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After many years of investigations, our understanding of the dynamics of strongly coupled chiral
gauge theories is still quite unsatisfactory today. Conventional wisdom about strongly coupled
gauge theories, successfully applied to QCD, is not always as useful in chiral gauge theories.
Recently, some new ideas and techniques have been developed, which involve concepts of
generalized symmetries, of gauging a discrete center symmetry, and of generalizing the 't Hooft
anomaly matching constraints to include certain mixed symmetries. This new development has
been applied to chiral gauge theories, leading to many interesting, sometimes quite unexpected,
results. For instance, in the context of generalized Bars—Yankielowicz and generalized Geor-
gi—Glashow models, these new types of anomalies give a rather clear indication in favor of the
dynamical Higgs phase, against confining, flavor symmetric vacua.

Another closely related topic is strong anomaly and the effective low-energy action repre-
senting it. It turns out that they have significant implications on the phase of chiral gauge
theories, giving indications consistent with the findings based on the generalized anomalies.

Some striking analogies and contrasts between the massless QCD and chiral gauge theories
seem to emerge from these discussions. The aim of this work is to review these developments.

Keywords: Anomalies; gauge theories; global symmetries; generalized symmetries; chiral
symmetries.
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1. Introduction

One of the mysteries of the world we live in is the fact that it has a nontrivial
chiral property. The macroscopic structures such as biological bodies have often
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approximately left—right symmetric forms, but not exactly. At the molecular level,
O(1075cm), the structure of DNA possesses a definite chiral spiral form. At the
microscopic scales of the fundamental interactions, O(10~4 cm), the left-handed and
right-handed quarks and leptons have distinct couplings to the SU(3) x SU(2)y, x
U(1)y gauge bosons. The parity violation in the “weak interactions” processes,
though it was first considered somewhat weird, later found a natural explanation':
the fundamental entity of our world is a set of Weyl fermions in the (%,O) repre-
sentation of the Lorentz group. If such fermions are in a generic complex represen-
tation of the gauge group, the resulting theory will break parity. In other words, the
origin of parity violation is to be traced to the type of building blocks our world is
made of, rather than to a peculiar property of the Fermi interactions.

Most grand unification schemes such as those based on SU(5),SO(10) or E;
groups are also all based on chiral gauge theories.

The Glashow—Weiberg—Salam (GWS) SU(2); x U(1)y theory (as well as its
GUT generalizations) is a weakly coupled theory and, as such, is well understood
within the framework of perturbation theory. But this also means that the theory
should be regarded, at best, as a very good low-energy effective theory. In particular,
it is unlikely that the gauge symmetry breaking sector described by a potential term
for the Higgs scalar, though phenomenologically quite successful, is a self-consistent,
fundamental description. Nevertheless, attempts to replace it by new, QCD-like
strongly coupled gauge theories (such as Technicolor, Extended technicolor and
Walking technicolor) have not been entirely successful so far.

On the other hand, our understanding of strongly coupled chiral gauge theories is
today uncomfortably limited.? 2! This is in a striking contrast to the case of vector-like
gauge theories, for which we have an extensive literature. They include some general
theorems,?>?? lattice simulations,?* > the effective Lagrangians,?® %6 the conventional
't Hooft anomaly analysis,? the powerful exact results in A/ = 2 supersymmetric the-
ories,?”*3 space compactification with semi-classical approximation,** 6 and so on.

These theoretical tools are unfortunately unavailable for the analysis of strongly
coupled chiral gauge theories, with a few exceptions such as the large N approxi-
mation, the 't Hooft anomaly matching constraints, and some general considerations
based on the renormalization group. Taken together, they yield some useful but not
very detailed knowledge about the dynamics and phases of the chiral gauge theories.
Partial list of the papers on these efforts are found in Refs. 2-21. This kind of
situation is certainly limiting rather severely our capability of finding the place for
chiral gauge theories in the context of a realistic theory of the fundamental inter-
actions beyond the standard model, e.g. in the context of composite models for the
quarks and leptons, the composite Higgs boson models, the composite dynamical
models for dark matter. The need for new ideas for making true progress in this
research field is badly felt.

In our view, a little hope for a breakthrough comes from the very recent ideas
involving the concept of generalized symmetries.?” 7 Pure Yang—Mills theories
and QCD-like theories have been analyzed by using new, stronger, version of
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't Hooft anomaly matching constraints, involving 0-form and 1-form symmetries
together.>1 68

The generalized symmetries are symmetries which do not act on local field
operators, as the conventional symmetries, but only on extended objects, such as
closed lines and surfaces. As the corresponding gauge functions are now 1-form,
2-form fields (in the standard gauging of global symmetries the gauge transformation
parameters which appear in the exponent are just — O-form — functions of the
space—time), these new types of symmetries are sometimes called 1-form-, 2-form-,
etc., symmetries.

A familiar example of the 1-form symmetry is the Zy center symmetry in Eu-
clidean SU(N) Yang—Mills theory at finite temperature, which acts on the Polyakov
loop. The unbroken (or broken) center symmetry by the vacuum expectation value
(VEV) of the Polyakov loop, is a valid criterion for confinement (or de-confinement)
phase. Similarly, the area law/perimeter law of the VEV of the Wilson loops can be
considered as the criterion for confinement/Higgs phase. Note however that the
center symmetry Zy as used this way is a global 1-form symmetry. The main input of
the new development®! % is the idea of gauging 1-form symmetries.

In fact, these generalized symmetries are symmetries of the systems being con-
sidered, even if they act in a way different from the conventional symmetry action.
We are free to decide to “gauge” these new types of symmetries. Anomalies one
encounters in doing so are obstructions of gauging a symmetry, which is by definition
a 't Hooft anomaly. As in the usual requirement of the ultraviolet (UV)-infrared (IR)
“anomaly matching”, a similar conditions arise in gauging the generalized (higher-
form) symmetries together with some conventional (“0-form”) symmetries, which
have come to be known in the recent literature as a “mixed 't Hooft anomaly”. As
will be seen below, these constraints carry significant information on the dynamics of
wide classes of chiral gauge theories as well, which is our main interest.

Very recently, the present authors have realized”! that the strong anomaly, which
plays a prominent role in the solution of the so-called U(1),4 problem in QCD, can
also be significant in the study of the phases of chiral gauge theories, such as those
discussed in this review. A key observation is that the well-known low-energy strong-
anomaly effective action for QCD, which reproduces the effects of the strong anomaly
in the low-energy effective action, has a nontrivial implication on the symmetry
breaking pattern itself. For some reason these ideas have not been applied much to
the study of strongly interacting chiral gauge theories until now.

It is found that, quite remarkably, the considerations based on the strong
anomaly yield similar indications on the phase of the chiral gauge theories, as those
found by applying the generalized 't Hooft anomalies. Even though there are argu-
ments fully independent of each other, the agreement of the results should not
probably be considered entirely accidental. Indeed they both originate from the
proper treatment of the strong anomaly on various U(1) symmetries present in the
theory.
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The rest of the work is organized as follows. In Sec. 2, the procedure of the
computing anomalies associated with the gauging of certain 1-form discrete sym-
metry is discussed, as this constitutes one of the main theoretical tools of our analysis.
The detail of the discussion is further divided in two parts. The first part, Subsec. 2.1,
concerns models with 1-form center symmetry Z; C Zy C SU(NN) which does not act
on the matter fermions. These models have ordinary (0-form) discrete symmetries
also, call Z,, which are nonanomalous remnants of anomalous U(1) symmetries.

The second class of models contain some matter fermions in the fundamental or
anti-fundamental representation of SU(N). Normally, one would conclude that
1-form center symmetry Zy is simply absent in such models. However, as explained
in Subsec. 2.2, it turns out that it is still possible to define a color-flavor locked 1-form
center symmetry Zy.

In Secs. 3 and 4, applications to various chiral gauge theories of these new ’t Hooft
anomaly constraints are explored. In Sec. 3, physics of various chiral gauge theories
of the first kind are discussed, by using the general results of Subsec. 2.1. Sec. 4 is
dedicated to the applications of the formulas found in Subsec. 2.2 to two large classes
of chiral gauge theories, the so-called generalized Bars—Yankielowicz (BY) and
Georgi-Glashow (GG) models.

After discussing the new, generalized anomalies and their implications in various
kinds of chiral gauge theories, we explore in Sec. 5 the implications of the strong
anomaly on the phases of the same classes of chiral gauge theories, studied in Sec. 2 to
Sec. 4.

We conclude in Sec. 6 by summarizing the results found, and by discussing in-
teresting analogies and contrasts between the dynamics of massless QCD and chiral
gauge theories. A clearer picture of infrared dynamics of many strongly coupled
chiral gauge theories seems to emerge.

Appendices A—H are a collection of tables summarizing the massless fermions and
their quantum numbers in various possible phases of BY and GG models.

2. Computation of the Mixed Anomalies

Gauging of a discrete (1-form) center symmetry and calculating anomalies induced
by it in some otherwise nonanomalous global discrete symmetry — a generalized
't Hooft anomaly — is the central theme of the work reviewed here. Let us go
through the basic elements of the analysis and enlist main formulas needed to get to
the physics results discussed in the following sections. For more general introduction
and theoretical considerations on the generalized symmetries, the reader can consult
the original literature.*9-69

We need to distinguish two different classes of models: the first concerns the
systems where the fermions do not transform under a Z; (k is a divisor of N)
subgroup of the SU(N) center. These systems possess a Z; 1-form symmetry (the
“center symmetry”), which acts naturally on fundamental Wilson loops. Their

analysis is relatively straightforward. In the second class of systems, the fundamental
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fermions transform nontrivially under the center of the gauge group, Z$;, and only
the diagonal combination Zy C Z% x Gy (being G; the flavor symmetry group)
leaves them invariant. The study of these models requires a careful determination of
the global structure of the symmetry group involved.

2.1. Gauging a 1-form Z;, C Zx center symmetry

First consider SU(N) theories with an exact center Z; C Zy symmetry, k being a
divisor of N, under which the matter fermions do not transform. Examples are: pure
SU(N) YM theory or the adjoint QCD, where k = N, or various models with fer-
mions neutral with respect to some Z;, see Sec. 3.

The procedure was formulated in Ref. 50 building upon some earlier results,
and used in Ref. 51 for SU(N) Yang-Mills theory at § = 7. The methods have been
further developed and found in other areas of applications.?? 6

1-form center symmetry can be simply understood in the formalism of principal
bundles. Here the gauge and the fermions fields are defined locally on open patches U;
of our space-time. These local definitions are glued together by SU(N)-valued
transitions functions, g;; : U; NU; — SU(N). In particular,

Yi(x) = R(g;;(x))y;(x) xeUnUj, (2.1)

where v; and v; are the local expressions of the field 1) (which transform in the
representation R) in the patches U; and U;.

To require that the theory is an SU(N) theory (i.e. the fundamental Wilson loops
are meaningful) enforces the cocycle condition

47-49

9ii9x 9 = 1, (2.2)

in the triple intersection, U;;, = U; NU; N U

In this language, a global 1-form symmetry transformation multiplies the transi-
tion functions g;; by Zj, elements, z;; (one for each simple intersection, U;; = U; N U;),
which satisfy their own consistency condition

This transformation is a symmetry of the system if it does not spoil Eq. (2.1), i.e. if Z;,
does not act on fermions. However, it can act nontrivially on fundamental Wilson

loops.?
If one relaxes the cocycle consistency condition, allowing

Z’L]ijzkl = Zijk S Z]\r, (24)

one obtains a gauge 1-form symmetry transformation. In this case, the condition
(2.2) does not make sense, and must be replaced by

9ii9x9k = Biji € Zy, (2.5)

*It acts on noncontractible Wilson loop, therefore global 1-form gauge transformations are indexed by
elements of H'(M,Z;,). The 2;; implements a Cech version of this cohomology group.
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where the new data B;j, are (a discretized version of) a 2-form connection.” This

construction defines an 22 Z( ) gauge bundle. If one considers the B, j, data dynamical,

summing on them in the functional integral, one obtains a Z( ) gauge theory.

In Refs. 48 and 50, a useful construction is presented that reproduces this gauging
in terms of continuous fields. We adopt this description, which is reviewed below
briefly.

The rough idea is to replace the discrete Z;, 1-form symmetry with a U(1) 1-form
symmetry, at the price of introducing other new degrees of freedom. Gauge fixing
these new degrees of freedom, one can gauge-fix most of the continuous 1-form
symmetry. What remains is the discrete 1-form symmetry.

As a first step, one must introduce a pair of U(1) 2-form and 1-form® gauge fields
(B((; ), B(1>) such that®®

kB® = aBWY, (2.6)
satisfying
B® - B® yax, BY - BWY 1k (2.7)
X, is a 1-form gauge function. The SU(N) gauge field a is embedded into a U(N) field
1
i= a+EB§1), (2.8)

and one requires invariance under U(N) gauge transformation. The gauge field
tensor F'(a) is replaced by

F(a) — F(a) — BY. (2.9)

This fixes the manner these Z§, gauge fields are coupled to the standard gauge fields
a. The matter fields must also be coupled to the U(N) gauge fields, so that the 1-form
gauge invariance (2.7) is respected. For a Weyl fermion 1 in the representation R this
can be done having the kinetic term as
- . N(R
- (8+R(a) _N®)

3 BE”) Py, (2.10)
s

where R(a) is the appropriate matrix form for the representation; N (R) is the
N-ality of R. P, is the projection operator on the left-handed fermions.

