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As the possibility to decouple temporal and spatial variations of the electromagnetic field, lead-
ing to a wavelength stretching, has been recognized to be of paramount importance for practical
applications, we generalize the idea of stretchability from the framework of electromagnetic waves
to massive particles. A necessary and sufficient condition which allows one to identify energetically
stable configuration of a 1D quantum particle characterized by arbitrary large spatial regions where
the associated wave-function exhibit a flat, non-zero profile is presented, together with examples on
well-known and widely used potential profiles and an application to 2D models.

I. INTRODUCTION

In recent years much attention has grown around
the possibility of developing photonic metamaterial with
near-zero parameters (for instance media with near-zero
relative permittivity and/or relative permeability, which
imply near-zero refractive index) [1]. This interest is due
to the peculiar effects and applications that such arti-
ficial structures allow for: in near-zero refractive index
media electricity and magnetism decouple even at non-
zero frequency, leading to a corresponding effective de-
coupling of spatial and temporal field variations [2, 3]
which enables for wave profiles having both large fre-
quencies and large (stretched) wavelengths. The inde-
pendence of wavelength and frequency has great impor-
tance from both the theoretical and the technological per-
spective: many effects have been foreseen and some have
already been verified experimentally. Among them we
cite tunneling through distorted channels [4–6], highly
directive emitters [7], radiation pattern tailoring [8, 9],
boosted non-linear effects [10–13] and cloaking [14, 15].
In the uncorrelated field of condensed matter physics, ar-
tificial structures with engineered bands profile has been
investigated since the first proposal for superlattices by
Esaki and Tsu [16]: from then on many progresses have
been made exploiting band engineering [17], leading to
the realization of 2-dimensional electron gases, quantum
wires [18], and dots [19, 20]. Furthermore, relaying on the
formal analogies that, via the particle-wave duality, links
photons and electrons [21], some pioneering works have
started investigating what metamaterials can bring to
the field of semiconductor physics. In this context many
proposals have been done, from matter waves subwave-
length focusing [22] and matter waves cloaking [23, 24]
to spintronics applications [25], just to make few exam-
ples. Also new devices have been proposed exploiting the
electron-photon analogy, such as superconducting struc-
tures [26, 27], faster integrated circuits and optical de-
vices [28, 29] and connectors for misaligned channels [30].
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Inspired by these approaches in the present work we
discuss about the possibility of producing energetically
stable configurations for confined massive particles, char-
acterized by wavefunctions that exhibit extended flat
non-zero spatial regions with almost zero associated mo-
mentum. We dub these special states stretched quantum
states as they possess some analogies with the stretched
electromagnetic waves. In our construction we assume
the possibility of carefully tailoring the confining po-
tential that traps the particle. Focusing hence on the
paradigmatic case where the dynamics is effectively con-
strained along a 1D line, we provide necessary and suffi-
cient conditions that univocally identify the set of stretch-
ing potentials, i.e. the set of potentials which admit a
stretched quantum state among their eigenfunctions.

The paper goes as follows: in Sec. II we set the prob-
lem and present a general construction to realize stable
stretched configurations for a massive, non-relativistic 1D
particle. In Sec. III we discuss about possible generaliza-
tion to higher spatial dimensions, discussing in particu-
lar an application for 2D scattering models. In Sec. IV
we present some explicit examples of stretching potential
discussing their spectral properties. Finally in Sec. V we
draw our conclusions.

II. STRETCHED ENERGY EIGENSTATES AND
STRETCHING POTENTIALS

It is a well known fact that the Schrödinger eigenvalue
equation for a non-relavistic massive particle,

∇2ψE(~x) = −2m

~2
(E − V (~x))ψE(~x) , (1)

bares a close similarity with the Helmholtz equation for
the electro-magnetic field, the latter being formally ob-
tained from (1) by replacing the wave-function ψE(~x)

with the electro-magnetic field ~E(~x) and identifying
2m
~2 (E−V (~x)) with the term ω2µε, ω being the frequency
of the signals, ε and µ being instead the permittivity and
permeability of the medium. In photonic metamaterials
one between these last two quantities is artificially set
to zero, leading to an effective decoupling of spatial and
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FIG. 1. Pictorial sketch of the wave-function stretching pro-
cedure. Top panel: the original potential trap V (x) (black
curve) and the associated wave-function ψE(x) (blue curve)
relative to the energy level E; Bottom panel: modified po-

tential profile V
[L]
0 (x) obtained by cutting V (x) into halves in

correspondence of the stationary point x̄ of ψ0(x), connecting
the two parts with a constant profile of value equal to E; the
blue curve represents the value of new associated wave func-

tion ψ
[L]
0 (x) which presents a stretched region in the interval

[x̄, x̄+ L].

temporal variations of the field and to an infinite phase
velocity. One immediately recognizes that the analogous
condition for matter waves is to have E − V (~x) equal to
zero. More precisely adopting a reverse engineering point
of view, we can use Eq. (1) as a tool for identifying the
spatial properties of the potential V (~x) that allows one to
promote a generic target wave function ψtar(~x) (i.e. the
wave function that we aim to obtain) to an energetically
stable configuration of the model, i.e.

V (~x)− E =
~2

2m

∇2ψtar(~x)

ψtar(~x)
, (2)

with E playing the role of a free parameter that we can fix
at will. Accordingly, requiring ψtar(~x) to assume a con-
stant, non-zero value on a spatial domain D, Eq. (2) can
be used as a tool to identify the corresponding stretching
potential. In particular from it we can estrapolate that
a necessary condition that such special V (~x) must fulfil
is the fact that it has to assume constant value on D, i.e.

ψtar(~x) = const. ∀~x ∈ D ,

=⇒ V (~x) = const. ∀~x ∈ D . (3)

Reversing the implication of Eq. (3) is clearly a much
more subtle problem: indeed, due to the need of properly
matching boundary conditions, there is no guarantee that
a given potential V (~x) that is constant on certain domain
D will be also a stretching potential. In what follows we
shall focus on this specific task presenting a solution to
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FIG. 2. Pictorial representation of a two-point stretching pro-
cedure for the first excited state of the model. Top panel:
original potential trap V (x) (black curve) and the associated
wave-function ψ1(x) (blue curve) relative to the first excited
energy level E1; Bottom panel: modified potential profile

V [~L](x) (black curve). Notice that this time the cutting points
are two in correspondence of the stationary positions x̄1 and
x̄2 of ψ1(x).

the problem based on a simple reshaping of the potential
which allows one to create energetically stable spatially-
flat orbits from energetically stable non-flat ones. In the
presentation that follows we shall specifically address the
paradigmatic case where the particle is confined along
a 1D line for which an explicit analytical treatment is
allowed, and for which the strategy we propose results to
be necessary and sufficient for characterizing the set of
stretching potentials.

A. Constructing stretching potentials for a massive
1D particle

Consider a non-relativistic massive particle A obeying
the Schröedinger equation

∂2
xψE(x) = −2m

~2
(E − V (x))ψE(x) , (4)

with V (x) that we dub seeding potential. From gen-
eral results of Sturm-Liouville equations, given a time-
reversal invariant Hamiltonian with a non-degenerate
spectrum, it is known that the bound-state solutions
of Eq. (4) form an orthonormal set of eigenfunctions
with associated eigenvalues {ψn(x), En}n=0,1,2,... which
we may assume to be labelled in (strict) energetically
increasing order by the index n. We also know that,
under our hypotheses, the n-th eigenfunction ψn(x) can
be chosen to be real, and that it must have exactly n
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nodes, and thus at least n + 1 spatially separated ex-
tremal points in the domain of definition of the problem.
In particular let us indicate with x̄ the position of one of
the extremal points of the ground state ψ0(x) of Eq. (4),
i.e. ∂xψ0(x̄) = 0. Consider hence the following modifi-
cation of the confining potential obtained by “cutting”
into halves the seeding potential V (x) at point x̄, sepa-
rating them by a spatial distance L ≥ 0 and introducing
an intermediate step-like potential of value equal to the
original ground state energy level E0, i.e.

