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We model the generation of multiple photon pairs (biphotons) through engineering of coexisting
nearly resonant two spontaneous four-wave-mixing (SFWM) processes in five-level atoms driven to
a quasi-dark state trapping regime. This is achieved through a suitable choice of two pump and one
coupling beams whose spectral profiles are taken into account both to provide realistic estimates for
the effects of their linewidths on atomic populations, coherences and photon correlations and to en-
gineer the joint spectral amplitude (JSA) distributions of generated biphotons directly by tuning the
beams’ parameters. We specifically leverage this tunability to control the degree of spectral indistin-
guishability of two biphotons with ultra-narrow linewidths. The large degree of indistinguishability
achievable in our model can be harnessed for advanced applications in quantum communication and
information processing and potentially adapted to compatible solid-state interfaces.

I. INTRODUCTION

Entangled photon pairs (biphotons) are a cornerstone
of optical quantum technologies [1-6], with applications
spanning quantum key distribution [7, 8], quantum cryp-
tography [9], quantum computing [10, 11], and quantum
teleportation [12, 13]. In these applications, photon in-
distinguishability — ensuring that photons are identical in
frequency, polarization, spatial mode, and temporal char-
acteristics — is crucial for achieving high-fidelity entan-
gled states and robust quantum interference [14-19]. In-
distinguishable photons minimize cross-talk and enhance
interference visibility, both essential for secure communi-
cation and accurate information processing.

Various nonlinear optical processes, including sponta-
neous parametric down-conversion (SPDC) [20-23] and
spontaneous four-wave-mixing (SFWM) [24-33], have
been employed to generate entangled photon pairs. The
former converts a photon from a strong (laser) pump into
a pair of signal and idler photons by a second-order (y(?)
nonlinear optical process that is only present in non-
centrosymmetric crystals. The latter converts two pho-
tons from one or two strong laser pump(s) into two single
photons by a third-order (x®)) nonlinear optical process.
Conversely, SEFWM processes are present in a vast array
of materials viz. laser-cooled, room-temperature or hot
atoms, integrated photonic chips and optical fibers. Fur-
thermore, biphotons generated in nonlinear crystals via
SPDC have such large bandwidths (THz) that they do
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not match the working bandwidths of quantum memo-
ries or frequency conversion devices that are to be inter-
faced. Cavity-enhanced methods to reduce the linewidth-
s of SPDC biphotons can still be used though they are
far more cumbersome than directly generating SFWM
biphotons with intrinsically narrow bandwidths [34-37].
Additionally, operating SFWM processes near an atomic
resonance can enable high generation rates of biphotons
even at low optical powers [33, 38]. Resonant enhance-
ment of SPDC processes is also possible but often more
challenging to implement in the y(?) materials.

SFWM processes in atoms are especially amenable to
achieving the control of spectral properties of photon
pairs owing to the native (spectral) tunability of the un-
derlying x(® optical response. By tailoring its dispersion,
photon pairs can be generated in an atomic sample with a
spread of different target frequencies. Such a remarkable
flexibility is important for applications involving quan-
tum states that rely on spectrally tunable biphotons [39-
43]. Efficient spectral tailoring of a biphoton is especially
important when multiple SEFEWM processes coexist in a
common medium. In this case, achieving spectral overlap
among multiple biphotons being generated is primarily
challenging, as we anticipate in the present work. Spec-
tral control of a biphoton becomes critically important
when strong (photon) indistinguishability is required in,
e.g. heralding indistinguishable single photons, whereby
the detection of a photon of the pair signals the presence
of its twin, or in creating single-photon superposition s-
tates that exhibit frequency entanglement [44-46].

The present work focuses on an atom-based mechanism
whereby two photon pairs with ultra-narrow linewidth-
s and a large degree of spectral indistinguishability can
be efficiently created by establishing a quasi-dark state
trapping regime. More specifically, this hinges on the
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creation of two pairs of Stokes and anti-Stokes photons,
{ws1, was1} and {ws2, was2}, via two partially overlapping
SFWM processes (A and B) within the five-level atomic
configuration shown by Fig. 1. Our independent bipho-
tons can be employed to create heralded indistinguishable
single-photons, e.g. through coincidence counting of two
anti-Stokes photons from different transitions |4) <> |1)
and |4) < |3). Indistinguishable single photons are cer-
tainly sought for in applications such as two-photon in-
terference and entanglement swapping [47]. Such a swap-
ping is essential to long-distance quantum communica-
tion [48, 49]. Our independent biphotons can also be em-
ployed to create heralded single-photon superposition s-
tate involving two anti-Stokes photons [41] triggered, e.g.
by detecting indistinguishable Stokes photons from the
same |b) <> |2) transition. The resulting state exhibits
frequency-entanglement characteristics, akin to the well-
established phenomena of path-entanglement and time-
bin entanglement, that have long been fundamental to
quantum information protocols [50-53]. More generally,
multi-pairs generation in a single system is interesting in
itself as it enhances scalability and information carrying
capacity of quantum devices. A scheme to multiplex two
coexisting SFWM processes in a single cold atomic set-
up has been used to generate a narrow-band four-photon
Greenberger-Horne-Zeilinger state [54].

Moreover, it is important to recall that within this
context light-atom interactions depend on the frequency
distributions of driving beams involved, though the com-
plexity of each SFWM process often makes the effects of
laser linewidths being overlooked. Building upon a previ-
ously developed model [38], extended here to a five-level
atomic configuration supporting two SFWM processes,
we additionally incorporate the explicit linewidth effects
for two pump and one coupling beams. That is, we solve
density-matrix equations through energy-conserving in-
tegrations over Lorentzian spectral profiles [55-57] to
evaluate the actual influences of finite laser linewidths
of the beams on the spectral indistinguishability of two
photon pairs. Unlike the familiar anti-diagonal spectral
dispersion lines observed for monochromatic setups [34—
37, 58-64], our numerical analysis confirms that finite
laser linewidths give rise, as expected, to spindle-shaped
distributions of two joint spectral amplitudes (JSAs) for
the two {ws1, was1} and {ws2,wqs2} pairs of photons. In-
terestingly, we find that by primarily tuning the central
frequencies of the multi-mode pump beams, both JSAs
can be actively tuned to achieve nearly perfect overlap
and hence a large degree of spectral indistinguishability.

