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Abstract

In this paper we analyze in detail a few questions related to the theory of
functions with bounded p-Hessian—Schatten total variation, which are relevant in
connection with the theory of inverse problems and machine learning. We prove
an optimal density result, relative to the p-Hessian—Schatten total variation, of
continuous piecewise linear (CPWL) functions in any space dimension d, using a
construction based on a mesh whose local orientation is adapted to the function
to be approximated. We show that not all extremal functions with respect to the
p-Hessian—Schatten total variation are CPWL. Finally, we prove the existence of
minimizers of certain relevant functionals involving the p-Hessian—Schatten total
variation in the critical dimension d = 2.
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Introduction

In applied sciences, an inverse problem is the process of reconstructing an
unknown signal (in practice, a causal factor) from a set of (possibly noisy) obser-
vations. Of notable importance is the subclass of linear inverse problems. A linear
inverse problem is specified by three main objects:

e an hypothesis space S in which we look for the signal f* € S,

e alinear forward operator v : S — R which is a proxy for the process of data
collection,

e anarray y € RY which contains the observed data, to which v(f*) should be
close.

Therefore, the inverse problem consists in (approximately) recovering the unknown
signal f* from the observed data y. Also, the problem can be reformulated in
variational terms as

f* € argmin AE (v(f), y) + R(f), 0.1)
feS

where

e £:RY xRN — Risaconvex loss function used to measure the data discrep-
ancy,

e R : § — R is the regularization functional, mainly used to enforce known
structure and regularity on the reconstructed signal,

e A > (is a parameter that governs the interplay between fidelity to the data and
regularity.

Three key effects of the presence of the regularization functional R are: the
enhancement of the stability of the problem, the alleviation of the ill-posedness of
the problem and the possibility to invoke the “representer theorem”, which provides
a parametric form for solutions of (0.1) and has been recently extended to rather
general frameworks, see [8,9,19,20]. Roughly (and under suitable assumptions),
the just-mentioned abstract result characterizes the set of solutions of (0.1) as linear
combinations of the extreme points of

{(feS:R(H=1 0.2)

(which is the unit ball associated to the regularization functional). This strongly

motivates the interest in finding and studying the extreme points of the set in (0.2).
In this paper, we are going to study problems arising from a particular, yet

general, choice of the items appearing in the functional in (0.1). In particular,

a) the hypothesis space are the functions f : 2 — R with bounded p-Hessian—
Schatten variation (see item b)), for some Q2 C R4 open. The space coincides
indeed with Demengel’s space ( [11]) of functions with bounded Hessian, which
has been introduced to study models of plastic deformations of solids and has
proven useful also in the context of image processing, but the norm we adopt
is specific and allows for optimal approximation results by continuous and
piecewise affine functions when p = 1;
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b)

9]

d)

e)

)

i)

the regularizing term is the p-Hessian—Schatten variation |Df, - |(€2), that co-
incides with the relaxation of the functional (here and after | - |, denotes the
p-Schatten norm),

D> £1(Q) := /Q IV2f1,d2?  forevery f € C*(RQ);

This is a variant of the classical second-order total variation ( [5]). It has been
inspired by [6,14—17] and used in [10, 18];

in the critical case d = 2 we consider as linear forward operator the evaluation
functional at certain points xq, ..., xy € R2, with observed data >i,...,YN) €
RV;

still in the critical case, the error term is taken to be an £9 norm, i.e.

ES) = 1) = yidi=1,..Nllea-

the tunable parameter is A € (0, co], where by convention A = oo imposes a
perfect fit with the data.

In view of the discussion above, it is evident that some questions arise as natural.
The description of the extremal points of the ball (cf. (0.2))

{f:Q—)R:lD?,f|(Q)§1} (0.3)

modulo additive affine functions (since the Hessian—Schatten seminorm is in-
variant under the addition of affine functions, this factorization is necessary).
A reasonable description of these extremal points was given in [2], under the
assumption that a certain density conjecture holds true. Namely, it has been
proved that if CPWL functions are dense in energy in the space of functions
with bounded Hessian—Schatten variation, then all extremal points, which ob-
viously are on the sphere, are found in the closure of the CPWL extremal points
(and this last set is rather manageable, see [2]). Here and below, a CPWL (Con-
tinuous and PieceWise Linear) function is a piecewise affine function, affine on
certain simplexes. In Section 2 we give a positive answer to the just mentioned
conjecture, proved only in the two-dimensional case in [2] with a different,
more constructive, strategy. As any CPWL function can be exactly represented
by a neural network with rectified linear unit (ReLU) activation functions [4],
our result (Theorem 2.4) in particular implies approximability of any function
whose Hessian has bounded total variation by means of neural networks with
ReLU activation functions, with convergence of the 1-Hessian—Schatten norm.
Again with respect to the extremal points of the set described in (0.3), one
may wonder whether all the extremal points are CPWL. By a delicate measure-
theoretic analysis, in Section3 we show that the answer is negative: functions
whose graphs are cut cones are extremal, modulo affine functions, and these
functions are not CPWL if d = 2. In connection with this negative answer,
as for compact convex sets exposed points are dense in the class of extreme
points, it would be interesting to know whether cut cones are also exposed,
namely if there exist linear continuous functionals attaining their minimum,
when restricted to the closed unit ball of the Hessian—Schatten seminorm, only
at a cut cone.
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iii) In the two-dimensional case, one may wonder whether the functional (0.1)
admits minimizers, with the choice of error and regularizing term described
above. In Section4 we give a positive answer, for a large set of choices of the
parameters A, p and q.

Now we pass to a more detailed description of the content of the paper. Namely,
we examinate separately the answers to items 1), ii) and iii) above and we sketch
their proofs.

Density of CPWL functions

In Section2 we address the problem of density in energy |D% - |(2) of CPWL
functions in the set of functions with bounded Hessian—Schatten variation. Our
main result is Theorem 2.2, stated for C2 targets, and then it follows the localized
version Theorem 2.4 for targets with finite p-Hessian—Schatten variation. The proof
of Theorem 2.2 heavily relies on a fine study of triangulations of R? and consists
morally of three parts.

Part 1 is Section 2.1 and deals with general properties of triangulations (considered
as couples of sets, the set of vertices and the set of elements), the most important
ones being the Delaunay, non degeneracy and uniformity properties (items (a), (b)
and (c) of Definition 2.7). Roughly speaking, the Delaunay property states that
given an element of the triangulation, no vertex of the triangulation lies inside the
circumsphere of the given element; it entails regularity properties, among them, the
fact that angles in the elements are not too small. This leads to the non degeneracy
property, crucial to estimate geometric quantities related to an element in terms of
the volume of the given element. Finally, uniformity states that the vertices of the
triangulation are uniformly distributed, in the sense that the maximum size of a
ball which contains no vertex is bounded by a constant times the minimal distance
between two vertices. The main results are Lemma 2.9, that allows us to gain
a Delaunay triangulation starting from a uniform set of vertices and Lemma 2.13
which studies Delaunay triangulation whose vertices locally coincide with arotation
of a rescaling of the lattice Z<.

Part 2 is Section 2.2 which aims to construct a “good” triangulation (in the sense of
Part 1) that locally follows a prescribed orientation. The outcome is Theorem 2.14
and the main difficulty in its proof relies in “gluing” the various sub-triangulations
to allow for the variable orientation (see Fig. 3).

Part 3 is the proof of the density result, Section 2.3. We exploit the outcome of
Part 2 to build a triangulation that locally follows the orientation given by the
Hessian of w, V2w, in the sense that is given by an orthonormal basis of eigen-
vectors for V2w. Then we take u, the affine interpolation for w with respect to
this triangulation, which will be a good approximation. The contribution of the
Hessian—Schatten variation of u on regions in which the orientation of the triangu-
lation is constant (and hence adapted to the Hessian of w) is estimated thanks to the
good choice of the orientation, whereas the contribution around the boundaries of
these regions, i.e. where the gluing took place, comes from the regularity properties
of the triangulation and the smallness of these regions.
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Extremality of cones

In Section 3, we prove that functions whose graphs are cut cones are extremal
with respect to the Hessian—Schatten total variation seminorm. Namely, we prove
that functions defined as

) = (1= x4
are extremal modulo affine functions, in the sense that, if, for some A € (0, 1)
e =ri+A -0k
with
D2 fil(RY) = D, f2] RY) = D3 | (R,

for some p € [1, 00), then f; and f> are equal to f°°"¢, up to affine functions
(Theorem 3.1).

Our strategy is as follows. First, we set firad to be the radial symmetrization of
fi,fori =1,2. As £ is radial, a simple computation yields that still

fCOHC — )Lflrad + (1 _ }L)fzrad
and
D2 (R = D7, f5°|(RY) = [D f<"|(RY).

This implies with not much effort that fl.rad = f°O" up to affine terms, thanks
to the explicit computation of Hessian—Schatten total variation of radial functions
(Proposition 1.13).

The bulk of the proof is then to prove that whenever we have f such that
S = g and D f|(RY) = |Dj f"|(RY), then f equals to ", up to
affine terms. In other words, in the case f rad _ feome, we have rigidity of the
property that [D? f™|(RY) < |D? f|(RY) stated in Lemma 1.10.

Case p = 1 is dealt in Proposition 3.5. For its proof, a key remark is the fact that,
if A denotes the distributional Laplacian, then f B, A(f(U -)) is independent of

U € SORY). Hence, by ™ = £ we have that
| Ar=[ ageme = i) =D,
B B
where the second inequality is obtained by explicit computation (or by concavity of

[ in By). This then implies that (at the right hand side there is the total variation
of the matrix valued measure DV f with respect to the 1-Schatten norm)

/drr(Dm:—/ dIDV £,
B By

so that tr(DV f) = —|DV f|; almost everywhere, which implies that the eigenval-
ues of DV f are all negative, almost everywhere (Lemma 3.3), by rigidity in the
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inequality |[Tr(A)| < |A|;. Then, by Lemma 3.2, it follows that f has a continuous
concave representative in Bj. Finally we exploit concavity to obtain the pointwise
bound f = f°" in By, which, combined with the integral equality f™d = feone,
implies the claim.

Case p € (1, 00) is dealt in Proposition 3.6, where we reduce ourselves to the
case p = 1, namely we show that the information |D2 FIRY) = |D2 feome|(RY),

coupled with f™d = feome celf improves to |D2 f] (Rd )= |D2 f C°“"|(Rd) whence
we can use what proved in the Case p = 1. This reduction is done treating sepa-
rately the absolutely continuous and singular part of |D f1. The former is treated
exploiting the strict convexity of the p-Schatten norm together with the scaling
property of the map p +— |D%, f°°"|, whereas the latter is treated by Alberti’s rank
1 Theorem ( [1]), in conjunction with the fact that the p-Schatten norm of rank 1
matrices is independent of p.

Solutions to the minimization problem

In Section4 we restrict ourselves to the two dimensional Euclidean space. In-
deed, we want to exploit the continuity of functions with bounded Hessian—Schatten
variation in dimension 2 ( [2], see Proposition 1.11) to have a meaningful evaluation
functional and define, for Q C R2 open (cf. (0.1)), F;. : (2) — [0, oo] by

loc

Fu(f) = IDTFI) + AN Cf ) = yidi=t...n et (0.4)
where xq,...,xy € € are distinct points and yq, ..., yny € R. Also, we are
adopting the convention that co - 0 = 0, hence, if A = 0o, wehave F; : 10C(Q) —

[0, o],

|D%f|(§2) if fxiy=y; for i=1,...,N,
Fool(f) = .
otherwise.
Notice that F; is the sum of the regularizing term |D% f| and the weighted (by A)
error term A||(f(x;) — ¥i)i=1....~nll,1 and that F, can be seen as a relaxed version
of Foo.

In Section4, we will consider slightly more general functionals, see (4.1), but
for the sake of clarity we reduce ourselves to a particular case in this introduction.
Our aim is to prove existence of minimizers of F, (Theorem 4.2). Notice that in
higher (= 3) dimension, F,, is not well defined (by the lack of continuity), and, even
if we try to define it imposing continuity on its domain, minimizers do not exist in
general, as the infimum of F;, is always zero. To see this last claim, simply exploit the
scaling property of the Hessian—Schatten total variation (or use Proposition 1.13)
for functions of the kind x +— Z il —=1|x —x;|/r);asr 0.

We sketch now the proof of the existence of minimizers of F,. There are two
key steps. We denote A, := 4, the “critical” value for A.

Step 1. First we prove existence of minimizers of 7, for A € [0, A.]. Thisis done via
the direct method of calculus of variations, after we prove relative compactness of
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minimizing sequences and semicontinuity of this functional. Compactness, proved
in Proposition 4.9, is mostly due to the estimates of [2], see Proposition 1.11.
Semicontinuity is then proved in Lemma 4.8 and here the choice of A € [0, A.] plays
a role. The key idea is that, given a point x; and a converging sequence f; — f,
either |D% fi| concentrates at x; or it does not. In the former case (Lemma 4.7), as a
part of ID% fi| concentrates at x; (and |D% f1(xi) = 0, being points of codimension
2), we experience a drop in the regularizing term of the functional, and this drop
is enough to offset the lack of convergence of the evaluation term fi(x;) in the
error term. In the latter case (Lemma 4.7 again), we have instead convergence of
k= fi(x;).

Step 2. We prove the existence of minimizers of F A for A € [)»Cloo]. By Step 1,
we can take a minimizer f of F; . Then we modify f to obtain f satisfying

IDTF1(Q) < DT £I() + el (f (i) — yidill
and f(xi)zyiforizl,...,N.

Such modifications is obtained adding to f a suitable linear combination of “cut-

cones”, namely functions x — y; (1 — |x — x;|/7)+ for 7 small enough. As f has
a perfect fit with the data, for any 2,

Filf) = F (f) £ F (),

where the inequality is due to the construction of f . Now, as F; = F,, (here the
choice A € [A., oo] plays arole) and as f is a minimizer of F;_, we see that f isa
minimizer of F).

Therefore, putting together what seen in Step 1 and in Step 2 we have that for
every A € [0, oo] there exists a minimizer of .

1. Preliminaries

In this short section we first recall basic facts about Hessian—Schatten semi-
norms and then in Section 1.3 we add an explicit formula to compute Hessian—
Schatten variations of radial functions.

1.1. Schatten norms

We recall basic facts about Schatten norms, see [2] and the references therein.

