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1 Introduction

According to the standard model of cosmology, our universe admits a positive cosmological
constant A ~ 3 x 107122 in Planck units [1,2|. Though tiny, the effect of the cosmological
constant dominates in the infrared and leads to an asymptotically de Sitter spacetime struc-
ture at late times, which overarch in particular the definition of asymptotically conserved
quantities. Besides, gravitational wave observations have provided within the last decade
new insights into astrophysics and cosmology [3]. These observations have led to a large the-
oretical effort to define gravitational waves emitted from localized sources in a cosmological
background, see e.g. [4-60)].

Many simple theoretical questions remain unanswered. In this article, we will concen-
trate our focus on two questions: What is the role of the SO(1,4) de Sitter symmetry
regarding gravitational radiation? What is the definition of energy in asymptotically de
Sitter spacetime?

It was demonstrated in [36,39] that even though gravitational waves change the leading
components of the metric at future infinity, a boundary gauge exists such the asymptotic
symmetry algebra of asymptotically de Sitter spacetime is the infinite-dimensional A-BMS
algebra, which reduces to the BMS algebra [61,62] in the flat limit. The structure constants
of the A-BMS algebra generically depend upon the radiation field. However, at quadratic
order in perturbation theory around de Sitter, one can isolate a universal SO(1,4) algebra
of background symmetries, as we will review in Section 2, simply because the fluxes are
already quadratic in the fields once the symmetry generators are taken to be the background
Killing vectors of de Sitter. Our first objective is to derive the set of flux-balance laws



associated with the background SO(1,4) symmetry and evaluate them in the physical phase
space. We will perform this computation at the level of the quadrupolar truncation of
the linear spectrum [57], which has been demonstrated to match [58] with the spectrum of
perturbations obtained from independent derivations [55,58|.

Several formulae for the energy flux in asymptotically de Sitter spacetime have been
proposed [9,12,13,21-23,29-31,34,38,41,50,54,60,63-66]. Our second objective is to identify
from the dilatation flux-balance law, how one can identify a charge and a flux such that (i)
the flux reduces to the standard energy flux in the flat limit, (ii) the flux is manifestly non-
negative at quadratic order. We will contrast our expressions for the energy loss and angular
momentum flux with part of the literature. The linear momentum and boost charge loss
formulae that we will derive have not yet appeared in that form in the literature to the best
of our knowledge.

The rest of the paper is organized as follows. We first define the SO(1,4) flux-balance
laws in perturbation theory around de Sitter spacetime from first principles in Section 2.
We then evaluate them on the solution space of even and odd quadratic perturbations of
de Sitter in Section 3 and we prove that the standard flat spacetime limit is obtained. We
compare our expressions of the energy loss and angular momentum loss with the literature

in Section 4. We finally conclude in Section 5.

2 Charges and Fluxes on de Sitter space-times

The future region £ of asymptotically de Sitter spacetimes with cosmological constant
A = 3H? admits a Starobinsky expansion [67] of the form

d7‘2 1 (0)

ds" = "2t ﬁ(gab + 705 + 78+ O(r"))da"da’, (2.1)

where 7 < 0 denotes time and z® are the other coordinates. In terms of the conformal
completion, 7 = 0 is the future boundary .#* of asymptotically de Sitter spacetimes and
x® are the coordinates on #*. Latin letters a,b,... will always refer to three-dimensional
indices of fields defined on .#. The Starobinsky expansion is related to the Fefferman-
Graham expansion of asymptotically anti-de Sitter spacetimes by an analytical continuation.
We call gg;) the three-dimensional metric on the future boundary of asymptotically de Sitter
It g%’) its inverse and we will denote as D((IO) its metric-compatible covariant derivative. The
holographic stress-energy tensor defined as T, = -2 3)

167G Jab
with respect to the boundary metric gg;) outside of sources:

is trace-free and divergence-free

DOT® — 0, g T =0, (2.2)
where T% is defined as T}, with indices raised with the inverse metric g“b).
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In the presence of gravitational radiation, the boundary metric gff;) generically admits no

symmetry. In perturbation theory where g,, = g + 09, (Where p, v denote 4-dimensional
indices), we can however write

Gan = Gut, + 00,3 (2:3)
where the background boundary metric gffg), which describes the future boundary of de
Sitter .5, admits symmetries. Motivated by the Bondi framework and by the description
of spatially compact binary systems that reach future infinity .#* at a single point u = 400,

we choose gc(f;) to be the metric on R x S?
IV dxtda® = H2du® + Gap(zC)dada®. (2.4)

Here §4p is the unit metric on S? and u ranges over the real line. These coordinates do not
cover the entire .75 of de Sitter, which has topology S%, but .5 minus two points. The
topology of .#* depends upon the number of massive bodies. Here, we consider at least two
such points removed at u = +o0o. We also gauge fix the perturbation to so-called A-BMS
gauge [36] such that

gflg)d:c“d:cb = H%du? + qap(u, 2%)dz*da?®, (2.5)

and /g = v/q. The inverse of g5 is denoted ¢*#. The shear is defined as Cap = H20,qa5.

