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Introduction

Several trilinear interactions of higher spin fields where presented in our pre-
vious article [1]. Interactions are constructed in the Lagrangian framework using
Noether’s procedure together with the corresponding gauge field transformations
next to the free level. In this article we turn to the construction of the cubic
selfinteraction for the spin s higher spin gauge field in a flat background using
again direct Noether’s procedure.

The construction of (self)interacting higher spin gauge field theories was al-
ways in the center of attention during the last thirty years. Without aiming at
a complete list of literature we just refer here to those articles that are impor-
tant for our investigation [4]-[11], a more complete reference list could be easily
obtained from these. Historically this complicated task of general field theory
always attracted interest but activity intensified after discovering the important
role higher spin gauge fields play in AdS/CFT correspondence especially after
discovering the holographic duality between the O(N) sigma model in three di-
mensional space and higher spin gauge theory operating in the four dimensional
space with negative constant curvature [12]. This case of holography is singled out
by the existence of two conformal points, notably weakly and strongly coupled,
of the boundary theory and the possibility to describe them by the same higher
spin gauge theory with the help of spontaneously breaking of higher spin gauge
symmetry and mass generation by a corresponding Higgs mechanism. These
complicated quantum field theory tasks relate to quantum loop calculations for
higher spin fields [13]-[19] and therefore necessitate the existence of different pos-
sible interactions of higher spin fields that are manifest, off-shell and formulated
in a Lagrangian framework. Successful interaction constructions could be applied
for example to one loop calculations. On the quantum level this construction can
be controlled by comparison with the boundary O(N) model enabling us to check
the AdS/CFT correspondence conjecture on the loop level [13], [14], [16]. On
the other hand one loop calculations are mainly interesting in the framework of
their ultraviolet behaviour when the difference between an AdS and a flat space
background can be neglected at least in the leading order.

In this article we continue the issue to construct possible couplings which we
started in our previous articles that involved couplings among different higher
spin fields and scalar fields [1, 2, 3, 13] . Here we turn to the trilinear or cubic
selfinteraction of Fronsdal’s [20] spin s gauge fields in a flat background but the
results can in principle be generalized to the AdS background.

The first sections are devoted to the development of the idea: how can we
apply Noether’s equation to construct a spin s gauge field selfinteraction in an
algorithmized manner with a useful classification for the parts of the interaction
Lagrangian. After the development of the formalism and corresponding technique
for solving the functional Noether’s equation, we formulate a general prediction
for the leading terms of the spin s cubic interaction Lagrangian and the leading
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part of the gauge transformation next to the free terms (linear in the gauge field).
In section two we recall the gravity case as an exercise and present and analyze in
detail the complete solution for the s = 2 cubic interaction having in mind to find
a general ansatz for the solution of Noether’s equation. In section three we present
our main result of this article: the complete solution for the cubic selfinteraction

in the case of spin four. The result includes both the cubic Lagrangian and the
part of the gauge transformation linear in the field. The leading parts of these
formulas are in full agreement with our prediction for general spin s formulated
in the first section.

1 Higher spin gauge field selfinteraction: The

beauty of Noether’s procedure

Following our previous articles [15]-[19] we use the most elegant and convenient

way of handling symmetric tensors such as h
(s)
µ1µ2...µs(z) by contracting it with the

s’th tensorial power of a vector aµ of the tangential space at the base point z

h(s)(z; a) =
∑

µi

(
s
∏

i=1

aµi)h(s)
µ1µ2...µs

(z). (1.1)

In this way for spin s we obtain a homogeneous polynomial in the vector aµ of
degree s. Then we can write the symmetrized gradient, trace and divergence ∗

Grad : h(s)(z; a)⇒ Gradh(s+1)(z; a) = (a∇)h(s)(z; a), (1.2)

Tr : h(s)(z; a)⇒ Trh(s−2)(z; a) =
1

s(s− 1)
✷ah

(s)(z; a), (1.3)

Div : h(s)(z; a)⇒ Divh(s−1)(z; a) =
1

s
(∇∂a)h

(s)(z; a). (1.4)

All other manipulations in this formalism are discussed in the Appendix of this
paper. Here we will only present Fronsdal’s Lagrangian in terms of these conven-
tions†:

L0(h
(s)(a)) = −

1

2
h(s)(a) ∗a F

(s)(a) +
1

8s(s− 1)
✷ah

(s)(a) ∗a ✷aF
(s)(a), (1.5)

where F (s)(z; a) is the so-called Fronsdal tensor

F (s)(z; a) = ✷h(s)(z; a)− s(a∇)D(s−1)(z; a), (1.6)

∗To distinguish easily between ”a” and ”z” spaces we introduce for space-time derivatives
∂