Definition 1.1. (Schatten norm) Let p € [1, 00]. If M € R?*? and s;(M), ...,
sq(M) = 0 denote the singular values of M (counted with their multiplicity), we
define the Schatten p-norm of M by

IM|p = [I(s1 (M), ... sa(M))ller.
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We recall that the scalar product between M, N € R¥*? is defined by

M- N=uMN= Y M;N
i, j=1,...d

and induces the Hilbert—Schmidt norm. Next, we enumerate several properties of
the Schatten norms that shall be used throughout the paper

Proposition 1.2. The family of Schatten norms satisfies the following properties.

i) IfM € R4 is symmetric, then its singular values sy (M), . . ., sq(M) are equal
to | M (M), ..., 1 g(M)|, where A\{ (M), ..., Ag(M) denote the eigenvalues of
M (counted with their multiplicity). Hence |M|, = (M (M), ..., Ag(M))]ler.

i) If M € R and N € O(RY), then IMN|, = [INM|, = |M]|,.

i) If M, N € R¥4 then [MN|, < |M|,|N|,.

) If M € R4*4 then M|, =supy M - N, where the supremum is taken among
all N € R4 with IN|, < 1, for p' the conjugate exponent of p, defined by
I/p+1/p' =1.

v) If M has rank 1, then |M|, coincides with the Hilbert—Schmidt norm of M for
every p € [1, oo].

vi) If p € (1, 00), then the Schatten p-norm is strictly convex.

vii) If M € R4*4 | then M|, < C|M|,, where C = C(d, p, q) depends only on d,
pandgq.

Definition 1.3. (L”-Schatten norm) Let p, r € [1,00] and let M € C.(R%)4*4,
We define the Schatten (p, r)-norm of M by

IMIlp,r == 1M pllLrra)-
1.1.1. Poincaré inequalities We recall basic facts about Poincaré inequalities.
Definition 1.4. Let A € R be a domain. We say that A supports Poincaré inequal-

ities if for every g € [1, d) there exists a constant C = C(A, ¢) depending on A
and g such that

(ﬁ s —]é f q*dzd>l/q* < c(ﬁ |vf|‘1dgd)l/q

for every f € Wh9(A),

where 1/¢* = 1/q — 1/d.

1.2. Hessian—Schatten total variation

For this section fix 2 € R openand p € [1, 0o]. We let p’ denote the conjugate
exponent of p. Now we recall the definition of Hessian—Schatten total variation and
some basic properties, see [2] and the references therein.



Arch. Rational Mech. Anal. (2023) 247:111 Page 9 of 52 111

Definition 1.5. (Hessian—Schatten variation) Let f € L}OC(Q). For every A C Q
open we define

D}, f1(A) := sgp/A > f9F A2, (1.1)

i, j=1,...d

where the supremum runs among all F' € CSO(A)dXd with || F|l 7 00 = 1. We say
that f has bounded p-Hessian—Schatten variation in €2 if |D?7 FI(2) < oo.

Remark 1.6. If f has bounded p-Hessian—Schatten variation in €2, then the set
function defined in (1.1) is the restriction to open sets of a finite Borel measure, that
we still call |D%, f1. This can be proved with a classical argument, building upon
[12] (see also [3, Theorem 1.53]).

By its very definition, the p-Hessian—Schatten variation is lower semicontinu-
ous with respect to convergence in distributions. |

For any couple p, g € [1, oo], f has bounded p-Hessian—Schatten variation if
and only if f has bounded g-Hessian—Schatten variation and, moreover,

C'Dy fI £ ID; f1 £ CID f|

for some constant C = C(d, p, q) depending only on d, p and ¢. This is due to
equivalence of matrix norms.

The next proposition connects Definition 1.5 with Demengel’s space of func-
tions with bounded Hessian [11], namely Sobolev functions whose partial deriva-
tives are functions of bounded variation. We shall use D to denote the distributional
derivative, to keep the distinction with V notation (used also for gradients of Sobolev
functions).

1

loc

Proposition 1.7. [2, Proposition 9] Let f € L
alent:

(R2). Then the following are equiv-

o f has bounded Hessian—Schatten variation in 2,
S WIL’CI(Q) and V f € BV1oc (2; RY) with IDV f(2) < oo.

If this is the case, then, as measures,

DV £1.

dDV
D fl = ‘ /
p

dIDV f|

In particular, there exists a constant C = C(d, p) depending only on d and p such
that

C'IDVf| £ D} f| £ CIDV |

as measures.
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Proposition 1.8. [2, Proposition 11] Let f € L}OC(Q). Then, for every A C Q
open, it holds

D3 £1(A) = inf{limkinf/A |V2fk|pd,$d}

where the infimum is taken among all sequences (fi) € C*°(A) such that fi — f

in LIIOC(A). If moreover [ € LY(A), the convergence in LIIOC(A) above can be

replaced by convergence in L' (A).

In the statement of the next lemma and in the sequel we denote by B, (A) the
open e-neighbourhood of A C RY.

Lemma 1.9. [2, Lemma 12] Let f € LIIOC(Q) with bounded Hessian—Schatten
variation in Q. Let also A € RY open and ¢ > 0 with B.(A) C Q. Then, if
p e C. (RYY is a convolution kernel with supp p € B (0), it holds

D2 (p * )I(A) < D f(B:(A)).
In the same spirit of Lemma 1.9, we have the following lemma.

Lemma 1.10. Ler f € LIIOC(Q) with bounded Hessian—Schatten variation in Q.
Assume that A C S is open and invariant under the action of SO(R?). For any
U € SORY) the function fy := f(U-) satisfies D3 ful(A) = |D} f|(A). In
particular, setting

o= ][ fudpa(U),
SO(R4)

where |1g is the Haar measure on S O (R%), by convexity one has
D2 £4|(A) < D f1(A).

Proof. The proof is very similar to the one of Lemma 1.9 above i.e. [2, Lemma
12], but we sketch it anyway for the reader’s convenience and for future reference.

We take any F € C°(A)"" with | F|| /oo < landweset G := UF(U"-)U".
A straightforward computation shows that

> 0i0;Gij(x) =Y (@9 F;.j)(U'x)
ij

iJ

and that G € C°(A)"*" with |G|l ,/,c = 1. Then we compute, by a change of
variables,

/;quaiajﬂ',jd«fd = [, f(x) Zi,j(aiajﬂ,j)(Utx)di”d(x)
i,j

= [, f(x) Z,-,j(aiajGi,j)(x)dfd(x)'
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In particular,

< D} f1(A).

‘/ > fudid;Frjd.2 )
A i
Now, by Fubini’s Theorem,
/foadaiajﬂ,jdfd:f /fUZaiajFi,jdzddud(U)
A SORY) JA ij
<[ DRI W) = D 1)
SO (RY)

whence the claim as F' was arbitrary. 0O

Proposition 1.11. Sobolev embedding, [2, Proposition 13] Let f € LIIOC(Q) with
bounded Hessian—Schatten variation in 2. Then

d/(d-2 1,d/(d—1 .
fe L@ nw V@ ifd 23,
feLE@Nw.iQ) ifd =2,
feLE(QNWhEX(©Q) ifd =1

and, ifd = 2, f has a continuous representative.

More explicitly, for every A C 2 bounded domain that supports Poincaré
inequalities and r € [1, 00), there exist C = C(A,r) and an affine map g =
g(A, f) such that, setting f := f — g, it holds that

I £l ara=2cay + 1V Fll Lara-nay < CID*£1(A) ifd 23,
I Fllzrcay + IV Fll 204y < CID? £1(A) ifd =2,
I FllLeecay + IV Fllzseay < CID? £1(A) ifd = 1.

Lemma 1.12. Rigidity, [2, Lemma 15] Let f, g € LllOC (2) with bounded Hessian—
Schatten variation in Q and assume that

ID2(f + &)|(Q) = D} f1(R) + D} 2|().
Then
ID3(f + &)l = Dy £+ IDg|

as measures on 2.
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1.3. Hessian—Schatten variation of radial functions

The following result is new and aims at computing the Hessian—Schatten varia-
tion of radial functions. This will be needed in Sections 3 and 4. Notice also that, as
expected, the contribution involving the singular part of |[Dg’| in (1.2) below does
not depend on p.

In the proof we shall use the auxiliary function F : (0, R) x R? — [0, 00)

) d—2
F(s, (v, v12)) :=dwg|l(sv2, v1, ..., v1)|leps® 7,

where v is repeated d — 1 times and wg := £ 4(By) (d will be the dimension of the
Euclidean ambient space). Notice that F is continuous, convex and 1-homogeneous
with respect to the (vq, v2) variable. Therefore, for intervals (ry, r2) < (0, R), the
functional

Dy (10) / F( du >d| \ / F( d“)dx h Il < A
(1) = s, — |d|u| = s, — whenever |1 ,
rr2) (ri,r2) d|pul (ry,r2) da

defined on R2-valued measures 1 makes sense and is convex. Furthermore, Reshet-
nyak lower semicontinuity Theorem (e.g. [3, Theorem 2.38]) grants its lower semi-
continuity with respect to weak convergence in duality with C.((r1, r2)).

Proposition 1.13. Let d = 2 and let g € L (0, R)) — R be such that for sd-1

loc
|g(s)|ds < oo for everyr € (0, R). Define f(-):=g( -|) € LIIOC(BR(O)).
Assume that [ has bounded Hessian—Schatten total variation in Bg(0). Then
g € W0, R)) and g’ € BV16c((0, R)). Write the decomposition Dg' = D’ g’ +
gL, where D’g' L L. Then, for every r € (0, R] and p € [1, 0o, one has

|D%f|<Br(0))=dwd< /( s471dD g |(s) + fo u(sg”<s),g/<x>,...,g’(s>)||zvs"—2ds).

(1.2)

\r)

Conversely, assume that g € WIL’Cl ((0, R)) and g’ € BV ((0, R)), and, with
the same notation above, that

R
/(0 )sd‘1d|ng’|<s>+ /O I1(sg” (), ' (5)s -+, &' ()llers?2ds < 0.
,R

Then f has bounded Hessian—Schatten total variation in Br(0) and the Hessian—
Schatten variation of f is computed as above.

Proof. Let r € (0, R). Let p; be radial Friedrich mollifiers for R? and define
Jx = prxf.As fxisstillradial, we write f;(-) = gx(| - |), where gx € C*°((0, r)).
As fi — f € L'(B,(0)), gx — gin L. ((0,r)). Now we compute, on B, (0),

loc

[x]2Id — x @ x

V2 £ ) = gl (D22 4 gl xp)
e e

Notice that the eigenvalues of the matrix appearing at the right hand side of the
equation above are g;/(|x|) with multiplicity 1 and g, (|x|)/|x| with multiplicity
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d — 1, the eigenvectors being x and a basis of x*. Therefore, by Proposition 1.7,
on B, (0) one has

D fil = I (Ix1gg (1x D). gp (xD. - gr (1xD) [ -2 Z g (xD-Z?. (1.3)

As |Df, Jxl(Br(0)) is uniformly bounded by Lemma 1.9, we obtain the claimed
membership for g, letting eventually » ' R.

For the purpose of proving the inequality = in (1.2). It is enough to compute
|D§, fI(Ar,,r,), where we define the open annulus

Ay ry = B (0)\ Brl 0)

for [r1, 2] € (0, R). Also, there is no loss of generality in assuming that r and r»
are such that |[Dg’|({r1}) = |Dg’|({r2}) = 0, as well as |IDV f|(d A, r,) = 0, hence
we will tacitly assume this condition in what follows.

From (1.3), with the notation 1, := (g'Z!, Dg’), we get

D3 fil(Ary ry) = / D2 fil ()AL (x) = D) (g

Arl,r2

Now notice that Lemma 1.9 and our choice of radii grant |D%7 fI(Ar ) = limg

|D% Jfkl(Ay, ), so that the lower semicontinuity of & together with the weak*
convergence of jig, tO 1, grants

D2 F1(Aryry) Z Py (1)

=dwd< /( )s"‘ld\DSg’\(sH / 18" (), 8/ 5), g/(S))HUSd_zdS)
rir I
Letting r; — 0 and r, — r provides the inequality = in (1.2).

Now we prove the converse implication and inequality. This time we denote
by (o) a sequence of Friedrich mollifiers on R and we call g := px * g, then
fx(+) == gk(| - ). Notice that, with our choice of the radii, | i1, |((r1, r2)) converges
to |ug|((r1,r2)) as k — oo, therefore invoking Reshetnyak continuity Theorem
(e.g. [3, Theorem 2.39]) we get

1D} f1(Ar, 1) < liminf D}, fil(Ar, ) = liminf g, ps) (2g,)

= @y, (Hg) = Po,r) (1Lg)
R
= dwy (/ s1ID g |(s) + / l(sg”(s), g (s), ..., g/(s))llzpsd_zds)
0,R) 0

Letting r1 — 0 and r, — R gives that f has bounded Hessian—Schatten total
variation in Bg(0) \ {0}. To conclude, obtaining also the converse inequality in
(1.2), we need just to apply the classical Lemma 1.14 below to f and to the partial
derivatives of f, taking into account the mutual absolute continuity of |D?7 f| and
DV f| (Proposition 1.7). O

Lemma 1.14. Let BR(0) € R4, d = 2 and let h € W1 (Br(0)\{0}) (resp. h €
BV(Bg(0)\{0})). Then h € W1 (Bg(0)) (resp. h € BV(Bg(0)) and |Dh|({0}) =
0).
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Proof. By a truncation argument, we can assume with no loss of generality that
h is bounded. Then, the approximation of 4 by the functions #; = h(1 — ¥y) €
WLL(BR(0)) (resp. BV(Bg(0))), where ¥ € CL(B1/k(0)) satisfy V| < 2k,
0 < Y < 1 and ¢ = 1 in a neighbourhood of 0, together with Leibniz rule,
provides the result. O

2. Density of CPWL Functions

We recall the definition of continuous piecewise linear (CPWL) functions. In
view of this definition we state that a simplex in R? is the convex hull of d + 1
points (called vertices of the simplex) that do not lie on an hyperplane, and a face
of a simplex is the convex hull of a subset of its vertices.

Definition 2.1. Let @ C R? open and let f € C(£2). We say that f is CPWL (or
f € CPWL()) if there exists a decomposition of R in d-dimensional simplexes
{ Pt }ren, such that

(i) Px N Py is either empty or a common face of Py and Py, for every h # k;
(ii) for every k, the restriction of f to P N 2 is affine;
(iii) the decomposition is locally finite, in the sense that for every ball B, only finitely
many Py intersect B.

