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Abstract

Let G be a Métivier group and let N be any homogeneous norm on G. For α > 0 denote
by wα the function e−N

α

and consider the weighted sub-Laplacian Lwα associated with the
Dirichlet form φ 7→

∫
G
|∇Hφ(y)|2wα(y) dy, where ∇H is the horizontal gradient on G. Consider

Lwα with domain C∞c . We prove that Lwα is essentially self-adjoint when α ≥ 1. For a
particular N , which is the norm appearing in L’s fundamental solution when G is an H-type
group, we prove that Lwα has purely discrete spectrum if and only if α > 2, thus proving a
conjecture of J. Inglis.

1. Introduction and preliminary results

Let G be a stratified group. Denote by dy its left- and right-invariant Haar measure
and by ∇H the horizontal gradient on G. Given a positive measurable function w on G,
denote by L2(G,w) =: L2(w) the space of all functions on G that are square integrable
with respect to the measure w(y) dy, with consequent inner product. We define the
weighted sub-Laplacian Lw as the operator associated with the Dirichlet form

φ 7→
∫
G
|∇Hφ(y)|2w(y) dy

for every φ ∈ C∞c . Under very weak assumptions on w, such form is symmetric,
densely defined, accretive and continuous; thus the operator Lw, with domain C∞c , has
self-adjoint extensions. We consider in particular the family of weights

(wα = e−N
α
)α>0

where N is any homogeneous norm on G. When G is some Rn, α = 2 and the
homogeneous norm is the Euclidean norm on Rn, this operator is indeed – up to
normalization constants – the classical Ornstein-Uhlenbeck operator; therefore Lw2 ,
for some choice on N , can be considered as one of its possible sub-Riemannian versions
on stratified groups. Lwα for α > 0 is then its natural generalization.

The aim of this paper is to investigate the essential self-adjointness of Lwα and, in
the particular case when G is a Métivier group, whether its self-adjoint extensions have
purely discrete spectra. We recall that a self-adjoint operator T on a Hilbert space has
purely discrete spectrum if its spectrum σ(T ) is discrete, and for each λ ∈ σ(T ) the
range of the spectral projection E({λ}) is finite-dimensional (cf. [14]). When G is an H-
type group (a subclass of Métivier groups) and N is either the Carnot-Charathéodory
norm or the Kaplan norm, the discretness of the spectrum of Lwα has been investigated
by J. Inglis [7]. By using super Poincaré inequalities he proved that when N is the
Carnot-Charathéodory norm Lwα has discrete spectrum for every α > 1. When N is
the Kaplan norm he proved that the spectrum of Lwα is non-discrete for 1 < α < 2.
Even though his technique, based on functional inequalities, did not allow him to
investigate the spectrum of Lwα for the Kaplan norm when α ≥ 2, Inglis conjectured
that the spectrum is discrete when α > 2. By using different techniques, we completely
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characterize the discreteness of the spectrum of Lwα for every α > 0 in the case of the
Kaplan norm, not only solving Inglis’s conjecture, but also giving a direct proof of the
non-discreteness of the spectrum when 0 < α ≤ 2, thus improving Inglis’s result.

The content of this paper is as follows. In the remaining of this section we fix the
notation and recall the basic features of analysis on stratified groups. In Section 2
we prove a general criterion (Theorem 2.3) for establishing existence and uniqueness
of self-adjoint extensions of Lw, with domain C∞c , on L2(w). It is based on suitable
integrability or (essential) boundedness properties of the weight w and its horizontal
derivatives. As a corollary, the essential self-adjointness of Lwα when α ≥ 1 (Theo-
rem 2.7) is obtained. By using a well known technique (see e.g. [3, 5, 7]), in Section 3
we then show how to reduce the study of Lw to the study of the Schrödinger operator
L + V as an operator on L2(G, dy), where the potential V is

V = −1

4

|∇Hw|2

w2
− 1

2

Lw

w
.

In Section 4, we restrict our analysis to Métivier groups and the case when N is
the Kaplan norm. We prove that the spectrum of Lwα is purely discrete if and only if
α > 2, thus proving Inglis’s conjecture [7]. To prove the theorem we reduce matters
to studying the spectrum of the Schrödinger operator L + Vα obtained by conjugating
Lwα with a suitable isometry. We then apply a generalization to stratified groups of a
theorem of B. Simon relating the discreteness of the spectrum to the behaviour of the
sublevel sets of the potential Vα [17].

1.1. Preliminaries. A stratified group G is a connected, simply connected Lie group
whose Lie algebra g admits a direct sum decomposition

g = g1 ⊕ · · · ⊕ gν (1.1)

such that [g1, gk−1] = gk for every k ≤ ν, and [g1, gν ] = 0. The first layer g1 is often
referred to as horizontal layer. We set nk = dim gk; Q =

∑ν
k=1 k nk will denote the

homogeneous dimension of G. We shall write G∗ instead of G \ {e}.
The Lie algebra g is canonically endowed with the family of dilations δr (

∑ν
k=1 Yk) =∑ν

k=1 r
kYk, where Yk ∈ gk. One can then define a family of dilations on G via the

exponential map, by δr(expY ) = exp δr(Y ).
Recall that G is unimodular, so that it can be endowed with a Haar measure dy

which is both left and right invariant. Thus, one can define the space Lp as the space
of (equivalence classes of) measurable functions f such that |f |p is integrable with
respect to dy, with the usual norm. The space Lp(g1) of p-th power integrable g1-
valued functions is defined analogously.

