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A solution of the generalised quantum Stein’s lemma

Ludovico Lami

Abstract—We solve the generalised quantum Stein’s lemma,
proving that the Stein exponent associated with entanglement
testing, namely, the quantum hypothesis testing task of dis-
tinguishing between . copies of an entangled state pap and
a generic separable state o an.pn, equals the regularised rel-
ative entropy of entanglement. Not only does this determine
the ultimate performance of entanglement testing, but it also
establishes the reversibility of all quantum resource theories un-
der asymptotically resource non-generating operations, with the
regularised relative entropy of resource governing the asymptotic
transformation rate between any two quantum states. As a by-
product, we prove that the same Stein exponent can also be
achieved when the null hypothesis is only approximately i.i.d.,
in the sense that it can be modelled by an ‘almost power state’.
To solve the problem we introduce two techniques. The first is a
procedure that we call ‘blurring’, which, informally, transforms a
permutationally symmetric state by making it more evenly spread
across nearby type classes. Blurring alone suffices to prove the
generalised Stein’s lemma in the fully classical case, but not in
the quantum case. Our second technical innovation, therefore,
is to perform a second quantisation step to lift the problem to
an infinite-dimensional bosonic quantum system; we then solve
it there by using techniques from continuous-variable quantum
information. Rather remarkably, the second-quantised action of
the blurring map corresponds to a pure loss channel. A careful
examination of this second quantisation step is the core of our
quantum solution.

I. INTRODUCTION

UANTUM entanglement, initially regarded as a mathe-

matical oddity of quantum theory [1]], [2], is increasingly
recognised as a fundamental concept of quantum mechan-
ics [3]], and as one of the sources of its technological power. It
fuels quantum teleportation [4] and superdense coding [3], it
enables the violation of Bell inequalities [[6], it plays a critical
role in quantum key distribution [7], [8[], and it enhances
quantum communication on noisy channels [9], [10]. Recently,
it has been proposed that its detection in a gravitationally
interacting system would provide evidence in favour of the
quantisation of gravity [11]], [12].

A. Entanglement testing

All of the above applications require the detection of
entanglement in unknown states, as this is a necessary step,
e.g., in certifying the devices that produce it. This leads us
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to the key operational task that will be the central focus of
this paper: entanglement testing. Imagine that you bought a
device that — so is promised to you — produces many copies
of a possibly mixed bipartite entangled state p 4 5. If that were
actually the case, after using it n times the global state would
of the form p‘f%. You however suspect that the device might
be faulty or even maliciously engineered, so that, in reality, it
produces a global separable (that is, unentangled [13]]) state
o 4n.pn — here we stress that separability is between n copies
of A on one side and n copies of B on the other. How do
you decide whether to trust the device or not? See Figure [I]
for a pictorial representation of the problem. We can think of
this question — one of the most fundamental of entanglement
theory — as an important special case of quantum hypothesis
testing. We call it ‘entanglement testing’. As in traditional
quantum hypothesis testing, there are two hypotheses to decide
between:

o Null hypothesis: the unknown state is pfg.

o Alternative hypothesis: the unknown state is some
ogn.pn, of which nothing is known except that it is
separable across the cut A" : B™.

Unlike in traditional quantum hypothesis testing, which fea-
tures two independent and identically distributed (i.i.d.) hy-
potheses [14]-[18], in entanglement testing the alternative
hypothesis is composite, that is, non-i.i.d.; this feature com-
plicates the analysis considerably and has hindered progress
on the problem for many years. To this day, only a hand-
ful of results on composite quantum hypothesis testing are
known [19]-[22].

As in every hypothesis testing problem, in entanglement
testing there are two types of errors:

o Type-I error: the state was p375, but we incorrectly
guessed that it was separable.

o Type-II error: the state was separable, but we incorrectly
guessed that it was p5 5.

There is clearly a trade-off between the probabilities of these
two errors occurring: since the above events are often not
equally consequential in practical applications, in asymmetric
hypothesis testing one tries to minimise one of the two while
keeping the other at most equal to £ € (0,1). When this is
done, the minimised probability usually decays exponentially
fast to zero as a function of n, the number of available copies.
The coefficients governing these exponential decays are known
as error exponents. The rate of decay of the type-II error
probability is usually called the Stein exponent, while the rate
of decay of the type-I error probability is known as the Sanov
exponent. Formally,

Stein(p||S) = lim liminf—llog min{B,: o, <e}, (1)

oo n
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Sanov(p||S) == lim 1iminf—110gmin{an: Bn<e}, (2)
=0t n—oo n

where (., 8,) represent achievable pairs of type-1 and type-

II error probabilities in n-copy entanglement testing. In this

paper we will establish an expression for (I)), while in [23]]

we solve (2).

In the simple i.i.d. setting, where the alternative hypothesis
is represented by some i.i.d. state c®", the Stein exponent is
given by the quantum relative entropy, defined as [24]

3)

In entanglement testing, however, the second state is not fixed;
in this case, a natural guess for the Stein exponent is obtained
by minimising the relative entropy with respect to the second
argument — which corresponds to considering a worst-case
scenario. By doing so one defines the relative entropy of
entanglement, given by [25], [26]

Er(pap) = D(pap||Sa.B) =

D(pllo) = Tr [p (log p — log o)] .

min
0ABESA:B

D(paslloas),

“)
where S4.p denotes the set of separable or unentangled states
on AB. To obtain an asymptotically meaningful expression,
however, we need to consider the relative entropy of entan-
glement not of a single copy but of many copies of pap. The
resulting measure, called the regularised relative entropy of
entanglement, is defined as

1
E§f (pa) = D> (pas||Sap) = lim — Er(p{3), ©)

where it is understood that on the right-hand side the rel-
evant bipartition is A™ : B"™. The regularisation is needed,
as additivity violations, i.e. examples of states psp where
E¥(paB) < Er(pag), are known [27].

@

@
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guess @
=
guess @
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Fig. 1: The task of entanglement testing is a special case of
quantum hypothesis testing. The null hypothesis is that the
unknown quantum state is of the form pf%, for some bipartite
state p4p. The alternative hypothesis is that it is a generic
separable, i.e. unentangled, state o 4~.p» of the global system
A" : B™. In order to guess which of these two hypotheses is
the correct one, we can perform an arbitrary measurement on
the unknown state. The fundamental difficulty in analysing this
problem is that the set of states that constitutes the alternative
hypothesis is non-i.i.d. and in fact potentially quantumly
correlated, because although o 4n.pn is separable across the
cut A™ : B™, it might be entangled across the several A
systems, and similarly across the several B systems.

B. Connection with asymptotic entanglement manipulation

Entanglement testing is connected at a fundamental level
with the task of entanglement distillation, a critical primitive
of quantum technology platforms. Entanglement distillation
consists in preparing as much pure entanglement as possible
starting from many copies of a possibly mixed state p4p and
using only ‘free operations’ belonging to some restricted set
of quantum operations O, which encapsulates the operational
and technological constraints to which we are subjected [3]],
[28]-[30]. The amount of pure entanglement produced by
the process is measured by the number of ‘ebits’ — an
ebit, represented by the two-qubit maximally entangled state
|®5) == % (|00) + |11)), is the fundamental unit of entangle-
ment.

The ultimate efficiency of distillation can be defined as the
maximum number of ebits that can be extracted with opera-
tions in O per copy of pap, in the asymptotic limit in which
many copies of p 4 p are available. This figure of merit is called
the O-distillable entanglement, and it is denoted by E4 0 (p).
The reverse task to entanglement distillation, entanglement
dilution [28]], [30]-[33], is the process of consuming ebits to
prepare mixed states, and it is also important [34]-[37]. Its
ultimate efficiency, the O-entanglement cost, is denoted by
E. o(p). Historically, the first set of free operations to be stud-
ied has been that of LOCC, which models what distant parties
can do when they have access to local quantum computers but
can communicate only classical messages [28]], [38]. Although
this setting is operationally very relevant, there are compelling
reasons to go beyond it. First, both the LOCC-entanglement
cost and especially LOCC-distillable entanglement are very
difficult to compute or even approximate. This is due in part
to the famous disproof [10] of the additivity conjectures [|39]] in
quantum information, and in part to the intricate mathematical
structure of the LOCC set [38]. To improve this state of
affairs, we can study simpler classes of free operations than
LOCC. In particular, larger classes @ O LOCC lead to
lower and upper bounds on the distillable entanglement and on
the entanglement cost, because E. o(p) < E. rocc(p) and
Eq,0(p) > Eq,Locc(p) [40]-[42].

But there is a more fundamental reason to go beyond the
LOCC paradigm. In 2005, M. B. Plenio asked whether it
would be possible to formulate a theory of entanglement ma-
nipulation in which entanglement can be converted reversibly
between mixed and pure states [43[], [44]. Plenio’s question
was motivated by the analogy with thermodynamics [45]-[47]],
in which work and heat can be reversibly interconverted by
means of Carnot cycles [48]. A thermodynamical, reversible
theory of entanglement would correspond to a set of free
operations O such that the O-distillable entanglement and the
O-entanglement cost coincide for all states, i.e.

Eq 0(paB) < Ec 0(paB) YV p=paB. (6)

The resulting entanglement measure would therefore be the
unique asymptotic entanglement quantifier within the the-
ory, mimicking the role of entropy in thermodynamics and
simplifying the overall theoretical landscape. Reversibility
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implies that the transformations ®$"_0., p&m_0, $F (=)

become possible with asymptotically sub-linear (o(n)) waste
of entanglement (cf. [49])). Importantly, a reversible set O
would need to be larger than LOCC [50] and even larger
than the set of all non-entangling, or separability-preserving,
operations [S1]].

Looking beyond LOCC has the added advantage that, fol-
lowing the paradigm of quantum resource theories [52], the
results derived for general classes of free operations O can be
more easily extended to other quantum resources, where the
definition of LOCC, which is specific to entanglement theory,
would not carry over. Among these, a prominent role is played
by the resource theory of non-stabiliser quantum computation,
informally known as ‘quantum magic’, that is key to universal
quantum computation [53]], [54].

In their 2008 ground-breaking paper [55], Brandio and Ple-
nio have addressed the above problem, proposing a theory of
entanglement manipulation that would achieve reversibility by
employing so-called ‘asymptotically non-entangling’ (ANE)
operations. These are defined axiomatically as those that inject
at most a ‘vanishingly small amount’ of entanglement in the
system, as measured by a prescribed entanglement measure.
Branddo and Plenio computed the corresponding distillable
entanglement and entanglement cost [56]:

Eq ane(pap) = Stein(pap | S),
E. axe(paB) = EX (paB) -

What is remarkable here is that the ANE distillable entangle-
ment is given precisely by the Stein exponent associated with
entanglement testing. This provides a surprising connection
between entanglement manipulation and entanglement testing,
that has recently been shown to be even more far-reaching than
previously envisaged [57].

(7

C. Generalised quantum Stein’s lemma

The strength of the Branddo—Plenio connection (7)) is that
it allows us to rephrase an entanglement distillation problem
as a hypothesis testing problem. To put it to good use, we
need to solve the latter. In a pioneering work [58]], Brandao
and Plenio themselves proposed a solution to this question,
in the form of a beautiful equality known as the generalised
quantum Stein’s lemma:

The Stein exponent for entanglement testing equals the
regularised relative entropy of entanglement:

Stein(p || §) = ER (pan) - ®)

However, recently a serious gap in the original proof by
Brandao and Plenio was found [359], [60], casting doubts on
the validity of the above identity. In this work, we provide an
alternative proof of the generalised quantum Stein’s lemma (8},
shedding light on the asymptotic theory of entanglement ma-
nipulation and on the framework of quantum resource theories
as a whole. In fact, our approach extends to general quantum
resources beyond entanglement, provided that they obey the
five axioms proposed by Branddo and Plenio [58].

The generalised quantum Stein’s lemma has been recently
proved also by Hayashi and Yamasaki [[61]]. The indepen-
dent proof presented here relies, however, on very different
techniques that we believe to be of independent interest in
(quantum) information theory, mainly the blurring lemma and
the bosonic lifting. In its basic classical version, the blurring
lemma outlines a procedure to make an unknown probability
distribution more ‘regular’, by adding some noise to it in
such a way as to ‘smear it’ over nearby type classes. Proving
the quantum blurring lemma necessitates our bosonic lifting
technique, which translates a sequence of problems over many
copies of a finite-dimensional quantum system into a single
problem in an infinite-dimensional Hilbert space. The key
advantage of this translation, which effectively amounts to a
second quantisation, is that it enables the use of techniques
from continuous-variable quantum information. We believe
that this technique may find applicability elsewhere in infor-
mation theory, where the very definition of rate requires the
study of asymptotic sequences of problems.

We describe these techniques below in greater detail; here
we remark that they present some notable advantages over
the approach by Hayashi and Yamasaki [61]. First, they unify
the calculations of the generalised Stein exponent (i.e. the
proof of () and of the generalised Sanov exponent (Z). The
latter is derived in [23]], where a complementary ‘generalised
Sanov theorem’ is established. Notably, the argument pre-
sented there relies crucially on our (classical) blurring lemma.
Secondly, we obtain almost for free an extension of optimal
resource testing to ‘almost power states’ [58, p. 803], which
allows us to explore quantum hypothesis testing beyond the
ii.d. regime in both arguments, i.e. not only on the alternative
hypothesis but also on the null hypothesis. (And it brings
us closer to restoring the original Branddo—Plenio argument,
albeit with a mathematically different approach.)

On the one hand, for general quantum resources, our ap-
proach uses of all the original five Brandao—Plenio axioms,
while the one by Hayashi and Yamasaki [61] removes two
of them. We did not attempt to extend our result in this
direction because said axioms are anyway satisfied for most
resources theories of practical interest, including entanglement
and magic as well as many others [52].

The rest of the paper is organised as follows. In Section
we present our main result in full generality, discussing
some of its manifold implications and giving a more detailed
overview of the techniques used to prove it. In Section |l1I| we
introduce the notation. In Section[[V]we present our solution to
the classical generalised Stein’s lemma, which is preparatory
to the quantum solution and gives a slightly stronger result.
Section [[V-B] features an informal description of blurring, one
of our two key techniques, at the classical level. The classical
blurring lemma can be found in Section the proof of the
classical generalised Stein’s lemma follows immediately (Sec-
tion [V-D). The quantum solution is presented in Section
First, in Section [V-A] we provide an informal description of
it; the formal statement of the quantum blurring lemma is
in Section we postpone its proof and present first the
solution of the generalised quantum Stein’s lemma assuming
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the quantum blurring lemma (Section [V-C). The technical core
of the paper is the proof of the quantum blurring lemma, which

occupies Sections In Section [VI we show how to
further extend our main result to almost power states.

II. MAIN RESULT

Our main result holds not only for entanglement theory, but
for the broad class of quantum resource theories satisfying the
list of assumptions proposed by Branddo and Plenio [58]. Let
‘H be a Hilbert space of finite dimension d. We consider a
family (F,,), of sets of ‘free states’. In practice, each F,, is a
subset of the set of density operators on n copies of the system,
in formula F, C D(H®"). The sets of free states should
satisfy the following Branddo—Plenio axioms 58, p. 795]:

1) Each F,, is a convex and closed subset of D(H®™).

2) JF; contains a full-rank state o, i.e. F1 3 op > ¢l > 0.

3) The family (F,,), is closed under partial traces, i.e. if
o € Fna1 then Tr,y 1 0 € F,, where Tr, 1 denotes the
partial trace over the last subsystem.

4) The family (F,), is closed under tensor products, i.e. if
o€ F,and ¢’ € F,, then 0 ® ¢’ € Fpim.

5) Each F,, is closed under permutations, i.e. if o € F,
and 7 € S,, denotes an arbitrary permutation of a set of n
elements, then also U,raU); € F,, where U, is the unitary
implementing 7 over H®".

These axioms are conceived as an abstraction of the prop-
erties of separable states [13]], and indeed the family of sets
of separable states F,, = S4n.pn, Where

Sap=conv{aa®pfp: aac€D(Ha), BpeD(HE)}, )

where oy and [p are arbitrary density operators on H 4
and Hp, respectively, satisfies Axioms 1-5. The task of
entanglement testing described in Section[[|can be rather easily
generalised to that of general quantum resource testing, where
the alternative hypothesis of the n-copy problem includes all
free states F,, (cf. Figure [I). Our main result can then be
stated as follows.

Theorem 1 (Generalised quantum Stein’s lemma).
Let ‘H be a finite-dimensional Hilbert space, and let
(Fn)n be a sequence of sets of states F,, C D(H®™)
that obeys the Branddao—Plenio axioms (Axioms 1-5 in
Section [l). Then, for all p € D(H), the hypothesis
testing relative entropy of resource testing, defined
by with the convention (33), satisfies that

o 1 g Rn _ (o)
Jim = Dy (0 || Fu) = D> (pl|l F)  Vee(0,1),
(10)
implying that
Stein(p|| F) = D™ (o] F). (1)

In particular, the Stein exponent associated to entan-
glement testing equals the regularised relative entropy
of entanglement, i.e. (8) holds for all finite-dimensional
bipartite states pAp.

Theorem [I] characterises the ultimate efficiency of entangle-
ment testing, providing us with the formula (8] to compute it.
Furthermore, it also entails that all four quantities appearing
in (@) actually coincide:

Eq,axg(p) = Stein(p || S) = ER (p) = Ec,ane(p) (12)

for all p = pap. This solves immediately the Plenio prob-
lem (@), establishing a thermodynamical, fully reversible the-
ory of entanglement manipulation under ANE operations;
furthermore, it endows the regularised relative entropy of en-
tanglement with a double operational meaning in entanglement
testing and entanglement manipulation.

