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ABSTRACT: Cosmological fluctuations retain a memory of the physics that generated them in
their spatial correlations. The strength of correlations varies smoothly as a function of external
kinematics, which is encoded in differential equations satisfied by cosmological correlation
functions. In this work, we provide a broader perspective on the origin and structure of
these differential equations. As a concrete example, we study conformally coupled scalar
fields in a power-law cosmology. The wavefunction coefficients in this model have integral
representations, with the integrands being the product of the corresponding flat-space results
and “twist factors” that depend on the cosmological evolution. Similar twisted integrals
arise for loop amplitudes in dimensional regularization, and their recent study has led to the
discovery of rich mathematical structures and powerful new tools for computing multi-loop
Feynman integrals in quantum field theory. The integrals of interest in cosmology are also
part of a finite-dimensional basis of master integrals, which satisfy a system of first-order
differential equations. We develop a formalism to derive these differential equations for
arbitrary tree graphs. The results can be represented in graphical form by associating the
singularities of the differential equations with a set of graph tubings. Upon differentiation,
these tubings grow in a local and predictive fashion. In fact, a few remarkably simple rules
allow us to predict — by hand — the equations for all tree graphs. While the rules of this
“kinematic flow” are defined purely in terms of data on the boundary of the spacetime, they
reflect the physics of bulk time evolution. We also study the analogous structures in tr ¢3
theory, and see some glimpses of hidden structure in the sum over planar graphs. This
suggests that there is an autonomous combinatorial or geometric construction from which
cosmological correlations, and the associated spacetime, emerge.
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1 Introduction

There are many indications that the spacetime concept must be replaced by deeper principles
as part of the next upheavals in fundamental physics. Nowhere is the need for an understanding
of emergent space-time more pressing than in cosmology, where the birth of spacetime and
the Universe itself are intimately connected at the Big Bang singularity. Moreover, actual
observations of the Universe are static, correlating structures at different spatial locations,
but fixed moments in time. We invoke a cosmological history to explain these spatial patterns,
but ultimately “cosmological time” is an auxiliary concept, not present in the observables
themselves. This calls for a new “timeless” understanding of cosmology, reproducing the
approximate notion of time evolution where appropriate, but deforming away from it when
the need becomes exigent.

Descending from these perhaps dangerously lofty conceptual heights, there is also a more
practical reason to seek such a timeless description of cosmology. The conventional textbook
methods for computing cosmological correlators' (and also the underlying cosmological
wavefunction) are very complicated. One of the main reasons is that all Feynman diagram
calculations involve time integrals from past infinity to the present for all interaction vertices.
This leads to tremendous complexity in intermediate stages of the computations, mirroring a
similar explosion of complexity familiar in the study of scattering amplitudes in asymptotically
flat space. And yet, as in the case of scattering amplitudes, the final expressions are vastly

'In recent years, there has been remarkable progress in understanding features of the quantum field theory
wavefunctionals of various theories, both in flat space and in cosmology [1-22], and of correlation functions
directly [23-56]. In many cases, these correlations are most naturally studied in momentum space, and there
has been commensurate progress in the study of momentum-space conformal field theory [57-65].



simpler. This provides a much more down-to-earth motivation for finding a new understanding
of time evolution, one purely formulated in terms of spatial variables defining the kinematic
dependence of the cosmological correlators, without a trace of integration over time coordinates.
Echoing developments in scattering amplitudes over the past decade, we can hope to find
entirely new sorts of mathematical questions in kinematic space, to which cosmological
correlators are the answers, with the interpretation in terms of time evolution arising only
as a derived concept.

In this paper, we will give the first complete example of such a description of the
cosmological wavefunction for a simple class of toy models, working at tree level. We will
consider the wavefunction for conformally coupled scalars with general polynomial interactions,
evolving in an FRW cosmology with scale factor a(n) = (/n0)~(179). Equivalently, after
a conformal rescaling, we have a theory of a massless scalar field in flat space, with time-
dependent interactions.

As a first step, we will consider the contributions to the wavefunction associated with
individual Feynman diagrams. Representing the time-dependent couplings in the frequency do-
main allows all time integrations to be performed, determining the cosmological wavefunction
in terms of the flat-space wavefunction as

Urrw (B, ET) = / Hdwu (H%) Wtat (Ey + wy, E1) (1.1)

where F, and E; are the “energies” associated with the vertices and the internal edges of
the graph, respectively. The flat-space wavefunction is a rational function of the energies
FE, and Ej, with simple poles when the sum of the energies entering any subgraph vanishes.
The cosmological wavefunction (1.1) is then an integral over the deformed flat-space wave-
function, weighted by a “twist factor” (I],w,)°. Already this integral gives a formula for the
wavefunction with no explicit reference to integrations over time, but this is clearly only a
cosmetic difference — we have simply gone to Fourier space, with the integrals over vertex
energies being conjugate to those over the vertex times.

However, there is a much more interesting way in which this integral representation
opens the door to a “timeless” description of cosmological correlators. Our cosmological
integrals are special cases of a wide class of integrals of the form

I(C,D;n;e) = / dzy - - day, P(x) H(ijxj + Dy)MtEn (1.2)
0 ji

where P(x) is some polynomial in the z variables, and the singularities of the integrand
are powers of linear factors, raised to integer powers n; possibly “twisted” by fractional
parameters €;. There are naively an infinite number of these integrals parameterized by the
general integers ny. However, there are also an infinite number of linear relations between
these integrals generated by integration-by-parts identities. A complete understanding of the
vector space of all independent integrals of this type is offered by the study of the so-called
“twisted cohomology” of the “hyperplane arrangement” attached to the linear half-spaces
(C -z 4 D) > 0. Quite beautifully, there is a finite-dimensional space of linearly independent
integrals, whose dimension is given by the number of bounded regions carved out by the



hyperplanes. We can therefore choose a basis I, of these integrals, and every other integral
with arbitrary powers n; can be written as a linear combination of these basis integrals, with
coefficients that are rational functions of the parameters (C, D,n,¢). This in turn implies
that the total differential of any of the basis functions I, with respect to the parameters
(C, D) must satisfy a differential equation. The reason is simply that the total differential of
any integral in this class must be a linear combination of basis integrals, so that

dl, = Agly (1.3)

where Agp, is a matrix of one-forms depending on the data (C, D).
When applied to the cosmological wavefunction (1.1), we learn a first important fact:

The cosmological wavefunction satisfies a differential equation,
which governs how it changes as the external kinematics are varied.

We will see that the particular solution of this linear system of differential equations is
completely fixed by a natural set of boundary conditions, enforcing the absence of unphysical
“folded singularities” in the wavefunction, as dictated by the choice of the adiabatic vacuum
in the far past, together with a single “factorization” condition near certain singularities
in energy space. The factorization limit distinguishes the wavefunction from the actual
correlation function (which satisfies the same differential equation).

We stress that this differential equation is formulated purely in the space of kinematic
variables, but encodes all the dynamical content of cosmological time evolution. This is
an extension of something we are familiar with in inflationary cosmology, namely that
the overall scale of momenta gives a coarse measure for inflationary time, with longer
wavelength perturbations generated earlier in the inflationary epoch. Similar differential
equations also play a starring role in the “cosmological bootstrap” [66], where they arise
as the conformal Ward identities obeyed by the boundary correlators in an approximate
de Sitter spacetime [30, 32]. In this paper, we will provide a broader perspective on the
origin and mathematical properties of these differential equations. In particular, we will show
that a similar set of differential equations also arises in general FRW spacetimes, without
any conformal symmetry.

The fact that the cosmological wavefunction satisfies a differential equation in kinematic
space is a tantalizing clue for finding an autonomous, “timeless” theory of cosmological
observables, but does not by itself provide us with such a theory. At the most practical
level, there is no especially canonical choice of a basis for the twisted cohomology, and hence
no preferred form of the connection one-form A in (1.3). This means that the differential
equations have to be studied on a case-by-case basis, which is problematic, since, for example
for ¢3 theory the size of the connection matrices grows exponentially with the number of
external legs for the wavefunction. For instance, at five points, the naive size of the basis
given by a standard treatment of the cohomology is 25-dimensional, and even the more
correct understanding tailored to the cosmological wavefunction is 16-dimensional. For the
general n-point problem, the size of the basis scales as 4773, Thus, while the analysis of the
differential equation can be carried out manually for small n, it quickly becomes entirely
impractical for larger n.



Clearly, some new organizing principle is needed to be able to tame this exponential
jungle of complexity, but the general properties of twisted integrals are not enough to provide
this guidance. Any hope for understanding the general structure of these differential equations,
say even just for arbitrary tree graphs, must rely on some special property of the twisted
integrals specifically associated with our cosmological problem, rather than properties of
completely generic integrals, which are all we have appealed to so far.

This brings us to the second, and much more non-trivial and remarkable, observation
of our paper:

There is an ab-initio, autonomous description of the differential equations satisfied by

113

the cosmological wavefunction, vividly captured by a “flow” in kinematic space.

This kinematic flow is revealed when we represent the singularities of the differential equa-
tions (1.3) as graph tubings. We find that these tubings grow in a local and predictive
fashion. In fact, a few remarkably simple rules govern the equations for all tree graphs.
Although the complexity of these equations increases dramatically for larger graphs the
underlying rules remain amazingly simple.

This picture extends from a single graph to the sum over all graphs, for the special case
of the cosmological wavefunction of tr ¢3 theory, much studied in the amplitudes literature.
The final important result of our paper is:

The cosmological wavefunction of tr ¢3 theory satisfies a differential equation
determined by “kinematic flow” defined directly on the polygons of external momenta.

The singularities of the differential equations are now represented by shaded subpolygons,
and the kinematic flow describes how these shadings “evolve” as we take derivatives. We
find that the differential equations connect basis functions for different graphs (channels)
suggesting the existence of a unifying geometric object capturing the sum over graphs.

The existence of this “kinematic flow” description of the cosmological differential equations
was by no means obvious a priori. Indeed, our own investigations of this subject were spurred
at first simply by the existence of the differential equations guaranteed on the general grounds
described above, which led us to study simple graphs with n = 4,5 external lines in some
detail. In doing so, we also encountered the familiar frustration of “no canonical choice of
basis.” It was only after switching tactics from somewhat arbitrary organizing principles
involving notions like the “sparseness” of the connection matrix A, to drawing suggestive
pictures for the differential equations, that the kinematic flow structure finally revealed itself.
As we hope the reader will see, kinematic flow is an example of a sort of “magic”: hidden
structure in the cosmological wavefunction not guaranteed a priori, but capturing bulk time
evolution in an entirely new way, in purely boundary terms.

Our goal in this paper is to explain the general existence of the differential equations
for cosmological correlators, as well the surprising emergence of the kinematic flow picture
determining all these differential equations at tree level. Our exposition will be entirely
self-contained, with no previous knowledge of the relevant mathematical background being
assumed or needed. We will proceed systematically by first deriving the differential equations,
and then seeing how a natural organization of basis integrals, together with a pictorial



representation of the differential equations brings the kinematic flow to life. For this reason,
our exposition will be as long as it is systematic and, hopefully, pedagogical in character. The
culmination of this presentation will be a systematic set of rules for kinematic flow, defined
either on a given graph or on the full polygon of momentum kinematics.

In keeping with our ultimate goal of formulating a timeless theory of cosmological
correlators, we can just as well tell the story backwards, beginning by simply stating the rule
of the kinematic flow, using them to predict the equation dl, = A, and seeing how the
crucial consistency condition d? = 0 is implied. The result is a first step to back-constructing
the energy/time-integral expression for the wavefunction from a purely boundary perspective.
We will take up this more adventurous presentation of our results in a companion Letter [67].

1.1 Road map and summary

It has not escaped our notice that this paper is rather long. This section therefore serves
as a high-level overview of the salient points of the analysis, and as a roadmap for the
developments in the rest of the text. We will sketch the logic that leads from the time/energy
integrals arising in bulk perturbation theory, to the differential equations that they satisfy,
and finally to an alternative viewpoint where these differential equations originate from
combinatorial ideas applied to graphs and kinematic polygons associated to the cosmological
wavefunction. The story will be told through the lens of the simplest nontrivial example —
the cosmological four-point function — with pointers to where details and generalizations
can be found in the text.

Toy model. Throughout, we will focus on the particular model of a conformally coupled
scalar field (with polynomial self-interactions), described by the action

_ [ Loz _dlpe s
5= [dloy=g -5 (06 - ;R e (1.4)

We will study correlation functions in an FRW cosmology, with a power-law scale factor
a(n) = (n/no)~(*9). The utility of this toy model is that it can be simply related to a
flat-space quantum field theory with particular time-dependent couplings, allowing us to
parameterize the features of various cosmologies in a uniform way. As a practical matter, we
will study correlations in this model by computing the vacuum wavefunctional. We briefly
review the basic features of the wavefunction and its connection to correlation functions
in flat space in section 2.2.

Twisted integrals. The fact that the action (1.4) can be cast as a flat-space field theory
with time-dependent couplings allows us to relate the elementary building blocks of the
wavefunction (“wavefunction coefficients”) to their flat-space counterparts integrated over
energies, as in (1.1). In section 2.4, we explain this correspondence in detail, while in
section 2.5 we provide many explicit examples.

An illustrative example is the single-exchange process at tree level:

*r—
X, Y X



In flat space, the number of external lines of this “two-site chain” is irrelevant (though we have
drawn it for p = 3), and the result depends only on the sum of the external energies flowing
into the two vertices — which we denote by X; and X3 — as well as the internal energy Y
flowing through the diagram. The wavefunction coefficient associated to this diagram is

1

Yt = (Xl +X2)(X1 —|—Y)(X2 + Y) .

(1.5)

Notice that the result is a rational function with three poles: the “total-energy singularity”

at X1 + X9 = 0 and two “partial-energy singularities” at X; +Y =0 and Xy +Y = 0. The
locations of these singularities encode aspects of the spacetime evolution that generated
these correlations, but interestingly an autonomous, spacetime-independent definition of this
wavefunction exists in terms of the volume of a “cosmological polytope” [4] (see section 2.3).

We obtain the wavefunction in the power-law FRW background by shifting the external
energies as X, — X, + =, and integrating against the twist factor (zix2)c:

v o [ da [T (@122)° (1.6)
x x x ) .

Vo "Jo 2(X1+X2+3:1+x2)(X1+x1—|—Y)(X2+$2—|—Y)

For ¢ = 0 — i.e. without the twist factor — this corresponds to the wavefunction of

conformally coupled scalars in de Sitter space. In that case, performing the integral explicitly
leads to a solution in terms of logs and dilogs [30]. In section 3.3, we study the integral
for general finite €.

Differential equations. If one is interested in obtaining an analytic understanding of
integrals of the form (1.6) — including their analytic continuation, singularities, etc. — the
only practical way to proceed is to derive the differential equations that these integrals satisfy.
The integral (1.6) is similar to integrals that arise in the computation of one-loop scattering
amplitudes in dimensional regularization (in that context, 26 = 4 — D is the deviation
from the canonical spacetime dimension). The basic reason that the tree-level wavefunction
is similar to loop amplitudes is that energy is not conserved in cosmology, and therefore
must be integrated over. This connection allows us to import tools from the treatment of
loop amplitudes to the study of tree-level correlators. In particular, an important insight
is that loop amplitudes can be written in terms of a set of master integrals which span a
finite-dimensional vector space. The finiteness of this vector space guarantees that the master
integrals themselves satisfy interesting differential equations with respect to the kinematic
data, which then provides a powerful way to compute the original Feynman integrals [68-72]
(see [73, 74] for nice reviews). In this paper, we will see how the differential equation method
can be translated to the cosmological context.?

The integrals of interest are naturally related to hyperplane arrangements (see ap-
pendix A.4). For example, the integrand of (1.6) contains 5 singular lines,

lexla BlEX1+IE1+Y,

(1.7)
T =29, By=Xo422+4Y, B3 =X1+ Xo+x1 + 2.

2We also consider the de Sitter limit of the system explicitly in section 3.2.
3Recently, this approach has also been applied to multi-loop Feynman integrals of relevance to the black
hole binary inspiral problem [75, 76].
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Figure 1. Ilustration of the singular lines in the integrand of (1.6). We see that there are four
bounded regions which implies a four-dimensional vector space of basis integrals. The shaded regions
correspond to a specific choice of basis.

As we see in figure 1, these lines define four bounded region in the x1—xs plane. It is useful
to think of (1.6) as one member of a family of integrals, where each singular line is raised
to an arbitrary integer power:

. dzy A daxs
= TR B BB

IN = /(l’lmg)s QN, QN (18)

where N = (my, ma, n1,ng,n3) is a multi-index. Despite appearances, not all these integrals
are independent because many are related through integrations by parts (integrands that
differ by a total derivative lead to the same integrated function). A beautiful result from
“twisted cohomology” (see appendix A.3) states that the number of independent basis integrals
is equal to the number of bounded regions defined by the singular lines of the integrand. In
the case of interest, the basis is therefore four-dimensional. The fact that there is a finite
basis immediately implies that the basis integrals will satisfy first-order differential equations:
taking derivatives of integrals of the form (1.8) just shifts the integers mg, ng, but keeps the
integral in the same family. It must then be possible to re-write the result back in terms
of the basis integrals, leading to a matrix differential equation.

A preferred integral basis can be defined using the “canonical forms” of each bounded
region.* Denoting the four-dimensional vector of basis integrals by [= (I, I, I3, I;)T and
defining the total differential d = }°; 0z,dZ; (where Z; includes both the external energies
Xi 2 and the exchange energy Y'), the differential equation of interest can be written as

Al =cAT, (1.9)

where A is a matrix-valued one-form, which defines an Abelian flat connection over the
space of integrated functions because it satisfies dA = 0 and A A A = 0. The matrix A

“Canonical forms are the unique forms with logarithmic singularities on the boundaries of the polytopes
(and nowhere else), and whose residues on these facets are canonical forms of lower-dimensional regions; see
appendix A.2 for a pedagogical introduction.



can then be written as a sum of dlog forms

A=) a;dlog®;(Z), (1.10)

where «; are constant matrices and the functions ®;(Z) are called “letters.” The set of
all letters is the “alphabet” and it determines the possible singularities of functions in the
family (1.8), and plays an important role in describing the nature of the differential equation.
We derive the system of differential equations satisfied by the two-site graph in detail in
section 3.3 (see also [77]).

Graphical representation. The explicit form of the connection A of course depends on
the choice of basis integrals. Choosing the basis associated to the bounded regions depicted
in figure 2, we can write (1.9) in the form

W = c[W—F) @ + Feme + @—F) @ + F 69| (111

AF = c[F G + (F—2) vt + Z )| (1.12)
AF = c[F w9 + (F - 2) G + Z )| (1.13)
dZ = 2 7 == (1.14)

where we have introduced a graphical representation of the dlog forms:

@ = dlog(X, +Y), = = dlog(X;—Y),
@ = dlog(Xs+Y), &= = dlog(Xz—Y), (1.15)
= dlog(X; + X),

and we have given the various basis integrals I, their own names, v, F) F.Z. Once we have
this system of differential equations, we can effectively evaluate the original integrals of
interest by solving them. For the two-site chain, the explicit solution for (1.6) can be written
in terms of power laws like (X, + Y)® and the Gauss hypergeometric function 2 F.

The representation (1.11)—(1.14) contains the same information as the matrix equa-
tion (1.9), but the graphical form of the equation will turn out to be very powerful. We see
that the letters of the differential equations can be represented by connected “tubings” of
“marked graphs”, with the markings denoting sign flips of the internal energies. What is less
apparent in this single example is that the structure of differentials themselves can also be
deduced in terms of some dynamics of these tubes. Importantly, in this and other examples,
the relevant graph of interest is very closely related to the original Feynman diagram that
we would use to compute the cosmological observable directly.

More complex examples. For the two-site chain, the master integrals (1.8) are two-
dimensional and their singularities can easily be visualized as lines in the plane. However, we



will also be interested in more complicated graphs with additional exchanges, like

In those cases, the integrals are higher-dimensional — a graph with n — 1 exchanges can be
written as an n-dimensional integral. The singularities of the integrands lie along codimension-
1 hyperplanes in this space. The higher-dimensional setting makes it difficult to visualize
the geometry of intersections of these planes and the bounded regions that they define, and
so a more algebraic approach is required (see section 4).

The strategy to analyze these more complicated examples is to enumerate all possible
n-tuples of planes, which along with the “plane at infinity” define simplices in projective
n-space. In section 4.1, we show that by defining a suitable boundary operation, we can then
find the linear combinations of these simplices in P that are also simplices in R™ (those
which are closed). The number of such linear combinations is the same as the number of
bounded regions of the hyperplane arrangement, and therefore they define a basis of possible
integrands with these singularities. It is then a mechanical (if tedious) task to differentiate
these basis functions and re-write them back in terms of the original basis, mirroring the
approach taken for the two-site chain. The systematics of taking differentials is explained in
section 4.2, and many examples of the procedure are illustrated in section 4.3.

Remarkably, what we find by carrying out this procedure is that the resulting differential
equations can always be given a graphical representation, quite similar to that of the two-site
example (1.11)—(1.14). Given the original Feynman graph that generates the energy integral
of interest, both the functions that appear in the differential system and the letters of the
differential equation can be associated to certain tubings of a marked graph. More strikingly,
the structure of the differentials continues to be interpretable in terms of simple dynamical
rules that these tubings obey. This suggests that it should be possible to understand the
differential equations in terms of some sort of autonomous “flow” directly in the space of
kinematics. Indeed, one of the main results of this paper is an efficient graphical method
to derive the differential equations for arbitrary tree graphs (see section 5).

Kinematic flow. The analysis of concrete examples in an algorithmic fashion suggests
a shift of perspective that reveals a hidden structure underlying the differential equations
satisfied by the cosmological wavefunction.

The fundamental starting point is a tree graph with marked internal edges. We begin by
enumerating the basis functions that will appear in the differential system; each is associated
to a (possibly disconnected) complete tubing of the graph (without any nested tubes). For
the two-site chain, these tubings are

Y le—w—e F (o9 Z (=)
F (ebn—s)

In this case, there are only four possible tubings, but for more complicated graphs the

number of distinct complete tubings — and hence the size of the basis — grows. We can

,10,



similarly associate the letters of the system to the connected tubings of the same graph, as
in (1.15). Note that the translation between tubings and letters relies on the association
with the original Feynman graph, which specifies how each vertex and edge depends on
the energies involved in the problem. We describe the general features of this graphical
representation in sections 5.1 and 5.2.

Given this graphical representation of letters and basis functions, there is then a completely
systematic algorithm to write down the associated differential equations. We start with
the graph tubing associated to a “parent function” of interest and generate a “family tree”
of its “descendants” according to a set of simple and universal rules. For the case of the
two-site chain, the relevant trees are

"
(&), = F
W (ewte / (1.16)
\: 3 .
T="Yo}
F: (e < } (1.17)
(=5 == 7
F
Z: (= = 27 (1.18)

The precise procedure to generate these trees is explained in section 5.2, but it should be
apparent that it is related to a set of rules for how tubes can grow and combine with each
other. These flowcharts encode the differential of the function represented by the original
graph tubing. There is then a procedure for reading off the differential. Schematically, each
shaded tubing corresponds to a letter in the differential equation, and the coefficient of each
letter is given by the function associated to the relevant complete tubing minus the functions
associated to its immediate descendants. For the two-site chain, applying this to (1.16)—(1.18)
leads to the equations (1.11)—(1.14). In this case, the equations are relatively simple, and
the power of the graphical method may not be fully apparent. For more complicated graphs,
however, the differential equations quickly become much more complex. Remarkably, the
rules for predicting the structure of the equations stay simple and uniform.

Perhaps the most intriguing feature of this perspective is that it is possible to state this
procedure in a way that is completely independent from the original perturbation theory
algorithm that produced the integrals we wanted to compute. Instead, we could imagine
starting with a graph (not necessarily thinking of it as a Feynman diagram), associating
functions and letters to its tubings, and defining a differential that is closed (d? = 0).5 It
would then be natural to study the properties of the functions that appear in this system. The
fact that these objects have an interpretation as pieces of the wavefunction in cosmological
spacetimes would come as quite a surprise from this point of view. The idea that we can

5See appendix C, for more details about the relation between the graphical rules and the nilpotency of the
exterior derivative.
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trade the usual procedure of tracking time evolution in cosmological perturbation theory
for a sort of “kinematic flow” directly in the configuration space of cosmological correlators
is rather tantalizing. We have been led to this perspective systematically by transforming
the bulk calculation into the space of boundary kinematics, but these features suggest that
there is also an alternative starting point where this combinatorial question is the natural
one to ask, while bulk time evolution would be a fully derived concept.

Beyond single graphs. For the most part, we study the differential equations for individual
Feynman graphs, with a fixed ordering of the external legs. Similarly, most work in the cosmo-
logical bootstrap is still organized graph by graph [66]. In contrast, for scattering amplitudes
the most stunning simplifications are seen when one sums over all graphs contributing to a
process. This is especially true for gravity and gauge theories, where the individual graphs
aren’t even uniquely defined. It is therefore an important challenge to find some irreducible
structures inside the cosmological wavefunction that emerge when summing over graphs.

A minimal situation where the sum over graphs is expected to be interesting is tr ¢ theory,
and we study its cosmological wavefunction in section 6. In this theory, the external fields carry
flavor charges, so that permutations of external particles are inequivalent. It is convenient to
describe the kinematics of an n-point function in terms of the n-gon associated to the n (spatial)
momentum vectors, which sum to zero: ), Ea = (. The different “channels” contributing to
a given flavor-ordered wavefunction then correspond to the different triangulations of the
n-gon. For example, the four-point function is described by a closed quadrilateral, which has
two different triangulations corresponding to s and t-channel exchange:

1 2 3 4 ko 1 4 2 3 ko
o kl k,‘f{ o o ]‘Cl }1’73
s-channel t-channel
k4 k4

We can therefore think of the graphs studied earlier as corresponding to these kinematic
polygons plus a choice of triangulation. (In general, the number of triangulations of an
n-gon is given by the Catalan number C),_, see section 6.1 for details.) It is natural to
suspect that we will find additional structures in the larger kinematic space that combines
together different compatible exchange channels.

We are interested in the differential equations satisfied by these n-point functions when
taking derivatives with respect to the external side lengths k, (without specifying a bulk
process/triangulation). It is again enlightening to represent the result graphically. Similar
to before, we can associate letters and functions to geometric objects related to the original
polygon, which is explained in section 6.2. Each letter is now a connected “shading” of a
sub-polygon, which represent the different kinematic limits that can be taken. To account for
sign flips in the internal energies, we allow the internal lines to be solid or dashed, with the
dashed lines representing internal energies with flipped signs. (This is the analogue of tubes
enclosing markings on internal lines in the graph case.) The letters are then given by the
perimeters of the shaded sub-polygon, with sign flips for any dashed lines. For example, three
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letters (dlog forms) appearing in the differential equation for the four-point function are

’

= dlog(km + S) s - ’ = dlog(kzlg — 8) s = dlog(k:1234) , (1.19)

where kp,..n; = Ky |+ - + |En]| and s = |k; + ks|. There are also letters associated to the
other triangle in this triangulation, as well as the triangles involved in the other possible
triangulation of the square.

The functions that appear when we take derivatives are associated to a second type of
shading of the triangulated polygon (see section 6.3). Much like in the single-graph case, the
shadings associated to the basis functions can in general be disconnected. In the four-point
function example, there are 7 functions, corresponding to the following shadings

The un-shaded triangulations are each associated to a distinct source function, which is the
wavefunction coefficient in the corresponding channel.

The kinematic flow rules then determine how the shadings of a function “evolve” when we
take derivatives; see section 6.3. The novelty of this situation is that there are typically several
paths through the space of shadings that end up at the same configuration. Consistency
demands that these different paths lead to the same functions, and this requires that certain
functions are “shared” between different channels. As a simple example of this phenomenon,
we can consider the differential of the function F(*) — which is the function F appearing
in (1.12) — and that of its t-channel analogue F*). These two differentials are determined
by the following tree of shadings
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We see that the same source function Z (associated to the fully shaded kinematic square)
appears in both differentials, which requires a certain compatibility between the different
exchange channels. It is of course possible to split apart the function Z and associate half
of it to each exchange channel, but this is in a sense artificial.

The sharing of functions between different channels becomes much more frequent and
nontrivial at higher points. For example, we discuss situations at five and six points in
section 6.3, and describe how aspects of the shared letters and functions can be understood
using the associahedron in section 6.4. This is a first hint of some simplicity obtained by
asking the right question of the sum over individual graphs, but it is clear that there are still
deeper structures to uncover. For scattering amplitudes in tr ¢ theory, the compatibility
between different channels is related to the kinematic associahedron [78], which serves as a
positive geometry that encodes the amplitude geometrically. In the cosmological context,
there are now tantalizing glimpses of similar structures. A positive geometry that computes
the full sum over graphs remains elusive, but there are interesting features in the compatibility
between different channels that hint at something similar waiting to be found.

Outline. The outline of the paper is as follows: in section 2, we review the wavefunction
approach to computing cosmological correlators. We derive explicit results for wavefunction
coeflicients in flat space and then present a simple model of a conformally coupled scalar in an
FRW background. We show that the wavefunction coefficients in this model can be written
as twisted integrals of the corresponding flat-space results. In section 3, we study in detail
the integral (1.6) for the two-site chain (see also [77]). We define the integral basis and derive
the corresponding differential equation. Imposing boundary conditions at the singularities
of the equation, we present an explicit solution to the problem. In section 4, we extend the
treatment to more complex tree graphs. We derive the differential equations for all n-site
chains up to n = 6 and for the 4-site star topology. In section 5, we identify simple graphical
rules to predict the structure of the equations for arbitrary tree graphs. In section 6, we move
beyond single graphs and study the differential equations satisfied by sums of Feynman graphs.
Finally, in section 7, we present our conclusions and give an outlook on future directions.

Five appendices contain additional background material and technical details: in ap-
pendix A, we give a pedagogical overview of some of the mathematics that is relevant to
this work. In appendix B, we present further examples for the graphical representation
of the differential equations and explain how these arise from the rules for the kinematic
flow. In appendix C, we describe the connection between integrability of the differential
equations and the physics of locality. In appendix D, we discuss the space of functions
arising as solutions to the differential equations. Finally, in appendix E, we present the
relation between this work and the symbol approach to the differential equations of conformal
scalars in de Sitter space [7].

The details of the computations can be found in supplemental MATHEMATICA notebooks
on a github repository for this paper. We will provide links to the relevant notebooks using
the github icon €).
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2 Correlators as twisted integrals

We begin by introducing the physical object of interest: the wavefunction for cosmological
fluctuations [79, 80]. It is a somewhat more primitive quantity than actual correlation
functions, and as such it is simpler to compute and interpret. Already in the time-independent
setting of flat-space field theory the wavefunction possesses a rich and interesting structure [4].
More remarkably for our purposes, the flat-space wavefunction can serve as a seed from which
the wavefunction in cosmological spacetimes will germinate. In particular, the wavefunction
of conformally coupled scalars in a power-law cosmology can be written as a twisted integral
over the corresponding flat-space wavefunction.

2.1 Preliminary definitions

The wavefunction encodes the quantum-mechanical state of a system on a given time slice.
In terms of the fundamental fields of the theory, ¢, the wavefunctional is the overlap between
a given state |)) and the basis of field eigenstates |p(&)):0

Vp(@)] = (p(Z)[W) - (2.1)

Any state of a system can be expressed in this way, and the wavefunction (2.1) contains all
information about correlations in this state. For example, equal-time correlation functions can
be extracted by squaring the wavefunction and integrating against some operator insertions:

(p(T1) - p(¥n)) = : (2.2)
/D(p | W

In the following, we will be interested in the structure of the wavefunction of the vacuum,
[b) —|0), which is particularly simple.

