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Mixing and CLT for Hénon–Sibony maps: Plurisubharmonic
observables

Marco Vergamini and Hao Wu

Abstract. Let f be a complex Hénon map and � its unique measure of maximal entropy. We
prove that � is exponentially mixing of all orders for all (not necessarily bounded) plurisub-
harmonic observables, and that all plurisubharmonic functions satisfy the central limit theorem
with respect to �. Our results hold more generally for every Hénon–Sibony map on Ck .

1. Introduction

Hénon maps are among the most studied dynamical systems. They were introduced
in the real setting by Michel Hénon [32]. Since the 1980s, the study of these maps
in the complex setting has seen a surge in activity, following the development of
pluripotential theory techniques, see for instance the works of Bedford–Lyubich–
Smillie [2–5] and Fornæss–Sibony [28, 29, 34]. In particular, a unique measure of
maximal entropy � (also called equilibrium measure) for these systems was intro-
duced by Sibony, as the intersection of two canonical positive closed currents, and
the study of the ergodic properties of � has quickly become a central problem in the
domain. It is shown in [3] that � is Bernoulli. In particular, it is mixing of all orders.
On the other hand, the control of the speed of mixing is a challenging problem, and
is usually obtained only under strong hyperbolicity assumptions on the systems; see,
for instance, [33].

In [7], Bianchi–Dinh proved the exponential mixing of all orders and the central
limit theorem for smooth (and, by the interpolation techniques, Hölder continuous)
observables for all Hénon maps on C2 and, more generally, for all so called Hénon–
Sibony maps on Ck; see [12, 24, 25]. This solved a long-standing question in the
domain. De Thélin–Vigny [14] recently generalized this result for observables in a
special subspace of bounded d.s.h. functions (their result is valid in the more general
setting of generic birational maps [1, 13]). The goal of this paper is to obtain these
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strong statistical properties for all d.s.h. observables. We recall that, roughly speak-
ing, d.s.h. functions are the elements of the vector space spanned by (not necessarily
bounded) plurisubharmonic (p.s.h. for short) functions; see [19] and Section 2 for
precise definitions. Since their introduction, d.s.h. functions have been proven to be a
fundamental tool in the study of holomorphic dynamical systems; they are naturally
adapted to the underlying complex structure, and invariant by iteration of holomor-
phic maps, something that is not true for the usual “real” regularity conditions. We
refer to [6, 17, 21, 22, 30, 31] for examples of applications.

Let us recall the following definition.

Definition 1.1. Let .X; f / be a dynamical system and � an f -invariant measure.
Let .E; k�kE/ be a normed space of real functions on X with k�kLq.�/ .q k�kE for
all 1 � q < C1. We say that � is exponentially mixing of all orders for observables
in E if, for every � 2 N�, there exist constants C� > 0 and 0 < �� < 1 such that, for
all '0; : : : ; '� in E and integers 0 DW n0 � n1 � � � � � n� , we haveˇ̌̌̌Z

'0.'1 ı f
n1/ � � � .'� ı f

n� / d� �
�Y

jD0

Z
'j d�

ˇ̌̌̌
� C��

min0�j���1.njC1�nj /
�

�Y
jD0

k'j kE :

The following is our first main result, which completely settles the question of the
exponential mixing for d.s.h. observables.

Theorem 1.2. Let f be a Hénon–Sibony map and� its equilibrium measure. Then,�
is exponentially mixing of all orders for all observables in DSH.Pk/. More precisely,
there exists 0 < � < 1 such that for every integer � 2 N�, 0 D n0 � n1 � � � � � n� ,
and for every '0; '1; : : : ; '� 2 DSH.Pk/, we haveˇ̌̌̌Z

'0.'1 ı f
n1/ � � � .'� ı f

n� / d� �
�Y

jD0

Z
'j d�

ˇ̌̌̌
� C��

min0�j���1.njC1�nj /
�Y

jD0

k'j kDSH;

where C� > 0 is a constant independent of n1; : : : ; n� ; '0; : : : ; '� .

The exponential mixing of order 1 (i.e., the case of 2 observables) was first proved
by Dinh for C˛ (0 < ˛ � 2) observables [15]. The second author extended this result
to d.s.h. observables [38]. For generic birational maps, the exponential mixing of
order 1 for C˛ observables was shown by Vigny [36]. It was recently proved that,
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under suitable assumptions, the exponential mixing of order 1 implies that the mea-
sure is Bernoulli [26] and, as a consequence, mixing of all orders. However, it is a
main open question whether the exponential mixing of order 1 implies the exponen-
tial mixing of all orders; see, for instance, [26, Question 1.7].

In [7, 15], the problem for Hölder observables can be reduced to C2 observables
by interpolation [35]. Moreover, as every C2 function is the difference of two p.s.h.
functions, the observables 'j ’s can be assumed to be p.s.h. near the support of �.
A key idea is then to consider the new dynamical system

F.z;w/ WD
�
f .z/; f �1.w/

�
(which, when f is a Hénon map on C2, is a Hénon–Sibony map on C4), and two
auxiliary functions on C4, which are p.s.h. on a large open disc. Thus, an estimate on
sequences of positive closed currents under the action of F� (see Lemma 2.5 below)
can be applied. However, if we remove the C2 assumption on the 'j ’s we need to be
more careful when defining the two auxiliary functions. Hence, the strategy needs to
be adapted to work in the more general setting of Theorem 1.2. A similar problem
appears when trying to adapt the proof of [14], which relies on a similar decompo-
sition. Our proof relies both on a stronger mixing result than that of [14] in the case
of bounded p.s.h. observables (see Proposition 3.1 and Remark 3.2), and on a pre-
cise control of the singularities of d.s.h. functions, combined with a precise regularity
estimate for �.

Our second result is the central limit theorem for all d.s.h. observables. Fix an
observable ' 2 DSH.Pk/, and set

Sn.'/ WD ' C ' ı f C � � � C ' ı f
n�1:

Define the non-negative constant � D �.'/ by

�2 WD lim
n!1

1

n

Z �
Sn.'/ � h�; 'i

�2 d�:

By Birkhoff’s ergodic theorem, we have

n�1Sn.'/.x/! h�; 'i for �-almost every x 2 Pk :

This is an analogue of the strong law of large numbers. Our second main result is
the following control of the rate in the above convergence. We let N .0; �2/ denote
the Gaussian distribution with mean 0 and variance �2 (when � D 0, we mean that
N .0; �2/ is the trivial point distribution at 0).

Theorem 1.3. Let f and � be as in Theorem 1.2. Then, every ' 2 DSH.Pk/ satisfies
the central limit theorem with respect to �. Namely, we have

Sn.'/ � nh�; 'i
p
n

! N .0; �2/ as n!1 in law: (1.1)
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When � ¤ 0, this means that for any interval I � R, we have

lim
n!1

�

²
Sn.'/ � nh�; 'i

p
n

2 I

³
D

1
p
2� �

Z
I

e�t
2=.2�2/ dt:

For ' 2 C˛.Pk/, 0 < ˛ � 2, the above central limit theorem was deduced by
Bianchi–Dinh [7] from their version of Theorem 1.2 for C˛ observables. The proof
relies on a theorem by Björklund–Gorodnik [11], which states that the exponential
mixing of all orders for observables bounded in a norm k�kE implies the central limit
theorem, under some natural conditions including

k'1'2kE � ck'1kEk'2kE for every '1; '2 2 E: (1.2)

We cannot directly apply [11] in our case, because '1'2 is not in general d.s.h. for
'1; '2 2 DSH.Pk/. So, (1.2) clearly does not hold in our setting. We will prove a
more general version of [11, Theorem 1.1] (see Theorem 4.1) from which, together
with Theorem 1.2, we will deduce Theorem 1.3.