Theorem |1| encompasses a broad class of quantum resource
theories [52], including quantum coherence [62], athermal-
ity [63]], and the aforementioned ‘quantum magic’ [53]], [54].
It thus provides a much clearer understanding not only of
entanglement theory, but indeed of all quantum resource
theories.

To prove Theorem [I] we introduce two new techniques. The
first is a physical procedure that we call ‘blurring’, which
allows us to deal with the composite nature of the alternative
hypothesis — i.e. the fact that it might involve non-i.i.d.
states. When applied to a permutationally invariant classical
probability distribution over an n-copy alphabet, blurring
makes it more evenly spread across nearby type classes (see
Figure |2| below for a pictorial representation). As it turns out,
this technique alone suffices to prove a classical version of
the generalised Stein’s lemma, but not the fully quantum one.
We then introduce our second technical innovation, which is
to lift the problem to an infinite-dimensional bosonic quantum
system by means of a second quantisation step; the problem
will then be solved there with techniques from continuous-
variable quantum information. We found rather remarkable,
albeit not entirely unexpected, that the second-quantised action
of the blurring map is represented by a bosonic quantum
channel that is closely related to the pure loss channel,
which has been widely studied in continuous-variable quantum
information [64]-[67]. This second quantisation step is the
most technically delicate part of our proof.

In the separate paper [23] we use the same technique of
blurring, and in particular the classical blurring lemma below
(Lemma [9), to solve also the complementary problem of
calculating the Sanov exponent (2) for entanglement testing
and general resource testing. Interestingly, while the Stein
exponent is given by a regularised expression (the regularised
relative entropy of entanglement), the Sanov exponent can be
expressed as a single-letter formula, which makes it more
computationally tractable.

In Section [VIl we show that Theorem [I| can be extended
rather easily to encompass also a modified version of entan-
glement testing in which one is no longer promised that the
null hypothesis is perfectly i.i.d., but merely approximately
so, in the sense that a constant number of output copies
can end up corrupted, i.e. not equal to p and even possibly
correlated. The intuition is that since the number of corrupted
sites is anyway asymptotically constant, it should not affect
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an extensive quantity such as the Stein exponent. When one
accounts for quantum correlations, this notion of approximate
i.i.d.-ness can be formalised by means of almost power states,
a class of states introduced by Brandao and Plenio themselves
in the course of their proof attempt [58, p. 803]. Interestingly,
with our techniques we are able to recover a weaker case of
their Lemma III.7, whose failure was precisely the breaking
point of their argument. We fall short of restoring their proof
completely, but we find this a strong indication that their
overall proof strategy may be salvageable.

III. NOTATION
A. Classical notation

In what follows, X will denote a finite classical alphabet.
The set of probability distributions over &, i.e. the set of
functions p : X — [0,1] such that )~ p(xz) = 1, will be
indicated as P(X’). To unify the notation to the quantum
one, we will denote the total variation distance between two
probability distributions p,q € P(X) as

1 1
Sl —dlli =5 > Ip(x) — a(=)]. (13)
We will also sometimes use the distance
Ip = glloo = max |p(z) — q(2)]. (14)

Note that 3|lp — g|l1 > |[p — ¢|so for all pairs of normalised
probability distributions p,q € P(X). For some positive
integer n € INT, 2™ will represent a generic sequence of
length n composed of symbols belonging to X’. The set of
all such sequences will be denoted as X".

Let X be a finite alphabet, and let n € IN* be a positive
integer. An n-type on X (or, simply, a type) is a probability
distribution ¢, on X" such that nt,(xz) € IN is an integer for
all n € IN [|68]]. Therefore, the set of all n-types on X can be
defined as

In = (kT) :
" Jeex

If n is fixed or clear from the context, or simply for the sake
of compactness, we will occasionally denote an n-type with ¢
instead of ¢,,. A well-known counting argument shows that

o (PFIXI=TY DIx-1

where |X| is the cardinality of X'. For a given ¢, € 7, the
associated type class T), ;, is the set of sequences of length n
made from elements in X’ that have type t,,. In formula,

T, = A{a" € X": N(z[a") =ntn(z) Vaeedi, (17)

ke €N VzelX, ka:n}. (15)

zeX

(16)

where N (x|z") denotes the number of times the symbol x
appears in the sequence x". Clearly, any sequence in T, ;,
can be obtained from any other such sequence by applying a
suitable permutation. The cardinality of T}, ;, can be calcu-
lated as

!Tn,tn

ot = ) 09

B. Quantum notation

1) States and channels: The set of states on a quantum
system represented by a separable Hilbert space H is identified
with the set of density operators on H. A trace class operator
p on H is a density operator if it is positive semi-definite,
denoted p > 0, i.e. such that (¢|p|yp) > 0 for all o) €
C?, and of trace one, i.e. such that Trp = > (z|p|z) =
1. Here, {|z)}. represents an orthonormal basis of H, either
finite or numerable (because H is separable), and the sum is
well defined because each term is non-negative.

In what follows, we will denote with 7 () and D(H)
the sets of trace class operators and of density operators on
‘H, respectively. Note that 7 (H) can be thought of as a
Banach space once it is equipped with the trace norm || - ||;
defined by || X|; :== Tr|X], where |X| = VXX denotes
the operator absolute value. If X = XT is self-adjoint with
spectrum (z;);, then | X||; = >, |2;|. In most of the paper
we will be concerned only with finite-dimensional Hilbert
spaces; however, right at the end of the proof of the generalised
quantum Stein’s lemma we will need to lift the problem to an
infinite-dimensional space in order to solve it. When H is
finite dimensional, we will also denote with £(#) the space
of all linear operators on H.

Given two quantum systems A and B with Hilbert spaces
Ha and Hp, the composite quantum system ADB is repre-
sented by the tensor product Hilbert space Hap = HAQHp.
For some positive integer n € INT, we will also denote with
A" the system with Hilbert space H an = ’H%” obtained by
joining n copies of A.

The distance between density operators is most commonly
measured with the trace distance, given by 3||p — ||y for
p,o € D(H). Note that | p—oll1 € [0,1], and that the trace
distance between two (normalised) pure states is given by

1
3 XYl = [eXelll, = V1= [l
An alternative measure of distance is the fidelity, given by [69]]
Fp,0) = |[voval, (20)

Trace distance and fidelity are related by inequalities discov-
ered by Holevo [70] and Fuchs—van de Graaf [71]:

1= F(p,0) <1-Tr[\/pVo]
1

<sle—oly

1—F(p,0)?.

(19)

N

2

IN

Since these inequalities are independent of the dimension, we
can think of the trace distance and the fidelity as essentially
equivalent for our purposes.

A quantum channel, or, simply, a channel, is a bounded
linear map A : T (H1) — T (H2) that is completely positive,
meaning that A ® I3 maps positive semi-definite operators on
H1 ® H' to positive semi-definite operators on Ho ® H', for
all auxiliary Hilbert spaces H’, and trace preserving, meaning
that Tr A(X) = Tr X for all input operators X [72]-[73].
In this paper we will also encounter sub-channels, which
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are complete positive as well but only trace non-increasing,
i.e. such that TrA(X) < Tr X for all X. The trace norm
is contractive with respect to all (sub-)channels, meaning
that [[76]]

HA(X)Hl < HX”l

VX e T(Hy) (22)

whenever A is a (sub-)channel.

In what follows, we will often need to study an operator
function known as the positive part. This is defined as follows:
for any given self-adjoint trace class operator X = X €
T (M) with spectral decomposition X = >, x;F;, and all
x;’s distinct, its positive part is defined as

X, = Z max{z;,0} P; . (23)

Note that the trace of the positive part can be written as

Tr X X
TFX+:4r 7—;” ”1

The above function enjoys a wealth of well-known properties,
collected in the lemma below. We provide also a brief proof
for completeness.

(24)

Lemma 2. For all self-adjoint trace class operators X =
XT € T(H), it holds that

Tr Xy =min{TrY:Y >0, ¥ > X}
=max{TrQX : 0<Q <1}.

(25)
(26)

In particular, the trace of the positive part:

(a) is monotonically non-decreasing with respect to the pos-
itive semi-definite order;, i.e. X < X' implies Tr X, <
Tr X' ;

(b) is sub-additive, meaning that Tr(X +Y); < Tr X, +
TrY,,; and

(c) obeys the data processing inequality, i.e. it is non-
increasing under quantum channels.

Proof. The inequality > in (23) follows by setting Y = X,
and the converse relation < is deduced by taking matrix ele-
ments in the eigenbasis {|1;)}; of X =" x; [1);)(1);], which
yields TrY = >, (¢|Y[¢;) > >, max{0,z;} = Tr X for
any Y that satisfies both Y > 0 and Y > X. The proof of @[)
is even simpler: from X < X, we get TrQX < TrQX,; <
Tr X for all @ such that 0 < @ < 1; setting ) equal to the
projector onto the span of the eigenvectors of X with positive
eigenvalues achieves this bound.

Claims (a) and (b) follow immediately from (26)). As for (c),
taking an arbitrary quantum channel A : 7 (H) — T (H'), we
have Tr A(X); < TrA(X,) = Tr X, where the inequality
follows from (23) once one observes that X, > 0 and X >
X, and hence A(X;) >0 and A(X;) > A(X) because A is
(completely) positive. Note that, due to (24), (b) also follows
from the triangle inequality for the trace norm, while (c) is
equivalent to the contractivity of the trace norm under (sub-
)channels, expressed by [22). O

2) Relative entropies:

Note. Unless otherwise specified, all logarithms are to be
taken to base 2. Occasionally, we will also use the natural
logarithm, denoted by In.

The quantum (or Umegaki) relative entropy between two
finite-dimensional states p,o € D(C?) is given by the ex-
pression D(p|lo) = Trp (logp —logo)] (see (@)). In their
pioneering work [14], Hiai and Petz have shown that this
quantity has an operational meaning as the asymptotic Stein
exponent associated with quantum hypothesis testing of i.i.d.
states.

However, while D(p||c) is the operationally relevant quan-
tity asymptotically, at the one-shot level other types of quan-
tum relative entropies are more relevant. The first one is the
hypothesis testing relative entropy, given for two arbitrary
states p,o € D(C?) and some ¢ € (0,1) by [77], [78]

D% (pllo) == —logmin{TrQo: 0<Q <1, TrQp > 1—¢}.

27
It is not difficult to verify that 2~ Pu(?l9) coincides with the
minimal type-II error probability when distinguishing p from
o, with the type-I error probability bounded from above by e.

Another type of one-shot quantum relative entropy is the
max-relative entropy, given by [79]

Dpax(pllo) =min{A: p <20}, (28)

where, as usual, A < B means that B — A is positive semi-
definite. The operator monotonicity of the logarithm implies
immediately that

D(p”d) S Dmax(p”O—) .

To obtain a truly one-shot quantity, however, we need to
perform a suitable ‘smoothing’ on Dy, ., including an optimi-
sation over nearby states. The smoothed max-relative entropy
is given by

Drax(pllo) =

(29)

min

/
L Dax(p']|0),

(30)
where p’ is assumed to be a density operator on the same
system as p and o, and the minimum exists because Dyax(-||*)
is jointly lower semi-continuous. Another option for carrying
out a similar smoothing procedure is to proceed directly at
the operator level: the Datta—Leditzky smoothed max-relative
entropy is given by [80, Definition 4.1]

Efnax(pﬂcr) =min{\: p<2'0c+ A, A>0, TrA<e}
= min{\: Tr(p— 220), < e},

€1y

where the equality between the two expressions follows

from (23).

The three quantities (28)—(3T) turn out to be closely related.
Informally,
D (pllo) ~ Dy (pllo) ~ D= (pllo)

where ¢’ = ¢’(¢) and €” = £”(¢) denote unspecified universal
(continuous) functions of ¢ with 0 and 1 among the fixed

(32)
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points. Which functions appear precisely will depend on what
inequality one wishes to obtain. We will not review the specific
form of these inequalities here; we refer the interested reader to
the specialised literature [80]—[83]]. We make an exception for
the relation between (30) and (3I)), which takes the form [_83]
Corollary 8]

Diunlpl10) < Do) < Diespllo) +log -
(33)
The second inequality, which is the non-trivial one, is equiva-
lent to a beautiful lemma first found by Datta and Renner [|34]]
and then adapted to the normalised case by Branddo and
Plenio |58, Lemma C.5]. See also [83, Theorem 5] for a refined

statement and a different proof technique.

All of the above relative entropies can be calculated for
classical probability distributions instead of quantum states. In
the classical case, the tightest relation between the hypothesis
testing relative entropy and the smoothed max-relative entropy
is [83, Corollary 9, Eq. (60)]

< Dy “(pllg) +loge .

(34)
Quantumly, the tightest possible relation is entirely analogous
to @ but it features an 2 instead of ¢ on the rightmost
side [83} Corollary 9, Eq. (58)].

In what follows, we will often need to compute a relative en-
tropy between a state and a family of states. Given p € D(C?)
and some set of states F C D(C?), denoting with D one of
the above relative entropies, we will adopt the convention that

D(p||F) =

D}_I_E_n(p”q) + IOgT] < Dmux(pHQ)

inf D .
Inf D(pl|o) (35)
If F represents instead a sequence (F,), of families of states
Fn € D((C4)®™), with a slight abuse of notation and for the
specific case of the relative entropy, we will also set
D(p™" || Fu) s

D>(p||F) = lim 1 (36)

—00 N
note that the limit exists and can be replaced with an infimum
over n € INT, due to Fekete’s lemma [85], provided that F
obeys Axiom 4 in Section Axiom 2 guarantees instead
that the limit is finite, because D(p||F1) < Dmax(p||F1) <
Diax(pllog) < log(1/c). When D = D is the relative entropy
and F is taken to be the set of separable states, Eq. (33)) yields
the relative entropy of entanglement (@), while (36) yields its
regularised version (B).

With the above notation, the Stein exponent for resource
testing, which we constructed informally in ([I]) can be defined
more rigorously as

Stein(p[|F) :== lim liminf — D8 (P || Fn) -

e—0t n—oo N

(37

Remark 3. Since it is already known from the work of
Brandao and Plenio [58] that the limit ¢ — 1~ of the left-
hand side equals D*(p||.F), Eq. and Eq. are fully
equivalent reformulations of the generalised Stein’s lemma.
Other equivalent formulations can be obtained by exploiting

the relations between the various one-shot relative entropies,
which are all equivalent asymptotically:

lim lim mf — DE ( ®n || .Fn)

e—0t n—oo

= lim hmmf—DEa ( ®”H./Tn)

e—1— Nn—oo

=l liminf D5 (07" | 7).

(38)

Here, the first equality follows from [57, Corollary S4], while
the second follows from (B3). Proving that either of the
above quantities equals D> (p||F) would prove Theorem
In fact, since Brandéo and Plenio [58] also showed that
lim. o+ liminf, o0 L DE . (0% || Fn) = D>(p||F), and

the smoothed max-relative entropy is a decreasing function of
€ (0, 1), it suffices to prove that

hm mf — D¢

max

(02" || F) = D=(o|F).  (39)

This will be our hne of attack.

IV. THE CLASSICAL SOLUTION

This section is devoted to the presentation of the classical
solution. Although the asymptotic statement of the generalised
classical Stein’s lemma (Theorem [ below) is subsumed by the
corresponding quantum statement (Theorem I)), it is very much
worthwhile to start with the classical solution anyway. First,
because it will teach us how to attack the quantum problem,
providing us with a better intuition of why our proof strategy
should work. And second, because the classical statement
is fully one-shot and tells us something more concerning
the behaviour of errors in resource testing in the finite-copy
regime. The main result of this section is as follows.

Theorem 4. (Generalised classical Stein’s lemma) Let X
be a finite alphabet, and let (F,,), be a sequence of sets
of probability distributions F, C P(X™) that obeys the
Brandéo-Plenio axioms (Axioms 1-5 in Section [[l). Then, for
all n € N* and n,e € (0,1) with n+ ¢ < 1, it holds that

Diax (0 || F)

<Dfnax( ®n”.7n)+10g1 B (40)
1
+2ng((26, + 2)|X|) + (2né, + 1) | X|log -
where
g(z) = (x+1)log(z +1) —zlogx (41)

is the ‘bosonic entropy ﬁmction’, ¢ > 0 is the constant
appearing in Axiom 2 of Section [[l} and

(X =1)In(n+1) —
On '_\/ 2n

7 42)

In particular,

lim 1 Do (%™ || Fi)

n—,oo N

for all € € (0,1).

= D*(p||F) = Stein(p||F) (43)

'We set g(0) :=lim,_, 1 g(z) = 0.
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Remark 5. Due to the relation (34) between the smoothed
max-relative entropy and the hypothesis testing relative en-
tropy, Theorem [ implies immediately the following inequal-
ity: for all ,&’,6 € (0,1) withe +¢’ > 1 and 6 < ¢,

D5 (p®" || Fn)

_ de+e -1
zDﬁé(p(@”H]:n)Jrlogi(E < )

1—¢&

1
—2ng((26, + L)|X]) — (2n6, + 1) |X|log .