In perturbation theory, it is convenient to expand the wavefunction in powers of the
field fluctuations:

1 L. - -
Ulp] = exp (_ §/d31’1d3$2 o (21, T2) o(T1)p(Z2)

00 (2.3)
b [ & U@ o) o@))
n=3
where Z = {#1,--- , &, } is a set of spatial coordinates, and the kernels ¥, (Z) are the so-called

wavefunction coefficients. The functions ¥,, characterize the statistics of the field fluctuations.
The systems that we will consider are spatially translation invariant, so it is convenient
to work in Fourier space so that

d3ky - Bky -

/d3931 e dPay Vi (Z) p(T1) - p(Tn) = / (2m)3n U (k) Py Pl (2.4)

SHere, the field eigenstates satisfy ¢(t, Z)|p(Z)) = ¢(Z)|@(F)), where ¢ is a field operator (in the Heisenberg
picture) and ¢(Z) is a spatial field profile.
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where the momentum-space wavefunction coefficients are proportional to momentum-
conserving delta functions

U, (F) = 2m)8(Fy + - -+ Fo) (B) (2.5)

We will mostly focus directly on the functions v, (E), which we will also refer to as wavefunction
coefficients.
To compute the wavefunction, we start from its path-integral representation

Ylp] = / D 5191 (2.6)
#(0)=¢
$(—00) =0

where the integration is over all field configurations that interpolate between the free vacuum
in the far past, t = —oo(1 — ie€), and some field configuration ¢(Z) at a later time ¢ = 0. The
tree-level approximation of this path integral is given by its saddle point, ¥[p] ~ exp (iS[pa]),
where ¢ is the classical solution satisfying the same boundary conditions as the path
integral (2.6). Fluctuations about this saddle capture quantum corrections to the wavefunction
coefficients.

2.2 Flat-space wavefunction

We will illustrate the wavefunction approach with the simple example of a massless scalar
field with polynomial self-interactions in flat space [4, 80]:

1 A

S = /d% 5007 = 3 2gp (2.7)
p>2

The correlators of this theory will also provide the seeds from which the correlators of

conformally coupled scalars in FRW spacetime can be generated; see section 2.4.

Feynman rules. Perturbatively, the evaluation of the path integral (2.6) can be given a
simple diagrammatic interpretation, paralleling the Feynman rules for the computation of
scattering amplitudes in flat space. The rules for computing the n-point coefficient 1,, are:
e Draw all diagrams with n lines ending on the late-time surface at ¢ = 0.

e Assign a vertex factor ¢V to each bulk interaction, derived as usual from the action (2.7).
e Assign a bulk-to-boundary propagator to each external line:

K(k,t) = e (2.8)
where k = |k|. This is a solution to the wave equation, (02 + k2) K (k,t) = 0, with K (k,t =

0) =1 and K(k,t = —oco(1 —i€)) = 0.
e Assign a bulk-to-bulk propagator to each internal line:

Glhst,t) = i [e—ikz(t—t’)e(t C ) 4 PR gy — eik(t-i—t’)} ’ (2.9)

which is a Green’s function for the wave operator in Fourier space, (97 + k2)G(k;t,t') =
—i6(t — t'). The non-time-ordered piece in (2.9) is required by the boundary condition
G(k;t,0) = 0.

e Finally, integrate over the time insertions of all bulk vertices and over any undetermined
loop momenta.
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Wavefunction coefficients. The simplest example is the wavefunction coefficient associated
to a contact interaction. We call this a “one-site graph” and denote the corresponding
wavefunction coefficient by 1/11%1. Using the above Feynman rules, we get

0 . 1
i = — i/_oo dt Xt = < (2.10)
[ ]

X

where we have set the coupling constant A to unity. The number of external lines is arbitrary,
as only the total energy X =5, \Ea] enters in the computation.

A more nontrivial example is the single exchange of a particle at tree level. The
wavefunction coefficient associated to this “two-site graph” is

i = = /O dt/o at' et (vt t) X2 (2.11)

— —o° —©

X1 Y X2
where Y is the energy of the internal particle. Note that the result depends only to the
total energies flowing into each vertex, which we have denoted by X7 and Xs. Performing
the time integrals, we find

1 _ 1

(X1 + X)) (X +Y)(Xo+Y) XX Xp°
The result has simple poles at vanishing “total energy”, X = X; + X9, and the two “partial
energies” X; = X1 +Y and Xg = X9+ Y.

YL (X1, Xa,Y) = (2.12)

Combinatorial definition. Wavefunction coeflicients corresponding to more complicated
diagrams can be computed in the same way, but the degree of complexity of the time
integrals involved increases quickly with the number of internal lines. To simplify the
calculation of higher-order wavefunction coefficients, we can take advantage of some of the
hidden structure underlying the flat-space wavefunction. In particular, there is a simple
combinatorial prescription for generating the wavefunction coefficient associated to a graph.
To explain this, we must first introduce the concept of graph tubings, which will play a
critical role in the rest of this paper.

Given a graph, we define a tube to be a subset of vertices of the graph which form a
connected subgraph of the original graph. It is convenient to denote the tube by circling the
relevant subgraph. For example, the following is a tube of the three-site graph:

= (213)

For our purposes, the only compatibility condition needed for tubes is that they do not
intersect. (Two tubes intersect if their intersection is non-empty and neither is a subset
of the other.) Finally, a complete tubing is a maximal set of compatible (non-overlapping)
tubes of a graph.”

"We should warn the reader that a different notion of compatibility is used in the mathematical literature [81].
There, tubes are considered to be compatible only if they neither intersect nor are adjacent. For us, the
restriction that tubes not be adjacent would be rather artificial. An interesting avenue for investigation is to
explore the mathematical properties of the compatibility conditions that are natural from the cosmological
perspective.
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To compute the flat-space wavefunction coefficients, we first generate the set of compatible
complete tubings of a given graph. For each tube, we sum up all the energies of vertices
enclosed by the tube, along with the energy of any lines that intersect the tube. (This is the
energy associated to the subgraph enclosed by the tube.) We then assign a rational function
to the complete tubing which is the inverse of the product of all of the energy sums associated
to the constituent tubings, and sum over all possible complete tubings of the graph. The
resulting rational function is precisely the wavefunction coefficient associated to the graph [4].

It is simplest to understand this algorithm through examples. Above we derived the
wavefunction of the two-site graph, which has a single complete tubing:

1

2 _ _
Via: = T X)X (G (214)

where on the right-hand side we have written the product of the sums of energies associated
to each tube of the same color. We see that this reproduces exactly the wavefunction
coefficient (2.12). A more nontrivial example is provided by the three-site graph. In this case,
there are two inequivalent complete tubings. Summing them, we obtain the wavefunction
coefficient

U = + (2.15)
1

1 1
- = —+ = -,
(X1+X2+X3)(X1+Y) (X3+Y/)<X|+Xg+3'/ Xo+X3+4Y >

which matches the result of a bulk computation. It is straightforward to consider more
complicated graphs and derive their wavefunction coefficients in the same way.

2.3 Wavefunction from polytopes

The flat-space wavefunction also has an interesting geometric origin [4] which we will sketch
in the following. Our description will be purely qualitative.

To each graph G we assign a polytope Pg, whose facets are defined by the energy
singularities of G. For example, the polytope associated to the two-site graph is simply
a triangle

— o — XL:() XR:O
X=0

The sides of the triangle are given by the three energy singularities of the exchange diagram;
cf. (2.12). More complicated graphs correspond to intersections of triangles /\; subject to
certain rules (intersections occur at the midpoints of the triangles’ edges and only on edges
corresponding to vertices of subgraphs; and we require the collection of intersecting triangles
to be connected). For example, the following intersection of two triangles corresponds to
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the three-site graph:

The polytope Pg is then the convezr hull of the vertices of all the intersecting triangles A,;.
For the two-site graph, this is simply the original triangle, while, for the three-site graph, it
is a “double square pyramid” living in the four-dimensional projective space P*.

The polytopes Pg are autonomous geometrical objects, which provide an ab initio
definition of the wavefunction without invoking any spacetime structure. In particular, the
canonical form defined on each polytope, Q(Pg), gives the wavefunction coefficient g for the
associated graph. These canonical forms are the unique forms with logarithmic singularities
on the boundaries of the polytopes (and nowhere else). They have a fascinating recursive
structure: evaluating the canonical form on the facets of the polytopes gives the canonical
form of the facet. This recursive facet structure reflects the factorization properties of the
wavefunction on its energy singularities. Canonical forms will play a central role in our work
and we describe their properties in more detail in appendix A, where we also show how to
compute canonical forms for various examples.

2.4 Cosmological wavefunction

The polytopes introduced in the previous section provide a purely combinatorial description
of the flat-space wavefunction, without any reference to time evolution in the bulk spacetime.
In this paper, we will study a natural way of integrating the flat-space wavefunction (or,
equivalently, the canonical form of the polytope) to obtain the wavefunction in a cosmological
spacetime. These “twisted integrals” provide a boundary-centric definition of the cosmological
wavefunction and will give a new mathematical perspective on the question of time in
cosmology. In this section, we will explain from a bulk perspective how these integrals arise.

To begin, we consider a conformally coupled scalar with (non-conformal) polynomial
self-interactions

el Yasz L p2 N
5= [dloy=g -5 (06 - ;R > (2.16)

where the metric is ds? = a?(n) (—dn* + d#?). We will assume that the scale factor takes
the form of a power law

a(n) = (17 >_(1+E) : (2.17)

o

which captures many cases of interest, such as ¢ = 0 (de Sitter), ¢ ~ 0 (inflation), e = —1
(Minkowski), e = —2 (radiation) and e = —3 (matter). Correlators will be evaluated at a fixed

time 17 = 0, which in accelerating cosmologies is the future boundary of the spacetime. We will
be interested in correlators where scalars are evolved from —oo to 0 in 7, with Bunch-Davies
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initial conditions imposed in the far past.® For non-accelerating cosmologies with ¢ < —1,
this will be equivalent to considering a contracting phase of the universe [82, 83].

The model (2.16) is particularly simple because the quadratic action is invariant under
the Weyl transformation g, a2gW, ¢ — a~'¢, which allows us to write the action as that
of a massless scalar in flat space, but now with time-dependent couplings:

S = /d4x —%(8(]5)2 = )\’;)(!n)# . (2.18)

p>2

The time dependence of the couplings is determined by the scale factor as
Ap(n) = Apa(n) P oc P VIFE), (2.19)

where in the last equality we have specialized to the power-law cosmologies defined in (2.17).

Given the close relationship between (2.18) and (2.7), it is not surprising that the
perturbative construction of the wavefunction for these power-law cosmologies closely parallels
the flat-space case. In particular, since the quadratic action is the same, the bulk-to-boundary
and bulk-to-bulk propagators are still given by (2.8) and (2.9), respectively (only written in
terms of conformal time 7 rather than coordinate time t). The Feynman rules are also the same,
the only difference being that now all vertex factors involve time-dependent couplings. This
complicates the evaluation of the time integrals involved in the calculation of the wavefunction,
and is the primary technical challenge involved in computing the cosmological wavefunction,
as compared to flat space. However, an elegant way to deal with these time-dependent
couplings is to consider their frequency representations [4]:

(1) = /0 T dw (W) 6 (2.20)

For the power-law scaling in (2.19), we get

Mp(w) xw®, with a=4-p)(1+e)—1. (2.21)

Working in frequency space, the time integrals become identical to their flat-space counterparts,
where the energies involved are shifted by the frequencies associated to the couplings. To
obtain the full cosmological wavefunction coeflicients, we must integrate these shifted flat-
space wavefunctions over energies. Strictly speaking, the frequency integral (2.20) only
converges for a > —1, which excludes some physical cosmologies of interest (e.g. convergence
requires € > —1 when p = 3). However, we will see that the differential equations satisfied
by the energy integrals, and their solutions, can be analytically continued in €, and that
we can extract the physical wavefunctions by taking suitable limits. This is a conceptual
advantage of focusing on the differential equations satisfied by the wavefunction coefficients
rather than the integrals per se.

8Later, we will observe that the differential equations governing the correlators are unaffected by this
assumption, and solving for correlators that arise from generic initial conditions amounts to imposing different
boundary conditions.
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This is most simply illustrated with examples. First, consider a three-point contact
interaction. The associated wavefunction coefficient is

ki ko k3

0 -
Yay = Zi[ dne " A3(n), (2.22)

X

where X = k; + ko + k3. Substituting the frequency representation of the couplings (2.19),
where A\3(w) o w®, we find

o e - i(X+w)77: e we 2.9
w(l)oc/o dw w z/dne /0 de—i—w’ (2.23)
—_————

YL (X 4 w)

where we have identified the integrand with the shifted flat-space wavefunction, w{(ig)t(X + w),
times a twist factor, w®. Performing the integral, we get

Yy = —mesc(me) X©. (2.24)

We therefore see that the solution of the one-site graph in a general FRW spacetime is a
simple power law. In de Sitter space, with € = 0, we instead have 11y o log(i.X).
Next, consider the four-point wavefunction coefficient arising from a cubic interaction:

ki ka k3  ka

0 , .y
vo= N/ \/ =[N G ) d)

X Y X
(2.25)
where we have defined X1 = k1 + ko, Xo = ks + ks and Y = ]I;l + E2|.9 Substituting the
frequency representation of the couplings (2.19), we get

be) O‘/ dwidws W§W5/dndﬁ’ TN Gy, ) el Xt (226)
0

¢{(12&)t(X1 +wp, X2 +w2,Y)

We see that the wavefunction coefficient can be expressed as a two-dimensional frequency
integral, where the integral kernel is precisely the flat-space wavefunction coefficient wé?t
in (2.12), with external energies shifted by the frequencies w,. We then have

2Y
(X1+Xo+z+2)( X1+ +Y)( Xo+a22+Y)’

V) = —/0 dzidzs (z129)° (2.27)

where we have relabelled the integration variables x, = w, and set the overall normalization
factor to —2Y for later convenience. This reduces the challenge of computing the FRW

9Due to the Weyl rescaling ¢ — a~ ¢, the original FRW wavefunction coefficient evaluated at 1 = 7. has
an overall factor of a*(n.) relative to (2.25). We will ignore this constant rescaling.
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wavefunction coefficient associated to the exchange (2.25) to the task of evaluating this
two-dimensional integral involving a rational integrand “twisted” by powers of the integration
variables. Despite appearances, this integral is actually quite simple and rich in structure.
Before developing the formalism to evaluate integrals of this type, we enumerate some other
explicit examples.

2.5 Selected integrals

By following the procedure outlined in the previous section, it is possible to cast all wave-
function coefficients of a conformally coupled scalar in a power-law FRW background as
Euler-type twisted integrals of rational functions. In the following, we give some more
complicated examples of such integrals, which will serve as useful test cases for the formalism
developed in the rest of the paper. These integrals can be obtained systematically from the
time-integral representation, but the integrand associated to a given graph is always the
flat-space wavefunction coefficient, with the external energies shifted by integration variables,
times a twist factor. Consequently, one can easily generate many examples by employing
the combinatorial construction of the flat-space wavefunction in terms of graph tubings and
then shifting the energies and integrating.

Three-site chain. The next-simplest example is the wavefunction coefficient involving two
exchanges. The exponential form of the bulk-to-boundary propagator for the conformally
coupled scalar implies that the answer only depends on the total energy flowing out of a given
vertex to the boundary, and so we suppress the external lines that connect to the boundary
surface. The relevant graph is therefore the three-site chain

)Z1 XQ X?)

where we have labeled the external energies by X, and the internal energies as Y,Y’. The
wavefunction coefficient associated to this graph is

o0 . _ 4yY! 11
V(3) :/0 (x12223)° 0y,  where = B.B:B:B, <B5 + BG> dzq Adxg Adesg, (2.28)
with the linear factors defined by
Bi=X1+n1+Y, By=X1+Xo+ Xg+ a1 + 22 + 73,
Bo=Xo+a+Y +Y', Bs=X1+Xo4+x1 +20+ Y, (2.29)
By =X3423+Y’, Bs=Xo+X3+x9o+a3+Y.

Comparing this integral to (2.15), we see that the integrand is exactly the flat-space wave-
function associated to this graph, written in dimensionless form and shifted by the integration
variables.

Four-site chain. We will also consider the four-site chain

Y Yl Y/l
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The associated wavefunction coefficient can be written as

1/}&; = / (r1mox324)° fo) ,  where QS;) = fo) dri Adag Adag Adey . (2.30)
0

The function in the integrand is the flat-space wavefunction for the four-site chain (with
shifted arguments)

A (e ) BYY'Y” 11/ 1 11 1
O = 9 (Xo +24) = { +(+>+ ( + )}

. B1B3B3B4Bs |BsBs  Byg \Bg Bz Bio \Br ' Bs
(2.31)
where the linear factors are
Bi=Xi+x1+Y, Bs=X1+Xo+ X3+ Xy + 21+ 20+ 23+ 24,
Bo=Xo4+ao+Y +Y', Bs=X1+Xo+z1 +20+Y,
By3=X3+ax3+Y' +Y", Br=Xo+ Xg+axo+a3+Y +Y", (2.32)
Bi=Xy+a4+Y", Bs=X3+ Xy +a3+mxs+Y, '

By=X1+Xo+ Xz +x + 22 +a3+Y",
Bio=Xo+ Xs+Xgs+ao+x3+24+Y.

The form of the function (2.31) is easily determined from the graph tubings described in
section 2.2.

Four-site star. An interesting new phenomenon happens for graphs involving four sites (or
three exchanges). In addition to the chain topology, we can also arrange the graph into a
star by connecting three of the vertices to a single central vertex with valence three:

X3
Y//
Xy

Y Y’
X1 X2

The associated wavefunction coefficient takes the same form as (2.30), but the integrand is now

ae) Y'Yy {1(1+1)+1<1+1)+1<1+1” 2.39)
¥ B1B2B3B,Bs | By \Bs By Biop \Bg Bsg Bin \B; Bsg/)|’ '

with

Bi=Xi4+x1+Y, Bs=X1+Xo4+Xs+Xs+21+224+ 23+ 24,
Bo=Xo+ a0 +Y/, Be=X1+Xy+ao+as +Y +Y",
Bs=Xs+a3+Y", Br=Xo+Xy+axo+as+Y+Y",
Bi=Xy+a4+Y+Y +Y", Bs=X3+Xg+a3+as+Y +Y', (2.34)

BgEX1+X2+X4+$1+J?2+£U4+YH,
Bio=X1+Xs+ Xy 4o +ag+aza+Y,
B1=Xo+Xs+Xgs+ao+x3+24+Y.
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The function (2.33) — the flat-space wavefunction coefficient for the four-site star Qf;)

wéi’ts)(Xn + x,,) — is again easily derived from the graph tubings described in section 2.2.

An important commonality of all the above integrals is that they are integrals of
rational functions, whose singularities are associated to linear factors. The singularities
of these integrals therefore lie along hyperplanes in the integration space; i.e. each integral is
associated to a hyperplane arrangement. There is a rich mathematical theory of hyperplane
arrangements (see appendix A), which will aid us in developing the formalism to evaluate
integrals of this type.

3 Case study: two-site chain

In the previous section, we showed that the wavefunction coefficients of a conformally coupled
scalar in an FRW spacetime can be written as twisted integrals of the corresponding flat-space
results. Specifically, for the two-site chain, we found

2Y
X1+ Xo+z+x)(Xi+21+Y)( Xo+a2+Y) "

Y =- /000 dzidzy ($1ZE2)6( (3.1)

Similar integrals arise for loop amplitudes in dimensional regularization. In that case,
powerful mathematical tools have been used to evaluate these integrals, such as differential
equations [73] and twisted cohomology [84]. We will now show that a similar approach is
very effective for evaluating FRW correlators. In this section, we will present the analysis for
the two-site chain as a case study,' while, in the next section, we extend this to arbitrary
tree graphs, bypassing many of the steps outlined here.

3.1 Differential equation

The key idea is to enlarge the problem and consider a family of integrals with the same
singularities as the original integral:

. dzy A daxo
Iy = /(g;le)e W, ON = o o s (3.2)
where N = (mqy, mo,n1,n2,n3) is a set of integers and we have defined
T =z, Bi=X1+x1+Y, (3.3)
T =29, By=Xo4224Y, B3 =X1+ Xo+x1 + 2. .

The original integral (3.1) is one member of this family, namely ) = —2Y x Iyp111. Remarkably,
the twisted integrals in (3.2) form a finite-dimensional vector space. This is not obvious
from their definition, since the exponents (m;,n;) have an infinite range. A finite basis of
master integrals exists because all other integrals can be transformed into linear combinations
of basis elements by a combination of partial fraction identities and integrations by parts,
and so the integrals belong to equivalence classes. From a more abstract perspective, these
equivalence classes are determined by the (twisted) cohomology induced by the exterior
derivative (see appendix A). Twisted cohomology also gives a simple way to predict the
size of the vector space [86, 87]:

19%hile this work was being written up, related analyses of the two-site chain have appeared in [77, 85].
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Figure 2. Locations of the singular lines of the integrand in (3.1). We see that there are four bounded
regions which implies a four-dimensional vector space of integrals in (3.2). The gray shaded region is
associated to the original integral (3.1).

The number of independent master integrals is equal to the number
of bounded regions defined by the divisors of the integrand.

Figure 2 shows the arrangement of the singular lines in the (x1,z2)-plane. There are four
bounded regions which implies that the vector space of integrals in (3.2) is four dimensional.
It is convenient to collect the four independent master integrals into a four-component

vector
Il Ql
> I / Q2
I= = € 3.4
I3 (w122) Q3 |’ (3.4)
1, Qy

where €2, are four independent two-forms. The existence of a finite-dimensional vector space
has important consequences. In particular, it means that the master integrals must satisfy
a set of coupled differential equations.

Consider taking derivatives with respect to the kinematic variables Z; = { X1, X»,Y}.
Whatever the result, it must be writable as a linear combination of the basis integrals. This
leads to differential equations of the form

0

4
L =S A, .
82] bEZ:l I,abtd (3 5)

where the coefficients Ar 4 are rational functions of the variables Z;. For each I =1,2,3, we
have a 4 x 4 matrix Ay with entries Ay 4. Defining the total differential df, = >;(9z,1.)dZ;
and the matrix-valued one-form A =Y ; A;dZ;, equation (3.5) can be written compactly as

Al = AT. (3.6)
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The form of A will depend on our particular choice of basis, which we will discuss momentarily.
Acting with d on (3.6) gives the constraint dA+ AA A = 0.

A convenient choice of basis integrals is defined in terms of the canonical forms of the
bounded regions (see box below). This choice is still not unique, since we have some freedom
in choosing different bounded regions to tessellate the region in figure 2. For all such choices,
however, the differential equation (3.6) takes the so-called “e-form” [72], where the right-hand
side becomes proportional to the twist parameter:

Al =cAT. (3.7)

The fact that the source of this differential equation is linear in & has important consequences.
First, a truncated Dyson series (or Chen iterated integral) gives a reliable approximation to
the solution at small e (which is the case of interest for inflationary correlators). Moreover,
the condition dA + A A A = 0 becomes stronger for A: it must separately satisfy dA = 0
and AANA =0, ie. Ais an Abelian flat connection. The matrix A can then be written
as a sum of dlog forms

A=>"a;dlog®(Z), (3.8)

7

where the functions ®;(Z) are the “letters” of the differential equation.

Canonical forms. The canonical form of a polytope is the unique differential form with
unit logarithmic singularities on all its boundaries, and nowhere else, and which reduces to
the canonical form of its boundaries when taking residues. In this section, we only need the
canonical forms in a few special cases, but more background is given in appendix A.
Consider a one-dimensional interval between z = a and x = b:
_— 0 oO———
a b

The canonical form of this interval is

_dz dz  (a—b)dz [T
Q_ZL‘—LL :U—b_(:r—a)(:n—b)_dlg<x_b>’ (3.9)

where the relative minus sign in the first expression ensures the absence of a singularity

at infinity.
In two dimensions, we can have a triangle defined by the lines {L;, L;, Ly} = 0:

— 1
Lk

L; ;
Q) =dlog <L> A dlog (J) : (3.10)
k

The expressions (3.9) and (3.10) are all that is needed in this section.
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Figure 3. Illustration of the geometric meaning of the source functions arising in the differential
equations for the de Sitter wavefunction.

3.2 De Sitter limit

Before studying the most general form of the twisted integral (3.1), it is instructive to first
consider the special case ¢ = 0. The corresponding untwisted integral gives the wavefunction
in de Sitter space:

" dzy A das = /Qw, (3.11)

-2y
0~ | BByB;
where €y, = Qw dz1 A dxg is the canonical form of the triangle bounded by {Bi, B2, Bs} = 0.

Importantly, the integrand in (3.11) depends only on the combinations X; + x; and
Xo+x9. When we take a derivative with respect to the external energy X7, we therefore have
Ox, Qw = Omlflw, so that we get a total derivative in the integration variable z;. Evaluating
this integral on its boundary, we find

o= 00 [ oe (52)

where we have written the result in terms of the unique one-form on the line x; = 0 that

= f(Xl)Fo, (312)

r1=0

Ox,th = [ da (~82)

shares a nontrivial residue with (—Q¢)|x1:0, i.e. the form associated to the red interval
in figure 3. Matching residues at (x1 = 0, Bo = 0) on both sides of (3.12) gives f(X1) =

2Y/(X? — Y?), so that

1 1
Ix,v%0 = <X1 VX +Y> Fy. (3.13)
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Similarly, taking derivatives with respect to X5 and Y gives

1 1 "
g — F
Oxa%0 <X2—Y X2+Y> 0

1 1 1 1 N
_ - E
Oy o (Xl—Y+X1+Y> 0 (XQ—Y+X2+Y> 0>

where ﬁb is associated to the canonical form of the blue interval on xo = 0 in figure 3.

(3.14)

Next, we take derivatives of the source functions Fy and Fp. Starting from the definition
of Fp in (3.12), its X;-derivative is

Oy, F / " a2 0 < ! ) ! !
X = X —_—— e p— - @
170 0 2T Bs x1=0 Bs x1=x2=0 X1+ X (3'15)
1
=—— 7y,
X+ X 70
where we have defined the “function” Zy = 1 for later convenience. Similarly, for the
Xo-derivative, we get
o0 1 1 1 1
= [Taman (L L) o (L)
2 0 T2 32 B3 21=0 Bg B3 T1=72=0 (3.16)
1 1
=(- + AR
< Xo+Y X1+X2> °
Finally, the Y-derivative gives
1 1
Oy Fy = / d Z 3.17
Yy L0 20 2R T T XY 0 ( )

By permutation symmetry, Ox, Fo and Ox, Fo satisfy the same equations with X; and X»
interchanged, while Jy Fj is equal to Oy Fy with X; and X interchanged.
Defining the total differential, d = Y ;0z,dZ; (where Z; includes both the external

energies X2 and the exchange energy Y), we can combine these equations as

dipg = [dlog(X1 — Y) — dlog(X1 + Y)] Fy + [dlog(X2 — Y) — dlog(X2 + V)] Fy,

dFy = [dlog(X; + X2) — dlog(Xs +Y)| Zp,

dFy = [d log(X1 + Xo) — dlog(X1 +Y)] 2,

dZy =

(3.18)

In this system of equations, taking a differential produces “simpler” functions, which is a
characteristic of polylogarithmic functions. The information encoded in (3.18) can also be
repackaged using the symbol of a transcendental function (for details, see appendix E). The
symbol S of a function F(™ of transcendental weight n is defined recursively by the relation

dF™ =S F" VdlogR = S(F™) Zs e R, (3.19)
7
where R; are rational functions of the variables associated to the differential. This is consistent
with the structure of the differential equations (3.18), with R; involving ratios of the letters
®;/®;. From this definition, we see that the symbol of the de Sitter wavefunction is
X1+X2®X1—Y+X1+X2 Xo—Y
Xo4+Y T X1+Y Xi+Y o Xo+Y

S(yo) = (3.20)
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Figure 4. Illustration of the geometry behind the functions defined in this section. Associated to
each bounded region is a two-form. Each triangle contains one vertex that isn’t shared with any other
triangle, so any two-form can be decomposed into this basis by matching residues at these special
points.

The symbol can also be determined by other recursive methods, using either bulk perturbation
theory [7] or cosmological polytopes [4]. It is interesting that the same building blocks that
appear in the symbol here arise in the differential equations satisfied by the master integrals.
This is highly nontrivial, and a more detailed discussion can be found in appendix E.

3.3 FRW integral
After this warmup in de Sitter space, we now consider the twisted case:
Y= /(x1$2)5 Qy . (3.21)

We define a specific integral basis in terms of the canonical forms associated to the four
shaded triangles in figure 4.'! Using (3.10), we have

By Bg) =2Y
Q, =dl — | Adl — )| = —=———dx1 Ad
v o8 (Bg) o8 <B3 B1B3B3 B
T B Xi1—-Y
Qp = dlog (1> Adlog <2> =21 daq Adas,
BB B3 TlBQBg
B T P v (3.22)
0~ —=dloe [ 2L log [ 22) = 22— %
7 d0g<B3>/\d og<B3> BITQBgdxl/\dxg,

Ty Ty X1+ Xo
Qy =dl — 1 =) == .
A d0g<B3>/\d og <B3> Ty B dx1 Adxo

HThe selection of these boundary regions is of course not unique, and in principle any four linearly
independent combinations of the canonical forms in (3.22) can function as a basis. Alternative choices of
the basis yield different matrix forms, with varied coefficients and levels of sparsity, etc. Nevertheless, as
we will elucidate in later sections, this specific integral basis possesses a canonical character, enabling the
reinterpretation of the corresponding differential equations in combinatorial terms.
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Given this choice of bounded regions and associated canonical forms, the basis of integrals is
£y
Q

_ /(zm)s Fl (3.23)
Qp
Qy

~y
Il
N e

To derive the differential equation, we take derivatives of these basis integrals with respect to
the external energies. As before, we have Ox, Qd, = 8351@1/,. This time, however, integration
by parts will pick up a contribution from the twist factor:

8){11/} = /(1‘11’2)5 amlfzw dzi Adag = ¢ /(1‘1%2)8 (—; Q¢> dx1 A dxo (3.24)
1
=€ /(»”3196‘2)6 (9(X1) Qy + f(X1) QF) dry Adxa,

where, in the second line, we have expanded the result into the basis of two-forms. The only
two-forms that share nontrivial residues with the integrand (—Qw /T1), are those associated
to the gray and red triangles in figure 4. Matching residues at (B; = 0,B2 = 0) and
(Ty = 0, By = 0), respectively, we find g(Xl) =1/(X1+Y) and f(X1) = 2Y/(X?—-Y?2), so that
€
X -Y

O = ——— (= F) + F. (3.25)

X+Y

By symmetry, Ox,1 gives the same equation with X; — X and F — F. Finally, since
Y appears only as X2 £ Y, the 0y equations don’t produce any new functions, like in
the untwisted case.

The rest of the calculation then proceeds in the same way. We take derivatives of the
source functions and expand the result in terms of the basis functions, where the coefficient
functions are determined by matching residues. This leads to the following total differentials

dyp =e [(— F)dlog(X1+Y)+ Fdlog(X; —Y)+ (¢ — F)dlog(X2+Y) + F dlog(X2 —Y)],
dF =¢ [Fdlog(X1—Y)+ (F—2Z)dlog(X2+Y )+ Z dlog(X; 4+ X2)] ,
dF =¢ [Fdlog(Xa—Y)+(F—Z)dlog(X; +Y)+ Z dlog(X; + X)],
dZ = 2¢ Zdlog(X; + Xa).

(3.26)

All integrals have weight 2¢ under rescalings of the energies Z; = {X1, X2,Y}. In other
words, the dilation operator acts as

0 -

Zi—— T =21. 3.27
XI: "oz © (3.27)

An important consequence of this constraint is that the sum of all coefficients in each
differential equals 2¢ times the parent function: all source functions cancel in pairs. For
example, for the wavefunction 1, we have

szaazf =e[(p—F)+F+(p—F)+F] =21, (3.28)
I

where the sum indeed involves all coefficients of the dlog forms appearing in di.
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Before considering the solution of (3.26), let us show that these equations become the
correct de Sitter equations (3.18) in the limit ¢ — 0. Before taking this limit, we define
7' = e2Z, F' = ¢F, F' = ¢F, so that

dyp = e [dlog(X1 +Y) +dlog(Xe + Y)] 9
+ [dlog(X; —Y) — dlog(X; + Y)] F' + [dlog(Xa — V) — dlog(Xa + Y)] F',

) F' + [dlog(X; + Xa) — dlog(Xe +Y)] 2/, (3.29)
) F' + [dlog(X1 + X2) — dlog(X2 +Y)] 7/,

dF' = [dlog(X; —Y) 4+ dlog(Xs+Y)
dF' = ¢ [dlog(X2 — Y) +dlog(X; +Y
dZ' = 2edlog(X; + X2) Z'.

Sending ¢ — 0 then amounts to deleting the diagonal entries of the matrix, reproducing (3.18).