The background boundary metric admits 10 conformal Killing vectors £*(u, z*) which
are in one-to-one correspondence with the Killing symmetries of the de Sitter background
and define the SO(1,4) group. By definition they obey

§(0)0<al_7(0)b>€_c = 0. (2.6)

where D(O)a is the covariant derivative compatible with the background boundary metric g(g)as
and (-) denote the symmetric tracefree part. The 10 conformal Killing vectors consist of the
dilatations and rotations (which are Killing vectors of the background boundary metric) and
the spatial translations and cosmological boosts (which are proper conformal Killing vectors

of the background boundary metric). They are given by the following table:

Charge name generator
E Dilatation fr=1, ¢4=0
p Spatial translation 5_5) =n;exp (Hu), f_é) = —HD"n, exp (Hu)
Lt Rotation EE‘Z) =0, E(f}) = —e*BDpn,
K Cosmological boost égg) =n;exp (—Hu), 5{;) — HD"n; exp (—Hu)

Here n; is the unit normal to the round sphere embedded in R?, and D A is the covariant
derivative compatible with the unit sphere metric.

For an arbitrary vector £%, one has the identity
/ dud2Q\/59?5)D(0)c(Tab§b) :/ dud2Q\/§Tabg(0)c<aD(0)b>fc. (27)
M M
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for any region M of # 7 outside of sources thanks to Eq. (2.2). In perturbation theory, Ty,
admits linear and quadratic contributions in the perturbation dg,.,, Tw = 074 + 0T, +
O((6g)%). Let us now set £ = £% a background conformal Killing vector. Then, for any
choice of spheres S; and Sy such that OM = S; U S, (with opposite relative orientation), one

has the equalities at linear and quadratic order, respectively,

/ *Q/GnoT " — / d*Q/ T8 = 0, (2.8)
St

Sa

/ 2O/ G0 T — /
St

Sa

PO/t 6° T, e = / dud®Q\/GOT® L0, (2.9)
M

where n® is the unit normal to S; and Sy defined as n®d, = H~'9,. The right-hand side of

Eq. (2.8) is zero thanks to the conformal Killing equation (2.6).

Finally, we derived that on a given section of .# " the charge defined from the holographic

stress-energy tensor as

QL) =~ [ FaVinTue (2.10)

is a constant in linear theory, i.e. Qg(u1) = Qg(uz) for any uy, up. At quadratic order, the

presence of radiation will induce a change in Q¢(u) given by the flux-balance formula

@ (uz) —~ QF(wr) = [ du@¥(w), (2.11)

ui

OF(u) = / PO GOT 55 58 £eg) + O((59)%). (2.12)
S

Instead of considering the background symmetry generator £ we could consider an
arbitrary perturbation of the vector £ = &% + 6% Assuming that the A-BMS gauge is
obeyed in the full theory, the generic infinitesimal diffeomorphism of the (4-dimensional)

metric is parameterized by a vector £ of the boundary metric which obeys the equations

w_ 1 A
0" = 5 ﬁa/w&g ), (2.13a)
0,6 = —H?*¢"Boge. (2.13b)

Let us denote as £ the 4-dimensional vector associated with £ in A-BMS gauge. A linearized
diffeomorphism of the 4-dimensional metric is simply the Lie derivative of the background
metric with respect to £, i.e. linearized gravitational fields are defined up to a gauge
transformation 6¢g,, — 09, + L¢g,,. We have L¢g,, = Ls¢g,, where the equality follows
from the Killing equation Lgg,,, = 0. Therefore, at linear order in perturbation theory and

in A-BMS gauge, a perturbed vector 6£* obeys the linearization of Eq. (2.13) where gap is



replaced by the background ¢ap:
D, 06" = —aA VGoEM), (2.14a)
D, 06" = —H2qABaB<5§ : (2.14D)

For dilatations and rotations, we have 9, = 0 and we can fix £* = £ in the non-linear
theory because the right-hand side of Eq. (2.13b) is zero. We can therefore define universal
(i.e. field independent) time translation and rotations that form a Rx.SO(3) subalgebra of the
A-BMS algebra in the non-linear theory. This subalgebra is part of the larger R x ADiff(S?)
universal subalgebra of the A-BMS algebra which consists of time translations and area-
preserving diffeomorphism (with generators £ = 0, £é4 = £4B05¥(0,¢)). The universal
R x SO(3) subalgebra of asymptotic symmetries was also identified in [55] in a different
boundary gauge. The background spatial translations and cosmological boosts are generically
deformed in the non-linear theory. Yet, in the linear theory, the deformation vector is a
background A—BMS generator (that obeys by definition (2.14)), which we can conventionally
fix to be vanishing. With this convention, all background symmetries are undeformed in the
linear theory.

