EQUIVARIANT Q-SLICENESS OF STRONGLY INVERTIBLE KNOTS

ALESSIO DI PRISA AND OGUZ SAVK

ABSTRACT. We introduce and study the notion of equivariant Q-sliceness for strongly invertible
knots. On the constructive side, we prove that every Klein amphichiral knot, which is a strongly
invertible knot admitting a compatible negative amphichiral involution, is equivariant Q-slice in a
single Q-homology 4-ball, by refining Kawauchi’s construction and generalizing Levine’s uniqueness
result. On the obstructive side, we show that the equivariant version of the classical Fox—Milnor
condition, proved recently by the first author in [DP24], also obstructs equivariant Q-sliceness.
We then introduce the equivariant QQ-concordance group and study the natural maps between
concordance groups as an application. We also list some open problems for future study.

1. INTRODUCTION

A knot K C S3 is called invertible if K is isotopic to its reverse —K. Similarly, K is said to
be negative amphichiral if K is isotopic to the reverse of its mirror image —K. When the isotopy
maps p and 7 are further chosen to be involutions (see §2.1), the pairs (K, p) and (K, 7) are called
strongly invertible and strongly negative amphichiral, respectively.

The search for sliceness notions for strongly invertible and strongly negative amphichiral knots
dates back to the nineteen-eighties. In his influential article [Sak86], Sakuma introduced the notion
of equivariant sliceness for strongly invertible knots, by requiring them to bound equivariant disks
smoothly and properly embedded in B*. Cochran and Kawauchi first observed the Q-sliceness for
the figure-eight knot and the (2, 1)-cable of the figure-eight knot, respectively, in the sense that
these knots bound disks smoothly properly embedded in some Q-homology 4-balls. Kawauchi’s
observation appeared in an unpublished note [Kaw80], and Cochran used the earlier work of Fin-
tushel and Stern [FS84], which was never published. Later, Kawauchi [Kaw09] proved his famous
characterization result, showing that every strongly negative amphichiral knot is Q-slice. See §1.2
for more details.

The main objective of this article is to merge the concepts of equivariant sliceness and Q-
sliceness and to introduce the study of equivariant Q-sliceness. We call a strongly invertible knot
(K, p) equivariant Q-slice if K bounds an equivariant disk smoothly properly embedded in a Q-
homology 4-ball (see §2.2). We primarily work in the smooth category, but we highlight the results
when they are applicable to the topological category.

1.1. Fundamentals. Combining these two notions leads us to study the relations between knot
symmetries and introduce a specific type of symmetry, which we call Klein amphichirality. A Klein
amphichiral knot K C S% is a triple (K, p,7) such that the strongly invertible involution p and
strongly negative amphichiral involution 7 commute with each other. This explains the motivation
behind the name (see §2.2 for more details), since the maps p and 7 together generate the Klein
four group in the symmetry group of the knot:

Dy =7/27 x Z./2Z < Sym(S® K).

Our first theorem provides a refinement of Kawauchi’s characterization of the Q-sliceness of
strongly negative amphichiral knots. Kawauchi constructed a Q-homology 4-ball Vi in which
(K, ) is slice a priori depending on the given knot. However, Levine [Lev23] surprisingly proved
that such manifolds Vi are actually all diffeomorphic to a single Q-homology ball V', called the
Kawauchi manifold. Moreover, our theorem also extends Levine’s crucial result to the equivariant
case, showing that the pairs (V, pg ), corresponding to a Q-homology 4-ball for a Klein amphichiral
knot (K, p, T), is also unique.
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Theorem A. Let (K, p,7) be a Klein amphichiral knot. Then (K, p) is equivariant Q-slice. In
fact, (K, p) bounds a slice disk in the Kawauchi manifold V' which is invariant under an involution

pr of V, extending p. Moreover, the involution px does not depend on (K, p,7) up to conjugacy
in Diff(V'), where Diff(V') denotes the diffeomorphism group of V.

Inspired by the earlier work of Cochran, Franklin, Hedden, and Horn [CFHH13], we provide
a fundamental obstruction, which was already shown in [DP24] to obstruct equivariant sliceness.
It is an equivariant and rational version of the Fox—Milnor condition, which plays a key role in
comparing the notions of Q-sliceness and equivariant Q-sliceness. It is sufficient to obstruct well-
known strongly invertible Q-slice knots from being equivariant Q-slice, including the figure-eight
knot, (see §2.5 for more details). Here, a topologically equivariant Q-slice knot is a strongly invertible
knot in S® that bounds a properly and locally flatly embedded disk in a Q-homology 4-ball, which
is invariant under a locally linear involution, see [MP23] and cf. §2.2.

Theorem B. If (K, p) is topologically equivariant Q-slice, then its Alexander polynomial A (t)
is a square.

Note that every Klein amphichiral knot is clearly strongly positive amphichiral, i.e., isotopic
to its mirror image via an involution. Furthermore, it is well known from the classical result of
Hartley and Kawauchi [HK79] that the Alexander polynomial of a strongly positive amphichiral
knot is square. Therefore, it is interesting to compare Theorem A with Theorem B, see Problem A.

1.2. Applications. Using our main theorems in §1.1, we further investigate the natural maps
between concordance groups. To do so, we introduce the equivariant Q-concordance group 5@ (see
§2.3) by analyzing the equivariant Q-concordance classes of strongly invertible knots.

Recall that two knots in S3 are said to be concordant if they cobound a smoothly properly
embedded annulus in 2 x [0, 1]. The set of oriented knots modulo concordance forms a countable
abelian group, namely the concordance group C, under the operation induced by connected sum.
The trivial element in C is formed by the concordance class of the unknot. The knots lying in
this concordance class are the so-called slice knots, and they bound smoothly properly embedded
disks in B*. The concordance group and the notion of sliceness were defined in the seminal work
of Fox and Milnor [FM66]. Since then, they have been very central objects of active research in
knot theory and low-dimensional topology, see the survey articles [Liv05, Hom17, Sav24]. Cha’s
monograph [Cha07] systemically elaborated the Q-concordance of knots and the Q-concordance
group Cg. Recently, there has been a great deal of interest in these concepts as well, see [KW18,
Mil22, HKPS22, Lev23, Lee24].

In [Sak86], Sakuma introduced the equivariant concordance group C by studying strongly in-
vertible knots under equivariant connected sum. It is again known to be countable, but until the
recent works [DP23, DPF23b], the structure of C was completely mysterious. Unlike C, it turns out
that C is non-abelian and in fact non-solvable. The comprehensive study of C and its invariants
have been the subjects of various recent articles [Wat17, BI22, DMS23, HHS23, MP23].

Considering four concordance groups and their natural maps, we therefore have the following
commutative diagram. Since two concordant (resp. equivariant concordant) knots are Q-concordant
(resp. equivariant Q-concordant), we have the surjective maps ¢ and W. Moreover, f and fg are
both forgetful maps, forgetting the additional structures.

5L>C~Q

fl . I

C%CQ

Using the new characterization in Theorem A, we show that the kernel of the map W has
a rich algebraic structure. Our constructions use certain Klein amphichiral Turk’s head knots
Jn = Th(3,n), which are defined as the braid closures of the 3-braids (o102 1) (see [DP$24] and
§2.4 for more details). For the obstructions, we rely on the moth s introduced in [DPF23a] and on
the application of Milnor invariants to equivariant concordance, as described in [DPF23b].
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Theorem C. There exists a nonabelian subgroup J of Ker(¥) such that its abelianization J ab g
isomorphic to Z*°. Moreover, the image of J under f is a 2-torsion subgroup of C.

