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Abstract
Quantum computers have strict requirements for the problems that they can efficiently solve. One
of the principal limiting factor for the performances of noisy intermediate-scale quantum (NISQ)
devices is the number of qubits required by the running algorithm. Several combinatorial optim-
ization problems can be solved with NISQ devices once that a corresponding quadratic uncon-
strained binary optimization (QUBO) form is derived. Numerous techniques have been proposed
to achieve such reformulations and, depending on the method chosen, the number of binary vari-
ables required, and therefore of qubits, can vary considerably. The aim of this work is to drastic-
ally reduce the variables needed for these QUBO reformulations in order to unlock the possibil-
ity to efficiently obtain optimal solutions for a class of optimization problems with NISQ devices.
This goal is achieved by introducing novel tools that allow an efficient use of slack variables, even
for problems with non-linear constraints, without the need to approximate the starting problem.
We divide our new techniques in two independent parts, called the iterative quadratic polynomial
and the master-satellite methods. Hence, we show how to apply our techniques in case of an NP-
hard optimization problem inspired by a real-world financial scenario called MAX-PROFIT BALANCE
SETTLEMENT. We follow by submitting several instances of this problem to two D-wave quantum
annealers, comparing the performances of our novel approach with the standard methods used in
these scenarios. Moreover, this study allows to appreciate several performance differences between
the D-wave Advantage and next-generation Advantage2 quantum annealers. We show that the
adoption of our techniques in this context allows to obtain QUBO formulations with significantly
fewer slack variables, i.e. around 90% less, and D-wave annealers provide considerably higher cor-
rect solution rates, which moreover do not decrease with the input size as fast as when adopting
standard techniques.

1. Introduction

In recent years, many efforts have been devoted to understand to what extent modern noisy
intermediate-scale quantum (NISQ) devices can help to solve optimization problems of any sort (see
[1–3] for recent reviews). Particular attention has been paid to their potential to solve NP-hard and
NP-complete problems, which most of the times can be formulated as quadratic unconstrained binary
optimizations (QUBO). For instance, all famous NP Karp’s problems [4] can be casted in this form [5].

The possibility to solve QUBO problems with quantum devices has been studied on several supports,
especially on quantum annealers [1–3, 6–8], which are natively engineered as QUBO solvers and are par-
ticularly efficient to solve complex optimization problems compared to other NISQ devices, but also on
logical-gate quantum computers [9–12] and Rydberg atom arrays [13–15]. Although these technologies
are not expected to solve NP problems efficiently [16, 17], namely providing exponential speed-ups com-
pared to classical strategies, possible polynomial in-time advantages attract great interest. Indeed, given
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the importance of the real-world applications involved with the solutions of these hard combinatorial
problems [2], any achievable improvement is well-received. Exemplary scenarios come from finance [18–
23], logistics [24–26] and drug discovery [27].

Consider the situation where we aim to solve a generic constrained optimization problem with a
QUBO solver. The first step is to reformulate it in a quadratic unconstrained form, namely as a QUBO.
We call logical variables those defining the initial problem. The constraints attached to the original prob-
lem can be enforced in a QUBO form by employing additional slack variables. The larger is the total
number of variables, logical and slack, in a QUBO problem, the harder is in general to solve it.

Whereas the well-established procedures to translate optimization problems into QUBOs [28] can
be efficient in several scenarios, their implementation can be extremely inefficient at times. To be more
precise, we say that a method to obtain these formulations is inefficient for a problem whenever it
requires too many slack variables, namely their number is comparable with that of logical variables. In
these cases, the practical usefulness of QUBO solvers can be highly limited. For instance, if we have a
maximum size for the problems that our solver can receive, any reduction of slack variables allows to
increase the total number of logical variables associated to the initial problem, namely larger problems
can be tackled. Moreover, the more slack variables we implement, the higher is the connectivity that we
require in our QUBO and therefore in the QUBO solver that we aim to use. This consequence can be a
very limiting factor for the performances of modern NISQ devices.

The main motivation of this work is to unlock the possibility to solve certain classes of optimiza-
tion problems with those quantum technologies specialized to solve QUBO problems. For this purpose,
we introduce the iterative quadratic polynomial (IQP) and master-satellite (MS) methods. Their goal is
to provide QUBO forms requiring a minimal employment of slack variables. The former consists in a
new paradigm to translate problem constraints into corresponding quadratic penalty forms, while the
latter allows the simultaneous enforcement of different constraints sharing the same restricted set of bin-
ary variables. Noteworthy, our techniques can also be used to enforce non-linear equality and inequal-
ity constraints defined through integer or non-integer parameters, without the need to approximate the
constraints or to employ slack variables solely to obtain corresponding linearizations. Hence, the same
computational effort is required both for linear and non-linear constraints, where no approximate enfor-
cing of the constraints is required. Moreover, the QUBO variables employed by our methods for each
constraint are not necessarily completely connected. These features allow improving the output quality of
NISQ devices used as QUBO solvers as fewer and less-connected qubits are in general required.

We apply these techniques in the context of an NP-hard problem coming from finance, namely the
MAX-PROFIT BALANCE SETTLEMENT (MPBS) problem [29]. We provide a drastic reduction of the slack vari-
ables necessary to enforce the corresponding inequality constraints. We generate several instances of this
problem reflecting some main features of realistic datasets [30] and we show that our methods provide
the corresponding QUBO forms by employing around 90% less slack variables, if compared with the
QUBO forms obtainable with a standard procedure [28].

We solve several instances of MPBS with two different quantum annealers manufactured by D-
Wave Systems, Inc. [31], namely the D-wave Advantage_system4.1 and Advantage2_prototype1.1. The
annealer Advantage2_prototype1.1, being a prototype of the next-generation D-wave annealers, has a
reduced number of qubits but is characterized by higher connectivity and lower noise. Hence, not only
do we compare the outputs obtained when the QUBO problems are generated with different approaches,
but we also provide a comparison between the performances of these annealers. We show that, while
by using the standard approach the solution quality drops quite fast with the input size, our meth-
ods unlock the possibility to consider much larger instances. The number of successes that we obtain
when the QUBO forms are generated with our methods are always significantly higher: the multiplicat-
ive factor between the successes obtainable with the two methods ranges from 7 (smallest instances with
Advantage_system4.1) to 184 (largest instances with Advantage2_prototype1.1).

We point out the existence of other techniques attempting to reduce the slack variables employed
for QUBO reformulations. For instance, the alternating direction method of multipliers [32] and the
augmented Lagrangian method [33, 34] have recently been adopted in this context [35–37], where pre-
liminary QUBO problems have to be solved in order to get the final QUBO formulation of the original
optimization problem. Another approach consists in enforcing constraints in an approximate fashion via
a finely-tuned rescaling of the parameters defining the target linear inequalities [38–40]. Differently from
these strategies, neither we require to solve preliminary QUBOs nor we approximate the starting optim-
ization problem. Rather, we change the paradigm under which constraints are enforced.

The content of this work is structured as follows. In section 2, we introduce the fundamental tools
needed throughout this work, as the definition of graph-based problems, QUBO forms and the standard
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technique to achieve these quadratic forms. The first part of section 3 is devoted to describe in an intuit-
ive way the main ideas behind of our novel methods. Instead, the IQP and the MS methods are respect-
ively described in details in sections 3.1 and 3.2. The latter method requires a tuning of the QUBO pen-
alty multipliers that is radically different from those found in standard QUBO formulations. Different
strategies for this tuning are presented in section 3.3. The last heuristic that we introduce is a generaliz-
ation of the MS approach, suitable for those cases where three or more constraints are defined over the
same variables, which is proposed in section 3.4. We identify a class of optimization problems, namely
the locally-constrained problems, in section 4, which are particularly suitable for the application of our
techniques. The definition of the NP-hard MPBS problem is given in section 5, where we also analyse
its QUBO formulation and the corresponding needs in terms of slack variables when using standard
techniques. Instead, we show how to apply our novel techniques to MPBS step-by-step in section 6.
The corresponding improved performance obtainable in the context of quantum annealing is shown in
section 7, where the novel and the standard strategies are put in comparison.

2. Main tools

QUBO problems are defined as optimizations of quadratic forms defined over a set of binary variables
x= {0,1}N, without the possibility to attach any constraint [28]. Hence, we have the following equival-
ent notations:

min/max
x

xTQx=min/max
x

N∑
i,j=1

Qijxi xj =min/max
x

Q(x) , (1)

where Q is an upper-triangular N ×N real-valued matrix and the corresponding optimization can either
be a minimization or a maximization. Although these two cases are computationally equivalent, we con-
sider the maximization case from now on.

Quantum annealers are the NISQ QUBO solvers that we adopt later in this work to solve these
optimization problems, which in general are NP-hard [5]. The explanation of how quantum annealers
work in order to obtain optimal solutions of QUBO problems can be found, e.g. in [1–3]. Considering
the classical computation framework, optimization problems are tackled with several possible heurist-
ics. An example of such techniques is called simulated annealing [41–43], the classical counterpart of
quantum annealing, which searches into the space of possible solutions, while slowly decreasing the
probability to accept worse alternatives of the current solution. A comparison between quantum and
simulated annealing can be found in [44]. A different heuristic designed for the solution of QUBO prob-
lems is called tabu search, which is put in contrast with simulated annealing in [45]. At the end of this
work, after analyzing how our strategies improve the performances of quantum annealers in solving
optimization problems, we propose a similar comparison in the context of simulated annealing.

We proceed by explaining how several optimizations can be translated into a QUBO problem and
where does the necessity to introduce new methods for this translation come from. Consider an optim-
ization problem defined through the maximization of an objective function, which from now on we
call W, where some constraints on the possible solutions must be satisfied. Usually, from the very defin-
ition of the objective function, we obtain a natural set of logical variables x= (x1,x2, . . .) associated to
the units that describe the problem itself. For instance, if the problem requires to find a particular sub-
graph of an input graph, the binary variables may be associated to its arcs and/or nodes, or, if we aim
to subdivide a particular quantity among different parties, the binary variables may be used to describe
the corresponding fractions. Whenever W(x) can be written as a linear or quadratic form of the vari-
ables (x1, x2, x3, . . .), its QUBO form is obtained straightforwardly. Nonetheless, in order to translate the
constraints attached to our optimization problem in a QUBO form, we usually need additional binary
variables s= (s1, s2, . . .), called slack variables, which are employed solely to enforce constraints [28].

This work is devoted to expose novel techniques to implement constraints in QUBOs. We point out
that, even if some constraints could be particularly demanding in terms of slack variables, others may be
not. Hence, whenever we use the expression ‘target constraints’, we refer to those on which we decide to
apply our novel tools.

We study the generic situation of problems defined on directed, weighted and node-attributed multi-
graphs, namely:

Definition 1. (R-multigraph) An R-multigraph consists of the quadruple G = (V,E ,w, f), where V is a set
of nodes, E is a multiset of ordered pairs of nodes called arcs, w : E → R+ is a function assigning positive real
numbers, called weights, to arcs and f : V → Rn is a function assigning real-valued n-dimensional vectors, called
attributes, to nodes.
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Hence, we allow multiple arcs (u,v) ∈ E between two nodes u,v ∈ V , where each arc (u,v) ∈ E has
an origin u, a target v node and a positive weight w(u,v). Moreover, each node u ∈ V may have attrib-
utes given by a real-valued n-dimensional vector f(u) = ( f1(u), . . . , fn(u)). Naturally, what follows can be
applied to simpler graphs, e.g. undirected and/or unweighted.

The majority of the optimization problems considered in the literature can be casted as follows: find
the sub-graph G∗ = (V∗,E∗,w, f) of a given R-multigraph G = (V,E ,w, f) that maximizes the quant-
ity W(Ĝ) under some given constraints, where Ĝ is a generic sub-graph of G. In order to write these
problems in a more compact form, we introduce a binary variable xi = {0,1} for each arc (u,v) ∈ E .
Hence, we obtain a bijection (u,v) ↔ xi, where i = 1,2, . . . ,N and N= |E|. Each sub-graph Ê ⊆ E is
identified by a single combination of x= {x1,x2, . . . ,xN} ∈ {0,1}N, where xi = 1 if the corresponding
arc is included in Ê and xi = 0 otherwise. Given this bijection, each combination of x defines a differ-
ent Ê ⊆ E and V̂ , where u ∈ V̂ if there exists at least one arc in Ê such that u is either the origin or the
target node. For instance, E ↔ x= {1,1, . . . ,1}.

We start by considering the class of optimization problems that have objective functions and con-
straints that are, respectively, (at most) quadratic and linear in the binary variables xi. In case of mEC ⩾
0 equality constraints ECi(x,w, f) = 0 and mIC ⩾ 0 inequality constraints ICj(x,w, f)⩽ 0, an optimization
problem of this kind can be written as:

E∗ = arg maxx W(x,w, f)
s.t. ECi (x,w, f) = 0 for i = 1, . . . ,mEC

ICj (x,w, f)⩽ 0 for j = 1, . . . ,mIC

. (2)

Moreover, we assume the parameters defining the linear inequality constraints to be integer (positive or
negative), so that ICj(x) can only assume integer values. The linearity assumption of all the constraints
and the requirement that the inequality ones are integer valued are necessary in order to introduce the
standard method to obtain QUBO reformulations, as we show in section 2.1. Later, in section 3, we
introduce novel methods that do not require the starting optimization problem to satisfy none of these
assumptions: non-linear and non-integer constraints can be enforced without additional effort with
respect to the linear integer-valued constraint cases.

2.1. Standard QUBO formulation
The goal of a QUBO reformulation of the optimization problem (2) is to provide a QUBO problem

E∗ = argmax
x,s

W(x)+λ

mEC∑
i=1

PECi (x)+
mIC∑
j=1

PICj (x,s)

 , (3)

that provides the same optimal configurations provided by equation (2), where s= (s1, s2, . . . , sN) are N
additional slack variables that are employed to enforce inequality constraints in a quadratic form. For
the sake of clarity, we dropped the notation that makes explicit the dependence of W, ECi and ICj from
w and f. As we see later, linear equality constraints do not need any slack variables to be enforced in
this form. In order for this reformulation to have the meaning that we required, we have to find quad-
ratic forms P that provide penalties, namely are smaller or equal than −1, whenever the corresponding
equality or inequality constraint are violated by x, otherwise, if satisfied, they have to be zero valued for
at least one value of s. For instance, PEC1 (x)⩽−1 if and only if x violates the first equality constraint
and PEC1 (x) = 0 if and only if x satisfies the same constraint. Here, λ> 0 is a multiplier that has to be
chosen large enough in order to make sure that all the combinations of x violating one or more con-
straints cannot be the optimal configurations selected by equation (3).

The standard approach to enforce constraints in a quadratic form [28] reads as follows:

E∗ = argmax
x,s

W(x)+λ

− mEC∑
i=1

EC2
i (x)−

mIC∑
j=1

(
ICj (x)+ Sj (s)

)2 , (4)

where Sj(s) are linear functions of the binary slack variables s= {s1, s2, . . . , sN}. The quadratic term that
enforces the equality constraint ECi(x) in the QUBO form is simply given by PECi (x) =−EC2

i (x). The
reason of this choice is straightforward: any x that violates ECi(x) provides a negative contribution.
Therefore, as this optimization is formulated as a maximization, those x leading to a violation of an
equality constraint are discouraged. Hence, if λ> 0 is set large enough, we are sure that the solution of
equation (4) satisfies all the equality constraints.
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For what concerns the inequality constraints, we build some Sj(s) that help to translate these con-
straints into equality ones [28]. Before explaining how this goal is achieved, we notice that, if the
inequality constraints are satisfied for at least one combination of x, namely if there exists a solution of
equation (2), then minx ICj(x)⩽ 0. Hence, if Sj(s) assumes all the values in the interval [0, |minx ICj(x)|],
checking whether x satisfies the inequality constraint ICj(x)⩽ 0 is equivalent to check whether x satis-
fies the equality constraint ICj(x)+ Sj(s) = 0 for at least one value of s. Hence, the enforcement of this
new equality constraint in the QUBO form can be made similarly to ECi(x) by considering the quadratic
term PICj (x,s) =−(ICj(x)+ Sj(s))2. Finally, in order for Sj(s) to have the properties described above, we
use the definition:

Sj (s) = sNj
Sj +

Nj−1∑
i=1

si 2
i−1 , (5)

where Nj > 0 and Sj > 0 are such that Sj(s) assumes all the integer values in the interval
[0, |minx ICj(x)|]. Hence, Nj > 0 is the number of slack variables needed by this method to enforce
ICj(x) in a QUBO form, namely equation (4). Notice that in equation (5) we implied a relabelling of
the slack variable indices such that those associated to ICj(x) are the first Nj > 0, where N=

∑
jNj. It is

possible to apply similar techniques also in the case of non-integer-valued inequality constraints, but in
general their enforcement requires more slack variables.

In summary, each term of the first and second sum of equation (4) is respectively associated to an
equality or inequality constraint which provides a negative contribution, or penalty, if and only if x
violates the corresponding condition. More precisely, if x violates a constraint, the contribution of the
corresponding constraint term is strictly negative for all s. On the other side, the maximizations over
the same terms are zero-valued if and only if x satisfies the corresponding conditions. Hence, a large-
enough value of λ> 0 guarantees that the optimal solution does not violate any constraint and there-
fore equations (2) and (4) have the same solution. Whereas a straightforward choice of this parameter is
λ >maxxW(x), we provide other techniques later in this work for this tuning.