We define the cosmological Bondi mass aspect M) angular momentum aspect NX‘)

and higher Bondi aspect Jgg from the decomposition of the stress-energy tensor (see Eq.
(3.15) of [36])

3H 4M< ) —ZNgY
167G NG T+ 2M Mgy

O.‘J

o= (2.15)

AB J,»(LXA)

Here Jgg is traceless: ¢ 5 = 0. The Bondi mass aspect M and Bondi angular momentum

aspect N4 defined in the flat limit H ~— 0 are related to the cosmological quantities as (see
Egs. (2.38) and (2.52) of [36])

1
MW = M + —8 (CCDCCD) (216&)
1
NM =N, — WDBNAB + aA(OCDOCD) (2.16b)
The charges (for the vector £*) can be rewritten as
1 1

f=— | @0Vq|MWe+ - NPet|. 2.1

Qf = grg |, P | MODE +5NTE (2.17)

In terms of Bondi aspects, the conservation of the holographic stress-energy tensor (2.2) is

equivalent to

2
MW + %DANEx ) 3H S CapJWAB =, (2.18a)
3H
BN — 9, MM — TDBJAB — 0. (2.18b)



Here D, is the covariant derivative compatible with gap. Using Eqs. (2.18) and (2.13), the

charge flux is then equivalently written as

. 2
Q¢ = _3321;161 d*Q/q (H?€"Cap + 2D ) JWMAP, (2.19)

3H?
2 [ @0y (s + Laus) 7, (2.20

where the Lie derivative is here understood to act on the S? manifold using the pullback
vector § = £40,.

The flux is quadratic in the metric perturbation. Upon expanding £ = £ 4 6% + O(6?)
(as well as its 2-dimensional pullback EA EA 4 064 + 0(62)), qap = qup + dqap + O(6?),
JAB = 5]1(41}3 + 52JX>3 + O(6®) we have

5JGE =0, (2.21)
52 T8 648 = 600G PP sqcp, (2.22)

as a consequence of the tracelessness of J™WAB  as well as
20(DAEP)SIY) + 202 TN Dy = (—L0g"P + Do 4P dqep)d 4y
= (ﬁ 5qap — Do€C0qan)i*q BD(SJ (2.23)

The flux-formula therefore reads at quadratic level as

. 3H?
QET = dzﬁquC ;BD ( “0u0qap + L 561AB + £55QAB — DE£ 5QAB> 6JCD +0(5%) .

327G
(2.24)

Here §£“ obeys to Eqgs. (2.14). We choose the solution §§* = 0, i.e. we do not act with any
further A—BMS symmetries but only with the background symmetry. In that sense, there
are flux-balance laws associated with SO(1,4) symmetry at quadratic order in perturbation
theory.

In the flat limit, using the conventions of [68], the generators associated with time trans-
lations, spatial translations and rotations are simply the limit H + 0 of E, P* and L, re-
spectively. Lorenz boosts are associated with the limit H +— 0 of the generator —(K ‘- P
with components f(i) énl sinh (Hu), f(i) — Dn; cosh (Hu). Using these relationships
we notice that the charges Q¢ do not have the standard flat limit, see Eq. (3.2) of [69]. In

order to recover the standard flat limit, we will define instead the charges as

Qe(u) = Q¢ (u) + AQ¢(u), (2.25)

where the shifting term AQ¢ = O((6g)?) will be defined in the next section. There is an
ambiguity in defining this shift. We will partially fix this ambiguity by requiring that the

energy is positive definite.



3 The SO(1,4) flux-balance laws

In this section we will analyse the flux formulae at quadratic order in the quadrupolar
approximation. We will use the quadrupolar solution derived in [57]. In Bondi coordinates

and A-BMS gauge, the metric reads as

A 1 A oM
ds® = (TT — <§R[q] + —CABCAB) + —+0(r~ )) du?
1 4B
+ 2( —1+ —2% +3 136 <CABEAB — —(CABCAB) ) - O(r—ﬁ))dudr

( DBCpa+— ( 3NA+ Cf;DECEF) +O(r _2))d:cAdu

1 E
+ <7'2QAB +1rCap + ZQABCCDCCD + % + O(T_2)) datdz?. (3.1)

At linear order, we can expand the boundary metric qap, the shear C4p and the higher

Bondi moment E4p as
qAB = 4aB + 0qaB, Cap = 0Cap, Esp = 0Eap. (3.2)
For convenience we introduce the notations
0qan = €400,  0Cap = €4, 0C;;,  6Bap = €4}, 0By, (3.3)

Here r is the radial coordinate and #4 = (#,¢) are the angular coordinates. The unit
normal vector is denoted as n’ = x'/r. We employ the natural basis on the unit 2-sphere
es = 5o embedded in R® with components ely = on'/90™. Given the unit sphere metric
Gap = diag(1,sin?#), we have n'el, = 0, jap = 0;;¢}s¢), and ¢*Pelel, =19, where 1V=
0% — nind is the projector operator. Using the covariant derlvatlve DA compatible with
the unit sphere metric, lo)Aq°Bc = 0, we have lo)AeiB = lo)Bef4 = lo)Alo)Bni = —gapn’. The
transverse-traceless projector is denoted J_”kl LRG3 19 1M The tt projected part
of any symmetric tensor 7;; will be defined as Tgﬁ —J_”kl Ty;. We also use the notation
ei Aeb = eé Aeg) — %q°AB 1% for the tracefree product of the basis vectors.