The main theorem of this section is the following density result:

Theorem 2.2. For any w € C%(R?) there exists a sequence (u i) C CPWL(R?)
with u; — w in the Li’g’c(Rd) topology and such that for any bounded open set
Q C R with £4(38) = 0,

lim |D3u;|(Q) = [DIw|(Q).
J—>00

Recall that, as explained in [2, Remark 22], because of lower semicontinuity the
exponent p = 1 is the only meaningful exponent in a density result as above,
namely this sharp approximation by CPWL functions is not possible for the energy
D f| when p > 1.

We defer the proof of Theorem 2.2 to Section 2.3, after having studied properties
of “good” triangulations in Sections 2.1 and 2.2. Namely, we aim to construct trian-
gulations of R¢ which locally follow a prescribed orientation. The general scheme
is illustrated in Fig.2. In each of the large squares it coincides with a rotation of
a triangulation of £Z; the difficulty resides in the interpolation region between
different squares. In Section 2.1 we discuss standard material on general properties
of triangulations. In Section2.2 we present the specific construction, the key result
is Theorem 2.14. This is then used to prove density in Theorem 2.2.

First, we start with a brief discussion around the result of Theorem 2.2. We
recall the following extension result [2, Lemma 17] its last claim is immediate,
once one takes into account also Proposition 1.11:
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Lemma 2.3. Ler Q := (0, N? € R? and let f e LIOC(Q) with bounded Hessian—
Schatten variation in €2. Then there exist an open neighbourhood Q of Q and
f elLl (Q) with bounded Hessian—Schatten variation in 2 such that

loc
D} f1(992) =0 @.1)
and
f=f aeonQ.
In particular, f € LY(S).

The next result gives a positive answer to [2, Conjecture 1], partially proved in
the two-dimensional case in [2, Theorem 21]. The proof is based on Theorem 2.2
and a diagonal argument.

Theorem 2.4. Let 2 := (0, l)d C R4, Then CPWL functions are dense with
respect to the energy |D% - |(S2) in the space

{f e Llloc(Q) : f has bounded Hessian—Schatten variation in 2}

with respect to the L' (Q2) topology. Namely, for any f € LIIOC(Q) with bounded
Hessian—Schatten variation in 2, there exists { fr}x € CPWL(Q2) with fi — f in
LY(Q) and |D] fi|(2) — D} f1().

Proof. Take f as in the statement, and let f be given by Lemma 2.3. By using
smooth cut-off functions, there is no loss of generallty in assuming that f is com-
pactly supported in €2, hence, in particular, f € L'(R?). Also, we see that we can
assume that .Z24(3Q2) = 0.

Now we take ( fk) c (R?) be mollifications of f by means of com-
pactly supported mollifiers, notice that ﬁ — f in LY(R9) and |D% fl(©) =
ID? fi|(RY) — |D? f|(R?) = |D? £|(2), thanks to Proposition 1.9 and lower semi-
continuity. Now, for any k, take ( fk,h) - CPWL(]Rd ) be given by Theorem 2.2
for fk With a diagonal argument we obtain (g;) € CPWL(RY) with g — f in
L' () and such that |D ggl(Q) |D2 f 1(S2). By lower semicontinuity, the fact
that |D 2e|(Q) — |D2f|(52) and (2.1), it easily follows that

IDYgel() — D] f1(2) = D] ().
Clearly, g — f in L'(), so that the proof is concluded. O

Remark 2.5. Let Q := (0, 1)¢. As a consequence of Theorem 2.4, the description of
the extremal points of the unit ball with respect to the |D% - |(£2) seminorm obtained
in [2, Theorem 25] remains in place in arbitrary dimension. In a slightly imprecise
way, the result states that CPWL extremal points are dense in 1-Hessian—Schatten
energy in the set of extremal points with respect to the L' (€2) topology. Notice that
the description of CPWL extremal points is made explicit in [2, Proposition 23].
|
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Fig. 1. Sketch of the function Gy, used in proving Remark 2.6. The function equals 1 on the
two points marked by black dots, —% on the two points marked by black squares, vanishes
outside the large rectangle, and is affine in each of the ten polygons in the figure

Remark 2.6. The set of extremal points is not closed with respect to the convergence
considered here. For example, with d = 2, one can easily check that the function
g(x) := max{l — ||x||¢, 0} is extremal, but the function Go(x) := g(x + e1) +
g(x — ey) is not. Indeed, Go = 3(2g(- + 1) + 2 g(- — 1)), with [D2Go|(R?) =
ID22g(- + e))|(R?) = |D32¢(- — e)|(R?). For h € (0,1/4) we then define
Gy :R? - Rby

G (x) :=max{l — |x = (1 + h)erlle=e, 1 =[x + (1 4 h)eq ||, —distee (x, IRy) |

ifx € Ry :=[-2—h,2+h] x[—1,1], and Gy(x) = 0if x € Rz\Rh (see
Fig. 1). Then each G is CPWL, is extremal, and G, — Gg uniformly with
ID2.G | (R?) — [D3Go|(R?) for any p € [1, 00], but G is not extremal.

Let us briefly comment on the proof of extremality of G, (the same argument
implies extremality of g). If G, = Af +(1—A) f/, with A € (0, 1) and |D%,f|(IR{2) =
ID2 f'|(R?) = |D? G |(R?), then by Lemma 1.12 the support of [D? f | is contained
in the support of |D§7 G|, sothat f (after choosing the continuous representative) is
affine in each of the sets on which Gy, is affine. Adding an irrelevant affine function,
we can reduce to the case that f = 0 outside Rj,. Using the fact that if two affine
functions coincide on three non-collinear points then they coincide everywhere,
one obtains f = aGy, where a := f((1 + h)ey) € R (see Fig. 1); by equality of
the norms @ = =+1. Similarly, /' = +Gy, so that by G, = Af + (1 — 1) f' we
obtain G, = f = f. [ |

2.1. General properties of triangulations

We define a triangulation of R asa pair of two sets, the first one, V, containing
the vertices (nodes), the second one, E, containing the elements, which are non-
degenerate compact simplexes with pairwise disjoint interior. Each simplex is the
convex hull of its d + 1 vertices. One further requires a compatibility condition that
ensures that neighbouring elements share a complete face (and not a strict subset
of a face). We remark that there is a large literature which studies this in the more
general framework of simplicial complexes. For the present application the metric
and regularity properties are crucial, we present in this section the few properties
which are relevant here in a self-contained way.
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Fig. 2. Sketch of the desired triangulation without the interpolation region. Aim of this
section is to find a suitable interpolation between the squares

Definition 2.7. A triangulation of RY is a pair (V, E), with V C R and E C
P(R?) such that

i) forevery e € E, e has non empty interior and there is v, € R? with#v, = d+1
and e = conv (v,);
V= UeeE Ve
iii) for any e, ¢’ € E one has e N e’ = conv (v, N v,);
iv) Upep e = R,

We introduce four regularity properties:

(a) The triangulation has the Delaunay property if for each e € E, the unique open
ball B with v, € 9B obeys BNV = (.

(b) The triangulation is c4-non degenerate, for some c, > 0, if (diam e)d <
cx?4(e) foralle € E.

(c) The set V C R is (¢, &)-uniform, for some ¢, ¢ > 0, if |x — y| = g/c for all
xeV,yeVwithx # yand Bz (q) NV # @ forall g € RY.

(d) The triangulation is locally finite if, for every ball B, only finitely many elements
of E intersect B.

Condition iii) states that two distinct elements of E are either disjoint or share a
face of dimension between 0 and d — 1; in particular distinct elements have disjoint
interior. Notice that conv (J) = @.

The Delaunay property (a) states that the circumscribed sphere to each simplex
does not contain any other vertex, and implies de NV = v, for all e € E. It can be
interpreted as a statement that the vertices have been matched to form simplexes in
an “optimal” way.

The non-degeneracy property (b) states that simplexes are uniformly non-
degenerate, so that the affine bijection that maps e onto the standard simplex has a
uniformly bounded condition number. It implies that there is C = C(c4, d) such
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that for any e € E, any x € v,, any F € R? one has

Fl<Cenay Y 0= 0) 22)

yeoty Y

The uniformity property (c) of aset V of vertices ensures (for Delaunay triangu-
lations) that all sides of all elements have length comparable to €. Also, property (c)
immediately implies property (d), as it forces V to be a locally finite set.

Remark 2.8. Let (V, E) be a triangulation that has the Delaunay property (prop-
erty (a)) and is (¢, ¢)-uniform (property (c)). Then diam(e) < 2¢e, forany e € E.
[ |

Proof. Take e € E and let ¢ € R? and r € (0, 00) such that v, € 9B, (q). By

the Delaunay property, V N B,(g) = @, so that, by (¢, ¢)-uniformity, ce > r 2
diam(e)/2. O

We next show how given the set of vertices V one can abstractly obtain a good
triangulation. The construction is standard up to a perturbation argument. As we
could not find a reference with the complete result, we prove it.

Lemma 2.9. Let V. C R? be uniform in the sense of property (c) of Definition 2.7.
Then there is E C P(R?) such that (V,E) is a triangulation of RY with the
Delaunay property (a)

Proof. We define f : RY — [0, o] by

x> ifxeV,
o0  otherwise.

fx) =
Let g be the convex envelope of f, which is CPWL (see Lemma 2.10 below).
Moreover, notice that
g(x) = x> = f(x) foreveryx e V.
Letg € R, u € R be such that
A={x:g(x)=pn+2x-q} 2.3)

has nonempty interior. Notice that A is compact, convex and coincides with the
closure of its interior, and g(x) > p + 2x - ¢ for every x € R?\ A. Also, we set

wi={xeV:iu+2x-g=x’}=ANV, (2.4)
then,
U+2x-qg < |x|2 forallx € V \ w.

Now we show that ext (A) C V so that ext (A) € w and hence A = conv (w)
with #w = d + 1 (as A has nonempty interior). Take indeed p € ext(A) and
assume p ¢ V. Then, take a minimal set of points {pi,..., px} € V such
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that (p, g(p)) € conv ((p1, f(p1), ... (pk. f(px))) (this is possible by (2.7)
of Lemma 2.10 below). As p € ext(A), up to reordering, we can assume that
p1 ¢ A, hence by g(p1) > n + 2p1 - g we have that g(p) > u+2p-q, a
contradiction.

The above equations can be rewritten as

x—ql*>=u+|q* forallx ew
and
Ix —ql> > n+1lg* forallx € V\ w.

We setr := /14 + |g|?, so that these conditions are w € 3B, (g) and V N B, (q) =
@, so that the set w has the Delaunay property.

Notice then that for every x € V, there is at least one set A as in (2.3) with
nonempty interior and with x € A NV (this set was called w): this follows from
the fact that g is CPWL.

Any decomposition of those elements A in (2.3) with nonempty interior into
non degenerate simplexes with vertices in w leads to a pair (V, E) with all 4
claimed properties of triangulations, except for iii) of Definition 2.7. In the rest of
the proof we show by a perturbation argument that a decomposition exists such that
property iii), which relates neighbouring pieces in which g is affine, also holds.

We first remark that property iii) is automatically true if g is non degenerate, in
the sense that each A is a simplex, which is the same as #w = d 4 1 (we are going
to add a few details about this in the sequel of the proof). In turn, this is true if for
every choice of X := {x1, ..., x4+2} € V the d 42 points {(x, g(x))}xex € R4+
do not lie in a d-dimensional hyperplane, so that (2.4) cannot hold for all x € X.

We fix an enumeration ¢ : V — N\ {0, 1} and recall that V is (c, &)-uniform.
For any p € (0, ¢ A 1] we consider f, : R4 — [0, co] defined by

Ix|2 + p?@  ifx eV,
fp(x) = .
otherwise.
For a given set X := {xy, ..., x442} € V consider the d + 2 equations
wAH2x g = x>+ p?%)  fori=1,...,d+2 (2.5)

in the d + 1 unknowns (i, ¢). The affine map 7 : RY*t! — R*2 defined by
Ti(,q) :=pm~+2x;i-q—|x; |2 has an image which is at most d + 1 dimensional,
hence contained in a set of the form {E € R4t2 : E. v = a} for some v € St
a € R (which depend on X). If the system (2.5) has a solution, then

d+2

Z vip(/’(xi) —aq.
i=1

As |v] = 1 and the exponents are all distinct, this is a nontrivial polynomial equation
in p, and has at most finitely many solutions. As there are countably many possible
choices of the set X C V, for all but countably many values of p no such system
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has a solution. Therefore we can choose p; “\( 0 such that (2.5) has no solution for
any choice of X with X = {x1, ..., x442} C V.

Fix now an index j and let g,; be the convex envelope of f,;. Notice that if
pj is sufficiently small (that we are going to assume from here on), then, as V' is
discrete and |x|? is strictly convex,

gp; (¥) = |x|* + p;’(x) = fp;(x) foreveryx e V.
Our choice of p; implies that for every j, forevery choiceof X := {x1, ..., xq442} C

V the d + 2 points {(x, g5, (x))}xex € R?*! do not lie in a d-dimensional hyper-
plane. Now pick u, ¢ such that

A={x:gp,(x)=pn+2x-q}

has nonempty interior (the function g,; is CPWL, by Lemma 2.10 below). By non-
degeneracy, arguing as above, A = conv (w), with#w = d+1 andInt(A)NV = 0.
We define E; as the family of those sets.

Let us justify why (V, E;) is a triangulation of R?. It is enough to show that
property iii) holds. Take then ey, e € E; (with vertices wy, wz), so that there exist
two affine functions L, L, such that 8p; = Lione; and 8p; > Lion R4 \ ¢;, for
i =1,2. Assume that§ € ejNez,sothat L1 (§) = gp;(§) = L2(§). Take aminimal

set {¢1,..., &} C wy with & € conv ({¢1, ..., ¢k}). As foreverya = 1,...,k,
L2(8a) = 8p;(Ca) > L1(Z,), it follows that for every a = 1, ...k, 8p;(Ca) =
L1(&,) hence {¢1, ..., &} € wi N wy, so that we have verified property iii).

Now take e € E; and consider the associated set of vertices w. The conditions

pA2x g =xP+p" 2 x?  forallx € w

and
pA2x g S+ S x4 p? forallx € V
lead to
Ix—qg><p+lg)>? forallx ew
and

,0,2-+|x—q|2§/L+|q|2 forallx € V.