From now on, we fix a basis (Xj)1≤j≤n1 of left-invariant vector fields for g1. We
endow g1 with the unique inner product which turns (Xj) into an orthonormal basis;
if f is a differentiable function on G, its horizontal gradient is the vector field

∇Hf :=

n1∑
j=1

(Xjf)Xj .

Observe that, if f, g are smooth functions on G, then (∇Hf)(g) = ∇Hf · ∇Hg, where
the right hand side is the inner product of the vector fields ∇Hf,∇Hg.

For a vector-valued differentiable function F = (F1, . . . , Fn1), its horizontal diver-
gence is the function

divHF =

n1∑
j=1

XjFj ,



WEIGHTED SUB-LAPLACIANS ON MÉTIVIER GROUPS 3

and the sub-Laplacian L will then be the (positive) operator

L := −divH∇H = −
n1∑
j=1

X2
j .

With domain C∞c , L is well known to be essentially self-adjoint on L2. With a slight
abuse of notation, we shall denote by L also its closure and the operator interpreted in
the sense of distributions. Dom(L) will stand for the set of f ∈ L2 such that Lf also
belongs to L2.

Definition 1.1 (cf. [6]). For every k ∈ Z define S2
k as the completion of C∞c with

respect to the norm
f 7→ ‖(I + L)k/2f‖L2 ,

and
S2
k,loc = {f ∈ D′ : φf ∈ S2

k ∀φ ∈ C∞c }.
In the following lemma we state some general properties of the Sobolev spaces just

introduced, which will be used later on. They are the analogues for S2
k,loc of some

properties of S2
k that can be found in [6]. The proof is omitted.

Lemma 1.2. The following hold:
(i) S2

1,loc = {f ∈ L2
loc : ∇Hf ∈ L2

loc} and S2
2,loc = {f ∈ S2

1,loc : Lf ∈ L2
loc};

(ii) If f ∈ L2
loc, then Xf ∈ S2

−1,loc for every X ∈ g1;
(iii) If f ∈ L2

loc is such that Lf ∈ S2
−1,loc, then f ∈ S2

1,loc.

We shall also need the following proposition. It is the analogue for the sub-Laplacian
on G of a well known inequality, due to Kato [10], involving the Laplacian on Rn. We
recall that, if T1, T2 are two distributions, T1 ≤ T2 means that T2 − T1 is a positive
(Radon) measure. The sign function on Rd, d ≥ 1, or C is defined as z

|z| when z 6= 0,
and 0 when z = 0.

Proposition 1.3. Let f ∈ L1
loc such that Lf ∈ L1

loc. Then L|f | ≤ Re
[
sign(f)Lf

]
.

Its proof is a straightforward adaptation to our setting of [15, Theorem X.27], and
is omitted. A similar statement, in a much more general context but with stronger
hypotheses, can be found in [16].

2. Essential self-adjointness of weighted sub-Laplacians

In this section, G will be a stratified non commutative group, so that g has at least
two layers and Q ≥ 4. Henceforth, we adopt the well known notation of writing ( · , · )
for the inner product of elements in some Hilbert space (L2 or L2(w), see Definition 2.2),
while 〈 · , · 〉 will stand for (sesquilinear) distributional pairings.

Definition 2.1. We shall call admissible weight a strictly positive and weakly differ-
entiable function w on G, such that w, w−1 ∈ L∞loc, and ∇Hw ∈ L2

loc.

Definition 2.2. Let w be an admissible weight. We denote by L2(w) the Hilbert space

{f : G→ C : f measurable,
∫
G
|f(y)|2w(y) dy <∞}

with the usual scalar product and norm. The space L2(w; g1) of square-integrable
g1-valued functions is defined analogously. Moreover, we denote by

S2
1(w) = {f ∈ L2(w) : ∇Hf ∈ L2(w; g1)}

the weighted Sobolev space, endowed with the standard norm.
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By routine arguments, one can prove that S2
1(w) is a Hilbert space and that C∞c is

dense in it. Therefore, the sesquilinear form

t(f, g) := (∇Hf,∇Hg)L2(w), Dom(t) = S2
1(w)

is symmetric, densely defined, accretive, continuous and closed. By the general theory
of sesquilinear forms (see, e.g., [9, IV, Theorem 2.6]) there exists a positive self-adjoint
operator Lw such that

Dom(Lw) = {f ∈ S2
1(w) : ∃f̃ ∈ L2(w) ∀ g ∈ S2

1(w) (f̃ , g)L2(w) = t(f, g)},

Lwf := f̃ ∀f ∈ Dom(Lw).

An easy computation shows that for every φ, ψ ∈ C∞c

(Lwφ, ψ)L2(w) = t(φ, ψ) =

(
Lφ− ∇Hw

w
· ∇Hφ, ψ

)
L2(w)

.

It is then natural to define the operator

Lw0 := L− ∇Hw

w
· ∇H, Dom(Lw0 ) := C∞c . (2.1)

Notice that, since ∇Hw ∈ L2
loc and w

−1 ∈ L∞loc by Definition 2.1, the operator Lw0 maps
C∞c to L2(w). Since for every f ∈ S2

1,loc, we have ∇Hw
w · ∇Hf ∈ L1

loc, we may define
also the operator

Lw1 := L− ∇Hw

w
· ∇H : S2

1,loc → D′,

where the derivatives are to be understood in the distributional sense. The following
theorem, whose proof will occupy the remainder of this section, describes the relations
among the operators Lw0 , Lw and Lw1 .

Theorem 2.3. If w is an admissible weight, then Lw is a positive self-adjoint extension
of Lw0 and Dom(Lw) = {f ∈ S2

1(w) : Lw1 f ∈ L2(w)}.
Assume, in addition, that one of the following conditions holds:

(a) ∇Hw ∈ L∞loc and Lw ∈ LQloc;
(b) ∇Hw

(1+N)w ∈ L
∞ for some (hence any) homogeneous norm N on G.