II. THEORETICAL MODEL

We consider in Fig. 1 a five-level atomic system where
two pump and one coupling fields of amplitudes (frequen-
cies) Ep1, Epz, and E, (wp1, wp2, and w,) are applied up-
on three dipole-allowed transitions |1) < |5), |3) <> |5),
and |2) <> |4) with dipole moments (frequencies) dy5, dss,

FIG. 1: Diagram of a five-level atomic system, where a pump
wp1 (wp2) and a coupling w, field are applied to generate a S-
tokes ws1 (ws2) and an anti-Stokes was1 (Was2) photon through
the SFWM process A (B) starting from ground state |1) (]3))
as denoted by the blue (red) lines. In the absence of all gener-
ated fields, this five-level system reduces to two subsystems: a
A subsystem driven by two pump fields and a two-level subsys-
tem driven by the coupling field. A quasi-dark state trapping
most populations in ground states |1) and |3) can be attained
in the A subsystem, which enables the SFWM generation of
{ws1,was1} and {ws2,wes2} photon pairs even at exact reso-
nance. The D; line of " Rb atoms is chosen here with states
[1) = [5S1/2, F = 1,m = —1), |2) = |551/2, F = 2,m = 1),
|3> = ‘551/27F = 17m = 1>7 |4> = |5P1/27F = 17m = 0)5 and
|5) = |5P1/2, F = 2,m = 0) as an example.

and doyg (ws1, wss, and wys), respectively [38]. Then, we
can define the corresponding detunings A, = ws1 —wp1,
Aps = ws3 — wpa, and A, = wya — w, as well as Rabi fre-
quencies Qpl = Ep1d15/2h, ng = Ep2d35/2h, and Qc =
E.ds4/2h. Considering the general case of A, # Apg,
a pair of Stokes and anti-Stokes photons with Rabi fre-
quencies Qsl = E31d25/2h and Qasl = Ea51d14/2h as well
as detunings Ag1 = wso — w1 and Agg = wa1 — Was1 will
be generated through the SEFWM process |1) — |5) —
|2) — |4) — |1) (process A, corresponding to the blue
paths in Fig. 1). Another pair of Stokes and anti-Stokes
photons with Rabi frequencies Q50 = FEjodas/2h and
Qus2 = Eus2dza/2h as well as detunings Age = wyo — wso
and Aggo = wyz —wes2 Will be generated through the oth-
er SFWM process |3) — [5) — |2) — |4) — |3) (process
B, corresponding to the red paths in Fig. 1). It is easy
to see that processes A and B share the same coupling
transition but involve different pump transitions starting
from ground states |1) and |3), respectively.

The population in excited state |4) will decay to ground
states [1), |2), and |3) with spontaneous emission rates
41, T49, and T'y3 while that in state |5) will decay with
rates I's1, I's2, and I'ss to states |1), |2), and |3). The co-
herence associated with transition |i) <> |j) will decay in-
stead with dephasing rate given by v;; = >, (Fu+T11)/2,
where | # i # j may also include states that are external
to our five-level atomic system. In this regard, we have
indeed Y41,42,43 = 751,52,53 = Y with ~ referring to the
common natural linewidth of all six single-photon transi-
tions. Note also that, in previous SFWM studies, coher-
ent atom-field interactions have commonly been treated



employing single-frequency continuous-wave laser beams
for simplicity [24, 33, 65-67]. However, laser beams al-
ways have finite linewidths, which is a feature we wish
to incorporate for obtaining more accurate descriptions.
That is, the pump and coupling fields should be charac-
terized by a spectral distribution of frequencies w;, mod-
eled here using a normalized Lorentzian profile,
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where w; and ~; with j € {pl,p2,c} denote the distri-
bution’s central frequency and its half linewidth.

The basic procedure for including laser linewidths in a
simpler three-level A system via the quantum-Langevin
approach is given in Appendix A. Following the same
spirit, it is viable to examine the coexisting SEFWM pro-
cesses A and B in our five-level atomic system with laser
linewidths of all three driving fields suitably accounted
for as detailed below. To reduce the complexity arising
from multiple atomic levels and finite laser linewidths, we
now consider that the generated Stokes and anti-Stokes
fields are weak enough to be taken as perturbations. In
this case, atomic populations and coherences can be de-
composed into zeroth-order and first-order components

J

with higher-order ones being safely neglected. Accord-
ingly, we have written down Heisenberg-Langevin equa-
tions for the zeroth-order components in Appendix B and
the first-order components in Appendix C for process A
while in Appendix D for process B. Zeroth-order solution-
s reveal populations in five atomic states and coherences
for the applied pump and coupling fields, while first-order
solutions describe linear and nonlinear optical responses
to the generated Stokes and anti-Stokes fields.

III. ATOMIC POPULATIONS

In the absence of spontaneously generated Stokes and
anti-Stokes fields (51,4s1,52,as2 — 0), our five-level atom-
ic system reduces to two separate subsystems: a three-
level ({|1),]3),]5)}) A-type subsystem and a two-level
({12),]4)}) subsystem. The corresponding zeroth-order
dynamics involves equations for 25 density matrix ele-

ments pl(-?) with 4,7 € {1,2,3,4,5}, whose solutions yield
both populations (i = j) and coherences (i # j) (see
Appendix B). In particular, steady-state solutions corre-

sponding to J; pl(-?) = 0 can be found and used to compute

the following ones averaged by all Lorentzian profiles
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with Pg = {wp1, @p2, @e, Vp1, Vp2: Ve } denoting the set of
driving parameters accounting for spectral distributions.
They will be used to describe how the two subsystems
respond together to an additional (weak) Stokes or anti-
Stokes field, when atoms are driven by multi-mode pump
and coupling fields. Hence, the optical responses of our
five-level atomic system are in general modified or dressed
by broadband electromagnetic excitations via Py.

Notice that Eq. (2) is valid only when the two pump
fields are correlated in their phase fluctuations (see Ap-
pendix A). It is also well known that, under two-photon
resonance conditions (A, = Apg), the A-type subsystem
exhibits the following dark state [38, 68-72]

Qo 0

vz oz, VT e
so that when both ~3; — 0 (i.e., no ground state de-
phasing) and y,1 = vp2 — 0 (4.e., zero pump linewidths),
most population will be trapped in |D) with 051) —|—0(0)

1. This is critical for attaining efficient SFWM resonant

biphoton generation in the presence of little linear ab-

D) = @, 13, ()

+ o l[(wp2 = @p2)? + poll(we — @e) + 2]

(

sorption and Raman gain [33, 38]. Conversely, when the
two pumps are not two-photon resonant and we account
for the finite pump linewidths, our five-level atomic sys-
tem will not support the ideal dark state | D). Deviations
may be assessed by examining how two population sums
Uﬁ)—i—aéo) and U(O)+0£4)+0§5) vary with central pump de-
tunings Apio = wWs1 —wp1, Dp20 = ws3 — wp2 While taking
a resonant coupling (A.o = wg2 —w. = 0). This has been
done in Fig. 2 for yp1 = vp2 = 7. = 71, which shows that

a narrower linewidth (27 x 20 kHz) allows for a tighter

population trapping within dark state | D), as 051) + oéo)

remains close to unity (0.96) while oég) + Ufﬁ) + 0é5 stil-

1 being quite small around A,19 = Apg. In contrast,
a broader linewidth (27 x 200 kHz) leads to an essential

population transfer outside of dark state | D), as indicated

by the significant decrease of U§1) + agg) in a wider range

around Apg = Apge. That is, the common linewidth
and central detunings of driving beams are both crucial
for maintaining dark-state condition and hence optimiz-
ing biphoton generation. In general, dark-state trapping
benefits from using a narrower common linewidth and
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FIG. 2: Population sums af{) + U:(,,(;) (a1,b1) and Uég) + Ui?l) +
O’ég) (a2,b2) within and outside of the dark state, respectively,
plotted against central pump detunings Api0 and Apzg for a
common laser linewidth vz, = Yp1,p2,c = 27 X 20 kHz (a1,a2)
or 2m x 200 kHz (b1,b2). Other parameters are v = v54/2 =
V53,52,51 = V43,42,41 = 2’5242 = 6053 51,4341 = 27 X 3 MHz,
Y32,31,21 = 2m X 3 kHZ, Qprz = ’7/6, Qc = 4’y, and AcO =0.

nearly equal central detunings of the two pumps.

