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Unifying quantum stochastic methods using Wick’s theorem on the Keldysh contour
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We present a method, based on the Keldysh formalism, for deriving stochastic master equations that describe
the non-Markovian dynamics of a quantum system coupled to a Gaussian environment. This approach yields a
compact expression for the system’s propagator, which we show to be equivalent to existing formulations, such
as the stochastic von Neumann equation (SVNE). A key advantage of our method is its generality: It can be
extended to describe any open-system evolution defined on a suitable ordering contour. As a result, we adapt
it to derive generalized versions of the SVNE that account for initial system-environment correlations, as well
as stochastic equations that incorporate information about the statistics of energy flows in the environment. The
insights offered by our technique further allow us to examine the nature of the noise processes appearing in
the SVNE. We prove that its solution can be expressed in terms of a single physical noise, without any loss of
information. Finally, we propose a semiclassical scenario in which this noise can be interpreted as arising from

an initial measurement process on the environment.
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L. INTRODUCTION

One of the important problems of contemporary quantum
physics is finding convenient ways to describe the intricate
dynamics of open quantum systems [1]. In the Markovian
regime, where the excitations injected into the environ-
ment are not reflected back into the system, the well-known
Lindblad-Gorini-Kossakowski-Sudarshan theorem [2,3] pro-
vides a full characterization of the dynamical equation, which
has been thoroughly studied (even though the question of
its microscopic derivation is still open in certain regimes;
see, e.g., Refs. [4-8] and references therein). In the non-
Markovian scenario, the situation is much less clear and a
great variety of approaches has appeared in the literature
during the years [9].

At the same time, nonequilibrium quantum field theory has
been able to provide important results, e.g., in cosmology,
high-energy physics, and condensed matter physics [10,11].
The Keldysh contour formalism [12,13], in particular, has
been proved to be highly efficient for treating perturbative
diagrammatic calculations for many-body systems and their
classical limit.

Although several works have addressed problems in ther-
modynamics and open quantum systems from the perspective
of the Keldysh contour [14-21], we believe that the Keldysh
formalism still holds substantial untapped potential for
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advancing research in these fields. In this paper, we exploit
this potential by presenting a series of results obtained by for-
mulating the problem of non-Markovian quantum dynamics
on the Keldysh contour, with a particular focus on stochastic
unravelings of the quantum dynamics.

In Sec. II, we introduce the formalism and detail how
the Hamiltonian evolution of an open quantum system can
be reformulated using the Keldysh contour, highlighting the
advantages this approach offers when the environment is
Gaussian and linearly coupled to the system. In this case,
Wick’s theorem allows us to derive a compact expression for
the system’s dynamics, akin in spirit to the Feynman-Vernon
influence functional [22].

Up to this point, we have not introduced any stochastic de-
scription, focusing instead on deriving compact deterministic
expressions for the reduced system evolution. In contrast, in
Sec. III, we proceed by representing the environment correla-
tion function using random fields. In this way, we obtain an
exact stochastic non-Markovian equation for the dynamics of
the system in which the noises are defined on the Keldysh
contour, which turns out to be equivalent to other stochastic
approaches [23,24] and in particular to the so-called stochastic
von Neumann equation (SVNE) [25-29]. In this context, a
Keldysh-like contour was already being employed in Ref. [26]
but with arguably more involved path-integration methods.
The main distinction between the approach of this section and
the previous attempts is methodological, since we directly
apply Wick’s theorem with respect to the Keldysh ordering
[10], contrary to existing approaches, based on path integra-
tion [22,30] or superoperator representations [31,32].

We fully exploit our methodology in Sec. IV, where we
derive two fundamental extensions of the theory. First, we
study the case in which the system and environment share ini-
tial equilibrium correlations [33], and show that these can be
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elegantly incorporated into the formalism. Second, we apply
our technique to quantum thermodynamics, deriving a gen-
eralization of the SVNE to study heat statistics within the
two-point measurement scheme. To the best of our knowl-
edge, this equation is new, and we discuss its potential
relevance for the community.

From a more formal and theoretical perspective, our
method enables us to make insightful statements about the
nature of the noise terms appearing in the SVNE. Specifically,
in Sec. V, we show, using a “partial” Wick’s theorem, that
it is possible to write the solution to the SVNE in terms
of a single real noise with a positive semidefinite autocor-
relation function. Moreover, in Sec. VI, we show how the
SVNE is influenced by a measurement on the environment
performed before it starts interacting with the system. We
find that if the environment satisfies appropriate semiclassical
conditions, it is possible to interpret the noise with a positive
semidefinite autocorrelation appearing in the SVNE in terms
of the outcomes of a single heterodyne initial measurement.
This provides additional insights into the open problem of
determining whether non-Markovian stochastic equations ad-
mit a general measurement interpretation [34-38]. Finally, in
Sec. VII, we draw our conclusions.

II. DETERMINISTIC QUANTUM DYNAMICS USING
THE KELDYSH CONTOUR

A. Quantum dynamics and the Keldysh contour

Let us consider a quantum system S whose state is de-
scribed at time 7 by a density operator p(z). Assuming the
state p(0) at an initial time # = 0 to be known, we have

p(t) =U(t,0)p(0)U"(z,0), ey

where U (t, 0) is the time-ordered exponential of the (possibly
time dependent) Hamiltonian H (¢) that generates the dynam-
ics of the system. After introducing the time-ordering operator
T and the anti-time-ordering operator 7", which respectively
rearrange their arguments by putting later-time operators to
the left and right, we can expand Eq. (1) as

& (_l-)n+m t 0 ) )
pt) = Z W/o dﬁ”‘dtn'[ dr, ---dt,

nm=0

x TAH(ty)- - H(@)p(O)T{H(x)) - - H(z,)}. ()

In the above equation, fé dt - --dt, is used as a shorthand

for [y dti--- [, dt,, omitting repeated integration symbols
for simplicity. Notice that we also set # = 1. A further sim-
plification of the notation can be achieved by introducing the
Keldysh contour, a convenient choice of integration domain
that allows one to write Eq. (2) as a single ordered product
[10]. We begin by denoting the domain of 7y, ..., 7, in Eq. (2)
as y_(t) and distinguishing it from the domain of 77, ..., 7,,
which we denote as y.(¢). Both domains are copies of [0, 7]
and, for ordering purposes, is convenient to regard y_(¢) to
be positively oriented when going from 0 to ¢ and y,(¢) to
be positively oriented when going from ¢ to 0. The Keldysh
contour y(¢) is obtained by adjoining y;(¢) and y_(¢), in
that order (see Fig. 1) [39]. Functions defined on y_(¢) and
y+(t), such as the Hamiltonian in Eq. (2), can be promoted

A
Y(t) = v+ (t) ® v-(¢)
¥+ (t) 2 2
0 < "
K N\ ”
v T A Zn

FIG. 1. Schematic depiction of the Keldysh contour used in this
paper. The contour y(¢) is composed of a backward branch y. (¢)
running from ¢ to 0 and a forward branch y_(¢) running from O to #,
in this order. For the sake of clarity, we added some of the integration
variables appearing in Eq. (3). The variables z; = t,_, z, = 7,— and
7] = T4, %, = T,,, belong to the y_ and y, branches, respectively,
since they originally represent contributions coming from the time-
ordered and anti-time-ordered parts of Eq. (2).

to functions on y (¢). If we introduce the notation z = 7+ to
indicate a point on y () that lies at value 7 on y.(¢), we define
H(ty) := H(7). Equation (2) can now be written as

0 (_i)n-'rm / , )
p(t) = - dzi---dz, dz, - -dz,
n; nlm! )y ) Y4 (o)

X T{H(z1)---H@z)pO)H ) ---H(Z)),  (3)

where we promoted the time-ordering operator 7 to a contour-
ordering on y(¢) such that its arguments are rearranged by
putting later contour-time operators to the left. It is clear
that this acts as the standard time ordering when restricted
to y_(¢) and acts as the antitime ordering when restricted
to y4(t), since the latter goes backward in time. Regrouping
exponentials

o) =T {e*" o HE 5 ()7 'H(,)H(z)dz}- @

If we imagine p(0) to be acted upon by the ordering, T places
all operators on y4(¢) to the right of p(0) and all the operators
on y_(t) to the left. Using this property and the fact that
operators commute inside the ordering, we have

p(t) =T {7 0% p(0)})

o (—i)"

f dz1 - dzy T (H(z) - Hz)pO)).
y(t)
5)

This is the main expression from which our discussion starts
and should be compared with the arguably more involved
one in Eq. (2). Let us now assume that our quantum system
S is coupled to an external environment E, so that the total
Hamiltonian of the combined system is of the form

H=H,+V, (6a)
Hy=Hs ® 1g + 15 ® Hg, (6b)
V=Y Ay® B, (6¢)

with Hy being the free part and with V being a coupling
contribution, written in terms of the Hermitian system oper-
ators A, and the Hermitian environment operators B, [1]. It
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is convenient to move to the interaction picture, where the
system-environment state psg(f) gets represented as osg (t) =
etHotpSE(t )e*lHof and
dose(r) _
dt
where V (¢) := o' V=o' According to Eq. (5), this is for-
mally solved by