At quadrupolar order in the perturbation we can express the Bondi fields in terms of the

even and odd source quadrupolar moments Q(p ) and Jij as [57]

G~ 16qi; = 0,¢;; + 2H?0 Qi) (+p) 2H ny e (K + H/ du'Kjy(u')), (3.4)
G'0C;; = 3¢;; +2(02 — Hz)nger) + 2npen(Ou + H)Kjy, (3.5)
G 15E2] = 2@ (p+p) + anEkl(iJj)l- (36)

Here K;; = —(0, — H)J;; and (;; obeys the differential equation

02C;; — 3HCy = —2GH' Q™. (3.7)



We further have

GIM = Q) — HPy; — 3ni(P, — HQY — H*Pyyy.) + (3nyn; — 0,5)(2Q — H2QU™)),

(3.8)
G_I(SNZ' = Qgp) + HPz|k‘k + nj(eiijk —+ 28UQ§P+IJ)) - 26ijknjnl(Kkl — HJM), (39)

J

where the linear Bondi mass aspect has been simplified as Eq. (5.35) of [58].

3.1 Energy loss

From Eq. (2.24), the flux of the charge associated with dilatation reads at quadratic order

in the perturbations as

) H4
Q% = _38—G S5CMN5J,(£3) quijBN- (3.10)

Here we defined fs = ﬁ /. 52 d*Q/q. The expression for Jgg reads to linear order as [36]

o o 1 o o
3H*6JT) = —0,6Nap — H? (D(ADCcSCB)C — 548D DP3Cep — 5CAB) — 3H*E4p.

(3.11)

Using the substitution (2.16), we can rewrite the flux-balance law of the dilatation (3.10) as
O, 7{ M =14, [5NAB<5NCD + H?5C45(6Cep — DeDP6Chp)
s

—3HC 456 Ecp | GAC 48P . (3.12)

This formula also matches with the quadratic part of Eq. (2.52) of [36] after integrating over
2-sphere. Here we used that the linear energy 555 0 M is separately conserved, 0, 555 oM = 0.
From Eq. (3.8), the terms proportional to n; and 3n;n; —d;; integrate to zero over the sphere
while the term independent of n; is conserved as a consequence of the conservation of the
stress-energy tensor, 0,Q) = —HQW) = —HS;; = H9,Py; (see also Eq. (5.37) of [58]).
Therefore, the energy loss only involves the quadratic perturbation §2M.

3.1.1 Even parity energy loss

We now ready to evaluate the flux-balance law of dilatations for quadratic modes. Let us

first consider the even parity modes. The shear C;; is then independent of the angles. We

can derive
CapC4? = LP¥ 0 = CfCy;, (3.13)
DADCCBC = —2(6%Aeg)—ninjquB)Cij, (314)
CA2D D Cpe = —2C8Cy;. (3.15)
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Equation (3.11) simplifies to
A
5V = -3 H4a SNap + 250AB — 0Eap. (3.16)
Using the identities (3 13), (3.14), (3.15), the energy loss formula (3.12) becomes

Dy f M = —— S(auac};auac,.j + 3H?5CL6Cy; — 3H*SCL S Ey). (3.17)

Using the even-parity moments from (3.5), (3.6), the integrand of (3.17) can be expanded

as

G2 (0,0CH0,0C,; + BH*CHSC,; — 3HSCHOE, ) = ( ¢y + 1200Vt

J

12H2Q (p+p) <— 8H2Q (p+p) Q([H‘P 12H4Q (p+p Q§p+p)tt)

v

+ 4(Q(P+p Q(pﬂﬂ + 5H2Q (p+p) Q(p+p + 4H4Q (p+p Q(;&p)tt)
We can finally rewrite the flux-balance law of dilatations as

8uQeD(u) = _5%9 <Q£§>+p)Q§;+p)tt I 5H2Q§;+p)Q,(~§)+p + 4H4Q(p+p Q p+p)tt)7 (3.18)

where the dilatation charge in the even sector is identified as

1 1 3 .. .
Qi) _ G% (—(5M—|— 552]\4_'_ C CZ] + Q (p+p) C 2H2Q (p+p) Cgt _ H2Q§]p+p)Q§§)+P)tt

