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It is almost a century now since data implying the presence of nonluminous matter in the

Universe surfaced: in 1932 Oort [1] observed that the number of stars near the sun was 30´50%

less than the number necessary to explain their velocities; then, in 1933, Zwicky [2] pointed

out that the velocity dispersion of galaxies in the Coma cluster required 10 to 100 times more

mass than the one accounted for the luminous galaxies themselves. The same Zwicky called this

unseen matter dunkle materie (dark matter). These observations were practically ignored for

almost four decades until a large number of new evidences corroborating the claim of Oort and

Zwicky emerged.

Nowadays evidences advocating the existence of Dark Matter (DM) range from the galactic

scale, where DM is needed to explain the observed stellar dynamics, to cosmological scales, DM

being one of the pillars of the ΛCDM model. However, despite its central role, the nature of the

DM remains unknown. This ignorance, which mostly stems from our inability to detect non-

gravitational interactions between dark and baryonic matter, together with the fact that DM is

one of the few phenomenological flaws of the Standard Model (SM) has driven a huge activity in

the theoretical community.1 However, if the lack of information about the DM properties makes

quite easy is to come up with plausible theoretical solutions it also makes very hard to proof

or disproof them. Thus it is crucial to keep pushing the experimental frontiers in parallel with

the theoretical efforts. In the following we summarize the (few) experimental informations we

have about the DM, and the experimental endeavors that the community is undergoing in the

attempt to unveil some of its key features.

Energy density

The only thing we know with a high degree of accuracy about the DM is its cosmological

abundance, ΩDM ” ρDM{ρ0, where ρDM and ρ0 are respectively the DM and the critical energy

densities. Up to now, the more accurate determination of ΩDM comes from fitting the parameters

of the ΛCDM model to the CMB power spectrum [6]:

ΩDMh
2
“ 0.1186˘ 0.0020 , (1)

where h is the Hubble constant in units of 100 Km{p s Mpcq.

Mass

While the DM energy density is known with an high degree of accuracy, its number density

nDM “ ρDM{MDM, or equivalently its mass, is very poorly constrained.

The lower bound on the DM mass depends on whether it is a fermionic or a bosonic particle.

In the bosonic case, this lower limit comes from the requirement that DM has to behave classically

1 The lack of non-gravitational signals, not only limits our investigating power, also raises the doubt that the
DM could be just a manifestation of some modified theory of gravity. This possibility seemed to be ruled out
by the observation of two galaxies lacking DM [3,4], however a recent work [5] showed that the apparent lack of
DM was due to a misestimate of the galaxis’ distances. Therefore the doubt remains.
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Figure 1: Bounds on the DM lifetime from measurements of the CMB power spectrum (left
panel) [12], and 21-cm absorption signal (right panel) [13], assuming different decay channels.
Both bounds are provided up to DM masses of O p10 TeVq. The ones coming from CMB are
expect to remain constant at higher masses, while further studies are needed to extend the ones
coming from 21´cm line observables. At masses below the MeV significant bounds can be placed
only assuming a decay channel into photons.

on galactic scales, i.e. its de Broglie wavelength, λDM “ h{pMDMvDMq has to be smaller than

galactic length scales („ 10 Kpc). From this requirement, and taking vDM „ 200 Km{ s (the typ-

ical DM velocity in our galaxy), we find the lower bound MDM Á 10´22 eV. For fermionic DM we

also have to require that the degeneracy pressure does not prevent galaxy formation. The space

density of fermions cannot exceed the value f “ gh´3, where g is the number of internal degrees of

freedom [7]. Assuming the dark-matter distribution to be an isothermal sphere with core radius

rc “ p9σ
2{4πGρcq

1{2, where ρc is the central density and σ is the Maxwellian one-dimensional ve-

locity dispersion, the corresponding maximum phase-space density is f “ ρcM
´4
DMp2πσ

2q´3{2 [8].

Requiring that this maximum value is smaller than gh´3 and taking a Milky Way type galaxy

(σ “ 150 Km{ s and ρc ą GeV cm´3) we get MDM ą 25 eV.

For what concern the largest possible value for the DM mass, several analysis seem to rule out

DM candidates with masses above „ 10´100Md (see for example the bounds from disruption of

compact stellar system [9,10]). However, is important to emphasize that many of these analysis

are plagued by astrophysical uncertainties. Recently it has been pointed out [11] that pulsar

timing measurements will provide an astrophysical clean constrain in the near future.

To summarize, we are able to constraint the DM mass within 79 orders of magnitude for

bosonic candidates and 56 orders of magnitudes for fermionic ones.
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Figure 2: Bounds on the DM lifetime from indirect searches for different decay channels [14].
In the mass range „ 107 to 109 GeV the IceCube experiments provide stronger bounds, see for
example [15].

Lifetime

The DM has to be present both in the early Universe, where it provides the seeds for structure

formation, and in the present-day Universe, where it dictates the stellar dynamics in galaxies.

Therefore, we can readily state that its lifetime has to be at least of the order of the Universe:

τDM Á 1017 s. However, much stronger constraints can be placed looking for the effects of the

energy released in DM decays 2.

Decays during the recombination epoch inject highly energetic particles in the baryon-

photon plasma at a rate which is proportional to τDM. These particles heat the gas and -more

importantly- ionize hydrogen atoms, modifying the location and the thickness of the last scat-

tering surface (LSS). The shift of LSS location translate in a shift of the CMB acoustic peak,

while the broadening of the LSS induces a suppression of the CMB modes with l Á 3. Therefore,

measurements of the CMB power spectrum can be used to constrain τDM [12], as shown in the

left panel of Fig. 1.

The recently observed absorption line in the low energy tail of the CMB spectrum [16]

allows us to put an upper bound on the temperature of the intergalactic medium (IGM) at

redshift z „ 17. Decays of DM particles during the dark ages (i.e. the epoch which goes from

recombination, z „ 1100, to reionization, z „ 10) are constrained, mainly because they inject

energy in the IGM heating it, erasing or reducing the absorption line [17, 18, 13]. The bounds

obtained in this way are stronger than the ones derived from observations of the CMB power

spectrum (see the right panel of Fig. 1) and will became even stronger as soon as the experimental

error on the amplitude of the absorption line is reduced.

2Here (and in the following discussion about the DM annihilation cross section) we assume that DM either
decays (annihilates) into SM or that its decay (annihilation) products decay into SM on cosmologically short
timescales. This is the case in the vast majority of DM models but scenarios in which both this assumptions are
violated can be engineered (consider for example DM decaying into dark photons of a completely decoupled dark
sector). In this case, bounds on the DM lifetime and annihilation cross section have to be revised.
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Figure 3: Bounds on the DM annihilation cross section from indirect searches for different decay
channels. The left panel shows an example of bound for masses around the weak scale [19], the
right panel shows bounds at higher masses from the ANTARES neutrino telescope [20].

Finally, products of DM decays in the present-day Universe give an excess over the predicted

flux of particles from astrophysical objects. Experiments looking at these flux can then be used

to constraint the DM lifetime (see for example [14] and Fig. 2 where some of their results are

reported).

Annihilation cross section

If the DM abundance is not generated by a primordial asymmetry, residual annihilations of DM

particles can release energy in the Universe giving rise to effects similar to the ones generated by

DM decays. Therefore, CMB observables [22] together with 21-cm [21] and indirect detection

experiments can be use to constrain the DM annihilation cross section, see Fig. 3 and 4 (for

DM masses around the weak scale see for example [19,23] for searches of gamma rays in Dwarf

spheroidal galaxies and the Milky Way galactic halo, and [24] for searches of antiprotons; for

DM above the TeV the strongest bound are provided by HESS [25] and neutrino telescopes,

e.g. [20]).

Despite the bounds provided by the three methods above mentioned are in the same ballpark,

it is important to stress that the ones coming from the 21-cm signal are free from astrophysical

uncertainties (that plague the ones coming from indirect detection) and model independent

(differently from the ones from CMB observables, which rely on a global fit that assumes ΛCDM).

Interactions with the SM

One of the most promising way to shed some light on the particle nature of the DM is to directly

detect it. A long-standing strategy to achieve this goal is to look for interactions between DM

particles of the galactic halo and terrestrial detectors. Since the typical velocity of DM particles

in our galaxy is fixed (vDM „ 10´3), the typical kinetic energy carried by a DM particle changes
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Figure 4: Bounds on the DM annihilation cross section from measurements of the CMB power
spectrum (top panel) [6], and 21-cm absorption signal (lower panels) [21], assuming different
dacey channels. Both the CMB and the 21-cm bounds are expect to continue the linear scaling
at higher DM masses. At masses below the MeV, as for the decay, significant bounds can be
placed only assuming annihilations into photons.

with its mass. Therefore, different experiments sensitive to different energy ranges are required

to test different DM masses.

For a long time the weakly interacting massive particle (WIMP) scenario has dominated

the direct detection program, partly because of its theoretical attractiveness (especially in its

supersymmetric realization) and partly because of its fairly well defined target region in the

parameter space (i.e. a mass around the weak scale, 1 GeV À MDM À 10 TeV, and a scattering

cross section with nucleons in the range 10´50 cm2 À σDM´n À 10´45 cm2). This lead to the

development of several experiments aimed to detect nuclear recoils induced by scatterings of

DM particles; which, with a typical energy threshold of order 10 KeV, were sensitive to DM

masses Á 10 GeV. Up to now, no scattering events have been observed, and we can only place

upper bounds on the DM-nucleon scattering cross sections. The strongest ones (for masses above

10 GeV) are provided by the XENON1T experiment [26], whose results are summarized in Fig. 5.
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The lack of a detection signal in experiments looking for WIMP-like particles gave rise,

in the last decade, to a blossoming of new DM candidates that, like WIMP ones, are highly

motivated by theoretical results and/or experimental data, but live in different (typically sub

GeV) mass ranges. A broad and partially incomplete classification can be made dividing them

in two categories: hidden-sectors and ultra-light candidates.

Hidden sectors candidates are a natural generalization of WIMP candidates to include inter-

action with a new force rather than just with SM ones. In this scenario interactions with the

SM may be only gravitational, or mediated by new forces that interact only very feebly with the

dark and/or visible sectors. Thanks to the interplay between the SM and dark dynamic, hidden

sectors are viable over a broader mass range than WIMP, roughly going from KeV to tens of

TeV. The technological challenge in detecting sub GeV candidates is the size of the detectable

signal. If we consider a nuclear recoil, for example, the maximum energy which can be deposited

in the detector is given by

Emax “
2µ2v2

DM

MN

À 190 eV

ˆ

MDM

500 MeV

˙2 ˆ
16 GeV

MN

˙

(2)

where µ is the DM-nucleus reduced mass and MN is the nucleus mass. From this equation

we see that the maximum deposited energy decreases quadratically with the DM mass when
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Figure 6: Present (shaded regions) and future (solid/dashed/dotted lines for short/medium/long
timescales) bounds on the DM-electron scattering cross section of ultra-light DM candidates [27].
Left (right) panel assumes a momentum-independent (dependent) interaction.

this is lowered below the GeV scale, rapidly going below the threshold of most current DM

detectors. Right now, the only experiments already probing the sub GeV region (down to

„ 10 MeV) are XENON10 and XENON100. The experimental apparatus is the same searching

for WIMP-like candidates but, instead of looking for nuclear recoil, they look for electron recoils.

These processes have a much smaller energy threshold („ 10˜ 100 eV) and, as long has the DM

mass is heavier than the electron, they can access to a much larger fraction of the DM kinetic

energy [28]. Because of the poor knowledge of the background for few-electron events, the bounds

provided by these experiments (shown in Fig. 6) are less stringent than the ones in the WIMP

mass range. However, using the annual modulation of the signal to reduce the background

could lead to a sizable improvement of these bounds [28]. Candidates as light as the MeV can

be probed by looking for excitations of electrons from the valence to the conduction band in

semiconductors. The challenge here is to reduce dark counts and increase sensitivity to energy

depositions three orders of magnitude below the WIMP targets. This program is well under

way in silicon targets, and is actively being pursued in collaborations such as SENSEI [29],

DAMIC [30] and SuperCDMS [31] whose projected sensitivities are shown in Fig. 6. To test

even lighter candidates, down to the KeV scale, small gap materials have been identified as the

best targets. They include superconductors [32] and Dirac materials for the case of electrons

excitations, and superfluid Helium [33] and polar materials [34] when the DM couples to nuclei

or ions.

Below the KeV scale we enter the realm of ultra-light DM candidates. They include scalars,

pseudoscalars and vector bosons produced during inflation or high-temperature phase transitions;
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the most famous being the axion. Bosonic candidates down to the meV scale can be tested by

looking for their absorption in superconductor through single phonon emission [35], or in a

semiconductor through emission of one [36,37] or more [36] phonons. For masses below the eV,

bosonic DM in the galaxy starts to behave as an oscillating classical field with a high occupation

number and frequency ν “ MDM{2π. For sub- meV masses, corresponding to frequencies less

than THz, this property can be used to detect these ultra-light candidates looking for continuous

signals rather than impulse ones. Different experiments, relying on different couplings of the

oscillating DM field to the SM, plan to explore the entire mass range: from the meV scale down

to 10´22 eV. Experiments sensitive to electromagnetic coupling will explore the mass range

10´12 ˜ 10´5 eV, the ones looking for coupling to gluons will test the range 10´12 ˜ 10´6 eV,

while the lowest mass range 10´22˜ 10´15 can be tested by state-of-the-art torsion balances and

atomic interferometers (for a brief summary of the experiments see Table 1).

In addition to detect interactions with DM particles in the galactic halo, we can also directly

probe the DM by producing it at colliders. Collider searches are particularly well suited to

test models where the DM abundance is fixed by a thermal freeze-out of annihilations into SM

particles (either directly, like for ordinary WIMP, or through some portal, like in the case of

hidden sectors). In this case a lower bound can be placed on the annihilation cross section of

the DM, and this translates in a minimum expected rate at colliders. Compared to direct de-

tection experiments, colliders have advantages (reduced dependence on the DM particle nature,

capability to explore the dark sector structure by producing the mediators, ecc...) and disad-

vantages (difficulties to test non thermal models, like freeze-in scenarios, where the annihilation

cross sections are extremely small). The experimental approaches used in collider searches can

be broadly divided in three chathegories: missing mss(/energy/momentum) searches, where we

look for the missing mass associated to the undetected DM particles. Dark photon production,

where we look for SM decays of the hypothetical mediator of the dark sector. And searches in

electron and proton beam dump, where the DM is produced in electron or proton decays and

detected through a scattering in a downstream detector. For a review of on-going and future

experimental efforts in DM searches a colliders see [38].

Self-interactions

One of the best way to constrain DM self interactions is to study merging clusters, with the

most famous being the “Bullet clusters” [45, 46] (for other methods see e.g. [47] and [48]).

Clusters mergers are characterized by three components: galaxies that, because of their small

self-scattering cross section, behave as collisionless particles; intercluster medium (ICM) gas

that, because of the drag forced induced by the ram pressure, is dissociated by any collisionless

component; and DM which provides the larger contribution to the total cluster mass. If the DM is

collisionless its distribution, reconstructed through strong and weak gravitational lensing, should

coincide with the one of galaxies after the merger. While if it has non-negligible self interaction

we expect to see an offset between the DM and galactic components. In the archetypical merger

provided by the “Bullet clusters” the center of the galactic and mass distribution are offset by
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Experiment Coupling Sensitivity

ADMX E&M 500 MHz˜ 10 GHz

HAYSTAC [39] E&M 2.5 GHz˜ 12 GHz

LC circuits [40] E&M 3 MHz˜ 30 MHz

ABRACADABRA [40] E&M 1 Hz˜ 100 MHz

CASPEr [41] QCD & Spin 200 Hz˜ 200 MHz

Torsion balances [42,43] Spin & Scalar 10´8 Hz˜ 10´1 Hz

Atomic interferometers (MAGIS) [44] Spin & Scalar 0.1 Hz˜ 10 Hz

Table 1: Experiments that are going to probe the ultra-light mass landscape. The first column
indicates the coupling between the oscillating DM field and the SM exploited by the experiments,
while the second one reports the frequency window in which the experiments operate.

25 ˘ 29 Kpc, implying that DM behaves as collisionless within experimental uncertainties [49].

Specifically, this observations constrains the self-interaction cross section to be smaller than

σself{MDM À 1.25 cm2{g [49].

This bound is quite weak and leaves room for non negligible self-interactions between DM

particles. For example DM at the electro-weak scale is allowed to have a self scattering cross sec-

tion just one or two orders of magnitude smaller than the neutron capture cross section. Those

hypothetical self-interactions have sometimes been advocated to solve some tensions in small

scale structures observables. Indeed, while collisionless DM successfully explains distribution of

matter on large scales (Á Mpc), a few problems seem to arise when we try to explain small

scale distributions (for a recent review see [50]). Among them the biggest ones are: the cusp to

core problem; i.e. the tension between the observed DM core profile (ρDM 9 r0) [51] and the

cusp profile (ρDM 9 r´1) expected by numerical simulation assuming no self interactions [52].

The diversity problem; i.e. the clash between the large scatter observed in the density profile

of dwarf galaxies with equal maximum rotation speed [53], and the small scatter obtained by

numerical simulations [52]. The too-big-to-fail problem; i.e. the tension between the Milk Way’s

satellites masses inferred from observed stellar dynamics with respect to the values predicted by

numerical simulations of a 1012Md cold DM halo with no self interactions [54]. However, it must

be emphasized that it is still unclear wether these discrepancies are due to some unexpected

properties of the DM or to the limited accuracy of the N-body simulations used to make predic-

tions on the small scale distribution of matter (like, for example, the lack of baryonic feedback).
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It is clear from what we have said so far that the DM issue is far from being solved. Experimental

and theoretical efforts are still needed, with the former providing new hints for the model building

and the latter identifying motivated target regions for experiments.

Theoretical works on the subject broadly divide in two categories: model independent studies

and model building works. In the first category fall -for example- works trying to infer properties

of the DM using astrophysical and cosmological data, or to understand what kind of mechanism

may have generated the abundance of DM that we observe in the Universe. In the second

category there are works that, motivated by theoretical puzzles and/or experimental evidences,

propose new viable DM candidates. The content of this thesis touches both these categories

with the fil rouge being the study of DM bound states.

Bound states are a common feature of theories with long-range or confining forces. In the

former case bound states are perturbative objects resembling atoms of QED, while in the latter

they are more similar to hadrons of QCD. Bound states are one of the main characters in the

cosmological history of the visible part of the Universe from recombination up today, and it is

interesting to wonder if they could play a crucial role also in the dark sector.

The thesis is divided in two parts. The first one, which is mainly based on [55, 56], is

devoted to a model independent study of bound state effects on DM thermal relics. Specifically,

we discuss how the relic abundance of DM candidates produced through thermal freeze-out is

modified by the additional annihilation channel provided by formation and subsequent decay

of unstable DM bound states. The second part, based on [57–59], is model building oriented.

There, we present some models where the DM candidate is not an elementary particle but a

composite state of some confining dynamic (either a new dark force or the strong dynamic of

the SM).



Part I

Bound States and thermal relics
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On the road to unveil the nature of the Dark Matter, the knowledge of its cosmological

abundance is one of the few experimental evidences guiding us. Requiring that this cosmological

abundance is reproduced is a common way to constrain the parameter space of a DM model and

provide target regions for experiments. Thus, it is crucial to compute this quantity accurately.

Even though the mechanism that sets the abundance of DM in the Universe is still unknown,

among the many proposals thermal freeze-out is one of the most known and studied. In this

framework, the final abundance only depends on how efficiently the DM annihilates. It has

been notice long ago [60–62] that long range interactions between DM particles can significantly

enhance or suppress this annihilation rate, through an effect that goes under the name of Som-

merfeld enhancement. More recently [63–67], it has been shown that formation and subsequent

decay of unstable DM bound states, providing a new annihilation channel, can also significantly

enhance the annihilation rate. So far, this effect have been mostly considered in models where

the DM is charged under a speculative abelian extra ‘dark force’. In the following two chapters

we present a formalism that allows one to include this effect in the case of a thermal relic charged

under SM interactions.



Chapter 1

Including bound states in the cosmological history

In this chapter we present generic formulæ for computing how Sommerfeld corrections together

with bound-state formation affect the thermal abundance of Dark Matter with non-abelian gauge

interactions. We then apply these results to two benchmark DM candidates: an electroweak

triplet and quintuplet. In the latter case bound states raise the DM mass required to reproduce

the cosmological DM abundance from 9 to 14 TeV and give new indirect detection signals such as

(for this mass) a dominant γ-line around 85 GeV. We conclude considering DM co-annihilating

with a colored particle, such as a squark or a gluino, finding that bound state effects are especially

relevant in the latter case.

The chapter is structured as follows. In section 1.1 we show how the system of Boltzmann

equations for DM freeze-out can be reduced to a single equation with an effective annihilation

cross section that takes into account Sommerfeld corrections and bound state formation. In

section 1.2 we review how the Sommerfeld correction can be computed for non-abelian gauge

interactions, and how the effect of non-zero vector masses can be approximated analytically.

In section 1.3 we summarise the basic formulæ for bound state formation, showing how the

effects of non-abelian gauge interactions can be encoded into Clebsh-Gordon-like factors, and

how the main effect of massive vectors is kinematical. In section 1.4 we provide formulæ which

describe the main properties of the bound states, such as annihilation rates and decay rates.

All these quantities are needed at finite temperature: in section 1.5 we discuss the issue of

thermal corrections, showing that the breaking of gauge invariance lead to the loss of quantum

coherence. Finally, in section 1.6 we perform concrete computations in interesting models of

Dark Matter charged under SUp2qL (a wino triplet, a quintuplet) and of co-annihilation with

particles charged under SUp3qc (squarks and gluinos). We find that bound state effects can be

sizeable, as summarized in the conclusion, section 1.7.
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1.1 Boltzmann equations

We assume that the DM, χi, lies in the representation R (if real) or R ‘R (if R is complex) of

a gauge group G with gauge coupling g. We define α “ g2{4π and gχ as the number of degrees

of freedom of the DM system. The evolution of the DM number density, nDM, together with the

one of the various bound states, nI , is described by a set of coupled Boltzmann equations. In this

section we show how this system can be reduced to a single equation for the DM density with an

effective DM annihilation cross section. In what follows, each DM bound states is identified by

an index I which collectively denotes its various quantum numbers: angular momentum, spin,

gauge group representation. etc.

The Boltzmann equation for the total DM density is

sHz
dYDM

dz
“ ´2γann

„

Y 2
DM

Y eq2
DM

´ 1



´ 2
ÿ

I

γI

„

Y 2
DM

Y eq2
DM

´
YI
Y eq
I



(1.1)

where YDM “ nDM{s, s is the entropy density and z “ Mχ{T . We define as neq and Y eq the

value that each n or Y would have in thermal equilibrium, and γ is the space-time density

of interactions in thermal equilibrium. The first term describes DM DM annihilations to SM

particles; the extra term describes formation of bound state I. The expression of γann is related

to the annihilation cross section by [68]:

γann “
T

64π4

ż 8

4M2

ds s1{2K1

ˆ?
s

T

˙

σ̂psq (1.2)

where K1 is a modified Bessel function, and σ̂ is the adimensional reduced annihilation cross

section:

σ̂psq “

ż 0

´s

dt
ÿ |A|2

8πs
(1.3)

with s, t being the Madelstam variables and the sum running over all DM components and over

all the annihilation channels into all SM vectors, fermions and scalars, assuming that SM masses

are negligibly small. For bound state formation, the explicit value of γI is give in eq.(1.9).