(44)

The above statement is significant because it connects the
n-copy hypothesis testing relative entropies corresponding to
different type-I error probabilities. To see why this is useful,
consider the case where ¢ is close to 1, while € is much
smaller, say of the order of (but slightly larger than) 1 — €.
Eq. (@) tells us that if we can find a ‘rough’ test that achieves
a type-I error probability € — §, which we can imagine to be
close to 1 if § is small, then there exists a much more refined
test with type-I error probability ¢’ < ¢ and ‘comparable’
type-II error probability, provided that n is large enough. The
inequality pinpoints what penalty in the type-II error we incur
because of this drastic type-I error reduction: using the fact
that g(z) ~ —zlogx for small x, we see that this penalty is
a sub-exponential factor of the form 25v™ logn

Remark 6. Another type of information that can be extracted
from Theorem [4]is the relation between the hypothesis testing
relative entropy and the Umegaki relative entropy: for all 0 <
n<e& <1landall n € INT, it holds that

Dy (p°" || Fu)
e —n
1—¢

1
—2ng((20, + 1)|X]) — (2nd,, + 1) | X|log -

> D] (p®" H ]:n) + log

(45)
e —n
1-—¢

1
= 2n9((20n + 7)1 X1) — (206, +1) [ X log -,

1
> D(p®" || Fn) — nnlog = — g(n) + log

where the second inequality can be deduced by lower bound-
ing the max-relative entropy with the standard relative entropy,
according to (29), and then employing the asymptotic conti-
nuity of this latter quantity minimised over free states, proved
in [86, Lemma 7] and stated here in Lemma [T3}

A. Technical preliminaries on the hypergeometric distribution

The solution of the generalised classical Stein’s lemma
relies heavily on the properties of the hypergeometric distribu-
tion. This is parametrised by three integers N, K, n with N >

K,n, and it has support over the integers k& € {0,1,...,n}.
It takes the form
(%) Cmi)
H(N,K; n, k) =~k n=k/ (46)

)
and it represents the probability of drawing k£ white marbles
from an urn that contains a total of N marbles, X of which

white, when making n draws in total without replacement. The
duality relations

H(N,K;n,k)=H(N,n; K,k)
(N,N—-K;n,n—k)

=H “7n
=H(N,K; N—n,K — k)

are sometimes useful.

The average of the hypergeometric distribution is naturally
K/N, i.e. the frequency of white marbles in the urn. In what
follows, we will make ample use of the following tail bounds,
which tell us how concentrated the hypergeometric distribution
is around its mean: for all N, K,n,k € IN with N > K, and
all w > 0, it holds that [87]

2
H(N,K; n,k) <2e 2™, 48)
ke{0,...n}, | E—K|>y
When n > N/2, as it will sometimes be the case here, one
can also use the duality relation to write the tighter bound

>

ke{0,...,n}, |E—K|>y

_ 2n2u2
N—n |

H(N,K;n k) <2e (49)

The hypergeometric distribution can be generalised to in-
clude the case where the urn contains marbles of more than
two colours. Let N, n € INT be positive integers, with N > n.
For a given N-type s € Iy on a finite alphabet X, the
multivariate hypergeometric distribution is a probability dis-
tribution on J,, whose value on ¢ € 7, yields the probability
of finding nt(x) marbles of colour z for all x € X, when
sampling from an urn containing N marbles in total, Ns(x)
of which of colour z. It is given by

IL () oy (v
Hygn(t) == EJG)(“) = (”t)((]]vfzf)m), (50)

where we used the multinomial notation in (I8]).

Note. We will reserve the notation H (N, K; n,k) for the
bivariate case, and Hy s, (t) for the multivariate case.

Clearly, the expression on the right-hand side of (30) is non-
zero provided that we do not demand to draw more marbles of
any given colour than what are there in the urn to start with. In
formula, this is expressed by requiring that nt(z) < Ns(z) for
all z € X. Introducing the element-wise ordering < among
vectors on R, we can state this as

nt X Ns. 51

When this condition is obeyed, it is possible to construct the
following elementary lower bound on Hy . ,,(¢), which is very
loose but ultimately sufficient for our purposes.

Lemma 7. Let N,n € NT be positive integers, with N > n.
For an N-type s € Iy and an n-type t € T, on a finite
alphabet X, if nt(z) < Ns(z) for all x € X, i.e. nt < N,
then

Hygin(t) > 27905 71) (52)

where g is defined by (@]).
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Proof. The inequality is very loose, and its proof very brutal.
Since Ns(z) > nt(x) for all x € X, we have (]Z:(f))) > 1
for all . Hence,
® 1 @
HN,s;n(t) Z NN Z 2

n

~Nha(n/N) @ oong(3-1) (53,

where in (i) we looked at the first expression in (30), in (ii)
we used the elementary inequality (V) < 2Vh2(?/N) | with
ha(x) = —zlogz—(1—2)log(1—x) being the binary entropy
function, and finally in (iii) we observed that g(z) = (1 +

B. An informal description of the argument

Fix an € € (0, 1). Due to the discussion in Remark [3] all we
have to do is to show that liminf, . + DS, (p®" || F) >
D>(p||F). Ignoring for a moment subtleties that have to
do with the definition of liminf, we can proceed by con-
tradiction and assume that Df (p®” H fn) < nA for some
A < D*(p||F). This means that we can find a probability
distribution p,, that is e-close to p®", i.e. p, ~. p®", and
such that p, < 2™¢, for some ¢, € F,. Without loss of
generality, due to Axioms 1 and 5 we can assume that both
pp, and g, are permutationally symmetric, i.e. they take on the
same value on all sequences of a given type. This allows us to
think of these objects alternatively as probability distributions

on the set of types 7, instead of X",

By using asymptotic continuity, it is not difficult to show
that when n € (0,1) is really small (n — 0) we have
D (p®" H Fn) Z nD>(p||F). However, the key issue here
is that this fact alone does not allow us to extrapolate the same
statement when the small 7 (later, » — 0) is replaced by the
much larger (but fixed) ¢ € (0,1). We will now explain how
to overcome precisely this obstacle, lower bounding directly
D5, (%™ || F) with D2, (p®™ || Fr). up to asymptotically
vanishing remainder terms.

In order to establish an upper bound on D7, (p®" || ),
which is a minimisation over smoothed probability distribu-
tions p/, ~, p®", we need to construct a suitable ansatz for
pl,. There is a natural way to do so, and it is to take as p/, the
typical part of p®™. In the type space, p/, will be approximately
equal to p®™ on types that are close to p, and vanish anywhere
else. If for all £ > 0 we can show that

P, <300 g e F,, 54
then we will obtain that
nD>™(p||F) < Do (%7 || Fn) < n(A+6), (55)

which will give D>(p||F) < A, in contradiction with the
assumption that A < D> (p||.F), once we divide by n, take the
limit n — oo, and then send 1, £ — 0. Therefore, proving
would conclude the argument.

A second observation is that since p®™ is concentrated on
types ~ p, and p®" ~, p,, the probability distribution p,,
needs to have at least a total weight > 1 — ¢ on the set of
types ~ p. We do not know how this weight is distributed on

those types, but it has to be there. We depicted this situation
in Figure 2fa), in which some of the weight of p,, is scattered
on the set of types ~ p.

Our key idea is to construct a stochastic map B,, ,, (m is a
parameter whose meaning will be explained soon), called the
blurring map, that adds a bit of noise to the input. This can
be done rather simply by a three-step procedure:

(i) append to the input sequence m symbols of each species
(there are |X'| species in total);
(i1) apply a uniformly random permutation;
(iii) discard |X’|m symbols, so as to go back to a sequence
of length n.

The above three steps describe the action of the blurring
map B, ,, on any input sequence. Applying this on p,
results in a ‘smeared’, or ‘blurred’, version of p,, denoted
Pn ‘= Bnm(pn) and depicted in Figure 2[b). The way to
think of the action of B, ,,, is that if the initial distribution
has some weight on a certain type class, then blurring makes
that weight ‘spill over’ to all type classes that are close to the
initial one.

In our setting, the new probability distribution p,, will have
two key properties:

(a) p, has approximately the same max-relative entropy of
resource as p,, in the sense that

P < 20590 (56)

for some arbitrarily small but fixed ¢’ and some other
q,, € Fn- To see this one needs to observe that from p,, <
2", it follows that p,, = Bpm(pn) < Q"ABn,m(qn);
the claim will be proved once we show that By, ,,,(gn) <
25'ng! for some ¢, € Fp, i.e. Duax(Bu.m(qn)||Fn) <
d'n.

But this is rather easy: of the three steps (i)—(iii) that
describe the action of B, ,,, only (i) is not a free
operation, according to Axioms 3 and 5; also, because
of Axioms 2 and 4, step (i) can only increase the max-
relative entropy of resource by m|X|log(1/c), as each
symbol that gets added carries with it a max-relative
entropy of resource of at most log(1/c). Hence, taking
d'n = m|X|log(1/c), i.e. m ~ 20n with ¢ a rescaled
version of ', achieves the desired result. (Here, the factor
of 2 is included for notational convenience.)

(b) While p, had some weight = 1 — ¢ on the set of
types = p, possibly unevenly distributed, p,, will have a
possibly slighter smaller but, crucially, roughly uniformly
distributed weight on the set of types ~ p.

In fact, consider a type J,,  t = p, in the sense that
lp — t]|oo < 6. What is the probability of ending up in ¢
by blurring p,,? Since the total weight of the types around
p according to p,, is at least 1 —¢, the total probability of
ending up in ¢ is at least about 1 — € times the minimal
transition probability s — ¢ induced by blurring, where
s is an arbitrary type close to p, so that ||p — s|/oc < 4.
By looking at the action of the blurring map B, ,, it
is not difficult to realise that this transition probability
is given by the multivariate hypergeometric distribution



IEEE TRANSACTIONS ON INFORMATION THEORY 2025

Hy, o, n(t) (see (B30)), where N := n + |X|m, and the
initial type v, satisfies that

Nu,(z) = (# symbols  in the sequence after step (i))

=ns(z)+m.
(57
Note that ||s — t]|c < 20 by the triangle inequality, so
that
Nug(z) > nt(z) — 20n + m = nt(z), (58)

because m ~ 26n. In other words, there are enough
symbols of each species to make the transition s — ¢
via blurring physically possible. This means that the
conditions in Lemmam are met, and using that result we
can estimate the probability of ending up at type ¢ starting
from type s as > 9-m9(5-1) = 2-79(IX) | where ¢
is defined by (I). Importantly, the coefficient g (25]X|)
appearing at the exponential vanishes for 6 — 0. This
whole argument should convince the reader that p,, will
have weight > (1—¢) 279D on each and every type
close to p.

The last claim in (b) implies that the typical part p/, of p®"
satisfies

o< 1 gna(201X)) 55 < 1 g (98X +A+) 1 (50
1—¢ 1—¢

where in the last step we used also (56). Comparing this

with (54), we are basically done: in fact,

=104 g(25|X]) = const - 6 + g (26| X|) =0  (60)

as § — 0.

Remark 8. The above high-level explanation contains already
enough information to appreciate why all of the Brandao-
Plenio axioms are needed in our approach. The convexity
assumption in Axiom 1 is used implicitly already when
invoking asymptotic continuity. Axioms 1, 3, and 5 are used
to justify why steps (ii) and (iii) in the definition of the
blurring map are free operations, while Axioms 2 and 4 are
needed to establish that step (i) adds little extra resource to the
input. Entirely analogous considerations apply to the quantum
solution presented in Section [V]

C. The classical blurring lemma

Before we delve into the proof of Theorem [] it is useful
to isolate and formalise the properties explained in step (b)
of the above discussion in Section To this end, here
we introduce and prove the classical blurring lemma, a funda-
mental statement that constitutes the linchpin of our proof of
Theorem El Remarkably, the exact same lemma is also used
in the recent work [23]] to establish a complementary result in
entanglement testing, the generalised quantum Sanov theorem.
Note that the classical blurring lemma will not suffice by itself
to prove the generalised quantum Stein’s lemma (Theorem [T)),
which is the main result of this paper; however, it will form the

10
type p

p®" (] Py
= ] s

— Yy types

{types: |lp — 1l < S}
(@)
N—" Y types

{typesz: [Ip — 1l < 6}

(b)

Fig. 2: (a) The probability distributions p®™ and p,, depicted
in type space. Note that p®” is concentrated on types close
to p. As per the discussion in Section [IV-B| p®" and p,, are
at some distance ¢ € (0,1) away. In this case, ¢ is rather
close to 1 (but strictly smaller), as most of the weight of p®”
and p,, is distributed on complementary regions of the type
space. (b) The blurring map acting on p,, and yielding at the
output a probability distribution p,,. Blurring is described by
steps (i)—(iii) in Section By adding a few symbols of
each type, mixing, and discarding some symbols randomly,
it blurs, or smears, p,, reducing the height of its peaks and
making some of the associated weight spill over to nearby
type classes. Importantly, as a consequence of this process p,,
ends up having some weight on all types close to p.

conceptual basis on which we will forge our quantum version
of the blurring lemma (Lemma [TT).

For any pair of positive integers n,m € IN* and, as usual,
a fixed alphabet X, we define the classical blurring map as
a linear map BS', : RY" — R*" that transforms any input
probability distribution by adding m symbols of each kind
x € X, shuffling the resulting sequence, and discarding m|X|
symbols. In this way, if the input sequence is of length n, then
the same is true of the output sequence. We can formalise the
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: cl
action of By, as

B () 1=t S (V8 Q) 05™) . (61)

where 0, denotes the deterministic probability distribution
concentrated on z (i.e. such that ¢,(y) = 1 if y = =z, and
d:(y) = 0 otherwise). We used the trace notation to prepare
the ground for the extension to quantum: in this classical
context, tr,, simply means ‘discard the last m symbols’. Note
that the output of the blurring map is always permutationally
symmetric.

Lemma 9 (One-shot classical blurring lemma). Let p,,q, €
’P(/'\.’ ”) be two n-copy probability distributions, with p,
permutationally symmetric. For some §,n > 0, let p, be
(1 —mn)-concentrated on the 6-ball of n-types around a single-
copy probability distribution s € P(X), in the sense that

>1-
Pn (Ute%: l[s—t]l oo <5 Tn,t) = UE

where ||s — t||oo = maxzcy |s(x) — t(x)|. Then for m =
[20m] it holds that

(62)

1

Dg]ax(pn H (qn)) <log
o (

teTy: Hs—tumzéTn»t)
+ng((20+ ) 1X1).,
(63)

where the blurring map B, is defined by (61), and the

function g is given by {I).

Note. If g, (Uyeg.. |s—t).o<s Tnt) = O then holds in
a trivial way, provided that one adopts the convention that

log1/0 = o0

,m

Proof. Call " := 1=py(Uyeg.. |s—t)<s Tnot)> S0 that 7 <
7. Let p!, be the probability distribution obtained from p,, by
cutting the ‘tails’ that lie on types ¢t with ||s — t||oo > . In
formula,

. 2D if [[tgn — 8|0 < 6,
pa(z") = , (64)
0 otherwise,
where t,» denotes the type of x". Note that
3l =2l = < (63)
2 Pn pn 1 n=n,
hence
Dmax Pn H Bn m q’ﬂ)) < Dmo\x(pn || Bnm Qn)) . (66)

Our task now is to estimate the right-hand side. Since both p!,

and Bfllm(qn) are permutationally invariant, for any sequence

2™ we have that p, (z") and (B, (qn)) (z
the type of x™, denoted by ¢,~». Hence,
Dnax (p;L || szl,m (Qn))

P (")
= log sup —r <
wnexn, ftun—slo<s (Ben(gn)) (@)

P (Lo tan) /T tr |

™) depend only on

T e s (Bl (@) (T, tan ) /| Tt
= log sup Pl (Tn’t")
1€, lta—slloo<6 (Bitm (@) (Tot,)
—log inf (Bfllm(qn)) (Tn,tn)-

tn €T, [ltn—slloo <5

(67)
In other words, in order to guarantee that the left-hand side
be small we need to make sure that BS', (gn) ends up having
some sizeable weight on all the type classes that are close to
s. To do this, we will observe that if ¢, has some non-zero
weight on the types close to s, then blurring makes that weight
spill over to all types close to s.

To formalise the above intuition we need to ask ourselves
how to estimate (B, (qn))(Tn,+) for some type t € 7, with

n,m

s =t < 5.

First of all, decompose ¢, = Y. qn(2") dz» as the sum of
the deterministic probability distributions

n Ly
52‘:"(y ){ 0

otherwise.

(68)

n __ n
7:1:”

(69)

Up to summing, we only need to estimate (B¢, (6z7)) (T}.¢)
for a fixed sequence x™. Looking at the action of the blurring
map, given by (61), it is not difficult to realise that Bg',, (0,n)
depends only on the type of =", denoted by u = t,n, rather
than on the whole sequence.