Using the fundamental obstruction in Theorem B, we are able to prove another interesting
result about equivariant knots. Here, the constructive part follows from Cha’s result (see §2.5).

Theorem D. There exists a subgroup K of Ker(fp) which surjects onto (Z/27Z)>.

Previously, the other maps in the above diagram have been studied extensively. In [Cha07], Cha
showed that Ker(v) has a (Z/27)% subgroup, generated by non-slice amphichiral knots, containing
the figure-eight knot (see §2.5). Recently, Hom, Kang, Park, and Stoffregen [HKPS22] proved that
(2n — 1,1)-cables of the figure-eight knot for n > 2 generate a Z° subgroup in Ker(1)).

On the other hand, Livingston [Liv83] (cf. [Kim23]) proved that the map § is not surjective,
exhibiting knots which are not concordant to their reverses. This result was later improved in the
work of Kim and Livingston [KL.22], by showing the existence of topologically slice knots which are
not concordant to their reverses. More recently, Kim [Kim23] showed the existence of knots that
are not Q-concordant to their reverses, showing that also the map fg is not surjective.

Potential counterexamples to the slice-ribbon conjecture based on certain cables of (Q-slice knots
were recently eliminated by the work of Dai, Kang, Mallick, Park, and Stoffregen [DKM™24]. The
core example was the (2, 1)-cable of the figure-eight knot K = 4, denoted by K3 ;. Their strategy
for obstructing the sliceness of a knot K was to show that its double branched cover bounds no
equivariant homology 4-ball, remembering the data of the branching involution. This is closely
related to the doubling construction (see §2.4) by means of the Montesinos trick which provides
the diffeomorphism X5(K21) = S3,(K#K). More precisely, this diffeomorphism identifies the
branching involution on X9(K>1) with the involution on surgered manifold S%,(K#K), induced
from the strong inversion on K#K. More obstructions were recently obtained by Kang, Park, and
Taniguchi [KPT24].

Both Q-slice and strongly invertible knots have been the subject of interesting constructions
of 3- and 4-manifolds. For example, Q-slice knots were used to exhibit Brieskorn spheres, which
bound Q-homology 4-balls but not Z-homology 4-balls, see the articles by Akbulut and Larson
[AL18] and Savk [Sav20]. Another instance was the work of Dai, Hedden, and Mallick [DHM23],
which used strongly invertible slice knots to produce infinite families of new corks. More recently,
Dai, Mallick, and Stofferegen [DMS23] provided a new detection of exotic pairs of smooth disks in
B* by relying on strong inversions of slice knots in S3.

1.3. Open Problems. Finally, we would like to list some basic open problems for the future
study of the new group Cg and the behavior of its elements. The first problem aims to measure
the difference between Theorem A and Theorem B.

Problem A. Is every equivariant Q-slice knot equivariant concordant to a Klein amphichiral knot?
The second problem concerns the structure of C~Q, and we expect affirmative answers to both.

Problem B. Is 5@ non-abelian? Is CN(@ non-solvable?

The other problem is about the potential complexity of equivariant Q-slice knots. Following the
paper of Boyle and Issa [BI22], recall that given a strongly invertible knot (K, p), the equivariant
4-genus gy of K is the minimal genus of an orientable, smoothly properly embedded surface S ¢ B*
with boundary K for which p extends to an involution p : (B*,S) — (B*,S). Previously, using
Casson-Gordon invariants, Miller [Mil22] proved that there are Q-slice knots with arbitrarily large
g4, namely the classical smooth 4-genus.

Problem C. Are there equivariant Q-slice knots with arbitrarily large g47

Theorem B provides a first obstruction to equivariant Q-sliceness, which can be seen as a first
algebraic concordance obstruction in this setting. We would like to ask whether it is possible to
define other obstructions and invariants, similar to the ones obtained in [Lev69a, Lev69b, Cha07,
DP24]. See also Remark 6.
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Problem D. Can we define a notion of equivariant algebraic Q-concordance?

The knot Floer theoretic invariants have had several important applications to the study of knot
concordance, see Hom'’s surveys [Hom17, Hom23] for more details. The two famous invariants — 7
and € — are also known to be Q-concordance invariants. More recently, Dai, Mallick, and Stoffregen
[DMS23] also provided several equivariant concordance invariants using knot Floer homology. As
a final problem, we would like to ask:

Problem E. Can we define equivariant Q-concordance invariants using knot Floer homology?

Organization. In §2, we study equivariant Q-concordances in the broad perspective. We review
symmetries of knots and introduce the notion of Klein amphichirality in §2.1. Then, in §2.2,
we prove Theorem A. Next, we introduce the equivariant Q-concordance group in §2.3. In §2.4,
we construct equivariant QQ-slice knots by using Klein amphichiral Turk’s head knots. Finally,
we prove Theorem B in §2.5, and give examples of non-equivariant Q-slice knots. We close the
section by proving Theorem D. In §3, we particularly work on the obstructions. After discussing
preliminary notions such as weighted graphs, Gordon-Litherland forms, and moth polynomials, we
show independence of certain equivariant Q-slice knots in C. We finally prove Theorem C.

Acknowledgments. Our project started during the events Winter Braids XIII in Montpellier and
Between the Waves 4 in Besse, so we would like to thank the organizers of both meetings. We are
also grateful to Leonardo Ferrari for the useful discussions on hyperbolic knot symmetries. Finally,
we would like to thank the anonymous referee for their careful assessment and invaluable feedback.
The second author was supported by the CNRS postdoctoral fellowship at the Laboratoire de
Mathématiques Jean Leray in Nantes Université, France.

2. EQUIVARIANT Q-SLICENESS AND Q-CONCORDANCE

2.1. Symmetries of Knots and Klein Amphichirality. Following Kawauchi’s book [Kaw96,
§10], we consider the following important symmetries of knots. Furthermore, we use the resolution
of the Smith conjecture [Wal69, MB84] to identify the fixed point set of a given involution, denoted
by Fix(-). We also set the notation Diff(-) (resp. Diff"(-)) for the group of diffeomorphisms (resp.
orientation-preserving diffeomorphisms) of a manifold, and Diff ~ () = Diff(-) \ Diff " (*), i.e., the set
of orientation-reversing diffeomorphisms of a manifold.

Definition 2.1. A knot K in S? is said to be:

e invertible if there is a map p € Diff"(S3) such that p(K) = —K. If p is further an
involution, then (K, p) is called strongly invertible. In this case, we have Fix(p) = S! and
Fix(p) N K = S°. Moreoever, the knots (K, p) and (K', p') are called equivalent if there is
amap f € Diff*(S%) such that f(K)= K'and fopo f~' =p~L.
e negative amphichiral if there is a map 7 € Diff ~(S?) such that 7(K) = —K. If 7 is further
an involution, (K, ) is called strongly negative amphichiral. In this case, we have either
Fix(1) = S° or Fix(7) = S2.
e positive amphichiral if there is a map § € Diff ~(S%) such that §(K) = K. If § is further
an involution, then (K, J) is called strongly positive amphichiral. In this case, we have
Fix(1) = S°.
e n-periodic if there is a map 0 € Diff*(S3) such that §(K) = K, Fix(§) N K = () and 0 is
period of n, i.e., n is the minimal number so that §" = id € Diff *(S3). If Fix(0) = S* (resp.
Fix(0) = 0), then we say that (K, 0) is cyclically periodic (resp. freely periodic).
In order to compare the symmetries of knots in our new context, we introduce the following
crucial notion.
Definition 2.2. A knot K in S? is said to be Klein amphichiral if there exist two involutions
p, T : 8% — S3 such that
e (K, p) is strongly invertible,
e (K, 7) is strongly negative amphichiral,
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FIGURE 1. From left to right: strongly positive amphichiral, strongly negative amphichiral
and strongly invertible symmetries on 10123. In the first two cases, the involution is given
by the m-rotation around the blue dot composed with the reflection along the plane of the
diagram. The third symmetry is given by the m-rotation around the red axis.

