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The Fourier transform is operator-valued, hence less manageable.
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L1,..., Ly left-invariant differential operators such that (£;, CF)
are essentially self-adjoint with commuting closures.
E: associated spectral measure,

z; =fn)\jdE()\).

For every bounded measurable function m: R" — C there is a
unique distribution /C(m) such that

J mdE - o = ¢ * K(m) Vo e CX.

@ Does K induce a Plancherel isomorphism?
(RL) K(m) e L1(G) = me G(R")?
o £K:S(R") -7
(S) If K: S(R") — 'S(G)," does the converse hold?




Introduction
ooe

Stratified Groups

Definition

G is a stratified group iff:

o G is nilpotent and simply connected, so that exp: g — G;

© g=@D=1 0k With giy1 = [g1,04] Vk=>1

Natural dilations: D~ gk > (xk) — (rkx) € Di>1 0« r>0.



Introduction
ooe

Stratified Groups

Definition

G is a stratified group iff:

o G is nilpotent and simply connected, so that exp: g — G;

© g =Dy>q 0k, With giy1 = [g1,04] Yk =1

Natural dilations: D~ gk > (xk) — (rkx) € Di>1 0« r>0.
A differential operator £ is homogeneous of degree § € C if
Llp(r-)] = r’(Le)(r-)

for every r > 0 and p € C®.
S(G) is induced by S(g) through exp.
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Hypoellipticity and Schwartz Functions

Theorem

Let L1,...,L, be formally self-adjoint, commuting, homogeneous,
left-invariant differential operators without constant terms.
Then, the following assertions are equivalent:
Q L4,...,L, are jointly hypoelliptic;
@ the algebra generated by L1, ..., L, contains a Rockland (i.e.,
homogeneous and hypoelliptic) operator;
Q dn(L1),...,dw(L,) are jointly injective on C* () for every
non-trivial irreducible unitary representation 7 of G;
Q K£:S(R") — S§(G).
( Helffer and Nourrigat (1979), Hulanicki (1984), )
Veneruso (2003), Martini (2010), C.
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(Christ (1991), Martini (2010).)

| A\

Corollary
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Plancherel Measure

Proposition
318 positive Radon measure on R" such that

K: L2(8) — L%(G) isometrically.

(Christ (1991), Martini (2010).)

| A\

Corollary

K: LY(B) — Go(6G).
(Martini (2010).)

| A

Proposition
K(L*(B)) n S(G) is closed in S(G).
Analogously for C*(G), L}(G), etc.
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2-Step Groups

Setting: g = g1 D g2, 92 = [91,01] = [g. 9]-
o Ywe g3, define B,,: g1 x g1 3 (X,Y) — (w, [ X, Y])
@ d: minimum dimension of the radical of B,;

o W = {w: the dimension of the radical of B, is > d };

For example, d =0and W = {0} <= G is a Métivier group.
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Setting: g = g1 D g2, 92 = [91,01] = [g. 9]-
o Ywe g3, define B,,: g1 x g1 3 (X,Y) — (w, [ X, Y])
@ d: minimum dimension of the radical of B,;

o W = {w: the dimension of the radical of B, is > d };

For example, d =0and W = {0} <= G is a Métivier group.

Theorem
L: homogeneous sub-Laplacian; Ty, ..., T,: basis of go; n’ < n.
Then (L,iT1,...,iTy) satisfies:

d=0 d>0
W=1{0} (RL) and (S)

n <n (RL)
n<nand W ={0} | (RL) and (S) a.e. | (RL) and (S)
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Groups of Heisenberg Type — 1

Definition
G is a group of Heisenberg type iff:
@ g is endowed with a scalar product such that g; L go;
@ the map Jz such that {[X, Y]|Z) = <{(X|Jz(Y)) (X, Y € g1)
satisfies |Jz| = |Z| I for every Z € g».
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Groups of Heisenberg Type — 1

Definition

G is a group of Heisenberg type iff:
@ g is endowed with a scalar product such that g; L go;
@ the map Jz such that {[X, Y]|Z) = <{(X|Jz(Y)) (X, Y € g1)
satisfies |Jz| = |Z| | for every Z € g5.

