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CHAPTER 1

INTRODUCTION

The aim of this Thesis is the development and application of theoretical
models to describe molecular systems interacting with a solvating
environment. X From the theoretical point of view, a full Quantum
Mechanical (QM) description of this kind of systems would be particularly
challenging, because a large number of degrees of freedom would need to be
taken into account. Luckily, in most cases, a QM description of the whole
system is not mnecessary, because the environment modifies but not
determines the investigated property, which is instead connected to the
molecular target. This is the fundamental idea behind the so-called focused
models.®"%3 Within this formalism, the total system is partitioned into two
portions: the target fragment, which is described at high level of theory
(usually QM), and the environment (solvent), which is treated by means of a
less sophisticated description.

The idea is thus very general, and encompasses a wide variety of methods.
What concretely distinguishes one focused model from another, is the
particular way in which the environment interacts with the target fragment,
and vice versa.®® Such interaction can be limited to electrostatics (including
polarization) or may retain the most quantum forces.®

The most widespread focused models are the QM/classical

L2I0L62700 i1y which the molecular fragment is described at the QM

approaches,
level, whereas the environment is treated by means of classical mechanics,

either at the continuum or at the atomistic level. In particular, when an



CLASSICAL EMBEDDING METHODS 1.1

atomistic description is exploited, strong specific interactions, such as
Hydrogen Bonding, can be accurately modeled, thus overcoming the
well-known limits of the continuum description.  Atomistic Molecular
Mechanics (MM) force fields are used for the classical part, resulting in the
so-called QM /MM methods."™ In most QM/MM approaches, the QM and
MM parts interact at an electrostatic level, by including mutual polarization
between the two regions in polarizable embedding approaches. Therefore,
purely quantum forces, such as Pauli repulsion and dispersion, are neglected,
although they may play a significant role in many systems/processes.
Quantum interactions may be described by exploiting quantum-embedding

078l which are usually based on the partitioning of the density of

approaches,
the system into two parts: an active part, which leads the property, and an
inactive one, which perturbs the active moiety, in a focused model fashion.
Thus, target-environment interactions are retained at the QM level.

In this Thesis, different embedding methods, ranging from QM/MM to
quantum embedding are developed and applied to different properties:
polarizability, first hyperpolarizability and hyperfine coupling constants. In
this chapter, the theoretical foundations of the approaches are presented and

discussed, and a theoretical overview of the studied properties is reported.

1.1. CLASSICAL EMBEDDING METHODS

QM /classical approaches are characterized by a reduced computational
scaling with respect to system size as compared to a full QM treatment of
the whole system, which quickly becomes unfeasible from the computational
point of view.®#®¥ In fact, the computational cost associated to these
approaches is almost the same as the corresponding QM calculation of the
isolated molecule. Thus, QM/classical approaches enable efficient
calculations of all kinds of chemical systems where a division into a TARGET
REGION (treated using quantum mechanics) and its ENVIRONMENT (treated
classically) is possible. One example of such a system is the case of a solute
in a solvent, which is usually partitioned into two layers.

QM /classical models can be divided into main classes, depending on the way
the classical portion is modelled. The classical part can be described in terms

of a continuum, polarizable dielectric (the most popular approach being the
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Polarizable Continuum Model — PCMOLESR00E5RI03) - Alternatively, the
atomistic nature of the environment can be retained, overcoming the
common limitations of continuum approaches in which specific solute-solvent

interactions cannot be described.

1.1.1. QM/MOLECULAR MECHANICS MODELS

QM/MM methods™9 were first developed by Warshel & Levitt, who
received the Nobel Prize in 2013, together with Karplus.Y One of the crucial
differences with respect to continuum approaches is that within the classical
MM portion a fully atomistic description is retained. This automatically
implies that specific QM-MM interactions, such as Hydrogen Bonds, can be
adequately modelled. However, such a feature is not gained for free: in fact,
whereas QM /PCMOA0E implicitly includes the statistical average of the
possible configurations of the environment, QM/MM approaches need an
explicit sampling of the phase space. Such a sampling is usually carried out
by firstly performing a Molecular Dynamics (MD) simulation, and then
extracting some uncorrelated snapshots, whose number can vary depending
on the property under consideration, until convergence is reached. %4043
Therefore, the computational cost associated with a QM/MM simulation
intrinsically increases. However, in this way, the dynamical aspects of
embedding phenomena can be taken into account, thus providing a physically
consistent picture.

The interaction between the QM and the MM portions is usually limited to
the electrostatics. Three possible formulations have been proposed in the

literature:

MECHANICAL EMBEDDING treats the interactions between the QM and the
MM part at the MM level. The method requires an accurate set of

parameters such as atom-centered point charges.

ELECTROSTATIC EMBEDDING, the QM Hamiltonian is modified by including
the interaction between the potential generated by the MM fixed charges
and the QM electron density:

EE charges

HS‘&/MMI Z %VQ(I‘D, (1-1)

i



Focus oN MM POLARIZABLE EMBEDDING 1.2

where the sum runs over the MM charges ¢; and V;(r;) is the QM
potential calculated at charge positions r;. The quality of electrostatic
embedding results crucially depends on a proper choice of for MM fixed
charges representing the MM electron density. The polarization of the
QM fragment due to the MM charge distribution is automatically taken

into account.

PorLARIZABLE EMBEDDING differently from QM/EE, mutual polarization
between QM and MM portions is taken into account. In particular, the
density of the QM region is modified by the presence of the MM
portion, which in turn is polarized by the QM density, in a
self-consistent manner. This introduces and recovers one of the most
relevant aspects of PCM, namely the mutual polarization between the
QM and the classical part, by introducing a non-linear contribution in
the QM Hamiltonian. Clearly, polarizable embeddings are the most
sophisticated QM /MM approaches, and in recent years have become

the golden standard for embedded systems.

1.2. Focus oN MM POLARIZABLE EMBEDDING

Different polarizable embeddings have been proposed previously in the

literature based on different polarizable FFs, namely Drude model, 2214120

Induced dipoles, 5121 AMOEBA /1221123 Fluctuating Charge
(FQ)BUHE260002 T2 o FQ Fluctuating dipoles (FQF ). 2353

In Drude model,??H4120 the MM polarization is taken into account by
considering an induced electric dipole at each MM site, which is defined in
terms of a couple of charges, of the same magnitude but opposite sign, linked
by a harmonic spring. The first charge is located at the nucleus of the MM
atom, whereas the second is mobile, so that polarization arises from the
competition between the forces acting on the charges, i.e. the harmonic
potential and the electrostatic interactions with the remaining
environment, 154

In the Induced dipole formalism, polarization effects are treated by including
induced dipoles on each MM atom. Therefore, each atom is endowed with an

isotropic atomic polarizability, from which the induced dipoles are originating
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as a response to the external environment. The induced dipole formalism is
the basis of different polarizable QM /MM approaches, which mainly differs
for the treatment of the purely electrostatic part of the force field. In
QM /1D, B30l L350 QN /MM Pol 1855532 and QM /Discrete Reaction Field
(DRF),M# 46 fixed charges are also considered, whereas in QM /Polarizable
Embedding (PE)*® and QM/AMOEBAPHIZEELI 5150 other terms in the

multipolar expansion are included.

1.2.1. FLUCTUATING CHARGES

In the Fluctuating Charges (FQ) force field®#454 each atom of the MM
portion is endowed with an electric charge (¢g). Such charges are not fixed but
can vary (fluctuate) in accordance with the Electronegativity Equalization
Principle (EEP),%212¢ which provides a minimum principle based on the
consideration that at equilibrium the electronegativity of each atom have the
same value.®” The FQ force field?V =200 can be rigorously defined
in conceptual density functional theory (CDFT), 125184 hecause it is based on
atomic electronegativity (x) and chemical hardness (), which are the first
and the second energy derivatives with respect to the charge, respectively.
By exploiting EEP, the FQs can be defined as the constrained minimum of

the following functional expression (F'):

F(q,A\) = Ey+ Z [XiQi +mig; + Z JijQin] + A( Z 4 — Qtot>, (1.2)
i j>i i
where ¢ runs over the number of atoms, J is the interaction kernel between
the FQs and Q. is the total charge. The constraint, imposed by Lagrangian
multiplier A, preserves the total charge.

Generally, the formalism adopted is based on the assumption that if it is
present more than one molecule, each molecule is constrained to assume a
fixed total charge (@Q,) that have to sum to the total charge of the whole
system (Qior). In this way, the electronegativity of each atom in the same

molecule will be the same but will have in general different values among
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different molecules. The functional that has to be minimized became:16%

F(qa )‘) = Z (Joz,iXa,i + % Z Z QOc,iJai,/quﬂJ + Z )‘Oz Z <qoz,i - Qoz)

a’i IBIJ

(1.3)
1
=q'x + §qTJq + g

where a and [ run over the different molecules. Differentiating eq[1.3] with
respect to charges and Lagrange multipliers, the constrained minimum

conditions are obtained:

ZﬁJ Jai,ﬁjqﬂj + >\a = ~Xai

(1.4)
Zi qai = Qa
By switching to a matrix-vector formalism:
J 1, Q) ([ —Xx
1l o A Q
The linear system then reads:

where q, is a vector containing charges and Lagrange multipliers, whereas Cq
is a vector containing total charge constraints and electronegativity of each
atom.

The FQ force field can be coupled to a QM description in a QM/MM

framework.”” At the Hartree-Fock level, the global energy functional reads as:

1
F(D,q,\) = TrhD + ETrDG(D)
1.6)
1 (
+a'x + §qTJq + g +q'V(D),

where h and G are the common one- and two-electron matrices and D is the
QM density matrix. q'V (D) represents the electrostatic interaction between
the charges and the electric potential due to the QM density. To obtain the
FQs, we differentiate the functional in Eq. with respect to the charges and

the langrangian multipliers, yielding to the following set of linear equations:

Mg, = -Cq - V(D), (1.7)
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Differently from Eq. [1.4] an additional term, modeling the interaction with
the QM density (V(D)) is present. The QM Fock matrix (F),, in the AO
basis {x,}), which is obtained by differentiating the energy functional in Eq.
[1.6] with respect to the density matrix, is also modified by the electrostatic
interaction with the FQ charges:

F. = = hMV + G,UV(D) + Z 4V, (1-8)

Differently from non-polarizable QM /MM, in which the QM /MM contribution
to the Fock matrix is fixed because the charges are constant, and it can be
computed once at the beginning of the Self Consistent Field (SCF) procedure,
in QM/FQ, the charges depend on the QM density, and thus the QM/MM
contribution to the Fock matrix has to be computed at each SCF step. In
this way, the mutual polarization between the QM and F(Q parts is taken into

account.

1.2.2. FLUCTUATING CHARGES AND DIPOLES

A pragmatical extension of FQ model has been proposed in the last few
years: the Fluctuating Charges and Dipoles (FQFu) approach.™#8133 In this
force field, atomic fluctuating dipoles (u) are included in the MM portion in
addition to the fluctuating charges (¢). In this way, out of plane polarization,
which contributes to model the anisotropy of the electrostatic interaction, is
automatically taken into account. Charge values are defined by the same
charge equilibration as FQ, but their values depend also on the interaction
with dipoles. The peculiarity of FQFu with respect to all the aforementioned
polarizable MM methods, stands in the fact that both the FQs and Fus vary
as a response to both the external electric potential and electric field.

In FQFpu, charges (¢) and dipoles (i) are described by Gaussian distribution
functions (py(r), py, (1))

U r—ryf?
Pq; (I') - WS/QRZ)Z, exXp - R—?h )

XP\ — —F)5 )
R

il
(r) = -V
p#z<r) Wg/ngin
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where R, and R, are the widths of the corresponded Gaussian distribution
functions centered at r;, and n; is the versor that indicates the dipole direction.
The total energy E associated with a distribution of charges and dipoles is

equal to:

Z%Xz + 5 Z%Th% + 5 ZZ% i,
i jFi
1y — %Zulaflui,

(1.10)
I 3) LTRSS 3 DT
where x is the atomic electronegativity, 1 the chemical hardness, and « is

i g [
the atomic polarizability. T terms represent the charge-charge (7}3’1), charge-

dipole (T{}') and dipole-dipole (T}j") interaction kernels.
distributions defined in Eqgs. [1.9] they can be written as:

For the gaussian

T = ! erf | ,
|rij| qu—q]'

vy 2ry| vyl )
r., r., _I‘

T# =V, T = —— et | 21— | - =T —exp [ 2| |,

! P |ij|3 RQi_,Uj ﬁRQi_Mj R‘h’_ﬂj

e qp

T = v, TY

2
Sl
ﬁRHi —Hj Ruz‘ —Hj

(1.11)

where R/, The charge-dipole and the

—(a/n), \/R (a/m)i + R (g/m);
dipole-dipole interaction kernels are therefore defined as the first and the
second derivatives oh the charge-charge kernel. When r; tends to r; the three

interaction kernels are:

2
lim T =T =n; = ———,
rl; I_I}O “ 7 \/7_Tqu —qq
o — qu __
A Ty =T =0, (1.12)

1 2 1
I T”“—T”“——:\/j—.
r;glo Q; ™ 3R21
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Therefore, charge and dipole distributions (R, and R,,, respectively) can
directly be computed in terms of 7; and «;:

21

i

21 g
R, = (\/%g%) (1.13)

As a consequence, FQFu equations are defined in terms of three parameters

R, =

2

only: electronegativity, chemical hardness and polarizability for each atom

type.
The energy expression presented in eq then reads:

w) = agxi+ % > aTHg; + Z g T ph + = Z pi T
i i

1 1
— XTq + §qTquq + qTTq“u + §“TTWM

Similarly to FQ, to satisfy the Electronegativity Equalization Principle (EEP),

(1.14)

the total molecular charge is constrained to Q.
Similarly to FQ force field, Eq. can be translated to the molecular case,
by properly avoiding the charge transfer between different molecules. In this

case, the energy functional (F') can be rewritten as:

F(a,p,\) = E(r,q,p +ZA anz Qo
_ZQazXaz_'_ qual aZquﬁJ+Zanl azﬁjl’l’g,j

i [B,j ai B,

+35 ZZ“M Oﬂﬁ]ll’ﬁj—'—z)‘ ZQQZ Qa

o B,]
1 1
=xlq+ éqTquq +q'T%p + 5MTTWM + \q,
(1.15)
By differentiating eq with respect to FQFu variables (charges, dipoles and

Lagrange multipliers) the constrained minimum condition is obtained:

ZBJ Tqa%,ﬁjqﬁ,j + Ao + Zﬁ,j Tgf;,ﬁjﬂﬁyj = ~Xayi
255 Taigitai+ 2255 Taipdss =0 (1.16)
Zaﬂ‘ QOQZ‘ = Qa
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which can be recast as:

T 1, T\ [ q X
11 0 o0 A= Q (1.17)
—Taw' o T m 0

MQ, = —Co, (1.18)

where () vector contains charges, dipoles and Lagrangian multipliers, whereas
Cy vector contains total charge constraint and atomic electronegativity.

The QM/FQFu approach can be defined by exploiting the same strategy
proposed for QM/FQ. Thus, for an HF description of the QM portion, the

global energy functional is:
F(D,q 11, \) = TrhD + %TrDG(D)
+x'q+ %qTquq +qiT"p + %“TTMM“ +Alg (1.19)
+4q'V(D) - u'E(D),

where V(D) is the electric potential and E(D) is the electric field. Thus,
similarly to QM/FQ, the QM/MM interaction energy is limited to
electrostatics.

To solve for FQFu variables, we differentiate Eq. with respect to charges,
dipoles and lagrangian multipliers. Thus, the linear system defined in eqJI.18§]

now reads:

MQ, = —Co — S(D). (1.20)

where S(D) is a vector which contains the QM potential and electric field.
By finally differentiating the functional defined in eq. with respect to the
density matrix elements in the AO basis set, the QM Fock is obtained:

oF
Fu = oD., hyw + G (D) + qu'vwi - ZM;’EW,J' (1.21)
v - -

where both the charges and the dipoles have to be updated at each SCF cycles,
due to their explicit dependence on the QM density.

10
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1.3. NON-ELECTROSTATIC INTERACTIONS

In all the aforementioned QM /MM approaches, the QM/MM interaction is
treated at the purely electrostatic level, with the inclusion of mutual
polarization effects in polarizable QM/MM methods.  Non-electrostatic
interactions are usually included in the QM/MM modeling by means of
classical, parameterized functions. The most used approach is the

165

Lennard-Jones potential (V7,;),*** which reads:

Vis(r) =4el<%> - <%> ] (1.22)

where r is the distance between two interacting atoms, € is the depth of the
potential well, and o is the distance at which the atom-atom potential energy
V' is zero.

Clearly, a classical, parameterized function, as the one in Eq. only
affects the total energy of the QM/MM system. In fact, contrary to the
electrostatic term which acts as an external potential in the Hamiltonian in
both electrostatic and polarizable embeddings, the Lennard-Jones energetic
term is only added to the total energy of the system, because it does not
depend on the QM density but only on atom positions. As a consequence,
only indirect contributions to molecular properties are considered, because a
parametrized function does not directly affect the Hamiltonian, its
derivatives and response equations. Such an approximation might be justified
in case of polar embeddings. However, non-electrostatics dominates the
interaction between many biological systems and it is indeed the leading
force in many chemical reactions.*0%

For this reason, in the last years, different approaches have been developed to
describe both Pauli repulsion and quantum dispersion in QM/MM
approaches 20816 Among them, in this thesis, we focus on a novel

33 which is general enough to be

approach to describe Pauli repulsion,?
coupled to any description of the electrostatic interaction. In particular, it
has been coupled to non-polarizable, FQ and FQF u force fields. 04T

In such a model, each MM molecule is endowed with a set of s-type Gaussian
MM

functions, which simulate the density of the MM portion (p . The repulsion

energy term is then written as the opposite of an exchange integral between

11
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the QM p™ and MM density. This approximation is justified by the fact that
the repulsive penetration energy terms in the Van der Waals is almost twice
the attractive exchange interaction. Therefore, the QM /MM repulsion energy

terms ng\)/[/MM reads; e

re 1 drq dr
L 151 MM — o : 2PQM(I‘17I‘2)PMM(1“27I‘1)- (1.23)
QM/ 2 1o

To define the pM, the aforementioned s-type Gaussian functions are located
over bond and lone pair MM regions, as first proposed in Ref. 169 The pMM
is then defined as:

pvm(re, rz) = Z 5%6’&‘(”4{)2 . e’ﬁR(rz’R)Q, (1.24)
R

where R runs over the centroids of the s-type Gaussian functions, whereas
£ and ¢ are two free parameters of the model, which can be determined by
reproducing the exchange-repulsion energy contribution calculated by some
energy decomposition analysis (EDA) 1807182

By substituting eq. in eq, the working expression for QM /MM Pauli-

repulsion is finally obtained:

re 1 dr1 dI‘2 _ r1—R)2 _ ro—R)2
EQl\el/MM 9 Z/ 12 pQum(r1,T2) - [51216 Fr(ri—R)" . ,—Fr(rz—R) (1.25)
R

The energy expression in eq can be rewritten as:

re; 1

where K is the exchange integral and Dgpyna are the QM and MM
densities. Due to the fact that Dy is a fixed parameterized quantity, the
QM Hamiltonian is modified by an additional term to the one-electron
integrals:

~ 1

hw/ = h;u/ + §K},LI/(DMM) (127)

This explicit contribution to the QM Hamiltonian propagates to the
calculation of molecular properties and spectra, through the definition of
suitable analytical procedures.  This method, is first applied to the

calculation of the quantum Pauli repulsion interaction energy of molecular

12
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systems in aqueous solution.*™ It has been extended to spectroscopy starting
from a formulation of QM /MM terms for Electron Paramagnetic Resonance
(EPR) Hyperfine Coupling Constant.™ Also this Pauli repulsion energy
term formulation has been considered to show that density confinement
needs to be included to get a physically consistent picture of
solvatochromism."* In Chapter 1 of this thesis the model has been applied
to non-linear optical response properties for which repulsion forces can
indeed be important to the determination of a solute’s (Hyper)-Polarizability

as electrostatic interactions, even for a solvent as polar as water.18?

1.4. QuANTUM EMBEDDING METHODS

Highly accurate results can be obtained by exploiting polarizable QM /MM
approaches, eventually coupled to a refined treatment of non-electrostatic
interactions. However, the quality of a QM /MM embedding strongly depends
on the values assigned to the parameters defining the model (e.g. x and 7 in
QM/FQ approach).  Also, as we have shown above, the inclusion of
non-electrostatic interactions at a mixed quantum-classical level is far from
trivial and requires ad-hoc models to mimic the quantum nature of such
energy terms.

To overcome such limitations of atomistic QM /classical approaches, quantum
embedding methods can be exploited. 07081

In such approaches, the entire system is treated by resorting to a QM
description, thus, all the interactions are retained at the purely QM level.
The reduction in computational cost with respect to a QM calculation on the
whole system is obtained by partitioning the system in at least one active
and one inactive part. In the fashion of focused models, only the active
wavefunction/density is usually optimized, whereas the inactive
wavefunction /density remains frozen.

Different Quantum Embedding Models have been presented in literature. Most
embedding theories are developed within the framework of density functional
theory (DFT) due to the favourable compromise between computational cost
and accuracy. @488 Among the many developed methods, the most exploited

is probably the Frozen Density Embedding model. 222U FDE describes a QM

complex system based on the partitioning of the electronic density into at

13
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least two subsystems, each described by a separate electronic density. The two
subsystems may be just two molecules, a solute and the surrounding solvent,
or any other partition of a chemical system. The FDE method is based on
the assumption that one of the two densities may be kept frozen, while the
total energy is variationally optimized with respect to the other density. By
construction, in the embedding potential, defining the interaction between the
two portions, a nonadditive kinetic energy potential is introduced. 80l

In this thesis, a novel quantum embedding method based on DFT theory is
proposed, named Multilevel DFT (MLDFT).**¥ Such an approach has its
theoretical foundations in multilevel Hartree-Fock (MLHF),**¥ in which a
complex system is partitioned into an active and an inactive portions. Such a
partitioning is performed by decomposing the density matrix into its two
components by means of a Cholesky decomposition.t?#49% While the
obtained active density is optimized in the field of the inactive density, the
latter kept frozen during the SCF procedure. In the following MLHF and
MLDFT models are detailed.