.pOT:’TOp,

9The symmetry group of a knot K in S3, which is denoted by Sym(S?3, K), is defined to be the
mapping class group of the knot exterior S\ v(K), see [Kaw96, §10.6]. Denote by Sym™ (53, K)
the subgroup consisting of orientation-preserving maps. Observe that since the maps 7 and p of a
Klein amphichiral knot commute, they together generate the Klein four group

Dy = 7./27. x 7./27Z,

hence the composition map 7 o p is a strongly positive amphichiral involution for K. See Figure 2
for an example of a Klein amphichiral knot.
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Fi1cURE 2. Klein amphichiral symmetry on 10123: p is given by a w-rotation around the red
axis, while 7 is the point reflection around the two blue points.

Remark 1. Notice that there exist four kinds of Klein amphichiral symmetries, distinguished by
the fixed point sets of p and 7:

(1) Fix(7) = 52, and Fix(p) is contained in Fix(7),

(2) Fix(r) = S and Fix(7) is contained in Fix(p),

(3) Fix(7) = S?, and Fix(7) intersect with Fix(p) in two points,

(4) Fix(r) = S° and Fix(7) is not contained in Fix(p).
One can check that the first two cases can only be realized by the unknot. In the third case, a
Klein amphichiral knot has to be of the form K = J#J~! for some DSI knot J, so it is equivariant
slice, which we will regard as the trivial case. Therefore, from now on, we will always assume that
the symmetries fall in the forth case, which is the only interesting case.
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Remark 2. The recent work of Boyle, Rouse, and Williams [BRW23] provided a classification result
for symmetries of knots in S3. In their terminology, a Klein amphichiral knot corresponds to a
Dy-symmetric knot of type SNASI-(1).

A knot K is called hyperbolic if the knot complement S® \ v(K) admits a complete metric
of constant curvature —1 and finite volume. Now, we recall the following proposition relating
the symmetries of hyperbolic knots with their symmetry groups. The uniqueness holds up to
equivalence discussed in §2.4.

Proposition 2.3. Let K be a hyperbolic, invertible, and negative amphichiral knot in S3. Suppose
that Sym(S3, K) = D, with m odd, where D,, is the dihedral group with 2n elements. Then K
admits a unique strongly invertible involution p and a strongly negative amphichiral involution T
such that (K, p,7) is Klein amphichiral.

Proof. Let K be a hyperbolic, invertible and negative amphcheiral knot in S3. Since K is a
hyperbolic knot, by the work of Kawauchi [Kaw79, Lemma 1], we have a pair of strongly negative
amphichiral and strongly invertible involutions 7, p € Sym(S?3, K) for the knot K. As K is both
strongly negative amphichiral and strongly invertible, we know that Sym(S3, K) = Ds,, for some
m, due to the result of Kodama and Sakuma [KS92, Lemma 1.1].

Now, assume that Sym(S®, K) = Dy, = (s,t | t*™ = 52 = 1, sts = t ') with m odd. It is a well-
known fact that the involutions of Da, split into three conjugacy classes, namely {t™}, {st%}o<i<m
and {st2i+1}0§i<m. Since 7 and p are, respectively, orientation reversing and preserving, they are
not conjugate. If one of them corresponds to ¢, which is central, then they commute. Otherwise,
they lie respectively in {st*}o<i<m and {st**1}o<i<m (or vice versa). By changing p and 7 with
some conjugates, we can suppose 7 = st and p = st%’ so that 2i =1 mod m (which exists since m
is odd). It is now easy to check that po7 = 70 p = t™, where t™ is a strongly positive amphichiral
involution. Therefore, (K, p,7) is Klein amphichiral. O

Now we fix a standard model for the Klein amphichiral symmetry. To do so, we can think of
83 = {(z,w) € C?| |2|? + |w|?* = 1}. Now consider p and 7 to be the following involutions

p:8% =83 (z,w)— (—zw),
7:8% = S (z,w) — (Z,—w).
so that
(poT)(z,w) = (=2, —w) = (7 0 p)(z, w).
According to [BRW23], up to conjugation in Diff 7 (S3), we can always suppose that the Klein

amphichiral symmetry is given by the action of p and 7 above. Then the fixed point sets of these
involutions are given by

Fix(p) = {(0,w) | w € 5'},
FiX(T) == {(:l:l,O)},
Fix(po 1) = {(+£i,0)}.

Let N,, N, and Njor be small equivariant tubular neighbourhoods of Fix(p), Fix(7), and
Fix(p o 1), respectively. Then we have:

e N, D?x S! and PN, = (—idp2,idg),

e N,NK ={(t z,w)|te[-1,1]} for some 20, 21, wp, wy € S,

e N, = B} U B3, where B}, is a small ball centered at &1 and Tpy, = — id,
e B3, NK={t-p|te[-1,1]} for some p € S?,

e Npor NK =1.

Let Y = S\ int(N, U N, U N, ). Observe that Y is simply a solid torus with four small balls
removed and that K N'Y consists of four arcs: two of the arcs connect ON,, to OB} and the other
two connect N, to B3, see Figure 3.
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F1GURE 3. The manifold Y, given by removing the fixed point sets.

Define Y =Y/ Dj to be the quotient of ¥ by the action of the Klein four group Ds. It is not
difficult to see that Y is a non-orientable 3-manifold with boundary, whose boundary components
are given as follows. In particular, one can see that Y = (RP? x I)i(RP? x I).

e a Klein bottle, which is the image of the toric boundary component of Y, denoted by A,
e two RP?’s, which are the images of N, and ON, por, respectively. Denote the image of N
by B.
In particular, one can see that Y 2 (RP? x I)j(RP? x I). Now, denote the image of K NY in Y by
K. Then K is a simple properly embedded arc in Y starting at A and ending in B, see Figure 4.

A<=

AN

PECLLLET T
“‘.- ea,

FIGURE 4. The quotient manifold Y. Both the upper and lower punctured disks are glued

to themselves by —id. In red, there is an example of an arc K going from the Klein bottle
boundary component to one RP? boundary component.

Define now
m(Y,A,B) = {y:10,1] = ¥ | 7(0) € A, 7(1) € B}/homotopy.

Notice that every class in m(Y, A, B) can be represented by a simple properly embedded arc.
Observe that any homotopy between two properly embedded arcs in Y connecting A to B is lifted
to an equivariant homotopy in Y. This can be closed up to an equivariant homotopy between
the corresponding Klein amphichiral knots in S? in the following way. Let v; be the lift of the
homotopy at time t. Then ~; is given by four proper arcs in Y invariant under the action of V. We
extend the homotopy over N, and N, following the local models described above. Observe that
v N AN, is given by 4 points: (zo,wo), (—20,wo), (21,w1), (—21,w1) € S* x S1. We connect then
the components of v; by adding the arcs (s - 29, wp) and (s - z1,w1), s € [—1,1] inside N,,.