We introduce an external U(1),, gauge field A, to study the anomaly, e.g. of a
U(1), symmetry 1 — elvp, or of a discrete subgroup of it, and couple it to the
fermion as

N(R)

Pyt (a + R(a) — TBP + Au> Ppip. (2.11)
o

"Similarly, the B, are representatives of the second Ceck cohomology group, H2(M, Z,;,). The closeness of
B can be seen on quadruple overlaps.

“In most part of this review, a compact differential form notation is used. For instance, a = T°Aj () dx/;
F=da+a?; F?=FAF =1FwFrdg,de,dz,dc, =€, F"Frdis = FWFWd z, and so on.
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The standard anomaly calculation for 1) — €' ~ 1 + iaa), gives

2T(R)

65514,(;’) = /trF26a = 2T(R)Zb«. (2.12)

Z is the integer instanton number, and it leads to the well-known result that a
discrete subgroup

Zarry C U(1)y, (2.13)
remains. T'(R) is twice the Dynkin index

1
tr T°T" = § D(R), D(D) =5, T(R)=2D(R). (@1
With (Bf) , Bgl)) fields in Eq. (2.11), U(1), symmetry can further be broken due
to the replacement

trF? — tr(F — B?)2, (2.15)
Indeed
1 . 1 -
| t(F-BYY?2 = _— [ (trF* — N(BY)2). 2.16
52 Eir( &) 52 Eyi{r (B)*} (2.16)

we recall that Bﬁz) is Abelian, o 1y, and that trF = NB((?). The first term is an

integer.
The second is

A I R—
87T2 bR ¢ 87T2k2 »

N
dBY AdBY = ol (2.17)
4

which is generally fractional. This explains the origin of various 0-form-1-form
(mixed) anomalies and the consequent stronger anomaly conditions in many models
discussed in Sec. 3.

2.2. Color-flavor locked Zn center symmetry: Master formula

Subtler situations present themselves, when a gauge theory of our interest contains
matter Weyl fermions in the fundamental, or anti-fundamental, representation of the
gauge group SU(N). Ordinarily, this means that the center symmetry is lost, leaving
no possibilities of gauging the 1-form Z, center symmetry. Actually, in order to
consider the 't Hooft anomalies one must externally gauge also the flavor symmetry
group, Gy. Having done so, in the systems of our interest SU(NN), X G is found not to
act faithfully. In particular, there is a Z, subgroup that leaves all the fields invariant.
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In other words, there is a Zy “color-flavor-locked” 1-form symmetry.? Similarly to
the previous case, gauging of this 1-form symmetry allows us to gauge the faithful
SU(N).xGy o
symmetry group of the system, i
To introduce this kind of systems, and to discuss the method of analysis devel-
oped, we consider the concrete example of an SU(N) gauge theory with matter left-

handed fermions in the reducible, complex representation,

L e +4)] (2.18)

that is
U P i j=1,2,...,N, B=1,2,...,N +4, (2.19)

(which is the simplest of the so-called BY models). This model will be referred to as
the “»n” model below.
The symmetry group of the model is

Gy = SU(N +4) x U(1)y, (2.20)

where U(1),, indicates the anomaly free combination of U(1),, and U(1),, associated
with the two types of matter Weyl fermions of the theory. In this model, the con-
ventional 't Hooft anomaly matching discussion allows, apparently, a confining
phase, with no condensates and with full unbroken global symmetry, and with some
simple set of massless composite fermions — “baryons” — saturating the anomaly
matching equations, see App. A. Notably, the anomaly constraints are also consis-
tent with a dynamical Higgs phase, in which the color and (part of) the flavor
symmetry are dynamically broken by certain bi-fermion condensates, see App. B.

The situation is analogous in a large class of chiral gauge theories, to be discussed
in Sec. 4. Clearly, the conventional 't Hooft anomaly matching requirement is not
powerful enough to discriminate among possible (confining or dynamical Higgs)
vacua.

To go beyond the conventional (perturbative) 't Hooft anomaly analyses, it is
necessary to consider the global properties of the symmetry groups, not only the
algebra. For even N, the true symmetry group of the model is found to be%

SU(N +4) x U(1)yy, x (Zo)p

SU(N)color X Gf’ Gf = ZN X ZN 4
+

(2.21)

and not (2.20), where (Z,)p is the fermion parity, ¥,n — —, —n.

4This hinges upon a quite remarkable property of the generalized symmetries, that they are all Abelian.
This reflects the fact it is not possible to define time ordering between two extended operators, hence
impossible to define equal-time commutators between them. In the case of particles, how the (equal-time)
commutators can arise in the operator formalism, as a limit of time-ordered products taken in different
orders, is best explained in Feynman’s book on Path-Integral formulation of quantum mechanics.”™

“One should keep in mind that there are “more” configurations in %kw (%{XG‘) than in the SU(N)

(SU(N) x G¢) gauge bundles, i.e. any of the latter always belong to the fomlér7 but not the other way
around.
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Indeed, as promised, there is a subgroup of SU(N), x SU(N +4) x U(1),,x
(ZZ)F7

Zy = SU(N)N{U(1)y, x (Zy)r}, (2.22)

which leaves the matter fields invariant.! The gauge transformation with
e¥ € Zy C SU(N)

p—efy ey, 22

can be undone by the following (Z,)p x U(1)y,, transformation:

P — (—1)eii\r2+4?§w = e_i‘g?wjei_ivzﬂ?{qu), n— (—1)e_iN
A relevant fact is that the odd elements of Z, belong to the disconnected component
of U(1)y, X (Zy)p whereas the even elements belong to the connected component of
the identity.

The presence of a subgroup which acts trivially means that there is a 1-form global
symmetry. Again, in the discrete language introduced before, it acts on transition
functions. In particular, if g;;, u;; and g;; are the transition functions for SU(N),
U(1)y, and (Z,)p, one may introduce some Zy transitions functions (a Zy gauge
field), z

227 N2 s N+227
Tanp =erNe Ay (2.24)

ij» and transform

- _N
9ij 7 Zij9i5,  Uij — (Zij) 1Uija and qij — (Zu) 2q;;- (2.25)

If one drops the cocycle condition for z;;, one gauges the 1-form symmetry. In this
case, one must introduce also the 2-form connection,® described by the new data

B;ji € Zy, which are read from the transition functions
_ N
9ii9k9% = Bije, iy = (Bip) ™' 40065 = (Bijr) ™2 (2.26)

This definition assures that all fields (matter, gauge) are well defined in the triple
intersections.

Again, let us turn to the continuous language. As a first step, we have to gauge
U(1)yy, X (Z3)F, introducing

(1) A: U(1)y,, 1-form gauge field,
(2) A(Ql): (Zy)p 1-form gauge field,

in addition to the dynamical color gauge SU(N) field, a.

‘There is another independent subgroup, Zy.,, which does not act on matter fileds, leading to another
Zy 4 1-form center symmetry. In Ref. 68, the effects of gauging this flavor center symmetry and the
resulting mixed anomalies in the 1n model have also been taken into account. None of the main results
however were found to depend on it. Here for simplicity, we consider only the gauging of the color-flavor
locked center symmetry Zy, together with U(1),,, and (Z,)p.

£ Again, an element of H*(M,Zy), B, € Zy.
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The gauging of 1-form discrete Z, symmetry is done by introducing
NB® =dBY. (2.27)

These 2-form gauge fields must be coupled to the SU(N) gauge fields a and U(1),,, x
(Zy)r gauge fields (A and Aél)) appropriately. We first embed a in a U(N) gauge
field @ as

1
d:a+NBw (2.28)
and requiring the invariance
B® o B® +ax, BYW S BWYW NN, d—d+A. (2.29)

In these equations, A, is a properly normalized U(1) gauge field, which satisfies its
own Dirac quantization condition.

To reproduce (2.25) correctly in this continuous language, U(1),, and (Z,)p
gauge fields must also transform

A— A=), AY AV (2.30)

The last equation needs a comment, as A(Ql) is a Z, gauge field, while A, is a U(1)
gauge field. To be precise, it is more correct to proceed as it has been done with the
SU(N) gauge field. In particular, one should write a U(1) gauge connection

i 1 s

Ay = Ay +§B , (2.31)

and impose
~ -~ N
A2 — A2 + ?AC' (2.32)

As before a is not a globally defined SU(N) gauge field while a is a correctly nor-
malized U(N) gauge field, and now A, is a correctly normalized U(1) field.
N connection rather than SU (N). It implies that

N

One has now an

1 n
— [ BP =21 Z 2.
ot 5 ¢ N ) ny € N> ( 33)

in a closed two-dimensional subspace, ¥,. On a topologically nontrivial four-di-
mensional space—time of Euclidean signature which contains such sub-spaces one has

1 n
— | (BY)? = 2.34
87r224(L) N (2.34)

where n € Zy.
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The fermion kinetic term with the background gauge fields is determined by the
minimal coupling procedure as

Evﬂ(8+~Rgd>+ }) P
7

N+2
I

(With an obvious notation). Note that each of the kinetic terms is invariant under
(2.29) and (2.30).

The 1-form gauge invariance of our system can be made completely manifest, by
rewriting the above as

w<a+[7zs<d)—%39>} N;4[A+ B! } [A ——B D P
2

N+2 1
Al ~ @ _ (1)
+ 7y <3+[RF*(a)+NBC ] 5 [A—i—NBC }

- {212 - lBEUD P (2.36)
2 jz

Written this way, the expression inside each square bracket is invariant under (2.29)
and (2.30). This leads to the gauge field strength for the ¢ and 7, in the form used in
the analysis a la Stora—Zumino descent procedure,”’”? in Refs. 68 and 69. The final
answer of course does not depend on the rewriting of the kinetic terms as (2.36); the
original form (2.35) is perfectly adequate for the calculation of the anomaly in a more
straightforward approach explained below.

Under the fermion parity, such as ¥ — —¢, 7 — —n in the ¢¥n model, the con-
tribution to the (Z;)p — [Zy]? anomaly from a fermion in the representation R is
given by the phase in the partition function

ero [ tepl(P(@)) (&), (237)

where ¢, is the Z, charge of the fermion. In the case of the in model, for instance,

e () =1, cp(n) = =1, see (2.35).
Now

trp[(F(a))?] = trg[(F(a) — BY + BY)?
= tr[(Rp(F(a) — B®) + N(R
f[Rp(F(a) — BY)? + N (R

BQIM( ))]

2(BYY1yn). (2.38)
)

\_/v

|
-+

R is the matrix form for the representation R and N (R) its N-ality, and we used

the fact that
trp(F(a) — BY) =0, (2.39)
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valid for an SU(NV) element in a general representation. 1, ) is the d(R) x d(R) unit
matrix (d(R) is the dimension of the representation R). One finds

trp[(F(@))") = D(R)tep[(F(@) — BP)] + d(R)N(R)*(BP)

= D(R)trp[F(a)]* + [-D(R) - N + d(RIN(R?|(BP)?,  (240)
where D(R) is twice the Dynkin index T}y, (2.14). Note that
8—; /E trp[F(3)7] € Z (2.41)

the first term in Eq. (2.40) corresponds to the conventional instanton contribution to
the (Z,)r anomaly. In all models of interest here, however, the sum of the instanton
contribution from the fermions is of the form
(an even integer) x 81?/2 trp[F(a)?] x (£7) = 277, (2.42)
4
which is trivial.

The fact that (Z,)r anomaly is absent in the standard instanton analysis because
of a (nonvanishing) even coefficient, and of the quantized instanton flux, but not
because of an algebraic cancellation from different fermions, is of utmost importance.
Indeed, the gauging of the 1-form Zy by the introduction of the 2-form gauge fields
B basically amounts to the fractionalization of the instanton flux”™ 7> & la ’t Hooft
(2.34), and as a consequence, a nonvanishing mixed anomaly involving (Z,)r can
appear.

Thus, the non-vanishing mixed (Z,)z — [Zy]? anomaly comes only from the
second term of Eq. (2.40), containing the 2-form gauge field

1

As(Mixed anomaly) _ (:I:ﬂ') . Z CQ(d(R)N(R)Q _N- D(R))@

fermions

/ (BP)2. (2.43)
b

This is the master formula.
The formula (2.43) gives the result for the mixed anomaly in all models considered
in Refs. 68 and 69 at once. For instance, for the 11 model, one gets

% [ <N(N2 +1)
=+, (2.44)

A S(Mixed anomaly) __

-4—N(N+2)> —(N+4)(N~1—N-1)}

which means that there is a (Z,)r anomaly in the presence of the Zy gauging. More
precisely, there is an obstruction for gauging simultaneously Zy, U(1)y, and (Z,)p,
by keeping the equivalence

Zy C SU(N) ~Zy C{U(1)yy % (Zo)F}- (2.45)
One can repeat the same calculation in the possible confining phase without

symmetry breaking, App. A. The result is very simple: there is no such anomaly.
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This can be traced back to the fact that the massless baryons are SU(N),, singlet, and
any appearance of Bgl) in their covariant derivative simply cancel. Clearly this
mismatch of anomaly forbids confinement without symmetry breaking.