∂zµ the notation ∇µ.
†For the meaning of the index contraction asterisk ∗a see (A.5).
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and D(s−1)(z; a) is the so-called de Donder tensor or traceless divergence of the
higher spin gauge field

D(s−1)(z; a) = Divh(s−1)(z; a)−
s− 1

2
(a∇)Trh(s−2)(z; a), (1.7)

✷aD
(s−1)(z; a) = 0. (1.8)

The initial gauge variation of a spin s field that is of field order zero is

δ(0)h
(s)(z; a) = s(a∇)ǫ(s−1)(z; a), (1.9)

with the traceless gauge parameter

✷aǫ
(s−1)(z; a) = 0, (1.10)

for the by definition double traceless gauge field

✷
2
ah

(s)(z; a) = 0. (1.11)

Therefore on this level we can see from (1.9) and (1.10) that a correct general-
ization of the Lorentz gauge condition in the case of s > 2 could be only the
so-called de Donder gauge condition

D(s−1)(z; a) = 0. (1.12)

The equation of motion following from (1.5) is

δL0(h
(s)(a)) = −(F (s)(a)−

a2

4
✷aF

(s)(a)) ∗a δh
(s)(a), (1.13)

and zero order gauge invariance (when δh(s)(a) = δ(0)h
(s)(a)) can be checked by

substitution of (1.9) into this variation and use of the duality relation (A.10) and
identity (A.33) taking into account tracelessness of the gauge parameter (1.10).

Now we turn to the formulation of Noether’s general procedure for construct-
ing the spin s cubic selfinteraction. Similar to [4] Noether’s equation in this case
looks like‡

δ(1)L0(h
(s)(a)) + δ0L1(h

(s)(a)) = 0, (1.14)

where L1(h
(s)(a)) is a cubic interaction Lagrangian and δ(1)h

(s)(a) is a gauge
transformation that is of first order in the gauge field. Actually equation (1.14)
just expresses in the cubic order of the field the generalized gauge invariance

δL(h(s)(a)) =
δL(h(s)(a)

δh(s)(a))
∗a δh

(s)(a) = 0, (1.15)

‡From now on we will admit integration everywhere where it is necessary (we work with a
Lagrangian as with an action) and therefore we will neglect all d dimensional space-time total
derivatives when making a partial integration.
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where

L(h(s)(a)) = L0(h
(s)(a)) + L1(h

(s)(a)) + . . . , (1.16)

δh(s)(a) = δ(0)h
(s)(a) + δ(1)h

(s)(a) + . . . . (1.17)

Combining (1.13) and (1.14) we obtain the following functional Noether’s equa-
tion

δ(0)L1(h
(s)(a)) = (F (s)(a)−

a2

4
✷aF

(s)(a)) ∗a δ(1)h
(s)(a), (1.18)

and we would like to present in this article the solution of the latter equation for

the case s = 4 and propose a generalization for any even s.
First we investigate a first order variation of the spin s gauge transformation.

Remembering that Fronsdal’s higher spin gauge potential has scaling dimension
∆s = s− 2 (zero for the s = 2 graviton case) and ascribing the same dimensions
to the free part of the Lagrangian that is quadratic in the fields and derivatives
L0(h

(s)(a)) and to the interaction L1(h
(s)(a)) cubic in the fields, we arrive at the

idea that the number of derivatives in the interaction should be s. This type of
interacting theories will behave in the same way as gravity. Then we can easily
conclude from (1.14) that the number of derivatives in the first order variation
δ(1)h

(s)(a) should be s − 1. For s = 2 this consideration is of course in full
agrement with the linearized expansion of the Einstein-Hilbert action.

The next observation is connected with double tracelessness of Fronsdal’s
higher spin gauge potential. This means that we must make sure that the same
holds for the variation. Expanding the general variation in powers of a2

δ(1)h
(s)(a) = δ(1)h̃

(s)(a) + a2δ(1)h
(s−2)(a) + (a2)2δh(s−4)(a) + . . . , (1.19)

we see that the double tracelessness condition ✷
2
aδh

(s)(a) = 0 expresses the third
and higher terms of the expansion (1.19) through the first two free parameters
δ(1)h

(s)(a) and δ(1)h
(s−2)(a)§. From the other hand Fronsdal’s tensor (and the r.h.s

of (1.18)) is double traceless by definition and therefore all these O(a4) terms are
unimportant because they do not contribute to (1.18). This leaves us freedom in
the choice of initial δ(1)h

(s−2)(a). Using this freedom we can shift the initial first
order variation in the following way

δ(1)h
(s)(a)⇒ δ(1)h

(s)(a) +
a2

2(D + 2s− 2)
✷aδh

(s)
(1)(a), (1.20)

§For completeness we present here the solution for δh(s−4)(a) following from the double
tracelessness condition

δh(s−4)(a) = −
1

8α1α2

[

✷
2
aδh

(s)
(1)(a) + 4α1✷aδh

(s−2)(a)
]

,

αk = D + 2s− (4 + 2k), k ∈ {1, 2}.
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and discover that (1.18) reduces to

δ(0)L1(h
(s)(a)) = F (s)(a) ∗a δh

(s)
(1)(a). (1.21)

Now to solve this equation we can formulate the following strategy:
1) First we can start from any cubic ansatz with s derivatives L1(h

(s)(a))
suitable in respect to the zero order variation (1.9) and variate it inserting in the
l.h.s. of (1.21) .