We next need the Boltzmann equation for the number density of bound state I, nIptq:

9nI ` 3HnI
neq
I

“ xΓIbreaky

„

n2
DM

neq2
DM

´
nI
neq
I



` xΓIanny

„

1´
nI
neq
I



`
ÿ

J

xΓIÑJy

„

nJ
neq
J

´
nI
neq
I



. (1.4)

The first term accounts for formation from DM DM annihilations and breaking: xΓIbreaky is the

thermal average of the breaking rate of bound state I due to its collisions with the plasma. The

second term contains xΓIanny, which is the thermal average of the decay rate of the bound state I

into SM particles, due to annihilation of its DM components. The third term describes decays to

lower bound states J or from higher states J , as well as the inverse excitation processes. They are

both accounted in a single term if we define ΓJÑI “ ´ΓIÑJ . For decays, the thermal average of
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the Lorentz dilatation factor of a particle with total mass M gives xΓy “ ΓK1pM{T q{K2pM{T q,

which equals to the decay width at rest Γ in the non-relativistic limit T !M . The thermal rate

for breaking has a different dependence on T . In the models we consider at least some decay

or annihilation rates is much faster than the Hubble rate, Γ " H. Therefore, the left-handed

side of eq. (1.4) can be neglected, and the system of differential equations reduces to a system

of linear equations that determine the various nI{n
eq
I . This can be shown formally by rewriting

eq. (1.4) for nIptq into an equivalent Boltzmann equation for YIpzq

sHz
dYI
dz

“ neq
I

"

xΓIbreaky

„

Y 2
DM

Y eq2
DM

´
YI
Y eq
I



` xΓIanny

„

1´
YI
Y eq
I



`
ÿ

J

xΓIÑJy

„

YJ
Y eq
J

´
YI
Y eq
I

*

. (1.5)

Inserting the values of nI or YI into eq. (1.1), it becomes one differential equation for the DM

abundance with an effective cross section

sHz
dYDM

dz
“ ´2γeff

„

Y 2
DM

Y eq2
DM

´ 1



. (1.6)

For example, in the case of a single bound state I “ 1 one finds

γeff “ γann ` γ1BR1, BR1 “
xΓ1anny

xΓ1ann ` Γ1breaky
. (1.7)

Namely, the rate of DM DM annihilations into the bound state gets multiplied by its branching

ratio into SM particles.1 The breaking rate ΓIbreak is related to the space-time density formation

rate γI by the Milne relation:

γI “ neq
I xΓIbreaky. (1.9)

This relation is derived by taking into account that 2 DM particles disappear whenever a DM-

DM bound state forms, such that YDM ` YI{2 is conserved by this process, and by comparing

eq. (1.5) with eq. (1.1).

Next, the space-time densities γ for DM-DM process can be written in the usual way in terms

of the cross sections σvrel, averaged over all DM components.2 In the non-relativistic limit one

has

2γ
T!Mχ

» pneq
DMq

2
xσvrely. (1.10)

1 In the case of two bound states 1 and 2 one finds

γeff “ γDMÑSM `
γ1pxΓ1annyxΓ2y ` xΓ12yxΓ1ann ` Γ2annyq ` γ2pxΓ2annyxΓ1y ` xΓ12yxΓ1ann ` Γ2annyq

xΓ1yxΓ2y ` xΓ12yxΓ1 ` Γ2y
(1.8)

where ΓI ” ΓIann ` ΓIbreak.
2If DM is a real particle (e.g. a Majorana fermion) this is the usual definition of a cross section. If DM is

a complex particle (e.g. a Dirac fermion) with no asymmetry, the average over the 4 possible initial states is
σ ” 1

4 p2σχχ ` σχχ ` σχχq. In many models only χχ annihilations are present, so that σ “ 1
2σχχ.



Including bound states in the cosmological history 19

The Boltzmann equation for the DM abundance can then be written in the final form

dYDM

dz
“ ´

xσeffvrelys

Hz
pY 2

DM ´ Y
eq2

DMq “ ´
λSpzq

z2
pY 2

DM ´ Y
eq2

DMq, (1.11)

where S is the tempeature-dependent correction due to higher order effects (Sommerfeld en-

hancement, bound-state formation, . . . ) with respect to a reference cross section σ0 computed

at tree level in s-wave

Spzq “
xσeffvrely

σ0

, λ “
σ0s

H

ˇ

ˇ

ˇ

T“Mχ

“

c

gSMπ

45
σ0MPlMχ (1.12)

where gSM is the number of degrees of freedom in thermal equilibrium at T “Mχ (gSM “ 106.75

at T "MZ) and MPl “ G
´1{2
N “ 1.22ˆ 1019 GeV. In the non-relativistic limit the Milne relation

becomes

xΓIbreaky “
g2
χ

gI

pMχT q
3{2

16π3{2
e´EBI {T xσIvrely (1.13)

where EBI ą 0 is the binding energy of the bound state under consideration, gI is the number

of its degrees of freedom, and xσIvrely is the thermal average of the cross section for bound-state

formation (computed in section 1.3). The branching ratio in eq. (1.7) approaches 1 at small

enough temperature. For a single bound state one has the explicit result

Spzq “ Sannpzq `

«

σ0

xσIvrely
`
g2
χσ0M

3
χ

2gI Γann

ˆ

1

4πz

˙3{2

e´z EBI {Mχ

ff´1

(1.14)

where Sann is the Sommerfeld correction to the annihilation cross section (computed in sec-

tion 1.2), and the second term is the contribution from the bound state I. Its effect is sizeable

if σI , EBI and ΓIann are large.

1.2 Sommerfeld enhancement

1.2.1 DM annihilation at tree level

The tree-level (co)annihilation cross section of DM particles into SM particles can be readily

computed. We consider two main classes of models. In both cases we assume that the DM

mass is much heavier than all SM particles. A posteriori, this will be consistent with the DM

cosmological abundance.

First, we assume that DM is the neutral component of a fermionic n-plet of SUp2qL with

hypercharge Y “ 0 and mass Mχ. The s-wave annihilation cross section into SM vectors,
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fermions and Higgses is [69]

σvrel “
g4

2p2n
4 ` 17n2 ´ 19q

256πgχM2
χ

“
πα2

2

M2
χ

ˆ

"

37{12 n “ 3

207{20 n “ 5
(1.15)

where gχ “ 2n is the number of degrees of freedom of the DM multiplet. The p-wave contribution

is suppressed by an extra v2
rel factor. Similar formulæ apply for fermions with Y ‰ 0 and for a

degenerate scalar multiplet [69]. Related interesting models have been proposed along similar

lines [70].

Next, we consider co-annihilations of a DM particle χ with a colored state χ1 in the represen-

tation R of SUp3qc, mass Mχ1 “Mχ`∆M and g1χ degrees of freedom. In supersymmetric models

χ can be a neutralino and χ1 can be the gluino or a squark. Assuming that co-annihilations are

dominant one has an effective cross-section [71]

σvrel “ σpχ1χ1 Ñ SM particlesqvrel ˆ

„

1`
gχ
gχ1

expp∆M{T q

p1`∆M{Mχq
3{2

´2

. (1.16)

Assuming that χ1 lies in the representation R of color SUp3qc one has the s-wave cross sec-

tions [71]

σpχ1χ1 Ñ ggqvrel “
2dRC

2
R ´ 12TR
gχ1dR

πα2
3

M2
χ1
, (1.17)

σpχ1χ1 Ñ qqqvrel “
48TR
gχ1dR

πα2
3

M2
χ1
ˆ

"

1 if χ1 is a fermion

0 if χ1 is a boson
. (1.18)

where we summed over all SM quarks and d3 “ 3, T3 “ 1{2, C3 “ 4{3; d8 “ 8, T8 “ C8 “ 3,

C10 “ C10 “ 6, C27 “ 8, etc. The number of degrees of freedom of χ1 is gχ1 “ 6 for a scalar

triplet, 8 for a scalar octet, 12 for a fermion triplet, 16 for a fermion octet.

As discussed in the next sections, all these tree-level cross sections get significantly affected

by Sommerfeld corrections and by bound-state formation due to SM gauge interactions.

1.2.2 Sommerfeld corrections

We consider an arbitrary gauge group with a common vector mass MV . Non-abelian interactions

among particles in the representations R and R1 give rise to the non-relativistic potential

V “ α
e´MV r

r

ÿ

a

T aR b T
a
R1 (1.19)
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which is a matrix, if written in R,R1 components. As long as the group is unbroken, its algebra

allows one to decompose the processes into effectively abelian sub-sectors, R bR1 “
ř

J J , as

V “ α
e´MV r

2r

«

ÿ

J

CJ1IJ ´ CR1IR ´ CR1IR1

ff

. (1.20)

In each sub-sector one gets an effective abelian-like potential described by a numerical constant

λJ .

VJ “ ´αeff
e´MV r

r
, αeff “ λJα, λJ “

CR ` CR1 ´ CJ
2

(1.21)

such that αeff ą 0 and λJ ą 0 for an attractive channel J .

We specialise to the two classes of models considered in section 1.2.1.

Isospin SUp2qL is broken, and gets restored by thermal effects at T ą„ 155 GeV, where degen-

erate vector thermal masses MV respect the group decomposition. The Casimir of the SUp2qL
irreducible representations with dimension n is Cn “ pn

2 ´ 1q{4. A two-body state decomposes

as nb n “ 1‘ 3‘ . . .‘ 2n´ 1. The potential is V “ pI2 ` 1´ 2n2qα2{8r within the two-body

sector with an isospin representation of dimension I. The most attractive channel is the singlet

I “ 1: V “ ´2α2{r for n “ 3 (αeff “ 0.066), V “ ´6α2{r for n “ 5 (αeff “ 0.2).

Color is unbroken. The Casimirs CR of SU(3) irreducible representations have been listed

below eq.(1.17), such that the singlet state has V “ ´4α3{3r if made of 3b 3 (αeff “ 0.13) and

V “ ´3α3{r if made of 8b 8 (αeff “ 0.3).

The Sommerfeld correction can be computed from the distortion of the wave function of

the initial state. In the center of mass frame of the incoming two 2 fermions, the stationary

Schroedinger equation is

´
∇2ψ

Mχ

` V ψ “ Eψ. (1.22)

As usual we can decompose the wave function in states of given orbital angular momentum

ψpr, θ, ϕq “ R`prqY
m
` pθ, ϕq “

u`prq

r
Y m
` pθ, ϕq (1.23)

where Y m
` are spherical harmonics and the radial wave function u`prq satisfies

´
u2`
Mχ

`

„

V `
`p`` 1q

Mχr2



u` “ Eu`. (1.24)

The Schroedinger equation admits discrete solutions with negative energy and continuum solu-

tions with E “Mχv
2
rel{4 equal to the kinetic energy of the two DM particles in the center-of-mass

frame, where each DM particle has velocity β, such that their relative velocity is vrel “ 2β. For

identical particles, one must only consider a wave function (anti)symmetric under their exchange.

The deflection of the initial wave function from a plane wave leads to the Sommerfeld
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enhancement. For s-wave annihilation,3 the Sommerfeld factor that enhances the tree-level

cross section can be computed as S “ |up8q{up0q|2 where u has outgoing boundary condition

u1p8q{up8q » iMχvrel{2. For the potential of eq. (1.21) and s-wave scattering one gets

S “
2παeff{vrel

1´ e´2παeff{vrel
for MV “ 0. (1.25)

In the case of a massive vector, an analytic solution is obtained by approximating the Yukawa

potential with a Hulthen potential

e´MV r

r
«
κMV e

´κMV r

1´ e´κMV r
. (1.26)

This potential approximates the Yukawa behaviour best if κ is chosen as κ « 1.74. The Som-

merfeld factor that enhances an s-wave cross section is [73]

S “
2παeff sinh pπMχvrel{κMV q

vrel

´

cosh pπMχvrel{κMV q ´ cosh
´

πMχvrel

a

1´ 4αeffκMV {Mχv2
rel{κMV

¯¯ . (1.27)

This expression reduces to the Coulomb result of eq. (1.25) in the limit of vanishing vector

mass MV . S is resonantly enhanced when Mχ “ κn2MV {αeff for integer n, which corresponds

to a zero-energy bound state, as discussed in section 1.3. S depends only on αeff{vrel and on

y ” κMV {Mχαeff ; its thermal average xSy depends only on αeff

?
z and y, where z “ Mχ{T . At

small velocities, vrel !MV {Mχ as relevant for indirect detection, the formula above reduces to

S
vrelÑ0
»

2π2αeffMχ

κMV

ˆ

1´ cos 2π

c

αeffMχ

κMV

˙´1

(1.28)

producing a significant enhancement if αeffMχ{MV ą„ 1.

1.3 Bound state formation

1.3.1 Binding energies

As well known, an infinity of bound states with quantum number n “ 1, 2, . . . exist in a Coulomb

potential V “ ´αeff{r with any αeff : the binding energies EB are En` “ α2
effMχ{4n

2 and do not

depend on the angular momentum `; their wave functions normalized to unity ψn`mpr, θ, ϕq “

Rn`prqY`mpθ, ϕq are summarized in eq. (A.1) in the appendix. In particular, ψ100pr, θ, ϕq “

e´r{a0{
a

πa3
0 for the ground state, where a0 “ 2{αeffMχ is the Bohr radius.

A Yukawa potential ´αeffe
´MV r{r allows a finite number of bound states if the Yukawa

screening length, 1{MV , is larger than the Bohr radius: MV ă„αeffMχ. Formation of a bound

3The Sommerfeld enhancement also affects p-wave cross sections, which remain subleading [72,73].
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Figure 1.1: Energies of bound states in a Yukawa potential (colored curves) compared to the
Hulthen approximation with κ “ 1.9 (black continuous curves).

state via emission of a vector is kinematically possible if the binding energy „ α2
effMχ plus the

kinetic energy Mχv
2
rel{4 is larger than the mass of the emitted vector: MV ă„pα

2
eff`v

2
relqMχ [64,65].

The binding energies in a Yukawa potential can be exactly computed at first order in MV by

expanding V “ ´αeff expp´MV rq{r » ´αeffp1{r ´MV q, finding

En` »
α2

effMχ

4n2
´ αeffMV `OpM2

V q. (1.29)

The relative correction becomes of order unity for MV „ αeffMχ where the Coulomb approxi-

mation is unreliable. The shift in energy is equal for ground state and excited levels so that the

Coulomb approximation fails earlier for the latter ones.

Fig. 1.1 shows numerical results for the binding energies, obtained by computing the matrix

elements of the Yukawa potential in the basis of eq. (A.1) and diagonalising the resulting matrix

in each sector with given `, see also [74, 67]. Analytic expressions for the binding energies are

obtained by approximating the Yukawa potential with the Hulthen potential of eq. (1.26), where

κ is an arbitrary order one constant. For states with ` “ 0 one has

En0 “
α2

effMχ

4n2

“

1´ n2y
‰2

where y ”
κMV

αeffMχ

(1.30)

which reproduces eq. (1.29) at leading order in MV for κ “ 2. The bound state exists only when

the term in the squared parenthesis is positive, namely for Mχ ě κn2MV {αeff . Fig. 1.1 shows

that setting κ « 1.90 better reproduces the generic situation, while κ « 1.74 better reproduces

the critical value at which the special n “ 1 bound state first forms. Bound states with angular
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Figure 1.2: Diagrams relevant for bound state formation. The first two diagrams give the first
two terms of eq. (1.35). The third diagrams, which is peculiar of non-abelian interactions, gives
rise to the last term.

momentum ` ą 0 have different energy from the corresponding state with ` “ 0 only if the

Yukawa potential deviates significantly from its Coulomb limit, namely if the second term in the

parenthesis is of order one. Analytic solutions are only available making extra simplifications.

A comparison with numerical results suggests a relatively minor correction of the form

En` «
α2

effMχ

4n2

„

1´ n2y ´ 0.53n2y2`p`` 1q

2

, κ “ 1.74. (1.31)

The wave functions for free and bound states, in a Coulomb or Hulthen potential, will be needed

later and are listed in Appendix A.

1.3.2 Bound state formation

We are interested in the formation of bound states through the emission of a vector V a:

DMipP1q `DMjpP2q Ñ Bi1j1 ` V
a
pKq. (1.32)

In the non-relativistic limit, we write the 4-momenta as

P1 » pMχ `
p2

1

2Mχ

, ~p1q, P2 » pMχ `
p2

2

2Mχ

, ~p2q, K “ pω,~kq (1.33)

with ω “
a

k2 `M2
V where MV is the vector mass. In the center-of-mass frame ~p2 “ ´~p1 and

the momentum of each DM particle is p “Mχvrel{2. Conservation of energy reads

p2

Mχ

“
k2

2p2Mχ ´ EBq
´ EB ` ω (1.34)

where EB “ 2Mχ ´MB ą 0 is the binding energy. The first term on the right-hand side is the

recoil energy of the bound state that is negligible in what follows, such that energy conservation

approximates to ω « EB `Mχv
2
rel{4.
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The diagrams in fig. 1.2 contribute to the amplitude. In the non-relativistic limit the first two

diagrams describe the usual dipole approximation, which gives a cross section for bound state

formation proportional to α5 times a sizeable Sommerfeld correction, while the third diagram is

only present when the gauge interaction is non-abelian [67]. The diagrams of fig. 1.2 generate

the non-relativistic Hamiltonian [75–77]

HI “ ´
g

Mχ

´

~Aapx1q ¨ ~p1T
a
i1iδjj1 `

~Aapx2q ¨ ~p2T
a

j1jδii1
¯

`

´

gα ~Aap0q ¨ r̂ e´Mar
¯

T bi1iT
c

j1jf
abc (1.35)

where T and T are the generators in the representation of particles 1 and 2 respectively; the

indexes a, b, c run over the vectors in the adjoint, and the indexes i, j, i1, j1 over DM components.

In Born approximation we get the following cross section for the formation of a bound state

with quantum numbers n`m:

σn`mbsf vrel “
ÿ

a

pσn`mbsf vrelqa (1.36)

where

pσn`mbsf vrelqa “
2α

π

k

M2
χ

ż

dΩk

ÿ

σ

ˇ

ˇεaµpk, σqA
µ
p,n`m

ˇ

ˇ

2
. (1.37)

The polarization vectors, εaµ, of the massive gauge boson satisfy

ÿ

σ

εaµε
a˚
ν “ ´

ˆ

ηµν ´
KµKν

M2
a

˙

, (1.38)

while the transition amplitude, A µ, satisfies KµA µ “ 0 because of current conservation. There-

fore the unpolarized cross section can be rewritten in terms of the spatial terms as

pσn`mbsf vrelqa “
2α

π

k

M2
χ

ż

dΩk

ˆ

| ~A a
p,n`m|

2
´

ˇ

ˇ~k ¨ ~A a
p,n`m

ˇ

ˇ

2

k2 `M2
a

˙

. (1.39)

In the dipole approximation,4 that will be used throughout, the spatial part of the transition

matrix in the center-of-mass frame is

~A a
p,n`m “

1

2

`

T ai1iδjj1 ´ T
a

j1jδii1
˘

~J ij,i1j1

p,n`m ´ i
`

T bi1iT
c

j1jf
abc
˘

~T ij,i1j1p,n`m (1.40)

where we have defined the overlap integrals between the initial state wave function φp`,ijp~rq and

4The dipole approximation is valid if the wave-length of the photon is larger than the size of the bound state.
As discussed in [78] the most relevant bound states are approximately Coulomb-like so that the binding energy is
α2

effMχ{p4n
2q and the size the Bohr radius a0 “ 2n2{pαeffMχq. If follows that when the binding energy dominates

over the initial kinetic energy the dipole approximation is always satisfied. The dipole approximation fails for
v2

rel " αeff . When this condition is verified the value of the cross-section is however small.
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the wave function ψn`m,i1j1p~rq of the desired bound-state:

~J ij,i1j1

p,n`m ”

ż

d3r ψ˚n`m,i1j1 ~∇φp,ij (1.41)

~T ij,i1j1

p,n`m ”
αMχ

2

ż

d3r ψ˚n`m,i1j1 r̂ e
´Mar φp,ij . (1.42)

The dipole approximation imposes the selection rule ∆L “ 1. Since in the non-relativistic limit

spin is also conserved this implies that s-wave bound states can only be produced from two DM

particles in an initial p-wave state. Furthermore, p-wave bound states can be produced from

s and d-waves. With this in mind we get the following overlap integrals for the production of

bound states in s-wave configuration:

~J ij,i1j1

p,n00 “ ´
1
?

3

ˆ
ż

r2drRp1,ijprqBrR
˚
n0,j1i1prq

˙

pê0 ` ê` ` ê´q, (1.43a)

~T ij,i1j1

p,n00 “
αMχ

2
?

3

ˆ
ż

r2drRp1,ijprqe
´MarR˚n0,j1i1prq

˙

pê0 ` ê` ` ê´q . (1.43b)

where ê0 ” ẑ and ê¯ ” ˘
1?
2
px̂ ¯ iŷq. For production of bound states in a p-wave configuration

starting from an s-wave one we get

~J ij,i1j1

p,n1˘1 “
1
?

3

ˆ
ż

r2drRp0,ijprqBrR
˚
n1,j1i1prq

˙

ê¯, (1.43c)

~J ij,i1j1

p,n10 “
1
?

3

ˆ
ż

r2drRp0,ijprqBrR
˚
n1,j1i1prq

˙

ê0, (1.43d)

~T ij,i1j1

p,n1˘1 “
αMχ

2
?

3

ˆ
ż

r2drRp0,ijprqe
´MarR˚n1,j1i1prq

˙

ê¯, (1.43e)

~T ij,i1j1

p,n10 “
αMχ

2
?

3

ˆ
ż

r2drRp0,ijprqe
´MarR˚n1,j1i1prq

˙

ê0 . (1.43f)

The amplitudes for producing a p-wave bound state starting from a d-wave configuration are

~J ij,i1j1

p,n1˘1 “ ´
1
?

5

„
ż

r2drRp2,ijprq

ˆ

Br ´
1

r

˙

R˚n1,j1i1prq

ˆ

?
2ê˘ `

ê¯
?

3
` ê0

˙

, (1.43g)

~J ij,i1j1

p,n10 “ ´
1
?

5

„
ż

r2drRp2,ijprq

ˆ

Br ´
1

r

˙

R˚n1,j1i1prq

ˆ

ê` ` ê´ `
2
?

3
ê0

˙

, (1.43h)

~T ij,i1j1

p,n1˘1 “
αMχ

2
?

5

„
ż

r2drRp2,ijprqe
´MarR˚n1,j1i1prq

ˆ

?
2ê˘ `

ê¯
?

3
` ê0

˙

, (1.43i)

~T ij,i1j1

p,n10 “
αMχ

2
?

5

„
ż

r2drRp2,ijprqe
´MarR˚n1,j1i1prq

ˆ

ê` ` ê´ `
2
?

3
ê0

˙

. (1.43j)

Plugging these amplitudes in eq. (1.39), performing the angular integral, averaging over initial

states and summing over final states we get the cross sections for the formation of s-wave bound
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states:

pσn0
bsfvrelq

pÑs
a “

8

3

αk

M2
χ

ˆ

1´
k2

3ω2

˙

ˆ

ˆ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

r2drRp1,ij

˜

1

2

`

T ai1iδjj1 ´ T
a

j1jδii1
˘

Br ` i
αMχ

2

`

T bi1iT
c

j1jf
abc
˘

e´Mar

¸

R˚n0,j1i1

ˇ

ˇ

ˇ

ˇ

ˇ

2

(1.44)

For p-wave bound states we get

pσn1
bsfvrelqa “ pσ

n1
bsfvrelq

sÑp
a ` pσn1

bsfvrelq
dÑp
a (1.45a)

where pσn1
bsfvrelq

sÑp
a and pσn1

bsfvrelq
sÑp
a are the cross sections from initial states in s and d-wave

respectively. Their explicit values are

pσn1
bsfvrelq

sÑp
a “ 8

αk

M2
χ

ˆ

1´
k2

3ω2

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ż

r2drR˚n1,j1i1

ˆ

˜

1

2

´

T ai1iδjj1 ´ T
a˚

j1jδii1
¯

Br ´ i
αMχ

2

`

T bi1iT
c

j1jf
abc
˘

e´Mar

¸

Rp0,ij

ˇ

ˇ

ˇ

ˇ

ˇ

2 (1.45b)

pσn1
bsfvrelq

dÑp
a “

16

5

αk

M2
χ

ˆ

1´
k2

3ω2

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ż

r2drRp2,ijˆ

ˆ

˜

1

2

´

T ai1iδjj1 ´ T
a˚

j1jδii1
¯

ˆ

Br ´
1

r

˙

` i
αMχ

2

`

T bi1iT
c

j1jf
abc
˘

e´Mar

¸

R˚n1,j1i1

ˇ

ˇ

ˇ

ˇ

ˇ

2 (1.45c)

If DM are scalars, the wave function is symmetric under exchange of identical scalars. Real

(complex) scalars have gχ “ dR (2dR) degrees of freedom. Bound states of scalars have S “ 0.

