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ABSTRACT. Lower semicontinuity results for polyconvex functionals of the Calculus of Variations
along sequences of maps u: @ C R™ — R™ in Wh™, 2 < m < n, weakly converging in W'™~! are
established.

In addition, for m = n + 1, we also consider the autonomous case for weakly converging maps
in Wt

1. INTRODUCTION

Let m,n be positive integers, let {2 be a bounded open set of R and let v : 2 C R — R™ be a
map in the Sobolev space W1P(Q, R™) for some p > 1. The functional associated to the map u is
an integral of the type

Flu) = /Qf(x,u(x),w(vu(x))) da, (1.1)

where throughout the paper £ := min{m,n} and M*(A) denotes the vector whose components are
all the minors of order up to £ of the matrix A € R™*" i.e.,

MEYA) = (A, adjyA, ..., adj;A, ..., adjA).

The celebrated result by Morrey (see [30] and [31]) establishes that the quasi-convezity of the energy
density

g(A) = f(x(b quMZ(A))
for L™ a.e. (xg,ug) is a necessary condition for the functional F' to be (sequentially) lower semi-
continuous in the weak* W% topology.

Since the seminal works of Morrey [30] and of Acerbi & Fusco [2] several authors investigated
the sufficiency of quasi-convexity for the lower semicontinuity of F' under various conditions (cp.
[7, 17, 12, [18] 19, 26 27, 28, 29]). However, due to the high generality of the quasi-convexity
assumption, in all those contributions (and in all known results) some polynomial growth of the
energy density (depending on the topology considered) with respect to the gradient variable is
required.

A relevant subclass of quasi-convex functions arising in applications to continuum mechanics
and geometric measure theory, [7, 23], is given by polyconvez integrands introduced by Ball [5],
i.e., those energy densities f such that f(xo,uo,-) is convex for every point (zg,u). In this case
weak lower semicontinuity holds under weaker assumptions concerning both the growth of the
integrands and the underlying topology following the results of Dacorogna & Marcellini [8] (cp.
[T, 13, @, 6, 0, (11, (13, 14, (15, 21, 22, 24, 25]).

2000 Mathematics Subject Classification. 49J45; 49K20.
Key words and phrases. Polyconvex integrals, minors, lower semicontinuity.
1



2 G. DE PHILIPPIS, S. DI MARINO, AND M. FOCARDI

In this paper we follow this line of research. More precisely, we investigate the lower semiconti-
nuity properties of energies as in ([1.1]), with densities f satisfying

(Hp) f = f(z,u,8) : QX R™ xR — [0, 00) is C’O(Q % R™ x R%) and f(z,u,-) is convex for all
(z,u) € Q x R™ (see ([2.1]) for the definition of o),
along sequences
(Seq) (uj); C WM(Q,R’”) satisfying
wj—u i WHL (1.2)

As pointed out by Maly in [26], lower semicontinuity fails if the requirements of (Seq) above are
relaxed to weak topology in WP for p < £ — 1 even for integrands depending only on the minors.
We remark that if ¢ > 3 condition (Seq) is equivalent to

uj — win L' and sup |Ju;|y1e-1 < o0, (1.3)
J
while if ¢/ = 2 it is stronger and indeed it is equivalent to
uj — w in L', sup [|u;]ly11 < oo, and (Vu;); is equi-integrable.
J

Let us first describe our contributions in the case when the co-domain dimension m is less than
or equal to the domain dimension n, i.e., 2 < m < n (cp. with Theorem below for a sharper
result in case m = n). In particular, in Theorem we prove the following Serrin type result
building upon the chain-rule argument introduced in [4], that extends to this setting the ideas of
[32]. However, contrary to the above mentioned results, we also need to assume Lipschitz continuity
in the variable wu.

Theorem 1.1. Let 2 < m < n, let f satisfy (Hp), and suppose in addition that
f(,+ &) s locally Lipschitz continuous for all £ € R7. (1.4)
Then, for every sequence (u;); C WhH™(Q,R™) satisfying (Seq) we have
F(u) < limjinf F(uy).

In the autonomous case f = f(§) the conclusions of Theorem has been established in [I1,
Theorem 3.1] under the only assumption (which is weaker than (Seq) for m = 2 as noted
above).

The conclusions of Theorem can be extended to the class of densities that are approximated
from below by those satisfying . It was established in |20, Theorem 7] that demi-coercive
integrands, i.e. coercive up to addition of null Lagrangeans, belong to the latter class. More
precisely, supposing that

(Dem) there exist functions av: Q x R™ — R?, ,v: Q@ x R™ — R, with § > 0 such that

f(@,u, &) + (az,u), &) > B(x,u)|€] + v(z,u), (1.5)
for all (z,u,§) € Q x R™ x R,
we can establish the next result.

Theorem 1.2. Let 2 < m <n, and let f enjoy (Hp) and (Dem).
Then, for every sequence (u;); C WhH™(Q,R™) satisfying (Seq) we have

F(u) <liminf F'(u;).
j

Furthermore, due to (1.2)), we can slightly weaken (Dem) and deduce the following corollary in
which demicoercivity is required only for higher order minors.
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Corollary 1.3. Let 2 <m <n, let f enjoy (Hp) and

f(@,u,8) + (a(z, u),§) = Bz, u)ln| +~(z,u), (1.6)

for all (z,u,§) € @ xR™ xR and for some functions o : @ x R™ — R, B,7: Q x R™ — R, with
B >0, where £ = (§,n) € RT™ x R™ with = ().