2) Then we make a partial integration and rearrange indices to extract an inte-
grable part due to terms proportional to Fronsdal’s tensor F (s)(a) (or TrF (s)(a))
in agreement with the r.h.s. of (1.21).

3) Symmetrizing expressions in this way we classify terms as

• integrable

• integrable and subjected to field redefinition (proportional to Fronsdal’s
tensor)

• non integrable but reducible by deformation of the initial ansatz for the
gauge transformation (again proportional to Fronsdal’s tensor)

Then if no other terms remain we can construct our interaction together with
the corrected first order transformation. Following this strategy we will consider
the s = 2 and s = 4 cases in the next sections in detail. The exact and unique
results after field redefinition and partial integration that are presented in the
next two sections are in full agreement with the prediction for general even spin
s. To formulate this prediction let us first introduce a classification of cubic
monoms with s derivatives. We will call leading terms all those monoms without
traces and divergences or equivalently without h̄(s−2) = Tr : h(s) and D(s−1),
where the derivatives are contracted only with gauge fields and not with other
derivatives. This type of terms is interesting because any partial integration
will map such term to the terms of the same type and create one additional
term with a divergence, which we can map to D dependent and trace dependent
terms. Another important point of this class of monoms is that inside of this
class we have the following important term involving the linearized Freedman-de
Witt gauge invariant curvature [21, 22]

Linitial
1 (h(s)(a)) =

1

2s
h(s)(b) ∗b Γ

(s)(b, a) ∗a h
(s)(a), (1.22)

Γ(s)(z; b, a) =
s

∑

k=0

(−1)k

k!
(b∇)s−k(a∇)k(b∂a)

kh(s)(z; a). (1.23)

This term we can use (and we used it in the case s=4) as an initial ansatz for the
solution of (1.21). Using (A.22) and (A.32) we see that

δ(0)L
initial
1 (h(s)(a)) = −ǫ(s−1)(z; b)(b∇)h(s)(a) ∗a ∗bΓ

(s)(b, a) +O(F (s)). (1.24)
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It is easy to see from (1.23) that after variation in the r.h.s. of (1.24) we get s+1
monoms linear on the gauge parameter ǫ(s−1)(z; b) and quadratic in the gauge
field, where some of them contain two factors (b∇) of contracted derivatives.
These terms we can separate as next level terms including the de Donder tensor
D(s−1)(z; b). To prove this statement we note first that due to partial integration
there is the following simple formula:

F (z)∇µG(z)∇µH(z) =
1

2
(✷F (z)G(z)H(z)− F (z)✷G(z)H(z) − F (z)G(z)✷H(z)) .

(1.25)
The objects F (z), G(z), H(z) in our case are proportional to h(s)(z; a) or ǫ(s−1)(z; a).
Then using the definition of Fronsdal’s operator (1.6) and from (1.7) and (1.9)
follows the transformation rule

δ(0)D
(s−1)(z; a) = ✷ǫ(s−1)(z; a). (1.26)

This implies that we can classify all terms with contracted derivatives (i.e. terms
with Laplacians) as monoms containing D(s−1)(z; a) or δ(0)D

(s−1)(z; a) which
therefore vanish in the de Donder gauge. Actually according to the r.h.s of
(1.21) we can during functional integration always replace any ✷h(s)(a) with
F (s)(a)+s(a∇)D(s−1)(a) obtaining a contribution to δ(1) and shifting this monom
to the next level class comprising one more order of the de Donder tensor.

Operating in this way we can integrate Noether’s equation (1.21) (or equiva-
lently express the r.h.s. of (1.24) as −δ(0)L

cubic
1 (h(s)) + O(F (s))) using the initial

ansatz (1.24) step by step: integrating first the leading terms without any de Don-
der tensor or trace, then integrate terms involving only traces but notD(s−1)(z; a).
That is the solution in de Donder gauge. After that we can continue the integra-
tion and obtain terms linear on D(s−1)(z; a) , quadratic and so on. The procedure
will be closed when we obtain a sufficient number of D(s−1)(z; a) to stop the pro-
duction of terms with contracted derivatives and therefore the production of new
level terms coming from formula (1.25).

