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Abstract In view of Andreotti and Grauert (Bull Soc Math France 90:193-259, 1962)
vanishing theorem for g-complete domains in C", we reprove a vanishing result by Sha
(Invent Math 83(3):437-447, 1986), and Wu (Indiana Univ Math J 36(3):525-548, 1987),
for the de Rham cohomology of strictly p-convex domains in R” in the sense of Harvey and
Lawson (The foundations of p-convexity and p-plurisubharmonicity in riemannian geometry.
arXiv:1111.3895v1 [math.DG]). Our proof uses the L>-techniques developed by Hérmander
(An introduction to complex analysis in several variables, 3rd edn. North-Holland Publishing
Co, Amsterdam 1990), and Andreotti and Vesentini (Inst Hautes Etudes Sci Publ Math
25:81-130, 1965).
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0 Introduction

A weaker condition than holomorphic convexity for domains in C" has been introduced by
Andreotti and Grauert [1], defining g-complete domains as domains in C" admitting a proper
exhaustion function whose Levi form has n — p 4 1 positive eigenvalues.
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1070 D. Angella, S. Calamai

In arecent series of foundational papers, [6,7], and references therein, Harvey and Lawson
raise the interest on generalizations of the concept of convexity for Riemannian manifolds,
proving many important results for p-convex manifolds: namely, starting with a Riemannian
manifold (X, g), they ask whether it admits an exhaustion function whose Hessian is positive
definite or satisfies weaker positive conditions.

Interpolating between the classical notions of convex functions and pluri-sub-harmonic
functions, in [7], they define the class of p-pluri-sub-harmonic functions in terms of the
positivity of the minors of their Hessian form, and they study p-convex domains, which
can be regarded as domains in R" endowed with a smooth p-pluri-sub-harmonic proper
exhaustion function.

The notions of geometric pluri-sub-harmonicity and geometric convexity, introduced
and studied by Harvey and Lawson [6], is closely related to holomorphic convexity and
g-completeness in the sense of Andreotti and Grauert [1].

In the complex case, holomorphic convexity and, more in general, ¢g-completeness provide
vanishing theorems for the Dolbeault cohomology ([8], respectively [1,2]).

We are concerned in studying vanishing results for strictly p-convex domains in R” in the
sense of F. R. Harvey and H. B. Lawson. More precisely, we give a proof of the following
result.

Theorem 3.1 Let X be a strictly p-convex domain in R". Then, H ZZCR (X; R) = {0} for every
k> p.

As pointed out to us by Harvey and Lawson, the above result was already known, as a
consequence of [9, Theorem 1] by Sha, and [10, Theorem 1] by Wu, see also [7, Proposition
5.7]: more precisely, they prove, using Morse theory, that the existence of a smooth proper
strictly p-pluri-sub-harmonic exhaustion function has consequences on the homotopy type
of the domain.

In spite of this, our proof differs in the techniques, which are inspired by Andreotti and
Vesentini [2]: in particular, the L?-techniques used in our proof could be hopefully applied
in a wider context, a fact which we would like to investigate further in future work.

The organization of the paper is as follows. In Sect. 1, we recall the main definitions
introduced in [6,7] and the results proven by Andreotti and Grauert in [1]. In Sect. 2, we
prove some useful estimates, which will be used in Sect. 3 to prove Theorem 3.1.

1 The notion of p-convexity by Harvey and Lawson

Following Harvey and Lawson [6,7], firstly, we recall point-wise definitions of p-positive
symmetric endomorphisms; then, we will turn to manifolds, and finally, we will recall the
notion of p-pluri-sub-harmonic (exhaustion) functions and (strictly) p-convex domains.

1.1 p-Positive (sections of) symmetric endomorphisms

Let (V, (- |--)) be an n-dimensional real inner product space. Let G : V — V* denote the
isomorphism defined as G (v) := (v |-).

Let Sym2 (V) denote the space of symmetric elements of (V ® V)*; namely, A € Sym2 V)
ifandonlyif A(v@w) = A(w®v), forany v, w € V. By means of the inner product (- | --),
the space Sym2 (V) is isomorphic to the space of the (- | --)-symmetric endomorphisms of
V:given A € Sym2 (V), we denote by G~'A € Hom (V, V) the corresponding (- | --)-
symmetric endomorphism.
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A vanishing result for strictly p-convex domains 1071

The endomorphism G~'A € Hom (V, V) extends to Dgﬂl A

namely, on a simple vector v, A --- A vj, € APV, the endomorphism Dg'_]l , acts as

€ Hom (APV, APV),

P
[p] o -1
DG*'A(vil /\-~-/\v,'p) = E Vip A A, AG A(vil)/\vml Ao A,
=1

Observe that D[Gpll 4 € Hom (APV, APV is a symmetric endomorphism with respect to the
scalar product on A”V induced by (- | ).