We underline that, in order to achieve this QUBO formulation, we have to make a disjoint use
of slack variables, namely each slack variable appearing in Sj(s), does not appear in any other Sk(s)
for j ̸= k. Moreover, the total number of slack variables Nj used to enforce ICj(x) solely depends on
minx ICj(x). As a result, the number of slack variables deployed is:

N=

mIC∑
j=1

Nj =

mIC∑
j=1

⌈
log2

(
1+

∣∣∣min
x

ICj (x)
∣∣∣)⌉ . (6)

3. IQP andMSmethods

The main goal of this work is to introduce a novel set of tools to obtain QUBO formulations of con-
strained binary optimization problems with the least possible amount of slack variables. This can help
to reduce the number of qubits required to solve these problems on NISQ devices, potentially unlock-
ing the possibility to tackle larger and more complex optimizations. Our strategy consists of two partially
independent methods: the IQP method and the MS method. While here we provide an intuitive explana-
tion of these techniques, a more detailed description can be found in the next sections.

The IQP method provides a new way to enforce constraints in a QUBO form. This method is par-
ticularly well-suited for constraints defined on few binary variables. Moreover, it can be easily general-
ized to enforce non-linear equality and inequality constraints into a QUBO form defined with integer or
non-integer parameters. We summarize the main idea behind this method in figure 1, while its technical
explanation is presented in section 3.1.

The second main contribution of this work is a novel interplay between the penalty quadratic forms
of a QUBO problem that enforce constraints, called the MS method. While the standard approach
enforces constraints independently from each other, our method exploits a synergy between different
constraints sharing the same binary variables. In case of two or more such constraints, we can divide
them into master and satellite. Master constraints are enforced for each possible binary variable com-
bination, while satellite constraints are enforced only for those combinations that already satisfy the
master constraints. As a result, the penalty quadratic forms associated with master constraints provide
penalties/no-penalties whenever the original constraints are violated/satisfied, namely they perfectly
enforce their corresponding constraints. Instead, the penalty quadratic forms associated with satellite
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Figure 1. Iterative quadratic polynomial method. Take a constraint defined overM binary variables. Our goal is to enforce it in a
QUBO form through the most generic quadratic polynomial P(x) in the variables x= (x1,x2, . . . ,xM). We look for the values of
its free parameters a0 and aij such that P(x) = 0 for those combinations of (x1,x2, . . . ,xM) satisfying the constraint (green lines)
and P(x) ⩽−1 for those combinations violating the constraint (red lines). In case such a polynomial does not exists, we iterat-
ively increase the number of slack variables in order to have more and more free parameters available to define the polynomial.
We give a detailed explanation of the IQP method (with and without slack variables) in section 3.1.

constraints are enforced only for those binary variables combinations that already satisfy the master con-
straints. A detailed description of the MS method is presented in section 3.2.

A consequence of this approach is that the quadratic forms associated to satellite constraints may
provide accidental incentives, namely a positive contribution, for those binary variables combinations
violating the master constraints. Hence, in order to avoid the promotion of those combinations, we
amplify the influence of master constraints penalty terms until we have a net penalty even for those
combinations receiving accidental incentives. This is done by a careful calibration of the QUBO pen-
alty multipliers, namely some quantities analogous to the parameter λ from equation (4). This tuning
is explained in detail in section 3.3. We show that, through the adoption of this strategy, we are able to
reduce the employment of slack variables. We summarize the idea behind the MS method in figure 2.

It is evident that, given a particular optimization problem, the task of deciding which constraints
have to be enforced as master and which as satellite is not a trivial one. Remember that, this method
requires the presence of at least one master constraint and the more master constraints we have, the
more efficient the implementation of satellite constraints is going to be. We can either decide to con-
sider as master those constraints that require the least amount of slack variables, with or without the
IQP method, or maybe those that are the most regular among the graph, e.g. do not depend on w and
f but solely on the arcs and nodes in the multigraph. This situation is examined through an exemplary
problem in section 5. We point out that, the separation of master and satellite constraints described here
is called bipartite, namely when constraint can either be master or satellite. We introduce a concatenated
version of the MS method in section 3.4, which results to be even more efficient in terms of slack vari-
ables employed.

The implementation of the MS method is particularly straightforward when satellite constraints are
enforced with the IQP method. Indeed, this method gives us the possibility to decide whether to asso-
ciate a penalty or not to precise binary variables combinations. Moreover, when satellite constraints are
enforced with the IQP method, even less slack variables are necessary, if compared to the enforcement
of the same constraints as master. Indeed, the slack variables needed by the IQP method increase with
the number of binary variables combinations for which we require a penalty or not. Hence, we anticip-
ate that the benefits of the conjunction between the IQP and the MS (IQPMS) methods are maximized
when dealing with constraints defined on few common binary variables. Nonetheless, in appendix A we
show how to apply the MS method when constraints are enforced with the standard method explained
in section 2.1.

In summary, while the IQP method is more efficient for constraints defined over few variables, the
MS approach can be applied for sets of constraints defined on the same subsets of binary variables.
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Figure 2.Master-satellite method. Take two constraints defined over the sameM binary variables, where one is considered as
master constraint (MC) and one as satellite constraint (SC). Our goal is to enforce them in a QUBO form through the most gen-
eric quadratic polynomials PMC(x) and PSC(x) in the variables (x1,x2, . . . ,xM). While the MC is enforced with the standard IQP
method (see figure 1), the SC is enforced only for those combinations already satisfying the MC (top left green lines). Compared
to PMC(x), PSC(x) is defined through a reduced number of conditions: no requirements are applied for those combinations viol-
ating the MC. As a consequence, we may obtain accidental incentives PSC(x)> 0 for these combinations (red lines). We solve
this issue by amplifying the role of PMC(x) through a relative multiplier λMC > 1 so that λMCPMC(x)+ PSC(x) ⩽−1 if either the
MC or the SC is violated (orange and red lines) and is equal to 0 if they are both satisfied (top right green lines). In case one or
both such polynomials do not exists, we iteratively increase the number of slack variables in order to have more and more free
parameters available to define the polynomials. We give a detailed explanation of the MS method in section 3.2.

Depending on the features of the combinatorial optimization problem studied, either one or both meth-
ods can be applied. For the sake of clarity, we introduce the class of locally-constrained optimizations
problems in section 4, for which a simultaneous adoption of the IQPMS methods can be efficiently
implemented, namely all constraints can be enforced with these new methods. Moreover, the IQPMS
methods perform the best when the graphs defining these problems are lowly connected.

Finally, we point out that, while both the IQP and the MS methods offer several advantages, it is
important to note their potential limitations. The IQP method can become computationally complex for
constraints defined over several variables, and the effectiveness of the MS method may depend on the
particular selection of master and satellite constraints. Nonetheless, compared to existing approaches in
the literature, such as the alternating direction method of multipliers [32], the augmented Lagrangian
method [33, 34] or approximate QUBO enforcing, which have recently been adopted in [35–40], our
methods do not require solving preliminary QUBOs or approximating the problem constraints.

3.1. IQPmethod
In this section we introduce a novel technique to enforce constraints in the QUBO form. We start by
focusing on the construction of a quadratic polynomial P(x,s) that enforces an inequality constraint
IC(x)⩽ 0 of the target optimization problem, see equation (2). As we explain later, this technique
can also be used for more general constraints, but for the sake of simplicity we begin with the linear
inequality case. We consider the case where the constraint IC(x) = IC(y) is defined over M⩽ N bin-
ary variables, namely over a subset y⊆ x of all the N binary variables x= (x1,x2, . . . ,xN) defining the
starting optimization problem. Hence, differently from the previous section (see figure 1), we relabel the
binary variables associated to the target inequality constraint by using y= (x1,x2, . . . ,xM).

Consider a generic quadratic polynomial (QP) in the following M+M variables {y,s}, where y=
(x1,x2, . . . ,xM) are the binary variables associated to the studied constraint IC(y) and s= {s1, s2, . . . , sM}
are M slack variables:

P(y,s) = a0 +
∑

1⩽i⩽j⩽M

aijxi xj +
∑

1⩽k⩽l⩽M

aklsksl +
∑

1⩽i⩽M
1⩽k⩽M

bi kxi sk . (7)
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The number of free parameters in P(y,s) are:

#
{
a0,aij,akl,bik

}
= 1+

(
M+M

)2
+M+M

2
. (8)

The slack variables used to define P(y,s) are disjoint from those considered to define QPs associated to
other constraints [46].

QPwith no-slack variables: We start by considering the scenario without slack variables, namely M= 0.
In order to obtain a quadratic form P(y) that enforces the constraint IC(y)⩽ 0, we have to solve the
following linear system in the parameters aij:{

P(y) = 0 if y satisfies IC(y)⩽ 0
P(y)⩽−1 if y violates IC(y)⩽ 0

. (9)

If such a solution exists, then we managed to translate the constraint IC(y)⩽ 0 into a QUBO form
without using slack variables. We say that each value of y identifies a different sub-constraint, which can
be either assigned to a no-penalty P(y) = 0 or to a penalty P(y)⩽−1. Hence, in order for P(y) to rep-
resent IC(y)⩽ 0, it has to satisfy 2M sub-constraints, one for each value of y ∈ {0,1}M. It may sound
that we can use no slack variables only when #aij = 1+(M2 +M)/2 is not smaller than the number
of sub-constraint 2M . Nonetheless, as we see later, it is not uncommon to find quadratic polynomials
that enforce a number of sub-constraints larger than the number of its free parameters. This is because
inequality sub-constraints, namely P(y)⩽−1, are less restrictive than equality ones. Finally, notice that,
if the constraint is satisfied for all y ∈ {0,1}M, then we do not even need to enforce this constraint via
a penalty polynomial: it is not violated for any combination of y and therefore no penalty has to be
applied. Indeed, in this case we would simply obtain the null polynomial, namely a0 = aij = 0 for all i
and j.

QPwith slack variables: The implementation of slack variables into this scenario cannot be made by
simply considering the linear system (9), where P(y) is replaced by P(y,s). Indeed, even if P(y,s) has
several more degrees of freedom coming from the presence of slack variables, these are not exploited
in the system as there is no reference of them in the linear system that we should solve. Consider for
instance a value of y associated to a no-penalty sub-constraint. In this case, we would require P(y,s) = 0
for all the values of s. Hence, even if we have more degrees of freedom compared to the no-slack vari-
able method, in this way we would solely have more conditions in the linear system. Therefore, it is easy
to convince ourselves that this approach provides no improvement with respect to the scenario of a QP
with no slack variables.

In order to exploit the potential of the slack variables inside a generic QP in this context, we start
by noting the following. If we replace P(y) with P(y,s) in equation (9), the penalty (inequality) sub-
constraints are less restrictive than the no-penalty (equality) ones. Indeed, the former type allows P(y,s)
to assume any value smaller or equal to -1 and for different values of s and the same y the polynomial
P(y,s) can assume different penalties. Instead, for no-penalty sub-constraints we require P(y,s) to be
exactly 0, for all y and s. Nonetheless, if y is associated to a no-penalty, we do not need P(y,s) = 0 to be
true for all the values of s, it is enough to require it for at least one s, while at the same time no incent-
ives are provided for the other values of s. Indeed, P(y,s) is one component of the QUBO formulation
of an optimization problem, which undergoes a maximization over x (which contains all the variables in
y) and s. Hence, our minimal requirements on the parameters aij, akl and bik defining P(y,s) are:

P(y,s)⩽−1 if y violates IC(y)⩽ 0 for all s
P(y,s)⩽ 0 if y satisfies IC(y)⩽ 0 for all s
P(y,s) = 0 if y satisfies IC(y)⩽ 0 for at least one s

(10)

or, equivalently, {
P(y,s)⩽−1 if y violates IC(y)⩽ 0 for all s

maxsP(y,s) = 0 if y satisfies IC(y)⩽ 0
. (11)

The enforcement of the sub-constraints proposed in equations (10) and (11) can be casted as a feas-
ibility problem. In case of a single slack variable s= s1, namely for M= 1, it assumes the form:

arg mina0,aij,akl,bik 1
s.t. P(y,0)⩽−1∧ P(y,1)⩽−1 if y violates IC(y)⩽ 0

(P(y,0) = 0∧ P(y,1)⩽ 0)∨ (P(y,0)⩽ 0∧ P(y,1) = 0) if y satisfies IC(y)⩽ 0
, (12)

8
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where the symbols ∧ and ∨ represent, respectively, the AND and OR logical operations. Hence, the solu-
tion of this feasibility problem provides the parameters aij,akl and bik that defines the quadratic polyno-
mial P(y, s1) that enforces our constraint.

IQPmethod: Consider the following iterative procedure to enforce constraints in a QUBO form, where
in each step we add a slack variable to the QP used, until this enforcement is possible. Hence, given a
target constraint, we execute the following step-by-step algorithm:

• STEP 0: Apply the method with no-slack variables given in equation (9). If it provides a solution, halt.
• STEP 1: Apply the method with M= 1 slack variable given in equations (10) and (11). If it provides a
solution, halt.
• STEP 2: Apply the method with M= 2 slack variables given in equations (10) and (11). If it provides
a solution, halt.
• …
• STEP M: Apply the method with M slack variables given in equations (10) and (11), with the follow-
ing feasibility form:

arg mina0,aij,akl,bik 1
s.t.

∧
sP(y,s)⩽−1 if y violates IC(y)⩽ 0∨

s (P(y,s) = 0∧ P(y,s ′ ̸= s)⩽ 0) if y satisfies IC(y)⩽ 0
, (13)

where the AND and OR logical operations are performed over s ∈ {0,1}M.
In the following, we use the expression ‘IQP method’ to refer to this algorithm. Notice that, if

this procedure halts at a certain step, then the same amount of slack variables are enough for the IQP
method to encode the target constraint as a QUBO penalty term. Remember that we start from STEP
0, which corresponds to the no-slack variables scenario. Hence, this method is designed to enforce our
constraint via a QP (7) employing the least number of slack variables. In the following, the QP obtained
through this method could be simply called IQP.

We point out that, as we increase the number of slack variables throughout these steps, P(y,s) gets
more and more free-parameters at disposal (see equation (8)), while at the same time we apply the
same amount of ‘strong’ equality conditions and more ‘soft’ inequality conditions (see equation (10))
in the corresponding linear system. An indicative estimate of the slack variables necessary for this kind
of method is given by requiring that the free parameters in P(y,s) (see equation (8)) is larger than the
number of sub-constraints, which in the general case are 2M , namely the conditions in the linear sys-
tem (9) considered with no slack variables. Nonetheless, as we show it later with an example, a lower
number of slack variables is often sufficient. Hence, it should already be clear that this method is partic-
ularly useful for small M. Indeed, while for the standard method the number of slack variables do not
change with M, in general the number of slack variables needed by the IQP method increases with M.

Finally, we underline two more qualities of this technique. First, this method can be extended to any
linear/non-linear equality/inequality constraint defined with integer/non-integer parameters. Indeed, con-
sider the linear systems (10) and (13) defining the parameters of the quadratic polynomial enforcing the
constraint. The proposed procedure makes no reference to the form of IC(y) and, more importantly,
its linearity is never exploited. The only operation that we have to perform is to verify whether IC(y)
is violated or not for each y. It follows that, in case we need to enforce any other type of constraint
C(y) = True, the same procedure described in this section can be adopted, where we simply replace ‘y
satisfies/violates IC(y)⩽ 0’ with ‘y satisfies/violates C(y)’. A second merit of the IQP method is that, dif-
ferently from the standard approach, it does not require all the variables to be coupled to each other:
some of the parameters aij, akl, bik can be null. We encounter this scenario for several constraints defin-
ing the optimization problem studied later in this work, namely the MPBS problem (see section 6). This
scenario can improve the performance of NISQ devices used as QUBO solvers as sparser formulations
require fewer and less-connected qubits.

3.2. MSmethods
Consider the scenario where two (or more) constraints are defined over the same subset of variables
y⊆ x, where the first has been enforced in a quadratic form either with the IQP method or any other
method, e.g. as in section 2.1. We call this constraint the master constraint, while the second, which has
yet to be enforced, as satellite. We follow by presenting a variation of the IQP method suited to enforce
satellite constraints. This technique, as we show below, employs even less slack variables, if compared
with the method presented in section 3.1, which instead is better suited for master constraints.

9
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The main difference between the standard IQP method and its variation for satellite constraints
is that we do not impose sub-constraints for all the possible combinations of the binary variables
y= (x1,x2, . . . ,xM), but only for the strictly smaller subset of combinations satisfying the master con-
straints. The final discussion of the previous section should already convince the reader that having less
than 2M sub-constraints allows to implement satellite constraints with even fewer slack variables.

We start by considering two constraints sharing the same variables y, where we call ‘MC(y) = True’
the constraint considered as master, and ‘SC(y) = True’ the satellite one, where both can either be
linear/non-linear equality/inequality constraints defined with integer/non-integer parameters. Requiring
PSC(y,s), obtained form equation (7), to enforce the satellite constraint with M slack variables corres-
ponds to verify whether there exists a solution of the following linear system in the parameters aij, akl
and bik: 

PSC (y,s)⩽−1 if y satisfies MC(y) and violates SC(y) for all s
PSC (y,s)⩽ 0 if y satisfies MC(y) and satisfies SC(y) for all s
PSC (y,s) = 0 if y satisfies MC(y) and satisfies SC(y) for at least one s

(14)

or, equivalently,{
PSC (y,s)⩽−1 if y satisfies MC(y) and violates SC(y) for all s

maxsPSC (y,s) = 0 if y satisfies MC(y) and satisfies S C(y)
. (15)

The step-by-step IQP method described in the previous section can be generalized to the satellite
scenario, where we simply restrict the corresponding conditions for PSC(y,s) to the 2M− n(MC)< 2M

sub-constraints that satisfy the master constraints, as shown in equations (14) and (15), where n(MC)⩾
1 is the number of combinations of y that violate the master constraint. Hence, all the corresponding
steps can be formulated similarly. For instance, the feasibility problem formulation (13) reads:

arg minaij,akl,bik 1
s.t.

