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Mixing and CLT for Hénon-Sibony maps: Plurisubharmonic
observables

Marco Vergamini and Hao Wu

Abstract. Let f be a complex Hénon map and u its unique measure of maximal entropy. We
prove that u is exponentially mixing of all orders for all (not necessarily bounded) plurisub-
harmonic observables, and that all plurisubharmonic functions satisfy the central limit theorem
with respect to 1. Our results hold more generally for every Hénon—Sibony map on CK.

1. Introduction

Hénon maps are among the most studied dynamical systems. They were introduced
in the real setting by Michel Hénon [32]. Since the 1980s, the study of these maps
in the complex setting has seen a surge in activity, following the development of
pluripotential theory techniques, see for instance the works of Bedford—Lyubich—
Smillie [2-5] and Fornass—Sibony [28, 29, 34]. In particular, a unique measure of
maximal entropy w (also called equilibrium measure) for these systems was intro-
duced by Sibony, as the intersection of two canonical positive closed currents, and
the study of the ergodic properties of u has quickly become a central problem in the
domain. It is shown in [3] that p is Bernoulli. In particular, it is mixing of all orders.
On the other hand, the control of the speed of mixing is a challenging problem, and
is usually obtained only under strong hyperbolicity assumptions on the systems; see,
for instance, [33].

In [7], Bianchi-Dinh proved the exponential mixing of all orders and the central
limit theorem for smooth (and, by the interpolation techniques, Holder continuous)
observables for all Hénon maps on C?2 and, more generally, for all so called Hénon—
Sibony maps on Ck; see [12,24,25]. This solved a long-standing question in the
domain. De Thélin—Vigny [14] recently generalized this result for observables in a
special subspace of bounded d.s.h. functions (their result is valid in the more general
setting of generic birational maps [1, 13]). The goal of this paper is to obtain these
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strong statistical properties for all d.s.h. observables. We recall that, roughly speak-
ing, d.s.h. functions are the elements of the vector space spanned by (not necessarily
bounded) plurisubharmonic (p.s.h. for short) functions; see [19] and Section 2 for
precise definitions. Since their introduction, d.s.h. functions have been proven to be a
fundamental tool in the study of holomorphic dynamical systems; they are naturally
adapted to the underlying complex structure, and invariant by iteration of holomor-
phic maps, something that is not true for the usual “real” regularity conditions. We
refer to [6,17,21,22,30,31] for examples of applications.
Let us recall the following definition.

Definition 1.1. Let (X, f) be a dynamical system and v an f-invariant measure.
Let (€, ||¢) be a normed space of real functions on X with ||-|[La¢y) Sq ||l for
all 1 < g < +o00. We say that v is exponentially mixing of all orders for observables
in & if, for every k € N*, there exist constants C,, > 0 and 0 < 8, < 1 such that, for
all o, ..., ¢, in & and integers 0 =: ng < n; <--- < n,, we have

'/(ﬂo(@lOf"I)---(sDKOf”“)dV—H/%’dv
j=0

K
< CKG’I(mnogjgx—](nj-i-l—nj) l_[||§0]”8
j=0

The following is our first main result, which completely settles the question of the
exponential mixing for d.s.h. observables.

Theorem 1.2. Let f be a Hénon—Sibony map and | its equilibrium measure. Then, |
is exponentially mixing of all orders for all observables in DSH(PPX). More precisely,
there exists 0 < 6 < 1 such that for every integer k € N*, 0 = ng <ny <--- < ny,
and for every @o, 91, ...,k € DSH(]P’k), we have

'/wo(wlof’”)---(wxof”K)du—]_[/wjdu‘
j=0

K
< Cepmimosr 1074171 T g sy,
J=0

where C, > 0 is a constant independent of ny, ..., N, Qo ..., k-
The exponential mixing of order 1 (i.e., the case of 2 observables) was first proved
by Dinh for €* (0 < o < 2) observables [15]. The second author extended this result

to d.s.h. observables [38]. For generic birational maps, the exponential mixing of
order 1 for C¥ observables was shown by Vigny [36]. It was recently proved that,



Mixing and CLT for Hénon—Sibony maps: Plurisubharmonic observables 3

under suitable assumptions, the exponential mixing of order 1 implies that the mea-
sure is Bernoulli [26] and, as a consequence, mixing of all orders. However, it is a
main open question whether the exponential mixing of order 1 implies the exponen-
tial mixing of all orders; see, for instance, [26, Question 1.7].

In [7, 15], the problem for Holder observables can be reduced to ©2 observables
by interpolation [35]. Moreover, as every C? function is the difference of two p.s.h.
functions, the observables ¢;’s can be assumed to be p.s.h. near the support of L.
A key idea is then to consider the new dynamical system

F(z,w) = (f(2). [~ (w))

(which, when f is a Hénon map on C?2, is a Hénon—Sibony map on C#), and two
auxiliary functions on C*#, which are p.s.h. on a large open disc. Thus, an estimate on
sequences of positive closed currents under the action of F (see Lemma 2.5 below)
can be applied. However, if we remove the €2 assumption on the ¢;’s we need to be
more careful when defining the two auxiliary functions. Hence, the strategy needs to
be adapted to work in the more general setting of Theorem 1.2. A similar problem
appears when trying to adapt the proof of [14], which relies on a similar decompo-
sition. Our proof relies both on a stronger mixing result than that of [14] in the case
of bounded p.s.h. observables (see Proposition 3.1 and Remark 3.2), and on a pre-
cise control of the singularities of d.s.h. functions, combined with a precise regularity
estimate for u.

Our second result is the central limit theorem for all d.s.h. observables. Fix an
observable ¢ € DSH(PP¥), and set

Su(@) =@ +@of+-+go

Define the non-negative constant 6 = o (¢) by

2. 1 l _ 2
o= lim n/(&;((ﬂ) (i, )" dp.

n—>oo

By Birkhoff’s ergodic theorem, we have
1S, (@) (x) = (i, @) for u-almost every x € P¥.

This is an analogue of the strong law of large numbers. Our second main result is
the following control of the rate in the above convergence. We let N (0, 62) denote
the Gaussian distribution with mean 0 and variance 0> (when ¢ = 0, we mean that
N (0, 02) is the trivial point distribution at 0).

