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Abstract: We investigate the distribution and clustering of extreme events of stochastic
processes constructed by sampling the solution of a Stochastic Differential Equation
on R". We do so by studying the action of an annealed transfer operators on suitable
spaces of densities. The spectral properties of such operators are obtained by employing
a mixture of techniques coming from SDE theory and a functional analytic approach to
dynamical systems.
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1. Introduction

In the last decades modeling based on Stochastic Differential Equations has been used
extensively in different scenarios, in particular whenever the statistical properties of
extreme events are important, ranging from economy (see e.g. [16]) to climate science
(seee.g. [10]). In this case the SDE model becomes a forecasting tool: one can investigate
the likelihood of extreme events, as well as the typical behaviour of such systems. Here
we focus on the former.

We consider a system whose evolution is described by a SDE of the type

dX[ == b (Xt)dt +th
Xo = x,

where the domain of definition is R” and W; is the Brownian motion defined on a
probability space (2, F, P). It is well known that under suitable assumptions on the
function b (see Sect. 2 for the details of our setup) the problem above has a unique
solution (X;);>0 and the resulting stochastic flow has a unique stationary measure ji.

We consider a specific unbounded observable g, : R¢ — R, encoding the appear-
ance of an extreme event for a given point x¢ of the phase space, and sample the evolution
of gy, along the trajectories of X at discrete times. This is done by choosing a time step
h > 0, a sequence of times 7, = hn and the process gx, (X} ).

It is well known that pinpointing a single extreme event is still, if possible at all,
beyond the reach of current techniques, yet there are various possibilities to investigate
the distribution, either temporal or spatial, of such events also in the sense of their clus-
tering. Here we consider the distribution of the extreme events for the process gy, (X} );
in particular we would like to find a sequence {u, },cN, 4, € R*, such that the following
limit exists

lim P® p ({(w,x) (_max gy (X7) < unD €(0,1) (1)

=u,...,

where the ® represents the product of measures. The limit above encodes the notion of
extreme event, as long as u, — oo for the process gx, (X7 ) where the initial conditions

x vary in the full set R and are weighted according to . Theorem 2 solves this problem
i.e. it is possible to characterize such sequences and find an exponential distribution for
the probability of not exceeding the thresholds u,,, as it is usually done in the extreme
values theory.

In the literature, such limitis often called Extreme Value Law (EVL); its existence and
its properties are strictly connected to the distribution of the hitting time of the process
to a sequence of (properly renormalized) shrinking sets (see [24] for an introduction to
such relation).

Subsequently, we will consider the distribution of extreme occurrences in a given
time interval. More precisely we will count the number of visits of the time-discretized
solution of our SDE to a shrinking sequence of balls B, among the first n steps of length
h, suitably normalized by the measure of the balls. We will show that the distribution
of the number of visits will converge to a standard Poisson distribution in the limit of
large n, see Theorem 6.

We remark that, for both results, our construction is rooted in the functional approach
of [2,14,15]. The tools we use to get the results are related to the study of the functional
analytic properties of a transfer operator £, associated to the SDE system acting on
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suitable functional spaces. In particular, we will relate the probability of occurrence of the
rare events with the response of the dominating eigenvalue of £, to the perturbation of the
system constructed by adding a small hole corresponding to the rare event, transforming
the initial system into an open one (see [3—5] and references therein).

1.1. Literature review. The study of extreme events has already been carried out in
various framework and there is an extensive literature. Comprehensive surveys can be
found in the book [18], with a particular focus on dynamical systems, and in [20] with
a focus on stochastic processes.

Let us comment on some works which are closer to the present one which allow us
also to enlighten the main novelties of our contribution.

In [6], an EVL in continuous time is found in the case of one dimensional stochastic
differential equations, using the properties of the Ornstein-Uhlenbeck process (see also
[20] for another point of view on these results).

For diffusion processes of gradient field type in R?, the Ph.D thesis results of Kuntz
[17, Prop. 2.1, Theorem 2.4], prove exponential upper/lower bounds for P(M7 < R),
for large R. Here M7 = maxo<;<7 || X;|, where {X;};>0 is a R"-valued stationary
reversible diffusion process and || - || the euclidean norm in R”. About these continuous
time results, we remark that, as we show in “Appendix A”, our explicit relation between
the time 7" and the thresholds R (see Eq. (8) in Theorem 2) used for the discrete time
result is not the right one in the continuous case. The time/threshold rescaling used in
the mentioned continuous time results seems to be quite implicit and not easy to be
determined in concrete examples.

In the absence of the drift term b, the discretization of d X; = d W; is akin to a random
walk. In [19] the hitting time distribution for random walks on the line is described;
these results are equivalent to EVL as proved in [24].

Most of the preceding works obtained an extreme value distributions for continuous
time processes beginning with specific SDEs, while in the present work we focus on
discrete time but for a large class of SDEs. The latter should verify assumptions H and
AD in Sect. 2, and also the conditions stated in Theorem 7. In this case we describe
not only the distribution of the “first" rare event, but also the distribution of multiple
extremes i.e. the Poisson statistics.

2. Main Results
We consider a stochastic differential equation on R of the following type

dXt = b(Xl) dt +dW[
Xo = x,

2)

Here W; is the Brownian motion defined on a probability space (2, F, P). We make the
following assumptions on b:

H (Lipschitz drift) There is K such that Vx, y € R4
|b(x) —b(y)l < Klx — yl.

AD (Dissipativity) We assume that there exists constants Ry, Ry € R with R, > 0 such
that for all x € RY

(b(x), x) < Ri — Ra|x]||. 3)
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Given the assumptions H and AD, the system (2) has a unique invariant measure @
(see Sect. 4.3 for more details).

Remark 1. The dissipativity assumption implies that the flow associated to the vector
field b transports measures towards a compact region of the phase space. The previous
assumptions include the fundamental case

b(x) = Ax + B(x)
where A is a matrix such that there exists v > 0 with the property that

(Ax, x) < —v |x|? (4)

forall x € R?, and B : R? — RY is Lipschitz continuous and fulfills
(B(x),x) =0 (5

or more generally (B (x) ,x) < C1+C, ||x||2 forall x € R for some constants C; € R
and C; < v. Indeed assumption H is obviously satisfied and assumption AD holds
because

(Ax + B(x),x) < C1 — (v — C2) ||x||* .

Condition (4) is motivated for instance by the finite dimensional discretization of Partial
Differential Equations (PDE henceforth) of parabolic type, where A is the discretization
of the Laplacian or, more generally, of the second order strongly elliptic part. Condition
(5) is motivated by the discretization of nonlinear operators like the inertial (convec-
tive) operator of the Navier—Stokes equations; we impose the Lipschitz continuity on
B for simplicity.! The generalization on B may help to accommodate linear first order
operators in the discretization of a PDE in order to treat a larger class of SDE.