For s (p)-wave bound states this implies that the gauge part of the wave function is symmetric

(anti-symmetric). The cross-sections for bound state formation are again given by eq. (1.45).

1.3.3 Group algebra

Assuming that the global group G is unbroken (such that vectors are either massless or have a

common mass), group algebra allows one to simplify the above formulæ. We assume that DM

is a particle χi in the representation R of G, labeled by an index i, and we focus on χiχj bound

states so that T
a
“ ´T a˚. Both the initial state and each bound state can be decomposed into

irreducible representations of G, times the remaining spin and spatial part. So the two-body DM

states χiχj fill the representations J contained in RbR “
ř

J J . Each representation J is labeled

by an index M . The change of basis is described the the coefficients CGM
ij ” xJ,M |R, i;R, jy

of the group G. For G “ SUp2qL these are the Clebsh-Gordon coefficients usually written as

xj,m|j1,m1; j2,m2y. For the singlet representation one has CGij “ δij{
?
dR and for the adjoint
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representation one has CGa
ij “ T aij{

?
TR. In the new basis, where ij is replaced by M and i1j1

by M 1, the bound-state formation amplitudes of eq. (1.40) becomes

~A aMM 1

p,n`m “ CaMM 1

J
~Jp,n`m ` CaMM 1

T
~Tp,n`m (1.46)

where the group-theory part has been factored out in the coefficients

CaMM 1

J ”
1

2
CGM

ij CGM 1˚
i1j1 pT

a
i1iδjj1 ` T

a˚
j1j δii1q “

1

2
TrrCGM 1

tCGM , T aus (1.47)

CaMM 1

T ” iCGM
ij CGM 1˚

i1j1 pT
b
i1iT

c
jj1f

abc
q “ iTr

”

CGM 1

T b CGM T c
ı

fabc (1.48)

that holds separately for each initial channel J and final channel J 1. In many cases of interest

the two tensors are proportional to each other. The overlap integrals J , T are the same of

eq. (1.41), but now containing only the spatial part of the wave functions. With these notations

the cross sections of eq. (1.44) and (1.45), in a given channel pJ,Mq Ñ pJ 1,M 1q, become

pσn0
bsfvrelq

pÑs
aMM 1 “

8

3

αk

M2
χ

ˆ

1´
k2

3ω2

˙
ˇ

ˇ

ˇ

ˇ

ż

r2drRp1

ˆ

CaMM 1

J Br ´ C
aMM 1

T
αMχ

2
e´Mar

˙

R˚n0

ˇ

ˇ

ˇ

ˇ

2

(1.49a)

pσn1
bsfvrelq

sÑp
aMM 1 “ 8

αk

M2
χ

ˆ

1´
k2

3ω2

˙
ˇ

ˇ

ˇ

ˇ

ż

r2drR˚n1

ˆ

CaMM 1

J Br ` C
aMM 1

T
αMχ

2
e´Mar

˙

Rp0

ˇ

ˇ

ˇ

ˇ

2

(1.49b)

pσn1
bsfvrelq

dÑp
aMM 1 “

16

5

αk

M2
χ

ˆ

1´
k2

3ω2

˙
ˇ

ˇ

ˇ

ˇ

ż

r2drRp2

ˆ

CaMM 1

J

ˆ

Br ´
1

r

˙

´ CaMM 1

T
αMχ

2
e´Mar

˙

R˚n1

ˇ

ˇ

ˇ

ˇ

2

.

(1.49c)

In the special case 1 Ñ adj (namely, the initial state is a gauge singlet, such that the bound

state is an adjoint) the group theory factors are proportional to each other, CaMM 1

J 9CaMM 1

T , so

that the inclusive cross-section remains a perfect square:

ÿ

aMM 1

ˇ

ˇ

ˇ
CaMM 1

J ` γCaMM 1

T

ˇ

ˇ

ˇ

2

“
TRdadj

dR

ˇ

ˇ

ˇ
1¯

γ

2
Tadj

ˇ

ˇ

ˇ

2

. (1.50)

The ` sign corresponds to the opposite adj Ñ 1 process. The same simplification holds for any

SUp2qL representation, because in the product of two SUp2qL representations each irreducible

representation appears only once. The relevant SUp2qL group factors are listed in Table 1.1.

Furthermore, the simplification also holds for the SUp3qc representations that we will encounter

later, and the relevant group SUp3qc factors are listed in Table 1.2.

1.3.4 Massless vectors

The overlap integrals in the spatial part of the amplitudes for bound state formation can be

analytically computed if vectors are massless.

The initial states are assumed to be asymptotically plane-waves with momentum ~p, distorted
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by the potential in channel J where αeff “ λiα with λi “ λJ given by eq. (1.21). The initial

state wave function in a Coulomb-like potential is given in eq. (A.8).

The final states are assumed to be bound states in channel J 1 in a Coulomb potential with

αeff “ λfα and λf “ λJ 1 . We use a basis of eigenstates of angular momentum, parameterized by

the usual `,m indeces. The bound state wave functions are given in eq. (A.1), and are analytic

continuations of the free-state wave functions.

Plugging these wave functions into the overlap integrals we get the cross section for the

production of the various bound states. We are interested in the cross-section averaged over

initial states and summed over final gauge bosons and bound states components. For the lowest

lying bound state with n “ 1, ` “ 0 and spin S we get

pσvrelq
n“1,`“0
bsf “ σ0λipλfζq

5 2S ` 1

g2
χ

211πp1` ζ2λ2
i qe

´4ζλiarccotpζλf q

3p1` ζ2λ2
f q

3 p1´ e´2πζλiq
ˆ

ÿ

aMM 1

ˇ

ˇ

ˇ

ˇ

CaMM 1

J `
1

λf
CaMM 1

T

ˇ

ˇ

ˇ

ˇ

2

(1.51)

where σ0 “ πα2{M2
χ and ζ “ α{vrel. For the bound states with n “ 2 and ` “ t0, 1u we get

pσvrelq
n“2,`“0
bsf “ σ0λiλ

5
f

2S ` 1

g2
χ

214πζ5 pζ2λ2
i ` 1q e´4ζλiarccotpζλf {2q

3
`

ζ2λ2
f ` 4

˘5
p1´ e´2πζλiq

(1.52)

ˆ
ÿ

aMM 1

ˇ

ˇ

ˇ

ˇ

CaMM 1

J
`

ζ2λf pλf ´ 2λiq ´ 4
˘

` CaMM 1

T

ˆ

ζ2
p3λf ´ 4λiq ´

4

λf

˙
ˇ

ˇ

ˇ

ˇ

2

,

pσvrelq
n“2,`“1
bsf “ σ0λiλ

5
f

2S ` 1

g2
χ

212παζ7e´4ζλiarccotpζλf {2q

9
`

ζ2λ2
f ` 4

˘5
p1´ e´2πζλiq

ˆ

ˆ
ÿ

aMM 1

„ˇ

ˇ

ˇ

ˇ

CaMM 1

J

ˆ

λf pζ
2λip3λf ´ 4λiq ` 8q ´ 12λi

˙

` CaMM 1

T
`

ζ2
p´3λ2

f ` 12λfλi ´ 8λ2
i q ` 4

˘

ˇ

ˇ

ˇ

ˇ

2

`

` 25
pζ2λ2

i ` 1qpζ2λ2
i ` 4q

ˇ

ˇ

ˇ

ˇ

CaMM 1

J λf ` 2CaMM 1

T

ˇ

ˇ

ˇ

ˇ

2

. (1.53)

In the last equation we have separated the contribution of the s-wave and d-wave initial state.

These formulas apply both for Dirac and Majorana particles, and in all cases relevant for us the

sums can be performed as summarized in tables 1.1 and 1.2.

In the limit λi “ 0 where the Sommerfeld correction is ignored, the cross section for producing

a bound state with ` “ 0 is of order α2{M2
χ times a pvrel{αeffq

2 suppression at vrel ! αeff as

expected for production from a p´wave; the cross section for producing a bound state with

` “ 1 does not have this suppression for CT ‰ 0.

The formulæ above simplify in the limit of large and small velocities. For the ground state



Including bound states in the cosmological history 30

one finds

pσvrelq
n“1,`“0
bsf “ σ0

2S ` 1

g2
χ

211π

3

ÿ

aMM 1

ˇ

ˇ

ˇ

ˇ

CaMM 1

J `
1

λf
CaMM 1

T

ˇ

ˇ

ˇ

ˇ

2

ˆ

$

’

’

&

’

’

%

λ3
iα

λfvrel

e´4λi{λf vrel ! λi,fα

λ5
fα

4

2πv4
rel

vrel " λi,fα

(1.54)

For large velocities the cross-section is proportional αα5
eff{v

4
rel.

1.3.5 Approximate formulæ for massive vectors

The cross sections for producing bound states in a Yukawa potential can be obtained by com-

puting numerically the wave functions (or using the wave functions in Hulthen approximation,

listed in the appendix), and by computing numerically the overlap integrals. As this is somehow

cumbersome, we discuss how massless formulæ can be readapted, with minor modifications, to

take into account the main effects of vector masses. We start considering the case where the

vectors have a common mass MV and the group theory structure is identical to the massless

case.

The initial state wave function remains approximately Coulombian as long as MV !Mχvrel.

Physically, this means that the range of the force 1{MV is much larger than the de Broglie wave-

length of Dark Matter λ´1 “ Mχvrel. One indeed can check that in this limit the Sommerfeld

factor in eq. (1.27) is well approximated by its Coulombian limit MV “ 0. At finite temperature

v2
rel „ T {Mχ, so that the Coulombian approximation holds for temperatures T "M2

V {Mχ which

can be much lower than MV . When this condition is violated, the modification of the shape of

the potential leads to a scaling of the cross section with velocity as v2`
rel, where ` is the angular

momentum of the initial state wave function. Thus, for the 1s bound state, which is created

from a p wave state, the scaling is v2
rel. Therefore, the cross section is velocity suppressed and

small after thermal average at late times. On the other hand p-wave bound states which are

formed from an s-wave initial state approach a constant value.

Next, we consider bound states. Eq. (1.30) shows that bound states are well approximated

by the Coulombian MV “ 0 limit if MV !Mχαeff . This condition can be alternatively obtained

from the analogous condition for free states by replacing vrel Ñ αeff , since this is the typical

velocity in a bound state. In the limit of small MV ! αeffMχ all binding energies undergo a

small common shift ´αeffMV as discussed around eq. (1.29).

In summary for T "M2
V {Mχ the main effect of vector masses is the kinematical suppression

of the cross section for bound-state formation, which blocks the process if MV is bigger than the

total accessible energy. This effect is approximately captured by

σpχχÑ BV q

σpχχÑ BV q|MV “0

«
3

2

k

ω

ˆ

1´
k2

3ω2

˙

for x ă
M2

χ

M2
V

(1.55)
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where Kµ “ pω,~kq is the massive vector quadri-momentum as in eq. (1.33). The parenthesis

take into account the emission of the third polarization of a massive vector. The bound state

formation gets suppressed or blocked when ω becomes of order MV .

In our applications we will need the cross sections below the critical temperature at which

SUp2qL gets broken. In this case the masses are not degenerate: one has MW «MZ and Mγ “ 0.

It becomes important to include emission of photons and eq. (1.55) becomes

σpχχÑ BV q

σpχχÑ BV q|MV “0

«
k

ω

ˆ

1´
k2

3ω2

˙ˆ

1`
cos2 θW

2

˙

`
sin2 θW

3
, (1.56)

where the first term takes into account the emission of the W and Z bosons while the last term

corresponds to the photon emission.

One extra effect is that the charged components of the DM electroweak multiplet get split

from the neutral component and become unstable. In the cases of interest discussed later, the

resulting decay width negligibly affects the cosmological relic DM density.

1.4 Annihilations of DM in bound states, and their de-

cays

The two DM particles bound in a potential V “ ´αeffe
´MV r{r can annihilate to SM particles,

such that the bound state decays. We will refer to this process as ‘annihilation’ rather than

‘decay’. Analogously to quarkonium in QCD, the rate is

Γann „ α3
effα

2
SMMχą„ 10´8Mχ. (1.57)

This is typically much faster than the Hubble rate

H “

c

4π3gSM

45

T 2

MPl

« 2 10´18Mχ ˆ
Mχ

TeV
at T «

Mχ

25
. (1.58)

Nevertheless breaking of bound states in the thermal plasma can have a rate ΓbreakpT q which is

as fast as Γann at the freeze-out temperature. So we need to compute the annihilation rates in

order to obtain the branching ratios in eq. (1.7). We assume that DM is heavy enough that we

can ignore the masses of SM particles produced in annihilations of DM bound states.

The group-theory factors are analogous to the one encountered in section 1.2.2 when comput-

ing Sommerfeld-enhanced DM annihilations to SM particles. As already discussed, the DM-DM

bound states χiχj fill the representations J contained in R b R “
ř

J J , and the bound state

BM in representation J with index M is given by CGM
ij χiχj.
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1.4.1 Annihilations of spin 0 bound states with ` “ 0

We assume that the gauge group is unbroken and that DM is much heavier than SM particles.

The annihilation rate of a spin-0 bound state BM
n` with ` “ 0 into two vectors V aV b, summed

over all their components a, b is

Γann “ ΓpBM
n0 Ñ V V q “ α2 |Rn0p0q|

2

F 2M2
χ

ÿ

a,b

Tr

„

CGM tT
a
R, T

b
Ru

2

2

(1.59)

where T aR is the generator in the DM representation R, and Rn`prq is the radial wave function

of the bound state normalized as
ş8

0
|Rn`prq|

2r2dr “ 1; F “ 1p2q for distinguishable (identical)

DM particles. For Majorana particles the amplitude is 1/2 the one of Dirac particles while the

wave function at the origin is
?

2 so that the total rate is 1/2 the one of Dirac particles.

In general R b R always contains the singlet and the adjoint representation, so we evaluate

explicitly the group-theory factors that determine the annihilation rates of these specific bound

states.

• For a gauge-singlet bound state one has CGij “ δij{
?
dR such that its annihilation rate is

ΓpBn0 Ñ V V q “ α2 |Rn0p0q|
2

F 2M2
χ

T 2
Rdadj

dR
(1.60)

where Tr
“

T aRT
b
R

‰

“ TRδ
ab.

• For a bound state Ba in the adjoint representation of G one finds

ΓpBa
n0 Ñ V V q “ α2 |Rn0p0q|

2

16F 2M2
χ

ř

abc d
2
abc

dadj

(1.61)

where dabc “ 2Tr
“

CGa
tT b, T cu

‰

. This is zero if G “ SUp2q. Indeed the triplet bound state

for SUp2q has spin-1 and cannot decay into massless vectors.

The annihilation rate into scalars is given by one half of the above expression.

The previous formulas hold for a generic Yukawa potential. In the Coulomb limit the wave

functions can be explicitly evaluated, obtaining

|Rn0p0q|
2

M2
χ

“ F
Mχα

3
eff

2n3
. (1.62)

Approximating the Yukawa potential with the Hulthen potential one finds

|Rn0p0q|
2

M2
χ

“ F
Mχα

3
eff

2n3

ˆ

1´
κ2n4M2

V

M2
χα

2
eff

˙

. (1.63)
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1.4.2 Annihilations of spin 1 bound states

In view of the Landau-Yang theorem, spin-1 bound states cannot annihilate into V V . They can

annihilate into pairs of SM fermions and scalars (or equivalently longitudinal gauge bosons). For

fermions

ΓpBM
n0 Ñ fifjq “

α2

6

|Rn0p0q|
2

F 2M2
χ

ÿ

a

|Tr
“

CGMT aR
‰

T aSMij|
2 (1.64)

where T aSM are the gauge generators of the considered SM fermion. The rate is different from

zero only for bound state in the adjoint representation (CGa
ij “ T aij{

?
TR). Summing over the

components of f we get

ΓpBa
n0 Ñ ffq “

α2

6

|Rn0p0q|
2

F 2M2
χ

TRTSM (1.65)

that should be multiplied by the multiplicity of final states: the SM contains 3p3` 1q fermionic

SUp2qL doublets. If DM has hypercharge, the annihilation rate receives the extra contribution

∆ΓpBa
n0 Ñ ffq “

α2
Y

6

|Rn0p0q|
2

F 2M2
χ

dRYQYf . (1.66)

Spin-1 singlet resonances can also decay into three vectors, but with a suppressed rate

ΓpBn0 Ñ V V V q “

ř

abc d
2
abc

36dR

π2 ´ 9

π
α3 |Rn0p0q|

2

F 2M2
χ

. (1.67)

1.4.3 Annihilations of bound states with ` ą 0

The annihilation rate of bound states with orbital angular momentum ` ą 0 is suppressed by

higher powers of α. For example spin-1 bound states annihilate into vectors as

ΓpBM
n1 Ñ V V q “ 9α2 |R

1
n1p0q|

2

F 2M4
χ

1

dB

ÿ

a,b

Tr

„

CGM tT
a, T bu

2

2

(1.68)

where in the massless limit the derivative of the wave function at the origin contains the sup-

pression factor
|R121p0q|

2

M4
χ

“ F
α5

eff

24
Mχ (1.69)

Annihilations of spin-0 bound states with ` “ 1 into fermions and scalars are similarly suppressed.

A greater suppression applies to bound states with ` ą 1. We will not need to compute these

suppressed annihilation rates because states with ` ą 0 undergo faster decays into lower bound

states, as discussed in the next section.
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1.4.4 Decays of bound states

We next consider decays of a DM bound state into another lighter bound state. This is analogous

to decays of excited state of the hydrogen atom.5

The decay rate of a 2s state into the corresponding 1s state is suppressed, and negligible

with respect to its annihilation rate.

The decay rate of a 2p state into the corresponding 1s state is unsuppressed, and dominant

with respect to its annihilation rate. The formula for the decay rate is related to the cross-section

for bound state formation [67]: the only difference is that the initial state is not a free state, but

a bound states with wave functions normalized to 1. Explicitly

ΓpBM
21 Ñ BM 1

10 ` V
a
q “

16

9

αk

M2
χ

ˇ

ˇ

ˇ

ˇ

ż

r2drR21

ˆ

CaMM 1

J Br ´ C
aMM 1

T
αMχ

2
e´Mar

˙

R˚10

ˇ

ˇ

ˇ

ˇ

2

. (1.70)

If G “ SUp2qL and at temperatures below the scale of electroweak symmetry breaking the

released binding energy is usually not enough to emit a massive SUp2qL vector W or Z, and

only the photon can be emitted.

Γp2pÑ 1s` γq “ αemα
4
2Mχ

ˆ

λ2
f ´

λ2
i

4

˙

512λ5
iλ

5
f

3pλi ` 2λf q8
ˆ

1

3dB

ÿ

aMM 1

ˇ

ˇ

ˇ

ˇ

CaMM 1

J `
CaMM 1

T
λf

ˇ

ˇ

ˇ

ˇ

2

. (1.71)

having assumed that the bound state is well approximated by its Coulombian limit.

1.5 Thermal effects

So far we allowed for generic vectors mass. The motivation is that all vectors acquire non-

relativistic ‘thermal masses’ in the early universe at finite temperature. In the non-relativistic

limit we are interested in electric potentials, and the relevant masses are the Debye masses, given

by

m2
Up1q “

11

6
g2
Y T

2, m2
SUp2q “

11

6
g2

2T
2, m2

SUp3q “ 2g2
3T

2. (1.72)

This means that an attractive potential with αeff “ λα supports bound states with quantum

number n “ 1, 2, . . . if

λ ě
T

Mχ{25
n2
ˆ

"

1.7 for SUp2qL
1.0 for SUp3qc

. (1.73)

Furthermore, the W˘ and the Z acquire mass from the electro-weak symmetry breaking. Com-

bining SUp2qL-breaking masses with thermal masses gives a thermal mixing between γ and Z.

At finite temperature the SUp2qL-breaking Higgs vev v decreases until SUp2qL is restored via a

5With the important difference that Dark Matter (unlike hydrogen at recombination) has a small number
density at freeze-out, such that vectors emitted at bound state formation (unlike photons) or from bound states
have a negligible impact on the plasma.
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Figure 1.3: DM mass splitting (blue) and weak angle (black) at finite temperature.

cross-over at T ą Tcr « 155 GeV. This effect can be roughly approximated as

vpT q “ vRep1´ T 2
{T 2

crq
1{2. (1.74)

In reality, thermal corrections are a much more subtle issue. We need to reconsider if/how the

above naive approach applies at finite temperature.

1.5.1 Sommerfeld enhancement at finite temperature

Evolution of the DM states is affected by the presence of the thermal plasma. At leading order in

the couplings to a plasma one gets refraction (in the case of the thermal plasma, this corresponds

to thermal masses). At second order one gets interactions with rates Γ which exchange energy

and other quantum numbers with the plasma, and break quantum coherence among different

DM components. Thereby DM forms an open quantum system, which is not described by a

wave function, but by a density matrix ρ. Its evolution equation has the form

9ρ “ ´irH, ρs `
ÿ

L

ΓLpLρL
:
´

1

2
tρ, L:Luq (1.75)

where L are Lindblad operators that describe the various interactions ΓL [79]. A gauge inter-

action with the plasma typically gives ΓL „ α2T 3{M2
χ. Let us discuss breaking of quantum

coherencies in the cases of interest.

In the SUp3qc case, the Lindblad operators are proportional to the unit matrix in each 2-body

sub-system with given quantum numbers. Thereby coherencies within each sector with given

total color is preserved, while contributions from different sectors to the total cross section must

be summed incoherently.

In the SUp2qL case, its breaking leads to loss of coherence within the components of a given

representation. For example, if DM is a SUp2qL triplet with components χ0 and χ˘, a χ0χ0 state
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can become χ0χ` by interacting with soft W˘ vectors in the plasma. From the point of view of

exactly conserved quantum numbers, such as electric charge, these are different sectors. Thereby

one has something intermediate between exact SUp2qL (full coherence within each sector with

given weak representation) and badly broken SUp2qL (coherence only between state with same

electric charges). An effect of this type is induced by the mass splitting among χ0 and χ˘,

which randomises their relative phase. In a static situation this is equivalent to loss of quantum

coherence [81].

So we compute the thermal contribution to the mass splitting between different components

of SUp2qL multiplets, which was neglected in previous studies. A fermion with mass Mχ "MV , T

receives the following thermal correction to its mass, at leading order in g:

∆MT “
g2C

4π2

1

Mχ

ż 8

0

dk k2 2k2 ` 3M2
V

pk2 `M2
V q

3{2
nBp

b

k2 `M2
V q, nBpEq “

1

eE{T ´ 1
. (1.76)

This correction is suppressed by Mχ and can be neglected for our cases of interest. A correction

not suppressed by Mχ arises at higher order in g [82,83], and can be taken into account as follows.

In the limit Mχ " MV the one-loop quantum correction to the mass of a charged particle, as

computed from Feynman diagrams, reduces to the classical Coulomb energy U stored in the

electric fields. For a single vector Aµ it is

U “

ż

dV

„

p∇A0q
2

2
`
M2

V

2
A2

0



“
g2

8π
MV ` divergent where A0 “

g

4π

e´MV r

r
. (1.77)

After summing over all SM vectors, the mass difference between two DM components i and j

with electric charges Qi and Qj in a generic Minimal Dark Matter model is [69]

∆Mij “
α2

2
rpQ2

i ´Q
2
jqs

2
WpMZ ´Mγq ` pQi ´QjqpQi `Qj ´ 2Y qpMW ´MZqs. (1.78)

The higher order thermal contribution is obtained by simply replacing Mγ,MZ ,MW and sW with

their thermal expressions. For Qi “ 1, Qj “ Y “ 0 the mass difference is plotted in Fig. 1.3 and

well approximated by

∆MpT q “ 165 MeV Rep1´ T {Tcrq
5{2. (1.79)

1.5.2 Bound-state formation at finite temperature

If thermal masses were naive masses, they could kinematically block bound-state formation

χχ̄Ñ BV , when MV „ gT is bigger than the binding energy EB „ α2Mχ.