Notations. The symbols . and & stand for inequalities up to a positive multiplicative
constant, and a subscript means that said constant can depend on some variables,
e.g., .t means that the implicit constant can depend on the variable t . We denote by
Bk.x; r/ � Ck the open ball centered at x 2 Ck with radius r > 0, and by xBk.x; r/
its closure. The pairing h�; �i is used for the integral of a function with respect to
a measure or, more generally, the value of a current at a test form. The mass of a
positive closed .p; p/-current S on Pk is defined as kSk WD hS; !k�pFS i, where !FS

denotes the Fubini–Study form.

2. Preliminaries

2.1. Pluripotential theory

Recall that a function 'WPk ! R [ ¹�1º is called quasi-plurisubharmonic (quasi-
p.s.h. for short) if it is locally the difference of a p.s.h. function and a smooth one.
The space of these functions is larger than that of p.s.h. functions, which are neces-
sarily constant by the maximum principle. On the other hand, quasi-p.s.h. functions
still preserve the main compactness properties of p.s.h. functions, some of which we
will review in this subsection. A function 'W Pk ! R [ ¹˙1º is d.s.h. if it is the
difference of two quasi-p.s.h. functions outside of a pluripolar set. Since their intro-
duction [19], these functions have played a central role in holomorphic dynamics.
Denote by DSH.Pk/ the space of d.s.h. functions on Pk . If ' is d.s.h., there are two
positive closed .1; 1/-currents R˙ on Pk such that ddc' D RC � R�. As these two
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currents are cohomologous, they have the same mass. We define a norm on DSH.Pk/
by

k'kDSH WD

ˇ̌̌̌Z
' !kFS

ˇ̌̌̌
C infkR˙k;

where the infimum is taken over all R˙ as above [19]. We obtain an equivalent norm
if, instead of !kFS, we take any measure � that is PB, i.e., such that all d.s.h. functions
are integrable with respect to �; see, for instance, [22, Proposition A.43]. We will need
the following decomposition result for d.s.h. functions.

Lemma 2.1. Let B be a bounded domain in the chart of Pk canonically identified
with Ck , and let ' be a d.s.h. function on Pk with k'kDSH � 1. Then there exist two
functions 'C and '�, which are p.s.h. on B and such that

j'˙kDSH � C; '˙ � 0; ' D 'C � '�:

Here, C is a positive constant independent of '.

Proof. We recall from [19] that, for every d.s.h. function ' on Pk with k'kDSH � 1,
there exist two quasi-p.s.h. functions 'C, '� and a constant m such that

' D 'C � '� Cm; max'˙ D 0;

k'˙kDSH � c1; ddc'˙ � �c1!FS; jmj � c1;
(2.1)

where c1 > 0 is a constant independent of '.
We fix a smooth function v on Pk such that ddcv D !FS on B , and we set zC D

supPk jvj. We have kvkDSH . kvkC2 . 1. Define

'˙ WD '
˙
C c1v � c1 zC �

�
sign.m/� 1

�m
2
:

It follows from (2.1) that 'C and '� satisfy the desired properties. The proof is com-
plete.

We will also need the following regularizations of bounded p.s.h. functions.

Lemma 2.2. Let gWCk ! R be a bounded function which is p.s.h. on Bk.0; r/ for
some r > 4. There exists a sequence of smooth functions h.`/ on Ck with compact
support in Bk.0; r C 2/, which are p.s.h. on Bk.0; r � 1/, and satisfy

kh.`/ � gkL1.�/ �
1

`
; kh.`/k1 � ckgk1; kh

.`/
kC2.xBk.0;r�2/c/

� ckgk1;

where � is a given finite measure with support contained in Bk.0; r � 4/, and c > 0
is a constant independent of g and `.
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Proof. Up to possibly adding some constant c0 . kgk1 to g, we may assume g � 0.
Define

�.z/ WD kgk1 � log
kzk

r � 4
�

�
log

r � 3

r � 4

��1
; zh.z/ WD �

�
kzk

�
�max

�
g.z/; �.z/

�
;

where � is a real cut-off function on R satisfying

�.t/ D 0 for t � r C 1; �.t/ D 1 for t � r; j�0j � 2; j�00j � 4:

When kzk � r , we have zh D max.g; �/. Hence, as both g and � are p.s.h., zh is
p.s.h. on Bk.0; r/. When kzk � r � 3, we have

log
kzk

r � 4
�

�
log

r � 3

r � 4

��1
� 1:

In this case, we have zh.z/ D �.kzk/ � �.z/, so zh is smooth on xBk.0; r � 3/c . When
kzk � r � 4, we have �.z/ � 0 � g.z/, which implies that zh D g on Bk.0; r � 4/.
Moreover, we have

kzhk1 � max
®
kgk1; k� � 1Bk.0;rC1/nBk.0;r�4/k1

¯
. kgk1

and
kzhkC2.xBk.0;r�3/c/ D



��kzk� � �.z/


C2.xBk.0;r�3/c/

. kgk1:

Lastly, since zh is bounded and p.s.h. on Bk.0; r/, using a convolution, we can find
a sequence of smooth functions h.`/ with compact support in Bk.0; r C 2/, p.s.h. on
Bk.0; r � 1/, such that

kh.`/kC2.xBk.0;r�2/c/ � 2k
zhkC2.xBk.0;r�3/c/ . kgk1;

and converging pointwise to zh. By Lebesgue’s dominated convergence theorem, they
converge to g in L1.�/. The proof is complete.

A positive measure � on Pk is said to be moderate if, for any bounded family F

of d.s.h. functions on Pk , there exist constants ˛ > 0 and c > 0 such that

�
®
z 2 Pk W j .z/j > M

¯
� ce�˛M

for everyM � 0 and  2 F; see [17,18,22]. Moderate measures are PB. We have the
following result.
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Lemma 2.3. Let ' be a non-positive d.s.h. function on Pk , with k'kDSH � 1, and
p.s.h. on a bounded domain B in the chart Ck � Pk . Let � be a moderate measure
on Pk . For every N � 0, we can write ' D '.N/1 C '

.N/
2 with '.N/1 p.s.h. on B , and

k'
.N/
1 k1 � N; k'

.N/
2 kLq.�/ � Cqe

�˛N=q

for every q � 1, where ˛ > 0 is a constant independent of ' and q, and Cq > 0 is a
constant independent of '.