1.4.1. MULTILEVEL HARTREE-FOCK

The starting point of MLHF' is the HF energy expression for a closed-shell

molecule in the molecular orbitals (MO) basis:
1
E = TthD + STrDG(D) + hoe. (1.28)

where D is the MO density matrix, h is the one-electron operator, G the two-
electron repulsion integrals matrix and h,,. contains the nuclear repulsion.

Particularly D for a set of orthogonal MOs is given by:

100 OO’U
OUO O’UU

in which o indicates the occupied MOs, whereas v the virtual ones. The density
matrix that represents a closed-shell system with IV, electrons must satisfy the

conditions of idempotency, symmetry and trace™"

DT =D

1
ﬁD:§M (1.29)
D?’=D

14
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A density matrix D for N.-electron closed-shell system, that fulfills the
conditions presented in eq, can be partitioned into an active part, D4,
and an inactive (environment) one, D®. This is the starting point of the
MLHF approach.’®¥ In particular, in a standard HF calculation, an initial
density is usually constructed by means of the Superposition of Atomic
Densities (SAD) approach.™ However, the resulting SAD density is not an
idempotent density, thus it cannot be decomposed. Two potential solutions
to this problem can be exploited: (i) the McWeeny purification scheme to

19972010 (4i)  construct the Fock

make idempotent a general density matrix;
matrix from the SAD density, diagonalize the HF equations, use the resulting
MOs to construct a density matrix which is idempotent by definition.

Independently from the selected method to obtain the starting idempotent
density matrix, in MLHF, the active D“ and the inactive densities D? are

generated by a partial Cholesky decomposition:##2

D=D,+Dp (1.30)

In particular, the exploited Cholesky decomposition provides a set of
orthonormalized occupied active orbitals, which can be used to construct the
active density matrix. The inactive density matrix is instead obtained by
reverting Eq. Both D# and D? satisfy the conditions of symmetry,
trace and idempotency, in particular, the requirement of idempotency for the
sum of the two densities is equivalent to requiring orthogonality between the
active and inactive orbital fragments. Therefore, by construction, the active
and inactive MOs are orthogonal by definition, preserving the Pauli principle.
Finally, the active virtual MOs are instead constructed in terms of
orthonormalized projected atomic orbitals, which have been shown to be

among the most localized virtual MOs.%

By exploiting the partitioning introduced in Eq. [1.30, Eq. can be

rewritten as:

1
E(D* DPB) = TrhD” + 5TrDAG(DA)
+ TrhD® + %TrDBG(DB) (1.31)

+ TrDAG(D®B) + hpue

15
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The structure of the active and inactive density matrices in the MO basis can

be expressed as:

04 OB VA VB 0A OB VA UB
1000 0000
D= |0 0 0 0 D= |0 100
0000 0000
0000 0000

where 04 and opg represent the active and inactive occupied space respectively,
and v4 and vg the active and inactive virtual space, respectively. Due to the
structure of D#, itS dimension can be reduced to N4, where Ny = 04 + vy4 is

the number of the total active MOs, as:

EqJ1.31] can finally be rewritten as:
E(D* DF) — B(DA, D®)

1
= Trh,D2 + - TrD2G,(D2)

s (1.32)
+ TrhD® + 5TrDBG.(DB)

+ TrD2G,(D®) + hpue,

where the quantities highlighted with r are expressed in the active MO basis.
The effective Fock matrix for the optimization of the active density matrix
reads:

Fesrr = F: (D) + G, (DP), (1.33)

where F,(D#) is the MO Fock matrix of the active part only. Being D?
fixed during the SCF cycles, the G.(D®) term entering the Fock is thus a
one-electron term, which can be computed once at the beginning of the SCF
procedure in the AO basis, and then converted in the updated MO basis
during the SCF. Differently from most QM/MM approaches, in MLHF
electrostatics and Pauli repulsion interactions are automatically taken into
account at the HF level. However, since the inactive density is kept frozen

during the optimization of the active density, the active-inactive mutual

16
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polarization is neglected. —However, a large part of such interaction is
recovered by the initial diagonalization of the Fock matrix constructed on the
basis of the SAD density matrix.

1.4.2. MULTILEVEL DENSITY FUNCTIONAL THEORY

In this section, we present a novel multilevel approach entirely based on
Density Functional Theory (DFT), namely Multilevel DFT (MLDFT).14
The MLDFT conceptually differs from the other quantum embedding
methods in DFT framework because the partitioning in different subsystems
is performed on the density matrix instead of the density function as, for
instance, in FDE.'S Similarly to MLHF,*®¥ the density of the system
under investigation (active) is optimized, whereas the environment (inactive)
density is kept frozen during the active fragment optimization procedure.
The choice of the partitioning is arbitrarily and depends on the specific
features of the system and in particular from the properties one wishes to
simulate. The starting point to derive the MLDFT energy expression is the

DFT expression for the electronic energy of the system:
1 1
E =TrhD + §TrDJ(D) — §chrDK(D) +(1+c¢)E, + Ec
1 1
=TrhD + §TrDJ(D) - icmTrDK(D)

+(1-0) [ pmelpm)dr+ [ pr)zloe) dr

where D is the density matrix, h is the one-electron operator, whereas J and
K are the Coulomb and the Exchange matrices, respectively. F, and E. terms
are DFT exchange and correlation energies; p(r) is the DFT density function
and €., . are the exchange and correlation energy densities, respectively. The
coefficient ¢, defines if the DFT functional used is pure (¢, = 0), or hybrid
(cz # 0).

The DFT density p(r) can be expressed in terms of the density matrix: (D)

p(r) = Dyuxu(r)xu(r) (1.34)

where {x,} are the AO basis functions.
Generally the total DFT energy is minimized in the AO basis. In order to

reformulate the minimization in the MO basis, the same strategy present for

17



QuAaNTUM EMBEDDING METHODS 1.4

Multilevel Hartree-Fock in the previous section can be used. Within the
MLDFT framework, the subdivision of the entire system into two fragments

is based on the following decomposition of the density D and p(r):

D=D"+D", p(r) = p’(r) + p"(x) (1.35)

where, A correspond to the active layer, whereas B indicates the inactive
one. As stated above, the active and inactive densities are usually defined on
a physico-chemical basis. In case of a molecule embedded in an external
environment, it is natural to define the target molecule as the active
fragment, whereas the environment system is included the inactive part.
Notice, however, that the partitioning in Eq. is arbitrary and strongly
depends on the method which is selected to mathematically decompose the
total density matrix D. Similarly to MLHF, a Cholesky decomposition of the
total density is performed for the active occupied MOs, from which the active
density D is calculated.T#196 The procedure ensures the all active and
inactive orbitals are orthogonal.

Now using Eq. [1.35] the total electronic energy in Eq. can be written as:

E = TrhD# + TrhD?
1 1
+ 5TrDAJ(DA) + 5TrDBJ(DB) + TrD4J(D?)

1 1
— ¢y (§TrDAK(DA) + 5TrDBK(DB) + TrDAK(DB)>

(1= ) [ pmepm)dr+ [ pr)zlpe) dr (1.36)

where the symmetry of J and K matrices have been used. Differently from
MLHF, the latter term is not linear in the densities of the two subsystems.
Therefore such a contribution can not be directly separated in two
contributions that depend on p# and p? only. In order to get a deeper
physico-chemical vision of Eq. [1.36] the last two terms can be written by
using a trivial identity for the exchange-correlation energy density

(gxc =&z + 8c):
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(o™ (1) + P (1)]ewe(p (r) + pP(x)) dr

—

PP (1)ne(p” (1) dr. (1.37)

Substituting Eq. into Eq. and reorganizing the different terms:

E[D4; D?]

where

EAB

non—add —

(1—cp) (

— TrhD* + %TrDAJ(DA) - %chrDAK(DA)

H1-e) [P Oelpt )i+ [P @)
1 1

+ TrhD? + ETrDBJ(DB) - 5cITrDBK(DB)

(- / oB(r)ea(pP (1)) dr + / B(r)eo(pP (1)) dr

+ TrDAJ(D?) — ¢, ' DK (D?)

(- ( / e (0 () dr + / PP (1)en (0 (1)) dr)

+ ( / p(r)ec(p®(r)) dr + / pB(r)Ec(pA(r))dr> + Bron—add

(1.38)

dr—/p(r)é‘x(ﬂ“(r))dr—/p(r)é‘x(pB(r))dr>

))dr — / p(£)ea(p™ (x)) dr — / p(£)ec(p? (1)) dr
(1.39)
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In Eq. the first four lines define the energy of the active and inactive
fragments, whereas the last three lines define the active-inactive interaction,
including non-additive FE,o,_qq¢ term due to the non-linearity of DFT
functionals. Similarly to MLHF, in MLDFT the density of the inactive part
D? (and p®(r)) is kept frozen, acting as an external field on the active
fragment density.
The total DFT Fock matrix is given by:

B =Ty + Jw(D) — ¢ K, (D)

1= ) [ ulrmd+ [ olp)urnmd, (110)

where, v,(p(r)) and v.(p(r)) are the exchange and correlation potential

densities, respectively. By introducing the partitioning in Eq. Eq. [L.40}
Fy = hy + Juu (D) + J,,(DP) — ¢, (K, (D) + K,,,(D"))
(1= ) [l ) + o)) dr
+ [t + o )l dr (141)

By exploiting an identity similar to Eq. for the exchange-correlation
potential density (v, = v, + v.), the last two terms in Eq. become:

/ vre(pa(r) + p5())xu(T) o (x) dr
— [ vucloa®) + o) s )
; / 0P (X)X (D)o (r) dr / Urel(pa (1)) X ()0 (1) e+

I (0 (r) dr — / vrelpBE) () dr . (142)

Reorganizing the terms in Eq. [I.41], the working expression for the MLDFT
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Fock matrix can be obtained:

Fu = hyw
9 +Ju (D) — ¢, K, (DY)
€A
+ [ vee(p™ (1) X (r) X0 (r) dr
(1.43)
0 +Ju(DF) — . K, (D)

+ [ vze(pP (1)) X0 (1) X0 (r) dr
2enon -t {+ [0ep(6)) = v2elp(6)) = vrepP () (6o )

where, the two-electron contributions of A and B fragments and the interaction
term AB are highlighted as 2ex, {X = A, B, AB}. Note that 2ep is a one-
electron contribution being D? (and consequently p®(r)) constant during the
active density optimization.

There are two main advantages of using MLDFT compared to full DFT:

1. in MLDFT, at each cycle, only the active exchange term is to be
computed, because the exchange integral of the inactive fragment,
constant during the optimization, is computed at the first SCF cycle

only.

2. MLDFT SCF procedure can be performed in the MO basis of the
active part only, thus intrinsically reducing the computational time as
previously observed for the MLHF method .

1.4.3. ExTeENsION OF MLHF AND MLDFT To OPEN-SHELL SYSTEMS

In this thesis, the described MLHF and MLDFT are further extended to the
calculation of the electronic structure of open-shell systems. To this end, the
unrestricted formalism is exploited, and the resulting methods are called
unrestricted MLHF (UMLHF) and unrestricted MLDFT (UMLDFT).

The starting point to derive UMLHF /UMLDFT is the expression of the energy

E[D*, D] for open-shell systems in the unrestricted formalism:
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E[D*, D] = E[D*] + E[D”]

= TrhD* + %TrDO‘J(DO‘ + D?)
1 (0% (0%
— ¢ (§TrD K(D ))
(1= c) [ o weddp(e)r
+ / p(r)ecp(r)]dr (1.44)
+ TrhD” + %TrDBJ(Da + D7)
1
— ¢y (iTrDﬁK(Dﬁ))
+(1-0) [ P edp(e)dr
+ [ Pwelpe)ar

E[D%, D] is split into two terms, E* and E”, which refer to o and 3 spin. The
D7 are spin density matrices (with o = «, ), h is the one-electron operator,
and J and K are Coulomb and exchange matrices, respectively. Equation
is formulated for a generic DFT functional, where p?(r) are spin DFT density
functions and ¢,, €, indicate exchange and correlation energy densities per unit
particle. The UHF equations can easily be recovered by imposing ¢, = 1 and
€. = 0. The total density matrix D can be obtained from « and /3 spin density
matrices as D = D + D7,

Similarly to the closed shell case,**#1%3 unrestricted MLHF/MLDFT are
formulated by separating the total system into active (A) and inactive (B)
parts. From a mathematical point of view, the separation is performed by
decomposing spin-density matrices into active D9 and inactive D¢

contributions:

D =D3+Dj = )=

A
D°=D+D} = Pr)=,%0)+ pl(r) (1.45)

A similar partitioning applies to DFT spin density functions (p*(r), p°(r)).
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Note that in general D% # Di, {X = A, B}. By substituting Eq. into
Eq. [5.1} we obtain:

E[D%, D%, D, D}] = E[D}, D3] + E[D), D]

(1.46)
where E[DS, D] ({o = a, §}) is given by
E[D}, D3] =
o TrhD9 + ;TrD3J(D )
A
CJ:TYDZK (D%) + pr )€ze(pa(r))dr
L | 1D+ TIDEI(D)
B
—1e, 'IDEK(DE) + [ p%(r)ese(pp(r))dr
(1.47)
7 +TrD%J(Dy) — ¢, Tt D K(D%)
int
_'_fPA )€ze(pp(r))dr + pr )eze(pa(r))dr
, {+pr . sm<p<r>>dr
Enon add

— [ 0 @)sclpa(0)dr — [ p7(r)ere(pp(r))dr

In Eq. , gc+ (1 —¢,)e, is substituted by e,. to make the notation compact,
and energy terms are separated into active and inactive contributions (£ ).
Also, the coupling terms are divided into a purely interaction energy term,

EO’

ints which originates from the non

and a non-additive contribution E7 ...
linearity of €, and e.. It is worth noting that the non-additive energy terms
vanish for UMLHF. As expected, the partitioning of the different terms in
Eq. is coherent with the MLDFT formulation for closed shell systems (see
Ref 192),

As already discussed in the Introduction, the energy of the active fragment A
is optimized while the inactive density B is kept fixed to the value resulting
from the partitioning in Eq. Therefore, the UMLHF/MLDFT spin-Fock
matrix (F7,, in the AO basis {x,}) can easily be recovered by differentiating

the energy in Eq. with respect to the active density (D%, p%), i.e.:
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Fy =
2, +Ju(Da) — 2K, (D)
+ [ 0Z(p(r))xu(r)x0 () dr
geq ) HIu (D) = oK (D) (1.48)
+ [0 (pP (1) xu(r)x0 (r) dr
20 + [[02e(p(r)) = v7.(p* (1)) — vg.(p" (r))]

Xu(r)xy(r) dr

where we have used the compact notation v, = (1 — ¢;)v, + v.. The two-
electron contributions to the Fock matrix can be are grouped into different
2ex terms, with X = A, B. 2e7 . ... is due to the non-linearity in the DF'T
functional, and again vanishes for UMLHF. Finally, note that 2e% accounts for
the frozen fragment, of which the density (Dg, p?(r)) does not change along
SCF cycles. Therefore, 2e% is a constant one-electron contribution, which

is computed only once, at the beginning of the SCF procedure, similarly to
MLHF /MLDFT 192123

1.4.4. COUPLING WITH AN OUTER LAYER DESCRIBED WITH

MM FORCE FIELDS

The UMLHF(UMLDEFT) can be coupled to an additional MM(FQ) layer. To

this end, we introduce the total energy of the system:

&= EUMLHF(DFT) + Env + EglIE/ILHF(DFT)/MM ) (1-49)

where Eynpurprr) is given in Eq. , whereas E)yrs and E%&LHF(DFT) /MM
are MM and UMLHF(DFT)/MM interaction energies, respectively.

Electrostatic and polarizable QM/MM embedding differ from the way the
interaction energy is specified (in our case E%?IEALHF(DFT) /MM); electrostatic
embedding approaches limit the description to electrostatic forces only,
whereas mutual QM /MM polarization is modelled in polarizable embedding
approaches.®%? In particular, non-polarizable embedding methods place fixed

charges on MM atoms, which polarize the QM density. Different polarizable
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QM/MM approaches exist;PWoSEBL2NSLI203200 5 - this work we exploit
QM /Fluctuating Charges (FQ),%#<%% where each MM atom is assigned an
atomic electronegativity (y) and chemical hardness (n), which give rise to
electric charges (q) as a response to the atomic chemical potential P#021227154
Therefore, for both mnon-polarizable UMLHF(DFT)/MM or polarizable
UMLHF(DFT)/FQ, the UMLHF (DFT)/MM interaction energy can be

written as follows:
UMLHF(DFT)/ MM = Z% V;(D* + D) | (1.50)

where V;(D® + D”) is the electric potential generated by the total QM spin-
density (i.e. both active and inactive contributions) on the i—th charge (¢;). In
the case of non-polarizable QM /MM, ¢; values are fixed, whereas in QM/FQ

they are obtained by minimizing the following energy expression:

g[ j7 Diu D%u D%? q, A] = EUMLHF(DFT) [Di) D%’]
+ EuMLHF(DFT) [Dfp D%]

1
+ QqAMqA +qiCo

+qlV(D* + DP), (1.51)

where Eymparmrr) (D%, D] and Eymparorer) [Dg,Dg] due to the total a-
and [ spin-densities, respectively. In Eq. [1.51] q) indicates a vector
collecting FQ charges and a set of Lagrangian multipliers, which ensure
charge conservation on each fragment composing the MM layer (e.g. on each
solvent molecules for solvated systems). The M matrix is the interaction
kernel between the FQ charges, which also contains the Lagrangian blocks,
and the vector Cg accounts for the interaction between permanent moments,
i.e. x and charge constraints ¢ on each FQ moiety. The FQ charges
equilibrated for the UMLHF(DFT)/FQ systems are obtained by minimizing
the energy functional in Eq. This procedure yields the following set of

linear equations:

Mq, = —Cg — V(D* + D) . (1.52)
In parallel, UMLHF(DFT)/MM spin Fock matrices are defined as follows:

FO‘ FO‘ ,UMLHF(DFT) _'_ qu o - (153)
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where FS,’,UMLHF(DFT) is defined in Eq. . As for energy contributions, the
additional QM /MM term is fixed and computed only at the first SCF cycle in
case of non-polarizable QM /MM, whereas it changes in QM/FQ, because FQ
charges depend on QM densities. Therefore, UMLHF(DFT)/FQ contribution
to the Fock matrix needs to be updated at each SCF cycle, thus introducing
mutual polarization effects between UMLHF(DFT) and FQ layers.

1.5. PROPERTIES UNDER INVESTIGATION

In this work, the multiscale models presented in the previous sections have
been applied to different kind of molecular properties, such as: polarizability,
first-hyperpolarizability and the Hyperfine Coupling Constant (hcc) of open

shell systems.

1.5.1. POLARIZABILITY AND FIRST HYPERPOLARIZABILITY

The discipline of nonlinear optics was born in 1875 when John Kerr first
discovered that a material became birefringent when it was placed in an
electric field: the refractive index was different in the directions parallel and
perpendicular to the field.*"® Subsequently, such an effect (and many others)
were understood in terms of the induced polarization which atoms and

molecules sustain in the presence of a static or dynamic (oscillating) electric

ﬁeld 207H221

2w

w AAADAND N
Non-linear
optical medium /! [\ “ H

w

Figure 1.1. Scheme of a non-linear optical phenomenon occurring

under the action of an external electric field.

Under the action of an external field E(t), the dipole moment can be expressed

as a Taylor series:
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1 1
p(t) = aE(t) + 5,3E(t)E(t) + g’yE(t)E(t)E(t) + ... (1.54)
a is the dipole polarizability and governs the linear effect, and 3,7, ..., are

the so-called dipole first, second, ..., hyperpolarizabilities, describing non-linear
phenomena. Note that such quantities are generally n-elements tensors.
From the QM point of view, a general external electric field is usually seen as

an external perturbation associated to a specific frequency:

H=H,+V(t),

(1.55)
V(t) = —p - E(t)e,

where Hj is the molecular Hamiltonian, p is the dipole moment and € is an
infinitesimal contribution that lead V() to zero for t — —oo. To find a solution
for the described problem, it is necessary consider V' (¢) as a small perturbation
and apply the time-dependent perturbation theory. In this framework the N-th

order wave function is:
[TV (1) =Y dye i n) (1.56)

The expectation value of dipole moment can be written as a sum of perturbed

dipole moments

(W) ulTE) = (0)° + ()" + () + ..., (1.57)

where the perturbed dipole moments are obtained as expectation values of the

proper perturbed wavefunctions:
()" = (0]u0)
(1) = (0[O + (] 9, (1.58)
()" = (WO W) + (W[ W) 4 (W] OO)

where |0) is the eigenvector of the time-independent molecular Schrodinger

equation, whereas the zero-order, first-order and second-order wave function
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expressions are:

|\I/0> _ e—iEgt/h |O>

0 (1) = %Z (mlpl0) B

ei(wmo —w1 )teet
Wmo — W1 — 1€
Z Z (m|pin) (n|p;|0) BB
T R2 (Wmo — w1 — W — 12€) (Wpp — W — i€)

wiws n

ez(wmo —w1—wa )teQet

(1.59)

where E#! is the i-component of oscillating electric field at w; frequency.