Finally, given a (- | --)-symmetric endomorphism E € Hom (V, V), let sgn (E) denote
the number of non-negative eigenvalues of E.

Notice that, given A € Sym? (V), and given two inner products on V inducing, respec-
tively, the isomorphisms G| and G, then there holds sgn (Gl_l A) = sgn (Gz_l A) ;itis also

important to notice that, for p > 1, it might hold sgn (DZJLA) £ sgn (DZJLA), since the
1 2

eigenvalues of Dgll , are of the form
Aiy +~-~+)»ip for iy,...,ipe{l,...,n}sti; <---<ip,
where A1, ..., A, are the eigenvalues of G lA.

Definition 1.1 [6,7]

e Let V be a R-vector space endowed with an inner product (- |--). Denote the space of
p-positive forms of kth branch on V as

Px(Jk) WV, (- ]-)) = [A c Sym2 (V) : sgn (Dg’,],A) > (;) —k+ 1] .

e Let (X, g) be a Riemannian manifold. Define the space of p-positive sections of kth
branch of the bundle Sym? (T X) of symmetric endomorphisms of 7'X as

PY (X, ) = {A € Sym> (TX) : Vx € X, A, € PP (T, X, gx)].
1.2 p-Pluri-sub-harmonic functions

In order to introduce an exhaustion of a given Riemannian manifold, we focus on special
p-positive symmetric 2-forms, those arising from the Hessian of smooth functions.

Thus, let (X, g) be a Riemannian manifold, and let # be a smooth real-valued function
on X. Let V denote the Levi-Civita connection of the Riemannian metric g, and let

Hessu (V,W) = VWu— (VyW) u,

where V and W are smooth sections of the tangent bundle 7X. Thus, Hessu(x) €
Sym? (T, X), for any x € X.

Definition 1.2 [6] Let (X, g) be a Riemannian manifold.

e The space
PSH(pk) (X, g) = {u €C®(X;R) : Hessu € P;k) (X, g)} )

is called the space of p-pluri-sub-harmonic functions of kth branch on X.
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1072 D. Angella, S. Calamai

e The space
int (PSHg‘) (X, g)) = {u €C® (X:R) : Hessu € int (73}3")) (X, g)} ,

(where int (P(k))p (X, g) denotes the interior of P, (X, g)) is called the space of
strictly p-pluri-sub-harmonic functions of kth branch on X.

1.3 (Strictly) p-convexity

We are now ready to recall the concept of p-convexity, which is central in [7]. Let (X, g) be
a Riemannian manifold. Let K € X be a compact set. The p-convex hull of K is given by

~ (1)
KPSHy (X8) . — [x €X : V¢ e PSH) (X, g), ¢(x) < max ¢ (y) | -
ye
Definition 1.3 [6] Let (X, g) be a Riemannian manifold. Then, X is called p-convex; if for
~ O] . . .
any compact set K C X, then K PSH), (X, 8) g relatively compact in X.
Define the p-core of X, [6, Definition 4.1], as

Core, (X, g) = {x € X : forallu € PSH (X, g),
Hess u(x) ¢ int (73“)) (T X, gx)] :
P

Definition 1.4 [6] Let (X, g) be a Riemannian manifold. Then, X is called strictly p-convex

if (i) Core, (X, g) = @ and, (ii) for any compact set K C X, then fPSng)(X' 8) is relatively
compact in X.

1.4 (Strictly) p-convexity and (strictly) p-pluri-sub-harmonic exhaustion functions

The following correspondences come from [6].

Theorem 1.5 [6, Theorem 4.4, Theorem 4.8] Let (X, g) be a Riemannian manifold. Then
X is p-convex (respectively, strictly p-convex) if and only if X admits a smooth proper
exhaustion function u € PSHS) (X, g) [ respectively, u € int(PSHg,l)(X ,8) 1

1.5 The p-convexity and the g-completeness

All along the definitions of the previous section, the special case that we had in mind is the
following classical construction in Complex Analysis.
In [1], Andreotti and Grauert pointed out the following concept.