IV. LINEAR AND NONLINEAR
SUSCEPTIBILITIES

The Stokes and anti-Stokes photon pairs {ws1, Was1}
and {wsa,wqs2} can be generated through SFWM pro-
cesses A and B as shown by blue and red paths, respec-
tively, in Fig. 1, which involve the annihilation of differ-
ent pump photons wy1 and wys while a common coupling
photon w,. In our specific context, biphoton generation
takes place through a five-level open interaction loop in a
regime of quasi-dark state trapping. This is a condition
that prevents population redistribution among differen-
t states and effectively makes our five-level atomic sys-
tem to exhibit two nearly independent SFWM processes.
This is thoroughly discussed in Appendices C and D,
where we explicitly provide the full set of density-matrix
equations for processes A and B, respectively.

Since the generated Stokes and anti-Stokes fields are
very weak, the first-order perturbative approach with re-
spect to 41 and Q.41 in process A while to Q245 and Q442
in process B will be employed to describe the biphoton
generation mechanism. For process A, density-matrix e-

quations can be solved in the steady state with 0; pgjl-) =0

to obtain p(-l-)

;; containing only first-order terms of {25, and

J
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Qus1- Note in particular that pgé) and pflll) determine po-

larizations Pso = N0d25pé12) at the Stokes frequency and

Py = N0d14p5111) at the anti-Stokes frequency, respective-
ly, for an atomic sample of density Ny through

Psz = eox\y Bs1 + ong?i),mEplEcEZsu (4a)

Piy = eoxh Bast + Xt o1 B BBl (4D)

Here, Xg}) denotes a linear susceptibility whose real and

imaginary parts govern, respectively, the dispersion and
absorption or (Raman gain) of w, photons, while Xf?@ is
a nonlinear susceptibility accounting for the subsequent
generation of w, photons with already existing wg pho-
tons [33]. It is easy to learn by comparing Pse and Py
in Eq. (4) that only X((l?;)lﬁl needs to be considered in the
following discussions, while xfi) 151 can be neglected be-

cause population pé%) in state |2) is vanishing so that wg

photons must be generated before w,s; photons.

Before concluding this section, we briefly recall rele-
vant optical responses of our atomic sample to the gen-
erated ws; and wge; fields in the monochromatic limit

by computing in Fig. 3 susceptibilities Xgll), Xgls)p and
(3

Xas)le for a vanishing laser linewidth (y; = 0). Lin-

ear susceptibility Xgll) describes a transition channel be-
tween two weakly populated states |5) and |2) with neg-
ligible Raman gain for all values of Stokes detuning Ag;.
In the anti-Stokes channel, linear susceptibility X((lls)1 ex-
hibits an EIT window centered at A,s = 0 with absorp-
tion strongly suppressed between two peaks centered at
Ags1 = 1£4v. Nonlinear susceptibility Xl(lls)l,sl seems more
prominent around both absorption peaks but is also es-
sential around the EIT window, where we have more ef-
ficient biphoton generation as shown in the next section.
With finite linewidths (v # 0), X,(lls)l remains nearly un-
changed, while both Xgll) and X¢(135)1,51 will increase notice-

ably. For instance, the magnitude of XS;)LM will increase

by about 8 times at v, = 27 x 20 kHz and about 30 times
at vy = 2w x 200 kHz, compared to that attained in the
monochromatic limit (examined but not shown).

V. NONLINEAR PHOTON PAIRS
GENERATION

The nonlinear spontaneous generation of Stokes and
anti-Stokes photon pairs for SFWM process A can be
described by the effective Hamiltonian [38]

e1(z,t) + hec., (5)



FIG. 3: Real (red-solid) and imaginary (blue-dashed) parts of (a)
detunings As; or Agg1 in the monochromatic limit of v, — 0 so that Ap1o = Ay,
are the same as in Fig. 2 except atomic density No = 9 x 10! cm

with L being the interaction length while A the area that
the Stokes and anti-Stokes photons cross as they propa-
gate in the z direction. Note that we just include ij’;)l,sl
arising from pflll) in H;(t) because an essential population
can be found in state |1) while neglecting the contribution
of Xsl)asl arising from ps, (1) because state |2) is roughly
empty in the ‘quasi’ dark—state regime. This aligns with
the fact that X(j) 251 Nas no contributions to the biphoton
generation rate given below due to a vanishing contour

J

XSI), (b) Xc(zs)17 and (c) X((L?Lﬂ plotted against their respective

Ap2o = Apz, and Ay = Ac. Other parameters
-3

frequency integration of this complex function in the up-
per half-plane [27]. In this regime, we have also very weak
nonlinear (SFWM) interactions, which make the simulta-
neous generation of multiple Stokes and anti-Stokes pho-
ton pairs unlikely. Within such a weak scattering limit,
the well-known first-order term in the dynamic evolution
viz. 1+ % [dt H;(t) projects the vacuum state |0) onto
the general state |¥) ~ |0) + [¥)4 + - - -, where

W= [ don [ dwan | [ i fr o) [ deefoodiatc. )6+ = wa = )iy @)l @a)|0). (O

The ¢ function in |¥) 4 indicates energy conservation and

arises directly from the time-integration of H(t), follow-
ing a multi-mode expansion of two classical driving fields
in terms of complex amplitudes {E,1, E.} and frequency-
dependent envelopes {fp1, f.} as well as a standard pro-

cedure for the quantized Stokes E,; and anti-Stokes Fq
fields [73]. Note also that the product

) X Da(...), (7)

comprises the nonlinear wave-mixing function

VWs1Was1 Ws1Was1 (3)

%c Xasl ,s1

jA(...):LXRA(...

ka(...) = By B, (8)

and the phase-mismatch function

lAI;AL) sinc (AZAL> , (9

which arises instead from the space-integration of Hy(t).
Here, we have denoted by Ak = k1 —ks1 +ke—kqs1 the
mismatch of wave vectors, including kqs1 = Was1Mas1/c

Ba(...) = exp (-

with n.s1 = (1+ X(l) )1/2 being the refractive index at
the anti-Stokes frequency that is in turn directly related

(

to the linear component of p41 Similar expressions and
discussions hold for kp1, ks1, and k.. Moreover, (...) is
a shorthand for all frequency dependencies appearing in

the linear and nonlinear components of pz(fl), required to

determine the linear Xé?l and nonlinear Xﬁ)l’ 51 suscepti-
bilities in Egs. (8) and (9), hence their product j4. These
explicitly consist of the pump (wp1), coupling (w.) and
photon pairs (ws1,was1) frequency variables besides the
set of driving parameters Py used in Eq. (2).

