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Abstract. We study the time evolution of a three dimensional quantum particle,
initially in a bound state, under the action of a time-periodic zero range interaction
with “strength” «(¢). Under very weak generic conditions on the Fourier coefficients
of a(t), we prove complete ionization as t — oo. We prove also that, under the same
conditions, all the states of the system are scattering states.

1. Introduction

In this paper we shall study the asymptotically complete ionization of a system given
by a quantum particle interacting with a time-dependent singular potential in three
dimensions. The Hamiltonian of the system is formally

H(t) = Ho + H;(1)

where Hj is a zero range perturbation at the origin of the Laplacian and H,(t) is
heuristically given by a(t)d(x — r) where r € R3\ {0} and «a(t) is a periodic function
with period T

This kind of models have been widely studied (see e.g. [2, B, @, B, 6, [7, §]) as toy models
of more complicated physical problems, such as strong laser ionization of Rydberg
atoms or dissociation of molecules. Indeed time-dependent point interactions are an
interesting example of time-dependent perturbations that are not small in any sense
with respect to the unperturbed Hamiltonian, so that time-dependent perturbation
theory (and therefore Fermi’s golden rule) can not be applied. On the other hand, since
such models are solvable, namely all the spectral and scattering data can be explicitly
calculated, the problem of asymptotically complete ionization can be studied in a non-
pertubative way. Indeed one can explicitly prove that, starting at time ¢ = 0 from a
bound state ¢ of the system, the survival probability
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has a power law decay to zero as t — oo (see [3, 4] and references therein).

Essentially using Laplace transform techniques (for a review of the methods used,
we shall refer to [3]), we shall prove that the system shows asymptotically complete
ionization under suitable generic conditions on the Fourier coefficients of a(t) and that
the survival probability has a power law decay for large time.

We stress the non-perturbative nature of the result. Indeed the complete ionization
does not depend on the size of «(t) and it holds even if «(t) is very big (so that the
time-dependent perturbation is small - in the sense of quadratic forms - with respect
to the unperturbed Hamiltonian) or very small (so that the perturbation is large) or
fast oscillating. Moreover the asymptotic behavior is independent of the period T'. In
particular there is asymptotically complete ionization, even if the period is very large,
as for time-adiabatic perturbations.

In Section 2 we shall introduce the model, the equations for the “charges” and their
Laplace transforms, which will be the main objects under investigation. Applying
analytic Fredholm theorem to such equations, in Sections 3,4 and 5 we shall identify
the singularities of their solutions on the closed right half plane; in Section 6 we shall
derive the main results about ionization.

2. The model

The model we are going to study describes a quantum particle subjected to a time-
dependent zero range interaction. In absence of the time-periodic perturbation, the
Hamiltonian describes a zero range interaction placed at the origin and of strength
—1/4m. This system has a bound state of energy —1 and normalized eigenfunction

e =l

The remaining part of the spectrum is absolutely continuous and coincides with R™.

(2.1)

The time-dependent perturbation is a zero range interaction placed at a point r # 0
and with time-periodic strength a(t) with period T

The entire system is then described (see [I]) by the time-dependent self-adjoint
Hamiltonian H(t),

DH(Y) = {v € I*®?) | 3¢V(1), ¢ (t) € C,

ex(@) = (¥(@) — ¢V (1) Ga@) — (D) Gi(w — 7)) € HAR)}  (22)
(H(t) + ) ¥(@) = (- A+ V() (2.3)

where ) is an arbitrary positive parameter. The “charges” ¢\ (¢) are determined by the
boundary conditions
CL+ad

oA(0) = ———q () — Ga(r) ¢P(2)

- (2.4)
_Ama(t) —aA ¢

oalr) = —— - @(t) = Gar) ¢V (2)
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and
, e—\/x\w—wﬂ

@ —z) = drr|x — |
is the Green function of the Laplacian.
It is well known (see [9, [0, M1, I3, 14]) that the solution of the time-dependent
Schrodinger equation