Collecting the leading terms and rearranging by partial integration derivatives

in a cyclic way so that each derivative acting on a tensor gauge field is contracted

with the preceding tensor we finally come to the following prediction for the
leading terms of the interaction for a general spin s gauge field:

Lleading

(1) (h(s)(z)) =
1

3s(s!)3

∑

α+β+γ=s

(

s

α, β, γ

)
∫

z1,z2,z3

δ(z − z1)δ(z − z2)δ(z − z3)

[

(∇1∂c)
γ(∇2∂a)

α(∇3∂b)
β(∂a∂b)

γ(∂b∂c)
α(∂c∂a)

β
]

h(a; z1)h(b; z2)h(c; z3), (1.27)

where the relative coefficients between monoms are trinomial coefficients:
(

s

α, β, γ

)

=
s!

α!β!γ!
, s = α + β + γ. (1.28)
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Correspondingly the leading term of the first order gauge transformation should
be

δleading(1) h(s)(c; z) =
1

s!(s− 1)!

∑

α+β+γ=s

(−1)β
(

s− 1

α− 1, β, γ

)
∫

z1,z2

δ(z − z1)δ(z − z2)

[

(c∇1)
γ(∇2∂a)

α−1(∇1∂b)
β(∂a∂b)

γ(c∂b)
α(c∂a)

β
]

ǫ(a; z1)h(b; z2). (1.29)

Splitting the trinomial into two binomials we can rewrite this expression in a
more elegant way

δleading(1) h(s)(c; z) =
1

s!

s−1
∑

k=0

k!

(

s− 1

k

)

γ
(k)

(ǫ(s−1))
(c, b; a)∗a,b, (a∇)

s−k−1(c∂b)
s−kh(s)(b)

(1.30)

where

γ
(k)

(ǫ(s−1))
(c, b; a)

=
k!

(s− 1)!

k
∑

i=0

(−1)i

i!
(c∇)k−i(b∇)i(c∂b)

i
[

(a∂b)
s−1−kǫ(s−1)(b)

]

. (1.31)

Comparing with (1.23) we see that

γ
(k)

(ǫ(s−1))
(c, b; a) = Γ(k)(c, b; h(k)

a (b)), (1.32)

where

h(k)
a (b) =

k!

(s− 1)!

[

(a∂b)
s−1−kǫ(s−1)(b)

]

, (1.33)

and therefore the γ
(k)

(ǫ(s−1))
(c, b; a) coefficients inherit in the c, b index spaces all

properties of the corresponding spin k curvature described in details in Appendix.
In the next two sections we show that for the s = 2, 4 cases fixing the leading
terms by partial integration and field redefinition leads to the unique solution of
Noether’s equation (1.21).

2 Cubic selfinteraction and Noether’s procedure,

the spin two example

Using our general basis for the spin 2 case

hµν , (2.1)

Dµ = (∇h)µ −
1

2
∇µh, (2.2)

h = h µ
µ , (2.3)

8



we can rewrite the free Fronsdal (linearized Einstein-Hilbert gravity) Lagrangian
for the spin two gauge field in the following way:

L0 = −
1

2
hµν(✷hµν − 2∇(µDν)) +

1

4
h(✷h− 2(∇D)), (2.4)

(∇D) = ∇µDµ. (2.5)

This action is invariant with respect to the zero order gauge transformation

δ(0)hµν = 2∇(µεν). (2.6)

According to our strategy described in the previous section we obtain the
following cubic interaction Lagrangian

L1(h
(2)) =

1

2
hαβ∇α∇βhµνh

µν + hαµ∇αh
βν∇βhµν

−
1

4
(∇D)hµνh

µν −
1

2
hµν∇µhDν , (2.7)

supplemented with the Lie derivative form of the first order transformation law

δ(1)hµν = ερ∇ρhµν + 2∇(µε
ρhν)ρ, (2.8)

and the following field redefinition leading to this minimized form of Lagrangian
(2.7)

hµν → hµν +
1

4
(hhµν − 2h ρ

µ hνρ −
1

2(D − 2)
h2gµν), (2.9)

Note that the interaction Lagrangian in de Donder gauge

Dµ = 0, (2.10)

reduces to the first two leading terms of (2.7). This minimized form of the leading
terms is equivalent to the expansion up to cubic terms of the Einstein-Hilbert
action (see formula (2.24) [4]) after partial integration and field redefinition, and
is in full agreement with (1.27) for s = 2.