However thermal masses are not naive masses. Heuristically, one expects that a plasma

cannot block the production of a vector with wave-length shorter than its interaction length.

Formally, in thermal field theory cross sections get modified with respect to their leading-order

value in g by effects suppressed by powers of g{π. Thermal masses are a resummation of a class

of such higher order corrections: those that become large at Eă„ gT . Scatterings at higher order
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in g can have extra initial state particles, such as V χχ̄ Ñ BV : this means that bound state

formation is not blocked by thermal masses. Technically, the same conclusion can be reached in

the thermal formalism, by computing the formation rate of bound states B rate as the imaginary

part of their propagator ΠBB. Cutted diagrams give an integral over thermal vectors: they have

‘poles’ (that can get kinematically blocked) as well as ‘longitudinal’/‘holes’ and a ‘continuum’

below the light cone, which indeed corresponds to processes such as V χχ̄Ñ BV .

Formally, the cross section computed ignoring such ‘thermal mass’ effects is correct at leading

order in g. In our cases of interest g „ g3 and g „ g2 are of order one, such that higher order

effects cannot be neglected. Given that a full thermal computation is difficult and does not

seem to give qualitatively new effects such as kinematical blocking of bound state formation, we

compute the χχ̄ Ñ BV cross sections at leading order in g i.e. by ignoring the vector thermal

mass MV in the kinematics. We take into account vector masses in the Yukawa potentials. This

approximation should be correct up to Op1q thermal corrections, as confirmed by [83], who finds

that thermal corrections are small for g “ g2 and of order unity for g “ g3.

1.6 Applications

We now apply our formalism to the computation of the thermal relic abundance of various

models previously studied in the literature. We start with DM candidates with SUp2q quantum

numbers, such as Minimal Dark Matter scenarios, where the mass of mediators reduce the impact

of bound state formation on the relic abundance. We finally consider supersymmetric scenarios

with co-annihilation of neutralinos with gluinos or squarks.

1.6.1 Minimal Dark Matter fermion triplet (wino)

The first explicit model that we consider is the Minimal DM fermionic triplet [69], which coincides

with a supersymmetric wino in the limit where all other sparticles are much heavier. Once SU(2)L
is broken, the conserved quantum numbers are L “ 0, S and Q. The potential among the neutral

states with spin S “ 0 is [61,69]

V S“0
Q“0 “

ˆ

` 0

´ 2∆M ´ A ´
?

2B

0 ´
?

2B 0

˙

. (1.80)

where A “ αem{r ` α2c
2
We

´MZr{r, B “ α2e
´MW r{r and ∆M is the mass splitting produced

by electroweak symmetry breaking, equal to ∆M “ 165 MeV at T “ 0 (we use the two-loop

result [84, 85]). The charged states with S “ 0 have [61,69]

V S“0
Q“1 “ ∆M `B, V S“0

Q“2 “ 2∆M ` A. (1.81)
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IJ Õ IJ 1
ř

aMM 1

|CaMM 1

J ` γCaMM 1

T |2

1 Õ 3 2 |1¯ γ|2

3 Õ 5 5
2
|1¯ 2γ|2

IJ Õ IJ 1
ř

aMM 1

|CaMM 1

J ` γCaMM 1

T |2

1 Õ 3 6 |1¯ γ|2

3 Õ 5 21
2
|1¯ 2γ|2

5 Õ 7 12 |1¯ 3γ|2

7 Õ 9 9 |1¯ 4γ|2

Table 1.1: Group theory factors for formation of a bound state made of two SUp2qL 3plets (left)
or quintuplet (right) with total isospin IJ 1 from an initial state with total isospin IJ and viceversa.
The upper sign refers to IJ Ñ IJ 1, the lower sign to IJ 1 Ñ IJ .

Finally, for the states with S “ 1 one has

V S“1
Q“0 “ 2∆M ´ A, V S“1

Q“1 “ ∆M ´B. (1.82)

where V S“1
Q“1 differs by a sign from the earlier literature [61, 69]. These potentials allow one to

compute the Sommerfeld correction, which affects the thermal relic abundance because of the

existence of a loosely bound state in the sector with Q “ S “ 0 and ` “ 0. The cosmological

DM abundance is reproduced for Mχ « 2.7 TeV, such that the freeze-out temperature Mχ{25 is

below the temperature at which SUp2qL gets broken, and the SUp2qL-invariant approximation

is not accurate.

Nevertheless it is interesting to discuss the SUp2qL-invariant limit, which clarifies the contro-

versial sign in eq. (1.82). Ignoring SUp2qL breaking, the DM-DM states formed by two triplets

of SUp2qL decompose in the following isospin channels

3b 3 “ 1S ‘ 3A ‘ 5S , (1.83)

The two DM fermions can make a state with spin S “ 0 or 1. The total wave function must

be anti-symmetric under exchange of the two identical DM fermions: taking into account the

spin parity p´1qS`1, the space parity p´1q` and the isospin parity p´1qĨ where I “ 2Ĩ ` 1 is

the dimension of the representation, only states with p´1q``S`Ĩ “ 1 are allowed. Namely, the

allowed states are

I V i.e. λ allowed `

1 ´2α2{r `2 even if S “ 0, odd if S “ 1

3 ´α2{r `1 even if S “ 1, odd if S “ 0

5 `α2{r ´1 even if S “ 0, odd if S “ 1

(1.84)

The charged components of the 5-plet two-body channel have potentials as in eq. (1.81); the

neutral components of the 5 mix with the 1 giving the matrix in eq. (1.80). By computing
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Figure 1.4: Energies of bound states at finite temperature. made of two triplets (left) or quin-
tuplets (right). Curves show results in SUp2qL-invariant approximation, dots show numerical
results in components. In the left panel we consider DM as a SUp2qL fermion triplet, there
is only one bound state and the SUp2qL-invariant approximation is not accurate. In the right
panel we consider DM as a SUp2qL fermion quintuplet, the bound states are identified as follows:
I “ 1 (thick), I “ 3 (medium), I “ 5 (thin), n “ 1 (blue), n “ 2 (red), n “ 3 (green), ` “ 0
(continuous), ` “ 1 (dashed), ` “ 2 (dot-dashed).

its eigenvalues one finds that the correct SUp2qL-invariant limit is recovered for ∆M “ 0 and

A “ B. The components of the I “ 3 triplet with S “ 1 have the potentials of eq. (1.82),

with a correct SUp2qL-invariant limit: notice that the W -mediated V S“1
Q“1 has opposite sign to

V S“0
Q“1 , unlike what assumed in previous literature. Anyhow, computing the spectrum we notice

that this channel is not attractive enough to form a bound state, so that the sign change has

a minor impact, as shown by comparing Fig. 1.5a with [61, 69]. The figure also shows the DM

abundance as obtained using the simple SUp2qL-invariant approximation, which turns out not

to be accurate. In SUp2qL-invariant approximation the Sommerfeld-corrected cross section [86]

is obtained by decomposing the total s-wave annihilation cross-section of eq. (1.15) into isospin

channels:

σannvrel “

„

16

111
S2 `

20

111
S´1 `

75

111
S1



ˆ
37

12

πα2
2

M2
χ

. (1.85)

where S is given by eq. (1.27) and the pedix on S indicates the value of λ. We renormalise α2

at the RGE scale M , adopting the value from [87].

We next consider the contribution of bound states. Eq. (1.31) tells that a bound state with

given n and αeff “ λα2 exists if

Mχą„ 50MV
n2

λ
« 4 TeV

n2

λ
(1.86)

where, in the last expression, we inserted the approximated vector mass MW « MZ at zero

temperature. This means that only the ground state n “ 1, ` “ 0 of the I “ 1 configuration
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Figure 1.5: Thermal relic DM abundance computed taking into account tree-level scatterings
(blue curve), adding Sommerfeld corrections (solid red curve), and adding bound state formation
(magenta). We consider DM as a fermion SUp2qL triplet (left panel) and as a fermion quintuplet
(right panel). In the first case the SUp2qL-invariant approximation is not good, but it’s enough
to show that bound states have a negligible impact. In the latter case the SUp2qL-invariant
approximation (dashed red curve) is reasonably good, and adding bound states has a sizeable
effect.

is present at Mχ “ 2.7 TeV, in agreement with the component computation of the energy level

carried out numerically. Thereby, we will consider only such 1s1 state (where the pedix denotes

isospin). Fig. 1.4a shows its binding energy as function of the temperature for Mχ “ 2.7 TeV.

The fact that the binding energy is small suggests that the Sommerfeld enhancement can be

sizeable, and that bound-state formation gives a small correction to the effective annihilation

cross section.

The only existing bound state has ` “ S “ 0 and, in dipole approximation, can only be

produced from an initial state with ` “ 1 and S “ 0. No such state exists in the case of DM

annihilations relevant for indirect DM detection, where the initial state is χ0χ0, that only exist

with even p´1q``S due to Pauli statistics [67]. In the case of DM annihilations relevant for

thermal freeze-out, the bound state can be produced by χ`χ´ co-annihilations. In the SUp2qL-

invariant computation this difference arises because we have isospin as an extra quantum number:

the bound state with ` “ 0 and I “ 1 can be produced from an initial state with ` “ 1, I “ 3.

As discussed above, the SUp2qL-invariant approximation is not accurate; nevertheless it suffices

to estimate that the bound-state contribution is negligible.

Fig. 1.4a compares the approximated binding energy with the one computed numerically

from the full potential of eq. (1.80). In SUp2qL-invariant approximation the annihilation width

is Γann “ 8α5
2Mχ, and the production cross section χχ Ñ B1s1γ is given by eq. (1.51) (with

CJ “ CT “
?

2) times αem{3α2 to take into account that only the photon can be emitted

(thermal masses do not kinematically block the process), given that the non-thermal masses
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Figure 1.6: Assuming that DM is a fermionic SUp2qL quintuplet, we show its thermally-averaged
effective annihilation cross section at tree level in s-wave (horizontal line), adding Sommerfeld
corrections (black curve), and the contributions from bound state formation for the bound states
listed in eq. (3.2.1).

MW,Z are much bigger than the binding energy. Even with this rough (over)estimate, bound-

state formation affects the DM relic density by a negligible amount, at the % level. Its effect is

not visible in Fig. 1.5 where we show the DM thermal abundance as function of the DM mass.

1.6.2 Minimal Dark Matter fermion quintuplet

We next consider the Minimal DM fermionic quintuplet [69]. The DM-DM states formed by two

quintuplets of SUp2qL decompose into the following isospin channels

5b 5 “ 1S ‘ 3A ‘ 5S ‘ 7A ‘ 9S. (1.87)
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In the limit of unbroken SUp2qL the s-wave annihilation cross-section reads [62]6

σannvrel “
207

20

πα2
2

M2
χ

„

16

69
S6 `

25

69
S5 `

28

69
S3



(1.89)

where the tree-level cross section of eq. (1.15) has been decomposed into channels with I “

t1, 3, 5u (higher I do not annihilate into SM particles), and the appropriate Sommerfeld factor in-

serted for each channel. The cosmological DM abundance is reproduced forMχ « 9.3 TeV [62,23].

Fig. 1.5b shows that the SUp2qL invariant approximation can be reasonably good. The approx-

imation is exact at T ą Tcr, which includes the freeze-out temperature. The approximations

remains good below the critical temperature because electroweak vector masses are smaller than

αeffMχ, and badly fails only at T ą„∆M , when the temperature gets smaller than the mass

splittings ∆M „ αemMW between neutral and charged DM components and co-annihilations

become Bolztmann-suppressed. In this temperature range T ą„M
2
W {Mχ, such that the Sommer-

feld correction is well approximated by its Coulombian limit.

Bound states

In view of the selection rules discussed in the previous section, the allowed configurations are

I V i.e. λ allowed `

1 ´6α2{r 6 even if S “ 0, odd if S “ 1

3 ´5α2{r 5 even if S “ 1, odd if S “ 0

5 ´3α2{r 3 even if S “ 0, odd if S “ 1

7 0 0 no bound state

9 4α2{r ´4 no bound state

(1.90)

where we have computed the non-abelian effective potential in each isospin channel. Eq. (1.86)

shows that various bound states exist for Mχ „ 10 TeV. Taking thermal masses and the small

dependence on ` into account, Fig. 1.4b show the binding energies as function of the temperature

for Mχ “ 14 TeV. We consider formation of the 1sI , 2sI and 2pI ‘quintonium’ bound states in

each isospin channel I:

6Ref. [69] performed a computation of Sommerfeld effects taking into account the breaking of SUp2qL. In
order to reproduce the correct SUp2qL-invariant limit, the non-abelian part of the potential in the sector with
total electric charge Q “ 1 and spin S “ 1 must be changed by a sign that makes it different from the sector
with Q “ 1, S “ 0. Eq. (18) of [69] must be changed into

V S“0
Q“1 “

ˆ

`` `

´ 5∆M ´ 2A ´
?

6B
0 ´

?
6B ∆M ` 3B

˙

, V S“1
Q“1 “

ˆ

`` `

´ 5∆M ´ 2A ´
?

6B
0 ´

?
6B ∆M ´ 3B

˙

. (1.88)

where A “ αem{r ` α2c
2
We

´MZr{r and B “ α2e
´MW r{r and ∆M is the mass splitting produced by electroweak

symmetry breaking. Namely, the sign of the non-abelian Coulomb potential depends on spin, unlike what assumed
in earlier works.
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Name I S n ` λ Γann{Mχ Γdec{Mχ Produced from

1s1 1 0 1 0 6 3240 α5
2 0 p3

1s3 3 1 1 0 5 15625 α5
2{48 0 p1, p5

1s5 5 0 1 0 3 567α5
2{4 0 p3, p7

2s1 1 0 2 0 6 405 α5
2 Opα4

2α
2
emq p3

2s3 3 1 2 0 5 15625α5
2{384 Opα4

2α
2
emq p1, p5

2s5 5 0 2 0 3 567α5
2{32 Opα4

2α
2
emq p3, p7

2p1 1 1 2 1 6 Opα7
2q « 0.8α4

2αem s3

2p3 3 0 2 1 5 Opα7
2q « 0.5α4

2αem s1, s5

2p5 5 1 2 1 3 Opα7
2q « 0.2α4

2αem s3, s7

(1.91)

The possibile initial states that can form each bound state are selected as follows. In dipole

approximation the value of the spin quantum number S is conserved and the angular momentum

` is changed by one unity. Furthermore a vector boson is emitted, such that the initial isospin

Iin must be I ˘ 2. This leaves the possible initial states listed in the last column of the above

table.

Each contribution to bound state formation is given by the generic formulæ in section 1.3

inserting the group theory factors appropriate for the given SUp2qL representations, as explicitly

given in Table 1.1. For example, let us consider the formation of the 1s1 bound state. The cross-

section is given by eq. (1.51) and (1.50) with TR “ 10, dR “ 5, S “ 0. Once a bound state

is formed, we need to determine its branching ratio into SM particles. For 1sI and 2sI states,

they are well approximated by eq. (1.7). For 2pI states they are given by eq. (1.8) and well

approximated by BRp2pI Ñ 1sIq ˆ BRp1sI Ñ SMq.

Fig. 1.5b shows the DM cosmological abundance as function of its mass Mχ. We summed

the Sommerfeld-enhanced cross section (computed in SUp2qL components) with the bound-state

cross section computed in SUp2qL-invariant approximation. As discussed above, the SUp2qL
invariant approximation only holds at T ą„∆M , such that we switch-off the bound-state contri-

bution to the effective annihilation cross section at T ă Mχ{103 (upper border of the magenta

band in Fig. 1.5b) or at T ăMχ{104 (lower magenta band). We adopted the couplings from [87]

and normalized them at Mχ when computing annihilation rates, and at the inverse Bohr-radius

α2Mχ when computing potentials.

We find that bound state formation increase by „ 40% the effective annihilation cross section

defined in eq. (1.6), leading to a „ 20% increase in the value of Mχ that reproduces the cosmo-

logical DM abundance. After including bound state formation, the cosmological DM abundance

is reproduced for Mχ « 14 TeV.
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Figure 1.7: Sommerfeld-enhanced cross section for indirect detection of a fermion 5-plet at
β “ 10´3. The grey areas are excluded by the Fermi diffuse bound (computed in a conservative
way, and in a more aggressive way); the red area is excluded by bound on dwarfs. The dotted
curves are the analytic SUp2qL-invariant approximation of eq. (1.92). The green band shows the
quintuplet mass for which the observed DM relic density is reproduced.

Indirect detection

We now investigate the indirect detection prospects of the quintuplet dark matter model. A

study of the direct annihilation of quintuplet dark matter leading to W`W´, ZZ, γγ has

been performed in [69, 68, 23, 89, 90], finding that the Sommerfeld enhancement plays a crucial

role. Photons resulting from W,Z decays give a continuum photon spectrum, which imply

strong constraints if there is a large DM density around the Galactic Center, see Fig. 6 of [69].

However the DM density profile is unknown. In Fig. 1.7 we compare the signal with the trustable

bound from the diffuse photon spectrum measured by Fermi. We show two bounds: a weaker

safe bound obtained by demanding that the DM signal (computed assuming a Burkert density

profile) never exceeds the measured spectrum, and a bound stronger by a factor « 10 obtained by

subtracting the putative astrophysical background [23]. The continuous curves is the prediction

from a component computation [69], and the dotted curves are obtained from the SUp2qL-

symmetric approximation

pσvrelqWW «
2πα2

2

M2
χ

p2
a

S6 `
a

S3q
2, pσvrelqγγ “

4πα2
em

M2
χ

p
a

S6 ´
a

S3q
2 (1.92)

as well as σZZ “ σγγ{ tan4 θW, σγZ “ 2σγγ{ tan2 θW. Here S6 (S3) are the Sommerfeld factors

for the I “ 1 and (I “ 5) channel: around M « 12 TeV they are enhanced by a zero-energy

bound state with n “ 4 (n “ 3). The formulæ above correctly reproduce the peaks of the cross-

section associated to zero energy bound states while they miss the dips due to less important

Ramsauer-Townsend effect, see [91].
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Figure 1.8: Cross sections for producing a monochromatic photon after bound-state annihilation
in the quintuplet model. We consider the contribution of the 1s3 (left) and 2p3 (right) bound state.
This signal cross section is compared with the bounds from Fermi-LAT, assuming a contracted
NFW DM density profile and a 3˝ aperture around the galactic center (‘R3’ region) [88]. The
Fermi-LAT limits on the γ-line cross sections have been appropriately rescaled taking into account
that one photon with energy smaller that the DM mass is emitted.

Eq. (1.92) is obtained by writing the neutral component of the χ0χ0 state as linear combi-

nation of states with given total isospin:

|χ0χ0y “
1
?

5
|I “ 1, I3 “ 0y ´

c

2

7
|I “ 5, I3 “ 0y `

c

18

35
|I “ 9, I3 “ 0y. (1.93)

The continuum spectrum of photons resulting from W,Z decays and fragmentations is not the

most clean experimental signal, given that astrophysics produce a largely unknown continuum

background. A monochromatic gamma line would give a clean signature, but a visible gamma

line is not a generic feature of dark matter models [92, 93]. We discuss here the possibility to

search for quintuplet dark matter by looking for monochromatic photons emitted in the bound

state formation processes χ0χ0 Ñ Bγ.

The χ0χ0 DM state of eq. (1.93) can only exist with even `` S due to Pauli statistics. In the

dipole approximation SUp2qL conservation implies that only I “ 3 bound states can be formed

either from the I “ 1 or the I “ 5 component of χ0χ0: the deepest such bound state is 1s3,

with binding energy EB « 60 GeVpMχ{10 TeVq. Therefore only the photon can be emitted in

its formation, and consequently only the neutral component of the bound state can be produced

from χ0χ0. The MW,Z masses cannot be neglected when computing the potentials. Then, the

cross section for bound state formation is obtained by applying eq. (1.49) to the desired single

component, rather than summing over all possible components. The final result is
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Figure 1.9: In the left panel we show the γ-line spectrum predicted by the quintuplet model for
the 1s3 and 2p3 capture processes, computed in SUp2qL-invariant approximation. A 10% energy
resolution of the detector is assumed. We choose a benchmark DM mass of Mχ “ 14 TeV. In
the right panel we show the ratio of the two γ-line signal strength as a function of the DM mass.

σvrelpχ0χ0 Ñ B3n`γq “ 25
αem

α2

„

c

1

5
pσvrelq

n`
bsf|

CJ“
?

2,CT “´
?

2
λi“6,λf“5 ˘

c

2

7
pσvrelq

n`
bsf|

CJ“
?

7{5,CT “`
?

28{5

λi“3,λf“5

2

(1.94)

where the first (second) term corresponds to the 1 Ñ 3 (5 Ñ 3) contribution, and the I “ 3

bound state B is further identified by its n, ` quantum numbers, and its spin is S “ 1 (0) for

` even (odd). In this approximation we neglect the splitting between the various components

of the multiplet. The above cross section is 2-3 orders of magnitude below pσvrelqWW , with a

similar pattern of Sommerfeld enhancements: thereby the annihilation of the bound state into

WW or similar states do nor produce relevant extra effects. The interesting new feature is the

monochromatic photon.

We average the cross section assuming that the DM velocity distribution in the galactic rest

frame is a Maxwell-Boltzmann with root mean square velocity 220 km{s ă v0 ă 270 km{s, cut

off by a finite escape velocity 450 km{s ă vesc ă 650 km{s:

fpvq “ N ˆ e´v
2{v2

0 θpvesc ´ vq. (1.95)

The normalisation constant N is fixed such that
ş

d3v fpvq “ 1. Furthermore we assume that all

DM is made of 5plets. We show the velocity-averaged photon capture cross sections in Fig. 1.8.

The signal is below experimental bounds, and in some mass range it is close to the current

sensitivity of the Fermi-LAT satellite. Both lines from the 1s3 and the 2p3 capture processes

appear to be in principle detectable in the future. Additionally, the 2p3 bound state decays

into the 1s1 and 1s5 states through emission of a photon, leading to extra gamma lines. In the
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Figure 1.10: Energies of bound states made of two squarks (left) or of two gluinos (right) as
color singlets (tick), color octets (thin), n “ 1 (blue), n “ 2 (red), ` “ 0 (continuous), ` “ 1
(dashed).

Coulomb limit their energies are

Eγ “
α2

2

4

ˆ

λ2
f ´

λ2
i

4

˙

Mχ , (1.96)

where λi “ 5 and λf “ p6, 3q for 1s1 and 1s5 respectively and Γ2p3Ñ1s1`γ{Γ2p3Ñ1s5`γ “ 0.38. This

provides us with a window of opportunity to obtain spectroscopic data about the dark matter in

the universe and learn about its gauge interactions. Fig. 1.9a shows that the extra peaks emerge

over the continuum spectrum of photons from DM annihilations. Fig. 1.9b shows the ratio of

the line signal intensities provides information about the dark matter mass. This information

can then be confronted with searches for less specific emission of continuum photons at high

energies stemming from direct dark matter annihilation.

1.6.3 Neutralino DM co-annihilating with a squark

We next consider neutralino Dark Matter with mass close enough to a squark χ1 “ q̃ such that

co-annihilations determine the relic abundance through the effective cross section of eq. (1.16)

as discussed in section 1.2.1. The QCD process q̃q̃˚ Ñ gg dominates over weak processes such

as q̃q̃ Ñ qq, that we neglect. A squark q̃ is a scalar colour triplet, and a q̃q̃˚ state decomposes

as 3 b 3 “ 1 ‘ 8. The QCD potential V “ ´λiα3{r is attractive with λ1 “ 4{3 in the singlet

channel, and repulsive with λ8 “ ´1{6 in the octet channel. Squarks annihilate into gluons at

tree-level in s-wave, and the cross section of eq. (1.17) gets Sommerfeld-enhanced as [71]

σvrel “
7

27

πα2
3

M2
q̃

„

2

7
S4{3 `

5

7
S´1{6



. (1.97)
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R Õ R1
ř

aMM 1

|CaMM 1

J ` γCaMM 1

T |2

1 Õ 8 4
3
|1¯ 3

2
γ|2

3 Õ 6 3|1¯ γ|2

R Õ R1
ř

aMM 1

|CaMM 1

J ` γCaMM 1

T |2

1S Õ 8A 3
ˇ

ˇ1¯ 3
2
γ
ˇ

ˇ

2

8A Õ 8S 6

8S Õ 10A ‘ 10A 3 |2¯ 3γ|2

8A Õ 27S 9
ˇ

ˇ1¯ 5
2
γ
ˇ

ˇ

2

Table 1.2: Formation of a bound state made of two squarks (left) or two gluinos (right). We
show the group theory factors for formation of a bound state in the representation R1 made from
an initial state in the representation R and viceversa.

