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MAXIMAL FUNCTIONS WITH POLYNOMIAL DENSITIES
IN LACUNARY DIRECTIONS

KATHRYN HARE AND FULVIO RICCI

ABSTRACT. Given a real polynomial p(¢) in one variable such that p(0) = 0,
we consider the maximal operator in R2,

1 rh ) )
My f(z1,z2) = sup — / |f(x1 — 2'p(t), x2 — 2]p(t)) | dt .
r>0,4,5ez h Jo

We prove that Mj is bounded on L4(R?) for ¢ > 1 with bounds that only
depend on the degree of p.

1. INTRODUCTION

Maximal operators on the real line of the form

h
(1.1) f(x)»—>sup%/ |f(x—p(t))‘dt,
r>0 1 Jo

where p is a real polynomial with p(0) = 0, were considered in [CRW1], and it was
shown that they satisfy weak-type 1-1 estimates that are uniform over all polyno-
mials of fixed degree. Natural extensions of these operators to higher dimensions
are discussed in [CRW?2], in connection with R™-valued polynomials defined on R™.

We consider here a different kind of multi-dimensional analogue of (1.1), which is
modelled on the maximal function in lacunary directions introduced in [NSW]. For
simplicity, we restrict ourselves to two dimensions and to dyadic lacunary directions,
i.e., determined by the vectors vy = (1,2%) with k € Z. In addition, we allow dyadic
scaling along each of these directions.

To be precise, given a real polynomial p(¢) in one variable such that p(0) = 0,
we define

1 /" ,
Vpfena) = s [5G 2p0m)|a

(1.2)

h
sup %/0 | f (w1 = 2'p(t), w2 — 27p(t)) | dt .

h>0,1,jEZ

We prove the following result.

Theorem 1. M), is bounded on LI(R?) for ¢ > 1 with bounds that only depend on
the degree of p.
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It is easy to check that M), cannot satisfy a weak-type 1-1 estimate.

The proof of Theorem 1 is based on the analysis of a general class of two-
parameter maximal operators in the plane defined by compactly supported mea-
sures, subject to a decay assumption on their Fourier transforms. This result is in
the spirit of [DR] and [RS], but here we consider the possibility that the Fourier
transform of the measure has no decay within an angle that does not contain the
coordinate axes.

Theorem 2. For a probability measure ;1 supported on the unit square, let y; ; be
the measure such that

/fdm,j = /f(2i$172j$2)du($17152) :

Assume that
(i) there are constants C,d >0 and s > 1 such that

A <c+e)

away from the set where s~ < % < 8

(1.3)

(ii) the one-parameter mazimal operator
(1.4) My f(x) = Sup | pi()]
i€

is bounded on L1(R?) for ¢ > 1.
Then also, the two-parameter mazximal operator,

(1.5) M, f(z) = sup [f * pi (@),

4,JEL
is bounded on L1(R?) for q¢ > 1, with bounds that only depend on s, the constants
C,6 in (1.3) and the norm of M.

We start with the proof of Theorem 2, which combines methods from [NSW],
[C] and [RS]. This is done in Section 2. Theorem 1 is proved in Section 3.

We thank both W. Beckner and the referee for useful comments on a first version
of this paper.

2. PROOF OF THEOREM 2

Let 01 and o2 be the measures on the line defined by

[ 1o = [ s duta)
R R2

Then &1 (1) = f1(7,0) and 62(7) = (0, 7), so that
(2.1) G5 < C+r)"

Let ¢ be a nonnegative smooth function on the line, supported on [—1,1] and
with integral equal to 1. Define

V=p—010¢0—-—pR02+pR¢p.
Clearly, ¥ satisfies (1.3), is supported on the unit square and
(2.2) (£1,0) =0(0,&2) =0.

Since
Muf < Muf+Mal®cpf+Mcp®a2f+Mcp®cp )
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we can discuss each of the maximal functions on the right-hand side separately.

