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Abstract

In recent years, the study of Riesz-like energies has attracted much attention from
the mathematical community. Given an interaction kernel g : RY — R+t U{+o00},
the associated Riesz energy is defined on non-negative measures as

E(p) = //ﬁ(fﬂ —y)dp(z)du(y),

and models self-interaction phenomena. Attractive-repulsive kernels, qualita-
tively similar to g(z) = |z|? + ﬁ, have been used to model swarming phenomena,
where minimizing the energy &£ is required. The choice of the kernel plays a cru-
cial role in the analysis, and many different results are obtained by tweaking the
kernel properly. We study the minimization problem in the class of probability
measures, and we prove some regularity and symmetry results under very weak
assumptions on §. This topic has already been addressed by other authors for
specific kernels, for example in the works [CDM16,BCT18,Lop19]. We address a
related shape optimization problem, where we aim to find minimizers of £ among
subsets of RY with a prescribed measure m > 0. We consider both the cases of
small and large m, and we prove the existence of minimal sets in some cases. In
the regime of small m, we consider weakly repulsive kernels, connecting the shape
optimization problem with the minimization in the class of probability measures.
In the opposite regime, when m is large, we follow the strategy outlined in [FL21]
to show that balls uniquely solve the shape optimization problem. Finally, we
consider a generalized Gamow model, which consists of minimizing the functional
G(E) = P(E)+~7E(X z£Y) among subsets of R with measure wy. In this case,
it is natural to work with a completely repulsive kernel like % We consider gen-
eral kernels, and we characterize the balls as the unique minimizers of G, when
7 is small, generalizing some previous works, such as [KM14, BC14, FEM T 15].
Additionally, we study the optimal families of balls that minimize G,, and their
dependence on the total measure constraint.

Our contributions are contained in [CFP23, Car23, CP22, CPT23, CP24].
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Introduction

In this thesis, we study the role of the Riesz-like energies in some variational problems.
These objects have been intensively studied in the last years, as they appear in a variety
of models coming from many different natural sciences. In general, a Riesz-like energy,
associated with an interaction kernel g : RY — RT U {400}, is of the form

E(p) = //Ez(w — y)dp(x)dp(y),

where p is a non-negative measure. The most significant instance of this kind of
functional is probably the electrostatic energy: if N = 3, g(z) = 1/|z| and p is a
distribution of charges in the vacuum, then £(u) is the electrostatic energy of this
system. Similar functionals have been used to model more complex phenomena, where
the interaction between the agents in the system is not merely repulsive, as it is in
the case electrostatic interaction for a system of electrons. In fact, there are some
self-assembly phenomena, such as the swarming behaviour of large groups of animals,
that are modeled through energies of Riesz type, with an attractive-repulsive kernel
(see [BCT18,FL18,FL21]). A very popular choice for the interaction kernel is given by
g(x) = |z|* + ﬁ, with a > 0 and 5 € (0, N). To be more precise, two objects that
are very close to each other experience a repulsive force due to this interaction (exactly
as two electrons would do), whereas two particles that are far away tend to get closer
one to the other. These kernels, despite being arguably the simplest possible choice for
attractive-repulsive interactions, produce a large spectrum of results, which is likely
one of the reasons why they have drawn so much attention from the mathematical
community. In fact, the minimizers are absolutely continuous with respect to the
Lebesgue measure .Y when the repulsive part of the kernel, namely #, is singular
enough in the origin (see [CDM16]). Instead, when the repulsion is weaker, there are
examples of singular minimizers (for instance, they can contain “(N — 1)-dimensional
parts”, like in [FM23]). When the kernel is smooth in the whole RY there is nothing
excluding the existence of Dirac masses in the minimizers, and in fact this happens
in [DLM23]. Comparing these results with those of the work [DLM22], it is evident
that this problem requires a very careful analysis. In fact, combining the two works,
one obtains a family of C? kernels that vary smoothly, and which exhibit completely
different minimizers. We also recall the existence of pathological examples presented
in Sections 7, 8, 9 and 10 in [CS23], where the authors construct some kernels for
which the local minimizers of the associated Riesz energy have a fractal-like behaviour.
These serve as examples to justify our interest in the problem, and particularly in
the underlying phenomena that drive the self-assembly behaviour modeled by these
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functionals. From the applied point of view, they show the importance of finding
kernels as close as possible to the “true” interaction, since a tiny variation could result
in completely unexpected results. With this overview in mind, our work is devoted
to the investigation of (relatively) old questions under mild assumptions on the kernel
to see which results are robust enough to hold in great generality. Even though the
previous considerations regard only the minimization among probability measures, it is
natural to consider the minimization within certain restricted classes, either to match
some reasonable assumptions coming from the models, or to study a simplified problem
as a starting point for our study. In fact, one could restrict himself to work in the class
of densities with an L® upper bound, and a L' constraint, or in the class of sets with
a given measure, and in both cases the concentration of mass is forbidden. Instead, as
it will become clear later, it is also natural to treat the minimization problem among
measures with radial symmetry, which arise spontaneously in some cases. We treat the
following problems containing attractive-repulsive kernels:

min{g(XEgN) .ECRY, |E| = m}, (Ps)
min{ (/L") 1 f € L'RY),0< f <1 |[f], =m}, (Pp)
min{ ()  p € My (RY), p(RY) = 1}, (Par)

where m > 0 is a given constraint. The three problems are obviously connected: the
first two minimization classes are included one into the other, and they are both em-
bedded in the space of probability measures after a rescaling. From this connection,
we infer some results for the minimization among sets, i.e. (Ps), from the problem
(Pys) set in the space of measures. The variational problem for measures contains
intrinsically some difficulties, due to the possible singularities of the measures. The
necessary analysis is interesting on its own, and it additionally sheds some light on the
problem (Pp), identifying some relevant phenomena.
We remark that the analysis carried out in this thesis focuses on radially symmet-
ric kernels, that represent an important example, providing a wide range of differ-
ent phenomena. However, the problem makes perfect sense also for non-radial ker-
nels, and this was treated in the literature (in a less extensive way). The research
in [CS24a, CS24b, MMR*23, Mor24] focused on the dimension 2 and 3, where the au-
thors compute explicitly the minimizing measures. They also show the peculiar phe-
nomenon of the change of dimensionality of the minimizers as they tweak a parameter
involved in the anisotropy of the kernel. This phenomenon enters in the study of the
density minimizers, that we treat in Chapter 2, as it is shown in [CMS24].

Returning to the electrostatic interaction, we mention another important model:
the Gamow model. It describes atomic nuclei as charged liquid drops with constant
density of charge, which amounts to minimizing the functional

0. (5) = P(E) + | /E y u—imdmy

among subsets of R?® with a given measure, where v > 0 is a parameter that encodes
the strength of the electrostatic force. The physical model dates back to the 1930s,
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in Gamow’s original paper [Gam30]. The mathematical community is still very active
on such problem, with particular interest in the existence/non-existence of minimizers
and on their characterization, when the electrostatic energy is replaced by more general
Riesz energies. Again, we push the hypotheses to the minimum, and we characterize
the balls as the unique minimizers when ~ is small. Related to this, we also study
the optimal splitting of the measure among families of balls in order to minimizer G,
providing a good description of the optimal families depending on their total measure.
This is relevant because of the results in [KM13,BC14], and because it is believed that,
at least in a wide range of power kernels, the minimizers of G, are necessarily balls. We
refer to [Fra23] to have a broader view about some functionals containing a Riesz-like
energy.

It is natural to consider also anisotropic versions of the Gamow model, as it is done
in [CNT22|, where they address the problem with anisotropy only on the perime-
ter term, or in combination with an anisotropic Riesz kernel. In this setting, the
strategy is similar to the one outlined below, and in fact they use a strong quantita-
tive isoperimetric inequality obtained in [NeulG]. However, there are important issues
with the regularity theory when the Wulff shape is not smooth, as it is pointed out
in [CNT22, Theorem 1.3].

On top of these applications, the Riesz-energies are independently studied in the fields
of potential theory and measure theory (see for example [Lan72, Mat95,Mat15]). Some
techniques coming from these abstract mathematical fields are borrowed to study the
more applied problems. An important example is the notion of “g-capacity” that is
outlined in Remark 1.1.4.

Probability minimizers for Riesz-like energies

The goal of Chapter 1 is to study the problem (P,/) set in the space of probabilities,
where we aim to prove some regularity results for the minimizers, as well as some
symmetry properties. We begin by noting that the minimization problem is trivial
if the kernel is radial and radially monotone because of the Riesz rearrangement in-
equality (see for example [LLO1, Theorem 3.7]). The existence for that problem is
already investigated in the literature, as one can find out in [SST15, CnCP15], and
for completeness we report a possible proof in a case of interest for us. Attempting
to explicitly compute the minimizers is an extraordinarily difficult task, and there are
only a few cases in which this is possible: for singular kernels, one can look at the
works [Fra22, FM23] and [CS23, Section 5], while the case of locally bounded kernels
(that are weakly repulsive) is treated in [CFP17, DLM22 DIL.M23, CPT23]. Because
of this difficulty, the most reasonable questions regard qualitative properties of the
minimizers, like their regularity and their symmetry. Section 1.2 is devoted to proving
an L> bound for some minimizers of (Py), that can be considered a regularity result.
In general, the expected regularity is very poor unless we assume some structure on
the kernel g. In fact, in [CDM16] the authors obtain some good regularity results via
PDE techniques because they consider kernels related to the fundamental solution of
the (possibly fractional) Laplacian. In their setting, as well as in ours, the argument
consists in studying the Euler-Lagrange conditions, that are written in terms of the
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so-called potential of a minimal measure p, which is just the convolution of x4 and the
kernel g: for every z € RY

Yu(r) = /@(I —y)du(y).

In fact, the potential turns out to be constant in the support of a minimizer, and
takes larger values outside of the support. In [CDM16] the kernel satisfies a (possibly
nonlocal) PDE, and they apply the theory of the (possibly fractional) obstacle problem
to gain some regularity. Compared to those results, Theorem 1.2.1 shows that some
minimizers are absolutely continuous with respect to .Z, and their density is bounded,
assuming a growth condition on the kernel g, together with a differential inequality.
A great strength of this result lies in the fact that we do not use any differential
equation to infer the regularity of the minimizers. In fact, the differential inequality
is sufficient to show that the Euler-Lagrange conditions associated to the minimality
cannot be satisfied, unless we have an upper bound on the density of the minimizer.
Heuristically, it is natural that we cannot have a strong concentration of the minimal
measures when the kernel g has a very strong singularity in the origin. However, it
is not so easy to justify this intuition. Even though this is a local statement, the
functional is nonlocal, hence it could be convenient to concentrate the measure in a
small region just to reduce the interaction with other far-away pieces of the measure.
Our results in Theorem 1.2.1 follow in part this intuition, proving a concentration
bound for some minimizers of (Py). In fact, the general hypotheses collected in (H,)
guarantee to work with a singular kernel (at least in dimension N > 2). However, some
statements are conditional, meaning that we suppose a priori to work with minimizers
possessing some additional properties. The first result in our Theorem 1.2.1 is the
fundamental step, valid when the kernel is sufficiently repulsive, additionally requiring
that the support of a minimizer is convex. The two subsequent results are obtained
via an approximation argument with singular enough kernels, and restricting to the
study of radial minimizers (in dimension N > 2). In fact, in those results, the global
assumption Ag > 0 (valid in RY \ {0}) allows to deduce that the support of a radial
minimizer is a ball and, in particular, convex. In our fundamental step, the convexity
is crucial to show that the minimal measure has little mass on the boundary of its
support, and we do this in Lemma 1.2.9. Roughly speaking, this shows that we need
to work only in the interior of the support of the minimizing measure p, where v, is
constant. Then, the differential inequality for g is used only in Lemma 1.2.7 to apply
a simple maximum principle.

In Section 1.3 we strengthen the results obtained in the previous section, working
on the minimization problem set in the real line. In fact, we prove in Theorem 1.3.1
a continuity result for critical points of the energy when we have some stronger hy-
potheses on the kernel g. We stress that in [CDM16] the authors use the theory of the
obstacle problem to obtain even the Holder continuity of the minimizers, while we do
not have any underlying PDE at disposal. Our statement concerns critical points that
are absolutely continuous with respect to .£!, whose density is L> and has compact
and convex support, and we show that the density is continuous in the interior points
of the support. Of course, the a priori assumptions on the density of the critical point
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are justified by the analysis carried out in Section 1.2, with particular focus on the one-
dimensional statements in Proposition 1.2.2 and Theorem 1.2.1. These results prove
that the class of measures that we are interested in is not empty, while our continuity
result stated in Theorem 1.3.1 concerns critical points because we work solely with
the Euler-Lagrange equation. Given a probability density f on R, we say that it is a
critical point of & if

Yr(z) = /@(55 — ) f(y)dy = E(f L) for f —a.e. z € R.

If the density is sufficiently regular, and its support is an interval I, then we deduce the
validity of that condition in the whole support. Therefore, the first and second deriva-
tives of 1; are constantly equal to 0 inside the support of f. However, since proving
the regularity is our goal, we justify these steps by approximating f via convolution
fs = f * s, so that 1)y, is still constant inside I, away from 01. The basic idea is that,
when f is not continuous, we must see either some rapid oscillations or a jump. In
the first case, also the smooth densities fs5 approximating f oscillate significantly. Our
strategy consists in proving that, when the oscillations are too rapid, then the second
derivative of 1y, cannot be 0 close to the oscillation points, and thus ¢y, cannot be
constant where f;5 oscillates. To obtain this result, we carry out a very precise analysis
of the contribution given by each oscillation, using the cancellation lemmas collected
in Subsection 1.3.2. Finally, the jump case can be artificially manipulated to obtain
an oscillatory behaviour. In fact, it is possible to perform a finite number of simple
operations, that do not interfere with the constancy of the potential, and construct
an oscillatory behaviour. This is sufficient to conclude because the arguments used in
the first case are quantitative, and we have a good enough control over the artificial
oscillations that are constructed at a small, but not infinitesimal, lengthscale.

Our interest in radial minimizers in Section 1.2, and in particular in Theorem 1.2.1,
is an important reason to work on the symmetry properties, together with the unique-
ness question, and this is the content of Section 1.4. The symmetry is, up to our
knowledge, always obtained as a consequence of the uniqueness of minimizers: if we
know a priori the uniqueness (up to translations), then by considering rotations it is im-
mediate to deduce the symmetry of the unique minimizer. Uniqueness is, on the other
hand, always deduced from the convexity of the energy. To be more precise, there are
kernels such that, for every pair of measures p, v € P(RY) with [xdu(x) = [ xdv(z),
and for every t € (0,1), we have

Eltp+ (1 —t)w) <t&(p) + (1 —1t)E(v).

Of course, when we have such strict inequality, the uniqueness of minimizers is trivial,
and thus also its symmetry. This property, rewritten in a slightly different way, is often
called positive definiteness of the kernel, and was investigated in [Lan72, LLO1, Mat15]
and in the more recent papers concerning attractive-repulsive interactions [BCT18,
Lopl19,NP21,CP22,CS23]. For decreasing kernels, like the negative powers h(z) = #
appearing in the prototype kernel, this feature is usually obtained from a condition
on the Fourier transform of the kernel h. One can see this with a formal argument:
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calling pqir = o — v, one uses Plancherel identity and the standard relation between
the Fourier transform and the convolution operation to obtain that

tE(p) + (1 =1)E() = E(tp+ (1 = t)v) = t(1 = )& (pai)

t(1—1) // v — y)dpaig () dpais (y)

— (1 1) / h(E) i (€) e

Thus, the sign of the Fourier transform of h determines the convexity of £. Instead,
to treat unbounded kernels, like the positive powers h(x) = |z|®, there is no general
approach. The only known cases are indeed the positive powers, with o € [2,4]. The
extremal powers can be treated with elementary considerations (see [BCT18, Lop19]),
while the values in between require the more sophisticated argument contained in
[Lop19].

We remark that the convexity of the energy £ helps a lot in the task of finding ex-
plicitly the minimizers since it is equivalent to finding a measure that satisfies the
Euler-Lagrange conditions. This step is present in many of the aforementioned papers,
and we use this argument in Subsection 1.4.2 to prove that a sphere uniquely minimizes
€ in some cases (our result is already contained in [FM23, Theorem 1], while our proof
is easier). Despite the usefulness of convexity to find minimizers, in some cases it is
possible to identify them with different techniques. In particular, we mention [DI.M23]
and Theorem 2.2.13 where it is proven, in different contexts, that a collection of Dirac
deltas is the unique minimizer of £ up to translations and rotations. Of course, for this
to be possible, the kernel g must be locally bounded also in the origin.

To conclude the introduction to the regularity theory, we mention some negative re-
sults, that partly confirm the sharpness of our results. In fact, also in presence of
a singular kernel, it is possible to have concentration phenomena. It is possible to
find minimizers that are absolutely continuous with respect to .ZV, while having un-
bounded density, as it is shown in [CS23, Theorem 5.1] and in [FM23, Theorem 2].
When the repulsion is slightly weaker, it is also possible to find minimal measures that
are singular with respect to the Lebesgue measure, as it is shown in [FM23, Theorem 1]
and in Theorem 1.4.2.

L*°-constrained problem and minimizing sets

In Chapter 2 we study the minimization problem (Ps) in the class of the subsets of RY
with measure equal to m. In this case, of course, the extreme concentration of mass
is automatically excluded, while the existence of minimizers is non-trivial. We focus
on the existence problem, and depending on the situation we are able to deduce some
additional information. In order to prove the existence of a minimizer, we rely on the
usual variational toolbox. In a nutshell, the problem (Pp) is the relaxation of (Ps)
with respect to the weaks* topology, as one can see the subsets of R as L> functions.
From this consideration, in [BCT18] the authors proved that a set E is a minimizer
for (Pg) if and only if X, solves (Pp). Because of this, we change perspective, and
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we see the existence of the minimal sets as a saturation phenomenon in (Pp). This is
convenient since the existence of minimal densities is not difficult to prove, and we show
this in Lemma 2.1.3, which is insensitive to the parameter m > 0. Additionally, the
minimizers of the measure problem depend in a trivial way on the total mass constraint.
In fact, for any m > 0, the minimizers of (Py;) and the minimizers of £ in the class
{pe My(RY): w(RY) =m} coincide up to a rescaling by a factor m. However, the
value of that parameter is relevant when we study the problem (Ps). In fact, suppose
that our model contains a kernel g for which we can apply our regularity result, namely
Theorem 1.2.1. Then, loosely speaking, we have a uniform upper bound M on the L*>
norm of the probability minimizers. Therefore, taking a probability minimizer of (Py),
which is of the form pu = f.¢%, and multiplying it by m, we produce a density with
L*> norm strictly smaller than 1 whenever m < % In particular, mf is not the
characteristic function of a set. However, m f is necessarily a minimizer of (Pp), because
mfZ" is a minimizer in the larger class {y € ML (RY): u(RY) = m}. As we already
pointed out, this is a consequence of strong repulsion, because highly concentrated
mass tends to diffuse when we have an upper bound on the density of minimizing
measures. With this picture in mind, it is reasonable to find minimal sets when there
is attraction along the support of a minimal measure pu, that implicitly forces p to be
singular with respect to Z~. This information is encoded into its potential ¢,. In
fact, assuming that g is regular enough and that 1, satisfies a differential inequality in
spt i, we deduce the existence of minimal sets with small measure m. This is obtained
in Theorem 2.2.3, which is based on the observation that, if f,, is a minimizing density
of (Pp) with mass m, then m~'f,, = u, where g € P(R") is a minimizer of (Py).
Since 1, satisfies a differential inequality by hypothesis, we infer that the same holds
for ¢y, with m small, and from this we deduce that f, = X, for some set E,.
We devote Subsection 2.2.2 to the treatment of some special kernels, which have been
investigated in [DLM22, DLM23]. They are of the form g(z) = |z|® — |z|° with a > 2
and 3 € [2,a), which are of class C?(RY), and in particular they are very flat in
the origin. This indicates a weak repulsion at short distance, and in principle this
favours the concentration of mass. Instead, in Subsection 2.2.3 we find a much more
generic class of kernels for which we get the existence of minimizing sets in (Ps) with
small measure constraint. In both Subsection 2.2.2 and Subsection 2.2.3, it is possible
to show the validity of the differential inequality for the potential 1, when p is a
minimizer of (Py). This is feasible because the minimizing probability measures are
known, and they have a very simple structure: depending on the kernel, they are either
a collection of Dirac deltas, or they coincide with the (N — 1)-Hausdorff measure on a
specific sphere. The general philosophy is: the presence of a singular minimizer among
probabilities is a good hint of the existence of set minimizers with small measure.

In Section 2.3 we study the problem (Ps) with large measure constraint. Analo-
gously to the previous discussion, we relax the problem in the space of densities with
a given L' constraint, studying (Pp), where the existence of a minimal density f,, is
guaranteed for every m > 0. The approach is very similar to the one used in [FL21]:

e prove that f,, — B in asymmetry sense when m — oo (basically, a scaling
invariant L' distance) and that diam(spt f,,) is comparable with the natural
scaling m'/V;
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e analyze the potential of a large ball m'/N B, obtaining precise bounds on the local
Lipschitz constant close to the boundary of the ball;

e pass from the convergence in asymmetry to the Hausdorff convergence of spt f,,
to a ball (after a proper rescaling);

e conclude via a pair of quantitative inequalities applied to a minimizer f,,.

The first and second points are contained in Subsection 2.3.1 and Subsection 2.3.2 re-
spectively. The third step is the most complex, and it is contained in Proposition 2.3.11.
There, it is necessary to show that we can modify a density f,, in order to reduce the
Hausdorff distance between spt f,,, and a ball, and at the same time control the energy
gained in this process. Finally, the last step is basically the content of Theorem 2.3.12
which concludes Subsection 2.3.3. In the end, the fundamental quantitative inequality
in this step concerns the Riesz term containing kernel |z|* with o > 0. This inequality
is available because that kernel is “not flat at infinity” (the precise condition is (2.35)),
and its proof is based on a quantitative rearrangement inequality due to Christ [Chr17]
(we refer also to [FL21] and the discussion therein).

We conclude remarking that we treat the two extremal cases, namely we suppose
that either m is very small or very large. In general, it is difficult to predict what
happens for intermediate values of that parameter, even for those kernels g for which it
is known that minimal sets exist both when m is small and when m is large. However,
there are situations where the existence of minimal sets holds for every m > 0, and
this is treated in Theorem 2.2.10. The basis of the proof consists in showing a global
differential inequality for the potential of a minimal measure v;,,. Once more, this is
possible thanks to the rather simple structure of the minimizers, that are necessarily
radially symmetric. In certain circumstances, it is particularly easy to infer some
differential inequalities for the potential directly from the properties of the kernel, as
we highlight in Remark 2.2.11.

Generalized Gamow model

There are a number of results related to this model in the literature, and we men-
tion only the works that are more closely related to our study. To begin with, there
are Kniipfer and Muratov’s companion papers [KM13, KM14], where they prove some
existence /non-existence results, together with a characterization of the minimizers with
small measure in low space dimension, when the kernel is a suitable negative power.
Instead, by choosing the power 2 — N (that, in particular, is the Coulombic one),
Julin is able to prove in [Jull4] that balls minimize the Gamow functional for small
measure constraint in every space dimension. Bonacini and Cristoferi extend the pre-
vious results to every dimension, and every negative power larger than 1 — N, in their
paper [BC14], where they also investigate the local minimality of the ball. Finally,
the picture is completed in [FFM™15], at least for power kernels, since the authors
characterize the minimizers with small measure in every space dimension, for every
power greater than — N, and even treating the case of the fractional perimeter instead
of the standard one. Remaining in the realm of negative power kernels, there is a very
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recent work [CR24], where they give an explicit estimate of the values of  for which
the ball uniquely minimizes G,. Novaga and Pratelli go beyond the power-like kernels
in [NP21], characterizing the minimizers with small measure in dimension 2. We do
not restrict the space dimension, and in Chapter 3 we treat a generalization of the
Gamow model, making very mild assumptions on the interaction kernel h appearing in
the Riesz energy. In any case, we recall that the Gamow model naturally comes with
a kernel h that is repulsive and infinitesimal at infinity, and we keep this framework.
In Section 3.2 we show that, when ~ is small enough, balls are the unique minimiz-
ers of G, among sets with measure wy. Our approach is similar to the one exploited
in [FFM™15], while we manage to prove some important estimates for a very general
Riesz term. These estimates are so robust that we are able to treat also the model
containing the fractional perimeter. In fact, in our presentation we denote either the
standard perimeter or the fractional one by &, since much of the discussion is not af-
fected by that choice. We stress that, when the interaction kernel A is a negative power,
the asymptotic analysis in the regime v — 0 is perfectly equivalent to the study of the
minimal sets for G; with measure constraint going to 0. Hence, our results generalize
those already present in the literature. The strategy to characterize the minimizers for
~ small is well understood by now, and can be summarized in the following steps:

1. prove that minimizers of G, are almost minimizers of the perimeter, which pro-
vides some regularity estimates;

2. prove that the minimizers converge to a ball in the L' sense as v — 0, which
improves their regularity for small ~;

3. having at our disposal some quantitative inequalities for the perimeter and for
the Riesz term of the form

P(E)— P(B) > C1d(E, B)?, E(B) — E(E) < Cyd(E, B)?,

we characterize the minimizers for small v by combining these two inequalities
and the minimality of E: we obtain that C1d(E, B)? < vCyd(FE, B)?, which forces
E = B for v < Cy/Cs.

The research on quantitative inequalities is still very active and, depending on the
functional, obtaining such results can be far from trivial. Just to serve as examples, we
mention some works on quantitative inequalities that are related to the topics of this
thesis: the works focused on problems “of perimeter type” [CL12, BC14], and those
addressing the Riesz energy alone [Chr17, FP20, FL21]. Moreover, we did not specify
what the “distance” d(F, B) is, and for which sets those inequalities hold. Our work in
Section 3.2 is mainly focused on the quantitative inequality for £ for regular sets, that
are close enough to a ball in a suitable sense, and with a quite strong distance. The
most classical isoperimetric inequality is given in terms of the so-called asymmetry of
E, that is a sort of L' distance from B. This, however, is too weak for our purposes
because we are able to obtain the quantitative estimate for £ only in terms of a distance
“of higher order”, and therefore we are forced to rely on the Fuglede inequality for the
perimeter (see [Fug89, CL12], and the fractional counterpart present in [FFMT15]).
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In the end, our result is obtained by hands, with a careful analysis of the various
cancellations, and we use a number of times that the kernel h is radial.

Of course, in the strategy outlined above we took for granted an important point: the
existence of minimizers. There are some very powerful techniques to prove that result
when + is small, while the problem is much more subtle when the parameter ~ is large.
In fact, there is only one result showing the non-existence of minimizers when v > 1,
and it is contained in [KM13, KM14]. That result has some strong restrictions on the
kernel, that has to be of power-type, and it is not known whether the result is valid
or not in a wider range of powers. To further stress the difficulty of this question, we
mention two facts. First, when A is a locally integrable negative power, then a scaling
argument shows immediately that a single ball cannot be a minimizer when ~ is large
because two balls with half of the measure do better. Second, there are some (non-
homogeneous) kernels for which the existence for large «y is known, and sometimes it is
possible to prove that the minimizer is precisely a ball, even for large v (the references
for these phenomena are [Peg21l, MP22 NO22, GMP22]). In all of these cases, the
authors crucially require that the interaction is extremely weak at large distances.

In Section 3.3 we study the energy profile of the families of balls, depending on their
measure, and we give a precise characterization of the optimal subdivision of the total
measure among different balls to minimize G,. In general, this analysis provides some
control on the isoperimetric profile of the Gamow functional G,. However, in some
special cases, we identify precisely the isoperimetric profile, thanks to [KM13, Theo-
rem 2.7] and [BC14, Theorem 2.11]. Our result is purely one-dimensional and relies
solely on a concavity-convexity property of the energy profile ¢(m) = G, (B(0,m'/V)).
This hypothesis, which is contained in (H;p), is satisfied when the kernel h is a negative
power, while it does not hold if we consider the generalized Gamow energies presented
in [MP22, GMP22]. In fact, in their case, a ball with large measure minimizes G,,
while our assumptions guarantee that splitting the measure into two masses is more
convenient in that regime (mimicking the behaviour of the standard Gamow model).
This splitting phenomenon naturally repeats, as it is convenient to have families with
three, four, and more masses as the total measure increases. This was already observed
in [BC14, Theorem 2.12], and a proof of this fact is contained in Corollary 3.3.10. In
turn, we prove that the optimal families of balls are very simple, as they contain a
certain number of equal masses, and at most one smaller mass. This simple structure
allows us to prove a form of monotonicity for them, as stated in Theorem 3.3.15. We
crucially use the concavity-convexity property of the profile ¢4 to deduce this result.
In turn, this characterizes the regions where the isoperimetric profile for the Gamow
functional is convex (for certain kernels). A remarkable feature is that, as the total
measure grows, the optimal splitting of the mass eventually becomes trivial, containing
only equal masses. This is the most relevant content of Proposition 3.3.18, which, like
the rest of our analysis, is based on the optimality conditions obtained in Lemma 3.3.5.
We conclude the section with a few examples that serve to show the sharpness of our
results. In fact, the hypotheses (H;p) are very mild, and the examples highlight the
limits of our approach. To obtain stronger results, one would need to assume some
additional properties for the one-dimensional profile.
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Notation

B(xz,r) C RY denotes the euclidean ball, centered at z with radius r, moreover
B, = B(0,r), and B = B(0,1)

M(RY) denotes the space of signed Borel measures in RY, and M (RY) is the
subspace of the non-negative Borel measures in RY

P(RY) denotes the space of probability measures in RY, and P.,q(RY) is the
subspace of the probability measures that are invariant under rotations: p €
Praa(RY) if for any M € O(N) and any Borel set E C RY, we have that u(E) =

p(M(E))

P.(RYN) is the space of probability measures with compact support, and we define
the two subspaces P; .(RY) = {u € P.(RY) : £(u) < +oo} and

Py e(RY) = {u € Ps(RY): /Id/t(x) = 0}

given 1 € M(RY), we denote by ||u| the total variation of the measure, and
el e = el (RY)

P(RY) and its various subspaces are always endowed with the weak* topology

g, denotes the power-law kernel g, (z) = % with v € R\ {0}, and go(z) = log|z|
by definition; the power-law functions are the building blocks of a prototypical
non-trivial kernel that often appears in the literature:

Tp = 0o — 083+ 9s(e1) — galer) a > max{f,0} > min{3,0} > —N (1)

&; simply denotes the energy £ with an explicit reference to the interaction kernel.
Instead, when pu,v € M, (RY), we define the mutual interaction between them
as

&) = [ [ oo~ auta)ivty)

P(FE) denotes the standard perimeter of the set E, also called De Giorgi’s perime-
ter, while for any s € (0, 1) we use the notation Ps(F) for the fractional perimeter
of £
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Chapter 1

Probability minimizers for
Riesz-like energies

In this chapter we analyze the ground states of the Riesz-type functional £, when it is
defined in the space of probability measures P(R"). We recall that its expression is

E(p) = //g(x —y)dp(z)du(y)  pe PRY),

where g is the kernel describing the interaction, and the minimization problem is stated
in (Py). Some important examples of kernels contain negative powers, and we will
cover some of them. In this sense, one should think that the kernel is not everywhere
regular, while we always assume that g is non-negative. We also stress that, in the
setting of probability measures, we have to define the kernel in a pointwise sense. In
particular, to define the energy £ for every measure in a unique sense, g is not a class of
Lebesgue functions, but we need to fix a precise representative. This setting has some
good features: the existence is very easy, and there is a lot of flexibility concerning the
manipulation of the competitors in the minimization process. A downside, however, is
the possible singularity of the measures. In fact, this yields some issues when we do
some computations, and certain steps are not easily justified when there is a combi-
nation of singular measure and singular kernel. In other words, we need some sort of
reqularity theory, and this chapter focuses precisely on this task. We stress that this
possibility really occours: it can happen that we find singular minimizers even when
the kernel explodes in the origin, as we show in Theorem 1.4.2. We point out that, in
this specific example, we are able to perform explicit computations because the kernel,
despite being singular, is regular enough to justify every step. This lack of regularity
is in contrast with the intuitive observation that a singular behaviour of the kernel g
in the origin prevents the concentration of mass. From this rough picture, one can
guess that, in order to obtain some regularity result, we should work with a kernel
that is singular enough. This is the goal of Section 1.2, where we prove a L> control
on the minimizers of (P;) when the kernel satisfies condition (H,). We stress that
our approach requires that g is subharmonic close to the origin, that is a quite precise
information about the singularity. It is not known if we can expect some similar results
with a less precise understanding of g. The 1-dimensional case is particularly simple,
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and allows us to obtain stronger results already in Theorem 1.2.1. Furthermore, the
topic of Section 1.3 is precisely the investigation of finer regularity properties held by
the minimizers of (P);) in dimension 1. The study yields to Theorem 1.3.1 where we
show that, under suitable hypotheses, the critical points of £ are not only bounded
densities, but even continuous ones (inside their support). To conclude this chapter,
we collect in Section 1.4 some results concerning the question of uniqueness, that is
related to their symmetry when the kernel is radial. In fact, Theorem 1.4.1 addresses
precisely this matter, while Theorem 1.4.2 exploits the symmetry of the minimizers to
perform some explicit computations, and characterize the sphere as the unique mini-
mizer of (P);) when the kernel has the expression (1), with some restrictions on the
exponents. The study of symmetry properties, despite being interesting in itself, is
tightly connected to the concentration bounds, as it is clear from Theorem 1.2.1. Con-
cerning our contributions, Section 1.2 is based on [CP22], and Section 1.3 is based
on [CP24]. Finally, Section 1.4 mainly contains the results of [CP22, Section 4], while
the discussion about the minimality of the sphere is an unpublished contribution.

1.1 Preliminary results

We introduce some basic tools and results to study the variational problems associ-
ated to Riesz-like functionals. We establish the existence of optimal measures in Theo-
rem 1.1.1 when the interaction kernel penalizes long range interactions. We also provide
the Euler-Lagrange conditions satisfied by minimizers in Proposition 1.1.3, written in
terms of the potential of the optimal measure. This is associated with the computation
of the first variation of the energy, which indeed coincides with the potential generated
by the minimizing measure.

Theorem 1.1.1 (Existence of optimal measures). Let g : RY — RTU{+o00} be a l.s.c.
and Li.. function such that lim|g 400 §(x) = F00. Then, there exists a minimizer of
the energy € both in the class P(RYN) and in the class Pra(RY). Moreover, the support
of any optimal measure is contained in a ball of radius R, where R only depends on g.
More precisely, R needs only to be big enough so that, for every |v| > R/4, the quantity

g(v) is larger than 24 times the energy of a ball of unit volume.

Proof. We can assume without loss of generality that g is symmetric, since the en-
ergy does not change if we replace it by v +— (g(v) + g(—v))/Q. Since g € L{_ and
Prad(RY) € P(RY), then we have I < I’ < 400, having set

[:=inf{&(u): pePRY)}, I':=inf{E(p) : p € Praa(RY)}.

Let us call for brevity C' = 241", and let R > 0 be such that g(v) > C for every v € RY,
lv| > R/4. Let us now take a measure y, either in P(RY) or in P,aq(RY), such that
E(pn) < 2I'. We claim that there exists some z € RY such that u(B(z, R/4)) > 1/2.
Indeed, otherwise we have

o= [ ata=nidutuanta)

_ C
> / / 9z = y)duly)dp(z) > o > E(w),
RN JRN\B(z,R/4)
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which is absurd. Then, the existence of € RY so that p(B(z, R/4)) > 1/2 follows.
We can reduce ourselves to assume that

1
,U(BR/z) >3-

2

Indeed, in the general case when p € P(RY) it is harmless to assume that T = 0, up
to a translation, so there is even no need of passing from R/4 to R/2. Instead, in
the radial case —where a translation is not possible— the above estimate is clearly true
if |z| < R/4. And in turn, we can exclude that |Z| > R/4, because if this happens
then the balls B(z, R/4) and B(—z, R/4) are disjoint, and since p is radial we obtain
w(RY) > w(B(z, R/4)) + n(B(—z, R/4)) = 2u(B(Z, R/4)) > 1, which is absurd.

Let us now call n = (R \ Bg) € [0,1/2], and let 1~ be the restriction of y to Bp,
that is a measure with mass 1 — 7. Then, we have

(x —y)d d E(u 2 glx —y)d d
=[] e widutanta) = )+ /B//\ Jdpy)dpu()
> E(u) +2Cu(Bry2) u(RY \ Bg) > E(u™) + Cn.

Keeping in mind that £ is 2-homogeneous, that C' = 241" > 12&(u), and that (1 —
n)~2 <1+ 67 since 0 < n < 1/2, we can estimate

E((=—n)u)=Q=n) 2w ) <A+6n)E(n)

< (14 6n) (E(n) — ) < () - &

P
Therefore, the measure (1 — 1)~ 'u~, which is a probability measure concentrated in
Bpgr, and which is radial if so is pu, has energy lower than p, and actually strictly lower
unless p itself is concentrated in Bpg.

Summarizing, from any minimizing sequence for the energy (either in P(RY) or in
Praa(RY)) we can construct another minimizing sequence, which is done by measures
concentrated in the ball Bg. By lower semicontinuity of the energy, any weak limit
of this latter minimizing sequence is a minimizer (observe that a weak limit of radial
measures is clearly still radial). This gives the required existence of minimizer of the
energy both in P(RY) and in P,.q(R"). Moreover, by the above calculation we obtain
that every minimizer is concentrated in a ball of radius R. [

Once we have established the existence of minimizers, it is useful to provide the
so-called Euler-Lagrange conditions associated to this problem. In our case, they are
written in terms of the potential of the minimizing measure (the definition is standard,
and it is provided below). Notice that, in order to define the potential, we assume
the function g to be symmetric (but not necessarily radial). However, as already
noticed in the proof of Theorem 1.1.1, this assumption can always be done without
loss of generality, since the problem with the function g is completely equivalent to the
problem with the function v — (g(v) + g(—v))/2.

Definition 1.1.2 (Potential). Given a l.s.c., symmetric and L] function g : RV —
R* U {+o0}, for any positive measure p we call potential associated to p the function
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V.5 RY — RT defined as

Bus() = [ ale = iuty).