Therefore w € B,(g), and either r < pjor VN B._,(q) =¥, where r :=
V1t + |g|?. By uniformity of the grid, necessarily r — p; < ce, which gives
diam(e) < 2r < 2ce +2p; < 2(¢c + De.

Forany x € V, the possible choices of e with x € v, arerestricted by diam(e) <
2(c + 1)e, which implies v, € V N Bye41)¢(x). As the grid is uniform, the latter
set is finite, with a bound depending only on c. Therefore for any x € V we can
choose a subsequence of p; such that the set

e Ej:x €.}
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is, after finitely many steps, constant. As there are countably many x € V, we can
choose a common diagonal subsequence. Along this sequence, for any bounded set
K the set {e € E; : e C K} is, after finitely many steps, constant. Property iii)
holds for E, and therefore for those sets. Therefore we obtain a common set £
with all desired properties. We remark that indeed the Delaunay property follows
from the construction of E and the discussion of the first part of the proof: indeed,
if e € E, it is easy to see that there exists an affine function coinciding with g on
e. O

We next present the result on the regularity of convex envelopes used above.

Lemma 2.10. Let V C R? be a uniform set of vertices, in the sense of item (c) of
Definition 2.77. Let f : V — [0, 00) be superlinear, in the sense that

fx)
— =00

xeV, x|-oo x|

(2.6)

Let g : R — [0, 00) be the convex envelope of f ( f is extended by oo to R\ V).
Then g is CPWL. Moreover,

{(x, g(x) : x € RY) S conv ({(x, f(x)) : x € V}) 2.7
(notice that we are not taking the closure of the convex hull at the right hand side).

Remark 2.11. Tt is easy to verify the following:

(i) That V is uniform implies that g is real-valued.

(i1) That the assumption of superlinearity is necessary. Indeed, consider d = 2,
V =72, f(x) = |x|. Obviously g(x) > |x|. Forany x € Q?thereisn € N\ {0}
such that xn € Z2, which implies g(x) < (1 — %)f(O) + %f(xn) = |x|, so
that g(x) = |x| on Q2. As g is a real-valued convex function, it is continuous.
We conclude g(x) = |x| on R2, which is not CPWL.

Proof of Lemma 2.10. Forr € (0, 00), we write

f(x) ifxeVnNB,,

fr) = 00 otherwise,

and let g, = g be the convex envelope of f,.. Since V is uniform, any set V N B, is
finite, and therefore g, is CPWL on conv (V N B;), and infinity outside. If r = ¢,
with ¢, & > 0 the constants from item (c) of Definition 2.7, the set V N B, is
nonempty.

We shall show below that for any > 0 there is R > 0 such that g = gg on
B, /4. This implies that g is CPWL on B, /4 for any r, and therefore the assertion.
The choice of R (which depends on f and r) is done in (2.9) below.

For r = ce we define o, := max f(V N [—r, r19). We first prove that if

R/\/E > r 2 4ce then

gr(x) = a, forall x € B, )s. (2.8)
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To see this, let g1, .. ., g« denote the vertices of the cube [—1, 114. By uniformity
of V, for each i we can pick p; € V N Bz ((r — c&)gq;). One checks that B, C
(r —2ce)[—1, 11? < conv Up1s.-., pra)). As pi € VN [-r, r]d C VN Bg, we
have gr(pi) = f(pi) = a, forall i, and therefore gr < a, on B, 2, which proves
2.9).

We next show that, if R is chosen sufficiently large, then gg = g on B, /4.
By convexity, (2.8), and gz = 0 we obtain Lip(gr; B,ja) = 4a,/r. As gg is
CPWL in B, 4, for any y € B, 4 there is an affine function a : R4 — R such that
vy € T, := {gr = a} N B,/4 and T, has nonempty interior. The Lipschitz bound
on gg then carries over to a, and we obtain |Va| < 4, /r. By convexity of gg,
we have a < gg, sothata < f on V N Bg. In order to obtain the same inequality
outside Bg, we consider any x with x| 2 R = r. Then, recalling y € T, € B, /4,

(w14 2) = %

r

4o
a(x) £ay) +|Val|lx —y| L a, + rr
Finally, by (2.6) we can choose R > +/dr such that

6a,
x|

f)z

" forallx € V \ Bg. 2.9)
Therefore a < f everywhere, which impliesa < g < gg, and in turn g = gg on
T, and therefore on B, 4.

We prove now (2.7). Take x € R4, so that, by what proved above, g(x) = gr(x)
for some R > 0. Now notice that the epigraph of gg coincides with the convex hull
of the epigraph of fr (here we are using that the convex hull of the epigraph of fg
is closed), so that the conclusion is easily achieved. O

We next investigate in more detail Delaunay triangulations such that V' lo-
cally coincides with Z? (possibly up to translations and rotations). We show in
Lemma 2.13 below that the elements necessarily are the “natural” ones. Before
we recall some basic properties of 74, where, as usual, for F € RdXd, A C RY,
peRy wesetp+ FA:={p+ Fa:ac A}.

Remark 2.12. The following hold.

i)Let R € SORY) and let & € (0, 00). Then dist(x, eRZ%) < e+/d/2 for any
x e R4,

i) If v € Z4, #v = d + 1, then either v is contained in a (d — 1)-dimensional
affine subspace, or

1
d >
Z“(convv) = o

i) If w C 74 #w = d, then either w is contained in a (d — 2)-dimensional affine
subspace, or

H (conv w) =

T (2.10)
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Proof. To prove the first item, we can change coordinates to assume that R = Id,
and then, by scaling, we see that we can assume ¢ = 1. Foreachi = 1,...,d we
select z; € Z with |x; — z;] < %, so that z € Z4 and

-z = (Y @ -a) " 2 van.

For the second one, by translation we can assume 0 € v. The volume of the
simplex conv v is given by 1/d! times the absolute value of the determinant of the
matrix whose columns are the vectors of v \ {0}. As each component of each vector
is integer, the determinant is an integer. Hence it is either O, or at least 1.

The proof of the third item is similar. Again, assume 0 € w. At least one ¢;
is not contained in the linear space generated by w. We apply the first assertion to
v := w U {e;}, and obtain that the volume of T := conv v is either zero or at least
1/d!. Since the volume of T is also given by 1/d times the area of conv w times
the distance of ¢; to the space generated by w, which is at most 1 since 0 € w, we
obtain (2.10). 0O

Lemma 2.13. Let (V, E) be a triangulation of R? with the Delaunay property and
let B,(q) be a ball such that V N B,(q) = ¢RZ? N B,(q), for some ¢ > 0 and
R € SORY). If e € E is such that e N B, jz.(q) # O, then there is a unique

y € SR(Z—F%)d suchthatv, C y—i—sR{—%, %}d, characterized by v, C BBﬂ/z(y).

We remark that the assumption e N B, _ NZACE: ¢ implies r > Jde.

Proof. By scaling and a change of coordinates it suffices to consider the case ¢ = 1,
R =1d. Let e be as in the statement, and let B, (y) be such that v, € dB,(y). By
the Delaunay property, using also the assumption in force here,

B,(») NZ N B.(q) € B,() NV =; 2.11)

byen B, ji(q) # #and e C Ep(y) we have

lg—yl<r—~d+p (andr > Vd). (2.12)

We want to show now that p = v/d /2.

First, we assume (by contradiction) that p > /d /2. We show that this possibil-
ity cannot occur. We define o’ := min{p, r, (r + p — |g — y|)/2}. Condition (2.12)
implies p’ > +/d /2 and the definition of p’ gives

lg =y = =20"+r+p=0—-p)+ (-0,

sothat thereexists y' € B,_ o (q)ﬂEp_ o () (we adopt the convention that Bo(x) =
{x}). The point y’ obeys then B, (y') S B.(q) N B,(y) and therefore, recalling
(2.11), By (y") N Z4 = @, which contradicts p’ > +/d /2 (Remark 2.12(i)).

Hence p < \/3/2, so that, using also (2.12), Ep (y) € B,(q), and therefore,
recalling (2.11), B,(y) N 74 = ¢ and v, C Z%. We define z € Z¢ by choosing for
each i a component z; € Z which minimizes |z; — y;|, notice that |z; — y;| < 1/2.
As B,(y) N 74 = ¢, we have |z — y| = p. By minimality of z;, for any x €
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Fig. 3. Sketch of the set of vertices V built in Theorem 2.14. The blue squares indicate the
irregular regions where Vpiq is used

ve € Z¢ and any i we have |x; — y;| = |z; — y;|, which by x € 9B, (y) implies
p =|x —y| 2 |z —y| 2 p. Therefore, equality holds throughout and

p=lx—y|l=lz—yland |x; — y;| = |z; —yi| foreveryi € {1,...,d}andx € v,.

Assume that there exists i with |z; — y;| < %, so that |z; — x;| < 1 for all x € v,.
As x;, z; € Z,thisimplies x; = z; for all x € v,, hence v, is contained in a (d — 1)-
dimensional subspace of R?. As e is non degenerate (i.e. has non empty interior),
this is impossible, hence |z; — y;| = % for all i. We conclude that p = +/d/2 and
then v, C y + {—%, %}d, which also implies the membership of y to (Z + 1/2)¢

by v, czi. o

2.2. Construction of the triangulation

We write Q¢(x) := x4+ (—£/2, E/2)d and Q¢ := Q¢(0). Notice the factor 1/2,
i.e. £ is the length of the edge of the open cube Qy(x).
Aim of this section is to prove the following (see Figs. 2 and 3 for illustrations):

Theorem 2.14. For any d = 2 there is Cg = Cg(d) with the following property.

Let 0 < & < 8§ with§ = Cge, and let R : §7Z¢ — SORY). Then there is
a triangulation (V, E) of R%, in the sense of Definition 2.7, with the following
properties:

i) Regularity: The triangulation has the Delaunay property (property (a)), is Cg-
non degenerate (property (b)), and is (Cg, €)-uniform (property (c)).
ii) Orientation: foreachz € 87.% one has VN Os—cge(2) = eR(2)ZN Q5-cge(2).

We start by proving that in a single cube we can construct a set of vertices
V which coincides with £€Z¢ on the boundary, with a rotation of the same lattice
inside, and which is uniform and non-degenerate, in a sense made precise in the
statement below. This will then be used to prove Theorem 2.14.
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Fig. 4. Sketch of the boundary region as considered in Lemma 2.15

Lemma 2.15. Let z € R%, ¢ > 0, R € SOR?Y), M € Nwith M > 6 + 2d. Then
there is V. C R with the following properties:

i) Orientation: V\Que(z) = eZ\Que(z) and V N Q-2)¢(z) = ReZ N
O m-2)e(2);
ii) (2d, €)-uniformity: for any g € R? we have Bygs(q) NV # @; for any x #
y € V we have |x — y| 2 ¢/(2d);
iii) Non-degeneracy: There is C' = C'(d) such that ifv C V, #v =d + 1, v is not
contained in a (d — 1)-dimensional affine subspace, and there is a ball B,(y)
withv € 9B, (y), B,(y) NV =@, then % (convv) > ¢?/C’.

Proof. We divide the proof in several steps.

Step 1: general setting. To simplify notation we denote by Qout := O pe(z) the
outer cube, by Qin := Q(m—2)s(2) the inner cube, and by Qmiq 1= Q(M 1)e(2) the
intermediate one (see Fig.4). We set Vo := e74 \ Qout; Vin := RsZ4 N Qin, and
shall construct below a finite set Vipig € Q- 1 9 @NQ 3 e (2) such that

V= Vin U Vour U Vinia

has the desired properties. The property 1) is true for any choice of Viig. Next we
deal with ii), and leave the more delicate treatment of iii) at the end.

We show that for any g € R4 one has Bage (@) N (Vin U Vour) # 0. Consider
first the case ¢ € Qmiq. Let ¢’ be the point of E(Mfzﬂ/(?)g (z) closest to g. This
implies

lg —q'I < %x/ﬁ(ler/E)e (2.13)

and Bﬂg/z(q’) C Qin. By Remark 2.12, we can take p € ReZ¢ ﬂﬁﬁg/z(q/) -
Vin. Since by (2.13)

2ds > |q — q'| + Vde /2

we have p € B Jae /2(‘1/ ) € B24:(q), and the first assertion in ii) is proved in this
case. In the case ¢ & Qmia we argue similarly, projecting onto R%\ Q (M+d) (D),
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with RY\ Q oy instead of Q;,. Therefore the first assertion in i) is true for any choice
of Vinid.

It remains to choose Vipiq so that the property |[x—y| = ¢/(2d) forallx #y € V
(i.e. the second assertion in ii)) is preserved, and iii) holds. In order to understand
the strategy (cf. iii)), consider a set v and a ball B, (y) such that

v C Vwith#v=d+ 1,v € 3B, (y), VN B.(y) = 0. (2.14)

The construction strategy of Vipig then will ensure that:

(a) sets v as in (2.14) cannot contain elements of both Vj, and Vy;

(b) for any choice of v as in (2.14), with additionally v € Vi U Vg or v C
Vout U Viid, it holds that v is either contained in a (d — 1)-dimensional affine
subspace or obeys .Z? (conv v) > ¢?/C’.

Step 2: construction of U,. We show here that there is a finite set U, € 0 Qmiq
such that if the set Viniq is constructed picking exactly one point of each By (q) (1),
for u € Ug, then (a) and the second assertion in ii) hold. The specific choice of
the points of B /4q) (1), for u € U, will be done in Step 3 to ensure (b) of (and
hence iii), by (a)).

We let Ug := 0 Qmig N (%eZd + p), where p := z — MTfla > e is a vertex
of Omid- The shift p is chosen so that the set is nonempty; we recall that Qg 1S a
cube of side length (M — 1)& € £Z, but the centre z is a generic point in R,

Assume now that Viig is chosen so that it contains exactly one point of each
Bg@4a)(u), foru € U,. We claim that then V satisfies also the second assertion inii).
Letindeed x, y € V, x # y.If both are in Vi, or both in Vg, then |x — y| = . If
both are in Viyiq, then there are u, # uy € Ug with |uy — x| + |uy — y| <¢e/Q2d).
Asuy —uy € %de\{O}, we obtain

X = y| 2 |ux —uy| — |uy — x| = uy — y| 2 &/(2d).
In the other cases, we use
dist(Vout, Vinia) = dist(d Qout, 9 Omia) — /(4d) = ¢/2 — ¢/(4d) = ¢/4

and similarly dist(Vin, Vinid) 2 €/4 to conclude. This proves the second assertion
in ii).