Then, for every sequence (u;); C WhH™(Q,R™) satisfying (Seq) we have
F(u) < liminf F'(u;).
j

Note that the assumption that f is bounded from below cannot be dropped. An example
is given by taking the demicoercive integrand f(¢) = —(det¢),, ¢ € R?*2, and the sequence
w;(z,y) = yi (sin(jz), cos(jz)), (x,y) € (0, 1)2.

In case the dimensions n and m are equal we can actually remove the Lipschitz continuity
assumption on f as in Theorem obtaining the following sharp result.

Theorem 1.4. Let 2 < m =n, and let f enjoy (Hp).
Then, for every sequence (u;); C Wh™(Q,R") satisfying (Seq) we have

F(u) < limjian(uj). (1.7)

The result above can be extended to energy densities that can be approximated from below by
those satisfying (Hp). In particular, our result can be used to deal with some integrands such that
fly s M™(A)) — oo if det A — 0F. For n = m = 3, these integrands appear in problems of
non-linear elasticity.

Theorem [1.4] builds upon the recent contribution [II, Theorem 1.1] where an additional technical
hypothesis on the integrand was assumed (see case (a) in the proof of Theorem [L.4]below). Actually,
[11, Theorem 1.1] was proven under the convergence conditions in .

Finally, let us discuss the case m > n. To our knowledge the best known result is [I8, Corol-
lary 4.2] where lower semicontinuity in the weak WP topology, p > n — 1, is established for
autonomous densities (see also [28], [I7], [I8, Remark 4.3] for related results). Moreover, the coun-
terexample [I8, Example 4.4] shows that even a smooth dependence of the integrand with respect
to the variable u is forbidden.

For m = n 4+ 1 a geometric argument allows us to reduce the problem to the case of equal
dimensions, and to prove the following result in the autonomous setting under the only assumption
(Seq). This is ,to the best of our knowledge, the first result establishing lower semicontinuity in the
critical case when the dimension of the co-domain is strictly greater than the one of the domain.

Theorem 1.5. Let 2<m=n+1, let f : R — [0,00) be convez, and
F(u) = /Qf(/\/l”(Vu(:c))) dzx .

Then, for every sequence (u;); C Wh™(Q,R"™1) satisfying (Seq) we have
F(u) <liminf F'(u;).
j

Eventually, we resume the structure of the paper. In Section [2] we introduce the notation,
recall several auxiliary results and prove some technical lemmas. Section [3|is devoted to prove
Theorem and Theorem In Section [ we give the proof of Theorem and finally in
Section [5] we prove Theorem
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2. DEFINITIONS AND PRELIMINARY RESULTS

The aim of this section is to introduce some notations and to recall some basic definition and
results which will be used in the sequel.

We begin with some algebraic notation. Let n,m > 2 and M™*™ be the linear space of all m xn
real matrices. For A € M™*"  we denote A = (Aé), 1<i<m,1<j<n, where upper and lower
indices correspond to rows and columns respectively.

The euclidean norm of A will be denoted by |A|. The number of all minors up to the order
¢ = min{m,n} of any matrix in M™*" is given by

=X (1) @

i=1
We shall also adopt the following notations. We set
ILk:{a:(al,...,al) ENl: 1< <ar<...<q Sk},
where 1 <[ < k. If o € I, and S8 € I}, then M, g(A) = det(Agj).

By M;(A) we denote the vector whose components are all the minors of order I, and by M (A)
the vector of all minors of order up to [, for every [ € {1,...,¢}.

As usual, Q,(z), By(x) denote the open euclidean cube, ball in R, n > 2, with side r, radius
r and center the point x, respectively. The center shall not be indicated explicitly if it coincides
with the origin.

We shall often deal in what follows with convergences of measures. As usual, we shall name
local weak* convergence of Radon measures the one defined by duality with C.(Q2), and weak *
convergence the one defined by duality with Cy(€2) on the subset of finite Radon measures.

2.1. Approximation of convex functions. We survey now on an approximation theorem for
convex functions, due to De Giorgi, that plays an important role in the framework of lower semi-
continuity problems (see [10]). Given a convex function f : R¥ — R, k > 1, consider the affine
functions £ — a; + (b;,€), with a; € R and b; € R*, given by

aj = » F(n)((k+ L)aj(n) + (Vaj(n),n))dn (2.2)

bj = — . f(m)Va;(n)dn, (2.3)

where, for all j € N, a;(€) := j"a(j(q; — €)), (¢;); C QF and o € C}(RF) is a non negative function
such that [p. a(n)dn = 1.

Lemma 2.1. Let f : R¥ - R be a convex function and aj, bj be defined as in (2.2)-(2.3). Then,
F(&) =sup (a; + (b;,€)), for all & € R¥.
JjeN
The main feature of the approximation above is the explicit dependence of the coefficients a; and
bj on f. In particular, if f depends on the lower order variables (z,u) regularity properties of the
coefficients a; and b; with respect to (x,u) can be easily deduced from related hypotheses satisfied

by f thanks to formulas (2.2) and (2.3) and Lemma 2.1} We thus have the following approximation
result:

Theorem 2.2. Let f = f(z,u,§) : Q@ x R™ xR — [0,00), be a continuous function, convex in
the last variable £. Then, there exist two sequences of compactly supported continuous functions
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a; : XX R™ = R, b;: Q x R"™ — R7 such that, setting for every i € N,
fi($,u,§) = (CLZ‘(.Z',U) + <bi(m7u>7§>)+7 (24)
then
f(xvuvf) = SU.p fl(xauag)

Moreover, for every i € N there exists a positive constant C; such that

(a) fi is continuous, convex in & and

0< fi(z,u,&§) < Ci(1+ [¢])  for all (z,u,§) € 2 x R™ x R (2.5)
(b) if w; denotes a modulus of continuity of a; + |b;| we have
[filw,u,&1) = fi(y, v, &)| < Ciléy — & + willz — yl + Ju = v])(1 + min{[&1], [§2]}) (2.6)

for all (x,u,&1) and (y,v,&2) € @ x R™ x R?.