V [L](x) :=


V (x) for x ≤ x̄,

E0 for x̄ < x < x̄+ L,

V (x− L) for x ≥ x̄+ L,

(5)

see Fig. 1. The crucial observation is that the associated
modified Schrödinger equation

∂2
xψE(x) = −2m

~2
(E − V [L](x))ψE(x) , (6)

still admits E = E0 as eigenvalue for all possible choices
of the stretching parameter L. Indeed in the region

x ≤ x̄, an explicit solution ψ
[L]
E=E0

(x) of Eq. (6) for
E = E0 can be obtained by taking it equal to ψ0(x)
of Eq. (4). Similarly in the region x ≥ x̄+L, we can take

as ψ
[L]
E=E0

(x) the translated version ψ0(x − L) of ψ0(x).
We are thus left with the central region of length L where
the potential is constant and equal to E0: here the mod-
ified Schrödinger equation admits E0 as possible solution
once we take ψE(x) to be constant, e.g. equal to ψ0(x̄)
to match the necessary boundary conditions. Recapping,
starting from the seeding potential V (x) which in prin-
ciple may have no stretched eigenstate at E0, we have
identified a one parameter family of stretching-potential
profiles

F [L](V ) := {V [L](x);L ≥ 0} , (7)

whose L-element admits, up to an irrelevant normaliza-
tion prefactor, the stretched wave-function

ψ
[L]
0 (x) :=


ψ0(x) for x ≤ x̄,

ψ0(x̄) for x̄ < x < x̄+ L,

ψ0(x− L) for x ≥ x̄+ L,

(8)

as ground state eigenvector associated with the same
eigenvalue E0 of the original (un-modified, L = 0) po-
tential V (x) – the condition implied by Eq. (3) being of
course fulfilled by all the elements of the family. Essen-
tially we can say that the above construction allows one
to create an extended spatial region where all the kinetic
energy component of the wave-function is smoothly con-
verted into potential energy without modifying the total
energy eigenvalue.

By construction the states (8) possess the same num-

ber (i.e. zero) of nodes as ψ0(x): accordingly ψ
[L]
0 (x)

must represent the ground state of the new Hamiltonian
model, making E0 the ground state energy level of the
modified scheme irrespectively from the chosen value of
the stretching parameter L, i.e.

E
[L]
0 = E0 , ∀L ≥ 0 . (9)

The above observations of course do not apply to the
other energy levels of the seeding potential. Namely i) for
L > 0, the other energy eigenvectors of the Hamiltonian
associated with V [L](x) will not correspond to stretched
versions of their original counterparts; and ii) their as-
sociated eigenvalues will not coincide with their original
counterparts. Instead, as the potential (5) is more shal-
low than the original one, one expects the energy gaps

between the excited eigenvalues E
[L]
n of the new Hamil-

tonian to get reduced as L increases, i.e.

E
[L]
n+1 − E[L]

n ≤ En+1 − En , (10)

and to vanish in the asymptotic infinite stretching limit
L → ∞, resulting into an overall compression of the en-
ergy spectrum (explicit evidences of this behavior will be
provided in the next sections).

In case the ground state wave-function ψ0(x) of the
seeding potential V (x), possesses more than a single, say
j > 1, stationary points, the same construction can be re-
peated to each one of them independently leading to the
identification of a larger family of stretching potentials

F [~L](V ) := {V [~L](x); ~L := (L1, L2, · · · , Lj)} , (11)

characterized now by j positive independent parameters
L1, L2, · · · , Lj , each inducing a different, independent
modification on V (x). Specifically in this new scenario

V [~L](x) is obtained by cutting the seeding potential into
j + 1 pieces in correspondence to the stationary points
x̄1, x̄2, · · · , x̄j+1 of ψ0(x), separating the various terms
by intervals of lengths specified by L1, L2, · · · , Lj+1 re-

spectively, upon which V [~L](x) is set constant and equal

to E0. The corresponding modified eigenfunction ψ
[~L]
0 (x)

can then be constructed along the same line reported in
(8), and by using the same zero-nodes counting argu-
ments adopted previously one can again show that, for

fixed values of ~L, it will be the ground state configuration
of the model – its energy being still equal to E0, all the
other energy levels of the model being instead squeezed
toward it.

More generally by following the same construction de-
tailed above, stretched versions of the excited energy lev-
els of the original Hamiltonian can also be obtained: for
instance in the case of the n-th eigenlevel ψn(x), we shall
now use as cutting points for the seeding potential the
stationary points of such wave-function, and set equal to

En the constant value of the associated elements V [~L](x)

of the stretching potential family F [~L](V ) (see Fig. 2)
– notice that in this case the dimension j of the vector
~L is larger than or equal to n + 1 (the latter being the
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minimum number of stationary points of ψn(x)). Thus,
by exploiting once more the node-counting argument one
can finally conclude that in this case, En represents the
n-th energy bound state of the new Hamiltonian, i.e.

E[~L]
n = En , ∀L1, L2, · · · ≥ 0 , (12)

and that for all n′ ≥ n+ 1, the energies gaps connecting

the energy levels E
[~L]
n′ will get compressed as the length

of vector of ~L increases. The behaviour of the lower part
of the spectrum on the contrary will typically be reacher
than what observed in the case of the ground-state
stretching, and will strongly depend on the specific
properties of the seeding potential V (x): as a general
rule one can anticipate however that in the infinite
stretching limit, it will tend to produce multiplex of
almost degenerate levels.

B. A necessary and sufficient condition for 1D
stretching

The simple construction we have presented in the pre-
vious section is rather general and, at least for the case of
1D geometries, allows for an exhaustive characterization
of stretching potentials. Indeed given a stretching poten-
tial W (x) admitting a stretched state ψE(x) as eigenvec-
tor associated with one of its eigenvalues E, then it turns
out that it must be constructed from a seeding potential
V (x) having an explicitly non stretched eigenstate at that
same energy level, via the mechanism detailed above. In
other words, W (x) must be an element of a stretching
family (11) characterized by a number of parameters j
that is larger than or equal to n + 1 with n being the
spectral position of the energy level E of W (x). The
proof of this statement can be constructed by reversing
the various steps we have followed before. For instance,
assume that E coincides with the ground state level of
W (x) and that it admits a single stretching, fully con-
nected, interval I := [x̄, x̄+ `] of length ` > 0, i.e.

ψE(x) = const. ∀x ∈ I ,
=⇒W (x) = const. ∀x ∈ I , (13)

the condition (13) being a rewriting of Eq. (3). Given

then `′ ∈]0, `], construct a new potential profile W [`′](x)
obtained from W (x) by maintaining the same spatial de-
pendence for all x ≤ x̄+ `− `′ and defined as the shifted
version of W (x), W (x+ `′) for all x > x̄+ `− `′, i.e.

W [`′](x) :=

 W (x) for x ≤ x̄+ `− `′,

W (x+ `′) for x > x̄+ `− `′.
(14)

Now by construction an eigenvector of W [`′](x) with
eigenvalue E is provided by the function

ψ
[`′]
E (x) :=

 ψE(x) for x ≤ x̄+ `− `′,

ψE(x+ `′) for x > x̄+ `− `′,
(15)

the function fulfilling the proper boundary conditions
thanks to the fact that ψE(x + `′) and W [`′](x + `′)
are constant for all x ∈]x̄ + ` − `′, x̄ + `] ⊆ I. We

observe that while for all `′ < `, ψ
[`′]
E (x) is a stretched

state (being constant upon a non-zero interval), this is
no longer the case for `′ = ` where W [`](x) becomes

a seeding potential with an eigenfunction ψ
[`]
E (x) that,

by construction, admits a stationary point in x̄ and
no stretching elsewhere. The proof of the property we
have stated above finally follows by noticing that taking
V (x) = W [`](x), we can write W (x) = V [`](x) hence
showing that W (x) belongs to the family F [L](W [`](x)).