ZW H(t)W, (2.5)
associated to the operator (23)) is given by

Uy(x) = Up(t — s)Ws(x) +i/t dr [q(l)(T) Up(t — 152)+

+ ¢9(7) olt - 73— 1) (2.6)

where Uy(t) = exp(iAt), Up(t; x) is the kernel associated to the free propagator and the
charges qU)(t) satisfy a system of Volterra integral equations for ¢ > s,

=2 [t t .
D(t) + | oar @ do Uolo ’T)—l—

gM( 7) Yolo 7 T)
T s . Vt—o

1 LogW(n) 7)¥,)(0)
— _m_/sdf - _4f/ —_t_T (2.7)

¢ (t) + \/?/S dr q(l)(T)/ dUUO(— t_TTU;r)_l—

+4\F/ dr#@ _M_/ ("4) (2.8)

We are interested in studying asymptotic complete ionization of system defined by (23))
and (Z23), starting by the normalized bound state (Z1]) at time ¢t = 0. Moreover we shall
require that «(t) is a real continuous periodic function with period T', so that it can be
decomposed in a Fourier series, for each t € R*, and the series converges uniformly on
every compact subset of the real line. More precisely, in terms of Fourier coefficients of
a(t), we assume

- Z a, et {an} € (,(Z)
nez (29)

2. a, =ao

We now introduce a generic condition on «(t), that will be used later on. Let 7 be the
right shift operator on /5(N), i.e.

(Ta), = aptr (2.10)
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we say that a = {«a,} € l5(Z) is generic with respect to 7, if & = {a,}ns0 € l(N)
satisfies the following condition

e1=(1,0,0,...)€ \/ Ta (2.11)

n=0
For a detailed discussion of genericity condition see [4]. Notice that
1 T
ag = —/ a(t)dt (2.12)
T Jo

does not enter in the condition.

By simple estimates on the sup norm of r;(t) = qY(t) e, it is easy to prove that
the charges ¢V)(t) have at most an exponential behavior as t — 0o, i.e. asymptotically
4O (8)] < Ajeh.

Therefore the Laplace transform of ¢\%)(t), denoted by

g (p) = / dt e g (t)
0

exists ans is analytic at least for (p) > by. Hence, applying the Laplace transform to
equations (1) and (Z8), one has

D (p) = 7(2)

¢ (p) o 1= (p) + Fi(p) (2.13)
o), Am (o , eV

190) = == 2w i) + o s 10 + ) (214

where the explicit expression of F;(p) for the initial datum (ITI) is given by

2121

1+p

Fi(p) = -

2021 e VT — 7"
V—ip r(1+ip)
Let us start considering the system of equations (213)) and (I4), for the specific initial

datum (EJ)): analyticity at least for for R(p) > by suggests to choose the branch cut of
the square root along the negative real line: if p = p e,

VD=0 " (2.15)

with —7m < 9 < 7.
Before dealing with the behavior of the solution, let us simplify the problem: setting
qy(f)(p) = ¢ (p + iwn) we obtain a sequence of functions on the strip Z = {p € C, 0 <

J(p) < w} and setting ¢;(p) = {09 (p) }nez, equations [ZT3) and (EIE) can be rewritten
¢1(p) = M1 g2(p) + G1(p) (2.16)

(p) = L ¢2(p) + M2 ¢:1(p) + G2(p) (2.17)

Fy(p) = —
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where
1 6—r\/wn—ip

M =-—— — g, 2.18

(M q),(p) e = Vo= ¢ (p) (2.18)

M S ey 2.19

. 47
LD = =g o 2 el (2.20)
k0
and G;(p) = {9V (p) }nez with

2i\/2m

(1) () =

gn'(p) = TE— (2.21)
; —ry/wn—ip _ —r

9P (p) = 2 ‘ ‘ (2.22)

r (4rog + Jwn —ip)(1 — wn + ip)
3. Analyticity on the (open) right half plane

Let us extend equations (Z10) and (ZI1) on the whole open right half plane: we are
going to prove that the solution exists and is analytic for R(p) > 0.
Let us start with some preliminary results:

Proposition 3.1 Forp € Z, R(p) > 0, M;(p) are analytic operator-valued functions
and M;(p) are compact operators on ly(Z).