—i[V (1), ese(®)]. @)

ose(t) =T {CXP[ /)V(Z)dZ}QSE(O)}a (®)
y(

where V (z) is the trivial generalization of V (¢) on the contour.
However, we are interested in the dynamics of the system S
alone, which is described by the interaction-picture density
operator o(t) = Trglose(t)]. If we assume that system and
environment are initially uncorrelated, we have

ose(0) =0(0) ® €2, ©))

where €2 is the initial state of the environment. Then, using
also Eq. (6¢), it is immediate to take the partial trace over the
environment in Eq. (8) to obtain

ot)= Z (;l;)ll Z /y([) dzy -+ -dz,

n=0 A,..., oy,

B, T {Ar---A00)}),  (10)

where for compactness we introduced the abbreviations A; :=
Ay;(zj) and B == B, (z;) for j =1, ..., n, with

x Tr[T {B --

Aa (T:i:) = eiHSTAa e_iHST s

By(1s) = " Bye T, (11

B. Gaussian environment hypothesis

The expression (10) for o(¢) can be simplified if we as-
sume that the environment £ is composed by a collection of
independent bosonic modes, such that Hg is quadratic in the
corresponding ladder operators [40]. In addition, we require
2 to be quadratic and the coupling operators B, to be linear
in the ladder operators. These requirements, which we will
collectively identify as “Gaussian environment hypothesis,”
are common to many models across quantum optics and
open quantum systems [1,41] (including paradigmatic frame-
works such as the Caldeira-Leggett model [42] and the Dicke
model [43]). These requirements imply the validity of Wick’s
theorem for the environmental correlation functions [10,44].
Suppose first that we have

Tr[B,(2)2] = 0. (12)

This is usually known as “stability condition” in the context
of microscopic derivations of quantum master equations [1].
Then, Wick’s theorem tells us that correlation functions with

an odd number of operators vanish,
Te[T {B1 - Bons12}] =0, (13)

while

m

= 2 [ Cocinoay. (14)

€6y, j=1

Te[T (B -+ BowQ}] =

where G, is the set of permutations of {1, ..., 2m} and

Cij = Coa;(zi 7)) = Tt[ T {Bo,(z)Bo,(z))2})]  (15)

is the contour Green’s function (GF) [10,19] of the environ-
ment. The arguments z;, z; in the contour GF (15) are defined
on the Keldysh contour in Fig. 1; the connection between the
contour GF and the physical-time GF

Cap (11, T2) = Tr[By(71)Bp(12)$2] (16)

can be obtained by choosing the arguments z;, z; to assume
specific values 714, 7o+ on the two branches:

Cop(t1—, 12-) = 0(71 — T2)Cap(T1, T2) +0(T2 — T1)
X cpo(T2, T1),
Cop(T11, T2y) = 0(11 — 2)Cpa(T2, T1) + 0(T2 — T1)
X Cap(T1, T2),
Co p(T14, T2—) = Cap(T1, T2),
Co,p(T1-, T24) = Cpa(T2, T1). a7

In the literature on the Keldysh formalism, these functions are
also known, respectively, as time-ordered, anti-time-ordered,
greater, and lesser components of the Green’s function
[10,11]. Note that cgy (12, 1) = C;/g(l'], 7p), as can be seen
from the definition in Eq. (16).

We now replace Eq. (14) inside Eq. (10) with n = 2m
in order to simplify the latter. When doing so, we see that
all permutations appearing in Eq. (14) contribute equally to
the integral, as can be seen with an appropriate change of
variables. Thus, since G,,, has cardinality (2m)!, we end up
with

o0
Q(r):Z .2m Z /(z)dzl -dzom
: 0,
X Cro-Comrom T A1 - A2n0(0)}, (18)

which can be rearranged as follows:

o(t) = {exp |:—— Z//( )ledZ2

x Cqp(21, Zz)Aa(Zl)Aﬁ(Z2):|Q(O)}- (19)

Under the previously stated assumptions, this is the most
general expression for describing the dynamics of an open
system in contact with a Gaussian environment. Compared
to other fully general expressions, such as the one derived in
Ref. [31], Eq. (19) achieves greater compactness due to the
use of the Keldysh contour. In Appendix A, we show that
indeed we recover the result of Ref. [31] once we express
Eqg. (19) in physical-time representation.

For the sake of generality, we extend the result to cases
where the stability condition is not satisfied, i.e., when

Tr[By(2)2] = E,(z) # 0. (20)

This scenario can be treated by introducing the shifted bath
operator

By (2) i= By(2) — Eu(2), 1)
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which obviously satisfies the stability condition. Substituting
into Eq. (10) and applying Wick’s theorem on the product of
the shifted operators, one finds

o) = T {exp[—iZ/ d2 Eo(2)Au(2)
o Y@

1
- EZ// ledZZCa,ﬁ(ZlaZZ)Aa(Zl)Aﬂ(ZZ)}Q(O)}’
a.B y(t)
(22)
where this time

Cup(21,22) = T[T {Ba(21)Bs(22)2(0)}]

= Tr[7 {Ba(21)Bp(22)R(0)}] — Eo(21)Ep(22).
(23)

Equations (22) and (23) will prove highly useful in the con-
cluding Sec. VI of the paper, where we investigate the impact
of a weak measurement of the environment on the system’s
dynamics. As we will see, the postmeasurement states of the
environment generally do not satisfy the stability condition.

III. STOCHASTIC QUANTUM DYNAMICS USING
THE KELDYSH CONTOUR

Even though Egs. (19) and (22) are exact, they are not
directly useful in order to solve the dynamics in practical
situations, and this is an important reason why one is typically
interested in finding a master equation for o(¢), which can
then be solved, analytically or numerically. The master equa-
tion corresponding to Eq. (19) has been derived in Ref. [45] in
physical-time representation (see also Appendix A). However,
in the general case, the coefficients of the master equation in
Ref. [45] turn out to be extraordinarily complicated functions
of the microscopic parameters. A different approach, called
stochastic decoupling [46], consists instead in introducing a
stochastic operator R(¢), whose evolution depends on some
stochastic noise variables, such that we recover o(t) after
mediating over the noises: o(t) = E[R(¢)]. The idea is that
the master equation for R(#) is more easily solved than that for
o(t), since the complicated environment effect is encapsulated
into a noise that can be numerically simulated.

There are various ways to perform the stochastic decou-
pling: We will start here with an approach that harmonizes
well with our Keldysh contour formalism. Let us start with
Eq. (19), where all the information about the environment is
contained into the contour GF. The idea is to introduce a set
of zero-mean Gaussian noises &,(z) on the Keldysh contour,
such that

Ef&a(z1)8p(22)] = Ca p(21, 22)- 24
Again, let us use the notation §; := &,,(z;). A scalar form of
the Wick’s theorem can be written

1

ml2m

Z HE[%QJ—U&@;)]. (25)

0eSy, j=1

E[& ---&m] =

We can now start from Eq. (19) and perform the steps de-
scribed in Sec. II B backwards to arrive at

=" T |

n=0 o, ap ©

le .. 'dZn

x E[& ---£] T {A1---A,0(0)).

If we use the prescription R(0) = 0(0), we can now remove
the [E sign and recompact the exponential, after substituting
o(t) with R(t):

(26)

R@) =T { exp [ - iZ/( )Ea(Z)Aa(Z)dZ}R(O)}- (27
a VYU
With the above definition, we have o(t) = E[R(¢)] as desired,
since Egs. (24) and (25) ensure that when taking averages of
Eq. (26), we obtain Eq. (18).

Note the similarity between Eq. (8) and Eq. (27), and the
fact that Eq. (27) is written in terms of a (stochastic) system
operator only. Another fundamental difference is that the op-
erator &,(z)A,(z) is not necessarily the same operator on the
two branches of the Keldysh contour, differently from V (2).
On the contrary, in the general case, it is necessary for &,(z) to
behave differently on the two branches in order to reproduce
the branch dependence of Eq. (19). This asymmetry between
the forward and backward branches is fundamental in order to
describe effects typically associated with the presence of an
external environment, such as dissipation [11].

Let us split the contributions of the forward and backward
branches by distinguishing the noise valued on y_(¢) from the
one defined on y.(t), i.e., by explicitly introducing &,(t+)
inside Eq. (27). We can now use that the contour ordering in
Eq. (27) places all the terms containing &,(7_) to the left of
R(0), while the ones containing &,(7;) to the right of R(0),
obtaining

R(t) = ’7: {e_i ) La -’Eor(f—)Aa(L)dLR(O)

X efi ;/+(,) Za o (T4)Ag (T4 )d T4 } .

(28)

From this equation, in which the time arguments are de-
fined on the Keldysh contour, we can go to a physical-time
representation by defining gai(r) = &€,(7+). Note that while
T+ € y+(t), the variable inside Sf(t) is defined between 0 and
t. After changing variable from 74 to 7, we have dt_ = dr,
dty = —drt, and

R(t) = G_(HR(t)G'. (1), (29)

where
G(t) =T exp [—iZ/ Eai(r)Aa(r)dr] (30)
« 0

Note that R(¢) is not a density operator, since it is not Hermi-
tian. The rationale of the manipulations done in this section is
that we can recover a master equation from Eq. (30) by differ-
entiation

dR(1)
dr

—i Y & (DAORE) +i Y EFOROAL®).