The above system of differential equations can be recast as a matrix differential equation,
dl = eflf, with A taking the form

b1+ 1ly b3 —01 by — 1Ly 0
~ 0 by + L3 0 ls — Uy
A= 3.30
0 0 b +1by l5—1 ’ ( )

0 0 0 205
where we have defined
6y =dlog(X1+Y), l3=dlog(X; —Y),

3.31
ly =dlog(X2+Y), ly=dlog(X2—Y), U5 = dlog(X1 + Xo). (3:31)

It can be readily checked that the integrability condition is satisfied, A A A = 0,'2 while
dA = 0 is trivially satisfied because the matrix is given by a sum of exact forms with constant
coefficients. We also see that the matrix is upper triangular. The matrix differential equation
is therefore amenable to an iterative solution, ascending through rows, each time solving a
first-order equation, and then using the solution as a source in the subsequent row’s equation.
Interestingly, A has “folded singularities” as X1,2 — Y, which are singularities that arise
when two (or more) momenta become collinear. These singularities shouldn’t exist in physical
correlation functions (for the usual adiabatic vacuum initial conditions), and enforcing the
absence of these singularities in the solutions is an important boundary condition (see below).

Explicit solution. With the matrix A in hand, let us now solve the system of differential
equations. The easiest entries are Z and the linear combination ¢p = ¢ — F — F + Z:13

dZ = 2z dlog(X1 + X2) Z, (3.33)
dyp = & [dlog(X1 +Y) + dlog(Xs + Y)] vp (3.34)

21n order to check this equation, we use £1,2 A la3+ €a3 Als+ 05 Al1,2 =0, which follows from (X1 £Y) +
(X FY) = X1 + Xo. This will be important later to show consistency of A for more complicated diagrams.

13This combination doesn’t have a singularity in the total energy, hence the subscript D for “disconnected.”
Explicitly, the integral is

(X1 +Y)(X24Y)
zixe (1 + X1 +Y) (w2 + X2 +Y)’

PYp = /dxldm (z1m2)" (3.32)

where the integrand is the canonical form associated to the square bounded by {71,7%, B1, B2} = 0.
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It is easy show that the solutions to these equations are

Z=cz (X1 + X2)*, (3.35)
wD =cCp (X1 + Y)E(Xg + Y)a . (336)
The normalizations of these solutions can be fixed by performing the integrals explicitly for

specific kinematics (or by imposing appropriate boundary conditions on the full solution; see
appendix D). Evaluating Z for X; = X3 = 1/2 and ¢p for X1 = Xo =0, Y = 1 gives

cz =47 %y/m csc(me) T'(e)T (; — 5) :

(3.37)
cp = 72 csc?(me) .

Next, we consider the equation for F', which is not fully decoupled, but depends on our
previous result for Z as a source. Explicitly, we have

dF = ¢ [dlog(X1 — Y) + dlog(X5 + V)| F + £ |dlog(X: + X3) — dlog(X5+ V)| Z. (3.38)

Substituting the solution (3.35) for F', we find

oF €
= F+ €Cz(X1 + X2)25_1 R
X1 X1-Y (3.39)
oF € 1 1 )
= F — X + Xo)% - .
0Xy Xo+Y ecz(Xi+ Xy) <X2+Y X1+X2>
These equations are solved by
Cy Xl—Y)E 2 8,28 X1+X2
F= X1 —-Y)¥(Xo+Y)¥+-Z2 X1+ X9)*% o F —_— 3.40
cr (X1 )F (X2 + >+2(X2+Y (X1 4+ X2)* o Fy 42 V1 %, , (3.40)

where o F) is the Gauss hypergeometric function. The normalization of the solution can
again be fixed by performing the integral for specific kinematics. Evaluating F' for X; =
Xo = 0 yields

cp = —m? csc(me) esc(2me) (3.41)

A similar analysis for F leads to the same result with X; and X, interchanged. By shifting
the indices of the hypergeometric function, we can absorb the terms proportional to cp.
Putting everything together, we finally obtain

Y =cp(e) (X1 +Y) (X2 +Y)*

1 Y - X 1 Y - X
+CZ(€)(X1+X2)28<1—2F1[ » & 2]_2 1[ » & 1

1—elY+ X4 1—clY + Xy

> (3.42)

where ¢z and cp are given in (3.37). Even though the original energy integral in (3.1)
only converged for € > —1, this solution to the differential equations contains the physical
wavefunctions for any . The result (3.42) is a meromorphic function of ¢ with poles at
integer and positive half-integer values of €, as can be seen from the normalization factors
in (3.37). The physical wavefunctions for these (half-)integer values can then be extracted
by taking the coefficient of the leading pole in the singular limits.
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3.4 Cosmology-shift relations

For the two-site process, we have the explicit solution (3.42) for any value of €, but we will
not have this luxury for more complicated correlation functions. It turns out that knowing
the wavefunction at a particular value of € gives us a way to obtain it for other cosmologies
that differ in € by integer units. This is due to shift relations between the integrals. Similar
shift relations are standard in scattering amplitudes, where a shift in e relates the amplitudes
computed in different spacetime dimensions.

The proof of the existence of shift relations is simple: a shift in ¢ of all master integrals
is just a change of basis in the same vector space. Hence, they must be related by a
rotation matrix:

— —

I(e—1)=M(Ze)I(e), (3.43)

where M satisfies dM + AM = e[A, M] and is invertible for £ # 3, 1. If one insists on relating
directly the wavefunctions, instead of the whole basis, that is also possible. We simply use the
flat connection A to write the other basis members in terms of derivatives of the wavefunction.
In that case, the cosmology-shift relation is performed by a differential operator.'*

The matrix M can be found using partial fractions and integrations by part. We obtain

1 2Y A 2Y
= L - F— Z
Ve (X1 +Y)(Xz+7Y) <w€+X1—1 TSl X+ X, 5)’
1 1—2¢ 1
Foq = F, +( - )z :
T X )G +Y) T\ 9X X)) (R+Y)(X+ X)) (3.44)
- 1 ~ 1-—2¢ 1 '
Foy = F +( - )Z :
T X)X —Y) T\ —a(X +X2)?2 (X)X +Xg)) "
2(1 — 2¢)
Za—lz

(1—e)(X1+X2)2 7"

We see that the shift relation is algebraic, and hence care must be taken when using it at certain
(half-)integer values of €. For example, in the de Sitter limit ¢ — 0, only lim._,o Z. = 1/&?
survives on the right-hand side. Keeping only Z., we see that the shift relation gives the
correct expression for the flat-space wavefunction v _; in terms of the basis functions for € = 0,
despite the fact that the de Sitter wavefunction is a transcendental function. On the other

hand, the relation is invalid for ¢ = %, 1 because the basis functions on the right-hand side

1

are rational functions, while the wavefunctions for € = —3,0 are transcendental functions.

3.5 Locality and time evolution

The wavefunction v, and more generally the family of twisted integrals we have encountered,
is rather special from a mathematical perspective. This is maybe not too surprising, because
we expect that objects with a physical interpretation have a somewhat distinguished status

141n fact, the origin of such cosmology-shifting differential operators is easy to see from the time integral
representation. For cubic interactions, lowering £ by one unit amounts to introducing an extra factor of 7; for
each vertex ¢. This is easily achieved with the differential operator D_ = Hz Ox,, which acts on the product
of the bulk-to-boundary propagators HZ €™M and effectively shifts e. Similar differential operators that shift
the masses of scalar fields were studied in flat space [88] and de Sitter space [32, 33].
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in the space of all possible mathematical objects with similar properties. One obvious special
feature of the integral family (3.2) is that only two out of the five singular lines are twisted.
This seemingly innocuous fact has a dramatic consequence: the physical wavefunction of
interest satisfies a local differential equation. As we will see, this is a non-generic situation,
and more generic twists do not lead to local differential equations.

Local evolution. Since the integral basis is four dimensional, each member of the basis
will satisfy at most a fourth-order ordinary homogeneous differential equation in each of
X7 and X5. A small surprise is that we instead get a third-order equation. Explicitly, the
wavefunction satisfies

(X1 + Xa) (X} = Y2) 0%, — [(1-20)Y? = 2X1 X,(2 — &) — X3(5 — 4e)] 8%, (3.45)
+(1 = ) (X1(4 = 58) + X5(2 = £)) O, — £(1 = £)(1 - 2)| ¥ =0,

and, by symmetry, an equivalent equation holds in Xs.

Note that the coefficients in (3.45) depend on both X; and Xs, so that the equation
looks “non-local,” in the sense that it seems to depend on the energies of both interaction
vertices from the bulk perspective. However, the equation can also be written as

O, [(X1 + Xo)! 72 (XF = Y2)3%, +2(1 - ) X10x, — (1 - )| ¥ =0, (3.46)
which can then be integrated to give a local, inhomogeneous second-order equation'®
) o oo 1 1-2¢
[(Xl = Y7)0x, +2(1 - ) X10x, —e(l — 5)} V=g <X1+X2> ) (3.47)

where ¢ is a constant of integration. A simple way to arrive at the same result is by
solving (3.26) iteratively. Integrating the equation for Z is trivial and leads to Z = cz(X; +
X5)%. The remaining equations can then be written as

X -Yv? €
_ S =cF 4
(o - x5 ) v =<F, (3.45)
€ 1 1—2¢
(on-=)P=eer (57m) (349

which can easily be combined into the form (3.47).

Importantly, the differential operator on the left-hand side of (3.47) depends only on X;
(and not on Xg). This reflects the fact that the wavefunction comes from local evolution in
the bulk spacetime. To see this, we start from the bulk time integral (2.25):

Yo /dndn' ()~ X G (Y, ) 507 (3.50)
where the bulk-to-bulk propagator satisfies

(02 +Y?)G(Yin, ') = —is(n—1'). (3.51)

15Tn the mathematical literature, equations like (3.46) are also referred to as Picard-Fuchs equations;
moreover, the differential operator annihilating the wavefunction function in (3.45) is called the Picard-Fuchs
operator. There are interesting algorithms to derive the Picard-Fuchs equations directly without going through
the procedure described in this paper [89-91].
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The fact that G obeys this differential equation can be used to derive a differential equation
for the function ¥. We simply consider the auxiliary object

= /dndn' () ~(1+€) giXamgiXan' 772(3,3 LYAG(Yn ), (3.52)

and evaluate it in two different ways. First, we use (3.51) to compute the integral directly. The
delta function 6(n — ') reduces this to a one-dimensional time integral leading to the contact
term on the right-hand side of (3.47). Second, we integrate the time derivatives in (3.52)
by parts and trade factors of n for —idx,. Pulling the energy derivatives outside of the
time integrals produces the left-hand side of (3.47). This illustrates how the inhomogeneous
second-order equation (3.47) reflects local evolution in the bulk spacetime. In some sense,
we can think of the existence of a local differential operator that simplifies the singularity
structure of 1 as a reflection of its origin from local spacetime physics.

When is it local? We found that the integral 1) obeys two separate second-order inho-
mogeneous differential equations in each variable X; and X,. This is a simpler state of
affairs than we could have hoped for, since a generic arrangement of five hyperplanes and
twists yields a fourth-order homogeneous differential equation with coefficients depending
on both X; and Xy. Of course, the reason for this simplification is that our integral comes
from a local spacetime process mediated by the exchange of a particle with a two-derivative
equation of motion. However, more abstractly, we can ask what mathematical property of
the arrangement of hyperplanes and twists gives rise to a pair of local differential equations.
In other words, if we were given a random set of exponents and hyperplanes, how could
we determine whether the resulting integral describes local evolution in spacetime? This
is a deep question, for which we do not have a complete answer, but in the following we
explore it in the context of our specific problem.

Let us consider the most general twisting of the hyperplane arrangement depicted in
figure 2, with five twist parameters ;. The relevant integral family then is

1
m1—€1qpma2—e&2 pni+e3 pnateq4 pn3+es ?
Tl T2 Bl BQ BB

IN = /dl‘ldl‘Q (353)
which again only has four basis elements. We take the basis to be defined by the same
canonical forms as before. The first-order differential equation obeyed by this basis then
again takes the form dI = AT, with

e1l1 + eoly — 6;4556 €1 (53 — 61) 52(£4 — EQ) 0
A 53(61 — 66) 8262 — 8361 — 515163 0 62(55 — 62)
54(62 — EG) 0 6151 — 8462 — 855264 61(55 — El) ’
0 84(52 — 53) 63(@1 — 54) 61_2555 — g3l — 449

(3.54)
where 5;Sk = ¢; + ¢ £ ¢, and ¢; denote the forms defined in (3.31), with the new letter
lg = dlogY. Notice that it reduces to €A for €1 = €9 = ¢ and €3 = ¢4 = €5 = 0. As expected,
the matrix is linear in the twists, and the coefficients of each twist parameter are +1.

First, we discuss the case with distinct twists €1 # €2 on x1 and x2, and no twists on the
other lines, e3 = ¢4 = €5 = 0. The most notable features of the special case €1 = €9 = ¢ are
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preserved: the matrix A is still triangular and leads to a third-order homogeneous differential
equation (one order lower than expected in the generic case). Furthermore, this homogeneous
differential equation still implies a local second-order equation, which now takes the form

1 )1(51+€2)

, 3.55
X1+ Xo (3:55)

Ay = g (
where Agz) = (X7 —Y?)0%, +2(1—¢e1)X10x, —e1(1—¢1) is the same operator as in (3.47). It
is not surprising that &1 # €9 still leads to a local equation, since we could implement this form
of twisting by having two different cubic couplings with some relative time dependence in the
bulk spacetime. Hence, there is still a natural bulk spacetime interpretation of these objects.

Next, we explore under which conditions twisting of the lines { B, By, B3} leads to local
equations. We first impose that each basis integral satisfies a third-order homogeneous
differential equation (and not a fourth-order equation). We find that this requires e3 = g4 = 0;
i.e. any twisting of the lines associated to the partial energy singularities would lead to non-
locality. On the other hand, a twisting of the total energy line, €5 # 0, is allowed and leads to

(81) 9 1 17(514»52755)
<AX1 + 55[(Y + Xl)aX1 - €1D Y =g <X1+X2> . (3-56)

In this case, there is indeed a two-derivative operator collapsing the exchange diagram
to a contact solution. However, this operator is qualitatively different from the previous
case. The single-derivative term, proportional to e5, has a different weight in X7 and does
not amount to a mere redefinition of the scalar coefficients appearing in the second-order
equation (3.47). The spacetime interpretation is a term linear in 7 in the equation of motion
for the bulk-to-bulk propagator:

(084 v =0+ Y?) GV smaf) = =0~ ). 357)
In flat space, this modified propagator gives the wavefunction
1
Vit = (3.58)

(X1 +Y)(Xo+Y)(Xy + Xo)ltes
consistent with (3.53). It can readily be checked that this satisfies (3.56) for 1 = g3 = —1.
However, it is evident that the term linear in Y in (3.57) is spatially non-local (recall that
Y = |]Zl + EQ\, so this is non-analytic in ELQ). Thus, only the twisting of the coordinate planes
corresponds to the physical wavefunction arising from a local process in the bulk spacetime.

4 An algorithm for all trees

In the previous section, we studied in detail the differential equations for the two-site chain,
where the integrals were two-dimensional and their singularities could easily be visualized as
lines in the plane. We will also be interested, however, in more complicated graphs like
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In those cases, the integrals are higher-dimensional and therefore much harder to visualize.
To analyze such examples, we need a more algebraic approach.

In this section, we will introduce a general algorithm to derive the differential equations for
arbitrary tree graphs. Although this approach will be completely systematic, for sufficiently
complicated graphs it can become rather tedious and the results often aren’t very illuminating.
However, a closer inspection of the differential equations reveals something remarkable. As we
will show in section 5, the structure of the differential equations obeys very simple graphical
rules, which will allow us to understand the differential equations for all tree graphs. Readers
who don’t want to be distracted by technical aspects are therefore invited to skip this section
and look directly at the efficient graphical representation of the results in section 5.

The algorithm has two essential features. For an n-dimensional integral, we first enumerate
a basis of integrals by considering all possible projective simplices involving n planes, along
with the plane at infinity. We then construct linear combinations that are boundary-less (in
an appropriately defined sense), so that they correspond to bounded regions. The canonical
forms of these regions then provide a specific basis of master integrals. The derivatives
of the canonical forms associated to the simplices, with respect to external data, can be
written as a linear combination of the basis of simplices — cf. (4.11). It is then a matter
of algebra to take derivatives of a given integral and decompose the result into the chosen
basis. In this section, we will describe the detailed implementation of this strategy for the
two- and three-site graphs, but the approach is sufficiently algorithmic that it can easily be
implemented for arbitrary graphs, and we discuss some features of these more complicated
situations. Further examples are presented in a MATHEMATICA notebook, which is available
at a github repository for this paper €.

4.1 A simplex basis

We have seen that the FRW wavefunction associated to a general graph can be written as a
twisted integral of a rational function. At tree level, the wavefunction arising from a graph
with n — 1 exchanges can be written as an n-dimensional integral, and the singularities of the
integrand define a hyperplane arrangement in R™. Denoting these hyperplanes involved by
L; ={T,, B,}, we can construct a convenient basis of integrals by considering the projective
simplices involving all possible n-tuples of planes:

[Ly--- Ly =dlog Ly A--- ANdlog Ly, . (4.1)

Note that this is an n-form in the space of integration variables, x,, and so the exterior
derivative in this equation is with respect to these coordinates. This dlog form can be
thought of as the canonical form of the (projective) simplex formed from the intersection
of n hyperplanes with the plane at infinity L. (For a brief review of the salient features
of projective geometry, see appendix A.) In general, there are far more possible n-tuples of
intersecting planes than the dimension of the master integral basis. This is because a typical
choice of planes will not bound a finite region. Instead, we must take linear combinations

of these projective simplices to obtain bounded regions.'®

151t may also happen that some of the planes in (4.1) are parallel, in which case the bracket will simply
vanish.
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To determine the combinations of brackets (4.1) of interest, we introduce the boundary

operator
n

OLy-Ly) =Y (~1)" Ly Ly Ly, (4.2)
J=1
where ~ indicates the omission of that hyperplane. We then search for linear combinations
that have vanishing boundary. The vector space of cycles with respect to this operation is
the space of integrands defining our master integrals.'”

Two-site chain. Let us illustrate this procedure for the case of the two-site chain. The
relevant hyperplane arrangement was given in figure 2 and consists of the five lines (3.3):

T =ux, Bi=Xi+x1+Y,

(4.3)
Ty =z, By=Xo+w2+Y, By =X1+Xo+x1 +22.

Since the arrangement is not generic, these lines intersect in only 8 places (as opposed to
10 for a generic configuration). We can write a general linear combination as

Q = ¢1[B1Ba] + ca[B1 B3] + c3[B1T] + ca[Ba B3| + ¢5[BaT1] + c6[BsT1] + c7[ BsTa] + cs[T1 T3] -

(4.4)
There is a four-dimensional space of combinations that are annihilated by 0, and a convenient
choice of basis is

Qy = [B1Bs] + [B2Bs] + [B3Bi],

Qp = [T1Bs] + [B2Bs] + [BsT1] = Qyu(B1 — T1),

Qp = [B1Ty] + [T2Bs] + [B3B1] = Qy(Bs — 1),

Qz = [WTe) + [ToBs) + [BsTh) = Qyu(B1 — T1, By — Tb) .

(4.5)

It is straightforward to check that these forms are boundary-less. The simplest way is to note
that the flat-space wavefunction can be written as the boundary of a higher-dimensional object

Q, = 0B\ B:By) (4.6)

with similar expressions for the other functions (and recall that % = 0). Notice also that the
wavefunction is the unique form that is both annihilated by d and which has vanishing residues
on T1 = 0 and T5 = 0. This basis is particularly convenient because €2, is the form that
appears in the integrand of the two-site wavefunction itself, and the other forms are related
to €y, by simple replacements of the boundary lines By, By with the twisted lines 77, T5.

Three-site chain. As a more nontrivial example, we consider the integral associated to
the three-site chain (2.28):

00 4YY! 1 1
= dzi dxo dzs (212022 5(+>. 4.7
Vi) /0 vdwy ey (1007) B1ByB3By \Bs  DBg (4.7)

"In fact, given a hyperplane arrangement, this seems to be one of the more efficient ways to count the
number of bounded regions.
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Recall that this integral is singular on the following six (untwisted) hyperplanes

Bi=Xi+z1+Y, Byi=X1+Xo+ X34+ 21+ 22+ 73,
B2:X2+w2+Y+Y/, B5:X1+X2+$1+w2+yl, (4.8)
B3 =X3+a3+Y, Bs=Xo+ Xg+m2taw3+Y,

along with the three twisted planes 7123 = x12.3. The arrangement defined by these 9 planes
has 25 bounded regions, but already in this example directly visualizing the arrangement
to count is challenging.!®

There are naively 9 choose 3 = 84 intersections of planes that can be used to form
the brackets (4.1). However, the hyperplane arrangement in this example is highly non-
generic, because there are linear relations between the functions B,. This means that certain
planes don’t intersect. (For example, the linear relation By + Bg = B4 + 2Y implies that
[B1B4Bg| = 0. Similar relations hold for the set of planes Bs, By, Bs, along with By, Bo, Bs
and Bs, Bs, Bg.) Additionally, there is an interesting four-term relation By + By = Bj + Bg.
Taking all of these relations into account, there are 50 nonzero brackets and a general linear
combination of them is

Q:ZC[JK[IJK], (49)

where I, J, K run over all the planes. We find a 25-dimensional space of forms annihilated
by the boundary operator (4.2). The integrand of the wavefunction appearing in (4.7) is
the specific linear combination

Qw = [BlBQBg] — [BlBgBG] — [313334] + {313335] + [BlBgBG]

— [B1B4B5] — [BaB3Bs| + [BaByBs| — [BaByBg) + [B3 By Bg) . (4.10)

This form is the unique boundary-less object that does not involve any of the twisted planes.
We will not choose a specific basis for the other 24 integrals at this stage, since we will
shortly be working with a smaller basis tailored to our problem. An interesting feature of the
form (4.10) is that it is completely determined by its pattern of vanishing residues, much
like the wavefunction integrand for the two-site graph.'®

It is straightforward to consider more complicated examples following the same procedure.
Given the possible singularities of the integrand of interest, we can consider the arrangement
cut out by these hyperplanes and search for combinations of intersections of the planes that
are annihilated by (4.2). This then serves as a basis for all the possible integrands that can
appear when we differentiate the wavefunction. We now consider this second step.

18 Aside from the approach taken in this section, another way to determine the number of bounded regions
is to consider these hyperplanes not in R, but in some finite field ]F;l, with p being a prime number. This is a
discrete lattice of p? points. We then count the number of points not on the hyperplanes. This count ¢(p) is
a polynomial in p of degree d and |c(1)| is the number of bounded regions. To determine ¢(p), one counts
the number of points which do not vanish mod p for d 4+ 1 different primes p (for example, by evaluating the
product of the Ly on all p? points in F;l). This fixes the coefficients and we can then evaluate ¢(1) = 25. The
intersecting surfaces therefore bound 25 regions. See appendix A for more details.

19This pattern appears to end here — the four-site chain wavefunction is not uniquely specified by demanding
a certain set of zeroes.
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4.2 Differential equations

When we differentiate the wavefunction, we necessarily generate new functions whose in-
tegrands involve the twisted planes. These functions can always be decomposed into the
basis obtained in the previous step, so the challenge is essentially to figure out what linear
combinations of functions appear. This is made quite simple by considering the differential
of the individual terms in (4.1). As proven in the box below, the following identity holds
inside of a twisted integral

d[Ll .. Ln] = £ Zdlog(fail .. IAJTL) X a[TaLl .. Ln]7 (411)

where the total differential d is with respect to the kinematic variables Z; = {X,, Yy}, and
we have defined L, = L, - P, where P! = (1,z1,--- ,xy,). Note that IA/aJ is the expression for
a given hyperplane in projective coordinates. The boundary operation is defined as in (4.2),
while the angle bracket is the determinant

<f;1~--f/n+1> = det(ﬁ1,~-- ,IA/n_H). (412)
With this formula, we can easily convert derivatives with respect to external kinematics into
linear combinations of simplex forms, but now involving the twisted planes.

We emphasize that the simple formula (4.11) is based on the physical properties of the
wavefunction and is therefore not applicable to generic simplices. Recall that the hyperplane
arrangements associated with the FRW wavefunction are highly non-generic due to the linear
relations they satisfy. Notably, these hyperplanes have the property that each coordinate z,
always comes in pairs with an external variable X, allowing us to interchange dx, with 0,,.
It is this special characteristic that enables us to easily differentiate projective simplices in
the integrands with respect to the external kinematics, and subsequently elevate these to
the differentials of the integrated functions.

Proof. The following is a proof of (4.11).

Recall that [L; - -- L,] is a projective simplex form involving the plane at infinity Lo, =
Loo- P, with Leos = (1,0, -+ ,0). Tt will be useful restore the Lo, dependence and express (4.1)
in a gauge-invariant way as [92]

LooLy---Ly)(Pd"P
Lo L) = 0Ll L] = el I (PAP) (1.13)
(Loo - P)(Ly - P) -+ (Ln - P)
where (P d"P) is the standard measure on projective space
(Pd"P) =Y (~1)'PTdP' A---AdPT A--- AdP. (4.14)

1=0

For our boundary planes, we have that <ﬁooﬁ1 e ﬁn> = 7 is an integer. Similarly, the
boundary of the simplex form involving the twisted plane T, = T, - P = x, in (4.11) can
be expressed as

(TyLy -+ L,)(Pd"P)

ek bl = B P)e (- ) (19
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Now, consider the twisted integral of the simplex form

n(Pd"P)
(Ly-P)-+(Ln-P)

1:/(x1.-.xn)€[L1...Ln]:/(xl.-.xn)s (4.16)
To facilitate integration by parts on the right-hand side of (4.11), we would like to express
kinematic derivatives in terms of derivatives of the integration variables. The relation
Ox,[L1-+Lyp) = 0y,[L1 - Ly] only holds when Tj, is not a member of {L;}; i.e. when the
twisted line T, is not a line in the simplex form. The trick is to express all kinematic
derivatives Jz, on the simplex form in terms of only Ox,, for which Ox, = 0,, holds, i.e. those
a for which T, ¢ {L;}.

It is a straightforward linear algebra exercise to deduce the following determinant

expression relating derivatives acting on [Lj - - Ly]:

Ok L
Ol L) = 3 AT o [y L, (117)

where it is understood that for a such that T, is already a member of the { L; }, the determinants
vanish and the term doesn’t contribute. This guarantees that any kinematic derivative is
expressed in terms of only derivatives associated to X, without any twisted lines in the
simplex form. Using that dx,(TyLy---L,) = —n, for T, ¢ {L;}, we find the following
expression for the total differential:

ALy L] = —717 S d(Fly - La)x, Ly L) (4.18)

We are now free to use the fact that dx, = 0,, when acting on the untwisted simplex form,
and integration by parts then gives

dr = —/(xl---xn)€Zd<Taﬁ1~-f/n>8xa TP
A NS

_ e MLy Lo)  (Tly - Lo)(PA"P)
_a/(xl n)%:@ﬁ I3 @ P P P (4.19)
za/ Zdlogff} L) x O[TyLy -+ L),

where we have multiplied and divided by (Taﬁl e IA/n> in the second line. This proves the
desired formula (4.11).

We can use (4.11) to differentiate each of the terms appearing in the wavefunction.
After that, we just have to decompose the result back into whatever basis we choose for the
integral family. This linear algebra problem can be solved in many ways, but it is often most
convenient to choose a basis where as few elements as possible share singularities and then
match residues on these singularities. We now show how this works in some cases.

4.3 Selected examples

Deriving the differential equation for the wavefunction ¢ is now completely algorithmic. We
first enumerate a basis of canonical forms written in terms of simplices, and then use (4.11) to
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differentiate each dlog form that appears in the wavefunction. We then introduce new functions
as necessary to write the result back in terms of the original wavefunction, plus new pieces.
We then differentiate these new pieces and keep going until the system closes. Remarkably,
proceeding in this way typically requires fewer functions than occur for totally generic twists.

Two-site chain. We first revisit the example of the two-site chain. In the simplex basis,
the canonical form associated to the wavefunction was given in (4.5):

Qw = [B1Bg]| + [B2Bs] + [B3Bi] . (4.20)
Using (4.11), we have

A[B1Bs] = &(dlog(X1 +Y) O[T By Bo) + dlog(Xs + Y) 0[TsB1 Ba) )
d[BBy] = & (dlog(X1 — V) 9[T1 By By] + dlog(X + ) 9Ty By By ), (4.21)

d[BsB1] = ¢(dlog(X1 + V) 9[T1 BBy] + dlog(X; — V) O[Ty B3By] ) .
This means that we can write the total differential of the wavefunction integrand as

A2y = & (dlog(X1 +Y) ([T1B1By] + [11 B3 Bi]) + dlog(X1 — ) O[T1 By By] o
+dlog(Xz +Y) O([ToB1 By] + [ToB>Bs)) + dlog(Xo — Y) O[TaBsBil) .

It is convenient to identify the coefficients of the dlog forms involving the letters X; — Y
and Xy — Y as the integrands of new functions, which we call Qp and Q, respectively.
Using Oabc] = [ab] + [bc] + [ca], we find

Qp = [T1Bs] + [BaBs] + [BsT1] = Qu(B1 — 1),

(4.23)
QF = [B113] + [T2 B3] + [BsB1] = Qw(Bg — Ty).

We see that the new forms Qp and €z are the ones that we chose as part of our basis
in (4.5) with some foresight. They can be obtained from the original form €, by replacing
boundary lines B, with twisted lines 7,. With these definitions, the result in (4.22) can
then be written as

Ay = & ((Qy — Q) dlog(X1 + V) + Qp dlog(Xy — V)
(4.24)
+ (2 — Qp) dlog(Xs +Y) + Qpdlog(Xs — V) ,

where Qp and Qp appear as sources.
We now repeat the above procedure to obtain the derivatives of these functions. To
evaluate dQ0p, we again use (4.11) and write the total differentials of the simplex basis forms as

d[TlBQ] = €d10g(X2 + Y) B[TngBg] ,
d[BBy] = & (dlog(X1 — V) 9[T1 By By] + dlog(X + ) 9Ty By By ), (4.25)
d[B3Th] = edlog(X1 + X32) 0[12BsTh],
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so that the differential of Qp is

dQp =¢ (d 10g(X1 — Y) G[TlBng] + leg(XQ + Y) 8([T2T1B2} + [TQBng]) ( )
4.26
+d 10g(X1 + XQ) 8[T233T1]) .

As before, it makes sense to call the coefficient of dlog(X; + X2) a new function, as this is
the first appearance of this letter. We call this form 2z, and it is easy to see that it is related
to Qp by the replacement By — T5. With this definition, the result (4.26) becomes

A = & (Qpdlog(X1 = V) + (2p — Qz) dlog(Xa +Y) + Oy dlog(X1 + X5)) . (4.27)

By symmetry, a similar result holds for F', with X; <> X5 and the same function Qy (which
can also be obtained from Qz by replacing By — T71).
Lastly, we evaluate dQ2z. Using (4.11) again, we have the differentials

d[TlTQ] =0,
d[TQBg] = 5dlog(X1 + Xg) 8[T1T233] , (428)
d[Bng] = €d10g(X1 + XQ) 8[T233T1] .

In this case, no new functions appear. Instead, we just get back (27 and the system closes:
dQy =205, dlog(X1 + XQ) . (4.29)

The equations for the actual functions (as opposed to the integrands) are obtained by simply
integrating (4.24), (4.27), and (4.29) against the twist factor. This gives

dip = e [(1p — F)dlog(X; +Y) + Fdlog(X; —Y)
+ () — F)dlog(Xe +Y) + Fdlog(Xy — Y)],
dF =¢ [Fdlog(X; —Y)+ (F— Z)dlog(X2 4+ Y) + Zdlog(X: + Xo)], (4.30)
dF = ¢ [Fdlog(Xs —Y) + (F — Z)dlog(X1 +Y) + Zdlog(X; + X2)],
dZ =2e Zdlog(X; + Xo),

which is precisely the same as (3.26).

The advantage of this approach is that it is completely algorithmic, and does not require
us to understand the geometric details of the hyperplane arrangement. Moreover, we are
led to a natural basis of functions: as each new letter appears when we take derivatives,
we call its coefficient a new function and continue on. This systematic procedure readily
generalizes to more complicated examples, as we will now see.

Three-site chain. Above we found that the form associated to the three-site chain is

Qy = [B1B2 B3] — [B1B2Bg] — [B1B3Ba] + [B1B3Bs| + [B1B3Bg|

(4.31)
— [B1B4Bs) — [BaB3Bs) + [ByB4Bs) — [BaB4Bs] + [B3ByBg) .

The procedure is now the same as it was for the two-site chain. To evaluate dfly, we
apply (4.11) to each term [IJK] on the right-hand side of (4.31) and identify the coefficients
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multiplying the resulting “letters” as new functions. We then act with d on each of these
functions and repeat the procedure until the system closes. The method is completely
systematic and is implemented in a MATHEMATICA notebook available at ©).