The compactness of the supports of a; and b; is obtained by first approximating f with a mono-
tone sequence f;(z,u,§) = mj(x,u)f(z,u,§), where m; € Co(2 x R™), m; =1 on Q; x {|u| < j}
and m; =0 on Q x R™\ (Q41 x {|u] <j+1}), Q; CC Q1 CC Q a family of open sets invading
(}; and then applying to each f; De Giorgi’s approximation result in Lemma

2.2. Convergence of minors. Let us start recalling the following lemma (see [21, Lemma 2.2],
and also [6, Corollary 3.3] for m = n).

Lemma 2.3. Let 2 <1 </, uj, u € WHe(Q,R™) be maps such that
(a) (uj); converges to u in L>®(Q,R™);
(1) sup, [ MUV, 1 < oe.

Then, MY (Vuj) — M (Vu) weakly* in the sense of measures on Q.

For sequences satisfying weaker assumptions than those in Lemma we can still determine
the absolutely continuous part, with respect to the Lebesgue measure, of the limit measures of the
sequence of minors as proven by Celada and Dal Maso in [6, Lemma 1.2] (see also [16]). We state
their result in the form needed for our purposes.

Lemma 2.4. Let n > 2 and (uj); C WH(Q,R"™) be bounded in L™, weakly converging in Win—1
to u, and such that det Vu; - w locally as Radon measures.

Then, the absolutely continuous part u® of u satisfies p® = det Vu dL”.

We recall also Zhang’s biting lemma for minors in the form needed in the subsequent sections
(cp. with [33] Theorem 2.1] for the full statement).

Theorem 2.5. Let2 < m < n, U C R" be a bounded open smooth set, and (u;); C WHm=1(U,R™)
be weakly converging to w in WML,

Then, there exists a subsequence (not relabelled for convenience) and a decreasing family (Up)p
of Borel subsets of U such that L"(Uy) | 0 and

M"Y (Vuj) = M™Y(Vu) LYU\Uy), for all h € N.
We will also need the following result proved in [6, Lemma 3.2].

Lemma 2.6. Let (ug)r be a sequence of signed Radon measures on Q. Assume that

(a) there exists T € D'(Q) such that py, — T in the sense of distributions on Q;
(b) there exists a positive Radon measure v such that pf — v (locally) weakly* in the sense
of measures on ).
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Then, there exists a Radon measure p such that T = p on Q and pr — T locally weakly™ in the
sense of measures on 2.

2.3. Two truncation results for minors. In this section we give two truncation results. The
first statement below, that is instrumental to prove Theorem [1.1} follows from Lemma [2.3] and by
refining De Giorgi’s truncation method on the codomain as employed by Maly [26], Theorem 3.1].

Proposition 2.7. Let 2 < m < n and let (u;); C WH™(Q,R™) and u in WH*°(Q,R™) be such
that uj — w in WH™=1(Q,R™).
Set uj = (u?,,ugn), Dy = (Oays- -+ 0a,,) for all a € Ly, and let (w;); C WHm1(Q,RT),
T = #Ipmn, such that
either sup ||w;||ly1m-1 < 00 if m > 3 or (Vwj); is equi-integrable if m = 2,
J

and satisfying

sup/ ‘ Z det { qu‘,Dau?, ... ,Dau}n} ’ dr < oo. (2.7)
aGImn
Then, there exist sequences (v;); € WH™(Q,R™ 1) and s; | 0 such that
v; — = (u?, .. u™) in LO(Q,R™Y), (2.8)
and
{r € Q: uj(z) #vj(x)} CAj :={xeQ: |u(z) —a(z) > s} (2.9)
Moreover, setting v; = (u]l,vj) we have
vj = u in WhHm=H(Q,R™), (2.10)
M™ (Vo) = M™H(Vu)  weakly* in the sense of measures, (2.11)
and
m— 1 «@ —2 —-m _
hm/ 1+}M (Vvj) ‘+(a€zl: det{ aw»,Davj,...,Daij+ dx = 0. (2.12)

Proof. With the same notations as above, we first note that up to a subsequence not relabeled for
convenience we can assume that

Hm L™ ({y € Q: |u; —al >277H1}) =0. (2.13)
J

Moreover thanks to the boundedness of the sequence and ([2.7)), for every j € N we can choose a
kj e {j+1,...,25} such that

/ <’ Z det [Daw?,Daujz, .. .,Daugn] ’ + !Vuj]mfl) < = C (2.14)

J’
ks ks a€El,
{27% <Ja;—al<2™" M) -

Let now 1 : Rt — R be defined as

1 0<s<1
P(s):=¢2—s5 1<s<2
0 s> 2,

and set
vy = u+ (2% |a; — al) (a; — a).
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Clearly,
v; =a; ontheset {|a; —al <27} (2.15)
and
|5 —a| <2 hith
so that (;); converges to @ in L™, i.e. (2.8) and (2.9) are satisfied with s; := 27%. Moreover,
Vv; =Vu+ R, [ﬂj — ﬂ](V’L_LJ —Va), (2.16)
where