Proof. Up to changing the constants, we can suppose N to be an integer. By the
moderate property of �, we can find constants ˛ > 0 and c > 0 such that

�
®
z 2 Pk W � .z/ > M

¯
D �

®
z 2 Pk W j .z/j > M

¯
� ce�˛M

for all M > 0 and all non-positive  such that k kDSH � 1. We define

'
.N/
1 WD max¹';�N º; '

.N/
2 WD ' � '

.N/
1 ;

so that '.N/1 is p.s.h. on B and k'.N/1 k1 � N . Since '.N/2 D 0 on ¹' � �N º, for
every q � 1, we haveZ

j'
.N/
2 j

q d� D
Z
¹'<�N º

j'
.N/
2 j

q d�

�

X
M�N

Z
¹�M�1�'<�M º

.M �N C 1/q d�

� c
X
M�N

.M �N C 1/qe�˛M

D ce�˛N
X
M�0

.M C 1/qe�˛M D C 0qe
�˛N ;

where C 0q WD c
P
M�0.M C 1/

qe�˛M is a constant depending only on q. Therefore,
we have

k'
.N/
2 kLq.�/ � Cqe

�˛N=q;

with ˛ and Cq as in the statement, and the proof is complete.

Let us recall the notion of positivity of currents. A .p; p/-current R is said to be
weakly positive if for any smooth .1; 0/-forms 
j ; 1 � j � k � p, the .n; n/-current

R ^ .i
1 ^ x
1/ ^ � � � ^ .i
k�p ^ x
k�p/

is a positive measure. A .p; p/-current R is called positive if for any smooth weakly
positive .k � p; k � p/-form S , the .n; n/-current R ^ S is a positive measure.
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We introduce a norm on the space of real currents with support in xU , where U is
an open set in Pk . Let � be a real .p C 1; p C 1/-current supported in xU as above
and assume that there exists a positive closed .p C 1; p C 1/-current �0 supported
in xU such that ��0 � � � �0. Define the norm k�k�;U as

k�k�;U WD min
®
k�0k; �0 as above

¯
:

We have the following simple fact.

Lemma 2.4. Let U be an open set in Pk and � be a real ddc-exact .p C 1; p C 1/-
current supported in xU . Assume that we have � � �R for some positive closed
current R supported in xU . Then we have k�k�;U � 2kRk.

Proof. Note that �C 2R is a positive closed current supported in xU and � satisfies

�.�C 2R/ � � � �C 2R:

The mass of �C 2R is equal to 2kRk because � is ddc-exact. The assertion follows
from the definition of k�k�;U .

2.2. Dynamical properties of Hénon–Sibony maps

Let now f be a polynomial automorphism of Ck . It can be extended to a birational
map of Pk in a natural way, still denoted by f . For the new map, the set IC (resp. I�)
where f (resp. f �1) is not defined is called the indeterminacy set of f (resp. f �1).
We say that f is a Hénon-Sibony map if IC and I� are non-empty and IC \ I� D ¿.
Such maps were introduced in [34], and reduce to the Hénon maps for k D 2. We
recall here their main properties, and refer to [24, 34] for details.

The indeterminacy sets I˙ are analytic subsets of the hyperplane at infinityL1 WD
Pk n Ck . For every Hénon–Sibony map f , there exists a positive integer p D p.f /
such that

dim IC D k � 1 � p; dim I� D p � 1:

The set I� is attracting for f and IC is attracting for f �1. Moreover, we have

f .L1 n IC/ D I�; f �1.L1 n I�/ D IC:

Denote by dC and d� the algebraic degrees of f and f �1, respectively. We then
have dpC D d

k�p
� . In particular, when k D 2p, we have dC D d�.

The Green functions of f are defined by

GC.z/ WD lim
n!1

d�nC logC kf n.z/k; G�.z/ WD lim
n!1

d�n� logC kf �n.z/k;
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where logC.�/ WD max¹log.�/; 0º. They are Hölder continuous and p.s.h. on Ck , and
they satisfy

GC ı f D dCG
C; G� ı f �1 D d�G

�:

Define the Green currents of bidegree .1; 1/ of f by

TC WD ddcGC; T� WD ddcG�:

We have f �.TC/ D dCTC and f�.T�/ D d�T� as currents on Pk .
The current T pC (resp. T k�p� ) is supported in the boundary of the filled Julia

set KC (resp. K�). Recall that KC (resp. K�) is the set of points z 2 Ck whose
orbit .f n.z//n2N (resp. backward orbit .f �n.z//n2N) is bounded in Ck . We have

KC D ¹G
C
D 0º; K� D ¹G

�
D 0º; xK˙ \ L1 D I˙:

The open set Pk n xKC (resp. Pk n xK�) is the immediate basin of I� for f (resp. IC
for f �1). Set K WD KC \K�. It is a compact subset of Ck .

Throughout this article, we fix a large real number r > 0 such thatK �Bk.0; r=3/,
and such that there exist open sets Uj ; Vj � Pk , j D 1; 2, with U2 \ V2 � Bk.0; r=2/,

xKC b U1 b U2; xK� b V1 b V2; f �1.Ui / b Ui ; f .Vi / b Vi ;

and
K� \ Bk.0; r � 1/ � f

�
Bk.0; r � 1/

�
;

KC \ Bk.0; r � 1/ � f
�1
�
Bk.0; r � 1/

�
:

(2.2)

Such sets exist since Pk n xKC (resp. Pk n xK�) is the immediate basin of I� for f
(resp. IC for f �1).

We have the following crucial estimate involving the �-norm; see [15, Proposi-
tion 2.1] and [7, Corollary 2.5], for example.

Lemma 2.5. Let R be a positive closed .k � p; k � p/-current of mass 1 supported
in V1 and ˆ be a C2 function with compact support in Ck such that ddcˆ � 0 on a
neighborhood ofKC \ V2. Then there exists a constant c > 0 independent ofR andˆ
such that˝

d�.k�p/n� .f n/�.R/ � T
k�p
� ; ˆT

p
C

˛
� cd�n� kddcˆ ^ T

p
Ck�;U1 for all n � 0:

Sibony also introduced the equilibrium measure � WD T pC ^ T
k�p
� for f , which is

an invariant probability measure. We have supp.�/ � K and � is the unique measure
of maximal entropy of f ; see [12]. As the Green currents have Hölder continuous
potentials, � is moderate.
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3. Mixing for d.s.h. functions

In this section, we are going to prove Theorem 1.2. We first prove a mixing proposition
for bounded p.s.h. functions, which improves the main result of [14] in our context.
After that, we show that the singularities of unbounded d.s.h. functions are “asymp-
totically negligible” in the integrals of Definition 1.1, thus obtaining the exponential
mixing of all orders also for those functions.

For simplicity, we will assume kD 2p, and set d WD dCD d�. For the case k¤ 2p,
the proof can be adapted by working on Pk � Pk instead of P2k , see [36]. We recall
here that we take r to be sufficiently large, so that (2.2) holds. We also fix, in this
section, a large domain B containing xBk.0; r/.

3.1. Mixing for bounded p.s.h. functions

Our goal in this subsection is to prove the following version of Theorem 1.2 for
bounded p.s.h. observables.