Definition 1.6 [1]Let D C C”" be adomain, and let ¢ be a smooth real-valued function on D.
The function ¢ is called p-pluri-sub-harmonic (respectively, strictly p-pluri-sub-harmonic)

if and only if, for any z € D, the Hermitian form defined, for § :=: (§9),¢(1,.. ) € C", as
n 2
0°¢ —
L = ———(7) E" &P,
@) (€) a§b:] T OEE

has n — p 4+ 1 non-negative (respectively, positive) eigenvalues.
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A vanishing result for strictly p-convex domains 1073

Andreotti and Grauert [1], studied domains of C" admitting strictly ¢g-pluri-sub-harmonic
exhaustion functions (the so-called g-complete domains), proving a vanishing theorem for the
higher-degree Dolbeault cohomology groups of such domains; then Andreotti and Vesentini
[2], reproved the same result extending the L?-techniques by Hérmander [8].

Thus, in the same vein as A. Andreotti and H. Grauert, we would consider domains X in R”

endowed with an exhaustion function u € C°°(X; R) whose Hessian is in int (Pl(,l)) (X, 9,

proving a vanishing result for the higher-degree de Rham cohomology groups for strictly
p-convex domains in the sense of F. R. Harvey and H. B. Lawson.

2 Vanishing of the de Rham cohomology for strictly p-convex domains

Let X be an oriented Riemannian manifold of dimension #, and denote by g its Riemannian
metric and by vol its volume. The Riemannian metric g induces, forevery x € X, a point-wise
scalar product (- |-}, @ A® TYX x AN°TFX — R.

Fix ¢ € C%(X; R) a continuous function. For every ¢, ¥ € C2° (X; A°T*X), let

w19 = / (@1W),, exp(~$) vol € R,
X
and, for k € N, define Lé (X; /\kT*X) as the completion of the space CZ° (X; /\kT*X)
of smooth k-forms with compact support, with respect to the metric induced by ||-| L2 =
1) Li . Therefore, the space Lé (X ARTEYX ) is a Hilbert space, endowed with the scalar
product (- |">L§,’ and C° (X; AKT*X) is dense in L?, (X; AKT*X). For any k € N, let
leoc (X cAkTEX ) denote the space of k-forms f whose restriction f | ¢ to every compact set
K C X belongs to L? (K; /\kT*X).
For every ¢1, ¢ € CO(X ; R), the operator

d:i L (X; AST*X) - L, (X; A*TIT*X)

is densely defined and closed; denote by
B L (X A7 T7X) 0 L, (X A°TX)
its adjoint, which is a densely defined closed operator.
Recall that on a domain X in R”, fixed k € N, s € N, and ¢ € C* (X; R), the Sobolev
space W;’Z (X; AFT*X) is the space of k-forms f :=: i‘\”:k frdx! such that % €
Lé (X; /\kT*X) for every multi-index (£1, ..., £,) € N" such that £; +--- + £, < s and

for every strictly increasing multi-index 7 such that || = k. The space Wlso’c2 (X s AkT*X )
is defined as the space of k-forms f whose restriction f |k to every compact set K € X
belongs to w2 (K; /\kT*X).

As a matter of notation, the symbol Z‘ 1|=k denotes the sum over the strictly increasing

—~

multi-indices I :=: (i1, ..., ix) € N¥ (that is, the multi-indices such that 0 < i} < - - - < ix)
of length k. Given /1 and I, two multi-indices of length £, let sign (;l ) be the sign of the
2

. I . . . .
permutation ( 11 ) if I is a permutation of /5 and zero otherwise.
2
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2.1 Some preliminary computations

Let X be a domain in R”, that is, an open connected subset of R” endowed with the metric
and the volume induced, respectively, by the Euclidean metric and the standard volume of
R”.

For ¢1, ¢» € C® (X;R), consider d: L2 (X; ARTIT*X) s Léz (X; AKT*X). The
following lemma gives an explicit expresswn of the adjoint d(z)2 6" Léz (X s AkT*X ) -3
Lil (X; AK=IT*X) (compare, e.g., with [3, §8.2.1], [5, Lemma O.2] in the complex case).