. . , ® 1) X (i
Rjly] = (25 [y]) Idy—1 + 2859 4/ (25 [y)) y|7|y e ROm=1Dx(m=1),

In particular, setting

R; := Rjlu; — ul,
then for some dimensional constant C'
|IM™H(R;)| < C. (2.17)
The above equation and a standard computation show that
V| < C(1+|Va,]) and  [M™H(Vu)| < C(1+ [M™H(Vuy)|) (2.18)

where v; = (u}, ;) and C depends also on ||Vi||z~. Equation implies while
follows by and by a standard induction and integration by part argument (this follows
for instance by an inspection of the proof of [I1} Corollary 2.6] noting that it is enough that all but
one components of u; converge in L).

We are thus left to show . To this end, notice that, thanks to ,

[ —2 —m T « 2 m T
[Dawj ,Dat?,..., D" ] - [Dawj ,R;Dati2,..., RiDaut” }

T
n [Dach-‘, (Idpm_1 — B;) Dati?, ..., (Idp 1 — Rj)Daum} :

where BT denotes the transpose of B € R"™*™,
Now an elementary computation based on the formula for the determinant of the sum of two
matrices (cp. [7, Proposition 5.67]) shows that

/ (3 det [Daw. Dot Dat]) do

(275 <|a;—al<2~Fi 1)

< / | det R - ’ 3 det [Daw;“,Dauﬁ,...,Dauﬂ ‘dgc

—k; k., agl
{27 <Ja;—al<27 Ty "

m—2

m—1
+C / (14 |Vu; ™) dx)
(27" <|aj—al<27 Mt}

(2.19)

where C' depends on ||Vul|z~ and ||wj|y1m-1. By (2.17)), |det R;| < C, hence, (2.14), (2.18) and
(2.19) imply that

li§n / }Mm—l(vvj)‘ + ( Z det [Daw?,Dau?, . .,Dau?})+d:n =0, (2.20)

k. k. a€cl
<l —al<e "
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where we have also used that £"({27% < |u; — 4| < 27%*1}) — 0. In addition, since equality
v; = @ holds true on the set {27%*1 < |@; — |}, we infer that

/ ‘Mm—l(vvj)} + ( Z det [Dawjo-‘,DaT;?, el Daﬁ}“Derx
{27 it <, —al} a€lmn
_ / M (V (b, @) | + ( S det [Dawz?‘jDaq—L?,.__’DaamDerx

OLEIm,n

<C / (1+ |Vuj| + [Vwj]) dz, (2.21)
{27 it <|a;—al}
for some constant C' depending on ||Vl .
Finally, (2.12)) immediately follows from (2.13)), (2.20) and (2.21]) thanks to the assumptions on

(w;);, the fact that u; is weakly convergent in W™~1 (so that |Vu,| is equi-integrable) and since
k; < 2j. 0

The ensuing proposition, that can be proven analogously to Proposition [2.7] is a slight improve-
ment of a well-known result by Fusco and Hutchinson (see [2I, Proposition 2.5], and also [ITL
Proposition 2.8] for a variant under weaker assumptions).

Proposition 2.8. Let 2 < m, n and let (uj); C WH(Q,R™) and u in WL°(Q,R™) be such that
u; — u in LY(Q,R™) and

sup M (V)| 1 < oo
J

Then there ezist sequences (vj); € WH(Q,R™) and s; | 0 such that

v; > u  LT(Q,R™), (2.22)
M (Vvj) = MY (Vu)  weakly™ in the sense of measures, (2.23)
o0 (@) £uy(e)} C A5 = {2 €0 fuj(e) — u(@)] > s, (2.24)
and
lim/ (1 + |M‘(vvj)|) dz = 0. (2.25)
i Ja,

Moreover, if uj — u in WLELHQ,R™), then also vj —uin WhLELQ,R™).

2.4. A blow-up type lemma. The contents of the next lemma show that to infer the lower
semicontinuity inequality
F(u) < liminf F(u;), (2.26)
J

for functionals F' defined as in , with integrands f satisfying (Hp) and along sequences (u;); C
WHH(Q,R™) satisfying (Seq) we can always reduce ourselves to affine target maps. This was first
observed in [19] and we refer to [I1, Lemma 2.11] for a proof in case 3 < ¢ (the other case follows
similarly).

Lemma 2.9. Suppose that for L™ a.e. xy € Q, and for all sequences e | 0 and (up)r C
WL4(Qq,R™) such that

up — ug := Vu(xg) -y in Wl’ﬁ_l(Ql,Rm),
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we have

limkinf/ f(wo + ey, u(zo) + g ug, MY (Vaug)) dy > f(zo, u(zo), M*(Vu(zg))), (2.27)

then the lower semicontinuity inequality (2.26|) holds.