Theorem 1.3. Let f and u be as in Theorem 1.2. Then, every ¢ € DSH(P¥) satisfies
the central limit theorem with respect to (. Namely, we have

Sn(p) —n{u, ¢)
Jn

— N(0,0%) asn — oo in law. (1.1
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When o # 0, this means that for any interval / C R, we have

. Sn(p) —n{w, @) } 1 / —12/(202
hm i I = e o )dt
n—>oo'u{ ﬁ V2o JI

For ¢ € C* (Pk), 0 < o < 2, the above central limit theorem was deduced by
Bianchi—Dinh [7] from their version of Theorem 1.2 for C* observables. The proof

relies on a theorem by Bjorklund—Gorodnik [11], which states that the exponential
mixing of all orders for observables bounded in a norm ||-||g¢ implies the central limit
theorem, under some natural conditions including

lerp2lle < clloillellpzlle  forevery 1.2 € €. (1.2)

We cannot directly apply [11] in our case, because ¢1¢, is not in general d.s.h. for
@1, 92 € DSH(PK). So, (1.2) clearly does not hold in our setting. We will prove a
more general version of [11, Theorem 1.1] (see Theorem 4.1) from which, together
with Theorem 1.2, we will deduce Theorem 1.3.

Notations. The symbols < and 2 stand for inequalities up to a positive multiplicative
constant, and a subscript means that said constant can depend on some variables,
e.g., <y means that the implicit constant can depend on the variable . We denote by
By (x, ) C C¥ the open ball centered at x € C* with radius » > 0, and by B (x, r)
its closure. The pairing (-, -} is used for the integral of a function with respect to
a measure or, more generally, the value of a current at a test form. The mass of a
positive closed (p, p)-current S on P¥ is defined as ||S|| := (S, wéfs_p), where wgs
denotes the Fubini—Study form.

2. Preliminaries

2.1. Pluripotential theory

Recall that a function ¢: PX — R U {—oo} is called quasi-plurisubharmonic (quasi-
p.s.h. for short) if it is locally the difference of a p.s.h. function and a smooth one.
The space of these functions is larger than that of p.s.h. functions, which are neces-
sarily constant by the maximum principle. On the other hand, quasi-p.s.h. functions
still preserve the main compactness properties of p.s.h. functions, some of which we
will review in this subsection. A function ¢: P*¥ — R U {+o0} is d.s.h. if it is the
difference of two quasi-p.s.h. functions outside of a pluripolar set. Since their intro-
duction [19], these functions have played a central role in holomorphic dynamics.
Denote by DSH(P¥ ) the space of d.s.h. functions on Pk, If @ is d.s.h., there are two
positive closed (1, 1)-currents R* on P¥ such that dd¢ = R — R™. As these two
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currents are cohomologous, they have the same mass. We define a norm on DSH(IP¥)
by

+ inf|| RE |,

P ‘/«pwé‘s

where the infimum is taken over all RT as above [19]. We obtain an equivalent norm
if, instead of a)]F‘S, we take any measure v that is PB, i.e., such that all d.s.h. functions
are integrable with respect to v; see, for instance, [22, Proposition A.43]. We will need
the following decomposition result for d.s.h. functions.

Lemma 2.1. Let B be a bounded domain in the chart of P canonically identified
with C*, and let ¢ be a d.s.h. function on PX with |¢|lpsu < 1. Then there exist two
functions ¢4 and ¢_, which are p.s.h. on B and such that

lp+lpsu < C, 0+ <0, ¢ =9y —¢_.
Here, C is a positive constant independent of ¢.

Proof. We recall from [19] that, for every d.s.h. function ¢ on P¥ with |¢|lpsy < 1,
there exist two quasi-p.s.h. functions ¢+, ¢~ and a constant m such that
e=¢" —¢ +m, ma)((pjE =0,

.1)
o= lpsu < c1,  dd¢™ > —crops,  |m| < ¢y,

where c¢; > 0 is a constant independent of ¢.
We fix a smooth function v on P¥ such that dd°v = wgs on B, and we set C =
suppk |v]. We have ||v|lpsy < ||v]le2 < 1. Define

~ . m
Ot = (pi +civ—c1C — (51gn(m) + 1)5
It follows from (2.1) that ¢+ and @_ satisfy the desired properties. The proof is com-
plete. |
We will also need the following regularizations of bounded p.s.h. functions.

Lemma 2.2. Let g: C¥ — R be a bounded function which is p.s.h. on B (0, r) for
some r > 4. There exists a sequence of smooth functions h® on C* with compact
support in B (0, r + 2), which are p.s.h. on Br(0,r — 1), and satisfy
1 {4
1O =gl = 50 1o = clighoo 1M lleaqg 0,2y = cligloc
where v is a given finite measure with support contained in By (0,r — 4), and ¢ > 0
is a constant independent of g and £.
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Proof. Up to possibly adding some constant ¢y < ||g]|co to g, We may assume g > 0.
Define

BN

pa— _1 ~
(e =3) e = () max(ee). )

7(2) := [glloo - log
r r—4
where y is a real cut-off function on R satisfying

x(t) =0fort>r+1, x(@t)=1fort<r, |y]<2, [}'I<4

When ||z|| < r, we have h = max(g, 7). Hence, as both g and t are p.s.h,, I is
p-s.h. on By (0, r). When ||z|| > r — 3, we have

=l (, r=3\"
log—— - | log —— > 1.
°8 r—4 ©2 r—4 -
In this case, we have /;(z) = x(Iz|D - =(2), so h is smooth on B (0, 7 — 3)¢. When

Iz|| <r — 4, we have t(z) <0 < g(z), which implies that 7 = g on Bz (0, r — 4).
Moreover, we have

1lleo < max{liglico. lI7 - 1my 0,r+1)\Bx 0.r—4) oo} < 1€ lloo

and B
||h”82(ﬁk(0,r—3)“) = HX(”Z”) : T(Z)“ C2(B (0,r—3)¢) S ”g”oo

Lastly, since 7 is bounded and p.s.h. on B (0, r), using a convolution, we can find
a sequence of smooth functions 49 with compact support in B (0, r + 2), p.s.h. on
By (0,7 — 1), such that

||h(£)”62(1§k(0,r—2)") < 2||h”(32(]§k(0,r—3)") < ”gHOO’

and converging pointwise to h. By Lebesgue’s dominated convergence theorem, they
converge to g in L!(v). The proof is complete. ]

A positive measure v on P is said to be moderate if, for any bounded family F
of d.s.h. functions on P¥, there exist constants @ > 0 and ¢ > 0 such that

iz ePX |y (2) > M} < ce™M

forevery M > 0 and € J; see [17,18,22]. Moderate measures are PB. We have the
following result.
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Lemma 2.3. Let ¢ be a non-positive d.s.h. function on P¥, with |¢|lpsy < 1, and
p.s.h. on a bounded domain B in the chart Ck C P*. Let v be a moderate measure

on Pk, For every N > 0, we can write Q= (pr) + (péN) with <p§N) p.s.h. on B, and

™)

N _
oM lloo < N, 195V Loy < Cge™@N4

for every q > 1, where oo > 0 is a constant independent of ¢ and q, and C4 > 0 is a
constant independent of ¢.