A little thought reveals that a way to represent the action of
Bg!,,(0zn) is to mix in an urn nu(z)+m marbles of different
colours z € X and to draw n of them at random. In this
representation, the value of (B, (0zn))(Tn,¢) is simply the
probability of extracting n¢(x) marbles of each colour z € X
To calculate it we can use the multivariate hypergeometric
distribution in (30). Introducing the type

_nu(x)+m _ nu(z)+ [26n]

vu() = n+m|X|  n+[20n]|X] (70)
we obtain that

(leym((sx"))(Tn,t) = Hn+m|X|,vu;n(t) 5 (71)
and therefore

(Bs) 1 (qn)) (T, t)
= Z Qn BCI (6m")) (Zrn,t)
= Z Z Qn(x Hn+m\)\.’|,vu;n(t) (72)

UET, -'L'neT'n,u

Z dn (Tn,u) Hn+m|X|, Vs n(t) .

u€f7n
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We can therefore estimate

(le,m(qn)) (T t)
g Z Qn(Tn,u) Hn+m|X\,vu;n(t)

UETp: ”Sfu”oogﬁ

(i) m|X|
D gne(=)
UETy,: ||s—ulloo <O

@ g((2641)1%]
S gna((2043) )qn Uue%; fomullzs 10 )
(73)

Here, (i) follows by simply restricting the sum, while in (ii)
we used Lemma [7] which is applicable because for all z € X

(n+ m|X|) vy(x) = nu(z) +m

Adn (Tn,u)

= nu(z) + [20n] (74)
> n(t(x) — 26) + [20n] > nt(x),
where the first inequality follows because
[u =t < lls — ulloc + [[s — tlloo <26 (75)

due to (68). Finally, in (iii) we used that m = [20n] < 20n+1,
observing that the function g is monotonically increasing.

Now we can really conclude. Using first (66), then (67),
and finally (73), yields
D:]nux(pn H Blem qn))

< Danax (P || By (4n))

- cl
= logtegn, ﬁ?_fsuoogé (BTL m(Qn)) (Tn,t)

— 1

< —loggy <Uue%z ol < Tn,u> +ng((26+2)]x)),
(76)

thereby concluding the proof. O

D. The classical generalised Stein’s lemma: hypothesis testing
beyond the i.i.d. setting

Armed with the classical blurring lemma, we will now
present a full proof of the classical generalised Stein’s lemma
(Theorem E[) Before we do that, we recall a useful result due
to Sanov, and sometimes known as Sanov’s theorem [88| (see
also [|68, Problem 11(a), p. 43]).

Lemma 10 (Sanov). Let X be a finite alphabet, A C P(X)
any set of probability distributions on X, and p € P(X).
Then for all n € NT it holds that

P (Utneg,m Ty, tn) < (n+ 1)¥I=t =D AlR) - (77)

Proof of Theorem[] Let n,e € (0,1) be such that n + & <
1, as in the statement of the theorem, and let n € INT be
a positive integer. By construction (see (30)), there exists a
probability distribution p], € P(X™) such that
®nH1 <e, DmaX(p;LH]: ) = DIEnax( on H ]:n) .
(78)
Up to applying a uniformly random permutation, which never
increases Dyax(+||Fr) due to Axioms 1 and 5 in Section

1
5 Hp;l —-p

we can assume without loss of generality that p/, is permuta-
tionally symmetric.

As a preliminary calculation, note that

1-p*" (U T,
P te€Tn: lp—thoe<on ™"

_ QN U T
- t
b < t€T: [[p—tl]oo >n ">

0 ¥ (79)
< (n+ )Xt g infiea ip—tioo>sn DitlIp)

(i)
% (n+ 1)\X|—1 02102

(iii)
=

Here, the inequality in (i) follows from Sanov’s theorem
(Lemma [I0), that in (ii) descends from Pinsker’s inequal-
ity [89]-[91]] via the calculation

1og e

D(t[lp) = Ip =7 = 2(loge) [lp — tlI3 (80)
and in (iii) we employed (@2). As a consequence,
/
Pn <Ut6%”p_tlwg% TnA,t) >1l—e—n. @D

We can now apply Lemma |§| with p, — p®", q, — pl,
s+ p, and & — J,, obtaining

Drnndx( ®nHBnm pn)) < log 1

=, o ((20n+5)1)

(82)
for m = [2nd,, |. Using the easily verified triangle inequality
Dinax(P||9) < Dimax(p||7) + Dmax(r||lq) for the max-relative
entropy, we can now write that

Dl (0" || Fn)
Dgla)(( on H Bn m pn)) + Dmax<B$ll7m(pil) H fn)

Fippp—— +ng((25n+%) |X|)

+Dmax (BTCLl,m(p/n) H ‘/_-.”)
(@iv)
< log i —— +ng((20, + ) 1X])

+ Dunax (1, || Fn) +m|X|log

1

a5+ ) )
+ Do (05 || Fo) +

< log

< log

(2nd, +1) |X|log L.

(83)
Here, in (iv) we observed that the classical blurring map
can only increase the max-relative entropy of resource by at
most m|X|log(1/c), because it adds at most m copies of the
probability distributions §,, for all z € X, and §, < %qo,
where ¢ is the probability distribution with full support
— called oy in the quantum case — whose existence is
guaranteed by Axiom 2. We are going to repeat this step in
the quantum case, so we refer the reader to the forthcoming
Lemma @ for a more detailed justification of it. In (v) we
instead exploited (78) and remembered that m = [2nd,]. O
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V. THE QUANTUM SOLUTION

This section is devoted to the full proof of the generalised
quantum Stein’s lemma (Theorem [I). The linchpin of our
approach will be, once again, a suitably quantised version of
the classical blurring lemma, the forthcoming Lemma We
will first show how to solve the generalised quantum Stein’s
lemma using Lemma [T1] and then devote the rest of the paper
(Sections to the proof this latter result.

A. An informal description of the argument

The first part of the argument proceeds as in the classical
case (Section [IV-B). For some ¢ € (0,1), due to Remark
we only have to prove that lim inf,, % D: .« (p®" H .Fn) >
D>(p||F). As in the classical case, we proceed by contra-
diction and assume that D5, (p®" || F,) < nA for some
A < D*=(p||F), so that, for all sufficiently large n, we
can write that p, < 2", for some approximating state
Pn . p®" and some free state o,. Another similarity with
the classical case is that both p,, and o, can be assumed to
be permutationally invariant without loss of generality, due to

Axioms 1 and 5.

In the classical case the argument continued with the
application of the classical blurring map to p,. We can try
to replicate the same procedure here, constructing a quantum
blurring map whose action is composed of the following three
steps:

(i) append to the input state |on| copies of p;
(i) apply a uniformly random permutation over the n+ |dn|
systems;
(iii) discard |dn] systems, so as to go back to an n-copy
system.

We denote by p,, the state obtained by applying the above
quantum blurring procedure to p,. Since among the steps
above only (i) adds some resource to the input state, it is
not difficult to prove that also p,, has a max-relative entropy
of resource bounded by nA up to a small correction, in the
sense that p, < 2"(A9)5! where & is a constant multiple
of 4, and o/, is another free state (in general different from
on)-

Asymptotic continuity, which works in the quantum just as
well as in the classical case, implies that when 1 € (0,1)
is really small (n — 0) we will have D, (p®" || Fn) 2
nD> (p||F). Once again, however, the problem is to connect
a statement like this for 7 — 0 with the same statement when 7
is replaced by a much larger € € (0, 1). The quantum blurring
lemma, like the classical one, will do precisely that.

Informally, it should tell us that p,, dominates p®™ approxi-
mately, in the sense that there exists some p), ~, p®", with 7
small, such that p/, < 2”Cﬁn for some other small parameter
¢. If we could show that, then we would get that

1
DOO(pH]:) rg EDglax(p(@n H]:n)
1

1
— n ||~ — ~
S annax(/O Hpn) + anax(anfn) (84)

<C+A+6.

Taking ¢’ and ¢ sufficiently small, we would reach a contradic-
tion with the assumption that A < D> (p||F), and we would
be done.

A beautiful lemma by Datta and Renner [84]] entails that
the existence of some p!, ~, p®" such that p/, < 2"¢p, is
equivalent to the inequality

2
Tr (p®n _ 271§ﬁn)+ S ,'7/7 (85)
where X, defined by (23], denotes the positive part of an
operator X (where we keep only the positive eigenvalues),
and 7’ is another small parameter related to 7. To prove the
above statement, we first show that it suffices to solve the case
where both p and p,, are pure states, with p,, permutationally
symmetric — and hence supported on the symmetric space.
This might appear counter-intuitive, but it really just follows
from the existence of symmetric purifications of any permu-
tationally symmetric state, together with the data processing

inequality for the function Tr X .

In fact, to simplify the notation we can set p = |0)0]
equal to the projector onto the first vector of the computational
basis. Since we have never chosen a basis so far, this is by
no means a loss of generality. But it does suggest an idea.
To describe it, it is convenient to consider the case where
the local systems are single-qubit systems (i.e. d = 2). The
symmetric space Sym"(C?), on which p,, is supported, can
be naturally embedded into the Fock space £2(IN) spanned by
the Fock states |0), |1), |2), etc. In quantum physics, such
a space models a quantum harmonic oscillator, or a single
mode of light of definite frequency and polarisation. For this
reason, it is also called a bosonic mode. The embedding is
easy to understand: the Fock number counts the number of 1’s
appearing in the computational basis representation of a vector
in Sym”(C?). For example, |0") € Sym"(C?) corresponds
to the vacuum state |0), the symmetrised ‘one-excitation
state” —= (|100...0) +{010...0) +... +10...01)) corre-
sponds to |1), and so forth.

The second technical innovation we introduce is a procedure
to lift the above problem to the bosonic space. We will prove
that the quantum blurring map corresponds, roughly speaking,
to a pure loss bosonic channel, one of the most studied objects
in bosonic quantum information theory. This is not entirely
surprising, given that the action of blurring is to scatter some
excitations into an environment, thereby losing them. However,
looking at this from a distance, we found it quite surprising
— and, frankly, somewhat gratifying — that this solution of
the generalised quantum Stein’s lemma hides at its core a pure
loss channel.

At any rate, most of the work needed to establish the
quantum solution lies in proving that in the limit n — oo
the finite-dimensional problem (83)) is mapped to a relation
that is roughly (but not precisely) equivalent to

Jim Ty (J0)0] — ME—5(w)),, 20, (86)
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where w is an arbitrary state on a single bosonic mode, and
&y is the pure loss channel with transmissivity A. (Note that
the diverging coefficient 27¢ in has been replaced by an
external limit M — oo in (86).) Some simple linear algebra
reveals that (86) amounts to saying that |0) belongs to the
support of & _s(w), for all w. But this is clearly false: by
choosing as w a coherent state (see the forthcoming (120)),
due to (122) we get at the output another coherent state, and
in particular a pure state that is not the vacuum. However,
not all hope is lost, because coherent states are really the only
states that remain pure after the action of the pure loss channel
— most states, on the contrary, will become heavily mixed. To
fix this last problem it suffices to choose a slightly modified
version of the blurring map in which 9, the fraction of systems
we mix in, is a random variable, e.g. uniformly distributed in
[0, A], for some small A. Eq. (86) then is transformed into

lim T |0><0—M/Ad(55 w)] Zo0
Moso 0 A 1-61W +_ ’

As it turns out, the vacuum state |0) does belong to the support
of fOA L & _s(w), for all input states w. This will allow us
to prove a statement analogous to (87) and thereby conclude
the proof.

(87)

B. The quantum blurring lemma

We will now discuss how to quantise the classical blurring
map that played a key role in the classical solution of the
generalised Stein’s lemma. For some positive integer d € IN,
some state p € D((Dd) in dimension d, and some ¢ € (0, 1],

2

consider the p-dependent blurring map
By 5 L((€)%") = £((€)*"). (88)
By, 5(X) =T |5n) Sy [6n) (X @ plonl)

where for some N-partite quantum system A~ the symmetri-
sation map is defined by

1
SN(X) = 1 > UXUL,

" meSn

(89)

with U, being the unitary that implements the permutation
7 over the N copies of A, and Sy denoting the symmetric
group. Also, the operation Tr|s,| appearing in (88) denotes
the partial trace over |dn| of the n+ |dn| copies of the space
C% — which ones is irrelevant, as the state under examination
is permutationally invariant. The action of the map in (88)) is
similar to that of the classical blurring map in (61I): in both
cases, we add some noise by tracing away randomly chosen
sub-systems of the input state and shuffling in a small number
of systems in a reference state.

In B8) we chose to blur by adding copies of p. This is
not really important, as we could equivalently choose to add
copies of any other state with support no smaller than that
of p. In fact, without loss of generality we could add copies
of the maximally mixed state 1/d on C?. However, blurring
with p simplifies the analysis considerably, especially when p
is pure. Since we will later see that we can always anyway

assume that p be pure without loss of generality, it is not only
instructive but also useful to look at this case more closely. In
fact, choosing wisely the basis we work with in C%, we can
assume that p = |0)0| coincides with the projector onto the
first vector of that basis. In the pure state case we are going
to make also another simplification. Denoting with II,, the
projector onto the symmetric subspace Sym™(C?) of (C%)®"
and assuming that the input is also supported on the same
space, we can also construct the alternative quantum blurring
map

By, s(X) : L(Sym™(C%)) — L£(Sym™(C?)),
B,s(X) =11, B\ (X) 11,

(90)
(With a slight but very convenient abuse of notation, through-
out this paper we will consider Sym"(C?) alternatively as a
subspace of (C?)®" or as a space on its own.) Throughout
most of Section when we will refer to the quantum
blurring map we will be talking about (90) rather than (88).
Note that unlike th s» which is a proper quantum channel,
due to the presence of the projector II,, the map B, 5 is only
a sub-channel.

The key technical result that underpins our proof of the
generalised quantum Stein’s lemma is the following quantum
version of the classical blurring lemma (Lemma [9).

Lemma 11 (Asymptotic quantum blurring lemma). Let p €
D(Cd) be a finite-dimensional state, and for some infinite
set I C NN let (pn)ner be a sequence of permutationally
symmetric n-copy states pp, = Sy(pn) € D((C4)®™) (see (89)
for a definition of &, ) such that
. 1 n
limsup 5 [|p, — p="||, <e 1)
nel 2
for some ¢ € (0,1). Then there exists an infinite subset I' C I
such that, for all A € (0, 3],

:0’

Ads
lim lim sup Tr p®"—M/O N By 5(pn)
+

M —o00 nel’
92)
where Tr X denotes the trace of the positive part of X

(see 23) for a definition).

The proof of the above result is deferred to Section
Before we move on, it is instructive to note the main difference
between Lemma [9] which is a one-shot result, and Lemma [T1]
which is instead asymptotic. This is not a coincidence: while
the p-dependent blurring map (88) is very similar, from a
conceptual standpoint, to its classical counterpart (61)), the
availability of the formalism of types makes the analysis of
its action much easier in the classical case, even in the regime
of finite n. Without types, the quantum proof must rely on
the aforementioned bosonic lifting procedure, which allows
us to regain control of blurring in the asymptotic limit where
n — oo. The intrinsically asymptotic nature of this argument
is such that we have not yet been able to obtain a one-
shot version of the quantum blurring lemma. This should be
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possible, however, and as an immediate implication one would
get a one-shot control over the behaviour of the hypothesis
testing relative entropy associated with resource testing.

C. Proof of the generalised quantum Stein’s lemma using
quantum blurring

Here we present a proof of Theorem [I] that assumes the
quantum blurring lemma (Lemma [TT)). This latter result will
be proved in Section We start with two well-known
preliminary results.

Lemma 12. Let H be a finite-dimensional Hilbert space, and
let (F)n be a sequence of sets of states F,, C D(H®”) that
obeys Axioms 2 and 4 in Section [[I} Then the max-relative
entropy of resource is sub-additive, meaning that

Dmax(pn®pm’|fn+m) < Dmax(an]:n) + Dmax(pmH]:m)
3

for all p, € D(H®”) and p,, € D(’H®m), and obeys the
universal upper bound
94)

Dinax (pn || Fn) < nlog% V pn € D(H®"),

where ¢ > 0 is the constant whose existence is guaranteed by
Axiom 2.

Proof. If p, < 2*¢,, and p,, < 2"0,, for some o, € F,
and o, € Fp,, then clearly p, ® p, < 2 0, @ 0,,, which
implies once one observes that o, ® o, € Fim via
Axiom 4, and then minimises over A and u. Eq. (94) follows
instead from the simple operator upper bound p, < 1 <

c "o$™, with o being the state given by Axiom 2. O

The following is a slight rephrasing of a result by Win-
ter [86, Lemma 7], in turn a sharpening of the main result

of [92]] and of [93, Proposition 3.23]. We do not report its
proof here.

Lemma 13 (Asymptotic continuity of the relative entropy of
resource [86], [92]l, [93]). Let F C D(H) be a closed convex
set of finite-dimensional states that contains a full-rank state
oo € F with o9 > ¢l > 0. Then, for all p,p’ € D(H) with
Hlp = p'lli <e it holds that

[D(pl|F) = D(p'[|F)| < elog £ +g(e)
where g is the function defined by (@]).

95)

We are now ready to present the proof of our main result.

Proof of Theorem (I| (generalised quantum Stein’s lemma).
Fix some ¢ € (0,1). By the discussion in Remark [3] it
suffices to prove @]) Assume by contradiction that

lim mf — D5

de
n—oo

P& || Fn) < D*=(p||F). (96)

Then there exists an infinite set / C IN and two numbers A, \
such that

lim — Dfnax( @n H fn)

neln

=N <A<D>®(|F). O

This means that for all sufficiently large n € I we can find a
state p, € D(H®™) such that

1

QN

slen ="l <& Dumax(pal| Fa) <nd. 98)
Up to applying the symmetrisation operator (89), it is clear
that we can assume without loss of generality that p,, is
permutationally symmetric. By the quantum blurring lemma
(Lemma [11), there exists some infinite subset I’ C I such

that

lim limsup Tr (
M — o0 nel’

—~Mpn), =0 (99)

for all A € (0, 1], where the blurred states p,, are defined by

A
déd =

Op = — n) 100

Pn 0 A n,&(p ) ( )

with EZ, s being given by (88). Our first goal is to estimate

the max-relative entropy of resource of the states p,. We start

by observing that, for all § € [0, A],

=, ()
Dimax (thg(pn) ‘fn) < Diax (pn ® p®L5nJ H f’n)
(ii) 1
< Dmax(pn || ]: ) L(an log E
(iii)
<n(A+0ologl)
<n(A+Alogl).
(101)

Here, in (i) we noticed that the max-relative entropy of
resource is monotonically non-increasing under any quantum
channel that maps free states to free states, due to the data
processing inequality for Dy, [79]. Both the partial trace
and the symmetrisation operation satisfy this assumption, due
to Axiom 3 and to Axioms 1 and 5, respectively. In (ii) we
applied the above Lemma [12] while (iii) follows from (98).