Similarly, consider the intersection v, N N, which is given by four points p, —p € BBE)’H and
q,—q € 0B3,. Then the components of ; are connected by adding the arcs {s “Plsel-1,1] C Bil
and {s - q} se[-1,1] C B3,. In this way, we obtain an equivariant homotopy of Klein amphichiral
knots in S3.
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We can sum up the discussion above in the following lemma:

Lemma 2.4. The natural map
{Klein amphichiral knots}/equivariant homotopy — w1 (Y, A, B)
s a bijection.

In order to prove the refinement of Levine’s theorem given in Theorem A, the essential ingredient
is the following lemma.

Lemma 2.5. Every Klein amphichiral knot can be turned into the Klein amphichiral unknot by a
finite number of Ds-equivariant crossing changes.

Proof. Let Ky and K be two Klein amphichiral knots, and let Ky and K; be the corresponding
arcs in Y. Suppose that there exists a homotopy K, t € [0, 1] between Ko and K;. Then up to
a small perturbation, we can suppose that K; is a simple properly embedded arc connecting A to
B for all t € [0, 1] except for finitely many times, for which K; has a point of double transverse
self-intersection.

Let K3, t € [0,1] be the corresponding homotopy between Ky and K;. Then for all ¢, we have
that K; is a Klein amphichiral knot, except at finitely many times, for which it has some points
of double transverse self-intersection. Such double points either arise from the double points of K;
or they might come from the closing up procedure of the homotopy described above. Using the
notation in the discussion above, for example, it might happen that wy = wi, leading to a new
double point inside N, during the homotopy.

Thus, it suffices to show that 71 (Y, A, B) consists of a single point. For this purpose, pick two
points p € A and ¢ € B, and consider the set

m(Y,p,q) = {7:(0,1] =Y |4(0) = p, 7(1) = ¢} /homotopy.
Notice that since A and B are connected, the natural map
L 771(?7[)7 Q) - 7'['1(?, A) B)
induced by the inclusion is surjective. Observe then that
e both (A, p) and 71(B,q) act on 71(Y,p,q) by pre-composition and post-composition,
respectively,
e the image of a class under ¢ is not changed by the action of 71 (A, p) and 71(B, q).

This reduces our argument to show that the combined action of m (4, p) and (B, q) is transitive
on m1(Y,p,q), which is a consequence of the following two facts:

o T (Z, p) acts transitively on m1(Y,p, q) by pre-composition,

o m(Y) = (m(A), m1(B)).
Therefore, 71 (Y, A, B) = {*}, as we desired. O

2.2. The Equivariant Q-Slice Knots. An equivariant Q-slice slice knot is a strongly invertible
knot (K, px) in S% that bounds a disk D smoothly properly embedded in a Q-homology 4-ball (a
4-manifold having the Q-homology of B*) with an orientation preserving involution p : W — W
such that

0D =K,

cf. the conditions (3) and (4) below.

Recall that Kawauchi’s famous result [Kaw09, §2] provided a characterization for Q-slice knots,
showing that every strongly negative amphichiral knot is Q-slice. Now, we prove an equivariant
refinement of Kawauchi’s theorem by proving that every Klein amphichiral knot is equivariant
@Q-slice. This is essentially the first half of Theorem A.

=pk, and p(D)=D,

p|aw:s3

Proof of Theorem A, the 15 half. Let (K, p, ) be a Klein amphichiral knot in S3. By the resolution
of the Smith conjecture [Wal69, MB84] we can suppose that p,7 € O(4), hence we can consider
these maps as actions on D?.
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Let Xx be the O-trace of K obtained from D* by attaching a O-framed 2-handle along K C S3.
We can find a (p, 7)-invariant neighbourhood N(K) = S! x D? of K (see [Kan07, Theorems 3.5])
such that

e p(z,w) = (Z,W), for (z,w) € St x D?,
o 7(z,w) = (Z,—w) for (z,w) € St x D2

Therefore, we can extend p and 7 over the 2-handle D? x D? by using the obvious extensions
of the formulas above. Denote by Wy and @, respectively, such extensions to Xx. Denote the
core disk of the 2-handle by D = D? x {0}. Observe in particular that ¥y (D) = D.

Let DX = —Xg Uy Xg be the double of Xk, and let 7 be the orientation-preserving
involution on DX which exchanges Xx and —X i and simultaneously acts by applying ®x. In
other words, 7k is given by mapping = € + X to Pk (r) € FXgi. Let px be the involution which
acts separately by Ui on +Xg, i.e., which sends x € +Xg to Vg (z) € £Xg. Since p and T
commute, it is immediate to deduce that so do px and 7.

Notice 7 has no fixed points on DX, and hence the quotient Zx = DX /7 is a closed
oriented 4-manifold. Denote by 7 : DXk — Zi the quotient projection. Since px commutes
with 7x, we have an induced involution on the quotient Zg, which we denote by py. Let p be the
center of the 0-handle of Xy, which is fixed by Vg by assumption. Its image in Zk is again a
fixed point of px. By removing a small equivariant B* centered on 7x (p), we obtain an orientable
4-manifold Vi with OV = S3, namely the Kawauchi manifold, together with the restricted action
of Py

Denote by B, be the preimage in X of the ball removed from Zg. Let D’ C Xx — B, be the
disk obtained by gluing D with the product cylinder K x I going from 0B, to the boundary of
the 0-handle of Xg. In [Kaw09, Lemma 2.3, Theorem 1.1], Kawauchi proves that mx (D’) is a slice
disk for K in Vi, and Vi is a Q-homology 4-ball.

Observe that px(D") = D’ by construction, and hence py (7 (D’)) = mx(D’). This shows that
i (D') is actually an equivariant slice disk for (K, p) in (Vk,py ). Therefore, (K, p) is equivariant
Q-slice in the Kawauchi manifold V. ]

Due to its construction, a priori, the Kawauchi manifold Vx seems to depend on the strongly
negative amphichiral knot K. However, Levine [Lev23] proved that the Kawauchi manifold is a
unique manifold V' in the sense that all strongly negative amphichiral knots bound smooth disks
in V. Our proof extends Levine’s theorem to the equivariant case by showing that every Klein
amphichiral knot (K, p, 7) bounds an equivariant disk in (V,p), where p is an involution extending
p, which does not depend on K. Levine’s original proof [Lev23] has three main ingredients: a 5-
dimensional handlebody argument, an equivariant unknotting theorem of Boyle and Chen [BC24,
Proposition 3.12], and the equivariant isotopy extension theorem of Kankaanrinta [Kan07, Theo-
rem 8.6]. The first and last ingredients are essentially the same for our extended argument. In the
new setting, the second ingredient is replaced by Lemma 2.5.