Lemma 2.1 Ler X be a domain in R". Let ¢y, ¢ € C*™ (X; R) and consider
d

— >

L2 (X;ARITeX) L3, (X; APT#X)

Let
Z vy dx! € Léz (X; /\kT*X)
|1|=k
and suppose that v € dom d(’z‘)z’ o Then
d5, 50 = exp (@1) d5 o (exp (—¢2) v)

—~

n
~ . (g 0 (viexp(—¢2)) 7
= Z —exp (¢1) Zngn( I) ol dx” .
|J|=k—1 [1|=k t=1
Proof By definition ofd¢ ¢ , forevery u € domd, one has (du |U>L§,2 = <u ‘d;z,qblv)Lz
Hence, consider
u = Z uydx’ e cx (X; /\kilT*X) ,
|J|=k—1
and compute
—_—~— n
a
> Ysien () G
|J|=k—1 €=1 *
=k

The statement follows by computing

(du |U>L§) :/ Z ngn(gj) 5l vy exp (—¢2) vol

2 mklzl

/ z Z (ZJ) Gl (U[ eXp (_¢2))
sign —————uyvol
ox

|J|=k—1£=1
| |=k

and

( 'd¢2 ¢V / Z d¢2 ¢V ) uy exp(=¢1) vol,

[J|=k—1
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A vanishing result for strictly p-convex domains 1075

where dj ;v =124, (d;‘bz’q51 v)J dx”. o
For any fixed ¢ € C*° (X; R) and for any j € {1, ..., n}, define the operator
5;’?: C® (X;R) — C® (X:R) ,

where

d - 0 0
5?(f) = —exp () 9(f exp(=¢)) = 99 .f_if .

axJ axJ axJ
The following lemma states that 8;7.’ is the adjoint of % in Lé (X s AOT*X ) and computes

the commutator between 8? and 3"7 (compare with, e.g., [8, pages 83-84]).

Lemma 2.2 Let X be a domain in R". Let ¢ € C*° (X;R) and j € {1, ..., n}, and consider
the operator 8?: C® (X;R) — C*® (X; R). Then:

e forevery wi, ws € C° (X; R),

dwy ¢
wi - e exp (—¢) vol = [ §;(wy) - wy exp (—¢) vol ;
X X

e foranyk € {1, ..., n}, the following commutation formula holds in End (Cfo (X; R)):

2
. 0 |- _ %P
J7 xk dxJ 9xk
Finally, we prove the following estimate, which will be used in the proof of Theorem

3.1 (we refer to [8, Sect. 4.2], or, e.g., [5, Lemma 0O.3] and [3, Sect. 8.3.1] for its complex
counterpart).

Proposition 2.3 Let X be a domain in R" and ¢, ¥ € C* (X; R). Consider
d d

_d 4
L2, (X;AFITX) L2, (X;AFT*X) L3 (X; AFHIT X))

< — — < — —

d¢7w,d>72u" d¢.¢—w

Then, for any n :=: 2 ;11 dx! e ¢ (X; /\kT*X), one has

n 2

. 0J . lrJ 0°¢
/ > > s1gn( I ) 51gn( h ) Tl gyl 1 2 €Xp (=¢) vol
X

| |=k—1 £, ba=1
|11 |=k
| |=k
* 2 2 ~ < 81// : 2
< (g y g, +||dn||Lz+/ZZ 20 i1 exp (=) vol |
Ly 4y ¢ 0x

% =k e=1
where C :=: C(k,n) € Nis a constant depending just on k and n.
Proof 1t is straightforward to compute
n
. eI\ on; | g
dn = z ZSlgn(H) wdx

=k =1
|H|=k+1
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1076 D. Angella, S. Calamai

and, using Lemma 2.1,

] ~ o (W) (A=)
d¢_w7¢_2¢n:—exp(—w) Z Zs1gn(1)(87xé_7m) dx?

|J|=k—1 =1
||=k

—~

. e oy
— § E: ; ¢ J
= exp (_W) Slgn( 1 ) (5[ (711) - ax@ 771) dx” .
[J|=k—1£=1
|1|=k
For every J such that | J| = k — 1, the previous equality gives

/E/Zsign (ZIJ) 5? (1) = exp (¥) (d;7¢,¢721//n).l +§Zsign (KIJ) % .

||=k t=1 ||=k ¢=1

_.y J
where d;’;_w’ g2yl =: Zm:k—l (dé’?—w—zw n)J dx’.
By the arithmetic mean—geometric mean inequality, one gets