The same cannot be said in the dynamical Higgs scenario, see App. B, as the color
group is broken.

Even though, for concreteness, we discussed above the particularly simple
model, the ¥n model, the master formula found above is actually applicable to any
theory, after the correct symmetry is found and after the fermion kinetic terms,
invariant under the 1-form Zy gauge symmetry are written down. The results for the
(Zy)p — [Zy)? anomaly in the yn model as well as all other generalized BY and GG
models®®59 discussed in Sec. 4 indeed follow straightforwardly from the master
formula (2.43) this way. See Sec. 4.

2.3. Comments on the paper’®

In a recent paper,” the ¢n model and x7 model (in our notation) are studied, and the
authors claim that “there is no (Z,)r anomaly”, of the type discussed in the previous
section. Such a statement is however intrinsically ambiguous. It is unclear whether
the authors’ claim is that there is no (Z,); symmetry, or that there is one but is
nonanomalous.

Indeed, their argument in their Sec. 2.1 seems to indicate the former; but as we
have made explicit here in (2.21) ,%% an independent (Z,)  symmetry exists, but only
in the SU(N)/Zy gauge theory, not in the original SU(N) theory. Their comments
in Subsec. 2.5 also seem to be in line with the first. But the fact that the (Z)p
symmetry we are interested in here coincides with the angle 27 space rotation, is well
known, and it has been taken into account in our papers.®% Any (Z,)r anomaly
could be canceled by a space rotation, so in that sense, there would never be a (Z,) g
anomaly. But this is not the point. As there is no a priori guarantee that the Lorentz
invariance cannot be dynamically broken, a (Z,)r anomaly arising from the gauge
dynamics cannot be allowed, if the Lorentz invariance is to be maintained.

Their discussion in Sec. 3 about the Higgs phase in these models does not contain
anything new, as compared to what we have discussed about the Higgs phase, see
Ref. 69, and Subsec. 2.5 and in Apps. B, D, F, H, in this work, for the xn, ¥)n models
and for all other BY and GG models.

The main point of Ref. 76 seems to be in Subsec. 2.2, which apparently leads to
the second conclusion, that there is a (Z,)r symmetry but is nonanomalous. They
argue that by choosing the normalization of the Z, gauge field as

/ dA\Y =277, (2.46)
¥

(a formula in the line below Eq. (2.13) of Ref. 76), the relation

24" - BV - B{" = dA, (2.47)
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leads to
2dAY) — NB?Y — (N +4)BY” = 0: (2.48)
by taking the derivatives of both sides, hence to the constraints on the fluxes of Z,
and Zy 4 gauge fields
NB® 4 / (N+4)BY =4rk, ke (2.49)
N DN

If one chooses not to introduce the 1-form gauging Bf) (as we did in Ref. 69) one

would simply get

NB® =ark, keZ, (2.50)
b}

and our anomaly (2.43) would indeed disappear. The rest of Sec. 2 in Ref. 76 all
follows from the normalization (2.46).
However, (2.46) means that their background Z, gauge field corresponds to

Y=, n—om, (2.51)

i.e. no transformation (the trivial element of Z,). The fact that one finds no anomaly
in such a background is certainly correct, but it is not what one is interested in.
The correct normalization for a Z, gauge field is the one we have adopted

2
ng1> - ”Tm meZ, (2.52)

that (for the nontrivial element) corresponds to the holonomy
b= =, n— - (2.53)

This leads to (we ignore the Zy,, gauge field)
jf de(2AY — BY), = ]{ dAY) =2, nez, (2.54)
and

NB® =ork, keZ, (2.55)
b

and this leads to the anomaly, (2.43).
In other words, our assumption is that it is possible to choose the smallest cycle of
B® compatible with the Dirac flux quantization for B, i.e.

1 2
po — L / aBv = 27 5
/E v/ -, (2.56)

without any topological obstruction. In the discrete language, the analogous as-
sumption is to be able to choose B;;; to be any element in H?(M,Zy).
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Actually, if one insists on working with the theory on a smooth manifold, without
any topological defect for the Z, gauge field A,, the assumption made above cannot
be maintained, as pointed out by ourselves.%® This seems to be the point on which the
authors of Ref. 76 are trying to make a clean mathematical statement.

However, A, is not a proper (Z,)r gauge field, as a is not an SU(N) gauge field. In
particular, its cocycle condition in triple overlap might fail, leading to curvature-like
insertions at discrete points. Moreover, the 1-form gauging of Z, invalidates the
naive Dirac quantization condition for A,, as it can be checked directly: if one
separates a 2D cycle ¥ through the curve v in ¥; U 3y, one obtains

/EdAQ /zldA2+/22dA2 Z/V(Az)zl —/7(A2)22

N
— / Ay =kr, keZ (2.57)
2 vy

(see (2.30)) as Ajy (1-form gauge transition functions)" is a Zy 1-form gauge field,
satisfying

f; A= % (2.58)

This leads to more general flux quantization (2.56), and allows to insert an odd
number of flux insertion in the surface.

To recapitulate, in half of Ref. 76 the authors argue that there is no (Z,)r sym-
metry; in the other half, they discuss the background (Z,)r — Zy 1-form gauge fields,
corresponding however to the trivial element of the 1-form (Z,)r transformation,
finding no anomaly.

2.4. Comments on the papers’™"8

Two interesting papers appeared recently, which discuss the ¢n and x7n models. The
authors of Refs. 77 and 78 start from the N = 1 supersymmetric version of the
models, and introduce a particular (“anomaly-mediated”) supersymmetry breaking
perturbation. In the second paper (on the ¢¥n model) this is done by making use of the
known (Seiberg-) duality for these systems, at the origin of the moduli space of this
model. In the ¢¥n model, with SU(N) gauge group and with a global symmetry group

G = SU(N +4) x U(1)y, (2.59)

the authors claim™ that for N > 21 the global symmetry is broken to SO(N), with
no massless composite fermions, whereas for N < 21 the system flows into a con-
formal fixed point in the IR.

"The simple fact that the Z, gauge field transforms nontrivially and changes from a patch to another,
means that gauging of 1-form symmetry has been appropriately implemented. Indeed, thanks to (2.57), a

Ay

Wilson loop of the form e~¢ 2 is not 1-form gauge invariant, i.e. it is not a proper line operator. This is

where we differ from part of the analysis of Ref. 76.
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For the xn model, with odd N, they argue’ that the global symmetry SU(N — 4)
is spontaneously broken to Sp(N —5). For N even the unbroken symmetry is
claimed to be Sp(N — 4).

We shall not go into the details and merits of their analyses, but will make only a
few general comments on their use of the supersymmetric models as the starting
point of the analysis. First of all, in the supersymmetric version of these models, there
are often nontrivial quantum moduli space of vacua (vacuum degeneracies, or flat
directions), whereas in the nonsupersymmetric chiral models we are studying here
the vacuum is always unique and strongly coupled. It is a nontrivial question which
point in the moduli space of the supersymmetric theory (apart from which pertur-
bation to use) is the correct one to choose, to start the analysis.!

Second, all bifermion condensates such as (ym) (in the 1n model) and (xn) and
(xx) (in the xn model), which are analogue of the quark condensate in QCD, and
play the central roles in the (candidate) Higgs vacua of these models, are forbidden in
supersymmetric version of the models, as can be easily proven by use of supersym-
metric Ward-Takahashi identities.®? In other words, these condensates are absent,
unless supersymmetry is dynamically broken, which does not occur in general, su-
persymmetric chiral gauge theories.® Also, in supersymmetric models, the global
symmetry breaking occurs due to the condensation of scalar fields, which do not exist
in nonsupersymmetric theories. Because of all this, the infrared dynamics of super-
symmetric and nonsupersymmetric theories are usually very different, even though
the gauge group and the global symmetry group are the same. A strong bifermion
condensates such as (¢m) ~A? or (xn)~A? are intrinsically nonperturbative effects.
They cannot be found via small perturbations in a theory in which they vanish by
symmetries.

The crucial question whether or not a phase transition occurs when the super-
symmetry breaking mass parameters introduced reach some critical values, seems to
be unanswered in Refs. 77 and 78.

2.5. Higgs phase and anomaly matching

As said above, it is possible to satisfy the standard 't Hooft anomaly matching also in
the Higgs phase, see App. B. Even though these results are known from the earlier
work,”!® and in Ref. 69 the remarkable way it works, as compared to the matching
equations in the “confining vacua”, is perhaps not generally known. The Higgs phase
of these chiral theories is, in general, described by massless NG bosons together with
some massless fermions. These fermions saturate the conventional 't Hooft anomaly
triangles with respect to the unbroken flavor symmetries. The way they do is,
however, quite remarkable, and in our view, truly significant. As can be seen from

"This subtle problem is discussed in Ref. 79 in a slightly different but basically similar context, of per-
turbing a N = 2 supersymmetric model to A/ = 0 (nonsupersymmetric) model, in the attempt of finding
out the correct infrared dynamics of the nonsupersymmetric SU(2) theories with different number of
(adjoint) flavors.
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Tables B.1 and D.1, and in similar Tables F.1, F.2, H.1 and H.2 for the generalized
BY and GG models (in Apps. B, D, F, H), the set of fermions remaining massless in
UV and those in the IR are identical in their quantum numbers, charges, and mul-
tiplicities. Therefore, the matching of anomalies (in the unbroken global symmetries)
is completely automatic, and natural. No arithmetic equations need to be solved. We
may further argue that this way the system “solves” 't Hooft’s anomaly-matching
conditions in the true sense. Note that this solution (Higgs phase vacua, with given
sets of condensates) is stable, in the sense that any extra (1-form) gauging or possible
new mixed anomalies would not introduce any new constraints: the matching con-
tinues to be automatic.

3. Physics of Models with Z; C Zx Center Symmetry

In this section, we review the study of symmetry breaking, implied by the various
mixed anomalies of the type, Zéo) — [Zg)]Z, where Zg)) is some 0-form (ordinary)
discrete symmetry, and Zg) is a 1-form symmetry, based on a subgroup, Z; C Zy of
the color SU(N) center. The method of analysis has already been explained in
Subsec. 2.1. Z, and Z,;, depend on the particular model considered, but as we will see,

many interesting models can be analyzed this way.5”

3.1. Self-adjoint anti-symmetric tensor matter

We start with a class of SU(N) gauge theories (N even) where the matter fermions
are in the % rank fully anti-symmetric representation. There is a 1-form Z§ center
symmetry present, and we wish to know if some mixed 't Hooft anomaly with the

O-form (ordinary) symmetries might arise.

3.1.1. SU(6) gauge group

Our first example is an N = 6 theory with N; flavors of Weyl fermions in the re-
presentation

(3.1)
20 =

This (SU(6)) is the simplest nontrivial case of interest, as we will see. Moreover, if
N; <10 the theory is asymptotic free, and discussions are basically similar to those
below can be worked out.57

There is a U(1),, global symmetry, in all these cases, broken by the instantons to a
global discrete Zg’N[ symmetry, which is further broken by the 1-form gauging to
Zng. This last step is due to a mixed 't Hooft anomaly, that is, there is an ob-
struction to gauge such a Z% discrete center symmetry, together with the global ZgNr
symmetry.
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Below, we will take Ny = 1. The model was studied first in Ref. 58 and then in
Ref. 67.
This model has a nonanomalous Zg’ symmetry,

2mi ;

LY — ey, j=1,2,...,6. (3.2)

Which is a subset of U(1),. The system has also an exact center symmetry acting
Wilson loops as

5 e $4 Heﬁmkeﬂg‘q k=2,4,6, (3.3)

which does not act on .
By introducing the Z§ gauge fields

3B =BV, (3.4)

use of (2.15)—(2.17) gives for the anomalous Zg' transformation

6 -2 6N @2 ) < 4 © © _ 2nZy

The first term in (3.5) is trivial, as

= wF’ ez, A,=dAY), (3.6)
T

(which is the standard gauge anomaly, reducing U(1),, — Z}).
Due to the second term in (3.5), 6A () gets now multiplied by (N = 6 here)

—g—i\; (BP)? = —GNG) Z= —6%2. (3.7)
We see the reduction of the global chiral Zg’ symmetry
6A£?)=¥, (=1,2,....6 (3.8)
to its subgroup (¢ = 3,6),
ARRYAS (3.9)

Thus, it is not possible that the vacuum of this system is confining, has a mass
gap, and with no condensates breaking the Zg’ symmetry.

What are the implications of (3.9) on the phase of the theory? First of all, it
implies a three-fold vacuum degeneracy, under the assumption that the system
confines (with mass gap) and that no massless fermions are present in the infrared, on
which ;—f can act. A natural assumption is that there are some condensates which

2
“explain” such a reduction of the symmetry in the infrared. However, physics
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depends on which condensates form. The simplest assumption is that a bi-fermion
condensate

(i) ~ A* #0 (3.10)
forms. As ¢ € 20 a scalar bi-fermion composite may be in one of the irreducible
representations of SU(6), appearing on the right-hand side of the composi-

tion—decomposition
— (3.11)
@@@@ D +....