€19}
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This is the stochastic master equation we were looking for,
and it is the main result of this section. In case @(0) is
a pure state, 0(0) = |vo)(¥o|, we can also write R(t) =
[ () (Y4 (1)], where

@ = i) EOAOWL0).  (32)
This is sometimes known in the literature as two-state unrav-
eling equation [24,29]. We remark that it is possible to obtain
Eq. (32) from the deterministic equation derived in Ref. [31]
[and reobtained in Eq. (A4)] by doing a stochastic ansatz, this
has been done in Ref. [29] and can be thought as an analog
in physical time of our Keldysh-based approach leading from
Eq. (19) to Eq. (27).

It is also interesting to note that Eq. (31) can be put into a
more familiar form by performing the following transforma-
tion:

E, (1) + &) £, () — &S (1)
2 ’ 2 ’
which is the same as the well-known Keldysh rotation [11].

After the transformation, the two-state unraveling reduces to
the SVNE [25,28], which takes the form

dfzy) =i ;wa(wma(r), R()] + 00 (1){Aa (1), RO))),

(34)
and the newly introduced noises v, (), 1,(¢) are easily seen,

thanks to Eq. (17), to be zero-mean Gaussian noises charac-
terized by the following correlation functions:

Ve (1) = Na(t) = (33)

Elve(t1)vp(12)] = Recyp(tr, 12),
Elve(t1)np(12)] = i0(71 — 12) Im co5(T1, T2),
E[na(t1)ns(r2)] = 0. (35)

The first two relations are also known, respectively, as
Keldysh and retarded components in the Keldysh formalism
literature [10,11]. The advantage of the representation (34)
with respect to the two-state unraveling (32) emerges clearly
from the last of Eqgs. (35), that nullifies. This is a well-
known feature of the Keldysh rotation, very commonly used
in nonequilibrium field theory [11].

Note that in order to satisfy the last two equations in
Eq. (35), ne(tr) must be complex. Instead, the first condition
alone is compatible with v,(¢#) being a genuine stochas-
tic process since Recyg(71, 7o) is symmetric and positive
semidefinite. This can be seen by writing

Re cop(t1, T2) = 5Tr[{Ba(11), Bg(22)}Q],  (36)

from which the proof follows by noting that for every function
fo(7) we have

> [ dndr Recupt, et fote) = T2 > 0
o,p 0
(37)

with F =), fol dt fy(t)By(7). In addition, note that the
imaginary part of the correlation function is independent of

the initial state €2, since
i
Imcyp(t1, 1) = _ETr[[Ba(tl)y Bg(t)12],  (38)

and the commutator [B,(t1), Bg(t2)] is a ¢ number due to
the operators B, being linear in the environment’s ladder
operators.

Although Eq. (34) appeared before in the literature, the in-
teresting point is how our derivation makes it clear that the two
noises v, (¢) and 1, (¢) are actually (the Keldysh-rotated ver-
sions of) a single noise that has been split across the Keldysh
contour (see also Ref. [26]). It is possible that such insight
can yield some advantage during the process of numerically
simulating the noise [47], in the sense that a single contour
noise &,(z) could be easier to generate. The exploration of this
exciting possibility is, however, out of scope for the present
paper, and we leave it for future work.

The stochastic decoupling can also be performed without
assuming the stability condition, i.e., starting from Eq. (22),
where now the information about the environment is con-
tained not only in C, g(z1, z2) but also in the single-operator
average E,(z). If we recall Eq. (23), we can then consider
&,(2) to be a Gaussian noise satisfying

Ef5a(2)] = Ea(2), (39a)
E[§a(z1)58(22)] = Cup(21, 22) + Ea(z1)Ep(22). (39b)

If we write it in terms of the shifted noise

£,(2) = £a(2) — Ea(2), (40)
we obtain the following SVNE:
T Y )+ EONA, RO
— i) na(O{Aa(0), R(1)), (41)
where )
va(t) = w and (1) = w (42)

satisfy the same relations we wrote in Eq. (35). Note that
how the shift E, (¢) only influences the commutator part. This
implies that it represents a correction to the Hamiltonian com-
ponent of the dynamics without contributing to dissipation
(see also Ref. [21]). In Fig. 2, we do a summary of what
we obtained so far, remarking the connections between our
method and the existing literature.

IV. EXTENSIONS OF THE FORMALISM

A. Extension to canonically correlated system-bath states

The assumption (9) is traditionally employed in the con-
text of the weak-coupling scenario, concurrently with the
Born-Markov approximation [1,48]. Since we are particularly
interested in grasping strong coupling and non-Markovian
effects, it may be of interest to instead assume that the system
and environment are initially prepared in a (generally corre-
lated) canonical state, that is [33,47,49]

e—2b(H(j+V) N
05e(0) = ————, Z=Trle" HotV] (43)
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Deterministic

Keldysh Fq. (19)

contour

Keldysh
components

Influence functional
Eq. (A4), Ref. [31]

Physical
time

g Keldysh
_components

Stochastic

S:cochastic
ansatz

et) = T{e"l’ [*% e Cl,zAlAz] e(ﬂ)} | l I 1]

Eq. 27)
R(t) = T{exp [—5 Ly 5.4] R(O)}

Keldysh
rotation
Two-state unraveling ) )/ Stochastic von Neumann

Eq. (32) Eq. (34)
ﬂ%iz = —i€*Alpa) & — —i(v[4, Rl +7{A,R})

FIG. 2. A summary of the results obtained from Sec. II to Sec. III. The equations are divided into deterministic and stochastic ones (left
and right in the figure, respectively). The domain of definition of the time variables of the operator/noises appearing in the equations gives an
alternative way to classify them. This domain can coincide with either the Keldysh contour or the physical time domain (up and down in the
figure, respectively). Working in the Keldysh formalism, we have shown that the reduced dynamics of a system in contact with a Gaussian bath
is described by Eq. (19) and in Sec. III, we proved that this can be arranged as the stochastic operator in Eq. (27). The connection between the
Keldysh contour approach and the physical time approach is always obtained by introducing the Keldysh components [i.e., by splitting y (¢)
in its forward and backward branches]. When applied to Eq. (19), one recovers the influence functional reported in Ref. [31]; see Eq. (A4) for
the explicit expression of the superoperator W. The connection between the two-state unraveling (32) and the SVNE (34) is known [28,29];
here, we showed that it is realized by a Keldysh rotation. For completeness, notice that the connection between Eq. (A4) and the two-state
unraveling can be done via a Hubbard-Stratonovich technique [28] or a stochastic ansatz with two noises [29]. Finally, to address cases where
the stability condition does not hold, Eq. (19) and the SVNE must be replaced with Eqs. (22) and (41), respectively.

for some b > 0 and
Hy=H;Q lg + 15 ® H, (44)

where Hj is a “system preparation” Hamiltonian, which in
general can be different from the bare system Hamiltonian Hy
that appears in Eq. (6b). This encompasses the broad frame-
work of quantum quenches, where a quantum system, initially
in the ground state of H, begins to evolve after an abrupt
change that turns the Hamiltonian into Hy [50,51]). The value
1/2b could be considered as a temperature associated with the
initial preparation process (from now on, we set kg = 1).

Thanks to the contour formalism, one can show that o(¢)
can be written in a form that is similar to Eq. (10). In order to
write the result, whose derivation is laid out in Appendix B,
we need to consider the following modification of y (¢), which
arises naturally from the fact that Eq. (43) can be represented
as an imaginary-time evolution. Specifically, we shift y4(¢)
by =ib, calling the result y4 (¢, b), and we add a vertical
branch Y™ (b) that runs from ib to —ib (which is similar to
the so-called Matsubara branch in the context of many-body
physics [10,11]). We call yf’ (b) the line that goes from ib to
0 and ™ (b) the line that goes from 0 to —ib. The whole new
contour will be called y (¢, b) and is depicted in Fig. 3. Finally,
on this contour, we introduce the free propagator

’f exp [ — ifzzl H()(z)dz], 21 > 22,

Wo(z1,22) = § -
o Texpi 7 Ho(z)dz),

45)
22 > 2,

where > is the natural ordering relation on y (¢, b), 7: and
T are the corresponding contour-ordering and anti-contour-

ordering operations, and

Hy zeys(t, b),

46
H, zeyM®). (46)

Hy(z) = {

In Appendix B, we then prove that

ose(t) =T {exp [—i / V(Z)dz]
y(t,b)

where

—2bH,

} . (47)

Wo(—ib, 2)VWy(z, —ib),
Wo(ib, 2)VWy(z, ib),

z€y_(t,b)dyM(b),
zeyM(b)® i1, b).
(48)

V(z) = {

YM(b) = v (b) &+ (b)
Y(t,b) = 7. (t,b) @ v (b) ® 7_(t,b)

ibT v+ (t,b) ,

N

Y

—ib | v-(t,b)

FIG. 3. The contour y (¢, b), obtained by y (¢) after shifting y.(¢)
by +ib and after adding a vertical branch y* (b) running from ib to
—ib. The key insight for understanding the emergence of the new
branch is to interpret the initial correlations between S and E as
an effective interaction acting in the imaginary-time (temperature)
domain. This interaction V originates from Eq. (43) and leads to
the interaction-picture operator V defined in Eqs. (47) and (48) with
arguments taken along y (¢, b).
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Equation (47) is strikingly similar to Eq. (8): Using
Eq. (48), we can still write a decomposition

V@) =) A2 ® By () (49)

for suitable operators 4, (z) and B, (z), so that

_ I
Q(Z)—ZZ - Z /}:(nh)dzl dz,

n=0 Aap,..., oy,

BnebeHE }] 7‘_- {.A] L .Ane*szS"},
(50)

X Tr[’f'{Bln-

where again A; = A,,(z;), and similarly for 3;.

