 is 87. Therefore, recalling that the volume

form 6 A df is four times the Euclidean one, we obtain that
06 0 o
/ (32 (4 + N|2]?) — A%p*) p? 0, O A df = 32
Hl

Recalling (115) and the fact that A = —3s%(1+ 04(1)), from (80) and (114) we deduce that
1

Qs)(¢r) = dm — 32A7;A52(1 +o0s5(1))+0 (3> =47 + 45—;52(1 +04(1)) + 0O (;) .

This concludes the proof. ®

7.3. Conclusion. We can use the observation in Remark 5.3, to perform the contraction argument in
Proposition 5.2 starting from ¢, instead of from ¢y only. Given the improved accuracy in Lemma 5.5, the
contraction can be performed in a ball of radius O(5z) in &%2(59?%), yielding a corresponding correction
wy of that order. By Lemma 5.5 and the smoothness of Q(,), we then have similarly to Subsection 6.3

1
Qs) (@ + Wx) = Q) (@) + O([W0r]1*) = Qs)(Br) + O (}\4) ,

By uniqueness of the fixed point, it must be @y + Wy = @) + wy, so from Lemma 7.3 we get that

2

(116) Qs)(ox +wy) =47T+487r%(1+05(1)) +0 (/\13> .
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Notice that

Qo) (or +wx) = Qoy(ior) = 4,

and therefore the term O(%) appearing in (116) is identically zero for s = 0, even and smooth in s. It

therefore must be of the form O (j\—i) . Hence the statement of the proposition holds true.
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