We recall that H; in Eq. (5) is an effective Hamilto-
nian, through which we have accounted for the effects of
two pump and one coupling linewidths indirectly through

the linewidth-averaged zeroth-order populations and co-

herences O'(J) that contribute to both linear and nonlinear

susceptibilities (see Appendix C). That means, we adopt
here a description of our atomic sample’s optical respons-
es in terms of dressed linear and nonlinear susceptibilities
because they are built from solutions of Egs. (C2) that
depend on the zeroth-order averages cr( ) in Sec. TIL.
Direct linewidth contributions of one pump and the
coupling field to photon pair state |¥) 4, represented by
the square-bracket term in Eq. (6), are included by con-
volving ja(...) with the spectral envelopes fp1(wp1) and



fe(we) under the condition of energy conservation. This

J
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yields the joint spectral amplitude (JSA) [35-37],

dwpl

JA(wslawasla,Pd) - /

—o0 T2 [(wp1 — @p1)* + '7;12;1}[(“51 + Wast — wp1 — @e)? +92]

(10)

where w, has been replaced by ws1 + wqs1 — wp1 in the expressions of j4 and f.. The biphoton state then becomes

|\IJ>A :/dwsl/dwaleA(wslywaslyPd)dll(wsl)dlsl(Wasl)|0>- (11)

where J4 gives the degree of spectral correlation between
two photons emitted in pair while its square |J4|? refers
to the joint spectral intensity (JSI), a directly measurable
quantity in experiment. For driving beams with vanish-
ing linewdiths {vp1,7v.} — 0, Ja recovers j4 as a point-
wise JSA evaluated at the pump (wp1) and coupling (w.)
central frequencies [38] with the generated biphotons sub-
ject to the constraint of ws +wqs1 >~ wp1 + @, emerging

J

(

from the J-function limit of the Lorentzian modulation.
For driving beams whose linewidths {vp1,7.} are nonze-
ro but sufficiently smaller than the spectral variations of
phase-mismatch ¢ and wave-mixing  functions, i.e. for
Lorentzians that are much narrower than the linear and
nonlinear spectral responses, we can still set wp1 — @p1
and w. — w, inside j4 to approximate J4 as

Yp17Ye

JA(wslawaslvpd) = jA(Wslywaslapd) X / dwpl 71_2[(

1

Wp1 — wpl)Q =+ 7;%1“(“51 + Was1 — Wp1 — WC)Q + 73]

2L

= jA(wsla Wasl, Pd) X —

The final expression has been obtained by taking v,1 =
Yo = vz under a narrow bandwidth approximation.

In Fig. 4(a), we plot |J4| in Eq. (10) as a function of
Stokes Ay and anti-Stokes A, 41 detunings. Two slender
bright regions along the anti-diagonal pinpoint the spec-
tral domains where the wy; and wys1 photons are most
likely to be generated in pair. This is a distinctive fea-
ture of the spindle-shaped JSA profile displaying how the
ws1 and wgs1 photons are spectrally anti-correlated due to
energy conservation. Such correlations are crucial for ap-
plications that rely on strongly correlated photon pairs.
We also introduce in Fig. 4(b) a transformation (rotation)
to the overall detuning Ay = Ay + Ay (anti-diagonal
direction) to provide a better preview of the results. The
mean extent of this overall detuning turns out to be ap-
proximately 2vz, when the pump and coupling beams are
resonant (A9 = Ay = 0) with equal linewidths as con-
sidered in Fig. 2. A comparison of panels (b), (¢), and
(d) reveals that the photon pair’s linewidth is primarily
determined by ~7, only in certain cases. As 7y, decreases,
its influence on shaping the photon pair’s linewidth be-
comes clearly less and less relevant. In particular, panel
(d) shows that, while the photon pair’s linewidth (FWH-
M) is approximately 4 x 10~3~, the average overall spread

m (wsl + Was1 — Wp1 — wc)2 + (27L)2 )

(12)

(

of A 4 induced by the pump and coupling beams is more
than an order of magnitude smaller.

Notice, on the other hand, that the approximation giv-
en by Eq. (12) provides a basic understanding into how
the common laser linewidth 77 can influence the overall
JSA — Ja(ws1,was1,Pg). The latter consists in fact of a
point-wise function ja(wpi,ws1,wWas1,Pq) at central fre-
quencies wp; and w, of two driving beams modulated by
a Lorentzian distribution at twice the linewidth 2+, as
a result of the convolution integral in the first line of E-
q. (12). The linewidth dependence of J4 is therefore tied
both to such Lorentzian modulation and to the point-
wise function j4. The former modulation clearly yields a
broadening of the peak as the linewidth increases and this
closely aligns with the broadening of the spectral ampli-
tude observed at larger v, ’s in Fig. 4. The latter j4 func-
tion, primarily governed by the nonlinear susceptibility

ng)mp is enhanced instead for larger v1’s (see Sec. IV).
The overall dependence of J4 on v, is then governed by
the interplay between the Lorentzian modulation and the
nonlinear response of the medium. Above, we have con-
sidered that the phase-mismatch function ® 4 is largely
insensitive to the variations in <y (not shown), which is

why k4 and hence j4 basically depends on szds)l,sl'
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FIG. 4: (a) JSA modulus |J4| plotted against detunings A,
and Agsi. (b-d) |Ja| plotted against detunings A4 and Ags1
after a 45° rotation. The common linewidth of two pump
and one coupling beams is set as vy = 27 x 20 kHz (a, b),
27w x 2.0 kHz (c), and 27 x 0.2 kHz (d), which result in different
detuning scales in panels (b), (c), and (d). Other parameters
are the same as in Fig. 3 except L = 100 pum.

2
2
G = 5

which just depends on the time delay 74 = t,51 —ts1 Since
our dressed atomic sample is statistically stationary so
that the generation of {ws1,wqs1} photon pairs is time-
translation invariant. The relevant generation rate can

finally be computed through Sy = [ dTAGf)(TA).
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FIG. 5: (a) Intensity correlation function fo) plotted a-
gainst time delay 74 and (b) biphoton generation rate Sa
plotted against pump Rabi frequencies Q2,1 = p2 for the
common laser linewidth vz, of values 27 x 200 kHz (red-solid),
27 x 20 kHz (blue-dashed), and 27 x 2.0 kHz (green-dotted).
Other parameters are the same as in Fig. 4.

Both intensity correlation function Gf) and biphoton
generation rate S, have been calculated in Fig. 5 for
three different values of the common laser linewidth .

We can see from Fig. 5(a) that Gf) exhibits significantly

Next, we consider the intensity correlation function

G (to1,tast) = [(0]ast (te1)iast (tas1)|¥)al?,  (13)

between a Stokes photon (ws;) generated at time tg; and
an anti-Stokes photon (w,s1) generated at time t,s1 [27].
Here, a;(t;) is an inverse Fourier transformation of the
annihilation operator é;(w;) appearing in Eq. (6) with

. 1 N it
0) = o= [ dusil)en, ()
and obeys the commutation relation
[a;(t;), aL(t)] = 6(t; — t)). (15)

With the help of Eq. (11), this intensity correlation func-
tion can be written in a more explicit form as

2

//dwsldwasle(wslvwaslaPd)e_i(A‘gl_Aa51)TA/2 ) (16)

(

enhanced maximal amplitudes at two specific values of
74 while keeping roughly unchanged oscillating profiles
as yr, increases from 27 x 2.0 kHz to 27 x 20 kHz until
27 x 200 kHz. In Fig. 5(b), S4 shows a non-monotonic
and non-oscillatory dependence on pump Rabi frequen-
cies Q0,1 = €2 and is also significantly enhanced with
the increase of y;,. Moreover, we find that optimal pump
Rabi frequencies corresponding to most efficient biphoton
generation appear in a wider, flatter, and higher-valued
range with the increase of 7. Note however that a large
enough 7, may result in a remarkable population transfer
outside of the dark state, hence increasing the linear ab-
sorption and Raman gain of generated photon pairs (see
Fig. 2). In this regard, we need to pursue a balance on
achieving efficient biphoton generation and maintaining
dark-state stability by carefully controlling ~y,.