Proposition 3.1. For every � 2 N� there exists a constant C� > 0 such that, for
every � C 1 bounded functions g0; g1; : : : ; g� which are p.s.h. on B , and for every
0 D n0 � n1 � � � � � n� , we haveˇ̌̌̌Z

g0.g1 ı f
n1/ � � � .g� ı f

n� / d� �
�Y

jD0

Z
gj d�

ˇ̌̌̌
� C� d

�min0�j���1.njC1�nj /=2
�Y

jD0

kgj k1:

Observe that, by linearity, the statement is true if we assume that, for every j ,
either gj or �gj is p.s.h.

Remark 3.2. With respect to the second statement in [14, Theorem 1.1], Proposi-
tion 3.1 only requires a weaker infinity-norm for the gj ’s, and the convergence speed
is the optimal one known for two observables [15, 38].

Consider the canonical inclusions of Ck and Ck � Ck in Pk and P2k , respec-
tively. We will use z, w, .z;w/ for the canonical coordinates of Ck and Ck �Ck , and
write Œz W t �, Œw W t �, Œz W w W t � for the homogeneous coordinates. Denote by L1 the
hyperplane at infinity of P2k .

Define a new automorphism of Ck �Ck by

F.z;w/ WD
�
f .z/; f �1.w/

�
:
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Then F is also a Hénon–Sibony map; see, for instance, [15, Lemma 3.2]. The alge-
braic degrees of F and F �1 are both equal to d . We define

TC WD TC ˝ T�; T� WD T� ˝ TC:

The Green currents of bidegree .2p; 2p/D .k; k/ of F are Tp
C and Tp

� , which satisfy

F �.Tp
C/ D d

2pTp
C; F�.T

p
� / D d

2pTp
�

as currents on Pk � Pk . The measure �˝�D Tp
C ^Tp

� is invariant under F . More-
over, notice that

F�.T
p
C/ D d

�2pTp
C

as currents on Ck � Ck , since F is an automorphism of Ck � Ck . Let KC and K�
be the filled Julia sets of F and F �1, which are equal to KC � K� and K� � KC,
respectively.

Let I˙ be the indeterminacy sets of F and F �1. Let also � be the diagonal of
Ck �Ck and let x� be its closure in P2k . We have I˙ \ x� D ¿.

Until the end of the section, we fix r sufficiently large in order to have (2.2), and
also so that there exist open sets Uj ;Vj � P2k , j D 1;2, with U2 \V2 �B2k.0; r=2/,

xKC b U1 b U2; K� b V1 b V2; F �1.Ui / b Ui ; F .Vi / b Vi ;

and
K� \ B2k.0; r � 1/ � F

�
B2k.0; r � 1/

�
;

KC \ B2k.0; r � 1/ � F
�1
�
B2k.0; r � 1/

�
:

(3.1)

Since IC \ x� D ¿, we can also require V1 � xK� [ x�.
We set zg0 WD g0 and zgj WD gj ı f nj�n1 for j � 1. Define

G0.z; w/ WD g0.w/; Gj .z; w/ D gj .z/ for j � 1:

Notice that kGj k1 D kgj k1 for every j . Since the gj ’s are p.s.h. on Bk.0; r/,
we have that G0 is p.s.h. on Ck � Bk.0; r/ � B2k.0; r/, and the Gj ’s are p.s.h. on
Bk.0; r/ �Ck � B2k.0; r/ for j � 1.

Recall that supp.�/ is contained in K, which is invariant under f . This gives

supp.�/ � supp.�/ � K �K D KC \K�;

which is invariant under F . Since we will always integrate the Gj ’s against finite
measures with support contained in supp.�/ � supp.�/, we can apply Lemma 2.2
(with 2k instead of k) to the Gj ’s with `0 sufficiently large so that

1

`0
�
�
d �
�
kF kC1.K�K/ C 1

���n�
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and obtain a regularization H .`0/
j for every Gj . Therefore, up to replacing the Gj ’s

with theH .`0/
j ’s, from now on we can assume that the functionsGj ’s are smooth, with

compact support in B2k.0; r C 2/, p.s.h. on B2k.0; r � 1/, and satisfy

jGj j � 1; kGj kC2.xB2k.0;r�2/c/ � 1: (3.2)

Set zG0 WD G0 and zGj WD Gj ı F
nj�n1 for j � 1. Define the auxiliary func-

tions ˆ˙ on Ck �Ck by

ˆ˙ WD ˆ˙n0;:::;n� D

�X
jD0

�
.� C 1/ zGj C

�

2
zG2j

�
˙

�Y
jD0

zGj : (3.3)

Notice that these two functions have compact support in Ck � Ck . We have the two
following lemmas about the functionsˆ˙. The delicate point of these estimates is the
independence of the nj ’s in Lemma 3.4.

Lemma 3.3. We have ddcˆ˙ � 0 on a neighborhood of KC \B2k.0; r � 1/, possibly
depending on n1; : : : ; n� , but not on g0; : : : ; g� .

Proof. Remember that the inequality i@.g ˙ h/ ^ x@.g ˙ h/ � 0, which is valid for
every C2 functions g and h, implies

˙.i@g ^ x@hC i@h ^ x@g/ � �.i@g ^ x@g C i@h ^ x@h/: (3.4)

It follows that we have

i@@ˆ˙ D

�X
jD0

i@@ zGj

�
� C 1C � zGj ˙

Y
s¤j

zGs

�
C �

�X
jD0

i@ zGj ^ x@ zGj ˙
X
j¤s

�
i@ zGj ^ x@ zGs

Y
t¤j;s

zGt

�
�

�X
jD0

i@@ zGj

�
� C 1C � zGj ˙

Y
s¤j

zGs

�
C

�X
jD0

i@ zGj ^ x@ zGj

�
� �

X
s¤j

� Y
t¤j;s

j zGt j

��
�

�X
jD0

i@@ zGj

�
� C 1C � zGj ˙

Y
s¤j

zGs

�
; (3.5)

where in the first inequality we have used (3.4), and in the second one we have used
the estimates (3.2).
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It follows from (3.1) that

KC \ B2k.0; r � 1/ � F
�n
�
B2k.0; r � 1/

�
for every n2N. So, for every 1� j � �, the function zGj is p.s.h. on a neighborhoodU
(depending on the nj ’s) of KC \ B2k.0; r � 1/. Therefore, we have

i@@ˆ˙ �

�X
jD0

i@@ zGj

�
� C 1C � zGj ˙

Y
s¤j

zGs

�
� 0 on U ;

where the first inequality is given by (3.5), and the last one follows from the esti-
mates (3.2). The assertion follows.

Lemma 3.4. We have that kddcˆ˙ ^ Tp
Ck�;U1 � c�

2 for some c > 0 independent
of n1; : : : ; n� and g0; : : : ; g� .

Proof. From (3.5), we see that we have

ddcˆ˙ �

�X
jD0

�j ddc zGj ;

for some functions �j ’s on Ck �Ck satisfying 0� �j � 2� C 2. For every 0� j � �,
the assumptions (3.2) on the Gj ’s give that ddcGj � �c!FS on P2k for some con-
stant c > 0 independent of the gj ’s. It follows that

ddc zGj � �c.F
nj�n1/�!FS:

Thus, we deduce that

ddcˆ˙ ^ Tp
C & ��

�
!FS C

�X
jD1

.F nj�n1/�!FS

�
^ Tp

C; (3.6)

where the implicit constant is independent of n1; : : : ; n� and g0; : : : ; g� .
We will show that the mass of .F nj�n1/�!FS ^ Tp

C is bounded independently
of n1; : : : ; n� . Using that F �.Tp

C/ D d
2pTp

C, we have

.F nj�n1/�!FS ^ Tp
C D d

�2p.nj�n1/.F nj�n1/�.!FS ^ Tp
C/: (3.7)

By definition of mass, we have

.F nj�n1/�.!FS ^ Tp
C/


 D ˝.F nj�n1/�.!FS ^ Tp

C/; !
2p�1
FS

˛
D
˝
!FS ^ Tp

C; .F
nj�n1/�!