H4Q<p+p o p+p>tt)' (3.19)
The flux of energy is negative definite as it should. Using the identity
f LPH= 135(35’““59')1 — 515k, (3.20)
the flux-balance law in (3.18) becomes
Q) = —7 ((@'E;-’*p — 20 QU L HAQY — a, Gy
+AHN QYT 5 ;QPTP)) ) (3.21)

3.1.2 0Odd parity energy loss

Let us now consider the odd parity modes. Denoting Cxp = ei Ae%>Cij with Cy; = €uni Ty,

we now have

CapC? = LM 0 = CifCy, (3.22)
DADCCBC = (471(2 fA@B} ane(AeB))ellel, (323)
DDCpic = —2Cas, (3.24)

CA2D D Cpe = —208Cy;. (3.25)
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Eq. (3.11) again simplifies to Eq. (3.16) and the energy loss formula (3.12) becomes again
(3.17). Using the odd-parity moments from (3.5), (3.6), the integrand of (3.17) becomes,

G2 (D.0CH0,IC:; + BHACHSCy; — BHSCHOE, ) = —SH20,(JiiJiy) = 12110, (J1L.Jy)
...tt cee . . . .
+4 ( J i J i+ SHAT Jij + AHY T Jij) .

We can finally rewrite the flux-balance law of dilatations in the odd sector as

G

auQ% (U) Y

- f (;‘r‘f; ;'fij+5H2Jig.tJij+4H4Jig.tjij), (3.26)
S

where the dilatation charge is identified as
R 1 rt 3GH
b= ]{S <562M — GH*J Jyy — =— Tt J;; ) (3.27)

Finally, the total dilation charge ()p is the sum of the even and odd sectors:

3

H2Q(p+p) <tt Q (p+p) Q(pﬂ?
2 ij

1 1
C%ZGf<aW+5VM+<<¢+Q”%
S
H4Q(”+p QWY _GH2 Ny — 3G J}tJ ) (3.28)
It obeys the dilatation flux balance law

Qp = 0.Q5 + 9.Q%, (3.29)

where the even and odd energy fluxes are given in Egs. (3.18), (3.26).

3.2 Angular momentum loss

From (2.24), the quadratic part of the angular momentum loss formula becomes,

- 3H? [ ane
gi:—@ SqAMqBNﬁé(i)(;qMN(SJX\B). (330)

Using Eq. (3.16), the angular momentum loss formula can be written as

T 1 . sAM BN \ __ 1 .
8u< v sem f (E*(i)&IMN) 0.0CaB ¢ q e (55(1,)501\/11\/) 9,0C 45

+3 (c 5qMN) 5Cap — 3H? (c 5qMN) 6EAB} GAM BN (3.31)

Let us first discuss the even parity modes. We note the identities e*f = ef‘efnkeijk,

$g3nin; = 6;; and $oninjngny = 350450k + 6y + 610;1). After performing the integral
over the sphere, the right-hand side of Eq. (3.31) becomes

1

11



After some algebra we can rewrite the latter expression as
Elmna <6<ka(P+p H2Cka (p+p) + 6C n kf:p) 4H2ka "](gpn-i-P))

_%Eimn( "I(€p+p) (P+P) + 5H? (pT:Lrp) (p+p) + 4H4Q (p+p) (p+p)). (3.33)

Let us now consider the odd parity modes. After performing the integral over the sphere

and reorganizing the terms, the right-hand side of Eq. (3.31) becomes
—%eim" {&( — AH? e — 12H* [ Jkakn)

Combining both even and odd parity sectors, the flux-balance law of angular momentum

finally reads as

km km kn

0,Q1i = —%an( 3(p+p) (P+P + 5H? (/;:Lrp (p+p + 4H* p+p 5 (p+p)
+ Ty o ko + SH Ty Jion + 4H4kajkn> ; (3.35)

where the final angular momentum charge (in both parity sectors) is

# (£, d0v) 06Can ™

G .. .
o+ g imn (6<ka PHP) 6 H2Com QP 4 6 Q) — AH2Qp, O1FHP)

1

_NT _
Q. = @1~ e

— AH? Jn Sy — 12H* / kajkn). (3.36)

3.3 Linear momentum and boost charge losses

From Eq. (2.24) with §§* = 0, the quadratic part of the linear momentum loss and cosmo-

logical boost formula becomes,

. 3H? _ o
T _ 2 Fu . _ c GAM GBN
where EZ‘Z) = n;exp(eHu); E@) — —eH exp(eHu)D an;. For linear momenta e = 1 while for
cosmological boosts ¢ = —1. We simplify the expression as
3H?