VI. INDISTINGUISHABILITY OF TWO SFWM
PROCESSES

We have analysed frequency and time correlations of
the {ws1,wqs1} photon pairs through joint spectral ampli-
tude J4 and intensity correlation function G(Az)7 respec-
tively, in Fig. 4 and Fig. 5. Process B can be treated sim-
ilarly by introducing another joint spectral amplitude Jp



and another intensity correlation function G g), following
the same approach as for process A, along with newly de-
fined parameters Ag = Agso+Ag and 75 = tygo—tso. It
is not difficult to imagine that Jg and Gg) would exhibit

the same behaviors as J4 and Gf), respectively, in the
symmetric pump case of 2,1 = Q2 and Ay = Apgo.
We now proceed to identify with numerical analysis the
parameter regimes of 2,1 # Qp2 and Ap19 # Apgp Where
Ja and Jp are still indistinguishable as vy, is varied, but

won’t examine the difference between fo) and Gg) since

J

it is trivial for comparing processes A and B.

Once again, we consider that states of higher photon
numbers can be ignored in the weak spontaneous scatter-
ing limit. Then, the overall output state including both
process A and process B can be expressed as

[W)our = |0) + [¥)a + [V) 5, (17)

with the biphoton state for process B being (cf. Eq. (11))

|U)p = /dwsz/dwaSQJB(wsmwasmPd)&iz(st)&lsz(waﬂ)|0>’ (18)

where Jp(wsa,was2, Pg) is given by an expression anal-
ogous to Ja(ws1,was1,Pq) in Eq. (10) upon a suitable
label exchange (1 <> 2) for pump fields and photon pairs.
The degree of spectral indistinguishability between the
photon pairs generated through processes A and B can
be assessed by computing the normalized mismatch

~ |IBl = Jal

_ , 19
|[JB|+ Jal (19)

J
with D; approaching zero indicating best spectral fre-
quency indistinguishability at variance with Dj; ap-
proaching 41 indicating that one process exhibits a sig-
nificantly different joint spectral intensity than the other.
Recall that the quantities directly measurable in experi-
ment are typically the JSI functions |J4|? and |Jp|? for
processes A and B, respectively. Even when the overall
output state |U),,; is employed for the heralded gener-
ation of color-entangled photons, the relevant figure of
merit (i.e., negativity of partial transpose) only depends
on |J 4| and |Jp| and achieves its maximum value (uni-
ty) when Dy = 0 [41]. This is why variations of D;
reported in Fig. 6 and Fig. 8 across the two-parameter
spaces of pump central detunings and Rabi frequencies
are appropriate to offer valuable insights into minimizing
spectral differences and hence into the indistinguishabil-
ity of biphotons created via different SFWM processes.
While D characterizes the spectral distinguishability be-
tween processes A and B, the relative phase of J4 and
Jp may also affect their overall indistinguishability. We
therefore introduce a normalized phase-sensitive metric,
Dy = |Ig —Jal/\/|IB|? + |Ja|?, whose results are also
presented in Fig. 6 and Fig. 8 for comparison.

A. Effects of pump detunings

In order to study the effect of pump detunings (and
later on of Rabi frequencies), we fix our attention to J4
for values of Ay and A,s corresponding to one of the

(

maxima appearing as red spots in Fig. 4, and similarly for
Jp, while other choices of Stokes and anti-Stokes frequen-
cies lead to analogous results (another example being dis-
cussed in Appendix E). We show in Fig. 6 a detailed
analysis of JSA moduli |J4| and |Jp| along with their
normalized mismatch D in relation to central detunings
Apio and Apyp of the two pumps. It is easy to find from
Figs. 6(a) and 6(b) that |J4| and |Jg| are both nonzero
only in a small region centered at {Ay19 = 0, Apzo = 0}
while their maxima appear around {A,190 = 0,0 =
+0.057} and {Ap19 = £0.05, Apag = 0}, respectively.
Anyway, |J4| and |Jg| in their coexisting central region
are roughly equal and at most about 5.3 times smaller
than their maxima found in orthogonal off-centered re-
gions, indicating thus an essential indistinguishable gen-
eration of the {ws1, was1 } and {ws2, was2} biphotons. The
degree of this spectral indistinguishability can be as-
sessed from Fig. 6(c), where we find D; ~ 107° at
point (Ap10, Ap2o) = (0,0) and thus have a spectral in-
distinguishability approaching 100% around this central
point. Increasing the common laser linewidth ~y; from
27 x 20 kHz to 27 x 200 kHz, we further find from Fig. 6(d)
a remarkable change of D ;, which varies within +0.93 at
the 20 kHz linewidth but within +0.1 at the 200 kHz
linewidth. This reduction of |D;| owing to an increase
of vz not only reflects an enhanced spectral overlap be-
tween |J4| and |Jp| in orthogonal off-centered regions,
but also corresponds to a broader coexisting central re-
gion where |J4| and |Jp| remain nearly identical to result
in Dy — 0.

It is also clear, upon a close inspection of Figs. 6(c) and
6(d), that a large degree of spectral indistinguishability
occurs near both diagonals even for quite large values of
|Ap2o| >~ |Apio], where |Ja| and |Jp| must exhibit an
optimal overlap with minimal variations. Keep in mind,
however, that |J4| and |Jp| become very small when de-
viating from the coexisting central region along both di-
agonals so that the corresponding indistinguishability is
meaningless since biphotons cannot be efficiently gener-
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FIG. 6: JSA Moduli |J4| (a) and |Jg| (b), Normalized mismatch D (c), phase-sensitive mismatch Dy (e) for vz, = 27 x 20 kHz
plotted against the pumps detuning A,10 and Apzp. Same in panels (d,f) for a larger linewidth v, = 27 x 200 kHz. Here we
set Ags1 = —Ag1 = 3.9 v and Agsz = —Age = 3.9 7 corresponding to best SFWM efficiency generation respectively for process
A and B (See Fig. 4(a)). Other parameters are the same as in Fig. 4.

ated. For comparison, we also show in Figs. 6(e) and 6(f)
the phase-sensitive metric D, which is small only along
the main diagonal (Apzp =~ A,10) while grows large a-
long the anti-diagonal (A,g0 ~ —Ap10) because here the
relative phase between J4 and Jp is close to m. To be
more specific, at (Ap10, Apzo) = (005, —0057), we have
|D ;| = 0.005 corresponding to a 99.5% indistinguishabil-
ity just in amplitude but |D;| ~ 0.9 corresponding to a
10% indistinguishability including phase.

Examining the case of two pumps with different central
detunings (Apio # Ap2o) in Fig. 7, we observe that JSA
moduli |J4| and |Jg|, reflecting the joint detection prob-
ability spectrum of processes A and B, exhibit a gradual
deviation from the complete overlap. While for equal de-
tunings (Ap10 = Apoo), |Ja| and |Jp| fully overlap with
vanishing values of D; indicating the optimal indistin-
guishability, tiny symmetric detunings (Ap19 = —Ap20)
as in Fig. 7(aq) or asymmetric detunings (Ap19 # —Ap20)
as in Fig. 7(b1) restricts the spectral overlap to region-
s around, respectively, Aap ~ Apio + Ap2o = 0 and
Ay B~ Apig+ Apao # 0, where |J4| and |Jp| are signif-
icantly smaller than their maximum values.