Let xo € R? be a chosen point of the phase space. Let 8xo : RY \ {xo} — Rbe
gxo(-x) = _logd(-xv-xo) (6)

where d is the euclidean distance. The observable g,, hence measures how far we are
from our chosen x( on a logarithmic scale. Let 2 > 0 and let the sequence of discrete
times in which we sample the process be denoted as

tx == kh. (7

We now consider the problem (1), and for the reader convenience we state below the
first main result of our work.

Theorem 2. Let h, T > 0 and let X, be the solution of (2) at time t. Let u,, be a real
sequence such that

nu(By) -1 (®)
where By, is the ball B (xo, e_”"). Let ty :== kh. Then

nli)n;o]P’ Q1 <{(a), x) (_max  gx (XZ() < un}> = 7. 9)

,,,,,

1 This is not satisfied by quadratic operators, therefore an additional Lipschitz cut-off is necessary to get a
finite dimensional operator as above.
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Remark 3. An analogous result holds if the system (2) is defined on T¢. As many of the
constructions presented here are either not necessary or can be simplified in such case,
the explicit discussion of this case will appear somewhere else.

Remark 4. The right hand side of the asymptotic law found in (9) does not depend on
h. This is, in our opinion, due to the presence of a uniform noise, analogously to similar
results for dynamical systems perturbed by annealed noise (see [4]). See “Appendix A”
for a thorough discussion of the matter.

The second main result we prove is a refinement of the first one and is about the
distribution of multiple occurrences of the extreme events. Let B,, be balls as in the
previous theorem. We are now interested in studying the distribution of the number of
visits to the set B, in a prescribed time interval. In order to get a limiting distribution
when n — oo we have to rescale time as we did in (8).

Definition 5. Let us take 7 > 0 and n > 1. We define a sequence of discrete random
variables counting the number of visits of the time sampled solution to the ball B, among
the first Lﬁj iterations of the process

ey
Suri= Y lp,(X}). (10)

i=0

We say that S, ; converge in distribution to the discrete random variable W, possibly
defined on a different probability space and with distribution vy, if we have for any
keN:

Tim P@ (e = k) = vw (k). (11)
The second main result of this work is the following theorem, establishing the conver-
gence toward a standard Poisson distribution.

Theorem 6. Let T > 0, X; be the solution of (2) on R, let B, the ball B (xg, exp (—uy))
and let u,, such that n w(B,) — 1. Then
) e Ttk
HILH;OP Q1 (Sn,r = k) = T
As mentioned before, the proofs of Theorems 2 and 6 rely on the spectral perturbation
results of [14,15]. For the proof of Theorem 6 we follow the strategy recently used in
[2]. We consider the transfer operator £ associated to the evolution of the system for
a fixed time 2 > 0. We find Banach spaces where £, satisfies a Lasota-Yorke type of
inequality which in turn, if the spaces also embed compactly, implies a spectral gap,
which is an important ingredient in order to apply the above cited spectral perturbation
results. Since the ambient space is R and therefore non compact and we use singular
perturbations generating discontinuous densities, we consider the space BVj. This is
a space of bounded variation densities, decaying at infinity with a certain power law
of exponent o (hence allowing discontinuities). A key inequality will be obtained by
exploiting the regularizing effect of the noise in the stochastic differential equation and
the presence of the dissipative assumption (AD).
We remark that the use of bounded variation spaces, rather than the more regular
Sobolev Space, has already been very fruitful in the study of SDE (see [1,9] to begin
with).
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2.1. Organization of the paper. The plan of the paper is as follows: in Sect. 3 we set
up the functional analytic framework necessary to study our problems and we perform
some regularization estimates which will be used in the sequel.

Section 4 recalls the main abstract tool we use, regarding the asymptotic behavior of
the largest eigenvalue after perturbation (Proposition 23). Section 4.4 shows how from
Proposition 23 we can recover the laws of extreme events stated in Theorem 2.

Section 5 shows how from Proposition 23 we can recover the Poisson statistics stated
in Theorem 6.

“Appendix A” contains remarks on the choice of the time discretization step & and

how, sending 2 — 0, does not give further information on the EVL.
Notations. We will denote by L”, p > 1 the space of measurable functions which
are p-summable with respect to the Lebesgue measure on R”. If we consider another
absolutely continuous measure with density v, we will write L? (). If we will restrict
to a measurable subset B of R”, we will set L?(B) or L? ({, B). For a particular density
indexed by «, see Sect. 3.3, we put L% . We will write C” for C” (RY).

3. Transfer Operators, Banach Spaces and Regularization Lemmas

In this section, starting by a general result on the transition probabilities of a system like
(2) we define and study the basic properties of the transfer operators associated to such
system. In Sect. 3.3, we then introduce a certain weighted, bounded variation space. We
will see in Sects. 3.4 and 3.5 that the transfer operator when applied to these functional
spaces has useful regularization properties.

For the SDE considered in (2), assuming the regularity assumption (H) and the
dissipative assumption (A D); itis known (see [8,23]) that the equation has the properties
of strong existence of the solutions and pathwise uniqueness.

Moreover, Menozzi, Pesce and Zhang [26] prove bounds on the transition probabil-
ities for these systems (so called Aronson type estimate) in this setup. Such estimates
imply that the transfer operator associated to the system has a regular kernel, and hence
regularizing properties. Let 6;, for ¢+ > 0 be the flow solving

{ 0, (x) = b(6;(x))
Op(x) = x.

where b is the same as in (2). Let > € (0, 1], # > 0 and g, be the Gaussian distribution

_d =M
gt x) =t 2e ¢

Theorem 7 ([26], Theorem 1.2 and Remark 1.3.). Let us fix T > 0. ForeachO <t < T
and x € R4 let X,(x) be the unique solution of (2) starting from x at time t. Then
X;(x) has a density for each y € R%. It can be expressed as a function S;(x, y) which
is continuous in both variables. Moreover S, satisfies the following:

1 (Two sided density bounds) There exist Ao € (0, 1], Co > 1 depending on T, k,d
such that forany x,y e R4, t < T

Co 8,511, 6:(x) = ) < Si(x,y) < Cogsg (1. 6, (x) = ).
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2 (Gradient estimates) There exist A1 € (0, 1], C1 > 1 depending on T, k, d such that
foranyx,y e R t <T

_1

IVeSi(x, )| = Cit 7283, (1, 0, (x) — y),
1

IVySi(x, I = Cit 7283, (1, 0, (x) — y).

3.1. The Kolmogorov operator and the transfer operator. In this section we define the
transfer operators associated to the evolution of a SDE and show some of the basic
properties of these operators. The properties of the transition probabilities S; inherited
by Theorem 7 will be used to define a Kolmogorov operator (composition operator)
associated to our system.

Definition 8. The Kolmogorov operator P; : L — C? associated to the system (2) is
defined as follows. Let ¢ € L™, Then Vx € R?

(Pr¢)(x) := E[p(X;(x))].