2

> EZsign(glJ )az’(m) exp (=) vol

% I=k=1 ||I|=k £=1

<2 [ 3 ([(@aaen) [ owen

% I=k=1
" 2
~ . (eJ\ oY
+ Z ZSlgn( I ) Wn, exp (—¢) vol
|I|=k £=1
* 2 ESES 31# ? 2
< € [ [d5oy s LM+/ > > 5| P expg)vol ). )

% =k =1
where C :=: C(k, n) € N depends on k and n only.
Now, using Lemma 2.2, one computes
2

/ 2. /szsign (ZIJ) 87 ()| exp (—¢) vol

% WI=k—1||I1=k £=1

—~— —~— n
. aJy . LoJ
> >0 > s (7 ) sien () [ 052, () exp -6 vo
|J|=k—1|I1|=k €1, 2=1 e

[12]=k

/i/ i sign bJ sign bJ
g I g L

|J|=k—1¢1, t=1

[11|=k
=
ony, o 0%
X/(axe; 8x[21 +W’711 N1 ) exp (—¢) vol. (@)
X
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A vanishing result for strictly p-convex domains 1077

Now, note that

2

—_~— —~— n
k= 3 |3 S () 5

|H|=k+1 ||I|=k =1

—~— PN n
_ . 01 . L\ 911 9np
= > | XX () s (57) g

|H|=k+1 \ |I1|=k €1, t2=1

[12|=k
n
~ . 0 ong 9
-3 ¥ mgn(z;,;) o
[I1|=k €1, L2=1
[12|=k
n
~ ) a
=3y Y (G ) s () 2
|I|=k £=1 |J|=k—1¢1, tr=1 x
[11|=k
|2|=k

Hence, in view of (3), (2), (1), we get

a2y 9%¢
/ Z z 51gn( ) 31gn( 3 ) Sl ggls T XP (=) vol

[J|=k—1¢1, tr=1
|11 |=k
|1 |=k

Y ¢
= / Z Z 51gn< ) s1gn( b ) 32l gtz Mk
X

|J|=k—1¢1, =1
|11 |=k

exp (—¢) vol

2

JI X (s () stan| + 3 Janul | w0 vo

v \IJI=k=1|lI|=k t=1 |H [=k+1
<c| ol +/ S s |2 ad " P exp (=4 vol | .
[|=k =1
concluding the proof. O

Remark 2.4 The argument in the proof of Proposition 2.3 actually proves the following
stronger estimate, which will be used in the regularization process in Theorem 3.1.
Let X be a domain in R” and ¢, ¢ € C* (X; R). Consider
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1078 D. Angella, S. Calamai

d d
- - > - T T >
L2 o, (X;AFITX) L3, (X;AFT*X) L3 (X5 ARHITX)
< — — — < — - -

* *
d¢>—w,¢>—2w d¢>—w,¢—2w

Then, for any n :=: Zm:k’?l dx! e CcX (X; /\kT*X), one has

S 8\ 1 ) axtigx TR
X

|J=k—1£1, =1
|11 |=k
LIk
— N
+ i; exp (—¢) vol
||=k £=1
* 2 2 ~ < |,
<c Hd¢_¢,,¢_2¢n]%72v+||dn||Li+ > || P ew=¢) vol | .

¥ 1=k t=1

where C :=: C(k, n) € Nis a constant depending just on k and n.

3 Proof of the main theorem

We are ready to prove the following vanishing theorem for the higher-degree de Rham
cohomology groups of a strictly p-convex domain in R" (for a different proof, involving
Morse theory, compare [9, Theorem 1] by Sha, and [10, Theorem 1] by Wu, see also [7,
Proposition 5.7]).

Theorem 3.1 Let X be a strictly p-convex domain in R". Then HZ;R(X; R) = {0} for every
k> p.

Proof We are going to prove that every d-closed k-form n € C*® (X  AkT*X ) is d-exact,
namely, there exists @ € C*® (X s AT x ) such that n = do; the statement of the theorem
is a direct consequence of this result. Let us split the proof in the following steps.