When there is no ambiguity, we simply write v, discarding the dependence on the ker-
nel. Similarly, for any function f € L}(RY), either positive or bounded and compactly
supported, the potential associated to f is the function ¢, : RY — R given by

vga(o) = [ ale =)y

As before, we use the notation 1y when there is no confusion about the kernel.
Furthermore, if fp = X, we use the shorthand notation vg g, Vg, &(F) and E(F)
instead of the couterpart with fg. It is immediate to see that, for every kernel g > 0,
any measure 4 € M (RY) and every A > 0, we have the following scaling properties:

Yapg = Mg Es( M) = NE5().

Since g is non-negative, we apply Fubini’'s Theorem to the definition of &;(p), for
any measure g € M, (RY), and we obtain the following remarkable property of the
potential:

) = | tna@)ina) (1)

As a consequence, it is easy to guess that, whenever y is an optimal measure, its poten-
tial attains its minimum over the support of . A similar result has been already proved
under different assumptions in many earlier papers, for instance [BCT18,CDM16]. We
now prove this fact under very weak assumptions, which do not even guarantee the
existence of optimal measures —of course, if g is so that there are no minimizers of the
energy, then the result is emptily true.

Proposition 1.1.3. Let g : RN — RYU{+00} be a l.s.c., symmetric and Ly, function.
Let i1 be a minimizer of the energy, either in P(RN) or in Pra(RY) (in this latter case
we also assume g to be radial). Then we have

{%L(x) =&(u) for p-a.e. x € sptp,

(@) 2 E(n) for LV-ae. 7 € RV, (EL,)

Proof. We start by showing that 1), is constant p-a.e. in the support of p. The fact
that this constant is exactly £(p) will then be an obvious consequence of (1.1). If
the claim is false, then there are two constants A\; < Ay and two positive measures
W < powith ||@/]] v = [[1"]| o > 0, radial if so are p and g, and such that

Yu(x) < A for prae. x € spty, Yu(z) > Ay for p-ae. x € sptp”.

For any 0 < € < 1, the measure p. = pu+ e(p' — p”) is still a probability measure, and
it is radial if so is . An easy calculation gives us that

(i) = £ =2 [ [ o)l w)a) + € = )
< 2 Ly (= Aa) + 22 — 1),
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and then we derive that £(u.) < () for € < 1, contradicting the minimality of u.
The first property in (E'L,) is then established.
Concerning the second one, let us assume that it is false. Then, there exists some
A < &(u) and some bounded Borel set E C RY, with strictly positive Lebesgue mea-
sure, such that
Yu(r) <\ for LN-ae. x€E.

The set E can be taken radially symmetric if ;4 and g are radial. Notice that, by the
first property in (E'L,), u(E) = 0. This time, for 0 < ¢ < |E|™! we set

=(1—¢elE)u+eLVLE=p+e(LLE - |E|p),

which is again a positive probability measure, radial if so are p and g (and then F).

We have

E(pe) — —25/ Yu(2)d( LN LE(x) — |E|p)(z) + E(LNLE — |E|p)
<2\ —E(u ))|E|+528($N|_E |E|p).

Since E is bounded and g € L{ ., we notice that

loc»

S(LVLE - |Elp)| < SV LE) + [EPEG) + 21B] [ v, (w)ds
E
<E(LNLE) +|EPE() + 2M\E]? < +oo.

By the fact that A < (u), we deduce that £(u.) < E(u) for e < 1, contradicting the
minimality of p. Also the second property in (EL,) is then obtained. O

Remark 1.1.4. Keeping in mind that v, is L.s.c. on RY, we actually deduce that
¥, < E(p) for every x € spt . If g is also continuous in R\ {0}, then ¢, is continuous
on RV \ spt i, and from (FL,) we infer that ¢, (z) > E(u) for every x & spt p.

We expressed the optimality conditions in terms of the two measures that are naturally
taken as reference: p and #~. This makes the result more readable in some sense, but
it is not the strongest statement that one can write. In fact, let us define the sublevel
set S, = {z € RV : ¢, (z) < E(u)}, where p is a minimizer of £. Then, a more refined
version of the Euler-Lagrange condition is the following (valid without the continuity
assumption on g): ¢, < E(u) in sptpu, and E(v) = +oo for every v € P(RY) with
v(RY\ S,) = 0. To verify this condition one can check that, if we find a measure v
concentrated on S, and with finite energy, then

E((1 = D+ tv) = (1 — 02 () + 2E(w) + Qt/z/;udu <E) Vi<,

contradicting the minimality of u. We refer to [Lan72] for the developments of the po-
tential theory, where this arguments fits perfectly in the study of the so-called capacity
(in our case, the kernel is not necessarily a negative power, differently from the theory
developed in Landkof’s book).
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Remark 1.1.5. Notice that the lower-semicontinuity and the local integrability assump-
tions on g in Theorem 1.1.1 are very reasonable assumptions in this context. In fact,
the first is related to the standard method, and is very common. The second one is
natural whenever we expect to use sets as competitors or, looking at the problem from
the applied point of view, whenever there are meaningful objects that we want to in-
clude in our model which are naturally represented by sets. In fact, if we suppose that
g RY — RT U {+oo} is radial and radially decreasing close to the origin, then we
have the following implications:

ge L. = E(E) < +oco VE C RY bounded with |E| > 0,
g¢ L, = E(E) = +oco VE C RY bounded with |E| > 0.

If g is locally integrable, then the energy is finite since the potential 15, is uniformly
bounded in E, and the energy is simply the integral of the potential. For the other
implication, instead, let us suppose by contradiction that g ¢ L . We call g the radial
profile of g, i.e. g(a:) = ¢(|z]). We aim to prove that )y = +o0 in any Lebesgue
point of E. This, of course, concludes the argument. Without loss of generality, let us
suppose that 0 is a point of density 1 for E, and let us take r, = 27%. For any k € N
there exists ¢, € (0,1) such that |[EN B, | > (1 —&x)|B,,|, and ¢, — 0. We observe
the following trivial inequality:

|E N (BTk \ BTk+1)| > (1 - 6k)|B7"k| - |B7’k+1| = (1 — &k — 2_N)|BTk|'

Since £, — 0, then there exists ky € N and C > 0 such that 1 —¢, — 27" > C for every
k > ko, and g is radially decreasing in B,, . Hence, we exploit the symmetry of g to
see that

ve0) = [ atyte= 3 [ L

k>ko
> (1= — 2By lglri) = > C|By,lg(re)
k>ko k>k0
= 3 2B o) = 3 O By Blar)
k:>k’() k‘>k30
>y —
C / g(x)de =C / g(x)dx
_ 9N — 2N ’
k>ko+1 27 Bri_1\Bry, 1 2 Bz*ko

and the last expression is +0o by hypothesis.

If the kernel g is radial, locally integrable and decreasing, we infer also an integra-
bility property for Vg:

Lemma 1.1.6. Let g : RV — R U{+oo} be a radial function of class Li. ., with radial

profile g. If g € C*'((0,400)) and ¢’ <0 in (0,1), then

loc»

1
—/ gt < +oo.
0
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Proof. For any s € (0,1) we write g(1) — g(s) = fsl ¢'(t)dt. Then, since ¢’ has constant
sign in (0, 1), we can apply Fubini’s theorem and see that

/01(9(1) —g(s))s" tdt = /01 sV /slgl(t)dtds
= /0 1 dt /0 t g (t)s"tds = 01 %g’(t)dt-

This concludes the proof since g € L'(B;), and thus s — g(s)s™ ! is integrable in the

interval (0,1). O

1.2 Boundedness of optimal measures

In general, it is extremely hard to describe the minimizers of £, even when the kernel g
is one of the protorypes expressed in (1). We recall that, in those cases, some results are
available to characterize minimizers: see for example [CS23, Section 5], [Fra22, FM23]
and [DLM22 DLM23]. Therefore, some qualitative analysis is the most reasonable
objective in the theoretical study of this problem. In this direction, our results are
in some sense close to [CDM16], where they address the problem through some PDE
techniques (when the kernel allows this approach). The space of probability measures
is very convenient to prove the existence of minimizers due to the good compactness
properties, but it is also very large. Therefore, it is natural to address the regularity
problem for the minimizers. For a general kernel g we cannot hope for some strong
regularity, but we aim to some form of concentration bound for the optimal measures.
Indeed, we can prove a result of this sort when we restrict the class of interaction
kernels: our fundamental assumption to give a positive answer to this problem is
(H,) the function g : RY — RT U {+o0} is radial, L], and its restriction to R" \ {0}
is C?. In addition, calling g(z) = g(|z|), there is a small radius r; > 0 such that
g is subharmonic in B, \ {0}, g and ¢’ are respectively decreasing and increasing

in (0,r5), and ¢g(0) = limy o g(%).

Notice that these hypotheses provide a lower bound on the rate at which the kernel g
diverges in the origin. One can expect that this feature plays some role in the analysis:
a strong penalization of the short range interaction prevents the concentration of mass,
going in the direction of proving some control on the density of the minimizer p with
respect to ZN.

Theorem 1.2.1 (L* bound for optimal measures). If g : RY — R™ U {+o00} satisfies
assumption (H,) and lim;_, g(t) = +o00, there exists a constant M = M (N, g) such
that the L* bound ||p||p~ < M is true in the following cases:

1. for any minimizer u, either in P(RYN) or in Pna(RY), if the support of u is
convex and

limsup |¢'(t) [t > 0; (1.2)

N0
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2. for any minimizer pi in Peaa(RY) (and also in P(R) if N = 1), if g is subharmonic
in RN\ {0}, strictly subharmonic in By, \ {0}, and (1.2) holds;

3. for at least a minimizer p in the class Pra(RY) (and also in P(R) if N = 1) if
g is subharmonic in RY \ {0}.

We point out that the dimension 1 is different from the others already at this level.

The situation in dimension 1 is much easier, since there is no geometry involved, leading
even to the continuity results presented in Section 1.3.
Concerning the negative results, one can seek for minimizers that are not absolutely
continuous with respect to #~. In this direction, one can see for example [CTFP17,
DLM22, DLM23, FM23] where the kernel is isotropic, and [CS24b, CS24a, MMR 23,
Mor24] where g is not radial.

1.2.1 Convexity of the support of optimal measures

We show that the support of an optimal measure is convex in some cases. As in
Proposition 1.1.3, our assumptions are not strong enough to guarantee the existence
of optimal measures, hence what we prove is that every minimizing measure, if any,
has convex support. This kind of result was already present in the proof of [CS23,
Theorem 4.1], but they made some different hypotheses on the kernel g and some a-
priori regularity assumption on the potential generated by an optimal measure. On
the other hand, they work with local minimizers with respect to the oo-Wasserstein
distance, while we are interested only in the global minimizers of £. We start with the
1-dimensional case.

Proposition 1.2.2. Let g : R — RT U {400} be a l.s.c., symmetric and Li.. function,
whose restriction to (0,+00) is convex, and strictly convezr in a right neighborhood of
0. Let p be a measure which minimizes the energy either in P(R) or in Praa(R). Then

the support of 1 is a closed segment.

Proof. Let us assume that g is a minimal measure, either in P(R) or in P,,q(R), and
that its support is not a segment. As a consequence, there is an open segment (a,b) C R
such that spt(u) does not intersect (a,b), but it contains both {a} and {b}.

By construction, the function 1, is convex in the interval (a,b). Moreover, it is
strictly convex in (a,a + ¢) and in (b — €, b) for some € > 0, much smaller than b — a.
By Proposition 1.1.3 and Remark 1.1.4, we deduce that v, > £(u) in the whole open
segment (a,b), and that, up to possibly decreasing the value of € > 0, the inequality is
strict in (a,a +¢) U (b —¢g,b). Consequently, and again up to further decreasing e, the
function 1, is either strictly decreasing in (a, a+¢), or strictly increasing in (b—e¢, b), or
both. By symmetry, we assume without loss of generality that v, is strictly decreasing
in (a,a+ ¢). Let us now notice that

¢u(a)+%(a+€)—2%(a+€/2):/§(a—y)+§(a+€—y)—2§(a+€/2—y)du(y)- (1.3)

Since g is convex in (0, +00) and symmetric, and since ¢ < b — a, for p-a.e. y we have
that
gla—y)+gla+e—y)—2g(a+e/2-y) >0
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Inserting this estimate in ((1.3) we deduce that

Yula) 2 2u(a+¢/2) = dula+e) > Pula+e/2),

where we have also used that 1, is strictly decreasing in (a,a +¢). And finally, this is
absurd since ¢, (a +¢/2) > E(u), as already noticed, while ¢, (a) < £(u) by Proposi-
tion 1.1.3 and since v, is l.s.c. by construction. O

The idea of the proof in the general case when N > 2 is similar, one only needs
more care in the construction. A geometrical property that we are going to use is the
following one.

Lemma 1.2.3. For any N > 2, there exists a geometrical constant Cy > 1 such that,
if 0, m, d, r are four positive numbers such that

T]>CN5, d>CN7], r > Cyd,

then one has

ANz € dB(0,7) : |z — (r —n)es| € (d,d +0)
({ e ) 1]

5 (1.4)
Proof. This is an elementary geometrical property, easy to establish with the aid of
Figure 1.1. Let us consider four constants 6 < n < d < r, each quite smaller than
the following one. Let us call P = (r — n)e; as in the figure. The points of 9B(0, )
having distance exactly d from P are the intersection between the spheres 0B(0,r)
and 0B(P,d), hence they are a (N — 2)-dimensional sphere contained in a hyperplane
orthogonal to the direction e;. The radius of this sphere, call it pg, is smaller than d,

Figure 1.1: The situation in Lemma 1.2.3.

but the ratio between py and d becomes arbitrarily close to 1 if the ratii d/n and r/d
are both large enough. In the very same way, for any 0 < ¢ < ¢, the points of 9B(0, r)
having distance exactly d + ¢ from P are a (N — 2)-dimensional sphere, with radius
pe very close to d +t. Moreover, ps — pg = §, that is, the ratio between ps — py and
d is arbitrarily close to 1 as soon as n/d, d/n, r/d are large enough. In addition, the
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centers of all these spheres are all on the line Re;, and they are almost coincident with
respect to 0. More formally, if we call C; the center of the sphere corresponding to any
0 <t <4, we have that the ratio |C; — Cs|/|t — s| is arbitrarily close to 0 as soon as
n/d, d/n, r/d are large enough.

Summarizing, the 7Y ~'-measure of the union of these spheres is arbitrarily close
to the measure of a (N — 1)-dimensional annulus contained between two concentric
spheres of radii d and d + §, which in turn is arbitrarily close to (N — 1)wy_;d™¥ 72§ if
d/o is large enough. This completes the proof (in particular, instead of 1/2 and 2 we
could have used a and 1/a for any a < 1). O

Proposition 1.2.4. Let g : RY — R* U {+o0} be a radial, l.s.c. and Li., function.
Let us suppose that it is of class C* in RN \ {0}, it is subharmonic in that domain,
and it is strictly subharmonic in B, \ {0} for some r > 0. Then, the support of any

measure which minimizes the energy in Prad(RN ) is a closed ball.

Proof. Let p1 be a measure minimizing the energy in P,aq(RY). Since both g and p are
radial, then so is also the potential ¢,,. Let us define for brevity f: RT — RT U {+o0}
the function such that v, (z) = f(|z|). Let us assume that the support of p is not a
closed ball, and let us look for a contradiction. Among all the open bounded intervals
I'in (0, +00) such that the annulus {x € RY : |z| € I} does not intersect spt(u), there
is at least one, say (a,b), which is maximal with respect to the inclusion.

Notice that 1, is a subharmonic radial function on R" \ spt(u), hence in particular
we have

on ?f’(t) >0 in(ab). (1.5)

We subdivide our proof in few steps. In the first one, we show that f cannot be flat
close to both a and b, and in the following steps we reach a contradiction in each of
the possible cases.

Step I. There is some € > 0 such that either f' > ¢ in (b—e,b), or f' < —¢ in (a,a+¢).
First of all, we want to show the existence of a small € > 0 such that either f’ > ¢ in
(b—e,b) or f' < —ein (a,a+c¢). Since by construction b > 0, it is clear by (1.5) that, if
f'(t) > 0 for some ¢ < b close enough to b, then the value of f’ is at least f’(t)/2 in the
whole interval (¢,b), and then we have already concluded this step. On the other hand,
let us assume that f'(t) < 0 for every ¢t < b close enough to b. Since by construction
the sphere 0B(0,b) belongs to spt(u), then v, is strictly subharmonic in the annulus
{x e RN : b—n < |z| < b} for n < 1, and this means that f'(t) < 0 for some t < b
close to b. But then, (1.5) implies that f'(s) < f'(t) for every a < s < t, and then the
step is concluded.

Step II. Proof if f' < —¢ in (a,a+¢) and a = 0.

We first assume that f' < —¢ in (a,a + ¢) for some small €. As a consequence, we
can deduce that the sphere 0B(0,a) belongs to spt(x), but only if a > 0. Let us
instead suppose in this step that a = 0. The fact that f’ < —e in a right neighborhood
of 0 implies that 1, is not regular at the origin, having a cusp point. However, by
construction v, is regular in RY \ spt(p), and then we deduce that the origin belongs
to spt(u). Since the annulus {z € RY : 0 < |z| < b} does not intersect spt(iu),
this means that the origin is an isolated point of spt(u). But since g minimizes the
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energy, so in particular £(u) < +o00, the presence of an isolated point is only possible
if §(0) < +o00. And finally, if §(0) is finite, then ¢, is clearly continuous, and we find a
contradiction because we should have limy o f(t) > E(p) since f is strictly decreasing
in a right neighborhood of 0 and f > &(u) a.e. in (a,b) by Proposition 1.1.3. And
again by Proposition 1.1.3, we have f(0) = £(u), obtaining the searched contradiction.
Step II1. Proof if f' < —e in (a,a+¢€) and a > 0.
We now assume again that f° < —e in (a,a + €), but a > 0. As already noticed
before, this implies that dB(0,a) C spt(x), and by Proposition 1.1.3 and the lower
semicontinuity of v, we deduce that f(a) < £(u). On the other hand, limys, f(t) >
E(p), and then f has a jump point at a, with f(a) < limy, f(¢). We can easily show
that this is impossible. Indeed, the discontinuity of ¢, implies that g is not bounded
around the origin, and since g is subharmonic this implies that g is a radial, decreasing
function in a neighborhood of the origin. In other words, calling ¢ : R — R* the
function such that g(x) = g(|z|), up to possibly decreasing the value of ¢ we have that
g is strictly decreasing in (0, 2¢) and limy g g(t) = +o00.

Let us now call z = aey, and w = (a + d)e; for some § < €. Since as noticed before
limyq f(t) > E(1) > f(a), up to taking 6 small enough we have that ¢, (w) > 1, (Z)+J
for some J > 0. Let us also write 1, = ¢y + 12, where

wio) = | o T )l = / e 1 )

Since the function v is clearly continuous in a small neighborhood of z, up to further

decreasing 6 we must have
. J
Y1(w) > i (7) + bR (1.6)
And finally, we find the contradiction since as already noticed g must be strictly de-
creasing in (0, 2¢), and since by construction p-a.e. y € B(Z, ¢) satisfies |lw—y| > |Z—y|
then

(@) = /B L3 duty) = / o= ynty)
> /B(x,a) g(lw —y|)du(y) = Y1(w),

against (1.6).

Step IV. Proof if f' > e in (b—¢€,b).

We are left with the last possible case to exclude, namely, that f* > ¢ in (b—e,b). Our
argument will be similar to the one of Step III, we just need this time a little more
care to deal with the geometry.

As in the previous case, we have a jump discontinuity at b, since f(b) < E(u) by
lower semicontinuity of 1, and Proposition 1.1.3, while J := lim; » f(t) —E(u) > 0 by
Proposition 1.1.3 and by assumption. Let now ¢ < b — a be a positive quantity, to be
specified in a moment. This time, we write 1), = 1 + 1 with

Pi(z) = g(x —y)du(y), Pa(z) = Yu(x) — (),

/yEB(O,b+£)ﬁB(x,2CN£)
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where Cly is the constant of Lemma 1.2.3. The value of ¢ is so small that

b

/ -
=302

J
¢1(b€1) < E (17)
It is again clear by construction that 15 is continuous in a neighborhood of z = be;.
As a consequence, up to further decreasing ¢ < ¢ and calling this time w = (b — ¢)ey,
we have again (1.6). We claim now that, for any b <r < b+ ¢, we have

§(& — y)dA " (y) > 5

1 / g(w —y)dA" " (y).

y€dB(0,r)NB(w,2C N E)

(1.8)

Since p is radial, by integration this will give v (w) < 44 (Z), and this provides us
with the searched contradiction thanks to (1.7) and (1.6). Therefore, to conclude we
only have to establish (1.8).

Let us then fix b <r < b+ /¢, and let uscall { =r —b+e < ¢+ ¢ < 2¢, which is
the distance between w and 0B(0,r). It is immediate to observe that, since ¢ < 1, for
any y € spt 4 which belongs to the ball B(z,3Cn¢) (which contains B(w,2Cy{) since

e < /), the implication

/yeaB(o,r)mB(x,chz)

lw—y| <Oy = |T—y|<|w—y

holds. As a consequence, for any such y we have g(z —y) > g(w —y) —indeed, as before
we have that g is a radially strictly decreasing in a neighborhood of the origin, because
otherwise 9, could not be discontinuous. We deduce

G(w — y)dAN " y) < / 67 — y)d AN (y)

\/yE@B(O,T)ﬁB(w,CNE) y€dB(0,r)NB(w,Cn&)

<

/ §(z — y)dA" " (y).
y€dB(0,r)NB(z,CnE)

Consequently, to conclude the validity of (1.8) we can limit ourselves to show

/ §(z — y)dAN " (y)
OB(0,r)NB(z,2C N )\ B(Z,Cn¢)

1
>

> Z/ g(w = y)dA" " (y).
dB(0,r)NB(w,2CN L)\ B(w,CnE)

And in turn, this is clearly true if for any C'n§ < d < 2Cn/ and for any < ¢ we have

1
%N’1<8B(O,r) nB(z, d+5)\3<:z,d>) > Z%N*l(amo,r) A B(w, d+5)\B(w,d)>.
(1.9)
Finally, this last inequality is a consequence of Lemma 1.2.3. Indeed, take any Cny& <
d < 2Cpnl, and call ' = & and 0" = r — b. By construction, d > Cyn’ > Cy7’, and
r > Cyd by (1.7). Therefore, for any 6 < 1 we can apply Lemma 1.2.3 with constants

r, d, ', 0 as well as with constants r, d, 0, §, and then (1.4) gives (1.9). As noticed
before, this establishes (1.8) and then the proof is concluded. ]
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We conclude observing an important consequence of the convexity of the support of
an optimal measure, that is, the potential is continuous. We point out that the same
conclusion is obtained in [CDM16, Proposition 3.2], but that result requires a specific
control on the Laplacian of the potential in the origin, while we need some additional
geometric information about the minimizer.

Lemma 1.2.5 (Continuity of ¢,). Let g : RY — R U {+o0} be a radial, l.s.c., L],
function such that, calling g(|x|) = g(x), the function g is continuous in (0,+00) and
decreasing in a right neighborhood of 0. Let also v be an optimal measure, either in
PRY) or in Praa(RY), with support bounded and convex. Then the function 1, is
continuous. More precisely, there exists a continuous function 2/; : RY — R such that

the set {1, # W} is negligible with respect to both pu and LN .

Proof. Calling for brevity I' = spt(u), we simply define ¢ as the function which equals
Y, on RV \ T and &(u) on I'. The set where ) # 1, is the set of the points in T’
where 1, < £(p), and this set is both p- and £V -negligible by Proposition 1.1.3 and
Remark 1.1.4. As a consequence, we only have to show that zﬂ is continuous.

Since in the open set R \ T' we have that z; = 1), is continuous by construction,
all we have to do is to show the continuity of ¢ at points of . Let us call 0 < r < R
two constants such that ¢ is decreasing in (0,2r) and the diameter of I" is less than
R — r, and let w be the modulus of continuity of ¢ in the closed interval [r, R]. Let
y ¢ spt(u) be any point with dist(y,I") < r, and let € I" be the point which minimizes
the distance from y. We claim that

Uu(y) — Yu(z) <w(ly —z|), (1.10)
which will clearly conclude the thesis. By minimality of x, for every z € I' we have
ly — z| > |z — 2|, thus g(ly — z|) < g(|x — 2|) if |y — 2| < 2r. If, instead, z € T but
|y — z| > 2r, then we have also |z — z| > r, and then g(|ly — z|) — g(|z — z]) < w(|Jy —z|).
As a consequence,

%@wﬂmmwa/ oy — 21) — gl — 2)dp(2)

B(y,2r)
+/' o(ly — 1) — g(| — =) du(2)
RN\ B(y,2r)

< w(ly — )R\ By, 2r)) < w(ly — zl),
which proves (1.10) and thus the thesis. ]

1.2.2 The main geometric estimates

We collect here three geometric estimates, that we will use to get the proof of Theo-
rem 1.2.1. We start with an elementary calculation.

Lemma 1.2.6. Let g be a function satisfying condition (H,), let r; > 0 be given
by (H,), and let 7 < r;. There exists c = c(g, N,7) > 0 such that, defining f:RN =
Rt as f(z) =1 if [z| <7 and f(z) = 0 otherwise, one has Vi(2) < p(0) — c|z]? for
every z € RN with |z| < 1, depending on g and N. The constant ¢ actually depends
only on N, 7 and ¢'(F).
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Proof. Let z € RY be a point with = |z| sufficiently small. For every w € 0B(0,7),
call T'(w) the segment joining w and w + 2, and § = f(w) € S* the angle between w
and z, that is, w - z = |wl|z| cos @ = Tncosf. We can then evaluate

bi(z) — 65(0) = / 3(y)dy — / 9(y)dy

/ / d%”l( ) cos dAN H (w)
wedB(0,7) Jxel (w

/ / )+ tcosOg'(7) + (n))dt cos 0d.N " (w)
wE@B(OT t=0

g( )/ cos® 0d AN (w) + o(n?)
weIB(0,7)

wldw Mld

g (F)CNTN + o(n?).

Notice that Cly is a purely geometrical constant, only depending on N. Its exact value,
though elementary to calculate, is not important. Helre7 by o(n) and o(n?) we denote a
quantity which becomes arbitrarily smaller than 7, or %, if 5 is small enough, depending
on g, N and 7. Since ¢'(7) < 0, we obtain the thesis with ¢ = |¢'(7)|Cn7V /3. O

We now pass to give an L™ estimate in a very peculiar case. We will obtain the
proof of Theorem 1.2.1 basically reducing ourselves to this case.

Lemma 1.2.7 (L estimate). Let us assume that g satisfies (H,), and let f : RN — R
be a positive, radial, C? function, with unit L' norm, concentrated in Bg for some
R > 0 and such that ¢y is constant in a neighborhood of 0 and f(0) = max{f(z)}.
Then f(0) < My for some constant My = My(g, N, R), which actually only depends on
N, R and on the restriction of g to [ry, R].

Proof. Let r =rz/2. First of all, we subdvide ¢y = 91 + 12, where

o= [ se-nin =] s

T

We start considering the function 5, which is easier to deal with around 0. In fact, of
course 1, is radial and of class C? in B,, so in particular D1, (0) = 0. Moreover, also
keeping in mind that ||f||z: = 1, we have that

ol = | [ Daswa < a5, (1)

where the norm symbol denotes the operator norm, considering the Hessian as a linear
map from RY into itself. Notice that the constant C' actually only depends on N and
on max {lg'®)] +1g" ()]}

te[r,R)



1.2. BOUNDEDNESS OF OPTIMAL MEASURES 15
We now pass to consider ;. Notice that, for every z € B,, we have
(o) - (o) = [ (ot~ )~ 500) )y
— [ (0= - 9w) (1) - F0))dy
+10) [ (gla =)~ gt) dv.

The last integral in the above equation is nothing else than 1 7(x) — 1 7(0) if we call f
the characteristic function of the ball B,. We can then apply Lemma 1.2.6 and deduce
from the above equation that, whenever |z| is small enough, we have the bound

Ui(@) = ¥1(0) < —cf(0)]]* + / (9(z —y) —3(w) (f(y) — £(0))dy, (1.12)

where ¢ = ¢(g, N) is the constant given by Lemma 1.2.6 —notice that ¢ depends on
N, r and ¢/(r), and in turn r = r;/2 depends only on g by assumption (H,). We
can now subdivide the last integral in two parts, namely, the integral in the smaller
ball B,|, and the integral in B, \ Bj,. Since f is radial and of class C?, we have that
|f(y) — f(0)] < ||D*f| pe|x|* for every y € Bjy, thus since g is 1ntegrable we deduce

‘ / (G(z —y) = 3(y) (f(v) — f(O))dy‘
Bjg| (1.13)

< IIDQfHLoolfUIZ/B 9z —y) = gW)|dy < 2|7l (5, 1D fll e o],
||

We finally use that g is subharmonic in B,,\ {0}, that coincides with By, \ {0}. Indeed,
this implies that for every 0 < s < r the function

2 [ gz —y)d N (y)

0B

is also subharmonic in By, and since this function is also radial by construction then
its minimum is at z = 0, i.e.

/6 (= =)k ) =0 Ve

By assumption we have that the maximum of f in B, is attained in 0, therefore by
integration we immediately deduce that

[ -0 -aw) (W - so)y 0 wes.
B\By,
Putting this inequality together with (1.13) into (1.12), we obtain

$1(2) = 61(0) < (203215, 1Dl = ef (0) )l
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Since g € Li (RY), for |z| small enough we deduce 1 (x) — ¥1(0) < —cf(0)|z|>/2.

Finally, combining this inequality with (1.11), keeping in mind that ¢y + ¢ = ¢y is
constant in a neighborhood of 0, we deduce that f(0) < M, with

C(g, N, R)
c(g.N)
The proof is then concluded. We underline that the constant C(g, N, R) only depends

on N and on the restriction of g to [r, R], while ¢(g, N) only depends on N, r and ¢(r)
(and we recall that r = r;/2 depends only on g). O

My =

Remark 1.2.8. Notice that the above estimate is true also if the origin is only a local
maximum of f. More precisely, if 0 is a maximum of f in the ball B;, then the above
proof works substituting r with 7 := min{r, 7} (in fact, Lemma 1.2.6 is proved with 7).
Therefore, the L> bound in this more general case also depends on 7.

We can now show an estimate on the mass of a small ball around the boundary of
the support of an optimal measure.

Lemma 1.2.9 (Estimate near the boundary). Let g be a function satisfying (H,), and
let o be an optimal measure, either in P(RY) or in Pra(RY), with support convexr and
contained in Bp. Then there exists a constant C = C(g, N, R) such that, for every
z € O(spt(p)) and every p < 1, one has

u(B(x.p)) < - (1.14)

~ 19'(20)]
Proof. Let us call for brevity I' = spt(u), and let € JI" be a given point. Since I is
convex, we can take an external direction v € S¥=! to I' at x, that is, for every y € I’
one has (z —y) - v < 0. We now pick p < £ min{1,7;}, and we observe that

Yu(x +2pv) — (1) = / (9(x +2pv —y) — glz —y)) du(y). (1.15)

r

The convexity of I' implies that, for every y € T,
|z +2pv —y| > [z —yl. (1.16)

As a consequence,
g(z +2pv —y) < gz —y) + pC, (1.17)

where C' = 2max {g’(t) 0<t< R+ 1}. Notice carefully that C' = C(g, N, R)
is a well-defined real number thanks to the fact the we are maximizing ¢'(t) instead
of |¢'(t)|, and this is possible thanks to (1.16), which in turn is a consequence of the
convexity of T'.

While the estimate (1.17) is true for every y € T, let us now take y € I' N B(z, p).
For such a y, not only we have (1.16), but we also have

|z + 200 —y| — |z —y[ > p,
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and then since g is decreasing and ¢’ increasing in (0, r;), we have

gz +2pv —y) = g(|z +2pv —y|) < g(lx —y[ +p) < g(lz —yl) + pg'(lx —y| +p)
< g(lz —y|) + pg'(2p) = g(z —y) — p|g' (20)|-

Insterting in (1.15) this estimate for y € I'N B(z, p), and the estimate (1.17) for points
y €'\ B(x,p), we obtain

Yulr + 2p;)) — Yu(z) < _}g’(Qp)‘u(B(a%P)) + C.

By Proposition 1.1.3, also keeping in mind Remark 1.1.4, we know that ¢, (z) < E(p) <
Y, (z 4+ 2pv), and then the above inequality implies (1.14). ]

1.2.3 Proof Theorem 1.2.1

This section is devoted to present the proof of Theorem 1.2.1. We start with a first
case.

Lemma 1.2.10 (L* bound for a rapidly exploding g). Let g : RY — RT U {+oc0} be
a function satisfying (H,) and condition (1.2), with lim; ., g(t) = +00. Let moreover
i be a minimizer of the energy, either in P(RY) or in Pa(RY), with convex support.
Then i € L™, and in particular ||fi||p~ < M(g,N).

Proof. First of all, we apply Theorem 1.1.1, obtaining a constant R = R(g, N) such
that I' = spt(j1) is contained in a ball of radius R. We set then R = 2R + 2, we

let My(g, N,R) and C = C(g, N, R) be the constants given by Lemma 1.2.7 and
Lemma 1.2.9 respectively, and we define

(1.18)

24N
M:max{Mo, C},

WNQ
where a := limsup, o |¢'(t)[t" is the quantity appearing in (1.2). Notice that, if
a = 400, then the constant M coincides with M, and we stress that M depends only
on g and N since R = R(g, N).

For every p < 1, we consider a standard mollifier p, : RY — R*, that is, a smooth,
radial function supported in B, such that ||¢,||,: =1 and

lepllzee < (1.19)

wnpN

We let then p, = fi * ¢,, which is a positive, smooth function supported in a ball of
radius R + p, and we claim that

2 _
il < mx { s, —2 - sup (B2, 20) | (1.20)

NP zedl
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We can easily show that this estimate concludes the proof. Indeed, we can take a
sequence p; N\, 0 such that ¢'(4p;)(4p;)™ — «, and up to subsequences we can sup-
pose that p,, — . This last fact guarantees that ||zl < lminf; . [p;]|.., and
combining Lemma 1.2.9 with (1.20) we obtain that

2 2C 2.4N(C
lim sup - sup i(B(x,2p;)) < limsup =
j—o0 OJN,Oé-V mearlu( ( pj)) j—oo ng/(4Pj)P§V WNQ

9

showing the desired estimate ||fi]| ., < M. To conclude the thesis, we are then reduced
to show the validity of (1.20). Let y be a maximum point for the smooth function f,.
Suppose first that y is contained in a p-neighborhood of 9", thus there exists some
x € 0I'N B(y, p). In this case, also by (1.19) we have

—n(Bp) < S 2n(Blr.2).

Ml = p,(y) = / ooy — 2)da(z) <
B(y,p)

hence (1.20) is established.

Let us now assume that the distance between y and 01" is strictly greater than p, say
p+d with d > 0. In this case, the ball B(y, p + d) is entirely contained either in I', or
in RV \ T". However, this second case is impossible because it would imply p,(y) = 0,
against the fact that y is a maximum point for p,, so we deduce B(y,p +d) C I.
Now, we observe that v, = ¢ * ¢,. Since ¢;(z) = E(n) for ZN-ae. z € T by
Proposition 1.1.3, we deduce that 1, (2) = £(n) for every z € B(y,d). Finally, we
define f as the radial average of u, around y, that is,

fl@) = 7@3( ) w)

Notice that f is a smooth, radial function, with unit L' norm, supported in the ball
Ba(r+p) € Bp, and 0 is a maximum point for f. Moreover, 1 is constantly equal to
E(m) in the ball B;. As a consequence, we can apply Lemma 1.2.7, obtaining that
f(0) < My, and since by construction f(0) = 1,(y) = ||it,|| =, we have obtained (1.20)
also in this case and the proof is concluded. O

Remark 1.2.11. Notice that in the above lemma the assumption that lim, ., g(t) = +00
has been used only to be able to apply Theorem 1.1.1, and in turn this was needed
only to be sure that the support of i was contained in some ball. As a consequence, if
g does not explode at co but a minimizer ji has support which is convex and bounded,
then it is still true that f is in L* (and in this case, the L* bound also depends on
the diameter of the support).

We want now to extend the L* bound in order to cover also cases when (1.2)
does not hold. To do so, we will perturb the function g so to satisfy (1.2) and we
will use the above lemma. It is simple to notice that the argument only works if we
can approximate any measure with smooth functions in such a way that the energy
converges. Therefore, we first have to show the following result. We point out that
some approximations of similar flavour are present in the works concerning Ginzburg-
Landau energies, where it is useful to approximate in energy by means of collections
of Dirac deltas. See [SS07, Proposition 7.4] and [Serl5, Proposition 2.8].
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Lemma 1.2.12. Assume that g : (0,+00) — R is a continuous function, decreasing
in a right neighborhood of 0 and such that limy o g(¢)t” = 0 for some 0 <y < N, and
let g: RY — R U {+o0} be given by g(z) = g(|z|) for x # 0, and §(0) = lim;_ g(¢).
Then, for any probability measure u € P(RN) with compact support there erists a
sequence of smooth measures j; € P(RN)NCe(RY) weakly* converging to u and such
that

lim E(uj) = E(w). (1.21)

j—)OO

Moreover, each measure ji; belongs to Praa(RY) if so does pu.