In the literature this is also known as stochastic Koopman operator. Given the transition
probabilities S; it holds

P = [ #03.(x )dy.
By this we see that
[Prdlloc < 1@lloo- (12)

Now we define the transfer operator £, : L' — L' associated to the system and to
the evolution time ¢ by duality. If v is a Borel signed measure on R¢

f(Pt¢)(x)dV(x):f f ¢ (y)Si(x, y)dydv(x)
R Re JRI

supposing that v has a density f € L' with respect to the Lebesgue measure i.e dv =
f(x)dx, we can thus write

/(Pt¢)(x)dv(x):/ é(y) (/ St(x,y)f(X)dX)dy- (13)
R4 R4 R4

We can then define the transfer operator £; as

Definition 9 (transfer operator). Given f € L' we define £; f : RY — R? as follows.
For almost each y € R? let

(L () ::/St(xs)’)f(x)dx- (14)

By (13) we recover the duality relation between the Kolmogorov and the transfer
operator whenever dv = f(x)dx i.e.

/(szb)(X)dV(X) = /(P(y)(ﬁtf)(y)dy- 15)

Next Lemma is a well known property of the transfer operator, following directly from
(12) and (15).
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Lemma 10. The operator L; preserves the integral and is a weak contraction with
respect to the L' norm.

Since clearly £, is a positive operator, we also get that £, is a Markov operator having
kernel S;.

Remark 11. In the following we will define suitable spaces where the operators £; have
nice spectral properties. As a byproduct of this analysis we will give a proof of the
existence and uniqueness of the stationary measure i (see Sect. 4.3). We remind that
the stationary measure satisfies

/¢>(X)du(X) = f(Pz¢)(x)dM(X)~

Whenever it is absolutely continuous, its density fy is the fixed point of the transfer
operator: L; fo = fo.

3.2. Perturbed operators. To prove the extreme event laws shown in Theorem 2 we will
use the construction outlined in [14,15] (see Sect. 4) adapted to our case.

This is based on the idea of considering the target set B,, as a hole in the phase space
and consider it as an open system. Then we will study it by means of the related transfer
operators and their properties.

Definition 12. Let ¢ > 0, xo € R? and u,, — 0 be a real sequence. We denote by B,
the ball B (xq, exp (—u,)). We define the “perturbed" versions of the Kolmogorov and
transfer operators by setting

(Prn®)(x) == E[1pc (X)) (X)], ¢ € L™
(Linf)x) = 1)L fHx), felL.

Analogously to what is done in Sect. 3.1, using the definition above, one can prove
that the perturbed operators enjoy the following duality relation:

(16)

/(Pt,zz¢)(x)f(x)dx: /¢>(y)(£z,nf)(y)dy- a7

The iterates of the perturbed operator inherit their properties from the following
lemma.

Lemma 13. For everyt,s >0, ¢ € L™
Pro (Pon () () = E 15 (X7) g (X75) ¢ (X5
Proof.
Pr (Pon () ) = E [1gg (X)) Prn () (X7)]
= [1a; (X)) E[15; (X)) & (X3)],_y, ]
=E [l (X)) E [15; (Xiss) & (Xis) 17:]]
(by Markov property and where F; is the filtration adapted to W;)
=BE[E [15; (X7) 1s; (Xis) 6 (Xi25) 177]]
= E [l (X7) g (X7hs) & (Xiis)]
by the basic properties of the conditional expectation (see [25, Sect. 9.7]). O
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Remark 14. In particular, given generic s, t € R*

Prisn (@) (x) # Prp (Ps,n (¢’)) (x)

namely P; , is not a semigroup. However notice that if 1| < #,, then (we take t = #; and
t +s = tp above)

Py (Po—tin @) (1) = E[1ge (X7) Lge (X3) & (X3)]

Thus, for Pt(") we have the following

Corollary 15. For every x € R4, 0= o<t <+ <ty ¢ L% wehave

(Pin © Pymtgn © -0 Py, i) (@) (1) = E[1gg (X30) -+ 1sg (X7) @ (X71)]-

3.3. Functional spaces: quasi-Holder space on R? . We now define suitable functional
spaces on which the transfer operators introduced in the previous sections have a reg-
ularizing behavior and nice spectral properties. We construct spaces which are suitable
for our non-compact environment, imposing a controlled behavior far away from the
origin by using weight functions growing at infinity. These spaces will be denoted by
BV, and LL. Let @ > 0 and define the weight function

a2
pu () = (1+1x12) (18)

Let L ; be the space of Lebesgue measurable f : R? — R such that

715y 5= [ pu a1 Ol dx < ox.
R4

Note that, L, ¢ L'andif f € L. then || f]|;1 < 11l ,1 - Moreover for & = 0, Ly=L"
We now adapt the Bounded Variation spaces used in [22] (see also [5,7,12], to the
setup at hand. For a Borel subset S C R let us define

osc(f,S) =esssup f —essinf f.

xeSs xes

We now define the seminorm?:

I loseczy = sup €7 fR ose(f. Be(x)dy (x),

O<e<

which we will simply denote by || - ||,sc. Here the measure i is a Radon probability
measure on R and we require that:

(Ay 1) ¥ is absolutely continuous with respect to the Lebesgue measure, having a con-
tinuous bounded density v’ such that ' > 0 everywhere.

2 In the definitions of [12,22] we have that € < €0, for a suitable €y > 0 depending from the size of specific
partitions and the expansions of the considered maps. However in our case such issues are not present and it
is not restrictive to choose €y = 1.
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Notice that by the assumption (Ay 1), and given a measurable subset B, we have that
1 fllLeB) = 1 f Loy, B)-

We can define a || - || gy, norm by setting
Iflsv, == IIfllLy + sup 6_1/ osc (f, Be (x)) dy(x). (19)
€e(0,1] R4
It is not difficult to show that || - || gy, defines a norm and the set of L(L functions for

which this norm is finite is a Banach space which we denote by BV,.>
We prove that BV, is compactly immersed in L'.

Theorem 16. BV,, < L' is a compact embedding.

Proof. We prove that given a sequence g, € L' such that ||g,|| Bv, < M for some M
there is a subsequence g, and g € L' such that | 8n — &llpt — 0. Let us consider
a sequence B,, = B(0,m) of balls centered in the origin with radius m, eventually
covering R¥. Let us fix m. By the fact that on a compact domain the usual BV topology
is equivalent to BV, and the space BV (°B,,) has a compact immersion in L (*B,,) there
are a subsequence gy, , and a function f;, : B, — R such that g, , restricted to B,
converges to f,, in the L! topology.
Let us define the extension f,, of f,, to R¢ by

— ) fux) ifx € By,
fm(x)—{ 0 ifx ¢ B,.