To see the same for the first order transformation law (2.8) and (1.30) we note
that the second term in the (2.8) can be written in the form involving the vector

curvature γ
(1)
µν = 2∇[µεν] and the additional field redefinition

(∇(µε
ρ −∇ρε(µ)hν)ρ + (∇(µε

ρ +∇ρε(µ)hν)ρ

= (∇(µε
ρ −∇ρε(µ)hν)ρ +

1

2
δ0ε(h

ρ

(µ hν)ρ). (2.11)

Consequently the first order gauge variation becomes

δ(1)hµν = ερ∇ρhµν + γ
(1) ρ
(µ hν)ρ, (2.12)

and the field redefinition (2.9) reduces to

hµν → hµν +
1

4
(hhµν −

1

2(D − 2)
h2gµν). (2.13)
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3 The cubic selfinteraction for spin four

We start this nontrivial case by introducing the free Fronsdal’s Lagrangian for
the spin four gauge field hαβγδ

L0(h
(4)) = −

1

2
hαβγδFαβγδ +

3

2
h̄αβF̄αβ, (3.1)

Fαβγδ = ✷hαβγδ − 4∇(αDβγδ), (3.2)

F̄αβ = Fγ
γαβ = ✷h̄αβ − 2(∇D)αβ, (3.3)

which is invariant under

δ(0)hαβγδ = 4∇(αǫβγδ), (3.4)

where we defined the de Donder tensor and the trace of the gauge field by

Dαβγ = (∇h)αβγ −
3
2
∇(αh̄βγ), (3.5)

h̄βγ = h α
βγα , (3.6)

D β
αβ = 0, h̄ β

β = 0. (3.7)

The spin four case is much more complicated than the spin two case and
includes all difficulties and complexities of a general spin s interaction but remains
inside the domain of problems which one can handle analytically. To apply our
strategy and integrate the corresponding Noether’s equation completely we have
to introduce the following table to classify terms and levels of the interaction
Lagrangian.

0 1 2

0

1

2

3

D
h̄

hhh DDhDhh

h̄hh

h̄h̄h

h̄h̄h̄

h̄Dh h̄DD

h̄h̄D

(3.8)
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This table introduces some ”coordinate system” for classification of our interac-
tion

L1 =
∑

i,j=0,1,2,3
i+j≤3

Lint

ij (h
(4)), (3.9)

where
Lint

ij (h
(4)) ∼ ∇4−i(D)i(h̄(4))j(h(4))3−j−i. (3.10)

In this notation the leading term described in the second section is Lint

00 (h
(4)). On

the other hand the first column of table (3.8) is nothing else but the interaction
Lagrangian in de Donder gauge Dαβγ = 0 and can be expressed as a sum

Lint

dD(h
(4)) =

3
∑

j=0

Lint

0j (h
(4)). (3.11)

Integrating Noether’s equation step by step (cell by cell in means of (3.8)) starting
from the initial curvature ansatz (1.22), we obtain after very long and tedious
calculations the following cubic interaction Lagrangian:

Lint

00 (h
(4)) =

1

8
hαβγδhµνλρΓ

(4)
αβγδ,µνλρ −∇

µhαβγδ∇
α∇βhγνλρ∇δhµνλρ

+
3

4
∇µhαβγδ∇

α∇νhγδλρ∇βhµνλρ

+3∇µ∇νhαβγδh
ανλρ∇β∇λh

γδ
µρ , (3.12)

Lint

01 (h
(4)) = −

3

2
hαβγδ∇

α∇βhγνλρ∇δ∇νh̄λρ − 3hαβγδh
δ

νλρ∇
α∇β∇ν∇λh̄γρ

+
3

2
∇µhαβγδ∇

ν∇αhµβγλ∇δh̄νλ −∇
λhµαβγ∇ρhν

αβγ∇µ∇νh̄λρ

+
1

4
hµαβγhν

αβγ∇µ∇ν(∇∇h̄), (3.13)

Lint

02 (h
(4)) = −

3

2
hαβγδ∇

α∇β∇µh̄γν∇δh̄µν +
3

2
hαβγδ∇

α∇µh̄βν∇γ∇νh̄
δ
µ

−
3

4
∇µ∇νhαβγδ∇

αh̄βν∇γh̄δµ −
3

4
hαβγδ∇

α∇βh̄γδ(∇∇h̄)

−3∇µhαβγδ∇ν∇
αh̄βγ∇δh̄µν , (3.14)

Lint

03 (h
(4)) =

3

4
∇µ∇ν h̄αβ∇

αh̄µλ∇βh̄ν
λ −

3

4
∇µh̄

νλ∇ν h̄
µ
λ(∇∇h̄), (3.15)
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Lint

10 (h
(4)) = 3∇α∇νDλρβh

αβγδ∇γh
νλρ
δ +

3

2
∇ρDαβλ∇

µhαβγδ∇λhρµγδ

−2∇δDνλρ∇
νhαβγδ∇

λhραβγ −
3

2
(∇D)αρ∇µhαβγδ∇

βh γδ
ρµ

+
1

4
(∇D)µν∇µhαβγδ∇νh

αβγδ −
1

2
(∇D)µνhαβγδ∇µ∇νh

αβγδ

−∇α(∇D)µνhαβγδ∇µhνβγδ +
3

4
∇α(∇D)µνhαβγδ∇βhµνγδ,(3.16)