Then Lw0 is essentially self-adjoint, i.e. Lw is the unique self-adjoint extension of Lw0 .

Remark 2.4. The essential self-adjointness of Lw0 is well known when the weight w
is smooth (see e.g.[1, Proposition 3.2.1]). The classical argument makes use of two
ingredients:

(i) the hypoellipticity of Lw0 : any f ∈ Dom((Lw0 )∗) such that (Lw0 )∗f + f = 0 is
smooth;

(ii) completeness: there exists an increasing sequence (ψk) of positive functions in
C∞c that converges to 1 almost everywhere and |∇Hψk| ≤ 1/k for all k ≥ 1.
We shall refer to the sequence (ψk) as an approximate unity for G.

Completeness does not depend on the weight and therefore holds also under our as-
sumptions. It suffices to define ψk = ψ ◦ δ1/k, k ≥ 1, where ψ is a function in C∞c such
that 0 ≤ ψ ≤ 1 and ψ(x) = 1 if N(x) ≤ 1 and ψ(x) = 0 if N(x) ≥ 2.

Instead, hypoellipticity of Lw0 fails when the weight w is nonsmooth. However, we
shall see that a weaker form of hypoellipticity holds if ∇Hw ∈ L∞loc and Lw ∈ LQloc (see
Lemma 2.6).
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To prove the theorem we shall need two lemmas. In their proofs and henceforth,
we shall apply the common rules of derivation to products and compositions of dis-
tributions with Lipschitz functions. Each equality may be proved either by density
arguments, or by convolution on the left with a suitable approximate identity.

Lemma 2.5. Let w be an admissible weight. If
(i) either f, g ∈ S2

1(w) and Lw1 f ∈ L2(w)
(ii) or f, g ∈ S2

1,loc, L
w
1 f ∈ L2

loc, g has compact support and ∇Hw ∈ L∞loc,

then
(Lw1 f, g)L2(w) = 〈∇Hf, w∇Hg〉.

Proof. We first assume (i). Since both sides of the asserted equality are continuous
functions of g ∈ S2

1(w), by density it will be enough to prove our assertion when g ∈ C∞c .
If Lw1 f ∈ L2(w), since ∇Hf and ∇Hw

w ∈ L2
loc, we infer that Lf and ∇Hw

w · ∇Hf ∈ L1
loc.

Therefore, Lw1 f = Lf − ∇Hw
w · ∇Hf ∈ L1

loc and the equality to prove is implied by:

〈Lf, wg〉 = 〈∇Hf,∇H(wg)〉,

where the first pairing refers to the duality between L1
loc and the space of L∞ functions

with compact support, while the second pairing refers to the duality between L2
loc

and the space of L2 functions with compact support. Since wg ∈ S2
1 and has compact

support, an integration by parts shows that this identity holds for f ∈ C∞. The general
case can be reduced to this, by convolving f on the left with an approximate identity
(ηk) of smooth functions with compact support. Since L and ∇H commute with left
convolution, L(ηk ∗ f) = ηk ∗ Lf converges to Lf in L1

loc and ∇H(ηk ∗ f) = ηk ∗ ∇Hf
converges to ∇Hf in L2

loc. The conclusion follows by the continuity of the pairings.
This proves case (i).

Case (ii) may be reduced to case (i), by multiplying f by a function φ ∈ C∞c such
that φ = 1 in a neighbourhood of the support of g and observing that fφ, g ∈ S2

1(w),
Lw1 (fφ) = φLw1 f + fLw1 φ− 2∇Hφ · ∇Hf ∈ L2(w), since ∇Hw ∈ L∞loc, and

(Lw1 f, g)L2(w) = (Lw1 (fφ), g)L2(w) = (∇H(fφ),∇Hg)L2(w) = (∇Hf,∇Hg)L2(w).

�

Lemma 2.6. Let w be an admissible weight and suppose that f ∈ Dom((Lw0 )∗) satisfies
(Lw0 )∗f + f = 0. Then

(i) if ∇Hw ∈ L∞loc then f ∈ S2
1,loc;

(ii) if, furthermore, Lw ∈ LQloc then f ∈ S2
2,loc.

Proof. Since Dom((Lw0 )∗) ⊆ L2(w) ⊆ L2
loc, we have that f ∈ L2

loc; hence, both fw and
f∇Hw belong to L2

loc. Then, for every φ ∈ C∞c ,

〈w(Lw0 )∗f, φ〉 = ((Lw0 )∗f, φ)L2(w)

= (f,Lw0 φ)L2(w)

=

(
f,Lφ− ∇Hw

w
· ∇Hφ

)
L2(w)

= 〈L(fw), φ〉+ 〈divH(f∇Hw), φ〉.

By the arbitrariness of φ, this implies that

w(Lw0 )∗f = L(fw) + divH(f∇Hw).
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By Lemma 1.2, (ii), divH(f∇Hw) ∈ S2
−1,loc since f∇Hw ∈ L2

loc. Therefore,

L(fw) = w(Lw0 )∗f − divH(f∇Hw)

= −wf − divH(f∇Hw) ∈ S2
−1,loc.

(2.2)

Hence, by Lemma 1.2, (iii), fw ∈ S2
1,loc. Thus

∇Hf = ∇H

(
fww−1

)
= w−1∇H(fw)− f∇Hw

w
∈ L2

loc

since both w−1 and ∇Hw belong to L∞loc. Hence f ∈ S2
1,loc.