3. THE CASE m <n

In this section we prove Theorem The argument is based on the chain rule formula in the
spirit of [4] and on Proposition

Proof of Theorem [1.1l We divide the proof in some steps. First note that, thanks to Theorem [2.2]
it will be enough to prove the Theorem for functionals of the form

F(u):/Qf(x,u(a:),/\/lm(Vu(a:)))d:c

with
£, u,€) = (alw,w) + (be, ), €)) ,
satisfyin and , with @ and b continuous and compactly supported. Moreover, thanks to
Lemma [2.9] it is enough to show that if e | 0 and (ug), C WH™(Q1,R™) is a sequence such that
up = ug := Vu(zo) -y in WH1(Q1,R™),
then
limkinf o f(zo+ery, u(zo) + ek uk, M™(Vug)) dy > f(zo, u(zo), M™(Vu(zo))). (3.1)

We assume without loss of generality that g = 0 and u(xg) = 0. Moreover we can also safely
assume that

sup [ flery,exup, M™(Vuy))dy < C (3.2)
E J1
and that the liminf is actually a limit. We also recall the notation & = (£,7) € R°~7 x R” so that
we can write

fl@,u,€) = (alz,u) + (b(z, u),&) + (c(@,u),n)), - (3.3)

Step 1. Truncation. We show that we can replace the sequence (uy); with a new sequence
(ug)r C W™ which is uniformly bounded in L. Since uj — ug in W™~ ! we clearly have

sup/ Vg™ < C. (3.4)
k 1

Let us now take M > 1+ ||ug||z~ and 7 € N, j > 1. Then we can find j; € {1,---,;j} such that
C
/ ‘vuk|m_1 < —.

QuN{ Mk <Jug| <MK} J

Let us now set uy := m,;, (u) where

u if |ul <M
()= A i ) > M.

Jul
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Clearly [ug| < M7, Uy, = ug on {|ug| < M7*} and

- 1
/ Vgt < / O / Vg™
Q1N Aur} Q1N { Mk <Juy | <MIk+1} M QuN{MIK+1<uy|}}
C Py—
< ? + A1 = 1M, ;j

(3.6)

where we have used that Lip (7,,,) < 1, Lip(ﬂ'Mjk’{'upMij}) < 1/M and (3.4). Hence since

M (Vaug) = 0 on {u # up} we get thanks to (3.6) and by taking into account (3.3) and the
boundedness of b that

/ £ (exy i, M (Vi) ) da < / £ (exy e, M (V) da + .

1 1

with 775 } 0 as M, j 1 +oo. It will be thus enough to prove (3.1) with @ instead of ug. For
notational simplicity we will re-name u as ug.

Step 2. Re-writing the functional through the chain-rule. Using that (uz), C W™, that c is
Lipschitz continuous and the multi-linearity and antisimmetry of the determinant, following [4] we
can write

<C(€ky7 exuk(Y)), /\/lm(Vuk(y))>

8(u,1§, cooupt)
= o det
ag;’n c (Eky,Ekuk(y)) e [a(ya“ ) 57)
= Z (det [Daw/?, Daui, .. ,Dauﬂ — det [(Daca)(eky, ExpUL), Dau%, . ,Dau?] ),
a€lmn

where we have set

C%(x,u) —/ x,t,u?, . u™)dt (3.8)
0
and
(0% 1 [e%
wi (y) = ;C (ery, exur(y)). (3.9)
Notice that
D ()] < exllubllz= Lin(e®) (14 3 1Duj(0)]) + ez Duk () (3.10)
=2
and therefore
w® = ¢®(0,0)uy  in WHTTHQ,R™). (3.11)

Moreover,

[(DaC®) (k- et () || oo < egllup|| Lo Lip(c®)
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so that recalling ([3.3]), equation (3.7) and the bounds of the sequence in W™~ imply,

liminf/ f (ery, epug, M™ (Vuy)) dz
k—o0 1

> liminf/ (a(5ky, eruk) + (b(ery, exur), MM (Vuy))
Q1

k—o00

+ Z det[ Wi s auk,...,Dau?D dx—hmsup” (D, C* )(&tk~,€kuk(-))HLooHukHwLm,l

aEIm n k=00
= lim inf/ (a(eky, epuk) + <5(5ky,£kuk),M Vuk Z det [ aWh s aui, . DauZ”D dx.
k—oo +

1 aGIm n

(3.12)

Note that since we are assuming that the limit is finite, the boundedness in WH™=1 1 L> of the
sequence (uy)x and (3.12) imply

sup/ ( Z det{ QWi auk,...,DauZL])JFSC, (3.13)

k Oéelm n
for some constant C' depending on ||a|| e, ||b]| e, supy, |us|/1.m-1 (and not on k).

Step 3. L' boundedness. We are going to improve (3.13) to

sup /
kE JQp

for some constant C,, independent of k. For, notice that the order one distributions

Z det[ QWi aui,...,DauZﬂ

a€lmn

<C, forall 0 < p <1, (3.14)

Co(Q1) 3 ¢ — Ti(p Z / godet Dow, Doug, . .. ,Dau’,ﬂ
Z / up det Dywi, Do, . ..,Dau?},
a€lm.n

are such that |Ti(¢)| < C||Ve||L=, where C' depends on the L>® and W™~ bounds on the
sequence uy. In particular they converge (up to subsequences) as order one distributions, since
by their positive parts converge as measures, is a consequence of Lemma and the
Uniform Boundedness Principle.