Since ||gn,, ;1 < M we also have ||f_m(x)||L1 < M. Once found g, , and fpu,
we then consider B,,41 and from the sequence g, , let us draw a subsequence gy,
converging on *B,,4+] to some f,+1. Being a subsequence of the previously extracted
sequence, g, , Will converge to f,, on B, and then f,, = fiu+1 on B,,. We can then
continue inductively and define for each m > 0 a subsequence g,, , and a function f,
with g, , = fm on B,,. Furthermore we will also have an extension f,, on R? for each
m > 0. Thus the sequence m — f,, converges pointwise to some function f : R — R.
The sequence |f_m(x)| is an increasing sequence and then by the monotone convergence
theorem f € L' and [ fllg < M.

Now for each m consider k,, such that

1
/ 181 b — Smldx < —.
By m

Since ||gn,, ;,, 1 is uniformly bounded we have that there is some M, > 0 indepen-

dent of m such that [pa\ g5, 181, ldm < pj/([fn) . We have that
— 1 M,
||gnm.km - fm”Ll < E + oa (1)
and thus g, , ~— f inthe L' topology. O

3 The proof can be obtained by adapting Propositions B.4 and B.5 in B. Saussol Ph.D. Thesis [21]. First
of all one notices that Lgl is complete. Then, if f, is a Cauchy sequence in BV, it is also Cauchy in Lllx and
therefore in L! (¥), since ¥’ € L% Then one finally applies Propositions B.4 and B.5 in Saussol’s thesis
which explicitly uses L(y) for the oscillatory part.
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Let us suppose now that f € BV, and let K be a compact set in RY. We will need
later on an estimate of the L* norm of f on C, || f || Lo (k)-

Proposition 17. For any compact set K C R we have

max (|||, 1)

dx 1BV, (20)

I fllLeorcy <

where again ' denotes the density of ¥ with respect to the Lebesgue measure and
dic = essinf,cxc ¥ (B1(x)). (We remark that by Ay 1 we have dx. > 0.)

Proof. The proof follows closely that of Proposition 3.2, part (iv) in [22], with the
difference that we use the measure 1 instead of Lebesgue. Since i is equivalent to
Lebesgue on K with density v,” this explains the presence of such a density in the
numerator, if compared with the analogous formula in [22]. The latter has the Lebesgue
measure of the ball By (x) in the denominator, which we replaced with di. O

3.4. Regularization properties for the transfer operator. In this section we see how the
presence of the dissipativity assumption and of noise in the SDE (2) have a regularizing
effect at the level of the associated transfer operators when these are applied to densities
belonging to the spaces defined in the previous section. Having in mind the main goal of
the paper which is the study of the extreme events of the process X; where t, = hn for
a certain fixed time step & > 0, we now consider the iterates £} of the transfer operators
corresponding to a time time evolution t = A.
In the following lemma the notation L} stands for the space L} when o = 2.

Lemma 18. Given h > 0, there exist constants A, B > Qand ). € (0, 1) (also depending
on h) such that

Iy f||L1 S AV Ny + Bl 21

forevery f € L% and every n € N.

Proof. Step1.Call L} dens the setof all probability density functions, namely the elements
p e L' suchthat p > 0as.and [|p|,1 = 1.

The statement of the lemma is equivalent to prove that there exist constants C, D > 0
and A € (0, 1) such that inequality

|ipl,y = CAlplly+D (22)

holds true for every p € L! dens N L%. That the statement of the lemma implies this new
one is obvious (with the same constants). For the converse, taking f € Lé and calling
fr=7vo0, fm =(=f)VvO((thus f = f* — f7), it is sufficient to notice that f*
and £~ have disjoint supports and the L'-norms are additive for functions with disjoint
supports.

Step 2. We have to prove (22). In this step we show that it reduces to prove

E[l + |x,,h|2] < CA”E[I + |x0|2] +D (23)
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where X is a random initial condition with density p € L Cllens N Lé, defined on a suitable
probability space, and X, the solution of the Cauchy problem with initial condition X.

Indeed,
12ipl.y =/Rd (14 1P) 1L p) ()] dx =/Rd (1+121) (Canp) () dx
= / (Pin@) (X) p (x) dx = E [ (Xp)] = E [1 + |th|2]
Rd

where ¢ (x) = 1+ Ix|?, and E [l + |X0|2] is equal to ||p||L5. The second identity above

holds since p is positive and Ly, preserves positivity; the third identity is the duality
relation between the Kolmogorov operator and the transfer operator; the fourth identity
is due to a classical disintegration argument.
Step 3. In this step we prove the inequality
2R1+d
E[1X,] < e RE[IX0P |+ =25 24)
2R,

where R, R» are the constants in the assumption on b, d is the space dimension and ¢
is an arbitrary time. It is straightforward to see that (24) implies (23), completing the
proof of the lemma. It is well known that, when E [|X0|2] < 00, we have

sup E [lX,|2] < 00
1€[0,T]
for every T > 0 (also with the supremum inside the expectation). For completeness
we give the proof of this statement in Step 4 below. Here we shall use this fact. By Itd
formula,
t t
X I? = |Xol? +/ 2(Xy, b (X)) ds +/ 2 (X, dWy) + Tr (D)1,
0 0
where Tr(I) = d is the trace of the identity matrix, the quadratic variation in the Ito
formula.
Assume E [|X0|2] < 00. Then IEfOT |X;|?dt < oo for every T > 0 and thus, by the

properties of Itd integrals, E fot 2 (Xs, dWs) = 0. Then

E [|Xt|2] —E [|X0|2] + /Ot 2E (X,. b (X,))ds +Tr (I)1.

This identity and the fact that the function s — E (X, b (X;)) is continuous, imply that
the function t — E [|X ¢ |2] is in C!; moreover, recalling the dissipativity condition (3),
we have

d

—E [|Xt|2] —2E(X,,b(X,)) +d < —2R,E [|X,|2] +2R; +d.

This implies

t
E[lXt|2] < e—ZRZIE[|X0|2] +f ¢~ QR 4 d) ds
0

2R1+d
+

< e 2RE X ]
2R>
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Step 4. Given R > 0, let T be the first time |X;| exceeds R, infinity if this never
happens. We have

2 INTR INTR
| Xincz| =|X0|2+/ 2<X5,b(XS))ds+/ 2(X, dWs) +Tr(I)t A Tg
0 0
t

t
= |X0|2+/(; Lis<ep)2 (X5, b (X5)) ds+/0 Lis<eg)2 (X5, dWs) + Tr (I) t A TR.
Since E [ 1{s<ez)2 (X5, dWy) = 0 we get
t
2
E[[Xirel*] < E[|X0|2]+]E/ Hozen2 (Xo, b (X)) ds +Tr (D1

0

t

< ]E[|X0|2]+]E/ Ls<rg) (2R2|XS|2+2C1)ds+Tr(1)t

0

t
<E [|x0|2] + IE/ (2R2 Xonee|” + 201) ds +Tr(I)1.
0
By Gronwall lemma this implies, given any 7 > 0,
E[[Xinal’] = (B[ 1X0l] +27 €1+ Ta) 20T =i
for every ¢ € [0, T']. By Fatou lemma,
. 2
IE|: lim |X,MR| i| <C.
R—o0
Now, a.s., limg_,oo Tg = +00, because the solution X, exists globally. Hence

limg_s ‘szR ‘2 = |X,|* and the proof is complete by choosing ¢t = h. O

In the following Lemma we see how the presence of the noise, and then the possibility
to see the transfer operator as a kernel operator, also provides a form of regularization.