POLARIZABILITY

The first-order polarization is obtained from <p>l expression by including the

zero-order as well as the first-order correction to the wavefunction:

(); = @Olule") + (W' |ulo®)
_Z Z (Olpaln) (lp10)  {Olpgln) (rlps|0)

Wno — Wy — 1€ Wpo — Wy + 1€
where it has been assumed that [E“'|* = E~“1. By a direct comparison with

EqJ1.54, the QM formula for the linear dipole polarizability can be identify as:

E;qe—iwlteet. (160)

g 5(— (1.61)

OznnJO Olpej|n) (n|ps0
hzl palr) (lpsl0) , (Olpsglm) (ol 0)

Wpo — Wy — 1€ Wno + wy + 1€

It is clear that such a formula can be used directly as it stands for practical
computations of the optical polarization once the excitation energies and
transition moments of the system are known. For the two terms in the
sum-over-states expression in Eq. that involve the ground state (n = 0),
the transition frequency wyo is null. The two terms are of opposite sign and
therefore cancel out. The positive infinitesimal € has been added in the
perturbation not only to avoid singularities or divergence in the
time-integration step of the expansion coefficients d,, above but also to avoid
divergences in the linear response function itself. The imaginary term in the
denominator of Eq. can safely be neglected in the calculation of a(—w;w)
for external frequencies far from the excitation energies of the molecular

system. Since the set of eigenstates |n) can be chosen as real, without loss of
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generality, the linear response function is real in the non-resonant region.

The working formula will in this case take the form:

) = %Z Olpiln) nlpil0)  {Olps|m) (nlpail O)

Qo p(—w;w
Wno — W1 Wno + w1

(1.62)
n#£0

FIRST HYPERPOLARIZABILITY

The explicit formula for the linear polarizability is identified from the linear
polarization. In the same way, the corresponding formula for the first
hyperpolarizability can be derived from the second-order polarization
equation. The starting point is the <u>2 expression presented above m By
inserting the first-order (¢') and the second-order (¢?) correction to the

wavefunction, three terms can be recognized:

(W lulv?) =
s 1 3 (Olpalnd Cnlpssp) (Plkl0) B ER® ity e
“— h? - (Wno — w1 — wo — 12€) (wpo — wo — i€)
(W uly') =
_ Z Z (O[pes[n) (nlpilp) (plpx|0) £ B3 i)t 2t
= (Wno + w1 + 1€)(wpo — wo — T€)
(W?|uly®) =
_ Z i Z (O] per|m) {n|ps]p) (plsl0) E;JIEI:UQ p—ilwrtwa)t 2et
~ h? - (Wno + w1 + wa + 1€) (wpo + w2 + t€) ’

(1.63)

where, again, [E¥]* = E~“ equality has been adopted. Considering that j
and k are merely summation indices, by the use of the Einstein summation
convention, Eqgs. [1.63] can be forced to be intrinsically symmetric without
altering the physical polarization operating with % > Py » which performs the
summation of terms obtained by permuting the pairs (j,w;) and (k,ws). By

introducing the operator P;,, which permutes the couples (j,w;) and (k, ws),
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the second-order polarization becomes:

(1)* = @Plule®) + (W' ulp") + (| ule®)
_ 1 1 (O]pi|n) (nlp;lp) (plpkl0)
T2 Z h2 ZP1’2 Z [(wno — w1 — wy — 12€) (wpo — wa — 1€)

wiw? np

(015|n) (n)ui|p) (plpe0) (1.64)

(Wno + w1 + 1€) (wpy — wa — i€)

(Ol e |p) (plpj|n) (n]pil0)
(wn[) + wp + wy + 226) (wp(] + wy + 26)

E}n E:QG_l(wl—'—wQ)teQd

and, by comparison with Eq[l.54 the expression for the first
hyperpolarizability can be identified as:

Bapy(—woi wi,wz) = %Z P2y [ (Olpaif) {nlpa; p) {pleel0)

- (Wno — Wo — 12€) (Wyo — wo — i€)

(0]11n) (n|pslp) (plpx0)
(wnO +wi + iE) (wpo — Wy — iE) (165)

(Olpr|p) (plpjIn) (n|pl0)
(Wno + Wy + 12€) (Wyo + wa + i€)

Analogously with the linear response, if all incidental frequencies (wy,ws) are
non-resonant then the first hyperpolarizability will be real, which is
equivalent to associate € = 0 in Eq[I.65] Therefore, the expression for the first
hyperpolarizability can be written in a more compact form:

B (o 01, 02) = %ZP—am 3 Olpilm) (nlplp) {plres|0) (1.66)

np (Wn() - wa)(wpo - W2)

where P_, 5 denote the sum of the six terms one gets by permuting pairs of
(1, —ws), (J,w1) and (k,ws). Similarly to polarizability, we can split Eq{l.66

as:

0 i|TV) A1) kO
Z<\u|><!u|p>(plu\>

1
o —Wg; W1, = 5 P,
Fanl i) = g 2 Pz 2 e -

np7#0
s <0!ui!_02J<(()|uj p) (p!)/%\())

p#0 o \Wpo — W2
43 Olslr) (nlpslp) (Ol ) (1.67)

(wnO - WU)WQ

n#0
(Ol 0) (01510} <owk|o>] |

WeWs

30



PROPERTIES UNDER INVESTIGATION 1.5

where . . .
= — (1.68)

WeW9 [FO5Y9%)) WeW1

cancels all the permutations presented in Eq[I.67} Finally, by interchanging
1, —w, and j,w; in the second term and k,w, and j,w; in the last contribution
of Eq. [1.67] the expression of first hyperpolarizability can be rewritten in a

compact way as:

Bagn(—wo3 wi, ws) = %ZP_UJ,LQ s sln) {nlpsle) leel0) ) )

n,p#0 (WnO - wa)(wpo - WZ)

where i = p — (0|u|0) is the fluctuation dipole moment.

BORN OPPENHEIMER APPROXIMATION

In this work, all calculations of nonlinear optical vibrational phenomena have
been carried out within the framework of the Born-Oppenheimer (BO)
approximation.#4223 Within the BO approximation, molecular polarizability
and first hyperpolarizability (both static and frequency-dependent) can be
split in three different terms: the purely electronic contribution of the
molecule at equilibrium geometry, the pure vibrational correction and the
zero-point vibrational correction.??4227 The BO approximation is based on
the assumption that the motions of nuclei and electrons can be treated
separately, and so their wavefunctions. This is a physically-based
approximation, considering that nuclei are heavier than electrons. By
assuming that the complete set of vibronic product states can be considered
as the exact states of the molecular systems, the polarizability (a(—w;w))

can be written ag?442 220

ap—wi) =+ 3 [<070‘m|fﬂk> (k, K[110,0)

h Wk — W
FORAO (1.70)

WirE+w ’

where K runs over electronic states, whereas k runs over vibrational one. hwg g
indicates the energy difference between the K, k and 0,0 vibronic states. To
simplify Eq[I.70] we consider that the energies involved in electronic transitions

are much larger than those involved in vibrational excitations. Thus, wg , ~
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wg 0. By then splitting the sum in EqJ1.70|in electronic and nuclear excitations,

we obtain:
Qp(—wiw) =
:}Z (0| Ol ) (Kps10) - (Ol | K) (K] s 0) 0)
h = WKo — W WKo + w (1.71)
L1 > 0[5 1) (K3 0\0) (015" 1%) (K| 13°]0)
h = Wro — W Wro + w ’
where p% = (0|u|0). The last two terms represent the pure vibrational
contribution.?"*2 The former term in EqJ1.70| is the corresponding

electronic contribution to the polarizability averaged over the ground
vibrational state. The latter contribution is usually divided into two terms,
one corresponding to the purely electronic contribution as obtained at the
equilibrium geometry, and one arising from the averaging of the polarizability
over the vibrational ground state. Such a term is referred to as the zero-point
vibrational averaging correction to the polarizability.

To conclude, under the BO approximation, both the total molecular
polarizability and first hyperpolarizability are expressed as a sum of the three

aforementioned contributions:
a=a+APa+a’
B= 0+ AT 4

where eq is the electronic contribution to the property calculated at the

(1.72)

equilibrium geometry of the molecule, AZ?F the zero-point vibrational
averaging contribution, and v the pure vibrational contribution.

The largest contribution to the total property is the electronic term (a“? or
[¢9), and generally, both the pure vibrational and the zero-point corrections
are neglected, although they may also play an important role when
comparing computed data with experiments.*** Therefore, in the following,
we focus on the computational techniques exploited to obtain the a® and
5. In  particular, in  this  thesis, polarizabilities  and
first-Hyperpolarizabilities of selected organic dyes dissolved in aqueous
solutions have been calculated. To this end, QM/FQ and QM/FQFu
approaches coupled to the quantum-Pauli Repulsion method described above

have been exploited.13
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By resorting to an SCF description of the QM portion, the two investigated
properties have been obtained by exploiting the response theory formalism,
because sum-over-state expressions are practically unfeasible from the
computational point of view. In this framework, dynamic polarizability
(a(—w;w)) and first hyperpolarizability (f(—2w;w,w)) are calculated

a5 2281229

a(—w;w) = TrpuPW

(1.73)
B(—2w; w,w) = 2TruP®@

where p is the electric dipole moment integral matrix and P and P® are
the first and second-order perturbed density matrices respectively. A generic
second-order density matrix is obtained by solving perturbed equations up to
the second order; however, when only one dynamic perturbation is involved,
it is possible to avoid the solution of the second-order coupled perturbed
equations by using an iterative procedure to reconstruct the density
matrix.223230 Thus, only the first-order perturbed density matrix PM is
constructed, by resorting to linear response theory and by solving the
first-order CPHF /CPKS equations."™

To calculate the first order perturbed density matrices, the first-order Coupled
Perturbed Hartree-Fock or Kohn-Sham (CPHF-CPKS) equations need to be

solved:
(i& {3)_‘”(1 0)]<X>:_<QX) L
B* A* 0 -1 Y Qy

where, 1 is the identity matrix, (X,Y) is the linear response vector (from

which the perturbed density matrix is computed) and (Qx,Qy) is the
perturbed gradient vector. A and B matrices are defined, in a general
DFT/MM framework, as:%

Aging = (€0 — €)0apbi; + (ailbj) aibj T Cffé‘f

Bai,bj = (al|bj) + Cé\;{l])\]d

(1.75)

where (ai|bj) are two Coulomb integrals and e are the molecular orbital
energies, and f*¢ is the DFT XC contribution. CMM instead defined the
QM/MM contribution, and its expression depends on the exploited

embedding method, and it is different from zero for polarizable embedding
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models only. For QM/FQ, it reads: %%

Cuh = Z( i fba(r)#@(r)dr) abon ), (170

D r— 1,

where ¢5 are the perturbed fluctuating charges adjusted to the transition
density P% = Xy + Yg. For QM/FQFp an extra term due to the presence

of fluctuating dipoles appears in CM# 232

Nq
Cﬂfij :Z ( » %(1‘)’;@(1“)011“) - qp (v, 1)

- r—r
- Z ( |r — llqz( )d ) (90, 60).

Perturbed charges (¢7) and perturbed dipoles (u!) are obtained trough the

(1.77)

system of equations:

T 1, T qa ~V(P})
i1 o0 o A= 0 (1.78)
't o e M E(Pﬁ),
where
Pg) =
VPR =~ X Pha [ onli o potedr
) (1.79)
E(P%) =
( Kaz/ ¢a ’I‘—I‘ |3¢1( )

The right hand side of Eq[1.7§| contains both the electric potential and field
due to the perturbed density matrix P%. Once CPHF/KS equations are
solved, a(—w;w) and B(—2w;w,w) can be calculated. The electrostatic terms
in QM/FQ and QM/FQF p, affect response properties both directly, through
explicit terms in Eq[1.75 and by altering molecular orbitals. As a contrary,
the QM/MM Pauli repulsion term instead gives no explicit, direct
contribution, thus it is affecting the molecular properties only indirectly, i.e.
by modifying the Molecular Orbitals (MOs) of the QM portion; however it is
is worth remarking that the impact of QM/MM Pauli repulsion on the QM

MOs can be crucial .3
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1.5.2. HYPERFINE COUPLING CONSTANT

EPR spectroscopy has emerged as the most effective technique to detect and
characterize  organic free radicals in different conditions and

environments,233:234

To effectively simulate such a property, the spin
Hamiltonian, which describes the interaction between the electron spin (S)

and an external magnetic field (B) is usually introduced:

— — ]_ —
Hs=ugS-g-B+—S-A-j (1.80)
hyr

where 1 5S- g- B is the Zeeman interaction between the electron spin and the
external magnetic field. Such a contribution is written in terms of the Bohr
magneton pp and g = gels + Ageorr (ge = 2.0022319). Ageorr is a correction
introduced to take into account the relativistic mass (Aggas), the gauge first-
order corrections (Agc) and a term arising from the coupling of the orbital
Zeeman (OZ) and the spin-—orbit coupling (SOC) operator.%*4% Finally, the
hyperfine interaction between S and the nuclear spin I is defined in terms of
the the hyperfine coupling tensor A (last term in Eq. Such a tensor

defined for each nucleus X can be written as:

A(X) = Ax1s + Agp(X) (1.81)

where Ag;p(X) is the dipolar term (a zero-trace tensor). Interestingly,
A4ip(X) = 0 in isotropic media (e.g. solutions). Ax is the Fermi-contact
interaction, an isotropic contribution also known as hyperfine coupling
constant (hcc). Its expression is given in terms of the spin density (px) at

nucleus X:

47

Ax = 5 HBIXJedx (St p? (1.82)
where p% 7 can be obtained as:
=D B ()]s — rx) b (1)) (1.83)

%

P25 is the difference between o and /3 density matrices. In this framework,
hces have been evaluated by exploiting UMLHE and UMLDFT, as coupled
with an additional layer treated at the MM level. Obviously, the
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UMLHF(DFT) hces are computed for the active part only. Thus, the
difference between a and [ density matrices in Eq. only refers to active

spin-density matrices.
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CHAPTER 2

OVERVIEW OF THE ATTACHED PAPERS

In Paper 1, a computational study of polarizabilities and first
hyperpolarizabilities of different organic acids in aqueous solutions is
reported. In particular, we focus on solute-water interactions, and how they
affect solute’s linear and non-linear electric response properties. To this end,
the polarizable QM/FQ and QM/FQFu approaches are used. In particular,
as amply explained in the previous Chapter, both charges and dipoles
dynamically respond to the solute’s QM electron density, and viceversa, thus
introducing mutual polarization effects. In addition, we also considered
quantum confinement effects treated by endowing solvent molecules with a
parametric electron density, which exerts Pauli repulsion forces upon the
solute. Through the application and testing on a set of aromatic molecules in
solution we show that, for both polarizabilities and first hyperpolarizabilities,
the resulting values arise from a delicate balance between electrostatics,
hydrogen-bonding, and non-electrostatic solute solvent interactions.

Paper 2 introduces a novel density matrix-based multilevel approach within
the framework of density functional theory (DFT). In the resulting multilevel
DFT, the system is partitioned into an active and an inactive fragment, and
all interactions between the two parts are retained at the DFT level. In
particular, electrostatics, polarization and Pauli repulsion interactions are
quantum-mechanically described. Thus, differently from the method
proposed in Paper 1, there is no need of specific parametrization (for y, n

(and «) for FQ(Fu)). The partitioning of the total system into the two parts
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is performed upon the density matrix, differently from alternative quantum
embedding approaches based on DFT, such as FDE. The orthogonality
between the two parts is maintained by solving the Kohn-Sham equations in
the MO basis for the active part only, while keeping the inactive density
matrix frozen. This results in intrinsic reduction of the computational cost.
To show the quality of the proposed method, application to aqueous
solutions of methyloxirane and glycidol is proposed.

In Paper 3 a novel multiscale approach is presented, which can describe the
electronic structure of open-shell molecular systems embedded in the external
environment. This method is based on the coupling of multilevel Hartree-Fock
(MLHF) and Density Functional Theory (MLDFT), suitably extended to the
unrestricted formalism, to Molecular Mechanics (MM) force fields (FF). As
for its restricted counterpart (MLDFT), the system is divided into active and
inactive parts, thus describing the most relevant interactions (electrostatic,
polarization and Pauli repulsion) at the quantum level. The partitioning isin
this case performed upon the a and 3 density matrices, and orthogonality is
maintained within each spin-density. The Kohn-Sham equations are solved
in the MO basis for the active part only, while keeping the inactive o and 3
density matrices frozen. A surrounding MM part, which is formulated in terms
of non-polarizable or polarizable FQ, is included. The polarizable FQ part in
this case responds to the whole density of the UMLDEFT portion, i.e. active +
inactive densities. In this way, a physically consistent treatment of long-range
electrostatics and polarization effects is introduced. Finally, the approach is
extended to the calculation of hyperfine coupling constants of nitroxyl radicals
in aqueous solution, which are used as spin-probes in many applications due

to their highly sensitivity to the external environment.
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CHAPTER 3

CALCULATION OF LINEAR AND
NON-LINEAR ELECTRIC RESPONSE
PROPERTIES OF SYSTEMS IN AQUEOUS
SOLUTION: A POLARIZABLE
QUANTUM /CLASSICAL APPROACH WITH
QUANTUM REPULSION EFFECTS
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ABSTRACT: We present a computational study of polarizabilities and hyper-
polarizabilities of organic molecules in aqueous solutions, focusing on solute—water
interactions and the way they affect a molecule’s linear and non-linear electric
response properties. We employ a polarizable quantum mechanics/molecular
mechanics (QM/MM) computational model that treats the solute at the QM level
while the solvent is treated classically using a force field that includes polarizable
charges and dipoles, which dynamically respond to the solute’s quantum-mechanical
electron density. Quantum confinement effects are also treated by means of a

B(-20;m,0)

Pauli Repulsion

recently implemented method that endows solvent molecules with a parametric
electron density, which exerts Pauli repulsion forces upon the solute. By applying the
method to a set of aromatic molecules in solution we show that, for both polarizabilities and first hyperpolarizabilities, observed
solution values are the result of a delicate balance between electrostatics, hydrogen-bonding, and non-electrostatic solute solvent

interactions.

B INTRODUCTION

The investigation of non-linear optical properties of molecular
systems has for long been of particular interest owing to the
peculiar optical behavior of materials that possess a high non-
linear response, which have found applications in fields such as
signal processing and telecommunications." In parallel with
experimental advances, a significant amount of effort has been
devoted to the development of computational protocols to aid
in both predicting and rationalizing the non-linear optical
response a molecule or material in the condensed phase.

In fact, the problem of accurately simulating electric
response properties of molecular systems in solution has
been the object of many studies over the years, with research
effort focusing on increasing the accuracy of the quantum
mechanics (QM) methods employed for the simulation of the
light—matter interaction, which is at the origin of the response,
as well as investigating different strategies to incorporate
environmental effects into the calculation, particularly in the
case of molecules in liquid solutions.”™”

Ab initio calculations typically rely on a choice of a model to
treat electron-correlation effects coupled to a suitable basis set,
and different levels of theory have been explored in the
literature.'°~>* The electronic component alone is sometimes
not enough to properly reproduce both the linear and non-
linear optical response of molecules, and vibrational effects can
be quite relevant. Several studies have delved into this problem
and offered computationally efficient solutions.>**™>” When it
comes to the modeling of environmental properties, the
literature has mostly focused on ways to model the purely

© 2020 American Chemical Society

WACS Publications

electrostatic component of the solute—solvent interaction,
both to produce general solvation models, and as it pertains to
the calculation of linear and non-linear optical properties
themselves.”*™°

Because electrostatic interactions are long-range, an atom-
istic description of the solvent that properly accounts for the
effect upon the solute has to include a large number of
molecules. This fact, combined with the large configurational
space of the solute—solvent system that should be sampled,
makes a fully quantum-mechanical description computationally
prohibitive. Mixed quantum-classical focused models that treat
the solute quantum-mechanically while resorting to a classical
description of the solvent, which can be treated as either a
continuum or by preserving the atomistic detail and describing
the latter using molecular mechanics (MM) models, are a
suitable alternative.**™*° In the most basic formulation, QM/
MM models only account for the electrostatic solute—solvent
interaction, modeling the solvent by means of fixed charges.”’
However, solvent polarization effects are crucial, especially if
one is interested in linear and non-linear optical proper-
ties,*™*° because otherwise the solvent remains insensitive to
the polarization effects induced upon the molecule by the
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probing electric field. Polarizable embedding methods establish
a mutual polarization between the QM solute and its
environment, and the solute—solvent interactions directly
affect the former’s response properties. ' ~*46~%’

In recent years, we have implemented a polarizable QM/
MM method that endows solvent atoms with charges (FQ)
and possibly dipoles (Fu) that are allowed to fluctuate in
response to the solute’s electrostatic potential.>****°! We
have shown how the model can have tremendous success in
describing a wide array of spectroscopic properties of
molecules in water, a highly polar solvent that can form
hydrogen bonds with the solute. The properties we have
studied include Raman spectroscopy and Raman optical
activity,** electronic and vibrational absorption and circular
dichroism,”>*® two-photon absorption,”” optical rotation,”®*’
and electronic paramagnetic resonance.”” The model describes
electrostatic interactions through its fluctuating charges and
dipoles that dynamically respond to changes in the solute’s
electronic density and has recently been extended to the
treatment of non-electrostatic dispersion and repulsion
effects.”* %> These effects can be critical in determinin§ linear
and non-linear electronic properties of a system.”> The
quantum repulsion exerted by the solvent upon the solute’s
electron density, in particular, has the effect of confining it
within the cavity occupied by the solute and is therefore
expected to reduce the latter’s polarizability and hyper-
polarizability. Commonly employed solvation models, includ-
ing the popular polarizable continuum model (PCM)** only
account for solute—solvent electrostatics and therefore are
missing any confinement effect due to repulsion forces. Note
that alternative embedding methods that treat some solvent
molecules quantum-mechanically can include repulsion effects
naturally through the quantum treatment. These methods
often include a classical solvent layer, resulting in a QM/QM/
MM paradigm. The QM/FQ and related paradigms, however,
find their strength in being “focused” models, where only the
properties of the solute and solute—solvent interactions are
accurately treated, while the properties of the solvent itself are
not of interest, which helps limit the computational cost.