Proof: Let us consider only My, since the argument does apply to M too.
The analyticity of the operator is a straightforward consequence of the explicit expression
(ZT18). Moreover the operator M;(p) is a multiplication operator in ¢5(Z) and it is
bounded and compact since

1 —ry/wn—ip
{ ‘ _ } € 15(Z)

(27r)%r 1 —+/wn—1p

on the open right half plane: indeed the choice ([IH) for the branch cut of the square
root implies R(\/wn —ip) > 0, if R(p) > 0. O

Proposition 3.2 Forp € Z, R(p) > 0, L(p) is an analytic operator-valued function
and L(p) is a compact operator on l5(7Z).

Proof: Analyticity for $(p) > 0 easily follows from the explicit expression of the
operator. Moreover £(p) can be written
Lp)=Alp)> o T

keZ
k0
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where A(p) is the operator
4mqn(p)

(A0)n(p) = An(p) 4u(p) = = NoTET

and 7 is the right shift operator on ¢5(Z). Since |7 || = 1, the series converges strongly

to a bounded operator. Moreover A(p) is a compact operator for ®(p) > 0: A(p) is the
norm limit of a sequence of finite rank operators, because lim,,_,, 4, (p) = 0. Hence the
result follows e.g. from Theorem VI.12 and VI.13 of [12]. O
Lemma 3.1 For each r,w € R™ and for R(p) >0
1 6_2T\/m
—| <0
(2m)3r2 1 — \Jwn —ip

%[ wn —ip +
Vn € Z.

Proof: First of all we want to stress that the choice (22T3) for the branch cut implies
that R(y/wn —ip) > 0 and I(y/wn —ip) < 0, if R(p) > 0.
Calling z = R(y/wn — ip), y = I(y/wn — ip) and

. o 2r(z+iy)
fr(z,y) = {x + iy + Grpel =g = zy}
one has
1 e 2r(z+iy) 1
) (2m)3r2 1 —x — iy < (2m)3r2 |y
and then f.(z,y) <0, if |y| > [(27)%/?r]~'. Moreover

2m)3r?[(1 — 2)* + y*y + e 2 %[y cos(2ry) — (1 — ) sin(2ry)]
(2m)*r2[(1 — 2)* + 7]

and the claim is true if z > 1, since sin(2ry) < 0 and cos(2ry) > 0, for y > —[(27)3/2r] 1.

Hence it is sufficient to prove that f.(z,y) < 0 on the set

R={(z,y) eR* |z <1, —[2m)¥ ] <y < 0}

fr(z,y) =

Now set
21)3r2[(1 — x)% + 2] fr(z,
B sl (et R AR ALY
Y
and consider
% _ 2(2m)*r?y+
dy

r(1 —x)cos(2ry) (1 — z)sin(2ry)
+ - 2
y 2y
Since, for (z,y) € R, 2¢72"*rsin(2r|y|) < 2(27)3r%|y| and 2rycos(2ry) < sin(2ry) the
partial derivative of g, with respect to y is always negative in R. Thus
9r(z,y) = gr(2,0) >0
In conclusion g,(x,y) > 0 and then f,.(z,y) <0, V(z,y) € R. O

—2e~ " | rsin(2ry)
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Proposition 3.3 The solutions ¢V)(p), j = 1,2, of (Z13) and (ZI3) are unique and
analytic for R(p) > 0.

Proof: Since G1(p) € {5(Z) is analytic on the right half plane and thanks to
Proposition Bl we can substitute (216) in (Z17) and consider only the second equation.
So that (ZI7) now read

@(p) = [L + MaMi] g2(p) + M2 Gi(p) + Ga(p) (3.1)

Then the key point will be the application of the analytic Fredholm theorem (Theorem
VI.14 of [12]) to the operator £'(p) = L + MM, in order to prove that (I — £L'(p))~*
exists for R(p) > 0.

