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ABSTRACT: We compute correlation functions of the primordial density perturbations when
they couple to a gapless, strongly coupled sector of spectator fields — “unparticles” — during
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configurations in de Sitter, which exchanges an unparticle at tree level, by performing direct
integration using the Mellin-Barnes method. To obtain inflationary bispectra and trispectra,
we apply weight-shifting operators to the conformally coupled scalar correlator. We show that
the correlators solve differential equations determined by the additional symmetries enjoyed
by the unparticle propagator. Based on these differential equations, we are able to discuss the
spinning-unparticle exchanges, focusing on two possible cases where the currents or the stress
tensor of unparticles are coupled to inflatons, with the help of spin-raising operators. Finally,
we study the phenomenology of the resulting shape functions. Depending on the value of
the unparticle scaling dimension, we classify three characteristic shapes for the inflationary
bispectra, including near-equilateral, near-orthogonal, and a novel shape which appears when
the scaling dimensions are close to half-integers. More generally, we find that the leading
order squeezed limits are insufficient to conclusively determine the detection of a light particle
or unparticle. Only the full shapes of bispectra and trispectra can break this degeneracy.
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1 Introduction

Cosmological observations point to the existence of a single scalar adiabatic perturbation.
The fluctuations of the local scale factor at the hot Big Bang source clustering of light
and matter, explaining the appearance of structure and order in the late universe, through
gravitational clustering. What is the microscopic origin of this scalar field? In this paper
we begin a systematic exploration of “strongly coupled” scenarios for the microphysics of
the density perturbations.

Under the assumption that the universe went through a phase of cosmic inflation, there
are many ways of embedding the scalar perturbations in a more complete theory. The effective
theory of inflation [1-3] is similar to that of the non-linear sigma model. One way of ultraviolet
(UV) completing this theory is to consider a linear sigma model in a broken symmetry phase

— this is what happens within the Standard Model for the Higgs. The analogous mechanism
in early-universe cosmology falls under the umbrella of Single Field Inflation. Of course, we
can then consider more sophisticated scenarios, where the inflaton is weakly coupled to other
particles, like in the electroweak sector of the Standard Model. In recent years, this class



of scenarios! have been studied in much detail [6, 10-15]. In this direction, the frontier of
research is to do precision calculations, either at tree-level and high-point functions, or at loop
level. The resulting shapes of primordial non-Gaussianity, so-called cosmological correlators,
are now well-understood, from their analytic structure to phenomenological consequences.

The alternative way of UV completing the non-linear sigma model is to think of the
scalar fluctuation as a composite particle, made out of yet more elementary constituents.
This is what happens in Quantum Chromodynamics (QCD) and in models of compositeness
for the Higgs [16-24], etc. Such a scenario has been way less explored in this direction;
for a few recent examples in this direction see e.g. [25, 26]. We will consider a simpler
situation. We couple the curvature perturbations weakly to a separate sector, and enlarge
the non-linear sigma model to accommodate this coupling. This separate sector is strongly
coupled. The idea is that this is a first step to understand general features of strongly coupled
dynamics in inflation. Of course it would be interesting to have benchmark examples where
background evolution and the scalar curvature perturbation come from compositeness, but
we will not attempt to do that here.

Within this framework, there is still a large array of possibilities for what “strongly
coupled dynamics” means. Our choice will be to parametrize the space of models using the
mass of the lightest excitation — the mass gap of the theory, Mqap. In this case, there are
three possibilities, based on the ratio of the mass gap to the Hubble scale H during inflation.
In this paper we will study the simplest case, that of a very light mass gap. Nonetheless,
it is useful to discuss the three major possibilities:

e Mg, < H: if the theory has a very small mass gap, we could approximate it to be a
four-dimensional conformal field theory (CFTy). It will have operators with nontrivial
anomalous dimensions — so-called “unparticles”, as well as of course a stress tensor,
and possibly conserved currents more generally. This scenario will be the main focus of
our paper. It has been studied in [27] (see also the recent [28]), where many general
features were described, mostly on squeezed and collapsed limits. We will review some
of them, and compute the full shapes of the corresponding cosmological correlator using
various techniques.

o Mg, ~ H. Inflation is a good particle detector for masses below, at and slightly above
the Hubble scale.? In this case, many bound states of the strongly coupled sector, with
masses of order Hubble, will be produced and propagate for a few Hubble volumes
before their power gets diluted. They will interfere in an interesting way, potentially
making the resulting imprint on cosmological correlators to be novel, compared to the
usual quasi-single field inflation.

n its simplest incarnation, models of spectators weakly coupled to the inflaton are called “quasi-single
field inflation” [4-9]. It was then emphasized that the states in the UV completion can be determined by
precise shapes of non-Gaussianities, thus making the analogy with collider physics quantitative — what is now
referred to as “cosmological collider physics” [10].

2In scenarios with a chemical potential [29, 30], one can probe energy scales up to the strong coupling scale
for the pions, which is ~ 60H in slow-roll inflation.



o Mgap, > H. In this case, it is very likely that the imprint of the strongly coupled sector
is degenerate with tree-level exchange of the lightest state of the theory, of mass of the
order Mqap, unless there is a large density of states around Mgap.

In this paper we will focus on the first scenario, the gapless case. The resulting correlator
will have certain features indicative of the anomalous dimension of the operator being
exchanged. Our main contribution is to compute the full shape, in particular away from the
squeezed limit, and also determining the shapes that arise from exchange of spinning operators.
Perhaps most importantly, we emphasize that the presence of strongly coupled sectors in
the early universe has not been systematically explored, and the proposal of organizing this
study through the mass gap is a first, still very broad-brush attempt to do so. A detailed
discussion of the gapped scenarios will be presented in our forthcoming work.

Outline. The section 2 establishes the theoretical framework by formulating unparticle
physics within the effective field theory of inflation. We also comment on using holography
as a tool for exploring strongly coupled sectors in inflation more generally. In section 3, we
derive an analytic four-point function for conformally coupled scalars in de Sitter space, using
the “in-in” formalism, incorporating tree-level scalar unparticle mediators with generic scaling
dimensions. We also establish the governing differential equations encoding full kinematic
dependence. We implement spin-raising operators to determine the correlator when the
exchanged unparticles have spin. The section 4 bridges the correlators of conformally coupled
scalars to massless inflatons, via weight-shifting operators. We then show how to induce
inflationary three-point function with perturbed de Sitter four-point function. Their behavior
in the collapsed limit and squeezed limit is discussed. Phenomenological consequences are
analyzed in section 5, mainly on the shape functions. Section 6 concludes the key findings
and presents some future directions.

The technical supplements are provided in the appendices. In appendix A, we present
basic mathematical properties of special functions that we used throughout the paper. In
appendix B, we show how to derive the analytic result in detail using Mellin-Barnes integration.
Appendix C contains the shape function for a spinning unparticle spectra template, namely
the stress tensor of scalar unparticles.

Main results. The main results of this paper are highlighted here.

e Equation (3.22) is the analytic form for the four-point function of conformally coupled
scalars arising from generic scalar unparticle exchanges. This result provides the
foundation from which all other correlators are obtained using spin-raising and weight-
shifting operations.

e Equation (3.54), (3.55) and (3.56) display the bootstrap equations for our correlator.

e Sections 4.2 and 4.3 show that, when A > 3/2 for trispectra and A > 2 for bispectra,
the soft limit behaviors are degenerate with the equilateral non-Gaussianity. This fact
requires us to look into the full shape, instead of the collapsed/squeezed limit, to search
for unparticles. For A < 2, the squeezed limit degenerates with the exchange of particles



in complementary series. Once again, only a comparison of full shapes can conclusively
break this degeneracy.

e Figure 5 shows the difference between unparticle exchange and massive scalar exchange.

e Table 1 summarizes the features in shape function for scaling dimension in different
regimes. Figures 7, 8 and 9 are samples of typical shapes in different regimes.

Notation and conventions. We will choose the metric signature to be (—,+,+,+), and
use natural units A = ¢ = 1. We will use ¢ for conformally coupled scalars and ¢ for
massless fields. The spatial vectors will be denoted as & or with Latin letters as 2*, i = 1,2, 3.
Spacetime indices will be denoted using Greek letters, = 0,1, 2,3. The momentum of the
n-th external leg of a correlation function is denoted as En Its magnitude is k,, = |En] The
sum of magnitudes of external momenta is denoted as k;; = k; + k;. The scaling dimension
of an operator is denoted as A, written in the lower index as Oa. We denote the spin of

)

a spin-/ operator in the upper index as (’)X .

2 Setup

In this section, we briefly discuss a setup that accommodates strongly coupled spectator
fields in inflation, of various mass gaps. If the theory is strongly coupled and has a very large
number of degrees of freedom, then we know that its supersymmetric versions have a weakly
coupled dual description that is gravitational and holographic [25, 31-59]. In that case we
can also describe its holographic dual. We make a few comments on these holographic duals,
mostly to illustrate that the resulting cosmological correlators will have new features. Then
we go back to our main focus, that of gapless sectors.