B. Effects of pump Rabi frequencies

Next in Figs. 8 we plot |J4|, |Jp| and their correspond-
ing mismatches D and Dy against the two pumps Rabi
frequencies €, and Q. In Figs. 8(a) and 8(b), the
color scale from blue to red indicate increasing values
of |J4| and |Jp|, with red areas corresponding to high-
er probabilities of biphoton generation. It is clear that
|Ja| and |Jg| are sensitive to the changes of pump Ra-
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FIG. 7:  (a1) JSA modulus |J4| (red) plotted against A4

and Ags1 and |Jp| (blue) plotted against Ap and Agse for
two narrow pumps (yz = 27 x 20 kHz) symmetrically de-
tuned slightly off resonance viz. Apig = —Ap2o = 0.027.
(b1) Same as above for pumps asymmetrically detuned viz.
Apio = 0.04y and Apzo = 0. (a2) Normalised mismatch Dy
between |J4| and |Jg| in (a1). (bz) Mismatch D for the two
JSA’s |J4| and |Jg]| in (b1). Other parameters are the same
as in Fig. 4.

bi frequencies and exhibit distinct regions of high and
low values. Again, along the diagonal (Q,1 = Q,2), the
{ws1, was1} and {ws2, wes2} biphotons exhibit identical
generation probabilities, leading thus to D; — 0 and
the optimal spectral indistinguishability as depicted in



0.5 1.0 00

|34] (108 HZ'Y
31

0.0
0.5 1.0

Quly Ml (07HZ)

FIG. 8:

Quly

10

Same as in Fig. 6 for the moduli |J4| (a) and |Jg| (b), their normalized mismatch D; (c,d) and phase-sensitive

mismatch D (e,f) yet plotted here against pump Rabi frequencies Qp1 and Qpo.

Figs. 8(c) and 8(d). The corresponding phase-sensitive
metric D displayed in Figs. 8(e) and 8(f) varies between
0 and 1 and follows the same overall trend as Dy, i.e.,
approaching zero along the diagonal where the two JSAs
keep roughly equal in both amplitude and phase. De-
viating from the diagonal, e.g., with Q,; = ~/3 and
Q2 = 7/6, the two metrics become evidently nonzero
to different extents, giving |D ;| ~ 0.25 (a 75% degree of
indistinguishability) and |D;| ~ 0.34 (a 66% degree of
indistinguishability). Note also that, with the increase of
laser linewidth ~z, from 20 kHz to 200 kHz, the overall
distributions of both Dy and D become slightly narrow-
er, although rather good spectral indistinguishability is
still maintained close to the diagonal. In this regime, the
phase contribution appears minor, and amplitude match-
ing remains the dominant factor determining the spectral
overlap between the two SFWM processes.

With equal pump Rabi frequencies Q2,1 = €2 as con-
sidered in Fig. 4, JSA moduli |J4| and |Jp| should fully
overlap to result in the optimal indistinguishability with
D; — 0 for all frequency components of the {ws1,was1}
and {ws2, was2} biphotons. In another case of 2,1 # Qpo,
however, we can see from Fig. 9 that the spectral distri-
butions of |J4| and |Jg| turn out to be different in width
though their centers and shapes remain similar, restrict-
ing thus the indistinguishability to only partial frequency
components of the {ws1,was1} and {wsa, was2} biphoton-
s. To be more specific, due to €2,; > Q2 as consid-
ered here, the {ws1,was1} biphoton can be generated in a
wider region with a lower probability than the {wsa, was2}
biphoton because |.J4| exhibits a wider profile and a lower
amplitude than |Jg|. This makes D; no longer vanish-
ing for all frequency components of the paired biphotons
generated via two different SEWM processes.

VII. CONCLUSIONS

In summary, we have proposed an effective scheme for
generating a pair of indistinguishable biphotons via dual
SFWM processes in specific five-level cold atoms driven
by realistic laser sources. The accurate characterization
of Lorentzian spectral profiles for three driving beams
not only provides practical estimates of the atomic in-
terface’s optical responses including populations and co-
herences, but also offers a straightforward way to control
the JSA moduli |J4| and |Jp| and further quantify their
normalized mismatch D; and the phase-sensitive metric
D ;. Unlike crystal nonlinearities typically characterised
by frequency-independent susceptibilities, in our atom-
ic scheme the nonlinear optical responses to two Stokes
and two anti-Stokes components of the paired biphotons
strongly depend on corresponding frequencies. Accord-
ingly, |Ja| and |Jp| exhibit a significant spectral overlap
to yield a good spectral indistinguishability under spe-
cific atomic sample preparation and driving conditions,
among which the most important one may be the narrow-
linewidth approximation of diving beams. In the case of
two resonant (Ap19 = Apgg) and balanced (2,1 = Qp2)
pumps, for instance, we find that D; — 0 and D; — 0
while both |J4| and |Jp| remain appreciable, e.g., on
the order of 1078 Hz~!, confirming an efficient genera-
tion of photon pairs with a concomitant large degree (up
to 100%) of the spectral indistinguishability. Increasing
the linewidths of driving beams enlarges the parameter
region where the indistinguishability occurs, though this
must be balanced against enhanced linear absorption and
Raman gain associated with excessive broadening.

Biphoton sources are basic building blocks for achiev-
ing the required photon indistinguishability in heralding
schemes. For instance, the large degree of biphoton in-
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FIG.9: JSA modulus |J4| plotted against A4 and Ags1 (a) as well as |Jp| against Ap and Ags2 (b) along with their normalized
mismatch D (c) for v, = 2w x 20 kHz. Other parameters are the same as in Fig. 4 except 2,1 = /3 and Qp2 = 7/6.

distinguishability observed here can be harnessed to ob-
tain highly indistinguishable single photons via heralding
messages [74] or coherent and tunable heralded single-
photon entanglement [41]. Both of them are essential for
applications in quantum communications [48] and infor-
mation processing [75]. Since SFWM third-order nonlin-
earities underpin modern integrated photonics research,
our scheme are desired to be extended to hybrid photonic
interfaces, provided they exhibit a comparable five-level
dual-SFWM configuration. Our scheme may further be
generalized to generate more than a pair of biphotons by
considering suitable multi-level atomic manifolds.
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APPENDIX A: QUANTUM-LANGEVIN APPROACH

Here we show how finite laser linewidths can be included with a quantum-Langevin approach by focusing on the A
subsystem composed of levels |1), |3), and |5). We first write down the Heisenberg-Langevin equation

01011 = 51055 — iQp1015 + 185,051,

01033 = D'53055 — 12035 + 1€2,9053,

0051 = —(751 — 1Qp1)051 + 1821 (611 — F55) + 1822031, (A1)
0053 = —(753 — 18p2)F53 + 1Qp1013 + iQp2(F33 — 055),

01631 = —(731 — i1Qp1 +iAp2)F31 — 1535 + 1825051,

restricted by 611 4 033 + 655 =1 and 6;; = &;i as usual. By taking Q,; — Qplewpl, Qp2 — ngew’??, G51 — Gy1etPe1,
G55 — 053672, Gg1 — &3162(‘1’1’1_%2), 033 — 033, 029 — 099, and 617 — G611 in above equations to consider the laser

linewidths arising from free diffusions in phases ¢,1(t) and ¢p2(t), we further obtain