Proof of Theorem A, the 2" half. We will closely follow [Lev23, §2]. First, consider the 5-manifold
Qx = Xk x [—1,1] with boundary
(Xrc x {=1}) U (S(K) x [1,1]) U (Xx x {+1}).
Then 0Qf is identified with DXg. Next, consider the involutions on Qg
Tk (z,t) — (Pr(x), —t)

oK (z,t) — (P (x),t),
which restrict to 7x and pgx respectively on DXg. We are now going to prove that for every
Klein amphichiral knot, the triple (Q g, px, Tx) is isomorphic to (Qu, pu, Tv), where U is the Klein
amphichiral unknot. From [Lev23, Proposition 2.3] we have that @k has a handle structure given
by one 0-handle D® and one 2-handle D? x D3, obtained by taking the product of the corresponding
handles for X with an interval. We can identify the 0-handle with D?, so that the involutions 7x
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and pg on it are given by
%K(l'b X2, X3, T4, :E5) = (:L'la —&2, —I3, —T4, _$5)7

Pk (T1, T2, T3, T4, T5) = (—T1, —T2, T3, T4, T5).
Since such actions on D° do not depend on K, we will denote them by 7 and p, respectively.
Moreover, we can suppose that the attaching circle for the 2-handle is K x {0} C S = dD>N{x5 =
0}. Similarly, we view the attaching circle of the 2-handle for Qy as U x {0}, contained in the
same manifold. By Lemma 2.5, there is a homotopy from K to U equivariant under the actions
of {p,7) on S3, which is an isotopy except for finitely many Ds-equivariant crossing changes. By
a small perturbation in the x5 direction, we can promote such a homotopy to a (p, 7)-equivariant
isotopy in S* taking K x {0} to U x {0}. According to the equivariant isotopy extension theorem
[Kan07], there exists an equivariant ambient isotopy of S* taking K x {0} to U x {0}. Moreover,
following the discussion in [Lev23, Proposition 2.3], such an isotopy maps the framing of the 2-
handle defining )k to the one producing ;. Therefore, this isotopy extends to a diffeomorphism
F: Qg — Qu such that FoTg =7y o F and F o pig = py o F. By restricting this diffeomorphism
on the boundaries of Qx and @y and taking the quotient by Tx and 7y respectively, we obtain an
induced diffeomorphism between the pairs (Zx, px) and (Zy, pr), which completes the proof. [

2.3. The Equivariant Q-Concordance Group. A direction on a given strongly invertible knot
(K, p) is a choice of oriented half-azis h, i.e. the choice of an oriented connected component of
Fix(p) \ K. We will call a triple (K, p, h) a directed strongly invertible knot (a DSI knot in short).

We say that two DSI knots (K, po, ho) and (K71, p1, ho) are equivariantly isotopic if there exists
and ¢ € Diff (S93) such that ¢(Ky) = K1, popg = prop and ¢(hg) = hy as oriented half-axes. Given
two DSI knots (Ko, po, ho) and (K1, p1, ho), we may form equivariant connected sum operation #,
introduced by Sakuma [Sak86, §1]. This yields a potentially new DSI knot (KO%LKl, po#pl, ho#hl)
whose oriented half-axis starts from the tail of the half-axis for Ky and ends at the head of the
half-axis for K7, see Figure 5.

FIGURE 5. An example of equivariant connected sum.

Let (Ko, po, ho) and (K1, p1,h1) be two DSI knots in S2. We call (Ko, po, ho) and (K p1,h1)
equivariant Q-concordant and denote it by

(Ko, po, ho) ~q (K p1,h1)
if there is a pair of smooth manifolds (W, A) satisfying the following conditions:
(1) W is a Q-homology cobordism from S? to itself, i.e., H,(W;Q) = H,(S3 x [0,1];Q),
(2) A is a submanifold of W with A = S! x [0,1] and A = —(Kp) U K1,
(3) There is an involution py : W — W that extends py and p;, and has py (A4) = A,
(4) Denote by F' the fixed-point surface of py. Then the half-axes hg, h; lie in the same
boundary component of F'— A and their orientations induce the same orientation on ' — A.
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Remark 3. Observe that if W as above is not a Z/27Z-homology cobordism then Fix(py ) might not
be an annulus. This implies that the equivariant Q-sliceness for a directed strongly invertible knot
is not equivalent to the equivariant Q-sliceness of its butterfly link (see Definition 3.9) or moth link
(see [DPF23b, Definition 5.2]), contrary to the non-rational case, as proved in [BI22, Proposition
4.2] and [DPF23b, Proposition 5.4]. As a consequence, several invariants obtained from these links,
such as the butterfly and moth polynomials, do not automatically vanish for equivariant Q-slice
knots (compare with the computations in Section 3.2).

As a natural extension of the equivariant concordance group C defined by Sakuma [Sak86, §4]
(see also Boyle and Issa [BI22, §2]), we introduce the equivariant Q-concordance group Cg as

5@ = ({DSI knots in 5’3} / ~q, %ﬁ) :
We have the following main properties:

e The operation is induced by the equivariant connected sum #

e The identity element is the equivariant Q-concordance class of the unknot (U, py, hy)', see
Figure 6.

e The inverse element for (K, p, h) is given by axis-inverse of the mirror of K, i.e., (K, p, —h).

FIGURE 6. The DSI unknot.

2.4. A Construction for Equivariant Q-Slice Knots. In this subsection, we construct exam-
ples of equivariant Q-slice knots. We now introduce the first family of examples which are obtained
by using the following doubling argument.

Given an oriented knot K, its double v(K) is the DSI knot obtained by K#r(K), (where r(K)
is the reverse of K, i.e. the same knot but oppositely oriented) with the involution p that exchanges
K and r(K) (namely the m-rotation around the vertical axis in Figure 7. The direction on t(K) is
given as follows: the connected sum can be performed by a suitable band move along a grey band
B where Fix(p) N B is the half-axis h. Here, h is oriented as the portion of B lying on K.

FIGURE 7. The DSI knot v(K) with the solid chosen half-axis.

As proven by Boyle and Issa [BI22, §2], v defines an injective homomorphism t: C — C. The
same argument actually shows that v also induces a homomorphism tg : Cp — Cg (not necessarily
injective), which fits into the following commutative diagram

IThe unknot U in S® has a unique strong inversion, see [Sak86, Definition 1.1, Lemma 1.2].
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c—* ¢

oo b
C@ & 5@.

Therefore, the first family of DSI knots are trivial in the sense that they lie in the Ker(®) and
are simply given by the image of Ker(¢)) under .

It is known that the algebraic structure of Ker(t)) is very complicated. In particular, Ker(v)
contains a Z* @ (Z/2Z)> subgroup due to the work of Cha [Cha07] and Hom, Kang, Park, and
Stoffregen [HKPS22].

At the moment, the structure of C is quite mysterious. In [DP23] Di Prisa proves that C is
non-abelian and together with Framba in [DPF23b] that C is also non-solvable. He also observes
in [DP24, Corollary 1.16] that the equivariant concordance group splits as the following direct sum

C = Ker(b) & t(C),

where Ker(b) is the subgroup of C formed by DSI knots K such that their 0-butterfly links LY(K)
(see Definition 3.9 and [BI22]) have slice components (but they are not necessarily slice as links).
Now, we construct the non-trivial examples of equivariant Q-slice knots in S3. Let

J={neN|n>1landn#0 mod 3}.

We can write
J =TJeven UToaa = {n € J | niseven} U{n € J | nis odd}.

Definition 2.6. For n € J, the Turk’s head knots J, = Th(3,n) are defined as the 3-braid closures

In = (01027 1)"

)

where a single 3-braid o109~ ! is depicted as follows:

N
g

The Turk’s head knots J,, are known to be alternating, cyclically n-periodic, fibered, hyperbolic,
prime, strongly invertible, strongly negative amphichiral, see the recent survey paper [DP$24].
Using Knotinfo [LM24] and Knotscape [HT24], we can identify the Turk’s head knots .J,, with
small number of crossings. In particular, we have
Jo =41, Ju=8i1g, J5 = 10123, J7 = 14a19470, and, Jg = 164275159.