2p�1
FS

˛
:
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As the mass of a positive closed current on P2k only depends on its cohomology class,
we conclude that 

.F nj�n1/�.!FS ^ Tp

C/


 D 

.F nj�n1/�!2p�1FS




D d .2p�1/.nj�n1/ (3.8)

since both !FS and TC have mass 1. We finish the proof by using (3.6) to apply
Lemma 2.4 with the exact current ddcˆ˙ ^ Tp

C instead of �, and combining (3.7)
and (3.8).

We now begin the proof of Proposition 3.1. Using the invariance of �, the desired
inequality does not change if we replace nj by nj � 1 for 1�j�� and g0 by g0 ı f �1.
Therefore, it is enough to assume that n1 is even. We have the following lemma.

Lemma 3.5. There is a constant c� > 0, independent of n1; : : : ; n� and g0; : : : ; g� ,
such thatˇ̌̌̌Z �Y

jD0

.gj ı f
nj / d� �

Z
g0 d�

Z �Y
jD1

.gj ı f
nj�n1/ d�

ˇ̌̌̌
� c�d

�n1=2:

Proof. Put ‰ WD g1.g2 ı f
n2�n1/ � � � .g� ı f

n��n1/ D
Q�
jD1 zgj . We are going to

prove that we haveZ
g0.‰ ı f

n1/ d� �
Z
g0 d�

Z
‰ d� � c�d�n1=2; (3.9)

�

Z
g0.‰ ı f

n1/ d�C
Z
g0 d�

Z
‰ d� � c�d�n1=2 (3.10)

for some c� > 0 independent of n1; : : : ; n� and g0; : : : ; g� . This gives the desired
result. We will use of the functions ˆ˙ defined in (3.3).

Recall that �D T pC ^ T
p
� , and that the currents T˙ have Hölder continuous poten-

tials on Ck . It follows that the intersections of T˙ with positive closed currents on Ck

are well defined. Using the invariance of �, we have

A WD

Z
g0.‰ ı f

n1/ d�C
Z �

.� C 1/

�X
jD0

gj C
�

2

�X
jD0

g2j

�
d�

D

�
T
p
C ^ T

p
� ; .� C 1/g0 ı f

�n1=2 C
�

2
g20 ı f

�n1=2

C

�X
jD1

�
.� C 1/zgj ı f

n1=2 C
k

2
zg2j ı f

n1=2
�
C .g0 ı f

�n1=2/.‰ ı f n1=2/

�
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D

�
.T

p
C ˝ T

p
� / ^ Œ��; .� C 1/g0

�
f �n1=2.w/

�
C
�

2
g20
�
f �n1=2.w/

�
C

�X
jD1

�
.� C 1/zgj

�
f n1=2.z/

�
C
�

2
zg2j
�
f n1=2.z/

��
C g0

�
f �n1=2.w/

�
‰
�
f n1=2.z/

��
:

From the definitions of‰ andˆC and the fact that F�.T
p
C/D d

�2pTp
C as currents

on Ck �Ck , it follows that

A D
˝
Tp
C ^ Œ��;ˆ

C
ı F n1=2

˛
D
˝
Tp
C ^ Œ��; .F

n1=2/�ˆC
˛

D
˝
d�pn1Tp

C ^ .F
n1=2/�Œ��;ˆ

C
˛
D
˝
d�pn1.F n1=2/�Œ��;ˆ

CTp
C

˛
:

Therefore, we haveZ
g0.‰ ı f

n1/ d�C
Z �

.� C 1/

�X
jD0

gj C
�

2

�X
jD0

g2j

�
d�

D
˝
d�pn1.F n1=2/�Œ��;ˆ

CTp
C

˛
: (3.11)

Recall that xK� [ x�� V1 b V2, and F.Vj /b Vj for j D 1;2. Lemma 3.3 implies
that we have ddcˆC � 0 on a neighborhood of KC \ V2. Thus, applying Lemma 2.5
with F , Œ��, ˆC, KC, Vj , T˙ instead of f , R, ˆ, KC, Vj , T˙, yields˝
d�pn1.F n1=2/�Œ�� � Tp

� ; ˆ
C.z; w/Tp

C

˛
� cd�n1=2kddcˆC ^ Tp

Ck�;U1 : (3.12)

Since �˝ � D Tp
C ^ Tp

� , and also using the invariance of �, we get˝
Tp
� ; ˆ

C.z; w/Tp
C

˛
D h�˝ �;ˆCi

D

Z �
.� C 1/

�X
jD0

gj C
�

2

�X
jD0

g2j

�
d�C h�; g0ih�;‰i: (3.13)

Combining (3.11), (3.12), and (3.13), we deduce that˝
�; g0.‰ ı f

n1/
˛
� h�; g0ih�;‰i � cd

�n1=2kddcˆC ^ Tp
Ck�;U1 :

Thus, (3.9) follows from Lemma 3.4. Repeating the above argument with ˆ� instead
of ˆC, we also get the inequality (3.10). This concludes the proof of the lemma.

End of the proof of Proposition 3.1. We proceed by induction. The base case � D 1 is
given by [38, Theorem 1.1]. Suppose that the proposition holds for � � 1 observables.
We need to prove that the statement holds for �, i.e., that we haveˇ̌̌̌Z �Y

jD0

.gj ı f
nj / d� �

�Y
jD0

Z
gj d�

ˇ̌̌̌
. d�min0�j���1.njC1�nj /=2:
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Recall that we can assume that jgj j � 1 for every j � 1. By Lemma 3.5, it is enough
to show that we haveˇ̌̌̌Z

g0 d�
Z �Y
jD1

.gj ı f
nj�n1/ d� �

�Y
jD0

Z
gj d�

ˇ̌̌̌
. d�min1�j���1.njC1�nj /=2:

This follows from the inductive assumption. The proof is complete.

3.2. Mixing for all d.s.h. functions

We are ready to prove our first main theorem.

Proof of Theorem 1.2. Up to rescaling, we can assume without loss of generality that
k'j kDSH � 1 for every j . Applying Lemma 2.1, and by linearity, we may also assume
that we have 'j � 0 and k'j kDSH � 1 for every j , and that all the 'j ’s are p.s.h. on B .