Eq. (I0I) tells us that for all § € [0, A] we can find some
On,s € Fp such that

1
B} 5(pn) < 2H(X+Alog E)Uné (102)

Integrating over ¢ and using the convexity of J,,, one obtains
that

- Ads ~
Pn = K Bp ( ) < 2n(/\+A log(1/c)) G s
. (103)
- Ads cF
Op = -~ O R no
1 0 A n 1
that is,
Dmax(pn H ) <n ()\ + Alog = ) (104)

Now, fix two arbitrarily small parameters 7,{ € (0,1).
Since for any fixed M > 0

limsup Tr (p®" — 2", ) < limsup Tr (
ner’ ner

- Mpn)+
(105)
due to Lemma [2{a), taking the limit // — oo on the right-hand
side and leveraging (99) we conclude that
lim Tr( " —2”Cﬁn)+ =0,

nel’

(106)
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entailing that
(107)

for all sufficiently large n € I'. Looking at (3I), it is clear
that this is equivalent to the inequality

Dglax( o H ﬁn) <n(.

We can now write that
@iv) ~
D (0% || Fu) < Dibae (07 | ) + Dinax (. || F)

%n(k—&-(—i—AIog%)

Tr (o2 27, <

(108)

(109)
for all sufficiently large n € I'. Here, in (iv) we employed the
following easily verified ‘triangle inequality’ for the Datta—
Leditzky smoothed max-relative entropy (31)): for all triples
of states p,o,w on the same system and all € € [0, 1],

D5ax(pl10) < Dipa(pllw) + Dinax(w]]o) (110)
Continuing, (v) follows from (T04) and (T08).
Hence
hmslup Dmax( | Fa) <A+ ¢+ Alogl. (111)
nelr’

Since 7, ¢, and A are arbitrary, we can now take them to zero,
obtaining thalE]

lim limsup — Dmdx( on H Fn) SA<D¥(p||F). (112)

n—0t ner
It is now a routine matter to derive a contradiction from the
above inequality. Using the relations (33)), it is not difficult to
show that (T12) is equivalent to stating that
| Fo) <A< D¥(pllF). (113)

1
lim limsup — Dmax(

n—=0T  ner
This can be shown to be in contradiction with (97), due to the
asymptotic continuity of the relative entropy of resource. In
fact,
D! ( ®n | .7:”) = min
A (07 Pt $llp=p®" | <n

Dunax(pr || F0)

(vi)

> 1 D / .F

= o Hiphmponli<n (o0 [172)
(vii) )

> D(p®" || Fu) —nlog z= — g(n),

(114)
where (vi) follows from (29), while in (vii) we employed
Lemma (13| with F +— F,, p = p®", p' — pl, e — n,
oo — o™, and ¢ — ¢ (here, og € F; and ¢ > 0 are given
by Axiom 2). Now, dividing both sides of by n and
taking the limit in n € I’ yields

lim sup — Dmdx( o H fn)
nel’
= “r,?ei‘,lpgD(pm | Fa) =mlog 15,
— lim * D(p®" || F) — nlog
n—oo N

= D> (p||F) —nlog ¢ ,
which in contradiction with (@7) once one takes the limit  —
0% and uses (T13). O

2Note that I’ does not depend on either of these parameters.

D. Technical preliminaries

The remainder of Section [V] is devoted to proving the
quantum blurring lemma (Lemma [IT)). Before we delve into
the proof, we introduce some technical tools that will be used
in the subsequent discussion.

1) Type basis of the symmetric space: The symmetric space
Sym" (Cd), i.e. the span of all vectors on (Cd)®n that are
invariant under all permutations of the tensor factors, admits
the canonical basis [94} Section 1]

-1/2
n n
I, tn) = < > > "), (116)
nty,
" €Tn ¢,
where ¢, € 7, ranges over all n-types, T}, ¢, is the type

class associated with ¢, (see (17)), and we used the nota-
tion in (18) for multinomials. Some elementary calculations
involving these vectors are presented in the following lemma.

Lemma 14. For all n,r € INT with n > r and all sequences
x" of type w, € I, the partial overlaﬂ between |x") or
|r,w,.) and a vector of the basis (116) is given by

, o\ 12
(" |n, t,) = ( ) (rywpln, ty)
TWy

n— Twr)> ;

117
where it is understood that the rightmost side is zero unless
nt, = rwy, e nty(x) > rw.(x) for all x € X.

Proof. In order to prove the equality between the leftmost
and the rightmost side of (117) in the non-trivial case where
nt,, =~ rw,, we need to establish that

Z | anr> )

@1 er, )
o z”*TGTn) 1

1 (ntp—rwy)

(118)
This is rather obvious, and it follows from the fact that the only
sequences y" that contribute to the sum on the left-hand side
are those in which the first » symbols form the sequence z".
The remaining n — r symbols L (nt, —rw,), and
moreover the sequence they form is uniformly distributed on
T, o utmruy- That (@7lnsta) = (7)) (rwyfn, ta)
holds follows directly by substituting the explicit expression

of |r,w,) as in (T16). O

2) Continuous-variable systems: In what follows, we will
review the basic formalism of continuous-variable quantum
systems. For a more detailed presentation with additional
details and derivations, we refer the reader to the review [95],
as well as to the monograph [96]]. A system composed of
m € INT bosonic modes is modelled by the Hilbert space

Hp = (C(IN)) " (119)

spanned by the Fock states |k1, ..., k) = |k), where k € IN™
ranges over all non-negative integer vectors of length m. The

3That is, the overlap calculated only on the first 7 copies of C¢.
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Fock state corresponding to £ = 0, which we will also denote
by [0Y®™, is called the vacuum state. On a single bosonic
mode (m = 1), the annihilation and creation operators,
denoted a and af, respectively, are defined by the action
alk) =VE|k—1) and a |k) = VE+ 1|k + 1) on the dense
subspace of vectors with finite expansion in Fock basis. The
number operator a'a thus satisfies that afa |k) = k |k) for all
k € IN. The eigenvectors of the annihilation operator are the
coherent states, defined as

ok
“lal? «Q
|oz>::e||/2§ ﬁ'k%

k=0

(120)

where o € C is the corresponding eigenvalue: indeed, it is
straightforward to verify that a |a) = a|a).

The physical process by which photons, or excitations in
Fock space, are scattered into a large environment in the
vacuum state is modelled by a pure loss channel (also
sometimes called ‘quantum-limited attenuator’), whose action
is defined by the Kraus representation [97, Eq. (4.6)]

oo

1 /1 C iala o iata, 4
SA(X):ZE 1 1) aAFXAE G,

£=0

(121)

where A € (0, 1) is called the transmissivity of the channel.

O/T(l . .
Note that a’\“=" is effectively a bounded operator for all
integers ¢. The pure loss channel acts in a particularly simple
way on coherent states: for all A € (0,1) and all « € C,

Ex(lafal) = [VXa)vAal . (122)

The action on Fock states, instead, can be described as
follows:
htk e h\(k\ (1 ¢
e =A% 32 (5)(0) (5 -1) 1e-oma
(123)
Note that the sum contains only finitely many (to be precise,
min{h, k} + 1) non-zero terms.

3) Operator topologies: Given a separable Hilbert space
‘H, a natural pair of Banach spaces associated with it are
the space of trace class operators 7 () equipped with the
trace norm || - ||y, which we have already encountered, and
the space of compact operators IC(#) equipped with the
operator norm || X [loc = sup,yy e oy 1€ 19 11/ 1) [ The
former space can be thought of as the dual of the latter, in
formula 7 (H) = KC(H)*. This means that besides its native
trace norm topology, T (H) can also be equipped with a
weak* topology induced by this duality. According to this
latter topology, a sequence’| (X,,),, of operators X, € T ()
converges to some X € 7 (H), and we write X, %) X, if

Tt X, K — TrXK ¥V KeK(H). (124)

See [98| Chapter 2] for a review of the properties of the weak*
topology on dual Banach spaces. Applications of this topology

4The weak* topology is not metrisable in general, unless 7 is finite dimen-
sional. However, the Banach—Alaoglu theorem implies that it is metrisable
on bounded subsets (see, e.g., [98] Corollary 2.6.20]. Since here will only
consider bounded sequences, we can avoid introducing nets and deal only
with sequences.

in quantum information theory have flourished recently [99]-
[101]. An important observation of which we will make use
here is that due to the Banach—Alaoglu theorem and because
of the separability of 7 (#) (in turn a consequence of the
separability of H), every trace-norm-bounded and weak*-
closed set X C T(H) is (sequentially) weak* compact. We
record this observation below.

Lemma 15. Let (X,,),, be a trace-norm-bounded sequence
of operators X,, € T (H), where H is a separable Hilbert
space. Then one can find a weak*-converging subsequence
(Xnk)nk’ ie Xp, kiv)—og X for some X € T(H). If X, >0
and Tr X,, < 1 for all n, then similarly X > 0 and Tr X < 1.

We also need to briefly discuss a useful notion of topology
on the set of quantum channels. Given a sequence (A,),
of quantum channels A,, : T(H) — T (H') with the same
input and output, we say that A,, converges to another channel
A T(H) — T(H') with respect to the strong convergence
topology, and we write A, ﬁ A, if

Jim [[An(p) = Aol =0 YpeDH).  125)

E. Alternative expressions of the blurring map

We now present some alternative and more insightful ex-
pressions for the action of the blurring map.
Lemma 16. For all n € NT and é € (0, 5], it holds that

L6n]
Z H(n+ |dn], [on];n,r) Ty (X) (126)
r=0

Ty (X) =1L, (|0><0|®T ® Tr, X) I, ,

where the blurring map B, s is defined by (Q0), and the
hypergeometric distribution is given by (@6).

Bn,5 (X)

(127)

Proof. Tt suffices to remember the description of the action
of the blurring map presented in Section [V-A] Calling r the
number of copies of the added state |0)0| that end up in one
of the first n systems — those that are not traced out — a
little thought shows that the law of r is hypergeometric by
construction, i.e. 7 ~ H(n + |dn], |dn]; n,-). For a fixed r,
the action of B,, ;5 is effectively represented by the map I';, ,
in (I27). This proves the claim. O

An important technical step is to derive a Kraus represen-
tation for the maps I'y, , appearing in (I27). We achieve this
via the lemma below.

Lemma 17. For all n € Nt, 6 € (0,%], and r €

{0,1,...,]dn]},
Fn,'r'(X) = Z MT,UJTXM:,wT s
wr €Ty
n—r 2 T
My, = Y <"t”jfw"> (””T;L) (128)
tn€In, (ntn—rwr—H’eO) (ntn)
Nty = TW,

|Tl, ty — %wr + %€0><n7 tn | )
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where |n,t,) is defined by (116).

Proof. Let X be an arbitrary operator supported on the sym-
metric space Sym” (C?). Then

Z (rywy| X |r, wy)

wyr €Ty

() r - T X "

vy () X @I
wr €Ty ",y €Ty w,

S5 () T
Wy €T ",y €Ty w,

1

(iii) Z < ) Z (" X|z") (129)
wr €T, z", Y €Ty w,.
Z Z " | X |x")

Wy €Ty €T )
= (@' X|2")
:E’V‘
=Tr. X.

The justification of the above derivation is as follows: in (i)
we substituted (TT6); in (ii) we noticed that, since z" and y"
have the same type, there must exist a permutation m(x",y")
such that the unitary implementing it, denoted by Uy (zr yr)s
will satisfy |y") = Uy (zr ) |27); and in (iii) we observed that
XUy (zryry = X because X is supported on the symmetric
space.

Plugging this expression into the definition of I',, , in (127)

yields
Py (X) = T (10017 Tr, X )T = 37 My, XM
wr €T,
(130)
where
My, = ( (rywy| ® 18— 7)) 11,

W) Z

Snstn

© oy

tn€In

N, $,|07) (rywe|n, ty) |0, sp)Xn, tn]

2
(ntn—:wr) (’I"’Z)r)
n
Ntn— r 0 n
( t rw,—+re )(nt )
L w, + Leg)Xn, tn

|n7 tn -

)

(131)
as claimed. Here, in (iv) we used the decomposition II,, =
Ztne% |n, tp)Xn, t,| twice, while in (v) we considered an
arbitrary (fixed) sequence z" € T} ,,, and wrote

(n, s,|07) (r, wp|n, t,)

(V:i) (ns:::eo) (nt:::w,) (7‘1:),,.)

() Gat)

. <n -, nlr (ns, — reg) | n—r, nir (nty,

_ 2
(nt:—:wT) (7‘:{‘},«)

( n ) ( n ) 5"571,—7“307711571—”117‘ )
nt, —rw,r+reo/ \nt,

- rwr)>

(vii)

(132)

where in (vi) we employed Lemma [[4] twice, and in (vii) we
denoted by 4, the Kronecker delta on integer vectors a,b €
INY. This completes the proof. O

We now observe that

Z rwr rwr = Z d?“(tn) ‘n7tn><n7tn| = D,,

wr €Ty tn€In
(133)

where

dr(tn) = (134)

3 ( (nto—ruwe)” Cruv,)

n n
Trdw, =< %tn ntn —rw,,,-&-reo) (ntn)

The matrix D, is strictly positive definite, because for all ¢,, €
I, we can always choose some w,. € . such that rw,. < nt,.
Thus, the map

en,r(X) = Z N X ’I"’LUT7

wr €T (135)

Ny, = Mrw\Dr_l/Q

is a quantum channel, simply because

3 N =07 (3 il at ) 07
w, €Ty wr €Ty
=1.

(136)

Clearly, the maps I', , and ©,, ;. are related by the identity

F'VLJ”(X) = en,?“ (Di/QXD,lap) (137)

Putting all together, from Lemma [T6 we obtain the following
expression for the action of B, 5.

Corollary 18. For all n € NT and all § € (
of the blurring map (Q0) can be expressed as

0, 3], the action

L6n]
B,s(X) = Z H(n+on],|dn]; n,7) Op (Di/QXDi/Q),

r=0

(138)
where the quantum channel ©,, , is defined by (133).

For what follows, it will be crucial to have a precise estimate
of the values of the entries of the matrix D,., i.e. of the sum
appearing in (I34). We provide this estimate below.

Lemma 19. Let n,r be positive integers such that

n§1<1—n

< (139)
n

for some 1 € (0,3%]. Let t,
property that

€ I, be an n-type with the

nty(z) > N (140)
for some x # 0 and some non-negative integer N < n. Then
the positive real number d,.(t,,) defined by (134) satisfies the
inequality

3eNn*/2

dr(t,) < (141)



IEEE TRANSACTIONS ON INFORMATION THEORY 2025

Proof. Without loss of  generality, assume  that
maxgzotn(r) = t,(1) > N/n. Let w, € J, be a
type such that w, < t,,. Then

( n—r ) (7")
Nty —rw, W

(i reo) ()
(o) )
() Gt tres)
(nto—ruo,)

9 Hn,tn;r(wr) ( n

ntn 77‘wr+reo)

(e,
Nty —Trw,

_ w (n—r)! ((ntn, — rwy + reg)(x))!
= n,tn;’l"( r) n! 1;[ ((nt” — rw,.)(a:))!
(n—7r)! ((ntn —rw,)(0) +7)!

n! ((nt, — rw,)(0))!
n—nty (0)+rw,(0)—r—1

r(wr)

© Hpy e (wy) (142)

n—r—
(2) Hn,tn; - J
j=0 n=J
(iv) r\ n—ntn(0)+rw,(0)—r
S Hn,tn;r(wr) (1 - 5)

v)
S Hn7t”; T(wr) (1 _ n)n—ntn(o)-‘r?”wr(o)—’r‘

Here: in (i) we recalled the expression (50) of the multivariate
hypergeometric distribution; in (ii) we noticed that all factors
in the product are equal to one except for that corresponding
to z = 0; in (iii) we observed that n > nt,,(0) — rw,(0) + r,
because

n — (nt,(0) — rw,(0) +r) = n(l — t,(0)) — r(1 — w,.(0))

(143)
due to the fact that types are probability distribution and hence
sum to one; in (iv) we leveraged the fact that ‘Z%ﬂ < % for
all triples of integers a, b, j such that j < a < b; and finally
in (v) we inserted the inequality 1 — r/n < 1 — 7, which
follows from (T39).