So let us begin with the analysis of the homogeneous equation associated to (B1I),

q(p) = L'(p) a(p)

and suppose that there exists a nonzero solution Q(p) = {Q,(p) }nez. Multiplying both
sides of the equation by ) and summing over n € Z, we have

1 6—2r\/um—ip ) A
wn —ip + nl? = —4m  Qg—n,
2|Vt e ey | @ N%ZQ e

but, since the right hand side is real, because of condition 2 in ([Z9), it follows that

S| (Ve T ) o] =0
=~ P (27m)3r2 1 — Jwn —ip S

and then, by Lemma B, ), =0, Vn € Z.
Since there is no nonzero solution of the homogeneous equation associated to (Bl) and

L is compact on the whole open right half plane, analytic Fredholm theorem applies and
the result then easily follows, because MyG1(p) + Ga(p) € (5(Z) and, for each n € Z,
(MyG i (p) + Ga(p)],, is analytic for R(p) > 0. O

4. Behavior on the imaginary axis at p # 0

The equation for go(p) can be written

(drag + ca(p) 42 (p) = —A7 Y _awg' i (p) + £ (p) (4.1)
keZ
kio
where
6—27"\/T—ip
L (p) = —1 4.2
en(p) Wi ip (2m)31r2(1 — /wn — ip) (4.2)
. 3
f(z)(p) = — 20v2m [<27T)2 —1 e VWP oo (4.3)
" r(l1—wn+ip)l (27)2

and it is clear that the solution may have a pole where
€—2r\/wn—ip

47Tozo+\/wn—ip+(27r)3r2(1_ =0

wn — ip)
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and that the coefficients of the equation for q(()2) fail to be analytic at p = i: for p € 7,

R(p) =0, and n € Z, the unique solution of 1 —/wn —ip=01is p =1, n = 0.

In the following we shall see that in fact the solution is analytic on the imaginary axis
except at most some singularity at p = 0. Let us start considering the position of the
eventual pole:

Lemma 4.1 Assume that o in (ZI3) is non negative. Then there exists a unique
no € N and a unique py € Z, R(p) = 0, such that

6—2r\/wno—ip0
drag + v/ Wwng — 1pg + =0

(2m)3r2(1 — Jwng — ipo)
Moreover ¥n € Z, n < 0 and ¥p € Z, R(p) = 0,

e—2r\/wn—ip

S|4 —1 >0
S |4dmag + wn zp+(2ﬂ)3rz(1_ on =)

Proof: Let us first consider the second statement: on the strip Z and for n < 0,
Vwn —ip =i\, with A € R, A > 0. Hence
27)3r2(1 4+ A?)A + A cos(2r\) — sin(2r))
(2m)3r2(1 + A2)
and following the proof of Lemma Bl it can be easily proved that the expression above
is positive VA € R*. On the other hand, if n > 0 and p € Z, R(p) = 0, VJwn —ip = A,
with A > 0, and, Vr,w € R*, the equation

(2m)3r2 (dmag + N\ — 1) = e72

Hea(iN)) = &

has a unique solution for A € R™. Then, since there exists a unique pg € Z, R(py) = 0,
such that, for fixed A € RT, the equation py = i(A\* — wny) is satisfied for some ny € N,
the proof is complete. [

Lemma 4.2 Assume that oy in (ZI3) is non negative and that {a,} satisfies (Z3)
and the genericity condition with respect to T (ZI1). Then the solutions of (ZI13) and
(Z-14) are unique and analytic on the imaginary axis for p # 0,1, po.

Proof: Since for p € Z, R(p) = 0, and p # 0, ¢, py, the coefficients of equation (10
and (ZI17) are analytic (see Lemma El) and belong to ¢3(Z) and since the operators
L, M, and M, are still compact on the same region, it is sufficient to show that the
homogeneous equation associated to (E1I) has no non zero solution, in order to apply
analytic Fredholm theorem.

