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Abstract. This paper introduces a rigorous mathematical framework 
for neural network explainability, and more broadly for the explainabil-
ity of equivariant operators called Group Equivariant Operators (GEOs), 
based on Group Equivariant Non-Expansive Operators (GENEOs) 
transformations. The central concept involves quantifying the distance 
between GEOs by measuring the non-commutativity of specific diagrams. 
Additionally, the paper proposes a definition of interpretability of GEOs 
according to a complexity measure that can be defined according to each
user’s preferences. Moreover, we explore the formal properties of this
framework and show how it can be applied in classical machine learning
scenarios, like image classification with convolutional neural networks.
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1 Introduction 

What is an “explanation”? An explanation can be seen as a combination of ele-
mentary blocks, much like a sentence is formed by words, a formula by symbols, 
or a proof by axioms and lemmas. The key question is when such a combina-
tion effectively explains a phenomenon. Notably, the quality of an explanation
is observer-dependent—what is clear to a scientist may be incomprehensible to
a philosopher or a child. In our approach, an explanation of a phenomenon . P is 
convenient for an observer . O if (i) . O finds it comfortable, meaning the building 
blocks are easy to manipulate, and (ii) it is convincing, meaning .O perceives 
.P and the explanation as sufficiently close. We contextualize this perspective 
by assuming that the phenomenon is an AI agent, viewed as a n operator, thus
saying that the action of an agent . A is explained by another agent . B from the 
perspective of an observer . O if: 

1. . O perceives . B as close t o . A; 
2. . O perceives . B as less complex than . A. 
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Fig. 1. Representation of interpretable surrogate mod els exemplified on MNIST.

This is represented in Fig. 1 where we show this concept with an example. 
Notwithstanding the fact that observer .O has the right to choose subjective 
criteria to measure how good . B is to approximate . A and their complexities, this 
paper introduces a mathematical f ramework for these measurements.

The growing use of complex neural networks in critical applications demands 
both high performance and transparency in decision-making. While AI inter-
pretability and explainability have advanced, a rigorous mathematical framework
for defining and comparing explanations is still lacking [33]. Recent efforts to for-
malize explanations [21] and interpretable models [29] do not provide practical 
guidelines for designing or training explainable models, nor do they incorpo-
rate the notion of an observer within the theory. Moreover, r esearchers empha-
size the importance of Group Equivariant Operators (GEOs) in machine learn-
ing [3, 14, 19, 41], as they integrate prior knowledge and enhance neural n etwork
design control [5]. While standard neural networks are univ ersal approximators
[17], this typically increases complexity. However, no existing XAI technique 
addresses explaining an equiv ariant model using another equivariant model.

This paper addresses this gap by introducing a framework for learning inter-
pretable surrogate models of a black-box and defining a measure of interpretabil-
ity based on an observer’s subjective preferences. Given the importance of equiv-
ariant operators, our XAI framework is built on the theory of GEOs and Group
Equivariant Non-Expansive Operators (GENEOs) [18]. GEOs, a broader class 
than standard neural networks, are well-suited for processing data with inher-
ent symmetries. Indeed, equivariant networks, such as convolutional [20]  and
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graph neural networks [36], have proven effective across different tasks [35]. Using 
GENEO-based transformations, we develop a theory for learning surrogate mod-
els of a given GEO by minimizing algebraic diagram commutation errors. The 
learned surrogate model can either perform a task or approximate a black-box 
model’s predictions while optimizing interpretability based on an observ er’s per-
ception of complexity, while allowing different observers to have distinct inter-
pretability preferences for the same model architecture.

Contributions. Our contributions can be s ummarized as follows.

– Introduction of a mathematical framework to define interpretable surrogate 
models, where interpretabilit y depends on a specific observer.

– Definition of a distance between GEOs using diagram non-commutativity, 
providing a quantitative method for model comparison and training.

– Formal definition of GEOs’ complexity to assess mo del interpretability.
– We show empirically that these metrics enable training of more interpretable 

models, usable for direct task-solving o r as surrogates for black-box models.

The paper is organized as follows. Section 2 recalls basics from different Math-
ematics areas that we use to define our metrics in Sect. 3. Section 4 shows how 
these metrics are used in practice to define a learning problem for an inter-
pretable surrogate model. We show how t he proposed framework can be used
via an experimental evaluation in Sect. 5. Finally, Sect. 6 comments on related 
work and Sect. 7 draws conclusions and remarks on future work. The Appendix 
con tains additional material and all proofs.

2 Mathematical Preliminaries 

The framework proposed in this paper is founded on mathematical structures 
studied in various fields, such as geometry and category theory. Metric spaces 
and groups are used to define GE(NE)Os, while categories to compose them.

2.1 Perception Spaces and GE(NE)Os 

Recall that a pseudo-metric space is a pair .(X, d) where .X is a set and . d : X ×
X → [0,∞] is a pseudo-metric, namely a function such that, for all .x, y, z ∈ X, 

. (R) d(x, x) = 0, (S) d(x, y) = d(y, x), (T ) d(x, z) ≤ d(x, y) + d(y, z).

A metric . d is a pseudo-metric that additionally satisfies .d(x, y) = 0 =⇒ x = y. 
.d : X × X → [0,∞] is a hemi-metric if it only satisfies (R) and (T). We use the 
informal term distance to refer to either metrics, pseudo-metrics or hemi-metrics.

A group .G = (G, ◦, idG) consists of a set . G, an associative operation . ◦ : G ×
G → G having a unit element .idG ∈ G such that, for all .g ∈ G, there exists . g−1 ∈
G satisfying .g ◦ g−1 = g−1 ◦ g = idG.  A  group homomorphism .T : (G, ◦G, idG) →
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(K, ◦K , idK) is a function .T : G → K such that, for all .g1, g2 ∈ G, . T (g1 ◦G g2) =
T (g1) ◦K T (g2). Given a group .(G, ◦, idG) and a set . X,  a  group left action is a
function .∗ : G × X → X such that, for all .x ∈ X and .g1, g2 ∈ G, 

. idG ∗ x = x and (g1 ◦ g2) ∗ x = g1 ∗ (g2 ∗ x).

With these ingredients, we can now illustrate the notions of perception space 
GEO and GENEO. We refer the interested reader to [6, 18]  and [1, 8, 10]  for  a  
more extensive description of GENEOs and their applications.

Definition 1. An (extended) perception space .(X, dX ,G, ∗), shortly .(X,G), 
consists of a pseudo-metric space .(X, dX),  a  group . G, a left group action 
.∗ : G × X → X such that, for all .x1, x2 ∈ X and every .g ∈ G, 

. dX(g ∗ x1, g ∗ x2) = dX(x1, x2).
Example 1. .(X,G),  wi  th .G the group of rotations of . 0◦, .90◦, .180◦, .270◦,  and . X
a set of images closed under the actions of . G, is a p erception space.

Notice that in any perception space, one can define a pseudo-metric over the
group .G by fixin g .dG(g1, g2) := supx∈X dX(g1 ∗ x, g2 ∗ x) for an y .g1, g2 ∈ G. 
With this definition, one can easily show that .G is a topological group and t hat
the action . ∗ is continuous (see Proposition 2 in Appe ndix).