We finally check that (a) holds. Let v € V be as in (2.14). Assume by con-
tradiction that v contains elements of both Vi, and V, then the sphere d B, (y)
intersects both 9 Qg and 9 Q. We show that there exists x’ € 9 Qmiq such that
Bg/2(x") € B (y). Assume first y € Qmig. Let y' € 3B, (y) N 3 Qou, and choose
x" €[y, y'1N 3dQmid- Then |x" — y'| = &£/2, so that

X' —yl=ly=yl—Ix'"=y|<r—e/2

and B, 2(x") € B(y). If instead y & Qmiq, we select y’ € dB-(y) N 3 Qin, and
proceed analogously. Let x be the point in U, closest to x". As every component x;
is the element of éeZ—i—pi closest to x, we have |x —x'| < Vde)(2d) = ¢/ (2\/d).
Ast > b+ ﬁg we obtain B 4a)(x) € Be/p(x') € Br(y). As x € U, there
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is a point of Vipig in Bg/4q)(x), which contradicts the condition V N B, (y) = ¢
stated in (2.14). Therefore this cannot happen, and hence (a) holds.

Step 3: choice of the elements of Viniq. We write {u1, ..., uy} := U, and iteratively
for every j pick a point z; € B,/(4q)(u ;) which ensures (b). We collect in Vrf]id =
{z1, ..., zj} the points chosen in the first j steps, and at the end we will use Vipig :=
V7. Fix

mid*
C:=1+2d, (2.15)

the reason for this specific choice will be clear later.
An admissible set of vertices at stage j is a set v with #v = d 4+ 1 such that

there is ¢ € 9 Qmig With v € By:(q), K (conv v) > 0, and either v C Vrf;id U Vin
orv C V2 U Vou

An admissible face at stage j is a set w with #w = d such that there is g €
00Omig With w € By.(q), H?(convw) > 0, and either w C Vr{lid U Vip or

w C an;id U Vour. We denote by Ny, := #(w N an;id) the number of items of w in
V!4 clearly Ny < d.

We intend to show that there are o, 8, y, Cr > 0 (depending only on d) such
that we can choose z; € Be/4q)(u ;) iteratively with the following two properties:

(1) If v is an admissible set of vertices at stage j, then
£ (convv) > Be?. (2.16)

(i1) If w is an admissible face at stage j, then

NU,’
4= (conv w) = O‘C—Fsd*‘. 2.17)

The key to the choice of z ;, which eventually leads to (2.16) at stage j building upon
(2.17) at stage j — 1, is the following geometric observation. If v is an admissible set
of vertices at stage j, and it contains the point z;, then w := v\{z;} is an admissible
face at stage j — 1 and for any ¢ € w we have

1
#?(convv) = 1@ - v [ HE ! (conv w) (2.18)

where vy, is a unit normal to the affine space generated by w. The factor ¢~ (conv w)
will be estimated via (2.17) at stage j — 1, the choice of z; needs to ensure that the
first factor is not too small, for any possible choice of w.

Now we start choosing z1, ..., zs. As stated before, we proceed by iteration.
Assume that we have already chosen zy, ..., z;j—1, we want to choose z; (if j =1
we use Vx?lid = (J). Let w be an admissible face at stage j — 1 such that w C
Be+1/@dy)e (). If no such face exists, choose z; := u ;. Since no two points in
V are at distance smaller than ¢/(2d) (by ii)), the number of possible choices of
w is bounded by a number K which depends only on d. Let wy, ..., wg be these
possible choices. We choose z; such that

1(zj = pi) - vy | 2 ve (2.19)
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forallk = 1,..., K and an arbitrary choice of p; € wy (the condition does not
depend on the choice of py, as vy, is orthogonal to py — p; for any py, p; € wp).
We show now why we can choose such z;. We observe that

d—1
291z € Bejaay@)) 1 1(z — pr) - vu |l < ve}) < 2pe (%) = y22dq'~dgd
and thus the total volume of these sets is controlled by Ky22~¢d'=?¢? Then we
choose y such that this expression equals %.Zd (B¢ /(4a) (1)) and hence we have a
suitable z;. Continuing in this way, we have thus constructed anlid.

It remains to show by induction that the points we constructed have the prop-
erties (2.16) and (2.17). Assume first j = 0, and recall ngid =, so that N, = 0.
By Remark 2.12, (2.16) and (2.17) hold provided Cg = (d — 1)! and 8 < 1/d!.
Assume now that (2.16) and (2.17) hold at stage j — 1, we are going to prove that
they hold also at stage j.

Let v be an admissible set of vertices at stage j. If z; ¢ v, then v was already
admissible at stage j — 1, hence (2.16) holds. Then we assume that z; € v, so that
w := v \ {z;} is an admissible face at stage j — 1 and v C By:(q) C Bae:(zj) C
Boey1/@4aye (), where g € 3 Qmiq is given by the admissibility of v. In particular,
w € Bet1/(4dy)e (1 j), so that (2.19) holds for w in place of wy. By (2.17) at stage
Jj —1,(2.18), (2.19) and N,, < d we have, provided o < 1,

d

1
ﬁd(conv v) = EKZ] - p)- vw|Hd_l(c0nv w) = %s

d

for any p € w, so that setting 8 := min{ya?/(Cgd), 1/d!} we obtain (2.16).

Let w be an admissible face at stage j. As above, by the inductive assumption
it suffices to consider the case z; € w. Assume w C Vr{nd U Vin, the other case
is analogous and will not be treated. Being w admissible, w C By, (q), for some
q € 9Qmid- Let ¢’ be the point of BQ(M747‘/5)6(Z) closest to ¢, so that |g —
q'l £ Vd(3 + V/d)e/2, and choose p, € eRZI N Egﬂ/z(q/) C Q-1 (2)
(Remark 2.12). By the choice of £ made in (2.15), we get

P« —ql S pv—q'l +1g' — gl £ (Vd +3Vd + d)e/2 < (¢ — De.

Then the 2d points p, £ eRe; are all in By (g) N Vin, and at least one of them is
not in the affine space generated by w \ {z;}. Denote it by p, and set

W= (w \ {z.,'}) U{p}.

Then  is an admissible face at stage j—1, with Nj, = N,,—1 and H¢ = (conv 0) #
0, so that (2.17) holds for w. Further, W € By (q) < Baee(2j) S B2e+1/@ddy)e )
implies that w is one of the faces wy, ..., wg considered for (2.19), so that the
choice of z; implies that (2.19) holds for .

We compute the volume of the simplex with vertices in w U {z;} = w U {p} in
two different ways:

I(zj = p) - va|H ™ (conv B) = |(z; — p) - v |H " (conv w).
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By (2.19) and (2.17) for W, recalling that z;, p € By (q) implies |z; — p| < 2fe,
we obtain

1
R convw) 2 -Gz — p) - vy [ (conv i) 2 ZJ/—EOéNﬁ'Sd_l/CF

which concludes the proof of (2.17) with & := min{l, y/(2¢)}. O
At this point we conclude the proof of Theorem 2.14.
Proof of Theorem 2.14. Set
£:=2d and M :=|§/e]—4L,
so that Q. € Qs, with
dist(Q pre, 0Q0s) = 2Le. (2.20)

We first select a background lattice,

V0= ez \ U Owme(2).

72€874

For each z € 874, if Cg = 7+ 2d + 4¢ we can use (by M > Cg — 1 — 40)
Lemma 2.15 to obtain a set V; such that V.M Q(y—2)¢ (z) = R(2)eZ4N O m—2)e (2),
and V;\ Qe (2) = eZ\ Qe (2). We then set

ve=vou | v;n0s@) =vou [ (V. N Qwe(2).

7874 7€874

This set obviously has the orientation property stated in ii), provided that Cg =
4¢ 4 3.

We show that for any x # y € V, one has |x — y| 2 ¢/£. Indeed, if there is
z € 8Z¢ with x, y € V, then item ii) of Lemma 2.15 implies |x — y| > &/¢. If
x,y € VOthen |x —y| = . We are left with the case x € Qpre(z) and y € Qe (2)
for some z # 7z’ € 8Z¢, which implies |x — y| = 2dist(Q ., Qs) = 4le = ¢/,
by (2.20).

We next similarly show that for any ¢ € R? one has V N Bye(q) # 9. If there
is z € 8Z¢ such that ¢ € O M+20)s(z) then Be(q) S Qs(z), and the required
property follows from item ii) of Lemma 2.15, since V 2 V, N Qs(z). If not, then
By () does not intersect any Q . (z), so that By () N V? = Bys(q) NeZ?, which
is nonempty by Remark 2.12.

This proves that the set V is (¢, ¢)-uniform, in the sense of Property (c) of
Definition 2.7. By Lemma 2.9 there is a set E so that (V, E) is a triangulation with
the Delaunay property.

It only remains to show that (V, E) is non-degenerate. Let e € E be a simplex,
andlet 9B, (q) 2 v, be its circumscribed sphere. By the Delaunay property B, (g) N
V = @, by the (¢, ¢)-uniformity proven above this implies » < fe. If there is
z € 874 such that q € QM+20)¢(z) then v, € V,, and item iii) of Lemma 2.15
implies .Z%(¢) = ¢?/C’. Otherwise v, € V°? C ¢Z¢, and since .Z%(e) > 0 by
Remark 2.12 we obtain .Z%(e) > ¢ /d!. This concludes the proof, with Cg :=
max{7 +2d +4¢,4¢+3,C’,d!}. O
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2.3. Proof of the main result

We now recall how one can use a triangulation to define continuous, piecewise
affine approximations.

Lemma 2.16. Let (V, E) be a triangulation of R%. For any w : V — R there is a
unique u € CO(RY) which coincides with w on V and is affine on each e € E.

If the triangulation is c-non degenerate, and if moreover w is obtained as the
restriction to V of a C2(RY) function that we still denote w, then the function u
obtained above obeys

IVullzoe < ClVwlzee (2.21)
and
IVw = Vull e < Cdiam(e)| V2wl ) (2.22)
forall e € E, with C depending on c, and d.

Proof. For each e € E one defines u, : ¢ - R by u, = w on v, and as the affine
interpolation in the rest of ¢ = conv (v, ). To prove existence of u we only need to
check that u, = u, on e N ¢, for any pair e # ¢’ € E. Assume ¢ N ¢’ # . Then
eNe’ = conv (v.Nvy). Asu, = u, onv,Nv,,and both are affine in conv (v.Nv,’),
they coincide on e N ¢’. This concludes the proof of the first assertion.

To prove the two estimates, we focus on an element e € E and let G be the
constant gradient of u on e. For any pair x, y € v,,

1
Gy —x) =u(y) —ux) =w(y) —wx) = [ Vwx +1(y —x)(y — x)dr,
0

(2.23)
which implies
IG(y = 0] = [Vwllzo@ly — x].
With (2.2) we obtain (2.21).

To prove the last estimate, we pick any & € e and rewrite (2.23) as

1
(G =Vw@)y—x) = /0 Vw(x +1(y —x) = Vw(@)) (y —x)dr.

By the mean-value theorem |Vw(n) — Vw(§)| < diam(e)||V2w||Loo(e) for any
n € e, so that

(G — Vw(E)(y — x)| < diam(e) V2w | o e)ly — xI.
With (2.2) we obtain (2.22). O

We are ready to prove our main result, Theorem 2.2.
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Proof of Theorem 2.2. Before entering into the proof of the theorem, we stress that
we are going to use the fact that for a piecewise affine function u ;,

IDju;| = [DVu;|. (2.24)

This follows from the fact that u; is piecewise affine, hence the distributional
derivative of DVu  is only of jump type, so that the density of DVu ; with respect
to |[DVu| is a rank 1 matrix, and hence we can use item v) of Proposition 1.2 in
conjunction with Proposition 1.7.

Fix two sequences §; — 0,¢&; — 0, with§; > 0,¢; > 0,and ¢;/5; — 0. For
each jandeachz € §; 7% we select a matrix R, € SO (R?) such that R! V2w (z)R,
is diagonal, and let (V;, E;) be the grid constructed in Theorem 2.14 with these
parameters. We define u ; as the piecewise affine interpolation of w, constructed as
in Lemma 2.16. This concludes the construction.

In order to prove convergence and the energy bound, it suffices to work in a
large ball B,, with Q@ C B, . For large j, we can assume Cge; = 8; < r/(2d).
Here and below Cg is the (fixed) constant from Theorem 2.14, we can assume
Cg > 2+/d. We use C for a generic constant that depends only on d (and Cg) and
may vary from line to line. By Lemma 2.16 one immediately obtains a uniform
Lipschitz bound on u ;,

IVujllzoe(By) = ClIVwlLoss,)-

By the uniformity property of the grid, for any x € B, and any j thereis y € V;
with [x — y| < Cge;, therefore

lw—ujlizeom,) < Coej(IVujliLes,) + IVwliLe,)) — 0.

This proves local uniform convergence.
Since V2w is continuous, one has that

wp = sup] | V2w (x) — VZw(y)| 1 x, y € By, |x — y| £ pVd}  (2.25)

converges to zero as p — 0.

The estimate of the energy is done separately in the interior of the cubes, where
the grid is regular, and in the boundary regions. We start from the boundary, where
the grid is irregular. As Vw is continuous, equation (2.22) in Lemma 2.16 permits to
estimate |[Vu ]|, the jump in Vu; across the boundary between two neighbouring
elements e and ¢’ which intersect B,, and gives

I[Vu;1| < Cej||V?wl (B, inalle with en B, # @,

here we used also Remark 2.8. Using non-degeneracy and uniformity of the trian-
gulation to control the volume of e, we obtain

IDVuj|(de) £ CH™! (9e) max|[Vu;1l(de) < CL4 ()| V2 wl|roo(8,,)
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for all elements e € E; with e C B,. Fix now z € SjZd such that Q(;j () N
Q # {). Summing the previous condition over all elements ¢ € E; with e N

53,- (D\Qs;—4cge; (z) # ¥ leads to
IDVu;|(Qs,(2) \ Os;-4cqe; (2))
g ng(Q8j+4CGEj (2) \ Q(Sj—SCGSj (Z))”Vzw”LOO(Bz,-)
< C((8; +4Ce)? — (8 — 8CGe )NV W 8y

< C8 e IVPwliLoe 8y

(2.26)

provided j is large enough, since ¢; < §;. Here we used that for every e € E},
diam(e) < 2Cge;, being the triangulation (V;, E;) (Cg, ¢)-uniform and with the
Delaunay property.