If @, is such a non zero solution, following the proof of Proposition B3, we immediately
obtain the condition
1 g 2rvwn—ip

. 2
— ol €R
Z wn (2m)3r2 1 — Jwn —ip @l

ne”L
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and then Lemma ET] guarantees that @), = 0, Vn < 0. Now let n; € N be such that
Qn, # 0. For n < ny, one has 3,2 ap Q) = 0 or, setting k =n; — 1+ &', for n > 0,

o0
E ak’—i-nin—H-k’ =0

k=1
and then, for each n > 0,
<Q’ T "a) =0
£(N)
where Q;, = Q5 _,,, and (-, -) stands for the standard scalar product on /3(N). Finally
the genericity condition (EZTT]) implies that ()} = @5, = 0, which is contradiction. Hence
Q,=0,VneZ O

Proposition 4.1 Assume that g in (Z14) is non negative and that {a,} satisfies (224)
and the genericity condition with respect to T (Z11). Then the solutions of (Z13) and
(ZI4) are unique and analytic on the imaginary axis except at most at p = 0.

Proof: In the first part of the proof we are going to consider only the equation (ETI)
for ¢2(p) and we shall extend then the results to ¢;(p).
In order to prove analyticity of the solution we need to analyze the behavior of the
solution of (1)) in a neighborhood of p = py (see Lemma El) and p = i separately and
show that it has no singularity, while, for p € Z, R(p) = 0, and p # i, py, the result
follows from Lemma FE2.
Let us look for a solution of (@) of the form (for simplicity we are going to omit the
index 2)

Qn = Up + UnGng

for n # no: ¢, satisfies (1)) if and only if {u,}, {v.} € lo(Z \ {no}) are solutions of
cn(p) u, = —4m Zak_nuk + 9 (p) (4.4)

keZ
k#no

cn(p) v, = —47 Zak_nvk — 4Ty —n (4.5)
keZ
k#no
Existence of non-zero solutions of the homogeneous equations associated to (4l and
(E3) can be excluded because of the genericity condition as in the proof of Lemma
and then, since the coefficients of the equations above are analytic in a neighborhood
of po and belong to ¢2(Z \ {no}), {un},{vn} € l(Z \ {no}) are analytic in the same
neighborhood.
Moreover ¢,, satisfies the equation

{4%040 + Cno(p) + 47 Z ak_novk}qno = —4rw Z g—noti + £2 ()
keZ keZ
k#no k#”o
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It is then sufficient to show that
Zak—novk(po) 7A 0

keZ
k#no

Let us suppose that the contrary is true: calling V,, = v, (pg), multiplying equation (E5)
at p = po by V* and summing over n € Z, n # ny, one has

o~ 2r/an—Tp
wn — ipg + _ V,|? = —4n V>¥ag_n Vi
n% { Po (2m)3r2(1 — Jwn — ipg) [Vl nzkejz hon b
n#no n,k#nog

Using condition (Z9) and the genericity condition (ZI1]), as in the proof of Lemma 2]
one obtain V,, = 0, Vn € Z\ {ng}, but this is impossible since V,, satisfies equation (H).
This concludes the proof of analyticity of ¢a(p) in a neighborhood of p = py. In the
same way it is possible to conclude that go(p) is also analytic at p = 1.

It remains to study the behavior of ¢;(p) and in particular to analyze q(()l)(p) in a
neighborhood of p = i, where it may have a pole (see equation (ZId)): from (EII)

one has

—2ry/wn </ 3
e 2 +1 q(z) (Z) _ _27, 21 (27T)2 -1 6—T\/UT+1 _ 6_T
(2m)3r2 " r (27r)§

and then q(()l)(i) = iv/2r. O

Remark: Proposition 1] holds even if oy < 0. The proof can be given in the same
way but it is slightly more complicated, because 4wag+ ¢, (p) in Lemma 4.1 could vanish
in two points instead of one. Nevertheless the argument contained in Proposition 4.1 can
be applied once more, in order to exclude the presence of the corresponding singularity
of the solution.