∧
sP

SC (y,s)⩽−1 if y satisfies MC(y) and violates SC(y)∨
sP

SC (y,s) = 0∧ PS C (y,s ′ ̸= s)⩽ 0 if y satisfies MC(y) and satisfies SC(y)
,

(16)

where the AND and OR logical operations are performed over s ∈ {0,1}M. Remember that this procedure
can be straightforwardly applied to constraints that are non-linear or not defined through integer para-
meters, as described in section 3.1.

Notice that, in case all the combinations of y satisfying the master constraint satisfy the satellite con-
straint too, then there is no need to enforce the satellite constraint with a quadratic polynomial at all.
Indeed, in this case a solution of equation (16) would be given (without employing any slack variable)
by a0 = aij = akl = bik = 0 for all i, j, k and l.

In order to make the notation clearer, we considered the case of one master and one satellite con-
straint. In case of multiple master constraints, we have to require sub-constraints only for those y sat-
isfying all the master constraints. Hence, in such a scenario we would impose even less sub-constraints,
namely 2M− n(MC)< 2M, where now n(MC)⩾ 1 is the number of combinations that violate at least
one master constraint. Naturally, if we have more than one satellite constraint, the solution of this linear
system has to be performed independently for each one of these constraints.

The natural consequence of not imposing any sub-constraint for those y violating the master con-
straints is that we may obtain an accidental incentive PSC(y,s)> 0 for some (y,s), where y violates the
master constraint. In this situation such a combination would be promoted, and therefore we need a
strategy to avoid that the optimal solution of the corresponding QUBO problem violates one or more
constraints. This goal is achieved by amplifying the weight of master constraints as shown in section 3.3.

We say that this MS method adopts a bipartite approach as, even in case of more than two con-
straints involved, each constraint is either considered as a master or a satellite constraint. Instead, in case
of three or more constraints, we can either adopt the strategy introduced in this section or its concaten-
ated version, presented in section 3.4.

3.3. Tuning of the relative multipliers
Consider the QUBO form (3) of a generic optimization problem (2), where a single constraint has
been enforced with the IQP method presented in section 3.1. Since the corresponding quadratic form
P(x,s) = P(y,s) provides penalties/no-penalties if and only if y violates/satisfies the corresponding
constraint, no adjustments have to be applied to the form given in equation (3). The same applies if

10
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multiple constraints are enforced with the standard IQP method, namely when the MS method is not
exploited.

In case two or more constraints are enforced with the MS method, some adjustments to equation (3)
have to be applied. In practice, we need to amplify the role of the master constraint quadratic form as
follows:

PMC (y,s)+ PSC (y,s) −→ λMCPMC (y,s)+ PSC (y,s ′) , (17)

where the master and satellite constraints considered here are two constraints picked from the inequality
and equality constraints of equation (2) that we decided to enforce with the MS approach, hence sharing
the same subset of binary variables y. Hence, λMCPMC(y,s)+ PSC(y,s ′) replaces two of the quadratic
polynomials on the r.h.s. of equation (3). The multiplier λMC ⩾ 1 can be defined as follows:

λMC = 1+ γmax

{
0,max

y,s ′
PSC (y,s ′)

}
, (18)

where γ > 1 and, if the maximization on the r.h.s. is greater than zero, we say that at least one of the
satellite constraints provide an accidental incentive. In case of no accidental incentives, λMC = 1.

Thanks to this transformation, we finally achieve a QUBO form of these two constraints that faith-
fully represents the corresponding constraints. Indeed, the r.h.s. of equation (17) is smaller or equal than
-1 if y violates either the master or the satellite constraint and is zero-valued for at least one value of s
if both constraints are satisfied:

λM CPM C (y,s)+ PSC (y,s ′)⩽−1 for all s if y violates MC(s)∨ SC(s)
λMCPMC (y,s)+ PSC (y,s ′)⩽ 0 for all s if y satisfies MC(s)∧ SC(s)
λMCPMC (y,s)+ PSC (y,s ′) = 0 for at least one s if y satisfies MC(s)∧ SC(s)

. (19)

Consider the case where we enforce multiple constraints as master and satellite (either with the IQP
method or not) defined over the same shared set of variables y⊆ x. Both master and satellite constraints
can be chosen among the equality and inequality constraints. We apply the following transformation of
the QUBO form:

mM C∑
i=1

PM C
i (y,s)+

mS C∑
j=1

PS Cj (y,s) −→ λM C
mM C∑
i=1

PMC
i (y,s)+

mS C∑
j=1

PS Cj (y,s) , (20)

where, even if not made explicit, the slack variables employed for the master and satellite quadratic poly-
nomials are independent. Therefore, this transformation involves mMC +mIC quadratic polynomials
picked from equation (3). Similarly to equation (18), we use:

λM C = 1+ γmax

0,max
y,s ′

mS C∑
j=1

PSCj (y,s ′)

 . (21)

For what concerns the multiplier λ that appears in equation (3), we can apply the ordinary strategies
that can be found in the literature. Several exemplary problems for which this parameter is calculated
are given in [5], where at times a different parameter λi is associated to each quadratic penalty term
Pi(x,s). In what follows, we define a class of optimization problems, called locally-constrained, for which
we propose a different tuning of these parameters.

3.4. MS concatenation
We briefly describe a method to concatenate the MS approach in order to reduce even more the number
of considered sub-constraints, and therefore of slack variables. This approach can be applied solely for
those cases where three or more constraints share the same subset of variables y⊆ x. For instance, con-
sider the four constraints C1(y), C2(y), C3(y) and C4(y) (we omit the ‘= True’ notation) defined over
the same binary variables.

The approach of the previous sections requires to identify two groups of constraints, where all the
constraints in the second group are satellite of the constraints in the first group. For instance, we could
choose the master constraints to be C1(y) and C2(y), while their satellite constraints are respectively
C3(y) and C4(y). Each constraint in the satellite group is actively enforced solely for those combinations
of y that satisfy the constraints from the master group. On the other side, all the master constraints have
to be enforced for all the 2M combinations of y= (x1,x2, . . . ,xM).

11
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We concatenate the MS method among all the constraints defined over y⊆ x. In particular, we
start by choosing two constraints, e.g. C1(y) and C2(y), and enforce C1(y) as the master constraint of
C2(y). Hence, C1(y) would be enforced for all the combinations of y, while C2(y) only for those y sat-
isfying C1(y) (as the MS approach described in the previous sections in the case of two constraints).
Nonetheless, differently from before, we continue this concatenation of constraints by considering
C1(y)∧C2(y) as the master constraint of C3(y). Hence, C3(y) would be enforced only for those y satisfy-
ing C1(y)∧C2(y). Finally, C4(y) would be enforced as a satellite constraint of all the other constraints,
namely with C1(y)∧C2(y)∧C3(y) being its master constraint. Therefore, C4(y) has to be enforced
for those y already satisfying all the other constraints. This hierarchy of constraint enforcement allows
to consider fewer sub-constraints if compared with the non-concatenated case, and therefore, as show
before, less slack variables.

This approach requires the introduction of multiple relative multipliers that have the role to counter-
balance the accidental incentives coming from the enforcement of C2(y), C3(y) and C4(y). If we consider
the previously described example of four constraints, we would need three different multipliers similar to
λMC from equation (18) via the following replacement of the quadratic polynomials enforcing C1,2,3,4(y)
in equation (3):

P1 (y,s)+ P2 (y,s)+ P3 (y,s)+ P4 (y,s) −→ λ1P1 (y,s)+λ2P2 (y,s)+λ3P3 (y,s)+ P4 (y,s) , (22)

where Pi(y,s) is the IQP obtained while considering the constraint Ci(y) in this concatenated scheme,
namely as a satellite of all the constraints Cj(y) with j< i and master of those with j> i. Remember that
each Ci(y) can either be an equality or an inequality constraint. The tuning of the parameters λi is given
by the following generalization of equation (18):

λi = 1+ γmax

0,max
y,s

∑
j>i

Pj (y,s)

 , (23)

where γ > 1.

4. Locally-constrained optimization problems

A class of optimization problems that is particularly suited for the application of our techniques is given
by the locally-constrained ones, namely those having constraints that are defined node-by-node and
depend solely on the variables xi associated to the arcs incident to each node (see definition 1). The
optimization problems of this type assume the form:

E∗ = arg maxx W(x)
s.t. ECu,i (x) = 0 for u ∈ V (x) and i = 1, . . . ,mEC

ICu,j (x)⩽ 0 for u ∈ V (x) and j = 1, . . . ,mIC

, (24)

where the equality and inequality constraints ECu,i(x) and ICu,j(x) are defined solely over those bin-
ary variables yu ⊆ x= {x1,x2, . . . ,xN} associated to the arcs incident to the corresponding node u and
V(x)⊆ V is the subset of nodes identified by the arcs selected by x. For instance, if x= {1,0,0, . . . ,0},
where x1 = 1 corresponds to an arc connecting u= 1 and u= 2, V(x) would consists of the nodes u= 1
and u= 2. Hence, for each node in V(x) we impose mEC equality constraints and mIC inequality con-
straints [47]. Notice that, while in equation (2) mEC and mIC referred to the total number of equality
and inequality constraints in the whole graph, respectively, in equation (24) they refer to the number of
equality/inequality constraints per node [48].

Locally-constrained optimization problems are particularly appropriate for the application of the
IQPMS methods. These problems present a natural subdivision of the constraints defined over the same
set of binary variables y. Indeed, each node u has constraints defined solely over the variables yu ⊆ x
associated to the arcs incident to u. Therefore, the application of the IQPMS methods is extremely
direct.

Consider a locally-constrained problem with at least two constraints per node and divide them into
mMC ⩾ 1 master constraints MCu,i(x) and mSC ⩾ 1 satellite constraints SCu,j(x), where mMC +mSC =
mEQ +mIQ. All the linear equality constraints, since they do not need the employment of slack vari-
ables, are promoted to master constraints, while the remaining ones can either be satellite or master.
We can adopt the IQPMS methods introduced in sections 3.1 and 3.2 to enforce the master and satel-
lite constraints as quadratic penalty terms PMC

u,i (yu,s) and PSCu,j(yu,s), which are defined over the variables
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yu ⊆ x associated to the arcs incident to the node u. Therefore, the QUBO formulation of the optimiza-
tion problems in this class, thanks to the IQPMS methods, assume the form:

E∗ = argmax
x,s

W(x)+
|V|∑
u=1

λu

λMC
u

mMC∑
i=1

PMC
u,i (yu,s)+

mSC∑
j=1

PSCu,j (yu,s)

 , (25)

where the quantities λMC
u,i ⩾ 1 and λu ⩾ 1 have two different roles. The relative multipliers λMC

u,i ensure
that, for each combination of the binary variables associated to the node u, if yu violates one of the con-
straints, the net contribution of the term inside the parenthesis is smaller than or equal to -1. Indeed,
we need to amplify the effect of master constraints accordingly to the accidental incentives that PSCu,j(yu,s)
provide. Instead, if yu satisfies the constraints, the term inside the parenthesis has to be zero for at least
one value of s and non-positive for the remaining combinations of s. These quantities have the same
role of the parameter λMC defined in equations (18) and (20). Instead, the parameters λu replace the
role of λ in equation (3). Hence, they have to amplify enough the penalties in order to suppress those yu
that violate one or more constraints.

4.1. Tuning of the relative multipliers and theMS concatenation
We first discuss the tuning of the relative multipliers λMC

u and later we focus on λu. A straightforward
application of the results presented in section 3.3 allows us to consider the following definition

λMC
u = 1+ γmax

0,max
yu,s

mSC∑
j=1

PSCu,j (yu,s)

 , (26)

where γ > 1. Notice that all the relative multipliers of the same node u have the same value.
In what follows, we describe three proposals for the tuning of λu, which we call local, neighbor and

global. Our first approach is to choose a value of λu such that the minimum penalty applied when at
least one constraint in u is violated is (in modulo) greater than the maximum contribution provided by
the arcs incident in u to W(x). In order to do this, we define Wu(x) to be the restriction of W(x) to the
node u. More precisely, if we write W(x) =

∑
1⩽i⩽j⩽NWijxi xj, in Wu(x) we include only those terms

where either xi, xj or both belong to yu, namely corresponds to arcs in E(u). Hence, we define:

λlocal
u = γmax

x
Wu (x) , (27)

where γ > 1.
The next two approaches that we define naturally provide larger values of λu. On the one side it

helps preventing the ‘non-local’ violation of constraints that may occur in presence of a local tuning. In
appendix C we describe this phenomenon in the context of the MAX-PROFIT BALANCED SETTLEMENT optim-
ization problem: an NP-hard problem that we analyse in section 5. Nonetheless, the presence of penalty
terms that are too large compared to those found in W(x) can suppress the output quality of several
QUBO solvers, especially quantum ones. Moreover, depending on the structure of W(x), the evaluation
of these two extra methods may be more demanding (this is not the case for diagonal W(x)). Therefore,
in this work we privilege the use of the local tuning, and, in case of necessity, we pick larger values of γ.

The second possible tuning that we discuss extends the previous approach to those nodes neighbor-

ing u, namely those sharing an arc with u. Similarly to Wu(x), we now define Wneigh
u (x) to be the restric-

tion of W(x) to the binary variables associated to arcs incident to u and its neighboring nodes. Hence,
we define:

λneigh
u = γmax

x
Wneigh

u (x) , (28)

where γ > 1.
The last discussed tuning is labeled as global because it is not node-dependent and it makes sure

that the penalty applied is always large enough whenever any constraint is violated. Indeed, it consists
in setting:

λglobal
u = γmax

x
W(x) , (29)

where γ > 1. Whereas this is a sure choice to make our QUBO formulation exactly encoding the starting
optimization problem, namely they provide the same solution, it has some downturns. Depending on
the structure of W(x), the optimization maxxW(x) may have a computational cost that is similar to the
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whole optimization problem, and therefore evaluating λ
global
u may become excessively demanding. More

importantly, this choice can easily produce a QUBO problem where the penalty terms are (in modulo)
extremely larger than the objective function terms. This scenario can deeply affect the solution quality of
QUBO solvers and, moreover, we expect that in many common situations this brute-force approach is in
fact unnecessary.

To conclude this section, we give an exemplary reformulation of the results regarding the concaten-
ated IQPMS methods to the case of locally-constrained problems. Imagine to have four constraints per
node, hence defined over the same binary variables yu ⊆ x, and concatenate them as in section 3.4. We
can reformulate the QUBO form (25) of this locally-constrained optimization problem as:

E∗ = argmax
x,s

W(x)+
|V|∑
u=1

λu (λu,1Pu,1 (yu,s)+λu,2Pu,2 (yu,s)+λu,3Pu,3 (yu,s)+ Pu,4 (yu,s)) , (30)

where Pu,i(x,s) is the IQP obtained while considering the constraint Cu,i(x) in this concatenated scheme,
namely as a satellite of all the constraints Cu,j(x) with j< i and master of those with j> i, for i, j =
1,2,3,4. The tuning of the parameters λu,i is given by the following generalization of equation (23):

λu,i = 1+ γmax

0,max
x,s

∑
j>i

Pu,j (yu,s)

 . (31)

Regarding the multipliers λu appearing in equation (30), we can adopt the same techniques discussed
above in this section.

5. Case of study: MPBS

We present the locally-constrained optimization problem that we focus on in this work, which is
inspired by a real-world financial scenario. Consider a network of users having a set of pending receiv-
ables that still have to be paid for. Each receivable indicates the details of a precise pending payment
and therefore it is defined by its value, the corresponding creditor and debtor users and some additional
temporal features, such as the dates the receivable has been submitted and when the corresponding pay-
ment falls due. These scenarios are often handled by receivable funders who have the role of anticipating
the resolution of receivables: users are requested to pay a fee in order to have instant access to a lump
sum of capital, which significantly eases the cash-flow issues associated with receivables. Nonetheless, a
different strategy for receivable resolution has been proposed in [29], where a do-ut-des mechanism is
exploited. The main goal in the design of this network-based receivable funding is to select the largest-
amount subset of receivables for which autonomous payment among users is possible, without involving
the funder. This optimization has to be performed under two main constraints. First, the account bal-
ance of each user has to be upper- and lower-bounded by some pre-fixed values before and after the
resolution of the chosen receivables. We call this constraint CAP/FLOOR, where the CAP (FLOOR) value
corresponds to the upper (lower) bound of the account balance. Secondly, each user accepts to realize at
least one anticipated payment for which they are debtor if and only if they also receive at least one pay-
ment corresponding to a receivable for which they are creditor. Hence, this constraint, called IN/OUT,
prevents users from only receiving or only executing the payment of receivables.

To reformulate this optimization problem in a more mathematical framework, we say that each day,
we have a different set of receivables R that constitutes the pending transactions, namely those not
resolved the day before together with those added in the meantime between the two days. Therefore,
each receivable is defined by its amount w(u,v)> 0, the corresponding debtor u and creditor v, together
with several temporal features which we do not exploit in this analysis [29]. Indeed, we focus on the
single-day resolution problem defined by the R-multigraph induced by R, formulated as:

Definition 2. (Receivables R-multigraph) The R-multigraph induced by the set of receivablesR consists of
the quadruple G = (V,E ,w, f), where V is a set of nodes, E is a multiset of ordered pairs of nodes called arcs,
and w : E → R+ assigns positive numerical values to arcs and f : V → R4 assigns four attributes to each node.
The nodes u ∈ V represent the users inR, the arcs (u,v) ∈ E represent the receivables inR, where u represents
the corresponding debtor and v the creditor, and w(u,v) is the value of the receivable (u, v). Each node u ∈ V is
assigned attributes f(u) = (blr(u),bla(u), cap(u), fl(u)), respectively the corresponding receivable balance, actual
balance, cap and floor values.