Summing over all types w, that appear in the expres-
sion (134)), we obtain that

Z H, . wr) (1 . n)nfntn(O)Jrrw,,.(O)fT

Trow, % tn

= X Hugr ) (g Eeet @),

‘7%9“17‘5%@1

dy(tn) <

(144)
Now, since the sum in (T44) features only types w, € J, such
that rw, (x) < nt,(z) for all z € X, we have

dr(tn)
<Y Husrlwy) (1= gyl @mren )
%'3wrj%tn
S Z Hn,tn;r(wr) (1 B n)ntn(l)frwr(l)

Trdwyr Xty

- nta(1)
o) Z H(n,nt,(1); r,k) (1 — p)"in(D=k
k=0
nty (1)
(vii) Z H(n - ntn(l) ]{3) (1 _Tl)m‘ (1)—k
k=0
(viii)
< 2672ntn(l)u (145)
+ Z H(n,r; nt,(1),k) (1 — n)nt"(l)fk
ke{0,...,r}:
rkm =% <u
(%) 26—2ntn(1)u2 + (1 _ n)’ntn(l)(l—%—u)
(%) 267ntn(1) n?/2 + (1 B n)ntn(l)n/Q
D ge-nta(n /2
< 3e~ /2
Here: in (vi) we observed that if w, ~ Hp;, ., then the

random variable rw,(1) is distributed as a univariate hyperge-
ometric distribution, i.e. rw,(1) ~ H(n,nt,(1); r,-); in (vii)
we employed the duality relation (47); in (viii) we used the
concentration bound @ for some u > 0 to be fixed shortly;
to deduce (ix), we simply wrote
k
nt, (1) >

nt, (1) — k = nt, (1) <1 —

> nt,(1) (1 - —u),

(146)

continuing, in (x) we fixed u = /2, so that 1 — = —u

—n/2 = 77/2 finally, in (xi) we noticed that (1 — )"
enln(l M <e -n?

[:III \Y

F. Controlling the norm at the output of the blurring map

Here we will show how to give some precise estimates
on the trace norm at the output of the quantum blurring
map when the input operator has a large zero sub-matrix in
the top left corner. This is the goal of Proposition This
result will be key to proving that a suitably ‘second-quantised’
version of the quantum blurring map, which acts on an infinite-
dimensional bosonic system, is continuous with respect to the
weak* topology on the input space (Corollary 22).

Before we can state and prove Proposition we need the
following general lemma. The setting involves a Hermitian
operator 7' that is assumed to be a (non-strict) contraction, i.e.
IT]|oo = 1; if T behaves instead like a strict contraction on the
orthogonal complement to one of its invariant subspaces V,
then the lemma tells us that it also acts as a strict contraction
when acting from the left and from the right on any other
operator Z with zero restriction to V. This explains the
name: the ‘tail’ in question is the difference between Z and
its restriction to V' (which might involve off-diagonal terms
between V and V1).
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Lemma 20 (Tail contraction). Let T = TT be an N x N
Hermitian matrix, and let V. C CN be one of its invariant
subspaces, so that TV C V. Assume that ||T||cc = 1 and that

|1 =P)T| <p<1, (147)

where Py is the orthogonal projector onto V. If an N x N
matrix 7 satisfies that Py Z Py = 0, then

ITZT| < (1= (1= w?) 1 Z]h < 2ul|Z]i. (148)

Proof. Since V is an invariant subspace for 7, we have
[T, Py] = 0. Hence, for an arbitrary real number € R we
can write
\TZT|, = |TZT — 2*TPy ZPyT||;

= ||TZT — 2*PyTZT Py |1

1
5 H(n — @Py)TZT(1 + zPy)

+ (1 +aP)TZT(1 — xPV)Hl (149)
—2Py)T|| (X +=P)T[| I Z]:

)7l }

cmax { (1+2) |V T, (0= P)T| 121

<@

= max {(1—:10) HPVTHOO,

Note that
1= Tl
= max | spec (T)| (150)
= max | spec (PyT) Uspec ((1 — Py)T)|
= max{’ spec (PVT) , Spec( (1-Py) )|}
Since max | spec (1 — Py)T)| = ||(1 — Py)T|| _ <p <1,

it follows that max | spec(PyT)| = ||PyT| o = 1. Thus, the
relation (T49) can be rewritten as
ITZT|, <max{1—=z, |1 - Py)T|_}

151
-max {1+ z, ||(]1—PV)T||OO}||Z”1~ (5D

Setting = := 1 — p yields the claim. O

Proposition 21. For two integers n > N > 1, let X be
an operator on Sym"(C?) such that (n,t,|X|n,s,) = 0
whenever t,,, s, € I, satisfy that maxyont,(z) < N and
maxgo nsy(z) < N. Then, for all § € (0, 3] it holds that

[BusX) ]y <2 (7% 4 VB0 Xy, (52)

where the blurring map is defined by (90).

Proof. We start by recalling the tail bound #9), which be-
comes in this case

Z H(n

re{0,.. ,n}'
|L_ Lénj
n  n+[én]

+ |0n], [on]; n,7) < 2 e=2nun/Lon]

(153)
for all u,, > 0. To simplify our expressions, we can set

. |on ] B [on ] S [on]
" m+lon] 2n T 6n’

(154)

20

where the last inequality follows from our assumption that
0 < 6 < 1/2; since for this choice

L5nJ [on] l on

n+on] ™" Ton el (155)
and . )
n
_onj <3
nt fon] T4 S3% (156)
we have
[on/2]
> H(n+ on), [dn); n,7)
r=0
M Z H(n+ [on], [on]; n,r) < 2e- 0I5,

r=[36n/2]
(157)
Therefore, using the expression in Lemma [I6] and remem-
bering that I'y, ;. is a sub-channel and hence a trace-norm-
contractive map (see (]22[)), we have

[36m/2]—1

> H(n+ [on), [on); n,7) T p(X)
r=[én/2]+1 1

B, s5(X) —

< 267L§nj/18 HX”l
(158)
for all input operators X . Due to (see also Corollary [T8),
from this we deduce that

[1Bn,s (X[l

< 26—\_67a]/18HX||1
[36n/2] -1
. 1/2 1/2
+ Z H(n+|on], [on]; n,r) Henm(Dr XD, )H1
r=[6n/2]+1

< 26—L6n]/18HX||1
[30n/2]—1
+ Z H(n+ [dn],|dn]; n,r) HDi/QXD}/ZH ,
r=[6n/2]+1 !

(159)
where in the last inequality we used once again the contractiv-
ity of the trace norm under quantum channels (Eq. ). Next,
for some 7 in the above sum we will estimate HDI/ XDy*? I
by means of Lemma [20] To this end, we make the substitutions
T=Dy?and V = span{|n, t,): tn €Ty, maxy,o nt,(z) <
N}. Note that V' is D,-invariant because it is spanned by
some eigenvectors of D,, and Py X Py, = 0 by assumption.
Furthermore,

102

= max

1n€Tn
simply because d,.(t,) € [0,1] for all ¢, € J,, as one
deduces immediately from (144), and moreover d,.(eg) = 1
by inspection, where e is as usual the type concentrated on
x = 0. Finally, we estimate

dr(tn) =1, (160)

1— P D1/2 — ma. dr tn
||( V) r Hoo tn €T, maxz;(fntn(w)>N ( )
< \/36_1\762/16
< (161)
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using Lemma [19| with n = §/2; note that (T39) is satisfied
because

] < [on/2]+1 <

) T [36n/2]-1 _ 34 g
2 n n n 2

— 2 .

, (162)
Setting 1 = v/3e " N9/16 Lemma applied on the right-
hand side of (T39) gives us

|Bus (O, < 27X [+ 2v3e X
(163)
which completes the proof. O

It is useful to define also a modified version of the blurring
map B, s, in which we embed Sym"(C?) into the Fock
space Hy—1 = (62(]N))®(d_1) (see (T19)). Note that Hq_;
is spanned by the number vectors |ki,...,kq—1) = |k),
where k;, € IN and k& € IN“"! which can be connected
to the basis {|n,t,)}t, o, given by (II6) via the isometry
U, : Sym" (Cd) — Hq_1 defined by

Un In,tn) = |ntn (1), ntn(2), ..., nty(d—1)) Vi, € T, .
_(164)
We can then construct the ‘lifted’ blurring map B, s

T(Ha-1) = T (Hi—1) defined by

By s(X) = U,Bs(UIXU,)U}. (165)

Note that En’g, just like B,, 5, is a sub-channel.

Now, Proposition [21| tells us that B, s is highly contractive
on operators X that have zero restriction to the space of types
with most of the weight concentrated on = = 0. Upon lifting,
this translates to the statement that B,, 5 is highly contractive
on operators X with zero restriction to the space of vectors
with bounded Fock number. A direct consequence is that if
a sequence of operators vanishes in the limit with respect
to the weak* topology, the lifted blurring map B,, 5 will be
increasingly trace norm contractive on that sequence. This is
formalised as follows.

Corollary 22. Let (X,,), be a sequence of trace class op-
erators X,, € T(Hg_1) on the Hilbert space Hq_1 given
by ([[D9). Let § € (0, 3). If | Xnll1 < C for some constant C

and all n, and moreover X,, ni—og 0 (see Section|V-D3|), then

Jim [|Bn s (Xn)][, =0 (166)
where En,g is defined by (163).
Proof. Fix some N € INT, and consider the projector
Py = > k1o kg Xk, - kg
k1,...;ka—1€{0,...,N} (167)
= > IkXK]

ke{0,...,N}d-1
onto the subspace of H4_; spanned by Fock states with Fock
number bounded by N on each mode. Since the support of
Py is finite dimensional and X, ni—@) 0, it follows that

||PNXnPNH1 — 0.

n— oo

(168)

21

Therefore, for n > N,

1Bns(Xa)ll,

< ||Bus (PN X Px) ||, + | Bs (X0 — PuXnPr) |

B
(i) ~
< || PxXnPu||; + || Bas (Xn — PnXnPn) ||,
= || PnXn Py ||, + || Bns (U (X0 = PN X PN)U) ||,
(ii)
< || PnXnPr|,

2 (e71TUAS 4 VB NEG) | X, - Py X, Py,

< | Px X5 Py |, +4C (e—WﬂS + \/§e—N52/16) :

_ (169)
Here: (i) follows from the fact that B, s is a sub-channel;
in (ii) we used Proposition 2T} which is applicable because

(n,t,| Ul (X,, — PN XnPN) U, |n,5,) =0 (170)

for all t,,s, € J, such that max,4ont,(z) < N and
max,o nsy(x) < N finally, in (iii) we simply observed that
HXn - PNXnPNHl S ||Xn||1 + ||PNXnPN||1
< 2[[ Xyl
<2C

(171)

by the triangle inequality. Taking the limit n — oo in
and using (T68) yields

limsup||§n75(Xn)Hl < 4V/3C e~ N /16 (172)
n— o0

Since N € INt was arbitrary, we can now take the limit N —

00, which completes the proof. O

G. Convergence in second quantisation

The newly defined lifted blurring maps act on a continuous-
variable system composed of d — 1 bosonic modes. Since all
maps act on the same space, we can now ask ourselves whether
they converge to anything. We will see that this is indeed the
case, and that the limiting map is a composition of well-known
bosonic (sub-)channels (Corollary .

To arrive at that result, we need to prove an elementary
lemma first.

Lemma 23. Let (v,), be a sequence of positive numbers
Up > ﬁ such that lim,,_, ., v, = 0, and let 0 > 0 be another
(fixed) positive number. Then, for all k € N,

Ly o
wF\k) T

Proof. Note that the condition v,, > ﬁ ensures that the set of
which we are taking the maximum in (173) is not empty. The

lim =0.

n—00 NcN:

max
N6 <o,

(173)

claim follows immediately from the inequalities (N;,k)k <
N NF '
(%) < 4 H

Before we state and prove the key lemma of this section,
we need to introduce some notation. For some p € INY\{0}
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and some integer n > >, p(z), form the type ¢, , € Ty,
defined by

1-41 x) ifx=0,
t () = n LapoPl0) (174)
p(xz)/n if x #£0,
so that
Un |n’tn,p> = |p> ) U;& |p> = |n7tn,p> ) (175)

where U, is the embedding defined by (164).

Lemma 24. Let h,k, W, k' € NY\O} pbe integer vectors of
length d — 1. Then, with the notation introduced in (174), for
all § € (0, %] it holds that

hnéo <n7 tn,h’| Bn,é( ‘n) tn,h><na tn,kl ) |na tn,k’>

n—

if h—h'=k—k'= (>0,

I NG arsytmene

0 otherwise.
(176)
In particular, the lifted blurring map (163) satisfies that

() (o)
6@ z)
(1 +5)(h+k 0)(x)

Jim_Brs (|R)k)

= > I

LeINY\{0} 2#0

(177)

|h— Xk -1,

where the convergence is in trace norm, and the sum on the
right-hand side has only finitely many non-zero terms.lﬂ

Proof. We start with (I76). From Lemma [I7] it is clear that
the statement holds when h — h' # k — k', or h — h/ =
k—Fk = £ but ¢(x) < O for some = # 0, because the
sequence on the left-hand side of is identically zero
for all n, and similarly the right-hand side is also zero. The
latter claim is obvious, so let us justify the former one.
Using Lemmas [T6] and [I7] it is clear that the left-hand side
of (I76) vanishes unless there is an r € {0,1,...,[dn]}
and some w, € I, such that (n,t, p/|M, .y, 0, tn ) # 0
and similarly (n, t,, x| M, w, |1, tn k) 7 0. Defining the vector
¢ € WY by ¢(2) = rw,(x) for all z # 0, this implies
immediately that h > ¢ and k > ¢, while at the same time
tn,h’ = tn,h - %wr + %60 and tn,k:’ = tn,k - %wr + %60~
These latter two identities can be recast as ' = h — ¢ and
k' =k — /¢, entailing that h — h' =k — kK =£> 0.

We will thus assume that h — b/ = k — k' =: £ € N*\MO},

Using the tail bound (48) together with the expression (126))
and the fact that each I',, ;. is a sub-channel, it is not difficult

STerms where h — £ has some negative entry, and hence, strictly speaking,
|h — £) would not be well defined, do not appear, because in that case

H:C;SO (}Z((;C))) =0
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to see that there is a sequence of positive numbers (v, ), such
that v, —— 0 and
n—roo

Bn,ﬁ( |n7 tn,h><n7 tn,k' )

> H(n+[on], [0n]; n,r) Top (I, tnn )0, tsl)

re{0,...,n}, 1
|=— 351 <vn
n— 00

(178)
To this end, it suffices to take u = v, ~ n~'/3 in (@),
so that the right-hand side vanishes as n — oo. (Note also
that |nffyn ] 25| < 745.) Cf. (I58), where we considered
instead an asymptotically constant u. Thus,

lim <n7 tn7h’| Bnﬁ( "I’L, tn,h><n7 tn7k| ) |7’l, tn7k’>

n—oo

= hngo <7’L, tn,h7€| Bn,5( |n; tn,hxny tn,k‘ ) |TL, tn,k7£>

n—

= lim_ > H(n

+ [on], [on]; n,T)

. <’I’L7 tn,h7€| Fn,r (|n7 tn,h)(”a tmk |) |’I’L, tn,k7€>

Z H(n+ [6n], |on]; n,r)
re{0,...

nt
E

s
w15 Svn

n—oo

(e, o) Gar, ) o, )
Ntp h—TWer/) \Nty g —TW/) \TW,

ut o rea) Cat ot et )
Nty p—TWrt+reg/ \nty g —rw,-+reg/\nty p/\nty k

(179)
where we introduced a type w, € I, defined by
r—>., ,lx) ifz=0,

rw,(z) = 2z ) ) (180)
l(x) if z #0,

so that t,, , — Lw, + Leg = ty, 4, and similarly ¢, ) — Zw, +

+eg = tn k. (Note that w; is a type for sufficiently large n,
because » — oo when n — 00.) Now, consider an arbitrary n
and some r € {0,...,n} such that

(181)

Writing a,, ~ b, when a,, /b, —— 1, forany p € N0}
we can write the estimate

n!

(o)~ (1~ s p(@) ) Lo pla)

nzm;go p(z)

" TLop(@)!

(182)
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Combining these estimates repeatedly, we obtain

(ot ran,) ot —ras,) G, )
Nty p—TwWr/ \Nty g —rw:/ \rw,

\/(ntn,h—:w,«-i-reo) (ntn,k—:wr—i-reo) (ntz’h) (nt:,k)

(nir)zx#o(h/(m)+k'(m)) a0 £(@)
Hw#o h' ()l K (z)! Hw#o £(x)!
\/nzz,;o(h’(xwk'(w)) S0 (A (@) HE(@)

~

[0 W (@)K ()0 1,20 R(2)! k(z)!

~I () () 007 6

z#0
h(z)\ [(k(x) 5@
==t <é<x>><z<x>> (L + 0T

(183)
Using Lemma [23] repeatedly, it is not difficult to show that
the above convergence happens uniformly in r, provided that r
satisfies (I8T) and that h, k, ¢ are kept fixed. We can therefore
safely sum (I83) over all r appearing in the sum on the
rightmost side of (T79), obtaining precisely once one
remembers that

>

7'6{05,4..,71}7
‘%—m| <un

H(n+ [0n], [on]; n,r) ——1

(184)

due, once again, to the concentration bound (#8).

To obtain (T77), consider h,k, h', k' € NY\{0} Then
Tinn (| B R [1)
= lim (1| Uy By s (UL R}k U, ) U [K)

= lim <77/7 tn,h’| Bn,&( |’I’L, tn,h><na tn,k| ) ‘nv tn,k’>
n—00

R(z)\ (K o) .
1;[0 (z((gf))xe((;))) (1+5)(<$h+k—e><z> if h—h'=k—k'=€2>0,

0 otherwise.