III. STRETCHING THE WAVE-FUNCTION IN
HIGHER SPATIAL DIMENSIONS

A rather obvious generalization of the results presented
in Sec. II can be obtained in the 2D or 3D settings, for
all those models whose seeding potentials exhibit an ex-
plicit separation between the various cartesian coordi-
nates, such as

V (~x) =
∑
j

Vj(xj) , (16)

with xj being the j-th coordinate of ~x, the Vj(· · · ) being
arbitrary functions. Indeed under this assumption the
Schröedinger equation (1) admits solutions of the form

ψE(~x) = Πjψ
(j)
Ej

(xj) , E =
∑
j

Ej , (17)

where for all j, ψ
(j)
Ej

(x) and Ej satisfy the identity

∂2
xψ

(j)
Ej

(x) = −2m

~2
(Ej − Vj(x))ψ

(j)
Ej

(x) . (18)

Accordingly, by applying the procedure detailed in the
previous section for each one of the wave-functions

ψ
(j)
Ej

(x) independently, we can produce stretched versions

of ψE(~x). An important point to be highlighted is that,
in order to apply the procedure we illustrated in 1D, one
must also require the boundary conditions on the wave
function to be factorized.

Consider for instance the case of an infinite 2D square
well, that is a potential of the form:

V (x, y) = Vx(x) + Vy(y) (19)

where for j = x, y we set

Vj(j) =

{
0 for 0 ≤ xj ≤ aj ,

+∞ otherwise,
(20)
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with aj the width of the well along the j direction. This
potential is manifestly separable, and thanks to the fact
that the potential is infinite at the boundaries, also the
boundary conditions are separable. We want to consider
the stretching of the ground state, which can be written
as:

ψ0(x, y) = ψ
(x)
0 (x)ψ

(y)
0 (y), (21)

where

ψ
(j)
0 (j) =

√
2

aj
sin

(
π

aj
j

)
, (22)

whose associated eigenenergies are E
(j)
0 = ~2π2

2ma2j
, so that

E0 = E
(x)
0 + E

(y)
0 . From these expressions one immedi-

ately sees that the wave function ψ0(x, y) has zero gra-
dient at the point (ax2 ,

ay
2 ): we hence insert a potential

box of height E
(x)
0 and width Lx at the point x = ax/2,

and similarly a box of height E
(y)
0 and width Ly at point

y = ay/2, obtainig the potential shown in the inset of
Fig. 3. This new potential ground state eigenfunction
reads:

ψ
[Lx,Ly ]
0 = ψ

(x)[Lx]
0 (x)ψ

(y)[Ly ]
0 (y), (23)

where now ψ
(j)[Lj ]
0 (j) is worth:

1√
Nj


sin
(
π
aj
j
)

for 0 ≤ j ≤ aj
2 ,

1 for
aj
2 ≤ j ≤

aj
2 + Lj ,

sin
(
π
aj

(j − Lj)
)

for
aj
2 + Lj ≤ j ≤ aj + Lj .

(24)

This leads to the ground state wave function plotted in

Fig. 3, where one has a central region where ψ
[Lx,Ly ]
0 (x, y)

is constant, and four regions where one of the components
of the gradient is null. These four regions correspond to
the blue and green regions of the inset of Fig. 3, where
only one the kinetic components is absorbed into poten-
tial energy.

Extending this construction beyond the cases included
in Eq. (16) is much more demanding due to the intrin-
sic interplay between the various coordinate components
introduced by the seeding potential which prevents us
from operating on one of them individually without af-
fecting the others, leading in general to ambiguities af-
fecting the boundary conditions which make not clear
how to perform reverse engineering. It turns however
that if we do restrict ourselves to small departure from
the condition (16), approximate solutions can be found.
To present this result we shall focus on a 2D geometry
for which practical applications can be envisioned in the
design of semiconductor electronic wave-guides. For this
purpose let us consider a particle A that moves on the
(x, y) plane under the action of a seeding potential which
is translationally invariant along the longitudinal y direc-
tion, i.e. V (x, y) = V (x), hence writing (1) as

(∂2
x + ∂2

y)ψE(x, y) = −2m

~2
(E − V (x))ψE(x, y) . (25)

ax

2<latexit sha1_base64="SmXWABvHR2CJsHwvDr5YjPOdkzU=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRU6CeHQRNJRBIg8psaL1ZRNOOT+4WyMiKwVfQQsVHaLlUyj4F2wTISBMNZrZ1c6OGyppyLbfrbn5hcWl5dxKfnVtfWOzsLXdNEGkBTZEoALddsGgkj42SJLCdqgRPFdhyx2dp37rFrWRgX9F4xAdD4a+HEgBlEhOd6BBxNC7m8SVSa9QtEt2Bj5LylNSZFPUe4WPbj8QkYc+CQXGdMp2SE4MmqRQOMl3I4MhiBEMsZNQHzw0TpyFnvD9yAAFPETNpeKZiD83YvCMGXtuMukBXZu/Xir+53UiGpw4sfTDiNAX6SGSCrNDRmiZtIG8LzUSQZocufS5AA1EqCUHIRIxSurJZ32cpjj6/n6WNCulcrVUvTws1s6mzeTYLttjB6zMjlmNXbA6azDBbtgDe2RP1r31bL1Yr1+jc9Z0Z4f9gvX2CQsJlwo=</latexit>

ay

2<latexit sha1_base64="L3yCNw9EDdMOC6Cg63laxaSMUBY=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKnISxKOLoKEMEnlIiRWtL5twyvnB3RopslLwFbRQ0SFaPoWCf8E2EQLCVKOZXe3suKGShmz73cotLC4tr+RXC2vrG5tbxe2dlgkiLbApAhXojgsGlfSxSZIUdkKN4LkK2+74IvXbd6iNDPxrmoToeDDy5VAKoERyekMNIob+ZBpXp/1iyS7bGfg8qcxIic3Q6Bc/eoNARB76JBQY063YITkxaJJC4bTQiwyGIMYwwm5CffDQOHEWesoPIgMU8BA1l4pnIv7ciMEzZuK5yaQHdGP+eqn4n9eNaHjqxNIPI0JfpIdIKswOGaFl0gbygdRIBGly5NLnAjQQoZYchEjEKKmnkPVxluL4+/t50qqWK7Vy7eqoVD+fNZNne2yfHbIKO2F1dskarMkEu2UP7JE9WffWs/VivX6N5qzZzi77BevtEwyclws=</latexit>

ay

2
+ Ly

<latexit sha1_base64="spugaJihNsRMjS5QkQxRm52Z+hw=">AAACBXicbVDLSgNBEJyNrxhfUY9eBoMgCGFjxMdN9OLBQwQTA8my9I4dHTL7YKZXCUvOfoVXPXkTr36HB//F3XURX3Uqqrrp6vIiJQ3Z9ptVmpicmp4pz1bm5hcWl6rLKx0TxlpgW4Qq1F0PDCoZYJskKexGGsH3FF54w+PMv7hBbWQYnNMoQseHq0AOpABKJbe63B9oEAm4o3GyPd46dUdutWbX7Rz8L2kUpMYKtNzqe/8yFLGPAQkFxvQadkROApqkUDiu9GODEYghXGEvpQH4aJwkjz7mG7EBCnmEmkvFcxG/byTgGzPyvXTSB7o2v71M/M/rxTTYdxIZRDFhILJDJBXmh4zQMu0E+aXUSARZcuQy4AI0EKGWHIRIxTgtqZL3cZBh9+v7v6SzXW80682zndrhUdFMma2xdbbJGmyPHbIT1mJtJtgtu2cP7NG6s56sZ+vlc7RkFTur7Aes1w87Hpiz</latexit>

ax

2
+ Lx

<latexit sha1_base64="Jymps8ZNQVQxOtvtzuWCkRuwOHI=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXjwEMFEIVmW3rGjg7MPZnrVsOTsV3jVkzfx6nd48F/cXRdRY52Kqm66urxISUO2/W6NjU9MTk2XZsqzc/MLi5Wl5Y4JYy2wLUIV6nMPDCoZYJskKTyPNILvKTzzrg8z/+wGtZFhcEqDCB0fLgPZlwIoldzKUq+vQSTg3g2TreHmsXvnVqp2zc7BR0m9IFVWoOVWPnoXoYh9DEgoMKZbtyNyEtAkhcJhuRcbjEBcwyV2UxqAj8ZJ8uhDvh4boJBHqLlUPBfx50YCvjED30snfaAr89fLxP+8bkz9PSeRQRQTBiI7RFJhfsgILdNOkF9IjUSQJUcuAy5AAxFqyUGIVIzTksp5H/sZdr6/HyWdrVq9UWucbFebB0UzJbbK1tgGq7Nd1mRHrMXaTLBb9sAe2ZN1bz1bL9br1+iYVeyssF+w3j4BN/iYsQ==</latexit>