Definition 2. Let .(X,G), .(Y,K) be two (extended) perception spaces, . f : X →
Y and .t : G → K a group homomorphism. We say that .(f, t) is an (extended) 
group equivariant operator (GEO) if .g(g ∗ x) = t(g) ∗ f(x) for every .x ∈ X, 
.g ∈ G. .(f, t) is said an (extended) group equivariant non-expansive operator 
(GENEO) in case it is a GEO and it is also non-expansive, i.e.,

1. .dY (f(x1), f(x2)) ≤ dX(x1, x2) for every .x1, x2 ∈ X, 
2. .dK(t(g1), t(g2)) ≤ dG(g1, g2) for every .g1, g2 ∈ G. 

The previous extended definitions generalize original perception pairs, GEOs, 
and GENEOs beyond data represented as functions. We simply refer to them as 
perception space, GEO, and GENEO. With slight abuse of notation, we use . ddt

for the metric .dX on the set of data, and .dgr for the metric .dG on the group . G, 
relying on context to specify the perception space .(X,G) under c onsideration.

Example 2 (Neural Networks as GEOs). Neural networks are a special case of 
GEOs, with different architectures equivariant to specific groups. Convolutional 
Neural Networks (CNNs) are equivariant to translations, while Graph Neural 
Networks (GNNs) respect graph permutations. Although standard Multi-Layer
Perceptrons are not typically equivariant, they can be viewed as GEOs on the
trivial group . 1, containing only the n eutral element.
Example 3. Let .Xα be the set of all subsets .R

3 and the group .Gα the group 
of all translations in .R

3,  and  l  et .τ(x,y,z) represent the translations by .(x, y, z). 
Similarly define .Xβ and .Gβ in .R2 with .τ(x,y) translating b y .(x, y). A GENEO
.(f, t) can be defined where .f(x) gives the shadow (orthogonal pro jection) of
. x in .Xβ and the homomorphism .t : Gα → Gβ is given b y . t(τ(x,y,z)) = τ(x,y)

for projections onto the .xy-plane. Similarly, defining .t(τ(x,y,z)) = τ(y,z) gives a 
GENEO for projections onto the .yz-plane.
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2.2 A Categorical Algebra of GEOs 

We introduce a simple language to specify combinations of GEOs. Our proposal 
relies on the algebra of monoidal categories (CD-categories [12]) that enjoy an 
intuitive –but formal– graphical representation by means of string diagrams [38]. 
Syntax. We fix a s et . S of basic sorts and we consider the set .S∗ of words ov er
. S: we write . 1 for the empty word and .U ⊗ V ,  or  just .UV , for the concatenation 
of any two words .U, V ∈ S∗. Moreover, we fix a set . Γ of operator symbols and 
two functions .ar, coar : Γ → S∗. For an operator symbol .g ∈ Γ, .ar(g) represents 
its arity, intuitively the types of its input and .coar(g) its coarity, intuitively 
its output. The tuple .(S,Γ, ar, coar), shortly . Γ, is what is called in categorical 
jargon a monoidal signature.

We consider terms generated by the follo wing context-free grammar

c ::= g B1 

Bm 

A1 

An 

... 
... | | A A  | A 

B 

B 

A 
| A 

A 

A 
| A |

c1 ◦ c2 | c1 ⊗ c2

where .A,B,Ai, Bi are sorts in . S and . g is  a  symbol in . Γ with arit y . A1 ⊗· · ·⊗An

and coarit y .B1 ⊗ · · · ⊗ Bm. Terms of our grammar can be thought of as circuits 
where information flows from left to right: the wires on the left represent the 
input ports, those on the right the outputs; the labels on the wires specify the
types of the ports. The input type of a term is the word in .S∗ obtained by reading 
from top to bottom the labels on the input ports; Similarly for the outpus. The
circuit . g B1

Bm

A1

An

...
... takes . n inputs of type .A1, . . . , An and produce .m outputs of 

type .B1, . . . , Bm; . is the empty circuit with no inputs and no output; . A A

is the wire where information of type . A flows from left to right; .
A

B

B

A
allows 

for crossing of wires; .A
A

A
receives some information of type .A and emit 

two copies as outputs; .A receives an information of type .A and discards it. 
For arbitrary circuits .c1 and . c2, .c1 ◦ c2 and .c1 ⊗ c2 represent, respectively their 
sequential and parallel compo sition drawn as

c1 
C1 

Co 

... 
...c2 

A1 

An 

... 
... 

B1 

Bm 
and 

c1 
B1 

Bm 

A1 

An 

... 
... 

c2
D1

Dk

C1

Cj

...
...

.

As expected, the sequential composition of .c1 and .c2 is possible only when t he
outputs of .c2 coincides with the inputs of . c1. 
Remark 1. The reader may have noticed that different syntactic terms are ren-
dered equal by the diagrammatic representation. For instance both . c1 ◦ (c2 ◦ c3)
and .(c1 ◦ c2) ◦ c3 are drawn as

c1...c3 
A1 

An 

... 
... 

B1 

Bm 
c1 

D1 

Dp 

... 
.. .c2 ...

C1

Co

This is not an issue since the two terms represent the same GEO via the seman-
tics that we illustrate here below, after a minimal background on categories.
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Categories. Diagrams are arrows of the (strict) CD category freely g enerated by
the monoidal signature . Γ.  The  reader  who  is  not an expert in category theory 
may safely ignore this fact and only know that a category .C consists of (1) 
a collection of objects denoted by .Ob(C); (2) for all objects .A,B ∈ Ob(C),  a  
collection of arrows .f : A → B with source object . A and target object . B; (3) for 
all objects . A, an identity arrow .idA : A → A and (4) for all arrows . f : A → B
and .g : B → C, a composite arrow .g ◦ f : A → C satisfying 

. f ◦ (g ◦ h) = (f ◦ g) ◦ h f ◦ idA = f = idB ◦ f

for a ll .f : A → B, .g : B → C and .h : D → E. 
Three categories will be particularly relevant for o ur work: the category

.DiagΓ having words i n .S∗ as objects and diagrams as a rrows, the category

.GEO having perception spaces as objects and GEOs as arrows and the cate-
gory .GENEO having perception spaces as objects a nd GENEOs as arrows.

Semantics. As mentioned at the beginning of this section, our diagrammatic 
language allows one to express combinations of GEOs. Intuitively, the symbols
in . Γ are basic building blocks that can be composed in sequence and in parallel 
with the aid of some wiring technology. The building blocks have to be thought
of as atomic GEOs, while diagrams as composite ones.

To formally provide semantics to diagrams in terms of GEOs, the ke y ingre-
dient is an interpretation . I of the monoidal signature . Γ within the ( monoidal)
category .GEO, shortly, a function assigning to each symbol .g ∈ Γ a corre-
sponding GEO. Then, by means of a universal property (or, depending on one’s 
perspective, abstract mum bo jumbo), one obtains a function (actually a functor)
.[[−]]I : DiagΓ → GEO assigning to each diagram the denoted GEOs (see Table 5 
in the Appendix for a s imple inductive definition).

Note that .[[−]]I may not be surjective, in the sense that not all GEOs are 
denoted by some diagrams: we call .GΓ

I the image of .DiagΓ through .[[−]]I , i.e., 

. GΓ
I := {(f, t) | ∃c ∈ DiagΓ s.t. [[c]]I = (f, t)}.