Proof. Let g, g and p be as in the claim. As in the proof of Lemma 1.2.10, for any
p > 0 we denote by ¢, : RY — R a smooth, radial function supported in B,, with unit
L' norm and such that (1.19) holds. By lower semicontinuity of g, for any sequence
p; which weakly® converges to p one has £(p) < liminf £(p;). As a consequence, we
can limit ourselves to consider the case when £(u) < 400, since otherwise the claim is
trivial. We start assuming that for some fixed 0 < & < 1 one has

//é(f — g)du(y)du(fﬁ) < +00. (1.22)

Let us call u(t) = ¢(¢)t?, which is a positive and continuous function which goes to 0
when ¢ \, 0. For any j € N, let us call p; = min {t > 0 : u(3t/c) = 1/j}. Keeping in
mind that € > 0 is small but fixed, we have that p; > 0, and that lim;_,., p; = 0. We
claim that

379(3p;/¢) SN =) [] _
; ; — y)dydzx. 1.2

The left inequality simply follows from the definition of p; and the fact that ¢ < 1:

_ulpy) 1 u(3p;/e) _ 379(3p;/e)
g(ﬂj) =7 <-3= ¥ - ~ :
Pj JP; Pj €
Concerning the inequality on the right, for any 0 < ¢t < 2p; one has g(t) < 1/;t7, thus

2p;
[ ata v <wnp) [ gwite =N [ g
By, x By, Bap, t=0

Nw? plV 205 IN=YNw?2 p2N 7
< Np] / tN_l_Wdt _ ij
=0

J J(N =)
372N N w3, p2V
= Y g(3p;/).
e"(N —7)

We have then proved also the right inequality in (1.23). We can now define p; = p*p,,,
which is by construction a smooth probability measure with compact support, and
which is radial if so is pr. We can start calculating the energy of pu; as

£ / / y)dp; (y)dps ()
=//<// 9y =), (y — y)cﬂpj(x—ﬂdy’dfc)du( )dpu(x).

(1.24)
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Let us denote for brevity &; : RY x RY — R as

i(7,y) // ') pp; (Y — ¥ )pp, (v — 2")dy'do’,

and let r > 0 be such that g is decreasing in (0, 7). If j is large enough, we can assume
that 6p; < er. Let us then estimate &;(z, y) in three possible cases. First of all, assume
that |z — y| < 3p;/e. Then, by Riesz inequality, (1.19) and both inequalities in (1.23)
we have

4 _
(z,y) // 9 = 2o, (), () dy'da’ < // gy — 2')dy'da’
WNP] By, xB,,

312N +2-7 N 312N +2-7 N
2 T y3pife) < Gz — ).
S SN 9(3p;/e) < T g gz —y)

Second, assume that 3p;/e < |x —y| < r/2. In this case, we simply have

&, y) < gllz — yl — 2p5) < g(j‘;g).

Finally, assume that /2 < |x — y| < 2R, where R is a constant such that the support
of u is contained in a ball of radius R. In this case, we have

&, y) <max{g(t): |z —y| —2p; <t < |z —y[+2p;} <25(x—y),

where the last inequality is true by the continuity of g as soon as p; is small enough,
hence again for any j large enough. Putting together the last three estimates, we derive
the existence of a constant C' = C'(N,~, ¢) such that for any =,y € spt u

o) < 0 (st +9(T52) )

Since we are assuming that £(u) < +oo, as well as (1.22), the right hand side of
the above inequality is integrable with respect to p ® p. Since the sequence &;(z,y)
pointwise converges to g(x — y) when j — 400, by the Dominated Converge Theorem
and (1.24) we deduce that E(p;) — E(n). In other words, {u;} is a sequence of
smooth probability measures, radial if so is u, which weakly™ converge to u and which
satisfy (1.21). The proof is then concluded under the additional assumption (1.22).

Let us now assume that u is a generic probability measure, not necessarily satisfy-
ing (1.22) for some ¢ > 0. For every £ > 0, let us now call 7. : RY — R¥ the function
T.(z) = (1 + €)x, and let us set pu® = (7.)4p, that is

[ @)@ = [n(1+ Da)dute) e GRY).

Notice that also uf is a probability measure, radial if so is p, and that the sequence { ¢}
weakly™® converge to p when € \, 0. Moreover, since g is decreasing in a right neigh-
borhood of 0 and x has compact support, then again by the Dominated Convergence
Theorem we have that

1) = [[ 3t = e dieta) = [ [ a1+ e = p)duto)duta) — ).
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In addition, u° satisfies (1.22) since

// (1+ )dﬂ Jdy(x // = y)du(y)du(x) < +oo.

As a consequence, for every ¢ > 0 we can find a sequence {15} of smooth probability
measures, radial if so is g, which weakly* converge to p° and so that £(u5) — &(u°).
The thesis follows then by a standard triangular argument. O]

Thanks to the above approximation result, we are able to show the following L>
bound without assuming the validity of (1.2).

Lemma 1.2.13 (L™ bound for a more general g). Let us assume that g satisfies (H,)
and it is subharmonic on RN \ {0}, as well that limy_,, g(t) = +00. Then there exist a
constant M = M(g, N) and a measure ji € L™ which minimizes € in Praa(RY), with
||z < M. If N =1, then there exists also a measure i € L which minimizes € in
the whole class P(R), again with ||fi||~ < M.

Proof. Notice that, under our assumptions, we can apply Theorem 1.1.1, and we know
that there exists a minimizing measure g in Pra(RY), and in P(R) if N = 1. If g
is strictly subharmonic in B, \ {0} and (1.2) holds, then every minimal measure in
Praa(RY), as well as every minimal measure in P(R) if N = 1, has bounded and convex
support by Proposition 1.2.2 or Proposition 1.2.4, and then it satisfies the L> bound
by Lemma 1.2.10. Therefore, we have only to consider the case when (1.2) does not
hold, or g is not strictly subharmonic on B,  \ {0}.

Let us first suppose that (1.2) does not hold (the case when (1.2) holds and g is
not strictly subharmonic on B,, \ {0} is much simpler, and it will be discussed at the
end of the proof). We can define h : Rt — R™ as the function such that h(t) = 0 for
t > rg, while for 0 <t < 1;

,  —4N? —8N —3 _n+2  4N? 44N — 3 1 AN%? —1 _n_3

An elementary calculation ensures that the function h : RV \ {0} — R* given by
h(z) = h(|z|) is C?, radial, subharmonic in R™ \ {0}, strictly subharmonic in B, \ {0},
and that limsup, , |2/(¢)[tY = +00. We define then g. = g + €h, and consistently
g: = g + ch. Notice that g. clearly satisfies assumption (H,), is strictly subharmonic
in B, \ {0}, and satisfies (1.2). For brevity of notations, we write & to denote the
energy corresponding to the function g., so in particular & = & + &,

We can apply Theorem 1.1.1 with the function g. in place of g, and this ensures the
existence of a minimizer of the energy &. both in P(RY) and in P,q(RY). Notice that
the map £ — E.(wy'X ) is continuous, converging to &(wy'X ) € (0, +00) when e N\, 0.
As a consequence, Theorem 1.1.1 ensures the existence of some R > 0, depending on g
and N but not on ¢, such that if € is small enough then the support of every measure
minimizing the energy &. in P(RY) or in Ppq(RY) is contained in the ball B(0, R).

Let us then call p. a minimizer of & in Pq(RY). If N = 1, we can also call y.
a minimizer in P(R). Every p. has support in the ball B(0, R), and it has convex
support. Indeed, if N > 1 (hence p. minimizes the energy &. in Pq(RY)) then
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Proposition 1.2.4 ensures the support to be a closed ball. Instead, if N = 1, then
Proposition 1.2.2 ensures that the support is a closed segment, both if y. minimizes in
P(R) and in Pa(R). We can the apply Lemma 1.2.10 to g., obtaining that p. € L™
and H/“LEHL"O < M(gsv N) = M(ga &, N)

We want to show that M actually does not depend on €. To do so, we recall that
by (1.18) the value of M coincides with My, since limsup, o |g4()[tY = 400. And in
turn, by Lemma 1.2.7, the value of M, depends on N, R and on the restriction of g,
to [rg, R], where R = 2R + 1. Since all the functions g. coincide with g in [ry, R], we
have shown that M only depends on g and N, and not on e.

We can then find a sequence ¢; \ 0 such that the measures p., weakly™ converge
to some fi, which is a probability measure since the measures p. are all concentrated
in a same ball B(0, R), and which is radially symmetric if so are all the measures ..
By construction, we have that g is actually in L*°, and that |||~ < M. The proof
will then be concluded once we show that ji is a minimizer for the energy £ in the class
Praa(RY), or in the class P(R) if N = 1 and we are considering the minimization in
P(R).

To do so, let i be any other probability measure, in P(RY) or in P,.q(RY), and let us
try to show that £(j1) < £(u). First of all, we observe that, since (1.2) does not hold for
g, then limp o ¢/'(£)tY = 0, and this immediately implies that limy o g(¢)t" 1 = 0. As
a consequence, Lemma 1.2.12 gives us a sequence {u"} of smooth probability measures
which converge weakly™ to 1 and so that £(u™) — £(u). For any fixed n € N, by lower
semicontinuity of the cost, the fact that g < g.., and that ;. minimizes the energy &,
in its class, we have

E(m) <liminf &(p.;) < liminf & (s, )
e e (1.25)
< liminf & (") = E(p") + liminf e;E, (1) = E(1").
J—00 J]—00

It is important to notice that the last equality holds because €; — 0 and because
& (") < +oo. This last fact is true because p™ is a smooth function with compact
support, and h € Li... Using directly the measure y in place of ™ in the above chain of
inequalities would clearly work if &, (i) < 400, but there is in general no guarantee that
this is true, and this is why we had to use the regular measures y". Having observed
that £(1) < E(u") for any generic n € N, and keeping in mind that E(u") — E(u)
when n — oo, we conclude that (1) < E(p) as required, and this ends the proof under
the assumption that (1.2) does not hold.

To conclude the proof, we have only to consider the case when (1.2) holds and
g fails to be strictly subharmonic on some B, \ {0} (the case when (1.2) holds and
g is strictly subharmonic on some B, \ {0} has been considered at the beginning).
This case is much simpler than the one already studied. Indeed, this time it is enough
to define g. = g + t? and to argue as before. Everything works without difficulties
except for the fact that this time it is not necessarily true that g(¢)t"=! — 0, so we
are not allowed to use Lemma 1.2.12 to obtain the sequence {u"}. However, there is
no need to do so; indeed, as observed above, the only reason to use the sequence {u™}
was that their regularity guaranteed that & (u") < +o0, while in general & (u) could
have been +oco. But this time, the function h has radial profile h(t) = ¢, hence the
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fact that &, () < +oo is surely true because p is compactly supported. Then one can
directly use u in place of p™ in (1.25) without using Lemma 1.2.12. The proof is then
finished. m

The proof of Theorem 1.2.1 is then concluded. Indeed, case (1) is considered in
Lemma 1.2.10; case (2) follows from case (1) since the assumptions guarantee that the
optimal measures have convex support by Proposition 1.2.2 and Proposition 1.2.4; and
case (3) is considered in Lemma 1.2.13.

1.3 Continuity of bounded critical points in 1D

This section is devoted to the study of the 1-dimensional minimizers of (Py;), and we
aim to improve the results of Section 1.2 showing that the minimizers are actually con-
tinuous inside their support. The fundamental hypotheses for our result are collected
in (H.), and our theorem is the following:

Theorem 1.3.1 (Continuity in dimension 1). Let g : R — Rt U {+o0} be a function
satisfying conditions (H.). If f£' € P(R) is a probability measure with spt f = [a, b]
for some a,b € R, ||f]l,, =M < +oo and ¢y is constant L' -a.e. in (a,b), then there
exists a representative in the Lebesque class of f that is continuous in (a,b).

We point out that we address only the interior regularity, while we do not treat
the points on the boundary of the support of the measures that we work with. In
higher dimension, it can actually happen that a minimizer is continuous inside the
support, but not on the boundary. For example, if the space dimension is N > 3,
and § = go — go_n, it is well known that the minimizer of (P,;) is a multiple of the
characteristic function of a ball (see for example [CDM16, BCT18]).

Remark 1.3.2. We recall again the reference [CDM16], where they show that the min-
imizers are Holder continuous in some cases using PDE techniques. It would be inter-
esting to understand whether it is possible to push our result further. In particular,
the last part of our proof might yield some improvement if we manage to adapt the
construction and produce artificial oscillations when, roughly speaking, we see two very
different moduli of continuity on the left and on the right of a point = € (a,b).

In Subsection 1.3.1 we collect the very basic concepts needed for our analysis like
the notion of essential limits and the second order approach to this problem. Then,
in Subsection 1.3.2 we provide some lemmas that show the cancellation phenomena
due to the convexity properties that we assume on the kernel. Subsection 1.3.3 serves
to fix some parameters, and identifies a convenient starting point for the proof of the
main result of this section, i.e. Theorem 1.3.1, that is contained in the last subsection.
The proof is divided in various steps, depending on the different situations that are
identified in Subsection 1.3.3. The overall strategy can be summarized as follows: if
a minimizer f.#! is not continuous, then it should oscillate, and therefore also f * @5
has the same property when s is a smooth mollifier very concentrated around the
origin. This, however, is not compatible with the constancy of the potential 14, inside
the support. In the end, the convolution is very convenient because ¢ behaves well
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with respect to this operation. Additionally, most of our computations work well with
smooth functions, and thus the convolution is a good choice to make our procedure
rigorous.

1.3.1 Setting and preliminary results

We suppose that the kernel g : R — R U {+00} in our energy satisfies the following
conditions:

(H.) g(z) = g(jal), with g € C1((0,+50)) N LL(R), lim, e g(x) = +o00, and also
lim, o g(z) = g(0). Moreover, there exists a length-scale r; > 0 such that g is
decreasing in (0,75), ¢ is convex in (0,75), ¢ € BWoc((0,4+00)), ¢’ is concave in
(0,75), and there exists A € (1, 4+o00] such that

/
lim inf M = A.
a—0t  |g'(z)|

Remark 1.3.3. We notice that any prototypical kernel presented in (1), which are of
the form

9=0p=8a— 93 +g,3(1) - ga(1)7

with @ > 0 and —1 < < min{l, a}, satisfies our hypotheses, and we recall that
go(x) = log |x|.

The starting point for this more refined analysis relies, of course, on the results
presented in Section 1.2. We collect in Theorem 1.3.4 the minimal information that
we need in the sequel:

Theorem 1.3.4 (Theorem 1.2.1 and Proposition 1.2.2). Let g : R — RT U {+o0} be
a symmetric function such that lim,_, . g(z) = 4+o00. If, in addition, it satisfies (H,),
it is strictly convex in (0,15), and it is convex in the whole half-line (0,400), then any
minimizer p € P(R) of (Pu) is of class L™ and sptpu = |a,b] for some a,b € R.
Moreover, b — a and ||u||,, are controlled from above by a constant depending only on
the kernel g.

Definition 1.3.5 (Essential directional limits). Given a function F' : R — R and
x € R, we say that | € R is the essential liminf from the left of F at z if for every
€ > 0 there exists 7 > 0 such that

L{F<l—e}n(z—n,7)=0
LYHF <l+eyn(z—n,7)) >0

In this case, we write that [ = ess-liminf, ,;- F(¢). Similar definitions can be given
for the essential limsup and for the limits from the right. If all of the essential limits
coincide, then we say that I’ admits essential limit at Z.
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Second order argument

Roughly speaking, we are going to study the second derivative of 1¢, and we will see
that it cannot be 0 when f is not continuous. More precisely, we will regularize f
in order to work with a smooth potential. In order to do that, we fix a symmetric
mollifier ¢ € C°(R) such that spty = [-1,1], [[¢|l; = 1, [|¢'|l, < 3, and ¢’ < 0 in
(0,1). Then, we consider the smooth function fs = f * s, which has compact support,
and it has constant (and smooth) potential ¢f, in (a+9,b—0). The idea is that, if f is
not continuous, then 9% is not 0 at some critical points of fs. The role of the critical
points is just technical. In fact, we will use an alternative formula for 1/)3!6 obtained
integrating by parts, that can be justified only if the point where we compute that
derivative is a critical point of f5. Of course, this contradicts the constancy of ¢y, in
(a+ 0,b—9), and provides the thesis.

The integration by parts can be performed for a general smooth function F. In fact,
let ' € C*(R) be given, and let = be a critical point for /. Then we can justify an
integration by parts and arrive to an alternative expression for ¢%(z):

() = / F'(1)g(x — t)dt = — / F(1) gt — )

(1.26)
= /ngn(x — ) F' ()7 (| — t|)dt.

Notice that the expressions containing only first derivatives are well defined since x is a
critical point of F', because in this case |F'(t)| < |t — x| and we can apply Lemma 1.1.6.

1.3.2 Cancellation lemmas

We are going to manipulate the expression (1.26), and we obtain some inequalities for
the contribution due to the integral between two critical points in that expression.

Lemma 1.3.6. Let g : R — RTU{+o0} be a function satisfying (H.). Let o, 3 € R be
gwen, with a < 8 and f—a < ry. Let F € C*([a, 8]) be a function with F(a) = F(8),
and such that o and 8 are absolute minimum points of F' in [a, B]. If F'(5) =0, then
for every x >  with v — o < vz we have that

/B F'(t)g' (x —t)dt > 0.

If, instead, F'(a) = 0, then for every x < a with 8 — x < rz we have that

/ﬁ _F'($)§(t — x)dt > 0.

Proof. First of all, we observe that Lemma 1.1.6 guarantees that the integral is finite.
It is also easy to check that the second inequality can be deduced from the first one
considering the function G(t) = F(—t) defined in the interval [—f, —a], so we will just
prove the first one. Moreover, it is sufficient to prove the result when F’ chages sign
only once: the general result can be obtained approximating F' with functions whose
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derivative has a finite number of sign changes (see the proof of Lemma 1.3.8, where
this procedure is slightly more complex). Therefore, we need to prove the result when
there exists { € (a, ) such that Iy = F|,, . is monotone increasing, Iy = F| 4
is monotone decreasing, and F’ # 0 in («, ) \ {¢}. With this reduction, we use the
change of variables z = Fj(t) and w = F5(t) to get that

B8 B8
/F’() (& — t)dt = /F’() (x—t)dtJr/E F(1)7 (« — t)dt
F1(&) Fy(¢)
=/ y@—Fﬂ@»&—/‘ 7z — Fy\(w))dw

Fi(a) F(B)

F()
[ - ) - g - B @)

F(a)
For every z € [F(a), F(£)] we have that x — F;, '(2) < o — F7'(2) < r, and since g is

convex in (0,7y), then the function inside the integral is non-negative, concluding the
proof. O]

Lemma 1.3.7. Let g : R — RT U {+o00} satisfy (H.). Let o, € R be given, with
a<fBand f—a<rg If FeC*|a,fB]) and a is an absolute minimum point of F in
[, 5], then for every x <y < a with f —x < r; we have that

B8
/“F%x (t — ) — gt — y))dt > 0.

Proof. We use a similar cancellation principle compared to Lemma 1.3.6, this time
relying on the concavity of ¢’. As before, by approximation it is sufficient to prove
the result when there exists £ € («, §) such that F} = F | ¢) Is monotone increasing,
Fy = F| 5 is monotone decreasing, and F’ # 0 in (a, ) \ {¢}. Using the change of
varibles z = Fi(t) and w = F5(t) we arrive to

B F1(8)
/ FI(t)(g'(t—=z) — gt —y))dt = / (7 (F ' (2) —2) = g (FT'(2) — y)dz]

F>(6)
- [ (B (w) — ) — §' (B (w) — y)dw]
Fy(B)
F(§)
:iﬂ( [§(F(2) — 2) — (F5 () — )] de

F(a)

For any z € [F(a), F(£)] we have that F; '(2) — 2 < Fy;'(2) —x and F;'(2) —y <
F;'(2) — y, and since ¢ is concave in (0,75), with 8 — 2 < 15, then

J(F(2)—a) =g (Fy ' (2) —2) 2 g (FT ' (2) —y) =g/ (Fy () —y)  Vz € [F(a), F(¢)],

and the inequality is proved. ]
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Lemma 1.3.8. Let g : R — RT U {+oo} satisfy (H.). Let o, 5 € R with a < 8 and
B—a=vy<r; IfF e C*[a,B]) with F'(a)) = F'(8) = 0 and o and (3 are respectively
an absolute minimum and an absolute maximum of F' in that interval, then

B
[ PO [ Rl -z 06 - Fw) (5§01 +l562)
* * (1.27)

Therefore, also the following weaker inequality holds:

wx{ [ " PO (o - bt / " F 6 - Ot}

FB) = F) a9 + 15(v/2)).

- 2
Proof. First we observe that, since I = 0 in «,  and F” is Lipschitz, then the integrals
are finite thanks to Lemma 1.1.6. If F’ > 0 in [«, 5], then the proof is trivial: since g
is convex in (0,7), then

i atf B
[ Polga-oa= [T Polga2lds [ FoRoi:

a+p

B 3 B
[ Polge-oa= [T Fegolas [ Folgo2)

Adding up these two inequalities one gets the thesis. In general, if F' is not monotone,
then we are able to show that the contributions due to segments where F' is not
monotone are non-negative. This proves that the inequality holds for any function F
satisfying our hypotheses. For technical reasons, it is better to approximate F' by means
of functions with controlled oscillations. In fact, we approximate it with a sequence of
functions @,, € C*([o, 8]) with the following properties:

(a) Q) — F"in L>(|o, B]);

(b) there exists a constant L < +oo such that Q',(¢)|t — a|7'|t — 8|7! < L for every
t € |a, B] and for every n € N;

(c) Qn(a) < Qn(t) < Q,(B) for every t € [, f];
(d) Q. has a finite number of sign changes.

If we prove the inequality (1.27) for the functions @, then we get the desired one ap-
plying the Dominated Convergence Theorem (conditions (a)-(b) guarantee that we can
do that). To simplify the notation, we will not work with @,,, and we directly assume
that F' has a finite number of sign changes. We define the function F represented in
Figure 1.2, whose expression is

F(t) — {inf{F(S) : [t }} ift e [ _5}

i (F(s): s [0, ]} itee [222.5]
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that is non-decreasing, Lipschitz, and F(t) = F(t) for t = a, 8, (a 4 8)/2. We aim to
show that

E 8 _
/ F(t)(=g'(t —a) —g'(8 —t))dt > / Fi(t)(=g'(t —a) = g'(B—t))dt, (1.28)

«

where we replaced |¢'| with —g’ since g is decreasing in (0,r;) and f —a = v < 1y.
In fact, suppose for a moment that this inequality holds. Then, we observe that
our initial argument for monotone functions used only the Fundamental Theorem of
Calculus, that is available also for F since it is Lipschitz continuous. In other words,
(1.27) holds for F. Finally, F = F in a and $, hence using (1.28) we obtain (1.27)
also for F'. Therefore, it is sufficient to prove (1.28) to conclude the proof. Notice that,
since I’ has a fininte number of sign changes, then F can be obtained applying the
following operations a finite number of times:

1. find (if they exist) o/ < & < [ three points in [«, (o + 5)/2] with F(o/) =
F() < F(&), F" > 0in [o/,&] and F' < 0 in [¢', #], and either o/ or §' is a
local minimum for F. Then replace F' with F' defined as

7 F(o) ifteld,p]
F(t) otherwise

2. find (if they exist) o/ < & < " three points in [(a + £)/2, 8] with F(a”) =
F(p") > F("), F'<0in [, £"] and F' > 0 in [, 5], and either o or §” is a
local maximum for F. Then replace F' with F defined as

Fit) = F(o") iftela”,p"
| F(t)  otherwise

Thanks to this observation, it is sufficient to prove that each step does not ruin the
inequality. We are going to show this only for the first step, since the successive one
are perfectly similar, and then (1.28) follows iterating the following inequality:

B

B
| FOdE-0-g3-0d= [ FOCgE-a) g6 -0

«

That inequality is a consequence of the concavity of ¢/, and we prove it under the
additional assumption that F = F in [(a + 8)/2, ] since this does not affect our
argument. Of course, the integral outside of [/, §'] is not altered, so we consider only
the smaller interval. With this reduction, we define F; = F |[a,7 " and Fp, = F |[ s that

are monotone functions, and we use the change of variables z = F(t) and w = Fy(t)
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to see that
5 F(€)
/ CFM(=g(t—a) =g (B —t))dt = /F< ) (=3 (F'(2) —a) = §'(B — F{ '(2))] dz
F(8)
- / —g(Fy (w) —a) = §'(B = Fy ' (w))] dw
F()
F(€)
= |, T @) —0) — G () - o) d=
F(¢)
_ /F( 2 [9,(5 —F(2) -7 (8- F2_1(Z))] dz

Since o, 5, &' € o, (a + 5)/2], then
Fii(z)—a<F'(z)—a<B-F'(z) <B-F () Vee[F(d) F()),

hence the expression in (1.29) is non-negative thanks to the concavity of ¢'. O

O

Figure 1.2: In black we represent the function F, while we draw in red the parts of F
that are different from F'. The points o/, ', & are used to build F', that is represented
in green here.

Remark 1.3.9. It is immediate to notice that Lemma 1.3.8 holds also when « is a
maximum point, and § is a minimum, rewriting the first inequality as

B B8
(F(8) - F(a)) ( | P -l [ Foe - t>rdt)

> (F(8) = F(e))* (19 ()] + 17 (v/2)]) ,

that is valid for any function F' € C?([«, 8]) which attains its extremal values in a and
(. The second inequality in the statement of that lemma can be adapted in a similar
way. We additionally remark that, if the second inequality in Lemma 1.3.8 holds with
basepoint p € {«, 8} that is a minimum for F’, then we can rewrite it as

g — «
- [ rogate—da > EEZT g6y 4 1g6/2).

When p is a maximum point, instead, the inequality holds after changing the sign to
the left hand side.
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1.3.3 Selection of critical points

We are going to prove that f admits essential limit at every point in (a,b), and to
simplify the notation we prove this only for the point 0 (that belongs to (a,b) up to
translations). To further simplify our expressions, we use the notation
[7(f) =ess-liminf f(¢t) [} (f) = ess-limsup f(¢t),
t—0~ t—0~

and I3;(f) have analogous definitions, while h(f) = If (f) =17 (f) and hg(f) = I (f)—
[z(f). We define the auxiliary quantity A = min{2, (1+A)/2} > 1 and the non-negative
function V' : [0, 1] — [0, 1] defined as

V(t)=1— 2[ o(s)ds = /t1 o(s)ds — /t1 o(s)ds = /tt@(s)ds. (1.30)

If the essential limit from the left does not exist, then f has to oscillate when we
approach 0 from the left, and if we take § small enough then fs oscillates as well.
With this observation in mind, we fix a sequence of alternating critical points for
fs, and among those we fix a good pair that will play the role of base points in our
proof. We fix these points only in two specific (more symmetric) cases, since we are
able to reduce to those situations. We introduce some additional parameters, that
are redundant for now, because they will play a role at the very end of the proof of
Theorem 1.3.1: hy, = h(f), If = [£(f) and [} = [(f). In fact, our construction
does not necessarily need that they coincide with the limits of f, while it is easier to
understand the procedure thinking about them as limits. In the sequel we are going
to impose a lot of constraints on a number of parameters. Even though this part is
technical, and it is not clear at a first sight how we are going to use them, it is important
to show that we can impose the bounds a priori, and then let the convolution parameter
go to 0.

1. In the first case, we suppose that f(x) = f(—z) and that hy > 0. We fix the
parameters € > 0 and 7 € (0,7;/4) such that

_A=Dhy LS <7 =2} (=,0)) = 0
16A+10 ~ 47 PUS <l 42} (=n,0) >0

We choose any point p; € (—n/8,0) with f5(p1) < [, + . Then we define p,
as the largest x < p; such that fs(z) > [J —e. Notice that, if we choose the
convolution parameter ¢ small enough, we can guarantee that p; exists and that
pa2 € (—n/4,0). Now we replace p; with any minimum point of fs in [py,0]. Then
we define ps as the largest point x < py such that fs(z) < I[f +e. Now we
substitute ps with any maximum point of fs in [ps,p1]. We go on in this way,
alternating maximum and minimum points for fs, until we reach py.; < —n.
Of course, by construction we have that py; is a maximum for f5 in [pe; i1, pai_1]
and po; 41 is @ minimum for fs in [pa;42, pe;| for every index i where the previous
points are defined. Finally, we define the points ¢; = —p;.1, so that the sequence
{pH, -, P1,q1,---,qu_1} is an alternating sequence of maximum and minimum
points.
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2. In the second case we suppose that f(z) = —f(—=x), hy > 0 and [} < min{0,[}.
We fix € > 0 and n € (0,75/4) such that

(A=Dhg Iz =1 |lZ] <@
6A+10" 3 7 2

s<min{ 1

1—¢/liz] B
T R (max{l - F’O})’ (1.31)
LY {f <l —eyn(=n,0)) =0
LY f <l +eyn(—n,0) >0

Since the function is antisymmetric and ¢ is symmetric, then fs is antisymmetric
and we can define p; as the largest x < 0 such that fs(z) < I + . Then
define py as the largest © < p; such that fs(z) > I} —e. Now redefine p; as
an absolute minimum of f5 in [pe, 0]. Successively, define p3 as the largest point
xr < py such that fs(x) < I} + ¢ and redefine p, as an absolute maximum of
fs in [p3,p1]. Continue in this way, alternating maximum and minimum points,
until pg1 < —n. Then we call ¢; = —p;, where the maximality and minimality
properties are reverted with respect to p; since fs is antisymmetric.

Up to now, ¢ is essentially a free parameter, and we choose it small enough in order
to have those critical points close to each other. In particular, we take it so small that
the previous procedure goes on at least up to H = 10. Moreover, if D = b — a, we
define the constant C'(n, D, M, g) as

C(n, D, M, g) :==20M {Hﬁ”H ([7/2,2D]) + 2 sup \57'(75)\}, (1.32)
n/2<t<2D
and we additionally impose that § < 4 min{lal,|b|} is so small that
_ n v 1 _
y=max{a —prp—pb <o and  €lg'(3/2)[ 2 €lg(3) 2 Cn, D, M, 9).
(1.33)
We select a good pair of consecutive critical points among {pg,...,p1,q1,---,qa-1},

so we implicitly suppose that f falls into one of the previous two categories. We claim
that there exists an index j < H such that the following conditions hold:

Pj — Pj+1
2
Pj — Pj+1
2
We begin considering j = 1. If py — p3 > (p1 — p2)/2 we are done, otherwise we
pass to consider j = 2. In this case p; — ps > 2(p2 — p3) > (p2 — p3)/2, and therefore
condition (1.35) is satisfied and we need to check only (1.34). This, however, is precisely
what we did for 7 = 1, and thus we can proceed inductively. We notice that we cannot
arrive to consider an index j such that p; o < —n/2: if we did, then

Dj+1 — Pjt2 = (1.34)

Jj+1 Jj+1

U /PN

5 SPi—piretpl = D o —pir) + ol < (pr—p2) Y 27+ g 27+, (1.36)
=1 =1
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and this is impossible since ¥ < 71/8. Hence, the inductive procedure has to stop at
some j < H and p;i1 > —n/2. If the chosen j is strictly larger than 1, then the
good pair is {pj11,p;}. If instead j = 1, then there are two possibilities: either f
is symmetric, and in that case we choose {p;1,p;} as before, or f is antisymmetric,
and in this case we choose the pair which defines the shortest segment between [ps, ]
and [p1,q]. Through this construction we spotted a segment (whose endpoints form
the chosen pair of points) that is not longer than twice the length of its neighbouring
segments in the family that we are considering. Notice that this is true also if the good
pair is {ps,p1} and f is even. In fact, in this case we defined ¢; = —p; 41, and thus
qi—p1 > p1L—p2 > %(pl — po). Finally, we define 7 as the length of the segment whose
endpoints form the chosen good pair, i.e. 7 = p; —p;+1 in the usual case, or v = ¢; —p;
when we choose the pair {p1, ¢ }.

1.3.4 Proof of Theorem 1.3.1

We are going to see that f admits essential limit at every point z € (a,b). It is
necessary to use this weaker definition of limits since f is not pointwise defined. This,
however, is sufficient to prove that there exists a continuous representative of f. In
fact, if we suppose that f admits essential limit at every = € (a,b), and we define
f(z) = ess-limy_,, f(t), then f is continuous in (a,b). To check this, let us take
x € (a,b), and for every €; > 0 there exists n; > 0 such that f(x)—e; < f(y) < f(z)+e;
for a.e. y € (x —my, x +m1). Therefore, for every y in that interval we have that

f(y) = ess-lim f(t) € [f(2) — 1, f(z) + &1,

t—=y

and this is the definition of continuity of f. It is also easy to check that

and the Lebesgue differentiation theorem guarantees that f = f a.e. in (a,b).

As we already pointed out in Subsection 1.3.3, the point x does not play any role,
and thus we simply prove that f admits essential limit at x = 0 € (a,b). Moreover, if
f has constant potential in a neighborhood of 0, then the same holds for its symmetric
and antisymmetric part, i.e. w and w, so we just need to prove the
existence of the essential limit under the additional hypothesis that f is either even or
odd. To simplify the notation later on, we denote by D = b — a the diameter of spt f.

When f is even In this case we can suppose without loss of generality that hp(f) >
0: otherwise I} (f) = I;(f) = lx(f) = [5(f) and we already know that the essential
limit exists. We recall that, in Subsection 1.3.3, we introduced the simplified notation
hy = hr(f), If = 1F(f) and I3 := I5(f). We fix the parameters ¢, n and § as we did in
Subsection 1.3.3, and we consider the critical points {pg,...,p1,q,--.,qu_1} selected
there, together with the good pair {p;+1,p;}. We suppose that p;;; is a minimum
point for fs (or, equivalently, that j is even), and that the second part of Lemma 1.3.8
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applied to f; in the interval [p;i1,p;] tells us that

" n et - = [ solg - pla
Pj+1 Pjt+1 (1.37)
> |f6(pj) _2f5(pj+1)| (’gl(’}/” + |§/(7/2>|)’

where p = p;; and v = p; — p;+1. Notice that Lemma 1.3.8 can be applied since, by
construction, v < 4 < /8 < r;z. Now we consider the quantity (1.26) with z = p,+4
and ' = fs and we split the integral in three parts:

Dj

d Pj+1
/ (OG0 = tht = [ @7y =0t = [ 1005~ ppn)a

Pji+1

/ﬁ; "t =pp)dt =1+ J+ K.
(1.38)

Applying the aforementioned lemma we obtain the leading term in our estimate:

hL—2€
>
= 2

(19N + 19 (v/2)D- (1.39)

We treat the first term in (1.38), namely I, introducing the closed set Z C [—n, pj11]
defined as

Z={te[-npjl: fs(t) < f5(s) Vs € [t, pj1al}, (1.40)
that is depicted in Figure 1.3. We point out that f5| is increasing. Writing (=7, pj11)\
Z = Ugen Aks where Ay, = (ag, by,) are open segments, it is easy to see that fs(ax) =

fs(bx) and f§(br) = 0. Therefore, we apply Lemma 1.3.6 to each segment Ay and obtain
that

/ 507 (pj1 — t)dt > 0.
(—mpj+1)\Z

Roughly speaking, the relevant domain is then Z = ZN {f; > 0}, and we use the
change of variables induced by the monotone function F' = f5|; to get that

I >/ f5(0)g (pjs1 — 1) dt‘i‘/ f5()g (pja —t)dt

/ f5(0)g (P — dt+/fa g (pjy1 — t)dt (1.41)

/ FUOT (por — t)dt + / Gy — P ())dy.

r(2)

The first integral is controlled in absolute value by the constant C'(n, D, M, g) defined
in (1.32) because ¢” is a locally finite measure and |fs| < M. In fact, we know
that pjy1 > —n/2 thanks to (1.36), and denoting by h = §'Xp,.\+n,—a), With A’ its
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distributional derivative, we have that

/ 507 (pj1 — 1) dt’

/f5 (Pjr1 — t)dt‘

su d|n
< pfa)/R W] (1.42)

§20M{Hg”H([n/2,2D])+2 sup \Q’(t)!}

n/2<t<2D

= C(T]J 'D7 M? g)?

where the additional factor 20 appears in the definition of C'(n, D, M, g) to use the same
constant here and at the end of the proof. In the second one, instead, we observe that
ZC [—7, pj+2), and this happens because we supposed that p;; was a minimum point
for fs and, thanks to our construction in Subsection 1.3.3, it is an absolute minimum
n [pjie,p;]. With this observation, we immediately obtain that p;,; — F~1(y) >
Pj+1 — Pjre for every y € F (Z,N’) We combine various ingredients to bound I from
below: Z C [—n,0], where n < r; and ¢ is convex in (0, ), moreover (1.34) guarantees
that p;11 — pjr2 > (p; — Pj+1)/2 = 7/2, and thus

F(Z

Moreover, since the domain of F is contained in [—n,0], then F(Z) C [Iy —¢,1; + €],
and thus I > —3¢|g'(7/2)|, where we used (1.33) to absorb the constant term in the
one containing vy and €. The last term, namely K, can be treated in a similar way. In

Figure 1.3: We depict f5 and we enphasize in violet the set Z defined in (1.40), that
coincides with Z in this case, supposing for simplicity that j = 2.

fact, we can apply the second part of Lemma 1.3.6, showing that the same cancellation
phenomenon happens outside of the set

W = {t € [pj,n] = fs(t) < f3(s) Vs € [p;, 1]} 0 {f; < 0}, (1.44)

yielding to the inequality

K> /W F0)F (¢t — pyor )it / FiOF (¢ = pyar)dt.
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With a computation similar to (1.42), we control the second term in absolute value
with the constant C'(n, D, M, g). Defining the strictly decreasing function F' = f53,
we combine again the change of variable y = F'(t) with the convexity of g in (0,7;) to
see that

F(W

(1.45)
where we used that F~'(y) — pji1 > pj — pjp1 = 7 for every y € F(W) in the second
inequality. In the end, we observe that |F'(W)| < hp + 2¢, and thus we can absorb the
constant as we did before and arrive to

hr,

- [ 403 — e = =seiga/ + M E @ )+ 15720
— (hy +32)|7' (v )\

( /2)| _ hL+8€

19" (7).

We immediately obtain a contradiction since we chose the parameters € and ¢ (and,
consequently, ) so small that |g'(v/2)] > A|g’(v)| and (hy —8¢)A — hy — 8¢ > 0, while
the left hand side is 0.