The last term is controlled by the two-parameter strong maximal operator of
Jessen, Marcinkiewicz and Zygmund. The L?-boundedness of the two intermediate
terms follows from Theorem 3.2 in [RS], once we observe that, by (2.1),

e <c(1+1g) ",

and similarly for ¢ ® g2. (Alternatively, one can argue that M, g, is controlled by
the composition of the Hardy-Littlewood maximal operator in the xo-variable with
the one-parameter operator M,, in the x;-variable; to this operator one can apply
Theorem A in [DR].)

Thus it remains to estimate M, f. Due to the cancellations of v that are implicit
in (2.2), it is convenient to introduce appropriate square functions. Given a measure
o, we shall need two types of such functions:

1

(23.) So0@) = (X IFeas@f)

i,jEZ
N 2\ 3
(2.3.b) Sof(x) = (Z (sup ‘f * oi,i+k(m)|> )
keZ €L

Clearly, M, f < S,f < S, f. We shall also assume that ¢ is finite, because there
is nothing to prove for ¢ = co.

Let no(z) = 2%n(2x), £ > 0, be a smooth approximate identity in R?, with n
supported on the unit disk. We set 19 = 19, and ¢y = 1y — n¢—1 for £ > 1. Then

o0
V= Z X))

£=0
and

o0

Suf <> Suwpf -

£=0

Lemma 2.1. For every e >0 and 1 < ¢ < 00, ||Spsp, fllq < A22| f|l4, where the

constant A depends only on € and q.

Proof. By the standard randomization argument, we can estimate the L?-operator
norm of the singular integral operators

f — Zi(V*W)m’ *f .
4,J
We apply Lemma 2.3 in [RS]. Thus, it is necessary to prove that
sup |h2|6/( sup |h1|6/}A}L1Ai2(1/*wz)(x)|dx1> dzy < C2%%
0<|ha|<2 0<|h1]|<2
where
AL f(@1,22) = fz1 + by, o) — f(21,32)
Aj f(x1,22) = f(21,22 + he) — f(21,22) .

We observe that
A}“A%Q(V *1p) = U % (A}“A%QW)
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and that A} A? ty(x) is smaller than a constant times 2(3729)¢|hy |¥|hy|*, and it is
supported, for each z, hi, hs, on a set that is the union of four disks of radius 2.
Therefore,

J 1ot o eva@lan < [ ([ 1] 670de -] ) bl

< €202y F |y / Xoha (22) dl|(w) |

where Y., is the characteristic function of a set of measure 2= depending on y
and hs.
This concludes the proof. O

In order to obtain better estimates, we introduce a spectral decomposition of
v. Let ®(£) be homogeneous of degree 0, smooth away from the origin, identically
equal to 1 inside the angle I'y = {£ : s7' < |&]/|&] < s}, and identically equal to
0 outside of the angle T'y = {£: (25)7! < |&1|/[&2] < 2s}.

We then define the “bad part” v of v as the distribution such that

op(§) = p(§)2(E)
and the “good part” vy as vy = v — 1.
The square functions Sy, f, Sy, «y, f, etc. are defined as in (2.3.a) and (2.3.b) for
Schwartz functions f.

We show first that each part of v shares the good properties of v given by Lemma
2.1.

Lemma 2.2. The conclusion of Lemma 2.1 remains valid if we replace v by vy or
Vg.

Proof. For k € Z, let Ppf = F~1(®(&, 2_k§2)f(€)). Because of the finite overlap-
ping of the supports of the multipliers ®(£1,27%&,), we have the Littlewood-Paley
estimate

()|

kEZ

~ [ fllg s

for 1 < g < co. Also, observe that

(V)i * [ =vig*(Pi—jf), (Wb xe)igx f=W*te)ij* (Pi—jf) .
Therefore,

Suysrpe f < W)+ ijf)($)|2>2

1,JEL
< (X e BnwF)
i,5,kEZL

The last quantity equals the L2-norm on [0, 1]? of the function

(tu,0) D ()i (Pef)(@)ri(O)r; (wri(v) |

i,5,kEL
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where 7, is the nth Rademacher function. By the properties of Rademacher func-
tions, the L?-norm is equivalent to the Li-norm. Therefore,
q