Using Lemma 2.3, we can write 'j D '
.N/
j;1 C '

.N/
j;2 , where we choose N as

N WD .2˛/�1 min
0�j���1

.njC1 � nj / log d: (3.14)

Since N is fixed, we will omit its dependence and write

'
.N/
j;1 D 'j;1; '

.N/
j;2 D 'j;2:

Indexing all the possible choices of the vj ’s indexes in the 'j;vj ’s with v WD
.v0; v1; : : : ; v�/ 2 ¹1; 2º

�C1, we haveˇ̌̌̌Z � �Y
jD0

'j ı f
nj

�
d� �

�Y
jD0

Z
'j d�

ˇ̌̌̌
D

ˇ̌̌̌ X
v2¹1;2º�C1

�Z � �Y
jD0

'j;vj ı f
nj

�
d� �

�Y
jD0

Z
'j;vj d�

�ˇ̌̌̌

�

X
v2¹1;2º�C1

ˇ̌̌̌Z � �Y
jD0

'j;vj ı f
nj

�
d� �

�Y
jD0

Z
'j;vj d�

ˇ̌̌̌

�

ˇ̌̌̌Z � �Y
jD0

'j;1 ı f
nj

�
d� �

�Y
jD0

Z
'j;1 d�

ˇ̌̌̌
C

X
v¤.1;:::;1/

�ˇ̌̌̌Z � �Y
jD0

'j;vj ı f
nj

�
d�
ˇ̌̌̌
C

ˇ̌̌̌ �Y
jD0

Z
'j;vj d�

ˇ̌̌̌�
:

To estimate the last term, we treat two cases separately.
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Case: vD .1; : : : ;1/. Since all the 'j;1’s are p.s.h. onB and k'j;1k1�N for every j ,
we can apply Proposition 3.1 to getˇ̌̌̌Z

'0;1.'1;1 ı f
n1/ � � � .'�;1 ı f

n� / d� �
�Y

jD0

Z
'j;1 d�

ˇ̌̌̌
� C�d

�min0�j���1.njC1�nj /=2
�Y

jD0

k'j;1k1

� C�d
�min0�j���1.njC1�nj /=2N �C1:

Case: v¤ .1; : : : ;1/. Using the estimates on the 'j;1’s and 'j;2’s given by Lemma 2.3,
and by Hölder’s inequality, each of these terms is bounded by N �e�˛N , up to a mul-
tiplicative constant depending only on �.

Combining the estimates above, and inserting the value of N as in (3.14), we
obtain a constant C� > 0 independent of n1; : : : ; n� such thatˇ̌̌̌Z

'0.'1 ı f
n1/ � � � .'� ı f

n� / d� �
�Y

jD0

Z
'j d�

ˇ̌̌̌
� C� min

0�j���1
.njC1 � nj /

�C1d�min0�j���1.njC1�nj /=2:

Thus, the estimate in Theorem 1.2 holds for any � > 1=
p
d (up to possibly increasing

the value of C�), as desired.

4. Central limit theorem for d.s.h. observables

This section is devoted to prove Theorem 1.3. In [7], the authors apply [11, Theo-
rem 1.1], with all the norms Ns’s appearing there equal to k�kC˛ ; 0 < ˛ � 2. As the
same result cannot be applied in our case, we will instead prove the following varia-
tion of [11, Theorem 1.1], from which we will deduce our desired result.

Theorem 4.1. Fix a measure space .X; �/ and take a map f WX ! X such that �
is f -invariant. Let .A; k�kA/ be a space of test functions on X . Assume that f � is
bounded with respect to k�kA. Assume that we also have

(i) mixing: the measure � is exponentially mixing of all orders for observables
in A;

(ii) controlled tail: there exists a set of functions B such that .X; �; f;A;B/
satisfies the controlled tail property.

Then all observables in A satisfy the central limit theorem (in the sense of (1.1)) with
respect to �.
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Let us now define the notion (ii) in the above theorem. Let X; �; f;A be as in
Theorem 4.1. From now on, every dependence on X or � will be implicit. Let also B

be a cone inside a normed vector space of real functions (with abuse of notation, we
refer to the norm as k�kB), such that

(B1) for every ' 2 B, we have k'k1 � k'kB ;

(B2) the exponential mixing of all orders, as in Definition 1.1, holds for all ob-
servables in B with k�kB instead of k�kE ;

(B3) for every integer t � 2, there exist functions Pt;1; : : : ; Pt;mt WR
t ! R such

that

(a) for all x1; : : : ; xt 2 R, we have

mtX
lD1

Pt;l.x1; : : : ; xt / D x1x2 � � � xt I

(b) for every g1; : : : ; gt 2 B with kgj kB � 1, we have

Pt;l.g1; : : : ; gt / 2 B; kPt;l.g1; : : : ; gt /kB � zct ;

or

�Pt;l.g1; : : : ; gt / 2 B; k � Pt;l.g1; : : : ; gt /kB � zct :

Here, zct , mt and the Pt;l ’s depend only on t .

Without loss of generality, we will assume that the zct ’s and the mt ’s in (B3) are non-
decreasing in t .

Definition 4.2. We say that .X;�;f;A;B/ as above satisfies the controlled tail prop-
erty if, for every ' 2 A and every M � 0, we can write ' D 'C1 � '

�
1 C '2 with

(1) '˙1 2 B and k'˙1 kB � cMk'kA for some c � 1 independent of ';

(2) k'2kLq.�/ � cqe�˛qMk'kA for every q 2 N�, where ˛q > 0 and cq > 0

depend only on q.

We will assume without loss of generality that the ˛q’s and the cq’s are non-
increasing and non-decreasing in q, respectively.

We first use Theorem 4.1 to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. We just need to prove that A WD DSH.Pk/, equipped with the
norm k�kA D k�kDSH, satisfies the hypotheses of Theorem 4.1. It is not difficult to
check that f � is bounded with respect to the norm k�kDSH.

Condition (i) is given by Theorem 1.2. We now verify condition (ii). To do that,
we need a set of functions B and k�kB satisfying conditions (B1)–(B3), and such that
.X; �; f;A;B/ satisfies the controlled tail property.
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We take as B the set of bounded real functions on Pk which are p.s.h. on B , with
k�kB WD k�k1. Condition (B1) is immediate. Proposition 3.1 gives condition (B2).
Condition (B3) can be obtained with mt D 2 for every t by using the following two
functions:

Pt;1.x1; : : : ; xt / WD
t

2

tX
jD1

xj C
t � 1

4

tX
jD1

x2j C
1

2

tY
jD1

xj I

Pt;2.x1; : : : ; xt / WD �
t

2

tX
jD1

xj �
t � 1

4

tX
jD1

x2j C
1

2

tY
jD1

xj :

Observe that

2P�C1;1. zG0; : : : ; zG�/ D ˆ
C; �2P�C1;2. zG0; : : : ; zG�/ D ˆ

�;

where ˆ˙ are defined in (3.3). Hence, condition (B3) follows from the same argu-
ments as in the proof of Lemma 3.3.