5. Behavior at p =0

We shall now study the behavior of the solution of (Z16) and ([ZI7) in a neighborhood
the origin. With the choice (2I3) for the branch cut of the square root, it is clear that
we must expect branch points of GV (p), solutions of ([ZI3) and ([ZI4), at p = iwn,
n € Z, which should imply a branch point at p = 0 for each qﬁLj ),

We are going to show that the solutions of (ZI0) and ([ZI7) have a branch point
singularity at the origin.

Proposition 5.1
If {an} satisfies (Z4) and (ZI1) (genericity condition), the solution of the system

Z13), (ZI3) has the form §9(p) = ¢;(p) + d;(p)\/p, 7 = 1,2, in an imaginary
neighborhood of p = 0, where the functions c;(p) and d;(p) are analytic at p = 0.

Proof: The resonant case, namely if, for some N € N, w = 1/N, and the non-
resonant one will be treated separately.
1) Non-resonant case
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Setting ¢, = u, +vnqo, 7 # 0 in ([Jl), one obtains the following equations for {u,},
{vn} € (2(Z\ {0}),

cn(p) un = —4%20% wtx + 92 (p) (5.1)
keZ
o

cn(p) v, = —47?2ak_nvk —4ro_, (5.2)
keZ
k£0
If, for every n € Z, ¢,(0) # —4may, using the genericity condition, it is easy to prove
that {u,}, {v.} € €2(Z \ {0}) are unique and analytic at p = 0. On the other hand if
the condition above is not satisfied and there exists N; € Z such that

6—27’\/le

4oy + VwNy + -0
TR VER T o021 — Vo)

one can repeat the trick, setting for example v, = u!, + v/ vy, for n # Nj, and prove

that in fact {u,} and {v,} are still analytic in a neighborhood of p = 0.
Thus it is sufficient to prove that ¢y, which is solution of

{47"3‘0 +co(p) +4m Zakvk} %(p) = —47TZOékuk + féz) (p)

keZ kEZ
k#0 k#0

has the required behavior near p = 0. First, setting v = v,(p = 0), we have to prove
that

1
Zo‘kvk 7 Qo — 4m(2m)3r2

kez
k0

but, assuming that the contrary is true and multiplying both sides of equation (&.2),
with ng = 0, by v2° and summing over n € Z, n # 0, one has

1
Z /_um|1)02 —47‘(‘21) (077 nvk+4ﬂ'a/0+W

nez n,keZ
n#0 n,k£0

The right hand side is still real so that, assuming that the genericity condition is
satisfied by {a,} and applying the argument contained in the proof of Proposition
BTl we immediately obtain {v0} = 0, which is a contradiction, since {v0} solves (£2).
The result for ¢@ follows then directly from the equation for g, since e 2"V="% has a
branch cut along the negative real line. The extension to ¢V is thus trivial.
2) Resonant case

As before let us look for a solution of ([l) of the form ¢, = u, + v,q0 , n # 0, so
that {u,}, {v.} € €2(Z \ {0}) solve (BJl) and (B2) with w = 1/N. Multiplying both
sides of (&) and (B2) for n = N by 1 — n/N — ip, one sees that uy and vy have no
pole singularity at p = 0. On the other hand, if there exists N; € Z such that

\/Fl 6—27‘\/N1/N
drag + 4 = + =0
CTVN T @r)32(1 — /N, /N)
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the solutions could have a pole at p = 0, for n = N; (the expression above guarantees
that N7 # N). Nevertheless, repeating the above procedure for n = Ny, it is easily seen
that in fact {u,}, {v,} € l5(Z \ {0}) are both analytic in a neighborhood of p = 0.
The behavior of ¢® near p = 0 is then proved like in the non-resonant case, but we have
now to take care about ¢!, since the coefficient in M, for n = N (see the definition
(Z18)) has a pole at p = 0. But from (1) one has

e=2rv/n/N=ip 20 — — 2iv2r | (27)3
(27)3r2 " r(1++/n/N) | (27)
so that q](\})(O) =iV2r. O

1 -
e’ n/N_er

vlcol |

6. Complete ionization in the generic case

Summing up the results about the behavior of the Laplace transforms ¢ (p), j = 1,2,
we can state the following

Theorem 6.1 If{«,} satisfies (Z9) and the genericity condition (Z11) with respect to
T, ast — oo,

V(1) < A 173 + Ry(t) (6.1)

where A; > 0 and R;(t) has an exponential decay, R;(t) ~ Cje~Pit for some B; > 0.
Moreover the system shows asymptotic complete ionization and, ast — oo,

00)] = | (a0 W)

where D > 0 and E(t) has an exponential decay.