Q?@) - _@ 7{ eXP(EHU) <H2n25CMN — €H(§Cni)(D05qMN)) 5J£1[g(jAMqOBN (338)
S
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In order to perform the angular integrals, we note that for any symmetric tracefree tensors

Vag, Wap that can be decomposed into even and odd parts as

VAB = 6§A€Jé>(%§ + eiklnk\/l‘;), (339)
Wag = 62A6jB>(VViej —+ eikmkW[;), (340)
we have the integrals
7 AB 4 e 0 e o

n'VapW=" = _Eeimt (VeaWa + W Vi), (3.41)

S

o 4

%eicDCVABWAB = —Eﬁ‘mt( Wi + Wi Vii) . (3.42)

s

Therefore,
2

: H o e
QF, = 105 exXP(eHu)eimg [(H%qﬁﬂ — eHOqE)6 TN 4 (H25C8 — eHoqo)sTD) ] . (3.43)

We now substitute 5Ji(;\) using Eq. (3.16) and integrate by parts to obtain

H 1
WQW {— (251\7;15 © L 6H25C°,60% — 3HSC® 0B — 3SHASE,6 tl)

yint
Qf(i) - 3

ceH eH

- ?&]fnl (350;; — 3H25E;;) — ?5%‘; (350;1 - 3H25E;l)

1
—3 (5anz5N§ + 5anl§qft)} , (3.44)

where the charge (defined as an intermediate quantity for now, hence the superscript) is

3

. 1
QX — ng + —— exp(e Hu)€imy [502115N§ + 0N, 00 — i

o e (950N, + ON05) | - (3.45)

Substituting all Bondi fields in terms of multipolar moments, we rewrite the flux-balance

law as

. 4G esHu . . . . .
Qg = ————€im (3 HCuJu + 2H QS + 6 H* Qi + 6 H? Qs + @y J 1),

15
(3.46)

where the final charge is defined as

eHu

. e . . w
Qf_(i) == ngr::) + ?Eimt 6H2au(leJlt) + 8H4au(leJlt) - 45H58u (le/ Jlt)

— 5 + 3H*(Coa it — G Jie) + SeH o Ty — <2H4sz — 6H®Q, — 3€H3<:ml) / Jlt:| -
(3.47)
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3.4 Flat spacetime limit

Let us now prove that we recover the standard Poincaré flux-balance laws in the quadrupolar
approximation upon taking the flat spacetime limit. In the quadrupolar truncation, these

laws read as [70]* (original derivations can be found in [71-75])

G -pm-pv 166G - "PM “5PM

_16G
0P = —= =" i J it (3.49)
0uTs = —Zep M T = e T (3.50)
OuN; = Pi. (3.51)

where the flat tensors I};M, H PM are symmetric and tracefree. The charges are expressed
as the flat limit of the SO(1,4) generators as &€ = Qp, P; = Qpi, J; = Qi and K; =
hmH,_)Oﬁ(QKi — Qpi) with N; = K; + uP;.

The flat limit of Eqgs. (3.21)-(3.26)-(3.35) reproduce the flat flux-balance laws of energy

and angular momentum with the dictionary
IZP;M = Q (o+p) - _5’UQ(p+p ; (352)
JPM _sz (353)

The flat limit of Eq. (3.46) reproduces the flat flux-balance law for the momentum. For
Lorentz boosts we have to extract the O(H) term in Eq. (3.44). Note that dq,, = O(H?),
therefore, only the exp(e Hu)dNE,;0 N term in Eq. (3.44) will contribute to the boost charge.
From Eq. (3.46) we obtain

1 . . 4Gu

’Ci = hmHl—)OE(QKi - QPi) = Feimlémj j‘jl- (3-54)
We can finally shift the charge as
4Gu
N ]C - F Ezml(Qmj le) (355)

to obtain the correct flux-balance law (3.51).

4 Comparison with the literature

The first proposed quadrupolar formula for the energy flux for even parity modes was derived

in [7], see also [17]. In our earlier work [57]|, we pointed out that there is an inconsistent

“Note that G; in [70] is A in our conventions, see Section 9 of [68].
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quadrupolar truncation in [7,17], which leads to incorrect terms proportional to Qg’ ) even in
the even parity sector. Performing the quadrupolar truncation using the methods of [57], let
us now upgrade the flux formula of [7] to include the Qz(f ) terms. We first note the algebraic
identity

Q(p—|—p) Qtt(p-HD + 5H2Q(p+p Qtt(p+p + 4H4Q (p+p) Qtt ptp) Re Re £t 8U6Ee7

1] )
where we defined

Ry = QU7 —3HOQW™ 4 2H2Q), (4.1)
SE¢ — BHQ (p+p) Qtt(p+p + 4H2Q(p+p Qtt(p+p H3Q (p+p) Qtt(p+p) (4.2)

The same identity holds in the odd sector with Q(p ) replaced by J;;, namely,

T I 4+ SHT JU + 4l 7 = RO RO — 0,6,

154

where we defined

RS = Jy—3HJ;+2H%), (4.3)
SE° = —3HJyJ% +4H?J;J — 6H? ;LY. (4.4)