ax + Lx<latexit sha1_base64="XN4/v+VjbyK6ZrmKhxUPpfEeLk8=">AAAB+XicbVDJSgNBEO2JW4xb1KOXxiAIQpgYcbkFvXjwEMEskIRQ06nEJj0L3TWSMOQjvOrJm3j1azz4L86Mg7i90+O9KurVcwIlDdn2m5Wbm19YXMovF1ZW19Y3iptbTeOHWmBD+MrXbQcMKulhgyQpbAcawXUUtpzxReK37lAb6Xs3NA2w58LIk0MpgGKpBf3JwVV/0i+W7LKdgv8llYyUWIZ6v/jeHfgidNEjocCYTsUOqBeBJikUzgrd0GAAYgwj7MTUAxdNL0rjzvheaIB8HqDmUvFUxO8bEbjGTF0nnnSBbs1vLxH/8zohDU97kfSCkNATySGSCtNDRmgZ94B8IDUSQZIcufS4AA1EqCUHIWIxjIsppH2cJTj++v4vaR6WK9Vy9fqoVDvPmsmzHbbL9lmFnbAau2R11mCCjdk9e2CPVmQ9Wc/Wy+dozsp2ttkPWK8fuJCUAg==</latexit>

ay + Ly
<latexit sha1_base64="eN5QstWA6ld7847KKd0mjBSUIDs=">AAAB+XicbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXjwEME8IFmW3kknDpl9MNMrhCUf4VVP3sSrX+PBf3F3DaLGOhVV3XR1eZGShmz73ZqbX1hcWi6sFFfX1jc2S1vbLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3RZea371EbGQa3NI7Q8WEYyIEUQKnUBnd8eO2O3VLZrtg5+CypTkmZTdFwSx+9fihiHwMSCozpVu2InAQ0SaFwUuzFBiMQIxhiN6UB+GicJI874fuxAQp5hJpLxXMRf24k4Bsz9r100ge6M3+9TPzP68Y0OHMSGUQxYSCyQyQV5oeM0DLtAXlfaiSCLDlyGXABGohQSw5CpGKcFlPM+zjPcPL9/SxpHVWqtUrt5rhcv5g2U2C7bI8dsCo7ZXV2xRqsyQQbsQf2yJ6sxHq2XqzXr9E5a7qzw37BevsEu7KUBA==</latexit>

E
(x)
0

<latexit sha1_base64="BMygidG493/PW3E8csneNKIdR+A=">AAAB+3icbVDLSsNAFJ34rPVVdelmsAh1UxIrPnZFEVxWsA9pY5lMb+vQyYOZG7GEfIVbXbkTt36MC//FJAZR61kdzrmXe+5xAik0mua7MTM7N7+wWFgqLq+srq2XNjZb2g8Vhyb3pa86DtMghQdNFCihEyhgriOh7YzPUr99B0oL37vCSQC2y0aeGArOMJGuz/vmTVS534v7pbJZNTPQaWLlpExyNPqlj97A56ELHnLJtO5aZoB2xBQKLiEu9kINAeNjNoJuQj3mgrajLHBMd0PN0KcBKCokzUT4uRExV+uJ6ySTLsNb/ddLxf+8bojDYzsSXhAieDw9hEJCdkhzJZImgA6EAkSWJgcqPMqZYoigBGWcJ2KYVFPM+jhJcfj9/TRp7VetWrV2eVCun+bNFMg22SEVYpEjUicXpEGahBOXPJBH8mTExrPxYrx+jc4Y+c4W+QXj7ROwNZSD</latexit>

E
(y)
0

<latexit sha1_base64="gPO6iP9A8KmJJ/EHfZDWfav5qi4=">AAAB+3icbVDLSsNAFJ3UV62vqks3g0Wom5JY8bEriuCygn1IG8tkeluHTh7M3Agl5Cvc6sqduPVjXPgvJjGIWs/qcM693HOPE0ih0TTfjcLc/MLiUnG5tLK6tr5R3txqaz9UHFrcl77qOkyDFB60UKCEbqCAuY6EjjM5T/3OPSgtfO8apwHYLht7YiQ4w0S6uRiYt1F1uh8PyhWzZmags8TKSYXkaA7KH/2hz0MXPOSSad2zzADtiCkUXEJc6ocaAsYnbAy9hHrMBW1HWeCY7oWaoU8DUFRImonwcyNirtZT10kmXYZ3+q+Xiv95vRBHJ3YkvCBE8Hh6CIWE7JDmSiRNAB0KBYgsTQ5UeJQzxRBBCco4T8QwqaaU9XGa4uj7+1nSPqhZ9Vr96rDSOMubKZIdskuqxCLHpEEuSZO0CCcueSCP5MmIjWfjxXj9Gi0Y+c42+QXj7ROxxpSE</latexit>

E
(x)
0 + E

(y)
0

<latexit sha1_base64="gV9+TK+uTCwKdNR/deD0+0NUzew=">AAACB3icbVDJSgNBFOyJW4xbNEcvjUFIEMLEiMstKILHCGaBZAw9nZfYpGeh+404DPkAv8KrnryJVz/Dg//izCSIW52Kqvd49cr2pdBomu9GZm5+YXEpu5xbWV1b38hvbrW0FygOTe5JT3VspkEKF5ooUELHV8AcW0LbHp8lfvsWlBaee4WhD5bDRq4YCs4wlvr5wnnfvI5Kd+XJ3pSF5Uk/XzQrZgr6l1RnpEhmaPTzH72BxwMHXOSSad2tmj5aEVMouIRJrhdo8BkfsxF0Y+oyB7QVpeEndDfQDD3qg6JC0lSE7xsRc7QOHTuedBje6N9eIv7ndQMcHluRcP0AweXJIRQS0kOaKxG3AnQgFCCyJDlQ4VLOFEMEJSjjPBaDuKZc2sdJgsOv7/+S1n6lWqvULg+K9dNZM1myTXZIiVTJEamTC9IgTcJJSB7II3ky7o1n48V4nY5mjNlOgfyA8fYJo/yYNw==</latexit>

E
(x)
0

<latexit sha1_base64="BMygidG493/PW3E8csneNKIdR+A=">AAAB+3icbVDLSsNAFJ34rPVVdelmsAh1UxIrPnZFEVxWsA9pY5lMb+vQyYOZG7GEfIVbXbkTt36MC//FJAZR61kdzrmXe+5xAik0mua7MTM7N7+wWFgqLq+srq2XNjZb2g8Vhyb3pa86DtMghQdNFCihEyhgriOh7YzPUr99B0oL37vCSQC2y0aeGArOMJGuz/vmTVS534v7pbJZNTPQaWLlpExyNPqlj97A56ELHnLJtO5aZoB2xBQKLiEu9kINAeNjNoJuQj3mgrajLHBMd0PN0KcBKCokzUT4uRExV+uJ6ySTLsNb/ddLxf+8bojDYzsSXhAieDw9hEJCdkhzJZImgA6EAkSWJgcqPMqZYoigBGWcJ2KYVFPM+jhJcfj9/TRp7VetWrV2eVCun+bNFMg22SEVYpEjUicXpEGahBOXPJBH8mTExrPxYrx+jc4Y+c4W+QXj7ROwNZSD</latexit>