For these reasons, electrostatic, polarization, and quantum
repulsion effects are all expected to be particularly relevant in
the case of non-linear electric response properties, and it is
therefore worth exploring the importance of these effects on
model systems, both to confirm these intuitions and highlight
the shortcomings in standard calculations based on environ-
mental models, which often neglect one or more of these
effects, as well as the magnitude of the errors that would be
committed. To this end, we show how different solvation
forces contribute to the overall linear and non-linear optical
response on a set of six aromatic molecules in solution by
employing different electrostatic models based on the QM/
FQ(Fu) paradigm, further enriched by the inclusion of
repulsion forces. This is the first time this solvation model is
applied to non-linear optical response properties. We show
that repulsion forces can indeed be just as important, if not
even more so, to the determination of a solute’s (hyper)-
polarizability as electrostatic interactions, even for a solvent as
polar as water. In the next section, the theoretical model is
briefly recalled in its various components followed by a
description of the computational protocol and the analysis of
the results. A summary of the work and future perspectives
conclude the manuscript.

6994

B THEORETICAL BACKGROUND

Molecular polarizabilities and hyperpolarizabilities can be
related to the microscopic response of a molecular system to
an external electric field E(t), represented by an induced dipole
moment ﬂ(t):
1, _ L
E(t) = —(Ee™™ + E*e™
(0 =1 ) "

@

where  is the frequency of the monochromatic incident light,
and E is the complex constant amplitude of the field. The
Fourier amplitude in eq 2 can be rewritten as a Taylor
expansion with respect to the external electric field** In
particular, second harmonic generation (SHG), ie., the
generation of a photon at 2@ as a result of the interaction
with an incident @ photon reads:**

u(t) = p° + p”cos(wt) + p*” cos(Qwt) + A

20 1 RO
n 4ﬂ( 2w; w, w): E”E 3)

The first hyperpolarizability f is a third-rank tensor that can
be described by a 3 X 3 X 3 matrix, whose 27 components are
not independent and can be reduced assuming Kleinman’s
symmetry.65

By exploiting the response theory formalism, the first-order
hyperpolarizability f(—2w; @, @) can be calculated as®®’

B(—20; w, ) = 2 tr uP? 4)

where p is the electric dipole moment integral matrix and P®
is the second-order density matrix. A generic second-order
density matrix is obtained by solving perturbed equations up to
the second order; however, when only one dynamic
perturbation is involved, it is possible to avoid the solution
of the second-order coupled perturbed equations by using an
iterative procedure to reconstruct the density matrix.*°~%"

Hyperpolarizabilities produced by QM calculations are
three-indices tensor quantities. Any meaningful comparison
between calculated and experimental data must refer to certain
rotational invariants that can be obtained from the full tensor,
depending on the specifics of the experimental setup one
wishes to reproduce. In this work, we compare our results with
those obtained from hyper-Rayleigh scattering (HRS)**”°
experiments presented in ref 71. In that work, a comparison
between computed and experimental results was done by
referring to the following quantity:

=3

2 (B + B + B)
k (%)

Therefore, we refer to the same quantity for the sake of
comparison between calculated and experimental data, as was
also done in a previous work.”” However, it is worth noticing
that alternative definitions for HRS values have been proposed
in the literature, giving computed results directly comparable
with experimental data.”*”%"?

In the following, within tables and figures, we use the
notation #( — 2w; @, w) in order to emphasize the particular
type of frequency dependence; however, note that the
presented values always refer to eq S.

Molecules in solution interact dynamically with the solvent
through both electrostatic and non-electrostatic forces. The
solute—solvent interaction energy depends on the solute’s

https://dx.doi.org/10.1021/acs.jctc.0c00674
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electronic density, which is affected by the probing electro-
magnetic field. Therefore, an embedding model that seeks to
capture solvation effects upon a measured linear and non-linear
electric response property should take the dynamical aspects of
the mutual solute—solvent interaction into account. In this
work, we employ the fully atomistic QM/FQ and QM/FQFu
models to describe the electrostatic interactions between the
solute and solvent, while resorting a recently implemented
model to account for Pauli repulsion effects, the details of
which are recalled in the following section.

Solvation Model. As explained above, in this work, we are
adopting a multiscale QM/MM approach to describe solvent
effects on a QM solute. In particular, the interaction energy
EiQ‘“M/MM between the QM and MM layers is formulated as

int

Eqm/mm = EQM/MM + EQM/MM + EQbt/mm (6)

where E&&/MM and E&’M/MM are the electrostatic and
polarization contributions, respectively, whereas the last term
Eqfi/mm is the Pauli repulsion, which acts a density
confinement. It is worth remarking that we are not including
any QM/MM dispersion interaction term. Because of the
nature of QM/FQ being a focused model, by neglecting
dispersion effects, the solute electronic density is not allowed
to delocalize toward the solvent. It is however worth remarking
that dispersion plays only a minor role in aqueous solutions,
although eq 6 can be extended to account for such an
interaction,*”**>”* though of course it may be quite relevant
for other solvents.

In order to treat the electrostatic QM/MM coupling, two
different polarizable QM/MM approaches were considered,
namely, QM/FQ*105253575% and QM/FQFu.>**"" In the
former, each atom of the MM portion is endowed with a
charge (g), which can vary in agreement with the electro-
negativity equalization principle (EEP), ie., a charge flow
occurs between two atoms at a different chemical potential. FQ
force field is defined in terms of two atomic parameters,
namely, electronegativity (y) and chemical hardness (17). The
latter (QM/FQFu) is instead a pragmatical extension of FQ, in
which fluctuating atomic dipoles () and ﬂuctuatlng atomic
charges (q) are associated to each MM atom.” Charges values
are defined by the same charge equilibration as FQ, but their
values depend also on the interaction with dipoles. The
peculiarity of FQFu stands in the fact that both FQ’s and Fu’s
vary according to the electric potential and electric field.

In order to model Pauli repulsion, an approach recently
proposed by some of the present authors is used.”* %> There,
each MM molecule is endowed with a set of s-type Gaussian
functions, which mimic the presence of a QM density in the
MM portion (Pauli repulsion interaction is a purely quantum
effect due to Pauli principle). In our approach, the repulsion
energy term is written as the opposite of an exchange
integral:*>7%77

£ / dr, dr,
M/MM =
@ 2 1 (7)

In order to define the density py, we localize fictitious
valence electron pairs for MM molecules in bond and lone pair
regions and represent them by s-Gaussian-type functions. The
expression for pypy becomes

B (t—R? —B.(6.—R)?
pMM(rL' 1'2) = Z fl%e Pal=R) e P(mR)

/)QM(rp '2)/’MM(1'2; 1'1)

®)
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where R runs over the centers of the Gaussian functions used
to represent the fictitious MM electrons. The S and &
parameters are generally different for lone pairs or bond pairs,
their values being adjusted to the specific kind of environment
(MM portion) to be modeled. See ref 61 for their definition in
the case of the water molecule. By substituting eq 8 in eq 7, the
QM/MM repulsion energy reads

3/

[élge’ﬂg(ﬁ’]{) .e*ﬂRGrR) ]

£ dr, dr,
QM /MM —

Pam (l'lr rz)

©)

It is worth noticing that, in this formalism, QM/MM Pauli
repulsion energy is calculated as a two-electron integral.
Equation 9 is general enough to hold for any kind of MM
environment (solvents, proteins, surfaces, etc.). The nature of
the external environments is specified by defining the number
of different electron-pair types and the corresponding # and &
parameters in eq 8. Finally, the formalism is general so that it
can be coupled to any kind of QM/MM approach.

All of the components of this solvation model require a
specific parametrization.

B COMPUTATIONAL DETAILS

For this work, we have selected six organic molecules (Figure
1) from ref 72, for which experimental measurements of their

GO
BE

(6)

Figure 1. Structures of the molecules studied. The green spheres
depicted close to the oxygen atoms represent the virtual sites (VS, vide

infra).

first hyperpolarizability values in aqueous solutions exist.”" All
QM and QM/MM calculations were performed using a locally
modified version of Gaussianl6 co Jgautatlonal chemistry
package’® and employed the B3LYP,”~*' CAM-B3LYP,™
and M06-2X** density functionals in combination with the 6-
311++G(d,p) basis set. Polarizable QM/MM calculations were
performed with the fluctuating charge model (FQ)*****~%
with and without fluctuating dipoles (FQFu).”’ QM/FQ

https://dx.doi.org/10.1021/acs.jctc.0c00674
J. Chem. Theory Comput. 2020, 16, 6993—7004
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MO = 40 (HOMO) % MO = 44
g g ! %o % %
MO = 41 (LUMO) MO = 45

Figure 2. Selected molecule 1 molecular orbitals for a randomly chosen snapshot extracted from the MD simulation. QM/FQFu and QM/

FQFu+rep orbitals and their difference are depicted.

calculations were performed using two distinct parametriza-
tions, the one by Rick et al,**~® which we here denote as FQ*,
and the one by Giovannini et al,** denoted as FQ'.
Hyperpolarizabilities are reported in esu.’” In order to
compute hyperpolarizabilities with the QM/MM methodology
described above, we followed a multistep procedure, which is
here summarized:

1. Geometry optimization of the solute molecules. The
structure of each system was optimized using the CAM-
B3LYP density functional and by including solvent
effects by means of the PCM.**™°

. Calculation of atomic charges and definition of virtual
sites. From the same CAM-B3LYP/PCM calculations on
the optimized structures, we obtained the RESP atomic
chargesgl_93 and locations for the virtual sites (VS),

which model the presence of non-bonding electron

pairs. VS have a fixed position with respect to generating
atoms and allow us to refine the description of
hydrogen-bonding interactions. The positions were

obtained by evaluating the centroids of Boys orbi-
tals.” >

. Classical MD simulations in aqueous solutions. Each
solute molecule was placed in a cubic box and then
surrounded by water molecules under periodic boundary
conditions (PBC). To sample the solute—solvent
configuration space, a classical MD simulation on each
system was run as detailed in ref 72.

. Extraction of snapshots from the MD simulation. From
each MD run, a total of 200 snapshots was extracted to
be used in the QM/MM calculations for each system.
For each snapshot, a solute-centered sphere with radius
of 15 A of explicit water molecules was cut.

. Polarizable QM/MM calculations. The QM/MM
calculations of static and dynamic polarizabilities and
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hyperpolarizabilities were performed on the full set of
structures extracted from the MD. The results obtained
for each spherical snapshot were extracted and averaged
to produce the final value.

B NUMERICAL RESULTS

Effect of Repulsion on the MOs. In this section, we wish
to provide a more in-depth analysis of the effect of quantum
repulsion and how it enters the computational results. As
stated earlier, the addition of quantum repulsion affects the
molecular orbitals (MO) of the system. This change then
propagates to response equations and therefore computed
electric response properties. Changes in the MOs caused by
repulsion can be appreciated by plotting the matrix J that
relates one set of MOs into the other:

J=C._sC

rep® “norep

(10)

where C,, is the MO coefficient matrix calculated at the QM/
FQFu level with Pauli repulsion, $ is the atomic orbital overlap
matrix, and Cy,q, is the MO matrix calculated at the same level
without Pauli repulsion.

We performed this analysis for a randomly selected snapshot
of the molecule 1, and the result can be seen in Figure 3 where
higher absolute values are represented by a darker square. As
expected, occupied orbitals remain mostly unaffected, though
this is not true in general (in particular for MO = 34 and MO =
35, which change somewhat, see Figure 2). Many virtual
orbitals are instead mixed up, as is evident from Figure 3 and
Figure 2. The latter figure shows isovalue plots of selected
MOs with and without repulsion as well as the difference in the
squared MOs to help visualize the regions of space where
changes are most pronounced. In fact, the J matrix becomes so
sparse in the block involving the first 100 virtual orbitals that it

https://dx.doi.org/10.1021/acs.jctc.0c00674
J. Chem. Theory Comput. 2020, 16, 6993—7004



Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

QM/FQFu+rep

101 151 201 251

51

101

151

QM/FQFu

\

201

AN

251

Figure 3. J matrix of a randomly snapshot extract from MD
simulation (see eq 10)

is barely visible in the figure. This is true up to a point, with
very high energy orbitals remaining unaltered.

It is worth investigating whether these changes how much
these changes actually affect the density derivatives since they
are what actually gives the hyperpolarizabilities according to eq
4. Given the large number of components, we only look at
derivatives along the z component of the electric field.
Derivatives with respect to the other components can be
found in the Supporting Information. The first-order density
derivative PY) (with respect to an electric perturbation along
the z direction) is non-zero only in the occupied-virtual block.
The difference between the two blocks (with and without

repulsion) is shown on the left panel in Figure 4. Indeed, while
differences are generally negligible, some deviations are
observed, particularly in the blocks corresponding to the
lowest-energy virtual orbitals that are most affected by
repulsion. The same analysis can be carried out for the density
second derivative P, but this time only the occupied-
occupied and virtual-virtual blocks are non-zero. Components
belonging to higher energy occupied orbitals show a marked
difference, while for virtual orbitals, we can draw a similar
conclusion as for P, whereupon only the block involving
virtual orbitals that are actually affected by repulsion
propagates to density derivatives.

Polarizability. We begin our investigation by studying the
effect of water on static and dynamic polarizabilities.

Figure S reports the computed values for both the static a(0;
0) and dynamic a( — w; ) polarizability, evaluated with three
different DFT functionals for the isolated and solvated
molecules, with and without considering quantum repulsion
effects. We start by looking at how a change in the underlying
electronic structure model, i.e., the chosen density functional,
affects the results, in order to verify that conclusions about
solvation effects are consistent and do not depend too much
on the functional. It can be immediately seen that the dynamic
polarizabilities are substantially higher by about 1.7 units,
compared with the static values (see the Supporting
Information for tables reporting the numerical values).
Solvation electrostatics leads to a significant and uniform
increase in the polarizability values for all systems, and the
magnitude is rather uniform among the three functionals. It
should be noted that the inclusion of repulsion effects into the
calculation brings about a significant decrease in the property,
by about 8%, and this decrease is actually quite consistent and
varies very little among the molecules. Nor are repulsion effects
particularly affected by a change in DFT functional, even with
the addition of a long-range correction as in CAM-B3LYP.
This is not surprising since repulsion effects as modeled in this
work directly influence the ground-state density of each

1 51 101 151 201 251

1

51

101

151

201

251

p()

rep—norep

I 51 101 151 201 251

1

51

101

151

201

251

p®

rep—norep

Figure 4. Difference between the density matrix derivatives with and without Pauli repulsion of a randomly snapshot of molecule 1 extracted from
MD simulation. The first derivative P(!) is on the left panel, and the second derivative P is on the right panel. Derivatives are taken with respect to

the z component of the electric field.
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Figure S. Static (left) and dynamic (right) polarizabilities of molecules 1—6 evaluated at 1064 nm in vacuo and in solution (with and without
repulsion effects) with three different density functionals: M06-2X (top), B3LYP (middle), and CAM-B3LYP (bottom).

Polarizability (cm®mol)

Static Polarizability «.(0;0)

Dynamic Polarizability a.(-w;w) [ = 1064nm]
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Ele m——
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Figure 6. Static (left) and dynamic (right) polarizabilities of molecules 1—6 evaluated at 1064 nm in vacuo and in solution (with and without

repulsion effects) with three different models for the electrostatic component: FQ® (top), FQ" (middle), and FQFu (bottom).

system, though they do not directly affect the response
functions, for which long-range corrections play their most

important role.

It is interesting to perform a more in-depth analysis of the

different roles of electrostatics and non-electrostatics in
determining the polarizability of the solvated systems. As

https://dx.doi.org/10.1021/acs.jctc.0c00674
J. Chem. Theory Comput. 2020, 16, 6993—7004
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Figure 7. Difference between QM/FQ_f( — 20; @,

®) (in esu) with and without repulsion for molecule 1 calculated for different snapshots

extracted from the MD and for different functionals: CAM-B3LYP, B3LYP, and M906-2X. Values are shown both as they vary across the snapshots

(left) and as interval distributions (right).

discussed in the Theoretical Background section, there are
different sets of parameters to choose from when performing a
QM/FQ_calculation. Originally, parameters derived by Rick et
al® (hereby denoted as FQ“) were the first to be developed,
though they tend to underestimate the solvent polarization.
New parameters specifically designed for QM/FQ _calculations
were recently adopted,”® which allow for a higher solvent
polarization. This may not necessarily result in better
agreement with experimental values because a higher solvent
polarization tends to have an opposite effect compared to the
introduction of repulsion forces; therefore, underestimating
solvent electrostatics may lead to a favorable error cancellation
whenever repulsion effects are neglected. It is therefore
interesting to compare values obtained with the different
electrostatic models with and without repulsion effects. It is
worth reiterating that QM/FQ_results are always averages
computed over a large set of snapshots obtained from a
classical MD, and in order for the results to be reliable, they
must be at convergence with respect to the number of
snapshots. In the Supporting Information, we show that our
results are indeed at convergence. In Figure 6, we present
results obtained with the CAM-B3LYP functional only. Indeed,
as is evident from the results, going from FQ’ to FQ’, which
leads to an increase in the electrostatics due to the
parametrization, does have an opposite effect with respect to
repulsion, though the magnitude is not comparable as the FQ"
parameters lead to computed polarizabilities which are about 2
units higher, whereas the reduction due to repulsion effects is
significantly stronger. As mentioned in the Theoretical
Background section, the basic FQ model can only account
for in-plane polarization of solvent molecules; however, out-of-
plane solvent polarization may not in principle be disregarded.
The FQFu model overcomes this limitation. Polarizabilities
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were therefore also evaluated using this electrostatic model
with and without repulsion effects. The increase in polar-
izability that we observe, when going from the FQ’ to the
FQFu values, is of the same order of magnitude as the
difference between the FQ” values and the gas-phase results.
Therefore, out-of-plane polarization effects, which can only be
taken into account if solvent molecules are endowed with
fluctuating dipoles, should not be neglected. It is interesting to
note that, if we compare the FQ¥+rep results with the vacuum
values (bottom panels in Figure 6), we see that they are very
close to the gas-phase values. If the solution values that include
all effects were simply compared to those for the isolated
molecules, one might erroneously conclude that solvent effects
are negligible. Our results show that the role of solvation in
determining a system’s polarizability rests on a delicate balance
of different effects, none of which can be regarded as
negligible; therefore, the use of a solvation model with the
capability to include all such effects not only in the description
of the system’s ground state but also of its response properties
is crucial. It should finally be remarked that solvation models
that only treat one of these effects might lead to wrong
computed values.

First Hyperpolarizabilities. We now move to first
hyperpolarizabilities, which, being third-order properties, are
expected to be much more sensitive to the polarizable
environment of the molecule and thus a better probe for the
different solvation effects.

As in the case of polarizabilities, gas-phase values are single-
point calculations on the optimized structures while QM/FQ_
results are averages over the structure extracted from the
classical MD.

The solvation effect observed for the average value is the
result of changes on each of the extracted MD snapshots.

https://dx.doi.org/10.1021/acs.jctc.0c00674
J. Chem. Theory Comput. 2020, 16, 6993—7004
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Before commenting on the averages, we therefore analyze the
hyperpolarizability values for all snapshots with the different
solvation models. Figure 7 reports the difference between the
hyperpolarizability values of molecule 1 calculated with the
QM/FQ" model with and without repulsion for all snapshots.
Data are also collected into distribution diagrams. The plots
show the range of variability in MD time of the calculated
property, which depends on the spatial arrangement of the
solvent molecules around the solute as well as its instantaneous
conformation. Our dynamical atomistic approach to the
solvation phenomenon is able to give insight into such a
variability, whereas mean-field approaches would instead focus
on the average value only. Though the average effect of the
hyperpolarizability is of course functional-dependent, it can be
readily seen from the plots that they are highly correlated, i.e.,
given one snapshot if a high or low repulsion effect is obtained
for one functional, a similar result will be observed when using
the other two. One thing that stands out is that the effect of
repulsion is very dishomogeneous across the snapshots, where
some have almost no effect and others presenting a decrease in
hyperpolarizability that is almost as high as the average value of
the property itself.

Figure 8 reports the average values of the dynamical
hyperpolarizabilities f( — 2w; ®, ®) computed with three

First Hyper-Polarizability f(-2m;m,w) [0 = 1064 nm]

Vacuo mwmm
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Figure 8. Dynamic hyperpolarizabilities of molecules 1—6 evaluated
at 1064 nm in vacuo and in solution (with and without repulsion
effects) evaluated with different functionals and solvation models.
Experimental data from Ray et al.”"

functionals, with and without quantum repulsion, as well as the
experimental values obtained by means of hyper-Rayleigh
scattering (HRS) measurements in ref 71. Numerical values for
the solvated system are also reported in Table 1 for an easier
reading.

Comparing gas-phase values with electrostatics-only solvated
values (whether obtained with the FQ" or the FQFu model),
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Table 1. CAM-B3LYP, B3LYP, and M06-2X with QM/FQ® Parameters, with and without Repulsion #( — 20; @, ®) (+ Standard Errors, Values in esu)

(= 20; 0, )

rep
12.99 + 0.24
13.46 + 0.16
9.22 + 0.12
6.25 + 0.09
7.01 £ 0.08
5.52 + 0.08

CAM-B3LYP/FQFu

w/o rep
16.99 + 0.34
16.96 + 0.23
12.17 £ 0.18
8.39 + 0.13

71

13.06
10.93
10.28

91

EXP

vacuum
7.94
6.58
3.80
342
3.28

rep
10.54 + 0.12

10.44 + 0.21
7.58 £ 0.11
5.13 + 0.08
5.64 + 0.08
4.43 + 0.06

MO06-2X

w/o rep
12.96 + 0.26

12.72 + 0.16
9.44 + 0.14
6.51 + 0.10

vacuum
10.19
833
4.98
4.18

rep

1249 + 0.25
1197 + 0.13
8.40 + 0.11
5.73 + 0.08
6.30 + 0.07
4.78 £0.07

B3LYP
vacuum w/o rep
4 15.81 +£ 0.33
7.10 14.70 £ 0.17
4.15 10.72 + 0.16
3.71 747 + 0.12

rep
10.65 + 0.19
10.81 + 0.12
7.58 + 0.10
5.21 + 0.07

CAM-B3LYP

w/o rep
13.45 + 0.26
13.19 + 0.16
9.65 + 0.14
6.76 + 0.10
7.19 + 0.10
5.80 + 0.09

1
2
3
4

9.02 £ 0.12
741 £ 0.11

6.78

6.87 + 0.09
5.65 + 0.09

4.16
2.81

791 + 0.11
6.18 + 0.10

3.63
2.