This almost concludes the proof when f is even. In fact, at the beginning we supposed
that p;;1 was a minimum point for f; and that (1.37) holds with base point p;i1,
while this might not be the case in general. Concerning the first issue, if p;y; is a
maximum point and (1.37) holds with p = p;;1, it is sufficient to consider —f and
the procedure works in the same way, even though the points py; 1 become maximum
points and those of the form p,; become minimum points. Therefore, we only need to
treat the case when p;;; is a minimum point, but (1.37) holds with p = p; instead of
pj+1- Indeed, the previous proof works in a very similar way also in this situation: we

consider —¢% (p;) instead of % (p;11), i.e.

d Pt ! =/ P ! -/
[ gt -nha=— [ moge,-a- [* g - o
b
+ [ ;07 —p)dt=I+J+K,

bj

and the estimate for_j is exactly (1.37) with p = p,. Instead, one can see that the
estimates for I and K are swapped with respect to the bounds for I and K, and we
have that

I>—(hy+38)|7(y)] and K > —3¢|7(v/2)|. (1.47)

Plugging these inequalities into (1.46) we arrive to the same contradiction as before.
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When [ is odd In this second case, for now, we suppose that hy(f) > 0. Moreover,
up to changing sign to f, we can suppose that [; (f) < min{0,l5(f)}. In fact, if
min{l; (f), =l (f)} =0, then I (f) = [} (f) = 0, and by antisymmetry we know that
all the limits are 0, so there is nothing to do. Instead, if {; (f) = [z(f), then one can use
the same techniques exploited when f is even to arrive to a contradiction. As before,
we use the notation hy = hy(f), If = I7(f) and I = I£(f). We pick the critical
points {pw,...,p1,q1,..,qu} defined in Subsection 1.3.3. In many cases, there are no
significant differences compared to the situation where f is even, and in those cases we
just give a sketch of how to adjust the previous arguments. In the end we will present
a more refined analysis that is necessary to complete the proof when f is odd.

If the pair of consecutive critical points is {p1, ¢}, then the antisymmetry of f
guarantees that

/ ROt — po)ldt = / RO (@ — o),

and applying Lemma 1.3.8 to fs in [p1, ¢1] we obtain that

[ s0lg'e - pojan > BOLZI0 4503y 15)

It —1; —2  _ _
> S (g (/2 + 17 (D
where v = ¢; — p;. Then everything goes on exactly as in the case of f(z) = f(—x)
when pj; is a minimum point and (1.37) holds with p = p;,1: notice that our estimate
for J is stronger than (1.39) since I}, > I}. If, instead, the good pair is {p;.1,p;} and
the estimate for the leading term

_ " f§< )d_ 3(lp — t)dt > |f(pa) _2f(pj+1)|

Pji+1

(19Nl +1g'(v/2)D)

holds for a minimum point p € {p;+1,p;}, then again there are no significant differences
compared to the symmetric case (this bound is deduced from Lemma 1.3.8, as we
discuss in Remark 1.3.9). In fact, only the estimates concerning (0,b) are different
from before, but we observe that, since € < (I —1,)/3, then fs >, +cin [0,7]. As a
consequence, the set W defined in (1.44) is contained in [p;, 0], and the estimates work
as before.

We have to consider the only remaining possibility: the selected pair is {p;i1,p;}
for some 5 > 1, but the estimate for the leading term holds for a maximum point
p € {pj+1,p;}, and takes the form

@) =0l ) 4 g /2. (149

"l — thd >

Pj+1

2

In this case, our previous estimates cannot be repeated in the same way since [}, >

I7 + 3¢, and the term analogous to the quantity |F'(W)| appearing in (1.45) cannot

be controlled by hy, 4+ 2¢. In principle, it is even possible that there exist some points
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0
1L +e
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Figure 1.4: Picture of fs when f is odd, showing that the contribution on one side can
very tiny compared to the contribution around 0.

in (—n,0) where fs > I +¢e: if z € (—6,0), then the value of fs(z) is influenced by
f |(07 5 that is larger than [ in a set of positive measure. These phenomena cause some
trouble when we seek for bounds similar to (1.47), and we refer to Figure 1.4 to show
qualitatively why we need a more refined approach.

First we exclude that there exists a critical point py;, which is a maximum point for
fs, where fs(pa;) > If +¢e. We do this showing that, thanks to our choice of the
parameters, pp < —9: in this case, ps; < py for every i > 1, hence f5(py;) is an average
of fl_,0)» and thus fs(ps;) < I} + ¢ thanks to the definition of If. If p; < —4, then
we automatically have that p, < p; < —§, and so we can suppose without loss of
generality that p; > —¢. Here we are going to use the bound on ¢ given in terms of
the function V' defined in (1.30), and we observe that

0 t 0
V(t/6) =1— Q/t ws(s)ds = /5 ws(s)ds —/t ps(s)ds Vit e0,9].

Using the explicit expression of fs and the antisymmetry of f we arrive to

0

p1+06
ﬁ@o:/%m—AWW:/’@m»4ﬁ@ﬁ+A os(p1 — 1) (8)dt

p1—9

1—0

0 p1+6
= / ws(p1 —t)f(t)dt — /0 ps(pr — 1) f(—t)dt

:/ @5(p1—t)f(t)dt—/ @s(p1 +t)f(t)dt

1—0 —p1—3

= [ sl =)= sl + ) F0)

where we used that spt ps C [—0,d] in the last equality. It is immediate to see that,
since both p; and ¢ are negative, then |p; —t| < |p1 +t| = —p1 — t for every t €
[p1 — 6,0]. The convolution kernel is symmetric and it satisfies ¢’ < 0 in (0,1), hence
ws(p1 —t) — ps(p1 +t) > 0 for every ¢ € [p; — §,0]. Therefore, we can control fs(p;)
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from below:

fs(pr) > (I, —¢) (/po ws(p1 — t)dt — /O ws(p1 + t)dt)

1—0 —p1—0

=(l; —¢) (/(S s(t)dt — /Z: g05(t)dt> = (I =)V (|p1l/9).

p1

By definition of p;, we have that fs(p;) <] +¢, and combining this with the previous

inequality, recalling that [; — e < 0, we have that V(|pi|/0) > ;EJ: Since V' is
L

monotone increasing, we combine this inequality with condition (1.31) to obtain that
|p1]/6 > 1 — hy /6. We chose the kernel ¢ so that |¢'| < 3, and thus |fi| < 3/d. Using
that fs(pa) > 1f —e and f5(p1) <I; +¢, then

5
(h = hif2) = Shy.

Wl >

) 0
|p2 — p1| > g(l{—g—li—ﬁ) = g(hL—%) >

Combining this with the lower bound on [p;|/§ we get that

0 h
(2| = P2 = pal + |pa| = Ghe +6 <1 - é) =,

as we wanted. Since py is an absolute maximum for fs in [ps, p1], then the previous
argument shows that f5 <[} + ¢ in [—n, p].

We have just established that fs is well controlled in [—n,p;| and we are ready to
proceed. The idea is that, if an estimate does not work as we need when p € {p,+1,p;}
is a maximum point, then it has the right sign when we choose as a basepoint py,
which is a minimum for f5. In fact, notice that the quantity considered in (1.46) when
the base point p; is a maximum point is —1&% (pj), differently from the one expressed
in (1.38), that coincides with % (p;j11), and our argument provides a lower bound
for one of those quantities. We recall the bound (1.48) valid when the basepoint is a
maximum point (as it is in our situation). If, by chance, we have that

/ " H@0 (¢ = p)dt > =52l (v/2)]. (1.49)

then the proof is not very different from before. In fact, the contributions coming from
la,b] \ [—n,n] are still controlled by a constant, while the remaining part is divided in
various pieces where the usual cancellation phenomena help to obtain the desired lower
bound. Differently from the previous computations, we need to take care of the point
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p1, that plays a special role now: we apply (1.48), arriving to

[ st phar = 30 gtk = )it~ 2C(0, D, M)

Z—/:]Hfa( —th“/ f5(0)g'(t — p)dt

05— P+ (g )] + 19 (/2))
—2C(n,D, M, g)

S / P07 (0 — )t + / Ji(0)3 (¢ = p)dt - 5¢|(+/2)]
(g 0] + 19/ (/D) — 2000, D, M, ).

Now our discussion on the position of the maximum points py; pays off. In fact, we
already know that [ —e < f5 < I} 4+ ¢ in [-n,p1], and therefore we control the two
remaining integrals as we did when f is even:

_/pjﬂ f50)g' (0 —1) dt+/ fs(0)F (t = p)dt = —2¢|g'(v/2)] — (he + 2€)|7' (7).

-1
Notice that this inequality is valid both when p = p; and when p = p;;1, and one

can observe that this happens also when f is even. Combining it with the previous
inequalities we arrive to a contradiction:

hL—16€ _ hL+10€
dt > )|——— — 17 (y)|————
/ f5 dt —p) ' (7/2)] 9 15" ()] 9 > 0,

where the last inequality holds because v is so small that |g’(v/2)| > A|g'(7)|, and ¢
satisfies (1.31). We need to consider one last case to conclude the proof when hy(f) > 0,
i.e. when (1.49) does not hold. We observe that, applying Lemma 1.3.7 to F' = f5 in
the interval [p,n] with 2 = p and y = p;, we obtain that

/ L7t — pr)dt > / L7 - pdt > 527 (/D). (150)

By construction of the critical points, we have that v = p; — pj11 < p1 —ps = 7/, and
one could argue as we did when f is even (in fact, p; is a minimum, and we already
noticed that the argument in this case is analogous to that exploited when f is even).
Since the estimates are very similar, we do not go through them again, but we highlight
only the differences. In fact, we have that

V7 (p1) /f5 pred g(pr — t)dt

__/R\[—n,}fd() (pl—tdt—i—/ fi(t p1—tdt—/f5 "(t —pr)dt

> —2C(n,D,M,g) — 2¢|g' ()| + 5¢l|g'(7v/2)]
> —2C(n, D, M,g) — 2¢|g' (v)| + 5¢|g'(v/2)],

2 qn
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where we used that 7/ > v and that ¢ is convex in (0, r;) to obtain the last inequality.
Instead, to pass from the second to the third line we control the last term with (1.50),
and the inequality for the second term is an adaptation of the inequality for I in (1.43).
We arrive to a contradiction thanks to our choice of parameters: C(n, D, M,g) <
e|g’ ()|, and thus the last expression is larger than 5e|g’(v/2)| —4¢|g' (v)| > 5¢|g'(v)| —
4elg'(v)] > 0.

To finally conclude the proof we deal with the possiblity of having hi( f) = 0. Here
it is beneficial to use a different notation for the parameters hy, l and l appearing
in the estimates and for the actual limits of the function f under examlnation. The
issue is that, if Ay (f) = 0, then there is no guarantee that the critical points selected
in Subsection 1.3.3 exist, and we have to construct them artificially. To be more clear,
we observe that our arguments do not actually need that lf and lﬁ are the limits, we
just care about the existence of the critical points, where the value of the function has
to lie close enough to the bounds [; and [}, and that I; —e < f <} + & in (—7,0).
With this observation in mind, if hz(f) = 0, then we fix the parameters ¢’ > 0 and
n' € (0, 1g5) such that

LY {f > 1 () = €N (=10017,0)) > 0

oL A=D () LY {f > () + €30 (=1007,0)) =0
40 16A+10 LY < (f) =€} n(=1007,0)) =0
LY < (f) +€}n(=1001,0)) >0

We define the auxiliary function u(z) = f(z) — f(z — 1) and we observe that, since
f has constant potential in (—7,7), then 1, is constant in (—n + n',n — n’). Hence,
we construct a bounded and integrable function with several oscillations close to 0 and
with constant potential in (—n/2,1/2):

u(z) = Zu(as —2in").

Therefore, a(x) = u(z) + u(—=z) satisfies [; —e < @ < I} + ¢ in (—n/2,n/2), where
e =40¢,1; =0and ] = 2|l (f)|, and it oscillates between the upper and lower bound
several times. Of course, if we take a convolution parameter small enough, then the
function us = @ * @ is smooth and with the desired critical points. Notice also that,
if 0 < 1'/8, then we can run the selection of the good pair of critical points performed
in Subsection 1.3.3, and that procedure stops because each critical point p; belongs to
the segment (—(i + 1)y’ —n'/8, —in’ +1'/8), and thus the conditions (1.34) and (1.35)
are automatically satisfied for some 7 < 9. Now we run our argument for the function
ug, that is even, and we arrive to the desired contradiction since we chose accurately
the parameters €, and . 0
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1.4 Uniqueness and symmetry of minimizing mea-
sures

This last section is devoted to discuss the question of the uniqueness (of course, up to
translations) and radiality of the optimal measures, and in particular to prove Theo-
rem 1.4.1 below. We start noticing that, for a general function g, there is no reason
why there should be a unique optimal measure, and it is easy to build examples in
which the uniqueness fails. Less clear is the question whether optimal measures should
be radial. Indeed, on one side, the problem is rotationally invariant; but on the other
side, in most of the examples the radial profile ¢ has a unique minimum point, say
dmin, and then, roughly speaking, points would like to stay at distance d,;, from each
other, and this somehow pushes against the radiality. The two questions are related,
because obviously if there is a unique optimal measure then it must be radial, since
all the rotations of this measure are also optimal, and then they have to coincide with
it. Our results in the positive direction work for strongly positive definite kernels (see
Definition 1.4.3 and the discussion preceding Lemma 1.4.8). Finally, in Theorem 1.4.2
we combine some explicit computations and the convexity of the energy to show that
a sphere minimizes &, even in the presence of a singular repulsion in the origin.

Theorem 1.4.1 (Uniqueness and symmetry of optimal measures). Let § = g, +h be a
function satisfying (H,), with 2 < o < 4. If h is strongly positive definite in ?Q,C(RN),
then there is some minimal measure i € P(RYN) which belongs to Prag(RY), and if h
is strictly strongly positive definite in 7'3§7C(RN ), then [ is the unique minimal measure
up to translations. If h is subharmonic in RN \ {0} and radially decreasing, then it is
also strongly positive definite in P(R™), so in particular there is some minimal measure
i € P(RY) which belongs to Prag(RY). Moreover, in this case there exists a radius R,
such that the support of every minimal measure in P(RY) is a ball of radius R;.

Theorem 1.4.2. Let N > 5, and let us fix the parameters a € [2,4] and B € (0, N —
4). If g = ga — 9-p5, then there exists a radius r = r(N,«a,B) > 0 such that p =

\8_1134’%01\[_1 L OB, is the unique minimizer of €& in P(RY).

1.4.1 Positive definite functions and convexity of £

The question of uniqueness is of fundamental importance for this problem, and it is
already treated in some papers. More precisely, in [BCT18] it is shown that there is a
unique optimal measure whenever g = go — g_g with any 0 < § < N. Later on, the
same result was obtained in [Lopl19] for g = g, — g_p with any 2 < a < 4, and again
0 < 8 < N. We can now further generalize the result by substituting the term —g_g
with any positive definite function, basically using the same approach of [Lop19] and
the properties of such functions. We start with the definition.

Definition 1.4.3 (Strongly positive definite functions). Given a Li . function h :

RY — RT U {+00}, we say that h is strongly positive definite if for any u,v € P(RY)
one has
Enlp, 1) + E(v,v) = 284(p, v), (1.51)

and that h is strictly strongly positive definite if the inequality is strict whenever j # v.
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The definition of positive definite functions is standard, see for instance [Rud91,
LLOT,Mat15], and it simply consists in asking the validity of the property (1.51) when
wand v are L' functions with unit L' norm, or characteristic functions of sets of unit
volume —these two choices are equivalent by a simple approximation argument. We
add the word “strongly” to remember that our assumption is in principle stronger,
since we want to test with every probability measure. However, it is simple to see that
the two notions are in fact equivalent, at least for kernels for which the measures can
be approximated in energy by functions, as we show now.

Lemma 1.4.4. Assume that h : RN — RTU{+oc0} is a L. _ function with the property
that for any measure p € P(RYN) there is a sequence of smooth functions p; € P(RY) N
C(RY) weakly* converging to p and such that E(u;) — Ex(u) for j — oo. Then, h

is strongly positive definite if and only if it is positive definite.

Proof. Of course, whenever h is strongly positive definite, then it is also positive defi-
nite, so we only have to prove the opposite implication. Let us then assume that A is
positive definite, and let © and v be two probability measures. By assumption, we can
take two sequences {;} and {v,} in P(RY) N C>(RY) which weakly* converge to u
and v respectively, and such that

]1g£10 En(py) = Enlp), lim &, (v,) = &, (v).

n—oo

Since (1.51) is true for any pair (u;, v,), by lower semicontinuity of the energy we have

28, (p, v) < liminf 285 (p;, v) < liminf lim inf 283 (p;, vy,
j—00

j—00 n—00

< liminf iminf & (u;, 1) + E; (Vn, vn) = E;(p, 1) + & (v, v).

j—oo n—

Therefore, h is strongly positive definite. O

As said above, the notion of positive definiteness is well known. In particular,
the following sufficient conditions for the positive definiteness are known, see for in-
stance [NP21].

Theorem 1.4.5. Let h: RN — RYU{+o0} be a L. function. Iflimy o h(z) =infh

and h is subharmonic in RN\ {0}, then h is positive definite. Instead, if we suppose that
im sup oo () < +o00 and the Fourier transform of h is a positive Borel measure,

then h is positive definite.

In particular, the function —g_z is strictly positive definite for every 0 < 8 < N,
as well as the Gaussian function e~#"/2. An important example is given by the kernel
hiog(r) = —go(z) = —log|z| in dimension N = 2, that is positive definite among
densities with compact support: for every pair of densities fi, fo € P.(R?) we have
that

Enog 15 [1) + Eny,, (f20 f2) = 285, (1, o).
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Remark 1.4.6. We point out that, on top of the aforementioned examples of positive
definite kernels, it is possible to build other ones with a simple operation: the double
convolution. In fact, given a positive definite kernel g : RN — R* U {+o00}, and any
non-negative kernel ¢ € L', we define in a pointwise sense the new kernel h := g px* .
With formal computations, one sees immediately why this is again positive definite:
for every pair of probability densities fi, f» € P(RY)

it = [[ e = D) fldsdy = [ L) (hx ) @)

/fl g*gp*gp*fQ)(x)da::/(fl*gp)(:v)-(g*gp*ﬁ)(as)das
= &(fi*x o, fax ).

Plugging this formal identities into (1.51), with u = f1. 2" and v = fo,.Z", we imme-
diately obtain that h is positive definite if so is g. Of course, some assumptions are
necessary to justify the previous steps. For example, if ¢ € L*™ and it has compact
support, then the previous steps are correct also for any pair of measures (even for those
not absolutely continuous with respect to .ZV). In this case, we even obtain that h is
strongly positive definite. Instead, using Young’s inequality [LLLO1, Theorem 4.2], it is
immediate to see that, when ¢ € LP and g € L9, then gxp*x ¢ € L® with % = %4—%—2,
so in particular it is locally integrable.

An important corollary of Lemma 1.4.4, following directly from Lemma 1.2.12,
is that a radial function h with the property that its radial profile h, defined by
h(z) = h(|z|), is continuous, decreasing in a right neighborhood of 0, and so that
limy o A(t)t7 = 0 for some 0 < v < N, is strongly positive definite as soon as it is
positive definite. If h is subharmonic in R™ \ {0}, there is not even need of asking the
existence of some v as above. More precisely, the following result holds.

Lemma 1.4.7. Every radial function h : RN — RYU{+o00} which is radially decreasing
and subharmonic in RN \ {0} is strongly positive definite.

Proof. Let h : RY — R* U {400} be a radial, radially decreasing and subharmonic
function and, as usual, let us call h its radial profile. By Theorem 1.4.5 we know that
h is positive definite. Therefore, as noticed above, Lemma 1.4.4 and Lemma 1.2.12
readily give that h is strongly positive definite if there is some 0 < v < N such that
limy o A(2)t7 = 0.

If this is not the case, we proceed as follows. For any small € > 0, we call h, €
CYRN \ {0}; R*) the radial function which coincides with A in RY \ B, and which is
harmonic in B, \ {0}. In particular, the corresponding radial profile h. is defined in
(0,¢e) by the formula

(t2_N _ 62_N) h/(é‘) )
he(t) = g-me~  ThE HNF

e(log(t) —log(e)) W' (e) + h(e) if N =2.

Notice that by construction h. satisfies all of our hypotheses (it is subharmonic in
distributional sense), and moreover limp o h.(t)tN"1/2 = 0. As a consequence, h. is
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strongly positive definite. Given then any two probability measures p and v, we know
that
E(p, p) + E(v,v) = 28 (p,v), (1.52)

where we write £ in place of &,_ for simplicity of notations. We observe that, since h is
subharmonic, then h. < h for every € > 0. In fact, the function h — h. is subharmonic
in B.\ {0}, it is 0 on OB, and its gradient vanishes in the same sphere by construction.
Then, taking any r € (0, ) we apply the divergence theorem in the annulus A = B.\ B,
and we see that

O</A (h—h) /{)B mw R dAN () — /83 mwh R AN ()
h.(r) N (OB,).

In turn, this shows that the difference between the radial profile is decreasing in (0, €)
because 1 was arbitrary. Since h(e) — he(g) = 0, this proves that h. < h in B; \ {0},
We notice, additionally, that the kernels h. pointwise converge to A when ¢ — 0, and
thus the Dominated Convergence Theorem allows us to pass to the limit in (1.52),
establishing the validity of (1.51) for h. O

In the results presented before, we tried to formulate in the most general setting,
working in the whole space of probability measures P(RY). Keeping an eye on the
applications that we have in mind, however, it is also natural to work with the restricted
class Py .(RY). In fact, when we try to obtain information about minimizers of (Py),
it is clear that we can restrict to the class of measures with finite energy, and up to a
translation we can suppose that their barycenter lies in the origin. Moreover, we proved
in Theorem 1.1.1 that the support of the minimizers if uniformly bounded. Collecting
all these properties, we can directly work in the restricted class ?g,c(RN ). Hence, for
our purposes, we can work with any kernel g that is strongly positive definite in this
subclass, i.e. .

gg(ﬂ, :U') +8§(V7 V) > 25!7(:“7”) vlu’vy € PE,C(RN>'

This fact, despite being trivial, allows us to treat in a unified framework some kernels
that are not positive definite in P(RY), while they are in P, .(RY). This might be due
to a ill posedness of the interaction functional for measures with unbounded support,
as in the case that we already mentioned of hjg(2) = —log |z|. On the other hand, it
may happen that a kernel is positive definite only when we fix the barycenter, and this
is the case of the quadratic kernel g for instance (see [Lop19, Theorem 2.1]).

The importance in this context of the notion of positive definiteness is mainly given by
the following elementary observation, applied to the convex set C = ?E,C(RN ):

Lemma 1.4.8. Let h: RY — RU {+oco} be a Ls.c. function in the class Li ., and let
C C P(RY) be a convex set. If h is strongly positive definite in C, i.e.

Enlp, 1) + (v, v) 2 285 (1, v) Vv €C, (1.53)

then the energy £ is convex in C. If h is strictly strongly positive definite in C, then &
18 strictly convex in that subspace of measures.
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Proof. Let u,v be two measures in C, and let 0 < A < 1. Then,

E(p+ 1 =Nr)=&An+ 1= Nv, A+ (1= M)
= N2& (1) + (1= X)*E(v) +20(1 = N &, v),

and then by (1.53)
& (M4 (1= M) — (A& (1) + (1 = V&)
= A= 1) (&l 1) + Exlv,v) = 28, ) ) <0,

which gives the required convexity of &. If h is strictly strongly positive definite, then
the above inequality is strict whenever 0 < A < 1 and p # v, thus &;, is strictly convex
in C. m

We conclude with the remarkable symmetry of the minimizers of &; in P(RY)
when the kernel is strictly positive definite in P, .(RY). If, instead, the kernel is just
positive definite in that subset of measures, then we obtain only the existence of a
symmetric minimizer, whereas this is not a feature shared by every ground state of &;
in P(RY). We stress that this scenario is not unrealistic: in Section 2.2 we are guided
by the works [DLM22, DL.M23], and the second one is mainly devoted to kernels of
the form g = go — gp with @ > 4, B > 2 and o > . In general, these kernels are
not positive definite, exept for the choice of parameters « = 4 and § = 2. In fact, in
this case [DLM23, Theorem 1.1] shows that there is a plethora of different minimizers
(characterized by a second moment condition), and among them only the sphere is
radially symmetric.

Proof of Theorem 1.4.1. The function g, is positive definite in 7.3@6(]1%]\’) for 2 < a <4,
as proved in [Lopl9, Theorem 2.1], and then it is also strongly positive definite in
?E,C(RN ) since Lemma 1.4.4 can be applied to this kernel. As a consequence, if h is
strongly positive definite in ?gyc(RN ), s0is also § = go+h. Our assumptions are largely
sufficient to apply Theorem 1.1.1, hence we know the existence of an optimal measure
p € P(RY) for the energy &, which is compactly supported. Up to a translation, we
can assume that p has baricenter in the origin. For every § € SV=1, we call ug the
measure obtained by rotating u of an angle . By radiality of g, each measure g has
the same energy as p, so they are all optimal. The energy & is convex in the space

P;o(RY) thanks to Lemma 1.4.8. Of course, g € Py.(RY) for every § € SV, and
the convexity of £ ensures that the measure

- f 1od AN (6),
SNfl

is itself optimal (and belongs to P.aq(RY)). The existence of an optimal measure in
Praa(RY) is then established.

If h is strictly strongly positive definite in 7‘3576(RN ), then so is g, and then the
energy & is strictly convex in ?E,C(RN ). As a consequence, all the measures 1y have to
coincide, and this means that y = p is radial. We claim that p is actually the only
optimal measure with baricenter in the origin. This is in fact obvious: if there is another
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such optimal measure v # i, the strict convexity of € gives that £((u+v)/2) < E(p),
which is absurd.

Let us now assume that h is subharmonic in RY \ {0} and radially decreasing. The
fact that h is strongly positive definite is given by Lemma 1.4.7, so & is convex in
Pg,C(RN ). As we already pointed out, this feature guarantees that, for every minimizer
W e 7.)@7C<RN ), its symmetrization [ is a minimizer as well. It is immediate to see that,
since Ag > 0 out of the origin, and applying either Proposition 1.2.2 (in dimension
N = 1) or Proposition 1.2.4 (in higher dimensions) to fi, we obtain that spt/l = Bpg,
for some Ry > 0. Exploiting once more the convexity of £, we know that (,u + 1) is
again a minimizer, and thus

S(u):é’(%ﬁ) LEG) + €, ) + 1E(R) /wu (). (1.54)

Thanks to the Euler-Lagrange conditions (£L,), and their refined version discussed in
Remark 1.1.4, we know that ¢, > £(u) in RV \ spt i, and also that ji({¢, < E(u)}) =
0. Combining this information with (1.54), we get that ¢, (x) = £(pn) for p-a.e. =z
Additionally, since g is continuous in R" \ {0}, we know that 1, is continuous in R\
spt . There are two possibilities: either spt i is dense in spt ji = Bpg,, or there exists
x € Bg, and € > 0 such that B(x,e) C Bpg, \ spt u. In the first case the two supports
must coincide since they are closed sets. The second one, instead, cannot occour
because the potential 1, should be at the same time constant and strictly subharmonic
in B(z,¢), that is impossible. This argument shows that, assuming Ah > 0 out of the
origin, the support of any minimizer p € 7.3§,C(RN ) coincides with a ball centerd in
the origin. Let v € ?E’C(RN ) be any other minimizer. The previous considerations
show that sptv = Bpy, for some Ry > 0. Repeating the previous argument with v in
place of the symmetrized measure i we obtain that the two balls necessarily coincide,
concluding the proof.

O

1.4.2 Minimality of the sphere

We aim to characterize the spheres as the unique minimizers of £ for some choice
of the kernel g. The basic observation is that, whenever the energy is convex, it is
sufficient to find a measure p that satisfies the Euler-Lagrange conditions. We stress
that our result is not new, as it is contained in [FM23], where they characterize the
spheres as minimizers for a range of parameters that contains ours. However, the
approach presented here has the advantage of being extremely simple, relying on a
trivial application of the maximum principle, and does not depend on any prior result
concerning special functions. This yields to a less complete statement, since we do
not compute explicitly the potential of the optimal sphere, while this is part of the
work made in [FM23]. We highlight that our approach shows that, for any a > 2
and any § € (0, N —4), there exists a radius r > 0 such that the probability measure
uo= @%ﬂ N _1I_8B,, satisfies the Euler-Lagrange conditions (E'L,). This, however,
guarantees that the measure p” is a minimizer only when £ is convex. The energy is
convex only when « € [2,4], and this is why we restrict to this range in Theorem 1.4.2.
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Proof of Theorem 1.4.2. We begin with some basic computations, valid for power-law
kernels g, with v > —N + 2 and y # 0. For any p > 0, we call y# = ——#N"1_0B,,

|0B,|
and a simple computation shows that for every z € RV
pY lz —y| N—1
¢ Y p(p{L') = d% <y)7
o 0B1] Jos, Y
pt —2 7 4pN—1
Dby, (p) = (21 —y1)|lx —y|"7dA " (y), (1.55)
0B1] Jos,

Y—2
Mbgyrlpr) = foper | (N 7= 2)l =y 2N y)

Notice that the first, second and third expression defines a continuous function on the
whole RY when « is larger than 1 — N, 2 — N and 3 — N respectively. Of course, the
symmetry of the chosen kernels and the symmetry of y” guarantee that also ¢ .. and
Aty e enjoy spherical symmetry. Given § = go —g_g, witha >0and 0 < f < N -2,
then the special structure of p” automatically forces ¢, = E(p”) in 0B, = spt p”.
Hence, to identify the correct sphere we need only to find a radius » > 0 for which the
inequality 5 ,» > E(u") in (E'L,) holds everywhere. The computations in (1.55) show
that

a—1

14 o -~
g e (pe1) = 1081 Jos (1 —y1)ler — y|*2dN " (y)
—B-1
P 1— N N—1
S N
0B1] Jos, ler — |2 )
_— (1,56

_F a+p3 1 — - a—Qd%N—l
|aBl|(,0 /aBl( y1)ler — vy (y)

I—wn N—1
— —=d .
/aBl PREIE (y))

Hence, there exists a unique radius p > 0 such that Vi ,, = 0 on 0B, = spt p#, and
we call this radius r = r(«, 8, N). In order to find a measure u” satisfying (E'L,), every
point in spt 1 needs to be a critical point for 1 ,-, and thus we fix that specific radius.
Notice that the computations are valid because the kernel g is not too singular in the
origin (in this particular case, because 3 < N —2, ensuring that Vg € L (RV~1)). We
observe that, whenever @ > 2 and 8 € (0, N — 4), we have that A%g > 0 in RY \ {0}.
Hence, also the potential ¢; ,» is bi-subharmonic in RY \ 8B, for every choice of p > 0,
with the parameters «, 8 in the aforementioned range. We claim that Ay ,» > 0
in 0B,. Let us suppose by contradiction that the function © = Aty verifies the
opposite inequality u(re;) < 0. Since u is symmetric and subharmonic in B, then it
is radially increasing. Combining this information with the sign of v in 9B, we obtain
that u = Ay ,» < 0 in the whole B,. Applying the divergence theorem, we see that
this is not compatible with the condition V5 ,» = 0 on dB,, that is guaranteed by
the specific choice of the radius, and we arrive to a contradition. Using again that u
is subharmonic in B,, we know that there exists 1o € [0,7) such that v < 0 in B,
and v > 0 in B, \ B,,. If ryp = 0, then Ay, > 0 in B,. Using once more the
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divergence theorem in B,, and the vanishing condition of V), on 0B,, we obtain
that 1, is harmonic in B,. However, this is not possible since A% ,» > 0 in B,, so
this phenomenon does not happen. Instead, if o > 0, then we apply the divergence
theorem in the annulus A = B, \ B,,, with r; € (ro,r), using that Vi, ,» = 0 on 9B,

x x
0= / Atgr = / — - Vi () = / — Vg (x) = =0ty (r1€1)|0B,, |-
A B, T 9By, T1

Since r1 € (19, ) is arbitrary, this shows that v - is radially decreasing in B, \ B,,. In
particular, ¢ ,» > £(x") in that annulus. Now it is easy to infer the same inequality
in the whole ball B,. In fact, 1, is superharmonic in B,,, and thus it is also radially
decreasing. Since we have just proved that vz, > (1) in 0B,,, then the same
inequality holds also in the interior of that ball.

We treat the region outside B,, and we write down explicitly the expression of u
using (1.55):

7004—2 B B
u(re) = Mg, (rz) = 9B o (N +a = 2)[z —y|*2da" " (y)
r=h-2 (N—-3-2)

O8] Jow, To— o7

dAN " (y).

From this expression it is evident that u is radially strictly increasing in RV \ B,. Since
we have already proved that u(re;) > 0, we deduce that A1, ,» > 0 out of B,. For any
r1 > r, we apply the divergence theorem in the annlus A = B, \ B,. Similarly to what
we did before, this argument shows that ;- is radially increasing in that annulus.
Since ry > r is arbitrary, this is sufficient to prove that ¢y ,» > ¥, (re;) = E(u"),
yielding the validity of the Euler-Lagrange conditions (EL,) for u'. O

Remark 1.4.9. We highlight that the previous argument shows that, for every a > 2
and § € (0, N — 4), the sphere is a local minimizer of £ in the class of the symmetric
measures Ppq(RY) since we have the strict inequality 5, > E(u") in RV \ 9B,..

For the same reason, to prove that the measure y" is a local minimizer in the whole
class P(R"Y) one would need to prove that y” is a minimizer in the restricted class
P(0B,) C P(RY). Unfortunately this information is not known to us, hence we cannot
state this result in the extended range of parameters o > 2, € (0, N —4), but we only
obtain the global minimality when a € [2,4] exploiting the convexity of the energy.



Chapter 2

L°°-constrained problem and
minimizing sets

In this chapter we address the minimization of the energy & among the subsets of RY
with a given mass, namely problem (Ps). This is a non-trivial shape optimization
problem and, similarly to the case of measures (P)), there are very different results
depending on the interaction kernel g chosen in the energy. In fact, there is not only
a formal analogy between the two problems, but there is a precise connection between
them. First notice that, when m = 1, there is a strict inclusion between the classes
considered in the minimization process: the characteristic functions of sets with unit
volume belong to the class of densities with unitary L' norm and with image in [0, 1],
that is itself a subclass of the probability measures. Additionally, from the energetic
point of view there is not so much difference in considering sets or densities. To be
more precise, [BCT18, Theorem 4.5] shows that the infima in (Pp) and (Ps) have the
same value, and that a set £/ minimizes (Ps) if and only if X, minimizes (Pp). From
the perspective of addressing the shape optimization problem, the class of densities is
considered just to relax the problem, and to easily have the existence result stated in
Lemma 2.1.3.

The connection with (Py) is related to the approximation procedure contained in
Lemma 1.2.12. To be more clear, we notice that we can always rescale the densities,
and work in a class with fixed L' norm equal to 1, while the height constraint becomes
a parameter, studying the equivalent problem

inf {S(f) RN > [O,m_l] Al = 1}.
In this way it is more transparent that, when the mass m is going to 0, we are relaxing
the L> constraint (that is the case treated in Section 2.2). However, the limit problem
is well posed in P(RY), and not in L'(RY) N P(RY), because this smaller space is not
closed with respect to the weaks* topology of P(RY). This clarifies the intuition that,
whenever we have an approximation result like Lemma 1.2.12; we can expect that the
minimizers of (Pp) are very close to the minimal probabilities when m < 1. Essentially,
when the parameter m is small our strategy consists in solving the problem (Py;), and
then infer some properties about the minimizing densities that force them to attain

only the values {0, 1}, i.e. they are characteristic functions of some sets. This analysis
is carried out in [CPT23], and Section 2.2 is based on that work.

49
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On the other hand, the situation in the large mass case is totally different. In fact,
for some choices of the kernel g, we are in the very peculiar situation of showing that
minimizers of (Ps) exist because the only solutions of the density problem (Pp) are the
characteristic functions of balls. This is obtained via a careful analysis of the energy
dissipation in a iterative concentration procedure, that modifies a density in order to
make it closer to the characteristic function of a ball. Additionally, a fundamental
ingredient consists in proving that, roughly speaking, the Hausdorff distance between
a ball and the support of a minimal density is controlled by the asymmetry of the
density (when the mass is large). This is the content of Section 2.3, which is based
on [Car23, Section 4].

The mechanism behind these phenomena at different scales (with respect to the
mass) is similar: heuristically, when we see minimizing sets, there is a lot of attraction
that keeps the density packed, saturating the L constraint in the problem (Pp). In
the large mass case the attraction is due directly to the shape of the kernel g at large
distance, and keeps the mass as close as possible to the origin. In the small mass
case, instead, the attraction in encoded in the potential of the minimizing density f,
i.e. 1, since the support of a minimizing density is contained in a sublevel of its own
potential. For many kernels these two phenomena cohexist, and some examples can be
found among the power-law kernels g, defined in (1). In general, it is very challenging
to understand what happens for intermediate values of tha mass constraint. A peculiar
example, where it is not easy to imagine what is going on for intermediate values of
m, is the case of g, with powers a > 4, 8 > 2 and a > . In fact, in this situation, the
minimizers with small mass are sets concentrated around a finite number of distant
points (see Theorem 2.2.8), while the only minimizer with m > 1 is a large ball, as
we discuss in Remark 2.3.13. In some way, there should be an interpolation between
these two sets when m passes from being small to being large, and it is unclear how
this process happens, and whether the minimizing densities of (Pp) continue to be sets
or not. However, there are some cases in which we can treat all the mass constraints
at once, as we do in Theorem 2.2.10. This is a very special situation where, enlarging
the mass, the minimizer of the problem (Pg) passes from being an annulus to being a
ball (that inflates at m * 400).

2.1 Basic results

This section is devoted to collect a few useful results. We state here the main hypotheses
for the small mass case (concerning the full kernel) and for the large mass case (dealing
only with the repulsive part). They are respectively:

(Hy) g : RY — RT U {+00} is a radial, L.s.c. and locally integrable function, with
limg o g(x) = 400 and g(0) = lim,,og(x). Moreover, the radial profile
g(|z]) = g(x) is non-decreasing in (L,, +00) for some constant L, > 0.

(H;) h:RY — R*U{+oc} is of the form h(x) = h(|z|), where h : RT — RT U {+o00}
is of class C'* away from the origin, with 4’ < 0. Moreover, the map t — h(t)t¥ 2
is locally integrable.
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Proposition 2.1.1. Let g € L _(RY) be a given kernel. If f is a minimizer of (Pp),
then
Y= A LN-a.e in{0< f <1},
v >N LNeae in{f=0}, (ELy)
v <X LNeae in{f=1},

for some constant \ € (—oo, +00].