We will need the following three important properties of J,. Their symmetry groups were
computed by Sakuma and Weeks [SW95, Proposition 1.2.5]. The recent work of AlSukaiti and
Chbili [AC24, Corollary 3.5, Proposition 5.1] provided their determinants and the roots of their
Alexander polynomials. For more references, one can consult the survey [DP$S24].

(1) For a fixed value of n, we have
Sym(53, Jn) = Dgn)

where Dy, = Z/mZ x 7 /27 denotes the dihedral group of 2m elements.
(2) Let Ly denote the k™" Lucas number.? Then we have

det(Jn) = AJn(—l) = LQn — 2

2The Lucas numbers are defined recursively as Lo =2,L1 =1, and Ly = Lix—1 + Li—2 for k > 2.
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(3) The roots of the Alexander polynomial A, (t) are of the form:

1 2 2 2
Z=—= QCOS(kTF)—lzI:\/<2COS(k7T)—1) —4)7
2 n n

with 1 <k < |[n/2].
In the following proposition, we explicitly determine the number of strong inversions for the
Turk’s head knots J,.

Proposition 2.7. The Turk’s head knot J, has at most two inequivalent (i.e. not conjugate in
Sym™(S3,.J,,)) strong inversions, say p1 and pa. In particular,
e if n € Joad, then the strong inversion is unique and J, is Klein amphichiral,
® if n € Joven, then J, has exactly two inequivalent strong inversions, which are conjugated
by an element of Sym(S3,.J,).

Proof. According to [Sak86, Proposition 3.4] J, admits at most two inequivalent strong inversion,
since it is invertible, amphichiral and hyperbolic. More precisely, Sakuma proved that the followings
are equivalent:

e J, admits a period 2 symmetry,
e p; and po are not equivalent.

Since by property 1 we have Sym(S3, .J,,) & Dy, and n is odd, we know that we only have three
conjugacy classes of involutions in Sym(S?, J,). By Proposition A these classes are exactly given
by a strongly inversion p and a strongly negative and positive amphichiral involutions 7 and 4. In
particular, J,, cannot admit a period 2 symmetry (cf. [KS92, p. 332]). In Figure 8 we can explicitly
see that the maps 7 and p commute. Therefore, p is the unique strong inversion.

On the other hand, if n is even, then J,, admits an obvious a period 2 symmetry, which can be
seen, for example from the braid description in Definition 2.6. Therefore, p; and ps are inequivalent

strong inversions. O
L 4
I I
(o105 )k (0105 )F
HE HE
..... — «a 15} ...
HE HE
(03 1)k (03 o1)*
I I
L 4

FiGURE 8. The Turk’s head knot .J,, for n odd. If n = 4k + 1 then a = 01 and 3 = 02_1,
while for n = 4k — 1 we have a = 02 and 8 = o] ! Its Klein amphichiral symmetry is

represented in Figure 2.

Remark 4. We fix here the choice of direction on J, for n odd. We will always consider J, as a
DSI knot with the involution p given by the m-rotation around the red axis in Figure 8 and the
chosen half-axis h is the bounded one in the figure, oriented from left to right. In the following,
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we will omit to recall these choices. Observe that the strongly negative amphichiral involution
7 (see 8) maps the DSI knot (J,,,p,h) to (Jn,p, —h'), where —h' is the complementary half-axis
endowed with the opposite orientation. Therefore, while in general these choices would be relevant
for the computations in Section 3, in this specific case, changing the DSI structure would change

the invariants computed in Section 3 at most by a sign.
Corollary 2.8. If n € Joda, then the Turk’s head knots J, are equivariant Q-slice.

Proof. We know that each J,, is strongly negative amphichiral. Since n € J,q4, by Proposition 2.7,
each knot (J,, p, 7) is Klein amphichiral. Then from Theorem A we know that (J,, p) is equivariant
Q-slice. O

Remark 5. Let ged(p,q) = 1. If p and ¢ are both odd integers, then the Turk’s head knots T'h(p, q)
are strongly invertible and strongly negative amphichiral, see [DP$S24, §3.4]. A positive answer to
[DPS24, Conjecture B] would also prove that the knots Th(p, q) are all equivariant Q-slice.

2.5. An Obstruction for Equivariant Q-Slice Knots. In this subsection, we prove an equi-
variant rational version of the classical Fox—Milnor condition, which is a generalization of the result
by Cochran, Franklin, Hedden, and Horn [CFHH13, Proposition 4.5]. Here, we normalize the
Alexander polynomial of a knot K such that

AK(l) =1 and AK(t) = AK(til).

Now, we prove Theorem B, claiming that the Alexander polynomial of an equivariant Q-slice
knot must be square.

Proof of Theorem B. Suppose that (K, px) bounds a locally flat slice disk D C W in a Q-homology
4-ball W and let p be a locally linear involution on W extending py such that p(D) = D. Let
Wp = W\ N(D) be the complement of a tubular neighbourhood of the slice disk D (see [FNOP25,
§5] for the existence), and let W, py = W — p(N(D)). Denote the inclusion of the boundary by
i:0Wp = S3(K)— Wp.

Since H1(Wp;Q) = H1(S* x B3;Q), we have Hy(Wp;Z)/torsion = Z. Let

¢:m(Wp)—7Z

be the projection map on the homology modulo torsion. Given a space X and a map € : m1(X) —
Z = (t) we denote by H.(X,¢) the integral homology of X twisted by €, which is naturally a
Z[t*]-module. By [CFHH13, Proposition 4.6], the order of Hy(S3(K), ¢ 0i) is Ag(t") where n is
the complexity of the slice disk, i.e., the absolute value of the element represented by a meridian
of D in H;(Wp;Z)/torsion = Z. Let M be the kernel of

iv: Hi(S3(K),¢0i) — H(Wp, ),

and denote its order by f(¢). Then, by using [CFHH13, Proposition 4.5], we see that Ax(t") =
f@&)f(t1). Now, recall that W — D retracts by deformation onto Wp, hence we can see p, as
acting on w1 (Wp). Observe that ¢ o p, = (—id) o ¢ as follows:

7T1(WD) L

Z
T (WD) L Z,

Therefore the order of p(M) is f(¢t!). Finally, we see similarly as in [MP23, Proposition 4.1]
that
M = ker(HI(Sg(K)vd)o Z) - HI(WD7¢)) = Hl(SS)(K):¢ © ’L) - Hl(Wp(D)7¢) - p(M)

and hence f(t) = f(t~'). Therefore Ag (t") is a square. In turn, this implies that Ag(t) is also a
square. ]
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Using the equivariant Fox-Milnor condition in Theorem B, we now prove that the other half of
the knots J, are not trivial in Cq.

Proposition 2.9. If n € Jeven, then the Turk’s head knots J, are not equivariant Q-slice.

Proof. 1t is a well-known fact that Lucas numbers satisfy the following equality:
(Ln)? = Loy + (-1)" - 2.

If n € Jeven, then det(J,) = Lo, — 2 = (Ly)? — 2 by the identity (2). Since the determinant is not
a perfect square, for an arbitrary n, J, is not equivariant Q-slice by Theorem B. (|

Generalizing Kirby calculus argument by Fintushel and Stern [FS84], in [Cha07, Theorem 4.14]
Cha exhibits a familiy of infinitely many Q-slice knots K, in 53, depicted in Figure 9. Since the
knots K, are clearly strongly negative amphichiral (see [Cha07, Figure 5]), Cha’s result can be
reproven by Kawauchi’s characterization. Note that K is the figure-eight knot.