Proof. Up to changing the constants, we can suppose N to be an integer. By the
moderate property of v, we can find constants & > 0 and ¢ > 0 such that

v{z € Pk : —y(z) > M} =v{ze P* : |y (2)| > M} < ce @M

for all M > 0 and all non-positive i such that || ||psg < 1. We define

N N N
o1V = max{e. N}, ") =g — V),

(N)

so that ¢, ’ is p.s.h. on B and ||(p§ (N)

N)”oo < N. Since ¢, =0 on {¢ > —N}, for

every g > 1, we have

N N
/|¢§ )|qdv=/ oM dv
{p<—N}

< Z/ (M — N + 1)?dv
M>N {(—M-1<¢<-M}

<c Y (M—N+1)e M
M=>N
= ce N Z (M + 1)4e™M — Cq’e_“N,
M>0

where Cy :=c¢ ) 5 0(M + 1)4 e~ *M s a constant depending only on g. Therefore,
we have
M ”Lq(v) < qu—aN/q s

IS
with « and Cy; as in the statement, and the proof is complete. ]

Let us recall the notion of positivity of currents. A (p, p)-current R is said to be
weakly positive if for any smooth (1, 0)-forms y;,1 < j < k — p, the (n, n)-current

R/\(i)’l /\)71)/\"'A(i7/k—p/\)7k—p)

is a positive measure. A (p, p)-current R is called positive if for any smooth weakly
positive (k — p,k — p)-form S, the (n, n)-current R A S is a positive measure.
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We introduce a norm on the space of real currents with support in U, where U is
an open set in P*. Let Q be areal (p + 1, p + 1)-current supported in U as above
and assume that there exists a positive closed (p + 1, p 4+ 1)-current Q' supported
in U such that —Q’ < Q < Q. Define the norm ||Q]|v as

[2]|+,v := min{[|Q'[|, Q" as above}.

We have the following simple fact.

Lemma 2.4. Let U be an open set in P* and Q be a real dd*-exact (p + 1, p + 1)-
current supported in U. Assume that we have Q > —R for some positive closed
current R supported in U. Then we have |Q|«.v < 2| R].

Proof. Note that Q + 2R is a positive closed current supported in U and  satisfies
—(Q4+2R) <Q <Q+2R.

The mass of Q + 2R is equal to 2|| R|| because €2 is dd°-exact. The assertion follows
from the definition of ||-||«,u. [

2.2. Dynamical properties of Hénon-Sibony maps

Let now f be a polynomial automorphism of C¥. It can be extended to a birational
map of PP¥ in a natural way, still denoted by f. For the new map, the set 7+ (resp. 1)
where f (resp. ') is not defined is called the indeterminacy set of f (resp. f~1).
We say that f is a Hénon-Sibony map if I and I_ are non-empty and I+ N [ = @.
Such maps were introduced in [34], and reduce to the Hénon maps for k = 2. We
recall here their main properties, and refer to [24,34] for details.

The indeterminacy sets /+ are analytic subsets of the hyperplane at infinity L :=
P% \ C¥. For every Hénon—Sibony map f, there exists a positive integer p = p(f)
such that

dm/y =k—1—p, dm/l_=p—1.

The set I_ is attracting for f and I is attracting for ~1. Moreover, we have
S\ 1) =1-. [T Lo\ 1) =14

Denote by d and d_ the algebraic degrees of f and f~!, respectively. We then
have df = dk=P 1In particular, when k = 2p, we have dy = d_.
The Green functions of f are defined by

G¥(z) = lim d"log" | /(D). G7(2):= lim d~"log" | /" ()],
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where log ™ (-) := max{log(-), 0}. They are Hélder continuous and p.s.h. on C¥, and
they satisfy
Gtof=d,G", G ofl'=d G .

Define the Green currents of bidegree (1, 1) of f by
Ty :=ddG*, T_:=dd°G".

We have f*(T) = dy T4 and fi(T_) = d_T_ as currents on P¥.

The current Tf (resp. T*=P) is supported in the boundary of the filled Julia
set K, (resp. K_). Recall that K, (resp. K_) is the set of points z € C¥ whose
orbit (f"(z))nen (resp. backward orbit (f ™" (z))nen) is bounded in C¥. We have

Ki={GT=0}, K. ={G =0}, KiNLg=I+.

The open set PX \ K (resp. P¥ \ K_) is the immediate basin of _ for f (resp. I
for f~1). Set K := K4 N K_.Itis a compact subset of Ck.

Throughout this article, we fix a large real number r > 0 such that K C B (0,r/3),
and such that there exist open sets U;, V; C Pk, j=1,2,withU, NV, CBg(0,r/2),

KieU el, K_eVieV, [fYW)eU, fV,)ev,

and
K_NBk(0,r —1) C f(Bk(0,r — 1)),

2.2
K4+ NBr(0,r — 1) C fY(Br (0,7 — 1)). 22)

Such sets exist since P¥ \ K (resp. P¥ \ K_) is the immediate basin of I_ for f
(resp. Iy for f~1).

We have the following crucial estimate involving the *-norm; see [15, Proposi-
tion 2.1] and [7, Corollary 2.5], for example.