Setting:
@ assume that g; is the orthogonal sum of k J-invariant
subspaces vy, ..., 0g;
@ L1,...,L are the sum of the squares of an orthonormal basis
of vy,..., by, respectively;
@ T1,..., T, form a basis of ga;

e for every linear mapping p: RX — R" which is proper on RX
define L, == (u(L1,...,Lk),iT1,...,iTy).



2-Step Groups
00®0000

Groups of Heisenberg Type — 2

Theorem

The following assertions are equivalent:
e L, satisfies property (RL);
o L, satisfies property (S);
e if m(L,) is a differential operator, then m is a polynomial;
o dimg u(Q¥) = dimg p(R¥).
In addition, there is a linear mapping 1’ : R — RP such that L,y
satisfies the preceding conditions and

LH = m(L#/) and L, = m'(L”)

for some measurable m: RPt" — RM" and m': Rt — RPN,
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Products of Heisenberg Groups

Setting:
@ G =Gy X+ x Gy, with Gy, ..., G, Heisenberg groups
(n=2);
@ L1,...,L, are homogeneous sub-Laplacians on Gy, ..., G,,

respectively;
o L=L1+ -+ Ly
@ Ty,..., T, form a basis of the centre of g.

(L,iTy,...,iT,y) satisfies properties (RL) and (S) iff n' < n.
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Products of Heisenberg Groups

Setting:
@ G =Gy X+ x Gy, with Gy, ..., G, Heisenberg groups
(n=2);
@ L1,...,L, are homogeneous sub-Laplacians on Gy, ..., G,,

respectively;
o L=L1+ -+ Ly
@ Ty,..., T, form a basis of the centre of g.

(L,iT1,...,iT,) satisfies properties (RL) and (S) iff n' < n.

If G’ is a stratified group and L' a positive Rockland operator on G’
which satisfies property (S), then the family (L + L', iTy,...,iTy),
on G x G', satisfies properties (RL) and (S) for every n’ < n.
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General sub-Laplacians

Setting:

o G is a simply connected 2-step nilpotent Lie group;

o L =— J’-’Zl XJ-2, where (X;) generates the Lie algebra g of G.
Then, L is the 'symmetrization’ of a unique negative quadratic
form @ on g*.

Since L is hypoelliptic, Q is non-degenerate on [g, g]°.
Hence, g1 := (([g,9]°)4)° and g2 = [g, g] form a stratification of g.

Therefore, £L = L1 — ZJ 1 J 2 where £ is a homogeneous
sub-Laplacian, and T; € gy for every j.
Thus, £ = P(Ly, iTl, ...,iTy), where (T;) is a basis of go, while

—)\1+2)\1+J



2-Step Groups
00000e0

The Case d >0

Let S be the interior of o(L1,iT1,...,iT,) N R x W*.
For fixed f = KCz(m) in L1, representation theory shows that:

o the Plancherel measure 3¢, i7, . iT, is equivalent to the
Lebesgue measure on S;

o f=Kg,im,..iT,(m), with m continuous on S.
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The Case d >0

Let S be the interior of o(L1,iT1,...,iT,) N R x W*.
For fixed f = KCz(m) in L1, representation theory shows that:

o the Plancherel measure 3¢, i7, . iT, is equivalent to the
Lebesgue measure on S;

o f=Kg,im,..iT,(m), with m continuous on S.
Thus, m = mo P a.e. on S.
@ by the coarea formula, m is constant on almost every fibre of
Pin S;

@ since P is open, m is constant on each fibre of P in S.
Hence, m is ‘continuous’ on P(S) = (0,+400). Continuity at 0
follows from general results.

Property (RL) follows, and property (S) is a consequence of it, in
this setting.
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The procedure is similar to that of the preceding case. In this case,
S is a ‘regular’ portion of the outermost part of the spectrum.
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The Cased =0

The procedure is similar to that of the preceding case. In this case,
S is a ‘regular’ portion of the outermost part of the spectrum.

Thus, S is a hypersurface and P is a
submersion thereon; hence, m is
(continuous and) constant on the
fibres of P on S, with the same
arguments as before.

To conclude, one needs to observe
that the P-image of the surface
measure on S is equivalent to the
Plancherel measure of L.

Property (RL) follows, and then also property (S).



Thank you for your attention!
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