It remains to verify that every d.s.h. function ' can be written as

' D 'C1 � '
�
1 C '2;

with 'C1 , '�1 , and '2 satisfying conditions (1) and (2) in Definition 4.2. Applying
Lemma 2.1, we can write ' D 'C � '� with the '˙’s p.s.h. on B , k'˙kDSH �

Ck'kDSH, and '˙ � 0.
Applying Lemma 2.3 to '˙ and �, instead of ' and �, respectively, and choosing

N WDM , we can write
'˙ D '

.M/
˙;1 C '

.M/
˙;2

with the '.M/
˙;1 ’s p.s.h. on B , and

k'
.M/
˙;1 k1 �Mk'˙kDSH � CMk'kDSHI

k'
.M/
˙;2 kLq.�/ � Cqe

�˛M=q
k'˙kDSH � CCqe

�˛M=q
k'kDSH:

It then suffices to choose

'C1 WD '
.M/
C;1 ; '�1 WD '

.M/
�;1 ; '2 WD '

.M/
C;2 � '

.M/
�;2 :

The proof is complete.

It remains to prove Theorem 4.1. Let us first recall the assumptions in [11, The-
orem 1.1] (which are there stated as (2.3) to (2.6)), where the Ns’s are (semi-)norms
on A:

• monotonicity: Ns.'/ .s NsC1.'/ for every s � 1 and every observable ';
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• Sobolev embedding: k'k1 .s Ns.'/ for every s � 1 and every observable ';

• Z-boundedness: for every s � 1, there exists �s > 0 such that Ns.' ı f n/ .s
e�s jnjNs.'/ for every n 2 Z and every observable ';

• almost multiplicative:Ns.'1'2/.s NsC1.'1/NsC1.'2/ for every s � 1 and every
observable '1, '2.

The monotonicity can be checked immediately in our case, since Ns.'/Dk'kA
for every s 2 N. The Z-boundedness is immediate too, because we just need to take
�s WD log Cf for every s 2 N, where Cf WD max¹1; kf �kAº. We do not have the
Sobolev embedding condition, as we do not only use bounded observables. We also do
not have the almost multiplicative condition, neither in the general setting of observ-
ables in A, nor in the specific case of d.s.h. observables (recall that a product of d.s.h.
functions is not d.s.h. in general).

We note that, in [11], the Sobolev embedding and almost multiplicative conditions
are both used only once. The first one is used in [11, Section 9.1, p.,477], for an
estimate that we will prove using the controlled tail property, see Lemma 4.3 below.
The second one is used in the proof of [11, Lemma 9.1]. We will show a version
of that lemma for a norm satisfying the hypotheses of Theorem 4.1, see Lemma 4.4
below. The lemmas that we are going to prove are stated in a simpler setting than [11],
because in our case the group acting on the space of test functions is just Z and the
action is given by the iterates of f .

Set Œt �WD¹1;2; : : : ; tº. We say that Q is a partition of Œt � if the elements of Q are dis-
joint subsets of Œt � and their union is Œt �. Given a partition Q of Œt � and n1; : : : ; nt 2 Z,
we denote

maxQ WD maxQ.n1; : : : ; nt / D max
J2Q

®
jnj1 � nj2 j W j1; j2 2 J

¯
;

minQ WD minQ.n1; : : : ; nt / D min
J;L2Q;J¤L

®
jnj � nl j W j 2 J; l 2 L

¯
:

These quantities are the maximum of the “diameters” of the sets in Q, and the mini-
mum “distance” between two of these sets, respectively.

First, we prove the estimate that in [11, Section 9.1] was proved using the Sobolev
embedding condition. For a finite set I , the notation jI jmeans the number of elements
in I .

Lemma 4.3. Let t � 2 be an integer. Assume .X; �; f;A;B/ satisfies the controlled
tail property described in Definition 4.2. Then, for every partition Q of Œt �, every
n1; : : : ; nt 2 Z, every I � Œt �, and every ' 2 A, we haveˇ̌̌̌Y

J2Q

�Z Y
j2I\J

' ı f nj d�
�ˇ̌̌̌

.t k'k
jI j

A
:
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Proof. Fix I as in the statement. For every J 2 Q such that I \ J D ¿, we putY
j2I\J

' ı f nj WD 1:

So we can assume, without loss of generality, that I \ J ¤ ¿ for every J 2 Q.
We haveˇ̌̌̌Y

J2Q

�Z Y
j2I\J

' ı f nj d�
�ˇ̌̌̌
�

Y
J2Q

�Z ˇ̌̌̌ Y
j2I\J

' ı f nj

ˇ̌̌̌
d�
�
: (4.1)

The controlled tail property with M D 0 gives

k'kLq.�/ � cqk'kA for every ' 2 A, q � 1;

where cq > 0 depends only on q. Using Hölder’s inequality and the invariance of �,
we obtain for every J 2 Q thatZ ˇ̌̌̌ Y

j2I\J

' ı f nj

ˇ̌̌̌
d� .t k'k

jI\J j

A
: (4.2)

Inserting (4.2) in (4.1) gives the statement.

Finally, the following is our version of [11, Lemma 9.1]. As mentioned above,
once this lemma is proved, the proof of Theorem 4.1 can be obtained by the same
argument as in [11]. Recall that Cf D max¹1; kf �kAº.

Lemma 4.4. Fix 0 � a < b, and let t � 2 be an integer. Assume .X; �; f;A;B/
satisfies the controlled tail property as in Definition 4.2. Then, for every partition Q

of Œt �, every n1; : : : ; nt 2 Z satisfying maxQ � a and minQ > b, every I � Œt �, and
every ' 2 A, we haveˇ̌̌̌Z �Y

j2I

' ı f nj
�

d� �
Y
J2Q

�Z � Y
j2I\J

' ı f nj
�

d�
�ˇ̌̌̌
� Ct�

b
tC

ta
f k'k

jI j

A
; (4.3)

where the constants Ct > 0 and 0 < �t < 1 are both independent of Q, a, b, ', I .

Observe that the condition maxQ � a < b < minQ implies that the sets in Q are
“monotone”, i.e., given any two of them, all the elements of one are greater than all
the elements of the other.

Proof of Lemma 4.4. As in the proof of Lemma 4.3, we can assume, without loss of
generality, that I \ J ¤ ¿ for every J 2 Q.
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Since � is f -invariant, we can rewrite the quantity inside the modulus of the left-
hand side of (4.3) as

D WD

Z �Y
j2I

' ı f nj�nI
�

d� �
Y
J2Q

�Z � Y
j2I\J

' ı f nj�nI\J
�

d�
�

D

Z �Y
J2Q

� Y
j2I\J

' ı f nj�nI\J
�
ı f nI\J�nI

�
d�

�

Y
J2Q

�Z � Y
j2I\J

' ı f nj�nI\J
�

d�
�
; (4.4)

where, for L � Œt �, we set nL WD min¹nj j j 2 Lº. Note that all the iteration powers
of f appearing in (4.4) are non-negative.