5.78 + 0.07
4.51 + 0.06

S
6

6.57

2.10

35

https://dx.doi.org/10.1021/acs.jctc.0c00674
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we see that, in some cases, the computed property can even
double in value. However, as was observed for polarizabilities,
repulsion has a the opposite effect; however, in this case, the
decrease is much more pronounced, being on average about
20%, compared to 8% of simple polarizabilities. This result
emphasizes the important role played by repulsion effects in
determining high-order electric properties of systems in the
condensed phase and suggests that any quantitative calculation
of such properties for systems in solution should not neglect
them. The final result is the product of a delicate balance
between these opposing effects, though all values in solution
are larger than the corresponding gas-phase results. These
results speak to a large extent about the fact that one must be
careful when evaluating the performance of any solvation
model that only accounts for electrostatics, such as plain QM/
FQ’ or the popular polarizable continuum model (PCM).
Results that are closer to the experiment might be achieved by
lowering the solvent’s polarization through a careful para-
metrization of the method, such as an increase in the
dimension of the PCM cavity or tinkering with the FQ
parameters, though this would only be so because of a fruitful
and artificial error cancellation. The compensation between
electrostatic and non-electrostatic forces, however, is not
consistent across different molecular properties (as can be seen
by simply comparing the data in Figure 6 for polarizabilities
and Figure 8 for hyperpolarizabilities); therefore, error
cancellation will not work for all properties leading to a
systematic error in the results.

Finally, we can compare our calculations experimental data.
We see that, in some cases, the QM/FQb+rep model
apparently leads to a greater error compared to the simpler
QM/EQ’ purely electrostatic model. This is observed for all
systems except for molecule 2 when using the CAM-B3LYP
and M06-2X functionals, though not in the case of the B3LYP
functional where molecule 1 is also an exception. The inclusion
of polarizable dipoles in the solvent’s description leads to a
further increase in the computed values, as observed in the case
of static and dynamics polarizabilities and, with the exception
of molecule 2, produces values that are much closer to their
experimental counterparts if repulsion is also included.

Bl CONCLUSIONS AND PERSPECTIVES

In this paper, we have presented a computational study of
polarizabilities and hyperpolarizabilities of molecules in
aqueous solutions. We dissected the solute—solvent interaction
into its electrostatic and non-electrostatic components and
then compared computed results with experimental findings to
assess the role of each interaction. As a solvation model, we
employed our recently developed polarizable QM/MM
method based on fluctuating charges and dipoles (FQ and
FQFu) enriched by solute—solvent repulsion effects to the
calculation of polarizabilities and hyperpolarizabilities of
organic molecules in water. By dissecting the magnitude and
role of each component of the solvation phenomenon as it
applies to the set of studied systems, we showed that QM/FQ
and QM/FQFu models for solvation electrostatics can be
combined with our recently implemented quantum repulsion
model to successfully calculate linear and non-linear electric
response properties of systems in solution in a “focused”
solvation model paradigm. This is possible owing to the
model’s ability to be extended to high-order properties through
the propagation of the solute—solvent interaction terms at all
orders of the QM response functions. Our results show that all
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of the different effects we considered contribute to the
computed value in similar measures, meaning that none of
them can be safely neglected. In particular, the modeling of
electrostatic effects with the FQ method leads to an expected
increase in the computed polarizability values compared to the
isolated molecule, which is further intensified by the addition
of polarizable dipoles in the solute’s description. Repulsion has
an effect that is similar in magnitude but opposite in sign;
therefore, the evaluation of such properties is the result of a
delicate balance between all these contrasting forces, which in
principle must all be included in the model and treated as
accurately as possible. While numerically decent results might
be obtained by neglecting repulsion altogether and tinkering
with the magnitude of the solvent polarization (or removing it
altogether as is done with standard non-polarizable QM/MM
methods), this approach should not be regarded as “safe” or
generally transferable to a wide array of systems for which the
one effect or the other may dominate. Our results therefore
underline the complexity of the forces at play within a water
solution, which, far from being simply a highly polar substance
with the ability to form hydrogen bonds, can influence a
solute’s properties through effects such as quantum repulsion
and electronic polarizability, which can be almost as important
as the presence of hydrogen bonds themselves.

This work’s results notwithstanding, much work remains to
be done in this field. To fully appreciate the improvements
offered by such refined models over more standard method-
ologies, a wide benchmark over a wider set of systems and
solvents should be performed to estimate the expected error of
the model for a given functional and basis set. In addition, a
much wider array of response properties, particularly those
involving a magnetic or mixed electric and magnetic response
such as nuclear magnetic shields or optical rotatory dispersion
should be investigated to fully appreciate the power of the
method. Finally, one type of solvent effect that was neglected
in this work is that, due to electron dispersion, while it has
been shown to be negligible in the case of water,"”****7* it can
be expected to be particularly relevant for solvents such as
benzene, and models to include this effect in the evaluation of
high-order response properties in an efficient manner should
be investigated and will be the object of future work.
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ABSTRACT: Following recent developments in multilevel embed-
ding methods, we introduce a novel density matrix-based multilevel
approach within the framework of density functional theory (DFT).
In this multilevel DFT, the system is partitioned in an active and an
inactive fragment, and all interactions are retained between the two
parts. The decomposition of the total system is performed upon the
density matrix. The orthogonality between the two parts is
maintained by solving the Kohn—Sham equations in the MO
basis for the active part only, while keeping the inactive density
matrix frozen. This results in the reduction of computational cost.
We outline the theory and implementation and discuss the
differences and similarities with state-of-the-art DFT embedding
methods. We present applications to aqueous solutions of
methyloxirane and glycidol.

1. INTRODUCTION

The study of the energetics and physico-chemical properties of
large molecular systems is one of the most challenging
problems in quantum chemistry." Many processes of chemical
interest take place in solution,” in biological matrices,”* or at
the interfaces between different materials.” "' The large size of
such systems poses theoretical and computational challenges
because high-level correlated electronic structure methods are
usually unfeasible because of their high computational cost and
unfavorable scaling.">"> A good compromise between accuracy
and computational cost is provided by density functional
theory (DFT),"*"> which accounts for electron correlation in
an approximate way. Because of the proven reliability of the
results that can be obtained at the DFT level, it has become the
most widely used approach for describing the electronic
structure of large systems.

DFT permits the investigation of much larger systems than
offered by highly correlated methods. However, it cannot be
routinely applied to systems constituted by more than 500
atoms, unless implementations through graphical processing
units are exploited.'® The practical limit of 500 atoms makes
applications of DFT to biological matrices, interfaces, and
solutions particularly cumbersome and, in some cases, even
impossible. For these reasons, several approximations have
been developed in the past. The nature of any approximation
aimed at reducing the computational cost of a calculation is
often rooted in the information that one seeks to extract from a
simulation. If one is interested in the interaction between two
complex medium-sized subsystems and how they influence
each other, then, one might seek a partition method which

© 2021 The Authors. Published by
American Chemical Society
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accurately models both moieties with a computational cost
comparable to treating both systems separately. More often
than not, however, one is more interested in modeling only a
small part of a larger chemical system, while the rest is only
relevant in as much as it can alter the physical and chemical
properties of the smaller region. This is the case of systems
embedded in an external environment, whose properties are
modified by the latter, the archetypal example being a molecule
dissolved in a solvent. For these problems, the system may be
partitioned into two or more regions which are then treated at
different levels of accuracy, and different approaches may be
more or less suitable depending on the specificities of the
system/environment. In the special case of systems in solution,
particular success has been enjoyed by methods belonging to
the family of the so-called focused models,"’~*° which are
extremely useful when dealing with the property of a moiety or
a chromophore embedded in an external environment.

In focused models, the target molecule is described at a
higher level of theory with respect to the environment, which
acts as a perturbation on the target system. Among the
different focused models that have been developed in the past,
the large majority belongs to the family of quantum mechanics
(QM)/classical approaches, in which the target is treated at the
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QM level. The environment is instead described classically, by
means of either continuous descriptions, such as the
polarizable continuum model,'”'® or by retaining its atomistic
nature in the so-called QM/molecular mechanics (QM/MM)
approaches.”" 7>* In all these methods, however, the interaction
between the two parts of the whole system is usually described
by classical electrostatics®”**™>” and very rarely by including
the interactions of the quantum nature, such as Pauli repulsion
and dispersion.”*** Also, QM/classical methods allow for the
treatment of very large systems; however, their accuracy
crucially depends on the quality of the parametrization of the
classical fragments. In order to avoid such a variability,
quantum embedding methods can be exploited.’’ ™** In these
approaches, the whole system is treated by resorting to a QM
description; thus, Pauli repulsion effects are introduced in the
modeling. The reduction in the computational cost is then
achieved by partitioning the system in at least one active and
one inactive part. The former is described at a higher level of
accuracy, whereas the latter may be kept frozen or described at
a lower level of theory. Different approaches have been
proposed in the past, ranging from projection-based methods,
such as DFT-in-DFT or HF-in-DFT,***%*7*% o frozen
density embedding (FDE).***' ™" Quantum embeddings have
become a popular choice to overcome the aforementioned
shortcomings of QM/classical approaches; however, the
partitioning of the electronic degrees of freedom for the
whole system into the two layers is theoretically far from trivial.
In fact, all such partitioning methods can be thought of as
being based upon the same basic idea. However, the partition
of the electronic degrees of freedom may be performed on
molecular orbitals, the density function, or the density matrix.
Which basis set must be used to expand the density and
wavefunction of the different regions is also an important
factor. All these choices lead to drastically different methods
which have their unique advantages and complications (vide
infra). In addition, all quantum-embedding approaches based
on DFT suffer from the complication of the exchange—
correlation functionals being nonlinear, which leads to
nonadditive energy terms in the partitioned equations.

In this paper, we are proposing a novel quantum embedding
approach defined in a DFT framework. We denote this method
multilevel DFT (MLDFT), due to its similarity with multilevel
Hartree—Fock (MLHF),*®* and multilevel coupled-clus-
ter'>® that we have recently developed. Similar to FDE, in
MLDFT, the system is partitioned into an active and an
inactive region, and all the interactions are retained between
the two parts. The MLDFT conceptually differs from the
aforementioned quantum embedding methods because the
partitioning is performed on the density matrix instead of the
density function as in FDE.°’ As a consequence, the
nonadditive term in MLDFT does not contain any kinetic
energy term, thus avoiding the theoretical complications
present in FDE (vide infra). Also, the MLDFT equations are
defined in the MO basis of the active fragment only. This
feature automatically allows for savings in the computational
cost because the inactive MOs are not involved in the self-
consistent field (SCF) procedure. In this paper, we derive
MLDFT, and we apply the method to ground state (GS)
energies of aqueous solutes. The results are compared, in all
cases, to full DFT, in order to assess the quality of the
multilevel partition.

The manuscript is organized as follows. In the next section,
DFT theory is formulated in the MO basis, and MLDFT
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equations are presented with a particular focus on the
computational savings that can be expected. Theoretical
comparison with other quantum embedding approaches is
also discussed. Then, after a brief section reporting on the
computational details of the method, MLDFT is applied to
selected aqueous systems, with emphasis on comparison with
full DFT results. Conclusions and perspectives of the present
work end the manuscript.

2. THEORY

Our starting point is the DFT expression for the electronic
energy of the system

E[D] = TrhD + %TrDJ(D) . %chrDK(D)
+ (1 = ¢)E,[D] + E[D]

= TrhD + %TrDJ(D) - %chrDK(D)
+ (1= ¢) [pe(p)dr

+ fp(r)ec(ﬂ(r))df (1)

p(®) = ¥ D, (0, (1)

v

@)

Here, D is the one-particle density matrix expanded in the
atomic orbital (AO) basis {y,}, and h is the one-electron
operator, whereas J and K are Coulomb and exchange
matrices, respectively. The E, and E, terms are DFT exchange
and correlation energy functionals; p(r) is the DFT density
function, and &, and &_ are the exchange and correlation energy
densities per unit particle, respectively. The coeflicient c,
defines whether pure DFT (c, = 0) or hybrid DFT functionals
(ce # 0) is used. Note that in the second equality in eq 1, it is
implied that we are restricting the treatment to semilocal
possibly hybrid functionals that are commonly used in
quantum chemistry.

The energy defined in eq 1 is usually minimized in the AO
basis. It is also possible to reformulate the minimization in the
MO basis, which is the strategy employed in this work,
similarly to what was presented for the Hartree—Fock case by
Sather et al.>® This can be accomplished by parametrizing the
density matrix D in terms of an antisymmetric rotation matrix,
in which only the nonredundant occupied-virtual rotations are
considered.*

2.1. Multilevel DFT. The MLDFT method belongs to the
family of the so-called focused models. The part of the system
which is under investigation (active) is described accurately,
whereas the remaining (inactive) part remains frozen during
the optimization of the active fragment. The choice of the
partitioning intimately depends on the specificities of the
system, its chemical nature, and the properties one wishes to
simulate. Like other QM/QM methods, the details of the
partitioning largely define the nature of the method, with its
advantages as well as the limitations that arise from the
simplifications that bring about the sought-after computational
savings. Within the MLDFT formalism, the separation of the
system into two parts is based on the following decomposition
of the density matrix D, which in turn defines the separation of
the density function p(r) as well

D =D* + D® = p(r) = p2(r) + p%(x) ®3)

https://dx.doi.org/10.1021/acs.jctc.0c00940
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where A and B indicate the active and inactive fragments,
respectively. As stated above, the active and inactive densities
are usually defined on a physico-chemical basis. In case of a
molecular system in solution, it is natural to define the solute
as the active fragment, whereas the solvent molecules are
treated as the inactive part. It is crucial to notice that the
partitioning in eq 3 is mathematical and therefore has some
level of arbitrariness; that is, there is no unique way to perform
the separation purely based on physico-chemical properties of
the system. Therefore, a choice has to be made at this point. In
this work, the partitioning is performed by means of Cholesky
decomposition of the total density matrix for the active
occupied MOs, from which the active density matrix D* is
calculated, similarly to what was done in previous works
presenting alternative multilevel methods.'>****%>% One
advantage of this procedure is that it ensures the all active
and inactive orbitals are orthogonal and remain so during all
the subsequent SCF procedure performed on the active
subsystem.®*

Now using eq 3, the total electronic energy in eq 1 can be
written as

E[D%; D®] = TrhD* + TrhD®

1 1
+ ETrDAJ(D") + ;TrDBJ(DB) + TrD*J(D®)
- cx(%TrDAK(DA) + %TrDBK(DB) + TrDAK(DB))

+ (1= ¢) [omelp@)dr + [oeep()dr

4)
where the symmetry of J and K matrices has been used. So far,
the method is analogous to the recently proposed MLHF
approach.®® However, in MLDFT, the last two terms are not
linear in the densities of the two subsystems; therefore, we
cannot directly split them into distinct contributions arising
from p*(r) and p®(r). In order to acquire a physical
understanding of eq 4, we rewrite the last two terms by
using this trivial identity for the exchange—correlation energy
density (&, = & + &)

J10A @) + " @l @ + (1))

= [10*® + P"(W)lenp (1) + p"(0)de

+ [rr @elp @)dr = [p*ee(p" @)dr
+ [P 0e @) = [ 0e " @)dr
+ [ @e ) = [t e 0" (6))ar
+ [rP0alt @) - [P @e o e

Substituting eq S into 4 and reorganizing the different terms
we obtain
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E[D*; D®] = TrhD* + %TrDAJ(DA) - %chrDA
K(D*)
+ (=) [ 0e @) + [0* el (1)dr

1 1
+ TrhD® + ETu)BJ(DB) - EchyrD‘*K(DB)

+ (=) [ @e (" @)dr + [o"(©e(p"(1)ar

+ TrD*J(D?) — ¢, TrD*K(D®)
=) [ @att @+ [ el o))

+ [P @el" @)+ [p et ©)dr + B
(6)

where

EnalD® D) = [o(0)e(p(e))r
= [reo* )
= [r@elo"()ar

+1-e) ([rapmar
- [re(p w)ax

- [0 @) )
(7)

In eq 6, the first four lines define the energy of the active and
inactive fragments, whereas the last three lines define the
active—inactive interaction. In MLDFT, the density matrix of
the inactive part D® (and p®(r)) is frozen, and therefore, it acts
as an external field on the active fragment. Therefore, only the
energy terms containing the B labels are fixed during the SCF
procedure. In this regard, the MLDFT is similar in

construction to FDE appmaches.SZVSS,él

However, as it can
be noticed from eq 7, one crucial difference is that the
nonadditive energy terms do not involve the kinetic energy
functional, thus allowing for a computational advantage with
respect to common FDE approaches, which need to
specifically employ nonadditive kinetic terms. This advantage
stems from the fact that in MLDFT, the separation of the
system into two subsystems is performed on the total density
matrix, rather than the density function. However, one
disadvantage with respect to FDE is that for MLDFT, we are
forced to select a suitable decomposition algorithm [Cholesky/
projected atomic orbitals (PAOs) are used in this work for
active occupied and virtual orbitals, respectively], and the
results may depend on it, while FDE does not need to make
this choice. The total DFT Fock matrix is given by

https://dx.doi.org/10.1021/acs.jctc.0c00940
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E,=h, +],(D) ~ ¢K,(D)
+ (1= ¢) [up)g, (0, ()

+ [ uloe), w0, (e
(8)
where v,(p(r)) and v(p(r)) are the exchange and correlation

potential densities, respectively. Using the partitioning in eqs 3
and 8 we get

— A B
F;w - h;a/ + ]ﬂb(D ) + ]”D(D )
- (K

HY

+ (1= ¢) [u(p @) + ")y, (0, ()ar
+ el @ + ")y (), (e

(0% + K, (DY)

©)
We exploit the same identity of eq S for the exchange—

correlation potential density (v, = v, + v.). In this way, the last
two terms in eq 9 become

[io 0 + py ()1, (0, (e
=[5 ® + 2y, (w0, (D3
[ rdo @ 0, Odr = [0, )y, (), ()de

oy @), 0, 0 = [0y (6, ()7, (e
(10)

Reorganizing the terms in eq 9, we can obtain the working
expression for the MLDFT Fock matrix

F;w = h/w
+],(D") — K, (DY)

(= 0) fuo ), (0, (e
+ [ulo* @), (), e

2ep,uv

+7,(D%) = ¢K,,(D%)
(1= ¢) [u" )y, (), ()ar
+ [ @), (), (e)ae

+ (1= ¢) [0 Ome*® +p"®)

—1,(p*(r)) — v, (p"(x))ldr

non-add
23,\5,;“/

o PAO RO ORYA0)
= 2(p" (1) = w(p"(x))ldr

non-add
2e’ AB

(1)
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where the two-electron contributions of A and B fragments and
the interaction term AB are highlighted as 2ex,,, {X = A, B,

There are two main advantages of using MLDFT compared
to full DFT. First, the HF exchange contribution is usually the
most expensive term in most hybrid functionals. In MLDFT,
only the active exchange term is to be computed at each SCF
cycle, whereas the exchange integral of the inactive fragment is
computed at the first SCF cycle only, as it is constant during
the optimization. Second, the MLDFT SCF procedure can be
performed in the MO basis of the active part only, thus
intrinsically reducing the computational time as previously
observed for the MLHF method.*®

2.2. Comparison between MLDFT and Other Quan-
tum-Embedding Methods. As stated above, in MLDFT, the
density matrix of the whole system is partitioned into active
and inactive fragment densities (see eq 3), from which the
active and inactive density functions are calculated. The
inactive density matrix is kept frozen during the SCF cycles
and enters the active Fock matrix as a one-electron term. The
MLDFT shares many similarities with FDE meth-
ods; 752561 however, some relevant differences are
present, some of which are mentioned in the previous section.
First, due to the partitioning performed on the density matrix
instead of the density function as in FDE, we avoid the
problems arising in the definition of the nonadditive kinetic
potential terms that enforce Pauli exclusion between the
electrons of the various subsystems in FDE. This is clearly
evident in the definition of the nonadditive energy terms in eq
7, which are only due to the intrinsic nonlinearity of the DFT
exchange—correlation functionals. However, a choice needs to
be made on the decomposition algorithm to partition the
density matrix.

One other difference that is worth mentioning is that if the
decomposition is applied to the fully converged DFT density
matrix, then, the MLDFT energy corresponds to the exact
DFT energy of the full system, and it is in fact completely
independent on the decomposition algorithm. This feature is
shared with projection-based approaches, though the philos-
ophy of MLDFT conceptually differs from DFT-in-DFT
methods.*>***49*7%% Of course, the point of MLDFT is to
avoid a full DFT calculation on the entire system and instead
find a way to approximate the total density matrix, which is
then partitioned and the density of the active subsystem is then
optimized through a subsequent SCF procedure while the
density matrix of the inactive part is kept frozen. In this work,
this initial full density matrix is obtained through superposition
of molecular densities®"* followed by Fock matrix diagonal-
ization, although we should emphasize that the method is
general and a different choice may be made. Within this
procedure, the solute—solvent and solvent—solvent polar-
ization energy terms are only introduced in the starting full
Fock diagonalization step. In projection-based approaches, a
DFT calculation on the whole system is performed, and the
occupied orbitals are then localized. The localized MOs are
then assigned to the active or inactive fragments, based on a
population threshold.* Neither step is required in MLDFT, in
which a starting Fock matrix is diagonalized and the obtained
density matrix is decomposed into fragment densities. This
explains why the SCF procedure on the active subsystem has
to be performed in the MO basis of the active fragment only,
which is defined in terms of the full AO basis set. We do not
perform any basis set truncation which is instead usually

https://dx.doi.org/10.1021/acs.jctc.0c00940
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Figure 1. Structure of conformers methyloxirane/water clusters. MLDFT partition is constructed so that methyloxirane is the active part whereas

the water molecules are the inactive fragments.

applied in projection-based approaches. This feature automati-
cally allows for saving the computational cost because the
inactive MOs are not involved in the SCF procedure.