Lemma 2.5. Let R be a positive closed (k — p,k — p)-current of mass 1 supported
in Vi and ® be a C? function with compact support in CK such that dd°® > 0 on a
neighborhood of K+ N V,. Then there exists a constant ¢ > 0 independent of R and ®
such that

(d__(k_l’)”(f”)*(R) _Tk-p, @Tf) <cd "||dd°® A Ti’_’||,,<’U1 foralln > 0.

Sibony also introduced the equilibrium measure p 1= Tf A Tk=P for f, which is
an invariant probability measure. We have supp(u) € K and pu is the unique measure
of maximal entropy of f; see [12]. As the Green currents have Holder continuous
potentials, u is moderate.
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3. Mixing for d.s.h. functions

In this section, we are going to prove Theorem 1.2. We first prove a mixing proposition
for bounded p.s.h. functions, which improves the main result of [14] in our context.
After that, we show that the singularities of unbounded d.s.h. functions are “asymp-
totically negligible” in the integrals of Definition 1.1, thus obtaining the exponential
mixing of all orders also for those functions.

For simplicity, we will assume k = 2p,and setd :=dy = d_. Forthe case k # 2p,
the proof can be adapted by working on P* x P* instead of P2*, see [36]. We recall
here that we take r to be sufficiently large, so that (2.2) holds. We also fix, in this
section, a large domain B containing [Ek 0, r).

3.1. Mixing for bounded p.s.h. functions

Our goal in this subsection is to prove the following version of Theorem 1.2 for
bounded p.s.h. observables.

Proposition 3.1. For every k € N* there exists a constant C, > 0 such that, for
every k + 1 bounded functions gg, g1, . .., & which are p.s.h. on B, and for every
0=ng <ny <---<ng we have

'/go(glof”l)-~-(gx0f””)du—]_[/gjdu‘
j=0

K
< Ced™m0=i=en1 172 T g o,
j=0

Observe that, by linearity, the statement is true if we assume that, for every j,
either g; or —g; is p.s.h.

Remark 3.2. With respect to the second statement in [14, Theorem 1.1], Proposi-
tion 3.1 only requires a weaker infinity-norm for the g;’s, and the convergence speed
is the optimal one known for two observables [15,38].

Consider the canonical inclusions of C¥ and Ck x C¥ in P* and P2, respec-
tively. We will use z, w, (z, w) for the canonical coordinates of Ck and Ck x C*, and
write [z : ¢], [w : t], [z : w : t] for the homogeneous coordinates. Denote by L, the
hyperplane at infinity of P2~

Define a new automorphism of C¥ x C* by

F(z,w) = (f(2). [~ ().
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Then F is also a Hénon—Sibony map; see, for instance, [15, Lemma 3.2]. The alge-
braic degrees of F and F~! are both equal to d. We define

T+ = T+®T_, T_ := T_®T+.
The Green currents of bidegree 2p,2p) = (k,k) of F are T f and T?, which satisfy
F*(T?)=d*?T?, Fu(T?)=d*’T?

as currents on PX x P¥. The measure n®u="T f A T2 is invariant under F. More-
over, notice that
F(T?) =d?PT?

as currents on C* x CK, since F is an automorphism of C¥ x C¥. Let K, and K_
be the filled Julia sets of F and F~!, which are equal to K1 x K_ and K_ x K,
respectively.

Let I be the indeterminacy sets of F and F~!. Let also A be the diagonal of
Ck x Ck and let A be its closure in P2X, We have I N A = &.

Until the end of the section, we fix r sufficiently large in order to have (2.2), and
also so that there exist open sets U;, V; C P2k j =1,2,with Uy NV, C By (0,r/2),

Ky € Uy € Uy, K_€e€V, €V, F7Y(U;) e U;, F(V;) € V;,

and
K- N By (0,r — 1) C F(Box (0,7 — 1)),

3.1
K4 N By (0,7 —1) € F By (0,7 — 1)). G-

Since Iy N A = @, we can also require V; 2 K_ U A.
We set 2o := go and gj := g;j o f 7" for j > 1. Define

Go(z,w) := go(w), Gj(z,w) =gj(z)forj > 1.

Notice that ||Gj|lcc = ||gjlloo for every j. Since the g;’s are p.s.h. on B (0, r),
we have that G is p.s.h. on C*¥ x By (0, r) 2 B,x (0, r), and the G;’s are p.s.h. on
B (0,r) x C* D B,y (0,7) for j > 1.

Recall that supp(t) is contained in K, which is invariant under f. This gives

supp(p) x supp(n) € K x K = K4 NK_,

which is invariant under F'. Since we will always integrate the G;’s against finite
measures with support contained in supp(it) X supp(u), we can apply Lemma 2.2
(with 2k instead of k) to the G;’s with £ sufficiently large so that

1 Ny
o <@ (IF et + 1)
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and obtain a regularization H o) for every G;. Therefore, up to replacing the G;’s
with the H; (bo)>g , from now on we can assume that the functions G;’s are smooth, with
compact support inBog (0,7 4 2), p.s.h. on B, (0, 7 — 1), and satisfy

1Gjl = 1. IGjlle2@y (0,r—2)c) = 1- (3.2)

Set Gy := G and 61‘ := Gj o F"7"1 for j > 1. Define the auxiliary func-
tions ®* on C* x C¥ by

K K
ot = oF =§:«K+U5j+géﬂ:tr15r 3-3)
j=0

Notice that these two functions have compact support in C¥ x CK. We have the two
following lemmas about the functions ®*. The delicate point of these estimates is the
independence of the n;’s in Lemma 3.4.

Lemma 3.3. We have dd°®* > 0 on a neighborhood of K+ N By (0, r — 1), possibly
depending onny,...,ng, but noton gy, ..., gk.