2.1 Unparticle physics in inflation

The infrared (IR) phases of quantum field theories (QFT) can be generally classified into
three possibilities: a theory with a mass gap, a theory with massless particles in the IR
or a scale-invariant theory with a continuous spectrum [60]. In particle phenomenology, a
hypothetical scale-invariant field is called unparticle, introduced in [61-67]. It is reasonable
to consider the unparticles to be conformal fields since we want to capture general features of
this scale-invariant sector. Some examples of Beyond the Standard Model (BSM) physics that
are conformal or approximately conformal include the second Randall-Sundrum model [68],
the “hidden-valley” scenario [69], and the conformal window in QCD [70] — all of them
can be regarded as “unparticle physics”.

It is possible that in the primordial universe, the UV theory contains some fields that
become non-trivially scale-invariant as we probe the Hubble scale during inflation. Typically
they will become strongly coupled and the operators in the spectrum are composites of the
UV fields [61, 71]. This non-trivial scaling invariant sector can possibly be discovered experi-
mentally in some missing energy distributions, for example in [72-76], and in cosmological
observations, discussed in [27, 77-80].

Let’s review how to couple operators to the metric within the effective field theory (EFT)
of inflation, e.g. [1, 3]. Inflation introduces a natural foliation of spacetime with a clock,



so the time-components of the metric ¢°° become acceptable operators on their own.? In
this unitary gauge, for a general action in an Friedmann-Robertson-Walker (FRW) universe
constructed from products of any four-dimensional covariant tensors with free upper 0 indices,
in the leading order, we can write out

1 : : X Mt n
5=/d4$\/—9 <2M§13+M§1H900—M31(3H2+H)+222n!()(QOOJrl) +--->,

(2.1)

where the limit of slow-roll inflation will correspond to M,, — 0. If we reparametrize the time
coordinate to introduce general covariance t — t = t + 7 (¢, ), the metric will transform as

g% — g% +2¢%9, 7 + g" 0,70, 7. (2.2)

In the decoupling limit M — oo, the longitudinal mode of the metric 7 is the one with
strongest interactions, and we can consider it fluctuating around the background metric, while
neglecting tensor fluctuations. Evaluated in an unperturbed background, the transformation
reduces to

g% — —1 — 27 + (9,m)>. (2.3)

Neglecting the linear term above certain energy [1], now we construct the interactions when
we couple the unparticles to the Goldstone 7. In this work, we will be most interested in
the interactions between the Goldstone and the scalar unparticles. We will also consider the
couplings to the unparticle current and the stress tensor of unparticles. Since the unparticles
are scaling invariant, the FRW curvature will not affect the conservation of the current, while
it is natural to consider the traceless part of the stress tensor.

At leading order in derivatives and to linear order in Oa, the mixing Lagrangian is

£450 = N20A (g% + 1) + M2 0a (g% + 1)2

= N8 (22705 + (9,m)20a ) + M2 (4720, — 47(0,m)?Oa + (970" 7)2 04 ) ,
(2.4)

where we used (2.3) to introduce 7. In unitary gauge, the building blocks for spinning fields

are 0'0"'0

and Lorentz-invariant self-interactions, for example o#1#sg,, . . There could also
exist contractions with the curvature tensors at higher order in derivatives. However, since
the Lorentz-invariant self-interactions are invariant under all diffeomorphisms, they will not

couple to 7 after the Stiickelberg trick. The spinning fields ¢%° transform as
00 =5 (B0, + Ouym) -+ (B, + Dy m)ot e, (2.5)

In the following discussions, we always take the decoupling limit so that couplings to metric
fluctuations become irrelevant. For spin-1 unparticle current J, = (’)LDA:?), the mixing

Lagrangian in the leading order is

EErSJZI) = w?JO(QOO + 1) + wg)JO(gOO _|_ 1)2’ (26)

3Within single-field slow-roll inflation, one can see this by simply evaluating the kinetic term of the inflaton
on its background value ¢, (V¢)* — ¢g%¢>.



where the w’s are parameters. Using (2.3) and (2.5), we can expand E;SJ:D as

(s=1) _ _wy
wJ Cb(t)2

(2J,‘8¢7T — (81-7r)2J0 — 27'TJ1'82'7T) + (?)’ll)zl3 + 4w§’)7’r2J0 =+ ... s (2.7)

where a(t) is the FRW scale factor and we used the constraint V#.J, = 0 at the background
level, to replace 7.Jo by J;0;m. For spin-2 traceless stress tensor field 7),, = O;(fv) Ay Similar to

the above discussion, the leading order interactions between T}, and the Goldstone 7 will be

L8572 = @379 (g% 4 1) 4+ @BTO (g% + 1)? + BITH 6K,y + GaT* 5K, (g + 1) (2.8)
= ﬁi%( — 27:('T00 =+ a(t)_2(8¢7r)2T00 + 4(1(15)_27:1'1—'01'8@'77') — (51[1:1)’ — 4@%)7'1'27100
+ a(t) ™ (—@3T0:0;m + 2037(0,0;m) Ty ) + ..., (2.9)

where the @’s are parameters and K, is the extrinsic curvature. It is necessary to include
the higher-derivative operators to get the relevant interactions for the spatial components Tj;.

We usually describe the initial fluctuations at the beginning of the hot Big Bang using
the curvature perturbation ((t;, ), which relates to the Goldstone 7 as

¢ =—Hr+O(n?). (2.10)

The dimensionless power spectrum of ( is

Az= L (H)4 = (2.100 £ 0.030) x 107 (2.11)

C pr— 47[-2 fﬂ— —_— . . Pl .
where f2 is the symmetry breaking scale [81] and we show the amplitude of scalar fluctuations
that best fits the Planck satellite observations [82].

2.2 Strongly coupled sectors with holographic duals

It is of course difficult to treat strongly coupled field theories, as there are no general tools
to study them. Besides going to the lattice, a very useful alternative is to use a weakly
coupled dual description, if available. For some theories, the dual description is gravitational.
We are considering a case in which we decouple gravity from the scalar dynamics during
inflation, and consider a strongly coupled field theory in a rigid background. In that case,
we can approximate the inflationary geometry to a fixed de Sitter background, and describe
the holographic duals of strongly coupled quantum field theories in de Sitter space, see e.g.
the discussion in [26, 52, 83].

We consider first the case of a gapless sector. This case will be analyzed by different
means in the rest of the paper, using symmetries and direct integration. Nonetheless, it is
useful to contrast it with the gapped cases. The gravity dual is a weakly coupled theory in
a five-dimensional Anti-de Sitter (AdSs) geometry, with a four-dimensional de Sitter (dS4)
boundary. The masses of the light particles (in units of the AdS radius) correspond to the
dimensions of the unparticles, by the usual AdS/CFT dictionary.

Now we consider mass deformations of the UV fixed point. The resulting gravity duals
will depend on the dominant phase of the theory in the large N limit [31, 36]. We will content
ourselves with describing the gravitational duals that correspond to each phase, though at



E
+H
AdS ——
Maa ;
ds B
(a) AdS hologram. (b) Mass scale compared to Hubble.

Figure 1. Holographic picture for Mqap, < H scenario. The gravity dual of a gapless theory is pure
AdS with a dS conformal boundary.

finite N they will both be present and mixed by thermal fluctuations. The scenarios are
similar to those described in [53, 68, 83, 84]. A useful setup is that of a five-dimensional CFT
compactified on dS; x S'. There are two saddles. The first one is the Schwarzschild geometry,
which when Wick rotated gives a bubble of nothing spacetime [36, 40, 83|, or a spacetime
with an end of the world brane. This is the gravity dual of a gapped theory with mass much
bigger than the Hubble scale of the boundary. As the mass gap is rather big, the states are
inefficiently produced (being Boltzmann suppressed), so we expect the cosmological correlator
in this phase to be given by tree-level exchange of the lightest state of the spectrum — which,
being heavy, will be well-approximated by the equilateral shape of non-Gaussianity.

E
End-of-world 1
Brane
MGap——
L H
ds
(a) Bubble of nothing hologram. (b) Mass scale compared to Hubble.

Figure 2. Holographic picture for Mgap, > H scenario. The lightest state in the spectrum is heavy
in Hubble units, thus the resulting non-Gaussianities in this model will be equilateral-like.

Finally, when the mass deformation is not too large, there is a phase of the theory with
a gap around the Hubble scale. The gravity dual has a holographic renormalization group
(RG) flow that can be continued past the location of the putative IR brane, effectively “frying
it”4 In that case, the dual develops a cosmology behind this brane, a crunching cosmology
with open FRW slices — see the discussion in [83]. A simple model of this gravity dual
is AdSg with an identification. The identification makes the compactified circle shrink to
zero size at the crunch.

4Thanks to Raman Sundrum for explaining the appearance of the horizon through “brane frying”.



This is the most exciting case, as we expect many resonances to interfere and produce a
non-local, interesting shape of non-Gaussianity. In order to determine it, we would study
the cosmological correlator of the inflatons exchanging a graviton at tree-level, which is
now not trapped in the UV brane, and explores the holographic geometry. We show the
setup in figure 3.