Bound states can exist in the color singlet channel with S “ 0 and any `, given that they are

made of distinguishable scalars. The lowest lying q̃q̃˚ bound states (we neglect q̃q̃ bound states,

which can only annihilate through weak processes) are

Name R n ` λ Γann{Mχ1 Γdec{Mχ1 Produced from

1s1 1 1 0 4/3 32α5
3{81 0 p8

2s1 1 2 0 4/3 4α5
3{81 Opα6

3q p8

2p1 1 2 1 4/3 Opα7
3q Opα6

3q s8

(1.98)

Taking into account the gluon thermal mass, and renormalizing the strong coupling at the

inverse Bohr radius, we find that the 1s1 bound state exists around the freeze-out temperature,

see eq. (1.73). All other states only form at much lower temperatures, as shown in the left

panel of Fig. 1.10. Even the binding energy of the 1s1 state gets significantly reduced by the

gluon thermal mass,indicating that the Coulomb approximation is not accurate. We used the

approximation described in section 1.3.5. The Clebsh-Gordon factors for bound-state formation

are listed in Table 1.2a while the left panel of Fig. 1.11 shows the contribution of bound states

to the total co-annihilation rate. The impact of bound states on the DM relic density is shown

in Fig. 1.12 where, for small mass splittings, we have included post confinement effects that will

be discussed in the next chapter.

Furthermore, so far we have ignored the possibility that q̃ can decay, implicitly assuming

that its life-time is long enough. To conclude, we discuss what ‘long enough’ means and whether

this assumption is plausible. A squark can decay into a neutralino DM and a quark, with rate

Γpq̃ Ñ qχq „
g2

8π

b

pM2
q̃ ´M

2
χq

2 ´ 2m2
qpM

2
χ `M

2
q̃ q `m

4
q

Mq̃

(1.99)

This new effect can be taken into account by the density-matrix formalism of eq. (1.75), which
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Figure 1.11: Thermally-averaged effective co-annihilation cross section at tree level in s-wave
(horizontal line), adding Sommerfeld corrections (black curve), and the contributions from bound
state formation for the bound states listed in eq. (1.104).

can be conveniently approximated by adding a stochastic term to the Schroedinger equation

(1.22), represented by a non-unitary Γ term in the Hamiltonian [80,94], such that

´
∇2ψ

Mχ

` V ψ “ pE ` iΓqψ. (1.100)

As it can be understood also from the uncertainty relation ∆E∆t ą 1, bound states only

exist if the decay width Γ is smaller than the binding energy EB „ α2
3Mχ1 . This is satisfied

only if the squark decay width of eq. (1.99) is strongly suppressed by the phase space. Such

kinematical suppression can reasonably happen if the squark is a stop t̃ [95], such that its tree-

level decays into a top quark is kinematically blocked if Mt̃ ´Mχ ă Mt, allowing for a „ 5%

non-degeneration around Mχ „ 3 TeV. Furthermore, at finite temperature this degeneracy gets

broken by thermal corrections to the Higgs vev and to the squark mass ∆MT „ g2
3T

2{Mχ, which

effectively account for scatterings such as gq̃ Ñ χq that never get kinematically blocked, giving

rise to a thermal q̃ width Γ „ α3α1T
3{M2

χ. Such effects can be neglected at the decoupling

temperature Tdec „ Mχ{25.

1.6.4 Neutralino DM co-annihilating with a gluino

We next consider neutralino Dark Matter with mass close enough to a gluino g̃ such that co-

annihilations determine the relic abundance through the effective cross section of eq. (1.16). The

product of two color octets decomposes as

8b 8 “ 1S ‘ 8A ‘ 8S ‘ 10A ‘ 10A ‘ 27S. (1.101)
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Figure 1.12: The colored bands represent the regions in the plane of mass splitting between
the colored partnter (gluino/squark) and the dark matter (neutralino) in which the correct relic
abundance is reproduced within three standard deviations. The computation has been performed at
tree-level (blue), taking into account Sommerfeld enhancement (red) and bound state formation
(magenta). In the latter case, the tail at large M and small ∆M „ ΛQCD is due to QCD
confinement effects that will be discussed in Chapter 2.

Each channel experiences the following potentials

Color V i.e. λ allowed `

1S ´3α3{r 3 even if S “ 0, odd if S “ 1

8A ´3
2
α3{r 3{2 even if S “ 1, odd if S “ 0

8S ´3
2
α3{r 3{2 even if S “ 0, odd if S “ 1

10A ‘ 10A 0 0 no bound state

27S α3{r ´1 no bound state

(1.102)

where on the last column we listed the bound states supported in the attractive channels. The

symmetric channels can annihilate into two gluons at tree level, and the 8A channel can annihilate

into quarks: the Sommerfeld-corrected s-wave annihilation cross-section is [71]

σvrel “
27

32
σ0

„

1

6
S3 `

1

3
S3{2 `

1

2
S´1



`
9

8
σ0S3{2, σ0 “

πα2
3

M2
g̃

(1.103)

where the first (second) term comes from annihilations into gluons (quarks).

Furthermore, around the freeze-out temperature two (one) bound states in the singlet (octet)
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channel exist, as illustrated in Fig. 1.10b, which takes the gluon thermal mass into account.

We assume that gluino decay is slow enough, Γg̃ ! EB, that gluino bound states can form.

Furthermore, we assume that the gluino and DM are kept in relative equilibrium. If DM is a

bino, these assumptions are satisfied by having relatively heavy squarks. Gluino bound states

have been considered in [96,97] where the gluon thermal mass was neglected and only the singlet

bound states with n “ 1 was included. Furthermore, we include the non-abelian contribution

to bound-state formation (latter diagram in Fig. 1.2), whose effect is described by the CT

contribution in Table 1.2b, and our CJ differs by a factor 1{
?

2.

At zero temperature the lowest lying bound states are:

Name R S n ` λ Γann{Mχ Γdec{Mχ Produced from

1s1 1S 0 1 0 3 243α5
3{4 0 p8A

1s8A 8A 1 1 0 3/2 81α5
3{32 0 p1, p8S , p27S

1s8S 8S 0 1 0 3/2 243α5
3{128 0 p8A , p10A

2s1 1S 0 2 0 3 243α5
3{32 Opα6

3q p8A

2s8A 8A 1 2 0 3/2 81α5
3{256 Opα6

3q p1, p8S , p27S

2s8S 8S 0 2 0 3/2 243α5
3{1024 Opα6

3q p8A , p10A

2p1 1S 1 2 1 3 Opα7
3q « α6

3 s8A

2p8A 8A 0 2 1 3/2 Opα7
3q « 0.1α5

3 s1, s8S , s27S

2p8S 8S 1 2 1 3/2 Opα7
3q « 0.1α5

3 s8A , s10A

(1.104)

Fig. 1.11b shows how each bound state contributes to the effective annihilation cross section,

and Fig. 1.12b shows how the resulting DM abundance gets affected. We find a moderate shift

of the regions where the thermal abundance reproduces the cosmological DM abundance. The

largest effect arises when Mg̃ ´Mχ is small, such that formation of 2p bound states from s-wave

free states become sizeable at low temperatures. At even smaller temperatures post-confinement

effects has to be taken into account as describe in the next chapter.

1.7 Summary

In the first part of the chapter we presented generic expressions and tools for computing non-

abelian bound state formation. We specialised these formulæ to an unbroken gauge group, such

that a significant simplification over a component computation is obtained by making use of

group algebra. We applied these results to study how formation of bound states of two Dark

Matter particles decreases their thermal abundance, in various concrete DM models.

1. In section 1.6.1 we assumed that Dark Matter is a fermionic 3plet of SUp2qL with zero

hypercharge, for example a supersymmetric wino. We find that the SUp2qL-invariant

approximation is only qualitatively accurate. Nevertheless it is enough to establish that

bound states have a negligible impact, at the % level, on the thermal relic DM abundance.
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Furthermore, it shows that the non-abelian Coulomb energy depends on total spin, unlike

what assumed in previous computations: we thereby repeated a component computation

with the correct signs, and including thermal corrections to the weak mass splitting between

charged and neutral components of the DM multiplet; finding again no sizable effects due

to bound state formation.

2. In section 1.6.2 we assumed that Dark Matter is an accidentally stable fermionic 5plet of

SUp2qL with zero hypercharge. We found that ‘quintonium’ bound states reduce the DM

thermal abundance by about 30%, increasing the DM mass that reproduces the cosmologi-

cal abundance to about 14 TeV. We also considered bound-state corrections to DM indirect

detection, finding that the 5-plet predicts a characteristic spectrum of mono-chromatic γ

lines around Eγ „ p10´ 80qGeV, with rates of experimental interest.

3. In section 1.6.3 we have considered Dark Matter co-annihilating with a scalar color triplet,

a squark in supersymmetric models, finding that bound states give a mild shift (Op20%q

for neutralino masses around 1 TeV) in the thermal relic density.

4. In section 1.6.4 we have considered Dark Matter co-annihilating with a fermionic color

octet, a gluino in supersymmetric models, improving the results of [96] by taking into

account thermal masses and bound-state formation with gluon emission forms gluons, as

depicted in the last diagram of Fig. 1.2. Bound state formation gives a significant correction

(Op200%q for neutralino masses in the range 2˜ 6 TeV) to the thermal relic DM density.

We think that our results should be improved along two lines. First, concerning the weak

5plet, a computation in components will be needed to take into account the breaking of SUp2qL
and precisely determine the DM mass. Second, we included the effect of thermal masses, and

assumed that they do not kinematically block bound-state formation for the reasons discussed in

section 1.5.2. While we expect this to be a reasonable approximation, a careful study of thermal

effects, possibly along the lines of [83], will be needed to achieve a more precise result.



Chapter 2

A closer look to the strongly coupled case

Extensions of the Standard Model (SM) sometimes predict (quasi)stable colored particles whose

cosmological abundance is severely constrained because of their strong interactions with baryonic

matter. When it comes to compute their relic density, the analysis carried out in the previous

chapter is not the end of the story since it does not include non-perturbative effects that can

take place after QCD confinement. In this chapter we show that these effects can significantly

reduce the relic density of colored relics.

In particular we study the case of Split SuperSymmetry [98,99] where the new supersymmetric

fermions are much lighter than the new supersymmetric scalars, and gauginos can become long-

lived giving peculiar signatures at colliders and potential cosmological problems. These problems

were explored in [100], where the relic gluino abundance (before late gluino decay in neutralino

and colored SM particles) was computed including perturbative gluino annihilations and arguing

that one can neglect non-perturbative effects arising after confinement at T „ ΛQCD. We show

that such effects cannot be ignored and, including them, we find that the relic gluino abundance

is reduced by a few orders of magnitude, thereby weakening cosmological bounds on the model.1

Non-perturbative QCD effect are relevant not only for colored relics but also in the case of

particles co-annihilating with a colored partner. We will briefly discuss the case of a neutralino

co-annihilating with a gluino or a squark.

The chapter is organized as follows. In section 2.1 we compute the thermal relic abundance

of (quasi)stable gluinos and in section 2.2 we reconsider the cosmological bounds and discuss

the associated phenomenology. Conclusions are given in section 2.3.

1The relevance of confinement effects has been estimated in [101] in the case of colored particles charged under
Up1qem. This scenario differs from the one we are considering (where the colored particle is electromagnetically
neutral) because QCD bound states of electromagnetically charged particles can be formed or broken by emitting
or absorbing photons.
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Figure 2.1: Predicted gluino abundance. Relic stable gluinos exceed the DM density if Mg̃ ą„ PeV.
The bands show the non-perturbative analytic result for σQCD “ 1{Λ2

QCD (blue) and σQCD “

4π{Λ2
QCD (red). The thin (thick) lines assume that only singlet bound states (octet bound states

too) can form with QCD size; similarly, the small (large) dots show our numerical computation
for some values of the gluino mass.

2.1 Relic gluinos

We consider a Majorana fermion in the adjoint of SU(3). In supersymmetric models this is

known as gluino and denoted as g̃. The gluino can be stable if it is the lightest supersymmetric

particle. Otherwise it can decay via squark exchange into a quark, an antiquark and a neutralino

or chargino, or radiatively to a gluon and a neutralino, with quarks and squarks in the loop.

The resulting lifetime is long if sfermions have a much heavier mass mSUSY [102,103]:

τg̃ “
4 sec

N

´ mSUSY

109 GeV

¯4
ˆ

TeV

Mg̃

˙5

, (2.1)

where N is an order-one function [103]. A stable or long lived gluino is probed and constrained

by cosmology.
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2.1.1 Computing the relic gluino abundance

Fig. 2.1 shows our result for the gluino relic abundance, before their possible slow decays. This

is computed as follows. The upper curves show the relic abundance after a first decoupling at

T „Mg̃{25, as computed in various approximations:

1. at tree level in the perturbative expansion,

2. taking into account Sommerfeld corrections, i.e. using the annihilation cross section given

in eq. (1.103),

3. taking into account also formation of bound states as discussed in the previous chapter.

These effects reduce by about 1 order of magnitude the gluino abundance, controlled by the

Boltzmann equation

Hz

s

dYg̃
dz

“ ´xσannvrelypY
2
g̃ ´ Y

eq2
g̃ q (2.2)

where z “ Mg̃{T , Yg̃ “ ng̃{s, s is the entropy density at temperature T ; HpT q is the Hubble

constant.

If τg̃ ă MPl{Λ
2
QCD „ µsec gluinos decay before the QCD phase transition leaving no cosmo-

logical effects. Otherwise gluinos recouple as the temperature approaches the QCD scale, and

their relic abundance is determined by a re-decoupling at temperatures mildly below the QCD

phase transition. At this point gluinos have formed g̃g and/or g̃qq̄1 hadrons which scatter with

large cross sections σQCD “ c{Λ2
QCD where c „ 1, making about MPl{ΛQCD „ 1019 scatterings in

a Hubble time. For comparison, the proton-proton elastic scattering cross section at low energy

is known to be σel « 100 mb, corresponding to c « 23.

Although gluinos are much rarer than gluons and quarks, occasionally, two gluino hadrons

meet forming a g̃g̃ bound state plus n pions through the processes:

g̃g ` g̃g Ñ g̃g̃ ` nπ or g̃qq̄1 ` g̃qq̄1 Ñ g̃g̃ ` nπ . (2.3)

Classically such state has angular momentum ` « µvrelb where b « 1{ΛQCD is the impact

parameter; µ » Mg̃{2 is the reduced mass; vrel „ pT {Mg̃q
1{2 is the relative velocity. Thereby

` „ pMg̃T q
1{2{ΛQCD, is large for Mg̃ " ΛQCDą„T . The quantum-mechanical total QCD cross

section for forming g̃g̃ bound states is large because many partial waves contribute. This can be

parameterized defining the maximal angular momentum as `max ”
a

c{2πMg̃vrel{ΛQCD obtaining

(see e.g. [104])

σQCD “

`max
ÿ

`“0

σ` »
c

Λ2
QCD

, σ` “ 4π
2`` 1

M2
g̃ v

2
rel

sin2 δ`. (2.4)

where the phase shifts average to xsin2 δ`y » 1{2, and c is a dimensionless parameter which, as

discussed above, parametrizes the strength of the gluino hadrons self scatterings. This expecta-

tion is consistent with numerical results in toy calculable models [105].
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The cross section relevant for reducing the gluino abundance is not σQCD, but the smaller

cross section σann for forming g̃g̃ states which annihilate into SM particles before being broken

by interactions with the plasma. Assuming that a g̃g̃ with angular momentum ` and energy „ T

annihilates before being broken with probability ℘`pT q, one has2

σann “

`max
ÿ

`“0

σ`℘`. (2.6)

A large cross section needs large `, but ℘` can be small at large `. We compute ℘` as the

probability that the g̃g̃ bound state radiates an energy large enough to become unbreakable

(bigger than « T ) before the next collision, after a time ∆t „ 1{nπvπσQCD. In such a case it

becomes unbreakable and keeps radiating until g̃g̃ annihilate.

The key quantity to be computed is thereby the power radiated by the relevant bound states

which have n, ` " 1. In the abelian case, this is well approximated by its classical limit: Larmor

radiation. Having assumed neutral constituents, we can neglect photon radiation. Similarly,

gravitational radiation has cosmologically negligible rates Γgrav „ E3
B{M

2
Pl. The dominant ra-

diation mechanism is gluon radiation, which differs from abelian radiation because gluons are

charged under QCD. This makes a difference when (as in our case) particles are accelerated

because of the strong force itself. While a photon can be soft and its emission leaves the bound

state roughly unchanged, an emitted gluon has its own QCD potential energy, and its emission

changes the QCD potential among gluinos by an order one amount (in particular, a singlet

bound state becomes octet). As the classical limit of gluon emission is not known, we apply the

quantum formulæ.

We need to compute the power radiated by highly excited g̃g̃ bound states, with sizes of

order 1{ΛQCD. Smaller bound states can be approximated by the Coulomb-like non-relativistic

limit of the QCD potential, and can have various color configurations, in particular singlets and

octets. At large distances, they appear as color singlets because they are surrounded by a soft

gluon cloud at distance of order 1{ΛQCD, which (since the typical momenta of the g̃ is much

larger than ΛQCD) acts as a spectator when computing their inner behaviour. In the opposite

2This intuitive picture can be formally justified writing a network of Boltzmann equations, one for each bound
state I with different ` and n. Such equations contain the formation rates γI , the thermally averaged breaking
rates Γbreak

I , the annihilation rates Γann
I , the decay rates among the states ΓIJ . This is unpractical, given that

hundreds of states play a relevant role. To get some understanding, we consider a toy system with three states.
Of these three states, only state 1 can be produced, and only state 3 can annihilate. The state 1 can decay
to state 2, which can decay to state 3. Assuming that the rates are faster than the Hubble rate, we showed in
the previous chapter that one can reduce the network of Boltzmann equations to the single Boltzmann equation
eq. (2.2) for the total gluino density, controlled by an effective annihilation rate equal to ℘γ1 where

℘ “ BR12BR23, BR12 “
Γ12

Γ12 ` Γbreak
1

, BR23 “
Γ23

Γ23 ` Γbreak
2 ` BR12Γbreak

1

(2.5)

where the last term takes into account that 2 can upscatter to 1. We see that ℘ does not depend on Γann
3 and has

the expected physical meaning. In view of QCD uncertainties we cannot compute all order unity factors, such
that it is appropriate to employ the simpler intuitive picture.
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Figure 2.2: Quantum energy levels of a g̃g̃ bound state which have energy close to 0. Values of
n are shown.

limit, states larger than 1{ΛQCD can only be color-singlet hadrons. For our purpose what is

needed are QCD-size bound states which are the most challenging, as confinement effects are

starting to be relevant. We will estimate their effect into two opposite limits:

8) assuming that color octet g̃g̃ bound states are relevant, such that radiation is dominated

by single-gluon emission (pion emission after hadronization) into singlet states. This is

computed in section 2.1.2.

1) assuming that only color singlets g̃g̃ exist, such that radiation is dominated by color-

singlet double-gluon emission (pion emission after hadronization) among singlets. This is

computed in section 2.1.3.

While the two cases are analytically very different (e.g. different powers of the strong coupling),

QCD is relatively strongly coupled so that the numerical final results in the two limiting cases

will be similar.

Before starting the computations, we summarize generic results for QCD bound states.

The bound states

We compute the energy levels of the g̃g̃ bound states assuming the non-relativistic QCD potential

V prq “ λ

$

’

&

’

%

´
α3pµ̄q

r

„

1`
α3

4π

ˆ

11

7
` 14pγE ` ln µ̄rq

˙

r ! 1{ΛQCD [106]

´
α3lattice

r
` σr r „ 1{ΛQCD [107]

(2.7)
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where λ “ pCR ` CR1 ´ CQq{2 for the potential among representation R and R1 in the Q

configuration with C1 “ 0, C3 “ 4{3, C8 “ 3 being the Casimirs. So λ “ 3 (3/2) for the potential

among octets in the singlet (octet) configuration. Lattice simulations indicate α3lattice « 0.3 and

σ « p0.4 GeVq2. The one-loop correction to the perturbative term means that the QCD potential

is roughly given by the tree level potential with the strong coupling renormalised at the RGE

scale µ̄ « 1{r. At finite temperature σpT q « σp0q
b

1´ T 2{T 2
QCD with TQCD « 170 MeV [107].

The product of two color octets decomposes as

8b 8 “ 1S ‘ 8A ‘ 8S ‘ 10A ‘ 10A ‘ 27S. (2.8)

such that there are three attractive channels and the gluino bound states exist in the following

configurations
Color V i.e. λ allowed `

1S ´3α3{r 3 even if S “ 0, odd if S “ 1

8A ´3
2
α3{r 3{2 even if S “ 1, odd if S “ 0

8S ´3
2
α3{r 3{2 even if S “ 0, odd if S “ 1

. (2.9)

The energy eigenvalues in a potential V “ ´αeff{r ` σeffr are [108]

En` «
µα2

eff

2

„

´
1

n2t
` 12tnεx



»

"

´µα2
eff{2n

2 Coulomb limit

3pxσeffq
2{3{2µ1{3 string limit

(2.10)

where µ « Mg̃{2 is the reduced mass, ` “ t0, 1, . . .u is angular momentum, n ě 1 ` `, x “

1.79pn´ `q ` `´ 0.42, ε “ σeff{4α
3
effµ

2 is a dimension-less number and t is the positive solution

to t “ 1 ´ 4n3εxt3. In the limit where the Coulomb force dominates one has t » 1 and ε » 0;

bound states have size n2a0 where a0 “ 1{µαeff is the Bohr radius. The linear force dominates

when n2a0 "
a

αeff{σ „ 1{ΛQCD.

Fig. 2.2 shows the levels with nearly zero energy for Mg̃ “ 3 TeV.

The breaking rate

Once formed g̃g̃ states can be broken by interactions with pions in the plasma:

g̃g̃ ` π Ñ gg̃ ` gg̃ ` π . (2.11)

The probabilities ℘` that a given state radiates enough energy before being broken can be

computed in two different ways.

Based on classical intuition, one can simply compare its energy loss rate with the breaking

rate. While this simplification holds in the abelian case, we have to deal with a non-abelian

dynamics, where gluon emission changes singlet to octet states, and vice versa. This is relevant,

as singlet and octet decay rates are significantly different (especially for some singlet states which

only decay through higher-order effects, as discussed below). It’s not clear what is the classical
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limit of this system in the limit of large quantum numbers n, `.

We then perform a quantum computation, determining the ℘` by simulating transitions

among the many different states. This is feasible up to masses Mg̃ „ 10 TeV, because it involves

a growing number of states at larger Mg̃.

We then need the breaking rate of the individual bound states. Thermal equilibrium between

direct and inverse process (also known as Milne relation) does not allow one to infer the breaking

rates from the total creation rate, because the latter is cumulative over all bound states. We

assume that the breaking rate is given by the thermal average of the pion scattering cross

section, assumed to be equal to 1{Λ2
QCD, and perform the thermal average xσbreakvrely over the

distribution of pions with energies large enough to break the bound states. The number density

of pions with enough energy to break a bound state with binding energy EB is3

neq
π pEπ ą EBI q «

3 pT pEB `mπqq
3{2

2
?

2π3{2
exp

ˆ

´
EB `mπ

T

˙

. (2.12)

such that xΓbreaky « xσbreakvrelyn
eq
π pEπ ą EBq.