E
(y)
0

<latexit sha1_base64="gPO6iP9A8KmJJ/EHfZDWfav5qi4=">AAAB+3icbVDLSsNAFJ3UV62vqks3g0Wom5JY8bEriuCygn1IG8tkeluHTh7M3Agl5Cvc6sqduPVjXPgvJjGIWs/qcM693HOPE0ih0TTfjcLc/MLiUnG5tLK6tr5R3txqaz9UHFrcl77qOkyDFB60UKCEbqCAuY6EjjM5T/3OPSgtfO8apwHYLht7YiQ4w0S6uRiYt1F1uh8PyhWzZmags8TKSYXkaA7KH/2hz0MXPOSSad2zzADtiCkUXEJc6ocaAsYnbAy9hHrMBW1HWeCY7oWaoU8DUFRImonwcyNirtZT10kmXYZ3+q+Xiv95vRBHJ3YkvCBE8Hh6CIWE7JDmSiRNAB0KBYgsTQ5UeJQzxRBBCco4T8QwqaaU9XGa4uj7+1nSPqhZ9Vr96rDSOMubKZIdskuqxCLHpEEuSZO0CCcueSCP5MmIjWfjxXj9Gi0Y+c42+QXj7ROxxpSE</latexit>

0
<latexit sha1_base64="+3d+Ky6kn+32EvRtQ4RljBwc8jE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKnII4tFF0FAmEnlIiRWdL5twyvls3e0hRVa+gBYqOkTLB1HwL9jGQkCYajSzq50dP5LCoOu+O4Wl5ZXVteJ6aWNza3unvLvXMaHVHNo8lKHu+cyAFAraKFBCL9LAAl9C159ep373HrQRobrFWQRewCZKjAVnmEgtd1iuuFU3A10ktZxUSI7msPwxGIXcBqCQS2ZMv+ZG6MVMo+AS5qWBNRAxPmUT6CdUsQCMF2dB5/TIGoYhjUBTIWkmws+NmAXGzAI/mQwY3pm/Xir+5/Utji+8WKjIIiieHkIhITtkuBZJA0BHQgMiS5MDFYpyphkiaEEZ54lok0pKWR+XKc6+v18knZNqrV6tt04rjau8mSI5IIfkmNTIOWmQG9IkbcIJkAfySJ4c6zw7L87r12jByXf2yS84b58vGZFw</latexit>

0
<latexit sha1_base64="+3d+Ky6kn+32EvRtQ4RljBwc8jE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKnII4tFF0FAmEnlIiRWdL5twyvls3e0hRVa+gBYqOkTLB1HwL9jGQkCYajSzq50dP5LCoOu+O4Wl5ZXVteJ6aWNza3unvLvXMaHVHNo8lKHu+cyAFAraKFBCL9LAAl9C159ep373HrQRobrFWQRewCZKjAVnmEgtd1iuuFU3A10ktZxUSI7msPwxGIXcBqCQS2ZMv+ZG6MVMo+AS5qWBNRAxPmUT6CdUsQCMF2dB5/TIGoYhjUBTIWkmws+NmAXGzAI/mQwY3pm/Xir+5/Utji+8WKjIIiieHkIhITtkuBZJA0BHQgMiS5MDFYpyphkiaEEZ54lok0pKWR+XKc6+v18knZNqrV6tt04rjau8mSI5IIfkmNTIOWmQG9IkbcIJkAfySJ4c6zw7L87r12jByXf2yS84b58vGZFw</latexit>

0
<latexit sha1_base64="+3d+Ky6kn+32EvRtQ4RljBwc8jE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKnII4tFF0FAmEnlIiRWdL5twyvls3e0hRVa+gBYqOkTLB1HwL9jGQkCYajSzq50dP5LCoOu+O4Wl5ZXVteJ6aWNza3unvLvXMaHVHNo8lKHu+cyAFAraKFBCL9LAAl9C159ep373HrQRobrFWQRewCZKjAVnmEgtd1iuuFU3A10ktZxUSI7msPwxGIXcBqCQS2ZMv+ZG6MVMo+AS5qWBNRAxPmUT6CdUsQCMF2dB5/TIGoYhjUBTIWkmws+NmAXGzAI/mQwY3pm/Xir+5/Utji+8WKjIIiieHkIhITtkuBZJA0BHQgMiS5MDFYpyphkiaEEZ54lok0pKWR+XKc6+v18knZNqrV6tt04rjau8mSI5IIfkmNTIOWmQG9IkbcIJkAfySJ4c6zw7L87r12jByXf2yS84b58vGZFw</latexit>

0
<latexit sha1_base64="+3d+Ky6kn+32EvRtQ4RljBwc8jE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKnII4tFF0FAmEnlIiRWdL5twyvls3e0hRVa+gBYqOkTLB1HwL9jGQkCYajSzq50dP5LCoOu+O4Wl5ZXVteJ6aWNza3unvLvXMaHVHNo8lKHu+cyAFAraKFBCL9LAAl9C159ep373HrQRobrFWQRewCZKjAVnmEgtd1iuuFU3A10ktZxUSI7msPwxGIXcBqCQS2ZMv+ZG6MVMo+AS5qWBNRAxPmUT6CdUsQCMF2dB5/TIGoYhjUBTIWkmws+NmAXGzAI/mQwY3pm/Xir+5/Utji+8WKjIIiieHkIhITtkuBZJA0BHQgMiS5MDFYpyphkiaEEZ54lok0pKWR+XKc6+v18knZNqrV6tt04rjau8mSI5IIfkmNTIOWmQG9IkbcIJkAfySJ4c6zw7L87r12jByXf2yS84b58vGZFw</latexit>

 
[Lx,Ly ]
0 (x, y)

<latexit sha1_base64="HNmOmxObxB8PTIc4OiB5b8g+oFQ=">AAACC3icbVC7TsNAEDzzDOEVoKCgOREhBSmKHIJ4dBE0FBQgEYLkGOt82cAp54fu1iiWlU/gK2ihokO0fAQF/4JtIgSEqUYzu9qdcUMpNJrmuzExOTU9M1uYK84vLC4tl1ZWL3UQKQ4tHshAXblMgxQ+tFCghKtQAfNcCW23f5z57TtQWgT+BcYh2B678UVPcIap5JTWO6EWjnmdWKfOoHrqxPawMqjG206pbNbMHHSc1EekTEY4c0ofnW7AIw985JJpbdXNEO2EKRRcwrDYiTSEjPfZDVgp9ZkH2k7yAEO6FWmGAQ1BUSFpLsLPjYR5Wseem056DG/1Xy8T//OsCHsHdiL8MELweXYIhYT8kOZKpM0A7QoFiCz7HKjwKWeKIYISlHGeilFaVTHv4zDD3nf6cXK5U6s3ao3z3XLzaNRMgWyQTVIhdbJPmuSEnJEW4WRIHsgjeTLujWfjxXj9Gp0wRjtr5BeMt0+eNJpz</latexit>

y/ay
<latexit sha1_base64="qwm3ybywbrhn0G83vTWZN2siqgg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02t+HErevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3KRB1Ppg4PHeDDPzvIgzpW370yotLa+srpXXKxubW9s71d29jgpjSahDQh7KnocV5UxQRzPNaS+SFAcep11vepP53QcqFQvFvU4i6gZ4LJjPCNZGcpITPEyG1Zpdt3OgRdIoSA0KtIfVj8EoJHFAhSYcK9Vv2JF2Uyw1I5zOKoNY0QiTKR7TvqECB1S5aX7sDB0ZZYT8UJoSGuXqz4kUB0olgWc6A6wn6q+Xif95/Vj7l27KRBRrKsh8kR9zpEOUfY5GTFKieWIIJpKZWxGZYImJNvlU8hCuMpx/v7xIOqf1RrPevDurta6LOMpwAIdwDA24gBbcQhscIMDgEZ7hxRLWk/Vqvc1bS1Yxsw+/YL1/AbmAjsQ=</latexit>

x/ax
<latexit sha1_base64="ExRo8bnmYOd2t8ALmfqnbw0SCfo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02t+HErevFYwbSFNpTNdtMu3WzC7kZaQn+DFw+KePUHefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWl5ZXSuulzY2t7Z3yrt7LRXGklCHhDyUHQ8rypmgjmaa004kKQ48Ttve+Cb12w9UKhaKez2NqBvgoWA+I1gbyZmc4P6kX67YVTsDWiS1nFQgR7Nf/ugNQhIHVGjCsVLdmh1pN8FSM8LprNSLFY0wGeMh7RoqcECVm2THztCRUQbID6UpoVGm/pxIcKDUNPBMZ4D1SP31UvE/rxtr/9JNmIhiTQWZL/JjjnSI0s/RgElKNJ8agolk5lZERlhiok0+pSyEqxTn3y8vktZptVav1u/OKo3rPI4iHMAhHEMNLqABt9AEBwgweIRneLGE9WS9Wm/z1oKVz+zDL1jvX7Z0jsI=</latexit>

FIG. 3. Inset: density plot of the 2D-stretching poten-
tial (20). Figure: plot of the 2D stretched ground state

ψ
[Lx,Ly ]
0 (x, y) for Lx = 0.3ax and Ly = 0.5ay, see Eq. (24).