Equation (50) is analogous to Eq. (10), which, in con-
trast, was derived under the assumption of uncorrelated initial
system-environment state. Our aim is to generalize the results
of Secs. I B and III to the present scenario; i.e., we look for an
analog of Eqs. (19), (22), and (27) that hold in this case. The
generalization of these results becomes straightforward upon
recognizing two key observations:

(1) The assumption of a Gaussian environment allows the
application of Wick’s theorem, regardless of the contour on
which the variables zy, ..., z, are defined [10].

(2) The stochastic decoupling introduced in Sec. III can
be readily extended, provided that the new stochastic variable
&4 (z) is defined on the updated contour.

Given this, we can apply the strategy of Secs. II B and III
to Eq. (50) and obtain that the evolved system density matrix
can be recovered by averaging the operator

Ry(1) =T {exp [—i > /
« YV

where the noises &,(z) now take value on y (¢, b) and satisfy
the condition (24) on such contour.

Note that a generalization of the stochastic von Neumann
equation can be derived from Eq. (51) (see the discussion at
the end of Sec. II). Seminal works have already accomplished
this using path-integral techniques [33,47,49].

ga(Z)Aa(Z)dZi|R(O)}’ 61V

(1.b)

B. Application to quantum thermodynamics

The application to correlated initial states demonstrates the
versatility of our method. Specifically, given an equation of
the form (5), valid on any contour, we can derive compact
expressions such as Eqgs. (19) and (27) for suitable noises &,(z)
defined on the contour of interest.

In this section, we apply this principle to derive a stochastic
equation that describes energy statistics in quantum ther-
modynamics. We adopt the standard assumption that work
corresponds to the stochastic outcome of a two-point energy
measurement (TPEM) protocol: The system undergoes uni-
tary evolution governed by the total Hamiltonian given in
Eq. (6), and measurements of H(t) are performed both be-
fore and after this evolution [52]. Similarly, the heat can be
obtained by performing a double measurement of Hg instead
of H(t). Under this assumption, the characteristic function

A
(A =4 (6N @ () (V) © - (t, )
Y4 (t) t
0. { < N
[y \ g
N t+ A
A Y i

FIG. 4. The contour y(f, ), obtained by y(¢r) after adding
two additional horizontal branches of length A before y; and y_.
This contour is a powerful tool to study the statistics in TPEM
schemes [16].

of the work (heat) statistics—i.e., the statistics of the dif-
ference between the two measurement outcomes—takes the
form

M(t, 2) = Te[e**OU(t, 0)pse (0)e**OUT (¢, 0)], (52)

where A(t) = H(t), A(0) = H(0) for a work TPEM and
A(0), A(t) = Hg for a heat TPEM, while A is a counting
parameter that allows us, under differentiation, to recover the
different moments of the probability distributions. It is well
known that the expression above can be formulated in terms
of an ordered exponential on a modified Keldysh contour
[16,19]. Intuitively, we can treat the two complex exponentials
in A as “virtual” time evolutions by augmenting the forward
and backward branches with two additional tracks of length
A, that we call y; (1) and y’(t, ). Accordingly, the mea-
surement operators A(0) and A(t) are treated as the values of
an extended Hamiltonian in the tracks y’ (¢, 1) and y|(}),
respectively. This originates the contour y (¢, A) in Fig. 4,
while the extended Hamiltonian H (z) reads

A1) zeyLE )
_ JH®) 2=t €y(t)
HO=Yr0 zeyoy - O
Hir—-X) z=tey_(, A1)

where we also admitted the possibility of a time-dependent
physical Hamiltonian H (t), for the sake of generality. We can
reformulate the moment generating function as the trace of an
ordered exponential on the contour y (¢, 1), that is

Mp(t, M) =Tr T {exp [ H(Z)dz] pSE(O)}, (54)

y(t.2)

where H(z) is the one given in Eq. (53). This generalizes
Eqg. (5) to the case considered in this section. Assuming the
Gaussian environment hypothesis, we can eliminate the de-
grees of freedom of the environment and compute p(f, 1) ==
Trelpse(t, A)], where pgg(t, A) is the ordered exponential in
Eq. (54), and follow the steps of Sec. II B. We do it explicitly
for the heat generating function, i.e., we assume

Ho(t) = Hs()® 1z + 1s® He, V =) A, ®Ba,

A0) = A(t) = Hp. (55)
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The calculations are exactly the same as the ones carried
out in Sec. II B, while a stochastic decoupling of the bath can
be obtained by following the same procedures of Sec. III. We
can just copy the results of those sections, and conclude that
p(t, L) can be obtained by averaging the stochastic operator

R(t,\) =T {exp |:—;’Z/
o Yr@®

§ra(2)Ag (Z)dZ}R(O) }

(56)

where A, (z) = Ay (1) for z = 74+ and the noise &, ;(z) bears
an additional dependence by A since it has to satisfy the
condition (24) for all z;,z; € y (¢, ). Notice that the inte-
gration in Eq. (56) is only on y(¢) since the interaction
Hamiltonian V is nonzero only on this contour. We can
perform the Keldysh rotation and obtain a stochastic equa-
tion in the form of an SVNE for R(¢, ). Using again the
formal analogy between Egs. (56) and (27) is immediate to
derive

dR(t, )) .
ot _l;(m,m)ma(r),f?@ﬂ

+ Ma(OfAa(1), R(1)}), (57)

where v, 4(t), 1,.(t) are obtained by extracting the for-
ward/backward components of &, ,(z) and performing a
Keldysh rotation. The extended correlation functions of these
two noises are explicitly computed in Appendix C. We remark
that for A # 0, the autocorrelation of 1, ,(¢) does not nullify,
differently from what happens in the standard case treated
in Sec. III. The equation above opens the way to a possible
new approach for numerically computing TPEM characteris-
tic functions by stochastically simulating trajectories on the
modified contour shown in Fig. 4. A detailed analysis of this
approach is reserved for future work.

V. REDUCTION TO A SINGLE PHYSICAL-TIME NOISE

In Sec. III, we saw how the dynamics can be described by a
stochastic master equation that is written in terms of a Keldysh
noise &,(z) or, equivalently, in terms of two physical-time
noises v, (7) and 7,(7). A possible advantage of stochastic
unraveling techniques is that one can approach numerical
problems by generating trajectories for the noises. These sim-
ulations are typically efficient, but some issues can arise due
to the fact that the dynamics generated by the SVNE does
not preserve Hermiticity [27,53]. The presence of the noises
n¢(t) in Eq. (34) is at the heart of this problem, as discussed
at the end of Sec. IIl. In this section, we show that, using
the specific form of Eq. (35), we can actually describe the
dynamics in terms of v,(t) alone. However, this will come
at a cost, since after the elimination of n,(7), it will not be
immediately obvious how to express the result as the solution
of a time-local differential equation.

Let us start from Eq. (27), which is the solution of the
stochastic von Neumann equation in (34). If we perform the

Keldysh rotation (33), in the form &, (t) = v, (7) + na(7),
£7(1) = vo (1) — 1o (1), We can write

R(t) = ’f{exp[—iZ/ dt
> Jo
X (va(f)Ca(T)Jrna(T)Aa(T))dT]R(O)}, (58)

where we introduced the “commutator” and “anticommuta-
tor” operators as

Co(T) = An(t-) — Au(Ty),
Aa(f) =Ay(T0) +Aa(f+)~

(59a)
(59b)

In order to expand the exponential in Eq. (58), we must
be able to write products of sums of operators as sums of

products. To do that, we use the following fact: Given two
generic collections of operators {X;}}_,, {¥;}’_,, we can write

n n 1
ll;[(Xi+Yi)=Zm

= k=0
X Z Xsty Xt Yo+ Yo}
geq,
(60)
where G, is the set of permutations of {1,...,n} and Z is

an index-ordering operation, which puts operators with lower
index on the left. In our case, X; — v,(1;)Cy(7;) and Y;
N (Ti)Aq(T;), where 1; is one of the time variables that appear
when expanding Eq. (58). Notice also how the index order-
ing Z naturally turns into a time ordering 7 in this context.
Moreover, thanks to the integration structure and the fact that
operators commute inside the T sign, every permutation in
Eq. (60) contributes equally, so that ZaeGn can be dropped if
we multiply by n!. As a consequence,

k=32 5 [anany ()
o, 0t k=0

n=0

X Vp Uit T ACL- - - Ceiyr - - - A,R(O)),
(61)

where, to simplify notations, we defined v; = Vo, (7)) and
similarly for n;, C;, and A;.