Lint

11 (h
(4)) = −

1

2
h̄γδ∇γhµνλρ∇δ∇

µDνλρ +
1

2
h̄γδ∇γ∇δhµνλρ∇

µDνλρ

+
3

4
∇µh̄γδhµνλρ∇γ∇

νD λρ
δ −

3

4
∇µh̄

γδhµνλρ∇ν∇λDγδρ

+
9

4
∇µh̄

γδ∇ρhγδνλ∇
λDµνρ + 3h̄γδ∇ρhγµνλ∇

µ∇νD λρ
δ

+
3

2
h̄γδ∇ρhγµνλ∇

µ∇δD
νλρ −

3

2
h̄γδ∇ρ∇γhδµνλ∇

µDνλρ

−
3

4
(∇D)γδ∇µh̄νλ∇γhδµνλ −

3

4
∇µ(∇D)γδh̄νλ∇λhγδµν

+6∇µ∇ν(∇D)γδh̄γλh
νλ

δµ +
1

4
h̄γδ

✷Dµνρ∇γhδµνρ

−
3

8
h̄γδ

✷Dµνρ∇µhγδνρ, (3.17)

Lint

12 (h
(4)) =

3

4
Dµνρ(∇h̄)δ∇δ∇µh̄νρ −

9

8
∇γ∇δD

µνρh̄γδ∇µh̄νρ

−3Dµνρh̄γδ∇γ∇µ∇ν h̄δρ − 3∇µDνργ∇
ν h̄γδ∇δh̄

µρ

−
3

2
(∇D)γδ∇γ h̄

µν∇δh̄µν −
3

8
(∇D)γδh̄µν∇γ∇δh̄µν

+
3

2
∇µ(∇D)γδ∇γ h̄µνh̄

ν
δ − 3(∇D)γδ∇γ∇µh̄δν h̄

µν

−
9

4
(∇D)γδ∇µh̄γν∇

ν h̄δµ +
3

2
∇µ(∇D)γδ∇νh̄γδh̄µν

+
3

8
(∇D)γδh̄γδ(∇∇h̄) +

3

8
∇µ∇ν(∇D)γδh̄γµh̄δν

−
3

2
✷(∇D)γδh̄γµh̄

µ
δ , (3.18)

Lint

20 (h
(4)) = 3DαβγDµνρ∇µ∇νhραβγ −

9

4
DαβγDµνρ∇α∇µhβγνρ

+3Dαβγ∇ρD µν
γ ∇αhβµνρ +

1

2
(∇D)γδDµνρ∇γhδµνρ, (3.19)
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Lint

21 (h
(4)) = −

3

4
h̄γδ∇γD

µνρ∇δDµνρ +
1

8
(∇∇h̄)DµνρDµνρ

+
3

4
(∇h̄)δDµνρ∇µDδνρ +

9

4
h̄γδ∇γD

µνρ∇µDδνρ

+3h̄γδ∇µD νρ
γ ∇νDδµρ + 3∇µ∇νh̄

γδD νρ
γ Dδµρ

−
3

4
h̄γδ(∇D)µν∇µDνγδ + 6h̄γδ∇µ(∇D) ν

γ Dδµν

+3h̄γδ(∇D) ν
γ (∇D)δν . (3.20)

Collecting factors coming with Fronsdal’s equation of motion (Fronsdal’s ten-
sor) in Noether’s equation we obtain next to the free term δ(0)h of the gauge
transformation law for the spin four field the linear term

δ(1)hαβγδ = ǫµνρ∇µ∇ν∇ρhαβγδ

+3(∇αǫ
µν
ρ −∇ρǫ

µν
α )∇µ∇νh

ρ
βγδ

+3(∇α∇βǫ
µ

νρ − 2∇α∇νǫ
µ

βρ +∇ν∇ρǫ
µ

αβ )∇µh
νρ

γδ

+(∇α∇β∇γǫµνρ − 3∇α∇β∇µǫγνρ + 3∇α∇µ∇νǫβγρ −∇µ∇ν∇ρǫαβγ)h
µνρ

δ

+(trace terms O(gαβ))

= γ
(0)µνρ

(ǫ(3))
∇µ∇ν∇ρhαβγδ + 3γ

(1) µν

(ǫ(3))α,ρ
∇µ∇νh

ρ
βγδ

+3γ
(2) µ

(ǫ(3))αβ,νρ
∇µh

νρ
γδ + γ

(3)

(ǫ(3))αβγ,µνρ
h µνρ
δ

+(trace terms O(gαβ)), (3.21)

where we assumed symmetrization of the indices α, β, γ, δ and the spin four field
redefinition

hαβγδ → hαβγδ −
9

8
∇µ∇νh̄αβh

µν
γδ −

1

4
(∇∇h̄)hαβγδ −

3

4
∇µ

[

(∇h̄)µhαβγδ

]