Step 4. Conclusion. We now apply Proposition W in the open set Q,, p < 1 to construct

a sequence (0g)r which satisfies conclusions (| , (2.9 and ( - In particular, setting
vg = (u}, Ux;) we have
v — Uy In Wl’m_l(Qp,]Rm), Uy — Uy := (u%, ~oLugt) in LOO(QP,]Rm_l) )

By (2.12)) and the boundedness of a and b,

limSUP/ (a(eky,skvk)+<5(€ky,6kvk),Mm—1(vvk)>+ Y det [Dawg,Daui,...,Dau,?D+
k Ag

a€lmn

<C ]imksup /Ak (1 + |Mm—1(V’Uk)’ + ( Z det [Daw?,Davi, - ,DaUIT:|)+> =0

a€lmn



12 G. DE PHILIPPIS, S. DI MARINO, AND M. FOCARDI

where Ay, = {0y # ur}. Hence, thanks to the positivity of the integrand, (3.12)) and the above
equation we have

liminf/ f (ewy, erun, M (Vuy))
k—o0 1

= liminf/ (a(eky, Epuk) + <5(5ky,ekuk),Mm_1(Vuk)> + Z det [Daw?, Dau, ... ,Dauﬂ)+

k=roo 1 a€lmn
> lim inf/ (a(aky,gkuk) + <B(€ky,5kuk) L(Vuy, > + Z det [ QWi au%, A DQU?D
k—>00 Qp\Ak aEIm n *
= lim inf/ (a(sky, exvr) + (b(ery, epvr), M™ 1 (Voy)) + Z det [ 2 W, DoV, ... DavL”D
k—>OO Qp CMEIm n +

k—oo

:liminf/Qp (a(0,0) + (b(0,0). M™ ! (Vu)) + 37 det [Daufl, Davf.... Daf']) .

a€lmn

where in the last step we have used that the sequence vy, is bounded in W™= 0 L>°(Q,, R™) and
that the coefficients a, b are uniformly continuous. Let now ¢ € C1(Q,), 0 < ¢ < 1, then

k—o0

hminf/Qp (a(O,O)+<5(0,0),Mm_1(VUk)>+ Z det [Daw,‘i‘,Dav%,---,Davkm])+

Oéelnl,n

k—o0

Zliminf/ (a(0,0)+<B(0,0),Mm*1(wk)>+ Z det [Daw?,Davi,---,Davkmbw
Qp

aEIm,n

= / (a(0,0) + (b(0, 0),Mm—1(va)>>g0 + hlf:n/Q Z v3 det [ aWis Do, ..., Dav,:”D

P P CYEIm n

:/ (a(0,0) (6(0,0), M™(Vug)) ) / 3 uodet[ ,0)D au(l),Dacp,...,Dav,TD

P p a€lmn

— / (a(O, 0) + (b(0,0), M™ 1 (Vug)) + (c(0,0), Mm(vu0)>) ©

P

where we have used (2.11)), (3.11]). Taking the supremum on ¢ € C.(Q,) , 0 < ¢ < 1, and letting
p T 1 we then get

+

hkrgiogf/ £ (exy, i, Mo (Vo)) ( (0,0) + (b(0,0), M™(Vug)) + <c(0,0),Mm(Vu0)>>
£(0,0, M™(Vu(0))),

which concludes the proof. O

3.1. The demi-coercive case. In this subsection we address the demi-coercive case by proving
both Theorem [I.2] and Corollary [I.3]

Proof of Theorem|[1.3. We use [20, Theorem 7] to find a sequence of positive convex functions
fi € C(QxR™xR7) such that f = sup; f;. The conclusion then follows at once from Theorem.
applied to each f;, and then by taking the supremum on j.

Before proving Corollary [1.3| we recall the notation ¢ = (£,7) € R°™" x R,
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Proof of Corollary[1.3. Given any & > 0 let fs(z,u,&) := f(x,u,&) + d|n|, then each f5 satisfies
assumption (Dem). In particular, by Theorem we get for all § > 0

1irn.inf/ f (@, uj, M™(Vuy)) de + §sup |M™ (V)| o
J ) J

zlim.inf/f(;(x,Uj,Mm(VUj))dxz/f(a:,u,Mm(Vu)) dx,
J Q Q

and the conclusion follows at once from the last inequality thanks to (1.2]) by letting d | 0. 0

4. THE CASE OF EQUAL DIMENSIONS m =n

In this section we prove Theorem to this end let us introduce the notation £ = (&,7) €
RO~ x R if £ € R? and m = n.

Proof of Theorem[I.4) As in the proof of Theorem [I.I] we can assume that
fz,u,€) = (a(a,u) + (b(w,u), &) + c(a,u)n),

where a,c : @ x R” = R, b : Q x R® — R°~! are continuous and compactly supported. By
Lemma [2.9] to infer (1.7) we are left with proving

limkinf 0 flzo +ery,u(xo) + e ug, M™(Vug)) dy > f(xo, u(zo), M"™(Vu(zp))). (4.1)

along sequences satisfying

up — ug := Vu(zg) -y L', and sup ||ug|/yprm-1 < oo,
k

for all points zg of approximate differentiability of u. We will set without loss of generality x¢p = 0
and u(xg) = 0. As usual we can assume that the left hand side in (4.1]) is a limit. We distinguish
two cases

(a) ¢(0,0) =0,
(b) ¢(0,0) # 0.

Our main new contribution is a strategy to handle case (a), that was trivialized in [I1, Theo-
rem 1.1] by means of a mild technical assumption. We repeat the proof of case (b) given in [11J,
Theorem 1.1] as well for the readers convenience.

In what follows we shall give the proof in case m > 3 for which Theorem is instrumental.
The remaining case m = 2 can be handled more easily with similar arguments by taking advantage
of the equi-integrability assumption on (Vuy)g.