Proof. Remember that the inequality i (g + h) A d(g £ h) > 0, which is valid for
every @2 functions g and /, implies

+(idg Adh +idh ADdg) > —(idg A dg + idh A dh). (3.4)

It follows that we have

K
i000T = Ziaé(";’j(x +14xG =[] G’s)

j=0 s#j
K
Y i0G; A5G, iz(ia@@as I @,)
j=0 j#s 1.5
K
> Zia5éj(x+1+xéj - ]_[Gs)
Jj=0 s#j
K —
+ Y i0G; A 0G, (K - Z( I1 |Gt|))
Jj=0 s#EJ t#).s
K
> i00G; (K +14xG; =[] G’s), (3.5)
Jj=0 S#J

where in the first inequality we have used (3.4), and in the second one we have used
the estimates (3.2).
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It follows from (3.1) that
Ky NBy(0,r—1)Cc F" (sz(O, r— 1))

forevery n € N. So, forevery 1 < j <k, the function G 7 is p.s.h. on a neighborhood U
(depending on the n;’s) of K4 N B, (0, r — 1). Therefore, we have

K
100 > Ziaééj(x +14G; £ [] Gs) >0 onU,
Jj=0 s#Jj

where the first inequality is given by (3.5), and the last one follows from the esti-
mates (3.2). The assertion follows. ]

Lemma 3.4. We have that ||dd°®* A T?|l«u, < ck? for some ¢ > 0 independent
ofny,...,ngand gy, ..., gk

Proof. From (3.5), we see that we have
K
dd°®* > ) " 7;dd°G;,
j=0

for some functions 7;’s on Ck x C* satisfying 0 < T; <2k +2.Forevery0 < j <k,
the assumptions (3.2) on the G,’s give that dd°G; > —cwgs on P2¥ for some con-
stant ¢ > 0 independent of the g;’s. It follows that

dd°G; > —c(F™ ™) * wgs.

Thus, we deduce that

K
dd°@EAT? 2 —« (a)FS + Z(F”f_”l)*a)Fs) AT, (3.6)
j=1
where the implicit constant is independent of ny, ..., n, and go, . . ., g-
We will show that the mass of (F"~"1)*wps A T¥ is bounded independently
of ny,...,n. Using that F*(TY) = d?PTZ, we have
(F™ ") wps A TL = d=2P0 =) (F =) * (ops A TP). (3.7)

By definition of mass, we have

| (F™7m)* @ps AT | = ((F™ ") (wps A T). 0 ")

= (rs A TZ, (FY ") 0} ™)
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As the mass of a positive closed current on P2¥ only depends on its cohomology class,
we conclude that

[ (F" ) (@rs AT = [(F™ )l ™|

= q@p=D@j—n1) (3.8)

since both wgs and T4 have mass 1. We finish the proof by using (3.6) to apply
Lemma 2.4 with the exact current dd°®* A T f instead of €2, and combining (3.7)
and (3.8). ]

We now begin the proof of Proposition 3.1. Using the invariance of u, the desired
inequality does not change if we replace n; by n; — 1 for 1< j <« and go by go o f -1,
Therefore, it is enough to assume that 7 is even. We have the following lemma.

Lemma 3.5. There is a constant ¢, > 0, independent of ny, ... ,n, and gy, ..., gk,
such that

'/,-lj)(gj Ofnf)dﬂ—/godufjlj(gj o fUMYdy

Proof. Put W := g1(gg 0 f"27"1) - (g o f™ ") = [[j; & . We are going to
prove that we have

<ced ™72,

[eotwe rmyan- [ odn [wan < caiz (3.9)
~[oowo i+ [eodn [wau < ea s (3.10)
for some ¢, > 0 independent of ny,...,n, and go, ..., g. This gives the desired

result. We will use of the functions ®* defined in (3.3).

Recall that © = Tf A T?, and that the currents 74 have Holder continuous poten-
tials on C¥. It follows that the intersections of 7.+ with positive closed currents on Ck
are well defined. Using the invariance of yu, we have

K K
K
A::/go(\Ilof’“)d,u—i-/((/c+I)Zgj+§Zg]2)d,u
Jj=0 j=0
K
=<T4I—7/\T_”,(K+1)g0°f_"‘/2+§g§°f_"'/2

- k
+ 2 (Gt DF o /124 5 0 fM2) 4 (g0 ST f”1/2)>
j=1
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- K -
— (20 ) AL e+ Dol 20) + 5B (5 w)

+ (e + D&M 2E) + 38 (@)

j=1
T go(f—"l/2(w>)qJ(f"1/2(z))>.
From the definitions of W and ® and the fact that F,(T{) = d 2T as currents
on Ck x C* it follows that
A= (T2 A[A], @F o F™/2) = (TP A[A], (F™/2)* @)
= (d7P"TP A (FM/2),[A], @) = (7P (F™/2),[A], @FTE).

Therefore, we have

/go(\I’of”‘)du+/((K+ DY g+ ng}) dp
J=0 Jj=0
= (d~P"1(F"1/?),[A], @TTP). (3.11)

Recall that K_ U A C V; € V,, and F(V;) € Vj for j =1,2. Lemma 3.3 implies
that we have dd°®* > 0 on a neighborhood of K4 N V,. Thus, applying Lemma 2.5
with F, [A], @, K4, V;, Ty instead of f, R, ®, K, V;, Ty, yields

(d=Pm(FMI2) [A] = T2, &% (2, w)TP) < cd™™/?||dd° @t A T2 ||su,. (3.12)
Since p @ u = 'JTp A T2, and also using the invariance of , we get
(T2, &%z, w)T?) = (n ® p, ®*)

/((K+1)Zg,+ Zg,)dw(u £0) (1. ®). (3.13)

j=0
Combining (3.11), (3.12), and (3.13), we deduce that
(1. g0(W o f")) = (1. o) (1. W) < cd™™/?[[dd°®F AT |4 u,.

Thus, (3.9) follows from Lemma 3.4. Repeating the above argument with &~ instead
of ®*, we also get the inequality (3.10). This concludes the proof of the lemma. m

End of the proof of Proposition 3.1. We proceed by induction. The base case k = 1 is
given by [38, Theorem 1.1]. Suppose that the proposition holds for ¥ — 1 observables.
We need to prove that the statement holds for «, i.e., that we have

'/]_[(gJOf”’)du ]_[[gj dp

<d ming< j <ix— 1(”/+1 n/)/2
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Recall that we can assume that |g;| < 1 for every j > 1. By Lemma 3.5, it is enough
to show that we have

'/gOdM/jlj(giOf”’_”‘)du—j]j)/gidu

This follows from the inductive assumption. The proof is complete. ]

< d™ MM <) <e—1(j+1-1;)/2

3.2. Mixing for all d.s.h. functions
We are ready to prove our first main theorem.

Proof of Theorem 1.2. Up to rescaling, we can assume without loss of generality that
lojlpsu < 1 for every j. Applying Lemma 2.1, and by linearity, we may also assume

that we have ¢; <0 and [|¢; ||psy < 1 for every j, and that all the ¢;’s are p.s.h. on B.