Hence, given a set of receivables R, we can identify a corresponding R-multigraph. The aim of the
optimization problem that we are about to define is to maximize the overall value of the receivables paid
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under the condition that the constraints CAP/FLOOR and IN/OUT described above are satisfied by all
users. More precisely:

Definition 3. (MAX-PROFIT BALANCED SETTLEMENT (MPBS)) Given the R-multigraph G = (V,E ,w, f) induced
by the receivablesR, find

E∗ = argmax
Ê⊆E

∑
(u,v)∈Ê

w(u,v) , (32)

s.t. CAP/FLOOR(u), ∀u ∈ V(Ê), (33)

s.t. IN/OUT(u), ∀u ∈ V(Ê). (34)

where Ê is a generic subset of all the arcs/transactions E and V(Ê) = {u ∈ V |(u,v)∨ (v,u) ∈ Ê}.
Condition (33) confines the balance of the users that take part to the solution multigraph E∗ to be
inside a finite region, so that floor and cap conditions are not violated after the realization of the selected
transactions:

CAP/FLOOR(u) :
∑

v:(v,u)∈Ê

w(v,u) −
∑

v:(u,v)∈Ê

w(u,v) ∈ [fl(u)− bla (u) , cap(u)− blr (u)] . (35)

Condition (34) imposes that each user taking part to the solution multigraph E∗ has to be debtor and creditor for
at least one transaction:

IN/OUT(u) :
∣∣∣{(u,v) | (u,v) ∈ Ê}∣∣∣⩾ 1, and

∣∣∣{(v,u) | (v,u) ∈ Ê}∣∣∣⩾ 1 . (36)

We start by underlying the locally-constrained nature of this optimization problem: each constraint is
defined node-by-node and only depends on the arcs incident to that same node. Secondly, the MPBS
problem is NP-hard as it can be reduced from the SUBSETSUM problem [29], which is a special case
of the KNAPSACK problem. This problem presents the same structure of other well-known minimum-
cost circulation problems, which have been extensively studied for decades (see, e.g. [49]). The authors
of [29, 30] exhaustively studied how to approach the MPBS problem by using classical computation
resources, adopting branch-and-bound and cycle-enumeration-and-selection algorithms. Nonetheless,
since MPBS belongs to the class of NP-hard problems, the exact solution of this problem cannot be
found efficiently, namely in a number of steps that grows polynomially with the instance size. As we
see later in this work, even finding a single feasible configuration, that is a configuration that satisfies the
problem constraints, is not trivial.

In the following, we show how the IQPMS methods can be used to reduce the amount of slack vari-
ables needed for a QUBO formulation of MPBS with respect to the standard procedure of section 2.1. A
simple example of this problem is depicted in figure 3.

Notice that, if a node u has either no incoming or outgoing arc in the input R-multigraph, the
optimal solution of the corresponding MPBS problem cannot include any arc incident to u, otherwise
IN/OUT(u) would be violated. Moreover, the exclusion of all the arcs incident to u may cause another
node v to not have any incoming or outgoing arc. In the following, in order to make our exposition
clearer, we assume that all the nodes of the considered input R-multigraphs have at least one incoming
and one outgoing arc.

5.1. QUBO formulation of MPBS
In order to cast MPBS into a QUBO form, we proceed as follows. First, we associate to each arc (u,v) ∈
E a binary variable xi ∈ {0,1}. Hence, we obtain a string of N binary variables x= (x1,x2, . . . ,xN),
where |E|= N is the total number of arcs in E . Given the one-to-one relation (u,v)↔ i we can rewrite
any expression in Definition 3 with the binary variables xi. For instance, if we use the definition W=
diag(w1,w2, . . . ,wN), the maximization of the objective function of MPBS can be formulated as:

max
Ê⊆E

∑
(u,v)∈Ê

w(u,v) = max
x∈{0,1}N

∑
i

xiwi = max
x∈{0,1}N

xTWx= max
x∈{0,1}N

W(x) , (37)

where we forced the previous notation by defining: W(x) = xTWx. From now on, we solely consider the
quadratic polynomial form of QUBO elements, e.g. W(x), instead of the corresponding matricial form,
e.g. xTWx.
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Figure 3. Instance of an R-multigraph with |V|= 10 nodes and N= |E|= 16 arcs, where the arrows points from the debtor to
the creditor. We have nodes with N(u) = 2 (orange), 3 (red), 4 (green) and 5 (blue) incident arcs. The goal of MPBS is to maxim-
ize the value exchanged, namely the objective functionW(x) =

∑
i xiwi where the binary variable xi associated to the arc is equal

to 0/1 if the corresponding arc is not activated/activated, under two constraints. The first, called CAP/FLOOR, requires each node
to exchange a net value inside the [CAP(u),FL(u)] range, which in this case is [−7,8] for each node. For instance, if we activate all
the arcs incident to the node u= 1, we obtain a net value of w1 −w2 =−4. The second constraint, called IN/OUT, requires each
node to either activate at least one incoming and one outgoing arc or no arcs can be activated for that node. Bold arcs indicate
the solution of this MPBS instance, while the activation of any dashed arc leads to a violation of CAP/FLOOR and/or IN/OUT.
Indeed, node u= 10 cannot activate its incident arcs without violating CAP/FLOOR, as w12 −w13 =−9. As a consequence, the
arc (u,v) = (9,10) with value w12 = 5 cannot be activated. Hence, node u= 9 cannot activate any of its remaining incoming arcs
without violating IN/OUT. The solution subgraph E∗ of this example is given by the combination of binary variables x∗ such
that x∗i = 0 for i = 10,11,12,13 and x∗i = 1 otherwise.

Our goal is to achieve a QUBO form of MPBS defined over the N logical variables x= {x1, . . . ,xN}
and N slack binary variables s= {s1, . . . , sN}, hence considering the optimization of a quadratic form
Q(G,x,s) defined over N+N variables {x,s} that corresponds to the instance of MPBS identified by G:

arg max
x,s

Q(G,x,s) . (38)

Given the one-to-one relation between subsets of arcs Ê ⊆ E and binary variables combinations x ∈
{0,1}N, we define:

E∗ ←→ x∗ , (39)

where E∗ is the solution of MPBS. We say that the quadratic polynomial Q(G,x,s) provides a QUBO
formulation of MPBS if

arg max
x,s

Q(G,x,s) = {x∗,s∗} . (40)

Hence, in order to achieve this formulation, we must translate the constraints of MPBS, namely
CAP/FLOOR and IN/OUT, through quadratic penalty terms PCF(x,s) and PIO(x,s), respectively, in order
to obtain:

arg max
x,s

Q(G,x,s) = arg max
x,s

W(x)+ PCF (x,s)+ PIO (x,s) = {x∗,s∗} . (41)

MPBS is locally-constrained. Indeed, constraints are clearly defined node-by-node. As we show later,
we can achieve the following QUBO structure similar to equation (25):

Q(G,x,s) =W(x)+
|V|∑
u=1

λu

(
λIO
u PIOu (x,s)+ PCFu (x,s)

)
, (42)

where IN/OUT(u) is considered the master constraint of the node u, while CAP/FLOOR(u) as the cor-
responding satellite constraint.

We define E(u) = E+(u)∪E−(u) to be the subset of arcs incident to the node u, where E+(u) is
the subset of incoming arcs (v, u) where u represents the creditor and E−(u) is the subset of outgo-
ing arcs (u, v) where u represents the debtor. Hence, |E(u)|= |E+(u)|+ |E−(u)|. We use the notation
N(u) = |E(u)| and N±(u) = |E±(u)|. Moreover, we use E(u) and E±(u) to indicate specific subsets of
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the binary variables x. For instance, ‘i ∈ E+(u)’ stands for all the values of i such that xi corresponds to
a (v, u) arc. Instead, N(u) corresponds to the amount of slack variable needed to enforce a constraint
associated to the node u, where the specific constraint will be clear from the context. We remember that
each constraint is enforced with independent slack variables.

We conclude this section by expressing the CAP/FLOOR and IN/OUT conditions with the binary
variables xi associated to the arcs/pending transactions (u,v) ∈ E . First, it is straightforward to check that
equation (35) corresponds to:

CAP/FLOOR(u) : FL(u)⩽
∑

i∈E+(u)

xiwi −
∑

i∈E−(u)

xiwi ⩽ CAP(u) , (43)

where FL(u) = fl(u)− bla(u) and CAP(u) = cap(u)− blr(u). Moreover, the IN/OUT condition for the
node u given in equation (36) is equivalent to the following pair of inequality constraints:

IN/OUT(u) :

 ICIO
u,1 (x) =−

(
|E− (u) |

∑
i∈E+(u) xi

)
+
∑

i∈E−(u) xi ⩽ 0 ,

ICIO
u,2 (x) =−

(
|E+ (u) |

∑
i∈E−(u) xi

)
+
∑

i∈E+(u) xi ⩽ 0 .
(44)

5.2. Standard QUBO formulation of IN/OUT
We start by showing how the standard approach discussed in section 2.1 applies to cast the IN/OUT
constraints into a QUBO form. Each IN/OUT constraint in equation (44) can be considered as a differ-
ent inequality constraint ICIO

u,j(x)⩽ 0, with j = 1,2, of a locally-constrained problem (see equation (24)).
It is easy to check that, for each u, the IN/OUT inequality constraints have the same minimum

minx ICu,j(x) =−|E+(u)| |E−(u)|. A straight application of the standard procedure described in
section 2.1 would involve the introduction of a quantity analogous to Sj(s) (see equation (4)), where the
amount N(u) of slack variables s= {s1, s2, . . . , sN(u)} is chosen such that Sj(s) can assume all the integer

values in the interval [0, |minx IC
IO
u,j(x)|] = [0, |E+(u)| |E−(u)|]. In general, the larger is this interval, the

more slack variables are necessary (see equation (6)). For instance, we could enforce ICIO
u,1(x)⩽ 0 into a

QUBO form through:

PIO,1u (x,s) =−
(
ICIO

u,1 (x)+ S1 (s)
)2

=−

−
|E+ (u) |

∑
i∈E−(u)

xi

+
∑

i∈E+(u)

xi + S1 (s)

2

, (45)

where S1(s) is given by equation (5) and assumes all the integer values in [0, |E+(u)| |E−(u)|].
Nonetheless, this path would employ more slack variables than necessary.

Indeed, the combinations of x for which ICIO
u,1(x) =−|E+(u)| |E−(u)| violate ICIO

u,2(x)⩽ 0 and, sim-

ilarly, the combinations of x for which ICIO
u,2(x) =−|E+(u)| |E−(u)| violate ICIO

u,1(x)⩽ 0. Hence, requir-
ing S1(s) to be able to assume the value |E+(u)| |E−(u)|, so that equation (45) can be zero-valued when
ICIO

u,1(x) =−|E+(u)| |E−(u)|, is not necessary, as there would be anyway a violation of the other inequal-

ity constraint ICIO
u,2(x)⩽ 0. Instead, the same is not true for those x such that ICIO

u,1(x) or IC
IO
u,2(x) are

equal to the second-lowest possible value, namely 1− |E+(u)| |E−(u)|.
As a consequence, we consider the QUBO quadratic penalty corresponding to ICIO

u,1(x)⩽
0 as equation (45), where S1(s) is given by equation (5) and assumes all the integer values in
[0, |E+(u)| |E−(u)| − 1]. Hence, the implementation of the first IN/OUT inequality constraint requires
⌈log2(|E+(u)| |E−(u)|)⌉ slack variables (see equation (6)).

In summary, in order to implement a quadratic penalty term that enforces IN/OUT(u) in a QUBO
formulation of MPBS, we can use the standard technique described in section 2.1 and construct
PIOu (x,s) = PIO,1u (x,s)+ PIO,2u (x,s), where PIO,1u (x,s) is given in equation (45) and PIO,2u (x,s) can be
obtained similarly. We underline that, while these two addendum share the same logical binary vari-
ables, the slack variables are disjoint, namely those involved in PIO,1u (x,s) do not enter in the definition
of PIO,2u (x,s) and vice-versa. The slack variable cost of this implementation for each node is:

N
IO
(u) = 2

⌈
log2

(∣∣E+ (u)
∣∣ ∣∣E− (u)

∣∣)⌉ .
Hence, the number of slack variables needed to implement the IN/OUT constraint in the whole R-
multigraph is:

N
IO

= 2
∑

u∈V(u)

⌈
log2

∣∣E+ (u)
∣∣ ∣∣E− (u)

∣∣⌉ . (46)
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Table 1. Amount of slack variables N(u) necessary to the standard method to enforce IN/OUT(u), where N(u) is the number of arcs.
The XvsY scenario occurs when on the target node there are X arcs of one type (incoming/outgoing) and Y of the opposite type.

Arcs Scenario IN/OUT (standard)

N(u) = 2 1vs1 N(u) = 0

N(u) = 3 1vs2 N(u) = 2

N(u) = 4 1vs3 N(u) = 4
2vs2 N(u) = 4

N(u) = 5 1vs4 N(u) = 4
2vs3 N(u) = 6

In table 1 we report the amount of slack variables required by the standard method to enforce
IN/OUT(u) in a QUBO.

We notice that the amount of slack variables needed for the QUBO formulation of this constraint
strictly depends on the topology of the multigraph considered. Indeed, the amount of slack variables
given by equation (46) is a function of the number of incoming and outgoing arcs of each node.

5.3. Standard QUBO formulation of CAP/FLOOR
We proceed by applying the standard method discussed in section 2.1 to convert CAP/FLOOR(u)
into a QUBO form. This constraint can be considered as one of the linear inequality constraints in
equation (2), where now S(s) has to assume all the integer values in [0,CAP(u)− FL(u)]. Hence, to
obtain the corresponding QUBO form, we use equation (5) to define the matrix PCFu that appears in
equation (41) and we obtain:

PCFu (x,s) =−

 ∑
i∈E+(u)

wi xi −
∑

i∈E−(u)

wi xi −CAP(u)+ S(s)

2

. (47)

Hence, the implementation of this quadratic penalty term requires N.CF(u) = ⌈log2(1+CAP(u)−
FL(u))⌉ slack variables for each node (see equation (6)) and therefore a total of

N
CF

=
∑
u∈V
⌈log2 (1+CAP(u)− FL(u))⌉ (48)

slack variables to implement the CAP/FLOOR constraint in the whole R-multigraph.
Hence, when adopting the standard method presented in section 2.1, differently from the IN/OUT

case, the slack variable cost for this constraint does not depend on the topology of the graph, i.e. the
amount of incoming and outgoing arcs per node, but it only depends on the values of CAP(u) and
FL(u). Notice that, in case of multigraphs taken from real-world financial scenarios, the order of mag-
nitude of CAP(u) −FL(u) can easily be around 105 ∼ 106. Therefore, the amount of slack variables
N.CF(u) needed per node, even in case of few incoming and outgoing transactions, can be larger than 16.
Later, when considering real instances of MPBS, we set CAP(u) −FL(u) = 15 in order to need 4 slack
variables per node for the enforcement of this constraint.

5.4. MPBS on quantum annealers
We can plug the newly formulated quadratic penalties for CAP/FLOOR and IN/OUT given respectively
in equations (47) and (45), into equation (42) and obtain the standard QUBO formulation of MPBS. As
a result, the number of binary variables over which we optimize is given by N= |E| variables xi, which
are associated to the arcs of the input R-multigraph, N.IO slack variables to enforce the IN/OUT (see
equation (46)) and N.CF for CAP/FLOOR (see equation (48)).

One possibility to solve a QUBO problem with quantum technologies is via a quantum annealer,
e.g. those commercially produced by D-wave [31]. In the best-case scenario, namely when each QUBO
variable is not coupled with too many variables and the topology of multigraph of arcs E is particularly
fortunate, D-wave annealers employ around one qubit per QUBO variable. Hence, by using the stand-
ard technique described above, the qubits employed to include CAP/FLOOR and IN/OUT are in general
much more than those representing the actual transactions. As a result, any attempt to use classical or
quantum QUBO solvers in order to solve MPBS for larger and larger R-multigraphs is highly limited by
the number of slack variables required by this procedure.
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Table 2. Amount of slack variables N(u) necessary to enforce IN/OUT(u) and CAP/FLOOR(u) with the IQPMS methods, where N(u)
is the number of arcs. IN/OUT(u) is considered as a master constraint and CAP/FLOOR(u) as its satellite. The XvsY scenario occurs
when on the target node there are X arcs of one type (incoming/outgoing) and Y of the opposite type. Comparing the slack variable
cost of the IQPMS methods with the standard method, the slack variable cost of our methods is significantly lower and solely depends
on the topology of the problem with graph (see table 1 and section 5 for a comparison). Indeed, differently to the case of
CAP/FLOOR(u) enforcing in a QUBO form with the standard method (see equation (48)), N(u) never depends on the values of the
problem parameters.