The energy flux balance law (3.29) can therefore be equivalently defined as

G e o e pe o o
8u (QD + 5 ﬁd(E + F )) = ——% Rinz’jtt + Rinijtt>
-3 (Re RS + RERY) . (4.5)

The right-hand side is negative definite. It depends upon the combination Q) (ptp) , consistently
with the Bondi fields (3.4), (3.5), (3.6), (3.8). The energy flux (4.5) is our upgrade of the
formula proposed in |7]°.
We can also upgrade the angular momentum flux proposed in [7]. Again we note the
identity
3 (ptp) (p+p + 5H2C (r;;rp (p+p A p+p ](£L+p) = L8 RS, — 0L, (4.6)

km km km

®Note that the power radiated quadrupolar formula in [7] was given in terms of the transverse-traceless
(TT) part of R;; field. Let us recall that any symmetric rank-2 tensor can be decomposed as @Q;; =
%(5155“@1@1 + (0,05 — %&J»VQ)B + (’%BJ-T + 0;BF + QiTjT where QiTjT is the TT part of @;;, which satisfies
O'QLT = 0 = 69Q]". The two notions, tt projection and TT part of a rank-2 symmetric tensor are
therefore generically distinct. However, this distinction disappears after integrating over the two sphere at
infinity [60,76]. Note in addition that in [7], Q;; denotes the Lie derivative with respect to dilatation Killing
vector field (T) in conformal coordinates of de Sitter, i.e. Qij = L7Q;;. After conversion to Bondi frame, it
becomes L1Q;j = (On — 2H)Qsj.
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where we defined

e = (p+p BHQ (p+p) 4 o pp2 (p+:n (4.7)
5L — —3 HQ (p+p) (p+p) +2H? I(fpr:brp) (p+p) +2H2( I(fpr:brp) (p+p) —6 HSQ(p+p p+p).
(4.8)

The same identity holds in the odd sector with Q(p ) replaced by Jij,
Jim J kn + 5H Ty i + AH* Ty S = L3, RS, — 0u0LS, (4.9)

where we defined

zm = ka — BHka + 2H2ka, (410)
0L° = —3HkaJ]m + 2H2kaJkn + 2H2kaJkn — 6H3kaJkn (411)

Hence the angular momentum flux balance law (3.35) can also be equivalently defined as

8u (QLz — %Eimn(éLe -+ 5[/%)) = _?szn( ° —|— E ) (412)

This is our upgrade of the angular momentum flux proposed in [7].

In anti-de Sitter spacetime with Dirichlet boundary conditions, the SO(3,2) conserved
quantities are defined using the holographic stress-energy tensor [77]. More precisely, they
are defined from the analytic continuation to negative cosmological constant of the charge
formula (2.10). We started from this charge formula as initial ansatz in the case of positive
cosmological constant in this paper. When rewritten in Bondi variables, the charge can be
expressed in terms of the A-corrected Bondi mass aspects M®) and Bondi angular momen-
tum aspects NA while the flux is proportional to the field J [36 39|, see Eq. (2.19).
However, for leaky boundary conditions, where the boundary metrlc is allowed to vary, as
it is the case here, the holographic stress-tensor does not allow by itself to define the quasi-
conserved quantities. Indeed, computing the flux of M (2.16) using Eq. (3.17) shows
that the “would be energy flux” associated with the Bondi mass is not manifestly negative
definite. It cannot therefore lead to a proposal for a definition of energy in the presence of
a positive cosmological constant.

Bonga, Bunster, and Pérez (BBP) [55] studied several aspects of gravitational waves in
de Sitter for both linear and the non-linear theory. For the study of linearised solutions
they focused on solving the homogeneous Einstein equations in a partial wave expansion
to the gravitational field. One of the results of their paper is the derivation of an energy
flux formula for [ = 2 mode of linearized perturbations around de Sitter. Starting from the
energy loss formula in a different boundary gauge fixing introduced in [38,44], they obtained

a quadratic energy flux formula for linearized pertubations in de Sitter background. In [58],
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an energy flux formula for de Sitter Teukolsky waves has also been obtained. With the
correct identification of the variables, the energy flux formula for BBP quadrupolar waves
exactly matches with that of de Sitter Teukolsky waves. In this section, we wish to compare
our quadrupole formula with the energy flux formula for BBP quadrupolar waves in de
Sitter [55].