2.1.2 Color octet states and single gluon emission

In this section we compute σann, assuming that two colliding g̃ can form a g̃g̃ system with all 64

possible color configurations of eq. (2.8), and with relative weights determined by combinatorics

rather than by energetics. Then the effective annihilation cross section is determined by summing

over attractive channels as

σann9
1

64
σ1

ann `
1

8
pσ8S

ann ` σ
8A
annq. (2.13)

We fix the proportionality factor to « 4 such that the total cross section is σQCD “ c{Λ2
QCD,

where c „ 1 parameterizes our ignorance of the overall QCD cross section. The annihilation

cross section is dominated by σ8A
ann because the state 8A radiates much more than 1 or 8S. Indeed,

because of selection rules, single-gluon emission allows the following decays with ∆` “ ˘1:

1 Ñ 8A, 8A Ñ 1, 8S 8S Ñ 8A. (2.14)

Taking hadronization into account two pions are emitted, such that the binding energy of the

final state E 1B must be larger than EB ` 2mπ, otherwise the decay is kinematically blocked. If

the energy gap is somehow bigger than ΛQCD, inclusive decay rates can be reliably computed by

treating the gluon as a parton.

Since the 1 state is more attractive than 8S,A, the above conditions are easily satisfied for the

8A Ñ 1 decay, while 1 Ñ 8A decays are kinematically blocked at larger ` and allowed at small

enough ` (elliptic enough classical orbit), but suppressed with respect to the abelian result.

3In the energy balance used to derive this equation, non-perturbative contributions to the binding energies
(of both the g̃g̃ and g̃g states) have been neglected.
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In our numerical results we sum over all possible final states using wave-functions computed in

WKB approximation using the Langer transformation. We also provide a simple approximated

analytic result obtained assuming Coulombian wave-functions (which is valid for deep final states,

but not for the QCD-size initial states)4

Γn`p8A Ñ 1Sq «
2

n2
α5

3µ, Wn`p8A Ñ 1Sq “
8α7

3µ
2

n3`
. (2.15)

The decay rate must be compared with the thermal breaking rate, which is given by pion

scatterings such as pg̃g̃q`π Ñ pg̃gq`pg̃gq`π. Since we considered bound states made of neutral

gluinos, they are not broken by photon scatterings to leading order. The result is very simple:

the 8A decay rate is so fast that its actual value is irrelevant: all 8A allowed states have ℘` “ 1 at

the relevant temperatures T ă„ΛQCD. On the other hand, 8S and 1 states contribute negligibly.

Then, the annihilation rate is controlled by a much simpler condition: 8A bound states with

binding energy EB „ T only exist up to some maximal ` ď `max8, which can be easily computed.

For Mg̃ “ 3 TeV Fig. 2.2 shows that `max8 « 25. For generic Mg̃ " T , `max8 is well approximated

by imposing the vanishing of En` in eq. (2.10), finding

`max8 “ p12εt2q´1{4
«

ˆ

3M2
g̃α

3
3

16σ

˙1{4

(2.16)

having approximated t « 1 in the last expression. Using eq. (2.10), the deepest available singlet

state has energy gap ∆E “ 9
4

?
3α3σ « 0.9 GeV (see also Fig. 2.2) and can only decay via higher

order processes.

The effective annihilation cross section is

σann «
σ8A

ann

2
«

1

2

`cr
ÿ

`“0

σ` «
1

2

2π

M2
g̃ v

2
rel

`2
cr, `cr “ minp`max, `max8q. (2.17)

At low (high) temperatures one has `cr » `max 9 vrel (`cr » `max8 9 v0
rel) such that the thermal

average for ` " 1 is xσannvrely » 2σQCD

a

T {πMg̃ (xσannvrely »
a

3πα3
3{16Mg̃Tσ). Taking the

minimum of these two limits (which are equal at T “ Tcr “ π
a

3α3
3{σ{8σQCD with σQCD “

c{Λ2
DC), we obtain an approximation valid at a generic intermediate T :

xσannvrely “ σQCD

d

4T

πMg̃

$

&

%

0 for T ą TQCD ,

Tcr{T for Tcr ă T ă TQCD,

1 for T ă Tcr

(2.18)

The Boltzmann equation of eq. (2.2) is approximatively solved by

4In the same approximation, the smaller energy radiated into 8S is given by a Larmor-like formula, given that
the initial and final state are equally attractive.
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Figure 2.3: The effective annihilation cross section of gluino g̃g̃ bound states, assuming that
they form color-octet 8A states (left) or only color-singlet states (right). The solid curves are the
numerical computation the dashed lines are the maximal geometrical cross sections given by the
analytic approximation.

Yg̃p8q «

c

45

gSMπ

1

Mg̃MPl

«

ż 8

Mg̃{TQCD

dz
xσannvrely

z2

ff´1

«
9
a

5Mg̃{gSM

4σQCDT
3{2
cr MPlp3

a

TQCD{Tcr ´ 2q
(2.19)

where the dz integral is dominated by T „ TQCD: for Tcr ! TQCD the abundance simplifies to

Yg̃p8q «
1

πMPl

d

60Mg̃σ

gSMTQCDα3
3

« 0.6 10´17

d

Mg̃

3 TeV

170 MeV

TQCD

. (2.20)

The final relic abundance does not have a strong dependence on σQCD, as it is only relevant at

relatively low temperatures. The DM critical density is exceeded if Mg̃ ą„ PeV. Fig. 2.3a shows

the full numerical result for xσannvrely, which agrees with the analytic maximal value (apart from

some smoothing at T „ Tcr) up to about 50 MeV: thereby the numerical abundance is better

reproduced lowering TQCD down to 50 MeV in eq. (2.20). This is done in the analytic estimate

plotted in Fig. 2.1.

2.1.3 Color-singlet states and two gluon emission

Single-gluon emission switches the color of the bound state as 1 Ø 8 and its angular momentum

` by ˘1: as a consequence kinematics blocks single-gluon decays of various color-singlet bound

states, roughly all the ones in Fig. 2.2 which don’t have nearby octet states. In particular, decays
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of singlet states with maximal ` are blocked, and octet states with maximal ` can (but need not)

decay to singlets with blocked decays.

We thereby take into account two-gluon emission, which allows for 1 Ñ 1 decays with ∆` “

t0,˘2u. The rates of 2g transitions are mildly suppressed by Opα3
3q compared with the 1g decay

rates. If the energy difference ∆E is much bigger than ΛQCD, gluon hadronization proceeds

with unit probability and the 2g decay widths can be computed using 2nd order non-relativistic

perturbation theory [109]:

Γ2g
n,`Ñn1,`1 «

3α2
3

16π

ż ∆E

0

dk k3
p∆E ´ kq3ˆ

ˆ
ÿ

m,m1

ˇ

ˇ

ˇ

ˇ

xψn,`,m|ri

"

1

´En1,`1 `H8 ´ k
`

1

´En1,`1 `H8 ´ p∆E ´ kq

*

ri|ψn1,`1,m1y

ˇ

ˇ

ˇ

ˇ

2 (2.21)

where ri “ tx, y, zu is the relative distance between the two g̃; k is the momentum of the hadron

produced in the hadronization of the two outgoing gluons, ∆E “ En1,`1 ´ En,` and H8 the free

Hamiltonian of the virtual intermediate octet state. The angular part of the matrix elements,

already carried out in eq. (2.21), imposes the selection rule |`1 ´ `| “ 0, 2. The two-gluon 1 Ø 1

rates are given by an abelian-like expression, unlike the one-gluon 1 Ø 8 transitions. The rates

for 8 Ñ 8 two-gluon transitions are given by a similar expression, with H8 replaced by H1.

Hadronization is possible down to the kinematical limit ∆E « 2mπ. However the energy

difference between two singlet states with maximal `, |∆`| “ 2 and nearby n is „ σ3{4α
´1{4
3 M

´1{2
g̃ ,

which, in view of the Mg̃ suppression, can be smaller than 2mπ. In such a case the decay can

still proceed through off-shell pions, which produce photons and leptons. How to estimate these

suppressed decays is discussed in section 4.4.6 of Chapter 4. We neglect multi-gluon emission,

which allows bigger jumps in `.

The 2g rates are included in numerical computations which assume that QCD-scale color

octets exist. The result was discussed in the previous sub-section, as 2g decays give a relatively

minor correction.

We consider the opposite extreme possibility that octet states with QCD-size do not exist,

and that only color singlets exist. We can again obtain an analytic lower bound on the final g̃

abundance by assuming that all singlet levels fall fast. Then the cross section σann « σ1
ann is only

limited by `max1 “
?

2`max8 such that

xσannvrely “ σQCD

d

16T

πMg̃

$

&

%

0 for T ą TQCD ,

Tcr{T for Tcr ă T ă TQCD,

1 for T ă Tcr

(2.22)

where now Tcr “ π
a

3α3
3{σ{4σQCD. The resulting relic gluino abundance is 2 times lower than in

eq. (2.19), and with the new value of Tcr. Fig. 2.3b shows that this limit only holds at T ă„ 20 MeV,

such that the analytic expression reproduces the numerical value for Yg̃ by reducing TQCD down
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Figure 2.4: Cosmological constraints on long-lived gluinos. Left: As a function of the gluino
lifetime. Right: As a function of the sfermion mass scale mSUSY, which in Split SuperSymmetry
determines the gluino lifetime.

to „ 20 MeV.

2.2 Phenomenology

2.2.1 Cosmological bounds and signatures

Bounds on quasi-stable relics depend on their lifetime τg̃; on their mass Mg̃; on their relic abun-

dance, that for gluinos we computed in terms of Mg̃, and on their decay modes. As mentioned

above, we assume that gluinos decay to neutralinos (assumed to be the Lightest Super-symmetric

Particle, LSP) plus either a gluon or a quark and an antiquark. Here we assume that half of

gluino energy is carried away by the LSP; if the LSP is not much lighter than the gluino, even

less energy goes into SM states and one would obtain weaker bounds.

Our final result is plotted in Fig. 2.4, using the thick red dashed line of Fig. 2.1: even

using updated experimental bounds (discussed below), our bounds on a (quasi)stable gluino

are significantly weaker than those derived in [100]. The reason is that our relic density takes

into account non-perturbative gluino annihilations, and is much smaller than the ‘perturbative’

gluino relic density assumed in [100], see Fig. 2.1. In particular, we find that a (quasi)stable

gluino just above present collider bounds is still allowed provided that its lifetime is smaller than

about 1012 s or larger than about 1022 s.

In the rest of this section we summarize the various bounds on decaying relics plotted in
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Fig. 2.4, moving from smaller to larger lifetimes.

Big Bang Nucleosynthesis

A gluino that decays during BBN can disturb the successful BBN predictions of light element

abundances, which get affected in different ways, depending on the gluino lifetime (for more

details see [110,111]):5

• For 0.1 s À τg̃ À 102 s the mesons and nucleons produced by gluino decays quickly reach

kinetic equilibrium with the thermal bath of background photons and e˘ and thus do not

have enough energy to destroy light nuclei. However, the extra pions, kaons and nucleons

present in the thermal bath increase the p Ø n conversion rate, thus increasing the n{p

ratio and as a consequence the primordial 4He mass fraction Yp.

• For τg̃ Á 102 s the gluino decay products do not thermalize before interacting with nuclei,

due to the lower temperature of the plasma at these times. The still energetic nucleons

(the mesons decay before they can interact) can thus hadrodissociate 4He which in turn

also increases the D abundance (e.g. via p` 4He Ñ D` 3He).

• For τg̃ Á 107 s photodissociation of 4He, which induces increased 3He and D abundances,

becomes relevant. Photodissociation is not relevant at earlier times because the γ-spectrum

is cut off at the threshold energy Eγ
th « m2

e{p22T q [114] for e`e´ pair production from

energetic γ’s with thermal γ’s, so that photons are not energetic enough to break up

nuclei.

The resulting constraints have been computed in [110] and updated and improved in [111]. The

constraints are given in the pτX , ξXq plane for different main decay modes of X, where X is the

unstable relic (the gluino in our case) and ξX “ EvisYX is its destructive power. Since we assume

that half of gluinos’ energy is carried away by the LSP we have Evis « Mg̃{2. The bounds for

the various hadronic decay modes are similar since in all cases they induce hadronic showers,

and our bounds are based on the plot for the tt̄ mode.

The effects from photodissociation depend only on the total injected energy and not from the

details of the decay channels, so that for τg̃ Á 107 s the bounds do not explicitly depend on Mg̃ to

a good approximation. At earlier times, the effects depend on the number of hadrons produced

in the hadronization process, which scales with a power of Mg̃. Thus we fit the bounds, given

in [111] for MX “ 1 TeV, 10 TeV, 102 TeV, 103 TeV, to a power-law function of Mg̃.

The left-handed panel of Fig. 2.4 shows the resulting bounds in green. In the right-hand

panel we show the same bounds with the gluino lifetime computed as function of the SUSY

breaking scale mSUSY.

5In addition, gluinos could also disturb the BBN predictions if they participate themselves in the nuclear
reactions occurring during BBN [112,113]. This would be the case if the gluino R-hadrons bind into nuclei which
are relevant during BBN. Since we do not know whether this is the case or not, we ignore such effects here.
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Distortion of the CMB blackbody spectrum

Gluinos with lifetimes between „ 107 s and „ 1013 s (the latter corresponds to recombination)

can lead to deviations of the CMB spectrum from a blackbody form. When the Universe is 107 s

old, photon number changing processes such as double Compton scattering are not efficient any

more, so that photons injected into the plasma can induce a chemical potential µ » 1.41 δε{ε [115]

in the Bose-Einstein distribution of the CMB radiation, where [116]

δε

ε
» 4ˆ 10´3

c

τg̃
106 s

Mg̃Yg̃Bγ

10´9 GeV
exp

«

´

ˆ

6.1ˆ 106 s

τg̃

˙5{4
ff

. (2.23)

After „ 4 ˆ 1011Ωbh
2 s [116], elastic Compton scatterings do not maintain thermal equilibrium

anymore. An injection of photons ‘Comptonizes’ the spectrum, i.e. it leads to a mixture of

blackbody spectra of different temperatures. This is described by the Compton y-parameter,

given by y “ δε{4ε [115].

The 95% CL limits from the FIRAS instrument on the COBE satellite are |µ| ă 9ˆ10´5 and

|y| ă 1.5ˆ 10´5 [117,118]. The resulting constraints on the gluino lifetime are shown in pink in

Fig. 2.4. Here we assumed that „ 45% (see e.g. [119]) of the energy that is not carried away by

the LSP goes into photons. The resulting bounds are less constraining than the BBN bounds.

However future bounds from PIXIE [120] will be stronger by 2 to 3 orders of magnitude.

CMB anisotropies

The electromagnetic energy ejected into the gas at or after recombination by decaying relics

modifies the fraction of free electrons and heats the intergalactic medium. This leads to modi-

fications of the CMB angular power spectrum, measured by Planck. The maximally allowed

density of a long-lived relic as a function of its lifetime has been computed assuming decay prod-

ucts with fixed energies in the range from 10 KeV up to 10 TeV [121] respectively 1 TeV [122].

The e`, e´, γ from hadronic decays do not have fixed energies, and moreover we do not know the

energy spectrum of the decay products of relics with a mass significantly larger than 10 TeV.

For very large gluino masses the bounds we show are therefore only indicative. We consider the

middle of the band in [122] and obtain bounds by assuming that half of gluinos energy goes into

SM states and that 60% (see e.g. [119]) of the latter goes into e`, e´, γ. In Fig. 2.4 we show the

resulting constraints for a gluino with a lifetime Á 1012 s in yellow.

21-cm line

If confirmed, the observation of an absorption feature in the low energy tail of the CMB spectrum

[16] allows us to put an upper bound on the temperature of the intergalactic medium (IGM) at

redshift z « 17. Decays of relic particles during the dark ages are constrained, mainly because

they inject energy in the IGM heating it, erasing the absorption feature. Bounds on decaying

DM particles, with masses up to 10 TeV, have been computed in [17, 18, 13]. We rescale these



A closer look to the strongly coupled case 66

bounds to a generic abundance, still assuming that half of gluino energy goes into SM states

and that 60% (see e.g. [119]) of the latter goes into e`, e´, γ. The result is shown in Fig. 2.4.

Similarly to the case of the CMB bounds in the previous section, the 21 cm bounds for very

large gluino masses are only indicative and subject to significant uncertainty.

Constraints from gamma-ray telescopes and neutrino detectors

Decaying gluinos with larger lifetimes are constrained by the measurement of cosmic ray spectra,

in particular of photons or neutrinos. We adopt the results of [123] who computed limits on the

lifetime of DM decaying to bb̄, from data from the Fermi gamma ray telescope and the neutrino

detector IceCube, up to a DM mass of 1012 GeV. We rescale the bounds of [123] taking into

account that the density of our relics differs from the DM density. Ref. [123] derives bounds

assuming a relic that decays to bb̄. We assume that 50% of the gluino’s energy goes to the LSP

and the rest goes into hadronic decay channels, which lead to similar spectra as bb̄. Fig. 2.4

shows the resulting constraints on a long-lived gluino from Fermi (in blue) and IceCube (in

orange). The IceCube limits exceed the bounds from Fermi data for Mg̃ Á 107 GeV.

Searches for super-massive nuclei

Coming finally to stable gluinos, lattice simulations indicate that they would form neutral g̃g

hadrons [124], as well as a minor component of baryonic states such as g̃uud (according to [125]

the lightest gluino baryon could be g̃uds). They behave as strongly interacting Dark Matter.

This is allowed by direct detection experiments performed in the upper atmosphere and by

searches for super-massive nuclei in the Earth and in meteorites if their relic abundance is a few

orders of magnitude smaller than the cosmological DM abundance, although the precise bound

is subject to considerable uncertainties (a more detailed discussion can be found in section 3.3 of

the next chapter). In Fig. 2.4 we indicate the tentative constraints that arise from the search for

supermassive nuclei in meteorites by Rutherford backscattering of 238U, NSIMP{Nn|meteorites À 2ˆ

10´12 [126], assuming a heavy nuclei capture cross section of σcapture “ 10´2{Λ2
QCD. Presumably,

there is still an open window, from TeV masses above the LHC [101] up to about 10 TeV.

Higgs mass

In the right panel of Fig. 2.4 we considered Split SuperSymmetry, such that the gluino lifetime is

computed as function of the sfermion mass mSUSY, see eq. (2.1). This scale is further constrained

within the split MSSM by the observed Higgs mass, which is reproduced within the green region

(for different values of tan β) in the pM3,mSUSYq plane. We computed Mh as in [127], assuming

that gauginos and Higgsinos are degenerate at the gluino mass M3 and that all scalars are

degenerate at mSUSY. Allowing the masses to vary and taking into account uncertainties on Mt

and α3 slightly expands the region. Within the Higgs-allowed region the gluino decays promptly

on cosmological time-scales, evading all cosmological bounds.
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No prediction for the Higgs mass arises in extensions of the MSSM. However, roughly the

same region is obtained by imposing the meta-stability bound on Higgs vacuum decay, which

implies that the Higgs quartic λH cannot be too negative, λH ą„ ´ 0.05. A substantially larger

mSUSY, such that the gluino is long-lived, is obtained assuming that Higgsinos are heavy (possibly

with masses of order mSUSY: in such a case the RGE for the Higgs quartic are those of the SM

(with slightly different values of g2,3 due to the light gluino and wino), and the Higgs quartic

can remain positive up to mSUSY „MPl within the uncertainty range for the top quark mass.

2.2.2 Collider signals

Next, we discuss some aspects of the phenomenology of long-lived gluinos at hadron colliders,

in particular the LHC. Long-lived gluinos can be pair produced and after hadronization form

long-lived hybrid states with SM quarks and gluons, known as ‘R-hadrons’. We conservatively

assume that the signal at the LHC is just energy deposit in the calorimeter, rather than charged

particles in the tracker. It is difficult to trigger on these event and so an initial state jet is

required. The LHC places the limit Mg̃ ą 1.55 TeV on a Majorana gluino [128].

The other possibility is the production of a g̃g̃ bound state. Assuming that states with ` “ 0

dominate the rates, they are color 8A with spin S “ 1 and color singlets or 8S with S “ 0 (see

eq. 2.9). They are produced through gluon and quark fusion respectively; and, in the narrow

width approximation (see eq. (5.41) for more details), their production cross section is given by:

σ0 “

8
ÿ

n“1

Cgg
2Mg̃ s n3

`

Γ1
gg ` 8Γ8S

gg

˘

“
ζp3qCgg
2Mg̃ s

`

Γ1
gg ` 8Γ8S

gg

˘

, (2.24)

σ1 “ 2
8
ÿ

n“1

CuuΓ
8A
uu ` CddΓ

8A
dd

Mg̃ s n3
“

2 ζp3q

Mg̃ s

`

CuuΓ
8A
uu ` CddΓ

8A
dd

˘

, (2.25)

where Cij is the luminosity of partons ij, and Γij are the decay rates for n “ 1 bound states

into partons ij. The decay rates are given by

Γ1
gg

Mg̃

“
9α5

3λ
3
1

2F
,

Γ8S
gg

Mg̃

“
9α5

3λ
3
8

8F
,

Γ8A
qq

Mg̃

“
3α5

3λ
3
8

2F
, (2.26)

with F “ 2 for the Majorana gluino and F “ 1 for a Dirac particle, and with the channel

strength λ1 “ 3 and λ8 “ 3{2.

Since the resonances annihilate to two gluons or two quarks, we assume a 100% branching

ratio to two jets and apply the LHC di-jet bounds [129] to the sum of the cross sections. In

Fig. 2.5 we compare the bounds on the resonances to the slightly stronger R-hadron bound.

Concerning future colliders, the expected reach of a 100 TeV hadron collider with 1000 fb´1 is

7 (9)TeV for a Majorana (Dirac) gluino, having used [130] to perform an approximate rescaling.

The R-hadron search would then reach 10 TeV and 14.5 TeV respectively. Thus a 100 TeV

collider would reach the benchmark mass of a thermally produced Dirac gluino, which - as will
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Figure 2.5: The black curve is the di-jet upper bound on the cross section for production of
spin-1 and spin-0 bound states from LHC data at 13 TeV; the red (green) curve is the theoretical
prediction assuming a Majorana (Dirac) gluino. From this we derive the experimental bounds
(vertical lines). The thin vertical line shows the bound from R-hadron searches.

be discussed in the next chapter is a viable dark matter candidate.

2.2.3 Implications for Dark Matter co-annihilations

The thermal relic abundance of a particle is affected by co-annihilations with particles of similar

mass. One example is co-annihilations of neutralino DM with heavier colored particles, for

example gluinos. As discussed in sections 1.6.4, co-annihilations can be enhanced by Sommerfeld

corrections and bound-state formation. We point out here that a much bigger effect is produced

by the non-perturbative QCD effects discussed in the previous sections, if the mass splitting

∆M between the co-annihilating species is comparable or smaller than ΛQCD. 6 This is shown

in Fig. 2.6a in the neutralino/gluino co-annihilation case, assuming that squarks mediate fast

neutralino/gluino conversions. We see that the neutralino mass which reproduces the observed

DM density gets much higher at ∆M ă
„ GeV. In the limit ∆M ! GeV the relic abundance is

dominantly set by the new QCD annihilations. As a result, the neutralino mass can reach up to

a PeV, heavier than the maximal relic DM mass allowed if DM annihilations are dominated by

partial waves with low ` [104].

2.2.4 Quasi-stable squark

In the previous sections we considered a Majorana gluino. A real scalar in the octet of SUp3qc
would behave similarly to the Majorana gluino. On the other hand, a (quasi)stable particle in

6Such a near-degeneracy is unnatural.
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Figure 2.6: The pink (purple) line in the plots indicates the region of the parameter space
in which the neutralino relic density matches the one of the DM if non-perturbative effects are
ignored (included). Because of co-annihilations with gluinos (left panel) or stops (right panel),
non-perturbative QCD annihilations that take place at T ă„ΛQCD significantly increase the DM
neutralino mass reproducing the observed DM abundance, if the mass difference between the
neutralino and the colored partner is smaller than a few GeV. In the case of stops (right panel),
the big effect is only estimated and only present if stop baryons decay to SM particles before
decaying to neutralinos; otherwise confinement only gives a Op1q effect.

the fundamental 3 of color SUp3qc can behave in a qualitatively different way. Since the 3 is

a complex representation, the particle must be a complex scalar or a Dirac fermion, which can

carry a conserved charge.