E
MGap ;...; H
Hoﬁzon
: Singularity
Crunching ————
ds
(a) Topological black hole hologram. (b) Mass scale compared to Hubble.

Figure 3. Holographic picture for Mgap, ~ H scenario. Many resonances around the Hubble scale will
be produced efficiently, interfering with each other and producing a novel shape of non-Gaussianity.

We will consider the gapped cases elsewhere. For now, we step back and focus on the
case of unparticle exchange, for which the gravity dual is not necessary.

3 de Sitter four-point functions

In the following section, we will calculate the de Sitter four-point functions given by scalar
unparticle exchange with arbitrary scaling dimension A exactly.

When computing cosmological correlators, we typically use the flat slicing of de Sitter
space, whose metric is given by

—dn? + di?
2 _ — 2 2
ds” = huudxudxy = Tng =0 (n)dSMinlo (31)
where 7 is conformal time and «(n) is the scale factor.

From [12, 13], we know that we can relate the correlation functions of massless inflatons ¢
to the correlation functions of conformally coupled scalars ¢ through weight-shifting operators.
Thus we consider an effective action of a conformally coupled ¢ coupled to an unparticle

field of dimension A:
1
S = Scpr — 3 / d*zv/—h (augoaw + 2H?p? + X Ag_QQOQOA> , (3.2)

where g is the dimensionless coupling constant and A is the energy scale, below which the
unparticle field emerges. The mode functions in Bunch-Davies vacuum for the conformally
coupled scalars ¢ and the massless fields ¢ are




Notice that the massless field ¢ is related to the fluctuation of the inflaton field, sometimes
in the literature it is denoted as d¢. In the EFT of inflation, this ¢ is eaten by the metric,
appearing as the Goldstone m; the conversion is done as usual in unitary gauge. The
Green’s functions with and without time-ordering are conveniently defined based on the
mode functions:

Gy (R m2) = f (k) F* (ke m2)0(m — o) + F*(ksm) f (k, m2)0(na — m),
G (ki) = f*(kym) f (%, ma), (3.5)
Gy (kim,m) =G _(ksm,m2), G (ksm,me) = Gy (kym, ).

For a conformal field, the scalar two-point function in flat space in Euclidean signature

is completely fixed by conformal symmetries, which is
1

((7'1 — 7'2)2 + (fl — fg)z)A '

Here A is the scaling dimension of the operator Oa.

(OA(71,71)OA(T2, 72))fat = (3.6)

From the scaling relation in (3.1), we can derive the two-point function of conformal fields
in de Sitter from the flat space result by taking 7 — ¢n and the corresponding transformation
of operators Oa(z) — Oa(a(n)z) = a(n) 20x:

—-A —A 2 A
(O, #)0s s Das, = — 2l (Twml
—(m=mP+@E-9?2) (= m-m)’+@E-9?)
(3.7)

In four dimensions, the unitarity bound of scalar conformal fields requires A > 1.

In inflationary cosmology, since we are computing the equal-time correlator on the
late-time boundary, we go to spatial momentum space. From [66, 85], we know that in
d-dimensional Euclidean space,

1 1 Ld/2—-A) [ d%
(27m)4/2 (22)A - 4A=d/AD(A) / (274 T (k?) A2, (3.8)

Therefore the Fourier transformation of the Lh.s. in (d — 1)-dimensions will give us

e 1
d—1 —ik-
Jte e s

2120 (d/2 — A . -
_ ( 7T) (d/ ) )/dk(J ko (k2+k2)A d/2 where ]{32 - /{?2 = |/€|2, (3.9)

AA—d/aT (A o
_ (27T)d/2 A_d=1 1 0
" gy T e K (1) (3.10)

In four-dimensional de Sitter space, after performing the same transformation in (3.7), we
can see that the time-ordered propagator for unparticles will be

3

H2ApApd 2k A3
Gyt (ksmim2) = 4A— 1F(A)ﬁ< ( )>

Knos (ik(m —772)>9(771 —n2)+c.c 0(ne—m),

i(m—n
s (3.11)
20, A A A-3
Gy (ksm,m2) = 451117227)72\/% (i(n22]jn1)> KA_f (zk(m—m)) (3.12)



after normalizing this expression by (27)2. If we take A = 1, (3.11) will reduce to the
well-known propagator of conformally coupled scalars [10]:

e—tk(n1—n2) e—tk(m2—m1)

G++,A:1(k; n,n2) = H2771772 < ok O(m —n2) + o 0(n2 — 771)> . (3.13)

In the “in-in” formalism (also called Schwinger-Keldysh formalism), the four-point cor-
relation function with two-site tree-level exchange in the s-channel can always be divided
into four sectors [6, 10, 11, 86-89]:

(p1p203004) = (2)35C) (Z’f) (k1 Phy Py Pa) 1)

(Pry P PrsPry) = Lo + Lo + T + 1.

Since we are working at tree-level, the momentum £ of the exchanged unparticle is k = \El —1—1_52\
in the s-channel. Each sector in (3.14) is defined as

0
Iy =—a,H~ 2A/ / dm d772 ekzmethaan: G (kg ng), T =T%,,

o M 3
dm d
I+7 — G¢H_2A/ / 771 772 2k12771 —zk34772 G+ (k;nlaT/Z)) I,+ — I*_, (315)
s M7
9222A4 2AH2A 3
A, =
v 16k1 koksky

where 1) is the late-time cutoff for the bulk-to-boundary propagator of ¢ and 22 is a symmetry
factor. The appearance of this late-time cutoff indicates that the correlation functions of
conformally coupled scalars ¢ are redshifted away when ng — 0. However, using the leading
term in the correlation function of ¢, we can easily derive the correlation functions of ¢.
Diagrammatically, (©k, @k, Prs¥k,) can be expressed as

20 020 o N
Pki Phy Pky Pk \ ’ \ 20 @20
Phy Pho / Pks  Phy
Pk Pk Pk Pk .
(Pky Prs Phs Pa) = \/ s Ph + en vk \/ B e
(3.16)

The full expression of the four-point function requires a sum over permutations.

3.1 Mellin-Barnes integration

To compute (3.15), it is useful to use the Schwinger parametrization and the integral rep-
resentation of Bessel function to simplify the integrand:

/ dz e™M2% = (—in)"'7T(1 +a) when a > —1, (3.17)
0

_ ﬁ Z\v > —zt V—% 1
K,(z) = m(i) /1 e #(t? —1)""2 dt, when Re(v) > —3 (3.18)

,10,



Our convergent region for the integrals will be A € (1,2). I, and I,_ can be written as

1
I, =a,c /dx/dx/dtleA —1)A2
++ Wk 1 2 1 2 ( ) 1+ 1z + X1+ Xo

X +
<$1+t+X1 $2+t+X2>

I Tdn [ dzs [ d e e D ! !

— = ayucC x x t (r1xe)  —(t° — - ,

* “”“/o 1/0 2/1 (m1m) 72 1) (x1+t+Xla:2+t+X2)
41—A

1
22— A)T(A - 1DI(A) &

Ck (319)
where X1 = kio/k, Xo = kas/k.

From (3.19), it is manifest that the Iy -sectors can be regarded as an integral transform
of the corresponding flat-space correlator with shifted “vertex energies”:

Iy A(X1,Xo) 0</0 dwl/o dzy (z122)'" Afiﬂjt)A(X1 + x1, Xo + x2). (3.20)

Furthermore, the flat-space correlator exchanging unparticles is another integral transform of
the flat-space correlator exchanging conformally coupled scalars,® by sending the “partial
energy” X +1 — X +t and integrating against the kernel

1Y (X1, X5) o</ dt (2 - D)A2{Y (X0, X). (3.21)

To make the notation consistent with [12], we map X; + 1/u and X2 — 1/v. Now the
physical regions of the kinematic variables are u € (0, 1], v € (0, 1]. Based on the derivation
explained in detail in appendix B, using Mellin-Barnes integration, we obtain the analytic
form of the de Sitter four-point function, given by

<90k190k290k390k4>/
47582 2uw 1 u(l—v) u(l+v)
Ty A—1<<u+v)2—AF1(1’2_A’2 A3 =4 u4+v | u+4w )
2uv 1 ‘ v(l —u) v(l+u)
+(u+v>2_AF1(1,2 A2 - A3 A T ) o
2(A—1 3.22
_(qu)( ) 1 F1<1;A—1,A N u(l v)7u(1+v))
U+ v A—1 uw—+v U+ v
2uv \2(A-1) 1 ‘ v(l —u) v(l+u)
_(u—i—v) A—lFl(l?A LA—LA; u+v | u4wv )
42 F(1~A—1A—1-A-L_1“_1)
A_1 1 ) ’ g By 2 ) 2 .