Hereafter, we fix a monoidal signature . Γ and an interpretation . I and we w rite
.GΓ

I simply as . G. This represents the universe of GEOs that are interesting for 
the observer, which w e are going to introduce in the next section.

3 Observers-Based Approximation and Complexity 

This paper aims at developing an applicable mathematical theory of inter-
pretable models, which is based on the following intuition: an agent . A can be 
interpreted via another agent . B from the perspective of an observer .O if: i ) . O

perceives . B as similar t o . A and ii) .O perceives . B as less complex than . A.  This  
perspective motivates us to build a framework allowing the mo deling of distance
measures for GEOs (Sect. 3.1) and their degree of complexity (opaqueness/not 
interpretability, Sect. 3.2), w.r.t. the specification of a certain observer.
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Definition 3. An observer .O interested in . G is a couple .(T, C) where: 

– .T is a category of translations GENEOs, namely a category having as 
objects .Ob(T) those perception spaces that are sources and targets of GEOs 
in . G and as arrows .Hom(T) a selected set of GENEOs. 

– . C is a complexity assignment, namely a function .C : Γ → R
+. 

The translation GENEOs in . T describe all the possible ways that the observer 
can “translate” data belonging to one perception space into data belonging to 
another perception space. Requiring these to be GENEOs, i.e., non-expansive, 
ensures that such translations performed by the observer cannot enlarge dis-
tances between data. For example, the observer may admit only isometries as
morphisms in . T, or the observer may not admit a ny translation at all, meaning
that .T only contains identities (note that this is the smallest possible . T). 

The complexity assignment .C : Γ → R
+ maps any building block . g from . Γ

into a positive real number, a quantity that represent how complex is perceived
. g by the observer. Here complexity does not refer to the usual computational 
complexity but rather to the degree of str ess that the observer perceives in deal-
ing with . g. Note that such assignment is completely arbitrary and thus, differ-
ent observers may assign different complexities to the same building block. Any 
observer can specify what are the types of f unctions that they deem interpretable
and/or more informative, from their perspective, for a given problem.

3.1 Surrogate Distance of GEOs 

To formalize the notion of a surrogate model for an observer . O,  we  introduc  e a
new hemi-metric .hO,  which  we  call  the  surrogate distance of a GEO for another 
GEO. To proceed, it is fundamen tal the notion of crossed translation pair.

Definition 4. Let .(fα, tα) : (Xα, Gα) → (Yα,Kα) and . (fβ , tβ) : (Xβ , Gβ) →
(Yβ ,Kβ) be two GEOs in . G.  A  crossed pair of translation . π from .(fα, tα) to 
.(fβ , tβ), written .π : (fα, tα) �T (fβ , tβ),  is  a  couple . 

(
(lα,β , pα,β), (mβ,α, qβ,α)

)

where 

– .(lα,β , pα,β) : (Xα, Gα) → (Xβ , Gβ) is a GENEO in . T, 
– .(mβ,α, qβ,α) : (Yβ ,Kβ) → (Yα,Kα) is a GENEO in . T. 

Figure 2 provides an intuitive visualization of a crossed pair of translation 
GENEOs. Note that the two GENEOs have opposite directions.

Next, we define the cost of a crossed translation pair.

Definition 5. Let .π =
(
(lα,β , pα,β), (mβ,α, qβ,α)

)
be a crossed translation pair 

from .(fα, tα) : (Xα, Gα) → (Yα,Kα) to .(fβ , tβ) : (Xβ , Gβ) → (Yβ ,Kβ).  The  
functional cost of . π, written .cost(π), is defined as follows. 

.cost(π) :=
1

|Xα|
∑

x∈Xα

ddt

(
(mβ,α ◦ fβ ◦ lα,β)(x), fα(x)

)
(1)
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Fig. 2. Example of a crossed translation pair .π : (fα, tα) �T (fβ , tβ). We distinguish 
by solid and dashed blocks the GEOs in . G from the GENEOs in .Hom(T. 

Fig. 3. The surrogate distance measures how far the diagram is to commute.

Remark 2. Note that in Eq. (1), .|Xα| denotes the cardinality of the set .Xα. 
Whenever such set is infinite the cost is not defined. Although this never h appens
in practical cases, one can easily generalize (1) to deal with infinite sets by
enriching .Xα with a Borel probability measure: see (4) in the App endix.

Intuitively, the value .cost(π) measures the distance of the two paths i n the
diagram in Fig. 3. With this, one can easily define a d istance between GEOs.

Definition 6. Let .(fα, tα) and .(fβ , tβ) be two GEOs in . G.  The  surrogate dis-
tance of .(fβ , tβ) from .(fα, tα), written .hO

(
(fα, tα), (fβ , tβ)

)
, is defined as 

. inf{cost(π) | π : (fα, tα) �T (fβ , tβ)} (2) 

We emphasize that all considered GENEOs to define crossed pairs of trans-
lations must be in . T. The possibility of choosing . T in different ways reflects the 
various approaches an observer can use to judge the similarity between data.

Example 4. Consider the smallest possible . T (that is, no arrows between differ-
ent perception spaces and only the identity between equal spaces) representing an
observer who cannot translate the data. In this case, .hO

(
(fα, tα), (fβ , tβ)

)
= ∞
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whenever .(fα, tα) and .(fβ , tβ) act on different perception spaces, since there is
no translation pair .π : (fα, tα) �T (fβ , tβ). Whenever the perception spaces are 
the same, there is only one translation pair, formed by t wo identity GENEOs.
Thus the surrogate distance of .(fβ , tβ) from .(fα, tα) collapses to the cost of suc h
translation pair, that is,

. 
1

|Xα|
∑

x∈Xα

ddt

(
fβ(x), fα(x)

)

Note that whenev er .ddt assigns . 0 to equal elements and . 1 to different ones, this 
coincides with the standard notion of fidelity [32]. 

Theorem 1. The function .hO is a hemi-metric on . G. 
Notice that while .hO is a hemi-metric, one can easily get a pseudo-metric by

making it symmetric: .dO := max
(
hO

(
(fα, tα), (fβ , tβ)

)
, hO

(
(fβ , tβ), (fα, tα)

))
. 

We choose to stay with the non-symmetric distance .hO since it should measures 
how far the observer . O perceives the surrogate .(fβ , tβ) from the GEO to interpret
.(fα, tα). We believe that for this kind of measurement, it is more natural to drop 
symmetry, like, for instance, in the case of fidelity (Example 4). 

3.2 Measures of Complexity 

In Sect. 2.2 we have introduced string diagrams allowing for combining several 
building blocks taken from a given set of symbols . Γ and we have illustrated 
how the semantics assigns to each diagram a GEO. Here, we establish a way to
measure the comfort that an observer . B has in dealing with a certain diagram. 
We call such measure the complexity of a diagram relative to . O. 

To give a complexity to each diagram, we e xploit the complexity assignment
.C : Γ → R

+ of the observ er . O that provides a complexity to each building block.

Definition 7. Let . c be a diagram in .DiagΓ.  The  complexity of a diagram . c
(relative to the observer . O), written . , c,  is  inductively  as  foll  ows:

.. 