Next, assume that Lw ∈ LQloc. Since f ∈ S2
1,loc, by Lemma 1.2, (i) it is enough

to prove that Lf ∈ L2
loc. First we prove that L(fw) ∈ L2

loc. Recall that S2
1 embeds

continuously in L2Q/(Q−2) (cf. [6, Theorem 4.17]). Thus f ∈ L2Q/(Q−2)
loc . By applying

Hölder’s inequality to the conjugate exponents Q/2 and Q/(Q− 2), we obtain that

fLw ∈ L2
loc. (2.3)

Thus, since ∇Hf ∈ L2
loc and ∇Hf · ∇Hw ∈ L2

loc, we get that

divH(f∇Hw) = ∇Hf · ∇Hw − fLw ∈ L2
loc. (2.4)

Thus, by (2.2)
L(fw) = −(divH(f∇Hw) + wf) ∈ L2

loc.

Since ∇H(fw) ∈ L2
loc, by Lemma 1.2, (i) we get that fw ∈ S2

2,loc. Therefore, we can
write

Lf = L
(
fww−1

)
= L(fw)w−1 + fwL

(
w−1

)
+ 2∇H(fw) · ∇H

(
w−1

)
.

The first and the third term are in L2
loc for what we showed above. As for the second

term, since Lw ∈ LQloc,

fwL
(
w−1

)
= fw

Lw

w2
− 2fw

|∇Hw|2

w3

= f
Lw

w
− 2f

|∇Hw|2

w2

Thus also the third term is in L2
loc, since fLw ∈ L2

loc by (2.3) and w, ∇Hw are in L∞loc.
This concludes the proof. �

Proof of Theorem 2.3. We begin by proving that

Dom(Lw) =
{
f ∈ Dom(t) : Lw1 f ∈ L2(w)

}
, Lwf = Lw1 f ∀f ∈ Dom(Lw). (2.5)

The inclusion ⊇ follows from Lemma 2.5. Assume then f ∈ Dom(Lw), and take
φ ∈ C∞c . Then w−1φ ∈ Dom(t), so that

〈Lwf, φ〉 =
(
Lwf, w−1φ

)
L2(w)

= t
(
f, w−1φ

)
= 〈∇Hf,∇Hφ− w−1φ∇Hw〉

= 〈Lf, φ〉 −
〈
∇Hw

w
· ∇Hf, φ

〉
,

and hence Lwf = Lw1 f . Then (2.5) holds, and it is now easy to see that C∞c ⊆
Dom(Lw); thus, Lw is a self-adjoint extension of Lw0 .
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Case (a). Assume that ∇Hw ∈ L∞loc and Lw ∈ LQloc. By [15, Theorem X.1] it suffices
to prove that if f ∈ Dom((Lw0 )∗) satisfies (Lw0 )∗f + f = 0, then f = 0. By Lemma 2.6
f ∈ S2

2,loc. Thus

∇H(fw) = w∇Hf + f∇Hw, divH(w∇Hf) = −wLf +∇Hw · ∇Hf

are in L2
loc. Therefore, for every φ ∈ C∞c ,

((Lw0 )∗f, φ)L2(w) = (f,Lw0 φ)L2(w)

= 〈fw,Lφ〉 − 〈f∇Hw,∇Hφ〉
= 〈∇H(fw),∇Hφ〉 − 〈f∇Hw,∇Hφ〉
= 〈w∇Hf,∇Hφ〉
= −〈divH(w∇Hf), φ〉
= 〈wLf −∇Hw∇Hf, φ〉
= 〈Lw1 f, wφ〉
= (Lw1 f, φ)L2(w).

Hence,
Lw1 f = (Lw0 )∗f ∈ L2(w).

We are now able to argue as Strichartz [18]. Take an approximate unity (ψk) for G as
in Remark 2.4. Hence ψ2

kf ∈ S2
1(w) and

0 ≥ −(ψ2
kf, f)L2(w) = (ψ2

kf, (L
w
0 )∗f)L2(w)

= (ψ2
kf,L

w
1 f)L2(w)

= (∇H(ψ2
kf),∇Hf)L2(w)

= (2ψk(∇Hψk)f,∇Hf)L2(w) + (ψ2
k∇Hf,∇Hf)L2(w).

where the third equality holds by Lemma 2.5 (i). Therefore,

‖ψk∇Hf‖2L2(w) = 〈ψ2
k∇Hf,∇Hf〉L2(w)

≤ −〈2ψk(∇Hψk)f,∇Hf〉L2(w) ≤ 2‖ψk∇Hf‖L2(w)‖f∇Hψk‖L2(w),

so that

‖ψk∇Hf‖L2(w) ≤ 2‖∇Hψk‖L∞(w)‖f‖L2(w).

By Fatou’s lemma, finally,

‖∇Hf‖L2(w) ≤ lim inf
k→∞

‖ψk∇Hf‖L2(w) ≤ lim
k→∞

2

k
‖∇Hψ1‖L∞(w)‖f‖L2(w) = 0,

whence ∇Hf = 0. Therefore, f = 0 and Case (a) is proved.
Case (b). Assume that ∇Hw

(1+N)w ∈ L
∞. To prove that Lw0 is essentially self-adjoint

it suffices to show that C∞c is dense in Dom(Lw). First we show that the space of
functions in Dom(Lw) with compact support is dense in Dom(Lw).