The requirements of integral representations in (3.17) and (3.18) make our result (3.22) valid
when A € (1,2). To enlarge the valid region for A, one can use the analytic properties of
gamma functions, which directly relate to the analytic properties of Appell F; functions, to

5In flat space, conformally coupled fields are massless, but we keep referring them as conformally coupled
to avoid confusion with the massless fields in de Sitter.
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extend our result to all non-integer A’s. Some properties of gamma functions and Appell
Fy functions are introduced in appendix A.

When A is an integer, there will be UV-divergences in (3.22). Physically, these divergences
occurring at integer values of A can be interpreted as the divergences in n-loop “banana”
diagrams involving multiple propagators. This is explained in detail in [90]; the essential
idea is that in free field theory one can build integer-valued unparticle operators from taking
operator products of free fields. This procedure requires proper renormalization, which
is reflected in the divergences of the unparticle exchange diagram. Moreover, [85] showed
that when A — 2 € N° we need to regularize the 2-point function, because the Euclidean
2-point function has no Fourier transform and requires regularization and renormalization,
which leads to anomalies. The UV-divergences can be absorbed in local counterterms. For
four-point functions, the counterterms we are able to add to the Lagrangian will be the
contact interaction A¢* and its higher-derivatives. As we will illustrate with the following
examples, these counterterms are able to absorb the UV divergences. From [12], we know
that contact interactions from irrelevant operators have shapes that can be calculated by
repeated application of A, on the simplest correlator coming from a ¢* self-interaction,
given by wv/(u + v), with

A, = u*(1 — u?)d? — 2u30,. (3.23)

To perform the renormalization for integer A’s, one has to expand the Appell F; functions.
With the help of the package Diogenes developed in [91], we can find e-expansions for Appell F;
functions expanded near integer values. The A = 1 case is well-known [10, 12], it is given by

(Qhy Py Pl Pla) [A = 1]

_ g A2 Hp! .
4k kokzkak

(Y]
/N
e
g [=
t
< e
—_
_l_
=
/N
|
—_
VS
e
e |
T+
=
N—
e
(o4
S
1+
S le
N
+
w3,

In the A = 2 case, the diverging part can be isolated with e-expansion of I ,:

2 74,4

g°H*ng 1 < 1 ww uv ( (u(1+v)> (U(1+u))>)
I JA=2—¢="""—(—-= - 1 log | ——— :
++ | 4k koksky 4k eut+v u-+w o8 U+ v tlog u—+v

(3.25)

One easily sees that the UV-divergent term has the form of a “total energy” pole, which
means it can be absorbed by introducing the contact interaction ¢*. The four-point function
after performing renormalization is

(k1 Py Pl Pha) [A = 2]

2 p7d, 4
g°H*ng < uv ((1—|—u)(1+v) uv ) uv (u(l—l—v)))
= — 1 1 —— . 2

Sk1koksksk u~+v 8 U+ v U+ v + U —v o8 (1 +u) (3.26)
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We can perform the same procedure for any integer A. When A = 3, we have
I [A=3—¢]

CgPATPH S 1 _u2v2(1+uv)lo ((1+u)(l+v) uv )_2u2v2(1+uv) (uv )2
 Akikoksks 16k (u+v)3 u+wv u+v (u+v)3

uU+v
1 w?v? (14w
- L) (3.27)
e (u+tv)?
—————

Au(555)
The divergent term here is absorbed by a dimension-six contact self-interaction.® The
corresponding four-point function is

<90k1 PkoPhsPka >/ [A = 3]

_ g*A2HSy5 B u?v?(1 + uv) o ((1 +u)(1+v) w ) B 2uv?(1 + uv) ( uv >2
B2k kokghak 5

(u+v)3 u+wv u+wv (u+v)3 u+v
1w u? — v — 2uv(u —v uv(uv — 1) lo ull +v)
+2(u—fu)3< 2uv( ) + 2un( 1)1g<v(1+u)>)>' (3.28)

Again we calculate the A = 4 result for further usage. The sector I can be expanded as

I [A=4—¢

AT HSppa 8udv3 (3(1 4 u?v?) + duv — u? — v?) | ((1 +u)(1+v) wv )
- Akikoksks Kk 3 (u+v)d & u+v u+v
8udv3 (8uv — 3(1 + wv)(u+v) —u? — 2 +5(1+u*v?)) 2 [ 2u20?*(1 + w)
(u+v)> € (u+wv)3

Au(uufv)

14224—2—2+6221+ -3 2+2
WL u?v? (duv — u® — v w?v*(1 + uv) — 3uv(u v))) (3.29)

€ (u+v)°

(A (345)

Still, the UV-divergences are adsorbed by the higher-derivatives of the contact interaction.
Finally, the four-point function is

(ks Pl Phes Pha) [ A = 4]
gPA*HEnd ( uwdv3 (3(1 + u?v?) + duv — u? — v?) log ((1 +u)(1+v) wv )
— o

T 192k: kokskyk (u+v)5 u+v  utv
uv? (8uv — 3(1 4+ wv)(u + v) — u? — v? + 5(1 + u?v?))
a (u+v)?
w3 (3(1 + u?v?) — duv — u? — v?) u(l +v)
* (u—v)d log (v(1+u)>
uv (12u202(1 — wv)(u — v) + (6uv(uv — 1) + (u — v)?) (u? — v?))
. =t ) (3.30)

6As we are working on the s-channel alone, a term with only two derivatives is allowed in the effective
action. Of course, if all scalars are identical, it can be removed by a field redefinition.
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After showing the explicit result for all kinematics, we illustrate how it is determined by
the additional isometries of the unparticle propagator, and discuss the differential equations
satisfied by the four-point function.

3.2 Differential equations

In four dimensions, the isometries of de Sitter space are a subset of the four-dimensional
conformal group SO(4,2). Since we are considering conformal fields, we can extract extra
bootstrap equations from the extra symmetries. From [12], the de Sitter isometries requires
correlators of conformally coupled scalars exchanging a scalar operator to satisfy

(Ay — Ay)F(u,v) =0, (3.31)

where F'(u,v) is the dimensionless part of the correlator. The extra symmetries for the
conformal field will be the temporal translational invariance, the boost invariance and the
special conformal transformation (SCT) invariance in the time direction. However, we
can expect that there are only two independent bootstrap equations, since the bulk boost
can generate both the temporal translational invariance and temporal SCT from the de
Sitter isometries.

Temporal translation. The temporal translational invariance of (3.11) gives us

(mm2(Dgs + Oy) = Alm +m2) )G = 0, (3:32)

which imply for Iy and I,_ the following:

Or+ Ly [A] = ((u + 0)uvdydy — (A —1)(u?dy, + 1)28U))I++ [A] =0, (3.3
Or 1. [A] = ((u— v)uvd,dy — (A = 1)(w?d, — v*0,)) I [A] = 0. '

Boost. Now let’s turn to the boosts. The constraint on the Green’s function is

((nF = 13)k + (m0y, — 120y,)0) G = 0. (3.34)

The constraints on I, and Iy_ from boost will be

Op 4l 4[A] = ((uv + w2020y 0 + Ay — (A — 1) (uby + v0y — 1))1@+ [A] =0, .
3.35
O, L1 [A] = (w0 = u?v?)0,0, + Ay — (A = 1)(udy + v, — 1)) [ _[A] = 0,

Temporal SCT. The special conformal transformation in the time direction gives us

1
2 2 2 2
1 +17)0n, + 210y, + (25 +13)0n, + 2122205, + 2(m + M2)A ) —5——+G = 0.
(( 1+ 17)0y, + 2m @10z, + (25 +103)0ny + 2120202, + 2(n1 + 12) )(Hgmm)A
(3.36)

We can extract a pair of equations for I, and I_, which are obviously just the de Sitter
isometry constraint:

(Au = AL [A] =0, (Ay—Ay)I1-[A] =0, (3.37)

where we have used the temporal translation and boost invariance during the simplification.
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However, the differential operators Or +, O+ and (A, — A,) are not independent. They
are related by

(u(l — u2)8uaT¢ +o(l+£ uv)auaT,i — 28T¢
(3.38)
— v(u £ )00+ ) L1 [A] = —(A = Du(A, — A) 2 [A].

Now we are assured that we only expect the correlators exchanging unparticles to satisfy
the de Sitter isometry constraint (3.31) and one extra symmetry constraint. In order to
probe the analytic properties of the correlator, starting from the integral representation (3.19)
will be more direct for us to derive the differential equation (DE) system controlling our
target integral.

If we consider a general FRW scale factor a(n) = (n/n0)~ (19 for the metric (3.1), we
obtain two “twist” parameters appearing in the integral representation for the various pieces
of the correlator. We denote them as 1 and 1, defined as

ey [ das [ d L2 —1)< 1 1 1
= x x t (x120)t (= —1)¢ + ,
1/} ~/0 1/0 2/1 ( ! 2) ( ) 1 +x0+ X1+ X9 <561—|—t—}—X1 :L‘Q—}—t+X2>

(3.39)
)= /OO dzy /Oo dxo /Oo dt (z1m9)° (£ — 1) ! ! , (3.40)
0 0 1 1 +t+ X1 29+t + X9
where the twist parameters are
eg=0—(A=-1)(0+1), ea=A-2. (3.41)

We follow the same logic outlined in [92], using the techniques of twisted cohomology — in
practice, integration-by-parts (IBP) and partial fractioning of the integrand — to derive
the differential equation systems obeyed by v and . First, we define the singular loci
of the integrands as

Th'=x1, T3=t+1, By =x1+ 22+ X1 + Xo,

(3.42)
To=x9, Ty=t—1, By=t+x1 + Xq, Bs=t+x9+ Xo.