, g...
... := C(g) , := 0 , c1 ⊗ c2 := , c1+, c2

, A
A

A
:= 0 ,

A

B

B

A
:= 0 , c1 ◦ c2 := , c1+, c2

, A A := 0 , A := 0

Shortly, the complexity of a diagram . c is the sum of all the complexities of 
the basic blocks occurring in . c. 

Example 5 (Number of Parameters). The set of basic blocks . Γ may contain sev-
eral generators that depend on one or more parameters whose value is usually 
learned during the training process. A common way to measure the complexity 
of a model is simply by counting the number of its parameter. This can be easily
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accommodated in our theory by fixing the function .C : Γ → R
+ to be the one 

mapping each generator .g ∈ Γ into its number of parameters. It is thus trivial 
to see that for all circuit . c, ., c is exactly the total number of parameters of . c. 

Example 6 (Number of Nonlinearities). Let us assume that . Γ contains as build-
ing blocks the functions computing the linear combinations of . n given inputs, 
for every .n ∈ N and for each tuple of real valued coefficients. Moreover, . Γ con-
tains as building blocks some classic activation functions in machine learning, 
such as the Sigmoid and the ReLu activation function. For instance, in our the-
ory an observer may define the complexity .C : Γ → R

+ to assign to each linear 
function the complexity of 0 and to each nonlinear function the complexit y of
1. Then the complexity of each circuit . c, ., c is exactly the number of nonlin-
ear functions applied in the circuit, e.g. the number of neurons in a multi-layer 
perceptrons with ReLu activation functions in the hidden layers and Sigmoid
activation function in the output layer.

We notice that we defined the complexity function on syntactic diagrams and 
not on semantic objects. Indeed, an operator, like e.g. a GEO, can be realized 
by possibly several different diagrams, however the complexity of the different 
diagrams should be different. To understand this choice, imagine one has to 
define the complexity of a function that, given a certain array of integers, returns
the array in ascending order. Clearly the complexity of this function should
depend on the specific algorithm that is used to produce the output given a
certain input, and not on the function itself.

4 Learning and Explaining via GE(NE)Os Diagrams 

Section 3 introduces the basic definitions that can be operatively used to instan-
tiate our framework. Indeed, Eq. (2) defines a hemi-metric that can be used as 
a loss function to train a surrogate GEO to approximate another GEO, whereas
Definition 7 establishes a way to measure their interpretability in terms of ele-
mentary blocks. This section first s hows how the learning of surrogate models
is defined (Sect. 4.1), and then how we can easily extract explanations f rom the
learned surrogate models (Sect. 4.2). For the following we assume to ha ve fixed
an observer .O = (T, C) interested in a set of GEOs . G. 

4.1 Learning via GENEOs’ Diagrams 

Given two GEOs .α, β ∈ G,  with .α = (fα, tα) : (Xα, Gα) → (Yα,Kα) and 
.β = (fβ , tβ) : (Xβ , Gβ) → (Yβ ,Kβ), and the category . T of translation GENEOs, 
the hemi-metric .hO as defined in Eq. (1) expresses the cost of approximating . α
with . β via the available translation pairs, as illustrated in Fig. 3.  In  order  to  
apply our framework to the problem of learning interpretable surrogate func-
tions of a certain model on a certain dataset, from now on we assume that
. α is given, . β is learnable by depending on a set of parameters .θ ∈ R

n,  a  nd
.Xdt denotes the training set collecting the available input data. Therefore,
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learning .fβ can be cast as the problem of finding the parameters . θ, such t hat
.hO(α, β) is minimized on .Xdt,  i.e.  that  provide  the lowest .cost(π) amongst t he
.π =

(
(lπα,β , pπ

α,β), (mπ
β,α, qπ

β,α)
)

: α �T β: 

.θ∗ = arg min
θ

(
inf
π

1
|Xdt|

∑
x∈Xdt

ddt

(
mπ

β,α(fβ(lπα,β(x); θ)), fα(x)
))

. (3) 

From our definition, the two perception spaces may be different. However, most 
frequently when learning surrogate functions, we have .Wα = Wβ = W ,  f  or . W ∈
{X,Y,G,K}, and there is only the translation pair .π =

(
(idX , idG)(idY , idK)

)
. 

Thus, Eq. (3) simplifies in .arg minθ
1

|Xdt|
∑

x∈Xdt
ddt

(
fβ(x; θ), fα(x)

)
,  which  cor-

responds to the fidelity measure between .fα and . fβ , commonly used i n XAI.

Example 7 (Classifier Explanations). Consider a classifier .fα equivariant w.r.t. 
the groups .Gα and .Kα = 1,  being . 1 the trivial group. As an example, Fig. 4 
illustrates two different GEOs .fβ and .fγ that can be used to explain . fα. Notice 
that if the observer . O has no access to . fα, i.e. . O does not know how .fα is built 
(i.e. .fα is a black-box for . O), then .fα should be an atomic block in . Γ.  In  this  
case, the observer . O assigns t o .fα the complexit y .C(fα) = ∞. 
Example 8 (Supervised Learning). Wether .fα denotes the function associating 
to each training input its label (i.e. the supervisor), then .fβ and .fγ from Fig. 4 
are simply two models trained via supervised learning, and their distance to . fα

is the accuracy (that can be thought of as the fidelity w.r.t. the ground-truth).

.fβ and .fγ differ in Example 7 only from the fact that .fβ is equivariant on 
the same group .Gα than . fα,  whereas .fγ might not. In fact, in case .fγ is not 
equivariant on .Gα we may prove that .fγ will be surely a non-optimal approxi-
mation.

Proposition 1. Let . T, .(fα, tα), .(fβ , tβ) as in Example 4 and let .NE be the set 
.{(g, x) ∈ Gα × X | fβ(x) �= fβ(g ∗ x)}, i.e., the set containing all those couples 
falsifying equivariance of .fβ w.r.t. .Gα.  The  n

. hO((fα, tα), (fβ , tβ)) ≥ |NE|
2 · |Gα|

Remark 3. As stated in the introduction, single-hidden-layer neural networks 
are universal approximators but may require a large number of hidden neurons, 
increasing complexity. If we cap the model’s complexity, a neural network may
not always approximate a given model accurately. Proposition 1 further estab-
lishes a fidelity lower bound based on n on-equivariant datapoints.

4.2 Suitable Surrogate GEOs 

We say that a GEO .(fα, tα) is explained by another GEO .(fβ , tβ) at the level . ε
for an observ er .O = (T, C) if: 

.1.hO

(
(fα, tα), (fβ , tβ)

)
≤ ε; 2., (fβ , tβ) ≤, (fα, tα).
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The second condition means that the complexity of the surrogate explaining
model .(fβ , tβ) should be lower than the complexity of the given model .(fα, tα). 
While not guaranteed, this requisite can be ensured by designing .fβ with a 
suitable strategy. Recall that a model’s complexity is defined by atomic building
blocks in . Γ, which are combined to form the model. Using the simplest possible 
blocks helps limit complexity, though their selection depends on the o bserver’s
knowledge and interpretability. Moreover, different studies [6] have shown how 
a proper domain-informed selection of GE(NE)Os, may strongly decrease the 
number of parameters necessary to solve a certain task w .r.t. a standard neural
networks (as also shown by our experiments cf. Table 1). 