Lemma 19. For everyh > 0, L), is bounded linear from L' — C'; in particular there
exists C, Co» > 0 (depending on h) such that

I1Lnfllcr =C U Sfllgr- (25)
Moreover if [ € Lé then
ILn fllgy, = C2 N f Ly - (26)

Proof. The estimate (25) follows by the definition of the transfer operator (14) and
the estimate on its derivatives by the results of Menotti—-Pesce—Zhang i.e. item 2 of
Theorem 7. The estimate (26) follows from (19) considering that || £, (f)Il 1 is estimated

by Lemma 18 and for f e C! it holds
£ lose = supe™! / osc(f, Be(x)dyr(x) < 2| flle / dy(x) <2l fller (27)
e<l R4 R4

since ¥ is a probability measure. Finally by (25) we can bound || fl,s.ra) by the L!
norm and then by the Lé norm of f. O
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By Lemmas 18 and 19 we get

Lemma 20. Given h > 0, there exist constants A, B > Qand ). € (0, 1) (also depending
on h) such that

L3 f | gy, < AR I ligy, + BILf Il (28)

for every f € BV, and everyn € N.
Proof. By Lemma 19

125 £ gy, = C201L57" Ly (29)

and by Lemma 18
L3 Fllpy < AN F Dy + BN (30)
Putting together these two inequalities we get the statement.* O

3.5. Regularization for the perturbed operators. In this section we continue showing
the regularization properties of the trasfer operators. We prove a uniform Lasota Yorke
inequality for the perturbed operators £, ,, acting on strong and weak spaces BV, Lé.
Again the time evolution for each operator is set to the fixed 2 > 0 also considered in
Sect. 3.4.

Proposition 21. There is 0 < A < 1 and two positive constants A', B’ > 0 such that
forany [ € BVZ(Rd), n>1and m > 1, we have

Ly fllBv, < AX™ 1 flIBv, + Bl flI L1,

The proof of the proposition above is based on the following preliminary result,
which we spell out also for a later usage

Proposition 22. There are 0 < 1 < 1, A, B > 0 such that for each f € L%, m,n>1

IIEZ",,,fIILéSA)»mIIfIIL5+B||f||L1- 3D
Proof. Let us begin by restricting ourselves to f > 0. We let Ly, , f = 1Ly (f) so
that, by construction, L, f = Ly n f + 18, Ln(f).

Fix n and let g,, = L} f — L}, f. Since f > 0 and clearly also g,, > 0 we have
that ’

I3l = f |3, flp2dx < /(EZ'fnf+gm)pzdx = LK FIlLLs
by Lemma 18 we have then

LR Sy = AR SNy + Bl (32)

4 Note that, while proving Lemmas 19 and 18, we obtained that p; is, essentially, a Lyapunov function in
L%; thus some of the previous proofs and of the following ones could be rewritten following this viewpoint.
We thank the anonymous referee for such remark.
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Now let us remove the restriction f > 0 and decompose f = f* — f~ into its positive
and negative part. By homogeneity of the norms, addivity of the integral, applying (32)
twice gives

LR 1Ly = 28071 f 11y + 2B -

O

Proof of Proposition 21. The BV, norm is the sum of the oscillation part and of the Lé
part. For the latter we use Proposition 22. For the oscillation we integrate [22, Proposition
3.2 (ii)] with respect to our norm> Namely

1 .
1B Lh fllose < Osupl - / osc(Ly f, By, N By(x)1pe (x)dyr (x) + (33)
<n<

1
sup —/2 [supgnmmgglﬁhfl] 15, (B,)nB, B (X)d Y (x), (34)
0<p<1 M

where B, (x) is a ball centered at x and with radius n and given a set S, we denote
B, (S) = {x; dist(x, S) < n}. There are now two cases. We suppose first than n < e™"»;
in this case the only points x contributing to the second integral in the previous inequality,
are those belonging to a 2n-closed neighborhood of the boundary of the ball B,; we
call Sj,.1 such an annulus. The Lebesgue measure of S, | will be bounded by a constant
C (depending on d) times 7.° In the second case, 7 > e~“» only the points belonging
to S,,2 := By (xp) will contribute to the integral and the measure of these points is the
volume of the hyper sphere of radius 7 which is O (7?). The term sup By (x)NBS |Lh f
will be bounded using Propositions 17 and Lemma 19; therefore by calling K the closed

ball of radius 2 centered at the point xo, which contains both S, ; and S, » and by using
Proposition 17, we continue to bound the quantity in (34) as

2 n
sup —||£hf||LOO(,€) sup ¥ (Sy,i) < 2CCI| fllall¥ [ L=, (35)
0<n<1 1 i=1,2 2

where we used the bound of order n given by the first case, which includes also the
second case of higher order ¢!,

The constant C maximizes the constant on the right hand side of (20), depending on

Y and on its strictly positive infimum over K, and the constant entering formula (26).
The right-hand side of (33) is bounded by || £, f |losc and the latter is again bounded
as in (26). Therefore we get:

1185 L fllose < (€ +2CCIY 121 f11 -

5 Proposition 3.2 (ii) in [22] says that if f € L is a real function, a > 0 and S is a Borel subset, then
osc(f1s, Ba(-)) < osc(f, SN Ba(N1s() +2 [esssupp, (yns|f 1B, (5)nBa(s¢) ()] ).

Although f is required to be in L°°, a quick inspection at the proof shows that f could be locally L°°, which
is our case. By integrating (x) with respect to 1 we obtain (34).
6 The volume of Sy,1 is bounded by the volume of the corresponding annulus of size 21 around an hy-

persphere of radius 1. In this case the lowest order of such a volume is 7 times a constant depending on
d.



231 Page 16 of 26 F. Flandoli, S. Galatolo, P. Giulietti, S. Vaienti

If we now iterate this one we have, calling ¢* = C +2CC||y'|| L, it holds
-1 -1
”‘C}rﬁnfllosc = ||£h,n£’;7’n f||usc = C*Hﬁhmm f||Lé
and using Proposition 22 we continue as

1C3 0 fllose < * AN Y  fll 1 +c*BILf 1]

If we now define A’ = max(c*/A, A), B = max(c*, B), we finally have
Ly . fllBv, EA/)»m||f||L;+B/||f||L1, (36)

which implies the desired result. O

4. Rare Events Via Transfer Operator

For completeness, we recall the statement of a result due to Keller and Liverani [14]
which is fundamental to our construction. Let (B, | - ||) be a Banach space and B* its
dual. Let L, : B — B be a family of uniformly bounded linear operators, where € € E,
and E is the interval E = (0, €] for some € > 0.