Arcs Scenario IN/OUT (IQPMS) CAP/FLOOR (IQPMS)

N(u) = 2 1vs1 N(u) = 0 N(u) = 0

N(u) = 3 1vs2 N(u) = 0 N(u) = 0

N(u) = 4 1vs3 N(u) = 1 N(u) = 0
2vs2 N(u) = 1 N(u) = 0

N(u) = 5 1vs4 N(u) = 1 N(u) = 0,1
2vs3 N(u) = 2 N(u) = 0,1,2

While in the near future quantum processing units with more qubits and higher connectivities may
be introduced and therefore better computing performances may be achieved, any reduction of the slack
variables needed to implement MPBS as a QUBO makes the use of quantum annealers more suitable
to solve instances of this problem. In case of more advantageous strategies, such reductions could give
the opportunity to approach real-world problems with a larger input size. An approach that could be
adopted together with the slack variable reduction in order to efficiently use quantum annealers is given
by splitting large QUBO problems in smaller sub-QUBOs, e.g. by considering the algorithm QBSOLV [50].
This method allows to provide sub-optimal solutions to QUBO problems that would not fit entirely on a
quantum chip.

In the following sections we first analyse the features of the realistic R-multigraphs studied in [30]
and later we show why they are particularly suited for the application of our newly introduced tech-
niques, namely the IQPMS methods. Real-world instances of MPBS are indeed characterized by a low
number of arcs per node and therefore, as discussed in section 3.1, the adoption of IQPMS is partic-
ularly effective. Step-by-step, we show how a drastic slack variables reduction is possible. Thanks to
our approach, all the nodes with 3 or less arcs require no slack variables in order for IN/OUT(u) and
CAP/FLOOR(u) to be imposed in a QUBO form. Moreover, for 4-arc nodes, we need only 1 slack vari-
able to implement IN/OUT(u). Instead, for nodes with 5 arcs, we need either 1 or 2 slack variables
for IN/OUT(u) and from 0 to 2 slack variables for CAP/FLOOR(u). We summarize these slack vari-
able costs in table 2. Hence, compared to the standard method presented in section 2.1, our methods
implement significantly less slack variables and this amount depends only on the multigraph topology:
no dependency from the problem parameters occurs. We remind that the standard method enforces
CAP/FLOOR(u) in a QUBO form with a slack variable cost that directly depends on CAP(u)−FL(u) (see
equation (48)). Finally, we provide various approaches to tune the corresponding penalty multipliers.

5.5. Realistic datasets
In [29, 30] the authors show how to obtain sub-optimal solutions of MPBS for real scenarios obtained
by the pan-European bank company UniCredit. The authors consider time-dependent R-multigraph,
which vary day-by-day depending on the transactions resolved each day and the newly submitted ones.
The average number of arcs per node obtained by averaging over a time span of two years is (see table 2
from [30]):

2
⟨|E|⟩DATA
⟨|V|⟩DATA

∈ [2.04, 2.77] , (49)

where these averages vary depending on the particular problem parameters chosen, e.g. cap(u), fl(u) and
the lifetime that each receivable is allowed to stay in the R-multigraph. Instead, the single days with the
largest ratios are such that:

2
⟨|E|⟩MAX

⟨|V|⟩MAX
∈ [2.80, 4.59] . (50)

The authors of [30] also analyse the cases where the CAP constraint is dropped (while FLOOR is still
enforced), namely for cap(u)=+∞. Nonetheless, the corresponding values of equations (49) and (50)
do not change significantly.
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It is evident that a technique that allows a reduction of the number of slack variables needed to
enforce MPBS constraints for nodes with a number of arcs inside the ranges described here would be of
fundamental importance in order to use QUBO solvers. As anticipated, we indeed realize such a protocol
which works nicely for nodes with 5 or less arcs. All the nodes with 6 or more arcs should be treated
separately and would in general need more slack variables, but the techniques introduced in this work,
namely the IQPMS methods, can still be exploited.

6. IQPMSmethods for MPBS

We show how the techniques introduced in this work, namely the IQPMS methods, apply to obtain a
QUBO representation of MPBS. We apply the IQPMS methods, where IN/OUT(u) is enforced as master
constraint and CAP/FLOOR(u) as satellite. We summarize the results of this section in table 2, where we
provide the number of slack variables needed by our techniques to enforce the constraints of MPBS in
the QUBO form. In appendix D we use the results of this section to build the QUBO matrices obtained
with the IQPMS and the standard methods of an MPBS instance defined below in section 7.

As we show, the quadratic polynomials found by the IQPMS methods enforcing IN/OUT(u) and
CAP/FLOOR(u) can be non-completely connected, namely some of the parameters aij, akl, bik defining
the corresponding polynomials (7) can be null. Hence, if the quadratic forms enforcing IN/OUT(u) and
CAP/FLOOR(u) do not couple the same two or more variables for one or more node u, we get a QUBO
where the logical variables are not completely connected and therefore solving such a problem is in gen-
eral easier than in the completely-connected case. Similarly, the same applies to the slack variables, which
are not completely connected to each other and to the logical variables. Remember that the standard
method in general employs several more slack variables and it completely connects all the logical and
slack variables to each other (see sections 5.2 and 5.3).

A remarkable result of this section is that, apart from CAPFLOOR(u) when u has 5 incident arcs, we
have a parametrized QUBO form for all the constraints. More precisely, a QUBO form of INOUT(u)
can be completely evaluated before defining the MPBS instance: no additional computation is needed.
Regarding CAPFLOOR(u), a parametrized solution of the linear systems defining the IQPMS methods
(see section 3) is obtained, meaning that the associated QUBO representation is obtained solely by veri-
fying whether some particular combinations of the node binary variables satisfy this constraint.

Finally, given the local nature of the problem considered, the number of computational steps
required by our methods is always small compared to the problem configuration space of size 2N+N,
where N (N) is the total number of arc binary variables (slack variables). The number of operations
required to evaluate the QUBO form of a node constraint for an instance of MPBS with a realistic num-
ber of arcs per node (see section 5.5), is in the order of 2N(u)+N(u) where N(u) ∈ [2,5] (N(u) ∈ [0,2])
is the number of arcs incident to the node (constraint slack variables). Therefore, by considering lar-
ger MPBS instances, namely larger N, the number of nodes increase linearly with N. Hence, the global
pre-processing required by IQPMS is approximately what required for an average node multiplied by the
number of nodes, as these methods build the QUBO node-by-node.

6.1. Reduction of slack variables for IN/OUT
An interesting feature of this constraint is that it is homogenous among the graph, namely, modulo
a relabelling of the binary variables involved in u, all the nodes having the same values of |E+(u)|
and |E−(u)| have the same PIOu (x,s). Moreover, the same is true if we swap the values of |E+(u)| and
|E−(u)|: the IN/OUT penalty term for a node with |E+(u)|= 2 and |E−(u)|= 1 can be simply obtained
from the IN/OUT penalty given to another node having |E+(u)|= 1 and |E−(u)|= 2. Indeed, this pen-
alty requires each node to have either none or at least one incoming and one outgoing arc, while the
values associated to each arc wi and the attributes CAP(u) and FL(u) do not influence this constraint.
This regularity is the main reason why we pick IN/OUT as master: once that we enforce this constraint
for a given pair of |E+(u)| and |E−(u)|, we automatically obtain the IN/OUT(u) penalty term for all the
nodes with either the same |E+(u)| and |E−(u)| or swapped values of |E+(u)| and |E−(u)|.

We proceed by exposing how the IQP method for master constraints applies to IN/OUT. As anticip-
ated, this method is particularly effective when N(u) is not too large and therefore we fix our attention
to those nodes with N(u)⩽ 5 arcs.

Nodes with 2 arcs: Consider a node with N(u) = 2. Without loss of generality, we associate the binary
variable x1 to the incoming arc and x2 to the outgoing one. The IQP method provides the following
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solution with no slack variables

PIOu (x) =−x1− x2 + 2x1x2 =

{
0 if x= {0,0}, {1,1}
−1 if x= {1,0}, {0,1} , (51)

where {x1,x2}= {0,0},{1,1} are the combinations that satisfy IN/OUT, while {x1,x2}= {1,0},{0,1}
violate IN/OUT.

Nodes with 3 arcs: Consider a node with N(u) = 3. We either have |E+(u)|= 1 and |E−(u)|= 2 or
|E+(u)|= 2 and |E−(u)|= 1. Hence, we simply say that we have a 1vs2 scenario and associate x1 to the
type of arc that appears only once. More precisely, if |E+(u)|= 1, we associate x1 to the incoming arc
and x2,3 to the outgoing ones. Otherwise, we associate x1 to the outgoing arc and x2,3 to the incoming
ones when |E−(u)|= 1.

Interestingly, even if the free parameters in the IQP with N = 3 are fewer than the independent con-
ditions that have to be applied on PIOu (x), respectively #aij = 7<M(u) = 2N(u) = 8, the IQP method
provides infinite many solutions with no slack variables. Remember that the standard method required
2 slack variables to enforce the same constraint (see section 5.2). Hence, we replace some inequality sub-
constraints with equality sub-constraints in equation (9) in order to have a larger penalty for the string
that violates IN/OUT and is likely to provide a large incentive to the objective function

∑
i wi xi of the

QUBO formulation of MPBS, namely for {x1,x2,x3}= {0,1,1}. Hence, the following linear system of 8
equations in 7 variables

PIOu (x) = a0 +
∑

1⩽i⩽j⩽3

aijxi xj s.t.


PIOu (x) = 0 if xu = {0,0,0},{1,1,0},{1,0,1},{1,1,1}
PIOu (x) =−1 if xu = {1,0,0},{0,1,0},{0,0,1}
PIOu (x)⩽−1 if xu = {0,1,1}

, (52)

provides the following unique solution:

PIOu (x) =−x1 − x2 − x3 + 2x1x2 + 2x1x3 − x2x3 =


0 if x= {0,0,0},{1,1,0},{1,0,1},{1,1,1}
−1 if x= {1,0,0},{0,1,0},{0,0,1}
−3 if x= {0,1,1}

. (53)

Nodes with 4 arcs: Consider a node with N(u) = 4. In the following, the 1vs3 case refers to the
|E+(u)|= 1 and |E−(u)|= 3 scenario and the |E+(u)|= 3 and |E−(u)|= 1 scenario. Instead, the 2vs2
case refers to the |E+(u)|= 2 and |E−(u)|= 2 scenario.

The IQP method needs 1 slack variable in order to enforce IN/OUT as a QUBO penalty term for
this type of nodes, which we call s1. Remember that the standard method required 4 slack variables
to enforce the same constraint (see section 5.2). Before providing the explicit solutions obtained for
PIOu (x, s1), we explain the ordering chosen for the binary variables. Concerning the 1vs3 case, we asso-
ciate x1 to the type of arc that appears only once in u, while x2,3,4 are associated to the other type of
arcs [51]. Instead, for the 2vs2 case, x1,2 are associated to the incoming arcs and x3,4 to the outgoing
ones.

Finally, the corresponding quadratic forms are:

(1vs3) PIOu (x, s1) =−x1− x2− x3− x4 + x1x2 + 2x1x3 + x1x4− x2x4− s1 + s1x1 + s1x2

− s1x3 + s1x4 , (54)

(2vs2) PIOu (x, s1) =−x1− x2− x3− x4− x1x2− x3x4 + s1 + 2s1x1 + 2s1x2 + 2s1x3 + 2s1x4 . (55)

Concerning the sparsity of these penalty terms, we notice that the zero-valued parameters in the solution
IQPs (7) are a2,3 = a3,4 = a0 = 0 in the 1vs3 scenario and a1,3 = a1,4 = a2,3 = a2,4 = a0 = 0 in the 2vs2
scenario.

Nodes with 5 arcs: Consider a node with N(u) = 5 arcs. In the following, the 1vs4 case refers to the
|E+(u)|= 1 and |E−(u)|= 4 scenario and the |E+(u)|= 4 and |E−(u)|= 1 scenario. Similarly, the 2vs3
case refers to the |E+(u)|= 2 and |E−(u)|= 3 scenario and the |E+(u)|= 3 and |E−(u)|= 2 scenario.

The IQP method applied to the 1vs4 case allows a solution with 1 slack variable, which we call s1,
while for the 2vs3 case the IQP method requires 2 slack variables, which we call s1 and s2. Remember
that the standard method required 4 and 6 slack variables, respectively, to enforce the same constraint
(see section 5.2). Before providing the explicit solutions obtained for PIOu (x,s), we explain the ordering
chosen for the binary variables. Concerning the 1vs4 case, we associate x1 to the type of arc that appears
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only once in u, while x2,3,4,5 are associated to the other type of arcs. Instead, for the 2vs3 case, x1,2 are
associated to the type of arcs that appears twice in u, while x3,4,5 are associated to the other type of arcs.

Finally, the corresponding quadratic forms are:

(1vs4) PIOu (x, s1) =−x1− x2− x3− x4− x5 + 2x1x2 + 2x1x3 + 2x1x4 + 2x1x5− x2x3− x2x4− x2x5− x3x4

− x3x5− x4x5− 5s1 + 2s1x2 + 2s1x3 + 2s1x4 + 2s1x5 , (56)

(2vs3) PIOu (x, s1, s2) =−x1− x2− x3− x4− x5− x1x2− x3x4− x3x5− x4x5− 2s1− 2s2 + 2s1x1 + 2s1x2

+ 2s1x3 + 2s1x4 + 2s1x5 + s2x3 + s2x4 + s2x5 . (57)

Concerning the sparsity of these penalty terms, we notice that the zero-valued parameters in the solution
IQPs (7) are b11 = 0 in the 1vs4 scenario and a13 = a14 = a15 = a23 = a24 = a25 = a12 = b12 = b22 = 0 in
the 2vs3 scenario.

6.2. Reduction of slack variables for CAP/FLOOR
We follow by enforcing CAP/FLOOR in the QUBO form as a satellite constraint of IN/OUT, which has
already been treated as a master constraint. In this section, we construct the quadratic penalty terms
PCFu (x,s) with the IQP method by requiring that it provides penalties if x satisfies IN/OUT(u) and viol-
ates CAP/FLOOR(u). Moreover, this quadratic form has to give no-penalties for at least one combina-
tion of s whenever x satisfies IN/OUT(u) and CAP/FLOOR(u). In other terms, we require PCFu (x,s) to
penalize the combinations violating CAP/FLOOR(u) solely when they already satisfy IN/OUT(u) (see
section 3.2). It follows that such a PCFu (x,s) could provide accidental incentives when IN/OUT(u) is viol-
ated and therefore we have to proceed as described in section 3.3. Hence, we look for a IQP (7) that
satisfies the linear system (14), which now assumes the form:

PCFu (x,s)⩽−1 if x satisfies IN/OUT(u) and violates CAP/FLOOR(u) for all s
PCFu (x,s)⩽ 0 if x satisfies IN/OUT(u) and satisfies CAP/FLOOR(u) for all s
PCFu (x,s) = 0 if x satisfies IN/OUT(u) and satisfies CAP/FLOOR(u) for at least one s

(58)

Before proceeding, we briefly analyse the slack variables cost expected for IQP method in this scen-
ario. The total number of free parameters inside a IQP grows quadratically with N(u)+N(u) (see
equation (8)), where N(u) is the number of slack variables employed. In case of master constraints, the
total number of combinations of x for which we have to enforce sub-constraints are 2N(u). The advant-
age of considering CAP/FLOOR(u) a satellite constraint of IN/OUT(u) is that we can ignore those sub-
constraints violating IN/OUT(u), which are 2N

+(u) + 2N
−(u)− 2 [52]. Hence, the total number of sub-

constraints that have to be imposed for CAP/FLOOR(u) are:

#cond(u) = 2N(u)− 2N
+(u)− 2N

−(u) + 2 . (59)

As discussed in section 3.1, an indicative estimate for the minimum number of slack variables neces-
sary to IQP method to enforce a given constraint is given by that N(u) such that the number of free
parameters (see equation (8)) is larger than the number of sub-constraints (see equation (59)), namely
for:

#
{
aij,akl,bik

}
= 1+

(
N(u)+N(u)

)2
+N(u)+N(u)

2
>#cond(u) = 2N(u)− 2N

+(u)− 2N
−(u) + 2 .

From the values of #{aij,akl,bik} and #cond(u) reported in table 3, we expect that one or more slack
variables are necessary to enforce CAP/FLOOR(u) in a quadratic form with the IQP method only for
N(u)⩾ 5. As we show later, this is indeed true. Moreover, by generating several random graphs, a major
part of the 5-arc nodes studied required either zero or one slack variable and very few needed two slack
variables.

In case of N(u) = 2,3,4 we need no slack variables to enforce CAP/FLOOR(u) in the QUBO form
with our methods and moreover we have a closed form for the corresponding polynomials PCFu (x).
Moreover, since the linear systems (58) leave free many parameters of the IQP with no slack variables,
we can insert back some sub-constraints violating IN/OUT(u) while still obtaining a solution in a closed
form. In particular, for N(u) = 2 we can add 2 conditions back, and therefore we do not need to assume
IN/OUT(u) to be satisfied, for N(u) = 3 we can add 3 conditions back and for N(u) = 4 we can add 3
conditions back in the 1vs3 scenario and 1 in the 2vs2 scenario. Instead, for what concerns the N(u) = 5
case, we could not find a closed form of PCFu (x,s). Therefore, in the numerical simulations presen-
ted below, the corresponding IQPs have been calculated node by node. In addition, while looking for
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Table 3. Comparison between the number of free parameters#{aij, āij,bk} in an IQP for different numbers of arcs N(u) and slack
variables N(u) with the number of sub-constraints#cond(u) required by CAP/FLOOR(u) when enforced as a satellite constraint of
IN/OUT(u). The minimum amount of slack variables necessary is given when#{aij, āij,bk}>#cond(u). No slack variables are
indeed necessary for N(u) ⩽ 4, while for N(u) = 5 one or two may be needed. The XvsY scenario occurs when on the target node there
are X arcs of one type (incoming/outgoing) and Y of the opposite type.