Example 9. Given a set of GEOs .(fi, ti) ∈ Γ, with complexity .ki = C((fi, ti)), 
we can define .fβ as a linear combination of .(f1, t1), . . . , (fn, tn). According t o
Definition 7,  the  complexity ., fβ would b e .k1 + . . . + kn, plus eventually the 
complexities of the scalar multiplications.

5 Experiments 

In order to validate experimentally our theory, we build a classification task 
on MNIST dataset and rely on our framework to appropriately define an inter-
pretable surrogate model. With our experiments we aim to answer two main 
research questions: wether personalized complexity measures are able to prop-
erly formalize an observer subjectivity, and if knowledge of the domain and of the 
complexity measured b y an observer can lead to ad-hoc surrogate models with
a better trade-off between complexity and accuracy. Thus for all the reported
results, we assume to have fixed one (or more) given observers.1

5.1 Data 

MNIST contains .70, 000 grayscale (values from . 0 to .255) images of handwritten 
digits (0–9), each image being .28 × 28 pixels. We linearly rescale the images so 
that the values lay in .[0, 1]. The images rescaled belong to . {0, 1

255 , . . . , 1}28×28

We split our dataset into three stratified random disjoint subsets: training, val-
idation, and test set, of .60%, .20% and 20% of images r espectively.

5.2 Models 

As opaque model, we employ a standard CNN, with the Tiny-Vgg architecture, 
that is composed by two convolutional layers as tail and a linear classifier head. 
To realize our GEOs surrogate approximation, w e use two different architectures.
From the MNIST training set, we extract randomly a set of patterns . pi.  These  
patterns are square cutouts of train images, with height (. H) and width (. W )

1 Our  code  is  available at https://github.com/jacopojoy98/GENEO. 

https://github.com/jacopojoy98/GENEO
https://github.com/jacopojoy98/GENEO
https://github.com/jacopojoy98/GENEO
https://github.com/jacopojoy98/GENEO
https://github.com/jacopojoy98/GENEO
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of choice and with a center point chosen with probability proportional t o the
intensity of the image . x: 

. pi = x|Qi
, (cxi

, cyi
) ∼ x

Qi = {cxi
− W

2
, . . . , cxi

+
W

2
} × {cyi

− H

2
, . . . , cyi

+
H

2
}

For each image . x we identify the presence of a pattern .pi in position . (i, j)
with the follo wing function:

. f(x)pi
: {0,

1
255

, . . . , 1}28×28 → {0,
1

199920
, . . . , 1}28×28

fpi
(x)n,m = 1 −

∑
(i,j)∈Qi

|x((i, j) + (n,m)) − pi((i, j))|
vol Qi

The choice of these specific patterns can be motivated by a domain knowledge 
or by the preferences that an observer can i nject through a thoughtful design of
theirs GEOs’ building blocks for the classification task.

The first GEO then performs a Image-Wide-Maxpool to create a flat vector 
with as many entries as are the patterns, and whose .ith entry indicates the 
intensity with which the pattern was identified within the image

. Li = maxn,m(fpi
(x)n,m)

These intensities are then linearly combined with an activation function to
identify the correct digit

. OUTk = σ

⎛
⎝∑

j

γk
j Lj + bk

⎞
⎠

The second GEO instead, after the identification of patterns, selects for each 
pattern the position w ith the maximum activation through the Channel-Wise-
Max (.CWM) 

. CWM(fpi
(x))n,m =

{
s if s = max(fpi

(x))
0 otherwise

These matrices of activations are then linearly combined with a downstream
nonlinear activation function

. Ln,m = σ

((∑
i

wi · CWM(fpi
(x))n,m

)
+ bi

)

The entries of this matrix are then linearly combined with a final sigmoidal 
activation function to produce the output of the model

.OUTk = σ

⎛
⎝

⎛
⎝∑

ij

wk
ji · Lji

⎞
⎠ + bk

⎞
⎠



Mathematical Foundation of Interpretable Equivariant Surrogate Models 307

Table 1. The different models utilized with the relative hyperparameters, c hosen on
the validation set.

Model Params Epochs LR 
CNN 228010 3 3e − 3 
MLP 31810 57 2e − 4 
MLP 15910 57 1e − 4 
MLP 7850 5 2e − 3 
MLP 5575 58 2e − 4 
MLP 3985 58 2e − 4 
MLP 3190 9 2e − 3 

Model Params Epochs LR PATTERNS 
GEO1 5010 296 3e − 3 500 
GEO1 3510 148 7e − 3 350 
GEO1 1710 456 2e − 2 170 
GEO1 1510 564 1e − 2 150 
GEO1 1210 496 2e − 2 120 
GEO1 990 198 5e − 2 98 
GEO2 8101 39 1e − 3 250 
GEO 2 8051 496 1e − 3 200
GEO2 8001 483 1e − 3 150
GEO2 7951 335 1e − 3 100
GEO2 7901 451 1e − 3 50

To compare results, we chose a series of simple Multi-Layer Perceptrons, 
trained directly on the MNIST dataset. In particular, we used MLPs with the 
following configurations: with no hidden layers, with one h idden layer of dimen-
sion . 5, . 7, .20 and . 40. The two models with hidden layers of dimension . 5 and . 7 
are chosen to create MLPs with number of parameters similar t o our GEOs. In 
Table 1 we report the most relevant characteristics of all the models we compare 
in our e xperiments.

5.3 Experiment Setup 

We performed the experiments training all models o ver the ground truth.
We employed early stopping on the validation set to determine the optimal 

number of training epochs. The accuracy was then evaluated on a separate test 
set. We also trained a portion of our models on a rescaled version of MNIST 
for which every separate group of .2 × 2 points was substituted with the max of 
the four pixels, effectively reshaping the images to .14 × 14 and allowing us to 
compare also models which start from different p erception spaces.

5.4 Results 

We first follow our theoretical framework to define the translation diagram of 
our experimental setup. Indeed, we are in a classical classification scenario, that 
can be easily represented by the graph in Fig. 4. 

We start from the basic perception space .(X, Gα ) that is, our image dataset 
.X and the group of admissible transformations .Gα. Here, we have translations 
as admissible group actions in .Gα and .fα is the opaque CNN. Our first GEO 
model .fβ operates on the same perception space .(X, Gα ), as it works on the 
thorus of the images, preserving translations. Therefore, the t ranslation GENEO 
is composed given by the couple .(idX ,  idGα

). Both the second GEO and the 
MLP, represented b y .fγ instead do not preserve any transformation in the group. 
Therefore the perception space becomes .(X, 1 ) where . 1 denotes the trivial g roup. 
Being . ! the annihilator homomorphism from any group to the trivial group, the 
translation GENEO for this GEO is given by the couple .(idX , !). All models ha ve 
.(Y, 1) as their output, since they all work on t he space of output classes.
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Fig. 4. Diagrams of two GEOs explaining a given GEO, where . ! represents the anni-
hilator homomorphism from any group to the trivial group . 1. 

Table 2. Models with relative complexities, accuracies and fidelities w.r.t CNN.