(185)
where in the second equality we employed (T75). Hence, since
By,5(|h)k| ) has only a finite expansion in the Fock basis, we
can take the trace norm limit inside a finite sum and write

lim By, 5(|h)k])

= lim Y {h—t| Bug(|h)k]) [k—£) |h—E)(k—(|
LENA\{0}
= > (tim A=) Bus(1hXK]) (k=) ) [h—0)k—C]
feINX\{0}
-~y (1 (h(@)(k(@) 5@
- h(x)+k(z)—L(x
perwtior \ oo U(z))\L(x)) (1 + 6)h@)thz)—t)
[h—EXk—1£]
(186)
as claimed. This concludes the proof of (I77) and of the
lemma. O

Before we continue, we observe that the expression on
the right-hand side of (I77) is tantalisingly similar to the
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one appearing in the equation (I23) that expresses the action
of a pure loss channel £\ : T (H1) — T (H1) on Fock
states. In fact, the limit of the lifted blurring map is rather
easily connected to a tensor product of pure loss channels,
each acting on one mode of the (d — 1)-mode system with
Hilbert space Hq—1 = (KQ(IN))(@(dfl). This connection is
our second fundamental technical insight, and it will prove
crucial in order to establish the quantum blurring lemma. To
make it precise, we need to introduce another family of maps
D, : T(Hi) = T (H1), where p € [0,1]. Set

D, (X) = p* o X' (187)
where afa is the number operator, so that
Dy (|h)k]) = "+ [R)(k| (188)

for all h, k € IN. We are now ready to prove the following.

Corollary 25. For some § € (0,3], let By, s be the lifted
blurring map defined by (163) and (Q0). Then

R s ®(d—1)
Bns 7= (Exe) © Ducs)) (189)

with respect to the strong convergence topology (defined in

Section [V-D3), where
1 14+6(146
(@) = YIHOULED)

= — 190
A9) 14+46(1+6)° 1490 , (190)
and each tensor factor in @ acts on one copy of (*(IN)
inside Hq_1 = (52(]N))®(d71 .
Proof. For all h, k € NY\O} we have
d—1
(Ex0) © Duiey) (1K)
(191)

= (Exs) © Dusy) (1)) k()] -

z#0
Now, for each fixed = # 0, it holds that

(Ex) © Duts)) (1h(@) ()]
O (@M@ g, 5 (1) k()])

2 (uop/am)

SN EICIEN e

(iid) 1
- (1 T 5)h(m)+k(a¢)

N (M@ (k) @) 1) k()
5 o

Here, (i) follows from (I88), in (ii) we employed (123), and

(iii) descends from (190). By plugging (192) into (I9I) and
comparing with (177), one sees that

L ®(d—1
Tim By s(B)E) = (Ex9) © Ducs)) " (B)KD) - (193)
with respect to the trace norm topology. This also implies that

. ~ d—1
lim Bs(X) = (Exs) 0 Dusy) = (X)

n—oo

(194)
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holds for any operator X with a finite expansion in Fock basis.
Since such operators are trace norm dense in the space of all
trace class operators, and both B,, 5 and (Exes) oDM(a))®(d_l)
are uniformly (in n) continuous with respect to the trace norm
topology, as they are all sub-channels and hence contractive
with respect to the trace norm, we conclude that (T94) actually
holds for all trace class operators X . This concludes the proof.

O

The choice of the strong convergence topology in Corol-
lary [25| is necessary, at least in our proof. This is particularly
clear if one looks at (194), which we established for all oper-
ators X with a finite expansion in Fock basis. These operators
contain a constant number of excitations when n — 00; since
the excitations are so diluted in the limit, the blurring map
scatters them independently, and its action can therefore be
approximated by that of a (suitably rescaled) pure loss channel.
Mathematically, this is reflected in the convergence of the
hypergeometric distribution to a binomial distribution, implicit

in (I77).

H. On the support of the output of certain bosonic channels

Lemma 26. For A\,u € (0,1), let £ and D, be defined
by (I121) and (I88), respectively. Let m € Nt be a positive
integer. For all A € (0, 3], it holds that

m d§ m
10)°™ € supp </0 x (Ex#) © D)) (P)) , (195)

for al p € D(H.y,), where \(8) and u(8) are given by (190).

Remark 27. The integral in should be thought of as
a Bochner integral in the Banach space of all trace class
operators on m bosonic modes. Note that since the functions
A= EP™(p) and p+— D, (p) are continuous with respect to
the trace norm topology/’| they are also Bochner measurable.
Then, from the identity || (&) o Du)®m(p)H < 1 it follows
that the above function is Bochner integrablel.

Proof of Lemma [26] Since any mixed state is lower bounded
by a positive multiple of a pure state in the positive
semi-definite order, and A > B > 0 implies that
supp(B) C supp(A), we can assume without loss of gen-
erality that p = |Y) ¢ 1 be pure. Proceeding by
contradiction, assume that (I93) is not satisfied, so that
we can find a vector |¢) € H,, that is orthogonal to

A ®@m n
supp (fo L (Exsy© Dyus)) (p)) but not to [0)*". We
thus have that

0= (4| (/ @ (Ex) © Do) m(¢)> |9)

d6 ®
Dyu(s))

=[x @&
0
The first claim can be proved rather simply by writing down the action
of the pure loss channel on quantum characteristic functions [97, Eq. (4.7)]
and then using the continuity of quantum characteristic functions [102}
Theorem 5.4.1] together with [[103, Lemma 4]. The second is even easier,
and follows by simply expanding the input state in the Fock basis.

(196)
@) o),
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implying, since the integrand on the right-hand side is non-
negative, that

(@] (Exgsy © Du(é))@)m(?ﬁ) |¢) =0 Vie(0,A),

because the function 0 +— (¢| (EA((;) o Dlt((;))@m(w) |p) is
continuous due to (T90) and to Remark 27] Using the Kraus
representations in (121)) and (I87) and substituting (T90), we

deduce that

(197)

m

0= ¢®(’“ (VA(0) u(0) )) )

. (198)
R ( ()" ) %)
i=1
foralln € IN™, and all 6 € (0,A) (here, n = (n1,...,7m,)7).

Re-parametrising z := 1/(1 + §), this can be recast as

(9] ® (a zal‘“) ) =0 VnelN™ Vze (ﬁ, 1) .
i=1
(199)
Inserting the decomposition zrle = > neo ¥ [k)k| and using
the identity a™ |k) = (k ol |k — n), where the right-hand
side is understood to be zero when n > k, we obtain that

¢|®(a EIT)

kEN™ k>=n

o0

>

N=ni+...4+nm

k! .
" Z ]‘_‘[ (ki —n;)! Ph-ni

kEN™: k¥n, i=1
kit...+km=N

= F,(2),

(200)
where ¢y = (k|¢), similarly for |), the relation > indicates
entry-wise comparison, and in the last line we defined a family
of holomorphic functions F), on the open unit disk {z € C :
|z| < 1}. Note that

kEN™: krn,
ki+...+km=N

;!
kEN™: k»n, i)t
ki4...4+km=N (201)
< N(mittnm)/2 Z | Pk —nl|tr]

keN™: krn,
ki+...+km=N

> okl

kelN™

S N(n1+”'+nm)/2 Z |ql)n+k‘|2

kelN™
< N(n1+~~-+nm)/2

= poly,, (VN),

so that the power series that defines F;, does indeed converge
on the open unit disk.



IEEE TRANSACTIONS ON INFORMATION THEORY 2025

From (T99) we see that the set of zeros of Fj, includes
the whole interval (ﬁ, 1). Since F}, is holomorphic on the
open unit disk, the only possibility is that F,, = 0 identically.
In particular, the first term of the power series that defines F,
in (200), corresponding to N = nq + ... -+ n,,, must vanish,
so that

Gip, =0  VnelN™

Since by assumption ¢g # 0, it must be that ¢, = 0 for all
n € IN™, implying that |¢)) is the zero vector. We have reached
a contradiction, and the proof is complete. O

(202)

The following simple result is the last ingredient we need
in order to prove the quantum blurring lemma (Lemma [IT).

Lemma 28. Let A € T(H), A > 0 be a positive semi-definite
trace class operator on a separable Hilbert space H. For some
|y € H, the following conditions are equivalent:

(a) [¢) € supp(A); and
(b) limps—so0 Tr (|1 )00| — MA)+
Proof. Clearly (b) implies (a), because if 1)) ¢ supp(A) then

we can find some |¢) € ‘H with (¢|A|$) = 0 and (|p) # 0.
But then

Tr ([N = MA), > (] ([¥)X| — MA)|¢)
= [(vlo)I®

>0

=0.

(203)

for all M, where the first inequality follows by setting X =
[)Xy| — MA and Q = [¢)}¢| in (26).

We will now show that (a) implies (b). Let A =" a; |i)(i|
be a spectral decomposition of A. Up to restricting the range of
i, which might be finite or countably infinite, we can assume
that a; > 0 for all ¢, so that supp(A) = span{|i)};, where
the bar denotes (norm) closure. By assumption, [¢)) has an
expansion of the form [1)) = > ;|i). We can thus find a
sequence of (normalised) vectors [t,) oc D, i), each
of which with a finite expansion (that is, |I,,| < co) such that
lim,, s 00 (¥ |t0) = 1. Since

A> Z a; i)

i€l

Z (miniejn ai) Pn (204)

> (Hliniejn ai) [P0 )Xl

where P, == 3" Xi|, for all M > (miney, ai)fl we

have
Tr (J)e] — MA),
< Tr ([)o] — M (minger, a;) [Yu)¥nl)
< Tr ([ X¢] = [¥n)Wnl) 4

3 It = bl
VI TGal0)P.

where in the first two inequalities we have used Lemma [2fa),
and in the last equality (I9). Taking the limit M — oo first
and n — oo second proves the claim. O

ier, l1

(205)

25

L. Proof of the quantum blurring lemma

This section is devoted to a full proof of the quantum
blurring lemma (Lemma [TT). This relies heavily on the results
established throughout Sections We will also need
the simple lemma below, which builds on a result originally
found by Renner [8, Lemma 4.2.2].

Lemma 29. Ler w, = w;?n =&, (w;?n) and T, = 7';;‘” =
Sh (Tfn) be two permutationally invariant states on a finite-
dimensional n-copy quantum system A™ (see ([89) for the
definition of the symmetrisation operator 8y, ). Then there exist
a Hilbert space HE ~ H 4 and two permutationally invariant
purifications

|’(/}’I’L>AnEn ) |¢n>AnEn S Symn (HAE) (206)
of w, and T, respectively, with the property that
1
R> <¢n|¢n> >1- ) ”wn - Tnl|1 . (207)

Furthermore, if one of the two states is i.i.d., that is, for ex-
ample, w,, = w?”, then the same is true of the corresponding

purification, that is, [{n) yn gn = |0) 55

Proof. Tt suffices to set

|"/}n> =

(208)
where |®),, = 14l |i), ® |i), is the un-normalised
maximally entangled state, and |A| = dimH 4. Using the
Holevo inequality [70], here reported in , we then find
that

Wi @ L |®) 3T | A ® L |®)

|#n) =

(nlbn) = Tr[Vomy/m] 21— 5 o —7all, , (209)

as claimed. Moreover, from the construction in (208)) it is clear
that if one of the two states is i.i.d. then the same is true of
the corresponding purification. O

We are now ready to present the full proof of the quantum
blurring lemma, which is the linchpin of our proof of the
generalised quantum Stein’s lemma.

Proof of Lemma |l 1| (asymptotic quantum blurring lemma).
Due to the fact that the trace of the positive part of an
operator obeys the data processing inequality (Lemma [2{c)),
it suffices to prove the claim for the case of pure p and pure
(and permutationally symmetric) p,. Indeed, suppose that
the claim has been shown in this latter setting. Then, for an
arbitrary state p = p and a sequence of n-copy states p,, as
in the statement, because of Lemma 29 we can consider two
symmetric purifications

19" =) 35 16n) = |60) gn g € Sym™ (Hap) (210)

of p®" and p,,, respectively, such that

Trpa ¢®" = Trp. [PXY|G 5 = pG",

e (211)
Tre. ¢7L = Trgn |¢n><¢n Angn = Pn s
and )
RS %6n) 21— 2 0™ = pull, . @12
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Therefore, using the expression (I9) for the trace distance
between two pure states, we have

onlly

= l1msup \/1 - |
= \/1 — lirr?eilnf| (VS |bn) |

lim sup 1 Hz/)®” —

2" on) |

(213)
1 2
< 1= (1= tmsup L oo =l
nel
1-(1—¢)?
=& €(0,1).
Now, observe that
Trgn B 711} (¢n)
@ nn n
L Trgn Tr 4 sn) glon) S(H_é)nj (¢A e ®L6 J)
@ Tr 416n) Trgnti6n) <§) +[5nj (¢A"Eﬂ ® 1/1®\_6n])
(214)

(m) AME™
= T‘I‘A\_énj (5)(-‘1-)\_571] (T‘I‘Eﬂ+t57l] (b B ®

(iv) Tl"ALénJ S(Jr)L&nJ (pn ®p®L5nJ)
(AE)

Here, the notation &y after (i) indicates that the many
copies of A and F are understood to be permuted jointly, i.e.
each pair AF is treated as a single system. Then, (ii) follows
by re-arranging the traces, while in (iii) we observed that
randomly permuting the N = n + [én| pairs of systems AF
and subsequently tracing away all N copies of the system
F is equivalent to tracing away all the E systems first and
then randomly permuting the N copies of A only. Finally,
(iv) follows from @TI).

Putting all together, and leaving I’ C I arbitrary for the
time being, we have

A 5 —
lim limsup Tr(p®" — M / s(pn)
M — oo nel’
) ®n __ l/)
= lim hmsupTr(TrEn lw M/ Bng On ])
M—oo  pegt

(vi) A48 —
< hm lim sup Tr [ ¢®" — M/ N an,(s(‘z)n)
0

®|on] )
AE

+

A —o00 nel’
+

= o.

215)
Here, (v) follows from (211) and (214), (vi) holds because of
Lemma [2fc), while (vii) is the statement of Lemma [[1] in the
case of pure p and pure p,,, applied with € — &', where ¢’ is
defined in (213). In this latter step we fix also the infinite set
I'Cl1.

We can therefore consider, without loss of generality, the
case where p = [0)0| and p, = |6u}on| = 6 arc
both pure. (Here, the name |0) for the vector that defines
p is purely conventional; this notation will however prove
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useful later.) Since ¢,, is permutationally symmetric, we have
|¢n) € Sym™ (C?). By assumption,

lim sup = H|o W0[®™ — ¢, H <e<l1, (216
nel
which becomes as before
1im€i}1f [(0™[¢)| = V1—¢€2>0. 217)

We will now show that we can replace the blurring map EZ 5
with its more handy version B, s (cf (88) and (90)). Indeed,
observe that the (mixed) state B, ‘OX (¢r) is permutationally
symmetric by construction, so that

B"%(,) > L, B (6,,) 218)

Hn = Bn,&(qbn)

because the B‘O>< I(qbn) and II,, commute. Since due to

Lemma [2fa)
i <z>n>>
+

né ¢n)> ;
+

(219)
<|o YOI®™ — M /

it suffices to show that the right-hand side tends to zero once
one takes the limit superior in n € I’ (first) and the limit
M — oo (second), for some infinite I’ C I. In fact, it is
not difficult to realise that (ZI9) holds with equality, because
10Y®¥™ belongs itself to the symmetric space.

We now lift everything to the Fock space Hg_1, using
the canonical embedding U,, : Sym™ (C%) — H4_1 defined
by (164). Since U, is an isometry, we have

TI“<|0 |®n M/ n5 ¢n)>

:Tr< (O Y0]®"— M/ ana UTUnﬁanZUn)) U:L)

= Tr{|0X0|®“"V= M B, (¢n)> ;
(oS Bn)

where Bn 5 is defined by (T63)), and we set ) =
Ha-1, With 6, = |dn)dn| € D(Hg-1).

The sequence (¢n) el is trace-norm-bounded (as ||$HH1
Tr¢n =1 for all n € I). Hence, by Lemma |15| we can find
an infinite subset I’ C I — i.e. a sub-sequence of (¢n)
— such that

+

(220)
Un |¢n) €

nel

e (221)

where w > 0 and Trw < 1 (i.e. w is a sub-normalised state).
Note that by definition of weak* convergence

nEI'

. 9 2 : n 2 2
= = >1—
(Olw]0) }Llenll/ ‘<0|¢n>’ Tlllen?, [(0%|¢n)|" 21— >0,
(222)
entailing that w # 0. Set

A
dd ~
= [ £ 223
A /O X Bus, (223)
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and construct the sub-channel on H;_; given by

AZ:/O d6 (gk )OD 5)) (dil),

where A(0) and y(0) are defined in (T90). Using Lemma [2[b)
repeatedly, we now write

T (ool — o [ X B, @))
o [ Buti)).