One can observe the flat region at the center, in correspon-
dence of the red region of the inset, where the wave function
has a constant value. One can also observe four regions where
only one component of the gradient nullifies, corresponding to
the blue and green regions of the inset.

The model clearly admits eigen-solutions of the form

ψE(x, y) = eikyψn(x) , E = En + ~2k2/2m , (26)

for k real, and ψn(x) being the n-th eigenstate of the 1D
problem defined by V (x) and associated with the eigen-
value En (in what follows we shall assume this part of
the spectrum to be discrete). Now considering n = 0, i.e.
identifying ψ0(x) and E0 with the ground energy level
associated with the 1D potential V (x), let us consider
the following modification of (25)

(∂2
x+∂2

y)ψE(x, y) = −2m

~2
(E−V [L(y)](x))ψE(x, y) , (27)

where V [L(y)](x) is obtained as in Eq. (5) when iden-
tifying the 1D seeding potential of that equation with
the V (x) appearing in Eq. (25), and where L(y) is a
(positive) smooth function of the longitudinal coordi-
nate y. In what follows we shall consider the case where
L(y) varies only on a limited spatial interval y ∈ I :=
[yin, yfin], assuming the constant value Lin := L(yin) for
y ≤ yin and Lfin := L(yfin) for y ≥ yfin. For the spe-
cial choice in which the two asymptotic values coincide
(i.e. Lin = Lfin = L), and L(y) is constant and the
model retains its invariance under longitudinal transla-
tions (V (x, y) = V [L](x)): accordingly the solutions of
(25) can be still obtained by separation of the coordi-
nates through the ansatz

ψE(x, y) = eikyψ[L]
n (x) , E = E[L]

n + ~2k2/2m , (28)
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where now ψ
[L]
n (x) and E

[L]
n are eigensolutions of the 1D

problem characterized by the 1D potential V [L](x). For
n = 0, Eq. (27) exhibits in particular a modification of
eikyψ0(x) that, for all assigned y, is uniformly stretched
along the transverse direction x, i.e. the wave-function

ψE(x, y) = eikyψ
[L]
0 (x) , E = E0 + ~2k2/2m , (29)

that simply provides an instance of the construction we
have anticipated at the beginning of the present section.
The situation changes however when we allow for arbi-
trary choices of Lin and Lfin. In this case clearly the
above construction fails since the potential (27) will ac-
quire an explicit dependence on y. Still a useful way to
approaching the problem is to consider a modifed version
of the ansatz (28)

ψE(x, y) = eikyψ̃(x, y) , (30)

where now, apart from the phase term eiky, we allow for
a residual y-dependence in ψ̃(x, y). By replacing this into
(27) we get

∂2
xψ̃(x, y) = −2m

~2

[
E − V [L(y)](x)

]
ψ̃(x, y) + ∆(x, y) ,

(31)
with

∆(x, y) := −∂2
y ψ̃(x, y)− 2ik∂yψ̃(x, y) . (32)

We reconize that apart from the ∆(x, y) contribution,

Eq. (31) reduces to Eq. (6) upon substituting ψ̃(x, y) with
ψE(x). Accordingly one may try to use as an approx-

imate solution of (31) the function ψ
[L(y)]
0 (x) obtained

by evaluating the 1D wave-function of Eq. (8) for the
stretching parameter L(y), and taking for E the corre-
sponding ground state energy E0, i.e.

ψE(x, y) ' eikyψ[L(y)]
0 (x) , E ' E0 + ~2k2/2m . (33)

This solution turns out to be appropriate as long as we
can neglect the ∆(x, y) contribution into Eq. (31), a con-
dition that, intuitively, can be ensured if L(y) is a suffi-
ciently slowly varying function with respect to y on the
whole interval I – see Appendix A for more details on
this. Due to the presence of a non-constant stretching
parameter L(y), Eq. (33) represents a generalization of
the stretched state (29) that applies for a model that,
as anticipated, does not allow for trivial separation of
variables.

IV. EXAMPLES

Here we present few examples of the stretching mech-
anism for 1D models.

A. Infinite potential well

As a study case we now choose as seeding potential
V (x) an infinite well of length a (i.e. V (x) = 0 for |x| ≤

a
2 , and V (x) = ∞ otherwise), which admits as energy
eigenvectors the wavefunctions supported in |x| ≤ a

2 and
defined by

ψn(x) =

√
2

a

 cos(π(n+ 1)x/a) for n ≥ 0 even,

sin(π(n+ 1)x/a) for n ≥ 1 odd,
(34)

with associated eigen-energies equal to

En =
π2(n+ 1)2~2

2ma2
. (35)

1. Ground state stretching

Observing that the ground state wavefunction ψ0(x) of
the model has an extremal point at the origin of the coor-
dinate axis, we can stretch it by considering the potential
profile shown in the inset of Fig. 4, which at variance with
the case presented in the previous paragraphs, has been
properly shifted in order to ensure symmetry preserva-
tion around x = 0 for all L. The explicit solution of
the associated Sturm-Liouville equation (6) can then be
easily obtained by direct calculation. As anticipated in
the previous section, the first allowed solution is achieved

for E = E0 = π2~2

2ma2 , the associated wave-function being
provided by (8). The excited energy eigenfunctions for
E > E0 can be obtained by a standard approach. Setting

k̄ =
√

2m(E−E0)
~2 and k =

√
2mE
~2 the resulting discrete

spectrum emerges as the solution of the the following
quantization conditions

k cot

(
ak

2

)
= k̄ tan

(
k̄L

2

)
, (36)

for states of even parity, and

k cot

(
ak

2

)
= −k̄ cot

(
k̄L

2

)
, (37)

for eigenstates of odd parity.
In the upper panel of Fig. 4 we report the first four

energy levels as a function of the length L of the cen-
tral barrier, obtained by numerically solving the above
expressions. As can be easily seen from the plot, while
the ground state energy is not affected by variations of L,
the excited levels have an explicit functional dependence
on such parameter. In particular as L is zero one recov-
ers the infinite well eigenenergies, while as L/a becomes
large the excited energy level get compressed toward the
ground state level E0. The lower panel of Fig. 4 reports
instead the eigenfunctions of the first excited levels of the
stretched potential for fixed choice of L revealing the flat

behaviour of ψ
[L]
0 (x).