Now, we remember that R(¢) can be arbitrarily modified
as long as we preserve the property E[R(¢)] = o(¢). Let then
us consider the expectation of Eq. (61), which only affects
the string of noises. Since v,(t) and 71,(7) are correlated
Gaussian noises, we can use the scalar Wick’s theorem as we
did in Eq. (25). However, the conditions (35) greatly simplify
the pairings structure. In particular, we must require that every
occurrence of 1, (7) matches a corresponding occurrence of
Ve (7); the remaining occurrences of v,(t) are then free of
matching with each other. For this to happen, it is necessary
to have n even, say n = 2m and k > m. In Appendix D, we
show that for the sake of calculating Eq. (61), one can make
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the substitution

k!
2m—k
E[Vl c o Vi g+l "'772m] ,_>9(k—m)l m
X Gl,k+1 o G2m—k,2m]E
X [Vam—kt1 -+ Vi, (62)

where
Gij = —iE[vin;] = 6(r; — 7;) Im ca,.,aj(ri, ;). (63)

We can now define a new stochastic operator R'(¢) that is
obtained after removing the remaining expectation value sign
around the product of v noises:

R S Gk
(t)—y;)];T(Zm—k)mgm

t
X / dry - - dtuGrist1 - Gom—k,2mVom—i+1 " Vi
0

X T{C1 -+ CeAisr - - - AR (0)}, (64)

where R'(0) = R(0). By construction, we still have E[R'(t)] =
E[R(#)], and the dynamics is equivalently and completely
described by using R'(¢) instead of R(¢). The important point
here is that Eq. (64) does not explicitly depend on the noise
14 (7), and the noise v, (1) has positive semidefinite autocor-
relation.

An important question is whether it is possible to find a
master equation that describes the evolution of R'(#). Such an
equation would be an exact non-Markovian stochastic equa-
tion that is written in terms of a single real Gaussian noise,
in contrast to more common diffusion equations, which are
instead described by a complex Gaussian noise [23,24]. We
leave this remarkable possibility to a future work.

VI. QUANTUM NOISES AND MEASUREMENTS
OF THE ENVIRONMENT

The noises v, () and 1, (t) appearing in the stochastic von
Neumann equation (34) are generally complex valued, even
though we saw in Sec. V that there is a representation of the
dynamics in which 7, (f) can be “eliminated” and v, (t) can
be real valued. Unfortunately, (the real part of) v,(¢) cannot
be interpreted a priori as the outcome of a continuous mea-
surement process performed on the environment [34—38]. This
contrasts with what occurs in other stochastic equations used
in quantum metrology [54] and quantum thermodynamics
[55], which are written in terms of the stochastic measurement
records. This is the case, for instance, in homodyne, hetero-
dyne, and photodetection master equations, in which the noise
is associated with the outcomes of weak measurements of the
position, momentum, and photon number operators.

In this last section, we will analyze how a one-shot mea-
surement of the environment performed at the beginning of the
dynamics affects the noises v, (#) and 7n,(¢). In addition, we
will focus on finding a measurement protocol and a physical
regime for the environment in which the measurement records
y will give us some scalar stochastic estimate b((,y )(t) of the
operator B, (¢) with the same autocorrelation function as the

noise v, (t), meaning that

Eylva(t)vp(r)] = Ey[6 ()b (1)].  (65)

Here, the symbol E, on the left-hand side stands for an
average with respect to the noises vy, while the symbol [,
stands for an average over the measurement outcomes y. Ad-
ditionally, to ensure that the dynamics after the measurement
remains consistent with the one without it, we will require that
averaging over y will eventually restore the original density
matrix. In other words, the system dynamics should not be
altered by the collapse induced by the initial environment
measurement. These conditions grant that, in some cases, at
least the real part of v,(7) can be interpreted as a “classical
noise” emerging from a measurement scheme.

A. Effect of an initial measurement on the stochastic
von Neumann equation

Suppose the environment is in a state 2 and a generic
Positive Operator-Valued Measure (POVM) [56] with mea-
surement operators {M,} is performed, so that y is the outcome
of the measurement, Zy MJ,'My = 1, and the postmeasured
state €2, conditioned on obtaining the outcome y, writes

M,QM] ;
Q, = W, P(y) = Tr[MyQMy], (66)

where P (y) is the probability associated with the outcome y.
Combining several POVMs results in a measurement record

y = (y1,...,y,) and in an associated postmeasured state
M, My P(y) = Tr[M,QM]] (67)
= -, y = T s
Py v

where My =M, ---M,,.

Let us now imagine the following scenario: Given an en-
vironment in the initial Gaussian state 2, we perform an
arbitrary finite number of measurements on it before coupling
it to the system. For a measurement record y, the state 2 is
then replaced by €2y in Eq. (67). In case 2y is still a Gaussian
state, when coupling the system to the postmeasured environ-
ment, we can apply all the machinery developed in Secs. II B,
III, and V, with the only caveat that the correlation functions
in Egs. (15) and (16) will change. The latter [from which all
the GFs used in this manuscript can be derived; see Eqgs. (17)
and (35)] is indeed replaced by

(11, 12) = Tr[Bo (11)Bp(22)2 ] — EY (1)ES (1),
(68)
where, as in Eq. (23), we accounted for a possible shift due to
the nonvanishing average of the postmeasured state

EY) (1) = Tr[B,(7)] # 0. (69)

Indeed, even if Q satisfies the stability condition (12), in
general this is not the case for the postmeasured state Q2y. We
can thus rely on Eq. (41) to write the stochastic von Neumann
equation
dRy(t)

- — iy [P+ ED®)]Au(t), Ry(1)]

o

— i Y PO, Ry®), (70)
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where Ry(t) is the system stochastic operator associated with

this modified evolution and where v (), n¥(¢) are zero-

average Gaussian noises such that

E,[vY (t)vf ()] = Rec)(x1, 1),

ap
EV[V;Y)(Tl)r’/(SY)(TZ)] =i0(t1 — ©2) Imcop(T1, 2),
E,[nY (xi)ng ()] = 0. (1)

Note that in Eq. (70) there are two sources of stochasticity
at play: first, the fluctuation of the measurement record Yy,
and second, the fluctuation of the noises v’ (r) and n(¢) at
fixed y, derived from the stochastic decoupling. The averages
appearing in Eq. (71) are intended with respect to this second
source only. The stochasticity of y influences instead both
the second moment of v (¢) and the bias EY(¢). Note that
the second and the third correlation functions in Eq. (71)
remain untouched by the measurement [and are the same as
in Eq. (35)], since they are independent from the initial state
of the environment (see the discussion at the end of Sec. III).

B. Sufficient conditions for a measurement interpretation

To find the conditions under which a generic quantum
measurement scheme yields Eq. (65), we will narrow our
field of analysis by making some assumptions. First, we take
B, = X,,, where « can be thought of as a label running over
the modes of the environment, and X,, is the position operator
associated with mode «. We will also assume that each mode
« is a harmonic oscillator of frequency w, and mass m,,.

In addition, two hypotheses on the measurement protocol
will be made. To preserve the form of the Gaussian stochas-
tic equations, we need Gaussian postmeasured states (see
Sec. VIA); therefore, we will consider only measurements
described by the following measurement operators:

1 v—Y)?
—(27“72)]/4 exp [——403 i| (72)
Y

My, =

Specifically, My , is the measurement operator associated with
a measurement of the observable Y with obtained outcome
y. The quantity oy ! can be interpreted as the precision with
which such a measurement is carried out.

Second, we adopt a heterodyne scheme in which position
and momentum of each environmental mode is measured at
the initial time, resulting in [see Eq. (67)]

o Mx xMp yQM}, My,
X.p — P(X’ p) k)

(73)

where Mx x =[], Mx, ., (the ordering of the factors is ir-
relevant for our purposes), Mp , = [ [, Mp, p,, With P, being
the momentum operator associated with mode «, and P(x, p)
is the probability of obtaining the strings of outcomes x for
the position and p for the momentum. For simplicity, we
will indicate y = (x, p) and y, = (x4, po ). After these initial
measurements, the environment is coupled to the system, and
the subsequent system evolution is governed by Egs. (70)
and (71).

Finally, let us assume without much loss of generality that
Tr[X, 2] = Tr[P,2] = 0. Since 2 is a Gaussian state, it is

then completely characterized by the variances
Ay =Tr[X;Q]. A} =Tr[P.Q]. (74)

Using the Wigner function formalism [57], in Appendix E,
we show that if the following conditions hold:

ox, € Ayx,, op, L Ap, (75a)
ox,op, > T, (75b)
then
EM () ~ x, cos(wat) + L2 sin(wat),  (76a)
Otwct
Ey[EY (t)E] (12)] ~ E,[ve(t1)vp(12)],  (76b)

where in Eq. (75b), we restored the dependence on 7% for
dimensional clarity and by comparison with (65) we have
bY = EY. Notice that v,(t) is the noise we had without
performing the initial measurements. We now briefly discuss
the physical interpretation of the conditions found above. Note
that combining Eqs. (75) together implies

Ax,Ap, > h. a7

This means that the fluctuations of the initial preparation
2 are characterized by position and momentum scales that
are so large that we can neglect any quantum effect. Under
these assumptions, the initial Wigner function associated with
2 can be thought of as a classical phase-space probability dis-
tribution. By choosing the precision properly as in Eq. (75a),
the distribution of the outcomes coincides with the probabil-
ity distribution representing the initial state at time 0. Then,
Eq. (76a) follows from EOEY)(O) =x, and Eq. (76b) arises
from the phase-space statistics of the initial state matching the
statistics of the measurement outcomes (a detailed derivation
of this fact is contained in Appendix E).