4.1. Perturbative hypotheses.

R1 The operators L, € € E, must satisfy the spectral decomposition
o' Le= e ®ve + Qe 37)
where A € C, ¢ € B, ve € B*, Q¢ : B — B is a linear operator verifying
o
> sup |07 < oc. (38)
n=0€€E

Moreover, Le@e = Ae@e, VeLe = AeVe, Ve(@e) = 1, ve Qe =0, Qc(pe) = 0.
We also require that vo(¢e) = 1 and

sup [|@e |l < oo. (39)

ecE

R2 When ¢ is small, L, is a small perturbation of Ly, in the following sense:

me:= sup  |uo((Lo— LN — 0, € > 0.
feB.fl=1

R3 We now set A¢ := vo((Lo — Le)(¢0)). Then we require that there is C > 0 such
that foreache € E

well(Lo — Lol = C |Acl.
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R4 Let us consider the following quantities

vo((Lo — Le)LK(Lo — Le)(90))
Ac '

dk.e ‘=
We will assume that for each k > 0 the following limit exists
lim g.e = gx, (40)
e—0

and we define the extremal index of the system as

o0
=1-— qu. (41)
k=0

Under these assumptions, the main result of [14, Sect. 2] establishes

Proposition 23. If R1 — R4 are satisfied then

de =1 —0Ac +0(AL). (42)

4.2. Sufficient conditions to check assumptions R1 and R2. 'We now give sufficient con-
ditions to check R1 and we will show how to rewrite R2 in a form adapted to our current
setting. We begin to introduce a second Banach space (B, || - ||,) which we call as
the weak when compared with the strong Banach space B. To ease our path, we state a
sequence of four assumptions, which are easier to verify, implying R1:

R1® The unitary ball of B is compact in B,,. Moreover, V£ € B, || fllw < Il f]l ie.
the weak norm is bounded by the strong norm. Last 3G > 0 s.t.

Vec EVfeB, VneN: L fllw <G| fllw-

R1UD We require that the spectral decomposition (37) holds for € = 0.
R1GiD The operators L. satisfy a uniform, with respect to € € E, Lasota-Yorke (or
Doeblin-Fortet) inequality: there exists & € (0, 1), D > 0 such that

Ve € EVf e BVYneN:|LLfI < D" f]l+ Dl fllw. 43)

R1UY) There exists an upper semi-continuous function u, : [0, 0c0) — [0, 00), ue > 0,
such that

Lo — Lelll:= sup (Lo — LI lw <ue — 0, € = 0. (44)

feB.lfl=1
usually referred to as “closeness of the operators in triple norm".

By assuming the previous conditions, it follows from the main result of [13,15] that the
quasi-compactness condition R1 holds for any € € E, € > 0. Moreover, by Corollary
(2), part 2 in [13], there will be 0 < p < 1 such that for all € and n we have

1011 < Kip", (45)
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where p is chosen in such a way the spectrum of L does not intersect the circle |z| = p,
and the constant K, depends on p and on the spectral gap of Ly. Notice that (45)
immediately implies (38). Finally (39) follows immediately from (43).

Condition R2 can be easily worked out when v is a measure because, in this case,
we can write

te < sup / (L = LO(Pldvo. (46)
feBlfl<l

If the weak norm is strong enough to bound this integral, condition R1¢Y) implies
condition R2. More precisely, if we have that there is some C such that

/ (£ = L (ldvo = Cll(Lo — LI ()llw

then R1(Y) implies R2. We will see that in our case this holds.

4.3. Verifying the perturbative assumptions in our case. In this section we verify the
perturbative assumptions needed to apply Proposition 23. We now check that the pertur-
bative assumptions listed in Sects. 4.1 and 4.2 apply, for the family of perturbed operators
Le for 0 < € < 1, defined with a slight abuse of notation by Ly := L, and L, := Ch’ 11

for 0 < € < 1, acting on BV, as a strong space and L! as a weak space. Here £, and
Ly, are the unperturbed and perturbed operators defined in Sect. 3. We recall that

(L H(x) = 1pc () (Lp ) ().

where By, is the ball B(xq, exp(—uy)).
Assumption R1® comes directly from the definitions of the norms given in Sect. 3.3,
from the compact embedding result proved at Theorem 16 and finally from Lemma 10.
Assumption R1U" The compactimmersion proved in Theorem 16 and the Lasota Yorke
inequality proved in Lemma 20 for £j,, allows us to apply the Ionescu-Tulcea-Marinescu
theorem (see for instance [11]), and therefore the operator £, has the following spectral
decomposition £, = )", v;I1; + Q, where all v; are eigenvalues of £, of modulus 1, IT;
are finite-rank projectors onto the associated eigenspaces, Q is a bounded operator with
a spectral radius strictly less than 1. They satisfy IT;I1; = 63[.1, I1;, OI1; =11, 0 = 0.
By this theorem we also get that 1 is an eigenvalue and therefore the transfer operator
will admit finitely many absolutely continuous stationary measures. Furthermore, the
peripheral spectrum is completely cyclic. Then we need to show that 1 is a simple
eigenvalue of £; and that there is no other peripheral eigenvalue. This is achieved by
the strict positivity of the Markov kernel Sj, (see (14)) provided by Theorem 7.”Notice
that the projector IT; will be the linear functional vg in the assumption R1.
Assumption R17 is now verified in Proposition 21.
Assumption R17V) is verified in the following proposition

7 Here is the argument. Consider the operator L, f(y) = [ Sy(x, y) f (x)dx, where Sy (-, -) is the Markov
kernel defined on R2 and is bounded from below on any compact set K € R2. We want to show that there
exists only one fixed point for £;,. Suppose there are two, say 1, hy. Define h = min(/1, hy). Notice that
hy— his nonnegative on a set 2 of positive Lebesgue measure; moreover from a classical trick, we have easily
that Ly, (hy — h) = hy — h. Take now a sequence of monotonically increasing compact sets K, such that the
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Proposition 24. The operator Ly, , is a small perturbation of Ly, in the following sense:
there is a monotone sequence 1, — 0 such that

NWEhn — Lnllpy,—r1 < Tn.

Proof. Wehave |[(Lpn—Ln) fligr = 118, (La )l < Leb(By)|ILh floo. Notice that
by Lemma 19 the C! norm of £, f, and therefore its L° norm is bounded by Cy,|| f|1 ;1.
We could finally take 7, = CpLeb(B,), since || f|l,1 < ||f||L£ < flBv,- |

Since in our case vy is the integral with respect to the Lebesgue measure, and the weak
norm is the L' norm, R1¢?) implies R2 as remarked at the end of Sect. 4.2.
Assumption R3 in our setting can be stated in the following way:

Proposition 25. Let fy denote the invariant density of the invariant measure W; then
there exists a constant C' such that

Tull(Lh = L) follgv, < C'1(By).