The most attractive channel is the first, 1, but it vanishes by the Fermi statistics.
This leaves us with the second best possibility that ¢ in the adjoint representation
acquires a VEV (dynamical Higgs mechanism).?!7:18

Note that even though such a condensate should necessarily be understood as a
gauge-dependent form of some gauge invariant VEV, it unambiguously determines
the breaking of global discrete chiral symmetry as (3.9), where the broken symmetry

Z—? acts on the degenerate vacua, permuting them. The reason for this is that as the

2 /
global symmetry group Z commutes with the color SU(6) a gauge transformation
cannot undo the nontrivial transformation of the condensate under Z.
Of course, four-fermion, gauge-invariant condensates such as

(Yuy) #£0, or  (Pyyn) #0, (3.12)

could also form, first of which also breaks ZZ) as in (3.9).J

The bi-fermion ¥ condensate being in the adjoint representation, it is possible
that physics in the infrared is described by full dynamical Abelianization.'”'® The
low-energy theory could be an Abelian U(1)® theory. In such a case, although the
infrared theory may look trivial, there is a remnant of the Zg symmetry of the UV
theory. Domain walls which connect the three vacua would exist, and nontrivial
infrared 3D physics can appear there.

SU(6) models with Ny > 2 have been studied also. Physics implications from the
mixed anomaly turn out to depend quite nontrivially on the value of N;.67

3.1.2. SU(N) models

We next consider SU(N) (N general, even) theory, with left-handed fermions ¢ in
the self-adjoint, totally anti-symmetric representation. It exhibits some interesting
features of the generalized anomalies.

7"We however do not share the view expressed in Ref. 58 that the gauge noninvariance of the bi-fermion

composite ¢1) means (Yp) = 0;(yhp) # 0.
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The first coefficient of the beta function is
11N — 2N;T

by = 3.13
= (3.13)
The twice Dynkin index is given by
N -2
2Tr = N=-2 |]. (3.14)
2

See Table in (3.15) for 2T, and d(R) for some even values of N.

N [4 6 8 10 12
2Tp |2 6 20 70 252 | (3.15)
d(R) |6 20 70 252 924

We limit ourselves to asymptotically free theories (N < 10).
The system has an exact 1-form symmetry

Z%:eiﬁgAHe%keiﬁgA, k=24, .. N, (3.16)
as well as a global discrete symmetry
Lor, : ) — €y, j=1,2,... 2T (3.17)
By introducing a 1-form gauge fields (B((?), Bgl) )
%B@ =dBlY (3.18)

(see Sec. 3), one arrives at the conclusion that the phase of the partition function is
transformed by

27k 4
_ 2o,
2T TN

4
Z=-2mk=Z, k=12,... 2Ty, (3.19)

under Zyy,. In other words, Z,, became in general anomalous. The consequence of
this mixed anomaly however depends on N nontrivially:

(i) For N = 4, the mixed anomaly vanishes

4
—=1. 3.20
- (3:20)
(ii) For N =4¢, ¢ > 2, instead,
4 1
— == 3.21
S=1 (3:21)
and the discrete symmetry breaking takes the form
Ly — L. (3.22)
[

For N = 44, we note that 2T is an integer multiple of /.
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(ii) Finally, for N =44+ 2,

4 2
2T —=2Tp - ——— 2
thus the breaking of the discrete symmetry is
Z;”TR — 7Y, (3.24)

20+1

Just for a check, for N = 4¢ + 2, 2¢ + 1 is a divisor of 2T (see App. A of Ref. 67).

The systematics of different cases, (i) ~ (iii), above, can be nicely understood in
terms of the properties of the fractional instantons (torons) of this model. See Ref. 67.

3.2. Adjoint QCD

SU(N) theories with N; Weyl fermions A in the adjoint representation, are some-
times called “the adjoint QCD”. These systems have been extensively studied by
using different methods: by semi-classical analysis,*® by direct lattice simulations,**
and more recently, by studying the mixed anomalies.”’??%% See also Ref. 81, and
more recent work.??-00

Here the color Z§; center 1-form symmetry is exact, which can be fully gauged.

The system has also a nonanomalous ordinary (0-form) discrete chiral symmetry,
Ziwy i A — €N k=1,2,...,2N;N, (3.25)

as is well known. A set of gauge fields are introduced:

o Ay: Zjy y 1-form gauge field, for (3.25);
. B((?): Z% 2-form gauge field.

ZQNf y is found to induce a phase change in the partition function

INN; [ =2 2N°N
( o / tF == / (B§2>)2>5A§“>, (3.26)
oni
64y € - ]\;T;vf Z. (3.27)

The first term conserves Z%NM; the second term

o
ASEAY) € %z, (3.28)

breaks the chiral discrete symmetry further as
Zé\NNf - Zé\Nf (3.29)

as found in Refs. 51, 52 and 55.
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The case of SU(2), Ny = 2, is of particular interest. In this case, the discrete chiral
symmetry 7Z § is broken by the 1-form Z§ gauging as

Zy — 73 (3.30)
The invariance of the standard SU(2) theory
A — e, (3.31)

becomes anomalous.

What is the implication of these results on the physics in the infrared? A familiar
lore about the infrared dynamics of this system is (for instance, see Ref. 81) that a
condensate

MUY Lo, SU(2); — SO(2); (3.32)

(I, J =1,2 being the flavor SU(2); indices) forms. That would lead to four-fold
degenerate vacua, and in each of them, two NG bosons.

In an interesting work,”® Anber and Poppitz proposed that the system instead
may develop a four-fermion condensate

(MM £ 0, with (AX) = 0. (3.33)

Such a condensate breaks Zg\ spontaneously to Zi, leaving only doubly degenerate
SU(2); symmetric vacua (and no NG bosons). Massless baryons of spin §

B ~ A\ (3.34)

(which is necessarily a doublet of the unbroken SU(2);) should appear in the infrared
spectrum to saturate all the conventional 't Hooft and Witten anomaly matching
conditions. The action of the broken Z3/Z} is a permutation between the two de-
generate vacua

DA — —(AAMN). (3.35)

As usual in an anomaly-matching discussion one can tell some dynamical scenario is
consistent, but not that such a vacuum is necessarily realized. It remains to establish
which between the familiar SO;(2) symmetric vacuum and the proposed SU(2);
symmetric one, is actually realized.

The adjoint QCD with general N reduces to N' = 1 supersymmetric Yang—Mills
theory, for the special case of N; = 1. A great number of results on nonperturbative
aspects are known?6:80:82.83 there. Note that in this case (3.29) leads to an N-fold
vacuum degeneracy, in agreement with the well-known Witten index of pure
N =1SU(N) Yang-Mills theory.

One may also start from the A" = 2 supersymmetric SU(2) Yang-Mills theory,
where many exact results for the infrared physics are known.?"?%43 It can be de-
formed to A/ =1 theory by an adjoint-scalar mass perturbation, which yields a
confining, chiral symmetry breaking vacua. Exact calculation of gauge fermion
condensates (A\) from this viewpoint can be found in Refs. 84 and 85. The pure

2230014-22



Int. J. Mod. Phys. A 2022.37. Downloaded from www.worldscientific.com

by SCUOLA NORMALE SUPERIORE DI PISA on 11/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Anomalies and phases of strongly coupled chiral gauge theories

N =2 theory could also be perturbed directly to A" = 0.7 In principle, such an
approach can give hints about Ny = 2 adjoint QCD, even though it is not a simple
task to identify correctly the vacuum which can be reached by such a deformation.

3.3. QCD with “tensor quarks”

We now move to theories with matter fermions in N; pairs of

=1 o[ 1] (3.36)

b ZH@H. (3.37)

For reference, the standard QCD quarks are in D @E.
The first beta-function coefficient is

1IN — 2Ny(N £ 2)

or

by = 3.38
: : (339)
As the k = % element of the center Zy does not act, there is a
2 CZLy (3.39)
center symmetry.X Also there is a discrete axial symmetry subgroup
2mi ~ 2mi ~
Z?Nf(NiQ) : w — 62‘“‘?(Ni2)1/1, w N 6%’\4"{(1\"12)1)&7 (340)

respected by instantons. The + refer, respectively, to two types of models, Egs. (3.36)
and (3.37).

Let us study for simplicity the N; = 1 theory: the analysis is similar to the cases
discussed in the preceding sections. The anomaly is given by

2N£2) 5 2N(N£2), 05 40
(_THF t——gm (BT )4, (3.41)
where
(0) 2T
Ay € SN L 2y Lrvey (3.42)
Now
2(N +2 .
% / trF” € 2(N + 2)Z, (3.43)
T

¥This model has been considered by Cohen,* in particular in relation with such a center symmetry, and
concerning the possible existence of an order parameter for confinement.
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means that the first term of (3.41) is trivial. By using

8# (B#)? = fZ (3.44)

the second term gives an anomaly
N

We find therefore no anomaly for N = 4¢; for N = 4¢ + 2, the (1-form) gauging
breaks the discrete symmetry as

Zynsz) = Livso (3.46)
The assumption of the “quark condensate”

() #0, (3.47)

is consistent with (3.46). The bi-fermion condensate (3.47) however breaks the dis-
crete symmetry as

Zw

P
bvis — LY, (3.48)

i.e. stronger than suggested by (3.46).

3.4. Chiral theories with N 4¢{”}’s and N —X[m] ’s

Our next theoretical laboratory is chiral SU ( ) gauge theories with matter fermions
in a complex representation, & w{”}’s and & —X[L i

N —4 N+4H (3.49)
Nt X400

k is a common divisor of (N —4, N +4) and N > 5. Asymptotic freedom re-
quirement

2
LN =+ (N? —8) >0, (3.50)

is compatible with various possible choices for (N, k). We studied two simple models
in Ref. 67:

(i) (N,k) = (6,2): SU(6) with

T les H (351

2230014-24



Int. J. Mod. Phys. A 2022.37. Downloaded from www.worldscientific.com

by SCUOLA NORMALE SUPERIORE DI PISA on 11/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Anomalies and phases of strongly coupled chiral gauge theories

(i) (N,k) = (8,4): SU(8) with

3.52
Dj@?ﬂ. (352)

Below we review the results of the analysis of the first model, SU(6) theory with
matter fields in 21 & 5 ® 15*. The implications of the mixed anomalies turn out to be
quite subtle even for this simple model, as will be seen.

Classically, the symmetry group is
SU(5) x U(1)y, x U(1),. (3.53)

The anomalies

U(1)y - [SUE)]2 = ‘0 _Nyo—3,
(3.54)
U(l)y — [SUG) = —=5(N —2) =20,

fix the charges of the nonanomalous U(1),, C U(1), x U(1), symmetry
(Qus @) = (5,=2). (3.55)
There are also unbroken discrete groups
Uy = Z§, U(1), = Z}, (3.56)
By studying the overlap of Zg x Zy, and U(1)y, one arrives at

U(1)yy x Z§ x Z,
Ly

U(1)yy X Zy (3.57)

(see (3.63) and (3.64)). Taking furthermore the color center and SU;(5) center into
account, the true anomaly free symmetry group is
SUB) x U(1)y, xU(1),  SU5) x U(1)yy X Zy
: R .

3.58
ARYAS ARYAS (3.58)

From the consideration of the standard ’t Hooft anomaly analysis and by the
impossibility of finding an appropriate set of massless baryons,’” one concludes that
if the system confines the global symmetry (3.57) must be broken spontaneously, at
least partially. Therefore, the question is whether the 1-form gauging of a center
symmetry can tell us anything useful.

First of all, one finds that both Zg and Z3, are broken by the 1-form Z§ gauging:

ZZ) - szv Z;‘() - Zfo- (3.59)
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0) 2rk
My =%
In order for the system to “match” the reduction of the symmetry (3.59) in the
infrared, some condensates are expected to form. A more careful analysis is, however,
needed to find out which bifermion condensates actually occur in the infrared, in

order to be consistent with the systematics of the mixed-anomalies.
The division by Zy

. k=24,...,8 §AY=_Z""_ y=24..20. (3.60)

,(/} — e5ia,¢7 X — 6722‘(1)(, (361)
27k

=——, k=12,...,4 .62

«@ 40 3 3 3 ) 07 (3 6 )

in the global symmetry group (3.57), is relevant. The quotient

Loy x Zsg
~ 220 7 28

Z .
. o (3.63)
also forms a subgroup acting as
W — egﬂ,:%kw _ 62m‘§¢, Y — e—zmg—gx _ 6—27@%%7 (3.64)
or
2 2
6141(1?) :%k’ 6A§(0) :_%k7 k= 1,2,3,4, (365)

The subtlety is that Z,, remains nonanomalous, even after 1-form gauging of Z§

2k 2k 1 ~9 ene|
_<8 o W %>ﬁ[/m’ —6(B®)?| =o. (3.66)

At the same time, Z, itself is affected by the gauging of the center Z5 symmetry. We
find 97 the generalized anomaly

_ 1 2 _6(B)2| = Z
3 21k — UtrF 6(BH?| =21k (Z+3-6 1) (3.67)

Thus, Z, is reduced to Z, (k= 2,4).
These are the fates of the discrete symmetries

Z20 X Zg ~ Z40 X Z4 (368)

under the gauged 1-form center symmetry Z§. What do they imply on possible
condensates such as

X, P, XX (3.69)
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The MAC criterion might suggest formation of condensates in one or more of the
channels

A:y (CT) w (1) forming :

B: x H % H forming | |; (3.70)

C: v <Dj> X H forming adjoint representation.