Sketch of the proof. The proof is very similar to Proposition 1.1.3, and we are very
brief now. Given any function  : RY — [—1,1] with compact support and satisfying
Jn=0and 0< f+n<1,for any t € [0,1] we have

£+ tn) = £(1) + 2 [ dymn(a)ds + L)

For any 0 < ¢t < 1 the function f + tn is an admissible competitor in (Pp), thus by
minimality we have £(f) < E(f+tn). We notice that, since n has compact support, and
g € Li, then £(n) < +o0o. Hence, we deduce that ¢;(z) < ¥(y) for any two points

x,y such that f(z) > 0 and f(y) < 1. This is stronger than (FL;), and concludes the
proof. O]

Another standard result is the existence of minimizers for the problem (Pp). The
proof in our general setting can be easily adapted from those already available in the
literature, see for instance [CnCP15,5SST15]. A part from the specifics of our problem,
we use the general scheme, often called concentration-compactness principle, that we
recall here:

Lemma 2.1.2 (Concentration-compactness, [Str08]). Let p, € P(RY) be a given se-
quence of probability measures. Then there exists a subsequence (not relabelled) such
that one of the following holds:

1. (Compactness) There erists a sequence of points x, € RN such that, for every
e > 0, there exists L > 0 large enough such that p,(B(z,, L)) > 1 —¢.

2. (Vanishing) For every ¢ > 0 and every L > 0 there exists n € N such that

tn(B(z,L)) <€ vz € RY,¥n > .

3. (Dichotomy) There exist A € (0,1) and a sequence of points x,, € RN with the
following property: for any ¢ > 0, there exists L > 0 such that, for any L' > L
there exist two non-negative measures pl and p? that satisfy, for every n large
enough, the following conditions

o 157 < i,
sptpul C B(w,, L), sptu2 C RN\ B(z,, L),
HARY) = A + [12®R™) = (1= )] <.

Lemma 2.1.3. Assume that g : RY — RT U {+o00} is lower semicontinuous, and that
lim|g| 400 §(x) = +00. Then, for any m > 0 there exist a minimizer of (Pp).
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Proof. Let C,, = C(g, N,m) be the energy of a ball with mass m. We consider a
competitor f : RN — [0,1] in the minimization of (Pp) with ||f||, = m, and without
loss of generality we can suppose that £(f) < C,,,. We fix R = R(g, N, m) > 0 so large

that

g(x) > 5Cm Vo & Bp. (2.1)

m2

We claim that, up to translations, we have [ B, f> 4’” . In fact, if this is not the case,

then we apply the lower bound (2.1) to obtain

£(f) > / ) / o 96 =00 @dyda

( dy) f(x
RN m? RN\B(z,R)
5C, m 5C,, m?
> —_ = - —_— =
= 2 / 5 f( )dl’ 5 Cma

m2

and this contradicts the initial assumption £(f) < C,,. Let us define the auxiliary
function G : (0,4+00) — R* as G(s) = inf{g(z) : |z| > s}, that explodes at infinity.
We observe that for any R™ > R we have the following estimate:

=/, / o, T 0@y
> G(R / f(y)dy /RN\BN f(x)dx

> G(R — 3)4—m f(x)dz.

5 RN\Bp

This estimate shows at once that, for any competitor f such that £(f) < C,,, we have
a uniform decay of its mass at infinity (since G explodes at infinity). Since £ is lower
semicontinuous with respect to the weak* convergence, the existence of a minimizer
is an easy application of the concentration compactness principle that we recalled in
Lemma 2.1.2. ]

The last result that we present is an a-priori bound on the diameter of the support
of a minimizing density, and this deserves a quick comment. When dealing with min-
imizing measures, the boundedness of the support is a quite standard result, and it
has been proved in several different contexts (see for instance [CnCP15, BCT18]). As
we have already noticed, for many properties (for instance the existence given by the
above lemma) working with measures or with densities does not make much difference.
However, the compactness of the support of minimizers is more delicate for the case of
densities due to the fact that the Euler-Lagrange condition (£'L,) for densities has an
additional constraint. As a consequence, the proof of the result below does not follow
by a simple generalization of the proofs available for the case of measures. Therefore
we provide a complete proof.
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Proposition 2.1.4. Let g : RY — R* U {400} be a function satisfying (H,). Then,
there exists a constant D = D(g,N m) > 0 such that diamspt f,, < D for any min-
imizer fm of (Pp). Finally, if g is also locally bounded in RY, then D(g, N,m) is
uniformly bounded when m < 1.

Proof. The hypotheses allow to apply Lemma 2.1.3, hence we have a minimizer f for
every m > 0. Let us denote by x = x(N) > 0 a purely geometric constat, whose value
will be determined later in the proof. We fix the constant R = R(g, N,m) > L, so
large that (2.1) holds, and such that [Bg| > xm. Notice that [, f > 4’" thanks to
the same argument of Lemma 2.1.3. We denote by C,, the energy of a ball of mass m,
as we did in the existence lemma, so £(f) < C,,. Let now RT = R*(g,m) > 50R be
another constant satisfying

g(R™ — R) > 2g(6R) + % /B glw)da, (2:2)

and we aim to prove that f is supported in Bj., so that the proof of the first part will
be concluded with D = 2R*. Let us call f, = fXB \B+ and f3 = fX]RN\B , so that
R At

[ = fi+ fa+ f5. Calling now 0 = || f2l, + || f5]l;, and e =|f3llr <0 <m/5, our claim
can be rewritten as € = 0, thus we assume € > 0 and we look for a contradiction. We
point out that § < m/5 because we already noticed that ||f1|, = /. B, >

Let z* be a minimizer of the potential v, (2) = [on G(z — ¥ f2( )dy Wlthin the
support of f3. Notice that such a minimizer ex1sts Indeed, by assumption the support
of f3 is a non-empty closed set, and the above function is either constantly 0 if fo =0
(and in such a case any point of the support is a minimizer), or it is a lower semicon-
tinuous function which explodes for |z| — oo. The minimality property of z* ensures
that

E(fa f3) = /RN Vi (2)fs(2)dz Z g (2 fsllr = ¥p(27)e. (2.3)

Let us now define the set

+
C= {ZE]RN 4R < |z| < 5R, ﬁ>608(ﬂ'/15)},

which is the portion of cone highlighted in Figure 2.1. We call then x = wyR"/|C|,
which is a purely geometrical constant only depending on /N. Then, since by construc-
tion |Bg| > rkm, we have |C| = |Bg|/k > m. Since ||f||r1(5,,) = m — ¢, there exists a

positive density f3, concentrated in C, such that
15l =, 0<f=h+fotfs <1

In particular, the fact that fs is concentrated in C gives

z-zT

m > COS(7T/15) Vz € spt fg. (24)
VARV
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By

Figure 2.1: The construction in Proposition 2.1.4.

We will conclude our proof by showing that £(f) > &( f), which will contradict the
minimality of f since by construction f is a competitor for problem (Pp). Notice that

E(F) = E(F) = 2(E(f1, fo) = E(f1, fo) + Efas ) = E(fa ) + E(fo) = E(fy). (25)
Let us evaluate separately the different pieces. First of all, by construction

E(fi, f2) 2 9(RT = R)lIfsllea | full o = g(BT — R)e(m —6),
E(f1s ) < 9OR) || fslloallfillze = 9(6R)e(m —6),
thus by (2.2) and since § < m/5 and (2.1) we have

E(f1, f3) — E(f1, fg) > %ms (g(6R) + i g(x)dx) > 45% + 25/ g(z)dz.
Bir m B

2m _
11R
) (2.6)
To estimate E(fa, f3) — E(fa, f3), it is convenient to subdivide RY into three pieces.
The first one is the ball H' = Byj, and the other two are

T2t .Z+
"o /. -+ /. /. ~ R+t
H _{x¢H. = ng} H _{:cgéH. P R}

which are respectively on the left and on the right of the dashed hyperplane in the
figure. We call then fi, f' and f}’ the restrictions of f, to H', H” and H" so that
fo=f5+ fy + f3'. We now observe that

e = [ [ o -an@pwaas [ [ g - ke
/RN/HR d:r:dz-s/B g(x)dx

11R

(2.7)

Next, we pass to f). For any y" € H” N By, and z € spt f3, by construction and
using (2.4) we have R < |y” — z| < |y’ — z*|. Since g is non-decreasing on [R, 400),
also by (2.3) we can evaluate

p R = [ =) B

—o 1+ " r dzd " __ —o "+ " d " (28)
< [ ] ot = nBeddy =< [ty -0
= ey, (27) < E(fa, f).
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The argument to estimate E(f’ fs) is similar. Since for any w € Bp, any y" €

H" N By, and any z in the support of f3 we have, by construction and an elementary
trigonometric calculation, |y —w| > |y — z| > R, we evaluate

/// f3 / /N n ///)fg( )dzdy/// S 8/ g(y/// _ w)fQ(y///)dy///.
H/// R

H/ll

Since this is true for every w € By, and f; is concentrated on By, we obtain

(m— BE(L ) = / E(FY o) fu(uw)duw

< 8/ / /// . (y///)f1<w)dy///dw
=e&( fl, V) < eE(f) <eCy,.

Since § < m/5, this implies that

ety <2 oo
Putting together (2.7), (2.8) and (2.9), we have
Efurfo) = Efa ) > <252 —2 [ gla)da (2.10)

11R

Lastly, since the support of f3 is contained in C, whose diameter is much smaller than
11R, we can readily estimate

E(fs) = £ ) < / / Gy — ) fa(2)dydz = ¢ / gla)de.  (211)
RN JB(z,11R) Biig
Inserting (2.6), (2.10) and (2.11) into (2.5), and minding also £(f;) > 0, we finally
obtain

r3 C'm _
E(F) ~ E(J) > 4e=" 4 /  glads > 0,

thus the contradiction £(f) > £(f) is established and this concludes the first part of
the proof.

Assume now that g is locally bounded, and let us notice that a simple modification
of the proof provides the same constant E(Q,N, m) for every m < 1. Notice first
that any ball with volume m < 1 has radius less than w;,l/ N, thus C,, < C'm?, where
C = sup{g(z),|z|] < 2w_1/N} As a consequence, one can take the same radlus R
in (2.1) for every m < 1. Up to enlarging R, we can also suppose that g(s) < g(R) for
every s € (0, R). The radius R* defined in (2.2) explodes when m N\, 0, but the local
boundedness of § allows for a much simpler definition of R*. More precisely, using
that ¢ in non-decreasing in (R, 400), we can replace (2.7) with the simpler inequality

E(f3 Jo) < F-g(1LR),
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and then the proof works with no other modification replacing the definition (2.2) of
R* by ) ) ) )
g(R" — R) > 29(6R) + g(11R),

which does not depend on m. Since D(g, N,m) = 2R*, the proof is concluded. O

2.2 Existence of minimal sets with small mass

We are going to consider the minimization problem (Pp) with generic interaction ker-
nels which are weakly repulsive (in the origin). Roughly speaking, for us this means
that g is bounded in the origin, and |Vg| < 1 in a small neighborhood of 0. In partic-
ular, while for strongly repulsive kernels, like g, defined in (1) with 8 < 0, a measure
containing some atom has always infinite energy, for weakly repulsive kernels atomic
measures have finite energy, and hence they are possible candidates for the minimiza-
tion problem (Py;). This is not just a theoretical possibility; in fact, Carrillo, Figalli
and Patacchini showed in [CFP17] that global minimizers of (P);) among probability
measures are supported on finitely many points if g(x) = g(|z|), g(0) = 0, and there
exist C' > 0 and § > 2 such that

: / 1-8 _ _
11_{% g'(t)t C.

An important example of a weakly repulsive kernel is given by the power-like kernels
defined in (1) with @ > > 2. This kind of kernel has been studied by Davies, Lim and
McCann in a series of papers [LM21, DLM22, DLLM23], and they are able to precisely
characterize the solutions of (P);) in some cases.

Theorem 2.2.1 (Davies-Lim-McCann, [DLM22 DLM23]). Let N > 2, and g = g,
be given by (1). If 6 =2 < a < 4, then the unique minimizer of (Py), up to rigid
motion, is given by the uniform distribution over a sphere, that is, u = cN"1_0B,
for a suitable choice of c andr. If a > 4, 5 € [2,a) and (o, B) # (4,2), then the unique
minimizer is given by a purely atomic measure uniformly distributed over the vertices
of the unit reqular (N + 1)-gon Ay.

The minimizers have been investigated also in dimension N = 1. In this case, the
unique minimizer is given by two equal masses at distance 1 as soon as a > 3, € [2, «)
(see [DLM23]), while for 2 < a < 3, = 2 the minimizer, which is computed explicitly
in [Fra22], is absolutely continuous and supported on an interval.

As we already mentioned, in this section we study the question of existence of
optimal sets, that is, minimizers of (Ps). The euristics behind our results consists of
two parts. First, in order to have a minimizer p of (Py/) that is singular with respect
to the Lebesgue measure, we need to have a lot of attraction nearby the support of
w. On the top of that, for small mass, the minimizers of (Pp) are close (in some
sense) to the probability minimizers. Therefore, we can transfer some properties of the
minimal measures to the minimal densities, and this is enough to obtain the existence
of minimizing sets in (Ps). This is, in few words, the heart of our argument, that
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is contained in Subsection 2.2.1, and working with weakly repulsive kernels ensures
that we see some attraction close to the support of a minimizing measure. Some more
precise results are available for a special choice of the kernel, and we detail these cases
in Subsection 2.2.2. We also provide, in Subsection 2.2.3, some sufficient conditions on
the kernel which guarantee that the conclusions of Theorem 2.2.8 hold true. We stress
that these conditions are quite generic, and do not require a precise structure of the
kernel, but rather a quantitative control on its shape. In particular, they are stable
with respect to small perturbations of the kernel.

We remark that the existence of minimal sets for similar energies was also investi-
gated, with different techniques, by Clark in her Ph.D. thesis [Cla22].

2.2.1 General strategy for the small mass minimizers

A minimizer of the problem (Pp) exists under mild hypotheses on g, as we recalled in
Lemma 2.1.3. In general, however, the minimization problem among sets (Pg) does
not necessarily admit a minimizer (see for example [BCT18, FL.18]). Here we show
that, under certain rather general conditions on g, the solutions to the problem (Pp)
are characteristic functions of sets when m is small enough (and thus they coincide
with the solutions of (Ps), as proved in [BCT18, Theorem 4.5]). Here we focus on
the general results, while we specialize to the cases considered by [DLM22, DLM23] in
Subsection 2.2.2.

Lemma 2.2.2. Let g € C(RY) be a function satisfying (Hy). Let f; be a minimizer
of (Pp) with || f;]|, = m; \, 0. Then, up to translations and up to taking a subsequence,
m;'f; = u for some p € PRY) minimizing (Py). Moreover, if ¥, > E(n) in
R& \ spt u, then for any e > 0 there is j such that

spt f; CB.+sptu  Vj>j. (2.12)

Proof. Since g is continuous, thus locally bounded, Proposition 2.1.4 ensures that the
supports of the densities f; are uniformly bounded. Therefore, the probability mea-
sures fi; = m;l f; have uniformly bounded supports and then, up to subsequences and

translations, we have u; = 11 for some probability measure 1 with bounded support.
Let now fi be any minimizer of (Py), and for any j let &2, be a partition of RY

made by pairwise disjoint cubes of volume m;. We define the measure v; € P(RY)
with density

L _

vi(e) = —iQ)  YQE PV eQ,

J
and the density fj = m;v;. By construction, 0 < fj <1 and Hf]Hl = m,;, so by the
minimality of f; we have £(f;) < £(f;). The continuity of g easily guarantees that
E(vj) = E(in), and then also by the lower semicontinuity of £ we deduce

E(p) < liminf E(p;) = liminf mj_QS(fj) < lim inf mj_QE(fj) = liminf E(v;) = E(R) .
j j j

J

Hence, 1 is a minimizer of £ in P(RY).
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Suppose now that 1, > £(u) outside of spt p1, and keep in mind that ¢, = £(p)
on spt p by Proposition 1.1.3. Since g is continuous and explodes at infinity, and since
w has bounded support, we deduce that the potential 1, is continuous and explodes
at infinity as well. Combining these properties with the inequality 1, > £(p) valid
out of spt u by assumption, we see that for any € > 0 there exists v > 0 such that
Yu(r) = E(p) + v whenever dist(z,spt ) > e. Let us now call U = sptu + B. and
V' = sptu + Bs, with § so small that 1, (x) < ¢,(y) —v/2 for any z € V and any
y € U°. Since g is continuous and spt u; are uniformly bounded, then 1, are locally
uniformly continuous with a common modulus of continuity. The convergence p; N
guarantees then that ¢, converge pointwise to ¢, and thanks to the common modulus
of continuity this convergence is locally uniform. Therefore, if j is large enough we have
that

~y

Yy, () < Py, (y) — 3 VeeV, yeU- (2.13)

Suppose now by contradiction that (2.12) does not hold true. In other words, lets
suppose that f; is not concentrated in U for arbitrarily large indexes j. Then, for
every n; < m;, we can define a modified function 0 < fj < 1 by “moving a mass 7,
from U to V7. Formally speaking, fj is a function such that 0 < f] < fj on U° while
fi < f] < 1on V, and so that

/ij—fj:/Ucfj—fj:m-

The existence of such a function f] is obvious as soon as m; < |V/|, which is certalnly
true for j large enough. Then we call fi; = m; f], and U; = p; — fi; = m; (f fj)
so that |7\, = 2mj_177j. Thus, we estimate

E(f1;) = E(ny) = E(25) + 28 (15, V)
= 8065)+2 [ (@)dby(a) < Ol = 3 175

where we have used (2.13), the continuity of g, and that the support of 7; is bounded.
For :ZL—JJ < 1 this gives E(f1;) < E(u;), thus E(f;) < £(f;), and this is impossible since

f; is a minimizer of (Pp) and fj is a competitor. ]

Theorem 2.2.3. Let g € C*(RY) be a function satisfying (Hy). Let f; be a minimizer
of (Pp) with || f;]l, = m; and any sequence m; \, 0, and assume that m; " f; e
PRN). If ¢, > E(p) in RN \ spt u and D*,, # 0 in every point of spt p, then f; is
the characteristic function of a set when j is large enough.

Proof. By Lemma 2.2.2 we know that p is a minimizer of (Py), and that (2.12) holds.
The potential 1, is of class C? because the kernel is regular, and conditions (EL,)
guarantee that 1, attains its minimum in spt u. Therefore, the hessian of the potential
is non-negative definite. Since by hypothesis D1, # 0 in spt u, then for every z € spt u
there exits v € S¥~! such that 9?1, (z) > 0. By compactness, there are finitely many



2.2. EXISTENCE OF MINIMAL SETS WITH SMALL MASS 59

points @y, s, ...,x, € sptpu, corresponding directions vy, vs,...,v; € SV, and two

constants d,r > 0 such that the balls B,.(x;) cover the whole spt i, and one has
Duly)>26  Vie{l,...,k},Vy € B.(z;). (2.14)

Since spt u is covered by the finitely many balls B,.(x;), there exists some e > 0 such that
the balls cover also spt 1+ B:, thus also spt f; for any j large enough, by (2.12). More-
over, we have that mj_lDQ@ij converges to D*y),, locally uniformly because m;l f; S
and g € C*(RY). Therefore, (2.14) holds also replacing 2§ with § and 1, with m; 'y,
for every j large enough. This condition clearly implies that each level set of ¢y, has
zero measure. But the Euler-Lagrange conditions (E'Lg) ensure that {0 < f; < 1} is
contained in a single level set. We deduce then that the function f; has value 0 or 1
almost everywhere, thus it is the characteristic function of a set. O

Corollary 2.2.4. Let g € C*(RY) satisfy (H,). Suppose that, for any minimizer u
of (Py), we have

14, > E(p) in RY \ spt p;
2. Dy, # 0 everywhere in spt .

Then, there exists m > 0 such that any f,, minimizing (Pp) with ||fm|, = m is the
characteristic function of a set when m < m.

Proof. We proceed by contradiction. If the thesis is false, there exists some sequence
m; N\, 0 and densities f; which minimize (Pp) with mass m; that are not characteristic
functions. Since, as already noticed in the proof of Lemma 2.2.2, their supports are
uniformly bounded, up to a translation and a subsequence we have that mj_1 fi NS
P(RY). Since p is a minimizer of £ in P(RY) by Lemma 2.2.2, our assumption ensures
that we can apply Theorem 2.2.3, clearly obtaining a contradiction. O]

Remark 2.2.5. We observe that the proofs of Theorem 2.2.3 and Corollary 2.2.4 work
also if we have a function § € C?*(R") and, for a given y that minimizes £ in P(RY) (or
any minimizer, in the corollary), we have that for every = € spt u there exist v € SV-1

and j € {1,...,k} with 0¥, (z) > 0.

Remark 2.2.6. This approach is similar to [F1.18], where they deduce the existence of
minimizing sets with large mass. We stress that our assumptions avoid the technical
problems that are addressed in that paper concerning the regularity of the potential.
It is worth to point out the general idea behind this approach. Frank and Lieb work
with a specific choice for the kernel, that naturally involves subharmonic functions, so
in particular the Laplace operator. However, loosely speaking, one can obtain some
results when the kernel g satisfies a differential inequality with respect to a differential
operator £ of order k with constant coefficients, and v, € VVIIZ’C1 for any bounded
density f with compact support. An example of this phenomenon, with £ = A,
is [FL18, Proposition 5.3].
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2.2.2 More precise results for power-law kernels

This section is devoted to discuss the situation in the special case of a function g of
power-law type defined in (1). Let us start with a couple of definitions. We define
by Ay = {x1,...,2xy11} C RY the vertices of the standard regular (N + 1)-gon

centered at the origin and with mutual distance 1. We call Hy = /&+ its height,

2N
and Cy = 4 /ﬁ its circumradius. Moreover, we define

1 N+1
Han = N1 > 6, (2.15)

i=1
the probability measure which is uniformly distributed over the points of Ay. We
present now a geometric result which will provide us a positive bound on the second
derivative of the potential.

Lemma 2.2.7. The constant

N+1
Ky = min {Z(v,xi —z)tve SN_I} (2.16)

=1
satisfies Ky =1 if N =1 and Ky =1/2 if N > 2.
Proof. First of all, we claim that for every N > 2 and every v € SV}
N+1 ]

> (va)? = > (2.17)

=1

To do so, we decompose v = v1 + vy, Where vy is the projection of v onto the hyperplane

IT parallel to the face containing zs, ..., xn41 and passing through the origin. We can
write
N+1 N+1
Z(v,xi>2 = Z ((vl,xi> + <U2,I‘Z’>>2
i=1 i=1
N+1 N+1 N+1

— Z(Ul, ;)2 + Z<’Ug, ;)2 + 2 Z<U171’i><v2,xi>‘

Notice now that by definition (v, ;) = 0, and (vy,x;) has the same value for each
1 > 2. Since Zf\:{l x; = 0, we deduce that the last sum vanishes. Moreover, notice
that |z;| = Cly, and the distance of any z; with ¢ > 2 from the hyperplane ITis Hy—Cly.
Therefore
N+1 N+1 N+1
Z(U,$i>2 = |v,[*Cx + Z(Ul,xi)z + Z<U2,J)i>2
i=1 =2 =2
Nt
2
= ‘U1|2(C]2V + N(HN — CN) ) + (1 — ‘U1’2) Z<ﬁ7$z>2
i=2 172
_ ‘Ullz . (1 _ ‘U ‘2) NZ—H<U_2 .Z">2
9 1 |’U2|’ i/ -

=2
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The last expression is linear with respect to |vi|*>. Therefore, either it is constant, or
it is minimized for |v1] = 0 or |v;| = 1. This means that, if the sum in (2.17) is not
constant, then it is minimized only if v is either parallel or orthogonal to z;. However,
the same should be true also with any other z;, and this is clearly impossible. We
deduce then that the sum in (2.17) is constant, and then it is enough to choose |v;| =1
to deduce that the constant value is 1/2, that is, (2.17) is proved.

Let us now consider the sum in (2.16). We can assume that N > 3, since the cases
N = 1,2 are elementary computations. Arguing similarly as before, we get

N+1 N+1
Z(U,xi —x)? = Z(Ul,xi — 21)? 4 (vg, @i — 1) + 2(v1, w5 — 1) (v2, T3 — 1)
i=1 i=2
N+1 b N
= NH?V|1)1|2 + Z<U2,$i>2 — QHN<111, |:E_1’> Z(Ug, ZL‘Z>
i=2 =
N+1
N +1 T
= 5 |’Ul‘2+Z<U2,ZL‘Z’>2+2HN<Ul,ﬁ><’UQ,.T1>
i=2 1
N+1
N+1, 9
i [u1]” + ;@275@
N+1
N+1 2 2 (%) 2
= 1— =2 )2
o1 + (1 = [vy] );<|U2|,x>

Notice now that the projections of the points z; with 2 < i < N on the (N — 1)-
dimensional hyperplane II are the vertices of the standard regular N-gon centered in
the origin. Therefore, the property (2.17) in dimension N — 1 > 2 ensures us that the
value of the last sum in the above estimate is 1/2, regardless of what vy is. Therefore,
we have

N+1
N+1 1—|v* Nun2+1
2 2 _
;:1 (v,2; —x1)° = 5 l1]° + 9 = 9 )

and the minimum of this expression among all v € S¥~! is clearly 1/2. Therefore, the
proof is completed. O]

We can now present our main results for the power-law kernel g given by (1).

Theorem 2.2.8. Let N > 2 and let g = g, be defined by (1), with o > > 2, a >4
and (o, B) # (4,2). Then, if m is small enough, every minimizer of (Pp) is the char-
acteristic function of some set E,, which is then a minimizer of (Ps). Moreover, E,,
consists of N+1 conver components, each of which is contained in a small neighborhood
of a vertexr of An.

Proof. With this choice of powers «, 5, we know by [DLM23, Theorem 1.2, Corol-
lary 1.4] that the measure ua, defined in (2.15) is the only minimizer of £ in P(RY)
(up to rotations and translations), and that ¢, > E(ua,) outside of spt pia, = Ax.
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We now want to compute the first and second derivatives of the function

N+1
1

prN = N—H Z wézi
=1

at the point z;. First of all, we do some computations that rely only on the symmetry
of the kernel: for any choice of x € RY, v € SV~ and ¢ > 0 one has

9 0) = g (o4 o)
Bl e al) (G
i, 30 = e g+ H (1= 5 ).

So, with the kernel g = g, defined in (1), keeping in mind that ¢’(1) = 0 and ¢"(1) =
a — 3, we have for every ¢ > 2 that

(z; — 11, 0)° 4 g'(|zi — x1]) (1 (s —xl,v>2>

o2 i
s, (21) =g "(lwi — 21l) |z — 2|2 |2 — 1|

= (o= B) (@i —2,0)%

while of course

9515, (1) = ¢"(0).
We have now to distinguish the cases § =2 and § > 2. If § > 2, then ¢”(0) = 0 and
then by Lemma 2.2.7

N+1
- BK a—p

2 >(a B3) N S
sy (@1) N+1Za% = N+1 “2(N+1)

50 0oty > 0 for every v € SV~ Instead, if 8 = 2, then ¢”(0) = —1, and then

N+1
1 -1+ (a—2)K
Oy, = N—+1( —1+ ) O, (x1)> > ](V+ : ) Ky (2.18)
=2

Since Ky = 1/2 by Lemma 2.2.7 and « > 4 because we are considering 5 = 2, then
—1 4+ (v — 2)Ky > 0, hence again 631/JMAN > 0 for every v € S¥1. The fact that
any minimizer of problem (Pp) with || f,,||, = m is given by a characteristic function
Jm = Xpg,, is then ensured by Corollary 2.2.4. Moreover, we know that the sets E,,
converge to Ay in the Hausdorff sense by Lemma 2.2.2, and m~'D?*i;, converges to
D2y, Ax locally uniformly as noticed in Theorem 2.2.3. As a consequence, D%y, is
strictly positive definite in a neighborhood of each point z; when m is sufficiently small,
and so the set E,,NB(x;,1/2) is convex for each i because it coincides with the sublevel
set of a convex function. O

Remark 2.2.9. The same result is true also if N = 1 for a > 8 > 2, > 3 and
(a, B) # (3,2). The proof is exactly the same, the only difference is that the term
in (2.18) was strictly positive since & —2 > 2 and Ky = 1/2, while now it is strictly
positive since « —2 > 1 and Ky = 1.



2.2. EXISTENCE OF MINIMAL SETS WITH SMALL MASS 63

Differently from before, the next theorem shows that for certain choices of the
parameters a and  the minimizer of (Pp) is the characteristic function of a set for all
values of m.

Theorem 2.2.10. Let g be defined as in (1) with § =2, N > 2 and « € (2,4), or
B =2 N=1and a € (3,4). Then, for every m > 0 the minimizer f,, of (Pp)
is the characteristic function of a radial set, which is either an annulus or a ball. In
particular, as m (0, the set is an annulus which converges to a sphere in Hausdorff
distance.

Proof. Let us consider any m > 0. As we detail in Subsection 1.4.1, the choice of
the parameters a € (2,4) and § = 2 ensures that the energy & is strictly convex
among the functions with barycenter in the origin. This implies that there is only
a single minimizer among the densities with barycenter in the origin, and thanks to
the invariance of the energy by rotation we obtain that this minimal function has to
be spherically symmetric. Since f,, is spherically symmetric, and since a > 2 for
N >2or a>3for N =1, [DLM22, Theorem 2.2] ensures that the potential ¢4, has
positive third derivative, that is, calling Y(s) = vy, (se1), one has T"(s) > 0 for every
s > 0. Moreover, Y'(0) = 0 because 1y, is regular and radial. This implies that all
level sets of T are given by either one or two points, hence for every A € R the set
{x € RN : T(|z]) = A} is negligible with respect to £~. Proposition 1.1.3 ensures that
the potential attains a constant value A in the set where 0 < f,, < 1, hence the previous
observation shows that the set {0 < f,, < 1} is Z"-negligible, and this precisely means
that f,, is the characteristic function of some set F,,, which, in turn, is radial because
80 is fm. Moreover, calling I C R the set such that E,, = {x € RY : |z| € I}, again
Proposition 1.1.3 ensures that I = {s € R : T(s) < A} for some A € R (up to Z'-
negligible sets). Keeping again in mind that Y'(0) = 0 and Y”’(s) > 0 for all s > 0,
we have that the sublevel sets of T are all intervals, either of the form (a,b) for some
0 < a < b, or of the form [0, ) for some b > 0. This means that F,, is either an annulus
or a ball. In particular, Lemma 2.2.2 ensures that F,, is an annulus for m < 1, since
it must converge in the Hausdorff sense to a sphere for m \, 0. On the other hand, E,,
is surely a full ball for m > 1 (and the large mass asymptotics is treated in broader
generality in Section 2.3). O

Remark 2.2.11. In certain circumstances, it is easy to prove that minimizing densities
are necessarily characteristic functions of some sets, without any information about the
minimal measure, and without assuming that the mass constraint is small or large. This
is related to Remark 2.2.6, since in some cases we have a global differential inequality
for the kernel g, as we noticed in Subsection 1.4.2. To be more precise, an immediate
computation shows that whenever N > 2, a > 2 and 4 — N < 8 < 0, and we consider
the power-law kernel g = g, defined in (1), then A?g, > 0 outside of the origin, and
G, € Wol(RN). These features guarantee that, for every density f : RY — [0,1]
with compact support, we have ¢, € C*(RY) and A%); > 0 everywhere. Since the
potential is regular, then A%y, = 0 almost everywhere in the level sets of ¥, and hence
each level set must have 0 Lebesgue measure. This information, combined with (EL,),
shows that any minimizing density (for any mass constraint) must be the characteristic
function of a set. However, we highlight that this does not give any information about
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the geometry of that set.
We finally remark that this approach works for any differential operator with constant
coefficients, and that we do not need any symmetry information about the kernel.

2.2.3 The study of general kernels

We know that, by Theorem 2.2.1, in the special case when g is a power-law kernel
of the form (1) for a suitable choice of the parameters «, 3, the unique minimizing
measure is the purely atomic measure i uniformly distributed over the vertices of the
regular (N 4 1)-gon Ay. The goal of this last section is to show that minimality of
such a measure does not necessarily require the particular form (1), but it can also be
a consequence of more geometrical, general properties of g. Let us be more precise. If
g(x) = g(]z|) and we assume, just to fix the ideas, that g(0) =1, g(1) =0 and g(¢) = 1
for t £ 1, then pairs of points in the support of an optimal measure have convenience
to stay at distance 1, but it is impossible that all pair of points have distance 1 since
every point of the support has distance 0 from itself. It is reasonable to guess that
in some cases the most convenient choice could be to have as many points as possible
with mutual distance 1, hence, with N + 1 points in the vertices of a unit regular
(N + 1)-gon. In particular, one can imagine that this could happen whenever g ~ 0
only in a small neighborhood of 1, and ¢ is flat enough close to the origin. In this
section, we are going to prove that it is indeed so. In order to present a simple proof
with geometric flavour, we use highly non-sharp assumptions, and we write the proof
in the planar case N = 2 for simplicity of notations. The general case N > 3 does not
require any different ideas. The only caveat is notational complication due to several
indices. The final Remark 2.2.14 discusses the case of higher dimensions with slight
improvements of the constants.

The first result we present is a “confinement result”, which says that if the value of
g is close to 0 only at points close to 1, and g > 1 — n everywhere else for some small
7, then an optimal measure must be supported in a union of 3 small balls around the
vertices of Ay. We represent in Figure 2.2, on the left, the shape of g.

Lemma 2.2.12 (Confinement around A,). Let g € C(R*;R"Y) be a radial kernel, with
radial profile g such that g(0) = 1, g(1) = ming = 0, and for some n < 1/64 and
¢ < 1/165 one has

gt)y>1—n forte|0,3/2]\ (1—-¢14€), g(t)y>1 fort>3/2.

Then, every minimizing measure p € P(R?) is concentrated in the union of three sets
with diameter less than 5§ and mutual distance between 1—6& and 14+&. More precisely,
given any point in any of the three sets, its distance with each of the other two sets is
between 1 — 6§ and 1 4 €.

Proof. The assumptions on ¢ imply that its graph must be in the shaded region in
Figure 2.2, left (a possible choice of g is depicted just as an example). Let p be an
optimal measure for the problem (P,;). We divide the proof in few steps.
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Step I. The diameter of spt i is at most 3/2.
Let us call i the measure which is uniformly distributed over the vertices of an equi-
lateral triangle of side 1. Then by minimality of y we have

1

E(p) < E(pay) = 3

3 (2.19)

Assume now the existence of x1,ry € sptu with |x; — 29| > 3/2. For a small r <
1, that will be specified in few lines, we can take two measures i, o < p so that
v = |l = N2l > 0 and spt p; C Byja(w;). For every —1 < e < 1 we define
pe = p1+ (1 — po), which is still a probability measure. We have

E(1e) = (0) + 22 (E0pn ) = £, 12) ) + €2((0m) + Ea) = 2611, o))

However, keeping in mind Proposition 1.1.3 and the fact that p; < p, we have

E(p, 1) // x — y)dp (x)dp(y /% Jdpa(z) = vE (1),

and similarly £(u, po) = vE(u). Therefore, the above expression becomes

Ep) = E) + =2(E(ur) + E1i2) — 26, pa) ). (2.20)

Since by assumption g(0) = 1 < C' := g(x; — x3)/2 > 0, we can pick r > 0 so small
that

g(s) < C < g(t) for every 0 < s <r and |r; — 25| — 2r <t < |xy — mo| + 2r.

We have then

mwﬁﬁwwmmdwamswaﬁmwmmﬂm%

E(pr, pa) = //@(93 —y)dpydps > C°.

This ensures that the term in parentheses in (2.20) is strictly negative, giving &(u.) <
E(p) which contradicts the minimality of x. This concludes the step.
Step I1. The sets A, Ay and Q.

Let us now fix any point x € spt i, and call

A, ={y:1-e<ly—a|<1+¢}

the annulus centered at x with radii 1 — ¢ and 1+ ¢. By (2.19) and minding (EL,),
we have

while

v

52 =v@ = [ s+ [ e i



66 CHAPTER 2. L*-CONSTRAINED PROBLEM AND MINIMIZING SETS

ol B

1—¢ 1+¢

Figure 2.2: Left: the graph of ¢ must be in the shaded region. Right: the points x, y
and z and the sets A,, A, and Q),, in Step II.

which can be rewritten as 5
p(A) > S (2.21)

We can then take a second point y in spt 1 so that y € A,, and then also x € A,.
The intersection A, N A, is made by two different connected pieces, orange in Figure 2.2,
right. A trivial computation ensures that, by the assumption on &, the diameter of each
piece is less than 5¢ and the distance between the two pieces is more than 3/2. Step I
implies then that at least one connected piece of A, N A, is p-negligible. On the other
hand, applying (2.21) both to x and y we obtain that u(A, NA,) > 1/3 —2n > 0, and
then exactly one connected piece of A, N A, has positive y-measure. We call Q) , this
piece, so that, as just observed,

p(Qey) > 5~ 20 (2.22)
Step II1. The point z and the conclusion.
We can now define a third point z € spt u N Q,,, so that each of the annuli A,, A,
and A, centered at one of the points x, y, z contains the other two points. Moreover,
keeping the same notation as in Step II, we call Q1 = Qzy, Q2 = Q. and Q3 = @, ..
Let now w; be any point in spt u; since by Step I we know that the distance between
wy and any of the points z, y, z is at most 3/2, an immediate computation ensures
that, thanks to the bound on &, the distance between w; and at least one of the points
x, 1y, z is less than 1 — 6. To fix the ideas, we can assume that

|z —w;y| < 1—6¢E. (2.23)
We assume then the existence of a point wy € 1 such that
|U)2 — ’lU1| > 55, (224)

and we look for a contradiction. Notice that this contradiction will conclude the proof;
indeed, if (2.24) is false for every wy € ()1, there are some consequences. The first one
is that the whole spt p is contained in the three balls of radius 5¢ centered at z, y and
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z. Then, a second consequence is that the intersection of any of these balls with spt i
has diameter at most 5¢, and thus p is concentrated in the union of three sets with
diameter less than 5¢. Moreover, by construction, for every point a in one of these sets,
the annulus A, intersects both the other two sets, and as a consequence the distance
between a and each of the other two sets is between 1 — 6§ and 1 4 £. Therefore, we
only have to get a contradiction.