It <C [ [ ] 32 v Bn@ron )| dtuods.
We denote
Kiw= Zm(t)fj (W) (v *e)ij Jo= ka(U)Pkf :
i,j k

Changing the order of integration, we have
[[Suywpe FIIG < C/ [ Kt * fol| 2 dt dudv .
[0,1]3

The proof of Lemma 2.1 shows that the L%-operator norms of the K., are
uniformly bounded by a constant times 22¢°. Hence,

1Sueu 12 < C222 / Al

)

Changing the order of integration again, replacing the L%-norm on [0, 1] with the
L2-norm, and using (2.4), we obtain the conclusion for v.
For v, it is sufficient to observe that S, .y, [ < Spsy, f + Suvyep, f- O

We shall now improve the estimate on S, .y, , using the uniform decay of 7, (§)
as & goes to infinity. In fact, as we already observed, © satisfies (1.3); hence,

(2:5) 12 < C(L+ )"
We shall assume, w.l.o.g., that § < 1.
Lemma 2.3. [|S,, 4y, f[l2 < A2794| f||2, with A depending only on & and C'.

Proof. By the Plancherel formula, we have to prove that

(26) Z 7y(2°61, 2j£2)‘2|1/3€(2i§172j52)|2 < A2700/2

1,jEL

By (2.2),
(€)= [~ (e~ Danle)
Since v is supported on the unit square,

2(&)] < Cl&ll&] -
Combining this with (2.5), we obtain that, if 0 <e < 1,

3(6)] < O
If £ > 1, then
[$e(©)] = [dr(27 V)| < 027 el
because ¥1(0) = 0. Hence,
[§1171€2/°

~ n —Le
175 (§)e(§)] < C2 W .
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We can assume that |£1] ~ |&2| ~ 1 in (2.6). Then we simply have to observe
that, taking € = 6/4, the exponent in the denominator is bigger than §/2 = 2¢, and
that the series

226i226j

2 (1 + 27 4 27)2

i,jEZ

is convergent for a > 2e. O

Interpolating between the LZ-estimate in Lemma 2.3 and the Li-estimate in
Lemma 2.2 for S, .y,, we obtain that for every ¢ € (1,00) there is an g, > 0 such
that [|Sy, wp, fllq < A274|| f|lq. Therefore,

Proposition 2.4. S, is bounded on L% for 1 < q < 2.

In order to complete the proof of Theorem 2, we may just observe that we are in
the hypotheses of Theorem B in [C] (attributed to M. Christ). We give, however,
an independent proof, based on the extrapolation argument in [NSWI|, adapted to
3,0,

End of the proof of Theorem 2. The starting point is that S’Vb is bounded on L2. In
fact, assumption (ii) implies that MSO . is uniformly bounded on L? independently
of k. Therefore,

/S,,,,f dx—Z/sup‘l/“Jrk*Pkf (2)|? da

kEZ

—Z/ MY, Pif(x))*d

kEZ
< 02/ P.f(z
kEZ
=CII£13 -

In general, the boundedness of S’l,b on some LY implies, by Proposition 2.4, the
boundedness of M, on the same L4, and hence that of M,,.
Assume now that M, is bounded on some L?, and consider the inequality

o (gmser)” sel(gmor)”

kEZ
This is equivalent to saying that the linear operator

T:{fu} — {ttiivn * fr}

is bounded from L*(¢") to L*(£"(£>)).

Since p is a positive measure and we are assuming that M, is bounded on L9,
(2.7) is verified for r = 0o and s = ¢. In addition, it is verified for r = s > 1 by the
uniform boundedness of Mgo,k' Hence, T is bounded from L4(£>) to L?(£>°(¢>))

and from L"({") to L™ (¢"(¢>)) for r > 1. By interpolation, (2.7) holds for r = 2
and%< % < %(1-1—%).