To illustrate this, let us first introduce the shorthand notations [[---J---] =
[Br---Ty---] with = denoting the twisted planes, and

Xt=x,+Y, X5=X1+Xp+Y,
XF=Xo+V+Y, XE=Xo+X3+Y, (4.32)
X;y=X3+Y', X3 = X1+ Xo+ X3,

for the letters. Taking the total differential of €2y using (4.11), we get

d€dy :5<afdlogX1++afdlong+a§rdlogX3++a§dlogX§

+a3t dlog X3+ + a5~ dlog X5~ + a3~ dlog X5~ + af T dlog X3 ), 439
where the coefficients of the dlog forms are given by the following simplex forms
a; = 0(—[1235] + [1245] — [1246] + [1346]),
ay = 0([1123] — [1126] — [1134] + [1135] + [1136] — [1145]),
ay T = 0([2135] — [2145]),
ay;” = —0[2134], (434

as~ = 0([2136] + [2346)),
a3 = 0([2123] — [2126] — [2235] + [2245] — [2246])
az = 0(—[3126] — [3145] + [3245] — [3246]),
ai = 0([3123] — [3134] + [3135] + [3136] — [3235] + [3346]) .
We now want to split these up in a natural way. First notice that some new letters (which
have relative minus signs between energies) appear in (4.34) which are not associated to lines

appearing in €. These letters are X, X2_+, X5, X;_, and X;. As in the two-site case,
it is convenient to identify the coeflicients of these letters as new sources:

a, = QF,
a5+ = QQl >
ay; =Qq,, (4.35)
aéri = QQ3 >

a:,: = QF

Explicit formulas for these forms can be obtained by taking the boundary of the simplex
forms appearing in (4.34)
Qp = —[235] + [231] + [245] — [246] — [261] + [346] — [341] + [351] + [361] — [451],
Qg, = [135] — [132] — [145] + [142] — [352] + [452]
Qg, = —[134] + [132] — [142] + [342], (4.36)
Qg, = [136] — [132] + [162] + [346] — [342] — [462]
Qp = —[126] + [123] — [145] + [143] — [153] — [163] + [245] — [246] + [253] + [463]
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which allows us to write the remaining coefficient functions in terms of these functions and €

= Qw = (Qg, +Q0q, +Qq,), (4.37)

Interestingly, the sources (4.36) can be obtained directly from €2, through various replacements

of the boundary planes with the twisted ones as

Qw(l — 1),
Qy(2,6 = 2) — Qy(2,5,6 — 2),
= Q¢( ,5,6 = 2), (4.38)
_Q¢( 5—2)—Qy(2,5,6 —2),
Qp =Qy(3 = 3).

In the two-site example, we saw the same relation between €2, and the sources {2r and
1 associated to the end vertices. A new feature in the three-site case is that the letters
associated to the middle vertex X3, connected by two edges, can have multiple sources
depending on the relative signs of the internal energies Y and Y.

We then proceed in the same way and take the differential of the source functions. First,
consider Qp and Q. Taking their differentials gives

d2p = (Qpdlog X + Qpdlog X5 + (2 — ) dlog Xif + Qy, dlog X,
+ Qg dlog Xpp + Oy, dlog X~ + (= gy — Oy, — Q) dlog X5 1), s
dQFzs(delong—i—QfdlogXl_+(QF—Qf)dlogX1++qudlogX2§ 439
+ Qg, dlog X + Qg dlog X5+ + (2 — Qg — Qg — Q) dlog X5F),

where we have expressed the coefficients of the dlog forms in terms of the newly defined sources

Qf = [245] — [246] + [253] — [261] — [213] — [451] + [463] — [413] + [513] + [613],
Q, = [351] — [352] + [312~]~— [451~]~+ [452] — [412], (4.40)
Qg = —[341] + [342] — [312] + [412],
Qg = [346] — [342] + [361] + [312] — [462] — [612],
along with
Qg, = —[145] + [142] — [153] + [123] + [452] — [523],
Qg, = —[142] + [143] — [123] + [423], (4.41)
2]

Qg, = [162] — [163] + [123] — [462] + [463] — [423] .

The equations (4.39) involve four new letters, X 1+2, X9, X;g, and Xy, and we have identified
their coefficients as new sources, which we call Q,, £4,, Q3 , and €)3,, respectively. While
the letters X7, X5, X5 T, X7~ are not new, some of their dlog form coefficients involve two
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twisted planes and therefore cannot be represented in terms of the previous sources. Instead,
we have assigned new sources €y,, €03,, and f to these coefficients. These new sources can
also be obtained from the previous ones through replacements of the boundary planes as

Qf:QF(3—>g):Q~(1—>i),

Qp =2,1—1)=0Qr(2,6 5 2) — Qr(2,5,6 = 2),

Qg = Q0,(1 = 1) = Qp(2,5,6 — 2),

Qg = Q0,(1 = 1) =Qp(2,5 =5 2) — Qp(2,5,6 — 2), (4.42)
Qz =N0,3—3)=Qx(2,5 - 2) — Qz(2,5,6 = 2),

Qs = 0,3 = 3) = Qx(2,5,6 — 2),

Qg = Q0,3 —3) = QF(2,6—>2) - Q5(2,5,6 —2).

Notice that these are exactly the same replacements that were used to obtain the previous
sources from €2y, in (4.38). Due to the commutative nature of the replacement operations,
these sources with two twisted planes can be obtained via two different paths.

Taking the differential of Qg, ,;, we find

g, = = (g, dlog X5 * + Qg dlog X5 + (g, — ) dlog X}
— Qg dlog X3 + (2, + Qg,) dlog X{ + (Qg, — 2,) dlog X5 ),
g, = = (g, dlog X; ~ + 0y, dlog Xp; + (0, — Q) dlog X o
+ g, dlog Xz + (Qq, — Qg,) dlog X7 ), '
dQq, = £ (Qq, dlog X3~ + Qg dlog X3 + (Qg, — Q) dlog X
— Qg dlog X + (2, + Qqy) dlog X; + (g, — 2yy) dlog X7 ) .

No new sources are necessary this time, since the source assignments of these equations are
completely fixed in terms of the sources already defined.

We now move on to the differential equations for the sources with two twisted planes.
First, the differential of €2y can be expressed as

de—s(QfdlogXl +Qypdlog X5 + €y dlog X, + Q5 dlog X5

(4.44)
+Qz legXug + (Qf — Qg — Qg — Qz) legX;_+) ,
in terms of three new sources
Q, = —[451] + [45] — [413] + [513] — [533) + [123].
Qg = —[462] + [463] + [423] — [612] + [613] + [123], (4.45)

Perhaps unsurprisingly, these can be obtained using the same replacement rules used earlier as
Q=083 =001 —=1)=0Q(2,6 = 2) —Q(2,5,6 = 2),
Q=053 —=3)=Q,(1 > 1)=Q(2,6 > 2) — Q(2,5,6 — 2), (4.46)
Qz =05,B8—3) =041 —1)=9s(2,5,6 = 2),
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via three different commuting paths. These sources then fully determine the coefficients

appearing in the differentials of 2 as

q1,2,3
A0y, = & (20, dlog X, + (24, — Q) dlog X + (2 + 2z) dlog X — 0 dlog Xia3)
dQg, =¢ (2Qq2 dlog Xi5 + Qz dlog X123 + (Q, — Qz) dlog X;) ,

A€y, = (24, dlog X5~ — Oy, dlog Xp + (2, + Qg ) dlog X7

+ g dlog X3 + (24 — 25) dlog X7 )

(4.47)
The differentials of €1, , , can be obtained from these by permutation symmetry.
Finally, taking the differential of the sources with three twisted planes gives
dQ, =« (299 dlog X, — Qz dlog X193 + (2 + Q) dlong) ,
A9 = e (205 dlog X3}, — Q7 dlog X103 + (2 + Qz) dlog X ) , (4.48)

dQZ = SEQZ dlogX123 .

We see that no additional sources are required this time, and the system therefore closes.

Integrating the basis three-forms against the twist factor yields the corresponding equa-
tions for the actual functions, which maintain the same form. We will therefore not reiterate
the equations, but instead simply illustrate below the nonzero elements of the matrix A
in the dZ = £AZ equation:

p N
I

(4.49)

with the basis vector defined as

I= (1*)7 ) ) y ) 3 fa g3, 42, 41, (1‘57 (725 (]17 g, ga Z) . (450)

The different colors indicate the four layers of the differential equations or equivalently the
number of twisted planes that define the functions. The components of the matrix can be
read off from the equations (4.33), (4.39), (4.43), (4.47), and (4.48), or the MATHEMATICA
notebook available at €). It can be checked that this matrix indeed satisfies the integrability
condition A A A = 0.

Some reordering of the functions is needed to put the matrix in a manifestly triangular
form, due to the mixing between functions within the same layer. For instance, g2 (or §2)
appears as a source in the equation for g3 (or §s), while Z appears as a source in the equations
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for both g and §. Relatedly, taking the de Sitter limit € — 0 no longer amounts to simply
deleting the diagonal entries as in the two-site case, since the rescaling in ¢ depends on
the number of twisted planes.

As in the two-site case, we can solve the differential equations line-by-line and obtain
the physical solution for 1 after imposing the correct boundary conditions. We provide the
details of this procedure in appendix D. For € = 0, the solution is given in terms of classical
polylogarithms up to transcendental weight three [7]. Moreover, it can be checked that the
above matrix in the € — 0 limit correctly reproduces the symbol of the de Sitter wavefunction
(see appendix E for details). For negative integer e, which includes the flat-space case e = —1,
the solution is given by a rational function. For generic ¢, the solution is given by an integral
over a oF7, which gives a two-variable generalization of the hypergeometric series.

4.4 Source functions

The previous examples suggest that all sources in the differential equations may be obtained
through suitable “replacement rules” starting from the wavefunction integrand and replacing
untwisted planes B, by twisted ones T,. It turns out that this is indeed the case, and this
gives a systematic way to generate all source functions for any tree graph.

For the two-site chain, there were two replacement rules, one for each vertex:

1: F=yB1—-T), Z=FDB—-T), 5]
2: F=¢(By—T), Z=FBy—T). (4.51)
Note that the functions F' and F' in (4.30) were associated to the letters X; —Y and Xp — Y
with flipped signs of the internal energies. These correspond to folded singularities that
are not present in the Bunch-Davies wavefunction, whose physical energy singularities were
represented by various tubings of a graph, cf. (2.14) and (2.15). It turns out that there
is a simple graphical way to capture the dependence on folded singularities with a slight
modification of the previous tubing picture, in terms of a “marked graph”. In this dressed
version of a graph, we add a cross for every edge of a graph as an extra label for internal
energies, and the nodes indicate external energies as usual. Folded singularities are then
indicated by tubings that enclose these crosses. This modified tubing picture is necessary
to capture all singularities and basis functions that are present in the differential equations
before imposing boundary conditions. The relation between the parent function i and its
source functions can then be graphically depicted as

1 F@_. 2
w-—x—-/ \z (4.52)
v T

Here, each source function is associated to a tubing of a marked graph, containing at least
one cross (except the wavefunction, which corresponds to a graph without any tubings). Each
substitution of a twisted plane T; is represented by a tube enclosing the vertex i. When the
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two tubings corresponding to F and F overlap, i.e. when they share a cross, their union is
represented by a merged tubing. This new tubing is associated to the function Z.

For the three-site chain, the source functions were obtained from 1 using five different
replacement rules: one for each of the end vertices X; and X3, and three for the middle
vertex Xs. In the equation for the wavefunction, these were

1: F=4(B —T),
21 Q1 =vY(Bog = Tp) —¢(Base — 12),
20 Q2=9Y(Basp — 12), (4.53)
230 Q3 =By = To) —¢(Base — 12),

3: F=4y(B3—T3),

where i, refers to the r-th replacement operation for vertex i (so that e.g. 29 is the second
replacement rule for vertex 2). In the differential equation, these source functions were
associated with new letters involving at least one sign flip of the internal energies for lines a
vertex is connected to. The number of replacement rules for each vertex is therefore given
by 2¢7! for a vertex connected to e edges. As in the two-site case, the relations between
and its source functions can be graphically represented as

7 (e
F (o—5e—w—s Q2@\9 =)
1 3 (=t
Q1 ——w—e
( Q2 e G ) 7 nene)  (4.54)
Q3 o—wte——e
3 @3 69
Foo—bte G2 o9 g (o

/

We see that there are a total of 16 basis functions in the differential system including 1) itself.
This graphical representation of basis functions can be straightforwardly generalized to

g1 et

arbitrary tree graphs. Since the substituted twisted planes do not need to be adjacent to each
other, they can be depicted as a union of disconnected tubings of a marked graph. There are
four independent tubings for a graph with one edge (i.e. the two-site chain), and a simple
inductive argument implies that the total number of independent tubings for a graph with
e edges is 4¢, irrespective of its geometry.?’ This establishes a one-to-one correspondence

20This counting is also given by the normalized volume of cosmological polytopes [93, 94].
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between the basis functions in the differential equations and the disconnected tubings of a
marked graph. The basis functions are therefore elegantly characterized by the combinatorics
of a marked graph, a topic that will be explored in greater detail in the next section.

Function count. We can also easily count the number of basis functions in different layers,
where a layer refers to the number of vertices enclosed in the tubings (or, equivalently,
the number of substituted twisted planes). For a graph G, the number of disconnected
tubings t, at layer £ is

wo= Y Il () (2 -1, (4.5)

X
T1t - FTrpa = T=1 r

where 7 = 1,2, -+, rpax is the number of neighboring edges for a vertex, a, is the number of
vertices of G having exactly r edges, and x, is the number of vertices enclosed in tubings
that have exactly r edges for a given layer. Interestingly, the alternating sum of the number
of functions in each layer always vanishes, regardless of its geometry:

> (1)t =0. (4.56)

14

This feature holds in general and suggests the existence of some underlying geometric object.
Let us give a few examples. For the n-site chain, we have ry,x = 2, with a1 = 2 and
az = n — 2. The number of functions in the ¢-th layer of the differential equation then is

-2 -2 -2
te(n-site chain) = (n ’ ) 3¢+ 2(2_ 1) 31 4 <Z_ 2) 302, (4.57)

Explicitly, this gives {to,t1,t2} = {1,2,1} for the two-site chain, {to,t1,t2,t3} = {1,5,7,3}
for the three-site chain as we have found above, and {to,t1, ta,t3,t4} = {1,8,22,24,9} for
the four-site chain. For a pure star geometry, we have a1 = n —1, a,—1 = 1 and a; = 0,
for i ¢ {1,n — 1}. This gives

te(n-site star) = (n 2 1) + <Z: 11> 2m ' —1). (4.58)

The simplest graph with a star geometry is the four-site star, which has {to,t1, t2,t3,t4} =
{1,10,24,22,7}.

Replacement rules. Let us now describe a procedure to derive the replacement rules. We
saw above that the replacement rule involving the middle vertex of the three-site chain was
slightly nontrivial. To gain more insight, it is best to demonstrate the procedure for more
nontrivial examples. Consider the wavefunction for the four-site chain, whose wavefunction
integrand and boundary planes were given in (2.31) and (2.32). The end vertices, 1 and 4,
are each connected to a single edge, so obtaining the source functions associated to these
vertices amounts to the simple replacements By — 17 or By — Ty. Vertex 2, on the other
hand, is connected to two edges, and the three source functions that appear in the differential
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of 1 can be obtained as

20:  ebexrex-e = Y(Brgr10 — T2),
21 r@—n—o—x—o = 77[)(3277710 — Tg) - @4—;1—0 , (459)
23:  exfexrex—e = Y(Bog = Tp) — ebrenrex—s .

Note that this is similar to how the functions (123 were obtained in the three-site case,
involving a subtraction of the function involving both crosses enclosed in the tubing. A new
feature is that the replacement 25 involves two planes By and Bjg that contain both Xy
and X3, with By also containing X4. The source functions for vertex 3 can be obtained
in a similar way.

A slightly more nontrivial example is the four-site star, whose wavefunction integrand and
boundary planes were given in (2.33) and (2.34). The source functions associated to the three
outer vertices are again generated through trivial replacements B; — T;, for ¢« = 1,2, 3. For the
central vertex, there are 7 source functions which appear in the differential of the wavefunction:

W
3

= (Bua6,7,891011 = T1),

W
(=)

= (Bagrgon = Ts) —

W
ot

= (Bygr8910 = Tu) —

= Y(Bigsrsi011 — T1) — (4.60)

+

W
w

S e e e

= (Buag,7,9 = Tu) -
4y = Y(Bagg10 — Ta) -

41:

+

e
b abe

= Y(Byrs11 — 1) -

et

First, note that the seven boundary planes replaced in the rule 47 are those that involve X4
and at least one internal energy. For the rule 4¢, there is a single boundary plane Bjg that
contains X4 but no Y,Y"”. To generate this function, we thus do not replace Big, and then
subtract off the function obtained through 47. The functions 45 and 44 can be obtained in
a similar way. For 43, whose tubing encloses a single cross, we do not replace the planes
that contain X4 but not Y’. We then subtract off all functions that contain X4 and Y’. The
remaining functions can be obtained following the same procedure.

This procedure can be made systematic as follows. Let y;. denote a non-empty subset of
the set of internal energies associated to vertex . We have r = 1,---,2% — 1, where e; is the
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number of edges connected to vertex i. For example, for vertex 4 of the four-site star, y4, would
be an element of the set {{Y},{Y'},{Y"} . {Y, Y} .{Y, Y}, {Y'.Y"},{Y, Y’ Y"}}. The basis
functions associated with each y;, in the dy equation can then be obtained recursively as

Fi, =B, = T;)— Y (=1)kellvirlp (4.61)
yi,ujyi,r

where B;, is the set of boundary planes that contain X; and at least one element of y;,, which
get replaced with T;. The last term subtracts (with alternating signs) the functions that
are associated to bigger subsets of internal energies. All other functions can be obtained
by successive iterations of these replacement operations.

Algorithm. Given that we have a procedure to generate the various source functions, we
are now ready to state a complete algorithm for deriving the differential equations of the
wavefunction for a given graph:

e For a given graph G, write down all independent replacement rules for each vertex
using (4.61). The total number of replacement rules is given by ¢;(G) in (4.55).

o From 1 defined in terms of simplex forms (4.1), use the replacement rules to generate
all source functions. The total number of basis functions for an n-site graph is 47 1.

o Take the differential of the basis functions using (4.11). Express the coefficient of each
letter as a linear combination of the basis functions.

The last step is a linear algebra problem, which we implemented using computer algebra €.

5 Time evolution as kinematic flow

In the previous section, we presented a systematic algorithm to derive the differential equations
satisfied by the wavefunction for arbitrary tree graphs. The output of this analysis, however,
is typically not very illuminating. Fortunately, a closer inspection of the results reveals a
striking hidden simplicity in the complex equations. This hidden structure becomes manifest
when we represent the singularities of the differential equations graphically as tubings of
marked graphs. Upon differentiation, these tubings grow in a local and predictive fashion. In
fact, a few remarkably simple graphical rules will allow us to predict the equations for all
tree graphs.?! The complexity of the differential equations is then reduced to a few universal
rules. While these rules are defined purely in terms of the kinematic data on the boundary
of the spacetime, they reflect the physics of bulk time evolution.

5.1 Graphical representation

In sections 3 and 4, we derived the differential equations for the two and three-site chains.
We begin by translating these equations into graphical form.

2L At this point, the reader may (correctly) object that the Feynman rules presented in section 2.2 are also
very simple rules underlying all tree-level wavefunctions. However, it is important to emphasize that — unlike
the Feynman rules — the rules presented in this section apply to the final wavefunction after performing the
time (or energy) integrals.
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5.1.1 Two-site chain

We start by introducing a graphical representation for the letters of the differential equations.
To capture all letters, we add a marking (cross) to each internal line. The letters are then
represented by “connected tubes” (circlings of the vertices and crosses) of these marked
graphs. The tubes must contain at least one vertex. To each tubing, we then assign a letter
given by the sum of vertex energies enclosed by the tube and the energies of the internal lines
piercing the tube. For tubes that intersect an internal line and enclose the corresponding
cross, we flip the sign of the internal energy.

The letters?? of the two-site chain then are

@—x—o leg(Xl + Y) R @—0 leg(Xl — Y) ,
—xte) dlog(X2+Y), 6 = dlog(Xs—-Y), (5.1)
= dlog(X, + X»).

The letters in the left column correspond to the known energy singularities of the graph,
while those on the right come from a sign flip of the internal energy. Using this graphical
representation, the differential equations for the two-site chain, eq. (3.26), can be written as

Q) = c[(W—F) G + FEe + W—F) @ + F 69| (52)

AF = ¢ [F @ + (F—2) o) + 7 =) (5.3)
AF = c[F =) + (F - 2) G + Z )| (5.4)
dZ = 27 == (5.5)

We see that each letter is represented by a graph tubing and that these tubings “grow” as
we take derivatives. The system closes when then entire graph is encircled by a tube. This
growth is a boundary manifestation of bulk time evolution. In the following, we will see
that this pattern generalizes to arbitrary tree graphs.

5.1.2 Three-site chain

The two-site chain is too small to capture all features of a generic tree graph. A second
illustrative example is the case of the three-site chain, whose differential equations were
derived in section 4.3. In the following, we present these equations in graphical form.

22Gtrictly speaking, the tubings in (5.1) represent dlog forms with the letters appearing as their arguments.
For simplicity, we will continue to use this somewhat imprecise language.
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The letters for the three-site chain are given by the following tubings of the marked graph:

@n—o—s = dlog(X; +Y), e = dlog(X; - Y),

—x—e—fe) = dlog(X3+Y'), —x—eG—e) = dlog(X3—Y'),

e—xtex—e = dlog(Xo+Y +Y’), e = dlog(Xo—Y +Y’),
e = dlog(Xo—Y —-Y’), (5.6)
oxtosw-e = dlog(Xa+Y —Y'),

(ew—ex—e = dlog(X;+ X2 +Y'), (e = dlog(X;+ Xo-Y'),

e = dlog(Xo+ X3 1Y), e = dlog(Xa+ X3 —Y'),

= dlog(X; + Xo + X3).

Again, the letters in the left column are the known energy singularities, while those on the
right come from all possible ways of flipping the signs of the internal energies. This predicts
the 13 letters appearing in the differential equations for the three-site chain.

Using (5.6), the differentials of all basis functions can be written as

A = [ (b~ F) @oemme + (b= F) omsesc®) 4 (1~ 5Q1) onierns

5.7
4+ Qo ebH—e—x— ( )
+f’_"_'_@ + q1 (e——e—x—s (58)

+ o (e——e—x—e

b g o]

dQ 28{ Q1 b—ex— + (Q1 —q1) @ + (Q1 — §3) o)
+q1 ==  + (@3 + (o) =>—f—) (5.9)

=]
Qs = ¢ | Q whmemie + (Q2— @) @remem—s 4 (Q2 — @) D)
+ gz e )
(5.10)
dQ1:5{QQ1@—"—‘ + (@1 = g)
+ (g +2) st
===
(5.11)

,54,



dgz = ¢ | 20 E=He  + (g2~ Z) oD

+ 7 o)
(5.12)
dgg = €| a3 smotomsms + (34 @2) @EBem—e (33— ) oot
~ @ e +§ o)
(5.13)
df =c| f@Een—s A+ foreton +(fg—§—7) eetons
+ g (e——ers—e
+§ ewtens
+ Z (e |
(5.14)
dg = c| 20 9 +(9+7) enbe
===
(5.15)
dZ = 3¢Z
(5.16)

We didn’t show explicit expressions for the differentials of F', Qs, 41,23, g, because these are
related by symmetry to those of F', Q1, q123, g, respectively.

Although the above equations look rather complicated, they contain a hidden pattern
that we will now reveal. The pattern is universal and will allow us to predict — by hand
— the differential equations for arbitrary tree graphs.

5.2 Kinematic flow

Our goal is to predict the form of the connection matrix
A=Y a;dlog®(Z), (5.17)
i

where ®;(Z) are the letters of the differential equation and «; are constant matrices. In this
section, we present a set of graphical rules that will allow us to predict (5.17) for all tree
graphs. The rules are local and can therefore be stated without committing to a specific graph.
For concreteness, however, we will first illustrate the rules for the case of the three-site chain.
In appendix B, we will show that the rules correctly capture more complicated examples.

Letters. To predict the alphabet of the differential equation, we start by drawing the tree
graph of interest and marking all its internal lines with crosses. The dlog forms in (5.17)
are then given by all “connected tubings” of the marked graph. For the two- and three-site
chains, these tubings were drawn in (5.1) and (5.6). In this way, it is straightforward to
generate the letters for arbitrary graphs. The size of the alphabet depends on the geometry
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of a graph, and grows polynomially with the number of vertices. For example, the number of
letters for the n-site chain is given by 2n? — 2n + 1, i.e. 5,13,25, --- for n = 2,3,4, --- .

Basis functions. Our remaining task is then to predict the matrices a; in (5.17). To do
this, we draw all “complete tubings” of the marked graph. Each distinct such tubing is then
associated to a unique basis function. Unlike the tubings describing letters, the tubings
representing basis functions can be disconnected.

For the three-site chain, the set of complete tubings and associated basis functions are

(A Ca Al F (oot f =9 g =6
) g1 (—9te g (==
Q1 (St o (sw—e—e Y G )

Q2 (e q3 (s—te—e (5.18)

Q3 (onteot G (w9

G2 (e

G (et—et—e)
These tubings are similar to those in (4.54), except that we have added extra circles without
crosses (in ) to create complete tubings. The total number of basis functions is?3
1+5+7+3=16, (5.19)

while the alternating sum of the functions appearing at each level vanishes, 1 —5+7—3 = 0.

Differential equations. In the following, we present a set of rules that will allow us to
predict the differential equations for each basis function, such as those shown for the three-site
chain in (5.18). The rules are remarkably simple and universal.

We start with the graph tubing associated to a “parent function” of interest and then
generate a “family tree” of its “descendants” according to the following rules:

1. Activation We first move through the graph and “activate” the tube enclosing each
vertex. Each activation forms a branch of the tree. These activated tubes become
letters in the differential equation.

As an illustrative example, consider the function @ in (5.18). Activation leads to the
following three letters:

(St—er»—e
(5.20)

/
T s

Each graph with an activated tube can then produce further descendants.

23Note that this is less than the number of bounded regions created by the singularities of the integrand
in (2.28), which is 25. The latter predicts the size of the basis for generic twisted integrals, while our integrals
are non-generic (only the coordinate lines are twisted), so that the differential equations for the wavefunction
require only a smaller number of basis functions.
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2. Growth and merger Activated tubes without any cross inside them can “grow’
to enclose one or more adjacent crosses. All possible ways in which this can happen
produce new branches of the tree. If the grown tube intersects another tube, they
“merge” (i.e. their union becomes activated).

Returning to the example of the function )1, we have growth and merger lead to the
following descendants:

e e
\

(5.21)

e =

In the bottom branch, we see the growing tube encircling its neighboring cross, while
in the top branch, the growing tube has merged with its neighbor: (ef—e e =

&

3. Absorption If an activated tube is adjacent to another tube with a cross it further
merges with this tube (“absorbs” it). This absorption is directional and only occurs if
the cross in the activated tube points in the direction of the other tube.

In the tree of the function @)1, there is one instance of the absorption phenomenon:

Cr— ==
. (5.22)

o+ &> =

/
\

We see that in the bottom branch the neighboring tube is absorbed (but not in the
middle branch, because there the second non-active tube does not contain a cross).

Remarkably, this is it! These simple rules are enough to predict all differential equations
by hand.?*

The following procedure then lets us write down the complete set of differential equations
directly from the tree structures like in (5.22):

1. To each graph in the tree, we assign the function corresponding to the graph tubing
(ignoring whether tubes are active or not). The sign of the function is (—1)™a, where
N, is the number of absorptions along the path from the original parent graph. If the
activated tube at first step of the tree contains n, vertices, we include a factor of n,,.

24While a formal proof of the graphical rules for arbitrary n-site graphs remains outside the scope of this
work, we have performed explicit checks on nontrivial examples up to nsite = 6. These include complex cases
with nontrivial tree structures, and, remarkably, the same rules applied to all instances examined (see some
additional examples in appendix B). This provides compelling evidence supporting the validity of the rules,
though a rigorous mathematical proof would certainly be desirable.
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For the tree of the function @)1, the assignments are

q1
[Cl e
o) / 3 | (5.23)
_J 7 \ : * i .
(o) ) e
Q1 a3 (—q2)

where the minus sign on (—g2) reflects the correct grading of a descendant function
coming from a single absorption.

2. For each graph in the tree, we write the letter associated to the active tube.

3. We multiply this letter by the function associated to the graph in step 1 minus the
functions associated to all of its immediate descendant graphs, with an overall constant
factor €.

The sum of all letters (dlog forms) and associated coefficients is then the differential of the
parent function. Since all descendant functions appear in pairs with opposite signs, they
cancel in the sum of all coefficients, which therefore gives ne times the parent function, where
n is the number of vertices. This also means that all the dlog forms in off-diagonal elements
of the connection matrix appear in projective-invariant combinations.

Given the tree in (5.23), the differential for the function @ is

dth :5[(Q1—Q1)@"‘—'—"—'+Q1 + (Q1 — @3) =49
+ q1 G + (33 + G2) =6 (5.24)
— o e |

The letters in the first line come from the first step in the tree. Each of these letters is
multiplied by the parent function Q1. In the coefficients of the first and third term, we have
subtracted the descendants ¢; and §s, respectively. The letters in the second line come from
the second step in the tree and are multiplied by the relevant functions ¢; and §s. In second
term, we have subtracted the descendant function (—gz2). The letter in the last line arises
in the last step of the tree and is multiplied by (—ga).

Integrability. We have shown how to construct the differentials for all basis functions. In
order for these equations to be self-consistent, the d? of any function must vanish, so that
the equations are integrable. This is related to the specific rules for assigning coefficient
functions to all the letters in the differential equations. In particular, the fact that each
coefficient function contains a subtraction of all immediate descendants and that each function
generated by absorption is graded by a minus sign are both consequences of d?> = 0. We
discuss this further in appendix C.
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5.3 Some examples

To illustrate the remarkable simplicity and universality of these rules, we now present some
examples. The results for the n-site chain, with n = 2, 3,5, are presented in this section,
while results for the 4-site chain and 4-site star can be found in appendix B. All results are
derived explicitly in MATHEMATICA notebooks that can be downloaded at €).

5.3.1 Two-site chain

We start by revisiting the two-site chain. As we will see, the full set of equations — displayed
graphically in section 5.1.1 — follows straightforwardly from our rules.

o The differential of the wavefunction is determined by the following tree of graph tubings:

— &=OF

(5.25)
—— G F

In the first step, two letters are activated around each vertex. In the second step,
the activated tubes grow to enclose the neighboring cross, producing the descendant
functions F and F, respectively. The differential of the wavefunction, di, is then the sum
of all letters corresponding to the activated tubes in (5.25), with coefficients determined
by the corresponding graph tubing minus the associated descendant functions. This
explains the structure of equation (5.2):

A = e|(—F) @w— + Fe + (-F) @ + F 69| (5.20)

Note that the source functions cancel in pairs, so that the sum over all coefficients is

2e).

o Next, we determine the differential of the function F'. Acting on the graph tubing
associated to F' produces the following tree structure:

(5.27)
(e—ke)! (=== Z

Again, in the first step, each individual tube gets activated producing two branches
in the tree. In the bottom branch, the activated tube then grows and merges with
its neighbor, producing the descendant function Z. Following our rules for assigning
coefficients to each activated letter, we then simply write down equation (5.3):

AF = c|[F @G + (F —2) +) + 2= (5.28)

o The differential of the function F is related by symmetry to that of F'; cf. (5.4).
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o Finally, we consider the differential of the function Z. In this case, the graph is enclosed
by a single tubing which simply gets activated:

Z: (e = 27 (5.29)

The factor of two accounts for the fact that two vertices are enclosed in the activated

tube. Hence, we get the result (5.5).

5.3.2 Three-site chain

As a slightly more complicated example, we consider the case of the three-site chain. The
relevant graph tubings for the letters and basis functions were shown in (5.6) and (5.18),
respectively. In the following, we will derive the complete set of equations for these basis
functions using the graphical rules presented above.

Level 1. The differential of the wavefunction is given by the following evolutionary tree:

/Q = F
| Q
v: i 1/ @2 (5.30)
. IS |
o ) F

As in (5.25), this describes the activation and subsequent growth of tubes around each vertex.
The only novelty is that the middle tube can grow in three different ways: i) enclosing
the left cross, ii) enclosing the right cross and iii) enclosing both crosses. Following the
standard rules for assigning coeflicient functions to each activated letter in the tree, we
write down the result (5.7):

A = c[( = F) @rmemms + (0= F) omem® + (- DQ)
+ F 9e——r + F et + @

+Q2o—x—o—x—o

+ Q3

(5.31)

}

As expected, the sum over all coefficients is 3e1.