Let us write 1, = 1 + V2 + V3 + Yo, where we define

wia) = [ ala=0du) Vie (1,23}, vulo) = [ g0~ b)d(b)

2\(Q1UQ2UQ3)

Notice now that, for every b € spt N @)1, since the diameter of (); is less than 5§ and
by (2.23) we have |b —wy| < 5§ <1 —¢ and |b —w;y| < 1 — &, and by the assumption
on ¢ this implies

Yr(wr) > (1 =n)pu(Q1), Yr(wz) > (1 =n)pu(Q1). (2.25)

These inequalities, combined with the trivial bound 1 (ws2) < ¥, (wq) < E(p) < 1/3
that follows from (EL,), we obtain

Q1) < ; + 1, (2.26)

Take now any two points p € @2, ¢ € (3. As seen before, A, N A, has diameter less
than 5, so by the assumption (2.24) at least one between w; and wy does not belong
to A, N A,, hence

g(p —wa) + g(p — w1) + g(qg —w2) + glg —w1) > 1 —n.

Consequently, also by the bound in (2.22) with @2 and @3 in place of Q,, = @1, we
have

11(Q2) (3 (w1) + ¥3(ws)) + 1(Qs3) (2 (wr) + 2 (ws))
/ / (wy — p) + §(wy — p) + §(ws — q) + Glwy — q)dp(p)du(q)

2
> (1= )p@(@:) 2 (1= ) (5 —20)
(2.27)
Again by (2.19) and (EL,), using the inequalities (2.22), (2.25) and (2.27) in combi-
nation with the trivial lower bound ¥ (w1) + ¥oo(w2) > 0, we have
= = Yulwr) + Yu(ws)
= 1(w1) + V2(w1) + 3(w1) + Yoo (wi) + 1 (w2) + Ya(w2) + 3(w2) + Yoo (w2)
> 2(1 = n)p(@Qn)

+ <% + 77) _ [1(Q2) (W3 (wr) + s (w2)) + p(Qs) (Y(wr) + a(w2))]

o[ () o))
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and we arrive to the desired contradiction since this inequality is impossible for n <
1/64. O

The main result of this subsection is that, under suitable assumptions on the second
derivative of g around 0 and around 1, the unique optimal measure is purely atomic
and uniformly distributed over the vertices of a triangle of side 1. More precisely, we
have the following result:

Theorem 2.2.13. Let g € C(R*; R") be a radial kernel, with radial profile g such that
g(0) =1, g(1) =ming = 0, and for some n < 1/64 and £ < 1/165 one has

gt)y >1—n forte0,3/2]\ (1—-¢,14€), g(t)y>1 fort>3/2.
Additionally, let us assume that
g"(t) > —124"(s) Vi € (0,58),s € (1 — 6,1+ 6E).

Then, the unique optimal measure (up to translations and rotations) is the purely
atomic one, uniformly distributed over the vertices of As.

Proof. Let p be an optimal measure. By Lemma 2.2.12, 14 is concentrated on three sets
By, By, Bs, with diameter less than 5§ and mutual distance between 1 — 6§ and 1+ &.
Moreover, by (2.22) and (2.26), each of them has measure between & — 27 and 5 + 7.
Let us call " = —min{g"(¢) : 0 <t <5&} and C” = min{g"(¢t) : 1—6§ <t <146}

Let us take any four points x, y, z, w in spt u, in particular z,y € By, z € By and
w € Bs. By construction and by Lemma 2.2.12, we have that

eyl <56 fo—z <1466 Je—w| <1466 |o—w] >1- 6L

Calling for brevity 6,; the direction of the vector a — b for any two points a # b € R?,
the above estimates give

) 5¢ o Oz — Or 1 1-6¢
Op,—0,.]) <——, — ) > - 2.28
sin (102 = 0,:1) < 1= Sm( 2 2 1+6¢ (2:28)
Two elementary trigonometric estimates tell that, for a generic direction v € S¥~1,
990 z gz w
00 - V|* + |0p - v]* > 25in? (Q),
2 (2.29)

s+ 02 = 10,2 02| < sin (62— 6,21).

In particular, we set v = 6,,. Let us now consider the difference ||y — z| — |z — z||,
By convexity of the distance, we can estimate this difference from below by |y — z|
multiplied either by |6, . - v| or by |, - v|, unless the projection of z onto the line
passing through x and y is contained inside the segment xy, which means that 6, . and
v are very close to be perpendicular (and we discuss this case, which is in fact simpler,
in a moment). We then have that

> min{wg:,z : U’, |9y,z ’ Ul}’y - ZL”,

ly — 2 — [z — 2|
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which in turn yields

"

B _ c” o 2 2
glx—2)+gy—2) > Imm {|0$Z -0l [0y, - v|} ly — x| (2.30)

We can now repeat the very same argument with w in place of z. Again, unless 0, ,, is
very close to be perpendicular to v, we have

"

] ] cr 2
oo —w)+gly —w) = min { o0l ol f Iyl (231)

Putting together (2.28) and (2.29), and in particular observing that the second estimate
in (2.28) holds also with y in place of x since x and y are generic points in By, we get
that

2 2
min{|9mﬁz-v|,]6’y7z-v|} +min{|9m7w~v|,|8y’w-v|}
easz_ecr:w
> 2sin? (%) — ‘|9wz . v|2 — 10, - v|2‘
2
JL(1=6eyt_ s 2
—2\1+6¢ 1—-65 5

where the last estimate is true by the assumption in Lemma 2.2.12 that £ < 1/165.
This last estimate together with (2.30) and (2.31) gives

1
gz —2)+9(y —2) + 9z —w) + gly —w) = 751y — = (2.32)
Recall that (2.32) holds under the assumption that v is not very close to be perpen-
dicular to either 0, . or 0, ,,. However, if this is the case then an even stronger estimate
holds; in fact, if for instance v is almost perpendicular to 6,,,, then we simply have

ly—2l=la—2||+|ly—wl = o —wl| = [ly=2| ~ = 2I| = min {|8,..-v], -] }ly —al,

and since the minimum is close to v/3/2 because the triangle 2z is nearly equilateral,
the resulting estimate is stronger than (2.32). Hence, the validity of (2.32) is established
in any case. Concerning g(y — ), on the other hand, we have

_ '
gy =) = 1=y —af” (2.33)

Let us write ¥~ = 9, (B,un,), that is, ¥~ (a) = fBQUBg g(a —b)du(b). Using (2.32),
and recalling that g(x — 2) + g(y — 2) and g(z — w) + g(y — w) are both non-negative,
we obtain

v+ |

[ e — =)+ gty = 2dutz) + / 3z — w) + gly — w)dp(w)

Bs
"

C .
> 1—O\y — [?min {44(By), n(Bs) }
C// 1 C//
> —ly—z’(z—2n) > —|y—z.
> 1O\y | (3 77) > 34!1/ |
(2.34)
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We now evaluate €(uL By, ), which by (E'L,) coincides with p(By)E(p). We have

E(pL By, ) / / y —x)dp(y)dp(z / / g(y — x)dp(y)dp(x) =: & + &.
By, J By By BQUB3

By (2.33), we get

Cl
&z nB =5 [ [ - aPduwuto)
B1 J By

Instead, concerning &, by (2.34) we have

v @into) = s [ @ v dnwint)

O//
> — z2du(z)d
_2uBl/Bl/Bl — |y — z|*dp(z)dp(y)

m /B [ty ePdu@anty)

Now, the assumptions imply that C” > 12C" > 34u(B;)C’. Hence, from the two
estimates above we get that £(ul By, u) > p(By)?, with strict inequality unless pl By
is concentrated in a single point. Since the same estimate clearly works with ulL B,
and plL By in place of plL By, calling m; = p(B;) for i € {1,2,3} and keeping in mind
that m; +my +mg = 1, we get

W

E(p) >mi +m3 +mj >

Since we already noticed that &(u) < %, we finally deduce that necessarily m; = my =
mg = % and each of the three measures pl_ B; is concentrated in a single point. In
addition, all the distances between any two of these three points must be equal to 1,
as we claimed. O]

Remark 2.2.14. In the general case of dimension N > 3, one can perform the very
same construction as in Lemma 2.2.12 and Theorem 2.2.13, and obtain the very same
results. More precisely, there are explicitly computable constants 7, £, ¢; and ¢y, only
depending on the dimension, such that the following holds. If 5 € C(RY;R") is a
radial function with radial profile g such that g(0) = 1, g(1) = min g = 0, and for some
n<fand & <€ onehas g(t) >1—mnfort € [0,v3Hy]\ (1 —&1+&) and g(t) > 1 for
t > v/3Hy, then every minimizing measure is concentrated over the union of N +1 sets
with diameter less than ¢;§ and mutual distance between 1 — (1 + ¢;)€ and 1+ &. In

addition, if ¢"(t) > —cag”(s) for every t € (0,¢1€) and s € (1 —(1+c)&14(1 —|—cl)§>,
then the unique optimal measure is the purely atomic one, uniformly distributed over
the vertices of Ay.
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2.3 Large mass case

We devote this section to the study of the minimization problem (Pp) with large mass
constraint m. We aim to generalize the result in [F1.21], and we highlight the key fea-
tures that make their proof work. In this situation, the result clearly depends strongly
on the confining term g, that appears in the energy (with a > 0). The fundamental
notion to measure the distance between a density and a ball is the asymmetry, define
as:

Definition 2.3.1. Given a non-negative and integrable density f : RY — [0, 1], we
call Frankel asymmetry of f, or simply asymmetry, the quantity

Hf - XB(m,R)
1/l

A(f) = inf Lx eRY Bz, R)| = | ],

Our program starts with some geometric estsimates contained in Subsection 2.3.1,
where we show that the asymmetry of a minimizer f,, is infinitesimal when the mass
constraint m is large. Additionally, we prove a diamenter bound for spt f,, with the nat-
ural scaling, namely m!/N. This control reveals to be important in Proposition 2.3.11.
In Subsection 2.3.2, instead, we provide a precise control on the potential when the
density satisfies some geometric hypotheses Finally, we prove the main result of this
section, namely Theorem 2.3.12, in Subsection 2.3.3, exploiting a clever construction
developed in [FL21] to promote a control on the asymmetry to a bound on the Haus-
dorff distance between the support of an optimal density and a ball.

We preliminarly show that, whenever we have a part of the kernel that is locally inte-
grable in RY and locally bounded away from the origin, we can control its contibution
to the potential of a density f in a linear way with respect to || f||;:

Lemma 2.3.2. Let h : RY — RY U {+o00} be a kernel of class Li that is locally
bounded away from the origin. Then, there exists a constant Kj y > 0, such that,
for any density f : RY — [0,1] with ||f]|, > wn, we have the following bound on the
potential:

sl < KinlIFIl, -

Proof. We split the contributions at short range (strong interaction, but bounded mass)
and the long range ones (with weak interaction). In fact, we have that

bya(e) = /B RSO / Rz — ) (y)dy

N\B(z,1)

< / h(z —y)dy + (sup h(ﬂi)) / fy)dy
B(z,1) |z>1 RN\ B(z,1)

< M/ h(z —y)dy + (sup h(%)) / f(y)dy.
WN  JB(z,1) |z[>1 RN\ B(z,1)

Because of our assumptions on h, the final expression is clearly bounded by the Lt
norm of f, up to a multiplicative constant that depends only on h and N. ]
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2.3.1 Geometric properties of minimizers with large mass

Even if Theorem 2.3.12 requires the aforementioned structure for g, i.e. § = go + h,
we state some results in a more general framework. In particular, Lemma 2.3.3 and
Lemma 2.3.5 do not require that particular splitting of the kernel.

Lemma 2.3.3. Let g : RN — RTU{+oc} be locally integrable, radial and differentiable
outside of the origin. Let us also suppose that its radial profile g, i.e. the function
satisfying g(x) = g(|z|), fullfills the following requirements: {g’ < 0} C R is bounded
with f{ (t)tNdt > —oo and that there exists X > 1 such that

lim mfg()\x) g(z) > 0. (2.35)

|z|—

<0} g'(

If fim is a minimizer of the problem (Pp) with mass m, then lim,, . A(fn) = 0.

Proof. We mimic the proof of [F1.21, Theorem 1.2], which uses a slice decomposition of
the kernel and a sort of quantitative Riesz inequality. Let us take any f : RN — [0,1]
with || f||, = m, and let us take R > 0 such that |Bg| = m. We compare the energy of
f with the energy of Bp:

E(f)—E(Bgr) = // T —y y)dxdy — // (x — y)dzdy
BRXBR
— / drg'(r) // X, (x — y)drdy
R+ BRXBR

—/ drg'(r / X, (@ —y)f(z)f(y)dzdy.

Let 6 = (1+A)"tandlet Z,, = {r > 0: § < (|B,|/m)"N < 1-6§}, and notice that for m
large enough we have that ¢ > 0in Z,,. We are going to split the integral on R™ in three
pieces: Z,,, {¢’ < 0} and {¢’ > 0} \ Z,,,. For the first part we use [F1.21, Theorem 2.1],
that provides a constant C' = C'(g, N) > 0 such that

// Xp, (2 —y)dredy — / Xp, (& —y)f(2)f(y)dedy > CmMPA(f)*  Vr €L,
BRXBR

hence

/Im o) [/ /B o, (o =)y — [, (@ - y)f(x)f(y)dwdy]
o omconr (527 ()

The integral in {¢’ > 0} \ Z,, is simply non-negative thanks to the Riesz inequality.
The remaining domain can be treated forgetting about the density f:

[ [ e sty— [ e s sy
> [ ) [[ X ey

2/ drg'(r)/ |B,|dy > —C'm
{g'<0} Br
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where C' = C'(g, N) = —wy f{g,<0} g (r)r¥dr. Adding up all the inequalities and using
the definition of § we obtain that

5m1/N 5m1/N C/
2
catsr (o (%5 ) -+ (%)) -

Thanks to (2.35), any competitor f with energy smaller than £(Bg) must satisfy a
bound for the asymmetry: A(f)? < % for some constant C”(g, N) > 0, concluding
the proof. O

E(f) — &(Br) = m? (2.36)

Remark 2.3.4. Arguing as we did in Lemma 1.1.6, one can see that the integrability
hypothesis on ¢ is automatically satisfied when g(x) = g(|z|) is of class C*(RV\ {0}) N
L (RY) and ¢’ changes sign a finite number of times. Hence, if the kernel g is of
the type defined in (1), the result holds. Also notice that the condition (2.35) is very
mild but it is not satisfied by every function that diverges at infinity: an example is

g(x) = log|log |z||.

Lemma 2.3.5. Let g : RY — RYU{+o0} be a function satisfying (Hy), and addition-
ally

g(A
lim inf lim inf (Az) = +00. (2.37)
A=+00 [z| 5400 §(T)
Then, there exists a constant D = D(g, N) > 0 such that, for every m large enough
and for every f,, minimizer of (Pp) with || f||, = m, we have the diameter estimate

diam(spt fin) < DR
where |Bgr| = m.

Proof. The hypotheses for this lemma are stronger than the assumptions in Proposi-
tion 2.1.4, and thus we can apply that result, obtaining a diameter bound D for the
support of a minimal density for the problem (Pp). We claim that, under the additional
requirement (2.37), the dependence on the mass is the natural one, i.e. there exists
D = D(g§,N) such that D < DR when m is large enough, where |Bg| = m. Without
loss of generality, we can suppose that R > L,, where L, is the constant appearing
in (H,). For us, it is sufficient to show that we can choose the values of R and R*
in the proof of Proposition 2.1.4 with the natural growth, that is R < R < R* < R.
We recall that, in the aforementioned proof, we defined a purely geometric constant .,
and we can suppose without loss of generality that |B| > xm. It is not difficult to see
that we can choose that radius in order to satisfy also (2.1). In fact, the constant C,,
appearing in that condition corresponds to £(Bg), and thus we need to estimate that
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energy:

o 1/ [

— gl —y)drdy = — g(x — y)dxdy

m? Br JBpg ( ) m? Br J B(z,Lg)NBr ( )
/ / g(x — y)dxdy
BR BR\B(ELg

<— ()dy/ da:—i——/ / (2R)dzdy
m? Br, Br Br JBr

C
m

and the inequality follows from the definition of L,, and the fact that R > L,. The
constant appearing in the last expression depends only on g and N, but not on m.
Using (2.37) it is clear that there exists A\ > 3 such that, taking R > AR, we have the
inequality g(x) > g(2R) + C/m for every m > wy and every z ¢ Bj. The constant
A depends only on g and N, and so does R, and (2.1) holds for such radius. Finally,
we need to provide a bound on the radius R appearing in (2.2) that is linear in R.
In turn, this provides the required result since in Proposition 2.1.4 we suppose that
R* > 50R, and R has a linear bound with respect to R as we showed before. Similarly
to our previous estimate, we notice that

1 1 ~
—/ e < [ gl + —/ d(a)de < < + g(22R).
Biig Br m 11R\BL9 m

Exploiting once more the growth condition (2.37), it is immediate to see that, up to
enlarging A\, we can guarantee that

5 (C ~ ~ )
g(AR — R) > 2g(6R) + = (— + g(22R)) > 2g(6R) + — / g(z)dx.
2 \m 2m Bys
To conclude, we just need to choose Rt = AR since D = 2R*.
O

Remark 2.3.6. We highlight that the growth assumption in Lemma 2.3.5 is mild, but
it is not satisfied for example by the kernel g(x) = log |z|.

2.3.2 Fine analysis of the potential

Differently from the previous section, here we need a kernel g with attractive term
of the form g,. This is required because we need a good control on its derivative
at large scales. One could obtain a similar result (with a different control in (2.40))
assuming that the radial profile g has properties that mimic the power law kernel at
large distance. Roughly speaking, the key features are that lim,_,., tg'(f) = +o00 and
g (A\t)/¢'(t) > C for some constants A > 1, C' > 0, and for every ¢ large enough.

We will often use some balls to build competitors, and their potential will come into
play. For this reason, we define the auxiliary radial functions

O(r, R) = /B g(rey — x)dx Q;(r, R) = /B g(rey — x)dx (2.38)
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where § is a generic radial function, that in our applications will be g, or h. Of course,
notice that ®(-, R) is exactly the radial profile of ¢5,,, and ®;(-, R) is the radial profile
of ¥, 5. We have the following result concerning the function &:

Lemma 2.3.7. Let g : RN — R* U {+oo} be a kernel of the form g = go + h,
with a > 0 and h satisfying (H;). Then, there exist mi = my(a,h, N) > 0 and
Cy = Ci(a, h,N) > 0 such that for every R > 0 atisfying |Bg| > my, we have that

O(r,R) < ®(R,R) ifr <R and  ®(r,R) > ®(R,R) ifr >R, (2.39)
|®(r, R) — ®(R, R)| > C;R¥** ' min{|r — R|,R}  Vr >0. (2.40)

Proof. First of all we change variable in the definition of ®:

O(r, R) = o~ RN /
B

iel — x‘adx + RN/ h(re, — Rx) dz.
R B

Now we take m; > wy (thus R > 1) and, since h is locally bounded in (0, +00), then
we apply Lemma 2.3.2 to obtain that

®(r, R) — ®(R,R) = RNT*(®, (r/R,1) — &, (1,1))
+ RN/ [h(re1 — Rx) — h(Rey — Rx)] da (2.41)
> RN+°‘(<I>gf(r/R, 1) — @, (1,1)) — K yRY,
and in the same way
(R, R) — ®(r, R) > RNT*(®y,(1,1) — &4, (r/R, 1)) — Kj yRY.

Moreover, using the change of variables y = te; — x, it is easy to obtain an expression
for the derivative of ®;  with respect to the first variable:

0D, (t, R) = /

(t = (y, e))lter — 2" dw = / (y, en)ly*dy,
B

te1—B

and therefore using the symmetry of B we have that ®,, is of class C', with strictly
positive derivative at each point ¢ > 0. We will denote by C'(«, N) > 0 a constant such
that 0,9y, (t,R) > C(a, N) for all t € [2/3,4/3]. From the previous observations it
follows immediately that both (2.39) and (2.40) are valid for |r — R| > R/3 if we take
my big enough to have that

1
Ky < SR min{@q, (4/3,1) = @4, (1,1), @, (1,1) = @4, (2/3, 1)},

Now we concentrate ourselves on the case |[r — R| < R/3. We treat more carefully the
repulsive terms in (2.41), that coincide with

vy :/ h(z)dx —/ h(z)dx.
re1—Bpr Re1—Bpgr
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Let us define 7 = (r — R)/R, E = Re; — Br and let [ = Span{e; }. It is immediate to
see that
A ((EA(TRey + E)) N (z+1)) <2|7|R Va € RY,

Thus, we use that h is decreasing and that h € LL _(RV~!) to get

1
lv] < (2N — 2)wN_1|T|R/ h(s)sN_2ds + h(1)|EA(TRe; + E)| (2.42)
D .

< C(h,N)|7|(R+ R"),

where we used the cylindrical coordinates around the e; axis. Hence we obtain both
(2.39) and (2.40) if we plug this inequality for |y| into the first line of (2.41) and use
that 01®g, (¢, R) > C(a, N) > 0 for t € [2/3,4/3]. O

When a density f has some special structure, we can deduce a bound on the poten-
tial also when || f||, is small, differently from the general bound given in Lemma 2.3.2.
In fact, we have the following:

Lemma 2.3.8. Let h: RN — RT U {+o0} be a function satisfying (H;). There exists
a positive constant Cy = Cy(h, N) such that, for any R > 1, any 7 € [0,1], and any
function f: RN — [0,1] that satisfies spt f C B(0,(1+7)R)\ B(0,(1 —7)R), we have
that

%7l = Sl]g;v/ﬁ(af —y)f(y)dy < CyrRY. (2.43)

Remark 2.3.9. Our proof goes on quite like [F1.21, Lemma 3.6], but we provide a very
rough estimate, where f does not to appear explicitly in the right hand side. Besides
this inequality might seem very bad, notice that if we take f = X 50,0408 ~ XB0.(1-1)R)
then the bound must be linear in 7 for 7 — 0: the left hand side of (2.43) is larger than
[ h(y)f(y)dy, that is larger than Cnxh((1 + 7)R)TRY for some dimensional constant
CN > O

Proof. We define the annulus A == B(0, (1 + 7)R) \ B(0, (1 — 7)R), and since |A| =
wy BN (1 + 7)Y — (1 — 7)), then it is immediate to see that NwyTRY < |A| <
2N NwytTRY. Without loss of generality we can suppose that |A| < ey for every fixed
ey < wy: if the other case holds, then let rn,74 > 0 be such that |B,,| = ey and

|B,,| = |A|, and we provide a easy bound:
R(y)dy + / B
Bry\Bry

swp [ie—ftar< [ hway = [
g/Bh( Ydy + h(ry)|A| = |1’/B y)dy + h 7”N)) Al

TA TN

K7 vw

s(h”N+mW0mu
EN

(2.44)

that is the desired result since |A| < 2V NwnTRYN. The value of £y will be fixed later,
but it is important to keep in mind that |A| can be taken arbitrarily small. Thus, we



2.3. LARGE MASS CASE 7

need to prove (2.43) exploiting the particular shape of A. In the end, it is sufficient to
estimate the contribution of a slab:

S = / / R((y 1))y dt,
[—R/Q,R/Q]N71 [—CNTR,CNTR}

where C'y > 0 is a geometric constant. In fact, by compactness there exist a constant
Kx > 0 and a family {q1, ..., qxy } of (N —1)-dimensional cubes embedded in RY such
that

e the center ¢; of ¢; belongs to 0B(0, R) for all j;
e their sides have length R/2;
e for every 1 < j < Ky we have that ¢; N B(0, R) = (;

o if D; = {te; +y : t > =1,y € ¢;} and 7; is the orthogonal projection onto
Span{c;}*, then we define the map ; : D; — RY as

[mt(z =) ?

(@) = 7@ — o) + cj\/1 -

so that UszNl 7; (¢;) = 0B(0, R), namely they “cover” 0B(0, R). Notice that the
map 7; is just pushing the points of D; onto 0B(0, R) as shown in the left picture
in Figure 2.3.

Then, thanks to the positivity of h, we can replace the “curved slabs” A N D; with
some flat slabs Fj (the smallest N-dimensional rectangle containing A N D, with sides
parallel or orthogonal to g;):

/h(:z; —y)f(y)dy < i /DM Wz —y) f(y)dy < ZN /F h(z —y)dy

< KN/ / h((y',1))dy'dt,
[-R/2,R/2|N-1 J|-CNTR,CNTR]

where we used the monotonicity of A to pass from the second to the third line. We
also highlight that F; has thickness smaller than Cy7R for some constant Cy (see
Figure 2.3, on the right). In fact, if 7 < 1/10 this is clearly true, and we know that
7 < |A|/(NwyRY). Since R > 1 and |A| < ey, we can choose ey so that 7 < 1/10.
Then from (2.45) it is clear that we need only to control the quantity S defined before.
The kernel & is radial, with profile h that is decreasing. Therefore we have that

S < / / R((,0))dy/dt = 20nTR / R((y/,0))dy.
[-R/2,R/2|N-1 J[-CNTR,CNTR] [-R/2,R/2]N-1

As we did in (2.42), we use that h € L, _(R¥~!) and R > 1 to continue the previous
L®° bound, using Lemma 2.3.2:

(2.45)

S <2CNTR- Kjy_RV7'=CTR",
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0A OBpr

Figure 2.3: The image on the left represents the map 7; with the red arrows, the cube
g; that is the horizontal segment. On the right, the cube g; is represented by the red
vertical segment, while the points x1, xq, x3, x4 denote the corners (since the figure is
in 2D) of the outer part of what we call “curved slab” AN D;.

where of course the constant C' depends only on A and the space dimension N. In the
end, the statement is proved with

K-
(5 = max {KNC, 2NNwN < hé’TNWN + h(T'N)) } .
N

2.3.3 Characterization of large-mass minimizers

For convenience, we report here a lemma needed for the next proposition. The proof
of this lemma can be found in [FL21].

Lemma 2.3.10. Let f : RN — [0,1] be a function with || f||, = m, and let T € [0,1].
Then there exists f : RN — [0, 1] with the following properties

LAl =110 (2.46)
X(1 i ST < Xains,: (2.47)

f( ) for x ¢ Bp, f( ) > f(x) for x € Bp, (2.48)
/ £~ Xyl < [[1 =, (2.49)

/|f—f|da: < 2/E|f—f|d:x where E = (1 —7)Br U (RY \ (1 +7)Bg), (2.50)

where |Bg| =

Proposition 2.3.11. Let o > 0 be given, let h : RY — R* U {+o0} be a function
satisfying (H;), and let § = go+h. Then, there exist two constants C3 = C3(a, h, N) >
0 and mz = mz(a,h, N) > 0 such that, any minimizer f of the problem (Pp) with
| fll; = m > mgy satisfies the following condition:

XB(ZA,R—CgA(f)R) S f S XB(IA,R+03A(f)R)’

where B(xa, R) is an optimal ball to compute A(f).
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Proof. We repeat quickly the strategy exposed in [FL.21, Proposition 3.4]. To do this,
we build a family of competitors starting from the given minimizer f and applying
interatively Lemma 2.3.10. Without loss of generality we can suppose that x4 = 0
and that ms > m, where m; is the constant in the statement of Lemma 2.3.7. We
define fy .= f, and by induction we define f;.; for any £ € N applying Lemma 2.3.10
to f = fi, with parameter 7 = 27%. We use the quadratic structure of £ to rewrite the
difference in energy between two consecutive densities f, and fi1:

E(frr1) = Efx) = E(frwr = Jr frrr) + ESr, frrr) + Efrrr — fro f&) — Efrra, fr)
= E(forr — fur o — XBR) + E(frer1r — fur fr — XBR)

+ 2E(fr1 — fk,XBR)-

We treat the last term using Lemma 2.3.7. In fact, we notice that fr,; — fr has the
opposite sign with respect to ®(-, R) — ®(R, R), and [ fr11 — fr =0, so

Efiet = i Xpy) = [ (ia(o) = fula))B(Jal, R)dz
- / (fesr(2) — ful2))(®(|2]. R) — (R, R))dz
(2.51)
< / s (2) — fu(@)[|9(2], R) — (R, R)|dx
{l|lz|-R|>2-*R}
< G2 RN () — fu@)],

For brevity we define aj, = 28R~ ka ~ X,

‘ , and thanks to the diameter bound for
1

spt f (see Lemma 2.3.5) we estimate the following quantities:
g0 (frrr = Sos i = X, )| < a Y (DR || frar — fill, - ka+1 - XBRH1
< o 'DRNY2 R ay || i — flly

(€9 (frr = fus fi = X, )| < @7 DRV 2 ap || fiosr = filly

where we used also (2.49). We treat the contribution given by the kernel h applying
Lemma 2.3.8 to the function |fr41 — Xz, |:

[ 3 =)l 0) ~ Xy Wy < Co2FRY e RY,
and an analogous estimate holds for |f, — ¥ By |, therefore

|5 (frar = Soos o = Xp )+ [ER(fri = foo fo = X, )| < 20527 " RY || for — fll, -

Hence, combining the leading term inequality (2.51) with the remainder terms that we
just obtained we arrive to the following estimate:

E(fe) — EF) < —RV2* | fur — fill, <01 _
Cl 2Daak
22,

«

2D°‘ak 202)

ke (2.52)

< RV | fo — £l (
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where the last inequality holds when m > mg is so large that 2Co R~ < (/2. Note
that ag coincides with A(f) up to multiplicative constants, therefore a™*D%ag < C /4
if m is large enough because of Lemma 2.3.3. Two possibilities may occour: either
there exists kg > 1 such that o= D%y, > C;/4 or a~'D“a;, < C,/4 for every k € N.
In the first case we take kg the minimum index displaying this phenomenon, and we
have that

ko—1 o
E(fre) — E(f) < =RV Z 27 || fer — filly (ﬁ - QDaa’“) <0. (2.53)

Since f is a minimizer of £ and || fi, ||, = ||f|l;, we have that E(fy,) — E(f) > 0. This
is compatible with (2.53) only if fx = fo for any k& < kg. Using our construction of fy,,
and in particular the property (2.47), we have that

X(l—Zl_kO)BR <os X(1+21_kO)BR

We can control the quantity 275 in term of A(f). In fact, by definition of kg we have
that ag, > aC’l/(4Da), and thus

4D
27]60 < — kao XBR

aC

. 4D%}N
1 aCy

o= x

<R A(fo),
where we applied (2.49) to obtain the second inequality. Hence, the proof is concluded
in this situation with C5 = % because fy = f and that constant depends only on
a, h and N. If instead a~'D%ay, < C,/4 for every k, we can apply (2.53) with any
natural index ko and see that fi, = fo. This implies directly that fy = X B concluding
the proof also in the second case. [

Theorem 2.3.12. Let g : RY — R* U {400} be a kernel of the form g = go + h, with
a > 0 and h satisfying (H;). Then there exists my = my(co,h, N) > 0 such that the

only minimizer (up to translations) of (Pp) with mass m > my is the characteristic
function of a ball B with |Br| =

Proof. We fix any minimizer f,, of (Pp) with mass m. Without loss of generality, we
can suppose that A(f,,) is realized by Bgr and that m4 > max{mi, ms}. We observe
that, despite the statement of Lemma 2.3.3 concerns minimizers, the method of proof
can be applied to any density, and the inequality (2.36) is valid in any case. Therefore,
we apply that proof with the radially increasing kernel g, and density f,,, obtaining
the quantitative inequality

C(av N)m2+a/NA(fm)2 (fm) - ga (BR)

Exploiting the minimality of f,, for £ we continue the previous inequality:
Cla, N)m* N A(f)? < Egu(fin) — Eau(Br) < En(Br) — Ei(fin)- (2.54)

Writing fr, = (fin — X BR) + Xp,,» we use the quadratic structure of &, to sce that

Ex(Br) — Exlfn) = 268X, — frns X)) + E (X, — -
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We apply Proposition 2.3.11 to f,,, obtaining that spt(XBR — fm) C Bricsagmr \
Br_cya(fr- Taking my large enough, we can use Lemma 2.3.3 and we obtain that
C3A(fm) < 1 for every m > my. In this range of masses we can apply Lemma 2.3.8 to

X, — fm, arriving to the estimate

&0, ~ Il <X = ] 500 [ B =) X ) Fnlo)]

< mA(fm) ) O2C3A(fm) = CmQA(fm)Q'

m
WN
Finally, it is not hard to see that ®5(-, R) is decreasing, and using the integrability
hypothesis on h one can obtain a Lipschitz bound on ®;(-, R) that is analogous to
estimate (2.42), arriving to:

€30y~ I Xog)| = | [ B4l X (0) ~ fnle))
< |04(R + CoRA(fu), R) = ®i(R = CosRA(fu). B)| | X, = Fin|

< CRNA(f) Xy = F|| = O AS)"

Combining these last inequalities with (2.54) we get
C(Oz, N)m2+a/NA(fm)2 < C”’mzA(fm)Q,

with C"” > 0 being a constant depending only on «, h and N. If my is large enough,
the above inequality is valid only when A(f,,) = 0, that is equivalent to saying that

fm:XBR' u

Remark 2.3.13. Since the power-like kernels are very popular, and they constitute
important examples in this field, it is worth to mention that all the arguments to
obtain Theorem 2.3.12 work also when g = g, defined in (1) with &« > § > 0. A
few adjustments are needed when we choose h = —gp. First, Lemma 2.3.7 is still valid
when m > 1 because |Vgg| < |Vg,| far away from the origin. Second, in Lemma 2.3.8,
the upper bound contains an additional factor R?, and this is still good enough. In
fact, going through the proof of Proposition 2.3.11, we notice that the additional factor
transforms the iterative bound (2.52) into

E(frr1) — E(fr) < =RYF27% | fir — filly (Cl S ) 7

=

that can be treated exactly as before since a > f.
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Chapter 3

Generalized Gamow model

In this chapter we study a generalized Gamow liquid drop model, which classically
consists in the minization of the functional

1
P(E) + // ——dxdy
ExE [T =Yl

among sets £ C R?® with a given measure constraint. The two terms compete since the
perimeter is minimized by the ball, while the Riesz term is maximized by the ball. The
two terms scale differently, and heuristically the perimeter is more important when the
measure constraint is small, while the main contribution is given by the Riesz term
when the measure is large. For this reason, it is convenient (and equivalent, in this case)
to work with a fixed measure constraint, equal to wy, and consider a functional with a
factor in front of the Riesz term that accounts for the strength of the interaction. We
aim to study a generalization of the classical Gamow functional. In fact, we replace the
Riesz term with the analogous functional & for an appropriate kernel h, and we simply
write & to denote the perimeter, that represents either P or the fractional counterpart
P,. This is meant to stress that our approach works in a general framework. We mainly
focus on the situation where ~ is small, and we characterize the balls as the unique
minimizers of G, (in some cases). The argument exploits a quantitative inequality for
the perimeter, and a stability inequality for the Riesz term, to control the energy gap
between a set and ball, as we do in (3.24). Therefore, one could obtain analogous
results whenever the functional contains a perimeter term with suitable properties and
inequalities (as those presented in Section 3.1), and when the Riesz term enjoys an
estimate similar to Lemma 3.2.2 that is compatible with the perimeter 2. In the end,
for any v > 0 we consider the functional G,(E) = Z(E) +~&;(E), and we address the
minimization problem

min {G,(E) : ECR", |E| =wy}, (Pg)
where the kernel h satisfies the very mild assumption
(Hy) h:RY — R* U {+00} is radial, radially decreasing, and of class Li (RY).

In this setting, we study the aforementioned variational problem when ~ is small, and
we characterize the balls as the unique minimizers when that parameter is small enough.

83
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This is the content of Section 3.2, where we exploit the regularity results collected in
Section 3.1 to prove Theorem 3.2.6. The careful analysis of the Riesz term is contained
in [CFP23], while the minor adjustments required to deal with the fractional perimeter
can be found in [Car23, Section 3].

In Section 3.3, instead, we study the optimal way to subdivide the given measure
among balls (thought to be at infine distance from each other) in order to minimize
G,. Differently from before, the parameter « is fixed during this analysis because
it is more natural to consider the measure parameter when we actually split that
measure into smaller masses. This is relevant in view of [KM13, Theorem 2.7] and
[BC14, Theorem 2.12], which state that the minimizers of (Pg) coincide with collections
of balls “at infinite distance” for certain Riesz kernels (thus, strictly speaking, the
minimizers do not exist in the standard sense). In this case, finding the ground states
of (Pg) basically amounts to solving a one-dimensional variational problem, where we
consider the energy profile m +— G,(B(0,m")). Our approach is elementary, and
we exploit only a very simple concavity-convexity property, summarized in (H;p), to
understand the dependence of the optimal splitting of the total measure depending on
the parameter m. In fact, our argument relies only on the hypothesis (H;p), and not
on the Gamow model that originates the problem, and we show in Subsection 3.3.3 the
limits of this approach. The main result of this section is Theorem 3.3.15, that is based
on the optimality conditions derived in Lemma 3.3.5, and also on Lemma 3.3.9 that
yields to a precise structure of the optimal splitting of the total measure. Our work
gives a more precise result compared to [BC14, Theorem 2.12] and it is unpublished.

3.1 Quantitative isoperimetric inequalities and reg-
ularity results

We recall the definitions of fractional perimeter and fractional Sobolev norm, together
with some important classes of sets that we will make use of.

Definition 3.1.1. The fractional perimeter of order s € (0,1) is denoted by Py, and

it is defined as .
P.(E) = —  dxd
( ) /E/F T — y|N+s L y

for every measurable set E C RY (of course, it could possibly be +00).

Definition 3.1.2. Given an open set Q C RY and v : Q — R, its fractional Sobolev
seminorm of order s (and exponent 2) is defined as

= ([ [ ) v

The fractional Sobolev norm of  is, naturally, [|u|Z.. == HuHiz(Q) + [u)?.
Moreover, we use an analogous definition if M"™ C R¥ is a compact n-dimensional
submanifold embedded in RY: given a function u : M — R, we define its fractional
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Sobolev seminorm as

o= (/M y o _u(w)Pd%”(z)d%"(w))l/z,

|Z _ w|n+28

where |z —w]| is the distance between z and w measured in the ambient space RY, and
JC" is the Hausdorff measure induced by this distance on M. As before, we define
][z = ||u||ig(M;%n) + [u]?. In order to simplify the notation, we will often omit
the set where we compute the various norms/seminorms when it coincides with the

domain of the function w.