01611 = Ds51055 — Q1615 + 12,651,

01033 = D'53055 — 82035 + 18275053,

0051 = —[y51 — 1Ap1 + ipip1 (t)]651 + 121 (011 — 55) + 122631, (A2)
0¢053 = —[53 — 1Qp2 + ippa(t)]G53 + 1Q2p1513 + iQp2(F33 — 0355),

01631 = —[y31 — iQp1 + ilpo + ipup1 (t) — ippa(t)] 631 — iQp1635 + 15551,

where we have considered that Oy¢p;(t) = pp;(t) with pu,;(t) being the d-correlated Langevin-noise operators. The
free-diffusion coefficients of these operators are determined by half laser linewidths 7,,; via (t,; (£)pp; (') = vp;0(t—1')
corresponding to the typical Lorentzian spectral profiles described by

1 Ypj
O
p] T (wpj — @pi)? + ’Yzj

(A3)

where w,; and wy; denote the carrier and central frequencies, respectively.
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Then we try to get the semiclassical solutions by taking p;; = (o;;) as the mean values of relevant transition (i # j)
or projection (i = j) operators. With this consideration, Eq. (A2) can be cast into

Op11 = Us1pss — iQp1p15 + 9805 p51,
Oip3z = DIs3pss — iQpapas + 0053,

Ops1 = —(v51 — iQp1)ps1 + i(pp1(t)051) + i1 (p11 — p5s) + ip2p31, (A4)
Owpss = —(Y53 — 1Qp2) pss + i (ip2(t)053) + iQp1p13 + Q2 (p33 — p55),
Orps1 = —(y31 — iQp1 +iAp2)p31 + il[pp1 () — pp2(t)]G31) — 121035 + 1270051,

where three terms including p,1(t) and/or pp2(t) are undetermined yet. These terms can be calculated through the
formal integrations of Eq. (A2) multiplied by pp1(t), pip2(t), or wp1(t) — pp2(t), ie.

(s (D651) = — / 0t (s (£) g ()51 (1)) =~ — / 0t (s (8) 1 () (B51(£)) = — 153 (1)
i(pa()F55) = — / 0t (s (8 1y ()55 () =~ — / 0t (s (D1 () B55(£)) = —popss(t),  (A5)
i([p1 (1) — pp2(t)]G31) = — /0 dt'[(pp1 (t) — pp2(8)] [pp1 (8) — pap2(t')]031 (1) = —(Vp1 + Vo2 — Vp1,p2 — Tp2.p1)P31(1),

where we have (4) Yp1,p2 = Yp2,p1 = 0 for two completely independent pump fields while (i) Yp1 = Vp2 = Yp1,p2 = Vp2,p1
for two completely correlated pump fields. In case (i) of our interest, Eq. (A4) turns out to be

Opr1 = Ts1pss — iQp1p15 + 080 ps1,
Orp3z = Dszpss — iQpapas + 180053,

Ops1 = —(¥51 + Yp1 — 1Qp1)ps1 + i1 (p11 — P55) + 122031, (A6)
Opss = —(753 + Yp2 — 1Qp2)ps3 + iQp1p13 + 1Qp2(p33 — P55),
Orpzr = —(y31 — iQp1 +i8p2)p31 — 135 + 051,

with which we can examine steady solutions p;; (@p1 +ivp1, @Wp2 +97p2) of the three-level A system by setting 0;p;; = 0.
These solutions can also be attained from the two-fold convolutions of p;;(wp1,wp2) calculated assuming zero laser
linewidths with the corresponding spectral profiles f(wp1) and f(wp2), i.e.

Pij (Tp1 + 1Yp1, Wp2 + 1Yp2) =/ dwplf(wpl)/ dwpa f (wWp2) pij (wp1, wp2)

1 /Oo /OO Vp1Vp2Pi5 (Wp1, Wp2)
= —5 dw 1dw 2 PP JoP P s (A7)
oo T T (Wt — @p1)? o [(wp2 — wp2)? 4 0]

valid when p;; is analytic in the upper half planes of w1 and wpyy. This verifies that the free-diffusion coefficients
of phases ¢,;(t) are exactly half laser linewidths referring to Lorentzian spectral profiles f(wp;) [57]. Note however
that the quantum-Langevin approach becomes intractable when the full five level system is considered due to the
complex interplay among various carrier frequencies, whereas the latter convolution approach is used in the main text
to account for the statistically mean effects of finite laser linewidths.

APPENDIX B: ZEROTH-ORDER SOLUTIONS DERIVED FROM DENSITY MATRIX EQUATIONS

Given the weakness of the four generated Stokes and anti-Stokes fields, the zeroth-order solutions for our five-level
system is attainable when exclusively accounting for three applied fields. The interaction Hamiltonian, considering
the electric-dipole and rotating-wave approximation without the four generated fields, can be rewritten as

Ho/h = —(Bpa = 8p1)13) (3] + Acl4) (4] + Ap1[5) (5] — (21 [5) (1] + Q2[5) (3] + 2e[4) (2| + H.c.), (B1)

satisfying the commutation relation ih@tpz(-?) = [Ho, pgg)]. The equations for the five-level system depend on 25 density
matrix elements, denoted as p;;, where ¢ and j take values from {1,2,3,4,5}, corresponding to atomic populations
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(¢ = j) or coherences (i # j),

00t} = D150 + Tanplly + 19*1051 i3,

8tp22 = F52Pé5) + F42P4(14) + ZQsz(LO) - @Qcpgi),

atﬂ:zs = F53Péo) + F45P4(14) - zQp2/’35 + ZQ*QPJ?, )

0ps}) = —(Tar + Lz + Taz)ply + iQepl) — 0%,

« (0
0} = —gsapsy + QP + 20l — i,

00y = — 95303 + Q113 + i (/):(),(:)z,) - Pé%)) ;

Oupsy = —g2p83 + i 0y + iQply) — iQepfy).

uply = gl + i1 (o1 = 057 ) + 920l

0 .
duply = 7943/)5;3) +iQeply — Q2

0 0
3tﬂ42 = 942P42 + €2 (ng) _04(14))

(0) 0
815;041 = 941041 ZQ101/’45 +%QCP§1),

« (0 0
atpé *9321732 + 10 2/)552) ZQCP;(’A)?
auply) = —931P31 +ZQ*2P51 i3,

atpm = _921021 + ZQ*P41 - ZQP1p20 )

restricted by pg)) = pgl * and > Pz('?) = 1. T';; denotes the population decay rate from level |i) to |j). The respective
complex decay rates are defined as follows: gsa = Y54 + % (Ac — Ap1), 953 = V53 + 1 Qp2, gs2 = Y52 + iAp1, 951 =
V51 + 1 Ap1, 943 = Yaz + 1 (Ac — Ap1 + Ap2) ,ga2 = Yaz + 1Ac, 941 = Va1 + D¢, 932 = Y32 + 1 (Ap1 — Ap2) 931 =

v31 + 1 (Ap1 — Ap2) and ga1 = y21.

APPENDIX C: HAMILTONIANS AND DYNAMIC EQUATIONS FOR SFWM PROCESS A

In the specific context of the present work, pair generation takes place through a five-level open interaction loop,
where transitions occur sequentially without forming a closed loop. This five-level open-loop driven system may
nevertheless be treated as a combination of two four-level closed interaction loops A and B that share two excited
states (|4) and |5)), the ground |2) and the coupling beam, each subsystem implementing a familiar SEFWM process [27].
They are depicted respectively by blue and red transitions in Fig. 1.