We conclude by mentioning what happens to Eq. (70) in
the regime identified by the conditions (75). The measure-
ment is very precise, so that the postmeasured state 2y has
very small position and momentum variances (respectively
given, for any assigned mode «, by o , 7 ). These are much
smaller than the variances associated with the original state
preparation, that, following Eq. (76b), are now determining
the fluctuations of EX(¢). Thus, the fluctuations of v’ in
Eq. (70) are very small if compared to the ones of EO((y )(t) and
the fluctuations of the Hamiltonian part are totally controlled
by the latter [58]. Hence, we identified a regime where the first
correlation function in Eq. (35) can be interpreted as stem-
ming from the stochasticity of outcomes of an appropriately
chosen measurement of the environment.

VII. CONCLUSIONS

We gave a unified derivation of various stochastic quan-
tum equations for the exact non-Markovian evolution of open
quantum systems by using a new technique based on the
application of the Wick’s theorem on ordered contours. In
one of our fundamental equations [Eq. (31)], the effect of
the environment is encoded through a single stochastic field
&, (2) defined on the Keldysh contour; when decomposed in its
physical-time components with a Keldysh rotation, the well-
known SVNE is obtained [see Eq. (34)]. Although Eq. (34)
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has already been derived and extensively studied in the litera-
ture, our approach constitutes an alternative to other common
techniques that have been employed before (such as path in-
tegration) and allows for an easy generalization of the SVNE
to three important cases: (1) when the stability condition does
not hold [see Eq. (22)], (2) when there are initial correlations
between the system and the environment [see Eq. (51)], and
(3) when calculating the generating function in a TPEM sce-
nario [see Eq. (57)]. Thanks to the perspective offered by our
technique, we noted that the symmetric component v, () of
the Keldysh-rotated noise is all that one needs to characterize
the solution of the SVNE, even though more work is needed
to find a corresponding stochastic master equation. Moreover,
at least in the semiclassical limit of an environment in a
state with very broad position and momentum uncertainty,
we managed to give a partial operational meaning to such
noise.

Our results pave the way for several interesting develop-
ments. The Keldysh approach can be used in similar contexts
in which we have a different statistics (for instance, in the
case of a system coupled to fermionic baths [32]), and it
is also a natural choice if we are interested in studying
thermodynamic-related symmetries, like the fluctuation the-
orem [19,59,60]. Given the symmetric structure of Eq. (19),
the Keldysh representation could also be a natural framework
in which to study regularizations of nonpositive master equa-
tions, such as the Redfield equation [4-8]. Studies in this
direction were already performed in Ref. [17], but it could

J

be possible to specialize them to the Gaussian environment
scenario considered here. In the broader context of quan-
tum master equations, the techniques developed in this work
can also serve as a foundation for deriving a general non-
Markovian master equation for a Gaussian system coupled
to a Gaussian environment [61]. Another promising direction
is the generalization of our calculation to other contours: As
already observed in other contexts [10,44], the validity of
Wick’s theorem is not related to the shape of the contour. We
already had a taste of this phenomenon when we discussed
the generalization of the SVNE to the case of an environment
initially correlated with the system (going from the contour in
Fig. 1 to the contour in Fig. 3) and to the case of heat statistics
(the contour in Fig. 4; see also Refs. [16,19,21]).
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APPENDIX A: GAUSSIAN EVOLUTION IN PHYSICAL TIME

In Eq. (19), we provided an exact expression that describes the dynamics of an open quantum system in contact with a
Gaussian environment in terms of the Keldysh contour. In this Appendix, we write Eq. (19) in physical-time representation,
showing that the resulting expression is the one that has been previously reported in Ref. [31].

We do that by splitting f f Vo) dz1dzy into four terms, dividing y (¢) into its constituting branches y_(¢) and y. (¢). For example,

the term with z;, zo € y_(t) can be treated as

1 t
3 % [ dndnCoptn momutmomge)
o,f 0

1 t
=—z Z // dt1dn[0(1) — 12)cap(T1, T2) + 0(12 — T1)Cpa (T2, T1)]AG(T1-)Ap(T2-)
2 w7/ Jo

1 t
=3 Xﬂj / /0 dT1d 00t — 1)cas (1, T Aa(T1-) Ag (T2 )],

(AD)

where in the last equality we performed the substitution @ <> 8 and 7| <> 1. Similarly, we can treat the other cases, to obtain

1 t
3 2 [ dndncapn mliduma), Ap(ra) = 00n — )Uumio). Ap(ra0) = 007 = AT Ap(rl] (A2
o,B 0

for the exponent in Eq. (19). Finally, we can turn the contour ordering into a standard time ordering with o(0) outside of it,
provided we prescribe how the A, (t) operators should be placed with respect to 0(0). To do that, we use the left-right notation
Ag(t)X = AL (0)X, As(r)X = XA, (7). Remembering Fig. 1 and using the fact that inside the contour- ordering operators
commute, we can therefore perform the following substitutions in Eq. (A2):

{Ae(T14), Ap(r2)} > 245(0)AL (1),
{Ae(T12), Ap(r2)} > 245 (1AL (1),
{Ae(T14), Ap(r21)} > 245(2)AL (T1).

(A3a)
(A3b)
(A3c)
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The final result is

t
o(t) =T exp { Z/ dtidTy cap(t1, )[AG(12)AS (1)) — O(11 — ©)AL(11)AG(12) — (T2 — TAf ()AL (11)] }Q(O), (A4)
o,f 0
which is precisely the expression reported in Ref. [31].

APPENDIX B: INITIAL SYSTEM-ENVIRONMENT CORRELATIONS

In this Appendix, we prove Eq. (47), which shows how the presence of initial correlations between system and environment
in the form (43) can be dealt with in our framework.
Let us first introduce the following propagator on the modified Keldysh contour y (¢, b):

Texp[—i [J H@dz], 21 > 2.

Wz z2) = . o
Texpli [2H(dz], 2>z,

(B

where H (z) := Hy(z) + V and where Hy(z) is defined in Eq. (46). This operator is not unitary unless both its arguments lie on
the horizontal branches, but familiar properties still hold [10]:

We=1. W )= W Wi ) d Wi ) —iH@)W(z1,22), 21 > 22, B2)
Z,2) =1, 21,22) = 21, % 23,22), —_— 21,22) =
e b PR gy iW(z1,22)H(z2), 22> 21

We also define Wy(z1, z2) similar to W (z;, zp) but with Hy(z) instead of H(z), as reported in Eq. (45).
Now, we clearly have from Eq. (43) that

1 1
pse(0) = ZW(_ib’ ib) = ZW(_ib’ 0OW (O, ib), (B3)
and therefore, propagating at time ¢,
1
pse@) =U(t, 0)psp(0)U(0,1) = W(t — ib, —ib)psg ()W (i, t + ib) = ZWe— ib,0)W (0, 1 + ib). (B4)

Now, we move to the interaction picture,

ose(t) = €™ psp(t)e ™" = Wy(—ib, t — ib)pse (t)Wo(t + ib, ib)
1
= E[Wo(—ib, t —ib)W(tr — ib, 0)][W(O0, t + ib)Wy(t + ib, ib)]. (BS)

At this point, we need the following identity. Given points z; > z, and z; > Z,

W(z1,22) = Wolz1, DWi(z1, 22: DOW(Z, 22), (B6a)
Wiz, 2:7) =T exp [—i/ | Wo(z, 2)V (2)Wy(z, Z)dz:|. (B6b)

This can be proved by showing that both sides of the equation solve the same differential equation. For the left-hand side, we
know that

d )
EW(ZI, 22) = —iH (z))W(z1, 22). B7
1
For the right-hand side, we have

d _ e . _ e ) e _ _
E[WO(Zh DWi(z1, 22: DWo(Z, 22)] = —iHoWo(z1, 2)Wi(z1, 22; DWo(, 22) — iWo(z1, DWo(Z, 21)V (21)Wo (21, DWi (21, 225 2)
1

x Wo(z, 22)
= —iH (z1)Wo(z1, D)W (21, 22; DWW (Z, 22), (B8)
where we used the fact that

d
EWI(ZI»ZZQZ) = —i[Wo(Z, 20)V (21)Wo(z1, D)W (21, 22 2)- (B9)

1

We can then write

Wo(—ib,t — ib)W(t — ib, 0) = W;(t — ib, 0; —ib)Wy(—ib, 0), (B10a)
WO, t + ib)Wy(t + ib, ib) = Wy(0, ib)W;(0, t + ib; ib). (B10b)
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As a consequence,
1
ose(t) = ZWI(I —ib, 0; —ib)Wo(—ib, 0)Wp(0, ib)W;(0, t + ib; ib)

1
= ZWI(I — ib, 0; —ib)Wy(—ib, ib)W;(0, t 4 ib; ib)

—2bH] 0

t—ib
=T exp [—i/ Wo(=ib, 2)V (2)Wo(z, —ib)dz] T exp [—i Wo(ib, 2)V (2)Wo(z, ib)dZ], (B11)
0

t+ib
which can also be arranged as in Eq. (47).