Observe that the inequality (4.3) is homogeneous in '. Hence, up to rescaling, we
may assume k'kA D 1. Now, for every n � 1, we use the controlled tail property to
write

' ı f n D 'Cn;1 � '
�
n;1 C 'n;2 DW 'n;1 � 'n;�1 C 'n;2

with

(1) k'n;˙1kB � cMk' ı f nkA � cMC n
f

;

(2) k'n;2kLq.�/ � cqe�˛qMk' ı f nkA � cqe�˛qMC nf for every q 2 N�,

where c and cq are as in Definition 4.2 and the constant M is independent of n and
will be chosen later. Indexing all the possible combinations of the vj ’s in the 'j;vj ’s
with the multi-index v WD .vj W j 2 I / 2 ¹1;�1; 2º

I , the last term in (4.4) can be
expanded asX

v2¹1;�1;2ºI

�Z �Y
J2Q

� Y
j2I\J

sign.vj / � 'nj�nI\J ;vj

�
ı f nI\J�nI

�
d�

�

Y
J2Q

�Z � Y
j2I\J

sign.vj / � 'nj�nI\J ;vj

�
d�
��
:

It follows that jDj is bounded by the sum of

D1 D
X

v2¹1;�1;2ºI n¹1;�1ºI

ˇ̌̌̌Z �Y
J2Q

� Y
j2I\J

'nj�nI\J ;vj

�
ı f nI\J�nI

�
d�
ˇ̌̌̌

C

X
v2¹1;�1;2ºI n¹1;�1ºI

ˇ̌̌̌Y
J2Q

�Z � Y
j2I\J

'nj�nI\J ;vj

�
d�
�ˇ̌̌̌
;
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D2 D
X

v2¹1;�1ºI

ˇ̌̌̌Z �Y
J2Q

� Y
j2I\J

'nj�nI\J ;vj

�
ı f nI\J�nI

�
d�

�

Y
J2Q

�Z � Y
j2I\J

'nj�nI\J ;vj

�
d�
�ˇ̌̌̌
:

We now bound D1 and D2. Observe that the case of D1 is new with respect
to [11], in which there are no tail terms 'n;2 that are small in the Lq.�/-norms.

Bound for D1. Each term in both sums can be estimated in modulus using Hölder’s
inequality and the fact that, since � is f -invariant, theLq.�/-norms are f �-invariant.
We have less than 2 � 3t terms. Setting qv D j¹j 2 I W vj D 2ºj, the term corresponding
to a given v contributes at most�Y
J2Q

Y
j2I\J

C
nj�nI\J
f

��Y
J2Q

Y
j2I\J;vj¤2

cM

�
cqv
qv

exp
�
�

X
J2Q

X
j2I\J;vjD2

˛qvM

�
.t C

jI ja

f
cjI jM jI\¹j Wvj¤2ºj exp

�
�

X
J2Q

X
j2I\J;vjD2

˛qvM

�
.t C

ta
f M jI\¹j Wvj¤2ºj exp

�
�

X
J2Q

X
j2I\J;vjD2

˛qvM

�
:

The first inequality is due to the assumption maxQ � a. Therefore, we have

D1 .t

X
v2¹1;�1;2ºI n¹1;�1ºI

C taf M jI\¹j Wvj¤2ºj exp
�
�

X
J2Q

X
j2I\J;vjD2

˛qvM

�
: (4.5)

Bound for D2. We will use here the conditions (B2) and (B3). For all n 2 N, define
gn;˙1 WD 'n;˙1=.cMC n

f
/. Then kgn;˙1kB � 1, and so, up to the multiplicative con-

stant Y
J2Q

Y
j2I\J

cMC
nj�nI\J
f

.t c
jI jM jI jC

jI ja

f
.t M

jI jC taf

(the first inequality is due to the assumption maxQ � a), we are left with the quantityX
v2¹1;�1ºI

ˇ̌̌̌Z �Y
J2Q

� Y
j2I\J

gnj�nI\J ;vj

�
ı f nI\J�nI

�
d�

�

Y
J2Q

�Z � Y
j2I\J

gnj�nI\J ;vj

�
d�
�ˇ̌̌̌

(4.6)

to be estimated. Define the set of multi-indexes

W WD
®
w D .wJ W J 2 Q/ 2 N jQj j 1 � wJ � mjI\J j for every J 2 Q

¯
:
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With the help of the function’s Pt;l ’s and with mt as in condition (B3), we can
rewrite Y

j2I\J

gnj�nI\J ;vj D

mjI\J jX
lD1

PjI\J j;l
�
gnj�nI\J ;vj W j 2 I \ J

�
:

Therefore, the expression in (4.6) is equal to

X
v2¹1;�1ºI

ˇ̌̌̌Z �Y
J2Q

mjI\J jX
lD1

PjI\J j;l
�
gnj�nI\J ;vj W j 2 I \ J

�
ı f nI\J�nI

�
d�

�

Y
J2Q

�Z �mjI\J jX
lD1

PjI\J j;l
�
gnj�nI\J ;vj W j 2 I \ J

��
d�
�ˇ̌̌̌

�

X
v2¹1;�1ºI

X
w2W

ˇ̌̌̌Z �Y
J2Q

PjI\J j;wJ
�
gnj�nI\J ;vj W j 2 I \ J

�
ı f nI\J�nI

�
d�

�

Y
J2Q

�Z �
PjI\J j;wJ

�
gnj�nI\J ;vj W j 2 I \ J

��
d�
�ˇ̌̌̌
:

Observe that there are at most 2t �mtt terms in the last sum, and for each of them we
have

˙PjI\J j;wJ �gnj�nI\J ;vj W j 2 I \ J �

B

� zcjI\J j � zct for every J 2 Q:

Hence, we can apply the exponential mixing of order jQj for observables in B to the
PjI\J j;wJ .gnj�nI\J ;vj W j 2 I \ J /’s (up to signs; see (B3)) for every v 2 ¹1;�1ºI

and w 2 W , and deduce, thanks to the assumption minQ > b, that (4.6) is bounded
by a multiplicative constant (depending only on t ) times

�
minJ1;J22Q¹jnI\J1�nI\J2 jº
t < �bt :

It follows that
D2 .t M

jI jC taf �bt : (4.7)

Combining (4.5) and (4.7), we have the following estimate for the modulus of D:

jDj . M jI jC taf �bt

C

X
v2¹1;�1;2ºI n¹1;�1ºI

�
M jI\¹j Wvj¤2ºjC taf exp

�
�

X
J2Q

X
j2I\J;vjD2

˛qvM

��
; (4.8)

where the implicit constant depends only on t .
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Now, we choose
M WD �b˛�1t log �t ;

and set C WDmax¹1;�˛�1t log�tº. Recall that the ˛t ’s are non-increasing. Then, (4.8)
gives

jDj . C jI jC taf bjI j�bt C
X

v2¹1;�1;2ºI n¹1;�1ºI
C jI\¹j Wvj¤2ºjC taf bjI\¹j Wvj¤2ºj�

bj¹j WvjD2ºj
t

.t C
ta
f max¹bt ; 1º�bt :

If b � 1, we take �t WD �t . If b > 1, there exists �t < �t < 1 such that bt�bt . �bt ,
where the implicit constant depends only on t . In both cases, the proof is complete.

Remark 4.5. As in [7], our proofs of Theorem 1.2 and Theorem 1.3 can be easily
adapted in the more general setting of invertible horizontal-like maps in any dimen-
sion (see [16, 20], and [27] for the dimension 2 case), under the natural assumption
that the main dynamical degree dominates the other degrees [9]. In this setting, the
unique measure of maximal entropy is moderate by [10]. On the other hand, our proofs
cannot be directly adapted in the setting of automorphisms of compact Kähler man-
ifolds, as non-trivial p.s.h. functions do not exist in this setting. As the theory of
super-potentials is needed [8, 23, 37], we postpone this study to a later work.
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