We next estimate the energy inside Qg_/._3CGs_ j (z), for some z € §; 74 N B,. Let
H. := V?w(z), and recall that R, was chosen so that R.H R, = diag(A1, ..., Ag)
for some A € R?, which implies |H.|, = Zle |Ail, see items 1) and ii) of Propo-
sition 1.2. In the next estimates we write briefly § and ¢ for §; and ¢;.

For any element e € E; with e N Q5 _2ce(z) # ¥, we can select p, € e N
Qs-2cge(2). Then Begey2(pe)S Qcge(Pe) S Qs—cge(2), so that the orientation
property of Theorem 2.14 gives Bcge/2(pe) NV = Bege2(pe) ﬂsRZZd. Recalling
Cg > 24/d, by applying Lemma 2.13 with ¢ = p,, r = Cge/2, there exists
y € eR,(Z + %)d such that v, C y + £RZ{—%, %}d. Let F := Vw(y). For all
X € v,, Taylor remainder term in integral form and (2.25) yield

1
wx) =wly) + Fy& —y)+ SH(x —y) - (x =) + R(x)

(this can be seen as the definition of R(-)) with

1
IR(x)| < de*|V2w(y) — H,| +/0 V2w (x +1(y — x))

V2w ly — x|?dt < Ce’ws. (2.27)
Asx —y = Zi eyiR;e;, with y; € {—%, %}, recalling that RQHZRZ = diag(\q,
..., Ag) we have
d 1.4
Hy(x —y) - (x — y) = & ikzl Viveei RLH R ey = 4—182 IZ}M

which does not depend on the y;, and therefore is the same for all x € v,. Hence

d
1
wx) = wy) + Fy(x —y) + 532 Z,\,- + R(x) forall x € v,.

i=1

The function u ; is affine on the element e, assume it has the form u ; (§) = a.+G.&
for& € e. Asuj = w on v, for every pair x, x’ € v, we obtain

Ge(x —x)=uj(x) —uj(x) = wx) —wkx’) = Fy(x —x) + R(x) — R(x').
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Recalling that e is a non-degenerate simplex by (2.2), (2.27) and what just proved
we obtain

G, — Fy| < Cews. (2.28)

In summary, if e € E; obeys e N Qs 2c5:(z) # @ then there exists y, €
eR; (Z—i—%)d withv, C ye—i—eRZ{—%, %}d,andthe vectorG, 1= V“j|e obeys (2.28).

Considernow some y € ¢R; (Z—i—%)d suchthat (y+R; Q:)NQs—acge(2) # D.1f
e, e are two elements with v,, v, C y+ Rzag, then (by Cg > \/3) both intersect
0s-2cge(2), so that the above discussion applies and (2.28) gives |G, — G| <
Cews, having used that the above discussion forces y = y, (since y, v, € eR(Z+
D and y # y, imply that (y + R; Q) N (e + eR.{—3. 3}¥) 2 v, has at most
dimension d — 1) and analogously y = y,./. In particular, those elements constitute
a decomposition of y + R, Q.. Arguing as before, summing over all pairs,

IDVu;|(y + R, Q:) < Ce? 'max |G, — G| £ Cews. (2.29)

In order to estimate the contribution from the boundary of these cubes, let y' =
y = £R.e; be the centre of one of the neighbouring small cubes. Since Cg > 2/d,
Y + R;0: € Qs-2c5:(2), so that (2.28) holds for any element e” contained in
y' 4+ R, Q, (with ¢’ in place of e and y’ in place of y). As the common boundary
has area s9~1,

IDVu;|(3(y + R, Q¢)) < Cews + > eI Fy - Fyl.
y'ey+R e{xeq,....teq}

As we did before, we represent F,y — F, = Vw(y’) — Vw(y) with Taylor’s theorem
Fy=F,+H('—y)+R .y and [R(),y)| < Cews

(this can be seen as the definition of R’( -, -)) to obtain

IDVuj|(3(y + R Q) < Cews + > e NH (Y — y)
y'ey+R e{xey,...,keq}
= Ce%ws + 2¢%|H, | §Cada)5+2/ [V2wl|;d.,
Y+R; Qe
(2.30)

where we used that the R_e; are eigenvectors of H, by the choice of R, the definition
of the Schatten norm and in the final step (2.25). Let

N
A, = {y € &R, <Z+ 5) (R Qe) N Qs—acge(2) # V’} :

Summing over all y € A, taking into account (2.29) and (2.30) and recalling that
the boundaries between the cubes appear twice in the sum, gives

DV 1(Qsscee(2)) < C8eog + /Q IVl
s(Z
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and combining with (2.26)

— &
DY} @52 £ €8 (0 + 5 IVPwllnamny) + [ 1FPwha .
Qs(2)

Summing over all z such that Qs(z) N 2 # @, and inserting back the indices j,

.
IDVu;|(2) < Cl(Q)s,] (wsj + 5—’||v2w||m32,>> + / IV2w|dg?
j ()3,

where (2), = {x € R : dist(x, Q) < p/d). Taking the limit j — oo, and
recalling that §; — 0, ws; — 0 and ¢;/3; — 0, concludes the proof (recall-
ing (2.24)). O

3. Extremality of Cones

In this section we consider functions of the kind

) = (1 =[x D (3.1

It is clear that our forthcoming discussion will apply also to slightly different func-
tions, e.g. a(l — b|x — xo|)4 fora, b € R with b > 0 and x¢ € R?, but this will
not make much difference, as one can reduce to the particular case of (3.1) via a
change of coordinates and a rescaling. Notice that, by Proposition 1.13, if d = 2,

D2 £ |(B,(0) = dwa((d — DVP7'r ADT 4 X100 (M) (3.2)
Our aim is to investigate extremality of such kind of functions with respect to p-
Hessian—Schatten seminorms, for p € [1, oo]. It turns out that these functions are
extremal, and now we state our main result in this direction. Its proof is deferred to

Section 3.3 and will follow easily from the results of Sections3.1 and 3.2, taking
into account also Section 1.3.

Theorem 3.1. Let d > 2 and let p € [1, 00). Let f1, f> € L} (R?) with bounded
Hessian—Schatten variation in RY such that

ID? fil(RY) = D, f2|(RY) = D3 f<"|(RY)
and such that for some ) € (0, 1),
fCOl’lC — )‘-f] + (1 _ )\-)fz

Then f1 and f, are equal to f°"°, up to affine terms: there exist affine functions
Li, L, :R? — R such that f; = f" + L; fori =1, 2.
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Notice that Theorem 3.1 is stated only for d = 2. Indeed, for d = 1, it is easy
to realize that f°°"® is not extremal, according to the meaning described in the
statement of the theorem.

To simplify the notation, as in this section we are going to consider only balls
centred at the origin, we will omit to write the centre of the ball, i.e. B, := B,(0).
Before going on, we recall that given f € Ll (R%), we denote by £ the function

loc
given by Lemma 1.10. As an explicit expression, notice that

Fdx) = f(0)d# (o) for £-ae. x. (3.3)
0By

Notice also that f rad () = g(|x]) for g(r) given by the right hand side of (3.3) with
r in place of |x]|.

3.1. Convexity

We prove that if a function f € LllOC (R9) is such that f™d = f£one and such
that |Df, FIRY) = |D%7 feome|(R?), then f is the cone. The case p = 1 is treated
in Proposition 3.5, using the fact that the absolutely continuous part of DV f has
a sign, which makes f concave inside the unit ball. The case p > 1 is treated
in Proposition 3.6, using strict convexity of the p-Schatten norm to show that the
absolutely continuous part of DV f is a scalar multiple of the absolutely continuous
part of DV f°"¢_and then scaling to reduce to the p = 1 case.

First, we need a couple of lemmas. The first is an extension of a well known
criterion to recognize convexity.
Lemma 3.2. Let Q € R? be open and convex and let f e LIIOC(Q) with bounded
Hessian—Schatten variation in Q. Assume that DV f 2 0 (as a measure with
values in symmetric matrices). Then f has a representative which is continuous
and convex.

Proof. The property of having a continuous representative is clearly local. Since
€2 is open and convex, a continuous function g : 2 — R is convex if and only
if it is convex in a neighbourhood of any point. Therefore it suffices to prove the
assertion in a neighbourhood of any point, so that we can assume f € W1 (Q)
with V £ € BV(Q; R?), by Proposition 1.11 and Proposition 1.7.

Let x € €2, and pick r > 0 such that Qu,(x) C 2 (we write here Q¢ (y) :=
y + (—=£, 0. Fix a mollifier n, € CX(B; [0, 00)), with ¢ < r, and define
fe i= ne x f € C*°(Q3,(x)). Then an immediate computation yields DV f, =
ne * DV f 2 0in Q3,(x), therefore f, is convex in Q3 (x). Further, f — f in
wll (Q3;). It remains to show that f, (possibly after passing to a subsequence)
converges uniformly in Q,, which implies the conclusion in Q, and therefore in a
neighbourhood of any point of 2.

We prove now uniform convergence in Q,, the argument is classical, see e.g.
the proof of [13, Theorem 7.6]. Passing to a subsequence, f,; — f pointwise
almost everywhere. Pick x € Q,/2(x) such that the sequences fgj (x) and fgj ),
for any vertex y of 0»,(x) € Q3,(x), are bounded (as we can assume them to be
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convergent), and let M = Mj; , be the common bound. By convexity, fgj < M on

Q2r (x). To prove the uniform lower bound, we observe that forany w € Q»,(x)\{x}
there is z € d Q2,(x) such that x is in the interior of the segment joining w with z.
As convexity implies monotonicity of the difference quotients,

f&‘/‘(‘i)_fgj(w) < faj(Z)_faj()E) 2M

|x — w]| - |z — x| 2r’

A

where in the last step we used [z—X| = 2r. Since f;; (X) = —M and |[w—x| = 2r/d

we have fgj (w) =2 —(1 + 2\/3)M. Passing to the smaller cube Q, (x) and using
again monotonicity of the difference quotients we obtain Lip(f;; Qr(x)) <C'M
forall j, so that f,; converges uniformly in Q(x) to a continuous convex function,
which coincides almost everywhere with f. This concludes the proof. 0O

The nextlemma builds upon Lemma 3.2 and gives an integral characterization of
convexity, which is more manageable, and follows from the rigidity in the inequality
ITrA| < |Alr.

Lemma 3.3. Ler Q C R? pe open and let f € LIIOC(Q) with bounded Hessian—
Schatten variation in 2. Then

D} £1(Q) Z [TIDV £ ()] (3.4

Assume now that equality in (3.4) holds. Then

o cither |D%f|(£2) = TrDV f(2) and then f has a representative which is con-
tinuous and convex,

® or |D%f|(§2) = —TrDV f(2) and then f has a representative which is contin-
uous and concave.

Proof. We can assume that TrDV f(2) = 0, otherwise one replaces f by — f.
Letnow A € R?%4 pe a symmetric matrix and let A, ..., A4 denote its eigen-
values. By item i) of Proposition 1.2,

d d
A=) 1l 2 ) h =TiA
1 i=l1

i=

and equality holds if and only if A; = 0 for all #, which is the same as A = O as a
symmetric matrix.
By Proposition 1.7 (in particular, |D%f| < |DV f]and TtDV f <« |DV f]),

dDV f
dDV f|

dIDV f| = TrDV (),

|D%f|(sz)=fg d[DV | z/Tr v/

1 o dDV/f]

which proves the bound (3.4). If equality holds, then

dDV f
=Tr IDV f|-a.e.
1 d|DV f '

dDV f
d[DV f|
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so that
dDV f N
dDVf| —

which means that DV f > 0 as a matrix-valued measure, so that the conclusion
then follows by Lemma 3.2. O

IDV fl-a.e.

3.2. Extremality with respect to spherical averaging

In this section, we consider only the case d = 2. This is because this is an
auxiliary section for the proof of Theorem 3.1, which holds only ford = 2. We start
by doing some explicit computation involving the Hessian—Schatten total variation
of £°°" First, by Proposition 1.7, f¢°" e W I(R?) with V f¢°"¢ ¢ BV(R?; RY).
More precisely,

V() = —xp (1)
|x]
This computation is easily justified by locality, as f°" is smooth on By \ {0} and
on R? \ B;. Now we claim that

2Id —
Mlex@xfd LB +x®x) 2% "LaB,. (3.5)

Taking into account that DV f°" does not charge points, this formula is easily
justified on R?\dB; by locality, as above. For what concerns the singular part,
on dBj, it is enough to use the representation formula for the singular part of
differentials of vector valued functions of bounded variation, e.g. [3], notice indeed
that the unit outer normal to d By is x and that the jump of V f°" at x € 9B is
exactly x.

Taking traces, we have that

vacone(x) — _

1—d
TrDV £ (x) = %f" LB, +.#% " _aB,
X
so that
/ dTrDV £ = —dawgr® xo.n(r)  Vr > 0. (3.6)

r

Recall that by Lemma 1.10, [D7 f™|(R?) < |D7 f|(R?). The next lemma
states that this inequality is somehow rigid.

Lemma 3.4. Let p € [1,00]. Let f € LI]OC(Rd) with bounded Hessian—Schatten
variation and assume that

D2 f™(RY) = D f(RY). (3.7)
Then, for every r > 0 one has
D2 f1(By) = D7 f™|(B,), D fI(3B,) = D} f™|(3B,)

_ _ 3.8
and D7, fI(RY\ B,) = [D} f™|(R?\ By). 59
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Proof. First notice that thanks to Lemma 1.10, for any ¢ > 0,

D2 f™(By) <12 f1(B), D3 f™(Byye \ Br—c) < D3 f1(Brye \ Br—)
and [D? f™|(RY\ B,) < D} fI(R? \ B,)

so that, by regularity of measures, letting ¢ \ 0,
D> £4(B,) < D, f1(B,). ID2 74| (@B,) < |D? f1(3B,)
and |D7 f™|(R? \ B,) < |D% f|(R?\ B,).
Then we can compute, by the inequalities above and exploiting (3.7),

D3 fIR?Y) = D3 f™(R?) = D3 f™|(B,) + D £ B,) + D} f| (R \ By)
< D} £I(B,) + D} f1(3B,) + D3 fI(RY \ B,) = D f|(RY),

so that equality holds throughout and therefore we obtain (3.8). O

Now we state and prove the main results of this section, splitting the case p = 1
and the case p € (1, 00). Recall that |D%f°°“e|(Rd \ B1) = 0 according to (3.5).