We saw above that 7, could be taken as C;Leb(B,); moreover by Proposition 21 the
quantity [|(Ln, — Lx,n) follBv, = 118, Li follBv, is bounded by a constant K . Therefore

Tull(Ly — Li.n) follBv, < Ch ELeb(Bn) < Chk i#fsan])‘o’ which gives the desired result
' 8

since the density fj is strictly positive on any bounded domain.
Assumption R4 needs some more work. The next proposition will show that all the
quantities g defined in the Assumption R4 are equal to 0. In the present setting they are
defined as the limit for n — oo of the following quantities:

Ly — Eh,n)/l';i,,,(/lh = Lpn)(fo)dm
e = 1(By) @7

where m is the Lebesgue measure on R?. Using the duality between £; and P;, Lemma
12 and Corollary 15, it is not difficult to show that

o0
ZQk =1
k=0

however, in our case, it will be sufficient to prove the following

Footnote 7 continued
first verifies K1 C 2, Leb(K1 N Q) > O and |, K, = R2 (use the regularity of the Lebesgue measure).
Then take y € K;; we get

h1(y) — h(y) z/

xeK,NQ

S e y)(h1 (6) — h(x))dx > /

xekKn

0 Sp(x, y)(h1(x) — h(x))dx > 0.

Notice that the right hand side is strictly positive and independent of n. Then we get [ hydx > [ hydx,
which is impossible. Call #* the unique fixed point of £j,. Consider now the peripheral spectrum of £, which
consists of a finite union of finite cyclic groups. For each of those eigenvalues call g one of the corresponding
eigenvectors. There exists k& > 1 such that 1 is the unique peripheral eigenvalue of [,ﬁ : [l];l g = g. But
C’;lh* = h*, and by repeating the proof above we see that g = h*.

8 More precisely: inf . g fo (x) > O where B is any bounded subset of RY. This directly follows from the
fact that f{ is invariant for the transfer operator, having a strictly positive kernel as described in Theorem 7.
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Proposition 26. For each k > 0 we have
lim g, =0.
n—00

. . Ek L _L: h,n
Proof. Let us introduce the function f; , 1= W; we have

n—o0

lim qk,n = nlggo/‘(ﬁh - »Ch,n)fk,ndm = nli?go/ anAChfk,ndm
< lim m(Bn)”»Chfk,n||oo~
n— 00

As in the proof of Proposition 24, by Lemma 19, the C I horm of Lh fx.n, and therefore
its infinity norm, is bounded by C|| fk || ;.1 for some C > 0 depending on /. On the other

hand || finll 1 = [ findm < m an fodm = 1. Then we get lim,— o0 qk.n = 0. i}

4.4. Proof of theorem 2. In this section we can collect all the previous estimates and
finally prove the main result of the paper.

Proof of Theorem 2. We recall some notations. We consider a given point in the phase
space x¢ and a sequence u, going to 0; we denote by B, the ball B (xqg, exp (—u,)). We
write g for g,, := —log(d(x, xo)). We denote by L the unperturbed transfer operator
and by L, , the perturbed one.

Rewriting (1), using the notation above, remembering that #; = kh, we get

]P’®,u(||Xj2 —xo||zexp(—u,,) foreveryk =0,...,n — 1)
=P®nu(X; € BS foreveryk =0,...,n— 1)

- /Qde Lpg (X (@) -+ g (X?ﬁ,_l(w)) dwdp(x) (48)

- /Rdﬂz [1ag (x3) -1 (X3, ) [ dmco.

Thus we can reformulate (1) by identifying sequences {u, },en such that

lim 1[-3[1,35 (X3)- g (x;;_])]du(x) €, 1). (49)

n—00 Jpd

By using Corollary 15 together with (17), after recalling that the invariant measure
1 is absolutely continuous w.r.t to Lebesgue with density fj, we are finally able to write
the distribution of the maxima in an operator-like way as

ren ((k:(l)/r{f.i);l_l 8xo (ka)> < u,l)
=/E[IB,$(X§;)...13;(X;;71)1(X;;71)] s o

= [ (Pto,n o Ptl—to,n O0---0 Pt,l—tn,l,n) (D (x) folx)dx = /ﬁz,nfodx

where £} . denotes the n-th power of the operator Ly ;.
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Now we apply Proposition 23 to the transfer operator £, and to its perturbations
Ln n. We consider as a strong space the space 3 (R?) = BV, and L' as a weak space.
The assumptions of Sect. 4.1 are verified by £ and by £ , thanks to the sufficient
conditions quoted in Sect. 4.3; therefore we have the following spectral decomposition
for the perturbed operator Ly, , :

dp i Lin = fon ® o+ Qo (51)

where fr., € BV2, punn € (BV2) and Qp, @ BV2 — BV, is a bounded operator
with spectral radius strictly less than 1. Moreover Ly, » fo.n = Ahn fon and pp o Lnn =

)\h,n Mh,n-
By denoting with (i, », g) the action of the linear functional p , over g € BVa,
we have

Lnn& = MinJnnllhns & + AinOnn(g); (52)

moreover we use the normalization f Snndx =1 and (uppn, fon) = 1.
Thus it is sufficient to control [ (L}, fo)(x)dx by plugging (52) in it. Since we have
a direct sum decomposition of our operator, we can iterate and get

/(Eﬁ,nfo)(X) dx =y (s fo) + X /(Qz,nfo)(X) dx. (53)

Now, 1 is the largest unique eigenvalue of the unperturbed operator £ and by propo-
sition 23 and proposition 26 we have 6 = 1, therefore:

A =1— pu(Bp) +o(u(Bp)). (54)
Then by substituting (54) in (53) we have

/ (L, fo)(x) dx = "ost = Bn+olu(Br) [(uh,n,fo>+ / Q. fo dx]
(55)

= ¢ BB [wh,n, fore [ 4o dx] :

Let us now recall that by [14, Lemma 6.1] we have (u,, fo) — 1. Moreover by (45)
we get a uniform exponential convergence to zero of

/ 0}, fodx <10}, foll 1 < 1}, follsv, < Const p",

where the constant on the right hand side is given in terms of the spectral data of £, see
discussion after the inequality (45). Now, as assumed in the statement of Proposition 2,
we choose the sequence {u,},eny and a 7 € R, 7 > 0 such that

nu(B,) = T. (56)
Thus

/E;l’ynfo dx > e T (57)

proving (9). O
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5. Poisson Statistics

Proof of Theorem 6. For this proof, similarly to the proof of Theorem 2 we will apply
Proposition 23. We start by computing the characteristic function of the random variable

Sp = Z:l:_o1 1, (Xz)'ch) :

@, (s) = / eSSidPdp = / E(e"*5") fodx, (58)

where fj is the density of /1. We then introduce the perturbed operators for f € BV; :°
Lhanf @) = 1MLy f (), (59)