Step 1—Definitions of the weight functions and other notations. Being X a strictly
p-convex domain in R", by Harvey and Lawson’s [6, Theorem 4.8] (see also [7, Theorem
5.4]), there exists a smooth proper strictly p-pluri-sub-harmonic exhaustion function

p € int (PSH;“ (X, g)) NC®(X:R) ,

where g is the metric on X induced by the Euclidean metric on R”.
For every m € N, consider the compact set

K™ = (xeX : px) <m} ,

and define
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A vanishing result for strictly p-convex domains 1079

where, for every x € X, the real numbers A[lk] x)<---< A[(]f,]) (x) are the ordered eigen-
k

values of D(ij,Hessp(x) € Hom (/\k T, X, Ak TxX), and A1 (x) < -+ < A, (x) are the ordered

eigenvalues of g’lHess p(x) € Hom (T, X, Ty X); indeed, note that, for every x € X,
W = @+ @) = M@+ A0 > 0,

being p strictly p-pluri-sub-harmonic and that the function X > x +— )\Ek](x) € Ris
continuous.

Fix {pv}yeny C C° (X; R) such that (i) 0 < p, < 1 for every v € N, and (ii) for every
compact set K C X, there exists vy :=: vo(K) € N such that p, | x= 1 for every v > vy.
Then, we can choose ¥ € C* (X; R) such that for every v € N,

ldoy|> < exp(¥) .

For every m € N, set

y™ = max (C 1y +exp ) |

where C :=: C(n, k) is the constant in Proposition 2.3.

Fix x € C* (R; R) suchthat (i)x" > 0, (ii)x” > 0,and (iii) x' [ (—oc0, m]> %,forevery
m € N. Define

¢ = xop :
then, ¢ € int (PSH;,I) (X, g)) N C* (X; R); furthermore

82¢ 7 ap ap / 8210

axbioxt . °r axtr  9xb txop: axtigxte ”

Choose (1t € C* (X; R) such that, for every m € N,

X/Opl_K(m)'L(m) > plgm > V(m) .

Step 2—Foreveryn € C° (X: AXT*X), itholds ||| §C-(Hd*7 _ n‘
> ( ) 2, o—v.0-20

2
+
2
Lgoy

||c1n||ié ) Since

— n 2
" B N AV AN 82V 3°p
Dg*IHessp - Z z Slgn( I ) Slgn( I xblrgxte

|J|=k—12¢1, £r=1 I,

€ Hom (/\kTX, /\kTX> ,
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one estimates

_/i/n.ﬂlJ.Ez.l/, p dp
= sign I sign A X op- axll 9xl2 NN

|J|=k—1¢1, €r=1
|11 |=k
|11 |=k
—~ n )
1 Zl‘] : EZJ / a P
+ z s1gn( )s1gn( )Xop.im n
I I a1
|J|=k—1¢1, £r=1 1 2 axtigxte
|11 |=k
|11 |=k
2
- — n
= Z x"op ZZSign( I ) Pl
|/ ]=k=1 1=k =1

. 9%p
+xlop: Z Z sign sigh I axtigxte N N1

|J|=k—1¢1, tr=1
|11 |=k
|11 |=k

R
>x op- a0y D il
|1|=k
> D ml
|11=k

Hence, using Proposition 2.3, we get that, for every n € C2° (X; Ak T*X),

i, = / S I exp (= @ — ) vol

||=k

/Z(

|I|=k

10

xt

)- In11* exp (—¢) vol

—_—~ n 2
. 0 J . lHJ 0%
5/ E E 51gn( I ) Slgn( A ) 2l 9l nnnn
X |.”:|k;lll,ﬁzzl
1=

|12|=k

—C. Z Z IniI* | exp (=) vol

|I|=k =1
2
SC'( ) +||d77||L2) ,
—2y ¢

where C :=: C(k, n) € Nis the constant in Proposition 2.3, depending just on k and n.

WP
!
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00 . Akpx . .
Step 3—C (X; AKT*X) is  dense in (domdﬁdomd¢ voo—aps I ”qub .

* .
+ g 2 + ||d-||Ldz>). Consider
d d
4 4
2 N e at 2 N Tsaks 2 AR LIx
L7 o, (X5ARITX) L2_, (X; AFT*X) L3 (X; AFFIT*X)

< — — — < — — —

d;ifw,dFZw dzsfw,éfzw

Fix n € domd Ndomdj , , ,, C Li—g// (X; AKT*X). Firstly, we prove that
{pvn}yen C domdﬂdomd -2y € L¢ " (X; /\kT*X) (where {p,},en C C° (X5 R)
has been defined in Step 1) is a sequence of functions having compact support and converging
, + ||d-||Lé. Indeed,