_____ —nlF-------4n t----

FIGURE 9. The knots K,. The square box with the integer n (resp. —n) represents the
right-handed (resp. the left-handed) n full twists. The strong inversion is the w-rotation
around the dashed axis.

Now, we are ready to prove Theorem D, showing that Cha’s knots K,, are also not equivariant
Q-slice.

Proof of Theorem D. Assume that K, is equivariant Q-slice for each n > 1. By [Cha07, Theo-
rem 4.14]), we know that
Ag, (t) = —n?t" 14202 +1—n%t
Then we get
det(K,) = Ak, (—=1) =4n’ +1 = (2n?)? 4+ 1.
Then, by Theorem B, the determinant must be a square, which is a contradiction. Therefore, the
knots K, are not equivariant Q-slice.

Let H be the subgroup of Cgp spanned by K, for n > 1 (fix any choice of strong inversion and
direction on K,). Let K = %é‘“Km%é e %Laan“ where the equivariant connected sum is taken
with respect to any ordering of the knots.

Since the polynomials Ak (t) are quadratic, it is not difficult to check that they are pairwise
coprime. Therefore, Ag(t) is a square if and only if a; = 0 mod 2 for i« = 1,...,l. Hence, the
group H surjects onto (Z/27)°. O

Remark 6. One can easily check by using the so-called equivariant signature jumps homomorphism
Jy : C — Z introduced in [DP24 Definition 6.1] and by applying [DP24, Theorem 6.9] that the
knots K, span a subgroup of C which surjects onto Z*>°. As the classical Levine-Tristram signatures
provide invariants of Q-concordance (see [CK02]), we expect the maps Jy to factor through Cgp.

This would prove that the subgroup H C 5(@ described in the proof of Theorem D would actually
surject onto Z*°. Compare with Problem D.

3. PROOF OF THEOREM C

In this section, we recall some preliminary notions and we prove the intermediate results needed
in order to prove Theorem C.
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3.1. Weighted Graphs, Spanning Trees and Gordon-Litherland form. In this subsection,
we recall some useful results about the Gordon-Litherland form and graph theory.

Definition 3.1. A weighted graph T' = (V, E) is a simple graph with vertex set V' and edges E
with the additional data of a weight A = A\;j = Aj; € R, if there exists e € I connecting ¢,j € V.
If two vertices are not connected by an edge the weight is understood to be zero. We associate a
Laplacian matriz L(T') for each weighted graph by letting

Ay 0 i
D

Sk Nk if i =
In the following, we will denote by £(I';4) the square matrix obtained from L£(I') by removing the
i-th column and row.

Definition 3.2. Let I' = (V, E) be a weighted graph. A spanning tree of G is subgraph T =
(Vip, Ep) of T' such that

e T is a tree,
e the vertex set of T is equal to V.
We denote the weight of T' by
w(T) =[] Ae-
ecEr
Finally, we define the (weighted) number of spanning trees of T" as

T() = Z w(T).

TCI spanning tree

Theorem 3.3. [Tut01l, Theorem VI.29] Let I" = (V, E) be a weighted graph. Then for everyi €V,
we have

det(L(T; 1)) = T(L).

Theorem 3.4. [HJ85, Theorem 6.1.1 (Gershgorin’s Theorem)] Let A = (a; ;) be a n X n square
complex matriz, and denote by R;(A) = 3", 4; |aij|. Then the eigenvalues of A are contained in the
following set

U{Z eC | ‘Z — ai,i| < Rl(A)}

Definition 3.5. Let A = (a;;) be as above. We say that A is dominant diagonal if for every
1 < i < n we have
Moreover, if there exist ¢ such that |a; ;| > R;(A) then we say that A is strongly dominant diagonal.

Corollary 3.6. If A = (a;;) is a symmetric matriz and strongly dominant diagonal matriz with
positive entries on the diagonal then A is positive definite.

Example 3.1. Let ' = (V| E) be a connected and weighted graph such that A\, > 0 for every
e € E. Then for every i € V the matrix £(I';4) is strongly dominant diagonal and all the diagonal
entries are positive, hence £(I';7) is positive definite.

Definition 3.7. Let I' = (V, E) be a weighted graph. Given an edge e € E we denote by I' \ e =
(V, E\ e) the weighted graph obtained from I' by edge deletion of e. Let i,j be the endpoints of e.
We define I'/e = (V, E) as the graph obtained from I" by edge contraction of e, where

o V=V/i~j,

e if ¢ € F has endpoints h,k € V \ {i,j} then e € E with the same label,

e for every h € V' \ {i,;} there is an edge e € E joining [i ~ j] to h of weight Ae = A + Ajp.

Theorem 3.8 ([Tut04]). Let T' = (V, E) be a weighted graph. Then for every e € E, we have
TI)=TT\e)+ A -T(/e).
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3.1.1. Gordon-Litherland Form. Let L C S® be a link and let D C S? be a connected diagram for
L. Recall that by coloring S? \ D in a checkerboard fashion, we determine two spanning surfaces
for L. Denote by F' the surface given by the black coloring.

Then, we can describe the Gordon-Litherland form conveniently in terms of a weighted graph
I' = (V, E) associated with F', as follows. See [GL78] for more details. Let V' be the set of white
regions of D. Given two white regions R, Ry, we have an edge e connecting them if they share at
least one crossing of D. The label of e is given by the sum over all the crossing of D shared by Ry
and Ry of +1 for a right-handed half-twist and —1 for a left-handed half-twist (see Figure 10).

R\2 7 \
+1 -1

F1GURE 10. Sign convention for the crossings.

Ry

Then, for any R € V the matrix £(T'; R) represents the Gordon-Litherland form of F. In
particular, the determinant of the link L is given by the absolute value of det(L(I'; R)) = T (I).

3.2. Butterfly and Moth Links. We are now going to recall the definition of n-butterfly link
that is introduced by Di Prisa in [DP23] as a generalization of the butterfly link defined by Boyle
and Issa in [BI22].

Definition 3.9. Let (K, p, h) be a DSI knot. Take a p-invariant band B, containing the half-axis
h, which attaches to K at the two fixed points. Performing a band move on K along B produces a
2-component link, which has a natural semi-orientation induced by the unique semi-orientation on
K. The linking number between the components of the link depends on the number of twists of the
band B. Then, the n-butterfly link L} (K), is the 2-component 2-periodic link (i.e. the involution
p exchanges its components) obtained from such a band move on K, so that the linking number
between its components is n.

Remark 7. In order to avoid confusion, we want to remark that the definition of Ly (K) given in
Definition 3.9 above actually coincide with the definition of L, "™ (K) given in [DP23, Definition 1.9].
We choose to use a different notation to improve readability.

In [DPF23a] Di Prisa and Framba associate with a DSI knot the so-called moth link which we
are now going to recall (see [DPF23a, Definition 5.2, Figure 8] for details).

Definition 3.10. Let (K, p, h) be a DSI knot and let B be the invariant band giving the 0-butterfly
link LY(K), as in Definition 3.9. Observe that we can undo the band move on B by attaching
another invariant band B* on LY(K). Then we define the moth link L,,(K) as the strong fusion
(see [Kai92]) of LY(K) along the band B*, see Figure 11.

Now, the moth polynomial of (K,p,h) is defined as the Kojima-Yamasaki eta-function (see
[KY79]) of the moth link of K.

Note that even though they are known in the literature [BI22, DPF23b] as polynomials, both
the butterfly polynomial and the moth polynomial are actually rational functions.