Pan f () = B X0 £ (X)) (60)

By using (14) we get, for f € BV2(R%), g € L™ :

/ E(e*15: XD g (X1) f (x)dx = / Phng(0)f (X)dx = / Linf()g()dx. (61)

We then observe that Lemma 13 holds for the new operator Py, , just by replacing
the characteristic function 1, with e/$1.
Using this and the equalities (61), we have

®,(s) =feiss’1dIP’du=/ n o fo(x)dx. (62)

We now apply Theorem 23 to the operators £, ,, using BV, and L' as a strong and
weak space. In order to do this, we check the assumptions (R1)®, ..., (R1)/V), (R3),
(R4) as done for the proof of Theorem 2. We will omit some detail, as the proofs are
similar to what is done in Sect. 4.3.

e (RH® ... (R1)UD can be verified similarly as done for the proof of Theorem 2.
Some more work in necessary to verify the Lasota—Yorke inequality, which follows
by a straightforward application of Propositions 21 and 22. To estimate the oscillation
seminorm of ¢/*18: £; f in Proposition 21, by using formula'?, we get

- 1
”elsanﬁhf”OSC(Rd) < sup —/osc(ﬁhf, By (x))dyr+
0<p<1 7

1 .

sup — / osc(e!*1Bn | B, (x)) sup |Lp fldy == (I) + (1)
0<n<1 1

The first piece (I) on the right hand side is || £y f[|osc(rey and is bounded as in (26).

For the second one, we have to proceed as in the proof of Proposition 21 by splitting

it into two cases; similar arguments gives the bound:

2 ~ ~
(1) < sup =|Lnfllzeoe.s)V(Sn) < 2CCIFll L1 gayl 1Yl Lo
0<p<11T1 2

This and Lemma 18 will finally give us the desired Lasota-Yorke inequality.

9 We now require that our functions take values in C; in this case the oscillation is defined as osc(f, S) =
esssup| f(x) — f(y)|,x,y € S. With this definition the function spaces and the norms considered extend
straightforwardly to the complex case. We will keep denoting these spaces as Lé and BV also in the complex
valued case.

10 Ifu, v € BV, and B is a measurable set, then osc(uv, B) < osc(u, B)esssupgv + osc(v, B)esssup g |u].
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e (R1)®) Using Lemma 19 we have for f € BV,

(Lhn = L) (Ol = / le" — 1|| L fldx < 2Leb(B)[ILa f llc1 ey <

n

2Leb(B,)Cull fliL1 < 2Leb(Bo)Cpll f 1BV,

with ,, = 2Leb(B,)C,.
e (R3) The closeness of the two operators is also quantified by

An= / (L — Lo fodx = (1 — &*)u(By).

Since the density fy is locally bounded away from zero (see Footnote 8) and by
using the same arguments which allowed us to bound the BV, norm of e'* 18, £}, in
(R we get that

Tl (Lnn — Ln)(fo)ll By, < constant [A].

e (R4) The quantities g; ! associated to this perturbation will therefore have the form

n—o0

. 1
gr = lim ~ (Lh — L) LELy — L) (fo)dx, (63)

provided the limits exists. By repeating verbatim the proof of Proposition 26 it is
easy to show that the limit defining g exists and it tends to O when n — oo.

We recall that by assumption, given the number t, the measure of the set B, scales
like nu(B,) — t,n — 00.
Then we get for the top eigenvalue ¢, of L}, ,, see Proposition 23

w=1— (1= qAy+0(A) =1 — (1 - ) u(By) +0((By)).
k=0

Since the assumptions of Sect. 4.1 are verified by £ and by £}, , thanks to the sufficient
conditions quoted in Sect. 4.3, we could repeat the steps from Eqgs. (52)—(55) showing
that the leading term in the growth of W, (s) is just given by the n-th power of ¢,.
Therefore

lim ®,(s) = lim [ ¢*5dPdp = lim & = =177 .= @(s).

n—oQ n—oo n—oo

Notice that this is just the pointwise limit of the characteristic function of the random
variable
Lz
Suri= Y lp,(X}).
i=0
Since ®(s) is continuous in s = 0, it is the characteristic function of a random variable
W to which S, ; converges in distribution. But such a limiting variable W has the Poisson
distribution
_Tfk

k!

vw (tk}) =

11 We use the same symbol as for the g introduced in item R4 in Sect. 4.1
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A Dependence on £ of the Limit Law

Our main result, Theorem 2, is formulated assuming the time discretization of step & by
considering X,;. However, note that the right hand side limiting law of the statement,
Eq. (9), does not depend on 4. Let us notice that the limit for # — 0, of the above
results does not provide more information and should not be thought as a way to get
a continuous time version of our result: this does not come as a surprise as the passage
from discrete to continuous time might require another not obvious rescaling (see also
on the matter [20, Sect. 3.6]).

The next proposition illustrates the need for a different scaling in the continuous time
case by showing that if the general assumptions and the sequence of thresholds u,, is
taken as in Theorem 2, but the time is allowed to range continuously in the interval
[0, hn], then the values of the observable g considered along typical trajectories will
overcome the threshold sequence almost certainly. Thus, in continuous time a different
sequence of thresholds needs to be considered if one wants to characterize the typical
way the extremal values of g change along the dynamics.

Proposition 27. Let the datum be as in Theorem 2. It holds

lim P : X7) < =0.
oo ®M<{(w’x) a8 ( ’)_M"D

Note, with respect to Theorem 2 that here ¢ € [0, nh].


http://creativecommons.org/licenses/by-nc-nd/4.0/
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Proof. Let M > 0 be an integer. In the rest of the proof, we shorten P
Qu {(w,x):...}) =PQu(...),characterizing the sets considered by the inequalities
that define them. We have

P@M( max g(Xf) gun> §P®M<k:{)nang<le,‘,4) Sun>

t€[0,nh] sl
hence
limsup P max X)) <u,)< lim P max * <u,).
n_,oop e <te[0,nh]g( )= ”) =, am e <k=0,..‘,nMg< k,f}) - ")

Now, if nug (B (x(), e_"")) — 1, then nM g (B (x(), e_”")) — tM. Consider a se-
quence {v j} such that v, = u, for every n. We have

nMuo (B (x0, e”""M)) - TM.

One can define {vj} in such a way that jug (B (xo, e_“f)) — tM as j — o0, not only
along the subsequence j, = nM. Thus, by the theorem (applied with % in place of h)

lim P <X )< ) =e ™™
Jim P (o e (xiy) <) =

yeees

and thus, for the subsequence j, = nM,

lim ]P’®,u<max g(in) gv,,M) =e ™,

n—00 k=0,...nM M

But v,3; = u,,. Hence

n—o0o

s

limsupP ® M( max g (X;) < un> <e ™,
t€[0,nh]

Since this holds true for every M, we complete the proof. O
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