Remark 3.1.3. From the definitions it is clear that, for every set £ C R¥, we have the
ideantity 2P,(E) = [x,]2 ,, with @ = RY in Definition 3.1.2.

The next definition appears in [Fug89, CL.12]. Tts importance in our problem is due
to the so-called Fuglede inequality, valid for nearly spherical sets. The W* bound in
our definition is different from the one present in the aforementioned papers because
Theorem 3.1.6 already contains the suitable bound for the Sobolev norm.

Definition 3.1.4. An open set E C RY is nearly spherical if |E| = wy, its barycenter
is 0 and there exists a C'! function u : 9B — (—1,1) such that

E={(1+4u(2))tz: z€0B,t €[0,1)},
with [lull + [|Vull, < 1/4.

The following are two different versions of the quantitative isoperimetric inequality.
The first is a general quantitative isoperimetric inequality, valid without any a-priori
assumption on the set /. The second one, instead, is stronger, but it is valid only
for nearly spherical sets. We refer to [FMP08, Theorem 1.1}, [CL12, Theorem 4.1]
and [FFMT15, Theorem 1.1, Theorem 2.1] for the proof of these results. The general
quantitative isoperimetric inequality is written in terms of the asymmetry of a set, that
coincides with the quantity present in Definition 2.3.1.

Theorem 3.1.5 (Quantitative isoperimetric inequality). Let N > 2 and s € (0,1).
There exists a constant Cqg = Co(N, P) > 0 such that, for every E C RN with
|E| = wy, we have

P(E) — P(B) > CoA(E)>.
Theorem 3.1.6 (Fuglede inequality). There exist &g < 1/2 and Cr > 0 that depend
only on N with the following property: if E C RY is a nearly spherical set, and if
OF is parametrized by u : 0B — (—1,1) with |[u|ly1.0op) < 0o, then the following
inequalities hold:
Po(E) = Po(B) > Cr ([ufiye +5Pu(B) [ullfam)) Vs € (0,1),
P(E) = P(B) > Cr |lully2(o5) -

Definition 3.1.7. Let £ C RY be a measurable set. Given A > 0, we say that E is a
A-minimizer of & if for every bounded set /' C RY we have that

P(E) < P(F) + A|[EAF.
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Notice that the notion of A-minimizer of the perimeter is stronger than its localized
(and more classical) version of (A, r)-minimizer of the perimeter (at least for bounded
sets). One can find the more classical definition in [Magl2, Chapter 21].

Lemma 3.1.8. Let h : RY — R* U {400} be a given kernel satisfying (H,). Let
E,F C RY be two sets with |F| < |E| < 400. Then, there exists a constant C' =
C(N,h,|E|) such that

&R (E) — &(F)| < CIEAF],

Moreover, for any A > 1 we have that E,(NE) < N*N&(E).

Proof. We use the quadratic structure of the energy to expand the expression in the
statement:

E(E)=&(F)=&(E\F)+25(E\F,ENF)=&,(F\E)—=2&(F\E,ENF).

Each term in the right hand side coincides with the integral on the set F'\ F', or on the
set F'\ E, of the potential generated by a set with measure smaller than |E|+|F| < 2|E].
Using the Riesz inequality, it is immediate to see that for any set £’ C RY with finite
measure

¢E’,h§/~B<I>dx:C(Nvﬁu|El|)a
B

where B is the ball centered in the origin with measure |E’|. Plugging this inequality in
the expression obtained expanding the energy, one obtains the desired Lipschitz control
of gﬁ.

The second part of the statement is simply due to the change of variables in the
expression of the Riesz energy, recalling that h is radially decreasing:

E,(\E) = // (x—y d:r;dy—)\zN// (2" — 3y ))da'dy’ < NNE,(E).
ANE JAE

Proposition 3.1.9. Let v € (0,1) be given, and let h : RN — R* U {+00} be a kernel
satisfying (H,). Then, any set E C RN that minimizes G, with measure wy s a
A-minimizer of & for some constant A = A(N,h, Z) > 0.

O

Proof. Suppose by contradiction that there exists a sequence of bounded sets Fj, C RY
with Z(Fy,) < Z(F), |EAF| # 0 and

P (E)— P(F)
TN A

Since & is either P or P, we use the isoperimetric inequality for those perimeters, and
that Z(Fy) < Z(F), to see that |Fy| is bounded by a constant that depends on N, h
and . Now we can estimate G, (Fj) as

P(E) — M| EAF| 4+ (& (Fr) — ER(E) + & (E)) (3.1)
< G,(E) — A |EAF,| +~+C|EAF],
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where we used Lemma 3.1.8 in the last inequality since | Fj| is controlled by a constant,
as we pointed out above. Since Ay — +00 and G, (F)) > 0, then (3.1) guarantees that
|EAF)| — 0. Let us take k so large that Ay > C' > vC, and we claim that |Fy| < |E|.
In fact, when A, > vC, we have that G, (F;) < G,(E). If |F;| > |E|, then we can cut
Fi, with an hyperplane to obtain a new set F} with |F}| = |E|, and both & and &
decrease after this operation. Then G, (F}) < G,(F)) < G,(E), but this is not possible
since F is a minimizer of G,.

The only possibility remaining is that |Fj| < |E|, and we can rescale the sets F} in
order to have the right measure. Notice that |Fy| = |E|+ |F \ E| — |E'\ F|, hence we

define
IE| 1/N IE| 1/N
)\ = P — =
* <|Fk|) (|E|+!Fk\E\—|E\Fk|>

—1/N
- (1 B |EAFk|) .

From the scaling properties of &2 and from the second part of Lemma 3.1.8 we know
that G,(AeFk) < A2NG. (Fy). If we combine this estimate with (3.1), we take k large
enough to have that A, > 27yC and expand the rightmost formula in (3.2) with |E@f’“‘
1/2 to get

(3.2)

EAF,

< (1 - 'EAF’f')_Q (%(E) - %EAFM)

|E]
|[EAF|

—2
) (G(E) — M|EAR| +1CEAF))

A
< G, (E) — 7’“|EAF,€] +2 G.(E).

This yields to a contradiction since Ay, is going to +00 as k — 00, s0 G, (AeFi) < G,(E).
In the end, notice that the threshold for A depends only on N, h and &. O

An important step in our approach is to show that the minimizers of G, are regular
when v is small. More precisely, they are of class O and they converge in C'* to
the ball, up to translations. This is a fairly standard result, based on the fact that
minimizers of G, are A-minimizers of & (see for instance [CL12, Proposition 2.2 and
Lemma 3.6] and [FFM™15, Corollary 3.5 and Corollary 3.6]).

Lemma 3.1.10 (Existence and regularity of minimizers). Let h : RN — R+ U {+oc0}
be a kernel satisfying (H,). Then, there exists vo > 0, only depending on N, h and
P, such that for every 0 < v < 7 there exists a minimizer for G, with measure
constraint wy. Additionally, there exists a (possibly) smaller v, € (0,70) such that, for
any 0 < v < v and any minimizer E of G, with measure wy, there exists a function
u € CY(OB) such that, up to a translation,

E:E(u):{pz: zESN_l,O§p<1+u(z)}, /E:Ud:v:(). (3.3)
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Furthermore, the function u belongs to C** for some 0 < B < 1/2, and its norm can
be taken arbitrarily small, up to decreasing the value of ;.

Proof. There exists a threshold ~y > 0, depending only on N, h and & such that,
for any v < 4 there exists a minimizer for G, with measure constraint wy. This
is a well know fact, proved in slightly different settings in some previous works (see
for instance [FFM™15, Lemma 5.1]), so we will not prove it here. In a nutshell, one
uses the quantitative isoperimetric inequality present in Theorem 3.1.5 and the “cut-
ting lemma” [FFM™15, Lemma 4.5] to localize the competitors, concluding with the
standard compactness arguments valid for &2.

We already know from Proposition 3.1.9 that, for any v < 1, the minimizers of
G, are A-minimizers of &2 for some constant A. Using the quantitative isoperimetric
inequality contained in Theorem 3.1.5 and the Lipschitz bound present in Lemma 3.1.8,
we obtain the following chain of inequalities for a set £, C RY that minimizes G, with
measure constraint wy:

CoA(E,)* < P(E,) — P(B) < v (&(B) — & () < ywnA(E,).

Therefore, up to translations we have that bar(E,) = [, B, xdrx = 0 and £, — B in
L' as v — 0. Since the limit set is smooth, and all the E, are A-minimizers of 2,
then we can apply the standard regularity theory (see [Tam8&4], [Mag12, Theorem 26.3]
and [FFM™15, Corollary 3.6]), that provides a threshold 7; such that, for every v < v,

the set E, has the structure represented in (3.3): E, = FE(u,) for some function
u, € CY(OB). Additionally, there exists 8 € (0,1/2) such that u, € C*#(9B), and
u, — 0 in CY(9B). O

3.2 Gamow model with general repulsion

Here we prove a simple growth property for the function A, that is exploited in the
successive result, namely Lemma 3.2.2, which in turn is the key estimate to obtain the
energy bound in Lemma 3.2.4. Notice the close relation between this result and the
“erowth properties” present in Remark 1.1.5 and Lemma 1.1.6.

Lemma 3.2.1. If h : RN — R* U {+oo} satisfies (H,), then there exists a constant
C(N,h) > 0 such that

- C(N, h)
h(z) < 2]

Ve € B\ {0}.

More precisely, we must have that limsup h(z)|z|™ = 0.
z—0

Proof. We argue by contradiction. As usual, we denote by h the radial profile of
h. Let us suppose that there exists a sequence r, — 0% such that limsup;, h(ry)rd =
limy, h(rk)r,iv > 0. Without loss of generality we can assume that r, < 1 and 7541 < 75/2
for all £ € N. The monotonicity of h implies that

/B R(x)de > wy io B (Y — 1)) = ww io h(r)rN (1 - 2iN> |

k=1 k=1
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Since h € L'(B) we have that the last series converges, so its terms have to be in-
finitesimal, but this is not compatible with the fact that limy h(ry)ry > 0.

We proved only the second part of the statement, but the first part can be proved
reasoning in an analogous way. Indeed, it is sufficient to take two sequences 1, € (0, 1)
and Cy — +oo with h(r)rY > Cy. Then notice that rj, must converge to 0 (otherwise
we would reach immediately a contradiction with the integrability of h), so that the
previous argument works again. [

Lemma 3.2.2. Letu : 9B — R be a measurable function, and let h : RN — RYU{+o00}
be a kernel satisfying (H,). Then, there exists a constant Cyy = Cw (N, h) > 0 such
that

/BB /aB h(z = w)lu(z) = w(w)PdAN T (2)dA N (w) < Owluls Vs € [1/2,1),

and the same holds with the local seminorm [ulw12op) (i-e. [|Vrull2op))-

Proof. Thanks to Lemma 3.2.1, for any sy € [0,1) we have that
/ / h(z — w)|u(z) — u(w)|?dsN 1 (2)dAN " (w)
oB JoB

< C(N,h) / / [u(z) N)‘ AN (2)d AN (w)
oB JoB |z—w]

< 2°C(N, h)/ / ‘Z_ )|2d%N*1(z)d%”N’1( ) < 20(N, B) [t

|N+So

where clearly the fractional Sobolev seminorm is relative to the hypersurface 9B C R¥Y.
This is the desired inequality since we can take s = (1 4 sg)/2. Finally, the inequality
with the seminorm [u]%,VIVQ(aB) on the right hand side is obtained applying [DNPV12,

Proposition 2.2] in two charts that cover 0B. O

Remark 3.2.3. It is possible to prove the inequality for the local Sobolev seminorm
[u]y1.2(0B) without relying on the Sobolev embedding [DNPV12, Proposition 2.2], as
it was originally accomplished in [CFP23, Lemma 2.2].

For a given function u € C'(S¥~1) with u > —1 everywhere, denoting by F the set
given by (3.3), we define

E* = E\B, E- =B\ E, (3.4)
so that
Et = {pz zeSV1<p<1 —i—u*(z)},
E™ = {pz czeSVTM I —u(2) <p< 1},
calling as usual u™ = max{u,0} and v~ = max{—wu,0}. Thanks to the above result,

we deduce the following estimate.
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Lemma 3.2.4 (& (E*, E7) is “negligible”). Let h : RN — R U {+oco} be a kernel

satisfying (Hy), and let w € C*(SN™1), with |u| < 1/2. Then for every s € [1/2,1)
E(EE)<CLP  and  &(B*,E) < Clufyus

where C is a constant, only depending on N and on h.

Proof. For every x € E™ and every y € E~, we write 2 = z/|z| and w = y/[yl.
We define for brevity the auxiliary function h(v) = h(v/2) for every v € R¥, that is
integrable:

/Bﬁ(a:)da: < QN/ h(x)dz < 400, (3.5)

B

where we used that & is radial and radially decreasing. This definition is convenient
because we notice that |z — y| > |z — w|/2, and thus

h(z —y) < h(z —y).

Calling 7 : RV \ {0} — S¥~! the projection on the unit sphere, we can then evaluate

E(ET E- // h(x — y)dxdy
E+xE—

14+ut(2)
// / / — 2)pN oV dpdod AN T (w)d AN (2)
(ET)xn(E o=1-u~

(w)
< g¥-1 / / u* (2)u (w)h(w — 2)dAN N w)d AN ()
(E+)xm(E~)
Notice that, for every z € n(E™T) and w € 7(E~), we have u™(z) > 0 and u™ (w) > 0,

hence )
ut(2)u” (w) < (ut(2) +u (w))” = (u(z) — u(w))?.
Thus the above estimate can be continued as

E(ET E7) < 2Nt // (u(w) — w(2))*h(w — 2)dAN " (w)d#N 7 (2)
(ET)xm(E~)
< oN-1 // (u(w) — u(2))?h(w — 2)dsN " (w)dAN ().
SN—-1yw§N-1
Thanks to (3.5), we can apply Lemma 3.2.2 to the last expression, obtaining the desired

result with a constant depending only on N and h. O

Since we will need to calculate integrals of h over translated balls, it is useful to use
again the function @3 defined in (2.38), and the auxiliary function .# : (-1/2,1/2) - R
as

(o) = 0p(1 + 0,1) — By (1, 1). (3.6)

It is simple to observe that @ is locally Lipschitz continuous outside the diagonal, but
this is not helpful since we will need to use ®j(a,b) with a ~ b ~ 1. However, the
following weaker property will play a crucial role in our construction.
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Lemma 3.2.5. Let h : RY — RT U {400} be a function satisfying (Hy). Then,
there exists a constant C = C(h, N) such that, for every 3/4 < p < 5/4 and every
—1/4 <7 <1/4 one has

|@3(p + 7, p) = @i(p,p) — F(1)| < Clp—1],
| (1,147) — 5(1,1) + £ (7)| < Cl7l, (3.7)
(1) + A (—1)| < C|7].

Proof. In this proof, we will not keep track of the constants, and the same letter can
represent different constants, changing even from line to line. In any case, when we do
not explicitly assert the dependence of such constants, it is intended that they depend
on N and h. Similarly to the previous chapters, since h is radial by hypothesis, we
denote by h its radial profile.

The thesis will follow from three main estimates. To start, we take 1/2 < rr’ < 3/2,
and we show that |r — 7’| controls |®j(r,r) — ®;(r’,r")|. Without loss of generality we
assume that r > r’. Notice that ®;(r,7) — ®;(r',7’), by definition, is the integral of h
on the set A(r,r’) given by the difference of two balls, a bigger one with radius r and
a smaller one with radius r’, being the smaller one contained in the bigger one and
internally tangent. Figure 3.1 shows the set A(r,7’), coloured, close to the point of

Q2
@3
RAN SRR 0
ot "

Figure 3.1: The (coloured) set A(r,7’) and the angle # in the proof of (3.9) and (3.10).

tangency, that we consider to be the origin O. We also consider the exterior normal to
the two balls in the tangency point to be horizontal (i.e., parallel to the first vector of a
given orthonormal basis). Let us assume for a moment that N = 2, just for simplicity
in the figure. As shown in the figure, we fix 0 < ¢ < 1/4, and we call Q1 = te; the point
having distance ¢ from O in the horizontal direction. We consider then the circle Sy(¢)
with radius ¢ centered at O, we call ()2 one of the two points of intersection of Sy(t)
with the larger ball, and we denote by 6 the angle ZQ10@Q5. In the very same way,
we call @3 a point of intersection between Sy(t) and the smaller ball, and we call ¢
the angle ZQ10Q3. One readily has that cosf = —t/2r, and similarly cos @’ = —t/2r".
Since by geometric reasons § < 6 < ' < %7? because we are considering 0 < ¢t < 1/4,
we get

t(r—1")

0" — 6 < 2(cosf — cosf') = -
rr

< dt(r—1").
Therefore, in the 2-dimensional case, we can estimate for every 0 < ¢ < 1/4

A (A(r,r') N Sa(t)) = 26(0" — 0) < 8 (r —1').
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Let us pass to the general N-dimensional case. Calling As(r,7’) the 2-dimensional set
already studied, we have in general

A(r,r') = {(xl,x/) R xRV (zy,]2']) € Ay(r, 7")}.

Calling then Sy (¢) = tSV~! C RY the sphere with radius ¢ centered at 0, an immediate
integration in cylindrical coordinates gives, for every 0 <t < 1/4,

%N_l (A(’l“, ’f’/) N SN(t)> N — 1)OJN_1tN_2%1 (AQ(’I“, 7’/) N Sz(t)>

<(
< 8(N — Dwn_ 1t (r —1).

With this estimate at hand, we obtain that

5, (r,r) — @ (r', 1) = / h(z)dr = /t:O h(t) AN (A(r,r") N Sy (t))dt

A(r,r’)

< / 1/4h(t)ji”N1(A(r, ") N Sy (8))dt + h(1/4) / ’ AN (A1) 0 Sy () dt
0 1/4

< 8(N — Dwn_1(r —1") /01/4 h()tNdt + h(1/4)|A(r,r")| < C(r — 1),
(3.8)

where C is a constant only depending on N and on h. For every 1/2 < r r’ < 3/2 we
have then
|®s,(r,7) — (1, 1")| < Clr — '] (3.9)

We pass now to the second main estimate. Let us take —1/4 < o < 1/4 and let us
show that |r — 7’| controls also |®;(r,r — o) — @5 (1", 7" — 0)|. As before, without loss
of generality we can assume that r > r’. The value of the difference ®;(r,r — o) —
;5 (r',r" — o) is then exactly as before given by an integral over the set A(r,r"). The
only difference is that this time the function to integrate is not h(x), but h(z — 9),
where S = —oe; is the point having distance o from O in the horizontal, negative
direction. Figure 3.1 shows the point S in the case when o > 0. Notice that the
points of A(r,r’) close to O are much closer to O than to S. More in general, a trivial
geometric argument ensures that for every x € A(r,r’) one has

[z = |z — O] < 2|z - 5],

the constant 2 is actually not needed if o < 0. As a consequence, we have

Qs (r,r — o) — i (r',r' — o) = /

h(z — S)dzx < / h(z)dz,
A(r,r)

A(ryr!)

where we write h(z) = h(x/2) as in the proof of Lemma 3.2.4. The same calculation
made in (3.8), keeping in mind (3.5), gives that for every 1/2 < r r’ < 3/2 and every
/i< o< 1/4

| @5 (r, 7 — 0) = Q4(r', 7" —0)| < Clr —7|. (3.10)
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A(—o) A(o)

Figure 3.2: The (coloured) sets A(o) and A(—o) and the situation in the proof of (3.18).

Let us finally pass to the third and last main estimate, which consists in taking again
—1/4 < 0 < 1/4, and showing that |o| controls |.# (o) + #(—0c)|. Without loss of
generality let us assume that ¢ > 0. Observe that # (o) = ®5(1 + 0,1) — ®5(1,1) is
the integral of h over an annulus A(c) with radii 1 and 1 + o, the origin being at the
internal boundary, while —.%(—c) = ®;(1,1) — ®;(1 — 0, 1) is the integral of h over
an annulus A(—o) with radii 1 and 1 — o, the origin being at the external boundary.
Figure 3.2 shows the annuli A(0) and A(—0c) near O with two different magnifications.
Let us start near the origin O, noticing that A(o) and A(—o) are close to the slabs
‘5+—{(x1, ) eERxRY ™ 0< 2y <o},

—{xl, ERXRNIZ—O'<ZL’1<0}

More precisely, fix any 0 < ¢t < 20, and set S(t) = By, N {(z1,2') : |2'| = t}. Since of

course
/ h(z)d#N " (z) = / h(z)d#N (),
“+nS(t) ©-NS(t)

keeping in mind that h is decreasing and, by an immediate geometric argument (see
Figure 3.2, left), we can estimate

’/ NSt JaA @) = /A(—o)ﬂS(t)h(x)d% ~@
< h(t) (%Nfl ((A(0)AEH) N S(t)) + AN ((A(=0)AE ™) N S(t)))

4(N — Dwn_1tVh(t).

IN

By integrating in ¢, then, we have
20
h(a:)dx—/ h(z)dx §/ 4(N — Dwy_1tNh(t)dt
A(0)NB2s A(=0)NBo =0 (3.11)

20
< 8(N — 1)wN_10/ h(t)tNtdt < Co,
0
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and the last inequality uses the local integrability of k. Let us now pass to consider the
situation outside the ball By,. As in the proof of (3.9), we call Sy(¢) the sphere with
radius ¢ centered at 0, and we start considering the situation in the 2-dimensional case,
with circle Sy(t) and annuli As(+0). Let us fix any 20 < t < 1/4. As depicted in the
right part of Figure 3.2, the circle Sy(t) intersects As(o) in two symmetric arcs, and
the same is true for the intersection with Ay(—c). Let us call Qy, QF and Q, three
intersection points, as in the figure, and let us call §, 67 and 6~ the directions of the
segments OQ,, OQ5 and OQ; . Notice that 67 < § < 6=, and the three directions are
close to m/2 when 0 < t < 1. A very simple trigonometric calculation ensures that

t ) 2 —42_9 2
cos = —5 cosft = +2ta o , cosf™ = 2ta to , (3.12)
and since 20 < t < 1/4 this implies
3 s 7 s
0<0 <- — << — — <0t <0
4" 2 12" 3 ’

in particular §~ — 6 and 6 — §* are both smaller than 7/4, so that
0T +607 —20| =07 —0)— (0 —07)| < V2|sin(6” — ) —sin(d — 07|
< 2sinf|sin(6~ — 6) —sin(g — 1)
= 2) cos 07 + cos~ —2cosf — cos@(cos(é’_ —0) +cos(f —07) — 2> )

< 207 + t‘ (cos(0~ — ) + cos(d — 1) — 2)‘
< 2"; v =07+ 0077

<2— + t((cos 0~ — cos0)* + (cos @ — cos 9+)2> <5

We can now calculate

>

AN (A(o) N Sy (t) :/ N — Dwy_i(tsina)¥ 2tda

= (N —1wn_ Nk 1/ 51naN2d04

0

= (N — Dwy_ 1tV <<Sin9)N—2<9 —0%) +/a

and similarly

(sin )V =% — (sin H)N_Zda) :

=0+

%Nil(A(_U)ﬂSN(t)) =tV (sin®)N 20 — " sina)V 2 — (sin 0)V 2da
) (i)Y 20 =0+ [ (sina)¥ 2 ) a ),
so that
‘%N—l (A(0) N Sy (1)) — A=Y (A(=0) N S (1)) ‘

< tN—1<\¢9+ +67 — 20|+ K),
(3.14)

(N — 1)OJN_1
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where

-
‘/ sin o)V % — (sin )N 2da — / (sin )V ~% — (sin )N 2da|.
o+ 0

We claim that
K <9(N —2)o. (3.15)

To show this inequality, we first observe that by (3.12) we have
0% — 0] < V2| cosft — cos | < 2%, 0~ — 6] < V2| cosf™ — cosh| < 2%. (3.16)

We distinguish then two cases. If ¢ > /o, then again by (3.12) we have |cos 6| < 2t
and | cos 0| < 2t, thus for every 07 < a < 0~ by (3.16) one has

|(sina)V 72 — (sin )V 72| < (N — 2)|sina — sinf| < 2(N — 2)t|a — ] < 4(N — 2)o,

so that
2

K < 16(N — 2)07 < 8(N — 2o,

and then (3.15) is proved in the case t > /0. Suppose insted that 20 < t < /0. In
this case, for every 07 < a < 6~ by (3.16) we have that

|(sin @)V 2 — (sin §)V 2| < (N —2)|sina—sinf| < (N —2)|a—0| < 2(N — 2) (3.17)

Let us now call 9: and 6% the directions obtained by a vertical mirror symmetry of 6
and 07, that is, 0 = m — 0 and 67 = 7 — 6. Observe that, again by (3.12) and since
t < /o, we have 0T <0 <m/2 <0 <6t <O . Since by symmetry we have

o+

6
0

by (3.17) and (3.13) we have
K<2N=2)2((0=0)+ (07— 0%)) = 2(N —2)7 (20— 6) + (0" + 0™ — 20))
< 2(N = 2)7(2v2(cos ) — cos ) + 30 ) = 2(N —2)7 (2v2t +30) <IN — 2o,
(3.1

thus (3.15) is proved also in the case t < /0. Inserting
in mind (3.13), we have then for every 20 <t < 1/4

5) into (3.14) and keeping

‘%N—l (A(0) N Sy (1)) — AN~ (A(=0) N S (1)) ‘ < OtV 1o,

Putting together this inequality and (3.11), we obtain the third main estimate, that is,

h(z)dw — / h(z)dz
Alo) A(—0o)

<Co+ /3 h(t)
<Co+C / v W)Y Lodt + h(1/4) <\A(a)\ + |A(—a)\> < Co.

t=20

| I (o) + I (—0)| =

AN (A(0) N Sy (1)) — AV (A(=0) N Sy (t)) ‘dt (3.18)
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Thanks to the main estimates (3.9), (3.10) and (3.18), it is immediate to prove (3.7).
The third estimate in (3.7) is simply (3.18) with ¢ = |7|. The first estimate in (3.7)
comes by putting together (3.10) with r = p+ 7,7 =1+ 7 and 0 = 7, and (3.9) with
r = pand r’ = 1, getting

125(p+7,p) — ®ulp. p) — F(7)| = |@i(p + 7, p) — Pplp, p) — P4 (1 +7,1) + Pp(1, 1)
< |Prlp+7.0) — Pr(L+ 71| + [Pr(p, p) — P5(1,1)]
<Clp—1]|.

Finally, the second estimate in (3.7) comes by putting together (3.10) with r = 1,

" =1—7and 0 = —7, and (3.18) with ¢ = |7|, obtaining
|7 (1, 1+7) =P (1, 1) +.5(7)| < |Pr(1, 147)=Pp(1—7, 1|+ ]I (—7)+ I (1)| < Cl7].
The proof is then concluded. O

We are now ready to give the proof of our main result, namely

Theorem 3.2.6 (Balls are unique minimizers for small 7). Let b : RY — RT U {+00}
be a kernel satisfying (Hy). Then, there exists 7 > 0 such that, for every 0 <y < 7,
the unique minimizer (up to translations) of G, among sets of measure wy is B.

Proof. Let v > 0 be given, and let E be a minimizer of G, among sets of measure
wyn. We write the proof only in the case of the standard perimeter (namely, & =
P) since everything can be repeated verbatim for the fractional perimeter using the
corresponding version of Theorem 3.1.6, Lemma 3.1.10, Lemma 3.2.2, Lemma 3.2.4.
We already know by Lemma 3.1.10 that, if v is small enough, then up to a translation
E is of the form E(u) given by (3.3) for a uniformly small function u € C*(S¥~1). In

particular, up to reducing v, we can suppose without loss of generality that ||ul|, < 1/2.
Let BT and £~ be defined as in (3.4). We notice that the sets E* C R¥\Band E~ C B
have the same measure, and they are uniformly close to the sphere S¥~!. We can write

gﬁ(E) —EE(B) = 255(3, E+) — 255(3, E_) +SB(E+) +87L(E_) — 2€B(E+a E_). (3.19)

Using the notation introduced in (3.6), we can also calculate

E(B,EY) - &,(B,E7) // h(z — y)dxdy — // h(x — y)dxdy
BxEt BxE—
— [ enttlahdr— [ @1, jel)ds
B+ BE-

_ /E+ By (1, ) — By (1,1)dz — [E By (1, ]]) — By (1,1)d.
(3.20)
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Let us now observe that, also by Lemma 3.2.5,
R AR
/ / (146N 1(<1>h(1 141) — (1 ,1))dqu*1(z)
z€0B Jt=0
ut(z)
= [ [ @140 = 001,03 )+ Ol
OB

u*(z
/ / (DA (2) + O(Jul%),
0B

and in the very same way

[ ek - e g =~ [ [T scnman e o)
- oB
The equality (3.20) becomes then
E(B,EY) —&,(B,E7) / / (t)dtd#N 1 (2)
OB
[T o) o),
oB
and inserting it in (3.19), recalling Lemma 3.2.4, we obtain that
£:(E) - &(B) = &(E") —2/ / ()dtd AN (2)
oB
N-1 2
va(E)+2 [ / Hatd A () + O([ullz).
OB

(3.21)
In order to evaluate &,(E™) and &,(E~), we call for brevity
o(z,w,5,t) = (1+ )Y 11+ )V A (1 + )z — (1 +s)w),

so that by definition

ut (w)
E(ET) = / / / / o(z,w, s,t)dsd AN (w)dtd AN (2)
z€0B Jt=0 weOB
ut(2) ut(2)
:// // o(z,w, s,t)dsd AN (w)dtd AN 1 (2)
B Jo 8B Jo

ut(2) ut (w)
—I—/ / / / o(z,w,s,t)dsdAN " (w)dtdAN 1 (z)
oB JO OB Jut(z)

= K1+K27
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where K7 and K, denote the two terms of the last equality.

Let us start working on K5. As in the proof of Lemma 3.2.4, we define h(v) = h(v/2)
for every v € RY, and we observe that for every z,w € B and s,t € (—1/2,1/2) one
has

h((1+t)z— (14 s)w) < h(w - z).

As a consequence, for every pair z,w € 0B, we can estimate

ut(z) put(w) ut(w) put(z)
/ / gp(z,w,s,t)dsdt—i—/ / o(z,w, s, t)dsdt
0 ut(z) 0 ut(w)
ut(w)  put(w)
—/ / o(z,w, s, t)dsdt (3.22)
ut(z) Jut(z)
3\ V-2 put(w)
— = — z)dsdt.
2 ut(z)

Inserting this estimate in the definition of K, and applying again Lemma 3.2.2 with
h in place of h, which is admissible by (3.5), we have

32N 2 9~ B B
gt | @)=t ) e w)d N w) 2 <C fulfn
oB JoB
B (3.23)
where as usual C'is a constant depending only on N and h. In particular, from the first
equality in (3.22), we know that Ky < 0, and (3.23) guarantees that Ky = O(|ul[7y1.2).
Let us now pass to evaluate K7, which can be rewritten as

ut(2) .
K, = / / (1+ t)N_l/ h((1+t)z —y)dydtd#"N1(2)
aB Jo B(0,1+ut(2))\B

Rewriting @ (1 + ut(z),1+t) — ®5(1,1+¢) as
Pr(l+ut(2),1+8) — (1 +¢t,14+t) +P(1+t,1+18) — (1,1 +1¢)
and keeping in mind Lemma 3.2.5, we obtain the following estimates:

Or(1+ut(2),1+1t) —Pp(1L+t,1+1t)=F(ut(2) —t) + O(t),
Op(L,1+1t) —Pp(1+t,1+1t) =7 (—t) +O(t).

Using once more Lemma 3.2.5, we arrive to the following lower bound, where we
brutally substitute the above remainder terms of order ¢ with u*(z) (up a constant
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factor):

K > /a ) / (2) = 1) + .7 () — Cu* ()] dtdA™(2) + O(ull2)
/BB/ 2) = ) + () dtd AN () + O|lullZ)
—2/83/ Ddtd AN (2) + O(||ul|).

Since &, (ET) = K; + K, this equality and (3.23) give

£.(E) > 2/83/ (0)dtd AN () + O([[ul2r)-

The very same calculations with £~ in place of ET give

) > 2/ / —)dtd AN (2) + O(||[ullzy12)-
oB

Putting these last two estimates into (3.21), we have then &,(E)—&,(B) > —C [l 1.2,
where C'is a constant depending only on N and h. Using the quantitative isoperimetric
inequality stated in Theorem 3.1.6, we have a lower bound for G, (E):

G-(E) 2 G,(B) + (Cr —10) lullj.z . (3.24)

hence of course the unique minimizer of the energy G, is the ball B as soon as v < 7,

3.3 A concave-convex variational problem related
to the Gamow model

We study a one-dimensional minimization problem of “partition type” of very simple
nature: we are given an energy profile and a measure constraint m > 0, we subdivide
the measure in smaller masses and we optimize the sum of the energies of the small
masses. The hypothesis on the profile, namely (H;p), is due to our interest in the
Gamow model. In fact, it is easy to see that the function m — G, (B(0, m'/")) satis-
fies (Hyp) for every v > 0 when the interaction kernel in the Riesz energy is —gg for
any 8 € (—N,0). This is important because of the great interest of the mathematical
community in such a kernel, and because of the particular role played by the balls in
this problem, as we already pointed out at the beginning of the chapter. It is therefore
natural to consider such a partition problem. We will see that the optimal families
possess some structure when hypothesis (H;p) is in force, and successively we will
understand their dependence on the total measure. The problem can be presented as
follows: let & : Rt — R™ be a given energy profile, satisfying
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(Hip) ¢4 € C°(RT)NC"' ((0, +00)) is strictly increasing, 4(0) = 0 and ¢ is superlinear,
meaning that lim,, , ., ¥ (m)/m = +o00. Moreover, we suppose that there exists
a unique “flex point” mp such that ¢ is stricly concave in [0, mp] and stricly
convex in [mg, +00).

Then, for any k£ € N we want to study the function

k
Gr(m) = inf {Z%(mz) cmy >0 Vi, my4 -+ my = m} , (3.25)
i=1
and their infimum G(m) = infyeny Gg(m). Our aim is to better understand the de-

pendence on m of the so-called optimal families of masses, i.e. those collections
F = (my,...,my) for which G(m) = S¥%(m;), where m = S¥m,. Our main re-
sult is contained in Theorem 3.3.15, where we show a sort of monotonicity property
of the optimal families with respect to their total measure. To avoid redundancy, we
will omit in the whole section the hypotheses on the energy profile, that are collected
in (H;p), and that will be always assumed to be true.

3.3.1 Optimality conditions

We collect some simple observations that are crucial for our study. From the hy-
pothesis (H;p) it is immediate to deduce that there exist a unique point my > 0
and a unique coefficient ap > 0 such that the line Iy = {(s,ars) : s € [0,4+00)}
is tangent to the graph of ¢ at the point my. Moreover, we notice that necessarily
G'(mr) = ar =9 (mr)/mr and that ms minimizes the energy/mass ratio, i.e.

Y(mr) _ 9(m)

mr m

vYm > 0,

with equality only if m = mqy. These properties are immediately inferred from Fig-
ure 3.3. We remark that the quantity mp was already present in the literature: it
plays a central role in [FL.15, Theorem 3.2]. To simplify the exposition, we will always
suppose my; < my < ... < my in the definition of Gy, i.e. (3.25), since their order is
irrelevant. We will use the bold font for a family of masses: if F = (my,...,my), then

k
|F| = Zmi #F =k,
i=1

and we write ¢ (F) to denote ¥ (my) + ... + 9 (my). We call total measure of F (or
simply measure of F) the quantity |F].

Remark 3.3.1. For every m > 0 and for every k € N it is clear that the infimum in the
definition of Gi(m) is actually a minimum. We also have that Gy is non-decreasing
for any £ € N: if F = (mq,...,my) is a family such that m = |F| and Gi(m) = 4(F),
then for every h € [0, m] we have that

k k
Gi(m —h) <Y G (mi—hi) <Y G (m;) = Gr(m) Vhi € [0,m], by + -+ + by = h.
=1 i=1
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mg mrt m

Figure 3.3: This is an example of energy satisfying (H;p), where ar denotes the slope
of the line [y passing through the origin and the point (mg, ¥ (mr)).

Definition 3.3.2. A family F = (my,...,my) of non-negative numbers is said to be
an optimal family if

G(|[F[) = ¢(F).

It is not difficult to see that G < Gy for any k& € N: to compute Gyy1(m) we
can always choose a family with m; = 0, and the successive k£ masses form an optimal
family to compute Gx(m). In order to proceed into the study of the profile G, it is
convenient to determine precisely the value of the parameter k inside the definition of
G itself (depending on m). We will denote by K (m) the minimum number of masses
that are needed to achieve the minimum in the definition of G(m), namely

K(m)=min{k € N : G(m) = Gx(m)}. (3.26)

That definition is well posed. In fact, since ¢ is strictly concave in [0, mpg|, then it is
not convenient to have k > 2[m/mg] when we compute G(m): otherwise we would
have a family F = (my,...,my) with m; > 0, mg > 0 and my + my < mp, and then

g(ml + mg) < %(ml) + g(mz)

since ¢ is strictly concave in [0, mp]. Therefore, F is not optimal since the family
(mq + mg, ms, ..., my) has less energy. Having an upper bound on k, we immediately
deduce that K (m) is well defined for every m > 0.

Remark 3.3.3. With the previous concavity argument we also see that G(m) = G1(m)
if m < mp, and therefore K(m) =1 for m < mp.

Remark 3.3.4. For every m > 0, if F = (my, ..., my) is an optimal family with |F| = m,
then for every 1 < p < k and for every choice of the indices 1 < I} < ... <[, <k
we have that the subfamily F = (my,, ... ,my,) is optimal for its own total measure
m = |F|. In fact, if this was not the case, then we could reduce G(m) substituting
the subfamily with a better one. Additionally, if & = K(m), then p = K(m): if
p > K(m), then we can substitute the selected subfamily with another one containing
fewer masses.