Let f ∈ Dom(Lw) and take an approximate unity (ψk) as in Remark (2.4). Then
ψkf ∈ Dom(Lw) for all k by (2.5), since

Lw1 (ψkf) = (Lw0 ψk)f + ψk(L
w
1 f)− 2∇Hψk · ∇Hf, (2.6)

is in L2(w). Moreover Lw1 (ψkf) tends to Lw1 f in L2. Indeed, limk ψk(L
w
1 f) = Lw1 f in

L2(w) by dominated convergence and limk‖∇Hψk · ∇Hf‖L2(w) = 0 since ‖∇Hψk‖∞ ≤
C/k. Thus it remains only to prove that

(Lw0 ψk)f = (Lψk)f − w−1∇Hw · ∇Hψk f
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tends to zero in L2(w). Indeed, on the one hand, ‖Lψk‖∞ ≤ Ck−2. On the other hand,
since the support of ∇Hψk is contained in Ak = {x : k ≤ N(x) ≤ 2k}, we have that
k ∼ (1+N) on the support of ∇Hψk. Thus ‖w−1∇Hw ·∇Hψk f‖L2(w) ≤ C‖f‖L2(Ak,w),
which tends to zero.

It remains only to prove that if f ∈ Dom(Lw) has compact support then there exists
a sequence (fk) of functions in C∞c such that limk fk = f and limk L

w
0 fk = Lwf in

L2(w). To this end, define fk = ηk ∗ f , where (ηk) is an approximate identity for the
convolution in C∞c and observe that

Lw0 (ηk ∗ f) = L(ηk ∗ f)− ∇Hw

w
· ∇H(ηk ∗ f)

= ηk ∗ Lf −
∇Hw

w
· ηk ∗ (∇Hf).

The conclusion follows, since for functions supported in a fixed compact set convergence
in L2 is equivalent to convergence in L2(w). This completes the proof. �

The following corollary specializes the result of Theorem 2.3 to weights of the form
wα = e−N

α , where N is any homogeneous norm on G and α > 0.

Corollary 2.7. Lwα is a self-adjoint extension of Lwα0 for every α > 0. When α ≥ 1,
Lwα is the unique self-adjoint extension of Lwα0 .

Proof. Outside the origin

∇Hwα = −αwαNα−1∇HN, (2.7)

and

Lwα = wα

[
−α2N2α−2|∇HN |2 + α(α− 1)Nα−2|∇HN |2 + αNα−1LN

]
. (2.8)

Since the right hand sides of both identities are in L1
loc, it is not hard to see that they

coincide with ∇Hwα and Lwα, respectively, in the sense of distributions on G. Thus
the weight wα is admissible for all α > 0. Moreover,

(a) if α > 1 then ∇Hwα ∈ L∞loc and Lwα ∈ LQloc;
(b) ∇Hw1 ∈ L∞loc and w−1

1 ∇Hw1 ∈ L∞.
The conclusion follows by Theorem 2.3. �

3. Schrödinger operators

Let w be an admissible weight such that Lw ∈ L1
loc. Instead of dealing directly

with the weighted operator Lw, it is often more convenient to consider a Schrödinger
operator unitarily equivalent to it. Indeed, if U : L2(w)→ L2 is the unitary map defined
by Uf := f

√
w, then Lw is unitarily equivalent to ULwU−1 with domain UDom(Lw). If

the weight w is smooth then U maps C∞c onto itself and a straightforward computation
gives

ULwU−1φ = (L + V )φ ∀φ ∈ C∞c , (3.1)
where

V = −1

4

|∇Hw|2

w2
− 1

2

Lw

w
. (3.2)

If the operator L+V is essentially self-adjoint on C∞c then the identity (3.1) completely
determines Lw and the study of the spectrum of Lw can be reduced to that of the closure
of L+V . If the weight w is not smooth matters become more delicate because, on the
one hand, the derivatives in (3.2) must be interpreted in the sense of distributions and,
on the other hand, one must be careful in identifying the domains of the operators.
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The following lemma shows that the identity (3.1) still holds in the distributional sense
if we assume sufficient regularity of the weight w.

Lemma 3.1. If ∇Hw ∈ L∞loc and Lw ∈ L2
loc, then V ∈ L2

loc and

U−1φ ∈ Dom(Lw), ULwU−1φ = Lφ+ V φ ∀φ ∈ C∞c .

Proof. Let φ be a function in C∞c . A straightforward computation shows that U−1φ ∈
S2

1(w) and Lw1 U
−1φ ∈ L2(w). Thus U−1φ ∈ Dom(Lw), by Theorem 2.3. The identity

ULwU−1φ = Lφ+ V φ follows easily. �

The following theorem is an analogue of a classical result for the Laplacian on Rn
(see Kato [10]). It will be used in Proposition 3.4 to prove that, when the weight w is
sufficiently regular, the operator Lw is unitarily equivalent to the closure of L + V on
C∞c .

Theorem 3.2. Let V ∈ L2
loc, and suppose that V is essentially bounded from below.

Then L + V , with domain C∞c , is essentially self-adjoint on L2.

Proof. Up to adding a constant, we can assume that V ≥ 0. By [15, Theorem X.1]
it is enough to prove that, if (L + V )∗f + f = 0 for some f ∈ Dom((L + V )∗), then
f = 0. This holds in particular if we show that, if (L + V )f + f = 0 in the sense of
distributions for some f ∈ L2, then f = 0.

Suppose, then,
Lf + V f + f = 0.

Since f ∈ L2 and V ∈ L2
loc, V f ∈ L1

loc. Moreover, f ∈ L1
loc and hence Lf = −(V f+f) ∈

L1
loc. Therefore, by Proposition 1.3

L|f | ≤ Re
[
sign(f)Lf

]
= −Re

[
sign(f)(V + 1)f

]
= −(V + 1)|f |,

so that
(L + I)|f | ≤ −V |f | ≤ 0.