Proof in case (a): In this case the function f(0,0,¢,7) does not depend on 7, therefore, to
simplify the notation in the rest of the proof, we introduce the (convex) function

g(g) = f(Ovoaga 77)

Next, we employ Zhang’s biting lemma for minors Theorem to select a sequence (Up)p of
Borel subsets of Q1 such that £*(Up,) | 0 and (M"1(Vuy)), converges to M"1(Vug) weakly in
LY(Q\ Up,) for every h. Fix now M > |jugl/z + 1 and set

Uk, M = WM(uk), (4.2)
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where 7 is defined as in (3.5). Then, as f > 0, we have for all k

/ fery, extup v, M™ (Vugar)) dy
Q1\Us

< ; fery, exug, M"(Vuy)) dy
1

+ / flery, extun, M1 (Vuy), 0) dy
{yeQ1\Up: |uk|>M}

< /Q f(ery, exug, M"(Vuyg)) dy + C gy,
1

where we have set C' = ||a;|| g + ||bi]| L~ and

Nk, M = Sup (14 \M”_l(Vuk)]) dy.

k »/{yEQ1\Uh: \uk|2M}

Note that by the equi-integrability of (M"1(Vuy))i on Q1 \ Uy, for each h, we have that ny, a7 4 0
as M 1 oo for all h. We divide the rest of the proof in two steps.

Step 1. Freezing of the coefficients. In view of (2.6) in Theorem and the boundedness of
(ug)r in W1 we have for each given L > 0

/ flery, exug v, M"(Vug,ar)) dy
Q1\Up,

>

/ f(ery; ewunnr, M™ (Vg ) dy (4.4)
{y€Q1\Up: | det Vuy p|<L}

>

/ g (M (Vg ar) dy — (1 + L) w(ex(/m + M)).
{y€Q1\Up: |det Vuy ar|<L}

Step 2. Conclusion in case (a).
We first recall Hadamard’s inequality
|det A| < c(n)|A|™  for all A € R™™™.

In particular, from this and Chebychev’s inequality we infer that

L'{y € Q1 : |det Vuyp| > L) < L"({y € Q1 : [Vup,m|™ > c(n)_lL})
1—1
< (C(n)) / |Vug "t dy < CLn .
L 1

In turn, the previous estimate and the equi-integrability of (M™~1(Vuy))x on L1 (Q1\ Uy) give that
6h,M,L = sup/
kE J{y€Qi\Up:|det Vuy a|>L}
goes to 0 as L 1 oo for all A and M.
Thus, by collecting inequalities (4.3)), (4.4) we find

; flery, epug, M"(Vuy)) dy
1

(14 M (Vur)|) dy

> [ M (Funan)) dy = (U4 L wnen(m+ M) = C (s + 1)
@1\Up
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> / s g(Mnil(Vuk)) dy — (1+L) w(ek(\/ﬁ—FM)) —2C (nh,M+5h,L,M)7 (4.5)
Q1\Up,

from which we infer

hmkinf [ (ery, epur, M"(Vug)) dy
Q1

> Tim inf / g(M"™ Y (V) dy — 2C (nas + On.par)
k Q1\Up,

> L(Q1\ Up) g(M™ 1 (Vu(0))) — 2C (naas + Snz,m)
= L"(Q1\ Up) £(0,0, M"(Vu(0))) = 2C (na,p + On,L,0)- (4.6)

The last equality follows from the very definition of g, the last but one inequality instead is a
consequence of the weak convergence of (M" 1 (Vug)), to M"1(Vu(0)) in LY(Q1 \ Uy). The
conclusion in case (a) then follows from (4.6]) by letting first L 1 oo, then M 1 0o and finally h 1 co.

Proof in case (b): Without loss of generality we may assume ¢(0,0)) > 0. Otherwise, we replace
the functions uy = (uj, ..., u}) with (—up, u3, ..., v}), the coefficient c(x, u) with —c(z, —ul, ..., u™)
and the remaining coefficients a and b accordingly.

Fix now M > |lug||r~ + 1 and consider the functions ug s defined in (4.2). Then, as f is
non-negative, for all k& we have

/ f(gkyagkuk,MaMn(vuk,M))dyS/ f(ery, enur, M™(Vuy)) dy. (4.7)
{yeQu: |ug|<M} Q1

Therefore, since the sequence (ug ar)x is bounded in W1"~1(Q1, R™) we deduce that

sup

/ (c(ery, exuy) det Vuk7M)+ dy < oo.
k {y€Q1: |uk|§M}

Recalling the choice ¢(0,0) > 0, the continuity of ¢ yields for ¢tk sufficiently large

sup

/ (det Vug,ar), dy < oo,
k {y€Q1: \uk|§M}

in turn implying

Sup/ (det Vu;%M)+ dy < 0.
k 1

Arguing as in Step 3 in the proof of Theorem an application of Lemma [2.6] gives that, up to
a subsequence not relabeled for convenience, the sequence (det Vuy ps); converges locally weakly™
in the sense of measures in Q. In particular, (det Vuy as)i is bounded in L{ _(Q1). Hence, with
fixed p € (0,1), Proposition provides sequences sy | 0 and (vg), in WH(Q,, R™) satisfying
conclusions (2.23)), (2.24) and (2.25) there. Note that, for k sufficiently large, recalling the choice

of M, we have

{veQp: Jun(y)] > M} C Ap ={y € Qp : [ur(y) — uo(y)| > s}
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Therefore, estimate (2.5) and equation (4.7)) imply