Model C1 C2 Acc Fid 
CNN 228010 37578 97.8% 
MLP 31810 50 96.3% 93.6% 
MLP 15910 30 94.1% 93.5% 
MLP 7850 10 91.8% 90.9% 
MLP 5575 17 90.3% 89.6% 
MLP 3985 15 85.4% 86.1% 
MLP 3190 14 85.1% 80.3% 

Model C1 C2 Acc Fid 
GEO1 5010 510 96.6% 92.5% 
GEO1 3510 360 95.4% 91.9% 
GEO1 1710 180 95.3% 92.4% 
GEO1 1510 160 93.7% 90.7% 
GEO1 1210 130 93.4% 91.5% 
GEO1 990 100 92.2% 89.3% 
GEO2 8101 511 92.9% 92.5% 
GEO2 8051 411 92.0% 91.8% 
GEO2 8001 311 92.6% 91.6% 
GEO2 7951 211 91.3% 91.1% 
GEO 2 7901 111 88.5%91.4%

Table 3. The output of some of the models trained on a rescaled version of the starting 
perception space. The hyperparameters ha ve been kept the same as t he non rescaled 
exp eriments

Model C1 C2 Acc 
MLP 8290 50 96.3% 
MLP 1970 10 91.8% 
MLP 1459 17 90.3% 
MLP 1045 15 86.3% 

Model C1 C2 Acc 
GEO1 5010 510 95.9% 
GEO1 3510 360 95.5% 
GEO1 1710 180 93.6% 
GEO1 990 100 91 .1% 
GEO2 2221 511 93.1% 
GEO2 2121 411 92.5% 
GEO 2 2021 111 89 .5%

To show how the subjectivity of an observer may influence the results in 
practice, we measure complexit y using two measures: Firstly we assign complex-
it y . 1 to each parameter of the model and we sum over a ll the parameters. Then 
we assign complexit y . 1 to all the non-linearities of the model, summing over all 
the non linearities. We report the performances obtained by the different mo dels 
in Table 2 and we also compare the results with a different p erception space in 
Table 3 where we present the results for resized images. 
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Fig. 5. Accuracy vs complexity comparisons. 

The results show that the models built via thoughtful GEOs’ building blocks 
can approximate quite well the original task, providing models that are less com-
plex for both the measure specified by the observer. The complexity vs accuracy 
curves reprensenting the experiments are shown in Fig. 5. 

6 Related Work 

Explainable AI has become a fundamental field in AI that covers methodolo-
gies designed to provide understandable explanations of the inner workings of 
a ML model to a human being [ 27]. Roughly, XAI methods can be catego-
rized into post-hoc methods, i.e., methods aiming to explain another trained 
opaque ML models, and interpretable-by-design methods, i.e., ML models that
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provide explanations to the users inherently, by virtue of their intrinsic trans-
parency [ 9, 42]. One of the most well-known techniques for post-hoc explnations 
is to train a surrogate interpretable mo del to reproduce the same output as an 
opaque model [ 15, 24, 28]. In this regard, our paper provides a solid mathematical 
framework that subsumes b oth these two paradigms in t he same theory . 

A key point in XAI is the way the quality of the provided explanations can 
be measured. For instance, explanations and interpretability can b e evaluated 
qualitatively (user studies) or quantitatively (direct model metrics) [ 2, 30, 32, 43]. 
Qualitative measures include user performance, engagement, and explanation 
clarity [ 4, 16, 34, 37]. Quantitative measures include explanation completeness 
[ 40], fidelity [ 22], classification accuracy [ 23], and faithfulness [ 31]. Complex-
ity measure of explanations is often used for logic-based explainers [ 13], but it is 
generally limited to be a count on the number of propositional variables in a for-
mula. While this can easily be accomodated in our framework, up to the author 
knowledge, no other methods consider complexit y measures from the perspective 
of an observer, offering flexibility in choosing suitable metrics for the task and 
mo dels.

While there is a large agreement on the needs for XAI models, there are 
very few works that try to provide a formal mathematical theory of explanations 
and/or interpretability for ML models. For instance, in [39] the authors propose a 
new class of “compositionally-interpretable” models, which extend beyond intrin-
sically interpretable models to include causal models, conceptual space models, 
and more, by using category theory . [ 21] proposes a framework based on Category 
Theory and Institution Theory to define explanations and (explainable) learning 
agents mathematically. However, these works do not provide a practical measure 
for the interpretability of the models, completely omit the formalization of an 
observer, and do not take into account the notion of group e quivariant opera-
tors. Another seminal work is [25, 26], which provides a more general foundation 
framework based on properties and desiderata for interpretable ML. However, it 
does not make a ny specific mention to a proper m athematical framewo rk. 

Finally, our framework is based on the theory of GE(NE)Os, which has been 
already used to bridge Topological Data Analysis (TDA) and ML. For instance, 
GENEOs originates from persistent homology with G-inva riant non-expansive 
operators and have been succesfully applied for 1D-signal comparisons a nd image 
recognition based on topological features [18]. Moreover, GENEOs have been 
applied to protein pocket detection [ 6, 8] and graph comparison [ 7]. While as 
observed in [ 8] GENEOs are more inherently interpretable due to a limited 
dependency on parameters, the theory we present in this paper significantly 
extend the previous applications, by aiming at the formalization of a more sound 
XAI theory evaluable quantitativ ely and based on observers’ preferences. 

7 Conclusions and Future Work 

This work explores the theoretical properties of GE(NE)Os to build a theoretical 
framework to build surrogate interpretable models, and measure in a rigorous
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way the trade-off between complexity and performance. By formally proving the 
properties of our framework and with the experiments that we provide, we lay 
the groundwork for future research and opening avenues for practical applica-
tions in analyzing and interpreting complex data transformations. Our proposal 
highlights how it is possible to frame the theory of interpretable models through 
GE(NE)Os and opens new interesting research directions for Explainable AI. 
One such direction will be to formally describe existing machine learning models 
in terms of GE(NE)Os, to study the best interpretable approximations for typical 
tasks. Moreover, an interesting possible research could be to realize interpretable 
latent space compression through the use of GE(NE)Os. 
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Appendix 

Proposition 2. Let .(X, dX , G, ∗ ) be a perception pair. The followings hold. 

(a) .(G, ◦ ) is a topological group. 
(b) The action of .G on .X is continuous. 

Proof. To prove (a) it is sufficient to prove that the maps .(g′,  g′′) �→ g′ ◦ g ′′ and 
.g �→ g− 1 are continuous. First of all, we have to prove that if a sequence . (g′

i) 
converges t o .g′ and a sequence .(g′′

i ) converges t o .g′′ in . G, then t he sequence 
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.(g′
i ◦ g′′

i ) converges t o .g′ ◦ g ′′ in . G. We observe that, for eve ry .x ∈ X, 

. dX ((g
′
i ◦ g′′

i ) ∗ x, (g′ ◦ g′′) ∗ x)  =  dX (g
′
i ∗ (g′′

i ∗ x),  g′ ∗ (g′′ ∗ x)) 
≤ dX (g

′
i ∗ (g′′

i ∗ x),  g′
i ∗ (g′′ ∗ x)) 

+ dX (g
′
i ∗ (g′′ ∗ x),  g′ ∗ (g′′ ∗ x)) 

= dX (g
′′
i ∗ x, g′′ ∗ x) 

+ dX (g
′
i ∗ (g′′ ∗ x),  g′ ∗ (g′′ ∗ x)) 

≤ dG(g′′
i ,  g′′)  +  dG(g′

i, g
′).