Arcs #{aij, āij,bk} #cond

N(u) = 2 (N(u) = 0) 4 2

N(u) = 3 (N(u) = 0) 7 4

N(u) = 4 (N(u) = 0) 11 (1vs3) 8
(2vs2) 10

N(u) = 5 (N(u) = 0) 16 (1vs4) 16
(N(u) = 1) 22 (2vs3) 22
(N(u) = 2) 29

these polynomials, we incentivized solutions with fewer slack variables and with sparser representative
matrices.

In the following, we provide the quadratic forms PCFu (x) that are the solutions of the linear sys-
tem (58) for N(u) = 2,3,4. These penalties solely depend on the particular combinations x that sat-
isfy IN/OUT(u) and violate CAP/FLOOR(u). Hence, given a node u, we simply have to check which
are these combinations and make a simple substitution inside a parametrized polynomial, without the
need to solve any linear system. We remember that for this constraint the standard method required
slack variables for each node. Consider that, if we consider realistic scenarios as those analyzed in [30],
CAP(u)−FL(u) can easily be greater than 106.

Nodes with 2 arcs: In this case CAP/FLOOR(u) and IN/OUT(u) can be enforced at the same time with a
single polynomial. It is enough to find an IQP in two variables satisfying the following linear system:

PIO,CFu (0,0) = 0
PIO,CFu (x1,x2) =−1 for {x1,x2}= {1,0},{0,1}
PIO,CFu (1,1) = σ (1,1)

where σ(1,1) = 0 if {x1,x2}= {1,1} satisfies CAP/FLOOR(u) and σ(1,1) =−1 otherwise. Remember
that {x1,x2}= {0,0} always satisfies both CAP/FLOOR(u) and IN/OUT(u) while {x1,x2}= {1,0}
and {x1,x2}= {0,1} always violate IN/OUT(u). If {x1,x2}= {1,1} satisfies CAP/FLOOR(u), we
obtain PIO,CFu (x1,x2) =−x1− x2 + 2x1x2. Instead, if {x1,x2}= {1,1} violates CAP/FLOOR, we have
PIO,CFu (x1,x2) =−x1− x2 + x1x2. Indeed, we can express the solution IQP as follows:

PIO,CFu (x) =−x1− x2 +(2+σ11)x1x2 . (60)

Nodes with 3 arcs: We consider the ordering introduced in section 6.1 for which x1 is associated to the
type of arc that appears only once in u, while x2,3 correspond to the other type of arcs. Similarly to
the N(u) = 2 case, we express the linear system (58) as a function of the CAP/FLOOR(u) penalties/no-
penalties σ(x1,x2,x3) that have to be assigned to those combinations {x1,x2,x3} satisfying IN/OUT(u).
In particular, we consider the system:

PCFu (0,0,0) = 0
PCFu (x1,x2,x3) =−1 for {x1,x2,x3}= {0,1,1},{0,0,1},{1,0,0}

PCFu (x1,x2,x3) = σ (x1,x2,x3) for {x1,x2,x3}= {1,1,0},{1,0,1},{1,1,1}
(61)

where σ(x1,x2,x3) = 0 if {x1,x2,x3} satisfies CAP/FLOOR(u) and σ(x1,x2,x3) =−1 otherwise. Notice
that, as anticipated, we added three extra sub-constraints in order to completely determine all the free
parameters of PCFu (x). Indeed, we required penalties for {x1,x2,x3}= {0,1,1},{0,0,1},{1,0,0}, which
violate IN/OUT(u). The solution of such system is:

PCFu (x) =−x1 +(1+σ (1,0,1)+σ (1,1,0)+σ (1,1,1))x2− x3 +(σ (1,1,1)−σ (1,0,1))x1x2

+(2+σ (1,0,1))x1x3 +(σ (1,1,1)−σ (1,0,1)−σ (1,1,0)− 1)x2x3 . (62)

Nodes with 4 arcs: We consider the ordering introduced in section 6.1 for which, in the 1vs3 scenario x1
is associated to the type of arc that appears only once in u, while x2,3,4 correspond to the other type of
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arcs. Instead, for the 2vs2 scenario we consider x1,2 associated to the incoming arcs, while x3,4 are associ-
ated to the outgoing ones. Similarly to the N(u) = 2 case, we express the linear system (58) as a function
of the CAP/FLOOR(u) penalties/no-penalties σ(x1,x2,x3,x4) that have to be assigned to those combina-
tions {x1,x2,x3,x4} satisfying IN/OUT(u). In particular, for the 1vs3 case we consider the system:

PCFu (0,0,0,0) = 0
PCFu (x1,x2,x3,x4) =−1 for {x1,x2,x3,x4}= {0,1,1,0},{0,0,1,1},{0,1,1,1}

PCFu (x1,x2,x3,x4) = σ (x1,x2,x3,x4) for
{x1,x2,x3,x4}= {1,1,0,0},{1,0,1,0},{1,1,1,0},
{1,0,0,1},{1,1,0,1},{1,0,1,1},{1,1,1,1}

(63)
where σ(x1,x2,x3,x4) = 0 if {x1,x2,x3,x4} satisfies CAP/FLOOR(u) and σ(x1,x2,x3,x4) =−1 oth-
erwise. Notice that we added three extra penalty sub-constraints for {x1,x2,x3,x4}= {0,1,1,0},
{0,0,1,1},{0,1,1,1}, which violate IN/OUT(u). The solution of such system is given in appendix B.

Instead, for the 2vs2 case we consider the system:


PCFu (0,0,0,0) = 0

PCFu (0,0,1,1) =−1

PCFu (x1,x2,x3,x4) = σ (x1,x2,x3,x4) for
{x1,x2,x3,x4}= {1,0,1,0},{0,1,1,0},{1,1,1,0},{1,0,0,1},

{0,1,0,1},{1,1,0,1},{1,0,1,1},{0,1,1,1},{1,1,1,1}
(64)

where σ(x1,x2,x3,x4) is defined analogously. Notice that we added the extra penalty sub-constraint
for {x1,x2,x3,x4}= {0,0,1,1}, which violates IN/OUT(u). The solution of such system is given in
appendix B.

Nodes with 5 arcs: We randomly generated multigraphs and, by using the IQP method for satellite con-
straints, we never needed more than 1 slack variable to enforce CAP/FLOOR(u) in the 1vs4 scenario and
2 slack variables for the 2vs3 scenario. Moreover, we often encountered instances where even less slack
variables were needed, namely 0 slack variables in the 1vs4 scenario and 0 or 1 slack variables in the
2vs3 scenario. Differently from the N(u) = 2,3,4 cases, we could not achieve a closed form for PCFu (x,s)
parametrized by some quantities analogous to the σ(x) considered above. Hence, node by node, we had
to solve the linear system (58).

6.3. Tuning of MPBS penalty multipliers
We showed how to implement CAP/FLOOR(u) and IN/OUT(u) conditions with a reduced number of
slack variables, if compared to the standard method, for nodes u ∈ V with N(u)⩽ 5 arcs. In this section
we show how to set the multipliers λu and λIO

u in order to be sure that the combinations x that solve
the maximization in the QUBO encoding the MPBS problem satisfy CAP/FLOOR(u) and IN/OUT(u). In
other terms, we want Q(G,x,s) to faithfully represent MPBS, and therefore to satisfy equation (41). In
the following, we use the corresponding single-node contribution:

Qu (G,x,s) =

 ∑
i∈E(u)

wi xi

+λu

(
λIO
u PIOu (x,s)+ PCFu (x,s)

)
. (65)

First, we show how to set λu and then we proceed with λIO
u . From now on, we assume that our QUBO

formulation of MPBS is made with the IQPMS methods.
The tuning of these multipliers has to take into account the possibility of particularly unfortunate

scenarios that may occur. Hence, λu and λIO
u have to be set large enough so that also these scenarios

get the right penalty factors that allow to obtain the correct optimal result x∗ (see equation (39)). We
explained a possible approach to this problem in section 3.3, where we did not assume any particular
structure for the target locally-constrained problem. By studying a particular problem, such as MPBS,
it may occur that its particular features allow to set smaller multipliers. While in the following we limit
to apply the formulas obtained in section 3.3, in appendix C we prove that the worst-case requirements
that could be find within instances of MPBS require these same multiplier bounds.

First of all, we can set the IN/OUT(u) relative multiplier λIO
u by using equation (26). The role of

the satellite master and satellite constraints are now played by IN/OUT and CAP/FLOOR, respectively.
Therefore, we obtain:

λIO
u = 1+ γmax

{
0,max

x,s
PCFu (x,s)

}
(66)
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where γ > 1. For what concerns λu, the local, neighbor and global tunings described in section 3.3 leads,
respectively, to:

λlocal
u = γ

∑
i∈E(u)

wi = λw(u) , (67)

λniegh
u = γ

∑
v∈neigh(u)

∑
i∈E(v)

wi , (68)

λglobal
u = γ

∑
i∈E

wi , (69)

where γ > 1 and neigh(u) is the set of nodes sharing at least one arc with u. We defined the total

amount of the transactions associated to u as w(u) =
∑

i∈E(u)wi. Instead, λ
neigh
u is proportional to the

sum of the transactions in u and its neighboring nodes. Finally, λglobal
u is node-independent and is pro-

portional to the total amount of transactions in the graph.
Concerning the possibility to consider a global tuning of λu, this choice surely imposes

CAP/FLOOR(u) and IN/OUT(u) for all the nodes u of the R-multigraph and therefore, if we modify
Q(G,x,s) accordingly to these new multipliers, we get {x∗,s∗}= arg(maxx,sQ(G,x,s)). Indeed, as soon
as one node violates either CAP/FLOOR(u) or IN/OUT(u), a penalty greater (in modulo) than the value
of all the transactions is applied and therefore we are ensured that CAP/FLOOR(u) or IN/OUT(u) are
satisfied for all the graph nodes.

Nonetheless, this approach generates very large penalties which may compromise the quality of the
solution due to the evident unbalance between the weight of the incentives and the penalties for each
x. Indeed, large unbalances between the terms of a QUBO may be problematic when using quantum
annealers, e.g. D-wave. For these reasons, we believe that equations (67) and (68) are the best pick to
start studying the MPBS problem within this QUBO framework.

7. MPBS simulations on D-wave quantum annealers

We tested how the standard approach to translate constraints in a quadratic form compares to the
IQPMS methods when they are adopted to solve instances of MPBS with D-wave quantum annealers,
which are mainly designed to solve QUBO problems. We generated several random R-multigraphs G
with different numbers of arcs and nodes. Each G identified a different MPBS problem, which we solved
exactly by exhaustion, namely by checking all the possible combinations of x in equation (2). Hence,
we used the standard and the IQPMS methods to realize a QUBO formulation of each MPBS problem
and solved them with two different D-wave quantum annealers, Advantage_system4.1 (Adv1) and the
prototype Advantage2_prototype1.1 (Adv2), respectively with 5627 and 563 operating qubits. The cor-
responding connectivities, namely the maximum number of qubits interacting with each qubit, are equal
to 15 for Adv1 (Pegasus topology) and 20 for Adv2 (Zephyr topology) [31]. Finally, we compared the
rates of success for which these annealers were able to find the corresponding optimal solutions together
with the analysis of other performance figure of merits. Since all the instances have been solved on both
quantum annealers, our results allow to compare their performances. For another comparative study of
D-wave annealers, see, e.g. [53].

We follow by describing the features of the R-multigraphs generated. We considered 5 different arc-
settings, each one with a different number of arcs, which were N= 10,12,14,16,18. We made this choice
because, how we see later, within this range we can appreciate how the standard method goes from
being satisfactory to almost useless. For each setting, we generated 4 instances of R-multigraphs with
different numbers of nodes, for a total of 20 instances. Hence, fixed a setting, or number of arcs N, the
different instances had different arcs/nodes ratios, ranging from 1.5 to 2.2. The average number of arcs
incident to each node was ⟨N(u)⟩ ∈ [3,4.4]. In order to generate an R-multigraph with a given number
of arcs and nodes, we first randomly distributed the minimal amount of arcs that allowed each node to
have at least one incoming and one outgoing arc. The remaining arcs were then distributed randomly
until the desired number of arcs was achieved, where we prevented this procedure to generate nodes
with N(u)⩾ 6. We assigned integer values wi to arcs which were randomly sampled from the interval
[1,18]. Finally, we chose FL(u) = −7 and CAP(u) = 8 for all the generated instances.

After the generation of these MPBS problems, we exactly solved them by exhaustion. Hence, for each
instance we collected the corresponding optimal combination x∗ and the optimal value W∗ =

∑
i wi x∗i

(see section 5.1). Moreover, in order to estimate how restrictive the constraints of this problem are and
what is the probability to randomly sample a combination of x that simply satisfies our constraints,
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we explicitly count how many combinations satisfy the problem constrains, namely IN/OUT(u) and
CAP/FLOOR(u) for all u. While the possible combinations grow exponentially with N, the amount of
x that does not lead to a constraint violation did not grow appreciably. In fact, the fraction of these
feasible combinations x decreases exponentially with the problem size. Moreover, the optimal value of
each instance has been found for a single configuration x∗.We remind that the class of problems given
by MPBS is NP-hard: no classical algorithm is known to obtain the optimal solution of these problems
efficiently (in a polynomial time with respect to the input size) [29, 30].

After this analysis, we generated the QUBO representations of all the problems both with the stand-
ard and the IQPMS methods. The tuning of the penalty multipliers was executed as described in the
previous sections, where we adopted the local approach and set γ= 2. The main features of the instances
generated together with the corresponding amount of feasible combinations x satisfying the constraints
and the number of variables needed to generate the described QUBO representations can be found in
table 4. We report the QUBO matrices obtained with the IQPMS and the standard methods for the
MPBS instance described in the first row of this table in appendix D. Moreover, in figure 4(left) we show
how the average number of QUBO variables needed changes when we increase the number of arcs N in
the instances considered. We show that the standard method needs approximately 4.88 variables per arc
added to the graph, while the IQPMS methods need only 1.30 variables.

The number of variables needed by the IQPMS methods are much fewer, in general less than a
third. Moreover, the ratio between the variables needed with the standard and the IQPMS methods
increases with N(u). One could object that these results are highly influenced by our arbitrary choice
of [FL(u),CAP(u)] = [−7,8]. This is in true, for better or for worse. Indeed, this choice caused the
standard method to need 4 slack variables per node, as described in section 5.3. Nonetheless, as dis-
cussed above, in realistic scenarios [FL(u),CAP(u)] could easily assume values in the order of 105 and
therefore the standard method would need more than 15 slack variables per node only to implement
CAP/FLOOR. Notice that our methods do not depend on the particular values of FL(u) and CAP(u),
as shown in table 2, and therefore its performances would not change in realistic scenarios. Hence, our
pick tried to find a compromise between the possibility to obtain QUBO formulations of MPBS with
the standard method that were solvable by D-wave quantum annealers, namely CAP(u)− FL(u) not
too large, and the idea of being somehow faithful with the possible scenarios encountered in realistic
scenarios, namely CAP(u)− FL(u) not too small. Nonetheless, even if we would pick smaller interval
[FL(u),CAP(u)], and therefore requiring even less slack variables for the standard QUBO implementation
of CAP/FLOOR, we remind that the IQPMS methods always require zero slack variables for this con-
straint when we have N(u)⩽ 4 arcs. Moreover, the IQPMS methods need anyway less slack variables to
implement the master constraint IN/OUT (compare tables 1 and 2).

We followed by submitting these QUBO problems to the D-wave quantum annealers
Advantage_system4.1 and Advantage2_prototype1.1, where the latter is the latest quantum annealer pro-
totype having enhanced performance. In the following, we simply call these two annealers Adv1 and
Adv2, respectively. For each one of the 20 instances of MPBS described above, we performed 4k anneal-
ing runs with Adv1 and 4k annealing runs with Adv2. These runs were performed both for the QUBO
forms obtained with the standard and the IQPMS methods. Moreover, the 4k runs dedicated to each
instance, annealer and method were subdivided in 16 blocks of 250 runs. The motivation of this choice
is the following. Every time we ask the D-wave online services to perform a given number of runs, they
generate a particular embedding that maps our QUBO problem into an initialization of their quantum
chip and all the runs are then performed with that particular embedding. Hence, our motivation to split
the runs in 16 different blocks was to average out the possible advantages/disadvantages coming from
particularly fortunate/unfortunate embeddings generated by D-wave. As a result, we performed a total
320k runs on D-wave quantum annealers. The annealing times have not been tuned and therefore all the
runs had the same default duration of 20µs.

We show the average number of qubits needed for these embeddings depending on the method and
the annealer adopted, for different number of arcs in figure 4(right). We notice that, when considering
the standard method, D-wave embeddings need approximately 10.5 qubits per arc introduced into the
graph. Instead, when considering our method, we only have approximately 2 qubits per arc introduced
into the graph. Several details regarding the embeddings of these problems can be found in table 5. In
particular, depending on the number of arcs in our instance, annealer used and method adopted, we
report the average number of qubits employed, the average number of qubits employed per QUBO vari-
able of the instance and the corresponding average maximum chain lengths. The maximum chain length
of a given embedding is the maximum number of qubits needed by D-wave to embed a single QUBO
variable into the quantum chip. Indeed, since D-wave annealers have limited connectivity, which are
15 for Adv1 and 20 for Adv2, it often happens that more than one qubit is needed to embed a single
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Table 4.Main features of the generated MPBS instances, labeled by the corresponding number of arcs N and nodes |V|. For each
instance, we provide the number of feasible combinations x that satisfy the MPBS constraints and the corresponding percentage with
respect the total number of possible combinations, namely 2N . Finally, we report the number of variables N+N (logical and slack) that
were needed to obtain a QUBO representation with the standard and the IQPMS methods. Hence, the total number of slack variables
employed by the standard and the IQPMS methods is obtained by subtracting from the corresponding QUBO variables column the
number of arcs N of the corresponding instance. By considering all the generated instances, IQPMS needed from 82.5% (first instance
with N= 10 and |V|= 5) to 95.6% (N= 18 and |V|= 12) less slack variables than the standard method.