=Tr (|O><O|®(d_1) — MA, ((En))+

T (|O><0|®(d71) _ MA(w))+ + M Tr((A—A,) (W)

+Mﬂ(An(w—$n))+
<Tr (|O><O|®(d—1) _ MA(W))Jr + M ||(A = Ay) (W),

An (w - %n) ‘
1
Note that

s (4~ A,) @),

(224)

+

(225)

<t [ (Bus (0 D)) )|

n—oo [q 1

=0,

(226)
where the last equality is obtained by taking the limit inside
the integral sign and applying Corollary To perform the
first of the above steps, we can use Lebesgue’s dominated
convergence theorem, since

|(Bos = (Er0) 0 Puie) ) @),

= d—1
< [[Buse], + @0 0 uca) ™

<2

(227)
1

due to the fact that both f?n’(; and &y(s5) © D,ys) are sub-
channels and hence contractive with respect to the trace norm
(see (22)). This takes care of the term M ||(A — An)(w)H1
appearing on the second-to-last line of

We now focus our attention on the third term. We have

lim sup HAn (w — q;n) ‘1
‘ (228)

nel’
S Hén’é(w_an) 1

< lim
nel’ [

:0)

where once again the equality is proved by swapping limit and
integral via Lebesgue’s dominated convergence and then using
Corollary 22] together with (221). That both steps are possible
follows from the trace norm estimates

s~ )

e
1

=2 (229)

which follow once again from (22)).
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Taking the limit superior on n € I’ in (223)) and using (226)
and (228) gives
n 8 ¢n)>
+ (230)

limsupTr<|O><O|®(d D M/
Taking the limit M — oo on both sides and applying

nel’
< Tr (10)0/*“ ™ — MAw))
+
Lemmas [26] and [28] yields

hm hmbupTr<|O O|®(d b_ M/ Bys (En> =0.
M —o0 nel’

(231)

(Note that although w is sub-normalised rather than nor-

malised, this does not impact the application of Lemma [26]

because we have shown before that w # 0, so that w = xkw'

for some normalised state w’ and some x > 0.) Due to (219)

and (220), this concludes the proof. O

VI. EXTENSION TO ALMOST POWER STATES

The setting of entanglement testing, or of resource testing
more generally, features a null hypothesis that is perfectly
i.i.d., that is, of the form p®" (see Section [I]) This is certainly
an idealisation, as it is impossible to certify that a given
source produces states that are exactly product and exactly
independent, no matter how many times it is used. What
we can realistically certify, instead, is that the correlations
between different outcomes of the source are small, especially
in the limit in which the source is used many times. Physically,
this should not be a problem, as any procedure that allows us to
carry out resource testing on states that are exactly i.i.d. should
realistically also work for states that are only approximately
such. But proving this mathematically is highly non-obvious.

The first challenge is to understand how to model an im-
perfect source that produces approximately i.i.d. states. There
are several ways to do so, and we will discuss some of them
in Section We will concentrate on a class of sources,
called ‘almost power states’, that was identified by Brandao
and Plenio themselves [58, p. 803], based on previous work
by Renner [§]], in the course of their original proof attempt.
Here, ‘power’ is to be intended as ‘tensor power’, and thus as
a synonym of ‘i.i.d.” After defining the problem precisely, we
will extend the generalised quantum Stein’s lemma to almost
power states in Section

A. Almost power states

Sources that produce approximately i.i.d. states can be
modelled in several different and in principle inequivalent
ways. The first basic definitions that are needed to discuss
these notions are due to Renner [8]]: for a vector [¢) in some
Hilbert space H and two non-negative integers n > r > 0,
we set [8, Eq. (4.2) and Definition 4.1.4]

V(1) in,r) = span {Ux (1) @ [p1r))
T € S, |u) € H@?‘}, (232)

Vsym([¢) 1, 7) = V([¢)) ;n,7) 0 Sym™ (H) .
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Intuitively, V(|¢) ;n,7) contains the n-copy pure states that
are equal to [¢)) on every site except perhaps for at most
r ‘defective’ sites, which can be prepared in some arbitrary
pure state |u..). If we require permutational symmetry of the
global state, which should model the invariance of the source
under any exchange of sites as in the setting of de Finetti’s
theorem [[104], we obtain the space Vsy, (]1) ;n,7). We can
think of either of these two spaces as modelling a source that
produces a global pure state that is approximately equal, in
some sense, to n independent copies of |¢). Renner’s work
proves that in particular the space Vsym(|?);n,r) provides
a useful generalisation of the notion of ii.d. state: it is
precisely these states that appear in his ‘exponential de Finetti’
theorem [8, Theorem 4.3.2].

While the above definitions may be deemed satisfactory for
pure states, also in light of their applicability and mathematical
fruitfulness, it is much less clear how to proceed in the case
of mixed states. Fortunately, Branddo and Plenio themselves
have identified a possible way out: in their original paper on
the generalised quantum Stein’s lemma [58], p. 803], they offer
the following definition.

Definition 30 (Almost power states [58, p. 803]). Let p €
D(H) be a state of a quantum system modelled by a Hilbert
space H, and let w,, € D(H®™) be another state on n copies
of that system. For some integer 0 < r < n, we say that
wy, is an (n,r)-almost power state along p, and we write
wn € AP", if there are purifications |T') € (H@H')®™ of wy,
and ) € HQ H' of p such that

1) € Veym([) sm,7) -

Remark 31. An (n,r)-almost power state is by construction
permutationally symmetric, in the sense that &, (w,) = wn,
where the symmetrisation operator is given by (89).

(233)

The rationale of the above definition is that a source that is
in some sense approximately i.i.d. should be purifiable to an
approximately i.i.d. and symmetric pure source. However, it
is worth remarking at this point that the above definition is by
no means the only possible one. Other alternatives have been
recently proposed by Mazzola, Sutter, and Renner [[105] and
by Renner himself [[106]]. This renewed interest played a role
in convincing the author to advertise the fact, of which he was
aware for some time, that the proof of the generalised quantum
Stein’s lemma presented here can be adapted, essentially for
free, to cover resource testing of almost power sources.

Branddo and Plenio introduce almost power states to prove
a variant of Renner’s exponential de Finetti theorem [58|
Lemma III.5]. The endgame of that part of the argument is
their Lemma II1.7, whose proof, interestingly, is precisely the
point where the incorrect Lemma II1.9 is employed (see [59]
for a detailed explanation of the issue). Because of this,
Lemma III.7 is currently not known to be correct. However,
physical intuition suggests that it should hold: if the number of
defective sites r is sub-linear in n, the value of an asymptot-
ically meaningful, extensive quantity such as the regularised
relative entropy of entanglement should be unaffected. And
indeed, below we show how to recover a weaker variant of
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Lemma III.7, in which r is assumed to be bounded rather
than merely sub-linear in n.

B. Extension of the generalised quantum Stein’s lemma to
almost power states

The problem we want to tackle here is the calculation
of the Stein exponent of the following more complicated
variant of the task of resource testing described in Section
The parameters of the problem are a state p € D(H), a
family (F,), of sets 7, C D(H®") obeying the Branddo-
Plenio axioms, and some non-negative integer r (arbitrary but
independent of n):

o Null hypothesis: the unknown state is an (n,)-almost
power state w,, € AL

o Alternative hypothesis: the unknown state is some arbi-
trary o, € F.

The corresponding Stein exponent is given by
Stein (A" || F) =
Dy (AL || Fn) =

lim lim inf % Dy (AL || Fa)

e—0t n—oo
Dy (wnlloy) -

(234)
inf
wp €EAPLT op €Fp

n

Note that for » = 0 we recover the problem studied before, as
in this case A" = {p®"}. Since the defective systems are at
most 7, and their number is therefore independent of n, they
will form a vanishing fraction of the total; hence, it is only
natural to speculate that their presence should bear essentially
no physical consequence at all. This leads us to conjecture that

Stein (A”" || F) £ Stein(p|| F) = D= (p[| F). (235

Below we will show that this is indeed true. Moreover, this
conclusion can be reached by running essentially the same
argument that allowed us to prove Theorem [1} and operating
only a minor modification to the proof of the quantum blurring
lemma.

Theorem 32. Let H be a finite-dimensional Hilbert space,
and let (F,),, be a sequence of sets of states F,, € D(H®™)
that obeys the Brandédo—Plenio axioms. For some p € D(H)
and some fixed integer r € NN, let A*" = (AL")  be the
sequence of sets A" of (n,r)-almost power states%r along p
(Definition 30). Then it holds that

N r oo
lim fDH(AfL’ ||]:n) = D> (p||F)

n—o0o N

Vee(0,1),
(236)
implying that

Stein (A”" || F) = D>(p||F). (237)
The proof of the above result is essentially identical to that

of Theorem [T} The only change is that we will rely on the

following modified version of the quantum blurring lemma.

Lemma 33. Let p € D(Cd) be a finite-dimensional state,
and for some infinite set I C IN let (pp)ner be a sequence

7Strictly speaking, this is only defined for n > r. Since we are looking at
the asymptotic limit anyway, this is by no means a problem.
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of permutationally symmetric n-copy states pp, = Sp(pn) €

D((C4)®™) such that

lim sup = lon — AL, <1 (238)
nel 2

for some r € IN, where Hpn - Aff”l = infy, caer ||pn —
Wy ||1. Then there exists an infinite subset I' C I such that,
for all A € (0, 1],

lim limsup Tr ( - M /
M— o0 nel’

where B}, 5 is defined by (88).

=0,
+

n 6 p")
(239)

Proof. By assumption there exists a state 7,, € A?" and some

€ (0,1) such that § ||p, — 7y ||, < ¢ for all sufficiently large
n € I'. Since 7, is an (n,r)-almost power state along p, by
Definition [30| there exists a purification of p € D(Cd), which
we denote by [0) € €4 @ €4 = €%, and a purification of
7, € D((€%)®"), denoted by |T,) € (C¥)", such that

|Fn> € VSym(|O> 3, T) .

Using Uhlmann’s theorem [69] and the Fuchs—van de Graaf
inequalities (ZI), we can also find a purlﬁcatlon of p, on the

(240)

same space, denoted by |¢,) € (€% ) , such that
1
(nlln) = Fpn,7n) 2 1= 5 lon = 7ally > 12, (24D
so that
1
5 1én =Tully < VI—(1—e2=+/e(2-¢). (242)

Exactly as in the proof of Lemma (TI)) (cf. (ZI9)), we have
( ) o)
n do
<|0 )0[® M/ B (¢ n)) (243)
+

<|o Y0lE" — M / nmn)) .
+

By lifting everything to the Fock space H,42_; via the em-
bedding U, : Sym™(C%") — Hz2_, defined by (I64) (with
d, the dimension of the underlying space, replaced by d?), we
also know that

" Ads
Tr <|o><o|® —M/O x Bn,a(cbn))
+ (244)

A
00| =D — p ién an)) :
< / ’ +

as in (220). Here, |¢y,) == U, |¢n) € Ha2—1, and the lifted
blurring map is defined by (T63).

As before, since (¢y,), o
extract a weak*-converging subsequence (gbn)n

is trace-norm-bounded, we can

e for some
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. . " c . . ~
infinite I’ C I. This means thsiat, as in 221), ¢n W for
some trace class, positive semi-definite w > 0.

The key difference with the i.i.d. case lies in how we
prove that w # 0. Before, we argued that (0|w|0) > 0, due
to the fact that the overlap between |¢,) and |O>®(d2_1) in
Hq2_1 — equivalently, the overlap between |¢,,) and |0)®"
in (Cd2)®n — was uniformly bounded away from zero for
all n. Now this argument fails, because the only guarantee
we have on |¢,,) is that it has a non-vanishing overlap with a
vector in Vsym (|0) ;n, ), that is, |T'),) (see (240)). However,
Vsym (|0} 57, 7) contains plenty of vectors that are orthogonal
to [0)*", 50 |¢,) itself could also be orthogonal to [0)*™ for
all n. The previous argument, therefore, cannot work.

To find an alternative way to prove that indeed w # O,
we make use of a simple but important observation due to
Renner 8, Lemma 4.1.5], namelyﬂ

Vsym(|0)5n,7)
span{|n,tn>: tn € I, Z 71
r=

=span{|n,t,) : tn € T, ntp(0) >

(245)
A brief self-contained justification of (243), essentially iden-
tical to Renner’s, is as follows: first, if ¢,, € J,, satisfies that
> uzoMn(x) < 1, then clearly [n,t,) € Vsym(|0);n,7),
by construction; second, any |U) € Vgyn(|0);n,r) C
Sym" (Cdz) can be written as a linear combination of the
vectors |n,t,), which form a basis of the symmetric space;
however, since it must hold that (n, s,|¥) = 0 for all s,, € 7,
such that > ns,(x) > r, only the types obeying the
condition in @ can actually appear in the decomposition
of |U).

An important consequence of (243) is that
Un (VSym(|0> 31, ’I’))
a2 -1

:span{|k> ke NTL Z »

= V,r,

) < 7“} (246)

for a112n > r. The dimension of 17,« is easy to estimate, because
if Zi:}l k(xz) < r then, for all z # 0, k(z) can take at most
r + 1 distinct values, thus entailing that

dimV, < (r+1)¥ 1, (247)

Call @, the orthogonal projector onto V,, and set \fn) =
U, |T,.). We have

TrQrw 9 Jim Tr Qr(bn

nel’

~ 1
> limsup <Tr Q. — 5 ‘

nel’

gn _fn

y

iii) . 1
W Jim sup (1 =5 llen - Fnl) (248)

nel’
(iv)
> 1—+/e(2—¢)
8The alphabet underlying the definition of J;, now has cardinality d?, so
we can think of types t, € Iy as functions t, : {0,...,d% — 1} — [0,1].
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> 0.

Here, (i) holds due to weak* convergence, thanks to the

fact that @), has finite rank; (ii) is a simple application

of Lemma [2] and in particular of ?ED once one observes
1

that Tr (¢>n _ fn) =1 H¢n -T,

+ g ~
in (iii) we noticed that |I',) € V), lies in the support of
Q. due to (240) and (246), and moreover the isometry U,

cannot change the trace norm; finally, in (iv) we used the
estimate (242). ]

due to normalisation;

We are now ready to present the proof of Theorem [32

Proof of Theorem [32] By taking the i.i.d. ansatz p®" € AL"
for all n, it is not difficult to verify that Stein(A”"||F) <
Stein(p||F) = D>°(p||F). Therefore, we only need to estab-
lish the opposite inequality. As before, following Remark
we prove instead that

hmhﬁ%D&wﬁﬂfﬂf%)szuﬂf)

n—00

Vee(0,1),
(249)

where
Dy (AL || F) = inf

D? .
W €ALT g€ Fn max (@Wnlon)

(250)
We proceed by contradiction. Assume that there exist some
€ € (0,1) and an infinite set I C [n] with the property that
1
lim — D¢

psT 00
lim — Df (AR | Fu) <A< D¥(ollF). @5D)

This means that for all sufficiently large n € I we can find
states p, such that

Daxc(pn|| Fn) <nA.  (252)

1
) Hpn —AZ"THl <e,

Without loss of generality, up to symmetrising we can assume
that p,, is permutationally symmetric for every n — remem-
ber that A”" contains only permutationally symmetric states
(Remark [3T). Hence, by Lemma there exists an infinite
subset I’ C I such that

lim limsup Tr (p®” — Mﬁn) =0,

M—o0 nel’ + (253)

where

A
o= X Bl (@54
0
We can now proceed exactly as in the above proof of the
standard, i.i.d. version of the generalised quantum Stein’s
lemma. There, we have already shown that (253) leads to
a contradiction, and the same exact reasoning applies here.
Note that the fact that p, was e-away from p®" in trace
norm, which is precisely the assumption that we are dropping

here, was never used in that part of the proof — it was
only employed before, in order to apply the quantum blurring
lemma (Lemma [TT). O

As a consequence, we immediately deduce a slightly weaker
form of [58, Lemma III.7]. The main difference lies in the fact
that we need to assume that the number of defective sites,
r, is a fixed (but arbitrary) constant for all n, while in the
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original statement it can grow with n, as long as it does so
sub-linearly. In any case, we consider the following statement
some positive evidence that [58, Lemma II1.7], whose original
proof is compromised because of the issue found in [59]], might
be correct after all. If this could be shown to be the case, the
whole proof strategy of [58] could be salvaged by by-passing
the problematic Lemma II1.9 altogether.

Corollary 34. Let ‘H be a finite-dimensional Hilbert space,
and let (F,,)n be a sequence of sets of states F,, C D(H®”)
that obeys the Branddo—Plenio axioms. Then, for all p €
D(H) and all fixed r € W, the relative entropy of resource
minimised over all (n,r)-almost power states along p is
asymptotically identical to the regularised relative entropy of

p itself:

Jim wneAz{gfmeﬂ D(wnllon) = D> (pl|F).  (255)
Proof. The fact that
1
lim sup — inf D(wpllon) < D=(pl|F)  (256)

n—ooo N wn€AL on€F,

follows by choosing the trivial ansatz w, = p®". We will
therefore focus on the converse inequality, whose proof fol-
lows a standard argument. For any w, € A”", o, € F,, and
e €(0,1),let @, be such that 0 < Q,, < 1, TrQ,w, = 1—¢,
and TrQ,o, = 2 Punlon) For pq € [0,1], define
Dy (pllq) = plog% +(1—p)log %, and observe that

1
Ds(pllq) = —ha(p) +p10g§ + (1 —p)log — .
(257)

Y

1
—1+plog —.
q

Due to the data processing inequality for the relative entropy,
we have

D(wn”(fn) Z D2<Tr ann H Tr Qnan)
> -1+ (TrQrwy)

1
1 P
8 oo, (258)

—14 (1 —¢) Dy (wnllon) -
The claim follows from Theorem [32] by minimising over w;,

and o, dividing by n, and taking first the limit n — co and
then the limit e — 0. O
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