Lemma 3.3.5. Let F = (my,...,my) be an optimal family with my > 0. For every
1 <1i,5 <k we have that 9'(m;) = 94'(m;). Moreover, we also have that mp < my =
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Proof. We first prove the condition on the derivative, and we just consider the case ¢ = 1
and j = 2 because the choice of the indices is irrelevant. We suppose by contradiction
that ¢'(my) < ¢'(m2) (the other inequality case is completely analogous), and we take
€ < mgy. Then

G(my+e) +G(mg —¢) =G (m1) +9(mg) +e(9'(m1) — 9" (m2)) + o(e),

and thus ¢ (my +¢) + 9 (mg — ) < 9(my) + 9 (my) for ¢ < 1. This is not possible,
since F = (my, mgy) is optimal for its own total measure thanks to Remark 3.3.4, and
therefore ¥'(my) = 9'(ma).

Since ¢ is strictly concave in [0,mp|, then ¢’ is strictly decreasing in that interval,
and thus the only way to have 0 < my,my < mp and ¢4'(m;) = 4'(my) is that
my; = meo. If my = my = mp, then there is nothing to prove, so we suppose that
my1 = mg < mp. In this situation, we observe that the strict concavity guarantees that
G(my—e)+9(my+e) <29(my) for any € < mp —my, and thus the family F cannot
be optimal. This proves that we cannot find two masses in [0, mp), and using that ¢
is strictly convex in [mp, +00) we also obtain that my = ... = my since we need to

have that 4'(mq) = ... = 9'(my). O

Remark 3.3.6. The previous lemma holds also when some of the masses are zero: the
condition on the derivatives holds only for the non-zero masses, and we can have at
most one mass in (0,mp). The equality of the large masses then follows again by
convexity.

Remark 3.3.7. We notice that for every k > 1 the function Gy, is of class Lip,,.((0, +00)).
For k = 1 this is trivial since G; = ¢ and we know that ¢ is of class C*((0, +o0)),
so we suppose that k& > 2. For any m > 0 we take a family F = (my,...,my) with
|F| = m and Gi(m) = 4(F). If we consider F = (my, ..., my_;), then

Gr(m +h) < GEF) +D(my, + h) = Go(m) + D(my + h) — G(my)  Yh>0. (3.27)

Thanks to Lemma 3.3.5 we know that m; > mp, and by definition m; < m, thus
we exploit (3.27) and the fact that Gy and ¢ are monotone to locally control the
Lipschitz constant of G, with the local Lipschitz constant of ¢. This ensures that Gy,
is differentiable almost everywhere and that the fundamental theorem of calculus holds
using the standard derivative.

Remark 3.3.8. We collect the necessary optimality conditions obtained so far. Given
m > 0 and an optimal family F = (m,...,my) with m; > 0 and |F| = m, then

1. my=m3=...=my and my > mpg;

2. any subfamily of F is optimal for its own total measure;

3. 9'(m;) =9'(m;) for every i,j € {1,...,k};

4. if k > 2, then for any my < ™7 we have that
G(F)=9(m—(k—1mg)+ (k—1)¥4(m2) <Y (m— (k—1)ms) + (k—1)¥4(m2).
Hence, if ¢ is twice differentiable in m; and ms, then

(k — )" (my) + 9" (ms) > 0.
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3.3.2 Main results

Lemma 3.3.9. Let m > 0 be given, and suppose that we have two optimal families
F = (my,...,my) and F = (q,...,my,) with my,m, > 0, |F| = |F| = m and
k1 < ky. Then Gy, (s) > Gy,(s) for every s > m.

Proof. We want to obtain the thesis simply comparing the derivatives of the two func-
tions. Of course, if we show that G} > G, in (m,+00), then we obtain the desired
result since by definition we have that G, (m) > Gy,(m), and we already observed
that the fundamental theorem of calculus works for Gy, and G, because they are
locally Lipschitz (see Remark 3.3.7). In order to proceed with this plan, we express
those derivatives in terms of ¢’. In fact, for every k > 1 and every s > 0 that is a
differentiability point of G we have that

Gi(s) = &' (my,), (3.28)

where F = (my,...,my) is a family with |F| = s and Gi(s) = 4(F). To prove this, we
fix h > 0 arbitrarily small and, the family (1, ..., mg_1, My +h) to estimate Gi(s+h)

and the family (mq,...,mg_1, Mg — h) to estimate Gi(s — h), we obtain the following
inequalities:
Gr(s+h) — Gr(s) 2D (m) —9(m:)  G(m,+h)—G(m) 9 (m)h+ o(h)
S + = 9
h — h h h
Gr(s) — Gg(s — h) - ol G(m;) —9(m;)  G(mg) —G (e —h) G (mg)h+o(h)
h 4 h + h N h '

(3.29)

Since s is a differentiability point for G, then the inequalities in (3.29) imply (3.28).
For any s > m we take a family F(s) = (m4(s),...,mg,(s)) such that

s=[F(s)]  Gr(s) =9 (F(s)).

Notice that, since up to now we do not know that K is monotone, we may have
m;(s) = 0 for some j and some s. Moreover, we fix another family of masses F(s) =
(m1(s), ..., Mg, (s)) defined as

with |F(s)| = s. By definition of Gy (with k = ki, k2) we have that Gy, (s) < Z(F(s))
and Gy, (m) > Gg,(m). As a consequence, we take s > m and we see that

Gy (5) = Gry(8) = Gy, (8) — Gy (5) — Gy, (M) + Gy (M)

/G/ dr_ ((5))_G’“2<m>> (3.30)
‘/ [ (ma(r)) — 9 (ma(r))] dr.
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The formula (3.28) and the fundamental theorem of calculus applied to the function
s — 9 (1my(s)), combined with the fact that Gy, (m) = ¢(F(m)), prove the validity of
the last equality in (3.30). Thanks to Lemma 3.3.5 we have that mp < 1y. Further-
more, by construction ms(r) > my for every r > m, hence mp < my(r) for every r > m.
We claim that ma(r) > ma(r) > mp for every r > m. With this inequality we conclude
because ¥ is strictly convex in [mpg, +00), and thus the last line in (3.30) is strictly pos-
itive. We need to justify our claim, and to do that we take p1,p» € N with 0 < p; < p9
and x1, T2, y1,y2 € R with 0 < 21 < 29, 0 < y; <y and x1 + p1xy = y1 + pPoy2. Then
we have that x5 > y5. In fact, if we suppose by contradiction that zo < 15, then

1+ P12 =y1 +p2y2 2 Y1 +P1y2 + Y2 = Y1+ Yo + prxo.

Hence, yo < y1 + y2 < 27 < 29, and this is not compatible with the fact that xo < ys.
From the inequality x5 > yo we obtain the desired inequality choosing p; = k;, x; =
mi(s) and y; = m;(s) for i = 1,2.

O

Corollary 3.3.10. The function K : [0, +00) — NT is non-decreasing, it has countably
many discontinuity points that are denoted by 0 < J; < Jo < ... < Ji < ... and
Jy € [kmyp, (k+ 1)mr) for each k € NT. Moreover, K(J) =k for every k € N*.

Proof. The monotonicity of the function K is a direct consequence of Lemma 3.3.9, so
its discontinuity points form a countable set. Thanks to hypothesis (H;p) on the profile
¢, we know that G(m) > arm for every m > 0, and the equality is achieved only for
m = par with p € N. Therefore, we have that G(par) = G,(par) and K(par) = p for
every p € N, concluding the proof. O

Remark 3.3.11. By the continuity of ¢, we have that G(J;) = Gi(Jx) = Gr11(Jx) for
every k > 1, and that K is lower semicontinuous. From Corollary 3.3.10 it follows that
we can characterize the discontinuity points as

Jp =sup{m >0 : K(m) = k}.
Moreover, we clearly have that G(m) = Gg(m) for m € [Jy_1, Ji].

Lemma 3.3.12. For every k > 1 and every m > 0 that is a differentiability point for
Gy, there exists a unique family F = (mq,...,my) with |F| =m and Gr(m) = 4(F).

Proof. If k = 1 then there is nothing to prove since G; = ¢ and it is of class
C'((0,+00)). Instead, if & > 1, Lemma 3.3.5 guarantees that m; > mpg, but ¢’ is
strictly increasing in [mpg, +00), and thus it can exist only one value ¢ > mp such that
G'(t) =9 (my) = G}, (m). This of course characterizes the family F. O

We point out that the previous lemma does not imply that Gj, € C*((Jy_1, Ji)), as
one can see analyzing GG, in Example 3.3.21. In fact, in general there is no hope to find
a continuous map that associates m + F(m), where F(m) is an optimal family with
|F(m)| = m, not even when we restrict to (Jg, Jx41)-
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Remark 3.3.13. We notice that the asymptotic density of energy converges to ay =
9 (mr)/mr as m — +oo, that is to say that G(m)/m — ¥ (mr)/mr as m — +oc.
In fact, we already know that G(m) > arm for every m > 0, and for every m €
[kmz, (k + 1)mr] we have that G(m) < k4 (mr) + 4 (2mr). Therefore

G(m) < k4 (mr) N G (2my) _ kmy G (mr) N G (2mr)

m ~m m m  mr m

Y

and thus limsup,,_,. . G(m)/m < ¢ (my)/my since k = |m/myp].

We want to show a monotonicity property for the optimal families with respect to
their total measure. We have already seen in Lemma 3.3.5 that for any k£ € N, k > 2,
we have that any optimal family F = (my, ..., my) with measure |[F| =m € (Jy_1, Ji)
is of the form m; = a and ms = ... = my = b for some 0 < a < b. We call a,,;, the
minimum possible value of a in order to find an optimal family with m; = a, and a4z,
bmins bmaez have obvious analogous definitions. All of these quantities depend on m,
and whenever we need to explicitly write it, we will denote them by a,,in (1), Gmaz(m),
etc. It is easy to see that

Amaz (M) + (kK — 1)bmin(m) = amin(m) + (k — D)bjae(m) =m Vm € (Jp_1, Ji),

and additionally the “extremal” families F1 = (Gmaz(m), bmin(m), ..., bnin(m)) and
Fo = (amin(m), bpmaz(m), ..., bpaz(m)) are optimal with measure m = |Fy| = |Fyl.
Exploiting completely the inequalities in (3.29) we obtain that

lim sup Gr(m + h) = Gi(m) < G (bin(m))

h—07t h
(3.31)
/ .. .Gr(m) —Gg(m —h)
<G (binax(m)) < lim nf ; :

The quantities amin, Gmaz, Omin and b4 €njoy a semicontinuity result, that is pre-
sented in the following lemma. Their definition is also convenient in the proof of our
main result, contained in Theorem 3.3.15.

Lemma 3.3.14. Let us fiz any k > 2 and any m € [Jx_1, Jx) and let m" > m with
m"™ N\, m. Then

lim sup byae (M™) < bpin(m).
n—-+00

If instead m € (Jx_1, Jg], m™ < m with m™ / m, then

R S
m inf b (1) 2 binaz (M)

Proof. We will prove only the first part of the statement, since the second one follows
the same lines. Up to taking a subsequence, we can suppose that m" < Ji and that
b = lim,, byaz(m™) = lim sup,, byae(m™).

We suppose by contradiction that b > b,,;,(m), and we let &, = m™ —m 0. Then
Gk(mn) = g(amin(mn)) + (k - 1)g<bmaz(mn>>
=G (min(m")) + (k = 2)9 (binae(m™)) + 9 (byaz(m") — €n) + 5ngl(xn>
> Gr(m) +&,9 (x,,),
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where z,, € (bypaz(Mm"™) — €,y bnaz(m™)). We provide an opposite inequality containing

Gr(m") <G (amaz(m)) + (k= 2) (bmin(m)) + G (bpin(m) + €n)
= (tmaz(m)) + (k = 2)% (bnin(m)) + & (bmin(m)) + €29 (yn)
= Gr(m) + &n¥"(yn),

with ¥, € (bmin(m), bpin(m) + &,). Combining the two inequalities, we deduce that
G'(x,) < 9 (y,) for every n € N. Since z,, — b and y, — bpin(m), we pass to the
limit in this last inequality, obtaining that 4’(b) < 4’(byin(m)). This, however, is not
compatible with the assumption b > b, (m) because ¢ is strictly convex in [m, +00),
and by, (m) > mp thanks to Remark 3.3.8. O

Theorem 3.3.15. Let us fit k > 2, any m € [Jx_1,Jx) and let us suppose to have
an optimal family F = (my,...,mg) with 0 < my < my and |F| = m. Let M =
min{kmy, Ji.}, then for any m € (m, M) and for any optimal family F = (1, ... 1my)
with |F| = i we have that

myp < mp < mg < Ms. (332)

Moreover, if F is an optimal family with |F| = m, #F = k and it is made of equal
masses my = ... =my, then for any m € (m, Jy) there exists only one optimal family
F with |F| = m and it is made of equal masses.

Proof. In order to obtain (3.32) with non-strict inequalities it is sufficient to prove
that mo < mo. In fact, suppose by contradiction that ms < ms and m; < my.
Thanks to Lemma 3.3.5 we know that mo > mp, and the convexity property of
¢ shows that 4'(mg) > ¥'(ms), while the concavity of ¢4 in [0, mp| implies that
G'(m1) < 9'(mq). These inequalities, however, are not compatible with the optimality
condition ¢’'(my) = ¢'(m2) obtained in Lemma 3.3.5, and thus m; > my. Moreover,
the two strict inequalities in (3.32) hold true because m # m: at least one of the strict
inequalities must hold, and then the first order optimality condition exploited before
guarantees that also the other inequality is strict.

With these preliminary observations, we are ready to prove the first part of the thesis,
showing only the non-strict inequality ms < ms, and we remark that M is the largest
possible measure for which the conclusion holds. We also notice that, thanks to the
second part of Lemma 3.3.14, we just need to prove that there exists a dense set of
total measures m € (m, M) where (3.32) holds. We argue by contradiction, and we
suppose that there exists an open interval (I,7) C (m, M) where the conclusion does
not hold and that is maximal with respect to the inclusion. If [ = m, then we fix
t < min{r,mp 4+ 1 —m;} and we use the concavity-convexity of ¢ to see that

Gult) - Gull) = | D (b (5))ds > / G (ma)ds = / 9 () ds

t
2/ G'(my+ s —1l)ds
I

= G(my+t—1) —G(m)
= Glmy +t— 1)+ (k- 1)%(ms) — Gu(D).
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This however is in contradiction with the definition of Gy, since m; +t—1+4(k—1)my =
m+t—1=t.

If instead [ > m, then we claim that bye. (1) < mq. In fact, since ([,r) is a maximal
interval such that (3.32) does not hold for m € (I,r), then there exists a sequence
m" I such that by, (m™) < msy. Therefore, using the second part of Lemma 3.3.14 we
obtain that b, (1) < ma. If min(l) < bpaz(l), then we repeat the previous argument
substituting m with [, mg with by, (1) and mq with @, (1). If instead amin (1) = biax (1),
then we apply the second part of our statement (that we are going to prove in a
moment), and we automatically get that by,q.(t) < mq for every t € (I, M).

We treat now the second case, namely the one with F made of equal masses. Again,
thanks to Lemma 3.3.14 we need only to prove that the set of total measures m €
(m, Ji) for which the thesis holds is dense. One can argue pretty much in the same
way, using the formula (3.28) for the derivative of G}, and that, if we have an optimal
family F = (171, . .., ;) with my < my and |F| =, then my > m/k. In fact, we take
a maximal interval (I,7) C (m, Ji) such that for every m € (l,r) the thesis does not
hold, and we fix any ¢ € ({,7). Then, we exploit the usual convexity of 4 in [mpg, +00)

Gr( /g' maz ds>/§§' s/k)ds

= kG (t/k) — kD (1/k)
= kY (t/k) — Gi(l),

where we used that s/k > my > mp for every s € (I,t). Moreover, we used again the
maximality of the interval to infer that Gy(I) = k¥ (l/k) and pass from the second to
the third line. This is impossible since it is always true that Gi(t) < k¥ (t/k), and
thus the proof is complete.

O]

Proposition 3.3.16. For every k > 2 it is well defined the point
i m
Oy = inf {m € Jir, Ji] : G(m) = k¥ <E>} . (3.33)

Moreover, the infimum is a minimum and Cy < Jj.

In view of Theorem 3.3.15, one can think about C} as the point where the opti-
mal families with total measure in [Jy_1, Ji] collapse, becoming a family with & equal
masses.

Proof. The point Cj, exists because Ji_; < kmy < J; (as we showed in Corol-
lary 3.3.10) and G(kmr) = k¥ (my) as we noticed in Corollary 3.3.10. The infimum is
actually a minimum thanks to the continuity of ¢, so G(Cy) = k¥4 (Cy/k).

It remains to prove only the inequality C, < J,. To do that, let us suppose that
Cy = Ji, and let us take an optimal family F = (my,...,mg,1) with total measure
|F| = m € (Jg, Ji+1). Thanks to Remark 3.3.8 we know that any subfamily of F is
optimal for its own total measure, and thus the family composed by k£ masses equal
to my is optimal (here we also use Lemma 3.3.5, which says that my = ... = myyq).
Since Cy = Ji, the only possibility is that my = Ji/k. The optimality conditions
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guarantee that ¥'(m;) = ¢’'(my), and the concavity-convexity property ¢ contained
in (H;p) imposes that m; can assume at most two values. This is impossible since
m € (Jg, Jrp1) was arbitrary and m = my + kmg, and thus Cy < Jj. O

The collapsing points C}, determine the convexity of G, as we present in the following
lemma:

Lemma 3.3.17 (concavity-convexity of G). For every k > 2 we have that G is strictly
concave in [Jy_1,Cx] and it is strictly convex in [Cy, Ji|. Moreover, for every m > 0
we have that

lim sup Glm + 1) = G(m) < lim inf Gm) = G(m — h).

h—0t h—0+ h

Proof. The concavity-convexity of G is a direct consequence of Theorem 3.3.15. In
fact, for m € [Jx_1, Cy], we know from that theorem that the families shrink, in the
sense that b,,q.(m) is striclty decreasing in that interval. Since by,4.(m) > mp (because
of Lemma 3.3.5) and ¢ is strictly convex in [mp, +00), then (3.28) gives that G'(m) =
G (bmaz(m)), which is strictly decreasing in [Jy_1,Ck]. The same theorem also says
that, for m € [Ck, Ji|, we have that b..(m) = m/k, and thus G'(m) = ¥'(m/k) is
increasing since m/k > mp.

The inequality between the incremental ratios is valid in (0, J;) and in (Jg_1, Ji) for
every k > 2 thanks to (3.31) since G = Gy, in (Ji_1, Ji) for every k > 2. Therefore, we
need to prove it only in the points J; for £ > 1. Since G = G}, to the left of J, and
G = G411 to the right of Ji, the incremental ratios can be written in terms of Gy and
G11, and proving the desired result is equivalent to showing that

h—=0+ h h—0+ A

Let us take F = (my,...,mg) an optimal family with |F| = Ji, and #F = k, and
F, = (", ..., Myy1) another optimal family with |Fy| = Ji, but #F; =k + 1. Using
again the inequalities present in (3.31), we know that the left hand side is smaller than
9'(mgs1) and the right hand side is larger than ¢’(my). Lemma 3.3.5 guarantees that
both m; and my,, are larger than mp, and thus the thesis is proved if we show that
Mmrr1 < my since ¢’ is striclty increasing in [mp,+00). This, however, is a direct
consequence of the structure of the optimal families, and of the different number of
masses that compose them. In fact, it is sufficient to repeat the argument used in
the conclusion of Lemma 3.3.9 to deduce the inequality my.1 < my and finish the
proof. n

It is possible to have a certain control the ratio Jyy1/Jk, as we show in the next
proposition. Moreover, we prove that the minimal families trivialize when the total
measure is large enough, in the sense that they are necessarily made of equal masses.

Proposition 3.3.18. The following properties hold true:

1. the sequence Ji/k is decreasing and converges from above to mp as k — +00;
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2. there exists an integer k such that any optimal family with total measure m > Jy,
is made of equal masses. In other words, Cy = Jy_1 for every k > k;

3. the sequence Ji,/(k + 1) is increasing for every k > k and converges from below
to mp.

Proof. We successively prove the three points:

1. We fix k£ > 1. Thanks to the second part of Theorem 3.3.15 we know that any
optimal family with total measure m € (Cyi1, Jrktr1) is made of equal masses.
Thus, the family F = (my,...,my) with m; = ... =my = m/(k + 1) is optimal,

and |F| = km—ﬁ As a consequence, km—ﬁ < Ji, and we can take the limit m — Ji11

to see that Jy11/(k + 1) < Ji/k, that is the required monotonicity. Necessarily

Jx/k > mr because Jy is the largest measure for which there exists a optimal

family with k£ masses, and for m = kmy the only optimal family with measure m

is made of k£ masses equal to mr (see Corollary 3.3.10). It is also easy to see that

Jx/k converges to myp: if this was not the case, then we could find a sequence

k, — 400 such that Jy, /k, > mp + § for some § > 0. Since my is the unique

minimizer of the energy/mass ratio ¢(m)/m, and since we already noticed that

G(Jy) = k9(Jx/k) for any k > 1, then there exists € > 0 such that

i Jkn Jkn/kn mr

+e.

n

This is in contradiction with Remark 3.3.13, deducing that limy_, . Jx/k = mr.

2. Let us suppose by contradiction that the thesis does not hold. Then we can find
a sequence of families F,, with k, + 1 = #F,, — +o0o, m" = |F,,| € [Ji,, Jx, 1],
that contain the masses m} < m#4 and such that

G(m") = 4(F,). (3.34)

Since m} € [0, mp|, then ¢(m7) is bounded. Therefore, using the previous point
and the structure of the optimal families obtained in Lemma 3.3.5 to see that
my — myp for n — +oo. The strict concavity of ¢ in [0, mp| ensures that
there exists a unique point mk € [0, mp] with ¢’'(m%) = 4'(my). Thus, using
the condition ¢’'(m}) = ¥’(mf%) obtained in Lemma 3.3.5, we also have that
my — mj. Hence, we can find € > 0 such that ¢ (m7) > (ar + ¢)m7 for every n
large enough, and therefore

G (F,) =94 (m}) + k.G (m3) > (ar +)my + k.G (my)  for n>> 1.

But we also observe that

2 (mg + %) = 4 (m3) + 24 (m3) + o(1/ k)

n

=9 (m3) + %(OCT + on(1)) + o(1/kn),
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and multiplying by k, we get that the family F, containing m; = 0 and my =
oo = My, 41 = m"/k, is strictly better that F,, if n is large enough. Hence, F,,
was not an optimal family, contradicting (3.34). Therefore it must exist k € N
for which the thesis holds.

3. We use a similar argument compared to the first point of this proposition. In
fact, we fix any k > k and we know that any optimal family F with |F| = Jx,4
is made of equal masses. Thanks to Remark 3.3.11, we also know that

G(Jes1) = (k+1)¥9 (kj’j:ll) = (k+2)¥9 <Ij’j:12> :

Since any subfamily of an optimal family is itself optimal, as we expressed in
Remark 3.3.4, we consider F containing k£ 4 1 masses equal to 22 and we know

- 4 k2
that it is optimal. Clearly |F| = %Jkﬂ and #F = k+1. Using the definition of
Ji, it is immediate to see that J, < |f‘| = Z_E‘]Hh that is the desired inequality.

Finally, the convergence follows directly from the first point of the statement.
O

Concerning the second point of Proposition 3.3.18, one can find k just looking at
the first moment when G(Ji) can be realized only by families containing equal masses.
In fact, the following proposition holds:

Proposition 3.3.19. If k > 1 is an integer, and if G(Jy) = Grr1(Jx) = (k+ 1)%(%),

then any optimal family F with total measure |F| = m > Ji, is made of equal masses.

Proof. 1t is enough to prove the result for m = Jyyq: for m € (Ji, Jgr1) it has been
proved in Theorem 3.3.15, and for m > Ji; it is sufficient to argue by induction on k.
Hence, we will prove that, if G(J) = (k + 1)%(;—&), then every optimal family for
Ji+1 is made of equal masses. We need to consider only the families with k& + 2
masses, because we already noticed that the only optimal family F with |F| = J;4; and
#F = k+1 is made of equal masses (see Proposition 3.3.16). We argue by contradiction,
and we suppose that there exists an optimal family F containing 0 < my < my with
|F| = Jyy1 and #F = k + 2. If this is the case, then the family F; made of m; and
k copies of msy is also optimal. By definition of Ji, we have that J, < |Fy| < Jgi1.
Since by hypothesis G(J) = (k + 1)%(%), then Theorem 3.3.15 guarantees that any
optimal family Fy with |Fo| = m € (Ji, Jg+1) must be made of equal masses. Thus,
the only possibility is that |Fy| = my + kmg = Ji and G(Jx) = 9 (mq1) + k9 (ms).
Therefore, we have that

Ik
E+1

Gss) = Fm) + (h+ 1) (ma) = GO) + S ome) = (b + 1 (25 ) + S o).

As a consequence, the family F3 containing msy and k + 1 copies of Ji/(k + 1) has
total measure Ji, 1 and is optimal. This, however, is not possible: since m; < ms, then
Ji/(k+1) < mag, and this goes against the optimality condition provided in Lemma 3.3.5
because there is more than one “small mass”. Since we obtained a contradiction, this
argument proves that F must contain equal masses, concluding the proof. O
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3.3.3 Examples

We finally remark that some phenomena cannot be ruled out with the sole hypothe-
ses (H;ip). In general, we cannot exclude that the smaller mass is present in the optimal
families. Moreover, we emphasize that it could happen that, even if we have the mono-
tonicity result shown in Theorem 3.3.15, the optimal families may be non continuous
with respect to their total measure. These two phenomena are showed respectively in
Example 3.3.20 and Example 3.3.21.

Example 3.3.20. We provide an energy function for which we can find an optimal
family made of two different masses. The aim of this example is to actually construct a
function with that property, and the idea is to impose a sudden growth right after the
flex point in order to favor the division of the measure. Apart from the specific function,
in Example 3.3.21 we provide a simple condition that guarantees this behaviour. A
possible example is the function

G(m) = vm for m € [0, 1]
| 100m =12+ Lm—-1)+1 form>1

that is of class C''((0,400)), as one can check with an easy computation, and has flex
point in mp = 1. Moreover, we have that ¥ (1.1) > 2, while 2¢4(0.55) = 1.48. If we
fix m = 1.1, then these numbers tell us that K(m) > 2. Given an optimal family
F with |F| = m, if it contains two or more masses greater than mp, then their sum
exceeds 2 > m, and this is impossible. Exploiting the optimality conditions stated in
Lemma 3.3.5, we obtain that we cannot have an optimal family with 3 or more masses
(because two of them should coincide and be larger than mp), and we cannot find
an optimal family of two equal masses because again their sum would exceed 2. In
conclusion, F is necessarily made of two different masses.

Example 3.3.21. As we anticipated, this example provides a function for which the
families made of two masses collapse in a non-continuous way. This also clarifies why
we do not prove that Gy of class C1((Jx_1,Jx)). We notice that we can enforce the
presence of a 2-masses optimal configuration with the very simple requirement that

G (Tmp/4) > 29 (mp).

In fact, if this condition holds, then clearly G(m) < G;(m) for every m € (Tmpg/4,2mpg|.
Moreover, for m € (Tmpg/4,2mp] we cannot have G3(m) < Ga(m): any family F with
#F = 3 and |F| = m would contain at least two masses smaller than mpg, and thus
it cannot be optimal thanks to Lemma 3.3.5. In the end, any optimal family F with
|F| =m € (Tmg/4,2mp) is made of two different masses m; < may: if the two masses
coincide, then my; = mgs = m/2 < mp, and this is ruled out again by Lemma 3.3.5.
Furthermore, there exists a small parameter n > 0 such that K(m) = 2 for all
m € [2mp,2mp + n]. In fact, let us take m = 2mp + 7 and let us take a family
F = (mqy, mq,m3) with |F| = m. If F is optimal, then mp < mgy = mg < mp + 1n/2,
and thus m; = m — 2my < 1. Thanks to the monotonicity properties of ¢’ we have
that

G'(mp) <9'(my) <Y'(mr +n/2), G'(mp) <9'(n) <9 (my). (3.35)
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If we take n > 0 small enough, the previous inequalities are not compatible with the
optimality condition ¢’'(m;) = ¥’(m3). Therefore the family F is not optimal and
K(m) = 2.

We take the function 4 : Rt — Rt defined as ¥(m) = (m — 1)® + 1. It satis-
fies (Hip), and it has a flex point in mp = 1. Then we define the function

) (m—3/2)* ifm>3/2
glm) = {0 it me0,3/2)

and take ¥ (m) = 9 (m) 4+ Ag(m) for some constant A > 0. It still satisfies (H;p), and
the flex point is again in mp = 1. Moreover, we clearly have that 4 (7Tmpg/4) > 29 (mp)
if A is large enough, and therefore K(m) = 2 for m € (7/4,2) thanks to the previous
considerations. One can define G as in (3.25) using the profile ¢ instead of . The
symmetry of ¢ with respect to the point 1 guarantees that &(m) +%(2 — m) = 4(2)
for every m € (0,2), and thus G(2) = 2¢4(1) = 2¢4(1) = 2. Moreover, since 4 > ¥,
then G > G. But one can notice that, by definition,

G(2) <29(1) = G(2) < G(2), (3.36)

and so G(2) = 2¥(1). Now we take t /2 and an optimal family F(¢) with |F(¢)| =t
and G(t) = 9(F(t)). By the previous considerations, we know that F(¢) is made of
two different masses m; (t) < mo(t) for every t € (7/4,2) if A is large enough (and from
now on it is fixed). Additionally, there exists a parameter n > 0 such that K (¢) = 2 for
t € 2mp,2mp+n). Ift < 2 and mo(t) < 3/2, then the condition ¥’ (m(t)) = ¢'(ma(t))
forces

ml(t) + mg(t) = 2,

thanks to the particular choice of f. Of course this is not possible since m4(t) +
ma(t) = t < 2, and therefore it cannot happen that msy(t) — 1 as t — 2. Arguing
as we did to show the existence of the parameter n out of the inequalities (3.35), we
also get that G(t) = 29(t/2) for t € (2,2 + 1], where 1/ < 7 is a small enough
parameter. Thus, using a comparison between G and G analogous to (3.36), we obtain
that G(t) = G(t) = 2¢4(t/2) for t € (2,2 +1/], so that the optimal families F(t) for the
energy ¢4 are actually discontinuous when the total measure is ¢t = 2.

The next example deals with the optimal families of two consecutive jump points,
and establishes the inequality between the masses belonging to them (when it is pos-
sible).

Example 3.3.22. Let £ > 2 be given. If G(Jx_1) = k%(%) and also G(Ji) =

(k + 1) (%), then 2 > 2=
If, instead, Ji_; admits an optimal family F; containing different masses m; and msy,
and Ji admits a optimal family Fy containing masses m; < ms, then we apply the
second point in Remark 3.3.8 to the subfamily F3 C F, that contains m; and k — 1
copies of my. Since Fj is optimal, we know that J,_; < |F3|. Applying the first part of
Theorem 3.3.15 we obtain that mo < msy. The last case remaining is that J;_; admits
an optimal family with different masses, while J, does not. We focus on the pair Ji,
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Jo, and we will see that there is no general inequality between the masses that compose
the aforementioned optimal families. We take the function

gf(m):1+M

jm — 1]

that has 9" = —2 in (0,1) and ¥ = 2 in (1, +00). Clearly mpg = 1, while one can
easily see that my = V2. In this example we call G, and G the functlons defined
in (3.25) with & in place of ¢, while J, and C) with k& € N are analogous quantities
to those defined in Corollary 3.3.10 and in (3.33). Similarly to the function ¢ in
Example 3.3.21, we have that ¢(m) = 4(2 — m) for every m € [0,2]. Therefore, if
F = (my,my) is an optimal family with 0 < m; < my and |[F| = m € [0,2], then
the condition ¢'(m,) = 4’ (mg) imposes that 1 —m; = my — 1. As a consequence,
m = my +me = 2. Let F = (my,my) be an optimal family with ]F] = J,. If
my < mao, then j1 = 2 thanks to the previous argument. If instead m; = ms, then
My > mp and 4 (2mg) = 24 (mg). Onme can easily compute the value my for which
that equation admits a solution and see that my = 1 = mp. This proves that j1 = 2.
Since G(J;) = 24(.J;/2), then Proposition 3.3.19 tells us that G(J;) = 3%(.J,/3).
Moreover, thanks to the properties of C, we also know that .J, satisfies the condition
29 (Jy/2) = 39(J;/3), and this forces the value of .J, to be Jo = 2v/3 = 3.46.

Our strategy now is to obtain ¢ adding a small perturbation to «. In this process,
we want to keep some good control on the optimal families F; and Fy with #F; = 2,
#F, = 3, |F1| = J; and |Fy| = J,. In particular, we need that F; contains two different
masses, while Fy needs to contain three equal masses. Imposing these conditions we
are sure to be in an interesting case, as we pointed out before the example. Moreover,
if we modify g only in (0, mg), we are sure that Jo = J2 = 24/3 since J, must satisfy
29 (J2/2) = 39(J2/3). To construct the function & we fix t1,t € (0,1) two arbitrary
points with ¢; < t3, we take a smooth function ¢ > 0 with compact support contained
in (t1,t,) and we take & = & — e¢ with ¢ > 0 small. Thus ¢ < ¢, while if we choose
e small enough we have also that ¢ is increasing and ¢” < —4/3 in (0,1). Of course
G(2) <G (my) + 9 (ms) for any my € (t1,t2) with ¥ (my) < 4(mq) and mg = 2 — my.
Since we decreased ¢, this implies that G(2) < ¢(2) = 9(2) = 2¢(1). This proves
that J; < 2, and combining Theorem 3.3.15 with the inequality ¥(2) < 2¢4(1) we get
that an optimal family Fy with |Fy| = J; and #F5 = 2 is made of different masses. We
also see that an optimal family F3 with |F3| = J; and #F3 = 3 cannot contain different
masses. In fact, if F3 = (my, mg, m3) is that optimal family with 0 < my < mgy = ms,
then Remark 3.3.8 guarantees that

2%”(m1) + g”(mg) Z 0.

But this is not possible since m; < mp, and 4" < —4/3 in (0, mp), while 4" = 2 in
(1, +00).

The previous considerations are valid for any choice of t1,t5 € (0,1) and any (suitably
small) € > 0, and we remind that any optimal family Fy with |Fy| = J; and #F5 = 2
contains a mass my € (ti,ty). Therefore we can choose t; and ty very close to 1 to
construct a function ¢ for which G(J;) = 4 (my) + 9 (ms) and my < Jy/3, while if
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we choose them close to 0 we obtain that my > J5/3. The position of my here is
determined by the condition ¢¥’(m;) = ¢'(ms) and the fact that my € (1, ts).

With the last two examples we see that no relationship can be expected between
mp and the masses mi, ms of an optimal family with total measure J;. In particular,
we prove that ms can be smaller or larger than my, depending on the choice of 4.

Example 3.3.23. We provide an energy ¢ such that G(J;) = ¥(m) + ¥(my) with
0 < my < mpr < my. In this example we argue for the first time by approximation
of ¢&: it is easier to construct some piecewise smooth function g , find some optimal
families (this can be done with a barely lower semicontinuous and coercive profile)
and only in the end approximate it with C! functions satisfying (H;p). We take as
function ¢ the one depicted on the left side of Figure 3.4. It is easy to find & €
C((0,4+0)) satisfying (H;p) such that |4 —¥| < ¢ in [0,20] for an arbitrarily small
e € (0,1/2), and such that mp = 9, my = 10, 4'(m) € [1,1.1] for m € [0,19/10]
and ¢’ < 1/2in [9,10.5]. Then we consider the first jumping point J; and an optimal
family F = (m, msy) with |F| = J;. We first notice that J; < 12, because ¥(12) > 40,
while 4(10) + 4(2) < 5. Thanks to Lemma 3.3.5 we know that my > mp = 9. If
my < 19/10, then ms cannot lie in [9,10.5]: otherwise we would have that ¢'(ms) <
1/2 <1 < %'(my), and this is in contrast with the first order optimality conditions
stated in Remark 3.3.8. Therefore, ms > 10.5 > my, and this was the desired result.
This is actually the only possible scenario: if m; > 19/10, then ¥ (m;) + ¥ (msy) >
2¢(19/10) > 19/5, while

G(L) <GU2) <¥(1)+9(11) <9 (1) +9(11) + 2= =1 + g +2 = ; + 2.

This chain of inequalities shows that F cannot be optimal if m; > 19/10 whenever we
take ¢ < 3/20, hence this case does not occur choosing ¢ properly.

G (m) G (m)

1
1 2 1

2 1011 ™ 1 10 m

Figure 3.4: On the left we depicted a piecewise linear energy, whose slope is written in
red in each linear part. On the right, instead, it is represented a piecewise quadratic
function ¢ such that ¢’(0) = 2, and its second derivative is written in red above the
graph.
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Example 3.3.24. This example is complementary to the previous one: we show that
there exists an energy ¢ such that G(.J;) = 4 (mq) +%(ms) with 0 < my < mg < my.
In fact, we fix the function ¢ that is represented on the right side of Figure 3.4. For
4 it is well defined the point ms which minimizes ¢(m)/m, and clearly mzp > 10. It
is also easy to see that mg < 12: by construction ¢’ (my) < ¢(10)/10 = 1/10, while
G'(m) > 9'(12) = 2 for every m > 12. Moreover, it is also well defined the point
m. as the unique point m € (0,1) with ¢4'(m) = ¢¥'(my) (we recall that this point
was used also in Proposition 3.3.18). Then we take any function ¢4 € C?((0,+00))
satisfying (Hyp), that coincides with ¢ in [0,m%] U [mg, +00), and with mp = 9.
By construction, the point m > 0 that minimizes ¢(m)/m is still mr, and since ¢
coincides with ¢ in (mr,400) we also have that J; < 14: it is sufficient to notice that
(14) = 9 while 24(7) < 24(12) = 6. In this way, the family F = (J;/2, J;/2) is not
optimal because it contains two masses smaller than the flex point mp. We take an
optimal family F = (my, my) with |F| = J;, and the previous observation shows that
my < mgy. If ma > myp, then m; must be smaller than mJ. because of the condition
on the first derivatives. Now the fourth point in Remark 3.3.8 comes into play: since
my < mh and my > myp, we have that 4" (m;) = —2 and 9" (msy) = 1, so we contradict
the condition 4" (m,) + %" (msy) > 0. This proves that any optimal family for J; with
masses 0 < my < my must satisfy my < mqp, as we claimed.
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