It turns out that the two processes influence each other primarily through the Stokes channel, where the photon
wsa (process B), e.g., can impact process A via their shared transition, particularly when Stokes photons are nearly
resonant (with that transition). The quasi-dark state trapping regime adopted here (see Sec. III and Sec. IV) min-
imizes however population redistribution among all five levels, further effectively suppressing spontaneous emission,
intrinsically rather weak, from the excited state |5). In the end, this effectively makes our five-level system to behave
dynamically as two nearly independent/weakly interacting four-wave mixing SFWM processes depicted respectively
by blue (A4) and red (B) color transitions in Fig. 1. Within this type of approximation, the effective Hamiltonian for
the generation of the photon-pair {ws1,was1} can be written as

Ha/h=(Ap1 = A1) [2) (2] + Bas1[4) (4] + Apr[5) (5] = (Qpr[5) (1] + Qel4) (2] + Q51[5) (2] + Qa1 [4) (1] + Hoc.). (C1)

The spontaneously emitted Stokes wg; and anti-Stokes w51 photon field strengths are relatively weak with respect to
the driving fields €2,,; and 2., so we can describe their generation adopting a perturbative approach with respect to
the Stokes and anti-Stokes field strengths. Upon inserting H4 into the relevant master equations and with the help

of the zeroth-order averaged populations and coherences (o; © )) yields the following set of equations for the first-order
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density matrix elements pl(-;-):

1 1 . .
8tpé4) = —gg‘4p§4) ‘HQPIPM - QCP52 +ZQsl‘724 ’Qasﬁ

at/)52 = 9542P£312) + iQplP%) - chPé4) + 181 (Ug; - 0&?)

)

atP51 = 9?10@11) + i <P§1) - Pé5) + Z'981020) - ZQaslggi)a

1 1 . 1 1 . 0 0
3tpz(12) = 95142%’4(12) + i€ (P(zz) - P4(14)> + lQas1‘7§2) - 1991‘74(15)7

Dol == 9Py — inpls + iy’ +iun (09) - 05191)) )

1 1 . £ (1 . 0 (s (0
6tpg1) = 9511051) - ZQplpg? + ZQch(u) ZQasl‘7£4) + ZQslaél)’

with respective complex decay rates are deﬁned as follows: g& = vs4 + i(Apl — Aust) 925 = Y52 + i1, 08 =
Vo1 + 181,955 = a2 + i (Aast — Ap1 +As1) 041 = a1 + iAasl, and gg1 = 721 + i (Ap1 — Agp). For the anti-

Stokes transition channel, the steady-state first-order solutions p” (0% pll) = 0), when appropriately decomposed into
contributions from the linear and nonlinear contribution, yield

pglll) = pz{‘lEasl + PﬁLEplEcEL, (CBa)

where pk and p)i correspond to the linear and nonlinear responses, respectively. The corresponding linear and
third-order nonlinear susceptibilities are given by:

1 _ Nodiy o 3) _ Nodosdisdiadas np
asl — heo p417 Xasl,sl - T:;eopzil . (C?)b)

Similarly, for the Stokes channel, the first-order coherences are given by:

1
ng) = pkyEa + pRy Ep Ee Easl (Cda)

The corresponding linear and third-order nonlinear susceptibilities are:

2
1) _ Nod3s 1 3) _ Nodasdisdiaday np
sl — heo 52)  Xsl,asl — qu)/%z . (C4b)

APPENDIX D: HAMILTONIANS AND DYNAMIC EQUATIONS FOR SFWM PROCESS B

Similarly, the effective Hamiltonian for the generation of the other photon-pair {wsa,was2} is
Hip/h=(Dps — A2)[2) (2] + Aasald) (4] + Ayal5)(5] — (2215) (3] + Qul4)(2] + Qal5)(2] + Quusl4) (3] + Hee). (D1
The first-order equations in process B also depend on the zeroth-order solutions,

1 . ) .
3tpé4) = 954954 + 19172/’34 - ZQcPé; + ZQs2024 ZQasQUSS )

0ty =~ gbrth) + i (oS8 — o)) — 10us20tf) + 0,205,

1 . 0 0
3tp( ) = 952052 + 1Qp2/’32 ZQCP54 + Qs (Uéz) - Ué;)

atpz(éi) = gf%pz(é) + ZQcp;&) - Z'ngpi? + Q442 (0':(;3) - UESR)

Ol = — 9ipis + % (pélz) - ,0514)) + Q5205 — Q2043

atf032 = 9:?2[’52) + ZQ*zPé; ZQCP§,4) - ZQs2‘7:(a5) + @Qas2‘74(13)a

with respective complex decay rates are defined as follows: g5B4 = Y54 + 1 (Ap2 — Ags2) ,9533 = 753 + iAPQ,gs% =
Vo2 + i, 915 = Va3 + 1 Qqs2, g1h = Yaz + 1 (Aasz — Ap2 + Ag2), and g = 32 + i (A2 — Apa).

Finally, it is worth reiterating that, within our framework, both SFWM processes are based on the same zero-order
(0)

perturbative solutions o;;

as Lorentzian averages of pz(-jo-) (see Eq. (2) in the main text).
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APPENDIX E: JOINT SPECTRAL INTENSITY MAPS EVALUATED AT VARIOUS
EMITTED-PHOTON FREQUENCIES

In Fig. 6 and Fig. 8 of the main text, we have chosen the Stokes and anti-Stokes detunings as (Ags1,As1) =
(3.97,—3.97) and (Ags2, As2) = (3.9, —3.9) which correspond to maxima of the SEFEWM efficiency for process A and
process B. To get a more complete picture, we also present the numerical results obtained at A,s; = —Ag; = 0 and
Ags2 = —Age = 0 in Fig. 10 and Fig. 11, where the linear absorption and Raman gain are close to zero (see Fig. 3).
Although the overall JSAs are correspondingly reduced, the dependence on pump detunings and Rabi frequencies of
the spectral indistinguishability of processes A and B remain quite similar.

0.05
>
g 0.00 ‘ %
<
01 -005% 09 —0.05
0.05 0.00 —0.05 000 005 _
Dyoly 1l (10°HZY Dyoly Dol Y !
0.05 27 0.1
(©)
> >
g ooop ) (- g 000
< <
~0.05 0.1 01 —0.05

—-0.05 0.0
p10 / Y

"=0.05  0.00 0.05 0.00

Dyoly el (10°HZ?) Dol Y

J

FIG. 10: JSA Moduli |Ja| (a) and |Jz| (b) as well as their normalized mismatch D (c, d) and the phase-sensitive metric D s
(e, f) shown for Ags1 = —As1 =0 and Agsz = —Ago = 0. All other parameters are the same as in Fig. 6 of the main text.

0.5 10
Quly B (10° Hz?)
0.5 10
10%H
Quly Wl (10° Hz') Qm/V

FIG. 11: JSA Moduli |Ja| (a) and |Jg| (b) as well as their normalized mismatch D (c, d) and the phase-sensitive metric D
(e, ) shown for Ags1 = —As1 =0 and Ags2 = —Age = 0. All other parameters are the same as in Fig. 8 of the main text.
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