Now the dlog-form can be defined using these singularities in order to construct an integral
basis for the system:

dlog[L1, Lo, ..., Ly,| = dlog(L1) Adlog(La) A --- Adlog(Ly,), (3.43)
where L;’s are any of the B;’s or T;’s. Since we have a triple integral, we pick dlog’s containing
three singularities. The dlog-forms constructed from the singularities will form a complete

basis for the differential equation system once we perform the integration together with the
twisted part, which is the function with non-integer powers.

,15,



It is obvious that in both (3.39) and (3.40), the external variables X; and X5 only come
in the combination x1 + X7 and z9 + X5. Thus it is not hard to find

dy = —e1dX) /(mlfcz)q(t2 — 1)® (dlog[B1, Bs, T1] + dlog[B1, B3, T1])
(3.44)
+e1d Xy /(9519?2)61(152 —1)® (dlog[Bi, By, Tb] + dlog[Bi, Bs, T3]) ,

dy = e1d X, /(xm)ﬂ (t* — 1)2dlog[ By, B3, T1]
(3.45)
+ €1dX2 /(%1%2)61 (t2 — I)EQdIOg[BQ, Bg, TQ]

Using the IBP technique described in [93], the minimal basis of dlog-forms for the DE
system of 1 is

d lOg[Bl, BQ, Tl]
d log[Bl, BQ, TQ]
d log[Bl, BQ, Tg]
leg[Bl,Bg,Tl] s (346)
d log[Bl, Bg, TQ]

d 10g[Bl, Bg, Tg]
dlog|[By, T, T3]

2
M1l

and we can further define the vector of integrals, where we add the target integral ¢ as

the first element:
T

= (w, /(xll’g)q(t2 — 1)< Q) . (3.47)
The system of differential equations can be presented in terms of a matrix differential equation
Al = (e1 A1 + e249)]1, (3.48)
with A; and As taking the form
0 —l 1 0 —ly 1 0 0
0lLi+1l504—15 0 0 0 0 0
0ly—1l5l4+1l5 O 0 0 0 0
0 —l3 —ly o +13 0 0 0 log — I3
Al = , 3.49
"“lo o 0 0 Is+lsls—1s O 0 (349)
0 O 0 0 lo—Isla+ls 0 0
0 O 0 0 -1 =y L+l ls—14
0 0 0 0 0 0 0 215
0 0 0 0 0 0 0 0
Oliy+13 0 I1—=1I3 O 0 0 I3—Nh
0 0 lo+14 14— 15 0 0 0 la — 19y
0 0 0 0 0 0 0 0
Ay = , 3.50
>“lo o 0 0 lLi+ls 0 Ig—lli—Is (3:50)
0 0 0 0 0 lo+lylyg—1yls— 1y
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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where we have defined
lo=dXy, 1 =dlog(X1+1), l3=dlog(X;—1),

3.51
Ip=dXs, lp=dlog(Xs+1), ly=dlog(Xy—1), I5=dlog(X;+ Xs). (3:51)

With the same procedure, we can derive the coefficient matrices A; and A, for 1;, which
take simpler forms:

0 I l6 0
~ 0101+ lé 1 — l/5 0
Al = 3.52
Tlob -+ 0 | (8:52)
0 —lI3 —ly l3+14
0 O 0 0
~ 0lLi+1l3 0 I1—13
Ao = 3.53
2 0 0 lo+1lylo— 14 ’ ( )
0 O 0 0

where we further define I} = dlog(X; — Xa).
We can extract bootstrap equations for 1 and 1E from these DE systems. Up to second
order in derivatives, we find

(DXI_DXQ)w:O7 (DX1_DX2)1;: ) (3'54>
((Xl + X2)0x,0x, — €1(0x, + 8X2))111 =

((X1 — X2)0x,0x, +€1(0x, — 3X2))1; =0,

I

(3.55)

where Dx = (X2 —1)0% — 2(€1 + €2) X0x. From (3.54) and (3.55), we see that the DEs for
1 relate to the DEs for by taking X — — X5 and multiplying an overall (—1). Therefore
we will focus on the DE system of ¢. Taking X7 — 1/u, we will find that in de Sitter, where
d =0, (3.54) becomes our familiar de Sitter isometry equation (A, — A,) v = 0 and (3.55)
is the temporal translational invariance (3.33) we found from symmetry constraints. This
ensures the fact that the DE system derived directly from the target integral knows the
symmetries of the physical system we want to study.

We can also extract ordinary differential equations (ODEs) by increasing the order of
differentiation. Now we will focus on the ODE on 1, since the ODE on ¢ can be analyzed
in the same procedure. From the integral (3.39), it is obvious that 1) should be symmetric
under X <> X5, while the ODEs with respect to X; and X5 share the same property. The

differential operator O; associated to the X;-ODE is defined as

01 = 8_%(1 (((Xl + XQ)((X% — 1)83(1 + 2X18X1)
(3.56)
+ (A — 1)(2(X12 — 1)8}(1 +2Xo + A(Xl — XQ)))) .

We can see that (3.56) reduces to equation (2.33) in [12] when A = 1, in which the exchange
is a conformally coupled scalar. The differential operator Oy can be defined easily by shifting
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X1 & Xs, and we have
O1v =0 = 0Og . (3.57)

We can bootstrap certain solutions of (3.57) completely by requiring them to have physical
singularities. A detailed discussion is presented in [90].

3.3 Exchange of spinning unparticles

In this section, we will use the scheme developed in [12] to derive the de Sitter four-point
functions of conformally coupled scalars with spinning unparticle exchange, emphasizing
the results about S =1, A =3 and S =2, A = 4 cases, for conserved currents and the
stress tensor of the unparticle.

In the last section, we have seen that the dimensionless part F(u,v) of the de Sitter
four-point correlator satisfies the boost equation

(Ay — Ay)F(u,v) =0, (3.58)

which means, based on the discussion in [12], it is valid to apply the same procedure to obtain
the correlation functions with higher-spin unparticle exchange.

To describe the four-point functions with spinning exchanges, we need to introduce
more variables:

v=k +ky, y=ks+ky 5=k +ka,

S (3.59)
a=ki —ky, B=ks—ks, 7= (ki —ka)(ks— k),

and we already worked with the dimensionless combinations u = s/z and v = s/y. It is
shown in [12] that the four-point function with spin-S can be written as

S
Fg=—-> HpllsmAsm (3.60)

where I, (7, o, 3) and ﬁg}m(a, B) are the polarization sums of the transverse and longitudinal

modes. II,,(7,a, 3) is defined as

i 5/2] R .
Ms(r,c, 8) =2° 3 O(S,m)T5 2L
m=0
— 98 2 (—1j2pmst (28 —2m — 2N (52 + ayap) "
a 2; ml(S —2m)l (25 —2)!! st
((52 —2%)(s* = y?)(s* — @®)(s* - B2)>m

g8

(3.61)

and for simplicity we can further define

TE;(T—FZ?), £25<1—;)(1—;><1—§><1—f§>. (3.62)
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s, (a, B) is defined in terms of Legendre polynomials:
sm(a, B) = (~1)"P§(a/s)Pg™ (B/s)

G2\ I o w2
(-nm (1 - ) (1 - 32) PP (a/s)P3™(B/s).  (3.63)

52

The de Sitter isometries constraint on the wu,v variables implies that the coefficient
function Ag,,(u,v) satisfies

(A — Amy) Agm = 0, (3.64)
where the differential operator A, , for each helicity component is
A = (1 —u?)02 — 2u(u® + m)o,. (3.65)
There exists a spin-raising operator, which relates A, , with different helicities:
Dyy = (u0)?04,0y = ApmuDuy = Duy(Apm—1.4 — 2m). (3.66)
This immediately indicates the relation
Agm = DI frn(u,v) (3.67)

between the coefficient function Agm(u, v) with helicity m and the corresponding scalar
function f,(u,v) which satisfies (A, — Ay) fim(u,v) = 0.

Now we have prepared all the tools and we will present explicit results for spin-1 and
spin-2 cases, which relate to conserved currents and the stress tensor of the unparticle sector.