Using Lemma 2.3, we can write ¢; = (pj(ﬁ’) + tp}f;’), where we choose N as

N = (201)_1 min (n;4+; —nj)logd. (3.14)
0<j=<k-—1

Since N is fixed, we will omit its dependence and write
N N
901(',1) = ¥i1 9"1(',2) = ¢j2-

Indexing all the possible choices of the v;’s indexes in the ¢;,;’s with v :=
(vo, V1, ..., V) € {1,2}*T1 we have

‘/(jlj)f/’.iOf”’)dﬂ—Jlj)/fﬂidﬂ'
2. (/(j]j)%’,v,- Of”f)d/x—j]j)/wj,v, d/«b)‘

ve{l,2}k+1
K K
= /(H Civj °fnj)du_ H/(pf’”f d“'
ve{l,2}«+1 Jj=0 j=0

f‘/( wj,IOf"’)d/i—l_[/wj,ldM‘
=0 =0
+ 2 (V(Hfﬂj,vjof"’)du‘Jr
j=0

v£(1,...,1)

ﬁ)/‘/’j,v_,— d,U«D-

j=

To estimate the last term, we treat two cases separately.
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Case:v=(1,...,1). Sinceallthe ¢;’sare p.s.h.on B and ||¢; 1]cc < N forevery j,
we can apply Proposition 3.1 to get

K
‘/fﬂo,l((ﬂl,lof”l)"'((ﬂx,lOfn")d“_l_[/‘ﬂj,ldﬂ‘
Jj=0

K
E CKd—min()gij*l(n./+1_n'j)/2 l_[ ||(pj7l
j=0

o0
< CKd_minoﬁjSK_l(nj+l_nj)/2NK+l.

Case: v # (1,...,1). Using the estimates on the ¢; 1’s and ¢; »’s given by Lemma 2.3,
and by Holder’s inequality, each of these terms is bounded by N<e~*V | up to a mul-
tiplicative constant depending only on «.

Combining the estimates above, and inserting the value of N as in (3.14), we
obtain a constant C, > 0 independent of ny, . .., n, such that

‘/‘/’0((/’1 of"‘)w((pKOf”“)d/L—]_[/wjdu‘
j=0

<Cc¢ min (nj41 —n;)<Tld™minosj<i—10j4171,)/2
= “ogj=e—1’ /
Thus, the estimate in Theorem 1.2 holds for any # > 1/+/d (up to possibly increasing

the value of C,), as desired. n

4. Central limit theorem for d.s.h. observables

This section is devoted to prove Theorem 1.3. In [7], the authors apply [11, Theo-
rem 1.1], with all the norms N,’s appearing there equal to ||-||ce,0 < o < 2. As the
same result cannot be applied in our case, we will instead prove the following varia-
tion of [11, Theorem 1.1], from which we will deduce our desired result.

Theorem 4.1. Fix a measure space (X, ) and take a map f: X — X such that |
is f-invariant. Let (A, ||-||4) be a space of test functions on X. Assume that f* is
bounded with respect to ||-|| 4. Assume that we also have

(i) mixing: the measure W is exponentially mixing of all orders for observables
in A;

(ii) controlled tail: there exists a set of functions B such that (X, i, f, A, B)
satisfies the controlled tail property.

Then all observables in A satisfy the central limit theorem (in the sense of (1.1)) with
respect to L.
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Let us now define the notion (ii) in the above theorem. Let X, i, f, #A be as in
Theorem 4.1. From now on, every dependence on X or p will be implicit. Let also 8
be a cone inside a normed vector space of real functions (with abuse of notation, we
refer to the norm as ||-|| g), such that

(B1) forevery ¢ € 8B, we have ¢ < ll¢ll3;

(B2) the exponential mixing of all orders, as in Definition 1.1, holds for all ob-
servables in B with ||-|| g instead of ||| &;

(B3) for every integer ¢ > 2, there exist functions Py 1, ..., Py m,: R! — R such
that
(a) forall xq,...,x; € R, we have

m¢
ZPt,l(x1,...,xt) = X1X2 -+ Xy
I=1

(b) forevery g1,...,8: € B with | g;||g < 1, we have

P i(g1,....8:) € B, | Pri(g1.---.80) 8 < Cr.
or

_Pl,l(g17"'7gl) € "{’3’ ” _Pt,l(glv---agt)“.fg Sgt

Here, ¢;, m; and the P;;’s depend only on ¢.

Without loss of generality, we will assume that the ¢;’s and the m,’s in (B3) are non-
decreasing in ¢.

Definition 4.2. We say that (X, u, f, A, B) as above satisfies the controlled tail prop-
erty if, for every ¢ € 4 and every M > 0, we can write ¢ = <p1+ — @7 + @2 with

(1) ¢if € B and ||lpit||g < cM | @] 4 for some ¢ > 1 independent of ¢;

Q) lp2llLagy < cge M| @] .4 for every ¢ € N*, where oy > 0 and ¢; > 0
depend only on ¢.

We will assume without loss of generality that the «,’s and the ¢,’s are non-
increasing and non-decreasing in g, respectively.
We first use Theorem 4.1 to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. We just need to prove that 4 := DSH(IP¥), equipped with the
norm ||-||4 = |‘|lpsu, satisfies the hypotheses of Theorem 4.1. It is not difficult to
check that f* is bounded with respect to the norm ||-||psh.