1

Toc (Rd) with bounded Hessian—Schatten variation and

Proposition 3.5. Let f € L
assume that

[ = e and - |DYfIR?) = [DTfC|RY). (3.9)
Then f is equal to f°" up to a linear term: there exists @ € R? such that
fx) =) +a-x  foraex e R

Proof. Letr > 0 and let U € SO(R?). By Lemma 1.10, fy := f(U -) has finite
Hessian—Schatten total variation. Also, for any radial function g € C° (R?) one
has

[ foasaz! = [ rouazt = [ ragaet

R4 R4 R4

so that, integrating both sides with respect to du4 (U) and using Fubini’s Theorem,
/ frdagd yd = / fAgdz?.
R4 R4

Then, as ™4 = £°°" and integrating by parts,

/ gdTrDV feor¢ =/ gdTrDV f.
R Rd

Therefore, by an approximation argument, recalling the explicit computation (3.6),
we obtain that

/ dTrDV f = —dwar® ' xo1(r)  ¥r>0.

-
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In particular, taking into account (3.2) and (3.8) (recall that we can use (3.8) thanks
to the standing assumption (3.9))

—TrDV f(B1) = dwgq = |D} f"|(B1) = [D} f|(B1).

Now Lemma 3.3 can be applied, to obtain that the function f has a continuous and
concave representative in B that, without loss of generality, we still denote by f.
By (3.8) again, f is affine on R?\ By, say f(x) = « - x + B for x € R?\ By, for
some o € R? and B € R. Now f™d = feome forces g = 0.

Setting also f (x) := f(x)—a - x, we conclude the proof by showing f = feore.
Notice that still f is continuous and concave on B and f™d = fco¢ Notice that
this last fact implies £(0) = 1.

Now, for any 0 € 9Bj, define fa (s) = f(so) for s € [0, 00), a function
continuous and concave in [0, 1) with fg (0) = 1. Notice that for A1 ae.
o € 0By, fg € WlOC ((0, 00)). This can be seen either with a change of coordinates
and the characterization of Sobolev functions on lines or by approximation, using
repeatedly integration in polar coordinates. Hence, for A11ae. 0 € OBy, the
function f(T has a continuous representatlve in [1, 00). Now, for s#9 1ae. o €
0By, f(, vanishes a.e. in (1, c0) (as f vanishes identically on R? \ B1), therefore
this implies fc, (s) = Oass 1 1 and the continuous representative is the one null
in [1, 00). Then, exploiting continuity and concavity, for il ae o € By,
fo(s) = (1 —s) for s € [0, 1]. Then it holds that f > f¢" ¥4 3¢ on B,

whence, being f™d = feone f — geone oy B

Proposition 3.6. Let p € [1,00). Let f € Ll (RY) with bounded Hessian—

Schatten variation and assume that

loc

fré=fem and D fIRY) = D} fEIRY). (3.10)
Then f is equal to £ up to a linear term: there exists « € R such that
fx) =) +a-x  foraex e RY.

Proof. We focus on the case p > 1 as the case p = 1 has already been proved in
Propos1t10n 3.5.Letnow g := 2(f + f°"¢). Recalling (3.8), D5, 2 ¢|(R?\B;) = 0.

Still, g"¢ = f°°"¢ so that, by Lemma 1.10 and (3.10),
1 1
D, fIRY) < IDRgIRY) = ZIDG IR + 21Dy f"|(RY) = [DF £ (RY),

hence equality holds throughout and therefore g satisfies (3.10) in place of f.

We next decompose DV f in absolutely continuous and singular part, use that
the singular one has a rank one density with respect to the total variation, and show
that the absolutely continuous one is proportional to the one of DV f°". We are
going to use the theory of functions of bounded variation throughout, see e.g. [3].
The superscript s denotes the singular part of a measure with respect to 2. We
have a Z- negligible Borel set N C Bj such that |D2f| S_B| = |D2f| L N. Also
|D gL B = |D gIL N, being |D2f°°“e| L B « .i”d by (3.5). In addition
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1 1 1
ID3gIL N < —|D§,f||_N+§|D§,fC°“e|l_N= ~ID3fILN

[IA

ID3gIL N + = |Dif°°ne|I_N ID3g|L N

hence equality holds throughout and in particular, |D gILN = 3 |D2 fILN.
Now, recall that [D? f| L (Bj\N) < £ and |Dg| L (B/\N) < zd, also
|Df, feome|_ By « £, by (3.5). Therefore, by Proposition 1.7,

dDVyg

ID2¢|(B)) = D g|(N)+/
Bi\N

d/DVg|
P

dDVg
TZER
dDV/  dDVfene|
4.7
TZETZ
dDVfCOne
|57

d.e

— D g|<N>+/
BI\N

1
= ID2g|(N) + 2/
Bi\N

1|D2f|(N)+ 1/
P 2 Je\nN

II/\

d.z?
)4

d.zH

<< |D2f|<Bl>+ |D2fC°“e|<Bl)_|D gl(By),

where we also used (3.10) for f and g and (3.8) in the last equality. Hence equality
holds throughout, so that

dDVf dDV feone

d
Nz + Nz Z“ -a.e.on Bj.

_ |dDVy
| dwd

dD V fCOTle
S

p

By strict convexity of the p-Schatten norm (item vi) of Proposition 1.2), and the
fact (by (3.5)) that the density of DV £°°" with respect to .Z¢ is nonzero .#%-a.e.
on By, we have that for some Borel map ¢ : B — [0, 00),

dDV f B thVfCO“e
dyd —  dzd
Now, by (3.5), for g € [1, oc],

2% _ae.on By. (3.11)

IxPld—x®x|  (d—D'Y4

2% _ae.on B.
|x|?

(x)

dD V f‘COI'le
S

x|

q ‘ q

(3.12)
Then, by (3.11) and (3.12) (with ¢ = 1, p),

— DY —
(d 1) r (d—l)l/p_lt(x)d 1

| x| x|
dDV
d—f@

dDV
[z, =

= (d - 1)l/r! 27 _ae. onB.

1
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Therefore, by Proposition 1.7,
ID3 f1(Bi \ N) = (d = D'/P~'D{ f(B1 \ N). (3.13)

On the singular set N, by Proposition 1.7 and Alberti’s rank 1 Theorem together
with item v) of Proposition 1.2,

dDV
IDf,fI(N)=f L1 apv ) =/
N p N

d|DV f]
Therefore, by (3.13), (3.14) and (3.8), taking into account thatd = 2 and p = 1
(hence 1 < (d — )!1=1/P),

dDV f
dIDV /|

dIDV f| = ID} fI(N).

1
(3.14)

ID{£1(B1) = D] f1(B1 \ N) + D} f|(N)
=(d—1'"YPD} fI(B1 \ N) + D} f|(N)
< @—1D'"VP(IDS FI(B1 \ N) + D}, f|(N)) (3.15)
=(d—1'""Y7D} £I(B))
= (d — 1)!7VPID} fOM€|(By) = D] f"|(B1)

where the last equality follows from (3.2). Recalling (3.8) and arguing exactly as
for (3.14) for the first and third equalities,

ID{£1(3B1) = D £1(3B1) = D f"|(dB1) = [D} f<"|(3B). (3.16)
Then, by (3.8), exploiting (3.15) and (3.16)
ID? £I(RY) = D} £1(By) + DT f1(3B1) < |D}f"|(By)
+ D} f"¢|(3By) = DT £ |(RY).

Recalling Lemma 1.10 together with (3.10), the inequality above yields that f
satisfies (3.9), so that the conclusion follows from Proposition 3.5. O

3.3. Proof of the main result

Proof of Theorem 3.1. Let f1 and f> be as in the statement and recall (3.3), so that
we can define firad fori = 1,2. As f°" is already a radial function, we still

have X flrad +0 =2 fzrad = f°o"¢ Now we compute, using Lemma 1.10 and the
assumption,

D7, f"|(RY) = Dy Guff™ + (1= 2) 52D (RY)
< ADS AARY) + (1= 1) |D3 f3*(RY)
< ADS AIIRY) + (1 = 2)[D3 fo|(RY)
= D}, fMIRY) + (1 = 1) |Dy £ (R
= D}, /™ |(RY),
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hence equality holds throughout. Therefore,

D2 £ |RY) = D2 fi|RY)  fori =1,2,
and

D2 Guf1 + (1= 1) A DIRY) = DY ASFPDIRY) + D7 ((1 = 1) f5*DI(RY)

so that, by Lemma 1.12,

D}, £ = AID3, f{*] + (1 — 1D, f3] 3.17)
as measures on RY. As ff‘ml and fzmd are radial functions with bounded Hessian—
Schatten variation, by Proposition 1.13, firad(x) = gi(|x|) for g; € ng’cl((O, 00)).

Similarly, f°"(x) = g°"(|x|) = (1 —|x|), notice that A g; + (1 —A) gy = g°".
Then, using repeatedly the representation formula of Proposition 1.13 and (3.17),

1
ID2 £ (By) = daog /0 10, &loner -« » &lone) lers?—2ds
! 2
gdwd(,\f 100, g1, ..., gD llers?2ds
0

1
+ (=2 fo 10, g5, ..., g§>||eps“ds)

< ADS (B + (1 = 2)[D3 f5°(By) = D3 £ |(B)),

hence equality holds throughout. In particular, as we have obtained

1
do [ 10, g ghllers s = D 2418 fori = 1. 2,
0

exploiting the representation formula of Proposition 1.13, we have that g} and g}
are constant on (0, 1). Also, by (3.17), and the representation formula of Propo-
sition 1.13 again, g| and g5 vanish identically on (1, 00). Recall also that g; €

WIL’CI((O, 00)), so that g; has a continuous representative, for i = 1, 2. Hence,
there exist o1, » € R and 81, B2 € R such that

gi(s) =ai(1—s)+ + Bi.
Now, Ag; + (1 — X)gr = g™ forces Ay + (1 — A)ap = 1, whereas
o [ID £ | (R) = D}, f*|(RY) = |D, ™[R fori=1,2

forces ||| = |aa| = 1. Hence, o = ap = 1.
Therefore, to sum up, we have, fori = 1, 2,

frad — peone 4 g
so that
D £PI(RY) = [D? £ |(RY) = D f;|(RY).
Notice that ffad — Bi = (fi — B:)™. Now we use Proposition 3.6 to infer that
fi(x) = Bi = f"°(x)+a; - x forae.x eRY,

hence the proof is concluded with L; (x) :==¢o; - x + ;. O
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4. Solutions of the Minimization Problem

In this section we stick to the two dimensional case d = 2. Recall that, by
Proposition 1.11, functions with bounded Hessian—Schatten variation are continu-
ous, as we are in dimension 2 and hence the evaluation functionals in (4.1) below
are meaningful (we will implicitly take the continuous representative, whenever it

is possible).
Fix @ C R? open, and fix xq,...,xy € € distinct test points and fix also
Y1,...,¥ynv € R.For A € [0, 0] and p, g € [1, o] we consider the functional

FPU L () — [0,00]  defined as

FLAC) = D2 FIQ) + A ) = yidizt....¥ llea (4.1)
where we adopt the convention that oo - 0 = 0. Notice thatif p = g = 1, we have
that ]-'){ 1 — Fy, where F; is defined in (0.4) in the Introduction.

Our aim is to establish conditions under which F}"? has minimizers, i.e. we
want to ensure the existence of a minimizer of

inf  FPU(f).
feLl (@)

loc

It turns out that for many values of A, p, g, minimizers indeed exist. Here we
state our main results in this direction.

Theorem 4.1. Let p, g € [1, 00] and let A € [0, 2V/P=1457]. Then there exists a
minimizer of}'f’q.

Theorem 4.2. Let A € [0, oo]. Then there exists a minimizer of .7-')1’1.
Theorems 4.1 and 4.2 will follow easily from the results of Section4.1. We

defer their proof of to Section4.2.

4.1. Auxiliary results

For the next lemma, we recall again that functions with bounded Hessian—
Schatten variation in dimension 2 are automatically continuous. Hence, the evalu-
ation (at 0) functional in the infimum above is meaningful. The spirit of this lemma
is to provide us with “bump” functions whose Hessian—Schatten total variation is
almost optimal.

Lemma 4.3. Let p € [1, 0o]. Then it holds that
inf H|D§f|(R2) 1 fe LIIOC(RZ) with compact support and f(0) = 1} =2+ pry,
4.2)

In particular, thanks to (3.2), the infimum is attained by the cut cone x — (1—|x|)*
when p = 1.
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Proof. For ¢ € (0, 1), define f.(x) = (1 — |x|®) v 0. By Proposition 1.13,

1
D3 fel(R?) = 27'[(/ s H(e(e = 1), &) |lerds + a) — 2Py ase N\ 0,
0

so that we have < in (4.2).

We prove now the opposite inequality in (4.2). Take then f € LlloC (R?), com-
pactly supported, with bounded Hessian—Schatten variation and such that f(0) = 1.
We have to prove that |D7, f|(R?) = 2!*1/P7. Using Lemma 1.9, Lemma 1.10, we
see that we can assume with no loss of generality that f € CS® (R?) and f is radial,
say f(x) = g(|x|), with g(0) = 1 and g, (0) = 0. Now, by Proposition 1.7 and
the inequality (la| + |b]) < 2'"1/P(|a|? + |b|P)V/?, we obtain that

ID? FI(R?) = 2!/P=1 D £(R?).

Hence, it is enough to show the claim in the case p = 1, i.e. we have to show that
ID? £1(R?) = 4. We compute now that

o0 o0 o0
/ s|g”|ds = / sg’ds = —/ g'ds =1
0 0 0

o0 o
and / lg'|ds = —/ gds =1,
0 0

so that, by by Proposition 1.13,

o0
ID? f|(R?) = 2nf slg”] + 1g'1ds = 4n.
0
O

The existence of “good bump functions” granted by Lemma 4.3 allows us to
prove, in Proposition 4.4 below, that for A large enough the infimum of F. f ! does
not depend on A, namely that minimizing F. ){7 ! asymptotically promotes the perfect
fit with the data.

Proposition 4.4. Let p, q € [1, 00] and let A € [272'/PN'=1/4 o00). Then

inf  FPUf)y= inf  FRIP.
feLL () feLl (@)

loc loc

In particular, in this range of A, the infima are also independent of q.

Proof. We let r € (0, 00) small enough so that dist(x;, x;) > 3r if i # j. Let
e € (0,1). Fori = 1,..., N, by Lemma 4.3 and a scaling argument, we take
gi € Ce(R?) with g(x;) = 1, suppgi S Br(x;) and [Dg;|(R?) < 2*/Pmr +e.