The one-gluon exchange strengths corresponding to these scalar composites are

16 28 32
676767
thus one might be tempted to assume that the only condensate in the system is

((¥X)aqj) # 0. (3.71)

However, the mixed anomaly analysis as sketched here shows that at least two
different types of condensates must form in the infrared. For instance, the Z, — Z,
breaking would not be accounted for if (3.71) were the only condensate. See Ref. 67
for more details. One is led to conclude that two or all of the condensates (3.70), are
generated by the system.

proportional to respectively. Of these, the last is the most attractive, and

4. Generalized Anomalies and Phases of the Generalized
BY and GG Models

In this section, we review the generalized anomaly in a large class of chiral gauge
theories, BY and GG models. The procedure for computing the anomaly against
gauging color-flavor locked 1-form Zj, symmetry has been exhibited in Subsec. 2.2,
by using the simplest of this class of models, 11 model. The master formula found
there, however, can be applied to any of the BY and GG models.

4.1. Bars-Yankielowicz models

The BY models are SU(N) gauge theories with Weyl fermions
Wi, e (4.1)

in

(T le+4+p[Jepl] (4.2)
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The indices run as
hwj=1,....N, A=1,.... N+4+p, a=1,...,p. (4.3)

The 1n model corresponds to p = 0. The number of the extra fundamental pairs p is
limited by %N — 3 before asymptotic freedom (AF) is lost. The classical symmetry
group is

SU(N), xU(1)y, x UNN +4+p), x U(p)e. (4.4)
Strong anomaly breaks the symmetry group (4.4) to

p=0:8SU(N). x SUN +4), xU(1),,,
p=1:SUN). x SUN +5), x U(1)yy x U(1)ye, (4.5)
p>1:SU(N), x SU(N +4+p), x SU(p)e x U(1)yy x U(L)ye,

where the anomaly free combinations are
U(1) 2 9 — lN+pay, oIV (4.6)
with a € R, and
UL)ye : 0 — ePlyp, € — e N5, (4.7)

with 8 € R. The choice of these two unbroken U(1)’s is arbitrary. For example,
another U(1),¢

U)ye 1 — e, € — e VI, (4.8)

with v € R may be chosen.

Table 1 summarizes the charges.

The standard ’t Hooft anomaly matching study, based on the (perturbative)
symmetry group (4.5), led to the observation that the anomaly triangles associated
with (4.5) can be all matched in the infrared, assuming confinement, no condensate
formation, and assuming a simple set of massless composite fermions—baryons—
saturating all the anomaly triangles. This is highly nontrivial, as seen in the summary
given in App. E.

Table 1. The multiplicity, charges and the representations. (-) is a singlet representation.

SU(N), SU(N +4+p) SU(p) U(1) U(1)ye
¥ O () D) N4d+p p
n (N+4+p)-lj N‘D N(N+4+p)-() —(N+2) 0

¢ p[ Np- () N[ 0 ~(N+2)
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At the same time, the anomaly matching equations are consistent with dynamics
Higgs phase also, where certain bi-fermion condensates form, which break the color
and part of the flavor symmetries dynamically, leaving still some nontrivial unbroken
chiral symmetry in the infrared. See the review in App. F.

It is thus important to find out whether or not new, mixed type of anomalies are
present in the theories, and whether more stringent anomaly constraints arise, ca-
pable of discriminating these two dynamical possibilities.

As already emphasized, the study of the mixed anomalies requires clarifying the
global structure of the symmetry group, beyond their local properties (4.5). The result of
a detailed analysis done in Ref. 69 is that the true symmetry group of the BY model is

SU(N +4+p) x SU(p) x H
ZN XZN+4+I] X Zp

SU(N), x , (4.9)

where
H=U(1); x U(1)y x (Zy)F, (4.10)
when p and N are both even. That is, it has two disconnected components. U(1); and
U(1), being any two out of U(1),,,, U(1)ye, and U(1),..
When p and/or N is odd, instead
H=U(1); xU(1), (4.11)

it has only one connected component. In these cases, symmetry group is connected,
and perturbative (algebra) aspects of the 't Hooft anomaly triangles exhaust the UV-
IR anomaly matching conditions. See Ref. 68. Thus, the most interesting BY models
are those with p and N both even, to which we turn now.

The fact that

Ly C ULy x UL)ge x (Za) (4.12)
for N, p both even, can be shown explicitly, by choosing
27 27
=7 == 4.1
a=2, p=-2 (413)

We couple the system to the appropriate background gauge fields

Ay, U(1)y, 1-form gauge field,
Ayer U(1) e 1-form gauge field,
As: (Zy)p 1-form gauge field,
a: U(N), 1-form gauge field,
. B((?): Zy 2-form gauge field.

Under the 1-form gauge transformation, the fields transform as

BY -~ BP +dr, BY —=BY 4NN, a—a+A, F(a)— F(a)+dA,
N

2

Awn — A"/’ﬂ — )\C, AU’E — A¢,£ + )\C, A2 — A2 )\C.

(4.14)
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The fermion kinetic terms are

N+d+p,

PhyH (6 + Rg(a) + 5

p
Un + §AUE + AQ)ﬂPLw

~ N+2
+ ﬁ'}/# (a + RFX (a) - —Aﬂ/"’] - A2> PL'I7
m
- ~ N+2
+ 6'}’# (8 + RF(G) — 5 Awg + AQ)

Pt (4.15)
n

Knowing the (Z,)r charges +1, —1, +1 for the fermions ¢n and &, respectively,
and their representations under SU(N), the master formula (2.43) gives straight-
forwardly the result for the mixed anomaly: the result is

, 1

1 Z
= (Bg2>)2§5A§;’> = N? X — (£7) = +7 x Z: (4.16)
T 4

N?

a (Zy)p — |Zy]? mixed anomaly.

One finds no (Z,) r anomaly in the IR, if the system is in the symmetric vacuum of
App. E. Such an inconsistency would be avoided, if one assumed instead that the
system is in the dynamical Higgs phase (App. F), as the color-flavor locked 1-form
symmetry would be spontaneously broken.

4.2. Georgi-Glashow models
The GG models have matter fermions in
X9, ol g (4.17)

i.e. in

[(TleW+4+pl]epl ] (4.18)

where
ij=1,....N, A=1,....N—4+p, a=1,...,p. (4.19)
The simplest of the GG models (with p =0)—call it the yn model—can be

analyzed following the same steps taken in the case of the 1)1 model, in Sec. 2.2. The
(true) symmetry group of the yn model is

SU(N —4) x U(1)y, x (Zy)p

SU(N) x Gy, Gy = EN (4.20)

For even N. U(1),, and (Z,)p act as
ULy : & — 70, n—e 50, (4.21)
(Zo)F = X1 — =X, —. (4.22)
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The division by Zy in (4.20) is due to the equivalence relation

(6, (=1)") ~ (09, (~1)nel

2

), (4.23)

meaning that U(1),, gauge field A and (Z,) p gauge field Ag) have charge —1 and %,
respectively.
By introducing the gauge fields

9t (Zy)p 1-form gauge field,

A
A:QU(l) =U(1),,
Bg ), Zy 2-form gauge field,

1-form gauge field,

the analysis follows step by step what is done in the ¢n model. The result of the
calculation, by use of the master formula (Subsec. 2.2), is that there is a mixed
(Zy)p — [Zy)? anomaly in the UV

ASY) = +inZ: (4.24)

the partition function changes sign under (4.22).

Of course, the “massless baryons” lead to no anomalies in the infrared. The
conclusion is that in the confining phase (see App. G) the mixed (Zy)p — [Zy]?
anomaly does not UV-IR match. In other words such a symmetric confining phase
cannot be the correct vacuum of the system. There is no difficulty for the dynamical
Higgs phase. The fact that in this particular (and only) case of the simplest of the GG
model (p = 0), the xn model, the confining, no-condensate phase (App. C) and the
dynamical Higgs phase (App. D) happen to have the same global symmetry of the
massless sector does not necessarily imply that these phases are the same phase (see a
more detailed discussion on this issue in Ref. 91).

More general GG models with p # 0 have also been analyzed in detail, in Ref. 68.
The analysis is similar to that done for the xn model and for the general BY models
reviewed above. The conclusion is that the confining, symmetric vacuum (App. G) is
not consistent with the implications of the generalized anomalies. The Higgs phase
(App. H) seems to be perfectly consistent with these new constraints.

5. Strong Anomaly and Phases of Chiral Gauge Theories

Very recently the present authors have realized”! that strong anomaly, which plays a
prominent role in the solution of the so-called U(1), problem in QCD, can also be
significant in the study of the phases of chiral gauge theories, such as those discussed
so far in this review. More concretely, a key observation is that the well-known low-
energy strong-anomaly effective action for QCD, which reproduces the effects of the
strong anomaly in the low-energy effective action, has a nontrivial implication on the
symmetry breaking pattern itself. Note that there is a subtlety in this argument, as
the well-known QCD effective sigma model action already assumes the standard

chiral symmetry breaking into vectorlike residual symmetries (see (5.2)).

2230014-31



Int. J. Mod. Phys. A 2022.37. Downloaded from www.worldscientific.com

by SCUOLA NORMALE SUPERIORE DI PISA on 11/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

S. Bolognesi, K. Konishi & A. Luzio

The criterion we adopt to study chiral gauge theories of unknown low-energy
symmetries and phases, is that it should be possible to write a low-energy strong-
anomaly local effective action by using the low-energy degrees of freedom (NG
bosons and/or massless composite fermions) present in the assumed phase.

The simple form of such a low-energy action we will find in the dynamical Higgs
phase, in contrast to the impossibility of writing analogous terms with massless
baryons only (in the confining phase), provides another, independent, indication that
the first type of phase (dynamical Higgs phase, characterized by certain bi-fermion
condensates) represents a more plausible IR phase of this class of models.

Before considering the chiral gauge theories we discussed in the previous sections
from this new angle, we first review quickly what is known about the U(1) 4 problem
in the standard QCD.37-%8

5.1. U(1)4 problem and the § dependence in QCD

In QCD, the U(1), symmetry is broken by the strong anomaly, and also sponta-
neously broken by the quark condensate

(Yrm) ~ —A* #£0, (5.1)
which breaks the nonanomalous chiral symmetry to its vectorlike subgroup
SU(Ni)p, x SU(N;)r — SU(Ni)y- (5.2)

At this point one expects, besides the NG bosons of the SU(N;), symmetry (the
pions), another NG boson relative to U(1) 4, ( or 7/),! which would get mass due to
the strong anomaly. The chiral Lagrangian allows us to understand how this works
qualitatively, and quantitatively in the large N limit.

To reproduce the effects of the strong anomaly, the authors of Refs. 29-33 add to
the standard chiral Lagrangian

F2 . _
Ly =5 Tr,U0'U" + TrMU + b+, U=y (5.3)

(Fy is the usual pion-decay constant), a new term
7

. N
L = —q(x)logdet U/UT + s q*(z) — Og(), (5.4)
2 aUFﬂ’

where ¢(z) is the topological density

2
g a B
q($) - 327_‘_2 F,UJ/F ) (55)

"Here 1,7 are the SU(2) or SU(3) singlet pseudoscalar mesons of the real world, as in the Particle Data
Booklet. The reader will not confuse them with the Weyl fermion in the chiral n or xn models being
studied here.
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and ag is some constant of the order of unity. The variation of L under the action of
U(1)a

Y, — €%y, Yp— e g, U—e¥U (5.6)
reproduces the variation of the phase of the partition function
0. 9 s
_ a SV
AS = 2Nfa/d T30 FLETT (5.7)

due to the strong anomaly.
The expression (5.4) can be manipulated as shown in Refs. 29-33 integrating
away the topological charge ¢(x) one obtains an equivalent expression

A 2 . 2
L =- 4’}30 <9 - % log det U/UT> , (5.8)
which is well defined as
({U)yx1 #0. (5.9)
Expanding (5.8) around this VEV
R nt0 ata +0
Usce ™ 7D :1+Z.7TF +,L-F77<0> +oe- (5.10)

one finds the mass term for the would-be NG boson, 7.

The idea here is to reverse the logic: one can actually argue that the presence of
such an effective action needed for reproducing the strong anomaly implies a non-
vanishing condensate (U) = (1 z%;) # 0, and hence, indirectly, also the spontaneous
breaking of nonanomalous chiral symmetry, (5.2), affecting the low-energy physics.

Even if in QCD there is a powerful direct argument?? for such a vectorlike sym-
metry-breaking pattern, it is interesting to note that the requirement of faithfully
representing the U(1) 4 anomaly in the infrared seems to imply the same conclusion.