APPENDIX C: CONTOUR-ORDERED EXPONENTIALS AND ENERGY STATISTICS

Our goal is to write an expression of the form (27) for the MGF (52). We start by expressing the exponentials in A as
integrations over a dummy variable ¢

t+A A
Mp(t, A) :Tr|: 7t exp (—i/ H(t)dt) exp (—i/ A(O)d{)pSE(O)
) 0

0 t
X 7texp <—i/ H(t)dr) exp (—i/ A(t)d{)]. (C1)
t 42

The product of the first two exponential operators can be seen as a single ordered product on a domain going from 0 to ¢ + A.
By analogy with the case treated in Sec. II, we call y’ (1) the part of this domain going from 0 to A and y_(z, 1) the remaining
part, going from A to ¢t + A. With the same reasoning, the exponential operators on the right can be written as a single ordered
product on a backward track y..(t) @ y/ (¢, 1) so that we can write (see also Fig. 4 in the main text)

Ma(t, A) = Tr|: T exp (—i/ H(z)dz)pSE(O) T exp <—i/ H(z)dz)}, (C2)
Y. (W®y-(t,1) Y+ (O®YL({EA)

where H(z) = Hy(t)forz =1 e y, (1)) @y, (t, ) and H(z) = H_(t) forz =7 € y/ (1) ® y_(t, 1) with

A0) T <A, H(t) t<1t¢,

o= {H(r P {A(r) PSTS I+ ©

For ease of notation, we can distinguish the integral on the forward/backward branches by adding a sign =+ in the integration
extrema (— for the forward branch and + for the backward one):

(T+A)- 0
Mp(t,A) = Tr|: 7: exp (—i/ H(z)dz),oSE(O) 7: exp (—i/ H(z)dz)]. (C4)
0 (t+1)+

As done in the case of the standard time evolution, we can compact the trace in a single time-ordered expression by introducing
the contour y (¢, 1) in Fig. 4:

Mp(,A) = Tr|: T exp <—i H(z)dz) PSE (O)]. (C5)

y(t,2)
In a similar fashion to what was done in Sec. II, it is convenient to move to the interaction picture. For two generic operators
Hy(z) and V (z) with z € y (¢, 1) and such that H(z) = Hy(z) + V (z), we can define

T {exp (=i [ H)dz)}, 2>z,

W(Zl > ZZ) = o .
T{exp (i fz”lz H(2)dz)}, 2 < 71

(Co)

In this way, we will obtain
W(T,, O) = WO(va O)VVI(If’ O)a W(Os T+) = VVI(O» t+)W0(07 t+)7 (C7)

where W;(z1, z2) satisfies the definition in Eq. (C6) with H(z) replaced by V (z) = Wy(0, )V (z)Wy(z, 0). Combining Eqgs. (C4),
(C6), and (C7) we can express the generating function as

Ma(t, A) = Tr[W[( + A)—, Olpse (OWIO, (7 + 2)4 1]
= Tr[Wol( + 1), OIW;[(z + A)—, Olpse (O)W1[O, (¢ + )+ IWo[O, (¢ + A)+]]. (C8)
To simplify the expression above, let us work under the assumption that Hy(t ) commutes with A(0), A(¢) for all values of T and

that A(#) = A(0). The latter condition is satisfied, for instance, when computing the statistics of heat using a TPEM or when
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computing the statistics of work in a cyclic process. In this case, we have

0 (t4+A1)—
WolO, (t + M) IWol(t + A)_, 0] =T exp (—i/ Ho(z)dz> T exp (—i/ Ho(Z)dz) =1. (C9)
t+1)4 0
This leads to
M, 2) = Tr[Wi((t + 2)—, 0)pse (OIW (0, (7 + A)4)] (C10)
(t+A)_ 0
= Tr[ T exp (—i/ V(Z)dZ),OSE(O) T exp (_i/ V(z)dz):| (CID
0 (t+2)4
_ Tr[ T exp (—i / V(z)dz),OSE(O)}. (C12)
y(t.A)

If we are computing the statistics of heat the measurement operators A(0) and A (¢) coincide with the environmental Hamiltonian,
i.e., A(0) = A(t) = Hg. We assume the physical Hamiltonian to be given by Eq. (6), but we include the possibility of an explicit
time dependence in Hg

H(t) = Ho(t) +V, (C13a)
Hy(t) = Hs(1) ® 1g + 15 ® HE, (C13b)
V=> A,®B,. (C13c¢)
Under these assumptions V (z) = 0 on y/ (1) and yﬂi (t, A) while on y_(¢, A) and y, (), we have
VIE+2)_1=V(E)=V = ZAQBQ. (C14)
Hence, in the interaction picture we obtain, in the forward branch
VLT +2)-1= Wo(0, (x + D))V Wo((z +2)-, 0) = ™™ Y " A Bye™ ™ e~ (C15)
=) e Aue s @ IR T T = N " AL (T) @ By(T + 1), (C16)
while in the backward branch we obtain:
V(ry) = Wo(0, 7, )V Wo(ty, 0) = ZAa(T) ® By (7). (C17)
This leads to the equation My, = Tr[psg (¢, A)] with
pse(t, 1) =T exp (—i/ VA(Z)dZ)IOSE(O), (C18)
y (1)
where we introduced the modified interaction operator
ZaAa(r)®Ba(T+)‘) I=1,
Vi(2) = (C19)
ZaAa(T)®Ba(T) =Ty

Notice that the formula (C18), the standard contour y (¢) (the one in Fig. 1) appears and not the modified contour y (¢, A) (in
Fig. 4). Now, we want to trace away the degrees of freedom of the environment, and obtain an equation for the reduced state

p(t, ) =Trelpse(t, A)]. (C20)

In analogy with the treatment of Sec. II B, if the environment is Gaussian and the B operators are linear in the environmental
creation/annihilation modes, we can use the Wick theorem that will allow us to write the environment averages in the time-
ordered exponential as linear combinations of products of correlation functions of the form

Cup(z1, 22) = T[T {Bu(21)Bp(22)}€2, (C21)

where now z lives on the modified contour y (¢, A). In analogy to what we did in Sec. II B, the trace in Eq. (C20), after replacing
inside Eq. (C18), can be simplified by using the Wick theorem. After introducing a set of noises &, (z) with the correct correlation
function, i.e., such that

(8a(z1)8p(22)) = Cup(21. 22)s (C22)
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we follow the steps done in Sec. II B and we compute the values in the forward and backward branches

Cop(Ti4, Tog) = 0(T1 — 12)Cpa (T2, T1) + 0(T2 — T1)Cap(T1, T2), (C23)
Cop(ti-, 22) = 0(r1 — 1)y (T2, 1) + 0(12 — T1)ely (11, 1), (C24)
Cop(tip, ) = ) (t1, 12), - Cap(Tio, Tay) = (T2, T1) (C25)
where we introduced
ey’ (t1, 1) = Tr[Ba (11 + MBs(r2 + MQ] = cup(t1, 12), (C26)
cap(T1, T2) = Tr[By(71)Bp(12)$2], (C27)
cU)(t1, 12) = Tr[Ba(11)Bp (12 + 1)R). (C28)

In conclusion, if we define the Keldysh-rotated versions of the forward and backward components of the noise £(z), i.e.,

V(1) = 516, () +EF O], na(t) = 316, (1) = &5 ()] (C29)

we obtain the following correlation functions:

(a(vp(9)) = (&, () +EF ONEg () + &5 () = Ney (&5 () + &, (1)E4 (5) + & (1) () + &/ (1))E5 ()
= 1100 — $)cap(t, $) +0(s = )cpa(s, 1) + g (t, 5) + oy (5.1) + O(s — 1)Cpa(5.1) + O — $)Cap(t, 5)]
I Recap(t, s) + teap(t, s+ 1) +chp(t, s = M), (C30)

(a(Onp(s)) = H(E; (1) — EFOIEF (5) — EF (O]) = HEL (D5 (5) + &5 (0)EF () — E5 ()5 (5) — EF ()&, (5)
HOW = $)cap(t, s) +0(s — Depa(s. 1) = o (5.1) = U1, 8) + 0(t — $)cpa(s, 1) + (s — Deap(t, $)]
= S Recap(t,5) — flcap(t, s+ 1) + chpt, s — V], (C31)

(a(Omp(s)) = (€, @) + £ ONEL () — &5 (9]) = i(é’(t)é‘g(S) — &, (D)ES () + &, ()5 (5) — & (1))E5 ()
= 1100t — $)cap(t, $) +0(s — t)cpa(s, 1) — clo) (s, 1) + 53 (¢, 8) = Ot — $)cpa(s.1) = (s — 1)cap(t, 5)]
ssign(t — ) Imcap(t,5) + flcap(t, s + 1) — chplt, s — M) (C32)

APPENDIX D: PARTIAL SCALAR WICK’S THEOREM

In this Appendix, we show how Eq. (62) can be established. As we already said in Sec. V, since v; and n; are correlated
Gaussian noises, we can use the scalar Wick’s theorem, which we repeat here for the reader’s convenience:

1 m
Elxi-Xaml = —50 > T1Eeei-vxeei). (D1)

0662,,, j=1

where {; }2’”1 is a collection of generic Gaussian noises. Let us consider the case in which x; = v;for j =1,...,kand x; = n;
for j=k+1,...,2m, where k > m. Since E[n;n;] = 0 [see Eq. (35)], in Eq. (D1), we can restrlct to those permutations that
couple each n; with av;:

0k — m)
& —myn Z Elveynit+1]- - - Elveem—ioN2m EVe @m—k+1) Vo @m—k+2)] - - E[Vo k=1) Vo) ]-

066/(

E[vi -« viteg1 - 2m] =

(D2)
If we insert this expression into Eq. (61), we see that, because of the integration structure and the fact that operators commute
inside the 7 sign, each permutation contributes equally. As a consequence, we can make the substitution

0(k — m)k!