1 .(2) and we set

fo=rF=) (f&) = s (4.3)

Then we consider f € L
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Notice f (xj) =y foreveryi = 1,..., N and that

N
D7 £1(2) < D £1(Q) + @V e +6) Y I (i) — yil

i=1
= D2 £1(Q) + Q" + &) (f (xi) — yi)illn
< DS FIR) + @V Pr + )NV (F (i) — yidillea

1
loc

Therefore, being ¢ € (0, 1) arbitrary and f € L, (€2) arbitrary, we have that

inf  FLUH S inf FPIU(F)  whenever o = 272/ PN
fELlloc(Q) fGLlloc(Q)

As also FL9( f ) 2> F f A f), we have proved the claim, thanks to our choice of A.
[m}

The following lemma estimates how much the evaluation functional at x differs
from the average functional on B, (x), hence allows us to quantify the error we make
replacing the evaluation functional with another functional that has the advantage
of being continuous with respect to weaker notion of convergence.

Lemma 4.5. Let f € Llloc (2) with bounded Hessian—Schatten variation in 2. Let
also B = B, (x) C Q such that 2B := By, (x) C Q. Then, if p € [1, o0],

_ 1 1
‘f(x)—]éf‘ <2!-lp (EIDf,fI(BH§|D§f|(28\3)>- (4.4)

Proof. We can assume with no loss of generality that x = 0. By approximation of r
from below, we can also assume that |D% f1(@B) = 0. Hence, using Proposition 1.8
and Lemma 1.10, we can assume in addition that f is radial and f € C°°(2B), say
f(-)=g( - |). Notice that gﬁr(O) = 0. We then compute

2 (" 2 ("
S0 —][ f=g0) — _2/ sg(s)ds = —2f 5(g(0) — g(s))ds
B r=Jo r~=Jo

2 r s 2 r r
/ /
=——2/ s/ g(r)drds:——zf g(r)</ SdS>dT,
r=Jo 0 r=Jo T

2 " 71..2 " /
f(O)—][ fl= —2/ lg'Ir=/2ds =/ lg"Ids. 4.5)
B r=Jo 0

We stick for the moment to the case p = 1. We use Proposition 1.13 to compute

so that

2r
ID?£|2B \ B) = 27 f slg”] + Ig'1ds.
r (4.6)

.
ID? £1(B) = 2n/0 slg”| + 1g'lds
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and we take £ € (r, 2r) such that

2r
rlg/|($)§/ |g'lds. 4.7)

Now we write {g’ > 0} N (0,&) = U, Ix and {g’ < 0} N (0,&) = (U, Jk»
where [ and Ji are countably many pairwise disjoint open intervals. Notice that if
p € 31} for some k, then either p = & or g/(p) = 0. Then, if we take I} such that
§ € dly,

/s|g”|dsz—f sg“ds=/ g’ds—sg’@):/ Ig'|ds — £g'1(§),
Ii Iy I Iy

whereas if we take I; such that & ¢ 91y,

/ s|g”|ds = —/ sg'ds =/ gds = lg’|ds.
I Iy Ik I

Similar inequalities hold in the case of an interval of the type Ji. Therefore, sum-
ming over all intervals [; and J,

2r 3 H
/0 sg"|ds 2/0 slg”|ds 2/0 |g'lds — £1¢'1(5),

so that, by the choice of & due to (4.7),

r & 2r 2r 2r
/ g'lds = / g'lds < / slg”|ds 4+ &1g'I(§) = / s|g"|ds +2/ |g/Ids.
0 0 0 0 r

Then, using also (4.5) and (4.6),

r r r
2‘f(o) —][ f‘ = 2/ |&'Ids §/ |&'lds +/ slg”|ds
B 0 0 0
2r

2r
+/ s|g”|ds+2/ |g/|ds
r r

1 1
< 2—|D%f|<B> + —[D{ fI2B \ B),
T T

whence the claim for p = 1. For the general case, simply notice that |D% fI(B) £
21-1/p |Df,f|(B) and the same holds for 2B \ B, by £1 — £, inequality and Propo-
sition 1.7. O

Remark 4.6. Notice that the constant 1/(4) in front of |D?7 f1(B) in (4.4) is some-
how optimal. We can realize this considering the sequence of functions f; used to
prove Lemma 4.3. |

By Lemma 4.5, there is no surprise in knowing that, given a weakly convergent
sequence f; — f,in duality with the space LZ°(€2) of L* function with compact
(essential) support, we can estimate how much the evaluation functional fails to
converge in terms of concentration of Hessian—Schatten total variation at x.
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Lemma4.7. Let f € L] (Q) and let (fi) € L] .(Q) such that fi — f in duality

with L (2) with supy |D%fk|(A) < oo for any open set A € Q. Then, f has
locally bounded Hessian—Schatten variation in Q2 and for any x € 2 one has

1-1/p

lim sup | £(x) — fi ()] < ——— lim limsup [D3 fel (Bo (). (4.8)

k ™NO g
Proof. First, take a non relabelled subsequence so that limy | f(x) — fi(x)] exists
and equals the lim sup, at the left hand side of (4.8).

We assume that there exists 1 > 0 small enough so that B, (x) € € and
moreover that lim supy |D? Skl (B, (x)) < oo, otherwise there is nothing to show. By
lower semicontinuity this implies that f has bounded Hessian—Schatten variation
in B, (x). We extract a further non relabelled subsequence such that, for some finite
measure 4 on By (x), |D%fk| — w in duality with C¢(B;, (x)).

Let now r € (0, r1/2). Then,

§‘f(x)—][3()f‘+

fi(x) —][ S
B, (x)

Now notice that by continuity of f the first summand converges to 0 as r \{ 0,
whereas, by the convergence assumption the second summand converges to 0 as
k — oo. Also, by Lemma 4.5, we bound the third summand as follows

Sie(x) —][ Jie
B, (x)

To conclude, it is enough notice that that

lim sup lim sup [D? fic| (B2, (x) \ By (x)) < lim (B (x) \ B,(x)) = 0.
N0 k ™0

+

‘f(x) — fr(x) ][ f= Ji
7 () By (x)

1 1
<2l <E|D§fk|<3r<x)) + 51D} fil (Bar () \ Br<x>>) :

m}

By using the results above, we can prove the lower semicontinuity of ff “,
In the case ¢ = 1, notice that the argument used in the proof of Proposition 4.4
together with the next result can be used to show that ff s precisely the relaxed

functional of 2" when A = 211/ 7.

Lemma4.8. Let p, g € [1, 0] and let . € [0, 2V/P=145]. Then ]-"){”q is lower
semicontinuous with respect to weak convergence in duality with L°(2).

Proof. Let (fr) € L! () be such that fi — f in duality with LZ°(€2), for some

loc

f e L (£2). We have to prove that

loc

]—"f’q(f) < limkinf ff’q(fk).

First, extract a non relabelled subsequence such that FAp A fx) has a limit, as
k — oo, which equals the right hand side of the inequality above. Then, we can
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assume that lim inf} |Df7 frl(R2) < oo, otherwise there is nothing to show. Hence
f has bounded Hessian—Schatten variation in €2 and, up to the extraction of a non
relabelled subsequence, we can assume that |Df7 Jfr| — p in duality with C(€2) for
some finite measure @ on 2. Even though u depends on p, we do not make this
dependence explicit. Also, we extract a non relabelled subsequence such that for
everyi =1,..., N, |f(xi) — fi(x;)| has a (finite) limit as k — oo.

Notice that for every z € 2 one has

(e < lim lim sup D il (B () < lim (B (@) = w((zh. - (49)
We compute, as |D?,f|({z}) = 0 forevery z € 2,

FLAf) = 1D FI(RQ) + AN CF () = yidillea

N
= lim D} /1 (sz U Br<xi)) FANCS ) = ydillea. (4.10)

i=1

By lower semicontinuity,

N N
D}/ (sz U Bmm) < liminf D} fi| (sz \ LZJ1 Br(xn)

i=1
so that by (4.9)

N

N
}i{r(l)IDf,fl(Q U Bmm) < timinf D, fil (@) — Y p({xh.  @.11)

i=1 i=1

Also, by Lemma 4.7 and (4.9),

Si-1/p N
111111 ICf ) = fetxi)illea = lilin ICf ) = fitxi)illg < e ;M({xz'}),
so that
21-1/p
ICf(xi) = yidillea = i ZM({Xi}) + limkinf I Cfre(xi) — yidillea.  (4.12)

Inserting (4.11) and (4.12) into (4.10) we obtain, by the super additivity of the
lim inf,

1

21=1/p
e 1) > u(xih),

FPIUf) < lim inf Fr(fo) + (A

whence the claim by the choice of A. O

Weak relative compactness of minimizing sequences for ff 1 is obtained
through a classical argument, the only (slight) technical difficulty relies in pos-
sibly irregular domains 2.
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Lemma 4.9. Let p, g € [1, 0o] and let ). € [0, oo]. Then there exist a minimizing
sequence ( fi) for ff’q and a function f € L]IOC(Q) such that fr — f in duality
with L ().

Proof. We assume A > 0, the case A = 0 being trivial. We also assume that

Q2 is connected, as we can do the modifications independently in each connected

component of Q. Let now (f;) C Llloc(Q) be a minimizing sequence for ]—'f 1. In

particular, the sequence (|D2 fr1(£2)) is bounded as well as the sequence (| fx(x;)]),

foreveryi =1, ..., N. Now we are going to modify ( f) to obtain a new sequence

(f~k) - LIIOC(Q) that is still minimizing but in €2 is locally uniformly bounded.
There are two cases to be considered:

(a) N 2 3 and there are three points x;,, X;,, Xi; € {x1, ..., xy} such that x;, — x;,
and x;; — x;, are linearly independent.

(b) either N = 0 or all the points x; are on a line {tv +c: 1 € R} C RR?, for some
v € R?\{0} and ¢ € R.

We treat the two cases separately.

Case (a). In this case no modification is needed, indeed we show that ( f;) is locally
uniformly bounded in €2. Take a compact set K C . For ¢ := ldist(K , 082) we
select points go, g1, ..., gm € K such that K C U;B.(q;), then curves y; C Q2
joining ¢ to go, and finally curves y; € Q joining x; to go. Let

M M N
K = UEg(qj) U U y;j U U)’),
i=0 =1 i=1

Then U; {x;}UK C K’ C ©, and K’ is compact and connected. Therefore, to prove
uniform boundedness of (f;) on K, we can assume with no loss of generality that
all points x; belong to K and that K is connected.

Now we take § € (0, 1) small enough so that Q" := Bys(K) satisfies Q C Q.
Hence Q' is a connected domain. We show now that €’ is a (bounded) John domain,
then Q' satisfies Poincaré inequalities, by [7, Lemma 3.1 and Theorem 5.1] and the

trivial inequality
q 1/q
(Flr—f, e
o4 %

1/q
§2( |f—a|‘1d$2> for every a € R
Q/

that holds forevery f € L'(Q')and g € [1, o0). Fix any py € K. We have to show
that there exist 0 < @ < B such that for every p € Q/, there exists a rectifiable
curve y : [0,1(y)] — ', parametrized by arc length, joining p to po and such
that /(y) < B and

dist(y (1), 9 > % for every € [0, [(y)]. (4.13)

To prove this, notice first that there exists 8/ > 0 such that for every p € K,
there exists rectifiable curve y, parametrized by arc length, joining p to pg, with
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image contained in Bs(K) € Q' and length bounded by B’. This follows from the
connectedness of Bs(K) and the compactness of K (simply take a finite covering
of K of balls of radius § and centre in K and consider the rectifiable curves with
image in Bs(K) joining the centres of these balls); also, y satisfies (4.13) with
a := 8. Then the claim for arbitrary p € @’ follows: indeed, for any p € Q'\K,
p € Bas(g) withg € K, then we join the radial curve connecting p to g to the curve
connecting ¢ to po obtained as before and we have that [(y) < 28 + 8’ =: B and
moreover y still satisfies (4.13) (with @ = § as before): indeed, for ¢ € [0, |p —q]],

t
226

p—ql = ly)

whereas for ¢t € [|p — g/, [(y)], (4.13) follows as before.

Take also ¥ € CSO(RZ) such that suppy € €' and ¥ = 1 on a neigh-

bourhood of K. By Proposition 1.11 and standard calculus rules, the sequence
(IDz(w fk)I(Rz)) is bounded, where fk fx — gk with gy suitable affine perturba—
tion. Therefore, by [11, Proposition 3.1] and the compactness of support of fk,
we have that ¢ fk are uniformly bounded in LOo (R?), in particular fk are uniformly
bounded in L°°(K). Now, as |gi(x;)| = | fk (xi) — f(x;)| are bounded for every
i =iy, i2, i3, it is easy to infer, by the assumption in (a) that the perturbations g
are uniformly bounded. Hence || fi || (k) is bounded and, since K is arbitrary, the
claim follows by weak compactness.
Case (b). If N < 2, there is an affine function f, with fi(x;) = y; for all i, and
therefore F, f A f«) = 0. We can therefore assume N = 3. Let vt be a unit vector
orthogonal to v, and choose ¢ € (0, 1) sufficiently small that xp := x; + svt € Q.
Define

dist(y (1), 9Q) =26 — |p —q| +1 = 25

. 1
Fe) 1= fiex) = — filxo) (x = x1) - vt

As F(fi) = FP(fr), this is also a minimizing sequence, with the additional
property that fi (xo) = O for all k. The conclusion follows then from the argument
of the previous case. O

4.2. Proof of the main results

Having proved the results in Section4.1, Theorems 4.1 and 4.2 follow in a
immediate, classical way.

Proof of Theorem 4.1. The statement is proved by the direct method of calculus of
variations, by Lemma 4.8 and Lemma 4.9. O

Proof of Theorem 4.2. Let A.:=4m. We argue as in Proposition 4.4, starting from a
minimizer f of F. )L] granted by Theorem 4.1. We modify f subtracting ), (f (x;)—
vi)gi where this time g; are rescaled cut cones (see (4.3)), in such a way that

fo=rf=) (&) =g
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has a perfect fit with the data. Since |D% gil (R2) = 47 (recall e. g. Lemma 4.3), one
has

FLNH) S IDTFIR) £ IDTAIQ) + ) IDTeil (R f (xi) — yil

=7 ().

This, taking the inequality .7-';’1 < féél into account, proves that f is a minimizer

of]-')%’1 forany A = A.. O
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