Spin-1 exchange. The current is the spin-1 operator with lowest scaling dimension in
four dimension: J, = OS)A:?). Based on the ansatz (3.60), for spin-1 current exchange

we can write’

®w |

Fy(s,a,B,1,u,v) = (1:[11:1171Duv + ﬁl,OAu> Fa_s(u,v). (3.68)

The ingredients are

fl, = of = 2 <T+ O‘B) T FG/2) _ % o= PP <‘;> Py <f) _ 9 (3.69)

52

We can plug in our A = 3 result here:

R R )
2(u—op " T T AT s 0g<v(1+u))>. (3.70)

"Strictly speaking, this trispectrum only makes sense for scalar perturbations that carry an additional
quantum number, the charge under the unparticle current. Therefore it could only appear in a cross-correlation
between curvature and isocurvature perturbations.
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Spin-2 exchange. The spin-2 exchange is also interesting because it is natural to couple the

stress-energy tensor to the scalar perturbations. We will consider the operator 7}, = (’)fi) Aeyq

For spin-2 stress tensor we have

<ﬁ2ﬁ2,2D12w 4+ T4 To 1 Doy (Ay — 2) + o g Ay (A, — 2)) Fa—y(u,v).
(3.71)

FT(S,OZ,B,T,U,U) =

®» | =

The ingredients in this case are

I'(/2) 3 i — 3af - (s? — 3a?)(s? — 35?)
252"

My =472 — 212, Ty = —° - _
2 Y S TR N 20 45

(3.72)
We can then plug in our A = 4 result, which is
Faa(u0) = — w33 (3(1 + u?v?) + duv — u? — v?) log ((1 +u)(1+v) wv )
(u+v)> u+v u+v
w3 (Buv — 3(1 + wv)(u + v) — u? — v? + 5(1 + u?v?))
(u+v)?
w33 (3(1 + u?v?) — duv — u? — v?) 1 <u(1 + v)>
(u—v)d v(1l +u)
L w (12u20%(1 — wv) (u — v) + (6uv(uv — 1) + (u — v)?) (u? — v?)) (373)
4(u —v)d

4 Inflationary correlators

This section starts with weight-shifting operators, which connect the four-point function of
conformally coupled scalars ¢ to the corresponding correlation function of massless fields
¢. Additionally, we will show that by slightly breaking the de Sitter isometries, inflationary
three-point function can be induced from its four-point parents, just as in weakly coupled
cosmological collider physics.

4.1 Weight-shifting operators

Until now, all the correlators that we have obtained are correlators with the external legs
to be conformally coupled scalars. However the inflaton is nearly massless, so we need to
weight-shift the external legs of conformally coupled scalars, as in [12-14, 94].

To make the relation precise, let us write the simplified mode functions of inflatons and
conformally coupled scalars as

¢k = (1 + ’L'/{?T])e_ikn-i_“;'f, oK = ne—ikn—i—ilzi. (4.1)

Since the scalar perturbation in (2.4) couples to the unparticles in a shift-symmetric way, we
can directly relate the four-point functions of inflatons to conformally coupled scalars [12],
because

V &k, V¥ ey = 5°Uta (9, Oy (4.2)
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where we define the differential operator Ujy as
1 kl kg 1— u2
Up()==(1-—239 ———0Ou(u) ] . 4.3
) =5 (1-120,,) ( 0w >> (13)

From [12, 13] we know that this implies that the four-point functions F(u,v) for ¢ and
F(u,v) for ¢ are related in terms of

F(u,v) = > UjaUsy F(u,v). (4.4)

This procedure offers us a chance to develop a clear insight into the analytic structure
of inflationary correlators. However, since V¢, V¥ ¢y, corresponds to (8M7r)2 in the EFT
of inflation, the weight-shifting operation also restricts us to certain couplings between the
Goldstone 7w and the unparticles Oa. A more specific interacting vertex matching requires the
de Sitter isometries being more strongly broken, by giving a subluminal speed of propagation
to the scalar fluctuations, as discussed in [95]. This is beyond the scope of this work, and
we will discuss more in the future directions.

4.2 Inflationary trispectra

Moving to real inflationary models, we assume a standard slow-roll scenario, where the slow-
roll parameter € which characterizes the deviation from the pure de Sitter is required to be

H
With respect to the spirit of [11, 96], the four-point functions as we studied in pure de Sitter at
leading order, will not feel this mild symmetry breaking, which makes it possible to calculate
the late-time correlator of the curvature perturbation ¢ using the correlator in de Sitter for ¢.
The inflationary trispectrum related to the four-point function of inflatons is defined as
gQHQA

(61 (k1) po (ko) b3 (K3)pa(Ka)) = <A2A4> (27T)35(3)(Z ki) H (2]13> To(k1, ko, k3, k). (4.6)

i
The trispectrum can be derived from the four-point correlator of conformally coupled scalars:
To(k1, ko, k3, ka) = s3 UyaUsy F(u,v) + permutations. (4.7)

To check the consistency of our result with [27], we consider the behavior in the collapsed
limit s — 0: in the collapsed limit, the leading contribution from all convergent Appell
I functions is 1, which means the scaling behavior is controlled by the term in front of
the Appell functions. Notice that by properly performing the integration, A — 3/2 is not
divergent, and we can see the scaling behaviors are different in two regions:

1. when A < 3/2, 7, scales for small s as §2A-3,

2. when A > 3/2, T4 scales for small s as s°.

Both cases are consistent with the analysis in [27].
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Figure 4. Soft limit of trispectra.

4.3 Inflationary bispectra

Based on the interacting vertex we considered in (3.2), we cannot construct three-point
function with tree-level exchange directly, but we can still induce the inflationary bispectra
by evaluating one external leg on the background, as indicated in figure 4.

However, taking the soft limit k4 — 0 of the four-point function directly will result in
zero because in the vertex the inflaton is derivatively-coupled. Only if we consider a small
inflaton mass which is proportional to the slow-roll parameter €, a non-zero result can be
obtained. The associated mode function will be [12]

bope = <(1 Fiki) + & log(—hkun) + . ) gkt (4.8)

Then the four-point function will have a non-trivial soft limit which is proportional to the
slow-roll parameter e.

For the scalar exchange, consider the soft limit for k4 in the operator V¢, V# ¢y, .. This
operator relates to the conformally coupled scalars ¢ as

. M _ E 2 4.
ktlgo V}L¢k3v ¢k4,6 2k3 kg§0(§03¢4) (49)

We denote the dimensionless part of the three-point function of ¢ as b(u) = F(u, 1). Taking
the limit k4 — 0 in (4.7), which means v — 1 from momentum conservation, the induced
bispectrum with scalar unparticle exchange will be

By(ki, ko, k3) = %kg’Ulgb(u) + permutations. (4.10)

The corresponding three-point function related to By thus will be

2H2A—1

(d1(F1) o (ko) b3 (ks)) = <gA2A4> (2m)360) Zk H (2]1{3> By(ki, ko, k3).  (4.11)

It is always convenient to study the shape function of the inflationary three-point function,
which is defined as

Stk b2 k) = (LG ()l ol

o (kikaks)? (61 (k1) po(k2) b3 (Ks)). (4.12)

The behavior of bispectra in the squeezed limit encodes important features of the un-

derlying dynamics. In the squeezed limit, if we take k3 — 0, then k; will be approximately
equal to k. The leading behavior of S(ki1, k2, k3) separates into two situations:
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1. when A < 2, S(ky, ko, ks) scales for small ks as (ks/k1)> "
2. when A > 2, S(ki, kg, ks) scales for small ks as (ks/k1)".

The soft behavior for all A > 2 degenerates with the equilateral non-Gaussianity. Thus the
squeezed limit is not a good detector for unparticles. In fact, for some range of complementary
series particles, were we to detect them, we’d need more information to break their degeneracy
with an unparticle.

With all these formulas in hand, we can now comment on the phenomenology of the
resulting shapes of non-Gaussianity.

5 Comments on phenomenology

The temperature map of CMB encodes the information of correlations of primordial curvature
perturbations, which are proportional to the inflaton fluctuation. In this section, we will start
by comparing the difference between the four-point functions of a massive scalar exchange
and scalar unparticle exchange, and then discuss the similarities and differences between the
shapes for inflationary three-point functions with weakly broken conformal symmetry. We will
also comment on the possibilities to identify this gapless strongly coupled sector in inflation.

1.4 1.4
Z 12 Z12
2 S
45 B
1.0 = 1.0
2 2
= =
'50.8 '50.8
(oW o
d 0
30.6 3 0.6
89 89

o
~
e
N

104 1073 102 107! 1 1074 1073 102 107! 1
Momentum ratio Momentum ratio

Figure 5. Left panel: Example of massive scalar exchange, u~'F(u,0.5), for four-point function
of conformally coupled scalars ¢ and an internal particle with p = 3 [12]. Right panel: Example
of scalar unparticle exchange u~!F(u, 0.5), for four-point function of ¢ and an internal unparticle

with A = 7/2. Note that we rescaled the four-point functions by u~! in order to visually enhance

the squeezed-limit behaviors. To illustrate the shape in the right panel, we also rescale the prefactor
in (3.22) which is supposed to significantly suppress the amplitude with the increase of A.