2y

to n in the graph norm ”'”Léﬂp + Hd*7

Id (py ) — pu dnl* exp (=¢) = [nl* - |dpu|* exp (—¢)
=P exp(—@—v) € L2 (X: AT7X) |
hence, by Lebesgue’s dominated convergence theorem, ||d (p, ) — py, dn|| L3 — Oasv —
+o00. Furthermore, for every v € N, note that p, n € dom dfz?—w, $—2y> since the map
Lédw (X; /\k_lT*X) D domd > ur> {p,n |du )Lé—\/x ceR
is continuous, being
{(pv 1 |du>L§>-w = (n |d(py u)>l‘31—‘// —(n [dpy /\M)Li_w

=(ovd_ypapn lu) . = ldounu)s
L3, o—v

hence, by the Riesz representation theorem, there exists 7 =: d;;fw’ $—2y (pvn) €
Lé_w (X; AK=IT*X) such that, for every u € domd C Li_w (X; ARTIT*X), it

holds (py, n |d”)L?¢,W = (n |”)L§,2¢,' Lastly, note that, for every u € domd C
2 . ak—1
Ly o, (X; ATIT*X),

‘(d;ﬂ/,, b—2y (pv 1) — pv d:;ﬂp, p—2y 1 lu >L§;—2w

%
= ’<pv AL U LT

= | 1dpy nuypa |

< 2 - |ldpy Aull;2
_”T)”Ldiﬂl/ lldoy ”Ldell/ s

hence, by Lebesgue’s dominated convergence theorem, ”d;;—w o—2y (Pv 1)

— 0 as v — +o0. This shows that p, n — nas v — +oo with

pvd_

respect to the graph norm.
Hence, we may suppose that € domd Ndomdj_, , », € L —y (X; AFT*X) has
compact support. Let {®;},cg € C*® (R"; R) be a famlly of posmve mollifiers, that is,
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1082 D. Angella, S. Calamai

Dp = " P (1), where ()P € C® (R"; R), (ii) [gu Pvolgn = 1, (iii) lim, o @, = 4,
where § is the Dirac delta function, and (iv)® > 0.
Consider the convolution {1 * ®,},cg C C° (X; /\kT*X); we prove that n x &, — n as

& — 0 with respect to the graph norm. Clearly, ||n — n * &, ”Li ) — 0 as ¢ — 0. Since
d (n * &) = dn *x O, one has that ||d (n * Pg) — d’?”Lé — 0 as ¢ — 0. Lastly, write

A5y gooy = exp (=) (4§ o+ Ag—y.6-2y) -

where d[’ﬁ’ o 1s a differential operator with constant coefficients, and Ay_y, 42y is a differ-
ential operator of order zero defined, for every v € Lé7¢ (X s AkTEX ) as

—_—~ n
. . LI\ (9 — ) J.
Apy g2y V) = D D sign ( 7 ) e
[J|=k—1 =1
| |=k
hence
(5,0 + Ap—y. p—2¢) (0 * )
= ((d5.0 + Ap—y.s-20) ) * Pe = (Ap—y. 929 7) * P + Agpy. g2y (1% )
— (dg,0 + Ap—y.s—29) ()
ase — Oin Lé_w (X; /\k_lT*X); having 1 compact support, it follows that dZ—w,¢—2uf
(% ®e) = df_, 4 5, (n)ase— 0in Lé_w (X; AR=ITX).
2
Step 4—If ”n”ii—w < C - (Hd;‘)_w, ¢_2]/,n‘ Li—zw + IIanIié) holds for every

C (X; AKT*X), then it holds for every n € domd N domd}_, s 5, Let n €
domd N domdj_, 4 ,,. By Step 3, take {n;} . C C&(X;A*T*X) such that
nj — mnas j — oo in the graph norm. Since, for every j € N, one has

DIPSERN (S

d

2 2 .
o ol ) and sice =z = o

— 0 and ||dr]j—d17HL§5 — 0as j — +oo, we

’ lldn | )
+ {ldnll7, ).
L oy Ly

Step 5—Existence of a solution in leoc (X; /\kT*X). We prove here that the operator

* T
Hd¢_¢,, o2y ~ gy, ¢—2¢"’ 2
=2y

get that also IInIIié = C- (de;ﬂ/,, ww”‘

d: L3y (X3 ATITX) oo ker (d: L3, (X ASTPX) o5 13 (X3 ASTITAX))

is surjective, hence, for every n € ker (d: Lé_]// (X; Ak T*X) - Lé (X; /\k+1T*X)), the

equation do = 7 has a solution « in Lé_]/[ (X; /\k_lT*X) C L120C (X; /\k_lT*X).