In particular, for every nonnegative φ ∈ C∞c ,

〈|f |, (L + I)φ〉 = 〈(L + I)|f |, φ〉 ≤ 0. (3.3)

More generally, if g is a nonnegative function in Dom(L), by approximating g with a
sequence (φk) of nonnegative functions in C∞c which tends to g in Dom(L)1, we obtain
that

〈|f |, (L + I)g〉 = lim
k→∞
〈|f |, (L + I)φk〉 ≤ 0.

In particular, if

g = (L + I)−1ψ =

∫ ∞
0

e−se−sLψ ds,

where ψ is a nonnegative function in C∞c , then g ∈ Dom(L) and is nonnegative, since
the semigroup e−sL is positivity preserving (cf. [13, Theorem 2.7]). Thus

〈|f |, ψ〉 ≤ 0 ∀ψ ∈ C∞c , ψ ≥ 0.

It follows that f = 0, and this concludes the proof. �

Notation 3.3. When T is an operator with domain Dom(T ) and D ⊆ Dom(T ), we
denote by (T,D) the restriction of T to D .

1It suffices to choose φk = ψk(ηk ∗ g), where (ψk) is a nonnegative approximate unity and (ηk) is a
nonnegative approximate identity.
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Proposition 3.4. Let w be an admissible weight such that ∇Hw ∈ L∞loc and Lw ∈ L2
loc.

Suppose that V in (3.2) is bounded from below. Then Lw is unitarily equivalent to the
closure of (L + V,C∞c ).

Proof. If φ is a function in C∞c then U−1φ ∈ Dom(Lw), by Lemma 3.1. Hence C∞c ⊂
UDom(Lw) and (ULwU−1, UDom(Lw)) is a self-adjoint extension of (L+V,C∞c ). Since
the latter operator is essentially self-adjoint by Theorem 3.2, (ULwU−1, UDom(Lw))
is the closure of (L + V,C∞c ). This proves the proposition. �

4. Discreteness of the spectrum on Métivier groups

This section is based on a result of Simon [17] on the discreteness of the spectrum
of the Schrödinger operator −∆ + V on Rn, when the sublevel sets of the potential V
are polynomially thin. Simon’s definition of polynomial thinness can be adapted to the
setting of stratified groups as follows. For a subset E of G, we write |E| to denote its
measure with respect to the measure dy.

Definition 4.1. Given ` > 0, a set Ω ⊆ G is said to be `-polynomially thin if∫
Ω
|Ω ∩B(y, r)|` dy <∞

for every r > 0. Here B(y, r) is the ball induced by the left-invariant metric associated
with any homogeneous norm on G.

Theorem 4.2. Let V be a potential bounded from below. Assume that for every M > 0
there is ` > 0 such that ΩM := {y ∈ G : V (y) ≤M} is `-polynomially thin. Then there
exists a self-adjoint extension of (L + V,C∞c ) with purely discrete spectrum.

The proof is a simple adaptation to stratified groups of [17, Theorem 3]. Indeed,
Simon’s proof relies only on some properties of the heat kernel on Rn which are true
also for the heat kernel on G. This theorem holds on general stratified groups, but
henceforth we shall restrict to the particular case where G is a Métivier group.

Definition 4.3. (cf. [11]) Let g be a two-step Lie algebra with centre z, and denote by h
a complement of z in g. Let G be the connected, simply connected Lie group associated
with g. We say that G is an H-type group in the sense of Métivier, or simply a Métivier
group, if for every η ∈ z∗ the skew-symmetric bilinear form on h

Bη(X,Y ) := η([X,Y ])

is non-degenerate whenever η 6= 0.

From now on, G will be a Métivier group. We shall endow g with some inner product
( · , · ) and choose h := z⊥, so that g = h ⊕ z is an orthogonal stratification (1.1) of g
(cf. [2, Section 3.7]).

It is very convenient to realize G as R2n×Rm, for some n,m ∈ N, via the exponential
map. More precisely, we shall denote by (x, t) the elements of G, where x ∈ R2n and
t ∈ Rm. We denote by (e1, . . . , e2n) and (u1, . . . , um) the standard basis of R2n and Rm
respectively. Under this identification, the Haar measure dy is the Lebesgue measure.
If we define, for T ∈ z, a map JT : h→ h such that

(JTX,Y ) = (T, [X,Y ]) ∀X,Y ∈ h,

then the exponential map identifies the maps {JT : T ∈ z} with 2n×2n skew symmetric
matrices {Jt : t ∈ Rm} and the group law on G is

(x, t) · (x′, t′) =

(
x+ x′, t+ t′ +

1

2

m∑
k=1

(Jukx, x
′)uk

)
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for every (x, t), (x′, t′) ∈ R2n × Rm. By definition of Métivier group, the map Jt is
non-degenerate whenever t 6= 0.

A basis of left-invariant vector fields for g is

Xj = ∂xj +
1

2

m∑
k=1

(Jukx, ej)∂tk , j = 1, . . . , 2n; Tk = ∂tk , k = 1, . . . ,m.

In particular, (Xj)1≤j≤2n is a basis for the first layer h ∼= R2n.
From now on, we fix the homogeneous norm

N(x, t) =
(
|x|4 + 16 |t|2

)1/4

and the associated left invariant (quasi) distance d. A pseudo-triangle inequality for N
holds,

N((x, t) · (ξ, τ)) ≤ γ [N(x, t) +N(ξ, τ)]

for some γ > 0 which depends on N . In the particular case when G is an H-type group
with respect to the inner product ( · , · ), such norm N is the norm appearing in the
fundamental solution of the sub-Laplacian [8].