2. Excited state stretching by central potential

Consider next the case where we modify the seeding
potential to stretch one of its excited energy levels. For
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FIG. 4. Inset: A sketch of the potential profile under ex-
amination, an infinite well with a central barrier that gives
rise to a stretched ground state. The height of the central
barrier coincides with the energy ground state E0 of the seed-
ing potential. Upper panel: Energies of the first four levels
(n = 0, 1, 2, 3) of the potential V [L](x) as a function of L. As
L = 0 one recovers the energy levels of the infinite well, while
as L increases these energies go asymptotically to the value
E0. In fact, in the limit of large L one recovers the free par-
ticle limit, and thus the eigenfunctions become plane waves.
Lower panel: Plot of the wavefunctions of the first four lev-
els (colors and numbers corresponding to the upper panel)
for the specific ratio L/a = 0.4. One can see immediately
that the ground state wavefunction is flat in the region corre-
sponding to the wall, while the other states are still oscillating
eigenstates.

instance, exploiting the fact that a generic even eigen-
function of Eq. (34) still admits a stationary point at
x = 0, we can stretch it by using the same symmetric
profile given in the inset of Fig. 4 by simply setting the
value of the potential in the flat central region equal to
the corresponding energy level En. With such choice of
course, irrespectively from the choice of the stretching pa-
rameter L, E = En turns out to be a proper eigenvalue of
the modified Hamiltonian (indeed it is the n-th element
of the spectrum). The eigensolutions for E ≥ En can
be solved as in the previous case and present an anal-
ogous functional dependence upon L (i.e. compression
toward En in the limit L � a). The system however
now admits also energy levels for E < En which, set-
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FIG. 5. Upper panel: Plot of the first six energy levels when
the height of the central barrier is equal to the energy of the
fifth level of the infinite well (i.e. n = 4). As expected the
energy of the fifth level keeps the same value as in the infinite
well, independently of L. On the other hand the lower levels,
as L increases, acquire a doublets structure. Lower panel:
Plot of the wavefunctions of the first six levels for the specific
ratio L/a = 0.6. It is immediately seen that the doublets in
the upper panel reflect here in couple of wavefunctions with
opposite symmetry, i.e. even and odd states with the same
energy value.

ting γ =
√

2m(En−E)
~2 , can be determined by solving the

following quantization equations

−k cot

(
ak

2

)
= γ tanh

(
γL

2

)
(38)

for even states, and

−k cot

(
ak

2

)
= γ coth

(
γL

2

)
(39)

for odd states.
The above quantization conditions become exactly the

same in the limit of L� a, and thus we expect the states
with energy lower than En to form two-fold nearly de-
generate states with opposite parity. The system can be
seen as the union of two distinct potential wells sepa-
rated by a finite barrier whose length acts as a knob that
tunes the interaction between the two wells via tunnel
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effect. When the length L is small the two wells inter-
act strongly, while as L increases the interaction becomes
more and more feeble which gives doublets of nearly de-
generate states. These predictions are confirmed by the
plot shown in Fig. 5. Now, a similar argument can be
applied to the stretched state n=4 and the next higher
state n=5: notice that the energy of the state n=5 in the
limit of large L approaches that of the stretched state
and, correspondingly, its wave-function becomes practi-
cally linear in the stretched interval where the potential is
constant and solutions with vanishing kinetic energy are
of the form ψ(x) = A (even symmetry) or ψ(x) = B x
(odd symmetry).

3. Multi-parameter stretching of the first excited state

Here we consider the multi-parameter stretching of the

first excited state ψ1(x) =
√

2
a sin(2πx/a) of infinite po-

tential well which admits x = ±a/4 as stationary points.

We hence use the following stretched version of the seed-
ing potential, i.e.

V [L1,L2](x) =



∞ for x < −a2 − L1

0 for −a2 − L1 ≤ x ≤ −a4 − L1

E1 for −a4 − L1 ≤ x ≤ −a4

0 for −a4 ≤ x ≤ a
4

E1 for a
4 ≤ x ≤ a

4 + L2

0 for a
4 + L2 ≤ x ≤ a

2 + L2

∞ for x > a
2 + L2,

(40)

with E1 = 4π2~2

2ma2 and L1, L2 being the two stretching pa-
rameters of the problem. The energy levels can once more
be easily computed. A part from the solution E = E1 in
this case we find the following quantization condition

1

4k2γ2 cos
(
k(a2 + L1)

){− 2 sinh(γ(L1 + L2))kγ
(

(k2 + γ2) cos

(
ak

2

)
+ (k2 − γ2) cos(ak)

)
+ sinh(γL1) sinh(γL2) sin(ak)(k2 − γ2)2 + 2 sinh(γL2) sinh(γL1) sin

(
ak

2

)
(k4 − γ4)

−4k2γ2 cosh(γL2) cosh(γL1) sin(ak)

}
= 0 , (41)

for E < E1, where now γ =
√

2m(E1−E)
~2 and k̄ =

√
2m(E−E1)

~2 , and

1

8k2k̄2 cos
(
k(a2 + L1)

){− (k2 − k̄2)2 cos
(
k̄(L2 − L1)

)
sin(ak) + (k4 + 6k2k̄2 + k̄4) cos

(
k̄(L1 + L2)

)
sin(ak) (42)

−4(k4 − k̄4) sin

(
ak

2

)
sin
(
k̄L1

)
sin
(
k̄L2

)
+ 4kk̄ sin

(
k̄(L1 + L2)

) [
(k2 − k̄2) cos

(
ak

2

)
+ (k2 + k̄2) cos(ak)

]}
= 0 ,

for E > E1.

Plots of the first three solutions as a function of are
reported in the upper panel of Fig. 6 as a function of
L1, L2:, one can see that the energy of the ground state
increases up to an asymptotic value, while the energy of
the second level stays constant, since it is the state we
are stretching. As for the states with energy above E2,
one can see that their energy approach the asymptotic
value E1 as L1, L2 increase: this is to be expected, as we
are going towards the free particle limit.

B. Example 2: Harmonic oscillator

Our next example assumes as seeding potential an har-

monic one, i.e. V (x) = mω2

2 x2, which admits eigenvalues
En = ~ω(n+ 1/2) for n ≥ 0 integer, with eigenfunctions

ψn(x) =
(mωπ~ )1/4

√
2nn!

Hn

(√
mω

~
x

)
exp

[
−mωx

2

2~

]
,(43)

Hn(x) being the n-th Hermite polynomial. Since for n
even, the energy wavefunction admits a stationary point
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FIG. 6. Upper Panel, plot of the first energy levels for the
infinite well with two barriers as a function of the barriers
lenghts L1, L2. Lower Panel: plot of the wave-functions of the
first three energy level of the model for L1/a = 0.4, L2/a =
0.2.

in x = 0, we can stretched it by using the potential

V [L](x) =


mω2

2 (x+ L
2 )2 x ≤ −L2

En |x| < L
2

mω2

2 (x− L
2 )2 x ≥ L

2 .

(44)

In order to determine the spectrum of the model, we can
resort in solving the associated Sturm-Liouville differen-
tial equation in each of the three spatial domain sepa-
rately, and then try to match them with proper conti-
nuity conditions. For this purpose we observe that the
only solution which that is square-integrable for x ≤ L/2
(resp. x ≥ −L/2) is given by the parabolic cylinder func-

tion [32] Dε− 1
2
(−
√

2ξ(x+ L
2 )) (resp. Dε− 1

2
(
√

2ξ(x+ L
2 ))),

where for simplicity we set ε = E
~ω and ξ =

√
mω
~ – the

latter reducing to (43) for ε semi-integer. Accordingly in-
troducing the rescaled quantities εn = En

~ω , γ =
√
εn − ε

and k̄ =
√
ε− εn, up to a normalization constant, the

eigensolutions for E < En must have the form

ψ(x) =



cosh(
√

2ξγ L2 )
D
ε− 1

2
(0) Dε− 1

2
(−
√

2ξ(x+ L
2 ))

cosh
(√

2ξγx
)

cosh(
√

2ξγ L2 )
D
ε− 1

2
(0) Dε− 1

2
(
√

2ξ(x− L
2 )) ,

(45)

for even states with quantization condition

Dε+ 1
2
(0)

Dε− 1
2
(0)

= −γ tanh

(√
2ξγ

L

2

)
, (46)

and

ψ(x) =



− sinh(
√

2ξγ L2 )
D
ε− 1

2
(0) Dε− 1

2
(−
√

2ξ(x+ L
2 ))

sinh
(√

2ξγx
)

sinh(
√

2ξγ L2 )
D
ε− 1

2
(0) Dε− 1

2
(
√

2ξ(x− L
2 )) ,

(47)

for the odd states, with quantization condition

Dε+ 1
2
(0)

Dε− 1
2
(0)

= −γ coth

(√
2ξγ

L

2

)
. (48)

As E > En we get instead:

ψ(x) =



cos(
√

2ξk̄L2 )
D
ε− 1

2
(0) Dε− 1

2
(−
√

2ξ(x+ L
2 ))

cos
(√

2ξk̄x
)

cos(
√

2ξk̄L2 )
D
ε− 1

2
(0) Dε− 1

2
(+
√

2ξ(x− L
2 )) ,

(49)

for even states and:

ψ(x) =



− sin(
√

2ξk̄L2 )
D
ε− 1

2
(0) Dε− 1

2
(−
√

2ξ(x+ L
2 ))

sin
(√

2ξk̄x
)

sin(
√

2ξk̄L2 )
D
ε− 1

2
(0) Dε− 1

2
(+
√

2ξ(x− L
2 )) ,

(50)

the associated quantization conditions being respectively

Dε+ 1
2
(0)

Dε− 1
2
(0)

= k̄ tan

(√
2ξγ

L

2

)
, (51)

Dε+ 1
2
(0)

Dε− 1
2
(0)

= −k̄ cot

(√
2ξγ

L

2

)
. (52)

We start by noting that when E = En, then both
Eq. (46) and Eq. (51) are satisfied, and substituting in
Eq. (45) we get the stretched counterpart of ψn(x) as
expected (for this purpose it is useful to remind that

Dn(x) = 2−
n
2 e−

x2

4 Hn( x√
2
)). We also observe that in the
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FIG. 7. Upper panel: Plot of the energies of the first six
levels for the stretched potential (44) for n = 4. As L in-
creases, the levels with energy lower than En form a ladder of
two fold degenerate levels, while the states with higher ener-
gies asymptotically approach the free particle limit, i.e. plane
waves. Lower panel: plot of the associated wave-functions for
L/ξ = 0.4.

limit of large L, Eq. (46) and Eq. (48) become identical,
resulting into the formation of two fold degenerate state
with energy below En in closed analogy to what observed
in Sec. IV A 2. Finally from Eq. (51) and Eq. (52) we
can verify that as L becomes large the states with energy
greater than En tend to approach the plane waves limit
and the energy gaps tend to get compressed. This results
are confirmed and summarized in the plot in Fig. 7, where
the energy of the various levels is plotted as a function
of L.

V. CONCLUSIONS

The potentialities offered by the extension of matem-
aterials from the conventional optical regime to electronic
platforms where (at difference with photons) charged
particles can strongly interact, is currently attracting a
lot of attention, thus bringing to the design of the so-
called synthetic quantum metamaterials [33]. From a
theoretical point of view this naturally calls for the ex-

tension of the concept of stretched electromagnetic waves
to stretched quantum states of massive particles, which
is actually the goal of this manuscript. Our construction
hinges upon the one-to-one correspondence between the
Helmhotz and the Schrödinger equations, leading to in-
troduction of stretching potentials which admit spatially
flat eigenfunctions in regions where the potential is con-
stant as well. Notwithstanding the validity of such def-
inition for arbitrary dimensions, herewith we mostly fo-
cused on the 1D scenario for which we have also provided
a necessary and sufficient criterion: a stretching poten-
tial can be yielded only by properly deforming a seeding
potential, characterized by explicitly non-stretched eigen-
states, by inserting in it flat regions bearing exactly the
same energy of the selected eigenfunction. This can find
applications in nowadays quantum technologies, such as
the electron-potential engineering of nanowires [34–37],
or the implementation of nano-structures whose work-
ing principle is based on coupling the nuclear spins to
electron transport [25]. An even reacher plethora of ap-
plications is offered by 2D geometries, such as the one
commonly found in semiconductor electronic waveguides.
To this end, we showed that by slowly varying the length
of the flat region of the potential along one coordinate
(say x) as a function of the other coordinate (say y), our
scheme can be easily extended to non-trivial two dimen-
sional configurations. This observation brings a straight-
forward connection between our scheme and the adia-
batic theorem, thus paving the way to a feasible prac-
tical implementation of our proposal also in 1D setups.
In fact, a given stretching potential can be easily gener-
ated by properly tuning a set of time-dependent control
parameters labelling the associated seeding potential, so
as to transform the selected eigenstate into a the target
stretch-quantum state.
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Appendix A: Justifying the ansatz of Eq. (33)

As anticipated in the Sec. III, under slow varying as-
sumptions of the function L(y), Eq. (33) arguably pro-
vides a good approximation for a solution of Eq. (27)
when we enforce the stretching V (x)→ V [L(y)](x) of the
confining potential. A simple way to see this is to notice
that by adopting the ansatz (33), the extra contribution
(32) becomes

∆(x, y)
∣∣∣
ψ

[L(y)]
0 (x)

= −Θ(x′ − x̄)
[
∂x′ψ0(x′)L′′(y) (A1)

+
(

2ik∂x′ψ0(x′) + ∂2
x′ψ0(x′)L′(y)

)
L′(y)

]
x′=x−L(y)

,
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which gets suppressed in the limit where L(y) is almost
constant (here Θ(x) stands for the Heaviside step func-

tion). Specifically, for assigned y, we notice that `(2)

norm of ∆(x, y) under the ansatz is given by

‖∆(x, y)‖2 =

∫ ∞
−∞

dx|∆(x, y)|2 =

∫ ∞
x̄

dx
∣∣∣∂xψ0(x)(L′′(y) + 2ikL′(y)) + ∂2

xψ0(x)
(
L′(y)

)2∣∣∣2
≤
∫ ∞
−∞

dx
∣∣∣∂xψ0(x)(L′′(y) + 2ikL′(y)) + ∂2

xψ0(x)
(
L′(y)

)2∣∣∣2
≤ |L′′(y) + 2ikL′(y)|2

∫ ∞
−∞

dx|∂xψ0(x)|2 + |L′(y)|4
∫ ∞
−∞

dx|∂2
xψ0(x)|2

+2
∣∣L′(y)

∣∣2|L′′(y) + 2ikL′(y))|
√∫ ∞
−∞

dx|∂xψ0(x)|2
∫ ∞
−∞

dx|∂2
xψ0(x)|2

=

(
|L′′(y) + 2ikL′(y)|

√ ∫ ∞
−∞

dx|∂xψ0(x)|2 +
∣∣L′(y)

∣∣2√∫ ∞
−∞

dx|∂2
xψ0(x)|2

)2

=
(
|L′′(y) + 2ikL′(y)|

√
〈p̂2
x〉0/~ +

∣∣L′(y)
∣∣2√〈p̂4

x〉0/~2
)2

, (A2)

where 〈· · · 〉0 represents the expectation value with re-
spect to ψ0(x), where p̂2

x indicates the transverse kinetic
energy (in deriving the above expression we invoked the
Chaucy-Swartz inequality), and where hereafter L′(x) :=
∂yL(y) and L′′(x) := ∂2

yL(y). On the contrary for the `2

norm of the first contribution in the r.h.s. of Eq. (31) i.e.

the quantity f(x, y) := − 2m
~2

[
E − V [L(y)](x)

]
ψ

[L(y)]
0 (x),

we get

‖f(x, y)‖2 =

∫ ∞
−∞

dx|f(x, y)|2 =

∫ ∞
−∞

dx|∂2
xψ

[L(y)]
0 (x)|2

=

∫ x̄

−∞
dx|∂2

xψ0(x)|2 +

∫ ∞
x̄+L

dx|∂2
xψ0(x− L)|2

=

∫ ∞
−∞

dx|∂2
xψ0(x)|2 = 〈p̂4

x〉0/~4 , (A3)

where in the first line we used the fact that since
ψ

[L(y)]
0 (x) is an explicit eigenfunction of the stretched po-

tential one has f(x, y) = ∂2
xψ

[L(y)]
0 (x). Putting all this

together we can conclude that as long as the following
inequality holds for all y,

〈p̂4
x〉0

〈p̂2
x〉0~2

� |L
′′(y)|2 + 4k2|L′(y)|2

(1− |L′(y)|2)2
, (A4)

we can ensure that under the ansatz (33) one has

‖f(x, y)‖ � ‖∆(x, y)‖ , (A5)

meaning that the second contribution on the r.h.s. of
Eq. (31) is much smaller than the first. Accordingly,
when integrating such differential equation over a not too
large integration interval we can neglect the contribution
of ∆(x, y), hence justifying the approximation (33).
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