Level 2. The differential of the wavefunction involved five source functions, associated to

the following graph tubings:

F (scernte Q (e
F (owet—e)  (Q, (str—e—ne
Qg'_"_@_'

We will now predict the differentials of these functions.
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e The evolutionary tree for the function F' is

/@+H
: 3 —x—o—x—o (]
F: (oo (=% < et 2 (5.32)
\ T e
(D@ DD f

,,,,,,,,,,

Here, we see two mergers to produce the tubings associated to the functions ¢; and go.
The tree in (5.32) then directly implies the result (5.8):

dF:g[F@—o—x—c + (F — f) ew—e—te) + (F_ZQi)'—"—'—"—'
+f’—"_°—@ + g1 (e——er—e

+ Qo (e——e—x—e

(5.33)

+ q3 -—x—o—x—o]

e The tree for the function Q1 was already shown when we introduced our graphical rules
in the previous section. The result for the function @3 is related to this by symmetry
and therefore won’t be shown explicitly.

e The tree for the function )9 is

(5.34)

-
X

(A, e G

We see one pure activation in the middle branch and then the standard activation,
growth and merger phenomena in the top and bottom branches. The tree then implies
directly the result (5.10):

Qs = =|Qs

+ (Q2 — @2) G + (Q2 — (o) s——o—Fo)
+ g2 e )

Level 3. The differentials at Level 2 have produced 7 source functions corresponding to

(5.35)

the following graph tubings:

f =9 Q1 (e TEC R C——
g2 (—e—9te G2 (=9 (5.36)
q3 (s—ofe—ors 3 (St
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The fact that some of these tubings have disconnected tubes with crosses (in dark gray) will
have interesting consequences. Let’s look at the differentials of these functions.

e The tree for the function f is

The descendant functions g, §, Z are all created by the mergers of the growing tubes
with the original tubes of the function f. In one case, the merger comes from the
overlap of three tubes: (e—c—e—sc—e' = (e—x—e—x—e) . Assigning the correct coefficients

to each letter in the tree then straightforwardly reproduces the result (5.14):

df =ef &% + [+ (f—g—§— 7) et

—|—go—x—o—x—o
(5.38)

+ g e—te——e

+ Z o—x—o—x—O}

e The tree for the function ¢; is

(5.39)
Note that the activated letter in the top branch is multiplied by 2¢g; because in contains
two enclosed vertices. In the bottom branch, we first have the standard growth of the
activated letter (to produce the function g) and then the absorption of the neighboring
tube (to give the function Z). Importantly, the coefficient for the last tubing comes
with an extra minus sign. Taking this into account, the tree in (5.39) leads to (5.11):

dQ1=€[2Q1@—~—° + (q1 — g) s———F9)
+ (g + 7Z) e——et9) (5.40)
===1
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e The tree for the function g¢s is

i (5.41)

Here, we just see the standard activation, growth and merger phenomena in action.
The tree in (5.41) then correctly leads to (5.12):

dgs = e[ 202 e + (g2 — Z) onen®

(5.42)
===
¢ The tree for the function ¢z is
Y ans Bt
q3: \ (=9 l (5.43)
(B —— (=9 §
a3

In the top branch, we first have the activation of the tube around vertex 1 and then the
absorption of the neighboring tube (to produce the tubing of the function gz). In the
middle branch, we have the activation of the tube around vertex 2, but no absorption,
demonstrating the directional character of the absorption rule. Finally, in the bottom
branch, we have the standard activation, growth and merger of tubes. The tree in (5.43)
then gives (5.13):

= + § et |

o The trees for the functions §i23 (and the associated differentials) are related by
symmetry to those of g1 23 and therefore are not reproduced here.

Level 4. At Level 3, we obtained three new source functions corresponding to the following
graph tubings:

g =6 § == Z (5.45)

To complete our analysis, we consider their differentials.
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e The tree for the function g is

f (5.46)

which is similar to the tree in (5.41) for g2, except that the function Z is created by
absorption (rather than merger) and therefore comes with a minus sign. We then read
off correctly the result (5.15):

dg=e[20 S + (94 2) b

(5.47)
===

o Finally, the tree for the function Z is simply

Z: (e 37 (5.48)

which leads to (5.16) for dZ.

5.3.3 Five-site chain

Above we have used our graphical method to derive the complete set of differential equations
for the two- and three-site chains. Readers who would like to experience the full power of the
kinematic flow are encouraged to look at appendix B for further nontrivial applications of
the method. Here, we restrict ourselves to giving an interesting example of the absorption
phenomenon that arises for the case of the five-site chain.

We leave it as an exercise to the reader to draw all complete tubings of the marked
five-site chain to determine the set of basis functions. The number of functions at each
level are 1, 11, 46, 90, 81, 27, so that

1 + 11 + 46 + 90 + 81 + 27 = 256,

(5.49)
1 — 11 4 46 — 90 + 81 — 27 = 0.

The total number of functions again satisfies 4°, with e = 4 being the number of edges
of the graph.

Naturally, we won’t present the differentials for all basis functions (although the reader
could derive them using the MATHEMATICA notebooks provided at €)). Instead, we will just
highlight one particularly interesting example associated to the following graph tubing

e (5.50)
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Let us construct the evolutionary tree for this function. The first two steps are

eewteoe) ()

e /"@"‘—’—"‘@"GQ
\

(S rentoire (eSnentamoe Hy

o 0 e == Hy
o) Vrmmre /v o Vrmmre
\ - -

eruteeteome) G3

In the top two branches, we have the standard activation, growth and merger of tubes. This

leads to the descendant functions H; and Hy. This explains part of the differential of F':
+ I et

(5.52)

In the bottom branch of (5.51), the middle tube is activated and then grows in three different
ways, producing the functions G1, G2, G3. The latter tubings then grow further through
two stages of absorption:

Gy (6= — e (—Lq)

G, cEDEE < ) (5.53)
b (—.J5) K

('3 (wosrwtowioire H—e——e (—L2)

In the top and bottom branches, absorption produces the tubings associated to the functions
— L1 and —Lg, respectively. In the middle branch, absorption first occurs in three different
ways: i) absorbing the tube to the left, ii) absorbing the tube to the right, and iii) absorbing
the tubes to both sides simultaneously. This produces the functions —J;, —Jy and — K,
respectively. The tubings associated to J; and Js then grow further through a second
absorption, creating the function +K.

The rest of the differential of F' then is

dF O (F =Y G)

+ (Go+ J1 + J2+ K)
= (/1 + K) et
= (L2 +K)

+ K
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Note that the coefficient of the letter in the last line comes from the three occurrences of
the function K in (5.53): —K + K + K = K.

The examples above (and those in appendix B) capture all phenomena that can occur
in the kinematic flow. All the complexity of the equations for larger tree graphs arises
from the repeated application of a few simple rules. Do these rules have a life of their
own? Can they be derived from a deeper mathematical structure? We leave these intriguing
questions to future work.

6 Beyond single graphs

So far, we have studied the differential equations for individual Feynman graphs. In the context
of scattering amplitudes, the most nontrivial structures arise when we combine together the
different channels contributing to a given process. (Indeed, in many cases individual Feynman
diagrams are not even physically meaningful.) We therefore expect additional simplifications
to occur when we consider the differential equations for the analogous objects in cosmology.
We will now discuss this sum over graphs. One intriguing feature is that the equations for
the different channels share common functions, with a geometric structure underpinning
the commonalities. There is again a graphical algorithm that predicts the structure of the
differential equations and we will illustrate it in a number of examples.

The simplest theory where individual graphs combine together irreducibly is so-called
tr ¢3 theory. This is the theory of a matrix-valued scalar field ¢y that has indices transforming
in the fundamental and the anti-fundamental of SU(N). The minimal interaction in this
theory is a cubic coupling, so that the action takes the form

5= [ dtav=g (- 50u050"6) - Seqolst ) (6.1)

The wavefunction (and amplitudes) in this model can be written in terms of flavor-ordered
partial wavefunctions multiplied by flavor factors. For a fixed ordering of external particles, this
flavor-ordering restricts the possible processes that contribute to the amplitude/wavefunction
(see e.g. [95]). In particular, at tree level, the flavor-ordered wavefunction will only get
contributions from planar diagrams that respect the given cyclic ordering.?”

6.1 Triangulations of polygons

The various exchange diagrams contributing to a given flavor-ordered wavefunction are each
naturally associated to triangulations of polygons. Recall that an n-point function depends on

25More explicitly, we can write the full wavefunction coefficient as a sum over partial wavefunctions weighted
by flavor factors

Yo=Y FD)pL, (6.2)

where I is a doubled cubic graph obtained by applying the Feynman rules of (6.1) and F(T") is the contraction
of external flavor indices for each particle. At tree level, two graphs will lead to the same flavor factor if they
share the same ordering of external particles. (More generally, two graphs will have the same color factor
if they have the same topology, thought of as marked surfaces [95].) It is worth noting that these partial
amplitudes/wavefunctions are the same as those of bi-adjoint ¢® theory when both orderings of external
indices in the bi-adjoint theory are taken to be the same as in the tr ¢ theory.
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n (spatial) momentum vectors Ea. As a consequence of translation invariance, these momenta
must sum to zero, and therefore define a closed n-gon. A basis of independent kinematic
variables is given by the side lengths and diagonals of the polygon. The compatible exchange
channels that contribute to a given flavor-ordered process are then associated to the possible
triangulations of this kinematic polygon, and the flat-space wavefunction can naturally be
read off from these triangulations. From this point of view, we can think of the tree graphs
studied earlier as corresponding to a particular choice of triangulation.

Graphs and triangulations. The simplest exchange graph is the two-site chain, which in
¢? theory corresponds to a four-point function. The external momenta ki, ko, k3, k4 form a
closed quadrilateral (which, for simplicity, we will draw as a square). There are two possible

triangulations of this quadrilateral, corresponding to the s and ¢-channel exchanges:2

1 2 3 4 ) 1 4 2 3 ka2
¥ Y, k1 k3 Y Y, k1 k3
s-channel t-channel
]{’4 k4

At the graph level, these two triangulations reflect different permutations of the external lines.

Things get more interesting at five points. In ¢ theory, the five-point function arises
from a three-site graph, with a particular ordering of the external lines corresponding to
a specific triangulation of the kinematic pentagon:

Note that each of the diagonals present in this triangulation correspond to the pairs of
momenta that combine into the internal lines. There are five triangulations of a pentagon,
and each corresponds to an inequivalent exchange channel

SRSRORERE

For more general polygons, the number of possible triangulations (and hence exchange
channels) is counted by the Catalan numbers. The number of triangulations of an n-gon
is the Catalan number, C),_o. The first few Catalan numbers are C,,_5 = 2,5,14,42,---
for n = 4,5,6,7,---.

26Note that, for planar graphs, u-channel exchange is not compatible with our chosen cyclic ordering, so it
does not contribute to this flavor-ordered object.
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From polygons to the wavefunction. The flat-space wavefunction has a beautifully simple
characterization in terms of these triangulations of kinematic polygons. The wavefunction
coefficient for the exchange in a given channel is encoded geometrically in terms of the
perimeters of the sub-polygons that appear in a given triangulation. The full wavefunction
for the sum over graphs then arises from summing over all triangulations. We can therefore

write an abstract formula for the flat-space wavefunction as:?”

=31l - (63)
T P a @

where 7T is the set of distinct triangulations, P are the sets of maximal non-overlapping
sub-polygons of a given triangulation and P, are the perimeters of the (sub)polygons. This
combinatorial definition is the generalization to the tr ¢> theory of the rule presented in
section 2.2 to derive the wavefunction for individual graphs in terms of non-overlapping
graph tubings.

It is simplest to demonstrate this via examples. First consider the four-point function
and look at the triangulation corresponding to s-channel exchange:

This triangulation contains three non-overlapping sub-polygons — the two triangles and the
full square. Taking the inverse of the product of their perimeters, we obtain the s-channel
contribution to the flat-space wavefunction:

2s) _ 1
Yy =

P934 P93 P34
1

™ Fzsa (kia + 5)(ksa +5)

where s = |k_i + Eg[ This matches the result (2.12) derived from graph tubings in section 2.2.
Summing over the two possible triangulations, we recover the full flavor-ordered wavefunction
arising from the sum of s and ¢-channel exchanges.

A more interesting example is the five-point function, where the various channels cor-
respond to triangulations of a pentagon. The novelty in this case is that there are two
inequivalent choices of maximal non-overlapping polygons for each triangulation, and we are

2TThe analogous formula for the flat-space scattering amplitude is to sum over the (squared) diagonal lengths
of a given triangulation, rather than the perimeters of polygons, together with a sum over all triangulations [78].
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instructed to sum over both of them. For example, for Channel I, we have

) = +

1 [ 1 1 ]
= +
Pi93as Pio3 Pi3a Pras [ 1031 Pisas
1 | 1

= +
k12345 (k12 + vy12) (k3 + y12 + yas) (kas + yas) [/Vm +yas  ksas + Y12

The purple and brown quadrilaterals are incompatible with each other (they overlap), so we
must make a choice of one of them to include in our set of perimeters. We then sum over both
choices to obtain the contribution to the wavefunction from Channel I, matching the result of
graph tubings (2.15). The full flavor-ordered wavefunction is the sum over all triangulations.

Recursion. The algorithm we just presented is essentially recursive, and we can exploit this
structure to efficiently generate wavefunction coefficients with large multiplicity. In particular,
we can express an n-point wavefunction in terms of products of lower-point wavefunctions.
Given a kinematic n-gon, its wavefunction coefficient can be obtained by splitting it into
pairs of polygons by drawing diagonals. For each splitting of the polygon, we multiply the
wavefunctions associated to these smaller polygons together, and then sum over all possible
ways of splitting the polygon by picking a diagonal. The wavefunction of the original polygon
is then given by this sum, multiplied by one over the perimeter of the original n-gon. (From the
bulk perspective, this recursive formula is obtained by applying the time translation operator
as in [4].) If we restrict to a single triangulation — by restricting the possible diagonals that
we can use to split the polygon — this recursion reduces exactly to the graphical recursion
formula of [4]. We can see this recursive structure in the examples presented above. The
expression (6.4) is directly a product of the wavefunctions associated to the triangles in its
triangulation, divided by the total perimeter. The five-point example (6.5) is a bit more
nontrivial: the two terms can be written as the products of the wavefunctions associated to the
two possible quadrilaterals and their complementary triangles, again divided by the perimeter.

6.2 Letters and functions

In section 5, we saw that the letters and functions appearing in the system of differential
equations for the cosmological wavefunction are naturally associated to tubings of marked
graphs. When we sum over graphs, these get replaced with shaded sub-polygons of the
kinematic polygon.

Letters. Recall that for a single graph, letters were associated with the connected tubings
of a marked graph. Here, the letters appearing in the differential equation are given by the
perimeters of “shaded sub-polygons” of the kinematic polygon. When we select a sub-polygon,
if it is not the full polygon, we have to draw an internal line, and the energy corresponding
to this internal line can appear with a minus sign. This is equivalent to the tubings that
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enclose one of the markings of the graph. We will use dashed lines to indicate that the sign
of the internal energy has been flipped. This is essentially just a re-packaging of information
present in the marked graph, and so we can freely translate back and forth between the two
pictures. Some examples for the five-point function in Channel I are

<~ = dlog(ki2 + y12)
@—x—o—x—o
1 2 3 4 5
= = leg(k)lz — ylg) (6'6)
@—o—x—o
1 2 3 4 5
& = dlog(ks — y12 + Yas5)

We can therefore enumerate all letters that will appear in the differential equations by
listing all possible sub-polygons, allowing for internal lines to either be solid (so that the
corresponding energy comes with a + sign) or dashed (so that the internal energy comes
with a — sign). In some sense the assignment of letters to shaded sub-polygons is more
natural than the graph picture, because we can directly think of the letters as cataloguing the
possible interesting kinematic limits where correlations could in principle have singularities.
Conceptually, there are two interesting classes of limits. In the first, we analytically continue
the lengths of the momenta, so that the length of the perimeter of some sub-polygon (which
can be the full polygon) vanishes. These kinematic limits correspond to the shadings with
solid internal lines. The second class of limits are those where we collapse some external lines
to a diagonal, so that their momentum vectors become collinear. These limits correspond
to the shadings with dashed internal lines.

Already at this level, we see a small compression of information: many sub-polygons
appear in more than one triangulation, and so these letters are repeated in the differential
equations when we split the full wavefunction into a sum over graphs. A simple example
is provided at five points, where the letter/polygon

= dlog(ki2s — ya5)

appears in both Channel I and IV, and is therefore associated to both of the following
tubings in the graph picture

Channel 1 Channel IV

where the external lines are permuted. We see that the polygon picture is therefore somewhat
more economical than the split into graphs. In particular, the total number of letters is
smaller than the naive count obtained by summing up the letters for each individual channel.
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Functions. The source functions appearing in the equations also have a natural geometric
interpretation: they are associated to (possibly disconnected) shaded sub-polygons, where all
shaded triangles have at least one marked (dashed) internal edge. There is one exception
to this general assignment, which is that a complete triangulation of the polygon, with no
shadings or dashed internal edges is also naturally associated to a function (we will see that
the function is the piece of the wavefunction that arises from the corresponding exchange
channel). This enumeration is the natural translation of the association of marked graph
tubings to functions in section 5. We can therefore list the set of functions graphically.
Much in the same way that only one tube can contain the cross between two vertices, if two
sub-polygons are disjoint but share a border, only one of them can involve a negative energy
(dashed line). In cases where disjoint polygons are adjacent, we will therefore draw two-sided
borders, to make it clear to which polygon the dashed line belongs.

As before, it is simplest to illustrate this with some examples. For the four-point function,
there are 7 source functions that appear when we differentiate the wavefunction, associated
to the following “shaded triangulations”:

Importantly, the source functions are associated to shaded sub-polygons, rather than channels
per se. In this case, we see that the function Z is “shared” between the s and t-channel
contributions, in the sense that it would appear as a source in both sets of equations if we
were to split the full answer into channels. This is more interesting than the fact that the
same letters are shared between channels. When we consider the derivation of differential
equations from the growth of polygons, we will see that this implies that the functions that
appear depend only on the shaded sub-polygon, and not upon the path of shadings that
we take to arrive there. These shared functions are a nontrivial compatibility condition
between the various channels.
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At five points, there are more allowed triangulations, and so things are more interesting.
The allowed subdivisions of the kinematic pentagon that contribute to Channel I are:

@'@W(NQQ

w(l) 2 Q(I) Z(I V)
F(LIID) I 1) I 111) I III) FILIV) I IV) (1 V) (I v)

There are two somewhat conceptually distinct classes of functlons: those whose collections
of sub-polygons are sensitive to the full triangulation, and those that only know about a
partial triangulation, and are therefore shared between different channels. The sub-polygons
appearing on the first line (except Z) are shaded pieces of the full triangulation I, and their
corresponding functions therefore only appear in Channel I. Conversely, the functions in the
second line are only sensitive to a partial triangulation, and therefore are shared between the
Channels I and III (or IV). Finally, the function Z is shared between all five channels. In the
four-point case, only the function Z was shared between the two channels, but here there is a
richer structure of shared functions. In section 6.4, we will see how this can be understood in
terms of a “dressed” associahedron structure underlying the kinematic polygon.

6.3 Differential equations

Now that we understand how to enumerate the letters and functions that will appear in the
system of equations, we would like to derive the differential equations themselves. As in
section 5, the differential equations have a relatively simple diagrammatic interpretation, but
now in terms of the growth of sub-polygons inside the kinematic polygon, rather than the
growth of tubings on graphs. The rules are the obvious translation of the graph-by-graph
rules articulated in section 5. For convenience, we summarize them in the following inset
before discussing examples.

Kinematic flow. We begin with the shaded polygon associated to a parent function of
interest and perform the following sequence of operations to generate a tree of descendants:

1. First, we activate all shaded sub-polygons of the parent function. We further activate
all triangles that don’t overlap with the shaded sub-polygons of the parent function.
Each activation produces a branch of the tree.

As an example, we consider the tree for the function le):

©
/N
A,
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Activation has created three branches: one from the activation of the gray-shaded
triangle and two from that of the two triangles outside this shading.

2. Activated triangles with no dashed lines can then “grow” by changing internal edges
from solid to dashed in all possible ways. If a dashed edge is adjacent to a dashed
edge of an un-activated gray-shaded polygon, they further merge (producing a new
descendant) and the union of polygons becomes active.

For the function QSI), this growth and merger leads to

©
RN
&Q?
©

|
0

In the top and bottom branches, the solid internal lines on the green triangles turned
to dashed lines. In the top branch, this created two adjacent dashed lines, so the two
triangles merged into a larger quadrilateral.

3. If a polygon with a dashed internal edge is adjacent to an un-activated gray-shaded
polygon with a different dashed internal edge, the active polygon can absorb the
un-activated polygon, producing a new descendant and activating the union of the two
polygons.

For the function le), we have one instance of an absorption phenomenon:

©
/N
QQ?
\

|
©

—O

Once we have this tree of descendants, we read off the differential equation following a
similar procedure to before:

1. First, we assign a function to each leaf of the tree, which is just the function associated
to the shaded sub-polygons present with a prefactor which is (—1)e, where N, is the
number of absorptions between the original shaded polygon and the leaf of interest.
For immediate descendants of the original polygon, also multiply by Na, which is the
number of triangles present in a triangulation of the activated polygon.

2. To generate the differential of the original function, we consider each node of the directed
tree structure, and for the shaded polygon associated to each node, we write the letter
associated to its activated sub-polygon.
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3. We then multiply this letter by the function associated to the shaded polygon minus
the function associated to its immediate descendants, with an overall constant factor e.

Four-point function. As before, it is useful to consider some examples to build intuition.
We first consider the four-point function. The system of differential equations for the four-
point function can be understood from successive shadings of a square. The tree associated
to the differential of the wavefunction is

= (6.10)

We started with the blank kinematic square and then generated a first level of descendants
from all possible shaded triangles that have an external edge. Each of these activated
triangles can develop a dashed internal line (which is the analogue of the growing tube in
the single-graph case). This produces the descendants F(t) and F(!) In this case, the
evolution stops at the second level. We can then read off the differential by writing down
the letters corresponding to all active (shaded) triangles. Each letter is multiplied by the
coeflicient function for that shaded sub-polygon minus the coefficient function associated to
the descendant one level down the chain (with an overall factor of ). This procedure leads to

dy =¢ (¥ — F©)) 4 F(s)
+ (T,ZJ(S) _F(S)) + '/" F(S)
(6.11)
n (® — POy [ | FO
n (® — FOY 4 [~ | F®

Notice that the wavefunction coefficients corresponding s and t-channel exchanges appear as
sources in (6.11). Taking their differentials just reproduces the equations for single graphs,
e.g. (5.2) for (). In this example, the differential of the sum of graphs is just the sum
of the differentials for each graph.

We can then continue to construct the differential of the source functions F(£) and

$,t)

F(1 | For concreteness, we will consider F(!)| but the other functions F'*) satisfy very

similar equations, which can be obtained by permutation. The differentials of F&1 can
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be computed from the following tree:

o~ p (6.12)
/

We see that in both the s and t-channel contributions, the same function Z is created by
growth of an activated triangle (blue) and its merger with the un-activated triangle (gray).
The differential equations for F(®) and F®) therefore are

dF(S) — ¢ |: '," () + (F(S) — Z) + Z:| , (613)

dF”):e[ o+ N w0 - 2) + z}, (6.14)

Crucially, the function Z is the same in (6.13) and (6.14), as well as in their tilded counterparts.

In this particular example, there is only one shared function because the two triangulations do

not share any sub-polygons (aside from the full square), so the structure is not that impressive,

but we will see that many more functions are shared in other examples. Broadly speaking, it

is this structure that makes splitting the wavefunction into channels slightly artificial.
Finally, taking a differential of the function Z, we obtain the equation

4z = %7, (6.15)

which is the same as (5.5), and the system closes.

Five-point function. The five-point function has a richer structure that reveals more of
the universal features of the system of differential equations. In this case, there are 41 letters
and 56 independent functions. Although it is possible to enumerate all of these and derive
the differential equations that they all satisfy, this is quite a large number of equations
and does not lead to a huge amount of insight. Instead, we will show some representative
examples that illustrate some of the structure.

Recall that the five-point function is related to triangulations of a pentagon and that
there are five different exchange channels that contribute to the full wavefunction. When
we differentiate the full wavefunction, the pieces that comprise these channels get shuffled
together in a nontrivial way. We first consider the differential of the wavefunction. The full
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tree of descendants is fairly large, so we will only show a representative piece of it:

(6.16)

»
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v,
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At the first level, we generate all possible triangles, which then “grow” by turning a solid
internal line into a dashed one (in all possible ways). There are four possible triangles with
only one internal side, and five triangles with two internal sides. We have shown the part of the
differential relevant for the Oy, -derivative of the wavefunction. Notice that the shaded triangles
with only one internal side (and two external sides) are naturally associated to the sum of
two kinematic channels, while the triangles with two internal lines belong to a single channel.

We can similarly derive the differential equations that each of the source functions
satisfy. Here, we just wish to highlight one interesting feature. The tree of descendants
associated to () and (), which correspond to the functions FILIV) and QEI) in different
channels, takes the schematic form

0
D

OO

(6.17)
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An interesting feature is that appears in two branches (i.e. it arises from two different
sequences of shadings of triangles). Nevertheless, it is associated in both cases to the same
function. This is an illustration of the fact that the functions that appear in the differential
system are associated to shaded sub-polygons, rather than to channels, and that they are
independent of the path of shadings taken to shade a given sub-polygon.



We see from these examples that certain functions are associated to specific channels,
while others appear in the equations for multiple channels. In the following section, we
will see that there is an intriguing geometric structure underlying the way that functions
are shared between channels, and this will allow us to easily count the total number of
functions and letters of the full system.

6.4 Dressed associahedra

Both the letters and source functions that will appear in the differential equations are naturally
associated to sub-polygons of the kinematic polygon. Many of these substructures appear in
multiple full triangulations of the polygon, and therefore would appear in multiple channels
if we were to split apart the final wavefunction coefficient. Assuring the compatibility of
these different channel decompositions is fairly nontrivial; one aspect of this is counting the
number of independent letters and functions that appear in the full system. In the context
of scattering amplitudes, the compatibility of different channels is guaranteed by the fact
that they can be assigned to the vertices of a polytope — the associahedron [78]. We will
see that the objects appearing in cosmology can also be associated to a sort of “dressed”
associahedron, which captures the compatibility relations between various channels.?®

Associahedron. The associahedron relevant for an n-point function is an (n—3)-dimensional
polytope, A,, which has C,,_o vertices. These vertices can be placed in one-to-one corre-
spondence with the complete triangulations of a regular n-gon. Moreover, the codimension-k
boundaries are in one-to-one correspondence with the partial triangulations of an n-gon
obtained by removing k internal lines. The compatibility condition between boundaries is
that a boundary of codimension-k is adjacent to a boundary of codimension m > k if and
only if the partial triangulation associated to the latter boundary can be obtained from the
former by the addition of m — k diagonals. The simplest associahedron, As, corresponding to
a kinematic triangle (or a three-point function), is just a point. The associahedron for the
four-point function is a line segment, and the one for a five-point function is a pentagon.

Letters, sources and dressing. The associahedron naturally captures the relations between
different triangulations (and hence channels), and so makes it easy to visualize how letters
and functions are shared between channels.

It is simplest to begin by considering the associahedron for the four-point function (see
figure 5). The two vertices correspond to the triangulations associated to the s and t-channel
exchanges, while the edge connecting them corresponds to the un-triangulated square. Each
vertex is dressed by three functions — {¢(), F() F()} and {4®), F() FO} — while the
edge contains the shared function Z. Similarly, one letter, ki234, is shared between the
two channels and four letters — {k12 & s, k3q + s} and {k14 £ ¢, kog £t} — are associated
uniquely to each channel.

280f course, an important difference is that, in the amplitudes case, the relevant associahedron can be
thought of as living directly in the space of kinematic variables, and the canonical function of this positive
geometry is the corresponding scattering amplitude [78]. Finding the analogous object for the cosmological
wavefunction would be extremely interesting.

— 77 —



(Dmo@)- -(DEmE)

Figure 5. Illustration of the dressed associahedron for the four-point function. The left and right

vertices correspond to the triangulations associated to the s and ¢-channel exchanges, respectively, each
of which is dressed with 3 source functions {4, F, F'} for the given channel. The edge corresponds to the
function Z, which is associated to the un-triangulated square and is shared between the two channels.
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Figure 6. Illustration of the five-point associahedron and the shared functions between the various
channels. Each vertex corresponds to a complete triangulation, and there are 7 source functions specific
to a given channel. The edges connecting the various vertices correspond to partial triangulations
with a single internal line, and there are 4 functions associated to each edge that are shared between
the two channels corresponding to the connected vertices. The center of the pentagon corresponds to
the un-triangulated pentagon (and associated source function), which is shared between all channels.

A more nontrivial example is provided by the five-point function, where both the kinematic
polygon and its associahedron are pentagons. The associahedron and the relevant (partial)
triangulations are visualized in figure 6. Each vertex (exchange channel) is connected via edges
to two other vertices. The partial triangulations associated to these edges correspond to letters
and functions that are shared between the two channels. All vertices are codimension-two
boundaries of the bulk of the pentagon, which corresponds to the un-triangulated pentagon.
This central pentagon is associated to the letter kj2345 and the source function Z, which
are both shared between all five channels.

Since each boundary of the associahedron corresponds to multiple letters/functions, we
can think of decorating the associahedron by numbers that count the multiplicity of these
objects. At each vertex of the five-point associahedron, there are 4 letters and 7 source
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Figure 7. Associahedron for the six-point function, with vertices labeled with their corresponding
triangulation. The two different colorings for the vertices correspond to different graph topologies —
purple for the star and blue for the chain. Source functions and letters that are sensitive to the full
triangulation are naturally associated to the vertices, while shared functions are associated to edges
and faces. Shown is the number of source functions associated to each vertex/edge/face. The bulk of
the polytope corresponds to the one function shared by all channels.

functions that are sensitive to the full triangulation. At each edge, there are 4 letters and also
4 functions that are shared between adjacent channels. Finally, in the middle of the pentagon
there is a single letter and a single function that is shared between all the channels. Notice
that this dressing makes it straightforward to count the total number of functions/letters, but
also the number in a given channel. To count the letters and functions in a given channel, we
select a given vertex and add up the numbers associated to that vertex, the edges connected
to it, and the bulk of the polytope. This tells us that each channel will have 4 +4+4+1 =13
letters and 7+ 4 4+ 4 + 1 = 16 functions (matching our earlier counts). In order to obtain
the full count, we just add up the numbers associated to the bulk and the boundaries of
all codimensions. In this case, we find that the sum of graphs will have 41 letters and 56
functions. (Note that this is substantially fewer than the naive count of 5 x 13 = 65 letters
and 5 x 16 = 80 functions, which doesn’t take the sharing of functions into account.)

As a final example, we can consider the six-point function, which has three internal lines.
An interesting novelty of this case is that there are two different graph topologies — the
four-site chain and the four-site star — that both contribute in different exchange channels. In
terms of the associahedron (which is now a three-dimensional polytope, visualized in figure 7)
this means that there are now two types of vertices, which are connected to different edges
and faces. As before, we can associate a certain number of functions and letters to each vertex,
which depend on the full triangulation, and other functions and letters to the edges and faces
that are shared between the vertices. Note that each exchange channel has the same number
of letters and functions, including channels with different graph topologies. Since there are two
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different kinds of vertices, which are connected to a different facet structure, it is nontrivial
that the numbers add up to give the same total. In this case, it corresponds to the identity

214+3x10+3x44+1=164+2x11+10+7+2x4+1. (6.18)

Finally, the total number of independent functions is given by

12x16+2%x21 + 12x114+9%x10 + 6 x4+3x7 + 1x1 =502, (6.19)
vertices edges faces volume

as can be read off from the dressed associahedron shown in figure 7. Notice that this is
significantly less than the naive counting of 64 x 14 = 896 functions, where 64 is the size of the
basis for a single four-site graph and 14 is the number of channels for the six-point function.