Our main theorem is the following, and its proof will occupy the remainder of the
paper.

Theorem 4.4. If 0 < α < 1 no self-adjoint extension of Lwα0 has purely discrete
spectrum. If 1 ≤ α ≤ 2, Lwα does not have purely discrete spectrum. If α > 2, the
spectrum of Lwα is purely discrete.

To prove Theorem 4.4 we reduce matters to studying the spectrum of the Schrödinger
operator L + Vα obtained by conjugating Lwα with the isometry Uα : L2(wα) 3 f 7→
f
√
wα ∈ L2, as explained in the previous section.

Lemma 4.5. Let L + Vα be the Schrödinger operator associated with Lwα. Then, for
every (x, t) ∈ G∗,

N2α−4|x|2
(
cα,1 −

cα,2
N(x, t)α

)
≤ Vα(x, t) ≤ N2α−4|x|2

(
cα,3 −

cα,4
N(x, t)α

)
(4.1)

for some cα,1, cα,2, cα,3 > 0 and cα,4 ∈ R. If α ≥ 2, then Vα is bounded from below.

Proof. Observe first that

Vα = −1

4

|∇Hwα|2

w2
α

− 1

2

Lwα
wα

=
1

4
α2N2α−2|∇HN |2 −

1

2
α(α− 1)Nα−2|∇HN |2 +

1

2
αNα−1LN

on G∗. It is therefore enough to compute |∇HN |2 and LN . Easy computations show
that

|∇HN |2(x, t) =
|x|2

N6

(
|x|4 + 16|t|2

∣∣Jsign(t)sign(x)
∣∣2) ,

LN(x, t) =
3

N
|∇HN |2 −

|x|2

N3

(
2 + 2n+ 2

m∑
k=1

|Juksign(x)|2
)
.

Let c0 and C0 be the minimum and maximum, respectively, of |Jtx|2 as |x| = |t| = 1.
Since Jt is non-degenerate for t 6= 0,

min{|Jtx| : x ∈ R2n, t ∈ Rm, |x| = |t| = 1} > 0,
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hence c0 > 0. Let C := max(C0, 1) and c := min(c0, 1). Thus

c
|x|2

N2
≤ |∇HN |2 ≤ C

|x|2

N2

and
|x|2

N3
(3c− (2n+ 2)− 2mC0) ≤ LN ≤ |x|

2

N3
(3C − (2n+ 2)− 2mc0).

Therefore (4.1) holds with

cα,1 =
cα2

4
, cα,2 =

Cα2

2
− α

2
(4c− 2n− 2− 2mC0),

cα,3 =
Cα2

4
cα,4 =

cα2

2
− α

2
(4C − 2n− 2− 2mc0).

Since 4c− 2n− 2 ≤ 0, it is easily seen that cα,2 > 0. The boundedness from below of
Vα when α ≥ 2 is a straightforward consequence of (4.1). �

Remark 4.6. When Jt is |t|-times an isometry for every t ∈ Rm and hence G is an
H-type group, by (4.1) we get

Vα(x, t) =
1

4
α2N(x, t)2α−4|x|2 − 1

2
α(Q+ α− 2)N(x, t)α−4|x|2

as already shown by Inglis [7].

Corollary 4.7. For every α ≥ 2, (L + Vα, C
∞
c ) is essentially self-adjoint and Lwα is

unitarily equivalent to the closure of (L + Vα, C
∞
c ).

Proof. If α ≥ 2, then ∇Hwα ∈ L∞loc and Lwα ∈ LQloc ⊂ L
2
loc by (2.7) and (2.8), while Vα

is bounded from below by Lemma 4.5. The conclusion follows from Proposition 3.4 �

Remark 4.8. When 0 < α < 2, Vα is not bounded from below, and we do not know
whether (L + Vα, C

∞
c ) is essentially self-adjoint. Therefore we cannot conclude that

Lwα is unitarily equivalent to the closure of (L + Vα, C
∞
c ). However, since the weight

wα is smooth in G∗, the operators (Lwα , C∞c (G∗)) and (L+ Vα, C
∞
c (G∗)) are unitarily

equivalent. As we shall see this will suffice to show that no self-adjoint extension of
(Lwα , C∞c (G∗)) has discrete spectrum when 0 < α ≤ 2.

Definition 4.9. Given α > 0 and M > 0, we set

Ωα,M := {(x, t) ∈ G : Vα(x, t) ≤M}.

Lemma 4.10. Let α > 2. Then, for everyM > 0 and r > 0 there exists k = k(α,M, r)
such that, for every (x, t) ∈ Ωα,M with |t| > k,

|Ωα,M ∩B((x, t), r)| ≤ C(α,M, r) |t|n(2−α).

Proof. Since Vα → +∞ when |x| → +∞, for every M there exists c = c(α,M) > 0
such that

|x| ≤ c(α,M) ∀(x, t) ∈ Ωα,M . (4.2)
Let R = γ(r+ c(α,M)). Then for every (x, t) ∈ Ωα,M the ball B((x, t), r) is contained
in B((0, t), R) because the quasi-distance between the centres is |x| ≤ c(α,M). Thus

Ωα,M ∩B((x, t), r) ⊆ Ωα,M ∩B((0, t), R) ∀(x, t) ∈ Ωα,M .