/Q f(ery, exvr, M" (Vo)) dy
<

< / F(exys exttpat, M (Vg ar)) dy + C / (14 M (Vo)) dy
Qp\Ak Ak

<

/ FErys extipnr, MM (Vugar) dy + C [ (1+ MY (Vop)]) dy
{yeQp: |uk| <M} A

< ; flery, ey, M"(Vug)) dy + C , (14 M (Vug)|) dy.
1 k
The convergence of (vg)r to up in L, the latter inequality, (2.25)) and ({2.6]) imply
limkinf f(ery, exur, M™"(Vuy)) dy > limkinf/ (0,0, M™(Vuy)) dy.
Ql Qp

In turn, from this and by taking into account that (M"(Vuy)) converges to M™(Vu(0)) weakly*
in the sense of measures on @,, by the convexity of f(0,0,-) we get

liminf [ f(exy, exur, M" (Vur)) dy = p" £(0,0, M"(Vu(0))),
@

from which the conclusion follows straightforwardly as p 1 1. g

5. THE AUTONOMOUS CASE m =n + 1
In this last section we prove Theorem

Proof of Theorem [1.5, By Lemma [2.1]it is sufficient to establish the lower semicontinuity property
for integrands of the form

7€) = (a+ b M) + (e Ma(€))) |

Moreover we can assume that ¢ # 0, the other case being elementary.

The main idea is to reduce to the case ¢ = e; = (1,0,...,0) via a change of variable in the
codomain. The geometric intuition behind this reduction is that, up to signs, M,,(Vu) is parallel
to the normal vector to the image of u and hence (¢, M, (Vu)) is its component along the direction
of c. By a suitable change of coordinates we can make then c¢ parallel to e;. More precisely, let us
show that there exists an invertible matrix A € RO*TDx(+1) guch that

(e, Mn(Vw)) = (e1, Mn(V(Aw))) = det(V(Aw)),

for all w € WH™(Q, R* 1), where v := (v!,...,v"), v € R*"! Indeed, by the Cauchy-Binet formula
(see [T, Proposition 5.66])
M, (V(Au)) = adjA - M, (Vu)
where we recall that adjA = (det A)A~!. Hence, for ¢ # 0 it is straightforward to find such a
matrix A.
Therefore, we can assume that the functional F' satisfies

Flu) = /Q FMP(Vu)) = /Q (a -+ (b, M"Y (V) + det(Va)) (5.1)

In addition, by Lemma we may suppose that Q = Q1 and ug — ug := Vu(0) -y in Whn1,
We now divide the proof in two steps.
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Step 1. Truncation. As in Step 1 of the proof Theorem we show that we can replace the
sequence up with a sequence v such that 7y is uniformly bounded. Indeed, since up — wug in
Wtn=1 we have

sup/ |Vug|"! < C. (5.2)
k 1
With fixed M > 1+ |Jug||z~ and j € N, we can find ji € {1,---,j} such that
C
/ |V |" 7 < = (5.3)
QuN{MIk <[a|<MIx+1} j

Let us now define vy, as follows: vy, = 7, (u), where we recall the definition of mj in (3.5), and

ot = u . Clearly, [vy] < MY, vy = uy on {|@x| < M7k}, For n > 3 we estimate the minors of

order n — 1 of Vg on the region where vy differs from wy as follows

/ MoV < [ et [ Moot (Vo)
Qi {vrFur} Q1 { M7k <[ay| <Mk T} Qu{MIE T <[uy[}}

C

M2 Jgungai+i <, 1}

|Vug[" + |V |1

<c /
Q1N{ Mk <[uy,|<MIkT1}
C
- + Mn— 9 =1"NM,j,

(5.4)

where we have used inequalities ([5.2] , the fact that Lip (7,5, ) < 1, and the following point-
wise estimate in the region {|uy| > M3k+1}

; C , C
Moa (Vo) <0 >0 [[IVel<3m= >0 [1IVel < gVl

Ic{1,...,n4+1} i€l Ic{1,...,n4+1} i€]
|I|=n—1 |I|=n—1

-1
[uzamery) < MY and
that in each product there are at least n — 2 indices ¢ that are less than or equal to n.

By taking into account (5.1)), (5.4), the equi-integrability of M,_2, and that det(Vw) = 0 on
{og # ui} we get

Note that in the second inequality above we have used that Lip (7TMjk

/ FMP (V) < /Q MO (Tug)) + iiar .

with 777 | 0 as M, j T +o00. The equi-integrability of Vuy provides the same conclusion for n = 2.
It will be thus enough to prove lower semicontinuity along sequences whose first n-components are
bounded in L.

Step 2. Conclusion. Let (ux)r be a sequence such that ||ug|/y1,,-1 and |||~ are uniformly
bounded with

limkian(uk) = liin F(uy) < oo.
In particular, we have that

Sl]ip/l (det(V@k))Jr < 0.

As in Step 3 of Theorem an integration by parts implies that the order 1 distributions

Ti () 1:/ ¢ det(Vy)
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are bounded. Hence, up to a subsequence, by Lemma we obtain that det(Vvg))x is lo-
cally weakly* converging as measures to some measure pu. Furthermore, u® = det(Vdg) dL™ by
Lemma [2.4] and

*
M (Vug) = M (V)
by the usual integration by parts argument. In conclusion, for every continuous function 0 < ¢ <1
with compact support in ()1 we have that

limkian(uk) > limkinf/ (a+ (b, M"L (V) + det (V) da
! (5.5)
= / (a+ (b, M"H(Vug)) + det(Vg) ) dz + / pdu®,
1 Q1

where p = det(Vug) dL™ + p®. By taking the supremum on all such ¢’s we get

limkian(uk) > ; F(Vug)dz + (1) (Q1) > F(up).

This concludes the proof. O
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