So far, the dressed associahedra are just bookkeeping devices, which organize the infor-
mation about shared functions in the differential equations for the individual channels. This
is to be contrasted with the case for scattering amplitudes where associahedra have a life of
their own [78]. In particular, the canonical function of the associahedron directly gives the
corresponding flavor-ordered amplitude. Moreover, each facet of the geometry describes a
particular factorization channel of the scattering process. It remains an interesting challenge
for the future to breathe similar physics life into the dressed associahedron underlying the
cosmological wavefunction.

7 Outlook and speculations

How does the strength of correlations change as we smoothly vary kinematic parameters?
This is one of the most natural questions to ask of cosmological correlation functions. In
this paper, we showed that the cosmological wavefunction is part of a finite-dimensional
vector space whose basis members satisfy a system of first-order differential equations in
the spatial momenta. We saw that kinematic derivatives generate an evolution through the
space of functions with a given structure of singularities. Remarkably, this “kinematic flow”
can be derived completely abstractly in terms of the local evolution of tubes of a marked
graph, subject to relatively simple rules, which replaces the picture of bulk time evolution in
standard cosmological perturbation theory. This unexpected pattern in the equations inspires
belief in the existence of some autonomously defined mathematical structure that directly
computes cosmological correlations, and we hope that this work serves as an invitation to
find such a structure.

For scattering amplitudes, irreducible structures arise in the sum over the Feynman
diagrams, while the individual diagrams are often not physically meaningful objects. One of
the simplest incarnations of this phenomenon arises in tr ¢ theory, which is therefore also
a natural place to look for similar structures in the cosmological setting. By considering
the differential equations satisfied by the full flavor-ordered wavefunction, we have seen
the first indications of such a larger structure. The nontrivial feature of the differential
system is that certain functions and symbol letters are shared between would-be different
kinematic channels in a relatively intricate way. This pattern of shared letters/functions
can naturally be understood in terms of a “dressed associahedron,” but the full geometric
picture still remains to be explored.
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It seems clear that we are just enjoying the first vista along a long journey, but there is
an intriguing glimpse of a structure in the distance. There are clear paths forward, in both
physical and mathematical directions, and we hope that by combining these investigations
this larger structure will emerge.

Physics. Although we have considered a somewhat special physical setup of conformally
coupled scalars in a power-law cosmology, similar techniques can be employed in more
general situations.

o Massive particles: an important extension is to consider particles with generic masses.
While we have treated the cosmology dependence as the twist deformation parameter,
it is equally possible to work in exact de Sitter space and treat the masses of particles
as twist deformations, providing a different way to compute these correlation functions,
some of which are of phenomenological interest [30].

e Spin: so far, we have only studied scalar theories. Theories with spinning particles —
especially gauge theories and gravity — are particularly interesting because the most
drastic simplifications are then expected in the sum over graphs. This remains an
important avenue of further investigation.

e Loops: an important challenge is to understand how to perform loop integrals in
cosmology. In this case, there are two types of integrations: those over the energies of
the external states, which turn flat-space correlators into cosmological correlators, and
integrals over the loop momenta. We expect that techniques similar to those developed
in this paper can be used for both types of integrals. Very little is known about the
function space of loop correlators, and understanding the structure of their differential
equations and the associated space of functions will provide valuable insights.

o Analytic structure: our understanding of the analytic structure of cosmological correla-
tors is still rather limited, although interesting progress was recently made in the case
of the flat-space wavefunction [18] (see also [4, 11, 13, 96]). In this work, we discovered
that their is a simple pattern in the singularities of the differential equations satisfied by
cosmological correlators. It would be interesting to relate these insights more directly
to the analytic structure of the wavefunction.

e Space of functions: what classes of correlation functions can arise from consistent
cosmological evolution? Surprisingly little is known about this in a systematic fashion.
In this paper, we have started to answer this question for the case of conformally
coupled scalars in a power-law FRW background. One-site (contact) graphs lead to
simple power-law solutions, while two-site (single-exchange) graphs give power laws
and hypergeometric functions. Three-site (double-exchange) graphs contain power
laws, hypergeometric functions and integrals of hypergeometric functions. A similar
hierarchical structure is expected in more general examples, but this remains to be
further explored.

e Recovering time: it would be important to understand how to systematically “integrate
in” time from this boundary point of view. Given the differential equations satisfied
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by the cosmological wavefunction, how do we see explicitly that their solutions can be
written in terms of integrals over an auxiliary “time” variable, without knowing this a
priori? This is a concrete and natural step to better understand the encoding of time
in these static observables.

e Other applications: The differential equations method for Feynman integrals is by now
well-established in particle physics and has recently also found an interesting application
in gravitational wave physics [75, 76]. In this paper, we have argued that differential
equations can also play an important role in the study of cosmological correlators
(even at tree level). Another potentially interesting application is to cosmological
structure formation where the efficient evaluation of higher-loop corrections pose a
central challenge in the “effective theory of large-scale structure” [97, 98]. Very recently,
new analytic approaches were developed to study these loops [99, 100] and it may be
interesting to combine these with the differential equation method.

Mathematics. Our investigation has revealed several interesting mathematical structures
which deserve to be understood more fully in their own right. It is natural to expect that a
more complete mathematical understanding will also lead to further physical insights.

o Twists: the twisted integrals describing cosmological correlations are highly non-generic.
In particular, the physical requirement of bulk locality imposes important restrictions on
which hypersurfaces (in kinematic space) can appear as twist factors. We are therefore
led to a rather special subset of twisted integrals as being of physical interest. It may
be illuminating to study further which classes of twisted integrals can reflect consistent
physical processes and which don’t. This may provide an autonomous mathematical
perspective to fundamental physical principles. In other words, maybe the principles of
locality and causality arise as the answers to specific mathematical questions.

o Tubings: we introduced tubings of marked graphs to define a specific set of basis
functions. It is in this particular basis that the equations have the structures that we
described. It may be instructive to understand further what is special about this choice
of basis in the eyes of a mathematician, along with the more general exploration of the
natural notion of compatibility of tubings in the cosmology context.

e Flow: we discovered simple rules underlying the “evolution” of the letters in the
differential equations. Despite being easy to apply, the rules have some subtle features
(like the directionality of the absorption rule; see section 5), which are necessary for
d? = 0. It would be nice to find the deeper mathematical raison d’étre of these rules.

o FEzxplicit solutions: we have derived systems of equations satisfied by cosmological
wavefunctions, but have only solved these equations in some simple examples. An
important challenge is to understand how to solve these equations in the most efficient
way. There is an interesting hierarchical structure to the equations (see appendix D)
that it would be important to explore further, along with developing a systematic
understanding of the expansion of the solutions around all singularities.

— 82 —



o Geometry: the equations for the sum over graphs contain shared functions that are
naturally associated with the geometry of a “dressed associahedron” (see section 6).
The key difference between this associahedron structure and the one that appears in
the context of scattering amplitudes [78], is that the canonical function of the ordinary
associahedron directly gives the corresponding flavor-ordered amplitude. It would be
extremely interesting to find the geometry that directly computes the wavefunction in
tr ¢3 theory.

In the Introduction, we originally raised the speculative question of emergent time by
suggesting that the breakdown of the classical spacetime near the Big Bang singularity
requires a more “timeless” description of our cosmological origin. The differential equations
discussed in this paper are indeed formulated purely in terms of the kinematic variables
of degrees of freedom living on the boundary of the spacetime, with no explicit reference
to cosmological time evolution. To view this as an emergence of time, however, requires
that these equations take on a life of their own, arising from a different set of physical
and mathematical principles. The graphical rules that we have presented can be thought
of as a first step in this direction, but they still rely on some auxiliary structures that we
must introduce, like an underlying marked graph or kinematic polygon. A more radical
reformulation would explain the necessity of these objects as well. This would be an important
step towards a truly timeless theory of cosmology.
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A Some mathematics

There are a number of mathematical ideas that underpin the analysis in the main text. To
provide a self-contained introduction to this circle of ideas, we summarize some of them
in this appendix. In particular, ideas from projective geometry, positive geometry, twisted
cohomology, and hyperplane arrangements appear in various places in the text, and formalizing
these concepts sheds some light on the arenas in which they appear.

A.1 Projective geometry

Many of the geometric constructions considered in the main text are most naturally considered
in projective space.?? Projective n-space, P", is the space of all lines through the origin
in n + 1 dimensions.?’ Broadly speaking, projective space is useful when thinking about
any question that does not explicitly involve distances, volumes, or other dimensionful
measures. In particular, questions of incidence — like whether a given point is on a given
line, or determining the intersection point between two lines — are naturally formulated
and answered projectively.

Projective space. As an example, P! is the space of all lines through the origin in R?. We
can specify a point on the projective line by the pair

(2)-)

*For general introductions to projective geometry, see e.g. [103-105].
30This can be any vector space, but we will mainly consider real projective space, which is the space of lines

through the origin in R™*!,
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where ~ indicates that we should identify vectors that differ by an overall rescaling. A
convenient way to label the points is by their intersection with some reference line:

Y

N/

(z,y)

For concreteness, we have taken the line y = 1. This is equivalent to using the rescaling
freedom to fix the top component of the lines in (A.1) to be 1; rescalings are equivalent
to sliding the red line up and down. Notice that this coordinatization obviously misses
the z-axis, which does not intersect the red line. This “line at infinity” can be covered by
choosing a different reference line.

Two-dimensional projective space P? has more interesting features. This is the space
of lines through the origin in three-dimensions, which we can write as

z
X' = <x> with X7 ~tXxT. (A.2)

As before, we can coordinatize P? by labeling lines by their intersection points with some
reference plane. It is convenient to take the plane z = 1. This projective space is therefore
similar to the ordinary Euclidean plane, with the addition of a “line at infinity” that is missed
by any particular choice of coordinates. What the coordinatization (A.2) makes manifest is the
SL(3) invariance of projective space, which maps lines in the projective plane into other lines.
The R%xSL(2) subgroup is the obvious set of affine linear transformations, which maps a plane
vector as  ++ L& + £, with I an SL(2) matrix and # a vector. The SL(3) group then acts as

0 96)

with b a vector and ¢ a constant. Using our rescaling freedom to set z = 1, performing an
SL(3) transformation (A.3) and then re-fixing the gauge z = 1, we find that the SL(3) acts
nonlinearly on a vector in the projective plane:

81

LZ+1t
Frs 22X (A.4)
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We see that the choice of a line at infinity causes the SL(3) to be realized on the coordinates
nonlinearly because it does not leave the line at infinity invariant.3!

Projective space is well adapted to ask questions of incidence, so let’s see how this works.
Recall that points in P? can be represented as X!, with a raised index, as in (A.2). We

can therefore represent a line in projective space as
LiX"=Az+ By +Cz=0. (A.5)

Using the rescaling freedom to set z = 1 reproduces the usual formula for a line, Az +
By 4+ C = 0. It is convenient to associate lines to the coefficients Ly, with a lowered index.
The only tensor that is invariant under the SL(3) symmetries of projective space is the
Levi-Civita symbol €75x. Given two points X{ and XQI , we can then construct the line
that connects them as

LW = e/ X{ XK (A.6)

The antisymmetry of the Levi-Civita symbol makes it clear that Lng)X [ = L(IH)XQI =0, so
that both the points X; and X5 are on the line, as desired. It is straightforward to check
whether a third point Y/ is on the line by checking whether

LYY = e VX XK L0, (A.7)
Similarly, given two lines L} and L?, their intersection point X (112) is

Xl =€ LSL5 . (A.8)

Note that, in all of these examples, the lines and points are the only things that we can
construct from the objects at hand with the right index structure. For example, three
points all lie on a line if

1y X1 XJ XE = (X, XpX3) =0, (A.9)
and three lines meet at a point if
IR LIAL3, = (L1 LaL3) = 0. (A.10)

Another nice feature of projective space is that all pairs of lines intersect somewhere,
even parallel ones. From the perspective of the projective plane, parallel lines meet on
the line at infinity.3?

We can also consider more complicated structures in projective space. For example,
we can express a conic Az? + Bry + Cy?> + Dz + Ey+ F = 0 as CryX'X’7 = 0. Note
that C7y has 5 independent components after modding out by the overall rescaling freedom,

31The affine group RQMSL(Q) is precisely the subgroup that maps points on the line at infinity to other
points on the same line. One can require further structures to be left invariant, and this will further reduce the
symmetry group (for example, fixing two points on the line at infinity reduces the symmetries to the (1 + 1)d
Poincaré group). Klein’s Erlangen program was essentially to proceed in this way and classify geometries by
the subset of projective transformations that they preserve.

32We can see this explicitly by considering the two lines L} X! = Az + By + C =0 and L2X! = Az + By +
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so any five points determine a conic that passes through them. It is then possible to use
similar techniques to construct various tangents to and points on the conic. For example,
one can prove Pascal’s Theorem, which states that if 6 points happen to lie on a conic, if we
look at the inscribed hexagon obtained by connecting these points pairwise, then the three
intersection points of opposing sides will lie on a single line.

An interesting feature of projective space is so-called projective duality. In the context
of P2, it is particularly easy to see: we have assigned points as X! with raised indices and
lines as L; with lowered indices, but clearly nothing changes if we swap every raised index
into a lowered one, and vice versa. This implies that any projective statement involving
points and lines continues to be true if we everywhere interchange the words points and
lines. As an example, the projective dual of Pascal’s theorem is Brianchon’s theorem, which
states that if six lines inscribe a conic, then the lines formed by connecting opposite vertices
of the hexagon will meet at a point.

We can also consider higher-dimensional projective spaces, where planes are now associ-
ated to objects with additional indices. For example, in P?, points are labeled by X, planes
are labeled by H; (or equivalently antisymmetric tensors H'/X) and lines correspond to
antisymmetric tensors L'/, The invariant tensor is now €71, and we can use a similar logic
to the P2 case to see that just like two points determine a line, two planes intersect along a
line. In P", a (p — 1)-plane corresponds to an antisymmetric tensor H'1"I» or equivalently
Hy,...j, 1, if we use the invariant tensor €y,..s, .,
projective duality interchanges p-planes and (n — p — 1)-planes.

to lower the indices. In general dimensions,

Volumes. Although there is no notion of volume in projective space, it is nevertheless
often useful to think about volumes projectively. This requires introducing some additional
structure in the form of a line/plane at infinity L°. We can then construct volumes in
a projectively invariant way.

For example, in P!, we define volumes by choosing a point at infinity Y/ = (1,0). It is
then natural to describe the points (A.1) in the chart that sets y = 1. We can then write
the length of the interval between the points X! and X; as

<XaXb>

L=xomxy

(A.13)

where (X, X)) = €77 XX 57 . Notice that despite the fact that the choice of a point at infinity
breaks the symmetries of projective space down to those of the affine line, it is still possible to

C’ = 0. Their intersection point is then

0
Xhoy=€"RLiLi = A(Cc-C) |. (A.11)
B(C - ")

Recall that points with z = 0 do not intersect the plane z = 1, and so lie at infinity. More generally, we can
think of the gauge where we set z = 1 as covering the parts of P? for which X'L$ # 0, with

LE=10]. (A.12)

This coordinate chart therefore covers all points that do not lie on the line at infinity.
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write the length of an interval in a way that respects the scaling invariance of projective space.
If we re-scale all the coordinates X by the same amount, the expression (A.13) is invariant.

We can also talk about volumes in P?. In this case the most relevant example will be
the area of a triangle. Given three points X{, X4, X:{( , the area of the triangle defined by
these points can be written as

(X1X2X3)

A= (L™ - X1)(L® - X2)(L>® - X3)

(A.14)

which involves a choice of line at infinity, which it is often convenient to choose to be (A.12).
We can also define the area of a triangle in terms of the lines that define it, rather than
the points that are its vertices. Imagine that a triangle is bounded by the lines L¢, Ll}, L.
The area of this triangle then is

<LaLch>2

A= <LooLaLb><LooLch><LooLcLa> ’ (A'15)

which is the only way to build an invariant out of these objects with the correct scaling weight.
In higher dimensions, it is also easy to write expressions for the volumes of simplices.
Given a plane at infinity H2°, the volume of a simplex in PV with vertices X1, - X1 is

(X1 Xny1)

RV AR e

(A.16)

Similarly, if we define a simplex via the IV 4 1 hyperplanes H{ that bound it, we can write
its volume as

(1---(n4+ 1))V

(A.17)

where we have used the shorthand of replacing a plane with its label inside the brackets.

Differential forms. In the main text, we study families of integrals of differential forms
that live on R™ minus some singular divisors corresponding to a hyperplane arrangement. It
is often useful to describe these differential forms projectively, so we now want to consider
how to write differential (top) forms on projective space.

We first consider one-dimensional projective space P!. Naively, any form built from X
and dX would be acceptable as long as it is invariant under overall re-scalings of X. Hoewever,
in order for differential forms to be well-defined, they must actually be invariant under local
GL(1) rescalings that send X' ~ #(X)X'. This means that a well-defined differential form
on P! will be writeable as (XdX)f(X), where f is a function of weight —2 under local
rescalings. As a concrete example, consider two points X, and Xj. It is possible to construct
a well-defined projectively invariant differential form as

~ (ab)(XdX)

= R n (A.18)

We can write this form more explicitly by choosing a coordinate chart where

XI:CC), dXI:(di;)’ X(f:(i), X{:(i), (A.19)
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so that (A.18) is

(b—a)dz

RCETCE

(A.20)

The construction in a general projective space P" is quite similar: forms can be written as
Q= (XdX---dX)f(X), which involves n different dX's and where f(X) has scaling weight

—(n+1). For example, given three lines in P? forming a triangle, the natural differential form is

(XAXAX)(LyLoLs)
(Ly-X)(Ly- X)(Ls- X)

Qy = (A.21)
More generally, given a simplex in P" (built from n + 1 hyperplanes), the following top
form can be constructed??

(XdX ---dX)(HiHo--- Hpt1)
(Hy - X)(H2 - X) - (Hpy1 - X)

Qpy1 = (A.22)
We will now see that these differential forms have the interpretation of canonical forms for
the corresponding simplicial positive geometries.

A.2 Canonical forms

The concept of canonical forms has played an important role in defining our basis of integrals
in the main text. In this section, we will give a pedagogical introduction to canonical forms
for readers who haven’t come across them before.

Canonical forms are naturally associated to positive geometries [92]. Roughly speaking,
a positive geometry is a convex region with boundaries of all codimension (which themselves
are lower-dimensional positive geometries), with a distinguished top-dimensional form called
its canonical form. For our purposes, it will suffice to consider a region whose boundaries are
hyperplanes (meaning, linear functions of the coordinates).?® The canonical form associated
with this region is the unique form with logarithmic singularities along all its boundaries (and
nowhere else), whose residue on the boundaries is the canonical form of the lower-dimensional
positive geometry. Throughout this paper, we choose the residues at the vertices of the
bounded regions to be +1, which fixes the canonical form up to an overall sign (or orientation).

It is best to illustrate the meaning of canonical forms by looking at examples:

o Interval: consider the following bounded interval in one dimension:

e o—
—a —b

We would like to define a one-form on this interval with logarithmic singularities only
at the endpoints ¢ = —a and x = —b. Clearly, this form must be a linear combination

33Note that in the main text — in particular in section 4 — we continue to denote hyperplanes by La,1, like
lines, and write projective coordinates as P! in order to not cause confusion with the kinematic variables X;.
34The canonical form exists for more complicated positive regions, depending on the genus of the curve
parametrizing the boundary. For example, in two dimensions, the boundary may be a conic section cut by
lines. We do not use canonical forms in this broader sense throughout the text, but see [92] for more details.
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of dz/(x + a) and dz/(x + b). It seems that we can set the residues to be whatever
we wish. However, requiring that there are no singularities anywhere else imposes a
restriction, as both of these forms, on their own, also have a singularity at infinity. In
order to cancel such a singularity (also logarithmic), we must subtract the two terms;
i.e. the residues at —a and —b must be equal in magnitude, but have opposite signs.
Taking the residues to have unit magnitudes fixes the canonical form on the interval up
to an overall sign:

Q=

dr  da (b—a)ydz _ . (““), (A.23)

x+a_3:+b:(:n~l—a)(:c+b): x+0b

We used this result in section 3.2. Notice also that this canonical form can be written
in a projectively invariant way as in (A.20).

Triangle: next, we move to bounded regions in two dimensions. We start with the
example of a triangle. For simplicity, we take two of its lines to coincide with the
coordinate axes, L1 = x1 and Lo = x5, and the third line, L3 = a121 + asx3 + a3, to be
generic:

T2

= T1

A natural guess for the canonical form on this triangle is

B dx1 A dxo

Q= A24
Tilols ' (A.24)

which is correct up to normalization. A nice feature is that the properly-normalized
canonical form associated to a triangle can be expressed as the projectively invariant
form (A.21), which reduces to (A.24) up to normalization after choosing a coordinate
chart.

Besides having the correct singularities on the codimension-one boundaries, the
form (A.24) does a bit more, which goes at the heart of the definition of a canon-
ical form. Consider taking the limit L; = 27 — 0, i.e. going to the boundary defined by
L;. The residue of (A.24) at this locus is

1 dl’z

S (A.25)

0 _
ReS[ ] L1=0 az 1'2(132 + a3/a2) ’
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which, up to an overall factor, is the canonical form on the interval [—as /a2, 0]; cf. (A.23).
Sending © — a32, would then also fix the correct normalization of the form. (For
a generic non-right triangle, the precise normalization factor will be different.) We
have just displayed an important general feature of canonical forms: the residue of a
canonical form on any of its boundaries is the canonical form of the boundary.

The result (A.24) can also be written as

L L
Q = dlog <L1> A dlog (;) , (A.26)
2 3

which is independent of the choice of repeated line (despite the apparent asymmetry
among the lines).

Quadrilateral: as a more nontrivial example, consider a quadrilateral bounded by
four lines {L; = 0}. It is tempting to guess that the canonical form is

2 dx1 A dzo

Q Lilolal:’ (A.27)
This time, however, this guess is wrong. It is easy to understand this by looking at the
drawing:
Z2
T Ly L

Ly

Ly
— T1

In the limit L; — 0, the residue of the canonical form should give the canonical form
on the bounded interval contained by the line L;. However, the ansatz in (A.27) also
contains a spurious pole at L; = 0N Ly = 0, which lies outside of our bounded region!
A similar reasoning implies that there is another spurious pole when Lo — 0N L3y — 0.
To fix this, we must add something to the numerator of (A.27) which offsets these
unwanted poles. The minimal way of removing both poles is to include a numerator
that is linear in the coordinates. It is the line Ly connecting the white dots in the figure
above. Thus, up to an overall normalization (which we can include in the definition of

Ly), we obtain
B Ly dxy Adzs

0 =
LyLaL3Ly
Below we will discuss a property of canonical forms — triangulation independence —

(A.28)

that explains why the numerator is a line in this example (and not a more complicated
curve).
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o Pentagon: a pentagon is determined by five lines {L; = 0}, which intersect at 10
different points:

Ll L2

Five of these points are the vertices of the pentagon and the five other points lie outside
of it. As in the previous example, the absence of spurious poles at the intersections
outside the pentagon fixes the numerator of the canonical form associated to the
pentagon. There exists a unique conic C'y passing through any given five points on the
plane. We pick the conic section going through all spurious poles to be the numerator

of the canonical form: B Cy daqy A das

Q= N2
L1LoL3LyLs

(A.29)

¢ Polygons: for general polygons, it is often simpler to determine the canonical forms
by triangulation. The canonical form of a polygon is the sum of canonical forms of

35 The uniqueness property of canonical forms

the triangles in a triangulation [92].
guarantees that any triangulation will give the same answer. The only important step is
to cancel residues from the lines used to glue the triangles together, as these correspond
to spurious singularities. This also explains why the degree of the numerator increases
with the number of sides of the polygon. As we need to glue more triangles together,
when putting everything under a common denominator, we form a numerator of higher

and higher degree.

e Simplices: the generalization of a triangle in higher dimensions is a simplex. It
consists of the intersection of d + 1 hyperplanes in d dimensions. If we parametrize the
equations of the hyperplanes as L; = H; - X, with X being the projective coordinates
on R?, then the canonical form of a simplex is (A.22). Upon choosing the section
{X; = x4, X441 = 1}, this can be written as

|Hy d+1|d

) =
Ly Ly

1 A+ ANdag, (A.30)

where the numerator is the determinant of the matrix built out of the coefficients of
all hyperplanes, which fixes the normalization for the simplex to have unit residues at

35The generalization to higher dimensions is the obvious one: that the canonical form of a polytope is the
sum of those of the simplices in a triangulation.
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the corners. For the case of the triangle discussed above, picking two of the lines to be
parallel to the coordinate axes gives |HiHoH3| = as.

In higher dimensions, and for a larger number of hyperplanes, the bounded regions become
harder to visualize and it is more difficult to build the canonical form of a given polytope
in a systematic way. With the examples listed above, one should have enough intuition to
determine the canonical forms of general hyperplane arrangements by either triangulation
or educated guesswork. A deeper dive into the subject and some of its applications can
be found in [78, 92].

A.3 Twisted cohomology

In this section, we give a brief account of twisted de Rham cohomology, focusing on results
needed in the main text. More comprehensive expositions can be found in the classic
books [106, 107] and the reviews [74, 84, 108, 109]. Recent applications to the study of
various aspects of Feynman integrals include [110-113].

Twisted integrals. Let C" be n-dimensional complex space. We are interested in integrals
of forms defined on this space, which we will allow to be singular on a set of hypersurfaces
defined by the polynomial equations f;(z1,...,2,) =0, for i =1,...,m. The union of these
hypersurfaces is the divisor D. In order to understand the space of possible integrals, we will
therefore be interested in the cohomology of differential forms on the space M = C"™ \ D.
Consider differential n-forms 2, which are holomorphic on M, but may be singular on
the divisor, and so take the form
N(z)

D1 - Pm
1 m

0= dzr A--- Adzy,, (A.31)
where N(z) is a polynomial in z = (21, ..., 2,) and p; are integers. In general, we are then
interested in twisted integrals of the form

IE/Qﬁﬁ@W, (A.32)
Ti=1

with 7 some n-dimensional integration domain. The twist parameters ¢; appearing in (A.32)
are not integers (g; € C\Z), so the integrand is in general multivalued. We want to understand
how many independent integrals there are of the form (A.32). We begin with a reminder
of the concept of ordinary (de Rham) cohomology of differential forms and then explain
how it generalizes to twisted cohomology.

De Rham complex. When all the ¢; = 0 (and on a suitable integration domain without a
boundary), the answer to this question is provided by de Rham cohomology, which counts
equivalence classes of integrands. In particular, since 0y = 0, Stokes’ theorem implies that
I will not change if we shift Q — Q 4+ d¢§, with £ an arbitrary (n — 1)-form. Two n-forms
are therefore equivalent upon integration if they only differ by the exterior derivative of
a (n — 1)-form:

O~ Q+de. (A.33)
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The vector space of such equivalence classes is precisely the de Rham cohomology group
H™(M), and so we see that the independent integrals of the form I are in one-to-one
correspondence with nontrivial cocycles in the de Rham cohomology.

Twisted de Rham complex. In this paper, we are instead interested in integrals of the
form (A.32), with nontrivial twist factors

u= H fi(z)". (A.34)
i=1

The integration domain « now may have a boundary contained in the divisor D, as long as
the twist factor u vanishes sufficiently quickly on 9. Stokes’ theorem then implies that

/d(u{) :/ u=0. (A.35)
vy Oy
This can also be written as
/d(uf) = /(duA§+ud§) :/u(d+dlogu/\)§ = /uvwf =0, (A.36)
7y Y 7y v
where we have introduced the covariant derivative
Ve=d+wA, (A.37)

defined in terms of the closed, holomomorphic 1-form

wzdlogu:ZEi—f. (A.38)
=
Two rational forms then yield equivalent integrals if they differ by the covariant derivative
of a (n — 1)-form:

O~ Q4 V,E. (A.39)

The set of equivalence classes of forms {2 with respect to the twisted differential (A.37)
then defines the twisted (de Rham) cohomology group H»(M,V,) = KerV,,/ImV,,. This
cohomology provides a basis of independent rational integrands 2 appearing in (A.32) and
hence defines the space of independent master integrals.

A simple example. It is worthwhile to illustrate the above considerations with a simple
example. One important lesson is that twisting an integral typically reduces the dimensionality
of the cohomology.

Consider the space of forms defined on M = C\ {0, —1, 00} (that is, the complex line
minus three points). In ordinary cohomology, the space of holomorphic 1-forms is spanned by

dz dz
0= — = .
1 > 5 2 Z+1

(A.40)
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It is easy to check that all other holomorphic 1-forms in this space can be reduced to a linear
combination of those two forms, plus total derivatives. For example,

dz

EIPERAE (A.41)

2492 + 622
=300 -3 —d| ————5—
2 ! ( 22(1 + 22) )

We therefore see that {7 and 2 act as a basis for the de Rham cohomology H*'(M).
Next, we consider the twisted cohomology defined by the twist function v = 2°. It is

easy to see then that, inside the twisted integral, the one-form €2y becomes a total derivative

/qu = /zaiz = i/d(za), (A.42)

or, equivalently, we see that

0 =V, (i) , (A.43)

where w = edz/z. As a result, the basis is now one-dimensional. In principle, we could have
introduced more general twists, but for this one-dimensional problem, we always end up
removing a single member of the basis (a specific linear combination of the two members of
the ordinary de Rham basis, determined by our choice of twist function).

A vanishing theorem. As we consider higher-dimensional examples, the space of integrals
becomes seemingly much more complex, and the structure of twisted cohomology would
seem forbiddingly complicated. However, Aomoto [86] proved a powerful statement that
organizes our thinking about the problem. It turns out that for generic twists, only the
n-dimensional twisted cohomology is nonzero in an n-dimensional space, i.e. Hfj (M,V,) =0,
for n # k. This means that only n-forms in M are nontrivial.3¢ An important consequence is
that the dimension of the twisted cohomology is closely related to the Euler character of M.
In general, the Euler character is given by the sum of (signed) dimensions of the de Rham
cohomology, but since only one of them is non-vanishing, we have [106]

dim H™(M, V) = (—=1)"x (M) . (A.44)

This result is particularly useful because it allows us to determine geometrically the dimension
of the twisted cohomology of top forms (n-forms), and consequently the number of master
integrals required to span the vector space of integrals. It turns out that the spaces M of
interest in this paper have sufficient structure that x (M) can be computed by simple counting.

A.4 Hyperplane arrangements

The singularities of the integrals that arise in the computation of the FRW wavefunction have
a particularly simple structure — compared to generic twisted integrals in (A.32) — in terms
of hyperplane arrangements. In the following, we provide a bit of mathematical background
on the theory of hyperplane arrangements (see [114-116] for more comprehensive treatments).

36In a complex space, the nontrivial cohomology is in holomorphic n-forms, so they have half the total
dimension, while in a real space, these are top-dimensional real n-forms.
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Definitions. Recall that a hyperplane H in an n-dimensional vector space V (for our
purposes, typically C" or R") is an affine subspace of dimension (n — 1) defined by

c1z1+ -+ ez =a. (A.45)

A finite set of such hyperplanes is the hyperplane arrangement A.3" The rank of an ar-
rangement is the dimension of the space spanned by the vectors normal to the hyperplanes,
and an arrangement is called essential if it has maximal rank (i.e. the dimension of the
ambient vector space).

Intersection, deletion, and restriction. There are several natural operations one can
perform on a hyperplane arrangement. The first is to consider the intersections of the
hyperplanes that comprise an arrangement A. We denote the set of all such intersections
by L(A). This includes the ambient vector space V itself, thought of as an intersection
with the empty set. Note that L(.4) has a natural partial order by reverse inclusion, so
that X <Y if X DY, for X,Y € L(A). The collection of a subset of the planes, B C A,
is called a subarrangement.

An important subarrangement of A is obtained by deletion, wherein we choose a distin-
guished hyperplane Hy and remove it from the arrangement, producing a new arrangement.

Another natural operation is restriction. As in deletion, we choose a distinguished
hyperplane, but now envision it as the ambient vector space of a hyperplane arrangement, and
think of the intersections of all the other planes that intersect it as hyperplanes in this ambient
space. In order to define this operation formally, we first have to develop some notation.
Given an element X € L(A), we first define the subarrangement of planes that contain X as

Ax={Hec A| X CH}. (A.46)
The restriction of A to X is then given by
AX={XNH#@|HcA/Ax}. (A.47)

The latter describes the set of hyperplanes in the space X that arise from the intersection
of the planes not in Ay with X.

Given a hyperplane arrangement A and a choice of distinguished hyperplane Hy € A,
we can form a triple

(A, A/Ho, A™0), (A.48)

which consists of the arrangement itself, the arrangement with Hg deleted, and the arrangement
obtained by restriction to Hy (see figure 8). This procedure of deletion-restriction plays an
important role in the combinatorics of hyperplane arrangements.