S
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The same inequality holds with p replaced by 0 ® ¢, ¢ ® 0 and ¢ ® ¢, and hence
with p replaced by v.

Taking fr = Py f, this implies that S’l,b is bounded on the same spaces L®. Since
each ¢ € (1,2) can be reached by iteration in a finite number of steps, we conclude
that M, is bounded on L? for every g > 1. O

3. PROOF OF THEOREM 1

The starting point for the proof of Theorem 1 is Lemma 2.5 in [CRWI]. We give
a slightly different (and less complete) formulation of it.

Lemma 3.1. For every n there are constants A(n) > 1 and B = B(n) with the
Jollowing property: if p(t) is a monic real polynomial of degree n such that p(0) = 0,
A > A(n), and m € Z is such that no complex zero of p lies in the strip

{z: 4™ <2 <A™,
then the following properties hold:

(i) p has constant sign and is strictly monotonic on I,, = [A™, A™H1];
(i) [p(t)] < Bt[p'(t)| for t € In;
(i) maxeer,, |p(t)| < Bmingeg

m

p(t)].

Observe that we are allowed to replace the polynomial p(¢) in (1.2), when con-
venient, by p(t) = bp(at), with a,b > 0. In fact, the identity

Myf(e) = Mhi(5)

where fy(z) = f(bz), implies that M, and M; have the same operator norm. In
particular, we can assume that p is monic.
Also, the maximal function M, can be replaced by

m

Mpf(mth) = sup Mp,mf(xla 562)
meZ
where
(3.1) Mnmf(ml, x2) = sup A™™ |f(x1 — 2"p(t)7 To — 2jp(t))‘ dt .
i,jEZ Im

Let I,, be one of the “good” dyadic intervals satisfying properties (i)—(iii) in
Lemma 3.1. Making the change of variable u = p(t), we have

A*m/l ‘f(:cl — 2ip(t),x2 — 2jp(t)) | dt

m

Am+l

) ; dt
<A f =20, - 2p0)| 5
: oy P
gAB/ —2p(t), o — Vp(t dt
,, o = 2plt e =200 |y
:AB/ |f(a:1—2iu,m2—2ju)‘d—u.
p(Im) |ul

By (i) and (iii), the interval p(I,,) is contained in an interval of the form
+[am, Bam], with a,,, > 0. Therefore, assuming w.l.o.g. that p is positive on
I,



1142 KATHRYN HARE AND FULVIO RICCI

Bam
A*m/ |f(x1 — 2ip(t),x2 — 2jp(t))‘ dt < AB/ |f(x1 — 2, 9 — 2ju)‘ %L
I «

m m

Bam,
§A—B |f(:c1—2iu,x2—2ju)|du
O Ja,,
2 Bay,
< AB / |f(x1—2iu,x2—2ju)‘du.
0

~ Bay,

This shows that the contribution to Mp f given by the “good” intervals is con-
trolled by the maximal function in lacunary directions

h
Mf(x1,22) = sup % / |f(x1 —t,xg — 2’“15)‘ dt
h>0,k€z N Jo
of [NSWJ. Since M is bounded on L? for ¢ > 1 [NSW], it remains to consider the
contribution from the “bad” intervals. Since there are at most 3n of these intervals,
it is enough to prove that Mp,m acts on L9 for ¢ > 1, with operator norm bounded
independently of the polynomial p and integer m.
We claim it suffices to show that there exists a constant Cy ,, such that

sup HMp,mf“q < Cq,n”f“q
meZ

for every f € L7 and monic polynomial p of degree n satisfying p(0) = 0 and
3.2 AT < t) <1.
(32) < max|p(1) <

To see this, suppose p is an arbitrary monic polynomial with p(0) = 0, and choose
k € Z such that

AT < AR p(#)] < 1.
< max Ip(t)| <

Let p(t) = A=*np(AFt). Since

AT < )] <1
< Dax Ig( <1,

the (L9, L9) operator norm of M, ,,_j is at most C,.,. Since

Mp,mf(x) = ]\Z;o,m—ka’C (A_kx)a
Mpm also acts on LY with bounds that are independent of m and p.
Consequently, we need to investigate the measure p given by

[ fdn=a / F(p(t), p(t))dt
where p satisfies (3.2). This measure is supported on the segment {(u,u) : —1 <
u < 1} and, up to a factor depending on A, is a probability measure.