Figure 5 reveals a striking dichotomy between massive scalar and unparticle exchanges
in the collapsed limit. The left panel exhibits characteristic oscillatory modulation for
conventional massive scalar exchange. In contrast, the four-point function with unparticle
exchange (right panel) manifests spectral continuity through the absence of such oscillations.
This disappearance of oscillatory patterns fundamentally stems from the gapless nature
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of unparticles. The observed phenomenology directly parallels collider physics: where
cosmological oscillations correspond to Breit-Wigner resonances in scattering experiments.
Notably, introducing mass gaps together with strong coupling (at scales O(Mgap)) would
restore resonant features [97].

The inflationary bispectra are important observables for searching traces of unparticles.
As discussed in section 3, the scaling behaviors in the squeezed limit u — 0 of the bispectra
can be divided into two classes: when A < 2, b(u) scales as u“~1, and when A > 2, b(u)
scales as u in the squeezed limit. In figure 6, we show some examples to illustrate similarities
in the squeezed-limit behavior of b(u) for A > 2.

4!

s %
S ~ A=25
s ol ~ A=28
A=32

—2!

—4L \ \ \ \ L
107> 107* 1072 1072 107! 1
u

Figure 6. The squeezed limit behavior of different scaling dimensions. When A > 2, lim,, ¢ b(u) ~ w.
Note that we also rescaled the three-point functions by u~! in order to visually enhance the squeezed-

limit behavior.

We will focus on the isosceles triangular shapes (k1 = ko = 1), because we are mostly
interested in the squeezed limit (k3 — 0) and the equilateral shape (k1 = ko = k3). The
maximal peak in different regions of A is summarized in table 1:

n € Ny 1<A<?2 A>2
n<A<n+1/2 Equilateral | (Negatively) Equilateral
A=n+1/2 Equilateral | Oscillating when A > 3
n+1/2 <A <n+1 | Equilateral Equilateral

Table 1. A summary of the position of peaks in different regions

As shown in figure 7, for 1 < A < 2and n+1/2 < A <n+1 (n € Ny), the shape
functions peak at the equilateral shape k1 = ko = k3, which degenerates with the contact
interaction (V¢)*. For n < A < n + 1/2, the shape functions still peak at the equilateral
shape, but they are negatively correlated, plotted in figure 8. These shapes degenerate
with the orthogonal shape.

The most special shapes are the ones for A ~ n+1/2, when n > 3. From figure 9, we can
see that the shape functions for A ~ n +1/2 (n > 3) oscillate throughout the physical range.
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We can regard them as the intermediate shapes when the controlling parameter A moves
continuously from shapes in figure 7 to the ones in figure 8. They are different from the
shape functions for tree-level free massive scalar exchange, which oscillate near the squeezed
limit, as in figure 5. Thus this is a new kind of signal to look for.

1.00 —
5
0.8} A=12
0.6/ A=15
< 0.4 A=18
- 02}
= (v
0.0/
_A=25
—0.2
A=28
—0.4
00 05 10 15 20 A=38

ks

Figure 7. The shape functions of A’s that peak at the equilateral shape. Notice that the shapes are
rescaled to have the same extrema for comparison.
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-10 e -1.0
0.0 0.5 1.0 1.5 24 1075 107* 1073 102 1077 1
k] k3

Figure 8. The shape functions of A’s that negatively peak at the equilateral shape. We also rescale
the magnitudes to have the same value in the equilateral shape for comparison.
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Figure 9. The shape functions when A’s are half-integers and larger than 3. We rescale the shape
functions to make their magnitudes identical in the equilateral shape. The shape functions are
oscillating throughout the range. It is the intermediate shape between figure 7 and figure 8.
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6 Conclusions and future directions

In this paper, we considered a gapless sector with a large anomalous dimension that couples
weakly to the curvature perturbation. It is perhaps the simplest example of a strongly
coupled sector during inflation, in the form of unparticles. We have calculated the four-point
late-time correlator of conformally coupled scalars in de Sitter analytically using Mellin-Barnes
integration and derived its governing differential equations using twisted cohomology. From
the four-point function in de Sitter, we obtained primordial trispectra and bispectra using
weight-shifting operators. Unlike the massive exchange case, the inflationary trispectrum
does not have oscillatory behavior, but rather a specific power law decay in squeezed limits,
such as ~ 52273 when A < 3/2 and ~ s when A > 3/2.

From the plots presented in section 5, three typical shapes can be identified. In general,
when A <2 and n+1/2 <A <n+ 1, where n is a positive integer, the shapes are similar
to the equilateral shape (e.g. in [98-102]). When n < A < n + 1/2, the shapes are similar
to the orthogonal shape [103]. The new shapes given by A ~ n 4 1/2 are somewhat “in
between” the equilateral shapes and the orthogonal shapes, in which the equilateral limit is
not a maximum but rather a saddle point. It would be interesting to see which values of A
have small “cosine” compared to the standard shapes of non-Gaussianity [104]. Notice that
all these shapes suffer from heavy suppression that increases with power of A.

We have just scratched the surface of a rich theoretical landscape of strongly coupled
sectors in inflation, opening new avenues for future exploration. We list some below:

e In this work, we study the gapless scenario. As mentioned in section 2.2, gapped sectors
could have new shapes of non-Gaussianities, especially for gaps close to the Hubble
scale. What exactly happens there? Understanding the gapped scenarios would give us
a more complete picture on how in general the strongly coupled sector behaves. Even
more interestingly, we could wonder about a composite scenario, where all fluctuations,
including the curvature, are generated from more fundamental fields.

e During our discussions, conformal symmetries play an important role for properties of
unparticles. In order to enhance non-Gaussianities, it would be important to incorporate
the effects of a small speed of sound, as discussed in [95]. How would the resulting
shapes change?

e Some recent developments in combinatorial /geometric structures contained in cosmo-
logical correlators appeared in [92, 93, 105-109]. In this work we have seen that the
non-integer part of the unparticle scaling dimension can also act as the “twist param-
eter”. Can we systematically develop a theory of differential equations for tree-level
unparticle diagrams?

e We discussed the unparticles as a hypothetical field with certain symmetries. Can we
develop some practical models for these unparticles in the strongly coupled sector? For
example, the four-dimensional Banks-Zaks model [61] becomes a gapless unparticle
model in the IR [64], and is asymptotically free in the UV. Ideally, the models should
contain parameters which could characterize the gapped/gapless phases.
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e Finally, it would be interesting to put bounds on unparticle physics during inflation
using observational data, for example, from the Cosmic Microwave Background (CMB)
or Large Scale Structure (LSS).

The microscopic nature of inflation remains mysterious. It is important to investigate different
dynamical mechanisms for its origin and their phenomenological consequences. From a formal
perspective, the study of more general scenarios for cosmological correlators will improve
our understanding of QFT in cosmological backgrounds. With the development of new
theoretical tools and upcoming cosmological measurements, the time is ripe to investigate
the beginnings of our universe.
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A Basic properties of the gamma function I'(z), hypergeometric function
2F; and Appell function F;

Here we present some properties of the gamma function I'(z), hypergeometric function oF}
and Appell function F; that we used in our calculations. A more comprehensive introduction
to generalized hypergeometric functions can be found in [110].

The gamma function is an extended definition of factorial, which relates to factorial
by the shift relation

'n)=n—-1)I'n—-1)=(n—-1)!. (A.1)
The gamma function defined on the complex plane is

I'(z) = / dt e %*~1  for Re z > 0. (A.2)
0
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When Re z < 0, we can use the shift relation (A.1) to analytically continue the gamma
function to all non-integer values. The non-positive real integer z’s cannot be analytic
continued because the shift relation is not well-defined, e.g. I'(0) = I'(1)/0.

The hypergeometric function oF] is defined by the Gauss series

oFi(a,b;c;2) = i Mﬁ

= ()m ml

(A.3)

where (a)p,, = I'(a + m)/T'(a) is called Pochhammer symbol. From this definition, it is
obvious that oF] is invariant under the exchange of a and b. Based on the poles of the
gamma function, the hypergeometric function £} is not defined when c is a non-positive
real integer, e.g. 0,—1,—2,...

Some variable transformation rules for o F; are

—a < —b z
2Fi(a,bsc2) = (1 — 2) "2 F1 —big— ) =1 -2k (c—a b —
=(1- z)cfa*bgFl(c —a,c— b; ¢ z). (A.4)

We can use them to simplify or symmetrize the expressions.

The Mellin-Barnes integral representation (contour integral representation) for o Fj is

I'(c) /HOO ds T'(a+ s)I'(b + s)
F(a)T(b) Joico 2mi I(c+s)

Another well-known Mellin-Barnes representation for oFj is

oF 1 (a,byc;2) = ['(—s) (—2)°. (A.5)

oF1(a,byc;2) = I‘(a)F(b)I‘iic—)a)I‘(c—b) /J::O ;—;F(a—ts) (b+8)(c—a—b—s)T(—s) (1—2)".
(A.6)

The Appell function is defined when each variable by itself satisfies a partial differential
equation that resembles the hypergeometric differential equation, but the series cannot be
expressed as a product of two hypergeometric functions. In this paper, we used the Appell
F function, which is a two-variable generalized hypergeornetric function defined as

Fi(o; 8,872, 9) Z Z m+" J(B)n 29" (A.7)

m=0n=0 )m+n min!