3. COMPUTATIONAL DETAILS

The DFT and MLDFT are implemented in a development
version of the electronic structure program e’ v.1.0.°° In
particular, the DFT grid is constructed using the widely
employed Lebedev grid,”” with the radial quadrature proposed
in ref 68. All the calculations are performed using a quadrature
of 25th order, and the radial threshold is set to 107°. The DFT
functionals are implemented using the LibXC library.”””°

The MLDFT calculation follows this computational
protocol:

1. Construction of the initial density matrix by means of
superposition of molecular densities,”"** followed by the
diagonalization of the initial Fock matrix.

2. Partitioning of the new density matrix into A and B
densities, using Cholesky decomposition for the active
occupied orbitals and PAOs for active virtual orbi-
tals,'>*$6002=H7L72 W refer the reader to ref 63 for the
full details on this partitioning of the density matrix. The
inactive density matrix is obtained by subtracting the
active density matrix from the total one.

3. Calculation of the constant energy terms and the one-
electron contributions due to the inactive density matrix
B entering in eqs 6 and 11.

4. Minimization of the energy defined in eq 6 in the MO
basis of the active part A only, until convergence is
reached. All the equations reported in Section 2, which
are expressed in the AO basis set, can be transformed in
the active MO basis by using the active MO coeficients.

To show the robustness of MLDFT, three different
functionals are used: LDA,”> GGA (PBE’*), and hybrid
(B3LYP”®). These are combined with three different basis sets:
6-31G, 6-31G*, and aug-cc-pVDZ.

4. NUMERICAL APPLICATIONS

In this section, the MLDFT is applied to some test cases to
show the accuracy and the performance of the method.
Solvation is one of the main physico-chemical phenomena in
which such approaches can be exploited. We show the results
of coupling MLDFT with two alternative, fully atomistic,
strategies to model aqueous solutions. The first consists of a
static modeling, which uses small clusters composed of the
solute and a small number of surrounding water molecules. As
an alternative, we apply MLDFT to snapshots extracted from a
molecular dynamics (MD) simulation. In the latter framework,
the dynamical aspects of the solvation phenomenon are
retained, as those arising from the combination of conforma-
tional changes in the solute and the surrounding solvent. In
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addition, long range interactions are taken into account. This
latter modeling of the solvation phenomenon has been amply
and successfully exploited by some of us within the framework
of QM/MM approaches.*>%7¢778

In the following sections, the combination of MLDFT to the
two aforementioned solvation approaches is tested, with
application to two relatively small molecules, that is,
methyloxirane and glycidol in aqueous solution, which have
been studied in the literature both theoretically and
experimentally.””” ™% Such systems are chosen not only for
their simplicity but also because methyloxirane is a rigid
molecule, whereas glycidol is not. Therefore, in the latter case,
the results depend on the selected QM level, and the approach
used to solvation and conformational flexibility, which is
instead discarded in the case of methyloxirane. In this way, we
can dissect the various effects and highlight the quality of the
MLDFT approach in details.

4.1. Cluster Models. 4.1.1. Methyloxirane/Water Clus-
ters. The first studied solute is methyloxirane (MOXY), which
is one of the smallest molecules that exhibits a chiral carbon.
We have selected different clusters constituted by MOXY and
one or two water molecules (see Figure 1) that have been
previously studied by Su and Xu*® to explain the unique
characteristics of MOXY in aqueous solution.***

The two different conformers for the cluster composed of
MOXY and one water molecule (MOXY + 1w) are depicted in
Figure la. In the 1w-syn structure, water interacts with MOXY
through hydrogen bonding on the same side of the methyl
group, whereas the opposite occurs for the 1w-anti structure.
In both cases, MOXY is the active fragment, and water is the
inactive moiety in MLDFT calculations.

GS energy differences between DFT and MLDFT
calculations are depicted in Figure 2, panel (a), left. Raw
data are reported in Table S1 given in Supporting Information.
We see that the error between MLDFT and full DFT is below
1 mHartree (<0.628 kcal/mol), irrespective of the combination
of functional/basis set employed. The error due to the
MLDFT partitioning is well below the chemical accuracy (i.e. 1
kcal/mol).

In the right panel of Figure 2a, DFT and MLDFT energy
differences between lw-anti and 1w-syn conformers are
reported for all the considered combinations of the func-
tional/basis set. The raw data are reported in Table SI in the
Supporting Information. We see that DFT and MLDFT values
almost coincide. In particular, LDA and PBE functionals
predict 1w-syn to be the most stable conformer, both at DET
and MLDFT levels, independently of the selected basis set.
Notice however that the energy difference between the two
conformers decreases either as GGA functionals are employed
or diffuse/polarization basis sets are used. The inclusion of HF
exchange makes lw-anti the most stable conformer, if
polarization/diffuse functions are considered. However, for

https://dx.doi.org/10.1021/acs.jctc.0c00940
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Figure 2. (a) (Left) 1w-syn and 1w-anti total energy differences between MLDFT and DFT. (Right) MLDFT and DFT energy difference between
1w-anti and 1w-syn. (b) (Left) 2w-syn, 2w-anti, and 2w-bi total energy differences between MLDFT and DFT. (Right) MLDFT-DFT difference

on relative energies of 2w-anti and 2w-bi with respect to 2w-syn.

all the considered combinations of the functional/basis set,
MLDEFT and DFT values are almost perfectly in agreement,
with the largest discrepancy being reported for B3LYP/aug-cc-
pVDZ (0.08 kcal/mol). These findings clearly show that for
this system, MLDFT is able to catch small energy differences,
which are again well below the chemical accuracy.

We now turn to the clusters composed of MOXY and two
water molecules (MOXY + 2w, Figure 1b). Three main
conformers are considered, according to Su and Xu:*¢ 2w-syn,
2w-anti, and 2w-bi. The first two conformers differ from the
position of water molecules, being both placed on the same
side with respect to the methyl group in case of 2w-syn or on
the opposite side for 2w-anti. In 2w-bi, the two water
molecules are instead placed on the opposite sides of the
epoxyl oxygen atom. In all MLDFT calculations, MOXY is the
active moiety, whereas the two water molecules are inactive.

In Figure 2b, left, GS energy differences between DFT and
MLDFT for the three conformers are reported. The raw values
associated with the data plotted in Figure 2b are given in Table
S2 in the Supporting Information. The MLDFT and DFT
results are, also in this case, in very good agreement with an
absolute error below 1 kcal/mol for all combinations of
functional/basis sets. However, the absolute deviation between
DFT and MLDFT energies is larger than for the previous case
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(see Figure 2a). In particular, the MLDFT error is larger for
2w-syn and 2w-anti than for 2w-bi, for which it is in line with
what we have shown above for MOXY + 1w clusters (~0.1—
0.3 keal/mol). The increase in the error may be justified by the
fact that 2w-syn and 2w-anti feature one water molecule that is
linked to another water molecule by means of intermolecular
hydrogen bonding. The density matrix of the inactive
fragments (the two water molecules) is kept frozen; therefore,
the water molecule that is not directly bonded to the solute
remains in its frozen electronic configuration, resulting in a
larger error in the total energy. Such an hypothesis is
confirmed by the fact that the error increases when the diffuse
aug-cc-pVDZ basis set is used, and the same does not occur for
2w-bi, where both water molecules are directly linked to
methyloxirane through hydrogen bonding interactions.

The MLDFT-DFT deviations in energy differences between
each conformer and 2w-syn are shown in Figure 2b, right. We
note small discrepancies between MLDFT and full DFT;
however, also in this case, they are below the chemical
accuracy, with the maximum error reported by PBE/6-31G*
(~0.35 keal/mol). The error in the energy differences between
the conformers is lower than for the total GS energies reported
in Figure 2b, left.

https://dx.doi.org/10.1021/acs.jctc.0c00940
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4.1.2. Glycidol/Water Clusters. MOXY is a rigid molecule,
so the different solvated conformers mainly differ by the
position of the water molecules. In this section, we show how
MLDEFT can treat flexible solutes, and to this end, we have
selected glycidol (GLY), which is a derivative of MOXY, where
one hydrogen of the methyl group is replaced by the OH
group (see Figures 3—5). In all MLDFT calculations, the GLY

R

“‘N

w1 1w-11 w11
Iw-IV 1w-VI

Figure 3. Structures of the six conformers of glycidol + 1 water
clusters. In MLDFT calculations, the glycidol moiety is active whereas
the water molecule is inactive.
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Figure 4. Structures of the ten conformers of glycidol + 2 waters
clusters. In MLDFT calculations, glycidol is active whereas water
molecules are inactive.
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Figure S. Structures of the eight conformers of glycidol + 3 waters
clusters. In MLDFT calculations, glycidol is active whereas water
molecules are inactive.

moiety is the active fragment and the water molecules are the
inactive part. The presence of the hydroxyl group makes
glycidol flexible up to the point that eight different conformers
can be located in the gas phase potential energy surface
(PES).79’84

To build up a glycidol/water clusters, different structures
constituted by GLY and one, two, and three water molecules
were constructed, by following the strategy reported in ref 84.
Such structures are depicted in Figures 3—5. We note that the
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different structures not only differ by the position of the water
molecules but also by the conformation of glycidol. In
particular, the six conformers constituted by GLY and one
water (GLY + lw) are characterized by a different position of
the water molecule. The latter interacts via hydrogen bonding
with both the hydroxyl and epoxyl groups (1w-I and 1w-II),
with the epoxyl group only (1w-III and 1w-IV) or with only
the oxygen atom of the hydroxyl group (1w-V and 1w-VI).
The inclusion of additional water (GLY + 2w) results in ten
different conformers, which are shown in Figure 4. These
contain three or four center bridges (conformers 2w-I, 2w-II,
2w-IV, 2w-V, 2w-VI, 2w-VII, and 2w-VIII) or are conformers
where the two water molecules interact via hydrogen bonding
with the epoxyl and hydroxyl groups (conformers 2w-III, 2w-
IX, and 2w-X). If three explicit water molecules are added to
GLY (GLY + 3w), the conformational search provides eight
main conformers, which are graphically depicted in Figure S.
Similarly to the previous case, some of them contain three or
four center bridges (conformers 3w-I, 3w-II, 3w-V, and 3w-
VI), whereas in conformers 3w-IV, 3w-VII, and 3w-VII], a five
center bridge is present. In all cases, water molecules that are
not involved in bridges interact with GLY through hydrogen
bonding interaction. Conformer 3w-III is instead characterized
by a three center bridge and by the remaining water molecules
hydrogen bonded to the bridge water.

We now move to discuss GS energy differences between
DFT and MLDFT (see Figure 6a, raw data are given in Tables
$3—SS in the Supporting Information).

In Figure 6, panel (a), MLDFT - DFT GS energy differences
for all the different conformers of GLY + 1w, GLY + 2w, and
GLY + 3w water clusters are shown. The error reported by
MLDFT is below 0.1 mH (<0.627 kcal/mol) when applied to
GLY + 1w, at all the selected levels of theory. In particular,
energy differences are perfectly in line with what is shown in
Figure 2a, left panel, in case of MOXY + 1w clusters. Moving
to GLY + 2w conformers, the agreement between DFT and
MLDFT is almost perfect at all levels of theory, being the
energy difference below 0.8 kcal/mol in all cases. We also see
that at the B3LYP/aug-cc-pVDZ level, for 2w-I and 2w-II, the
difference between MLDFT and full DFT is larger than for the
other conformers (>0.1 mH, 0.627 kcal/mol). This is due to
the specific spatial arrangement of water molecules, which
create a four-center bridge connecting GLY hydroxyl and
epoxyl groups (see Figure 4).

As stated above for MOXY + 2w clusters, MLDFT accounts
for all the interactions between active and inactive parts, with
the exception of dispersion; however, the inactive fragment(s)
are described by a frozen density matrix. Therefore, polar-
ization and charge transfer (and dispersion) effects are
neglected in the inactive region. For 2w-I and 2w-II, we can
speculate that such interactions may play a relevant role
because the two inactive water molecules are hydrogen
bonded. Also, their role is clearly increased when diffuse and
polarization functions are included in the basis set (aug-cc-
pVDZ) because such functions enhance the effects of these
interactions. This does not occur in case of other conformers
because of the different spatial arrangement of the solvent
molecules.

We now focus on GLY + 3w conformers. The agreement
between MLDFT and the reference full DFT values is
generally worse than in the previous cases (see the right
panel of Figure 6a). However, the average error is of about
0.67 keal/mol (~0.1 mH), that is, again well beyond the

https://dx.doi.org/10.1021/acs.jctc.0c00940
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Figure 6. (a) GLY + 1w (left), GLY + 2w (middle), and GLY + 3w (right) GS energy differences between MLDFT and reference DFT values. (b)
MLDFT-DFT energy deviations for the energy differences between each conformer of GLY + Iw conformers and 1w-I (left), GLY + 2w

conformers and 2w-I (middle) and GLY + 3w conformers and 3w-I (right). All values are reported in kcal/mol.

chemical accuracy. The largest discrepancy is shown by 3w-III
for all the functionals (LDA, PBE, or B3LYP) in combination
with aug-cc-pVDZ (~1.2 kcal/mol). Again, this can be
explained by considering the spatial arrangement of water
molecules around GLY (see Figure S). Similar to 2w-I and 2w-
IL the effect of charge transfer and polarization interactions,
which are neglected by the partitioning of the inactive density
matrix in MLDFT, may play a relevant role. Such effects are
larger for 3w-III; however, they affect also other conformers
which are characterized by a four/five center bridge. It is also
worth noticing that the MLDFT error is expected to increase
with the size of the studied system because the energy is an
extensive quantity. Such a trend is in fact reported for both
MOXY and GLY clusters.

Let us now discuss the MLDFT-DFT energy deviations for
the energy differences between each conformer of the GLY
clusters and 1w-I, 2w-1, and 3w-I, which are reported in Figure
6b. Raw data are given in Tables S3—S5 in the Supporting
Information.

For the GLY + 1w system, both MLDFT and DFT predict
1w-I to be the most stable at all levels of theory, whereas the
relative populations of the other conformers strongly depend
on the theory level (see Figure 6b, left panel). In particular, the
energy differences of each conformer with respect to 1w-I

798

decrease as larger basis sets are employed and also by moving
from LDA to PBE and B3LYP. The error between MLDFT
and DFT is instead almost constant (in absolute value) for all
different combinations of the basis set and DFT functional,
and in all cases, MLDFT correctly reproduces the trends
obtained at the reference full DFT level.

The same considerations outlined above for GLY + 1w
conformers also apply to GLY + 2w ones (see Figure 6b,
middle panel). In fact, by moving from LDA to B3LYP and by
including polarization and diffuse functions in the basis set,
MLDFEFT errors with respect to DFT reference values decrease.
The largest DFT-MLDFT discrepancy is reported for 2w-X at
the B3LYP/aug-cc-pVDZ level (—0.55 kcal/mol). This is due
to the fact that the largest error is associated to the GS energy
of the most stable conformer 2w-I (see left panel of Figure 6a)
for this combination of the DFT functional/basis set. However,
as already reported for all the other studied systems, the error
in the relative energies of the different conformers is always
lower than the corresponding error in the total energies.

Finally, also in case of GLY + 3w clusters, the agreement
between DFT and MLDFT is almost perfect, with errors
ranging from —0.6 to 0.6 kcal/mol. The maximum error is
observed for 3w-III at the PBE/aug-cc-pVDZ level (0.53 kcal/
mol), whereas the minimum is reported for 3w-VII at the

https://dx.doi.org/10.1021/acs.jctc.0c00940
J. Chem. Theory Comput. 2021, 17, 791-803



Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

B3LYP/6-31G* level (error < 0.01 kcal/mol). Therefore, also
for these systems, MLDFT provides a reliable description of
the relative energies of the different conformers. The only
notable exceptions are conformers 3w-III and 3w-IV at the
LDA/6-31G and B3LYP/6-31G levels, respectively. As a final
comment, we note that although the MLDFT error on total
GS energy can be larger than 1 kcal/mol, relative energies of
the different conformers are accurately predicted, with an error
that is always below 1 kcal/mol.

4.2. Toward a Realistic Picture of Solvation. In the
previous sections, we have presented and discussed solute—
solvent structures obtained by modeling the solvation
phenomenon in aqueous solution by means of the so-called
cluster approach,” in which only the closest water molecules
are explicitly treated at the QM level. However, this picture is
not realistic, being a strongly approximate way of modeling
solvation. In fact, any dynamical aspect of solvation is
neglected as well as, more importantly, long range interactions
which are especially relevant for polar environments such as
water. In this section, we show how MLDFT may be coupled
to approaches that have been developed to model solvation
more realistically. In particular, we will apply MLDFT to a
randomly selected structure extracted from a classical MD
simulation performed on both MOXY and GLY in aqueous
solution. In this way, the atomistic details of solvation are
retained, and dynamical aspects could easily be introduced by
repeating the calculations on several structures. A closer
investigation of the latter aspect is beyond the scope of our first
work on MLDFT and will be the topic of further studies.

Let us start with MOXY. We have selected one random
snapshot extracted from a MD simulation, which was
previously reported by some of the present authors.*>”""*
Note that MOXY is a rigid molecule; therefore, a single
snapshot well represents its conformational structure (Figure
7).

Figure 7. Selected structure of MOXY + 50 water molecules, as
extracted from MD. In MLDFT calculations, MOXY is the active part
and water molecules are inactive.

In MLDEFT calculations, MOXY is the active fragment and it
is treated at the B3LYP/6-31+G* level. The inactive part is
constituted by the SO closest water molecules, which are
described at the B3LYP/6-31G level. The reference full DFT
calculation is instead performed by using the B3LYP
functional, in combination with the 6-31+G* basis set for
MOXY and the 6-31G one for water molecules.

In order to quantify the accuracy of MLDFT, we compute
the solvation energy E,,, which is defined as

E. ., = E

solv)

soly ot — Emoxy — Ey (12)
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where E,,, Eyoxy, and E,, are the total, MOXY, and water GS
energies, respectively. Note that Ey;oxy is calculated in the gas
phase, and thus, it is the same in both full DFT and MLDFT
calculations. E, and E, are defined differently in the two
approaches; in MLDFT, E, is calculated at step 1 of the
computational protocol (see Section 3), whereas in full DFT, it
refers to the GS energy of the 50 water molecules.
Computed energy values for MOXY are reported in Table 1
for both DFT and MLDFT. We first notice that the MLDFT

Table 1. DFT and MLDFT Total GS Energies (E,,) of
MOXY + 50 Water Molecules Snapshot Depicted in Figure
7£l

DET MLDET
Eqor —4013.1956 —4013.1660
Extoxy —193.1079 —193.1079
E, —3820.0681 —3820.0382
Eqpy —0.0196 —0.0199

“Enoxy Ew and E, are also reported. All values are given in Hartree.

solv

error on the total energy E, is larger than what is found for
clusters (see previous sections). This is not surprising because
the error of the method scales with the number of the water
molecules in the inactive part. Such discrepancies are primarily
due to the neglect of polarization and charge-transfer
interactions in the inactive solvent water molecules because
their density matrix remains fixed in MLDFT. The largest
contribution to the error on total energy is due to E,. In fact,
MLDFT E,, differs from full DFT of about the same extent as
total energies. Such differences between MLDFT and DFT are
reflected by the computed solvation energy, which can be
taken as a measure of the accuracy of MLDFT. For the studied
snapshot, the agreement between MLDFT and DFT is almost
perfect (—12.30 vs —12.48 kcal/mol), and the error is of about
0.2 kcal/mol.

The same analysis may be applied to glycidol, for which the
snapshots were extracted from MD simulations previously
reported by some of us.”” We recall that GLY is a flexible
solute, of which the main conformers may be identified by
means of two dihedral angles &, and &, [see Figure 8, panel
(a)]. Seven most probable conformers have been selected [see
Figure 8 panel (b)].

The MLDEFT partition has been done so that GLY is the
active fragment and treated at the B3LYP/6-31+G* level,
whereas water molecules are inactive and described at the
B3LYP/6-31G level. All the reference full DFT calculations are
performed by using the B3LYP functional in combination with
the 6-31+G* basis set for the solute and the 6-31G one for the
water molecules.

The DFT and MLDFT energies (E,o, Egry, E,» and E,y,) are
reported in Table S6 in the Supporting Information. Overall,
MLDEFT total energies are higher than DFT values of about
0.02—0.03 Hartree. The reasons of this discrepancy are the
same as reported for MOXY.

The DFT and MLDEFT solvation energies are graphically
compared in Figure 9. We observe that all MLDFT values are
almost in perfect agreement with the reference full DFT data.
The average discrepancy is of about 0.7 kcal/mol (~1 mH),
with the largest discrepancy reported for conformer S (1.1
kecal/mol). Notice that in this study, we only include the GLY
moiety in the active part. Similar calculations performed at the

https://dx.doi.org/10.1021/acs.jctc.0c00940
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Figure 8. (a) Definition of 5, and &, dihedral angles of GLY; (b) &, and &, values for the selected GLY + SO water molecules snapshots extracted
from MD; (c) molecular structures of the seven selected snapshots. In MLDFT calculations, GLY is the active part, whereas water molecules are

inactive.
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Figure 9. DFT and MLDFT solvation energies (E,) for the different
conformers graphically depicted in Figure 8. Values are given in kcal/
mol.