The proof of Theorem 1 will be complete once we show that the operator M,
is bounded on LY for ¢ > 1 with bounds that depend only on n and gq. We apply
Theorem 2.

The Fourier transform of y is

(3.3) (6, &) :A,m/ e—ilE1+€P(®) gy
I

m
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Lemma 3.2. There is an integer k € {1,2,...,n} such that, if A is large enough
(depending on n), then

N n —1/k
6, &) < CA"(1+ 16 + &) 7"
with C independent of p and m.

Proof. Let t; = 0,ta,...,t, be the zeroes of p, ordered so that 0 < [ta] < -+ < |t,].
Let m’ be the smallest integer greater than m such that I,,,; does not contain any
of the [t;|. Then m/ < m +n, so that A™ is comparable with A™. Also let k be
such that [t;| < A™ for j < k and |t;| > A™*! for j > k.

The kth derivative of p equals

PPy =[] t—t)+r@),
J=k+1
where 7(t) is a sum where each term is a product of n — k factors ¢ — ¢;, with at
least one of the j less than or equal to k.
It €L, |t—t] <24™ for j <k, and [t —t;| > (1 — A~Y)[t;| > (A —1)A™
for j > k. Therefore, if A is large enough,

n
O] =xe | Ty
j=k+1
for t € I,,.
By van der Corput’s lemma,

n —1/k
A—m‘/l e_“”(t)dt‘<CA_m( II |tj|> A"

j=k+1
If ¢ € I, is such that |p(¢)| > A™™, we have

n

AT < @] <27a* T 1l
j=k—+1

Therefore, [T7_, , [tj| > CAT*A™"™ so that

I

with C independent of p and m. Since the left-hand side is trivially bounded by 1,
this concludes the proof. O

< C|)\|71/kAn ,

Thus, [i clearly satisfies hypothesis (i) of Theorem 2. It remains to prove that
the one-parameter maximal operator M B in (1.4) is bounded on LY for ¢ > 1 with
bounds that only depend on n and q. This follows from a transference argument:
because p is supported on a line, it is sufficient to consider the maximal operator
on R,

Mpg(x) = sup |g * fi;(z)] ,
icz.

/Rgdﬂ =A"" /In g(p(t)) dt .

By Lemma 3.2, ﬁ(n)| <C(1+ |77|)_1/k7 with 1 < k < n and C depending only
on n. The conclusion follows from Theorem A in [DR].

where
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Remark. In [CRWI] the authors show that the “supermaximal function” on the
real line

h
flz) — sup l/0 |f(x—p(t))|dt

h>0 h
degp<k,p(0)=0

is of restricted weak type k — k and hence of strong type ¢ — ¢q for ¢ > k.

The proof can be adapted to show that the operator

Mif(x)=  sup  Mpf(x)

degp<k,p(0)=0

1 [t ;
= sup 7 / |f (1 = p(t), 22 — 2p(t))| dt
h>0,jEZ 0
degp<k,p(0)=0

is bounded on L%(R?) for ¢ > k.
In fact, if f is the characteristic function of a measurable set in the plane, the
same proof as in [CRWI] gives the pointwise domination

1/k

My f(z) < C(M* f*(x)) ",

where M™* is the maximal function in dyadic direction of [NSWJ. This implies that
My is of restricted weak type ¢ — ¢ for ¢ > k, and hence of strong type.

(€]
[CRW1]
[CRW?2]
[DR]
[NSW]

[RS]
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