It is also obvious from this definition that the Appell F} function is invariant when we
exchange 3 <> ' and z <+ y at the same time. Similar to the hypergeometric function, the
Appell F; function is not defined when 7 is a non-positive real integer.

Some variable transformation rules for Fj are

Fi(es 8, 3ii0,) = (1= 2) " (0 = 8= .8 -, ?“"3> (43)

—(-a 0= PR (- ) ()

The standard Mellin-Barnes representation for Appell F} function is
/HOO /HOO dsdt T(a+s+t)T(B+s) (B + 1)
F L()D(B)T(B) 27i)? I(y+s+1t)
X F( )F( t)(=z)*(—y (A.10)

Fi(a; 8,857 3,y) =
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Notice that we can use the equivalence between (A.5) and (A.6) to find an equivalent form
for Appell F}, which is

‘ , . B F(’)/) +i00 +ioco det a s
Fl(oz,ﬁ,ﬁ,% 7y)_r( ) (5) (5/) ('Y_ )F(’Y B ﬁ/ / / 27TZ + +t)

LB+ s)D(B + )L (y—a—p—p —s—t)[(=s)D(=t)(1 —2)°(1 - y)". (A.11)

From [110], we know that Appell F; function relates to hypergeometric function oF}
through a Mellin-Barnes integration:

tico ds T'(b—s)T I'(h —
/ S ( S) (g+$) ( S)QFl(b_S,e,d—S;fU)y_s

ioo 270 T(d - s)
I'(b+9)r(h+g)
Fi(b+g;e,h+g;d+ g;x,—y). A.12
F<d+g) 1( +g7ea +ga +gvx7 y) ( )
The Appell F; function can be expressed as a sum of hypergeometric functions:
" (a)m(B)m
Fi(e; 8,85 v;0,y) = m,()(,y)(ﬁ)zFl (a+m, B,y +my). (A.13)

The Appell Fy function can reduce to the hypergeometric function o F in special cases.
For example, if v = 8 + (’, the reduction gives

T —
Fi(iB B35+ By = (=) P (0B A+ 87— ) . (A1)

If x = y, the Appell F; function reduces as
Fl(a;/Bv 6/777 .’IJ,.%') = (1 - 1.)’7_06_/8_/3"2F1(,y -,y — /8 - 5/7’7;1') (A15>
=2Fi(a, B+ 8, 7;2). (A.16)

Finally, the Appell F; function trivially reduces to oF} if one of the two variables is zero:
Fl(a;ﬂaﬁ/;fy;x70):QFI(O‘HB777$)' (A17)

B Details of the Mellin-Barnes integration

For simplicity, we can denote ¢ = A — 2. Thus the target integrals are

Il = / dxl/ d$2/ dt (561.%'2)_1_6(152 — 1)6 (B.l)
0 0 1 sttt iz taa+ i+

I :/ dxl/ dxg/ dt (z122)" "¢ (£ — 1)° : . (B.2)
0 0 1 r1+t+ e+t +

We will use Mellin-Barnes integration to perform these integrals:
For I, we have

1 1 c1+100 d 1\~ 1 —1—z
T T = / “1 F(l + Zl)F(—Zl) (xl + ) (332 + )
r1+T2+ o+ (1) Jey—ico 2i u v B.3
1 1 cati0o dZQ r r 1 1—29 u ( ' )
= +29)D(=22) (1 + 21 + ) £,
zi+24+t+1 (1) /CQ ico 270 (14 22T 22)( B
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and we need to further expand

(I+z+4)+2 T(1+2)

1 1 ea+ico 1%
/ S5 Dz + 23 + 1) (—23) (wl + u) . (B4)

s—ico 2Tl

Now it is time to perform the real integrals:

/oo dxl $7176 <$1 N 1>z1+z3 B <1>z1+z35 F(—ﬁ)F(—Zl R 6)
1 - Y
0 U

Y (=21 — z3)
00 1\ ~1-= 1\ —#—l—¢ F(—E)F(zl + 1+ 6)
der v o B.5
/0 To Tg (332 + v) (v) T(1+21) ) (B.5)
/OO dt t721¢(t 4 2)¢ = 2l +2e+= D(zg+ 1+ €)(—20 — 1 — 2¢)
0 o) ’

Collecting the results above, the Mellin-Barnes representation of I; will be

dzydzad
I = 22F eyt (— / / / CELCECES Doy + 1+ )D(20 + 1+ )T (=29 — 1 — 2¢)
o Joy Jos  (2mi)3

s () () e

F(—e)'l+¢) <( 2uv )2€+2 1 u(l—wv) u(l —|—v)>

X F(ZQ + z3 + 1)

Fl(l;l—i—e,l—i—e;Q—f—e;

)

2 sin(2me) \ \u +v 1+e u+v U+ v
2 1 1-— 1
—i—( ue ) F1( —€,—€;1 —¢; u( v),u( —l—v))). (B.7)
U+ v U+ v U+ v

During the computation, we perform this integration in the order C3 = Cy = (4, while
using (A.5), (A.12), (A.13), (A.14) and the transformation of variables.
For Iy, the x1, xo integrals can be directly performed:

o0 . 1 1\
d Y =T(—eI'(1 + , B.8
n T =T+ (s (B3
o0 ) 1 1\
d 5 ———— =T(-¢eI'(1 + < > . B.9
vy T = TOr (B9
Now we can expand the integrand as
1 1 1 o 1 21
= — dz T DI(—2)t 2 ( 1)
(t + % 4 l)e—i-l F(E + 1) 27i ~/—zoo <1 (Zl +te+ ) ( Zl) U + ) 510
1 11 /+iood F(og b ¢ 4 D(—zg)—c 1= (1 . 1)22 (B.10)
= — 29 T'(2z0 + € —2 — .
(t+14+D)H  Tle+)2mi)ie = 7 2 v
Using (A.11), we can write out the result for I:
I2(—e)T?(1 +¢) u—1 v—1
I = Fi{1;1 1 ;2 ;—— . B.11
2 2(1 + 6) 1 < il+el+eg24¢ 2w | W ) ( )
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Here we have also computed the general analytic form for the integral (3.39):

F2 1 dzidzed
=212y ~lmeyma (L+e) / / / S P21 —e)T(zo+ 1) T (— 20— 1-26)
aJoyJog  (2mi)3

”-;z:f:;r”r<-zl>r<_zz)r<—zs><z>‘“<;>‘”u-z3 ®.12)

et R () (52 b S () o

2mes) =

X F(22+23—|—1)

2u
Fo(1,—261,1+€2;24 20, 1— 1 +ho; ——
T(2126) T(l-eatk)® 2( —len ez atle, lmat ’1+u)

<u+1)1+262 I'(—1—2€;—2€6)(—
2u [(—€1—2ea+k)

<r(—2el)r(1+62) 1

2
62)2Fl (—62,—1—261—262;—61—262+k;u+ul>> .

(B.13)

It is easy to check that if we plug in the twist parameters for unparticles in four-dimensional
de Sitter space, the generalized hypergeometric function 3F5 reduces to an ordinary hyperge-
ometric function 9F7, which allows us to perform the summation.

C Shape of bispectra with spinning exchange

In this section, we discuss the phenomenological aspect of bispectra with spinning-unparticle
exchanges, mainly focused on the stress tensor of scalar unparticles.

Taking the soft limit k4 — 0 will enormously reduce the number of kinematic variables.
Based on the momentum conservation § (3)(51 + kg + Eg), we will find

s ks, v—1, Boks, T— (ki —ky) - ks=ki—ki = T 0, L? 0. (C.1)

The fact that 7" and L? vanish leads to the disappearance of the polarization sum of the
transverse modes, II,, (1, ). Therefore the induced bispectra only receive contributions
from the longitudinal modes. It is worthy of pointing out that now the bispectra depend on
only one more external variable, «, which is the difference between k; and kso.

For concreteness, we only consider the four-point function of inflatons interacting with
the spin-2 unparticle stress tensor through a minimal number of derivatives, to induce the
three-point function. We will study the interaction vertex where the stress tensor of the
unparticle couples to a higher-derivative tensor of ¢, defined as

uv =V, VuVa0i, Vi, — 2V, Vo, ViV Op, — 3V 01, Vi, + (k1 < ko). (C.2)
The induced bispectrum for spin-2 stress tensor exchange will be [12]:

B (ky, ko, ks) = gk:%Pg (a/k3) UL (Au(Ay — 2) Fa_y(u,1)) + permutations, (C.3)

O(2 82 ’LL2
Ui’ =Ui3'() + <P2((i/3) - ) ¢). (C.4)

The isosceles shape (where we take k1 = ko = 1) is shown in figure 10. This shape function
has two extrema, one of which is in the equilateral shape, while the true maximum occurs
in the folded limit.
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Figure 10. The isosceles triangular shape function for unparticle-stress-tensor exchange. The left
panel shows the behavior near the squeezed limit. The curve in the right panel peaks at the equilateral
shape, while having a negative extremum in the folded limit. Here we take € = 2 for simplicity.
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