MLHEF level®® needed to insert at least five water molecules in
the active fragment to reach the same level of accuracy.

5. SUMMARY AND CONCLUSIONS

In this work, we report a novel density-based multilevel
approach based on the DFT treatment of the electronic
structure problem. In MLDFT, the full system is partitioned in
two layers, one active and one inactive. MLDFT stands apart
from methods based on a similar paradigm because of the
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choice of partitioning an initial density matrix into active and
inactive parts, instead of the density function. The MLDFT
SCF procedure is then performed in the MO basis of the active
subsystem only. This is the source of the reduction in
computational cost because the density matrix of the inactive
fragments is kept frozen during the optimization of the density.

The MLDFT was applied to aqueous methyloxirane and
glycidol, for which two different approaches to solvation were
discussed. First, the so-called cluster approach is employed,
which models solvation in terms of minimal clusters composed
of the solute and a small number of water molecules. Second, a
more realistic picture is considered, which focuses on randomly
selected snapshots extracted from MD simulations. For all
studied structures, the computed data confirm that MLDFT is
able to correctly reproduce reference full DFT values, with
errors which are always <1 kcal/mol. Because of its favorable
computational scaling, MLDFT can be coupled to more
realistic approaches to solvation, that is, it can treat a large
number of representative snapshots extracted from MD
simulations, so to effectively take into account the dynamical
aspects of solvation.

In this first presentation of the approach, we have limited the
analysis to GS energies. However, MLDFT has the potential to
be extended to the calculation of molecular properties and
spectra. In particular, the analytical evaluation of molecular
gradients will allow for MLDFT geometry optimizations.
However, this extension is not trivial because in order to
guarantee the continuity of the PES, the same pivots must be

https://dx.doi.org/10.1021/acs.jctc.0c00940
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imposed in the Cholesky decomposition. The calculation of
molecular geometries and properties will be the topic of future
communications. Also, the active and inactive parts can be
described at two different levels of theory, for instance, using
two different DFT functionals. Similarly to projection-based
approaches, the active and inactive regions can also be treated
at the HF and DFT levels, respectively, thus allowing for post-
HF calculations on the active part only.*® Such extensions will
be the topic of future communications.

The method will also be further developed by focusing on
some technical aspects, which are worth being improved. For
instance, in the current implementation, the DFT grid is
homogeneous in the whole space. However, it is reasonable to
assume that the grid can be downgraded further away from the
active part, because within the focused model paradigm, we
only seek to accurately model the effect of the environment on
the properties of the active subsystem, rather than the intrinsic
properties of the environment itself. Technical refinements of
the current implementation are in progress and will be
discussed in future communications.
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5.1. ABSTRACT

We present a novel multiscale approach to study the electronic structure of
open-shell molecular systems embedded in an external environment. The
method is based on the coupling of multilevel Hartree-Fock (MLHF) and
Density Functional Theory (MLDET), suitably extended to the unrestricted
formalism, to Molecular Mechanics (MM) force fields (FF). Within the ML
region, the system is divided into active and inactive parts, thus describing
the most relevant interactions (electrostatic, polarization and Pauli
repulsion) at the quantum level. The surrounding MM part, which is

formulated in terms of non-polarizable or polarizable FFs, permits a
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physically consistent treatment of long-range electrostatics and polarization
effects. The approach is extended to the calculation of hyperfine coupling

constants, and applied to selected nitroxyl radicals in aqueous solution.

5.2. INTRODUCTION

The theoretical description of large molecular systems in the condensed phase
at high level of accuracy is challenging, due to the substantial number of
degrees of freedom (electronic and nuclear) that need to be treated
computationally. However, the complexity can be drastically reduced by
partitioning the total system into smaller, interacting, subsystems. 23723
Solvated molecules, drugs interacting with biological matrices (e.g. DNA and
proteins), or molecular systems adsorbed on metal surfaces are generally
tackled in this way, 80202132205 by resorting to “focused” computational
approaches. There, the total system is partitioned into layers, which are
treated at a different degree of sophistication.

The most used focused approaches are defined in the framework of
QM /classical methods, where the attention is focused to the QM layer,
whereas the rest of the system is described in terms of classical physics.
Generally, the atomistic nature of the whole system is retained, such as in
QM /molecular mechanics (QM/MM) approaches.™ The interaction between
the QM and classical moieties is modelled in terms of classical electrostatics
and, in some cases, mutual polarization effects are considered.®® Only few
examples exist, where purely QM interactions, such as Pauli repulsion and
dispersion forces, are coherently introduced in the QM/classical

oBll28IL33IT0 oven  though they play a crucial role in many

modeling,
systems.*4%4 Also  the quality of QM/classical methods strongly depends
on the quality of the MM description, which is generally determined by the
availability and reliability of parameter sets.“4*

As an alternative to QM /classical methods, quantum embedding approaches
can be exploited. CHORTUTSITHTINSI2AS2300 There both subsystems are described
quantum-mechanically, generally at different level of accuracy. The advantage
of quantum vs classical embedding is twofold: (i) target-environment
interactions are treated at the QM level and, (ii) a full QM description does

not require any parametrization, therefore quantum embedding approaches
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can potentially be applied to any kind of interacting systems at the same
level of accuracy. The price to pay consists of a generally larger
computational cost of quantum vs classical embedding, that may limit, even
substantially, the size of actually treatable systems. For this reason, the
development of computationally effective yet physically consistent approaches
is mandatory.  The recently proposed Multilevel HF (MLHF)™ and
Multilevel DFT (MLDFT)"¥ approaches, which are coherently rooted in the
context of Hartree-Fock (HF) and Density Functional Theory (DFT), are a
remarkable example of this class of methods. 192193240249 NI HF and MLDFT
lay on common theoretical foundations, being based on a decomposition of
the total density matrix into active and inactive contributions.*#43 There,
HF or DFT equations are reformulated in terms of active and inactive
density matrices, and the molecular orbitals (MO) coefficients of the active
part only are optimized in the Self Consistent Field (SCF) procedure. The
inactive density matrix is kept fixed and gives rise to an effective field, which

193 and™? for more details).

interacts with the active part (see Refs.
The partitioning of the system that is featured in MLHF/DFT allows to
substantially extend the size of chemical systems that may be afforded by HF
and especially DFT. However, this gain in size may not be sufficient to treat
realistic systems in the condensed phase, i.e. surrounded by an external
environment. To this end, quantum embedding approaches may benefit from
the coupling with an outer layer described in terms of classical physics, e.g.
by means of MM force fields.**"*!' Remarkably, the coupling is physically
grounded, because long-range interactions are dominated by electrostatics
and polarization (and dispersion, which is however described neither by HF
nor by DFT). Such forces can effectively be described at low computational
cost by polarizable MM force fields. In the resulting approach, electrostatics,
polarization and Pauli repulsion interactions are accurately described at the
QM level within the MLHF/MLDFT region, whereas long-range interactions
are effectively taken into account by means of a polarizable MM level. 25 As
a consequence, the novel class of methods gains advantage from the
physico-chemical features of both approaches.

In this paper, we integrate classical MM force fields,™™ either within the
electrostatic or polarizable embedding schemes (the latter based on the

Fluctuating Charge (FQ) force field?#0HMaR02) - with a novel class of
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multilevel approaches, which extend MLHF and MLDFT to open-shell
systems. They are based on a unrestricted formulation, which exploits a
partition of both a and [ spin-densities in active and inactive contributions.
Therefore, the computational saving with respect to full HF or DFT
descriptions is achieved by keeping frozen the inactive spin-density matrices,
which only perturb active densities. The resulting unrestricted MLHF
(UMLHF) and UMLDFT are able to account for electrostatic (polarization)
forces and Pauli repulsion between active and inactive QM regions, whereas
long-range electrostatic and polarization terms are effectively taken into
account at a low computational cost through the interaction with the FQ
layer. To  show  the  potentialities of  the  resulting
UMLHF(UMLDFT)/MM(FQ) method, it is challenged to compute hyperfine
coupling constants (hcc) of selected molecular spin-probes.?**% Since hccs
are particularly sensitive to the probes’ external environment, 201 they
represent an ideal test bed for the novel multiscale multilevel approach.

The manuscript is organized as follows. In the next section we report the
theoretical derivation of UMLHEF(UMLDFT)/MM(FQ). The method is then
applied to simulate hce of Nitrogen atom of PROXYL and TEMPO radicals in
aqueous solution, by exploiting a hierarchy of classical embedding approaches.
A summary and a discussion of the future perspective of this work end the

manuscript.

5.3. THEORY

In this section, the fundamentals of UMLHF(UMLDFT)/MM(FQ) are
reported.  We first focus on the extension of MLHF/MLDFT to the
unrestricted case, thus defining UMLHF and UMLDEFT. Then, the way they
are coupled with an outer classical, atomistic layer is detailed, by specifying
the method either within the electrostatic or polarizable embedding scheme.
In the latter case, the coupling with the FQ force field is discussed. Last, the

approach is developed for the calculation of hyperfine coupling constants.
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5.3.1. UNRESTRICTED MLHF AND MLDFT

The starting point to derive UMLHF /UMLDFT is the expression of the energy

E[D*, D] for open-shell systems in the unrestricted formalism:

E[D*, D] = E[D*] + E[D”]

= TrhD* + %TrD"J(DO‘ + D?)
1 (0% o
— (§TrD K (D ))
(1= ) [ o weddp(e)r
+ [ Fwelptear 5.1)
+ TrhD” + %TrDﬂJ(Da + D¥)
1
—Cp (§TrD5K(D5))
+(1- ) [ P edp(e)dr
+ [ Pwelptear

E[D%, D] is split into two terms, E* and E”, which refer to o and 3 spin. The
D7 are spin density matrices (with o = «, 3), h is the one-electron operator,
and J and K are Coulomb and exchange matrices, respectively. Equation
is formulated for a generic DFT functional, where p?(r) are spin DFT density
functions and ¢,, €, indicate exchange and correlation energy densities per unit
particle. The UHF equations can easily be recovered by imposing ¢, = 1 and
€. = 0. The total density matrix D can be obtained from « and /3 spin density
matrices as D = D + D7,

Similarly to the closed shell case, 193 unrestricted MLHF/MLDFT are
formulated by separating the total system into active (A) and inactive (B)
parts. From a mathematical point of view, the separation is performed by
decomposing spin-density matrices into active D9 and inactive D%

contributions:
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D*=D}+D} = )=y
p

3
D’=D}+Dj = () =)+ ph(r) (5.2)

A similar partitioning applies to DFT spin density functions (p*(r), p°(r)).
Note that in general D% # Di, {X = A, B}. By substituting Eq. into
Eq. [5.1} we obtain:

E[D}, DY, DY, D}] = E[D}, D] + E[D/, D]

(5.3)
where E[D%,D%] ({0 = «, 5}) is given by:
E[D}, D3] =
. {Tthg +1TrDJ(D,)
3¢ TIDAK (DY) + [ pa(r)enc(pa(r))dr
B {+Tth;g + ITiDgJ(D,)
—5¢:TIDEK(DE) + [ ph(r)esc(pp(r))dr (5.4)
- {+TrD"J(DB) — ¢, T'DK(D3)
+ [ pa(r)esc(pp(r))dr + [ ph(r)ese(pa(r))dr
, + [ (x 5:rc(p<r>>dr
T S ))dr — [ p7(x)eae(pp(r))dr

In Eq. , gc+ (1 — ¢,)e, is substituted by e,. to make the notation compact,
and energy terms are separated into active and inactive contributions (£ ).
Also, the coupling terms are divided into a purely interaction energy term,

EO’

int)

and a non-additive contribution E°¢

o n—adqs Which originates from the non

linearity of €, and e.. It is worth noting that the non-additive energy terms
vanish for UMLHF. As expected, the partitioning of the different terms in
Eq. is coherent with the MLDFT formulation for closed shell systems (see
Ref 192),
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As already discussed in the Introduction, the energy of the active fragment A
is optimized while the inactive density B is kept fixed to the value resulting
from the partitioning in Eq. Therefore, the UMLHF /MLDFT spin-Fock
matrix (F7,, in the AO basis {x,}) can easily be recovered by differentiating

the energy in Eq. with respect to the active density (D%, p%), i.e.:

Fiv = P
2 +Juw (D) — ¢, K, (DY)
+ J vz (p ()X (x)x, (r) dr
geq | FIw(Ds) = €K (D) (5.5)
S Ze(p? ()X (1), (r) dr
per I zlele) = vre(p(r)) = vze(p (x))]

Xu(r) X, (r) dr

where we have used the compact notation v, = (1 — ¢;)v, + v.. The two-
electron contributions to the Fock matrix can be are grouped into different
2ex terms, with X = A, B. 27, ... is due to the non-linearity in the DF'T
functional, and again vanishes for UMLHF'. Finally, note that 2e, accounts for
the frozen fragment, of which the density (Dg, pP(r)) does not change along
SCF cycles. Therefore, 2e% is a constant one-electron contribution, which
is computed only once, at the beginning of the SCF procedure, similarly to
MLHF /MLDFT 192193

We further point out that UMLHF and MLDFT equations directly follow
from the partitioning of total spin-densities into active and inactive
contributions. Similarly to their close shell counterparts, their accuracy
depends on the approach which is exploited to carry out the decomposition
in Eq. [5.2] Different choices are possible, however in the present work the
initial set of active occupied molecular orbitals (MOs) are obtained through a
partial limited Cholesky decomposition of D7 129202 The procedure is
detailed in Ref.,**” however its extension to open-shell systems is not
straightforward. In fact, for UMLHF/MLDFT the Cholesky decomposition
needs to be performed twice, i.e. for both D (0 = «, ) spin-densities. D9

can be written in the AO basis {u, v} as follows: 4
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~ -1
D%, = > D (D5,) D2,
1J
=> L3, LY, (5.6)
1

where the diagonal elements [ and J are decomposed, the D submatrix
contains the selected diagonal elements, and L,; are the Cholesky orbitals.
Diagonal elements are selected so that pivots correspond to the AOs
belonging to a pre-defined set of active atoms. As a result of the
decomposition, the active Cholesky occupied MOs are obtained and the
active spin-density matrices D9 are trivially constructed (see Eq. [5.6). The
active virtual space can be defined in terms of projected atomic orbitals
(PAOs), 03264 which are obtained by projecting out occupied components
from the subset of AOs centered on the active atoms. Possible linear
dependencies are removed by Lowdin orthonormalization (see also Ref.%*).

In the practical implementation, UML calculations follow this protocol:

1. Generation of the guess AO densities (D® and D?) by superposition of
atomic densities (SAD).

2. Construction of initial Fock Matrices from the SAD density and

diagonalization, so to obtain initial idempotent spin-densities.

3. Partitioning of the spin-density matrices (o and ) into active A and
inactive B spin-densities (D%, D and D%, D?). As discussed in the
previous section, for occupied orbitals this step is performed by partial
Cholesky decomposition. Virtual orbitals are instead obtained by means
of PAOs or by decomposing the virtual density by using the Cholesky
algorithm. Notice that the whole procedure generates orthogonal MOs
between the active and inactive parts. For the active part, the resulting
MOs are used to transform matrices from the AO to the MO basis of the

active part only.

4. Calculation of constant energy terms and one-electron contributions due
to the spin-density matrices of the inactive part (see Egs. and [5.5)).

5. Energy minimization (Eq. in the MO basis of the active part only,

until convergence is reached.
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5.3.2. COUPLING WITH AN OUTER LAYER DESCRIBED WITH

MM FORCE FIELDS

The UMLHF(UMLDET)/MM(FQ) is defined by starting from the total energy

of the system, i.e.:

€ = BEumwnrorr) + Byt + EGvisarmoer) /i (5.7)

where Eyyrpurpprr) is given in Eq. , whereas Fjyy; and Ei&f/{LHF(DFT) MM
are MM and UMLHF(DFT)/MM interaction energies, respectively.

Electrostatic and polarizable QM/MM embedding differ from the way the
interaction energy is specified (in our case ES‘IEALHF(DFT) /MM); electrostatic
embedding approaches limit the description to electrostatic forces only,
whereas mutual QM /MM polarization is modelled in polarizable embedding
approaches.®%2 In particular, non-polarizable embedding methods place fixed
charges on MM atoms, which polarize the QM density. Different polarizable
QM/MM approaches exist; P08 2BL2RSL203200 iy this work we exploit
QM /Fluctuating Charges (FQ),%#4%9 where each MM atom is assigned an
atomic electronegativity (y) and chemical hardness (1), which give rise to

electric charges (q) as a response to the atomic chemical potential P#0# 1227154

Therefore, for both mnon-polarizable UMLHF(DFT)/MM or polarizable
UMLHF(DFT)/FQ, the UMLHF (DFT)/MM interaction energy can be

written as follows:
E{MLur(DFT) MM = Z q;V;(D* +D") | (5.8)

where V;(D* + D”) is the electric potential generated by the total QM spin-
density (i.e. both active and inactive contributions) on the i—th charge (¢;). In
the case of non-polarizable QM/MM, ¢; values are fixed, whereas in QM /FQ

they are obtained by minimizing the following energy expression:
E[D%, Dﬁa D%a Dg7 q, )‘] = EUMLHF(DFT) [D%7 D%]
+ EuMLHF(DFT) [Dﬁv D%]
1
+ §q;Mq,\ + qT\CQ
+4q\ V(D" + D), (5.9)
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where Eymparmrr) (D%, D] and Eumiarmrer [Dﬁ,DﬁB] due to the total a-
and f spin-densities, respectively (see Eq. [p.4). In Eq. 5.9 q, indicates a
vector collecting FQ charges and a set of Lagrangian multipliers, which ensure
charge conservation on each fragment composing the MM layer (e.g. on each
solvent molecules for solvated systems). The M matrix is the interaction kernel
between the FQ charges, which also contains the Lagrangian blocks,™” and the
vector Cg accounts for the interaction between permanent moments, i.e. x
and charge constraints () on each FQ moiety.

The FQ charges equilibrated for the UMLHF(DFT)/FQ systems are obtained
by minimizing the energy functional in Eq. This procedure yields the

following set of linear equations:

Mqy = —Cg — V(D* + D?) | (5.10)
In parallel, UMLHF(DFT)/MM spin Fock matrices are defined as follows:

ng _ FS’,}UMLHF(DFT) + Z 4V - (5.11)

where F,f{,UMLHF(DFT) is defined in Eq. . As for energy contributions, the
additional QM /MM term is fixed and computed only at the first SCF cycle in
case of non-polarizable QM /MM, whereas it changes in QM/FQ, because FQ
charges depend on QM densities. Therefore, UMLHF(DFT)/FQ contribution
to the Fock matrix needs to be updated at each SCF cycle, thus introducing
mutual polarization effects between UMLHF (DFT) and FQ layers.

5.3.3. HYPERFINE COUPLING CONSTANTS

To highlight the potentialities of UMLHF(DFT)/MM(FQ), in this paper we
focus on hyperfine coupling constants. The hyperfine interaction between
electron spin S and nuclear spin I can be calculated in terms of the hyperfine

coupling tensor A, which for a given nucleus X reads:43230

A(X) = Ax13 + Agip(X) (5.12)
In Eq. [5.12] the dipolar contribution Ag,(X) is a zero-trace tensor and

vanishes in isotropic media (e.g. solutions). The Ax denotes the so-called
hyperfine coupling constant (hcc), which is connected to the spin density

(px) at nucleus X through the following equation:
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47

Ax = 5 HBIXJedx (Sz) 't ps? (5.13)

where pp is the Bohr magneton, g. is the free electron g-factor (g. =

2.0022319), whereas pux and gy refers to nucleus X. The p_(;(_ﬁ reads:

% =D D (@)l — rx) [xu(r)) (5.14)

v
D*=F is the difference between o and 3 density matrices. The UMLHF(DFT)
hces are computed for the active part only. Therefore, the difference between «
and [ density matrices in Eq. only refers to active spin-density matrices,
which are calculated by minimizing UMLHF(DFT) energy in Egs. 5.5
When the outer MM layer is considered, the active spin-densities entering Eq.
are obtained by minimizing the UMLHF(DFT)/MM energy (see Egs.
5.11).

5.4. COMPUTATIONAL DETAILS

In the following sections, UMLDFT is applied to the calculation of hcey of
PROXYL and TEMPO nitroxyl radicals in aqueous solution (see Fig. [5.1)).
Such systems are characterized by the presence of the N-O group, which has
been amply exploited as ”spin probe” for structural studies of macro
molecular systems.?®® In particular, in order to take into account the
dynamical aspects of the solvation phenomenon, we resort to the
computational protocol suitably designed by us for the study of aqueous
systems.®? First, classical MD simulations of the spin labels in water are

performed according to Ref.* "

in order to accurately sample the phase-space.
From the classical trajectories, 200 uncorrelated snapshots are extracted and
spherical droplets centered on the solutes’ center of mass are cut (radius = 13
A).

In line with previous studies,* for each snapshot the radical (TEMPO or
PROXYL) and the water shell closer than 3.5 A with respect to the solute
center of mass are described at the UMLDEFT level (on average, 30 water
molecules are included in the UMLDET layer). The remaining water
molecules are classically described by means of the polarizable FQ force field,

by exploiting the parameters reported in Ref. ™ To test the quality of the
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PROXYL TEMPO

Figure 5.1. PROXYL (left) and TEMPO (right) molecular
structures.  The atoms involved in the out-of-plane angle are

highlighted in cyan in both radicals.