It is this kind of consideration that has led recently the present authors to apply
an analogous argument to chiral gauge theories,”! by requiring the effective low-
energy theory to be able to express the strong anomaly appropriately. The following
(Subsecs. 5.2-5.5) is the review of some of the results found.

5.1.1. N =1 supersymmetric theories

Before proceeding to the discussion of chiral gauge theories, let us make a brief
comment on N = 1 supersymmetric models. In the context of N/ = 1 supersymmetric
gauge theories, the strong-anomaly effective action is derived by using the so-
called Veneziano—Yankielowicz (VY) and Affleck-Dine—Seiberg (ADS) super-
potentials.?* 36 They correctly reproduce in the infrared effective theory, the effects
of instantons and supersymmetric Ward—Takahashi identities, and embody the
anomaly of Refs. 89 and 90. This last one, known as Konishi anomaly, has direct
implications on the vacuum properties of the theory under consideration. It is a
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straightforward consequence of the strong anomaly, via supersymmetry.”™ The VY
and ADS superpotentials are indeed crucial in determining the infrared dynamics
and phases of the N/ = 1 supersymmetric gauge theories. For a review, see, for in-
stance, Ref. 80.

5.2. ¥n model and strong anomaly

Let us apply a similar idea, i.e. of writing an effective action which reproduces the
strong anomaly of the UV theory in the low-energy theory, to one of the simplest
chiral gauge theories, the ¥n model (see Subsec. 2.2). Let us remind ourselves briefly
of the symmetries of the model. At the infinitesimal level, the quantum symmetry
group of ¢n is

SU(N +4), x U(1),,, (5.11)

while any combinations of U(1),, x U(1), different form U(1),, is broken by a strong
anomaly. The low-energy effective action must capture this strong anomaly cor-
rectly.

In Subsec. 2.2, it was shown that the 11 model cannot confine maintaining the full
global symmetry unbroken. The system instead can break the gauge symmetry dy-
namically (as well as part of the global symmetry), and a color-flavor locking con-
densate forms:

cy0t, A=1,...,N,

5.12
0, A=N+1,...N+4. (5.12)

ij, A
=
Unlike ¢ gty in QCD, gg = Z{CV j wk’jnl; , is not gauge invariant. It is convenient to re-
express this condensate in a gauge invariant form, i.e.

detU, Uy =M. (5.13)
Such a gauge invariant condensate is fully equivalent to (5.12). It causes the breaking
SU(N +4) xU(1) = SU(N), x SU(4) x U(1)". (5.14)

(App. B). U(1)" is the unbroken combination of U(1),, and U(1)p, where U(1) is
U(1) C SU(N +4) generated by Tp = diag(4 - Iy, —V - Tyxa)-

At this point, it is useful to look into the NG boson sector of the theory, which
leads to an apparent puzzle. From the symmetry breaking, one expects to find 8 NV
nonabelian NG bosons relative to m, interpolated in a gauge invariant

fashion by
" = (W) (T4 5 (™)) (5.15)

Here T4 are the 8N broken generators that connect the N-dimensional subspace
(where SU(N) acts) and the 4D one (where SU(4) acts).

"The Konishi anomaly can also be viewed as representing an anomalous supersymmetry transformation
. 0.6
law for some composite fields.*”:"
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The problem emerges when one considers U(1) NG boson(s). There is certainly a
physical massless NG boson, living in

Ul)p x U(1)y,
- (5.16)

The gauge-invariant field that interpolates it can be taken as the (imaginary part of
the) condensate det U itself. However, with the condensate (5.12) alone, there is no
space for another possible NG boson, associated with the symmetry breaking of an
anomalous U(1) symmetry (any generic combination of U(1), and U(1), other than
U(1)y,, is in fact spontaneously broken by (tn)). This would-be NG boson would get
a mass from the strong anomaly, but in any case it needs to be described by an
interpolating field (which?). Another related fact is that there is actually a particular
anomalous symmetry (a special combination of U(1),, and U(1),)

v {7

n — e,

(5.17)

which is not spontaneously broken by the ¥n condensate. How would such a sym-
metry manifest itself in the infrared? These are the first hints that the description in
terms of the condensate ¢¥n (or det U) is not a complete one.

Another reason to look for other condensates is that it is not possible to write an
effective Lagrangian which realizes all the (nonanomalous) global symmetries, with
the composite field det U alone. For further details, see Ref. 91.

With these considerations in mind, let us construct the correct form of the strong
anomaly effective action systematically. We start from the very beginning,

1 .
L= 7ZFNVF1W + Lfermlons’ (518)

£fermions _ _Z'Ea.,u(a + Rs(a))/ﬂ/} _ Zﬁa—#(a + RF* (a))urh (519)

where a is the SU(N) gauge field, and the matrix representations appropriate for 1
and 7 fields are indicated with Rq and Ry.. We change the variables by

C= _% F F™ 4 £emions 4 Trl(yn)*U] + he. + Blgmn)* +he.,  (5.20)
where U is the composite scalar of N x (N + 4) color-flavor mixed matrix form
Trl(yn) U] = (77} ) U™, (5.21)
and B are the baryons B ~ ¥nn,
B — wijﬂTnle‘, m,n=12,...,N+4, (5.22)

anti-symmetric in m < n. In writing down the Lagrangian (5.20), we have antici-
pated the fact that these baryon-like composite fields, present in the Higgs phase
together with the composite scalars ¢¥n (see App. B), are also needed to write down
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the strong-anomaly effective action. This allows us to dodge the problem about the
NG bosons (and to break U(1) ), as we are going to explain.
Integrating ¢ and 7 out, one gets

Lot = — %F#,,FW + Tr(DU)'DU — iB5"9,B - V. (5.23)
The potential V' is assumed to be such that its minimum is of the following form:
(U™ = ¢,y A%6™, i,m=1,2,...,N, (5.24)
and contains the strong-anomaly term
V=V 4L, (5.25)
ﬁan of the form
L, = const[log(e BB det U) — log(e BB det U)']? (5.26)

which is analogue of (5.8) in QCD. The argument of the logarithm

eBBdet U = €™MM2N+ighsizin B B Umnl Uizmz s in’"w’ (5'27)

MNL1MN2 T MN8N 4

is invariant under the full (nonanomalous) symmetry
SU(N), x SUN +4) x U(1)y, (5.28)
as it should be. Moreover it contains N + 2¢’s and N + 47’s, the correct numbers of

the fermion zero modes in the instanton background: it corresponds to a 't Hooft’s
instanton n-point function, e.g.

(1 ) (xe)m(xs) . . bn(wys)). (5.29)

This effective Lagrangian is well defined only if the argument of the logarithm
takes a VEV. In particular, it is natural to assume

(€YBB) #0, (detU) # 0, (5.30)
where
eYBB = ¢ 40,0, B""B"%, £;=N+1,...,N+4. (5.31)
As
(det U) x 1yun (5.32)

takes up all flavors up to N (the flavor SU(N + 4) symmetry can be used to orient
the symmetry breaking this way), BB must be made of the four remaining flavors, as
in (5.31). These baryons were not among those considered in the earlier studies,!%
but assumed to be massless here, and indicated as Bl4:5: in Table B.1. This is
possible because these fermions do not have any perturbative anomaly with respect

to the unbroken symmetry group, SU(N) x SU(4) x U(1): ’t Hooft anomaly
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matching considerations cannot tell if they are massive or not, either the two options
are possible.

Now we see how the apparent puzzle about the NG bosons hinted at above is
solved. We can define the interpolating fields of the two NG bosons by expanding the
condensates

detU = (detU) + - - - ocl+ﬁ¢o+-“;

T (5.33)
¢YBB = (9BB) + - -- X1+ -,

FY

(here F 9 and FV are some constants with dimension of mass). Clearly in general,
the physical NG boson and the anomalous would be NG boson will be interpolated
by two linear combinations of ¢, and ¢;. The effective Lagrangian allows us to fix
these linear combinations.

Indeed, as the effective Lagrangian (5.26) is invariant under the nonanomalous
symmetry group, and in particular U(1),, and U(1)p do not act on eBBdet U, the
NG boson which appears in the strong-anomaly effective action as the fluctuation of
eBBdetU,

(0) (1)
¢>=Nwl1(0)¢o+1m¢1], Ny=— (53
Fr Fx (Fﬁo))2+( #1))2

cannot be the massless physical one: it is would be NG boson relative to the
anomalous symmetry. Indeed the effective action provides a mass term for this NG
boson.

The orthogonal combination

1 1
¢ = N, [W ¢o — W%} ) (5~35)

i.e. the interpolating field of the physical NG boson living in the coset (5.16), remains
massless.

Before we have included in the low-energy description some massless baryons
which are neither required, nor excluded by the 't Hooft anomaly matching. Now one
can see their ultimate fate using the strong-anomaly effective Lagrangian. In par-
ticular (5.26) contains a 4-fermion coupling between these baryons, which, plugging
the VEVs (5.30), provides a mass term for them.

The last remark is that the strong-anomaly effective action does not depend on
the absolute value of the condensates, BB and det U, separately. This simply means
that these symmetry considerations alone cannot determine the mechanism of con-
densation. In particular, even if (det U) # 0 is somehow expected, a VEV for BB is
more surprising, and probably due to residual dipole interactions between the bar-
yons. However, a more in-depth study on how these two flat directions are lifted by
quantum effects is needed to precisely understand how these two condensates form.
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5.3. Strong anomaly: The generalized BY models

As the solution given above on the t¢n model is notably subtle, one might wonder
whether a similar mechanism is at work in the generalized BY models, an SU(N)
gauge theory with Weyl fermions

Wi, ol g (5.36)

in the direct-sum representation

[(TleN+4+pJepl ] (5.37)

Also in this case (Ref. 69 and App. C) the conventional ’t Hooft anomaly
matching equations allow a chirally symmetric confining vacuum, with massless
baryons

(B8 = Wjﬁfﬂ?a (By) % = ;04 & (B3)any = V€00, (5.38)

(the first is anti-symmetric in A «<» B and the third is symmetric in a < b), satu-
rating all conventional 't Hooft anomaly triangles. The study of the generalized
anomaly in Sec. 4.1 has however shown that such a vacuum is not consistent.

A dynamical Higgs phase with condensates

({UB) = (Yinf) = ¢, A3/B £0, j,B=1,...,N,
<VG’A> = <§7,(1n124> — cn£A36N+4+(I,,A 7é O’ (539)
1,....,p, A=N+5,...,N+4+0p,

a
a and with symmetry breaking

(&n)(¥m)
" SU(N) g, x SU(4), % SU(p)ye X UL)jpy x U(L) e, (5.40)
is fully consistent with the gauging of the center symmetry (Ref. 69 and Sec. 4.1).
A strong-anomaly effective action for the BY theories can be constructed in a way
similar to the ¢n model. Instead of (5.27), one has now

E(Bl -B1 det U det V) = 67",1‘777,2,.44,777,)\"+4+1‘67:1J‘Q,..,ﬂl\'6k71,k:27,.4,k[,
X B[lmﬁurl ,mNAz]B[1771N+31777u\7+4] Uz'lml Uig'mQ L UiN'mN V’mN%kl . VmNJr,Hpkp. (541)

The rest of the analysis can be completed by closely following that of the ¥n model
discussed in Subsec. 5.2. We skip the details of the analysis. Let us note only that the
strong anomaly effective action with such a logarithm, is perfectly consistent with,
and perhaps implies, the condensates, (5.39): i.e. that the system is in dynamical
Higgs phase (5.40). It is, instead, not possible to rewrite a strong-anomaly effective
action with logarithmic argument (5.41), in terms of massless composite fermions
(5.38) alone.
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5.4. Strong anomaly and the xn model

It is an interesting exercise to apply the same reasoning about the strong anomaly to
the xn model. We will find that there are good analogies with the 11 case studied
above, but also quite significant differences.

In this model any combination of U(1), and U(1),, except U(1),,, (see Table D.1),
is anomalous, therefore some term similar to (5.4) (in QCD) should appear.

In the dynamical Higgs scenario for the y7n model, there are two bi-fermion
condensates

(X7) = ey 0A%, im=1,2,...,N —4, (5.42)
and

{(xx) # 0. (5.43)

This implements a two-step breaking

SU(N) x SU(N —4) x U(1),, & SU(N = 4),; x SU(4), x U(1)’

xn
Y SUN — 4) x U(1). (5.44)

As before, in order to construct a fully consistent effective action, one should keep
the full invariance of the original theory, either spontaneously broken or not. To do
$0, it is convenient to re-express the condensates (5.42) in a gauge invariant way. The
answer is to write a single gauge-invariant condensate

U= Eiliz...i,\rem,mz...m,N,4 (Xn)ilml (Xn)izmz e (Xn)iN%mNﬁl Xiﬂv*gil\;zxi;\‘uli‘v
~ e(xm ™ (xx), (5.45)

which encodes both of the two (gauge depending) ones.
This choice suggests that the correct strong-anomaly effective action for the xn
model is

%q(x)log exm™*(xx) + hec, (5.46)

where again, g(x) is the topological density defined in Eq. (5.5). Clearly it is by
construction invariant under the whole (nonanomalous) symmetry group

SU(N). x SU(N — 4) x U(1) (5.47)

Xxn:

Let us comment briefly some features that suggest that this is indeed the correct
result.

e The argument of the logarithmic function here matches the correct number of the
fermion zero modes in the instanton background (N, = N —2 and N, = N —4).
o In contrast, there is no way of writing the strong-anomaly effective action (5.46) in
terms of the “baryons”, B~ xmnm, of the assumed confining, chirally symmetric
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phase (App. C). No combination of the baryons can saturate the correct number of
the fermion zero modes, c¢fr (5.45).