Arcs Instance x satisfying MPBS constraints QUBO variables (standard) QUBO variables (IQPMS)

N= 10 |V|= 6 18 (1.758%) 50 14
|V|= 6 16 (1.563%) 50 15
|V|= 5 7 (0.684%) 50 17
|V|= 5 9 (0.879%) 50 15

|V|= 8 7 (0.171%) 60 15
N= 12 |V|= 7 35 (0.854%) 60 16

|V|= 7 5 (0.122%) 60 16
|V|= 6 17 (0.415%) 60 18

|V|= 9 26 (0.159%) 70 18
N= 14 |V|= 8 8 (0.049%) 70 20

|V|= 8 7 (0.043%) 70 22
|V|= 7 41 (0.250%) 68 21

|V|= 10 31 (0.047%) 80 20
N= 16 |V|= 9 32 (0.049%) 78 23

|V|= 9 16 (0.024%) 80 23
|V|= 8 38 (0.060%) 80 27

|V|= 12 32 (0.012%) 86 21
N= 18 |V|= 11 28 (0.011%) 90 24

|V|= 10 8 (0.003%) 90 26
|V|= 9 14 (0.005%) 90 28

Figure 4. (Left) Average number of variables needed by the standard and IQPMS methods to provide a QUBO form of the
instances generated for different number of arcs. The averages have been performed over the four instances with the same num-
ber of arcs. From the linear interpolation of these data (dashed lines), we infer that the IQPMS methods requires in average
m(IQPMS) = 1.30 QUBO variables per arc added to the graph, while the standard method needsm(standard) = 4.88 QUBO
variables. (Right) Average number of qubits needed to embed the QUBO instances generated with the standard and IQPMS
methods into the quantum annealers Adv1 and Adv2 for different number of arcs. The averages have been performed over
the four instances with the same number of arcs. From the linear interpolation of these data (dashed lines), we infer that the
qubits employed per arc added to the MPBS instance to obtain an embedding on a D-wave annealer when the IQPMS and the
standard methods are adopted arem(IQPMS + Adv2) = 1.96,m(IQPMS + Adv1) = 2.03,m(standard + Adv2) = 10.31 and
m(standard + Adv1) = 10.84.

QUBO variable. Naturally, since the IQPMS methods require far fewer slack variables per node, if com-
pared with the standard method, each binary variable is connected with fewer other variables and there-
fore our methods allow a much more efficient consumption of qubits. This is one of the main goals
achieved by this work, namely providing an encouraging scaling for the qubits deployed by the embed-
ding of locally-constrained QUBO problems into D-wave quantum annealers.

We recorded the number of successes obtained by Adv1 and Adv2 in the individuation of the MPBS
optimal solutions. Moreover, we performed the same analysis by counting how many times the D-wave
annealers were able to provide outputs x that satisfied the MPBS constraints and gave a value of the
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Table 5. Several details about the D-wave embeddings of our instances of MPBS, both for the standard and the IQPMS methods. These
statistics have been performed for the embeddings generated on Adv1 and Adv2 by averaging the data over all the instances of MPBS
with the same number of arcs. In ⟨qubits⟩ we report the average number of qubits needed to embed our MPBS instances. In
⟨qubits/variable⟩ we report the ratio between ⟨qubits⟩ and the average number of variables needed to provide a QUBO formuation of
our MPBS instances, which can be obtained from table 4. In ⟨max. chain length⟩ we report the average maximum chain length
encountered in the embeddings.

Arcs Annealer
⟨Qubits⟩
(standard)

⟨Qubits/variable⟩
(standard)

⟨Max. chain
length⟩ (standard)

⟨Qubits⟩
(IQPMS)

⟨Qubits/variable⟩
(IQPMS)

⟨Max. chain
length⟩ (IQPMS)

N= 10 Adv1 101.75 2.04 5.88 23.00 1.51 2.25
Adv2 94.38 1.89 4.63 20.50 1.34 2

N= 12 Adv1 112.13 1.87 5.38 21.75 1.34 2.13
Adv2 106.63 1.78 4.63 20.50 1.26 2

N= 14 Adv1 148.63 2.14 6.38 28.50 1.41 2.38
Adv2 134.63 1.94 6.25 26.88 1.33 2

N= 16 Adv1 165.00 2.08 6.75 33.50 1.44 2.38
Adv2 152.86 1.92 5.13 31.50 1.35 2.13

N= 18 Adv1 183.75 2.06 6.63 37.38 1.51 2.63
Adv2 174.38 1.96 5.88 34.63 1.34 2.13

Table 6. Number of annealing runs that provided either the optimal solution or an output satisfying the MPBS constraints and had an
objective function within the 95% of the optimal. These data are reported for both annealers, namely Adv1 and Adv2, and the two
techniques considered to obtain QUBO realizations of MPBS, namely the standard and IQPMS methods. The number of successes for
each given N and annealer corresponds to the sum of the successes obtained among the 4 corresponding instances. Hence, since we
performed 4k annealing runs per instance and annealer, the percentages indicated are relative to the total 16k runs performed for each
arc-setting and annealer. Finally, the gain columns correspond to the ratios between the successes obtained using the IQPMS methods
and the standard method. The same has been done by including those outputs satisfying the MPBS constraints and had an objective
function within the 95% of the optimal.

Arcs Annealer Successes (standard)
Successes 95%
(standard) Successes (IQPMS)

Successes 95%
(IQPMS) Gain Gain 95%

N= 10 Adv1 198 (1.24%) 256 (1.60%) 1366 (8.54%) 2054
(12.84%)

6.90 8.02

Adv2 330 (2.20%) 463 (2.89%) 3940 (23.61%) 5152
(32.20%)

11.94 11.13

N= 12 Adv1 19 (0.12%) 36 (0.23%) 1012 (6.30%) 1149 (7.18%) 53.26 31.92
Adv2 63 (0.39%) 85 (0.53%) 2735 (17.09%) 3149

(19.68%)
43.41 37.05

N= 14 Adv1 6 (0.04%) 24 (0.15%) 661 (4.13%) 869 (5.43%) 110.17 36.21
Adv2 29 (0.18%) 42 (0.26%) 1765 (11.03%) 2284

(14.28%)
60.86 54.38

N= 16 Adv1 2 (0.01%) 8 (0.05%) 296 (1.85%) 659 (4.12%) 148.00 82.38
Adv2 10 (0.06%) 23 (0.14%) 1149 (7.18%) 2015

(12.59%)
114.90 87.61

N= 18 Adv1 2 (0.01%) 5 (0.03%) 322 (2.01%) 454 (2.84%) 161.00 90.80
Adv2 4 (0.03%) 6 (0.04%) 735 (4.59%) 934 (5.84%) 183.75 155.67

objective function that was at least the 95% of the optimal value W∗ =
∑

i wi x∗i , where x
∗ is the optimal

solution, which are referred to as the ‘95% solutions’. We summarize these results in table 6, where we
also include the ratio between the number of successes obtained with the IQPMS and the standard
methods. These gains, both for the optimal and the 95% solutions, result to be monotonically increas-
ing with the number of arcs in the MPBS instances. We plot the number of successes obtained in the
described scenarios in figure 5.

Finally, in figure 6, we provide the performance obtained by using a classical algorithm, namely sim-
ulated annealing, to solve the same MPBS instances solved with the D-wave quantum annealers, where
we show that our IQPMS QUBO formulation clearly provides higher success rates. The ratios between
the successes obtained when using the two QUBO formulations, namely the gains, are: (N = 10) 8.13,
(N = 12) 28.45, (N = 14) 18.12, (N = 16) 139.58, (N = 18) 58.38, where N is the number of arcs in
the instances considered. Hence, in the worst case (N = 10) the IQPMS formulation allowed obtaining
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Figure 5. Number of runs, in logarithmic scale, where D-wave annealers found the optimal solutions of MPBS problems with
different number of arcs after 16k runs, where their QUBO formulations were either obtained with the standard or the IQPMS
methods (dots connected by solid lines). We also show the results obtained if we consider those outputs satisfying the MPBS
constraints and having objective function within the 95% of the optimal (dots connected by dashed lines). These analyses were
performed with both annealers Adv1 and Adv2.

Figure 6. Number of runs, in logarithmic scale, where simulated annealing found the optimal solutions of MPBS problems with
different number of arcs after 16k runs, where their QUBO formulations were either obtained with the standard (orange line) or
the IQPMS methods (blue line). The MPBS instances analyzed here are the same that have been solved with D-wave quantum
annealers, i.e. those analyzed in figure 5.

× 8.13 more successes than the standard approach. The trend of these gains is less obvious in this scen-
ario as, differently from when using quantum annealing (see table 6), the decrease is not strictly mono-
tonic. Nonetheless, it is evident that our novel methods to formulate a QUBO to solve the MPBS prob-
lem through simulated annealing have been advantageous throughout all the examined instances.

8. Discussion

We provided a novel set of techniques to translate optimization problems into a QUBO form. In par-
ticular, we showed their potential to drastically reduce the number of slack variables and to increase the
sparsity of the generated QUBO problems. The first of the two techniques, the IQP method, is partic-
ularly useful whenever the constraints to be enforced are defined over few logical variables and/or the
values of the parameters inside inequality constraints are large. This method does not necessary require
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the locally-constrained graph problem structure. Nonetheless, in this case we can easily adopt the MS
method, which provides the simultaneous enforcement of multiple constraints defined over the same set
of binary variables. Moreover, we underline that our method has the same efficiency whether the con-
straints considered are equality/inequality linear/non-linear constraints defined with integer/non-integer
parameters. Finally, we showed how to tune the corresponding constraint multipliers and we gave a gen-
eralization of the MS method for those cases where three or more constraints are defined over the same
variables.

We followed by considering the NP-hard problem MPBS and we showed how to apply our meth-
ods to this real-world optimization problem from finance. Noteworthy, we obtained closed forms for
the implementations of its inequality constraints INOUT(u) and CAPFLOOR(u) for all the nodes with
N(u)⩽ 5 arcs, with the only exception of CAPFLOOR(u) when u has 5 incident arcs, which we evalu-
ated case by case. Hence, we achieved a parametrized QUBO form for all the other constraints, which do
not need the solution of a linear system, but rather the identification of the node binary variables com-
binations that violate/satisfy the constraint.

We generated several instances of MPBS with different numbers of nodes and arcs. First, we quan-
tified how better our methods work in terms of slack variables employed and later we showed how
these improvements provide a much higher output quality when quantum annealers are the chosen
QUBO solver. Indeed, we considered two D-wave quantum annealers, namely Advantage_system4.1
and Advantage2_prototype1.1, comparing our methods with a standard procedure that provides QUBO
forms. In addition, this study provides a performance comparative study between the considered
annealers.

We believe that our approach is particularly useful in the context of quantum computation as all the
pre-processing applied is devoted to make the resulting QUBO as light as possible and we do not require
additional rounds of computation on the (quantum) QUBO solver. Indeed, quantum annealers in gen-
eral provide higher-quality outputs when problems are defined in a more compact form, namely when
fewer and less-connected qubits are necessary. Hence, focusing on the refinement of QUBO formulations
is clearly one key ingredient to obtain better near-term quantum computation results.

There are several research directions that could be explored starting from our results. First
of all, the adoption of IQPMS to solve other combinatorial problems. Possible candidates are the
MULTIPLEKNAPSACK, the MULTIPLE-CONSTRAINEDKNAPSACK and the MULTIPLESUBSETSUM problems. Moreover,
given the high performances obtainable in case of locally-constrained optimization problems, its employ-
ment could easily fit for real-world combinatorial problems defined over sparse networks (see, e.g. [40]).

Another interesting direction would be given by comparing our methods with those from [35]. Both
output quality from quantum annealing and running times could be compared in order to understand
under which regimes one could outperform the other. Indeed, while our methods may employ more
slack variables, a fair comparison would allow the IQPMS methods to consider much longer quantum
computation times. Moreover, it is not clear whether the number of rounds necessary to the iterative
strategies are more sensitive to an increase of the input size or the number of constraints. If the lat-
ter would be the case, given realistic instances of MPBS are highly constrained, namely given by sparse
graphs with node-by-node constraints, we believe that our methods should provide higher success rates.
A similar comparison with the techniques presented in [40] would be fruitful as well. In summary, we
expect that, if we compare the already available strategies with our novel methods in the context of solv-
ing locally-constrained lowly-connected optimization problems, we should obtain optimal solutions in
shorter quantum computation times.

Future applications of the IQPMS methods could be employed with more sophisticated techniques,
e.g. the tuning of the annealing times, the adoption of D-wave classical-quantum hybrid QUBO solv-
ers or particular pre/post-processing procedures, e.g. the variable reduction proposed in [54], where an
iterative algorithm fixes several binary variables to values that have a high probability of being optimal.
Another path is given by the use of different NISQ devices, such as in the context of the Quantum
Approximate Optimization Algorithm (QAOA) [12] or the Quantum Alternating Operator Ansatz [55],
which are designed for logical-gate quantum computers. We remind that the aim of this work is to com-
pare in the fairest way our methods with a well-established standard procedure. Hence, the setup con-
sidered has not the intent to prove how far our algorithms can be pushed to achieve optimal solutions
via quantum annealing for larger and larger instances, but it rather focuses on giving a clear motiva-
tion of when and why we should adopt our novelties. Therefore, we are curious to discover up to which
input size our methods, in conjunction with other techniques, allow to provide optimal solutions of
MPBS instances defined via realistic datasets.

We conclude by discussing how the results presented in this work mainly support the performance
of NISQ devices, while the same cannot be claimed for classical computing. The benefit deriving from
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the IQPMS methods is twofold: (i) we provide a reduction of the binary (slack) variables necessary to
implement optimization problems into a QUBO form and (ii) a lower connectivity among logical and
slack variables is required. These two aspects allow better performances in the framework of quantum
computing as the optimal quantum strategies employed to solve optimization problems make use of
QUBO formulations. Indeed, feature (i), namely a reduction of the total number of binary variables con-
sidered, directly leads to fewer qubits employed in the adopted NISQ device and, as we showed in the
context of quantum annealers, better performances are undoubtedly obtained. In addition, this reduc-
tion allows submitting more complex and larger problems to modern quantum computers, closer to
real-world scenario optimizations. Secondly, feature (ii) backs up modern lowly-connected quantum
hardware by enabling the use of fewer qubits and facilitating the minor embedding of the QUBO prob-
lem onto quantum chips. These arguments show how our contribution supports the constraints of cur-
rent quantum architectures specialized in solving optimization problems, where the number of qubits
employed and the required connectivity are among the main bottlenecks. We emphasize that, as the
size and complexity of the problems increase, the QUBO simplification provided by our methods can
become critical, enabling the successful computation of correct solutions, which would not be achievable
adopting standard approaches.

A different perspective is required when considering the possible improvements of the IQPMS meth-
ods in the context of classical computation. In this case, potential improvements are not straightfor-
ward to assess, since the most effective classical approaches to the solution of constrained optimization
problems do not necessarily rely on QUBO formulations. For instance, in the case of MPBS, previous
works [29, 30] employed problem-specific strategies such as branch-and-bound and cycle-enumeration-
and-selection algorithms, which completely bypass a QUBO encoding of the problem. As a consequence,
it is unclear whether a simplification of the QUBO representation alone would translate into a tangible
performance gain for classical solvers, and establishing such a connection would require a dedicated,
solver-dependent analysis that goes beyond the scope of this work. By contrast, QUBO formulations
constitute a central ingredient for current NISQ-era quantum approaches to optimization, including
quantum annealing and gate-based algorithms such as QAOA [12]. In this context, reductions in the
number of variables and in the required connectivity directly address key quantum hardware constraints,
thereby enhancing the practical applicability and scalability of quantum optimization methods, in line
with recent efforts aimed at enabling large-scale quantum optimization with limited qubit resources (see,
e.g. [56]). Our results should therefore be interpreted as a contribution toward making more complex
and structured optimization problems amenable to present-day quantum devices.
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Appendix A. TheMSmethod without the IQPmethod

We showed how to apply the MS method when constraints are enforced with the IQP method in
section 3.2. Despite their combination, namely the IQPMS method, provides various advantages, the
MS method can be adopted independently from the IQP method. Here, we show how to employ this
method when constraints are enforced in a QUBO form with the standard techniques described in
section 2.1. This approach could be useful when the constraints considered are defined over a number
of variables that is too large to be handled by the IQP method.
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Consider an optimization problem of the generic form (2). Suppose that, among all the equality and
inequality constraints ECi and ICj, two of them are defined over the same three binary variables. For
instance, consider the case where one equality and one inequality constraints are of the form:

EC(x1,x2,x3) = x1 + x2 + x3− 1 ,

IC(x1,x2,x3) =−2x1− 2x2 + x3 + 2 ,

where it is required EC(x1,x2,x3) = 0 and IC(x1,x2,x3)⩽ 0. Our goal is to achieve quadratic forms of x1,
x2 and x3 that provides penalties when these constraints are violated. In the context of the MS approach,
we are going to construct a penalty function corresponding to the master constraints, which provides a
penalty iff it is violated, otherwise it is zero-valued. Instead, the penalty function corresponding to the
satellite constraint provides penalties when (x1,x2,x3) satisfy the master and violates the satellite con-
straint and is zero-valued when both constraints are satisfied. Hence, we do not impose any requirement
to the satellite penalty function when the master constraint is violated.