Condition (i) is given by Theorem 1.2. We now verify condition (ii). To do that,
we need a set of functions B and ||-|| g satisfying conditions (B 1)—(B3), and such that
(X, i, f, A, B) satisfies the controlled tail property.
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We take as B the set of bounded real functions on P* which are p.s.h. on B, with
I3 := |I-llco- Condition (B1) is immediate. Proposition 3.1 gives condition (B2).
Condition (B3) can be obtained with m; = 2 for every ¢ by using the following two
functions:

t t
t t—1 2 1
Pt,l(xls---,xt)lziElxj+TE Xj+§1_[xj;
t t
t t—1 1
Pt,z(xl,---,xt)iz_— -x]__ x2+§1_[xl

Observe that
2Px+1,1(60, .G =T, —2Px+1,2(50, G =7,

where ®F are defined in (3.3). Hence, condition (B3) follows from the same argu-
ments as in the proof of Lemma 3.3.
It remains to verify that every d.s.h. function ¢ can be written as

¢ =0¢ —o1 + ¢,

with g01+ , 91, and @, satisfying conditions (1) and (2) in Definition 4.2. Applying
Lemma 2.1, we can write ¢ = ¢4 — ¢_ with the ¢4’s p.s.h. on B, ||¢+|psy <

Cll¢|lpsu, and g+ < 0.
Applying Lemma 2.3 to ¢+ and u, instead of ¢ and v, respectively, and choosing

N := M, we can write
M M
o = 020 + 0

with the (piMl)’s p-s.h. on B, and

M
1S oo < M llp£lips < CM @llpsn:

M — _
oL N0 < Cae ™/ px psi < CCqe™ M/ g]|psi.

It then suffices to choose

M — M M M
‘/’ii_ = ‘piJ)a ¢ = §0£,1)» @2 1= (P_(hz) _§0£,2)-

The proof is complete. u

It remains to prove Theorem 4.1. Let us first recall the assumptions in [11, The-
orem 1.1] (which are there stated as (2.3) to (2.6)), where the N,’s are (semi-)norms

on A:

*  monotonicity: Ny(¢) <s Ns+1(¢) for every s > 1 and every observable ¢;
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*  Sobolev embedding: ||¢|lcc Ss Ns(¢) for every s > 1 and every observable ¢;

*  Z-boundedness: for every s > 1, there exists oy > 0 such that Ns(¢ o f") <;
e%s M N (@) for every n € Z and every observable ¢;

* almost multiplicative: Ng(¢1¢02) Ss Ns+1(¢1) Ns+1(¢2) for every s > 1 and every
observable ¢y, ¢;.

The monotonicity can be checked immediately in our case, since Ng(¢)=|¢| 4
for every s € N. The Z-boundedness is immediate too, because we just need to take
os := log Cy for every s € N, where Cr := max{l, || /*|.4}. We do not have the
Sobolev embedding condition, as we do not only use bounded observables. We also do
not have the almost multiplicative condition, neither in the general setting of observ-
ables in #4, nor in the specific case of d.s.h. observables (recall that a product of d.s.h.
functions is not d.s.h. in general).

We note that, in [11], the Sobolev embedding and almost multiplicative conditions
are both used only once. The first one is used in [11, Section 9.1, p.,477], for an
estimate that we will prove using the controlled tail property, see Lemma 4.3 below.
The second one is used in the proof of [11, Lemma 9.1]. We will show a version
of that lemma for a norm satisfying the hypotheses of Theorem 4.1, see Lemma 4.4
below. The lemmas that we are going to prove are stated in a simpler setting than [11],
because in our case the group acting on the space of test functions is just Z and the
action is given by the iterates of f.

Set [t]:={1,2,...,t}. We say that Q is a partition of [¢t] if the elements of Q are dis-

joint subsets of [¢] and their union is [¢]. Given a partition Q of [f] and 1y, ...,n; € Z,
we denote
max Q := max Q(ny,...,n;) = rJnaé({|nj1 —nj,|:j1.j2 € J},
€
minQ := minQ(ny,...,n;) = min ni—nyl:jed,lelLl.
(o) = min {ng =il - )

These quantities are the maximum of the “diameters” of the sets in Q, and the mini-
mum “distance” between two of these sets, respectively.

First, we prove the estimate that in [11, Section 9.1] was proved using the Sobolev
embedding condition. For a finite set /, the notation |/ | means the number of elements
inI.

Lemma 4.3. Let t > 2 be an integer. Assume (X, i, f, A, B) satisfies the controlled
tail property described in Definition 4.2. Then, for every partition Q of [t], every
ni,...,ny € Z, every I C [t], and every ¢ € A, we have

(/I eerm o)

JeQ jelng

1
< lell'k.
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Proof. Fix I as in the statement. For every J € Q such that / N J = &, we put

l_[ po f :=1.

JeInJ

So we can assume, without loss of generality, that / N J # @ for every J € Q.

II(/ [1 wOdeu) sll(/

JeQ JEINJ

[] ¢or™

jelnJ

du) @.1)

The controlled tail property with M = 0 gives

lpllizae =< cqllella forevery ¢ € A, q = 1,

where ¢, > 0 depends only on g. Using Holder’s inequality and the invariance of p,
we obtain for every J € Q that

; nJ
/ [T ¢orm™|du < llely™". 4.2)
jeInJ
Inserting (4.2) in (4.1) gives the statement. [ ]

Finally, the following is our version of [11, Lemma 9.1]. As mentioned above,
once this lemma is proved, the proof of Theorem 4.1 can be obtained by the same
argument as in [11]. Recall that Cy = max{1, || f™*||.4}.

Lemma 4.4. Fix 0 < a < b, and let t > 2 be an integer. Assume (X, u, f, A, B)
satisfies the controlled tail property as in Definition 4.2. Then, for every partition Q
of [t], everyny,...,n; € Z satisfying max Q < a and min Q > b, every I C [t], and
every ¢ € 4, we have

(e )L (I ve 7)o

jel Jeq jelnJ

<Cmicilelly. @3)

where the constants C; > 0 and 0 < n; < 1 are both independent of Q, a, b, ¢, I.

Observe that the condition max Q < a < b < min Q implies that the sets in Q are
“monotone”, i.e., given any two of them, all the elements of one are greater than all
the elements of the other.

Proof of Lemma 4.4. As in the proof of Lemma 4.3, we can assume, without loss of
generality, that I N J # & forevery J € Q.
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Since p is f-invariant, we can rewrite the quantity inside the modulus of the left-
hand side of (4.3) as

o (o) (L)

jel JeQ jelnJ
= /(H( 1_[ (pof"j—'um) of”[ﬁj—nl)dM
JeQ YjelInJ
- H( f ( I1 soof"f‘"mf)du), (44)
Jea jeInJ

where, for L C [¢], we set ny, := min{n; | j € L}. Note that all the iteration powers
of f appearing in (4.4) are non-negative.