This anomaly effective action (5.46) agrees with the one proposed by Veneziano®
for the case of SU(5), and generalizes it to all SU(N)xn models. A key observation
we share with® and generalizes to models with any N, is that this strong-anomaly
effective action, which should be there in the low-energy theory to reproduce cor-
rectly the (anomalous and nonanomalous) symmetries of the UV theory, implies
nonvanishing condensates

xem #0, (xx) #0, (5.48)

i.e. that the system is in dynamical Higgs phase, App. D.

Upto now the story has been very similar to the one about the 11 model. However
there are some differences. Differently from the ¢m model, where the baryon con-
densate must enter in the strong-anomaly effective action, here the structure of the
effective action simplifies, and no baryon is needed. Moreover, contrary to the yn
model, the yn system has no physical U(1) NG boson: it is eaten by a color SU(N)
gauge boson. However the counting of the broken and unbroken U(1) symmetries is
basically similar in the two models. Of the two nonanomalous symmetries (U(1),, and
U(1),,), a combination remains a manifest physical symmetry, and the other
becomes the longitudinal part of a color gauge boson. Still another, anomalous, U(1)
symmetry exists, which is any combination of U(1), and U(1), other than U(1),,.
This symmetry is also spontaneously broken, hence it must be associated with a NG
boson, even though it will get mass by the strong anomaly.

As in the 11 model, one can describe this situation explicitly, by expanding the
composite xn and xx fields around their VEV’s,

(detU) = {((detU)') + -+ x1+i— ¢0 +-
. e (5.49)
XX =000+ i di+ e,
F

™

where (det U)' is defined in the N — 4 dimensional color-flavor mixed space, and

XX = Ei]’i27131i4xili2xi3i4, N -3 S Zj S N. (550)
Now one can see that the strong-anomaly effective action (5.46) gives mass to
1 FORY
¢ = [ (0) (b(] + ¢1]7 N7r = o 1 ’ (551)
Fx (F)? 4 (R
whereas an orthogonal combination
o = Ny |~ 66— —r5 61 (5.52)
= Ne|l = %o~ —qg %1 .
F7$1) Fﬁo)
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remains massless. The latter corresponds to the potential NG boson which is
absorbed by the color T, gauge boson.

5.5. Generalized GG models and strong anomaly

Let us now turn to the generalized GG models,* i.e. SU(N) gauge theories with
Weyl fermions

X, g, g (5.53)

in the direct-sum representation

H@(N—él%—p)m @pD, (5:54)

It turns out that the simple structure of the strong-anomaly effective action
(5.46), which does not need bi-baryon condensate, works out also in this case

%q(az)log exx det(xn)det(&n) + h.c., (5.55)

where a short-hand notation

EXX det(XU) det(fn) = eilig.“iN€k1k2.“k],€m1m2.u'mN,4”,
X (Xn)ilml (Xn)izmz o (X,r])iwfﬂﬂwq (X?\L:;iwfzxiwfliN)
(€)™ (g (5.56)

has been used. The strong-anomaly action (5.55) requires the condensates
(x' i) = const. A3§4 #£0, j=1,....N—4, A=1,...,N—4,
tapBy = const. A36N4taB L0, a=1,...,p, B=N-=3,...,N—4+p,
i
(5.57)
and
(x/rl2xdnit)y = const.e/ I A £0, G, .,y =N—-3, N-=2,...,N. (558)

Hearteningly, these are exactly the set of condensates expected to occur in the dy-
namical Higgs phase of the GG models (Ref. 69 and App. H).

5.6. Strong anomaly in the chiral gauge theories considered in Sec. 3

Upto now we have analyzed the implications of the strong anomaly in models dis-
cussed in Subsecs. 2.2 and in 4. In these models, being able to discriminate between
different types of phases (confinement with unbroken global symmetry versus dy-
namical Higgs phase) was clearly very important, as the conventional 't Hooft
anomaly-matching algorithm could not tell us which type of the vacua were the
correct ones. We found indeed that both the recent generalized anomaly study
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(Subsecs. 2.2 and 4) and strong-anomaly consideration (Subsecs. 5.2-5.5) seem to
favor the dynamical Higgs phase, in all these models.

Of course, consideration of the strong-anomaly effective action is relevant also in
other models. For illustration, we discuss below a few models studied in Sec. 3.

5.6.1. SU(6) model with a single fermion in a self-adjoint
anti-symmetric representation

Consider an SU(6) model with a single left-handed fermion in the representation,

(5.59)
20 =

which was studied in Refs. 58 and 67 and reviewed in Sec. 3.1.1. The lessons learned
from the the gauging of the 1-form Z§ symmetry have been that the nonanomalous
ZZ’ symmetry must break spontaneously as

7Y — 7.y, (5.60)

implying a three-fold vacuum degeneracy.’®%" This could either be because of a four-
fermion condensate®®

(i) ~ A® # 0, (yuh) =0, (5.61)
or due to a gauge-symmetry breaking bi-fermion condensateS”
(Yy)) ~ A #£0, (5.62)

with ) in the adjoint representation of SU(6). Both scenarios are consistent.
Let us see if considerations on the strong-anomaly can clarify which scenario is
actually realized. A particularly simple representation of the strong-anomaly is

%q(x)log Db + h.. (5.63)

Based on our viewpoint that the argument of the logarithmic function acquires a
nonvanishing VEV, the assumption of four-fermion condensate (5.61) appears to
leads to a difficulty. In contrast, the assumption of bi-fermion condensates (5.62)
looks perfectly consistent, with

(W) ~ () S (o) § # 0. (5.64)

5.6.2. Adjoint QCD with N, = Ny =2

It is interesting to apply the same logics also to the adjoint QCD, previously analyzed
from the point of view of generalized symmetries and their anomalies. In particular,
let us focus on the N, =2, N; =2 case, because of the renewed interest in this
particular model, raised by the work of Anber and Poppitz.?”
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The conventional thinking holds that a gauge invariant bi-fermion condensate
(A\) #£0 (5.65)

forms, breaking the flavor symmetry as SU(2); — SO(2);, leading to 2 NG bosons,
and reducing the discrete Zg symmetry to Z, resulting four degenerate vacua. The
Anber and Poppitz’s proposal® is that, instead, the system might develop a four-
fermion condensate but not bifermion condensate:

(M) £ 0, (AN) = 0. (5.66)

The discrete Zg symmetry is now broken to its Z, subgroup (therefore there are only
two degenerate vacua). Massless baryons

~ A (5.67)
(necessarily a doublet of SU(2)¢) matches the UV-IR Witten anomaly of SU(2);.

As said above, the two possibilities are both consistent with the generalized ’t
Hooft anomaly matching, therefore an indication from the strong-anomaly effective
action would be very welcome.

The analogue of (5.4), (5.46) and (5.63), is in this case

%q(x) log AA... A+ hc.. (5.68)

With eight A\’s inside the argument of the logarithmic function. Therefore, in
contrast to what we saw in the preceding model Subsec. 5.6.1, our strong-anomaly
algorithm does not seem to be able to discriminate the two dynamical possibilities
(5.65), or (5.66).

Before concluding this section, we note that in the case with Ny = 1, arbitrary N,
the adjoint QCD becomes N = 1 supersymmetric YM theory. The strong-anomaly
effective action (5.68) with 2N;N, = 2N_\’s, reduces precisely to the Venezia-
no—Yankielowicz effective potential,®*! implying (A\) # 0. In this case, the assump-
tion of the bi-fermion condensate, (A)\) # 0, the breaking of the discrete symmetry
Zyn, — Ly, and the resulting N, fold degeneracy of the vacua (Witten’s index), are
generally accepted as a well-established fact.

6. Summary and Discussion

We have reviewed in this paper the first applications of generalized anomalies and
discussed what the consequent stronger anomaly matching conditions tell us about
various chiral gauge theories based on SU(N) gauge group. Our discussion was
divided in two classes of models. In the first, the system has a 1-form Z; symmetry
(k being a divisor of N) under which the matter fermions do not transform. The
treatment in this case is relatively straightforward: certain discrete symmetries,
respected by instantons, are often found to be further made anomalous, due to the
fractional 't Hooft fluxes accompanying the gauging of the discrete 1-form symme-
tries. The discussion of Sec. 3 has illustrated that their consequences depend non-
trivially on the types of matter fermions present, and an interesting and rich variety
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of predictions on the possible condensates, symmetry breaking patterns and phases,
have been found.

A second group of models (BY and GG models) have a color-flavor locked Zy
1-form symmetry, in which matter fermions transform together with the SU(N)
gauge field. A careful analysis of the global properties of the symmetry group is
needed before actually introducing the gauging of this discrete 1-form symmetry.
This has been worked out in detail in all of the generalized BY and GG models, and
the results of the analysis reviewed in Sec. 4. A surprising implication is that, at least
for even N theories, color-flavor locked Z, — U(1) — Zy 1-form symmetry does not
allow its gauging which is a new kind of 't Hooft anomaly, and that this is consistent
with the low-energy system being in dynamical Higgs phase characterized by certain
bifermion condensates.

After the examination of the results from the generalized anomalies (involving the
1-form symmetries and gauging of some discrete center symmetries), we changed the
topics, and turned to the very recent observation”' about the strong-anomaly as-
sociated effects. This is the idea discussed in the context of the so-called U(1),4
problem in QCD many years ago, but for some reason it was almost never applied to
the discussion of the physics of strongly coupled chiral gauge theories. It is found that
the requirement that the massless degrees of freedom of the hypothesized infrared
phase should be able to describe appropriately the strong anomaly giving a rather
clear indication on the physics of BY and GG models: the structure of the strong-
anomaly effective action favors the dynamical Higgs vacua, against the confining,
fully flavor symmetric vacua, in agreement with the implications from the general-
ized anomaly matching algorithm, explored in the first part of this review.

The fact that both mixed anomalies®%%?
tion?! imply dynamical Higgs phase in chiral BY and GG models is certainly not

and the strong-anomaly effective ac-

accidental. Both arise by taking properly the strong chiral U(1) anomalies into
account.

These discussions, rather unexpectedly, brought us to note certain analogies and
contrasts between the strong-interaction dynamics of vector-like and chiral gauge
theories.”! Let us now compare the standard QCD with N; light flavors of quarks and
anti-quarks, and the v¢n, xn models as well as more general BY and GG models.

In many senses, the bifermion condensates such as U = 1 in the 1¢n model (and
X7, xXx condensates in the x7 model), can be regarded as a perfect analogue of the
quark condensate U = v z1p; in QCD. All of these composite scalars enter the strong-
anomaly effective action in a similar way, as

L= %q(m)log detU/UT, q(z) = - Fi, " (6.1)

(See Sec. 5 for more careful discussions.) And in all cases this implies condensation of
(U) x 1, i.e. the color-flavor-locked Higgs phase in the ¢n or xn models on the one
hand, and the chiral-symmetry broken vacuum in QCD., on the other.

2230014-44



Int. J. Mod. Phys. A 2022.37. Downloaded from www.worldscientific.com

by SCUOLA NORMALE SUPERIORE DI PISA on 11/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Anomalies and phases of strongly coupled chiral gauge theories

Another fact pointing to a similarity between massless QCD and BY and GG
models is the following. In general, BY models (with p pairs of additional matter
fermions), we saw that there are two natural bifermion condensate channels:

o) n(]) forming [
and 13 (D) n(D) forming (-) :

the gluon-exchange strengths in the two channels are, respectively, proportional to
— (N”;\(,N*l) and — va’l. The ¢m channel is slightly more attractive; the strength is
however identical in the large N limit. Note also that £n has the same quantum
numbers as ¥ z10; in QCD. Similarly for the comparison between the condensates,
(xn) and (£n) in the GG models. These considerations, based on rather naive MAC 3
idea and thus are not rigorous, nevertheless give support to the idea that the quark
condensates in QCD and the bifermions condensates in the chiral gauge theories
under study in this review, are really on a very similar footing.

Of course, there are significant differences, or contrast, in the vectorlike and chiral
gauge theories. The quark condensate (1511 ) is a color singlet, SU(N;), x SU(Ng)
flavor matrix. (in) is instead in a color-flavor bifundamental form, which means that
it breaks the color completely, and reduces (partially or totally) the unbroken flavor
symmetry. The most important difference however is the existence of colored NG
bosons in the ¢ (or in the x7n) models. It means that these are coupled linearly to the
gauge boson fields, making them massive. These processes are absent in QCD, as all
NG bosons are color singlets. It is in this sense that one talks about confinement

(6.2)

phase in QCD, in spite of the fact that the inter-quark confining strings can be
broken by the spontaneous quark-pair production from the vacuum.