Since B((0, t), R) is contained in the cylinder CR(0, t) = {(ξ, τ) : |ξ| ≤ R, |τ − t| ≤ R2},
it suffices to estimate the measure of Ωα,M ∩ CR(0, t). If k > R2, then for all |t| > k
and (ξ, τ) ∈ CR(0, t)

N(ξ, τ) ≥ |τ |1/2 ≥ (|t| −R2)1/2 > (k −R2)1/2.
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Thus, if we choose k sufficiently large, the quantity
(
cα,1 − cα,2

N(ξ,τ)α

)
is bounded from

below by a positive constant K = K(α,R, k). Hence

|Ωα,M ∩ CR(0, t)| ≤
∣∣∣∣{(ξ, τ) : |τ |α−2|ξ|2 ≤ M

K
, |ξ| ≤ R, |t− τ | ≤ R2

}∣∣∣∣
≤
∫
|τ−t|≤R2

∫
|ξ|2≤M

K
|τ |2−α

dξ dτ

.
∫
B(t,R2)

1

|τ |n(α−2)
dτ . |t|n(2−α).

This completes the proof. �

Proposition 4.11. If 0 < α ≤ 2, then no self-adjoint extension of (L + Vα, C
∞
c (G∗))

has purely discrete spectrum. If α > 2, then the unique self-adjoint extension of (L +
Vα, C

∞
c ) has purely discrete spectrum.

Proof. Suppose that 0 < α ≤ 2, and take any self-adjoint extension Tα of (L +
Vα, C

∞
c (G∗)). Fix any λ in the resolvent set of Tα. We shall prove that (λI + Tα)−1

is non-compact. Consider a nonzero C∞ function ψ : G→ C supported in B(e, 1) and
for each n ∈ N let ψn be the left translate of ψ by (0, n), i.e.

ψn(x, t) := L(0,n)ψ(x, t) = ψ((0,−n)(x, t)) = ψ(x, t− n),

Then supp (ψn) ⊆ B((0, n), 1); hence ψn ∈ C∞c (G∗) ⊆ Dom(Tα) for every n ≥ 1.
Denote by C the set {(x, t) : |x| ≤ 1, N(x, t) ≥ 1}; then C := ‖VαχC‖∞ is finite by
Lemma 4.5, and supp (ψn) ⊆ C for n ≥ 2. Define fn := (λI+Tα)ψn = (λI+L+Vα)ψn
for n ≥ 2. Then,

‖fn‖2 = ‖(λI + L + Vα)ψn‖2 ≤ |λ|‖ψn‖2 + ‖Lψn‖2 + ‖VαχC‖∞‖ψn‖2
≤ (|λ|+ C)‖ψ‖2 + ‖Lψ‖2,

since
‖Lψn‖2 =

∥∥LL(0,n)ψ
∥∥

2
=
∥∥L(0,n)Lψ

∥∥
2

= ‖Lψ‖2,
by the left-invariance of L. Thus (fn) is a bounded sequence in L2 such that (λI +
Tα)−1fn = ψn does not admit any convergent subsequence, since

‖ψn − ψm‖22 = ‖ψn‖22 + ‖ψm‖22 = 2‖ψ‖22.
Hence the operator (λI+Tα)−1 is non-compact, so that Tα cannot have purely discrete
spectrum (cf. [12, Theorem 11.3.13]).

Let now α > 2. Since Vα is bounded from below, by Theorem 4.2 it is enough to
prove that for everyM the sublevel set Ωα,M is `-polynomially thin for a suitable ` > 0.
Choose then r > 0. First, for any ` > 0, write∫

Ωα,M

|Ωα,M ∩B((x, t), r)|` dt dx =

(∫
Ω1
α,M

+

∫
Ω2
α,M

)
|Ωα,M ∩B((x, t), r)|` dt dx

where
Ω1
α,M := Ωα,M ∩ {|t| ≤ k}, Ω2

α,M := Ωα,M ∩ {|t| > k},
and k = k(α,M, r) is that of Lemma 4.10.

The integral over Ω1
α,M is finite for every ` since the integrand is bounded and Ω1

α,M

has finite measure by (4.2). By Lemma 4.10 and (4.2) we get∫
Ω2
α,M

|Ωα,M ∩B((x, t), r)|` ≤ C(α,M, r)

∫
{|x|≤c}

∫
{|t|>k}

t`n(2−α) dt dx
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which is finite for ` > m
n(α−2) . This completes the proof. �

We can now prove Theorem 4.4.

Proof of Theorem 4.4. Let α ∈ (0, 2] and let (Tα,Dα) be a self-adjoint extension of
Lwα0 . Then (Tα,Dα) is also a self-adjoint extension of (Lwα0 , C∞c (G∗)) and there-
fore (UαTαU

−1
α , UαDα) is a self-adjoint extension of (L + Vα, C

∞
c (G∗)), since UαDα ⊇

C∞c (G∗). Since UαTαU−1
α does not have purely discrete spectrum by Proposition 4.11,

neither does Tα.
Let α ∈ (2,∞). By Lemma 4.5, Vα is continuous and bounded from below. There-

fore, Lwα is unitarily equivalent to the closure of the operator (L+Vα, C
∞
c ) by Propo-

sition 3.4. Since by Proposition 4.11 the closure of (L + Vα, C
∞
c ) has purely discrete

spectrum, the same holds for Lwα . �

Corollary 4.12. Let α > 2. Then, the semigroup e−tLwα is compact on Lp(wα) for
all t > 0 and 1 < p < ∞, and the spectrum of Lwα on Lp(wα) is independent of p for
1 < p <∞.

Proof. The semigroup (e−tL
wα

)t>0 is Markovian, since it is associated with a Dirichlet
form. Thus it is contractive on L∞ and positivity-preserving. Since the semigroup is
symmetric and compact on L2(w) by Theorem 4.4, this proves the statement by [4,
Theorem 1.6.3]. �
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