Observe that the inequality (4.3) is homogeneous in ¢. Hence, up to rescaling, we
may assume ||¢||4 = 1. Now, for every n > 1, we use the controlled tail property to
write

Qo ft=¢f  — @1t Ono = Pu1 — On1+ Onp
with

) llgn 15 <cMlgo f7]l4 < cMC}:

Q) lgn2llLagy < cge™@M|po f|a < cqe_“qMC;’ for every g € N*,
where ¢ and ¢, are as in Definition 4.2 and the constant M is independent of n and
will be chosen later. Indexing all the possible combinations of the v;’s in the ¢;,,;’s
with the multi-index v := (v; : j € I) € {I,—1,2}, the last term in (4.4) can be
expanded as

x (Il

l_[ sign(v;) - (pnj_nlﬁjavj) 0 fnlm]_nl) du

ve{l,—1,2}{ JeQ YjelInJ
- H(/( 1_[ Sign(vj)'(pnj—n[nj,vj)dﬂ))-
JeQ jelnJ

It follows that | D| is bounded by the sum of

D, = > /(]_[( I1 qonj—nm,vj) Of"’”_"’)du‘

ve{l,—1,2}/\{1,—-1}/ JeQ NjelInJ

# 2 ((TT nmrern )e)

ve{l,—1,2}/\{1,—1}/ ' J€Q jelnJ

’
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pe= 3 (T IT oo rmor

ve{l,—1}/ JeQ NjeInJ
UL o)
JeQ jelnJ

We now bound D; and D,. Observe that the case of D; is new with respect
to [11], in which there are no tail terms ¢, » that are small in the L (u)-norms.

Bound for Dy. Each term in both sums can be estimated in modulus using Hoélder’s
inequality and the fact that, since u is f-invariant, the L4 (u)-norms are f*-invariant.
We have less than 2 - 37 terms. Setting ¢y = |{j € I : v; = 2}|, the term corresponding
to a given v contributes at most

(I T NI T em)geon(-X ¥ aqn)

JeQ jeInJ JeQ jeInJ;#2 JeQ jelInJ,v;=2

< C}"“c"'M’““:”f‘#}'exp(—Z > aqu)
JeQ jeInJ,v;=2

<, C}“Mlm{j:vf#zﬂexp(—z ) %M)

JeQ jelnJ,w;=2

The first inequality is due to the assumption max Q < a. Therefore, we have

Dy <, Z C}aMIIm{j:vﬁéz}l exp(— Z Z aqu). 4.5)

ve{l,—1.2/\{1,-1}/ JeQjeIns vy =2

Bound for D,. We will use here the conditions (B2) and (B3). For all n € N, define
8n+1 = (pn,il/(cMC}’Z). Then ||gn,+1/l8 < 1, and so, up to the multiplicative con-

stant
nj=ning || aglll e || ta
1_[ l_[cMCf Sict'M Cf St MYICS
JeQ jeInJ

(the first inequality is due to the assumption max Q < a), we are left with the quantity

o1 [y e S I

ve{l,—1}/ JeQ YNjelInJ
- 11 ( / ( [1 gn,._nm,,v,-) du)’ (4.6)
JeQ jelinJ

to be estimated. Define the set of multi-indexes

W .= {w:(wJ:JeQ)eng‘ |1 <wy <mnyg foreveryJEQ}.
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With the help of the function’s P, ;’s and with m; as in condition (B3), we can
rewrite

mirnJ|
l_[ gn_,-—nlmj,v_,- = Z PIIﬂJI,l(gn_,-—nlmJ,v_,- ] eln J)
jelnJ =1

Therefore, the expression in (4.6) is equal to

mirnJ|

Z /(n Z Prngyi (g"j—"mfavj jelnlJ)o fnm]_nl) an
ve{l,—1}/ Jeq I=1
mirnJ|
- H(/( > Puana(gn—nposw; 1J €10 J)) du)'
JeQ =1

= Z Z ‘/(n Pirasiwy (8nj-ninsw; 17 €10 JT)o0 fnmj_nl) "

ve{l,—1} weW JeQ

- H(/(Pllﬂ.’l,WJ(gnj_n]mj,Uj .] €l nJ)) d:u“)‘

JeQ

Observe that there are at most 2 - m’, terms in the last sum, and for each of them we
have

H:I:P|mJ|,wJ(g,,j_,,mj,vj jeln J)||g3 <¢nj <¢; foreveryJ € Q.

Hence, we can apply the exponential mixing of order |Q| for observables in 8 to the
Pirngiwy (8nj—ninsw; o J € 1N J)’s (up to signs; see (B3)) for every v € {1, -1
and w € W, and deduce, thanks to the assumption min Q > b, that (4.6) is bounded
by a multiplicative constant (depending only on ¢) times

miny, jyeaflnrns —nrns,l} b
0, < 0

It follows that
Dy 5 MYTIcie?. “.7)

Combining (4.5) and (4.7), we have the following estimate for the modulus of D:

ID| < MIcie0?

N Z (M|m{j:vﬁé2}lc}aexp(_z Z aqu)), (4.8)

ve{l,—1,2}/\{1,—-1}/ JeQ jelInJ,wj=2

where the implicit constant depends only on 7.
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Now, we choose
M = —bat_l log 6;,

and set C := max{1l,—a; ! log0;}. Recall that the a, s are non-increasing. Then, (4.8)
gives

ID| < C‘”C}“b'”@tb + Z C|m{j:v_,-¢2}|C}ab\m{j:v_,-¢2}|9tb\{j:vj=2}\
ve{l,—1,2}/\{1,—-1}/
<S¢ Cpmax{b', 1}67.

If b <1, we take n; := ;. If b > 1, there exists 8; < n; < 1 such that b’@tb < r;lt’,
where the implicit constant depends only on ¢. In both cases, the proof is complete. m

Remark 4.5. As in [7], our proofs of Theorem 1.2 and Theorem 1.3 can be easily
adapted in the more general setting of invertible horizontal-like maps in any dimen-
sion (see [16,20], and [27] for the dimension 2 case), under the natural assumption
that the main dynamical degree dominates the other degrees [9]. In this setting, the
unique measure of maximal entropy is moderate by [10]. On the other hand, our proofs
cannot be directly adapted in the setting of automorphisms of compact Kihler man-
ifolds, as non-trivial p.s.h. functions do not exist in this setting. As the theory of
super-potentials is needed [8,23,37], we postpone this study to a later work.
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