The mass spectra are also qualitatively different in QCD and in the chiral gauge
theories discussed here. One is the presence of certain degenerate massive vector bosons
(the color-flavor locked SU(N) s symmetry) found in the chiral gauge theories in the
Higgs phase. But especially, the massless spectrum exhibits striking differences. In all
chiral gauge theories studied here, it contains in general both a number of composite
fermions (baryons) as well as some composite scalars (pions), a feature certainly not
shared by massless QCD. In other words, the way the chiral symmetries of the theory are
realized in the IR, is notably different, in vector-like and chiral gauge theories.

It is possible to see a closer analogy—{from a formal point of view—between the
vector-like theories and chiral theories, if one considers color superconductivity phase
in the high-density region of QCD.?% The dynamics of QCD in that phase is
believed to be such that some colored di-quark condensates form.

(Yrr) #0,  (Yripr) # 0. (6.3)

In particular, in the case with N; = 3 flavors these are condensates of color-flavor
diagonal form, showing some similarity to (¢m) or (xn) in the chiral theories dis-
cussed here. Of course, the details of the dynamics will be quite different.
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Summarizing, the implications of new, mixed anomalies and the associated
stricter anomaly matching constraints reviewed in this paper, and the consideration
of the strong-anomaly effective actions, together, seem to allow us to get a clearer
picture of the infrared dynamics of many strongly coupled chiral gauge theories than
before. It is to be seen whether some of these developments will turn out to be useful
in a future effort to construct a realistic theory of Nature beyond the standard
Glashow—Weinberg—Salam-QCD model of the fundamental interactions.
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Appendix A. Chirally Symmetric Confining 1¢)n Model

An interesting possibility pointed out for this model is that no condensates form, the
system confines and the flavor symmetry remains unbroken.* The candidate massless
degrees of freedom in the IR are

BABl = yiintn® A, B=1,2,...,N +4, (A.1)

(baryons), anti-symmetric in A < B. All of the SU(N + 4); x U(1) anomaly trian-
gles are saturated by BBl see Table A.1.

Appendix B. Higgs Phase of the 1) Model
Another possibility for the 1n model is that a color-flavor locked phase appears,'!'”
with

(@Un?) = ¢, A%, §,B=1,2,...,N, (B.1)
where the symmetry is reduced to

SU(N)y x SU(4); x U(L). (B.2)

Table A.1. Chirally symmetric “confining” phase of the
1n model. As in other tables of the text, the multiplicity,
charges and the representation are shown for each set of
fermions. (-) stands for a singlet representation.

Fields SU(N), SUN +4)  Uyl(1)

uv ¥ N(N+1) ) N4

2
A (N+4)‘D N-ﬂ —(N+2)

IR BlAB] (AN'+V'1)2(N+3) . () H _N
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Table B.1. Color-flavor locked phase in the ¢n model. A;
or B; stand for the first N flavors (4,,B; =1,2,...,N),
whereas A, or By run over the rest of the flavor indices,
N+1,...,N+4. Another set of potentially massless
baryons Bl4252! do not contribute to SU(N).s x SU(4); x
U’(1) anomalies.

Fields SU(N)e SU(4)¢ U'(1)

owoow L[] Mmoo

n2 4. D N- l: -1

IR BlALBi] H N(;\;—l) (1) -1

BlAiBs] 4. D N- ’7 _%

BlA:B,] 6-() E 0

A subset of the same baryons (B415il and B41%] in the notation of Table B.1)
saturate all of the triangles for (B.2), see Table B.1. The massless degrees of freedom
are 2“£™N massless baryons B8 and 8N + 1 NG bosons.

To reproduce correctly the strong anomaly in the IR, however, another conden-
sate (BB) ~ (ymmymn) and another set of massless baryon Bl42P:! (see Table B.1) are
needed. This does not alter neither the symmetry breaking pattern (B.2), nor the
anomaly matching. See Sec. 5.2 for more details.

Appendix C. Symmetric Confining Phase for the xn Model

Let us first examine the possible confining vacua, with full unbroken global sym-
metry.* The massless baryons needed for ’t Hooft’s anomaly matching are

By = x g “nP, C,D=1,2,...(N —4), (C.1)

symmetric in C' < D.

Table C.1. Confinement and unbroken symmetry in the x7n model.

Fields SU(N), SU(N — 4) UQ)

X7

uv X NND () N—4

2
nA (N—4)‘D N'D —(N-2)
IR BlaB WAN-D) () E[ N
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Appendix D. Higgs Phase of the xn Model

It was pointed out '!7 that this system may instead develop a color-flavor locked
condensate

(Xjiyn™) = constA3], i,B=1,2,...,N —4. (D.1)
The symmetry is broken to
SU(N —4)y x U(1) x SU(4)... (D.2)

The massless baryons (C.1) saturate all the anomalies associated with
SU(N —4), x U(1)". There are ¥;,;, fermions which remain massless and strongly
coupled to the SU(4),. We assume that SU(4), confines, and the condensate

(xx) # 0, (D.3)
forms and ;,;, acquire mass dynamically. Assume that the massless baryons are
B{AB} :X[z’j]niAnij AvB: ]-727~"7(N_4)7 (D4)

the saturation of all of the triangles associated can be seen in Table D.1.

Complementarity”? appears to be working here, in the sense that the massless
sector of the dynamical Higgs phase has the same SU(N — 4) x U(1) symmetry as in
the confining phase discussed in App. C. See however a discussion in Ref. 91 on this
point, which seems to point to the conclusion that the apparent complementarity
(which occurs only in the x7 model, but in none of other BY and GG models) is just a
coincidence.

Table D.1. Color-flavor locking in the x7 model. The
color index iy or j; runs up to N — 4 and the rest is indi-
cated by iy or js.

Fields SUN-4); U'(1) SU(4).

Uuv Xi,j, H N (N74)2(N75) )

Xiyjo 4’; % (N7 é)’—‘

4-3
Xiajo RN

)
o Dj@E N
oA 4.[ -y (N—4)~D
IR BB [T -N B
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Appendix E. Confining Symmetric Phase of the BY Models
The candidate massless composite fermions for the BY models are

(B8 = an?nﬁ (Bo)% = ¥4, (Bs)qany = V& &, (E.1)
the first is anti-symmetric in A < B and the third is symmetric in a < b, see

Table E.1.
Explicit anomaly matching checks can be found in e.g. Ref. 69.

Table E.1. Chirally symmetric phase of the BY model.

SU(N), SU(N + 4+ p) SU(p) U(1),, U(1)e
B, (;’\“'+'1+[7)2(A\"+55+p) . () H (A\"+f1+p)2(N+3+p) . () ~N+p p
By (N+d+pp-() rl ] (N+4+p:[ | -+2) -(N+p+2)
By el () petl) () E[ N+4d+p 2N-+4+4p

Appendix F. Higgs Phase in the BY Models

Something nontrivial happens in the dynamical Higgs phase for general BY models.
i.e. with p > 0. There are now two symmetry breaking channels, ¢n and &n. We
assume that both condensates occur as

(Win?) = e8P #0, j,B=1,...,N,

. F.1
<§z,anxi4>:c”£A36aA7éo’ a:l,...,N, A:N+17--~5N+p7 ( )

where A is the renormalization-invariant scale dynamically generated by the gauge
interactions and c,¢, ¢y, are coefficients both of order one. The resulting symmetry

Table F.1. UV fields in the BY model, decomposed as a direct sum of the
representations of the unbroken group of Eq. (F.2).

SU(4), SU(p)e U(1)y U(1) e

3 p~D Np- () N~D 0 N+2
¢ pl | Np-() N[ ] 0 ~(N+2)

2230014-49




Int. J. Mod. Phys. A 2022.37. Downloaded from www.worldscientific.com

by SCUOLA NORMALE SUPERIORE DI PISA on 11/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

S. Bolognesi, K. Konishi €& A. Luzio

Table F.2. IR fields in the BY model, the massless subset of the
baryons in Table E.1 in the Higgs phase.

SU(4), SU(p) e U(1)y, U(1) e

B H ML) ML) —(N+4+p) -

B, 4.D N[ ] AN — Nipht -2

breaking pattern s

SU(N). x SUN +4+p),, x SU(p)e x U(1)y, x U(1) e

CLY U (N g, % SU), % SUM)e x U1y x UMY se.  (F2)

The color gauge symmetry is completely (dynamically) broken, leaving color-
flavor diagonal SU(N);, symmetry. U (1)y, and U(1)y¢ are combinations, respec-
tively, of U(1), (4.6) and U(1)g, (4.7) with the element of SU(N + 4 + p),, gener-
ated by

(—a(p+2) — pB)lyxy

LSU(N+4+p), = Mhm

(a+B) (N +2)1,
(F.3)

Making the decomposition of the fields one gets Table F.1.

The composite massless baryons (see Table F.2) are subset of those in (E.1)
A 07 AC 07

C=N+1,...,N+4.

Appendix G. Confining Symmetric Phase of the GG Models

The candidate massless composite fermions for the generalized Georgi—Glashow
models are

(Bl){AB} = lenfn?7 (BQ)(/ll = Xz'jﬁiAgj’% (BS)[ab] = Xijgi,agj,bv (Gl)

the first symmetric in A < B and the third anti-symmetric in a < b.
All anomaly triangles are saturated by these candidate massless composite
fermions (Table G.1). For explicit matching equations, see e.g. Ref. 69.
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Table G.1. IR massless fermions in the chirally symmetric phase of the GG model.

SU(N), SU(N — 4+ p) SU(p) U(1)y, U(1),e

B, (1\«'74#»[))2(‘\"734»[}) . () l:‘: (]\7—44»,;)2(‘\[73#»7)) . () “N+4p P
By (N—d+pp-() rl ] (Nf4+p)-D (=20 ~(N+p-2)

B, pel) () pel) () H N—-4+4p 2N-—-4+p

Appendix H. Higgs Phase in the GG Models

The Higgs phase of the GG model may be described by either of the two possible
bifermion channels xn and &n. We assume that both occur

(Xnty = c N384 £0, j=1,...,N—4, A=1,...,N—4,

(oY = ¢ (A36B £0, a=1 B=N-4+1 N-—-4+ (1)
3 nf ) 7""p’ L] p'

The symmetry-breaking pattern is

SU(N). x SUN =4+ p), x SU(p)e x U(1),,, x U(1) ¢
CLO U (4), x SUN = 4, x SU(p)ye x U)oy x U e, (H.2)
The color gauge symmetry is partially (dynamically) broken, leaving color-flavor
diagonal global SU(N — 4)Cfn symmetry and an SU(4), gauge symmetry. U (1);(77 and
U(1)'¢ are a combinations, respectively, of U(1),, ((2.16) of Ref. 69) and U(1),,
((2.17) of Ref. 69) with the elements of SU(N), and SU(N — 4 + p), generated by

_ (25 v

tsu(vye = [T )
P 4x4

—p—(ai@),(fﬂ) Liv_ayx(v—a) ‘

‘ (o + B)(N = 2)1pxp
(H.3)

LsU(N—4+p), =

Making the decomposition of the fields in the direct-sum representations in the
subgroup one arrives at Table H.1.
The composite massless baryons (Table H.2) are subset of those in (G.1):

BB = yiiptpB A B=1,...,N 4. (H.4)

In the IR, these fermions saturate all the anomalies of the unbroken chiral
symmetry.
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Table H.1. UV fields in the GG model, decomposed as a direct sum of the representa-
tions of the unbroken group of Eq. (H.2).

SU(N —4) SU(4). SU(p) e UQ), U(1)

n X1

Y1 H (:\"74?2(1\"75) () (;\"74)2@\"75) () (1\"(;\?1:%);\" pNL
X ] (N0 ] aw-g-()  GRmE e

w60 H 6 () 0 0

s m @H (N=4)2- () (N—4?.() U -5
moooe[ ] -0 Wen[ ] -2y N2y
s ] (N - 4).D AN-49)-() -Gt -

N p- () p-m 4-m A N-2+%

& P ] -0 -] 242y —(N-2) 4k

& 0 [ o] e e

Table H.2. IR field in the GG model in the dynamical Higgs phase.

SU(N —4)e, SU(p) e U1, U(1)\e

— (N—4)(N-3) (N—44+p)N N
B Dj 0 -5 b e

There is a novel feature in the GG models, which is not shared by the BY models.
There is an unbroken strong gauge symmetry SU(4)., with a set of fermions

X35 X2y M3, M4, 527 (H5)

charged with respect to it. The pairs {x,,n3} and {n,, &} can form massive Dirac
fermions and decouple. These are vectorlike with respect to the surviving infrared
symmetry, (H.2), thus irrelevant to the anomalies.

The fermion x5 can condense

{(X3x3) (H.6)

forming massive composite mesons, ~ x3x3, which also decouple. It is again neutral
with respect to the unbroken symmetry. To summarize, SU(4), is invisi-

ble—-confines—in the IR, and only the unpaired part of the 7; fermion (D:)

remains massless. Its anomalies are reproduced by the composite fermions (H.4).
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The massive mesons X973, 74&2, X3X3 are not charged with the flavor symmetries
surviving in the infrared. It is tempting to consider them as a sort of “dark matter”,
as contrasted to the fermions B4 which constitute the ordinary, “visible” sector, in
a toy-model interpretation.
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