We pick EC(x1,x2,x3) = 0 as master and IC(x1,x2,x3)⩽ 0 as satellite constraint. Hence, in order to
have a simultaneous reformulation of these constraints within the MS formalism, we start by enforcing
EC(x1,x2,x3) = 0 with the standard method (see section 2.1), hence with the quadratic penalty function
PEC(x1,x2,x3) =−(x1 + x2 + x3− 1)2.

The quadratic penalty function relative to IC(x1,x2,x3)⩽ 0 has not to be enforced by considering
all the possible values of (x1,x2,x3), but solely those combinations already satisfying EC(x1,x2,x3) =
0, namely (x1,x2,x3) = (1,0,0),(0,1,0),(0,0,1). Notice that (x1,x2,x3) = (1,0,0),(0,1,0) satisfy
IC(x1,x2,x3)⩽ 0, while (x1,x2,x3) = (0,0,1) leads to a violation. Hence, in order to construct the quant-
ity S(s) needed to enforce our inequality/satellite constraint (see equation (5)), we solely have to worry
to build a quadratic form PIC(x1,x2,x3,s) =−(IC(x1,x2,x3)+ S(s))2 such that maxsPIC(x1,x2,x3,s) = 0
for (x1,x2,x3) = (1,0,0),(0,1,0) and maxsPIC(0,0,1,s)⩽−1.

If PIC(x1,x2,x3,s) would be enforced outside the MS formalism, namely as in section 2.1, we would
require S(s) to assume all the integer values in the interval [0, |minx IC(x)|] = [0,2], where the minim-
ization is performed over all x ∈ {0,1}3. Hence, in the standard case we would obtain S(s) = s0 + s1:
two slack variables would be required. Now, since IC(x1,x2,x3)⩽ 0 has to be enforced as a satellite of
EC(x1,x2,x3)⩽ 0, we have to ignore those strings violating the master constraint and therefore the same
minimization is now performed solely over (x1,x2,x3) = (1,0,0),(0,1,0),(0,0,1), which leads to:∣∣∣∣ min

x={0,1}3
IC(x)

∣∣∣∣= 2
MS−→

∣∣∣∣ min
x=(1,0,0),(0,1,0),(0,0,1)

IC(x)

∣∣∣∣= 0.

Hence, by using the MS method, IC(x1,x2,x3)⩽ 0 can be enforced with a quadratic form without
employing any slack variable via PIC(x1,x2,x3) =−(−2x1− 2x2 + x3 + 2)2, which is equal to 0 iff x sat-
isfies the master and the satellite constraints, namely for (x1,x2,x3) = (1,0,0),(0,1,0) and is smaller or
equal to −1 otherwise. Hence, in this case, there are no accidental incentives and the relative multiplier
of the master constraint can be fixed to λEC = 1 (see section 3.3). Notice that PIC(x1,x2,x3) penalizes
also those combinations of (x1,x2,x3) satisfying the satellite and violating the master constraint. Hence,
the sum of the two penalty functions:

PEC (x1,x2,x3)+ PIC (x1,x2,x3) =−(x1 + x2 + x3− 1)2− (−2x1− 2x2 + x3 + 2)2 ,

is equal to zero iff (x1,x2,x3) satisfies both constraints and is smaller or equal to −1 iff one or both con-
straints are violated, where no slack variables have been employed.

Appendix B. IQPMS solutions for CAP/FLOOR(u) whenN(u) = 4

The solution of the linear system (63) is:

PCFu (x) = (σ (1,0,0,1)+σ (1,0,1,0)−σ (1,0,1,1)+σ (1,1,0,0)−σ (1,1,0,1)−σ (1,1,1,0)

+σ (1,1,1,1))x1 +(2σ (1,0,1,1)−σ (1,0,0,1)−σ (1,0,1,0)+σ (1,1,0,1)+σ (1,1,1,0)

−2σ (1,1,1,1))x2 (1+σ (1,0,1,0)−σ (1,0,1,1)−σ (1,1,1,0)+σ (1,1,1,1))x3

+(−σ (1,0,1,0)+σ (1,0,1,1)−σ (1,1,0,0)+σ (1,1,0,1)+ 2σ (1,1,1,0)− 2σ (1,1,1,1))x4

+(−σ (1,0,1,1)+σ (1,1,1,1))x1x2 +(1−σ (1,0,0,1)−σ (1,0,1,0)+ 2σ (1,0,1,1)

−σ (1,1,0,0)+σ (1,1,0,1)+ 2σ (1,1,1,0)− 2σ (1,1,1,1))x1x3 +(−σ (1,1,1,0)
+σ (1,1,1,1))x1x4 +(σ (1,0,0,1)−σ (1,0,1,1)−σ (1,1,0,1)+σ (1,1,1,1))x2x3
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+(σ (1,0,1,0)−σ (1,0,1,1)−σ (1,1,1,0)+ σ (1,1,1,1))x2x4 +(σ (1,1,0,0)

−σ (1,1,0,1)−σ (1,1,1,0)+σ (1,1,1,1))x3x4 . (B1)

The solution of the linear system (64) is:

PCFu (x) = (1−σ (0,1,0,1)−σ (0,1,1,0)+ 2σ (0,1,1,1)+σ (1,0,1,1)+σ (1,1,0,1)+σ (1,1,1,0)

−2σ (1,1,1,1))x1 +(−1−σ (0,1,1,1)−σ (1,0,1,1)+σ (1,1,1,1))x1x2 +(σ (0,1,0,1)

−σ (0,1,1,1)−σ (1,1,0,1)+σ (1,1,1,1))x1x3 +(σ (0,1,1,0)−σ (0,1,1,1)−σ (1,1,1,0)

+σ (1,1,1,1))x1x4 +(1+σ (0,1,1,1)−σ (1,0,0,1)−σ (1,0,1,0)+ 2σ (1,0,1,1)

+σ (1,1,0,1)+σ (1,1,1,0)− 2σ (1,1,1,1))x2 +(σ (1,0,0,1)−σ (1,0,1,1)−σ (1,1,0,1)

+σ (1,1,1,1))x2x3 +(σ (1,0,1,0)−σ (1,0,1,1)−σ (1,1,1,0)+σ (1,1,1,1))x2x4

+(−1+σ (0,1,1,0)−σ (0,1,1,1)+σ (1,0,1,0)−σ (1,0,1,1)−σ (1,1,1,0)+σ (1,1,1,1))x3

+(1−σ(0,1,0,1)−σ(0,1,1,0)+ 2σ(0,1,1,1)−σ(1,0,0,1)−σ(1,0,1,0)+ 2σ(1,0,1,1)

+σ(1,1,0,1)+σ(1,1,1,0)− 2σ(1,1,1,1))x3x4 +(−1+σ (0,1,0,1)−σ (0,1,1,1)+σ (1,0,0,1)

−σ (1,0,1,1)−σ (1,1,0,1)+σ (1,1,1,1))x4 . (B2)

Appendix C.Worst-case scenarios for MPBS penalty multipliers

Local tuning: Consider the worst-case scenario where the optimal solution (see equation (39)) x∗ is
unique and for the node u provides the minimum contribution to the term

∑
i∈E(u)wi xi, while there

is a different combination xworst that violates CAP/FLOOR(u) and provides the maximum contribu-
tion to

∑
i∈E(u)wi xi. Hence, we would have that the binary variables of x∗ associated to the transactions

involving u are {x∗1 , . . . ,x∗N(u)}= {0, . . . ,0} and {xworst,1, . . . ,xworst,N(u)}= {1, . . . ,1}. We choose λu such
that Qu(G,x,s) is larger for x= x∗ than for x= xworst:∑

i∈E(u)

wi xworst,i +λuP
CF
u (xworst,s)⩽

∑
i∈E(u)

wi −λu
!
<

∑
i∈E(u)

wi x
∗
i +λuP

CF
u (x∗,s∗)⩽ 0 , (C1)

where we used PCFu (xworst,s)⩽−1 because {xworst,1, . . . ,xworst,N(u)}= {1, . . . ,1} satisfies the node con-
straints, {x∗1 , . . . ,x∗N(u)}= {0, . . . ,0} and the fact that PCFu (x∗,s∗)⩽ 0 because {x∗1 , . . . ,x∗N} satisfies
CAP/FLOOR(u) and IN/OUT(u). The exclamation mark above the inequality symbol underlines that,
if satisfied, λu can be considered large enough in this local setting.

From equation (C1), we derive the lower-bound λu > w(u), where w(u) =
∑

i∈E(u)wi is the total
amount of the transactions involved with the node u. Notice that this is the same result obtained in
equation (67). Hence, we fix the notation

λlocal
u = γw(u) where γ > 1 . (C2)

An estimate for λIO
u can be obtained similarly. The worst-case scenario is obtained when the restric-

tion of x∗ on u is {0, . . . ,0}, namely providing a null contribution to
∑

i wi xi, while xworst is the
combination providing the largest contribution to

∑
i wi xi among those violating IN/OUT(u) and

PCF(xworst,s) provides the largest accidental incentive for xworst, namely PCFu (xworst,s) =maxx,sPCFu (x,s) =
PCFmax,u ⩾ 0. We choose λIO

u such that the term maxsQu(G,x,s) is larger for x= x∗ than for x= xworst:

max
s

Qu (G,xworst,s) =max
s

 ∑
i∈E(u)

wi xworst,i +λu

(
PCFu (xworst,s)+λIO

u PIOu (xworst,s)
)

<
(
1+ γ PCFmax (u)

)
w(u)−λIO (u)

!
<max

s
Qu (G,x∗,s)

=max
s

 ∑
i∈E(u)

wi x
∗
i +λu

(
PCFu (x∗,s)+λIO

u PIOu (x∗,s)
)= 0 .

The first inequality is justified because {1, . . . ,1} satisfies IN/OUT(u) and therefore
∑

i∈E(u)wi xworst,i <

w(u), λu = γw(u), PCFu (xworst,s) = PCFmax,u and PIOu (x,s)⩽−1 for combinations violating IN/OUT(u).
Moreover, we used

∑
i wi x∗i = 0 and the fact that x∗ satisfies the node constraints. A consequence of

this first inequality is that we are imposing a looser condition than previously declared [57]. Hence, we
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have the lower-bound λIO
u > (1+λPCFmax,u)/γ . Since we assumed PCFmax,u ⩾ 0, for the general case we can

consider:

λIO
u = 1+ γmax

{
0,max

x,s
PCFu (x,s)

}
, where γ > 1. (C3)

Non-local tuning: We set some lower-bounds (C2) and (C3) for, respectively, λu and λIO
u by impos-

ing that the sub-QUBO that corresponds to the node u assumes the largest value when x satisfies
CAP/FLOOR(u) and IN/OUT(u). We called it local because we are not considering the possible con-
sequences that a violation of CAP/FLOOR(u) and/or IN/OUT(u) may have on maxsQv(G,x,s) for some
node v ̸= u. Indeed, the possible incentives that these situation may generate could require to set higher
values of λu and λIO

u .
Imagine the following unfortunate scenario: x∗, in order to respect CAP/FLOOR(u) and IN/OUT(u),

has many 0s for the variables xi corresponding to the transactions in u. As a consequence, the transac-
tions of the nodes v neighboring u are not activated too (otherwise CAP/FLOOR(v) or IN/OUT(v) may
be violated), resulting in many other xi = 0 for the arcs belonging to the nodes v sharing at least one
arc with u. Hence, it may happen that a violation of CAP/FLOOR(u) and/or IN/OUT(u) in u allows
the activation of many other transactions for the nodes neighboring u, where instead there are no viol-
ations of CAP/FLOOR(v) and IN/OUT(v). Therefore, there may exists a string that receives a penalty
for the violation of CAP/FLOOR(u) and/or IN/OUT(u) in u, but this penalty is overcompensated by the
incentives activated by the neighboring nodes (without penalties). We define the nodes adjacent to u as
follows:

neigh(u) = {v ∈ V |∃(u,v)∨ (v,u) ∈ E} . (C4)

Therefore, to prevent that arg(maxx,sQ(G,x,s)) violates CAP/FLOOR(u) and/or IN/OUT(u) as
described, we consider:

max
x,s

Q(G,x,s) =max
x,s

∑
i

wi xi + γ
∑
u∈V

wneigh (u)

(
PCFu (x,s)+

(
1+ γmax

{
0,max

x,s
PCFu (x,s)

})
PIOu (x,s)

)
,

(C5)

wneigh (u) =
∑

v∈neigh(u)

w(v) ,

where γ > 1 and is the sum of all the transactions involving u and the neighboring nodes. Notice that
the multipliers involved in equation (C5) are obtained by replacing w(u) with wneigh(u) from the local
formulation, namely we have:

λu = γwneigh (u) , where γ > 1. (C6)

Global tuning: In order to get a global tuning, we consider the following choice of λu:

λu = γ
∑
i

wi , where γ > 1. (C7)

and
∑

i wi is the sum of all the transaction defined on E .

Appendix D. Explicit QUBO form of an instance of MPBS

In this section consider the MPBS instance described in the first line of table 4 and we give the cor-
responding QUBO forms obtained with the IQPMS and the standard methods. We underline that this
is the smallest instance that has been considered. This example is characterized by |V|= 6 (number of
users or nodes), and N = 10 (total number of transactions or arcs). We can represent the users having a
pending receivable, namely the nodes sharing an arc, via a correspondence matrix w(u,v). More precisely
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w(u,v) = 0 when the users u and v do not have any connecting arcs, while w(u,v)> 0 is the value of the
receivable between u and v, where u is the creditor and v the debtor. Therefore, w(u,v) is in general not
symmetric. The correspondence matrix associated to this instance is:

w(u,v) =



0 0 0 0 2 0
0 0 0 0 0 9
10 0 0 0 0 0
0 9 10 0 0 1
0 0 4 4 0 2
0 0 7 0 0 0

 . (D1)

In this case, N(u) = 2 for u= 1, where this first user is debtor with the user v= 5 for an amount of
w(1,5) = 2, while it is creditor with the user v= 3 for w(3,1) = 10. We enumerate the arcs row-by-
row, meaning that x1 is associated to the arc (u,v) = (1,5), x2 to the arc (u,v) = (2,6), x3 to the arc
(u,v) = (3,1) and so on. Hence, a possible configuration of the activated arcs is given by a vector of bin-
ary variables x= (x1,x2, . . . ,x10). It is possible to verify that, for [CAP(u),FL(u) ] = [−7,8], the optimal
solution of this problem (satisfying CAP/FLOOR and IN/OUT) is x∗ = [1,1,1,1,0,1,1,1,0,1].

We obtained the following QUBO matrix using the IQPMS methods, acting on 14 variables, where
the first 10 are associated to the instance arcs, while the remaining 4 correspond to the slack variables
needed to implement the problem constraints:



−142 0 48 0 0 0 72 264 72 0 0 0 96 0

0 −65 0 72 0 −38 0 0 0 38 0 0 0 38

0 0 −324 0 186 0 682 0 0 186 248 0 0 0

0 0 0 −75 −144 0 0 48 0 0 0 96 0 0

0 0 0 0 −162 0 −62 48 0 −310 248 96 0 0

0 0 0 0 0 −229 0 288 0 38 0 −96 0 38

0 0 0 0 0 0 −416 −24 −120 −62 −248 0 96 0

0 0 0 0 0 0 0 −236 −24 0 0 96 −96 0

0 0 0 0 0 0 0 0 −122 114 0 0 96 −38

0 0 0 0 0 0 0 0 0 −155 248 0 0 38

0 0 0 0 0 0 0 0 0 0 −248 0 0 0

0 0 0 0 0 0 0 0 0 0 0 −96 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −96 0

0 0 0 0 0 0 0 0 0 0 0 0 0 −38



.

(D2)

We report the QUBO matrix of the same instance obtained with the standard approach. This QUBO
is defined over 50 binary variables, where the first 10 are associated to the arcs, while the last 40 are
slack variables. For the sake of space, each zero component has been reported with a ‘·’ symbol, while
any non-zero element is marked with an ‘X’:
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

X · X · · · X X X · X X X X · · · · · · · · · · · · X X X X · · · · · · · · · · · · X X X X · · · ·
· X · X · X · · X X · · · · X X X X · · · · · · · · · · · · X X X X · · · · · · · · · · · · X X X X
· · X · X · X · · X X X X X · · · · X X X X · · · · · · · · · · · · X X X X · · · · · · · · · · · ·
· · · X X X · X · · · · · · X X X X · · · · X X X X · · · · · · · · · · · · X X X X · · · · · · · ·
· · · · X X X X · X · · · · · · · · X X X X X X X X · · · · · · · · X X X X X X X X · · · · · · · ·
· · · · · X · X X X · · · · · · · · · · · · X X X X · · · · X X X X · · · · X X X X · · · · X X X X
· · · · · · X X X X · · · · · · · · X X X X · · · · X X X X · · · · X X X X · · · · X X X X · · · ·
· · · · · · · X X · · · · · · · · · · · · · X X X X X X X X · · · · · · · · X X X X X X X X · · · ·
· · · · · · · · X X · · · · · · · · · · · · · · · · X X X X X X X X · · · · · · · · X X X X X X X X
· · · · · · · · · X · · · · · · · · X X X X · · · · · · · · X X X X X X X X · · · · · · · · X X X X
· · · · · · · · · · X X X X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · X X X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · X X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · X X X X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · X X X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · X X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · X · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · X X X X · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · X X X · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · X X X X · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · X X X · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · X X X X · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · X X X · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X X X · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X X · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X X
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · X



.
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