We recall (see, e.g., [8, Lemma 4.1.1]) that given two Hilbert spaces (Hl, (- |- )L§1 ) and
1

(Hz, (- |- )L%l ), and a densely defined closed operator 7: H; --+ H,, whose adjoint is
2

T*: Hy --» Hy, if F C H; is a closed subspace such that im 7 C F, then the following
conditions are equivalent:

(i) im7T = F;
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(ii) there exists C > 0 such that, for every y € domT* N F,
I3z, = €I -
Hence, consider
d: L2,y (X; A’HT*X) L2, (X; /\kT*X)
and
L3y (X ASTPX) 2 Fimker (d: 13, (X3 AFT7X) =0 L] (X5 A1 T7X))
> im (d: L3y, (X5 AITX) o L2, (X ATX)))

By Step 4, for every n € dom d:;ﬂ//’ b—2y N F C domd N dom d:;ﬂ//’ $—20 it holds that

’

2
2, = € a5y, oo
qus—w O—V, p—=2¢ Léfzw

from which it follows that
Fo=im (d: L]y (XA T0X) o L3, (X0 A TX)

Step 6—Sobolev regularity of the solutions with compact support. We prove that, for
every a € L* (X; A¥~IT*X) with compact support, if do € L* (X; A*T*X) and df jo €
L? (X; AF22T*X), thene € W12 (X; AFZIT*X). Indeed, take {®@, }, g a family of positive
mollifiers and, for every ¢ € R, consider « * ®, € C° (X; Ak=1 T*X); by Remark 2.4 with
¢ := 0 and ¥ := 0, we get that, for any multi-index / such that |/| = k — 1 and for any
tefl,...,n},

/ 0 (ay * D)
ax?t
X

where C :=: C (k, n) is aconstant depending just on k and n; since, for every multi-index / such

@) _ ooy |
axt axt

2
vol = €+ ([d5 g (@ @)}, +Id (@ ®o)l32) .

that |[7| = k—1,andforevery £ € {1, ..., n},itholds thatlim._,¢ fx ‘ vol =

lim,_, o Hdg, o (@ b) —d¥ o HLZ — lim, o [|d(a % ®,) — dee| ;2 = 0, we get that

X
proving the claim.

Step 7—Regularization of the solution. By Step 5, if n € C* (X; /\kT*X) is such that
dn = 0, then the equation do = 1 has a solution « € leoc (X; /\k_lT*X); we prove that
actually o € C® (X; AKTIT*X).

Note that we may suppose that the solution & € L}  (X; A*~1T*X) satisfies

3a1 2

r| ol < ¢ (4 gl + laal?)

L2 g pk- s .
a € (kerd) eI — imds = imdg ) C kerdy g
hence, « satisfies the system of differential equation

da =17
dg g =0
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1084 D. Angella, S. Calamai

We prove, by induction on s € N, that o € WISO‘C2 (X; AKIT*X) for every s € N. Indeed,
we have by Step 5 that o € w2 (X; /\k_lT*X) = L? (X; /\k_lT*X). Suppose now

loc loc
that o € WISO’C2 (X; AK1T*X) and prove that o € Wlfjc'l’z (X; AKZIT*X). Clearly, n €

c>® (X; /\kT*X) C Wg’cz (X; /\kT*X) forevery o € N. Take K a compact subset of X, and
choose X € C° (X; R) such that suppy D K. For any multi-index L :=: ({1, ..., ¢,) € N"
such that £1 + --- 4+ ¢, = s, being

il *a — a4y el ~ a'n L2 (K: AFT*X
X.ael_xl...alnxn - X/\azl_xl...azn_x”-i_xlallxl...aen_x” € ( A )

and

a ~ < 07\ X oy
« (= _ : J
do.o (X U aZ”xn) == 2 Slgn( I ) 3l 30l gl
i
| |=k
e L? (K; Ak_ZT*X)

we get that x - e o oyl2 (K; /\k_lT*X), that is, &« € WST12 (K; /\k_lT*X).

alix!. gtnxn

Hence, a € WiH1?2 (X; AK=IT*X). Since w2 (X; ATIT*X) > cm (X5 AFIT*X) for

loc loc
every 0 < m < o — %, see [4, Corollary 7.11], we get that @« € C* (X; Ak_lT*X),
concluding the proof of the theorem. O
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