Thus, .dG(g′
i ◦g′′

i ,  g′ ◦g′′) ≤ dG(g′′
i ,  g′′)+dG(g′

i,  g  ′). This proves the first property. 
Then, we have to prove that if a sequence .(gi) converges t o . g in . G, then t he 
sequence .(g−1 

i ) converges t o .g−1 in . G.  We  hav  e  th  at  

. dX (g
−1 
i ∗ x, g−1 ∗ x)  =  dX (gi ∗ (g−1 

i ∗ x),  gi ∗ (g−1 ∗ x)) 

= dX ((gi ◦ g−1 
i ) ∗ x, (gi ◦ g−1 ) ∗ x) 

= dX (x, (gi ◦ g−1 ) ∗ x) 

= dX ((g ◦ g−1 ) ∗ x, (gi ◦ g−1 ) ∗ x) 

= dX (g ∗ (g−1 ∗ x),  gi ∗ ( g−1 ∗ x)) 
≤ dG(g, g i).

Therefore, .dG(g−1 
i ,  g−1) ≤ dG(g, gi ). This proves our second property. 

Now we prove (b). We have to prove that if a sequence .(xi) converges t o . x in 
.X and a sequence .(gi) converges t o . g in . G, then the sequence .(gi ∗ x i) converges 
to .g∗x in . X.  Sin  ce .limi→∞ xi = x and .limi→∞ gi = g,  th  en . limi→∞ dX(xi,  x  )  =  0  
and .limi→∞ dX(gi ∗ x, g ∗ x)  =  0. We have that, for eve ry .x ∈ X, 

. dX (gi ∗ xi,  g  ∗ x) ≤ dX (gi ∗ xi,  gi ∗ x)  +  dX (gi ∗ x, g ∗ x) 
= dX (xi,  x  )  +  dX (gi ∗ x, g ∗ x) 
≤ dX ( xi,  x)  +  dG( gi, g).

Semantics of Diagrams. It is convenient to first fix some notation. 

Remark 4 (Notation). Given two sets .X and . Y , we write .X × Y for their Carte-
sian product and .σX,Y : X × Y → Y × X for the symmetry f unction mapping 
.(x, y) ∈ X × Y into .(y, x) ∈ Y × X; given two functions .f1 : X1 → Y1 and 
.f2 : X2 → Y 2, we write .f1 × f2 : X1 × X2 → Y1 × Y 2 for the function map-
ping .(x1,  x2) ∈ X1 × X 2 into .(f(x1),  f  (x2)) ∈ Y1 × Y 2; Given .f : X → Y and 
.g : Y → Z, we write .g ◦ f : X → Z for their composition. For an arbitrary set . X, 
we write .idX : X → X for the identity function, and .ΔX : X → X × X for the 
copier function mapping .x ∈ X into .(x, x) ∈ X × X; We write . 1 for a singleton 
set  that  we  fix  to  b  e .{
} and .!X : X → 1 for the function mapping an y . x ∈ X 
into . 
. 

Given two perception spaces .(X, G ) and .(Y, K ), their direct pro duct w ritten 
.(X, G) ⊗ (Y, K ) is the perception space .(X × Y, G × K ), where the d istance 
on .X × Y is defined a s . dX×Y ((x1,  y1) , (x2,  y2)) := max{dX(x1,  x  2) ,  dY (y1 ,  y2 )}
while the group action is defined pointwise, that i s .(g, k) ∗ (x, y)  =  (g ∗ x, k ∗ y ). 
We write .σ(X,G),(Y,K) :  (X, G) ⊗ (Y, K) → (Y, K) ⊗ (X, G ) as .(σX,Y ,  σG,K). 
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Table 4. The  CD  category  of  GEOs.  Abov  e  .(f, t)  :  (X, G) → (Y, K ), . (f ′,  t′)  :  (Y, K ) → 
(Z, L ) and .(f1,  t1)  :  (X1,  G1) → (Y1,  K  1), .(f2,  t2)  :  (X2,  G2) → (Y2,  K2) are GEOs. The 
notation on the right hand side is in Remark 4. 

idX,G := (idX , idG)  :  (X, G) → (X, G) 
ΔX,G := (ΔX , ΔG)  :  (X, G) → (X, G) ⊗ (X, G) 
!X,G := (!X , !G)  :  (X, G) → (1, 1) 

σ(X,G),(Y,K) := (σX,Y ,  σG,K)  :  (X, G) ⊗ (Y, K) → (Y, K) ⊗ (X, G) 
(f, t) ◦ (f ′,  t′)  :=  (f ′ ◦ f, t′ ◦ t)  :  (X, G) → (Z, L) 

(f1,  t1) ⊗ (f2,  t2)  :=  (f1 × f2,  t1 × t2)  :  (  X1,  G1) ⊗ (X2,  G2) → (Y1,  K  1) ⊗ (Y2,  K  2)

Table 5. The semantics .[[−]]I : Diag → GEO for an interpretation . I. Operations 
and constants occurring on the right hand side of the a bove equations are those in 
(4). Abov e .IS is a function mapping eac h .A ∈  S  in a perception space such that, for 
all .g ∈ Γ with arit y .A1 ⊗  · · ·  ⊗  A n and coarit y .B1 ⊗  · · ·  ⊗  B m, the source of .I(g) is 
.
⊗n 

i=1 IS(Ai ) and its target is .
⊗m 

j=1 IS(Bj ). 

[[ g... 
... ]]I := I(g) [[ ]]I := id1,1 [[c1 ⊗ c2]]I := [[c1]]I ⊗ [[c2]]I 

[[A 
A 

A 
]]I := ΔIS (A) [[ 

A 

B 

B 

A 
]]I := σIS (A),IS (B) [[c1 ◦ c2]]I := [[c1]]I ◦ [[ c2]]I 

[[A A]]I := idIS (A) [[A ]]I := ! IS (A) 

With this notation one can extend the above structures of sets and functions 
to perception spaces and GEOs as illustrated in Table 4. By simply checking that 
the definitions in Table 4 provide GEOs, one can prove t he following result. 

Lemma 1. .GEO is a CD category in the sense of [ 12]. 

From this fact, and the observation that .DiagΓ is the (strict) CD category 
freely generated from the monoidal signature . Γ, one obtains that, for each inter-
pretation . I, there exists a unique CD functor .[[−]]I : Diag → GEO extending 
. I. Its inductive definition is illustrated in Table 5 

Cost of Translation Pairs for Infinite Perception Spaces. Here we explain how 
the cost of translation pairs defined in (1) can be defined for arbitrary sets .Xα. 