For definiteness, we consider the possibility of a (quasi)stable squark, and more specifically a

stop t̃, as RGE effects tend to make t̃ lighter than other squarks. A stable stop arises if t̃ is the

lightest SUSY particle (LSP) and R-parity is conserved. A quasi-stable stop arises if R-parity is

almost conserved, or if the stop decays slowly into the LSP: this can happen e.g. when the LSP

is a gravitino. Collider bounds on stops [132] tend to ignore the possibility that the lighter stop

t̃ is the (quasi)stable LSP, because it is usually considered to be already excluded by cosmology.

In cosmology, perturbative QCD t̃t̃˚ Ñ gg annihilations dominate over t̃t̃Ñ tt annihilations

and leave a roughly equal amount of relic t̃ and t̃˚. Perturbative QCD annihilations are enhanced

by Sommerfeld and bound-state effects discussed in the previous chapter. The relic t̃ abundance

after perturbative annihilations is plotted in Fig. 2.7 and approximated by

nt̃
s
«

Mt̃

MPlα2
3

. (2.27)
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Figure 2.7: Stop relic abundances. The t̃t̃t̃ baryons could be relatively long lived and have an
abundance not suppressed by QCD confinement effects

For Mt̃ ă PeV this is smaller than the baryon asymmetry nb{s „ 10´10, that we neglect

given that its effect is model dependent. Indeed, we do not know how the baryon asymmetry

is generated: it might be generated at the weak scale such that it would not affect heavier

stops. Even if a baryon asymmetry is present at stop decoupling, t̃t̄ Ø t̃˚t scatterings could

easily concentrate the baryon asymmetry to lighter baryons fast enough that the asymmetry is

irrelevant for stops. If instead the baryon asymmetry enhances the relic stop abundance, bounds

would become stronger.

After the QCD phase transition, stops form hadrons. In view of the large QCD cross sections,

the stop hadrons with dominant abundance are deeply-bounded states which contain stops only.

They are t̃t̃˚ and the charged baryons t̃t̃t̃. Both fall to the ground state and decay through anni-

hilations of the constituents. In particular, a bound state containing two or more stops decays,

in its ground state, with a life-time Γt̃t̄ „ α3
3M

3
t̃
σt̃t̄vrel where the cross section for t̃t̃ Ñ tt can

be roughly estimated as σt̃t̄vrel „
ř

i“t1,2,3u α
2
i {M

2
i , ignoring possible extra velocity suppressions.

Then, Γt̃t̄ is cosmologically fast unless gauginos (with masses Mi) are heavier than „ 1010 GeV.

We expect a roughly equal number of t̃t̃˚ annihilations for each produced t̃t̃t̃ given that QCD

group algebra implies that both t̃t̃˚ and t̃t̃ feel an attractive Coulombian QCD force, such that

they can form deep, unbreakable, Coulombian bound states. Assuming that a t̃ binds with

probability ℘ to a t̃ and with probability 1 ´ ℘ to a t̃˚ and thereby that a deep t̃t̃ binds with

probability 1 ´ ℘ to t̃ and with probability ℘ to a t̃˚, the average number of t̃t̃˚ per produced
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baryon is
xNt̃t̃˚y

xNt̃t̃t̃ `Nt̃˚ t̃˚ t̃˚y
“

1{℘` 1{p1´ ℘q ´ 1

r ` 1{r ´ 1
. (2.28)

This equals 3 assuming no baryon asymmetry r ” Nt̃{N
˚

t̃
and ℘ “ 1{2, namely neglecting

that t̃t̃˚ is more attractive than t̃t̃. Extra hadrons and mesons that contain quarks have a much

smaller abundance, that is not relevant here. If the charge 2 states t̃t̃t̃ decay fast on cosmological

scales, final abundances and bounds are similar to the gluino case. If (quasi)stable, they are

instead subject to strong cosmological constraints. In particular during BBN t̃˚t̃˚t̃˚ can bind to
4He reducing its charge and thereby the Coulomb suppression of nuclear reactions, opening up

a new channel for 6Li production,

pt̃˚t̃˚t̃˚ 4Heq `D Ñ
6Li` t̃˚t̃˚t̃˚ , (2.29)

which can strongly alter Lithium abundances (see [135] for a brief review). Charge ´1 states

with lifetime Á 105 are subject to the BBN bound Y À 2.5ˆ 10´17 [112]. A study of analogous

constraints on relics with charge ´2 is beyond the scope of this work.

Next, we study the scenario where a quasi-stable stop co-annihilates with a slightly lighter DM

neutralino. Post-confinement effects are relevant if ∆M ă
„ GeV. Roughly half of the stops form

t̃t̃˚ mesons, and the others form t̃t̃t̃ baryons. The impact on the DM abundance is very different,

depending on which process dominates t̃t̃t̃ decays. If it is dominated by stop annihilations

into SM particles, post-confinement effects strongly suppress the DM abundance, similarly to

the gluino/neutralino co-annihilation scenario. A much smaller order one effect is obtained if

instead stops decay to DM neutralinos and SM particles with rate Γt̃ą„Γt̃t̃. The region where the

DM abundance is reproduced is estimated in Fig. 2.6b in the two extreme possibilities, having

assumed σQCD “ 1{Λ2
DC.

2.3 Summary

We have reconsidered the relic abundance of neutral colored relics, finding that hadron collisions

at temperatures below the QCD scale reduce it by a few orders of magnitude. In particular we

considered a quasi-stable gluino: Fig. 2.1 shows its relic abundance, and Fig. 2.4 the cosmological

constraints, taking into account the new effect and new data.

Co-annihilations between gluinos and neutralino DM are similarly strongly affected by con-

finement, provided that their mass difference is smaller than a few GeV, as shown in Fig. 2.6a.

In section 2.2.4 we considered charged colored relics, in particular the case of a quasi-stable

stop. In this case, confinement gives a big contribution to co-annihilations with neutralinos only

if t̃t̃t̃ baryons decay into SM particles via t̃t̃Ñ tt before stop decays to neutralinos.
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Dark Matter from confining sectors
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So far our focus has been on scenarios where the DM is an elementary particle. In this

context we have studied how formation of unstable bound states of DM particles can affect the

cosmological history, and give peculiar indirect detection signals. In this second part of the work

we move to the study of models where the DM is in the form of stable bound states. We start

(Chapter 3) with the case where the force keeping these bound states glued together is already

present in the SM, then we move to the case (Chapters 4 and 5) where a new confining dark

force provides the binding interaction.



Chapter 3

Colored DM

The first model we propose challenges one of the common feature of DM models: the DM is an

uncolored particle. Indeed we suggest that the DM could be a composite state of new heavy

colored particle, Q, for simplicity electrically neutral. Q could be a heavy quark in the 3 ‘ 3̄

representation of SUp3qc, or a ‘Dirac gluino’ in the 8‘ 8 representation, such that Q annihilates

with Q̄, but not with itself. We dub this neutral quark as quorn. Perturbative annihilations

between Q and Q̄ (together with effects induced by unstable QQ̄ bound states) leave a thermal

relic density of order ΩQh
2 „ 0.1MQ{7 TeV. After the quantum chromo-dynamics (QCD) phase

transition at temperature T ă„ΛQCD « 0.27 GeV colored particles bind into hadrons. Subsequent

annihilations among hadrons reduce their relic abundance, increasing the value of MQ needed

to reproduce the observed cosmological abundance, ΩDMh
2 „ 0.1 for MQ « 12 TeV.

The quorn-onlyum hadrons made of Q only (QQ if Q „ 8, and QQQ if Q „ 3) are acceptable

DM candidates, as they have a small Bohr-like radius a „ 1{α3MQ. This scenario is believed to

be excluded because it predicts other hybrid hadrons where Q binds with SM quarks q or gluons

g. Such hybrids, Qqq, QQq, Qq̄ (if Q „ 3) and Qg, Qqq̄1 (if Q „ 8), have size of order 1{ΛQCD

and thereby cross sections of order σQCD „ 1{Λ2
QCD for interactions with baryonic matter. Their

cosmological abundance must be orders of magnitude smaller than the DM abundance ΩDM «

0.1, while naively one might expect that cosmological evolution results into Ωhybrid " ΩDM, given

that quarks and gluons are much more abundant than quorns Q.

We will show that cosmological evolution gives Ωhybrid „ 10´4ΩDM, such that this scenario

is allowed. This is not surprising, taking into account that quorn-onlyum has a binding energy

EB „ α2
3MQ „ 200 GeV much larger than hybrids, EB „ ΛQCD. Quorn-onlyum thereby is the

ground state, reached by the universe if it has enough time to thermalise. This depends on two

main factors:

i) quorns are much rarer than quarks and gluons: nQ „ 10´14nq,g when the DM abundance

is reproduced;

ii) QCD interactions are much faster than the Hubble rate H „ T 2{MPl: a loose bound state

with a σQCD cross section recombines N „ nq,gσQCD{H „ MPl{ΛQCD „ 1019 times in a
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Hubble time at temperature T „ ΛQCD.

Since 1019 is much bigger than 1014, chromodark-synthesis cosmologically results into quorn-

onlyum plus traces of hybrids. This is analogous to Big Bang Nucleo-synthesis, that leads to

the formation of deeply bounded Helium plus traces of deuterium and tritium.

The chapter is organised as follows. In section 3.1 we define the model, and summarize

the main features of its QCD interactions. In section 3.2 we discuss how cosmology leads to

dominant formation of Q-onlyum hadrons. In section 3.3 we show that the abundance of hybrids

is small enough to be compatible with bounds. In section 3.4 we show that Q-onlyum DM is

compatible with bounds. A summary of our results is given in the conclusions in section 3.5.

3.1 The model

We consider the following extension of the SM:1

L “ LSM ` Q̄pi {D ´MQqQ. (3.1)

The only new ingredient is Q: a Dirac fermion with quantum numbers p8, 1q0 under SUp3qc b

SUp2qL b Up1qY i.e. a neutral color octet. The only free parameter is its mass MQ. Like in

Minimal Dark Matter models [139] Q is automatically stable, as no renormalizable interaction

with SM particles allows its decay, which can first arise due to dimension-6 effective operators

such as QDDU and QLDQ where Q (L) is the SM quark (lepton) doublet, and U (D) is the

right-handed SM up-type (down-type) quark. The decay rate is cosmologically negligible if such

operators are suppressed by the Planck scale.

After confinement Q forms bound states. For MQ " ΛDC{α3 states made by Q-only are

Coulombian. TheQQ̄ bound states are unstable: Q and Q̄ annihilate into gluons and quarks. No

such annihilation arises in QQ bound states as we assumed that Q carries an unbroken Up1q dark

baryon number that enforces the Dirac structure such that QQ is stable. The DM candidate is

the quorn-onlyum QQ ground state, neutral, color-less and with spin-0.2 As we will see, if QQ is

a thermal relic, the observed cosmological DM abundance is reproduced for MQ „ 12.5 TeV. This

mass is large enough that Q does not form QCD condensates. The QQ potential in the color-

1Within the SM, QCD could give rise to Dark Matter as ‘strangelets’ made of many uds quarks [137] or as
‘sexaquark’ uuddss [138]. However there is no experimental nor lattice evidence that such objects exist. We
thereby extend the SM.

2Other assignments of quantum numbers of Q are possible. A scalar would give similar physics. A fermionic
Q „ p3 ‘ 3̄, 1q0 under SUp3qc b SUp2qL b Up1qY would give the QQQ baryon as a viable DM candidate. As
the gauge quantum numbers of a neutral color triplet are exotic, the QQq, Qqq and Qq̄ hadrons containing
light quarks would have fractional charges. Fractionally charged hadrons are subject to stronger experimental
bounds [136]. A Q „ p3, 2, 1{6q “ pQu,Qdq, with the same quantum numbers of SM left-handed quarks Q, would
give as lightest state the neutral DM candidate QuQdQd. This is excluded by direct detection mediated at tree
level by a Z, being a weak doublet with hypercharge Y ‰ 0. Allowing for an additional confining group, a Q „ 8
can be build out of Q „ 3 obtaining double composite Dark Matter.
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singlet channel is V prq “ ´3α3{r, so the binding energy is EB “ 9α2
3MQ{4n

2 « 200 GeV{n2,

which is bigger than ΛQCD up to n „ 20. We adopt the value ΛQCD « 0.27 GeV.

The quantum numbers of the hybrid hadrons, Qg and Qqq̄1, are not exotic. We expect that

the isospin singlet Qg is lighter than Qqq̄1 (isospin 3 ‘ 1) by an amount of order ΛQCD, which

accounts for the relative motion of q and q̄1, where q, q1 “ tu, du. A lattice computation is needed

to safely establish who is lighter. Assuming that Qqq̄1 is heavier, then its neutral component

Qqq̄ decays to Qg with a lifetime of order 1{ΛQCD. The slightly heavier components Qud̄ and

Qdū with electric charges ˘1 have a lifetime of order v4{Λ5
QCD.

The above DM model has possible extra motivations. The fermion Q appears as a ‘Dirac

gluino’ in some N “ 2 supersymmetric models [140], where sfermions can mediate its decay, if

R-parity is broken. Alternatively, the heavy quarks Q could be identified with those introduced

in KSVZ axion models [141]. In such a case our U(1) symmetry gets related to the Peccei-Quinn

symmetry. Corrections to the Higgs mass squared proportional to M2
Q arise at 3 loops and are

comparable to its measured value for MQ « 12 TeV [142].

3.1.1 Confinement

QCD confinement happens in cosmology through a smooth crossover. In Cornell parametrisa-

tion [143] the QCD potential between two quarks in the Fundamental representation at tem-

perature T in the singlet configuration is approximated as Vqq̄prq « ´αF eff{r ` σF r. In the

perturbative limit one has αF eff “ CFα3 where CF “ pN2
c ´ 1q{2Nc “ 4{3 is the quadratic

Casimir and α3 is renormalized around 1{r. At r „ 1{ΛQCD lattice simulations find αF eff “ 0.4

and σF « p0.45 GeVq2 [107]. The potential between two adjoints is similarly approximated by a

Coulombian term plus a flux tube:

VQQprq « ´
αeff

r
` σr. (3.2)

Perturbation theory implies VQQ{CA « Vqq̄{CF [144] where CA “ Nc “ 3. Thereby αeff « 3α3

and σp0q « 9σF p0q{4 « p0.67 GeVq2, as verified on the lattice [145]. At finite temperature the

Coulombian force gets screened by the Debye mass and the string appears only below the critical

temperature Tc « 170 MeV as σpT q « σp0q
a

1´ T 2{T 2
c [107].

3.1.2 Eigenvalues in a linear plus Coulombian potential

We will need the binding energies of a non-relativistic QQ hadron. We thereby consider the

Hamiltonian H “ ~p 2{2µ ` V prq in 3 dimensions that describes its motion around the center of

mass, with reduced mass 2µ »MQ. The potential is given by eq. (3.2). As usual, wave-functions

are decomposed in partial waves as ψpr, θ, φq “
ř

ñ,`,mRñ`prqY`mpθ, φq where ñ is the principal

quantum number. For each ` “ 0, 1, 2, . . . we define as ñ “ 1 the state with lowest energy, so

that ñ “ 1, 2, 3, . . .. The radial wave function Rñ`prq has ñ ´ 1 nodes. Unlike in the hydrogen

atom there are no free states: angular momentum ` is not restricted to ` ă ñ. In order to match
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Figure 3.1: Binding energies Eñ` in GeV for a QQ in the singlet configuration. States with
Eñ` ă ´0.2 GeV (in green) are well approximated by the Coulombian limit. Increasing MQ
leads to a larger number of Coulombian states and to a deeper ground state. QQ states are
cosmologically mostly produced in the region with larger ` of the band E „ ΛQCD.

with the Coloumbian limit in its usual notation we define n ” ñ` ` such that, at given `, only

n ě `` 1 is allowed.

The reduced wave function uñ`prq “ rRñ`prq obeys the Schroedinger equation in one dimen-

sion in the effective potential Veff “ V ` `p` ` 1q~2{2µr2. Dimensional analysis implies that

energy eigenvalues have the form

Eñ` “ α2
effµˆ fpε, ñ, `q, where ε ”

σ

4α3
effµ

2
“ 10´8 σ

GeV2

ˆ

10 TeV

MQ

˙2 ˆ
1

αeff

˙3

. (3.3)

From [108]3 we extract the approximation valid at leading order in ε ! 1

Eñ` “
α2

effµ

2

„

´
1

n2
` εnp14.3n´ 6.3`´ 3.34q ` ¨ ¨ ¨



. (3.4)

The first term is Coulombian. The second term accounts for the linear potential, and becomes

relevant at large n, `. In particular, assuming ` » n " 1, Coulombian states with negative binding

energy exist up to `, nă„ 0.5ε´1{4. The ground state has binding energy EB “ ´E10 „ 200 GeV

for MQ „ 10 TeV.

In the opposite limit where the linear force dominates and the Coulomb-like force can be

3We thank C. Gross for having pointed out a typo in [108].
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neglected, all energy levels are positive and states with higher ` have higher energy [108]

Eñ` «
3σ2{3

p2µq1{3

ˆ

0.897ñ`
`

2
´ 0.209

˙2{3

(3.5)

such that thermalisation lowers `. The dependence on σ, µ and the ground state energy can

also be computed variationally, assuming a trial wave-function ψprq “ e´r{rc{r
3{2
c , such that

the typical size is rc „ pµσq
´1{3. Fig. 3.1 shows the binding energies for relevant values of the

parameters.

We next discuss bound states BQ made of one heavy Q plus a gluon. It cannot be described

by non-relativistic quantum mechanics. Nevertheless, its binding energy can roughly be obtained

by eq. (3.5) taking a small reduced mass µ „
?
σ. One then expects that such states are in their

ground states at T ă„ΛQCD, and that their mass is MBQ “MQ `OpΛQCDq.

3.1.3 Decay rates of excited bound states

Energy losses due to quantum decay of a QQ state with n, ` " 1 into deeper states can be

approximated with classical Larmor radiation. This holds in dipole approximation, where a

state can only decay to `1 “ `˘ 1.

To see this, we consider a hydrogen-like system with V “ ´α{r and reduced mass µ. As-

suming a circular orbit as in [101] one gets the emitted power

W circ
Larmor “

2αa2

3
“

2µ2α7

3n8
(3.6)

having inserted the acceleration a “ α{µr2 and converted the orbital radius into n2 times the

Bohr radius as r “ rn “ n2{αµ. Similarly, the binding energy is E “ ´α{2r “ ´α2µ{2n2.

At the quantum level, a circular orbit corresponds to a state with maximal ` “ `circ “ n. In

dipole approximation such a state decays only to n1 “ `1 “ n ´ 1, emitting a soft photon with

energy ∆ELarmor “ |En ´ En´1| » α2µ{n3, such that the decay rate is

Γcirc
Larmor “

W circ
Larmor

|∆ELarmor|
“

2

3

´α

n

¯5

µ. (3.7)

This matches the quantum decay rate.

Let us now consider a generic state. Classically, a generic elliptic orbit is parameterized

by its energy E and by its angular momentum ` ď `circ, where `circ “
a

α2µ{2E is the value

corresponding to a circular orbit. The Larmor radiation power, averaged over the orbit, is

xWLarmory “ W circ
Larmor

3´ p`{`circq
2

2p`{`circq
5
. (3.8)

Due to the larger acceleration at the point of minimal distance, the radiated energy for ` ! `circ
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is much larger than in the circular case: this is why eē colliders are built circular.

This classical result for non-circular orbits agrees with the quantum results for n, ` " 1,

summarized in Appendix C for the hydrogen atom, which can be approximated as

Γn` »
2α5µ

3n3`2
, Wn` »

2α7µ2

3n8

3´ p`{nq2

2p`{nq5
. (3.9)

In the quantum computation the enhancement at small ` ă n appears after summing over the

available final states with small n1 ě `´ 1 which allows for energy jumps |En ´En1 | larger than

in the circular case.

In the opposite limit where the linear part of the potential dominates over the Coulombian

part, energy losses of highly excited states are again well approximated by classical Larmor

radiation, which does not depend on the shape of the orbit, given that the force does not depend

on the radius: WLarmor “ 8αeffσ
2{3M2

Q is negligibly small. This is confirmed by numerical

quantum computations.

3.1.4 Cross section for formation of a loose QQ bound state

We here estimate the cross section σtotpBQ ` BQ Ñ BQQ ` Xq for formation of a loose bound

state containing two heavy quarks Q, starting from two bound states BQ containing one Q.

Assuming that BQ “ Qg can be approximated as a Q and a gluon kept together by a flux

tube with length ` „ 1{ΛQCD, the following geometrical picture emerges. The cross section is

σtot « π`2℘ at energies E „ MQv
2ă
„ΛQCD such that there is not enough energy for breaking

the QCD flux tubes, and the recombination probability of two flux tubes is ℘ „ 1, like in string

models. Independently from the above geometric picture, the size of the bound state is of order

1{ΛQCD, and thereby one expects a cross section σQCD “ c{Λ2
QCD, with c « π in the geometric

picture. In the following we will consider c “ t1, π, 4πu. For example the measured pp cross

section corresponds to c « 10.

While this expectation is solid at energies of order ΛQCD, at lower temperatures the cross

section might be drastically suppressed if the residual van der Waals-like force has a repulsive

component, which prevents the particles to come close enough. We will ignore this possibility,

which would result into a higher abundance of hybrid relics.

More in general, processes that only require a small energy exchange E can have large cross

sections of order 1{E2.4

3.1.5 Cross section to form an un-breakable QQ bound state

We can finally compute the quantity of interest for us: the thermally averaged cross section

σfallpT q for collisions between two Qg states which produce an unbreakable QQ hadron. This

4The authors of [146] propose a quantum mechanical model where processes analogous to σpBQ ` BQ Ñ

BQQ `Xq are computed in terms of cross sections suppressed by 1{MQ. This large suppression seems to derive
from their arbitrary assumption that the cross section should be dominated by an s-channel resonance.
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is the same problem we faced in Chapter 2 when we wanted to compute σfallpT q for gluinos.

However, given that we just need an order of magnitude estimate of the hybrid relic, we will not

perform a brute force quantum mechanical computation. And, for the sake of computational

simplicity, we will try to give an estimate of σfallpT q by following an analogy with Larmor

radiation. Only for the value of MQ that reproduces the observed DM relic density, we also

perform the full quantum computation described in Chapter 2 to check our results.

An unbreakable QQ hadron is formed when the loose bound state discussed in the previous

section radiates more energy (through pion emission) than „ T in the time ∆t before the next

collision with a pion of the thermal bath, such that it becomes un-breakable and later falls down

to its deep ground state. In view of the previous discussion, we proceed as follows. A large total

cross section σQCD „ π{Λ2
QCD needs a large impact parameter b „ 1{ΛQCD, and thereby the QQ

state is produced with large angular momentum ` „MQvb.

The issue is whether a bound state with large ` gets broken or radiates enough energy becom-

ing un-breakable [101]. As discussed in section 3.1.3, abelian energy losses are well approximated

by classical Larmor radiation, and it is crucial to take into account that non-circular orbits ra-

diate much more than circular orbits. The QQ potential is given by eq. (3.2), with a large

αeff « 3α3pµ̄q renormalized at µ̄ „ 1{r „ ΛQCD.

The cross section for falling into an un-breakable QQ bound state is computed as follows.

We simulate classical collisions, averaging over the velocity distribution at temperature T and

over the impact parameter b. We numerically solve the classical equation of motion for the

QQ system, starting from an initial relative distance b and an orthogonal relative velocity v.

From the solution ~xptq we compute the radiated energy ∆E by integrating the radiated power

WLarmor „ 2αeff
:~x2{3 for a time ∆t. We impose ∆Eą„T where ∆t is the average time between two

collisions at temperature T . We estimate it as ∆t „ 1{nπvπσQCD where nπ is the pion number

density and σQCD “ c{Λ2
QCD such that ∆t » Λ2

QCD{T
3 at T " mπ, while the pion density is

Boltzmann suppressed at lower T .

The resulting σfallpT q is plotted in Fig. 3.2, computed by varying the uncertain QCD pa-

rameters as αeff “ t0.3, 1, 3u, c “ t1, π, 4πu. We see that even for αeff „ 1 the fall cross section

σfallpT q equals to the total cross section σQCD at temperatures below p0.1 ´ 0.3qΛQCD, and it is

mildly smaller at T „ ΛQCD. If instead αeff „ 4π one would have σfall “ σQCD even at T „ ΛQCD.