For | = 2 even parity linearized solutions of [55], the energy flux is given by

m=+2 y=+oo
- SWGZ/

where a,, = a,,(u) is a function of retarded time u. The function a,,(u) can also be un-

[\ Q@ |® + 5H?|d|* + 4HY Gy | | du, (4.13)

derstood as the coefficient of the | = 2 even parity solution of homogeneous linearized
Einstein’s equation. The relationship between the variables a,, used in [55] and our even
parity quadrupole moments are obtained from [58], where a relation between the BBP wave
solutions and [ = 2 mode quadrupolar truncated solutions [57] have been achieved via de
Sitter Teukolsky waves. Using Eqgs. (3.55), (5.79) of [58], we obtain

H? 1

m = 5 m__“ma 4.14
U = 5 — 5 (4.14)
where ¢, can be written in terms of [ = 2 spherical harmonics Y2 (6, ¢) = yfjmnmj,
1 24nm o
n = 773 1 )G ) (115)

An explicit expression for Y can be found in Eq. (3.218) of [78]. Therefore using (4.14),
and the identity (3.7), we have

87TG

am = == (V)" QY. (4.16)
Therefore,
m=-+2 87TG2
> ldnl = (Qg’*’)’@(”p ——Q”*” JA @Jakl) (4.17)
m=—2
87 G? 2
= B (G- 3a sy (4.18)
where we have used the identity,
m§2(y2m)*( omy 10 s Guds — 2 0u0n) (4.19)
R ij kl - 167 kU3l ilVjk 3 ijCVkl)- .

Hence the energy flux in terms of even-parity quadrupole moments becomes
+OO (p+p 1 "'(p+p +
. 1.
HAHH QYT — §Q<ﬂ+p>5ij)2). (4.20)
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This can also be written as

G [T
87

(B) _
BV = J

dU/ dQ( (P+p) Q(P"‘P) + 5H2Q (p+p) Q(p-i-p + 4H4Q (p+p le-i-p)tt) (421)
5’2

Considering now the [ = 2 odd parity linearized solution, the energy flux is given by

m=+2 ,y=4oo

BB — 3 G Z / {| '6'm|2+5H2|'5m|2+4H4|bm|2]du, (4.22)
m =—0

where b,, = b,,(u) is a function of retarded time u. The relationship between the variable

by, used in [55] and our odd parity [ = 2 mode quadrupole moments are given by [58],

8 G
b = == (V)" Ji. (4.23)

Therefore using (4.19), we have

m=+2
87rG2
Z | b m|2 = zy Jzy (424)

m=—2

Note that by construction J;; is symmetric and traceless. Hence the energy flux in terms of

odd-parity quadrupole moments becomes

G [t . ..
EB = 3 / du(Jij Jij +5H*JijJij + 4H4Jz’j<]ij)- (4.25)
This can also be written as
+o0
E® = L / du / dQ(J,J J i +5HA T Ji + 4H4J”Jff) (4.26)
S2

We have therefore demonstrated that the energy flux formulae (3.18), (3.26) exactly coincide
with the ones derived in [55]. This is remarkable because these formulae have been obtained
in different boundary gauges. In [55], the angular components g4 of the boundary metric
were kept fixed, while here we kept fixed the determinant of g45 and the mixed components
gua- This does not prove that the energy flux formulae are gauge invariant, but they are at
least invariant under an interesting class of gauge transformations.

Given that the quadratic energy loss formula derived in [38| and [41] agree with the one

derived in [55] as shown in [55] we also proved the equivalence of the energy flux formulae
(3.18), (3.26) with [38,41].
5 Conclusion

We derived the full set of flux-balance laws for linear (even and odd) quadrupolar perturba-

tions associated with background SO(1,4) symmetries. These laws reduce to the standard
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Poincaré flux-balance laws in the flat limit. Even though the flux-balance laws have been
determined, their split into the time derivative of the charge (left-hand side) and the flux
(right-hand side) is not unique. We warn the reader that even if the symmetry generators
form a SO(1,4) algebra, we did not prove that the charges form a SO(1,4) algebra under
a suitable bracket. As proven in [39], the charges Qg defined from the holographic stress-
energy tensor represent the A-BMS algebra under the adjusted bracket [69]. However, since
the charges are here defined with a shift (2.25), one would need to study the impact of this
shift on the representation theorem. This remains an open question.

After analysis, we obtained two distinct proposals for the energy loss. Both proposals
admit the standard flat limit and are negative definite at quadratic level. They differ by
terms proportional to the Hubble radius. The first proposal is given in Eq. (4.5). It
corresponds to an upgrade of the formula first proposed in [7] after correcting the even
parity sector following [57], and after including the odd parity contribution. The second
proposal is given as Eq. (3.29). After integrating over .# 7, it matches with the total energy
loss formula derived in [55,58]. We further complemented the previous literature [55,58| by
providing the corresponding definition of energy and energy flux on a fixed cut (i.e. fixed u)
of 7 in terms of multipolar moments. The existence of two proposals for the energy loss
indicates that fundamental requirements are missing to uniquely single out one expression.
One such requirement is gauge invariance. The Bondi framework is based upon one gauge
choice and even though it was successful in the asymptotically flat regime, we expect that
a gauge-independent framework is required to settle this issue. The comparison of proposed
definitions of energy loss based on Weyl scalars and Killing spinors [9,13,23] with the current

framework is left for future work.
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