WE[WWH] - Elvam—in2m Evam—kr1Vam—r42] - - - Elvg_ 1] (D3)

E[vi -« vifigr - - 2m] =
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At this point, we want to use Wick’s theorem again to regroup the expectation values involving v; only into a single expectation
value. To do that, we use again that Eq. (61) is invariant under permutations of the indexes of the v;:

1

E[vom—it1Vam—is2] - - Elvi_iv] = Ok —am)! Z Elvr@mn—rit+D)Vrem—rk+2)] - Elvra—1 Vel
nedh, i
(k — m)12k—m
= ———E[vom_ar - il, D4
2k —2m)] [Vam—is1 -+ -] (D4
where GZ is the set of permutations of {a, ..., b}, for a < b. We conclude that

0(k — m)k!
Efvi - vemisr - maml > —————Elvine] - Elvam—inam Elvam—k41 - - - v, (D5)

2k — 2m)!

which is precisely Eq. (62) if we define G, := —iE[v,n,].

APPENDIX E: GAUSSIAN MEASUREMENTS WITH WIGNER TRANSFORMS

In Sec. VIB, we discussed sufficient conditions under which the stochastic von Neumann equation (34) can be obtained in
a scheme in which the noise v, (¢) is described in terms of a one-shot environment measurement performed at the beginning of
the dynamics. Such conditions, reported in Eq. (75), can be established using the Wigner function formalism [57], as detailed
below.

Let us first pretend that the environment is composed by a single mode with associated position and momentum operators X
and P. Thanks to the independence of the modes, it is straightforward to generalize what we will say to the multimode scenario.
Moreover, given an operator O(X, P), we follow Ref. [57] and define its Wigner transform as the following scalar function of
position and momentum variables x and p:

> § £\
Ow (x, p) :=/ de(x — Z|0Jx + = )e'"s. (E1)
N 2 2
Now, given the initial environment state €2, consider the non-normalized product [see Eq. (73)]
Qu = My 0 QM (E2)
that one should consider when performing a measurement of the position X, obtaining the result x’. Using the fact that
1 (x —x')?
My v |x) = ———77 exp [ ]IX), (E3)
(2o2)'"* Aoy

as follows from Eq. (72), we can easily write the Wigner transform of Eq. (E2):

£\, x—£-x) x+——x2
Quw(x, p) = M/ < - —IQIx—i- 2> "% exp [—%} exp [—%]
/ d§< — —|S2|x~|— E> iP5 exp [—M} exp [—i] (E4)
/27_[6 2 203 802 |

After inserting the following identity:

1= / 8(t —&)dt = —f dr/ de T7e, (ES)
oo 27 J_ o oo
replacing the & appearing in the last exponential with t and doing the integral in £, we remain with
» 1 1 o] o0 2 WAV
Qrw, p)=— / dl'/ de Qw(x, p—€)exp |:ire — T—2:| exp [—M} (E6)
2w /27[0)% oo oo 8oy 20y

Since the integral in T gives
[} ‘L'2
dt exp |ite — — 8wole —2%08 (E7)
2
0o 8oy
we conclude that the non-normalized postmeasured state, conditioned on the outcome x’, has a Wigner representation
(x — x/)z}

E8
207 (ES)

~ 1 [
Quwx, p)=— / de Qw(x, p— 5)6_252”;? exp |:_
T J_

[e¢]
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In order to normalize the result [see Eq. (73)], we should also calculate

_\2
dxdp Qw(x, p)exp [—u} (E9)

~ 1 o ~
P =TrQy = — // dxdp Qv w(x, p) = 2
27 JJ s ' 20y

— 1.
27, /2oy o0

where we used the change of variable p > p — € to eliminate the integral over €.

This tells us that the postmeasured state undergoes a perturbation in the momentum when a measurement of the position is
performed, whose strength varies according to the measurement precision. It is worth to notice that if the measurement of the
position is extremely imprecise, i.e., oy — 00, the postmeasured Wigner function remains equal to the original Wigner function.
It is also easy to show that a similar calculation can be done when one performs a measurement of the momentum:

- 1 00 ) 2 _ /)2
Qyw, p)=— / de Qw(x — €, p)e > 7 exp [—M} (E10a)
T J oo 20;
1 00 AN
P(p) = —f/ dxdp Quy (x, p)exp [—(”2—2’)]. (E10b)
277‘/2710,3 —00 Op

Combining an imperfect measurement of the position operator with one of the momentum, we obtain the so-called “hetero-
dyne” approach. In this case, having defined y’ = (x’, p’) and assuming the momentum measurement to be performed before the
position measurement,

- 1 r° - 2
Gy, p) = — / der Sy (x, p— €)% exp [—M}
T J oo 20y
1 b ) — )2 — e — )2
= — /f deide; Qy(x — €, p— el)efzelzaxe*k%"f% exp —w exp —u , (E11)
72 ) 203 205
where, using the variances in Eq. (74), we can write for the initial state
Quw (x, p) ! x a (E12)
X, = €X - X — .
WP = Ay TP T 242 | T 2a2
Now, suppose we have the conditions [see Egs. (75)]
oxop > 1, ox < Ax, op <K Ap. (E13)

Then, we also have ox Ap > 1 and opAx > 1. As a consequence, the integrand in Eq. (E11) is strongly peaked around €; =
€, = 0 and we can approximate the result by removing the € dependence in Qy and in the exponential containing p. Integrating
away the remaining exponential weigths,

— )2 2
Qu (x, p) exp [—u] exp [—u]. (E14)

Q_\”,W(-x7 p) x~ 20_2 20_2
X P

27Ta'x(7p

Since oy < Ax and op < Ap, we can also replace the arguments inside 2y with the measurement outcomes, since the
exponential factors are then strongly peaked around them:

o o ()C - )C/)2 (P - P/)z
Qyw (x, p) Qu (¥, prexp | -5 [exp| -5 |. (ELS)
2moxop 204 20;
Under these assumptions, it is also easy to compute the probability IP(y') by directly integrating the above equation:
/ 1 * S 1 ’oy
POy) == dxdp Sy w(x, p) = 5—Qw X', p). (E16)
27 JJ o 2
We conclude that the postmeasured state 2, has the Wigner representation
(x —x')? (p—r)
Q ,P) - —_—— . E17
y,W(x P) oxop eXp [ 20')% Y 20}3 ( )

This can easily be extended to the multimode scenario as
3 (o = X5)° 3 (P — P,)’
eXp [— : W eXp | — - sz’u . (Elg)

Note that the variances of the postmeasured state are given by the inverse of the measurement precision, so that they are much
smaller than the variances of the distribution of the outcomes (E16). We can now use this result to obtain a formula for ED(,y )(t)

Qy w(x, p) = m
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in Eq. (69). We first notice that

a

X, (1) = X, cos(wyt) + sin(wgt), (E19)
a W
from which we find
, 1 o] o ” — /)2 o — / \2
EM(@t) > ——— // dxy dpeg| X cos(wet) + P sin(wgt) | exp —M exp —M
2nox,0p, JJ oo My Wy ZO'XL' ZO'PL’
= x/, cos(wyt) + —2— sin(wyt), (E20)
awa

where we used the fact that the Wigner transforms of X, and P, are trivially given by x, and p,, respectively. This is exactly
Eq. (76a). Equation (76b) follows from direct calculation starting from (76a) and Eq. (E16). For first, remember that the right-
hand-side of Eq. (76a) is given by the first of Egs. (35), that is, Eq. (36). More explicitly, this reads (after dropping the index o
for ease of notation)

1 P P
E,[v(t)v(rr)] = —Tr|:{X coswt; + — sinwty, X cos wty + — sin a)rz}Qi|
2 mw mw

= Tr[XZQ] COS wT| COS WTp +

Tr[P*Q] sin wt, sin w1, + -

2 mw

m2w

x Tr[{X, P}(cos wt; sin wT» + cos w1, sin wt; )L2]. (E21)

The expectation value of any operator can be written as the integral over the Wigner function of the Wigner trnasform of the
operator [57]. The Weyl symbols of X2 and P? are the square of the position and momentum arguments of the Wigner function,
x? and p?, respectively. The Wigner transform of the product is

oo

0o . ik
/ d§<x - §|PX|x + %>e”"E =xp— %

2
After replacing inside Eq. (E21), we have

1
E,[v(t)v(n)] = —/dxdpQW(x, 12} X2 cos wT| cos wTy + -
2 m2?

> § E\yire _ oy 11
/;dé<x—2|XP|x+2>e" =xp+ —,

(E22)

(E23)

. . xXp . .
sin Ty sin wT, + — (COs wTy sin wTy + COS WT Sin WTy) |.
mw

This coincides with what we get by computing E, [ED(,Y)(rl )E éy )(‘1,'2)] with the aid of Egs. (76a) and (E16). This concludes the
proof of Eq. (76b) for any fixed mode «. The generalization to many independent modes is straightforward.
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