Proposition 3.11. [DPF23a, Proposition 5.6] The moth polynomial induces a group homomor-
phism
N+ C — Q(t)
K (L (K))(t).
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ok

K Ly,

FIGURE 11. The moth link of a DSI figure-eight knot. See [DPF23a, Figure 8] for the
general description.

Proposition 3.12. [DPF23a, Proposition 5.7] The moth polynomial of a DSI knot K can be
computed by the following formula:

V5o (2
(0 = A

where V1,(2) is the Conway polynomial of a (semi)-oriented link L and z = i(2 —t — t~1)1/2.

Remark 8. In the following, we will regard the moth polynomial as a group homomorphism
M+ C — Q(2)
defined by the formula in Proposition 3.12.
Lemma 3.13. Let K be a DSI knot. Then for any p,q € Z
VK(Z)’VLg(K)(Z) — VK(Z)’VLZ(K)(Z)'
Proof. Let p € Z be any integer. It is sufficient to prove that
VkE@IViu(e) <= TNV g e (2).

In order to do so we can apply the skein relation for the Conway polynomial as indicated in Figure
12 to obtain

erngl(K)(Z) = VLQ(K)(Z) + 2V (2).

p p

LK) L}(K) K

FIGURE 12. The three terms appearing in the skein relation. The box denotes p full twists.

Corollary 3.14. Let K be a DSI knot and let n,,(K)(2) = f(2)/g9(2), where f(z),9(z) € Z|z] are
coprime polynomials. Suppose that for some p € Z we have that det(K) does not divide det(L}(K)).
Then degg(z) > 0 and g(2)|Vk(2).
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Proof. Recall that for a link L we have that det(L) = |V(—2i)|. Since det(K) does not divide
det(LY(K)), it follows that Vg (z) does not divide VL{)’(K)(Z)- Hence, by Lemma 3.13, Vg (z) does

not divide Vo k) (2) either. The proof follows by observing that z[V L9 (%), since Ly(K) is a link
with more than one component. (|

We are now going to use the moth polynomial to prove the main result of this section.

Remark 9. In [Sak86] Sakuma introduced an equivariant concordance invariant 7,y obtained by
taking the Koijima-Yamasaki eta-function of a certain link associated with (K, p). However, thanks
to the symmetries of J,, and [Sak86, Proposition 3.4], we know that Sakuma’s eta-polynomial always
vanishes for J,, n € Joad-

Lemma 3.15. Let n € Jyqq. Then there exists p € Z such that
det(Ly(Jn))
det(Jy,)

Proof. Let F,, be the spanning surface for J, depicted in Figure 13, where n = 2k + 1.

1s mot an integer.

% o105 = %
(X
O S Y

FIGURE 13. The spanning surface F;, for J,

Observe that by cutting F), along the half-axis h, we get a spanning surface F}, for the p-butterfly
link of J,, for some p € Z. We are now going to show that

(1) 2det(J,,) < det(LY(J,)) < 4det(J,),
which is sufficient, since det(.J,,) is odd, while det(L}(.J,,)) is even, hence it cannot be that
det(LY(J,)) = 3det(J,).

Let Iy, (see Figure 14) be the graph associated with F;, (see Section 3.1.1). The corresponding
graph I',, for F, is easily obtained from I, by identifying the vertices b and c. Recall that from
Theorem 3.3 and the discussion in Section 3.1.1, we have

(2) det(Jp) = T(I'n) and  det(Lp(Jn)) =T (Tn).



20 ALESSIO DI PRISA AND OGUZ SAVK

FIGURE 14. The graph associated with F,.

Denote by I'y(x) be the graph obtained by adding an edge e with label = between b and ¢ to
I',. Applying Theorem 3.8 to the edge e of I',,(z), we get

3) T(Tn(x)) =T(y) + xT(Fn)
Using (2) and (3), we can see that the inequalities (1) are equivalent to showing that
T(Ca(~1/4)) >0 and T(Tn(~1/2)) <O.

Observe now that the matrix £(I',,(—1/4);a) (see Section 3.1) is positive definite: multiplying by
3 both the row and column corresponding to the vertex ¢ we get a dominant diagonal matrix
with positive diagonal entries, which has all positive eigenvalues by Gershgorin Theorem. Hence
T(L(—1/4)) = det(L(Tn(~1/4);a)) > 0.

On the other hand, it is not difficult to see that £(I',(—1/2);a) has an inertia (n,1,0) i.e.
it is nonsingular and it has n positive eigenvalues and 1 negative eigenvalue. Removing the col-
umn and row corresponding to ¢ we get a positive definite matrix by Gershgorin Theorem, hence
L(T,,(—1/2); a) has at least n positive eigenvalues. However, £(I',,(—1/2); a) has at least (and hence
exactly) one negative eigenvalue: the restriction to the subspace spanned by the vertices ¢, b, vk, w
is given by

1/2 1/2 -1 -1
1/2 5/2 0 0
-1 0 4 0
-1 0 0 4

which has negative determinant. In particular, 7(I',,(—1/2)) = det(L(T',,(—1/2);a)) < 0.
O

Proposition 3.16. Let F C Jodd be an infinite family such that if m,n € F and n # n then m
and n are coprime. Let Jr be the subgroup of C generated by {J,, | n € F}. Then

I = Jr/ [JF, JF) = 1.

Proof. We prove that {nm,(J,)(z) | n € F} are Z-linearly independent in Q(z). If ged(p, q) = 1, by
the property (3), the sets of roots of the Alexander polynomials of .J, and .J, do not intersect, hence
Ay, (t) and Ay, (t) are coprime polynomials. This in turns implies that the Conway polynomials
V,(t) and V (t) are coprime. Then the linear independence follows by the use of Lemma 3.15
and Corollary 3.14. O

3.3. String links and Milnor invariants. In [DPF23b] Di Prisa and Framba used the close
relation between strongly invertible knots and string links to prove that the equivariant concordance
group C is not solvable. In particular, they considered a homomorphism

C 25 ¢(2),
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where C(2) is the concordance group of string links on 2 strings, introduced in [LD88] (see [DPF23b,
Section 3] for details), and they proved that C is not solvable by using Milnor invariants for string
links (see [HLIS]).

We now use a similar approach in order to prove that two given knots in C do not commute:
we determine their image in C(2) and then we compute the Milnor invariants of their commutator
to show that it is nontrivial. For details, one can consult [DPF23b].

Lemma 3.17. The commutator between Js and J7 is not equivariant slice.

Proof. Follovzing:che p~rocedure described in [DPF23b, Remark 4.5], we determine the image of
[Js5, J7] = J5#J7#J§1#J;1 in C(2), depicted in Figure 15.

|
—
- o

e

=

11: 30 26 51 43 65 61 84 76
12: 30 34 35 4 24 4 22 27 51 47 46 7 56 53 37 7 39 42 64 69 11 67 11 56 57 61
85 88 16 90 74 71 16 81 80 76

FIGURE 15. The 2-string link representing ¢ o w([.Js, J7]).

Using the computer program stringemp [TKS13], we find out that ¢ on([Js, J7]) has nontrivial
Milnor invariants. The first nontrivial invariant is in degree 6. In Figure 15, we also report the
input data needed to run stringcmp, which codifies the longitudes of the two components of the
string link. O

Proof of Theorem C. Let J be the subgroup of C generated by {Jp | p > 5 prime}. By Proposition
3.16, we know that J =2 Z>°. Moreover, it is spanned by negative amphichiral knots, therefore
f(J) C C is 2-torsion. Finally, by Lemma 3.17, we know that J is not abelian. O
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