+
1

2
h̄µν∇µ∇αhβγδν +∇ν(∇h̄)αh

ν
βγδ −

3

2
∇µh̄να∇βh

µν
γδ

−
3

8
h̄µν∇α∇βhγδµν +

1

4
∇µ(h̄µαDβγδ −

3

2
h̄αβDγδµ)

+
9

2
∇µ∇αh̄βγ h̄δµ −

21

32
∇νh̄αβ∇

νh̄γδ

−
3

2
∇α∇β h̄

µ
γ h̄δµ +

15

8
(∇h̄)α∇βh̄γδ

+(trace terms O(gαβ)), (3.22)

where symmetrization over the indices α, β, γ, δ is also understood.
Finally note that we did not obtain an Linter

30 ∼ (D)3 part of interaction
(there is no corresponding cell in the first row of (3.8)) because we started the
leading part Linter

00 (3.12) from the curvature term and fixed in this way partial
integration freedom. After that as it was mentioned above all other terms of
interaction could be constructed in a unique way up to some field redefinition.
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This particular way of derivative rearrangement (including partial integration of
all other level terms) does not lead to a (D)3 term as opposed to other ways
of rearranging the derivatives by means of the partial integration freedom. On
the other hand if we rearrange the derivatives as described in the second section
we get as leading part of the interaction Linter

00 in complete agreement with our
prediction (1.27) for s = 4. The same is true for the transformation law (3.21)
and (1.30).

4 Conclusion

Based on an algorithmic and partially recursive construction scheme both the
cubic selfinteraction of the spin four higher spin field and that part of the gauge
transformation that is linear in the gauge field (first order gauge transformation)
were derived. For general even spin a formula for the leading part (contain-
ing no traces, divergences or de Donder terms) of the cubic interaction and the
corresponding form of the first order gauge transformation were guessed. The
similarity of these results with gravity theory was worked out. Obviously these
results open the door to many investigations, in particular also to an extended
gravity theory.
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Appendix

Higher spin free fields in Fronsdal’s formulation

and the deWit-Friedman linearized curvatures

We will use the deWit-Freedman curvature and Cristoffel symbols [21, 22]. We
contract them with the degree s tensorial power of one tangential vector aµ in
the first set of s indices and with a similar tensorial power of another tangential
vector bν in its second set. The deWit-Freedman curvature and n-th Cristoffel
symbol are then written as

Γ(s)(z; b, a) : Γ(s)(z; b, λa) = Γ(s)(z;λb, a) = λsΓ(s)(z; b, a), (A.1)

Γ
(s)
(n)(z; b, a) : Γ

(s)
(n)(z; b, λa) = λsΓ

(s)
(n)(z; b, a), (A.2)

Γ
(s)
(n)(z;λb, a) = λnΓ

(s)
(n)(z; b, a), (A.3)

Γ(s)(z; b, a) = Γ
(s)
(n)(z; b, a)|n=s. (A.4)

Next we introduce the notation ∗a, ∗b for a contraction in the symmetric spaces
of indices a or b

∗a =
1

(s!)2

s
∏

i=1

←−
∂ µi

a

−→
∂ a

µi
. (A.5)

To manipulate reshuffling of different sets of indices we employ two differen-
tials with respect to a and b, e.g.

Ab = (a∂b), (A.6)

Ba = (b∂a). (A.7)

Then we see that the operators Ab, a
2, b2 are dual (or adjoint) to Ba,✷a,✷b with

respect to the ”star” product of tensors with two sets of symmetrized indices
(A.5)

1

n
Abf

(m−1,n)(a, b) ∗a,b g
(m,n−1)(a, b) = f (m−1,n)(a, b) ∗a,b

1

m
Bag

(m,n−1)(a, b), (A.8)

a2f (m−2,n)(a, b) ∗a,b g
(m,n)(a, b) = f (m−2,n)(a, b) ∗a,b

1

m(m− 1)
✷ag

(m,n)(a, b).

(A.9)
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In the same fashion gradients and divergences are dual with respect to the full
scalar product in the space (z, a, b)

(a∇)f (m−1,n)(z; a, b) ∗a,b g
(m,n)(z; a, b) = −f (m−1,n)(z; a, b) ∗a,b

1

m
(∇∂a)g

(m,n)(z; a, b).