UMLDFT description, different active/inactive partitions are considered by
including 0, 2, 5 or 10 water molecules in the active part (MLDFT,,,
n € [0,2,5,10]). Such molecules are the closest to the radical center of mass
(C.M.) or the N-O group (-NO). The remaining water molecules in the
UMLDFT region are treated as inactive. The radical is treated at the
PBE0/N07D2 level, whereas the QM water molecules (either active or
inactive) are described at the PBE0/6-31G level. =~ We denote this
combination as PBE0/N07D/6-31G(w).  Moreover, virtual orbitals are
determined by using the PAOs algorithm.

Finally, PROXYL and TEMPO hccy are calculated as an average of the 200
uncorrelated snapshots. All calculations are performed by using a development

version of the electronic structure code e’ 266

5.5. NUMERICAL APPLICATIONS

Testing of the computational approach To first demonstrate the
reliability of the computational approach, a random snapshot is extracted
from MD simulations, and hccy are computed. To quantify the role of
long-range electrostatics interactions, hccy are also computed by removing
the MM layer (see Fig. —b). The model systems exploited in the analysis
are depicted In Fig. [5.2p-b; TEMPO is colored in red, UMLDFT water
molecules in cyan, and the MM layer in grey. Additional calculations are
performed by exploiting the NO7D basis set to describe all the system, thus

quantifying the effect of polarization and diffuse functions on water
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molecules, as compared to PBE0/N07D/6-31G(w) calculations (full and
patterned boxes in Fig. —d). Also, comparison with calculations where
the UMLDFT region is treated at the full DET level is proposed (labeled as
fullDFT, fullDET/TIP3P and fullDFT/FQ, respectively), that in order to
quantify the quality of the ML partitioning. All the results obtained with the
different models are summarized in Fig. for TEMPO (see also Tab. S1 in
the Supporting Information - SI). The corresponding data for PROXYL are
given in Fig. S1 in the SI, together with the associated raw data in Tab. S2.

We first focus on the effect of including additional water molecules in the active
fragment. Independently of the basis set exploited, TEMPO and PROXYL
hcey are not particularly affected by nw. In fact, a maximum difference of 0.1
Gauss between Ow and 10w is reported for both radicals, independently of the
method used to select the active water molecules (i.e. with respect to the N-O
group or the radical C.M.). These data suggest that the most relevant short-
range solute-solvent interactions are correctly taken into account by UMLDFT.
Long-range electrostatics (including polarization) plays instead a crucial role,
with contributions ranging from 0.85 to 1.3 Gauss when the water molecules
are described by means of the polarizable FQ force field (see Fig. [5.2¢).
When the non-polarizable TIP3P force field is instead used, only a minor
shift of the computed hcey with respect to the values computed for the small
cluster is reported (see Fig. [5.2d). This clearly shows the crucial role of
long-range polarization effects in the description of hcey of solvated radical
species. The data depicted in Fig. [5.2c-e also demonstrate that the water
molecules described at the QM level can be treated by using the cheaper
6-31G basis set (i.e. without the need of including polarization and diffuse
functions), being the largest difference between full and UML PBE0/NO7D or
PBEO0/N07D/6-31G(w) results less than 0.1 Gauss.

5.5.1. PROXYL AND TEMPO IN AQUEOUS SOLUTION

On the basis of the benchmarking results reported above,
UMLDFT/PBE0/N07D/6-31G(w)/FQ is then applied to the calculation of
hcex of both PROXYL and TEMPO on the whole set of 200 uncorrelated
snapshots extracted from MD runs. Computed UMLDFT,,,/FQ results are
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Figure 5.2.
TEMPO snapshot as

EEE PBEO/NO7D
% PBEO/NOTD/6-31G(w)

Molecular structure of the randomly selected
described at the UMLDFT (a) and

UMLDFT/MM (b) levels.  (c-e) hcexy (Gauss) calculated at

the UMLDFT,,,(/TIP3P,/FQ) and full DFT(/TIP3P, /FQ) levels.
Water molecules included in the UMLDFT layer are selected
with respect to the N-O group or C.M. Horizontal red lines
correspond to full PBEO/NO7D (c-e), PBEO/NO7TD/TIP3P (d) and

PBE(O/NO7D/FQ (e) results.
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reported in Tab. , together with associated standard errors (se) at 67%

confidence interval. The latter are computed as:

o

\ Nsnap

where o is the standard deviation for the 200 uncorrelated snapshots (Ngqp)-

se =

(5.15)

PROXYL TEMPO

UMLDFTxo/FQ  16.0 £ 0.1 16.5 + 0.1

UMLDFT,,/FQ 153 £0.1 16.2 £0.1

UMLDFT,,/FQ 153+ 0.1 164 + 0.1
' UMLDFT;,/FQ 154 +0.1 16.2 + 0.1
UMLDFTy0,/FQ 1544+ 0.1 162 £ 0.1

UMLDFT,,/FQ 153+ 0.1 16.3 £ 0.1
UMLDFT;,/FQ 153 £0.1 162 + 0.1
UMLDFTy0,/FQ 153 4+ 0.1 16.2 £ 0.1

C.M.

"Best” QM/MM=27 1554+ 0.1  16.3% 0.1

Exp. 16.4=08 17.3%09

Table 5.1. Calculated UMLDFT,,/FQ hccy (Gauss) average
values for PROXYL and TEMPO in aqueous solution. Values
are averaged over 200 uncorrelated snapshots extracted from MD

runs. ”Best” QM/MM results are reproduced from Ref.,257 whereas
268269

experimental data are taken from Refs.
We first note that the inclusion of water molecules in the active region only
marginally affects the computed hcey values, in agreement with the
benchmark analysis discussed above for the random snapshot. We also
investigate the dependence of hccy on the out of plane dihedral angle
involving C-C-N-O atoms, i.e. the Nitrogen atom pyrimidalization (see Fig.
, which has previously been reported to crucially affect the description of
hcey of the studied radical species. ™™ M Computed data at the
UMLDFT,,/FQ level are depicted in Fig. for PROXYL (left) and
TEMPO (right). hcey hugely varies as a function of the OOP angle, ranging

from about 12 to 26 Gauss. Note that such a variability is the main reason
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why 200 snapshots are required to converge the property (see top panel in
Fig. 5.3), and also demonstrates that a reliable sampling of the

radical /solvent phase-space is required to reliable model this property.
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Figure 5.3. Computed UMLDFT/FQ hcey values (Gauss) for
PROXYL (left) and TEMPO (right) in aqueous solution as a function

of the out of plane angle (see inset).

The data in Tab. show that for both radicals, UMLDFT,/FQ and
UMLDFT0y/FQ provide almost the same computed hcey, independently of
how the active water molecules are selected (i.e. with respect to the N-O
group or the C.M.). This is in line with previous observations reported in
Fig. Such results can be further investigated by plotting the difference
between hcey values computed by exploited the two approaches (Ahcey), as
a function of the OOP angle (see Fig. [5.4, where UMLDEFT(,(N-O) is
considered). For most snapshots the two approaches give similar heey values
(Ahcey = 0 Gauss). However, large differences, ranging from -0.7 to 1.1
Gauss, with a standard deviation of 0.3 Gauss, are reported for specific
values of the out-of-plane angle for both PROXYL and TEMPO. Fig.
also reports absolute values of the error between the two approaches,
together with their gaussian convolution. For TEMPO (left panel of Fig.
, the largest discrepancies are reported for the region near 420 degrees,
and the gaussian convolution shows a minimum at about 0 degrees. A
different situation occurs for PROXYL, for which maxima are located at -20
and 10 degrees. These results show that although average hccy values
computed by UMLDFTy, and UMLDFT,(N-O) are similar for both
radical species, a large fluctuation is reported as a function of the snapshot.
This confirms that an appropriate sampling of the phase-space is required,

and that the dynamical aspects of the solvation phenomenon need to
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accurately be taken into account. In addition, it is worth noting that
additional polarization effects which are considered by including the closest
water molecules in the active region, do not play a crucial role in determining
the final average results. However, the present analysis clearly show that

such effects need to be accurately investigated when multilevel methodologies

are employed, as already reported by some of us for excitation energies.?
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Figure 5.4. Computed UMLDFTy,,/FQ - UMLDFTy4(N-O)
Ahcey (Gauss) for PROXYL (left) and TEMPO (right) in aqueous
solution as a function of the out-of-plane angle. Histograms and

gaussian convolutions of the absolute Ahccy values are also given.

Covalently bonded fragments The results reported in the previous
sections assume active and inactive regions to be non-covalently bonded.
However, UMLDFT can in principle be applied to covalently bonded
fragments. To demonstrate the method’s potentialities, the active space is
reduced to the N-O group only, and the remaining atoms of the radicals are
included in the inactive UMLDFT region, together with selected water
molecules. This approach is denoted as UMLDFTxo/FQ, and computed
hcey are reported in Tab. . UMLDFTyo/FQ results differ of about 0.7
(PROXYL) and 0.3 (TEMPO) Gauss with respect to UMLDF T}, /FQ data,
which can be taken as reference. However, as already reported above, average
values may hinder larger complexity from the solvation dynamics point of
view. For this reason, in Fig. UMLDFTyNo/FQ-UMLDF T, (N-O)/FQ
differences as a function of the OOP angle are reported for PROXYL (left)
and TEMPO (right).  Absolute error distributions are also given as
histograms and their convolution with a gaussian-type function is plotted.

Both PROXYL and TEMPO Ahccy distributions are comparable to those
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Figure 5.5. Computed UMLDFT;o,(N-O)/FQ - UMLDFTyo
Ahcey (Gauss) as a function of the out of plane angle for PROXYL
(left) and TEMPO (right) in aqueous solution. Histograms and

gaussian convolutions of absolute Ahccy values are also given.

already commented in Fig. [5.40 However, in the present case Ahccy values
show very large variability, from -0.6 to 1.6 Gauss, with a standard deviation
of about 0.5 and 0.4 Gauss for PROXYL and TEMPO, respectively. The
UMLDEFT is able to provide average hccy values in good agreement with
reference results by only considering a minimal active portion. Such features
may be particularly useful for the extension of the approach to correlated

Hamiltonians, which can be exploited to describe the active fragment.

Comparison with experimental data We finally move to compare
computed and experimental data (see Table . It has been reported in
previous studies that DF'T has strong limits at reproducing hcey values, due
to inappropriate account of electron correlation.™™™ However UMLDFT
results are in good agreement with most accurate QM/MM results reported
by some of us, 7 and which are labeled as “best QM/MM” in Table [5.1]
Such data were obtained by describing water molecules at the F(Q level, with
the further (and substantial) inclusion of Pauli repulsion and dispersion
contributions, as computed at the QM level 128133 The discrepancy
between UMLDFT and experimental data is similar to “best QM/MM”
results (1.1 £ 0.2 Gauss for PROXYL and 1.1 + 0.2 Gauss). A proper
account of electron correlation, e.g. by resorting to correlated coupled cluster

177

calculations, is expected to reduce the computed error. However,

computed UMLDFT/FQ differences between PROXYL and TEMPO hcey

values (0.9 Gauss) are perfectly in agreement with experimental findings (0.9
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Gauss), thus demonstrating that our approach can reliably describe different

radical species.

5.6. SUMMARY, CONCLUSIONS AND FUTURE

PERSPECTIVES

In this work, we have introduced a novel class of multiscale QM /classical
approaches aimed at describing the electronic properties of open shell
systems. The methods are based on the coupling of multilevel HF /DFT,
which are extended to the unrestricted formalism, with an outer region
described at the classical MM level. Similarly to MLHF and MLDFT, UML
methodologies are based on a partition of the QM layer into an active and an
inactive part. The partitioning is performed on the initial spin-density
matrices through a partial Cholesky decomposition of the occupied MOs, and
virtual orbitals are obtained by means of PAOs. Note that the active
occupied MOs may be further refined by means of a localization procedure
targeted to specific molecular regions assigned to the active fragment. To this
purpose, the energy-based approach developed by some of us can be extended
to the unrestricted formalism.** The UML methods substantially reduce the
computational cost associated with common ab-initio calculations, because
only the active subsystem MOs enter the SCF procedure, whereas the
inactive density is kept fixed.

UMLHEF/DFT are coupled to an outer MM layer described in terms of non-
polarizable or polarizable force fields. In this way, not only the computational
cost is further reduced, but a correct physico-chemical description of the main
interactions is preserved. Indeed, the MM part allows for an effective modeling
of long-range electrostatics (and polarization forces) in a multiscale fashion.
To test the quality of the approaches, they are applied to compute hcey of
PROXYL and TEMPO radicals dissolved in aqueous solution. First, the
quality of the designed computational protocol is tested on a single snapshot,
demonstrating the necessity of including long-range polarization by
comparing UMLDFT/TIP3P and UMLDFT/FQ results. Then, PROXYL
and TEMPO hcey are calculated as an average on a set of uncorrelated

snapshots extracted from classical MD runs, which allow to correctly take
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into account the dynamical aspect of the solvation phenomenon. The
computed data are perfectly in agreement with the best computational
estimates proposed in the literature for the same systems and correctly
reproduce the experimental findings, thus demonstrating the reliability of the
developed methods for real-case systems. Also, we showcase the flexibility of
UMLDFT/MM partitioning by including the nitroxyl group only in the
active part, i.e. by considering covalently bonded fragments. Although in
this case computed hccy are not perfectly in agreement with our best
estimates, such a flexibility paves the way to the extension to a coupled
cluster treatment of the active part, that in order to take into account
electron correlation, which may largely affect the electronic properties of
open-shell systems. 10201

On the other hand, the developed approach can also be extended to treat
linear response properties of open-shell systems by means of time-dependent
DFT (TD-DFT) formulations. Also, UMLDFT/MM is here tested on
aqueous solutions, however the model is general enough to be applied to

242 or different embedding environments, such as biological

different solvents,
matrices or nanostructured materials. Finally, UMLDFT may also be
coupled to more sophisticated polarizable force fields, which improve the

description of specific anisotropic interactions.t4”
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5.8. SUPPORTING INFORMATION

heey for PROXYL and TEMPO calculated at the UMLDF T, (/TIP3P; /FQ)
levels, and associated graphical representation for PROXYL.

PBE0/N07D PBE0/N07D/6-31G(w)
UMLDFT,, | Gas-phase FQ TIP3P | Gas-phase FQ TIP3P
0w 13.1 14.0 13.1 13.2 14.1 13.2
2w 13.2 14.1 13.1 13.2 14.2 13.2
; oW 13.2 13.7 13.2 13.3 14.2 13.3
10w 13.2 13.7 13.2 13.2 14.2 13.2
2w 13.2 13.7 13.2 13.2 14.2 13.2
% oW 13.2 13.7 13.2 13.2 14.2 13.3
10w 13.1 13.6 13.1 13.2 14.1 13.2
Full DFT 13.2 14.1 13.8 13.2 14.1 13.8
Table 5.2.  Calculated UMLDEFT,, (/TIP3P; /FQ) hceny for
TEMPO, which different selections of active water molecules.
PBE0/NO7D PBEO/N07D/6-31G(w)
UMLDFT,, | Gas-phase FQ TIP3P | Gas-phase FQ TIP3P
0w 18.6 18.4 18.7 18.8 19.1 18.8
2w 18.5 19.0 18.6 18.7 19.0 18.8
Cz? oW 18.4 18.8 18.4 18.5 18.8 18.5
10w 18.4 18.9 18.5 18.5 18.7 18.5
2w 18.6 19.0 18.7 18.6 18.8 18.7
= Bw 185 190 186 | 187 189 187
10w 18.4 18.9 18.4 18.5 18.7 18.5
Full DFT 18.3 18.8 18.5 18.5 18.9 18.7

Table 5.3.  Calculated UMLDFT,,,(/TIP3P; /FQ) hcen for

PROXYL, which different selections of active water molecules.
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PROXYL

BN PBEO/NO7D
W PBEO/NOTD/6-31G(w)

Figure 5.6. heey (Gauss)  calculated  at  the
UMLDFT,,,(/TIP3P,/FQ) and full DFT(/TIP3P, /FQ) levels
for PROXYL. Water molecules included in the UMLDFT layer
are selected with respect to the N-O group or C.M. Horizontal
red lines correspond to full PBE0/N07D, PBE0/N07D/TIP3P and
PBEO/N07D/FQ results.
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CHAPTER 6

SUMMARY, CONCLUSIONS AND FUTURE

PERSPECTIVES

This thesis focused on the development and application of different multiscale
models, which differ on the way the interactions between the target molecule
and the environment are defined. The proposed methodologies belong to two
different families: (i) QM/MM and (ii) quantum embedding approaches. By
focusing on the first class, we have introduced different QM/MM embeddings
with the associated interaction potentials, ranging from mechanical to
polarizable embeddings, in which the mutual polarization between the QM
and MM parts is taken into account. Among them, we deep in the theoretical
details of two polarizable QM/MM approaches, namely QM/FQ and
QM/FQFpu. In QM/FQ, each MM atom is endowed with a charge, which
varies as a response to the external potential. In QM/FQFu an additional
dipole moment is placed at the atoms’ positions, and linearly dependent on
the external field. In this way, anisotropic interactions can accurately be
described.  From an algorithmic point of view, the QM/FQFu response
matrix is four times bigger than the QM/FQ one (T% block). As a
consequence, by inverting the response matrix, QM/FQ can treat 64 times
bigger systems than QM /FQFu at the same computational cost.

As commented above, QM /FQFu provides a refined description of QM/MM
interactions with respect to QM/FQ and other polarizable embedding
models. However, also in this case, QM /MM interactions are limited to an

electrostatic description, therefore neglecting both Pauli repulsion and
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dispersion effects, which are intrinsically of QM nature. The common
strategy to include these forces is by calculating the Lennard-Jones potential.
Contrary to the electrostatic term, which acts as an external potential in the
Hamiltonian, the Lennard-Jones energy is merely added to the total energy
of the system, because it does not depend on the QM density. Thus, its
inclusion only gives indirect contributions to molecular properties, because it
does not directly affect the Hamiltonian, its derivatives and response
equations.

Few strategies have been proposed to include dispersion and repulsion effects
in a QM/MM framework. Among them, in Paper 1, the QM/MM quantum
Pauli-repulsion framework developed by our research group,* ™ and based
on the explicit calculation of the exchange integral between the QM and a
ficticious MM density, has been applied to the calculation of polarizabilities
and first-hyperpolarizability of organic molecules in aqueous solutions. In
this work, QM/MM electrostatics is classically described by using both FQ
and FQFu force fields. The robustness of the approach is demonstrated for
different organic acids dissolved in aqueous solution. The computed results
clearly show that, as expected, polarizabilities and first-hyperpolarizabilities
are particularly sensitive to the external environment. Indeed, the final
numerical value is the result of a delicate balance between electrostatics,
hydrogen-bonding, and non-electrostatic target-embedding interactions. Only
by a physically consistent description of these interactions, as provided by
our hybrid QM /MM approach, reliable results can be obtained. The reported
reliability of the approach paves the way for its extensive application to
different properties and spectroscopies, as for instance Raman and
Hyper-Raman. In fact, the two aforementioned spectroscopies explicitly
depend on the geometrical derivatives of polarizabilities and
hyper-polarizabilities. =~ Therefore, an accurate description of these two
properties is mandatory to yield a reliable modeling of such spectroscopies.
In Paper 2, we have introduced a novel quantum embedding approach
within the framework of density functional theory, named multilevel DFT.
Similarly to its HF counterpart, in MLDFT the system is partitioned into an
active and an inactive fragment. While the active density is optimized in the
field of the inactive fragment, the inactive density remains frozen. In this

way, the computational cost is intrinsically reduced. Also, additional saving
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is obtained by solving the SCF equations in the MO basis of the active part
only. MLDFT shares many similarities with other quantum embedding
methods based on DFT, such as the FDE method. However, in MLDFT the
active-inactive partitioning is performed on the density matrix, whereas in
the FDE formalism it is obtained at the density function level. In FDE, this
causes the need of defining a non-additive kinetic potential term that
enforces Pauli exclusion between the electrons of the various subsystems. On
the other hand, in MLDFT the density matrix decomposition needs to be
performed by means of a decomposition algorithm, which may be
mathematically well-defined, but may not have any particular physical
meaning. However, if the decomposition is applied to the fully converged
DFT density matrix, then, the MLDFT energy corresponds to the exact
DFT energy of the full system, thus being completely independent of the
decomposition algorithm.

The introduction of MLDFT paves the way for an accurate description of
many different properties and spectroscopies of molecular systems embedded
in generic external environments. In order to apply the method to open-shell
subsystem, in Paper 3, ML-based methods (MLHF and MLDFT) are
extended to the unrestricted formalism. Also, in order to further extend the
applicability of ML-based methods, we have proposed their coupling with an
additional MM layer, which can be either polarizable (at the FQ level) or
non-polarizable. Such an extension is indeed physically-grounded: while
short-range interactions may be characterized by purely quantum effects,
such as Pauli repulsion, and a quantum description is therefore a natural
choice, long-range interactions are usually dominated by electrostatics, which
can accurately be described at the MM level. The results presented in Paper
3 clearly show that the proposed UMLHF(DFT)/MM approach can
accurately describe the properties of open-shell systems, such as hyperfine
coupling constants, which are particularly sensitive to the external
environment.

To conclude, in this Thesis, we have laid the foundations of different
theoretical approaches based either on QM /MM or on multilevel partitioning
of embedded system. Such methods paves the way for a physically-consistent
and cost-effective description of the properties of complex systems. In

particular, the MLDFT/MM approach developed in Paper 3 is particularly
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promising, because it retains the most relevant physical interactions at an
accurate level of theory in all regions. In fact, within the core region
described at the MLDFET level, the interactions (electrostatics, polarization
and Pauli repulsion) are quantum-mechanically described. Long-range terms,
which can be reasonably approximated by electrostatics (and polarization),
are accurately described at the MM level. Dispersion is the only missing
interaction energy term, which is not accounted for in our modeling. The
further inclusion of such a term is particularly challenging, because it is
related to a second-order expansion of the intermolecular interaction.
However, its consideration is expected to further increase the accuracy of the

proposed methods to describe real systems.
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