<Dt 2+ E(t)

Proof: Propositions B3, Bl and Bl guarantee that ¢(p) is analytic on the closed
right half plane, except branch point singularities on the imaginary axis at p = iwn,
n € Z. Therefore we can chose a integration path for the inverse of Laplace transform of
4(q) along the imaginary axis like in [4] and the result is a straightforward consequence
of the behavior of ¢U)(p) around the branch points given by Proposition Bl (see e.g.
the proof of Theorem 3.1 in [3]).

The Laplace transform of §(t) can be expressed in the following way (see e.g. Proposition
2.1in [3])

0(p) = Z(p) + Z:(p) iV (p) + Z2(p) P (p)

where Z(p) is analytic on the closed right half plane and Z;(p) has only a branch point
at the origin of the form a; + b;,/p. Hence 0(p) has the same singularities as §(p) and
then its asymptotic behavior coincides with that of ¢(t). O

In the following we shall prove a stronger result about complete ionization of the
system, namely that every state ¥ € L?(R?) is a scattering state for the operator H(t),
ie.

1 t
lim ;/ dr |F(|z| < R)U(r,0)¥|* =0 (6.2)
—00 0
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where F'(S) is the multiplication operator by the characteristic function of the set S C R?
and U(t, s) the unitary two-parameters family associated to H(t) (see (ZH)).

In order to prove (6.2), we first need to study the evolution of a generic initial datum
in a suitable dense subset of L?(R3) and then we shall extend the result to every state
using the unitarity of the evolution defined by ([ZH) (see e.g. [9]).

Proposition 6.1 Let ¥ € C°(R3*\{0,7}) a smooth function with compact support away
from 0,7 and ¢ (t) be the solutions of equations (Z_1) and (Z8) with initial condition
Uy = V. If {a,} satisfies (Z3) and the genericity condition (Z11) with respect to T,

ast — 00,
490 < A5 17F + Ry(0) (6:3)
where A; > 0 and R;(t) has an exponential decay, R;(t) ~ Cje~Bit for some B; > 0.

Proof: The estimate on the behavior for large time contained in Section 2 still
applies, so that §U)(p) is analytic Vp with R(p) > by.
Hence we can consider the Laplace transforms of equations (27) and (Z8), which have

the form (ZI6) and (ZI1) with

Gi(p) = \/g /0 dt e /R Pk (k)
Calp) = \/g /0 dt " /R Bk () R

where W (k) is the Fourier transform of .

Since for every smooth function ¥ with compact support, \if(k) is a smooth function
with an exponential decay as k — 00, so that G;(p) has the same singularities as in the
case already studied, i.e. a branch point at the origin of the form a(p) + b(p)/p. O

Theorem 6.2 If {«,} satisfies (Z4) and the genericity condition (Z11) with respect to
T, every U € L*(R3) is a scattering state of H(t), i.e.

1 t
lim ¥/ dr ||F(|| < R)U(r,0)¥|* =0
— 00 0
Moreover the discrete spectrum of the Floquet operator associated to H(t),

_ .0

15 empty.

Proof: The proof follows from unitarity of the evolution and the explicit expression
(Z4)), together with Proposition 61l (see the proof of Theorem 3.2 in [3]). The absence of
eigenvalues of the Floquet operator is a straightforward consequence: every eigenvector
of K is of the form ey (x,t), where 3 € R and Y is periodic in time, hence it can not

satisfy (62). O
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