To proceed, we need to equip each metric space .Xα with a Borel probabilit y 
measure .μα, in the spirit of [ 11]. In simple terms, the measure .μα represents 
the probability of each data point i n .Xα appearing in our experiments. We 
will assume that all GENEOs i n .T are not just distance-decreasing (i.e., non-
expansive) but also measure-decreasing, i.e., if . (lα,β ,  pα,β)  :  (Xα,  Gα ) → (Xβ ,  G  β) 
belongs t o . T and the set .A ⊆ X α is measurable for .μα,  th  en .lα,β(A) is measurable 
for .μβ ,  and  .μβ(lα,β(A)) ≤ μα(A). Moreover, we assume that the function . fα,β : 
Xα → R, defined for every .x ∈ X α as .fα,β(x)  :=  ddt

(
(mβ,α◦fβ ◦lα,β)(x),  fα(x)

)
, 

is integrable with respect to .μα. 
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Definition 8. Let .π =
(
(lα,β ,  pα,β), (mβ,α,  qβ,α)

)
be a crossed translation pair 

from .(fα,  tα) :  (Xα,  Gα) → (Yα,  Kα) to .(fβ ,  tβ) :  (Xβ ,  Gβ) → (Yβ ,  K  β).  The  
functional cost of . π, written .cost(π), is defined as follows. 

.cost(π)  =
∫

Xα 

ddt

(
(mβ,α ◦ fβ ◦ lα,β)(x),  fα(x)

)
dμα (4) 

Proof of Theorem 1. For sake of generality, we illustrate the p roof for the case 
where .cost(π) is defined as in (4). The case o f .cost(π) as in (1) follows b y fixing 
.μα as uniform Borel measure. Let us prove that 
.hO enjoys the triangle inequality, i.e., . hO(α, γ) ≤ 
hO(α, β)  +  hO(β, γ ), where . α, . β and . γ are t hree . 

α := (fα,  tα)  :  (Xα,  Gα) → (Yα,  Kα) 
β := (fβ ,  tβ )  :  (Xβ ,  Gβ ) → (Yβ ,  Kβ ) 
γ := (fγ ,  tγ )  :  (Xγ ,  Gγ ) → ( Yγ ,  Kγ ) 

GEOs in . G illustrated on the right. We c onsider three translation pairs: 

. 

π1 :=
(
(lα,β ,  pα,β), (mβ,α,  qβ,α)

)
: α �T β 

π2 :=
(
(lβ,γ ,  pβ,γ), (mγ,β ,  qγ,β)

)
: β �T γ 

π3 := π2 ◦ π1 =
(
(lβ,γ ◦ lα,β ,  pβ,γ ◦ pα,β), (mβ,α ◦ mγ,β ,  qβ,α ◦ qγ,β )

)
: β �T γ 

Please note that if no crossed pair lik e .π1 or .π2 exists, then . hO(α, β)+hO(β, γ )  =  
∞, and hence the triangle inequality trivially holds. By definition their c osts are 

. 

cost(π1)  =
∫

Xα 
ddt

(
(mβ,α ◦ fβ ◦ lα,β)(x),  fα(x)

)
dμα 

cost(π2)  =
∫

Xβ 
ddt

(
(mγ,β ◦ fγ ◦ lβ,γ)(y),  fβ(y)

)
dμβ 

cost(π3)  =
∫

Xα 
ddt

(
(mβ,α ◦ mγ,β ◦ fγ ◦ lβ,γ ◦ lα,β)(x),  f  α(x)

)
dμα 

Since .(mβ,α,  qβ,α) is  a  GENEO,  we  have  that  for  every  .y ∈ X β , 

. ddt

(
(mγ,β ◦fγ ◦ lβ,γ)(y),  fβ(y)

)
≥ ddt

(
(mβ,α ◦mγ,β ◦fγ ◦ lβ,γ)(y), (mβ, α ◦fβ)(y)

)

and hence, setting .y := lα,β(x) and recalling that .lα,β is measure-decreasing, 

.

∫

Xβ 

ddt

(
(mγ,β ◦ fγ ◦ lβ,γ)(y),  fβ(y)

)
dμβ 

≥
∫

Xα 

ddt

(
(mβ,α ◦ mγ,β ◦ fγ ◦ lβ,γ ◦ lα,β)(x), (m β,α ◦ fβ(y) ◦ lα,β)(x) 

)
dμα. 
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Therefore, we have that . cost(π1) + cost(π 2)  =  

. 

=
∫

Xα 
ddt

(
(mβ,α ◦ fβ ◦ lα,β)(x),  fα(x)

)
dμα +

∫
Xβ 

ddt

(
(mγ,β ◦ fγ ◦ lβ,γ )(y),  fβ(y)

)
dμβ 

≥ ∫
Xα 

ddt

(
(mβ,α ◦ fβ ◦ lα,β)(x),  fα(x)

)
dμα 

+
∫

Xα 
ddt

(
(mβ,α ◦ mγ,β ◦ fγ ◦ lβ,γ ◦ lα,β)(x), (mβ,α ◦ fβ ◦ lα,β)(x)

)
dμα 

≥ ∫
Xα 

ddt 

(
(mβ,α ◦ mγ,β ◦ fγ ◦ lβ,γ ◦ lα,β)(x),  fα(x)

)
dμα =  c  ost(π2 ◦ π1 ) 

where the second to last inequality follows from the triangle inequality f or .ddt. 
Therefore, .cost(π1) + cost(π2) ≥ cost(π2 ◦ π 1). It follo ws that 

. inf{cost(π′) | π′ : α �T β} +  inf{cost(π′′) | π′′ : β �T γ} 
=  inf{cost(π′) + cost(π′′) | π′ : α �T β, π′′ : β �T γ} 
≥ inf{cost(π′′ ◦ π′) | π′ : α �T β, π′′ : β �T γ} 
≥ inf{cost(π) | π : α �T γ } 

and thu s .hO(α, β)  +  hO(β, γ) ≥ hO(α, γ ). In other words, (T) h olds. 
To prove (R) i.e., that for all GEOs .(fα,  tα) :  (Xα,  Gα) → (Yα,  K  α),  it  ho  lds  

that .hO

(
(fα,  tα), (fα,  tα)

)
=  0, observe that, since .T is a category there exists 

the crossed pair of translation .ι :=
(
(idXα , idGα

), (idYα , idKα
) 
)

given by the 
identity morphisms. One can easily check that .cost(ι)  =  0  and thu s 

. inf{cost(π) | π :  (fα,  tα) �T (f α,  tα)} =  0  . 

Proof of Proposition 1. Fix .A := {(g, x) | fα(x)  =  fβ(x) }, . B := {(g, x) | fα(g ∗ 
x)  =  fβ(g ∗x)} and .C := {(g, x) | fβ(x)  =  fβ(g∗x)} and observe that .A∩B ⊆ C. 
Thus, by denoting with . X, the complement of a s et . X, it holds that . A ∪ B ⊇ C 
and thu s 

.|A| + |B|  ≥  |C|. (5) 

We now use the hypothesis that .Gα is a group, to show the bijection o f . A and . B: 
define .ι : B → A as .ι(g, x)  :=  (g, g ∗ x ) and .κ : A → B as .κ(g, x)  :=  (g, g−1 ∗ x ). 
Observe that the functions are well defined and that they are i nverse to each 
other. Thus .|A| = |B| that, thanks to (5)  gives  us  

. 2 ·  |A|  ≥  |  C|. 

To conclude observe that . C is .N  E  and that .|A| is .|Gα|  ·  hO((fα,  tα), (fβ ,  tβ)). 
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