37In general, both hyperplanes and hyperplane arrangements can be defined with respect to an arbitrary
vector space over an arbitrary field.
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A A/H, At

Figure 8. Illustration of a hyperplane arrangement .4 with a distinguished hyperplane Hy (left).
Deleting Hy gives the arrangement A/Hy (middle), while the restriction to Hy is A0 (right). Note
that the numbers of (bounded) regions in this triple of arrangements satisfy the relations (A.49)
and (A.50). Concretely, we see that there are 11 = 7 + 4 total regions in the arrangement A, and
3 =1+ 2 bounded regions.

Regions. One important feature of hyperplane arrangements is that they partition the
vector space V' into various regions. We denote the number of regions by R(A). Some of
the regions can be bounded and we denote their number by B(A). These bounded regions
will play an important role in connecting hyperplane arrangements to twisted cohomology.
The number of regions satisfy nice relations under deletion-restriction: given a triple, the

number of regions and bounded regions are related by3®

R(A) = R(A/Hy) + R(AH0) (A.49)
B(A) = B(A/Hy) + B(A™0) . (A.50)

One can then use these formulas directly to compute the number of (bounded) regions
recursively. In figure 8, the number of (bounded) regions can simply be counted and the
above relations are easily verified.

Poincaré polynomial. In higher-dimensional examples, it typically becomes extremely
hard to visualize the hyperplane arrangements, so that simply counting the (bounded) regions
is not an option. Fortunately, there is a systematic way to proceed using the Poincaré
polynomial, w(A,t). Beyond this, the connection between the number or regions and the
Poincaré polynomials serves as an important bridge between the combinatorics of hyperplane
arrangements, topology, and twisted cohomology.

The Poincaré polynomial can be given a formal definition,?® but, for our purposes, it is
sufficient to note how it behaves under the operation of deletion-restriction. Given a triple

38There is a small technical requirement on the bounded region relation, which is that the deletion operation
should not change the rank of the hyperplane arrangement. In the case that it does, B(.A) is instead zero [115].
39Explicitly, the Poincaré polynomial is defined by

m(A ) =Y p(V, X)(-)" ), (A.51)

XelL

where the sum runs over all elements of the poset of intersections L(.A). Here, r(X) is the rank of the element

— 97 —



of arrangements (A.48), we have [114, 117]
7(A,t) = n(A/Hy,t) + t w(AH0 1), (A.54)

Starting from the Poincaré polynomial of the empty arrangement, 7(&,¢) = 1, we can use
this relation to recursively compute the polynomial of more complicated arrangements.

A remarkable feature of the Poincaré polynomial is that, for real arrangements, it counts
both the total number of regions that the hyperplanes split V' into and the number of bounded

regions (for an essential arrangement) [114, 116]:1°
R(A) =7(A1), (A.55)
B(A) = (-1)"n(A,—1). (A.56)

A priori, it may not obvious why this fact is of interest to us. However, the Poincaré
polynomial is also a generating functional for Betti numbers, so that the Euler character
of the hyperplane arrangement is

X(A) = m(A, —1). (A.57)

Comparing this to (A.44), we see that the number of bounded regions also computes the
dimension of the twisted cohomology on the space M where the hyperplane arrangement
A is the singular divisor! In many cases, we can therefore read off the number of master
integrals geometrically by counting the number of bounded regions, or equivalently by
computing w(A, —1).

Counting bounded regions. As a practical matter, it is often difficult to actually compute
the Poincaré polynomial. However, there is a fascinating way to proceed. We instead consider
a hyperplane arrangement over the finite field IF,,. The cardinality of the complement of the
hyperplane arrangement, |A|,, is then given by [116]*!

Al = p"n(A,—p ). (A58)

We can therefore extract 7(A,t) by performing the following computation. We consider a
hyperplane arrangement over the finite field F,, corresponding to the lattice (Z/p)", where
p is a prime number. We then remove from this lattice all points that are intersected by
the hyperplanes. The resulting number of points — the size of the complement — is a

X and p(V, X) is the Mdobius function, which satisfies
(X, X) =1, (A.52)
> owzy)=0, X<y, (A.53)

X<Z<Y

for elements X,Y, Z € L(A). The definition is somewhat unwieldy when it comes to actual calculations and it
is typically easier to use the formula (A.54).

4OThe proof of this result is actually not too difficult. The basic idea is to note that both the number of
regions and the Poincaré polynomial satisfy the same relation under the deletion-restriction operation. Since
the formula (A.55) is true for the empty arrangement, it is then true generally.

4IThe proof again proceeds by noting that these quantities satisfy the same deletion-restriction relations.
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function of the prime p. It turns out that |.4|, is a polynomial of degree n, so determining
its general form is just a matter of empirically evaluating and counting \fl\p for a small set
of primes. Given this result, we then have

B(A) = | Al (A.59)

For the single exchange integral discussed in section 3, for example, this procedure gives
|Al, = p? — 5p + 8, and so

m(A,t) =1+ 5t + 8t*. (A.60)

As we can see from figure 2, there are indeed 7(.A, 1) = 14 total regions and w(A,—1) =4
bounded regions. Since 7 is a generating function for Betti numbers, its coefficients count
the dimensions of de Rham cohomology. In this case, we have {1, 5, 8}-dimensional spaces
of {0,1,2}-forms.

A.5 The hypergeometric function

We can illustrate all of these mathematical constructions in a simple example: the hyper-
geometric function. This is also a toy example of the cosmological integrals considered
in the main text.

Imagine that we are interested in computing the following integral

1 1

[(x) :/o dr (x+X)=2(x+ 1) z(z+ X)’

(A.61)

where X is a real constant and ¢; are independent twist parameters. We will now show
that this integral is part of a finite-dimensional vector space of integrals, and therefore
satisfies a differential equation.

Master integrals. The first step is to enlarge the problem and think of (A.61) as an element
of the following family of integrals

A dx
Tnanany (X) = / (x+ X)e2(z + 1)e8 o 2 ™ (x+ X)"2 (x4 1)m8 (4.62)
where n; are positive integers, and we require ey —ni > —1, and no+eo+ng+ez+ni—e1 > 1,
in order for the integrals to converge. The integral in (A.61) corresponds to I71.

The integrals (A.62) can be evaluated explicitly for particular values of the parameters;
for example, they evaluate to power laws when €5 = €3 = 0. We are, however, interested
in the case where the twists ¢; are generic. In that case, we can think of the integrands
in (A.62) as rational functions twisted by factors with the same singularities. The locations
of these singularities define a hyperplane arrangement, which in this case corresponds to
points on the line:
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As we have described above, the twisted integrals (A.62) form a finite-dimensional vector
space whose size is given by the number of bounded regions enclosed by the singular loci,
x = {0,—X,—1}. We see from the hyperplane arrangement that there are two bounded
intervals, and hence the basis for the family of integrals in (A.62) is two-dimensional.

A convenient choice of basis is given by the integrals arising from the twists times the
canonical forms for the bounded intervals. As shown in appendix A.2, the canonical forms
associated with the intervals [—1, —X] and [—X,0] are

X
M=o = e A.63

(1-X) (A.63)
QQ = Q[_L_X} =

EES ISk

and the canonical basis of integrals is therefore

7 Il _ o0 Al Ql
= [IJ _/0 (x + X)e2(z + 1)=3 lQJ (A.64)

Our original integral (A.61) is I1, but any integral of the form (A.62) can be written as a

linear combination of I; and I» with X-dependent coeflicients.

Differential equation. It is now mechanical to derive a first-order matrix differential
equation satisfied by these basis integrals: if we differentiate I; or Iy with respect to the
parameter X, we have to be able to write the result back in terms of I; and I5. This
procedure is completely systematic, but in general can be somewhat tedious. It is at this
point that our choice of using canonical forms to define the basis integrals pays off. The
derivatives of canonical forms with respect to X can be written as derivatives with respect
to the integration variable z. Concretely, we have

1 1
oxh =0, (o) =0 (ol - 1 0). (4.6

1 1

These formulas are the un-integrated analogues of (4.11). Using these relations, it is straight-
forward to use integration by parts to derive the matrix differential equation for Z. For
example, consider the derivative of the first basis integral

B oo xfl B 572
oxt= | ST (aXsh o Ql> . (A.67)

Using (A.65), we can write the first term as a derivative with respect to x and then integrate

by parts. This leads to

/°° 7 Ox{h :/°° z (5191— B2 Ql)

0o (z+ X)e2(x+1)53 0 (z+X)E2(x+1)53 \X 1-X Xz+X '
(A.68)

The first two terms are already proportional to the basis elements I; and I5. The last term

in (A.68) combines with the last term in (A.67) as

£9 €2 X €2
0, -2 0 =-20,. A.69
s+ X ' Xe+x o' o x (A.69)
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Putting everything together, we get
€1 — &2 €3
I —
X 1-Xx
Notice that the right-hand side is proportional to the twist parameters. This is a consequence

ox1 =

L. (A.70)

of the relations (A.65) and (A.66), which guarantee that we can always treat the derivatives on
the canonical forms by integrating by parts, so that they act on the twisted points. Following
the same recipe, the derivative of the second basis integral becomes

€1 €2+ €3
Iy =——=1 Is. ATl
Ox Iy <1 + - x 12 (A.71)
Defining d = dX 0x, we can combine (A.70) and (A.71) into a single matrix equation
dI'=AT, (A.72)

where the connection matrix A is
10 -10 00 01
A= dlog X dlog(1—-X). (A.73
We see that A is a sum of dlog forms, A =", a;(¢) dlog ®;(X), and hence satisfies dA = 0,
i.e. it is a flat connection. Acting with d on (A.72) gives dA+ AN A =0, so that AN A =0,
which is a nontrivial constraint on the entries of A. Finally, note that all nonzero entries of

A are £1. This is a consequence of the basis of canonical forms having unit residues.

Hypergeometric solution. The solutions to (A.72) can be written in terms of the Gauss
hypergeometric function 9F;. To see this, we combine (A.70) and (A.71) into a single
second-order equation for I (which is the original integral (A.61) that we want to compute).
Defining I;(X) = XI;(X) and X = 1 — z, we find

020 + ¢~ 'zg - Z)+ Y o.0 - z(laf Sh=0. (A.74)
with the parameters
a=1+¢e9,
b=1+4+e9+e3—¢1, (A.75)
c=1+e9+e3.

We recognize (A.74) as the hypergeometric differential equation whose solution is
- b
Il(Z) XX 2F1 [aj ‘Z] . (A.76)
c

Evaluating I; for a specific value of X fixes the overall normalization and we eventually get

1+52’1+62+63761‘1—X
1+es+es '

F[l + &9+ €3 — 61]F[€1]
[l + &g + €3]

L(X) = XoF [ (A.77)

Of course, in this case, we could also have found this solution by identifying the original
integral (A.61) with the integral representation of the hypergeometric function. The second
basis integral I is a linearly independent hypergeometric function with slightly different
parameters. We won’t write its explicit form, but any other member of the hypergeometric
family can be written as a linear combination of these two functions.
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Gauss contiguous relations. Since the vector space of functions is two-dimensional, any
three elements of the integral family (A.62) must be linearly dependent. The resulting linear
relations are the so-called contiguous relations of the hypergeometric function. They relate
different oF; functions with values of €123 shifted by units.*? That these relations exist
becomes a trivial consequence of the finite vector space structure of the space of integrals. In
order to make a more direct connection to the Gauss contiguous relations, it is helpful to
choose a different normalization of the integrands, and consider instead

oo ajsl
F(4,B) = /0 de (z + X)e2tA(z 4 1)e3+B A
- s (A.78)

G(A, B) E/

0 x (x+ X)e2tA(y + 1)es+B”’

so that I = G(1,0)/X and Iy = F(1,1)/(1 — X). It must be possible to choose any two

representatives from F' and G and transform all others into this basis. This implies relations

between the functions with shifted values of A and B. For example, we can use the identity
1 1 X
r z+X z(z+X)

—0, (A.79)

to derive such relations by integrating. We know that
bl 1 1 X

[e.9]
d - — - =0. A.80
/0 x(:r+X)52+A(:U+1)53+B r z+X z(z+X) ( )
Translating this into a statement about the integrals (A.78), we find
G(A,B)—F(A+1,B)— XG(A+1,B)=0. (A.81)

Employing similar partial fraction identities, we can also derive the shift relations

G(A,B)— F(A,B+1)—G(A,B+1) =0,

F(A+1,B)—-F(A,B+1)—(1-X)F(A+1,B+1)=0. (4.82)
Finally, we can use the total derivative relation®?
) Z€1
J, <<x XA+ 1>€3+B> =0, (4.83)
to infer the relation
e1G(A,B) — (ea+ A)F(A+1,B) — (e3+ B)F(A,B+1)=0. (A.84)

One can prove that the shift relations (A.81), (A.82) and (A.84) are sufficient to transform
any element of the integral family into a chosen basis, and so all other shift relations can be
obtained from these identities. These relations can be translated into a more familiar form
by using the relation between the functions F and G and the hypergeometric function. Note
that these shift relations can be used to derive the differential equation (A.72) in a more
brute-force way: one just differentiates the basis elements, and then uses the shift relations
to rewrite the result back in the original basis. Since the vector space is finite dimensional,
this always has to be possible and leads to a differential equation for the basis functions.

42These are the hypergeometric analogue of the cosmology shift relations discussed in section 3.4.
43The total derivative of the integrand of G diverges at « = 0 and so does not lead to an interesting relation.

-102 -



B Kinematic flow: further examples

In section 5, we introduced graphical rules to obtain the differential equations for arbitrary
tree graphs. We illustrated these rules using two, three and, five-site chains. In this appendix,
we present further examples.

B.1 Four-site chain

Consider the case of the four-site chain; cf. (2.31). The basis functions are associated with
the following complete tubings of the marked graph:

P (oweente) [ (eexte Fy (% G (miwetes) (eenlew—)

Fy (oot [ (e e exex—ex—e
Iy (ceowene) [y, —ewrenre -+ 22 more (oe—e—x—e)
Py, Gaadene  Fp, CREDOwa =
Fy, (oetowresece + 18 more (——e—n—9)
F3, (omeeternre (—este——)
F3, (owrete—ese (ptew——y)
F3, (ewentomire (e

F19,3,4

(B.1)

As before, we have organized the tubings by the number of vertices enclosed by tubes that
also contain a cross. This separates the functions into the sources that appear at each level of
the differential equations. To label the large number of functions, we are forced to introduce
a slightly cumbersome index notation. The functions in the second column each only have
one tube that contains crosses. Their first subscript is the vertex associated to this tube. The
labels 1 and 4 are assigned to the tubings around the end vertices, whereas the notation ¢, for
r € {1,2,3} indicate the three different ways we can draw tubings encircling an inner vertex
i € {2,3}. The multiple subscript labels in the other columns then mean a union of these
“elementary” tubes. This composition is independent of the ordering, so that e.g. Fy1 = Fi4.

The total number of functions in this example is

14+ 8+ 22+ 24 +9 = 64, (B.2)

so the basis is 64-dimensional. This number is consistent with the general formula 4¢, where
e = 3 is the number of edges of the graph. Adding the number of functions with alternating
signs, we again find 1 — 8 + 22 — 24 + 9 = 0. We will present the differential equations for
a representative subset of these functions.
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Level 1. The differential of 9 is

A = () = Fi) @xe—e—s + (= Y ) + (= YOF,) s

+ F| R + F, wone—e NE R —

(Y = Fy) o—s—>0 + F, + By, et
+ Fy + Py eesee—s + Py ]
(B.3)

which has the same structure as for the three-site chain. The sum of all coefficients is

4e1p, as expected.

Level 2. The differentials for the new source functions work in exactly the same way as
for the three-site chain and are not all repeated here.
The most nontrivial example is the differential of Fy,:

AFy, = =[Py,
+ (Fy, — Fl2,) @wese—s + (Fy — ZF213¢) - B—e
+ Flg, oeow—e— + Fp 35 ewewi
+ (Fyy — Fhyq) ew—swon@® + (Fhg, + Fh3,) ex—efsrns (B.4)
+ Fh g eew—et — [h,3, e

+ (F2132 + Fzz:g.z) —x—ex—e—x—e
o

This is very similar to the case of dQ; in (5.24): this time, we get two letters from the
absorption of adjacent tubes:

e ge—ow— (—Fh3,)
(B.5)
——e—e—-e * (—F2232)

The rules by which these letters arise and the corresponding assignment of coefficients,
however, is the same as before. The sum of all coeflicients is 4¢ Fy,, as expected.

Level 3. At Level 3, three tubes can now merge into a single letter, like what happened for
the function f in (5.37). As an example of this phenomenon, consider the function associated
to the graph (——e&——e- . which we denote by Fi3,. Its differential is

dF132 = € [F132 ( (=% + € > )
+ (Fi3, — Fi3,4) s ® + (Fi3, — ZFIQZ'?)Q)
+ Fi3,y st 4 Flo,3, (eers—e—x—s (B.6)

+ F12332

+ Fi2,3, '—"—'—"—'—"—'} .

- 104 -



The term in the last line arises from the merger of a new tube around vertex 2 with the two

pre-existing tubes around vertices 1 and 3: ‘efeebeesn—e = o

Another interesting example is the differential of F5 4, which is the function associated
to the graph eges%—ebce):

dfp,qy = € [F214( + C))
+ (Foya — Fio,4) @w—swos—e + (Fh 4 — ZF2131-4) e
+ Fio,4 Coern—es—s + F2354 D

+ (Foy3,4 + Fy3,4) snefesns (B.7)
— 9,34 e
+ (F21324 + }“2232"1) e )

— F5,3,4 @} )

In this case, there is an instance of a tube created by merger further absorbing an adjacent tube:

e =) ) (— Fy,3,4) (B.8)
The graphical rules for this and the function assignments are the same as before.

Level 4. Next, we consider the most nontrivial example at Level 4, which is the function
associated to the graph es—ss—oa—), which we denote by Fb,3,4. Its differential is
dFy 3,4 = € {(F21314 — Fl9,3,4) @ + (Fy 3,4+ [,5,1) sw—sftcsru—s

+ Fi2,3,4 (s — Py, e
+ F23.4 + (Foyz,4 + Iy 3,4) erer—ete9 (B.9)
— (Foy3,4 + F,3,1) swebemes
+ F2,354 @}

Note that the tubing around vertex 3 gets activated to produce the letter in the first line. It
then absorbs the tube on its left (but not that to its right), as expected from the directionality
of the absorption rule:

=) s (— Foy3,4) (B.10)

In the last three lines, we see that the activated tube grows twice by absorbing the neigh-
boring tube:

) e > e (B.11)
(—F2;354) (+F2,354)

The first absorption produces the function —Fy, 3,4, while the second gives (—1)2Fy,3,4 =
Fy,3,4. The signs are consistent with (—1)™e, where N, is the number of absorptions along
the path from the original parent graph. Taking this into account, the coefficients assigned
to each letter conform to the expected pattern.
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Level 5. Finally, a nontrivial example at Level 5 is given by the function Fis,3,4, which
is associated to the graph tubing (—eet—6—):

dFig,3,4 = € {2F121314 (e
+ (Fi2,314 + Fl2,3,4) sw=fese— + (F12,3,4 + Fi2,3,4) ~*n
— Flo,3,1 @esen—s — (Fl9,3,4 + Fl9,3,1) sesfe=
+ F12,3,4 } .
(B.12)
Again, we have an instance of an activated tube growing twice by absorbing a neighboring

tube, but it works just as in (B.11) and is completely predicted by the graphical rules.

B.2 Four-site star

Another interesting test case is the four-site star; cf. (2.33). In this case, there is not enough
room for complicated merger and absorption phenomena, so the equations will actually be
simpler than those for the four-site chain.

We leave it as an exercise to the reader to draw the set of complete tubings of the
marked four-site star (see (4.60) for some examples). There are now 10 tubings encircling
a single vertex in tubes that also contain a cross, 24 tubings with 2 encircled vertices, 23
tubings with 3 encircled vertices and finally 7 tubings with 4 encircled vertices. The total
number of basis functions is

1+ 10 + 24 + 22 + 7 = 64, (B.13)
and their alternating sum again vanishes
1 —10 +24 — 22 +7=0. (B.14)

In the following, we present the differentials for a small subset of representative basis functions.

Level 1. The differential of the wavefunction ¢ is

dy =¢ (¢F1)2\ + Flﬁj\
+(¢F2)&+ Fy )%
+ (- F) i + By }\ (B.15)

which has exactly the expected pattern of activated tubes on each vertex.
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Level 2. Next, we look at the differentials for some of the source functions. Nothing really
special will happen, and we just get the usual picture of activations, growth and mergers.

The most nontrivial example is associated to the graph tubing }\ , which has differential

dF41 = € F41)\ + (F41—F141) + F141 %\
+  (Fa, — Foy) +  (Fay, — Fs4y) X

(B.16)

+ (Fagy + Foy,) +  (F34y + Faag)
— F‘Qq,1 - f’:’%flg

In the first line, we see the activation of the original tube around vertex 4, as well as the
growth of the tube around vertex 1 and its merger with the tube around vertex 4. The terms
in the second and third lines, are the activation and growth of tubes around vertices 2 and

3. In the last line, we have the usual absorption phenomenon.

Level 3. Nothing surprising happens at Level 3 either. Here is an example for the graph }%:

dFyy, = € F241)\ + (Fhy, — Fioa,) + Fiog,

+  (Foa, — Fhaa,)
(B.17)

+ (Fos, + Fou,) +  (Fhsay + Fhsay)

—Fyy, — Fo34,

Do e e

This is very similar to (B.16), except that we don’t get the first term in the second line.
Instead, we get a single activated tube around vertex 2 (see the first term in the third line).

Levels 4 and 5. Predicting the equations at Levels 4 and 5 is left as an exercise to the
reader. It is a straightforward application of our graphical rules, without any surprises.

- 107 -



C Integrability from locality

An important (and nontrivial) feature of the graphical rules presented in section 5 is that
they imply that d®> = 0. This is required for consistency/integrability of the differential
equations, and motivates this graphical procedure from an abstract perspective. Given a
cochain complex, with a differential defined in some way, it is natural to study the cohomology
of this complex and understand its features. In principle, this would provide a completely
orthogonal starting point that would lead us to the study of the same set of equations.

In this appendix, we will to describe how the graphical rules guarantee that d? = 0, and
to explore both the rigidity of the construction, and its relation to spacetime locality.

C.1 Preliminaries

The nilpotency of d is related to two essential features:

e The letters that appear in the differential equations satisfy three-letter relations that
encode the linear dependencies of these quantities. These relations imply certain
identities satisfied by the dlog forms that appear when we take d? of a function, which
cause it to vanish.

At their core, the letter relations can be understood as a consequence of the way that
the marked graph encodes kinematics, because of the locality of this encoding (which
is a reflection of spacetime locality), the letters associated to certain tubings have to
be related. Essentially, the letter associated to a given tubing is related to the sum of
letters for all possible ways of splitting the tubing into smaller tubes.

Recall that the letters appearing in the equations for the two-site chain are

Bi=X1+Y, By=Xo+Y, By=X +X,

K K (C.1)

B4EX1—Y, B5EX2—Y.

By inspection, it is easy to see that these satisfy**
By=B+ By & (59 = e + Gwe, (c2)

Bi=B1+ B, & (o = @®we + o5,

which encode the two ways of splitting the tubing of the full graph into smaller tubes.
Versions of these relations exist for all graphs and all ways of splitting tubes into smaller
pieces.

We can understand the consequences of these relations geometrically. In the space of
kinematic variables, each letter can be thought of as defining a hyperplane, the three-
letter relations imply the incidence of three of these hyperplanes along a codimension-
two surface. This degeneration implies that the canonical form (written in dlog form)
vanishes, implying relations between wedge products of dlog forms. As we will see, d?
of a function is always proportional to these identically zero combinations.

44Unlike in the rest of the paper, the tubings here represent the letters themselves and not the corresponding
dlog forms.
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e The other nontrivial feature is the precise assignment of functions and signs to the
graphical rules. To illustrate this, recall the tree structure (5.22) of the function @Q; for
the three-site chain:

q1
[Cla -
= < 3 ©3)
(o) ) )
Q1 q3 (—q2)

In addition to the functions being assigned to the corresponding graph tubings in
the tree, there were two noteworthy aspects of the rules: 7) the subtraction of each
immediate descendant from its parent function and i) the sign of the descendant
functions given by (—1)"e, with N, being the number of absorptions along the path
from the original graph. To elucidate the necessity of these features, we will consider a
modified version of the graphical rules that leads to the following differential equation

for Q1:
Q1 =< |@ +(Q1 = csq) @emem—s + (Q1 = C5@s) e
+ g S+ (5 + 105 2) eeeD)
- g )|
(C.4)

where the coefficient c¢g parameterizes the subtraction of descendants and ¢ 1 is an extra
grading for functions created by absorption. In what follows, we illustrate through
examples that ¢g = c4 =1 is a consequence of the integrability of our differential
equations.

We will now show how these two features guarantee that d?> = 0 in a nontrivial way.

C.2 Two-site chain

We first consider the example of the two-site chain. In that case, the three-letter relations
shown in (C.2) imply the following identities between triplets of dlog forms:

[
[

A A A A

R = 8[323334} = 34] + [B2B4] - [BQBS] = 07
Bs

e e (C.5)
Ry = 6[313335} = — ] + [BlBS] - [BIB?)] =0,

By
By
where [B;B;j] = dlog B; A dlog B;.
The modified graphical rules (C.4) give the following differential equations for the

two-site chain:

dip = [(¢p — csF)dlog By + Fdlog By + (1 — csF)dlog By + Fdlog Bs]

dF = e[Fdlog By + (F — csZ)dlog By + Zdlog B3],

dF = ¢[Fdlog Bs 4 (F — csZ)dlog By + Zdlog B3] ,

dzZ = 2eZdlog33 .
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Taking a further differential of these equations, we get

Q%) = | Z(Ri + o) + (1 — ) (Z[dlog(Bs/ Bs) A dlog By — dlog(Bs/By) A dlog By

+FdlogB4AdlogB1+FdlogB5AdlogB2)}, (C.7)
QF = 27| Ry + (1 - cs) dlog(2Bs/ By) A dlog By , (C.8)
QF = 27| Ry + (1 - cs) dlog(2B3/ Bs) A dlog B , (C.9)
d’Z =0. (C.10)

Note that there are non-vanishing combinations of d log forms proportional to 1 — cg. Integra-
bility of these equations then forces ¢g = 1. (Since this system does not have any absorptions,
we get no constraint on c4, as expected.) The assignment of source functions in (C.6) —
including their signs — is then precisely such that the d? of all functions is proportional to
the vanishing three-letter identities in (C.5). Note that d?¢ contains R; + Ry because there
are two ways of reaching the function Z. Graphically, we can represent this as

/\
N A

As we will see, this tree structure will arise locally in more complicated examples.

C.3 Three-site chain

Next, we consider the case of the three-site chain, which displays the full complexity of the
most general case. As before, it is useful to enumerate the letters appearing in the equations:

Bi=X,+Y By=Xo+Y +Y’ By=X3+Y'  By=X,+ X9+ X5
Br=X,-Y Bs=Xo—-Y+Y'  Byy=X;-Y

By=Xo+Y —Y’ Bs=Xi+Xo+Y'

Bo=X,-Y -Y' Bio=X4+Xo—Y'

Be=Xo+ X3+Y

Bis=Xo4 X5V,

(C.11)
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which satisfy the following three-letter relations:

1: Bs+B1—Bi=0 & xoxe + exeies) — mows = 0
2: Bp+4B3—Bi=0 & (oo 4 enenl) — e = 0
3: Bs4+Br—Bi=0 & x4 eHens — cewe = 0
4: Bis+B —Bi=0 & oo + Grens — Ewewe = 0
5: By+B;—B;=0 < e — o = 0
6: Bl+Bg—B5=0 & @wnews + clidus — (ons =
. . R (C.12)
7: Br+Byg—Bis=0 < e | el — (x> = (
Bi+Big—Bia=0 & @werwe | obiene — e = 0
9: By+B1—-Bs=0 & ex@we + oneiis) — eniome = (
10: B3+ By—Bs=0 & oenenfd) + oxfoms — onbows) =
11: Bg+Bi1—Biz=0 & eows + exeis) — olows = (
12: B3+ Big—Bizs=0 & exex) + oo — oo = (
These relations again imply identities between triplets of dlog forms:
Rl = 8[34E5E11] = 0, R2 = 8[3334312] = 0, Rg = 8[é BGB7] =0
R4 = 8[3134313] = 0, R5 = O[BQ§5E7] = 0, RG = 8[BlB5B8] = 0, (C 13)
R7 = 6[B7B9312] = 0, Rg = 8[31310312] == 0, Rg = 8[BQB6BH] = 0,
Rig = 0[B3BsBy] =0, Ry =09[BsB11Bi3] =0, Riz=09[B3B1Bi3] =0,
where [BZB%B%] = dlog Ez A dlog Ej A dlog Ek
Computing d?y with the modified graphical rules (C.4), we find
d2¢:52[(]1(1{34‘]?6)+Q2(R7_R8)_62(11)11 + )+f§1(Rg+R1o)} +--, (C.14)

where the ellipsis denotes non-vanishing combinations of dlog forms that are proportional
tol—cg, 1 —ca and 1 — cgcg. Integrability then forces cg = cq4 = 1.
After imposing these conditions, we see that integrability is related to the identities

n (C.13). Graphically, we express this as

//\\\
\/\/\ \/
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Inspection of (C.12) naturally explains that appearance to the relevant three-letter relations.
Each identity corresponds to a splitting of the letters associated to the source functions
q1,2 and 1.

The d? of the functions F and F is

d’F = 82[(]1 Rs + g R7 + §(Ry + Rio) + Z(R2 — Rl)} =0,

(C.15)

A2F = ¢2 [q*l Ry + G2 R+ g(1ts + Re) + Z(Ry — )} 0.

Graphically, the result in (C.15) corresponds to

/7&\\ //7V\
\/ \\k/ W/

Each labelled line again corresponds to a specific splitting of the letters associated to the
source functions. Somewhat remarkably, the functions whose letters do not have a possible
three-letter relation with the parent function (like f for F') identically drop out of the d?
equation, while those that do have three-letter relations appear, but proportional to the
identically vanishing combination. (We saw a similar phenomenon for 1, where Q;, F, F
did not appear in d?y either.)

The d? of the Q; functions is

Q1 =e2[q1 R — B i — 2B+ R)| =0,
Qo =2 = g R — o 1110 + Z(Ro + F)| =0, (C.16)

d?Q3 = 62{Q2R7+<§1R10 — Z(Ry + )] =0,

which has the following graphical representation

/\/ /\
\\/
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The d? of the remaining functions is

d®q = —2*Z Ry, %G = —2e27 1.,

d?qy =2e*Z Ry, d%Go =26 Z Ry, (C.17)
d®q3 =e*[qRr+GRio—Z(Ro+ 1)), dG=e*[—q i1 +gRs—Z(Ri+Ry)],
d®f=e*[gRs+GRo—Z(R1+11)], (C.18)
d2g=—2e2Z Ry,

d*g=—2eZ 11, (C.19)
d’z=o,

which graphically corresponds to

/\/\/\

This again displays the same pattern.

C.4 Further examples

We have demonstrated, for the case of the two- and three-site chains, that d? of any function
is proportional to vanishing three-letter identities. Though we have not attempted to prove
this fact abstractly, the integrability of the equations for more complicated graphs is analyzed
in the MATHEMATICA notebooks provided at €). In all cases, we find the same pattern.

D Space of functions

In this appendix, we elucidate some properties of the solutions to the kinematic flow equations.
We describe the boundary conditions that fix all the master integrals, and show that the
complexity of the solutions grows linearly with the size of the graph (although the size of the
basis grows exponentially). We also give a bulk interpretation of all master integrals. It turns
out that each master integral (in a suitable basis) computes a specific “timeline of events”,
and that the wavefunction is given by the superposition of all these timelines.