(A.10)

Analogous equations can be formulated for the operators b2 or b∇.
Now one can prove that [21, 19]:

AbΓ
(s)(z; a, b) = BaΓ

(s)(z; a, b) = 0. (A.11)

These ”primary Bianchi identities” are manifestations of the hidden antisymme-
try. The n-th deWit-Freedman-Cristoffel symbol is

Γ
(s)
(n)(z; b, a) ≡ Γ

(s)
(n)ρ1...ρn,µ1...µℓ

bρ1 ...bρnaµ1 ...aµℓ

= [(b∇)−
1

n
(a∇)Ba]Γ

(s)
(n−1)(z; b, a), (A.12)

or in another way

Γ
(s)
(n)(z; b, a) = (

s
∏

k=1

[(b∇)−
1

k
(a∇)Ba])h

(s)(z; a). (A.13)

Using the following commutation relations

[Ba, (a∇)] = (b∇), (A.14)

[Bk
a , (a∇)] = kBk−1

a (b∇), (A.15)

[Ba, (a∇)
k] = k(b∇)(a∇)k−1, (A.16)

✷b(b∇)
i = i(i− 1)(b∇)i−2

✷, (A.17)

∂b
µ(b∇)

i∂µ
b B

j
a = ij(b∇)i−1Bj−1

a (∇∂a), (A.18)

✷bB
j
a = j(j − 1)Bj−2

a ✷a, (A.19)

and mathematical induction we can prove that

Γ
(s)
(n)(z; b, a) =

n
∑

k=0

(−1)k

k!
(b∇)n−k(a∇)kBk

ah
(s)(z; a). (A.20)

The gauge variation of the n-th Cristoffel symbol is

δΓ
(s)
(n)(z; b, a) =

(−1)n

n!
(a∇)n+1Bn

a ǫ
(s−1)(z; a), (A.21)

putting here n = s we obtain gauge invariance for the curvature

δΓ
(s)
(s)(z; b, a) = 0. (A.22)
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Tracelessness of the gauge parameter (1.10) implies that b-traces of all Cristof-
fel symbols are gauge invariant

✷bδΓ
(s)
(n)(z; b, a) =

(−1)n

(n− 2)!
(a∇)n+1Bn−2

a ✷aǫ
(s−1)(z; a) = 0. (A.23)

Thus for the second order gauge invariant field equation we can use the trace of
the second Cristoffel symbol, the so-called Fronsdal tensor:

F (s)(z; a) =
1

2
✷bΓ

(s)
(2)(z; b, a)

= ✷h(s)(z; a)− (a∇)(∇∂a)h
(s)(z; a) +

1

2
(a∇)2✷ah

(s)(z; a).(A.24)

Using equation (A.20) for Cristoffel symbols and after long calculations we obtain
the following expression

✷bΓ
(s)
(n)(z; b, a)

=
n−2
∑

k=0

(−1)k

k!
(n− k)(n− k − 1)(b∇)n−k−2(a∇)kBk

aF
(s)(z; a). (A.25)

In particular for the trace of the curvature we can write

✷bΓ
(s)(z; b, a) = s(s− 1)U(a, b, 3, s)F (s)(z; a), (A.26)

where we introduced an operator mapping the Fronsdal tensor on the trace of
the curvature

U(a, b, 3, s) =

s
∏

k=3

[(b∇)−
1

k
(a∇)Ba]. (A.27)

Now let us consider this curvature in more detail. First we have the symmetry
under exchange of a and b

Γ(s)(z; a, b) = Γ(s)(z; b, a). (A.28)

Therefore the operation ”a-trace” can be defined by (A.26) with exchange of a
and b at the end. The mixed trace of the curvature can be expressed through the
a or b traces using ”primary Bianchi identities” (A.11)

(∂a∂b)Γ
(s)(z; b, a) = −

1

2
Ba✷bΓ

(s)(z; b, a) = −
1

2
Ab✷aΓ

(s)(z; b, a). (A.29)

The next interesting properties of the higher spin curvature and corresponding
Ricci tensors are so called generalized secondary or differential Bianchi identities.
We can formulate these identities in our notation in the following compressed
form ([. . . ] denotes antisymmetrization )

∂

∂a[µ
∂

∂bν
∇λ]Γ

(s)(z; a, b) = 0. (A.30)
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This relation can be checked directly from representation (A.20). Then contract-
ing with aµ and bν we get a symmetrized form of (A.30)

s∇µΓ
(s)(z; a, b) = (a∇)∂a

µΓ
(s)(z; a, b) + (b∇)∂b

µΓ
(s)(z; a, b). (A.31)

Now we can contract (A.31) with a ∂µ
b and using (A.29) obtain a connection

between the divergence and the trace of the curvature

(s− 1)(∇∂b)Γ
(s)(z; a, b) = [(b∇)−

1

2
(a∇)Ba]✷bΓ

(s)(z; a, b). (A.32)

These two identities with a similar identity for the Fronsdal tensor

(∇∂a)F
(s)(z; a) =

1

2
(a∇)✷aF

(s)(z; a), (A.33)

play an important role for the construction of the interaction Lagrangian.
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