D.1 Boundary conditions

To solve the system of differential equations, we must impose suitable boundary conditions.
One strategy — which we used in section 3 — is use the explicit form of the master integrals
and evaluate them at specific kinematics. In this section, however, we present a more
physically satisfying way of fixing boundary conditions. First, we demand the absence of

9 45

any “folded singularities”.*®> This provides a nontrivial boundary condition for many master

4>The folded limit corresponds to the limit where any sum of external energies becomes equal to an internal
energy. It is called folded because in this limit some sides of the kinematic polygon in momentum space “fold”
onto an internal line.
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integrals. Second, we impose consistent factorization of the wavefunction in a single kinematic
limit, which fixes it in terms of lower-point data. This constraint is strong enough to fix all
remaining integration constants. Let us elaborate on these points:

o Folded singularities are absent in all basis integrals. This is evident from the form of the
integrand, as folded combinations of kinematic variables never appear in denominators.
Removing them in the answers fixes many coefficients at once. The precise counting is
not entirely obvious, as we are dealing with functions in many variables. Sometimes
removing a folded singularity in one variable leaves a whole functions worth of freedom in
other variables, and allows us to set many coefficients to zero. Some folded singularities
(like the ones that depend on sums of external energies, rather than on a single
external energy) are automatically absent once we remove all folded singularities in
each individual energy.

e After all folded singularities are removed, one is left with fewer constants to fix than
there are partial energy singularities. This means that we can fix all of them by taking
various limits of partial energies. In fact, in the examples we will discuss, a single
factorization limit fixes all remaining freedom. Factorization at the other partial energy
singularities as well as the flat-space limit are then consequences of the structure of the
equations.

In the following, we illustrate this procedure in a few examples.

Two-site chain. In section 3, we analyzed the two-site chain and showed that the answer for
general € can be written in terms of hypergeometric functions. To understand the structure

of the equations, it is instructive to take the flat-space limit, ¢ — —1, where all master

integrals evaluate to rational functions.*6

The system of differential equations for ¢ = —1 takes the form
dZ = —-2Zdlog(X;+ X3),
dF = — [Fdlog(X: —Y)+ (F—Z)dlog(X2+Y)+ Zdlog(X: + X2)]|,
dF = — [Fdlog(Xy—Y)+(F—Z)dlog(X; +Y)+ Zdlog(X; + X2)],
dip = — [(1p = F) log(X1 +Y) + F dlog(X1 —Y) + (¢ — F) dlog(Xy +Y) + F dlog(X2 — Y)] .

(D.1)

Solving these equations starting with Z, we find

7= (X1 + Xp)27
F— Cp _ X1 -Y
(X1 — Y)(XQ + Y) 2(X2 + Y)
(D.2)
F: Ci _ XQ—Y
(X2 — Y)(Xl + Y) 2(X1 + Y)
) = v Y (F+ F—2),

(X1 +Y)(X2+Y)

468trictly speaking, the integrals are doubly logarithmically divergent, scaling as (e+ 1)72 in the flat-space

limit, but since the differential equations are completely regular in this limit, we can solve them and fix the
normalization on physical grounds. Alternatively, one can absorb this divergence in a coupling constant of the
diagram.
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with four constants of integration cz, cr, ¢z, ¢y, Demanding the absence of folded singularities
at X192 =Y sets cp = ¢ = 0. Next, we take the factorization limit X; — —Y to obtain

I " 1 Cip cz
11m = —
X1—>-Y X1+Y | Xo+Y 2(X2—Y)

(D.3)

The coefficient in front of each term is determined by the three-point function squared.
Normalizing it to unity sets ¢z = 2. Choosing ¢;, = +1, the solution for ¢ is proportional
to the wavefunction coefficient (2.12):

2Y

v = (X X)X+ Y) (X4 V) (D4)

If, instead, we set ¢, = —1, then 1) becomes the corresponding in-in correlator. In this way, we
see that the wavefunction and correlator solve the same differential equations, the difference
between them just being which boundary conditions we specify in the factorization limit.

We can also phrase this discussion slightly more abstractly, in a way that is applicable to
any €. Since the equations are first order in the X variables, the solutions are completely
determined by the value of the function at a given point in the kinematic space. However, it is
often more convenient to inspect the homogeneous solutions to the equations and try to fix their
free parameters by utilizing the singular limits. For generic €, the homogeneous solutions are

(
(
- D5
( (D.5)
Pp, (

We can see that the free parts of (D.2) precisely agree with these solutions in the limit

Il
o
<

e — —1. Since the homogeneous solutions for F' and F' contain folded singularities, requiring
the absence of these singularities (which otherwise would propagate to ) fixes cp = ¢z = 0.
Factorization is more subtle, because we need to know the full solution v, and the singularities
come from both the dlog-forms appearing in the equations and from the solutions themselves.
Although the solution Z itself is not singular in the partial energy limit, it appears in the
1 equation as a coefficient of dlog-forms that have these singularities. We can see this
explicitly in the flat-space solution (D.2). This shows that the parameter cz is relevant
in the factorization limit.

As for the “space of functions” in this flat-space case, all of the functions (D.2) are of
course rational, but they still have an organization in order of increasing complexity. In
particular, the source Z has only one singularity, while F, F' have singularities at two locations.
These objects then feed into ¢, which itself is singular at three locations. At finite ¢, the
analogue is that both power-law functions and hypergeometric functions appear. Power laws
are the functions that appear for the single-site case, i.e. contact diagrams. Hypergeometric
functions solve a first-order differential equation with a power law as an inhomogeneous
source term. This hierarchical structure persists in more complicated cases where more
complicated hypergeometric-type functions solve first-order equations with hypergeometric
sources, and so on.
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It is worth remarking that the de Sitter limit (¢ = 0) is somewhat special. Since the
diagonal terms of the matrix A vanish in that limit, boundary conditions should be fixed in a
slightly different way. There are still four integration constants ¢y, cr, ¢z, cz. The absence of
folded singularities fixes ¢ and ¢, but this time factorization only fixes cz. The constant cy,
must be fixed by another method, as now the homogeneous solution of the v equation is just a
constant, so there is no singularity that depends on its value. What we have been neglecting is

that the wavefunction has a zero at Y = 0. This is evident from the integral representation®”

w——/wdx /wdx (w122)° T
5 A 2 (122 (X142 +Y)(Xo+ 20 + V) (X1 + Xo + 21 +22)

(D.6)

Strictly speaking, we should divide by Y to obtain the physical wavefunction that derives
from a bulk time integral, but then the integrand ceases to be a canonical form. For generic
g, the vanishing of ¥ at Y — 0 is a consequence of nontrivial hypergeometric identities, and
so follows from the other boundary conditions; in the de Sitter limit, on the other hand, we
impose this as a separate condition and it then fixes the constant c,.

Three-site chain. Let us further illustrate these considerations for the case of the three-site
chain. In that case, we find (again in flat space):

e There are 16 integration constants, 12 of which are fixed by demanding the absence of
folded singularities as {X; -V, Xo - Y -V Xo FY £V X5 -V X1+ Xo - Y/, Xo +
X3—Y} — 0. The last two folded singularities (involving sums of external energies) are
automatically absent after removing the folded singularities involving a single X;. The
counting is not obvious, because we can set many constants to zero with a few folded
limits, since the resulting numerators are functions of the other kinematic variables.

e A single factorization limit — in either the partial energies corresponding to the end of
the chain or in the middle — fixes the remaining constants of integrations.

¢ The interpretation of the 16 basis functions is similar to the case of the two-site chain,
but now the source functions have higher-order poles not only in (X; + X5 + X3), but
also in (X7 + X2+4Y’) and (X2+ X3+7Y). The precise map is given in the next section.

At finite €, despite the appearance of multiple letters in sources in the differential
equations, we can explicitly see that the complexity of functions only grows linearly in the
number of vertices. Namely, beyond power laws and hypergeometric functions, we find a
two-variable generation of the hypergeometric function, which satisfies a first-order differential
equations with a hypergeometric functions as a source.

Four-site chain. For the four-site chain, things work essentially the same, only the numbers
involved change. There are 64 integration constants, 56 of which are fixed by demanding
the absence of folded singularities. Moreover, a single factorization limit, in any of the
partial energies, fixes the remaining 8 constants of integration. Notice that the number

4"From bulk perturbation theory, this zero is obvious from a cancellation of the three terms in the bulk-to-bulk
kr—0

propagator in the soft limit, 2k;G ——— 0(m1 —n2) +60(n2 —m) — 1 =0.
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of leftover constants to fix is always equal to or smaller than the number of factorization
poles, excluding the total energy.

At finite e, yet another class of generalized hypergeometric functions will appear, whose
differentials are given by linear combinations of the three-site solutions. It is interesting that
despite the exponential growth of the number of master integrals with the number of sites,
the complexity of the functions only grows linearly. While this is somewhat non-obvious from
the differential equations themselves, it is manifest from the time integral perspective.

D.2 Bulk interpretation

Somewhat remarkably, all of the master integrals appearing in the differential system have
a physical interpretation. This can be contrasted with other applications of differential
equations methods, where typically one is only interested in a particular subset of master
integrals, while the remaining functions are not necessarily physical objects.

Two-site chain. Let us return to the two-site case, where the master integrals were the wave-
function 1 and the three auxiliary functions F, F and Z. The explicit solutions (D.2) suggest
that we can perform a change of basis that gives functions with simple bulk interpretations:

~ 1
=y -F-F+7= ; D.7
VS ¥ ¥ (X1+Y)(X2+Y) ( )
1 1
= F — 7Z - — ) D'8
— 27 T TG V)X + %) (D)
_ 1 1
=F—--7=- , D.9
g2 (D.10)
o T (X + X)) '
where we have also shown the resulting expressions for € = —1 on the right-hand side.

Recall that the bulk-to-bulk propagator (2.9) has three components: the left-time-ordered
piece O(n1 — n2), the right-time-ordered piece 6(n; — 12), and the non-time-ordered piece. In
the above Feynman diagrams, the direction of the arrows indicates the flow of time, whereas
the dotted line represents the absence of time ordering. In the rotated basis, the function (D.7)
corresponds to the homogeneous part of ¢, which comes from the non-time-ordered piece.
The interpretation of the other functions is also interesting. Both F and F have a piece
proportional to Z. After removing this piece, we are left with functions that arise from
the piece of the bulk-to-bulk propagator with a specific time ordering. Finally, Z does not
have a totally obvious interpretation in terms of a bulk diagram due to the presence of the
double pole. Mechanically, it comes from inserting the dimensionless factor |/minz 6(n1 — n2)
in the time integrals, which can be interpreted as “collapsing” the vertices, as depicted
in (D.10). Note that this is also the source function in the second-order inhomogeneous
equation satisfied by the wavefunction coefficient.
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Using the integral representations, this map can also be demonstrated for general e.
However, even after changing basis, matching to bulk perturbation theory requires some
integration by parts. For example, consider the combination of master integrals

(1’1.%2)5_1 JZQ(Xl — Y) B X1+ Xo
($1+$2+X1+X2) ro+Xo+Y 2 '

1
F— §Z = /d$1d$2 (D.ll)

This should match the (Schwinger-parametrized) time integral for the relevant time ordering:

Foune = /dnldm(nlm)s_le(ﬁl — 1pp)e X1 i Xznz o =Y (m—1r2)

(2o + Xo +Y) (21 + 20 + X1 + X3)

(D.12)

It is straightforward, but tedious, to show that these expressions only differ by a total

derivative,

1 0 (r112)° [ 1 Xo+Y }
F—-7+ R = [ dzidzy — — D.13
2 + Foulk / e Oory 2¢ 1+ 2o+ X1 +Xe9 2o+ Xo+Y ( )
0 (x122)° [ 1 n Xo+Y 1 ]
ox1 2¢ 1+ xo+ X1+ Xo 8(.732—|-X2+Y)2 o+ Xo+Y |

Three-site chain. For general tree graphs, we can understand the size of the basis from
the bulk as follows. For each propagator, we have four contributing components: two time-
ordered pieces, one non-time-ordered piece, and a delta function insertion that collapses the
propagator. For multiple propagators, we basically take all possible combinations of these
components. This gives 4¢ for the size of the basis, with e the number of propagators, which
indeed matches our counting in terms of the number of (disconnected) tubings of a graph.

In flat space, it is straightforward to compute the master integrals for the three-site
chain explicitly and find the rotated basis. It is easier to work out the change of basis from
the “bottom up,” starting from the master integrals with the most twist factors and work
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towards the original wavefunction. Explicitly, we obtain

N 1
=¢— | F+F+Y Qs |+ | F+> (ai+@) | —(9+5+2) = ———r—,
Vod J =Y ( ZQ) <f Zi:(qz q’)> (9+9+2) AXT X)X
= F—f+ig+Ga 0 /R
Vo l..V = R e P el
=F f+1~+ LGt Z = !
Vorrd 5V = I T T T BT AT TN XA XS
P PR D 1
oo T TR T XX XS
1 1 1
= Qo (qr+@)+ 54 = ————r
L, F@jleta)ts AX 105 X7 X5
S UL P 1
bk TN T T N N X
1
= 9= 5o
VA J 2(X75)2 X5
1 1
—g— =
1 1 1
—pt(p—-§)— -l
Lo Setgles9 g2 kT
o 1
=q—§= :
VA $ 2X1(X5)2
1
=02— 54 = 2yt
gLz 1
e BT R T N e XX
1 P 1 1
= —_— +~ —*Z: 9
Lo =f3leta)—3 AX 13 X5XS | AX103 X5 X5
1 1 1
g‘f’*Z__ - )
W 3 2X123(X75)2 2X7. X1
1 1 1
=g+-2=-— — )
¥ 3 2X123(X5)2 2X7. Xoh
3
=7Z=
o0 2)(%237

where we used the notation defined in (4.32) for the energy variables. The boundary-to-
bulk map above is valid at any e, while the explicit results involving rational functions
are for ¢ = —1.
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It is also interesting to apply the basis rotation, I =171 , for generic e. The A-matrix
then takes the form

=
I

(D.14)

where the basis vector is arranged as

=

I/ = ( Y ) 9y Y F/’ F/7 62/17 (2{57 (1£7 (72/7 ‘(]/’ ¢§/7 l/‘/7 qi? (21/’ Z/) * (D'15)

We see that, in this basis, the matrix becomes very sparse and exhibits a hierarchical structure.
These characteristics are advantageous when it comes to solving the system of equations.

The differentials of the basis functions can be represented as

I 1 1 1
AQs = e[ (Qh— 505) G +(Qht 5 (0h+0)) e +(Qh— 3 8) v
Af = (74 50) Eemse (/= (g +7)) eiimee & (457 oneted)]
r 1 1 1
dgs=¢| (ds+50h) Eromee + (4357 —0))) omstomime + (dh—57) o—e—e—sid)]
dF'=e| (F’+%qi)@*—~—-+ (F’—%Qi>-—x—-—x—-+ F' o)
0 1 1
A =c| (@ —0) G+ (@501 e + Qi )|
i 9 2
Ay =e[(24 + 3 2') o= (6= 52') o)
dg' =<[(20s~ 3 7') Emras + (/43 7) e
A =< V'@ +9/ +9/ @)
dg) = = |20} oo +q) o) (D.16)

dZ' = 3e 7' e————9

where the expressions for ¢4, F', Q4,d5,d,dl are given by symmetry. We see that these
equations exhibit an interesting pattern, with the tubings associated to the basis functions

simply become activated (but do not grow) under the differential. Understanding the “flow’
in this basis is an interesting problem that we leave to future work.
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E Relations to symbology

In this work, we have described how to construct the system of differential equations satisfied
by the wavefunction of conformally coupled scalars in an FRW background. In the de Sitter
limit (¢ — 0), these differential equations can be used to compute what is called the symbol
of the associated pure transcendental functions [118-121]. The symbol of such functions was
first discussed in [4] from the point of view of the cosmological polytope, and a recursive rule
for constructing the symbol from discontinuities was the subject of [7]. The symbol limit
therefore serves as a useful cross-check of our calculations. In this appendix, we define the
symbol of a transcendental function and describe some of its properties.

The recursive rule in particular provides a complementary way of constructing the symbol
with an analogous set of associated graphical rules. These two sets of graphical rules —
symbol recursion and kinematic flow — are not obviously identical, and are built upon two
complementary consistency conditions: factorization and local time evolution. Kinematic
flow is a more microscopic analogue of the kinematic differential operator which collapses
the exchanged particle’s propagator to a contact term, and is therefore tied to locality and
consistency of bulk time evolution [96]. The singularities of the wavefunction, on the other
hand, must reflect the consistency of factorization of processes at large spacetime separation
(therefore encoding locality in a somewhat difference sense). In the language of the momentum
polygon on the future boundary, kinematic flow tells us what happens when we change the
side lengths of the polygon and the discontinuities tell us what happens when we cut it into
pieces. We have control over both descriptions in the de Sitter limit, captured cleanly by
the symbol. This limit is therefore a valuable arena in which we can probe the relationship
between these two conditions.

E.1 Properties of the symbol

We begin by reviewing some elementary features of the symbol map. A pure transcendental
function of weight n (denoted by F() can be defined recursively as a function whose
differential is given by

dF™ =3 F" Vdlog R; (E.1)
i
where R; are rational functions of the variables associated to the differential. This condition

is equivalent to saying that F(") is a function that can be written as a linear combination
of n-fold iterated integrals of the form

F(”):/dlogRlou-odloan, (E.2)

with R; being the innermost integral and these iterated integrals are again defined recur-
sively.*® While there is no generic means by which to map iterated integrals to integrated

“8More explicitly, the composition of iterated integrals is defined recursively as in [119)

b b t
/dlogR10~~-odloan:/ (/ dlogRlo---odloan1)dloan(t), (E.3)

so that £ is obtained by repeated integration. An example are the classical polylogarithms (E.13).
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functions, this representation carries more content than a n-fold integral of a random rational
integrand.

Definition. The data of iterated integrals is neatly packaged in the symbol. The symbol
of (E.1) is defined recursively by

SFM) =3 S(F" )@ R;. (E.4)

Formally, the symbol is an element of the tensor product space of rational functions [118, 119],
which motivates the use of the notation ® since S(F(™) indeed possesses a multilinearity
worthy of the tensor product. To understand this, one should implicitly think of each entry
in the symbol (elements separated by ®) as implicitly being inside log functions. The symbol
then has the expected distributive properties of products of logarithms; e.g.
a2
a1®a2—a1®b2:a1®g. (E5)
We see from (E.1) that the symbol manifestly contains the information needed to extract
the differential equations of F(") organized in a graded, first-order form. That is, like the
equations in the main text, the symbol defines an associated set of first-order inhomogeneous
differential equations graded by transcendental weight. Less obvious at this stage is that,
read from left to right, the symbol captures the sequences of branch points of F("). The
innermost iterated integral determines the branch point on the first sheet. We will illustrate

this explicitly in the case of classical polylogarithms below.

Shuffle product. A function that is the product of two transcendental functions of weights
n and m, respectively, has weight n 4+ m, and the symbol of the product is the shuffle product
of the two symbols of the constituent functions. Given a symbol, the ordering of entries
defines a word (product of group elements), which is just the product of symbol entries. The
shuffle product of two symbols is the sum over all ways of interlacing the symbol entries
between a pair of words, while maintaining the internal order of each symbol. Denoting
the shuffle product by LU, we have

(a1®"‘®an) L (an+1®"'®am): Z aa(1)®"'®ao(m)v (EG)
oceX(n,m)

where ¥(n,m) is the set of all shuffles on a word of length n and a word of length m, i.e.
the subset of the permutations S, defined by

(n,m) = {0 € Spymlo™ (1) <+ <07 n) and o7 n41) < <ol m)} . (BT
An explicit example is the following. If we have two symbols of length 2, their shuffle product is

(a1 ®ag) W (b1 ®b2) =a1®az @by @by + a1 @b ®ag @by + b1 ® a1 ®ag @ by
T @b ®b®a+b®a @b ®az+bh ®b®a®az, (EB)

which preserves the relative ordering of the a’s and b’s, but interleaves them in all possible ways.
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Integrability: in order for a symbol to be integrable to a parent function, it must satisfy
certain compatibility conditions. In particular, given a symbol of the form

S = Z cra;; -+ ag, , (E9)

we must have

Z crai, @ ®ag,_, ®a;,,,®a;, dloga;, ANdloga;, , =0, (E.10)
I=(i1, ,in)

for any fixed p. This condition is nontrivial, as it is possible to write down symbols which
do not obey the integrability condition and therefore do not lift to a function. Consider
the following two examples

Snon—int = (1 - Z) QW+weR z, (Ell)
Snt=1-2)w+w®(l-2z). (E.12)

The first is not integrable, while the second integrates to log(1 — z)log(w). Integrability
is interesting from the point of view of our ab initio graphical rules for constructing the
differential equations — and also from the singularity-based symbol recursion — as neither
manifests the fact that the objects actually have integral representations.

Classical polylogarithms. It is perhaps useful to illustrate these concepts with an explicit
example. The simplest class of polylogarithms are the classical polylogarithms, defined

recursively via Lij(z) = —log(1 — z) and
Lin(z) = / Lin1(f)dlogt &  dLin(z) = Lin_1(2) dlog = (E.13)
0

These functions have branch points at z = 1. It is instructive to consider the discontinuity
across the cut at real z > 1. The relevant contour to compute this discontinuity is

{ &\
rrY
1
We can then calculate
z+ie z—1i€
Lip(z + i€) — Li, (2 — ie) = / Li,—1(t)dlogt — / Li,—1(t)dlogt, (E.14)
1+ie 1—ie
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which then implies that the discontinuity is given by
4
Disc[Li,(2)] = /Disc[Lin_l(t)]dlogt. (E.15)
1

This illustrates how the logarithmic singularity of the innermost integral propagates up to
be the leading singularity. We find the discontinuity

Disc[Li,(2)] = 2mi ! log™ Y (2). (E.16)

(n—1)

This is consistent with the symbol derived from differentiating
SLi,(2)=—-(1-2)®z-®z, (E.17)

where the leading entry manifests the branch point at z = 1 and its discontinuity (E.16).

We see that the symbol makes manifests two complementary pieces of information. The
symbol read from left to right provides information about the branch points of a function,
where the discontinuity is given by the remaining part of the symbol after deleting this entry.
On the other hand, the differential of a function can be read off from the symbol starting
from the right and is captured by the formula (E.4). In particular, the differential is given
by one divided by the rightmost symbol entry times the function whose symbol is given by
the remaining symbol after deleting the rightmost entry.

E.2 Symbols from differential equations

With an understanding of the properties of the symbol in general, we can now articulate
how to calculate the symbol in the de Sitter limit from the finite ¢ differential equations.
First, we need to take the appropriate ¢ — 0 limit of the associated A matrix, which we
denote as A®). Taking this limit simply sets certain entries in the A matrix to zero. This
happens even though ¢ is factored in front of the matrix because the functions they multiply
in the differential equation begin as a Laurent expansion in € around € = 0. The functions
are integrals of forms, and the power of the leading behavior in € is given by the number of
twisted lines in the simplex in the form with the most twisted lines. For example, for the
function f in the three-site chain, we have the integrand

Q = [245] — [246] + [253] — [261] — [213] — [451] + [463] — [413] + [513] + [613], (E.18)

where the maximum number of twisted lines in a simplex term is two. In the ¢ — 0 limit, we
only keep entries A;; such that the leading pole in € of the function f; is one degree higher
than that of the function f;. In particular, all diagonal terms are set to zero. This defines
A though there is one additional subtlety. The functions at the bottom of our cascade
of differential equations (e.g. g,J, Z in the three-site case) have the limit 1 or —1, and the
sign must be identified. This is readily done once the integrand is determined.

Given the matrix A(® the symbol of the wavefunction is calculated via

S = 3 A @A, e e AR, (E.19)

n—2in—1
U1 yeenyln
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where we abuse notation by taking the entries to denote the arguments of the dlog’s in the A-
matrix. For example, given an entry AZ(?) = dlog(X1+X2), we would write - - -®(X 14+ X2)®- - -
in (E.19). The transcendental weight n is the maximal number at which the entries are
all nontrivial. That is, the transcendental weight is of course an output of the A-matrix
and we need not fix n externally: all terms of the form in (E.19) will become trivial for n
beyond the transcendental weight of (%),

E.3 Symbols from discontinuities

The symbol of our wavefunctions in the ¢ — 0 limit can also be constructed recursively
from knowledge of the discontinuities. The details can be found in [7]. In order to derive
the recursion relations, we need a few facts:

o The branch points of the wavefunction on the first sheet (the first entries in the symbol)
are at the same locations as the poles of the flat-space wavefunction.

e The sum of all discontinuities vanishes, reflecting a residue theorem in the integrand
and the vanishing behavior of the integrand at infinity.

o At branch point, the wavefunction has the following factorization property (see figure 9)

Discpgthg = Y. Discpo vy ™ (H —oé) ploet (E.20)
{oé} U

where the notation is in need of clarification. The full graph has been denoted by G,
while we use G for the connected subgraph that the discontinuity is associated with.
The energy E¢ is the partial energy associated with G. In addition to G, the cutting
produces various disconnected graphs g; as depicted in figure 9, but with the superscripts
{0} denoting the signs which with the energies of the cut edges are absorbed onto the
terminating vertices. For G, these signs are always positive as the energy discontinuity
arises from contributions to the time integral in which G is either in the past of all the
gi or unordered with respect to the g;. We sum over all sign choices o for the graphs
gi- The product over —o ensures the correct overall sign of the contribution from the
gi, depending on whether the edge energy is positively or negatively absorbed (where
we substitute 1 for o when it is + and —1 for 0! when it is —). These signs come
directly from the propagator.

o Finally, a single vertex has discontinuity 2ms.

Equation (E.20) is a statement about the factorization of the wavefunction at a branch
point. Leveraging the shuffle product, this statement about functions is immediately converted
to the associated statement about symbols. Notice that this sum over signs reflects the
structure of the propagators, and indeed is readily seen in the time-integral representation:
contributions to the integrand with partial energy Eg only come from terms in which G
is to the past of or unordered with respect to the g;. Below, we illustrate the application
of this recursion to the two- and three-site chains.
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Figure 9. Figure depicting the expression of the discontinuity associated with the partial energy of
a connected subgraph G going to zero, and a sum over products of graphs. Every term of the sum
is a product over all the resultant graphs disconnected by the dashed cut, and the discontinuity of
the resultant G' graph (which is G with all cut edge energy absorbed positively at incident vertices),
summed over ways of absorbing cut edge energy. The graph G with all incident edge energies positively
absorbed is in every term of the sum, and the dashed line means the total energy of this resultant
graph. The sum is over all ways of absorbing positive or negative cut edge energy into the graphs g;.
These signs are denoted by the ¢’s. For this to be useful as a recursion, we note that the total energy
discontinuity is minus the sum over all other discontinuities of a graph.

E.4 Examples

In the following, we derive the symbol of the two-site chain in two different ways: 1) From
the matrix A) of the differential equation, and 2) from the symbol recursion. We will show
explicitly that the two results agree.

Two-site chain. Taking the limit e — 0, we find the A-matrix of the two-site chain simply
by deleting the diagonal entries of the A-matrix for the general case. This gives

0 l3—4; ly—1s 0

0 0 0 ls — 1
A0 = o E.21
0 0 0 Os— 101 | ( )
0 0 0 0
with the ¢;’s defined in (3.31). We see by application of (E.19) that the symbol is
X1+ X Xo-Y X;1+X X1-Y
Sosite, diff = LA 2 LA ! (E.22)

Xi+Y  Xo+Y Xo+Y X1 4+Y

Next, we compare this calculation to the symbol derived recursively from factorization at
singularities. From the above prescription, we find the discontinuities associated with X7 +Y
and X5+ Y. For example, the discontinuity of X1 + Y involves summing over two cut graphs

\e——o = —— ——eo — ._+_.7
7

(E.23)
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where the circled vertices denote the trivial discontinuity of the single vertex, which is 27i.
We emphasize that at the level of functions the two terms above are each products, with
the small plus and minus signs denoting the absorption of edge energy Y for the rightmost
graph. From this, we can read off the symbol of the discontinuity

 Xo-Y
C Xo+ Y

S(Discx, 4y [*)) (E.24)

The X9 + Y discontinuity is obtained by symmetry (interchanging X; <> X5) and the total
energy discontinuity is minus the sum of the others,

_______

(o0 = - “, (E.25)

which implies

. Xo—-Y X;j-Y
Sisex, 6 = -3 - F oy (E.26)

From this information it is straightforward to reconstruct the full symbol itself. Recall that
the symbol, read from left to right, gives the sequence of discontinuities of the function.
We see that there are two leading entries in the symbol (X7 +Y and X5 + Y'), which each
come divided by the total energy X; + Xo, so that the discontinuity of X; + Xs is minus
the others as in (E.26). Putting this together, we obtain

X1+Y Xo—-Y Xo+Y X1 -Y
Xi+Xo Xo4Y Xi+Xyo X14Y

S2—site, disc = (E27)
which is manifestly the same as (E.22) obtained from the differential picture (up to an overall
sign that depends on conventions). The consistency of the two methods for deriving the
symbol is highly nontrivial.

From the point of view of a second-order ordinary differential equation, it is not clear
why one local picture need imply the other, but the kinematic flow makes it clear in the
two-site case. The first-order differentials are local to a vertex, and the only term remaining
for the final symbol entry is itself local at the remaining vertex according to the next tier
of the differential equation. Explicitly, we can think of the tubing picture of letters in the
A-matrix as implying the following schematic structure of the symbol

By
Biot (X1, X2)

By(X>)

QK Dy(Xo) + ——————
2(X2) Biot (X1, Xo)

® D1(X1), (E.28)
where B;, D; and By can be arbitrary (rational) functions of their arguments. The crucial
aspect of the tubing picture is that the rightmost entries depend only on a single kinematic
variable X7 or X, but not both. The same structure is implied by the symbol recursion point
of view, independent of the specific functions B;, D;, because this structure is determined by
the possible kinematic dependencies allowed by the underlying graph given a tubing picture.
This fact of course implies a differential equation by applying (E.1) which takes the form

D, _ Ox, Biot

_— E.2
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Hence, as the symbol, read from left to right, is the sequence of discontinuities of the
wavefunction, locality of the time evolution implies locality of the singularities and vice versa.
This implication is highly nontrivial, and in general it is rather difficult to see explicitly. The
two-site example is sufficiently small that two methods generate exactly the same symbol, so

one can trivially check compatibility of the pictures. For more complicated examples, the

presentation of the symbol from the two methods of derivation is typically very different,

as we will now see at three sites.

Three-site chain. We now state the result of the calculation of the three-site chain from the

differential equation construction and from the discontinuity recursion. From the recursive

calculation, the symbol is naturally handed to us in the following form

X X5 X, Xt Xy X5 XST XSt Xy
S3—site7 disc = X1 ® 3_ & 2__|_ + 2_ ®7?-)i-_ i_ 3_+ - 2+ ®7§_
123 Xog Xy X3 X3 Xz Xy X3 X3
N X5 “ X1j®X2—:+X2_— Xi{:*X?; X2::7X§r:
Xio3 X X)) X  XT X X X1y
X7 X X X Xy
X3 | X XS x5 XY
X5 Xy Xy Xy Xy Xot Xy Xy X,t
Q== ® =+ =0+ Q=+ ®
Xz Xy XS X5 oUXy XS UXS O XS XST
Xiy (X X0 X Xg XJT Xy Xy X
+ =2 Q| == =+ ® =+ e el
X3 LXS X X UX$ O OXSTUX X XSt
whereas, from the differential equations, we find
s XD Xy Xy Xy Xy Xy Xy X X
it AT X o Xy XSt Xz XS UXS O Xy X{ XS
Xy X X7 Xz Xy Xot Xis Xoy X5
+ ® ® + ® ® + ® ®
Xz XJSTO X X Xy Xyt Xy XS XSt
Xz _ Xz X5 X{ ®X2+3 ®X2*_X; ®X;3 ®X§
D G, CEID D G CID. R GNP A, ¢
X, Xy ®X2_+_X1+2 ®X2_+ Xy Xz _ X ®X2__
D G CHED D G CEID CAND. G CUNND. ¢
X123®X1_ ®X2+_ +X123®X1_2 ®X; X5 ®X; ®X2+_
Xy Xp  XTOXS OXSTOXy X§oOXy Xy
Xy (Ko X Xy X Xt Xy X X
) CHD CRID O CHD CUD G CHD R 61
X3 X7 X5  Xis X35 Xy XS5 X; X5
® ® ® ® - ® ®
) CRID CUEND CHED CaiD CHED CUND G CUND. ¢
Xz o X X X X Xy X Xy o Xp
DGR CHD CUD CaD CUED D CRID. CHD ¢

X1
Xy

(E.30)

(E.31)

The compact notation used in these expressions is defined in (4.32). One can check that
S3site, disc = S3site, difi- Lhis of course had to be the case, but given the two distinct
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presentations it appears somewhat remarkable. The most salient difference between these
two equivalent representations of the symbol are the manifestation of leading singularities.
By construction, Sz ite, disc 0nly has singularities associated with partial energy sums. On
the other hand, Ss.gite, dif Naively has many folded singularities on the first sheet, which of
course are spurious. This is simply the price we pay for manifesting the differential properties
via the A-matrix in this particular basis.
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