The value αeff „ 4π can account for non-perturbative QCD effects: it is not unreasonable to

think that the bound state can quickly radiate the maximal binding energy EB „ 200 GeV by

emitting in one shot a hundred of gluons with energy E „ 2 GeV each.

A rough analytical estimate for σfallpT q can be obtained as follows. As discussed above, states

that radiate fast enough arise only in the Coulombian part of the potential. In view of eq. (3.8),

their energy loss rate is WLarmor „ α7
effM

2
Q{`

8, which can be big enough only for relatively small

` „MQbv. Imposing ∆Eą„T for v „
a

T {MQ gives

σfall „
c

Λ2
QCD

minp1, 0.3Aq A “
α

7{4
eff Λ

5{2
QCD

M
1{2
Q T 2

(3.10)
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Figure 3.2: Thermally averaged cross section for falling in an unbreakable bound state as
computed numerically for MQ “ 12.5 TeV and for different values of αeff “ 0.3 (dot-dashed) 1
(dashed), 3 (continuous) and for different values of the total QCD cross section, σQCD “ c{Λ2

QCD,
c “ 1 (green), π (blue), 4π (red). Eq. (3.10) approximates this numerical result.

where the order one numerical value was added by roughly fitting to Fig. 3.2, for the values of

the total QCD cross section there assumed. The fall cross section is only suppressed by a small

power of MQ, explaining why we find a large σfall „ σtot for MQ „ 12.5 TeV. In the analytic

estimate we neglected the fact that mπ „ ΛQCD: this is taken into account by the relatively

large ad hoc numerical factor added to eq. (3.10) such that it provides a better agreement with

the numerical result in Fig. 3.2 for MQ „ 12.5 TeV.

3.2 Cosmological relic densities

We can now compute how strong QCD interactions lead to an abundance of the Q-onlyum

DM candidate QQ much larger than the severely constrained hybrid bound states Qg. We

describe what happens during the cosmological evolution, from the usual decoupling of free

Q at T „ MQ{25 (section 3.2.1), to recoupling (section 3.2.2) at T ą„ΛQCD, to T „ ΛQCD

(section 3.2.3), to redecoupling at T ă„ΛQCD (section 3.2.4), to nucleosynthesis at T „ 0.1 MeV

(section 3.2.5).

3.2.1 Q decoupling at T „MQ{25

As usual, at T ą„MQ the free Q annihilate into SM particles much faster than the Hubble rate,

remaining in thermal equilibrium until they decouple at T “ Tdec « MQ{25, leaving the usual

relic abundance, determined by their annihilation cross-section in this decoupling phase. The
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non-relativistic s-wave cross section reads

σannvrel “
σQQ̄vrel

2
“

63

64

ˆ

1

14
S3 `

10

14
S3{2 `

3

14
S´1

˙

πα2
3

M2
Q

(3.11)

where the strong coupling is renormalized around MQ, while it is renormalized around α3MQ in

the Sommerfeld factors Sn corresponding to the various color channels:

Sn “
2πnα3{vrel

1´ e´2πnα3{vrel
. (3.12)

We define YQ ” pnQ ` nQ̄q{s, where s is the entropy density, and assume no dark baryon

asymmetry, nQ “ nQ̄.

As shown in the previous chapter, perturbative formation of bound states gives an order one

correction to the final relic and needs to be included in the cosmological evolution. The bound

states made by our ‘Dirac gluinos’ can be divided into stable QQ or Q̄Q̄ states that carry two

units of dark baryon number, and unstable QQ̄ states, where Q and Q̄ annihilate. The latter

come into spin-0 and spin-1 combinations, while the stable states have only the spin allowed by

Fermi statistics: in particular the singlet ground state has spin 0. Among the unstable bound

states the most relevant for the relic abundance at T " ΛQCD are the ones that decay faster and

have larger binding energy. These are listed in Table 3.1. The corresponding effective rates are

plotted in Fig. 3.3. We only estimated the annihilation widths of those states that exist only as

QQ̄; they are suppressed by Opα2
3q making these states negligible (the formation cross section

does not depend on spin) unless numerical factors compensate for the suppression.

These rates determine a network of Boltzmann equations for the abundance of free Q and

for the abundances YI “ nI{s of the various bound states I as function of z “ MQ{T . Such

equations are

$

’

’

’

&

’

’

’

%

sHz
dYQ
dz

“ ´2γann

„

Y 2
Q

Y eq2
Q

´ 1



´ 2
ÿ

I

γI

„

Y 2
Q

Y eq2
Q

´
YI
Y eq
I



,

sHz
dYI
dz

“ neq
I

"

xΓIbreaky

„

Y 2
Q

Y eq2
Q

´
YI
Y eq
I



` xΓIanny

„

1´
YI
Y eq
I



`
ÿ

J

xΓIÑJy

„

YJ
Y eq
J

´
YI
Y eq
I

* .

(3.13)

Here γI is the thermal-equilibrium space-time density of formations of bound state I, related to

the thermal average xΓIbreaky of the breaking rate ΓIbreak as described in section 1.1. Furthermore

ΓIann is the decay rate of bound state I due to annihilations between its Q and Q̄ constituents:

it vanishes for the QQ and Q̄Q̄ states. Finally, ΓIÑJ “ ´ΓJÑI is the decay rate from state I

to state J . To reduce the number of differential equations while including QQ and Q̄Q̄ states,

we need to extend the strategy of section 1.1. The annihilation rates, Γann, for these states

vanish, so we can now only reduce the network of Boltzmann equations to two equations: one

for YQ (density of free Q) and one for YQQ “
ř

IPQQ YI (total density of stable bound states,
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made of color S n ` EB{MQ Γann{MQ Γdec{MQ Annihilation

QQ̄ 1S 0 1 0 9α2
3{4 243α5

3{2 0 gg
QQ̄ 1S 1 1 0 9α2

3{4 „ α7
3 „ α6

3 gggg
QQ̄ 8A 1 1 0 9α2

3{16 81α5
3{16 „ α6

3 qq̄
QQ̄ 8A 0 1 0 9α2

3{16 „ α6
3 „ α6

3 ggg
QQ̄ 8S 0 1 0 9α2

3{16 243α5
3{64 „ α6

3 gg
QQ̄ 8S 1 1 0 9α2

3{16 „ α7
3 „ α6

3 gggg

QQ̄ 1S 0 2 0 9α2
3/16 243α5

3{16 „ α6
3 gg

QQ̄ 1S 1 2 0 9α2
3/16 „ α7

3 „ α6
3 gggg

QQ̄ 8A 1 2 0 9α2
3{64 81α5

3{128 „ α6
3 qq̄

QQ̄ 8A 0 2 0 9α2
3{64 „ α6

3 „ α6
3 ggg

QQ̄ 8S 0 2 0 9α2
3{64 243α5

3{512 „ α6
3 gg

QQ̄ 8S 1 2 0 9α2
3{64 „ α7

3 „ α6
3 gggg

QQ̄ 1S 0 2 1 9α2
3{16 „ 0 „ α6

3

QQ̄ 1S 1 2 1 9α2
3{16 „ α7

3 „ α6
3 gg

QQ̄ 8A 1 2 1 9α2
3{64 „ 0 « 0.1α5

3

QQ̄ 8A 0 2 1 9α2
3{64 „ α7

3 « 0.1α5
3 qq̄

QQ̄ 8S 0 2 1 9α2
3{64 „ 0 « 0.1α5

3

QQ̄ 8S 1 2 1 9α2
3{64 „ α7

3 « 0.1α5
3 gg

QQ 1S 0 1 0 9α2
3{4 0 0 DM candidate

QQ 8A 1 1 0 9α2
3{16 0 0

QQ 8S 0 1 0 9α2
3{16 0 0

QQ 1S 0 2 0 9α2
3/16 0 „ α6

3

QQ 8A 1 2 0 9α2
3{64 0 „ α6

3

QQ 8S 0 2 0 9α2
3{64 0 „ α6

3

QQ 1S 1 2 1 9α2
3{16 0 „ α6

3

QQ 8A 0 2 1 9α2
3{64 0 « 0.1α5

3

QQ 8S 1 2 1 9α2
3{64 0 « 0.1α5

3

Table 3.1: Properties of lowest lying Coulombian bound states made of QQ̄ (upper) and QQ
(lower). The subscript S or A denote if the state is obtained as a symmetric or antisymmetric
combination in color space. Slower rates have only been estimated.
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that satisfies YQQ{Y
eq
QQ “ YI{Y

eq
I for all stable states I). The equations are

$

’

’

’

&

’

’

’

%

sHz
dYQ
dz

“ ´2γeff
ann

„

Y 2
Q

Y eq2
Q

´ 1



´ 2γfall

„

Y 2
Q

Y eq2
Q

´
YQQ

Y eq
QQ



sHz
dYQQ

dz
“ neq

QQxΓbreaky

„

Y 2
Q

Y eq2
Q

´
YQQ

Y eq
QQ

 (3.14)

where γeff
ann includes the effects of QQ̄ bound states and is given by the same expression as in

section 1.1. The total fall rate that accounts for the cumulative effect of all QQ and Q̄Q̄ bound

states is given by the sum of the formation rates of all such states, γfall “
ř

IPQQ γI , which equals

neq
QQxΓbreaky ”

ř

IPQQxΓIbreakyn
eq
I . Notice that YQ ` 2YQQ remains constant when a QQ bound

state is formed.

We now derive an approximated analytic solution by computing the deviation from equilib-

rium of the stable bound states. First, we appreciate that at temperatures at which the quorn

annihilation goes out of equilibrium the second of the above equations is still in equilibrium and

thus the effect of stable bound states can be ignored in the solution for the first equation. The

asymptotic solution in this phase is

$

’

’

’

&

’

’

’

%

YQpzq «

„

YQpzdecq
´1
` λ

ż z

zdec

xσeff
annvrely

z12
dz1

´1

YQQpzq « Y 0
QQpzq `

1

λ
Y 1
QQpzq “ YQpzq

2 Y
eq
QQ

Y eq2
Q

`
1

λ
Y 1
QQpzq

(3.15)

where zdec « 25 and 1{λ “ H{s|T“MQ . Expanding in small 1{λ one finds Y 1
QQpzq and determines

the temperature at which Y 0
QQpzq « Y 1

QQpzq{λ, finding

1 «
xΓbreakyMQ

EBHpT qz
«

xΓbreaky

H pT « EBq
. (3.16)

This gives the asymptotic solution for ΛQCD ! T !MQ:

$

’

’

’

&

’

’

’

%

Y ´1
Q pzq « Y ´1

Q pzdecq ` λ

ż z

zdec

dz1

z12

„

xσeff
annvrely ` xσfallvrely

ˆ

1`
xΓbreakyMQ

EBHpz1qz1

˙´1 

YQQpzq «
1

2

«

ˆ

Y ´1
Q pzdecq ` λ

ż z

zdec

dz1

z12
xσeff

annvrely

˙´1

´ YQpzq

ff

.

(3.17)

Using the specific rates for the main perturbative bound states listed in Table 3.1 we obtain the

values of YQ and of YQQ at temperatures T " ΛDC. The result is shown in Fig. 3.4b, where they

are denoted as ‘perturbative’. We see that such effect can be neglected. At confinement, non-

perturbative QCD effects force all free Q to bind with SM quarks and gluons to form strongly

interacting hadrons, as discussed in the following.
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Figure 3.3: Thermally-averaged effective annihilation cross section in units of σ0 “ πα2
3{M

2
Q

for MQ “ 12.5 TeV. The horizontal line is the tree-level value in s-wave; the black curve is the
result obtained adding Sommerfeld corrections; the thick gray curve is the result adding also QQ̄
bound-state corrections. The other curves show the contributions from the main bound states
among those listed in Table 3.1. The orange curve is an estimate of confinement effects that lead
to recoupling at low T ă„ 10 GeV.

3.2.2 Q recoupling at T ą„ΛQCD

DM annihilations recouple below the decoupling temperature Tdec if the thermally averaged

DM annihilation cross section σannpT q grows at low temperatures faster than 1{T 3{2. In such

a case DM recouples, and its abundance nDM is further reduced. A tree-level cross section

σann „ g4{M2
DM does not recouple. A Sommerfeld enhancement S „ 1{vrel91{

?
T leads to order

one effects, but not to recoupling (unless enhanced by some resonance). Formation of bound

states with small quantum number n „ 1 give other similar effects. In the previous section we

included such order one corrections, adapting the results of Chapter 1. At this stage Q can form

relatively deep bound states with heavy quarks, which eventually decay.

The QCD coupling grows non-perturbative at T ą„ΛQCD giving a more dramatic recoupling

effect: bound states with size rBn „ pα3{nqMQ can be formed through a large cross section

σann „ 1{r2
Bn, having omitted powers of the strong coupling. The increase of the cross section as

nÑ 8 is tamed by a competing effect: only bound states with EBną„T are actually formed at

temperature T (as better discussed in Appendix D), leading to a re-coupling cross section that

grows as σann „ 1{T 2 for T ą„ΛQCD.

3.2.3 Chromodark-synthesis at T „ ΛQCD

This effect culminates after confinement. Cosmological effects of confinement begin when the

Coulombian force αeff{r
2 becomes weaker than the string tension σpT q at the typical distance

r „ 1{T . Given that gluons and quarks are much more abundant than Q, the free Q form
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Figure 3.4: Thermal relic abundances of the DM QQ hadron (blue band) and of hybrid Qg
hadrons (red band, as obtained varying αeff and σQCDΛ2

QCD between 1 and 4π). The red diamonds
show the relic of hybrids hadrons obtained with the more precise estimate of σfall given in Chapter
2. Left: mass densities. The desired DM abundance is reproduced for MQ „ 12.5 TeV. The
sub-dominant abundance of hybrid Qg hadrons and the relative experimental upper bounds are
subject to large and undefined nuclear, cosmological and geological uncertainties, see section 3.3.
Right: number densities Y “ n{s of QQ DM states and of Q hybrids. We also show the
abundance of QQ bound states before confinement (dashed curve).

Qg and Qqq̄1 bound states, which have a binding energy of order ΛQCD and scatter among

themselves and with other hadrons with cross sections of typical QCD size, σQCD “ c{Λ2
QCD

with c „ 1. In this stage H „ Λ2
QCD{MPl „ 10´20ΛQCD, such that a Qg hadron experiences 1020

QCD scatterings in a Hubble time. Given that the relative abundance of Q is YQ „ 10´14, two

Qg will meet, forming either deep QQ hadrons (which remain as DM) or QQ̄ hadrons (which

annihilate into SM particles). The abundance of Q-only hadrons gets dramatically suppressed,

until they decouple.

While most DM particles form in this phase, a precise description is not needed to compute

the final abundances, which are dominantly determined by what happens during the final rede-

coupling, where the dominant SM degrees of freedom are semi-relativistic pions, while the baryon

abundance is negligible, in view of the Boltzmann factor e´mp{T and of the small asymmetry.

3.2.4 Q redecoupling at T ă„ΛQCD

We need a precise description of the final redecoupling which occurs at temperatures of tens of

MeV. One might think that the simplified Boltzmann equations for the density of free Q and of

QQ bound states, eq. (3.14), can be replaced with corresponding equations for the total density
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of BQ bound states (Qg and Qqq̄1) and for the total density of BQQ bound states.

A slightly different strategy is needed. Indeed, the simplification that allowed to reduce

the network of Boltzmann equations (one for each bound state) to two is valid only if: i)

all BQ bound states are in thermal equilibrium among them; ii) all BQQ bound states are in

thermal equilibrium among them. Bound states are subject to QCD interactions, with large

σQCD cross sections, such that the corresponding interaction rates are much faster than the

Hubble rate. However, as discussed in section 3.1.3, non-perturbative QCD interactions now

lead to the formation of a large variety of bound states, with large n and ` quantum numbers

which suppress the decay rates among them. Some decay rates can be slower than the Hubble

rate. This issue was solved in section 3.1.5 where we computed an effective cross section for the

formation of all unbreakable QQ bound states, that later fall to the QQ ground state. The same

cross section, almost as large as the QCD cross section, holds for the formation of unbreakable

QQ̄, that later annihilate:

σfall “ σannă„σQCD. (3.18)

The equality of the classical non-perturbative total cross section for forming QQ̄ bound states

with the total cross section for forming QQ bound states, is compatible with the perturbative

quantum cross sections computed in section 3.2.1. Indeed, because of Fermi anti-symmetrisation

in the QQ case cross sections are twice bigger, while the number of QQ̄ states is twice bigger

(after restricting to colour-singlet bound states and averaging odd with even `).

One extra process can take place: annihilations between QQ and Q̄Q̄ in their ground states.

In section 3.4.2 we will compute its cross section, finding that it can be neglected in our present

cosmological context. Together with eq. (3.18) this implies a simple result: half of the Q and

Q̄ present before redecoupling annihilate, and half end up in our DM candidates, the QQ and

Q̄Q̄ ground states. Boltzmann equations are only needed to compute how small is the residual

fraction of Q in loose hybrid hadrons, which are phenomenologically relevant in view of their

large detection cross sections.

We thereby group bound states in two categories. We define YQQ as the density of all un-

breakable QQ bound states, produced with cross section σfall. We define YQ as the density of

Q in loose bound states: the Q in bound states containing a single Q (Qg, Qqq̄1), and those

in loose QQ and QQ̄ bound states at relative distances „ 1{ΛQCD, that get broken by QCD

scatterings.

The relevant Boltzmann equation are:

sHz
dYQ
dz

“ ´2pγeff
fall ` γ

eff
annq

„

Y 2
Q

Y eq2
Q

´ 1



, sHz
dYQQ

dz
“ γeff

fall

„

Y 2
Q

Y eq2
Q

´ 1



. (3.19)

valid for T ă„ΛQCD i.e. zą„ zQCD ”MQ{ΛQCD. In the non-relativistic limit the space-time density

of interactions is determined by the cross sections as 2γ»pneq
BQq

2xσvrely. The asymptotic solutions
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Figure 3.5: Cosmological evolution of the abundances of Q states and of QQ DM states
for MQ “ 12.5 TeV. The uncertain phase at T ą„ΛQCD negligibly affects the final relic abun-
dances: the dashed curves assume non-perturbative effects before confinement estimated as
σ “ σQCDpΛQCD{T q

2; the solid curves neglect such effects. The mass abundance on the right
axis is computed assuming QQ particles with mass 2MQ.

to this system of equations are

$

’

’

&

’

’

%

Y ´1
Q p8q « Y ´1

Q pzQCDq ` λ

ż 8

zQCD

xσeff
fallvrely ` xσ

eff
annvrely

z12
dz1 ,

YQQp8q « YQQ pzQCDq `
1

2

YQpzQCDq xσ
eff
fallvrely

xσeff
fallvrely ` xσeff

annvrely ` zQCD{λYQpzQCDq

(3.20)

with the last term roughly equals YQpzQCDq{4. Fig. 3.4 shows our final result: the DM abundance

and the hybrid abundance as function of the only free parameter, MQ. The left panel shows

the mass abundances Ω “ ρ{ρcr; the right panel shows the number abundances Y “ n{s. The

hybrid abundances are plotted as bands, given that they are affected by QCD uncertainties;

smaller values are obtained for larger c “ σQCDΛ2
QCD and for larger αeff . Varying them between

1 and 4π, the hybrid abundance changes by a factor 100. The DM abundance, less affected

by QCD uncertainties, is plotted as a blue curve. The right panel shows that the DM QQ
abundance is mostly made at the non-perturbative level; the perturbative bound states computed

in section 3.2.1 only play a significant role in enhancing QQ̄ annihilations.

The observed DM abundance is reproduced for

MQ « p12.5˘ 1qTeV (3.21)

and the hybrid mass abundance is about 104 smaller that the DM abundance (between 103 and
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105 within our assumed range of QCD parameters). For such mass, Fig. 3.5 shows the cosmo-

logical evolution of the abundances. It also shows how large uncertainties at T „ ΛQCD before

redecoupling have a negligible impact on the final abundances, which is dominantly determined

by redecoupling.

An analytic argument that shows that Ωhybrid ! ΩDM is unavoidable and that gives the

dependence of the final abundances on MQ,MPl, ΛQCD (eq. (D.4)) is given in Appendix D.

3.2.5 Nucleodark-synthesis

Redecoupling is completed at temperatures T „ 10 MeV. Later nucleons bind into light nuclei

at the Big Bang Nucleosynthesis (BBN) temperature TBBN „ 0.1 MeV. Various authors tried to

compute what happens to SIMPs during BBN, and how SIMPs affect ordinary BBN [147–150]5.

Our predicted amount of Strongly Interacting Massive Particles, YSIMP „ 10´18, has negligible

effects on ordinary BBN, which constrains YSIMPă„ 10´12. Such studies however disagree on what

happens to SIMPs during BBN. Do SIMPs bind with (some) nuclei? Does a significant fraction

of SIMPs remain free?

We present our understanding, but we cannot provide a safe answer. Indeed, nuclear forces

are not understood from first principles, not even for ordinary p and n [151]. Long-range nu-

clear properties are determined by couplings to pions, known thanks to chiral perturbation

theory [152]. Heavier QCD states contribute to short-range nuclear forces: however QCD is here

only used as inspiration to write phenomenological nuclear potentials to be fitted to p, n data,

see e.g. [153].

In our scenario there are two types of SIMPs with distinct properties. The Qg hybrids are

isospin singlets and thereby do not couple to pions. The Qqq̄ hybrids form an isospin triplet

(with charges 0,˘1) coupled to pions.

Presumably Qqq̄1 are heavier and decay promptly to Qg. Then, the Qg singlet states, which

do not feel the pion force, are expected to behave similarly to the Λ baryon, which does not bind

to protons to form heavy deuterons [154]. Maybe such SIMPs do not bind with any nuclei, or

maybe they find a way to form bound states with big enough nuclei. An attractive force can be

provided by exchange of an isospin-singlet scalar meson, such as the σ (mass M „ 0.6 GeV) or

glueballs (mass M „ 1.5 GeV) provided that their effective Yukawa couplings ySIMP and yN to

the SIMP and to nucleons are large enough and have the same sign. In spherical well and Born

approximation and for MQ " M , the hybrid can form a bound state in a nucleus with atomic

number A if [155]

ySIMPyN ą
12π

A5{3

M2

GeV2 . (3.22)

If SIMPs bind to light nuclei, after BBN they dominantly end up in Helium or free, with a

relatively large amount in Beryllium, according to [148,149].

The Qqq̄1 states, which feel the pion force, have an interaction potential with a range of ap-

5Here and in the following, by SIMP we mean particles that interact strongly with SM particles.
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proximately 2 fm. If they are the lighter stable bound states, during BBN they get incorporated

into nuclei with an efficiency close to 100% [150]. In the Milky Way, SIMPs in charged nuclei

can loose a significant fraction of their energy by interactions with ambient matter.

No SIMP searches have yet been performed in galactic clouds, which would probe the SIMP

primordial abundance. After BBN, SM matter forms stars and planets: primordial SIMPs sink

to their center before these objects possibly solidify. Stars (rather than BBN) later produce

the observed elements heavier than He. In the next section we estimate the present geological

abundance of SIMPs.

3.3 Signals of relic hybrid hadrons

In our model Q-onlyum DM is accompanied by hybrid hadrons, containing heavy colored Q
bound together with SM quarks or gluons. In this section we discuss their signals. While

SIMP DM has been excluded long ago, in our model SIMPs have a sub-dominant abundance,

fSIMP ” ρSIMP{ρDM below 10´3, possibly a few orders of magnitude smaller. Such small value of

ρSIMP makes indirect SIMP detection signals negligible (f 2
SIMPσQCDă„ 10´24 cm3{sec) despite that

SIMPs interact with matter nucleons and with themselves through large cross sections of order

σQCD „ 1{Λ2
QCD. See also [157]. In some models SIMPs can have electric charge (fractional in

exotic models).

As discussed in section 3.3.1, galactic SIMPs are stopped by the upper atmosphere of the

Earth and slowly sink. Thereby SIMPs are not visible in direct detection experiments performed

underground. Their later behaviour depends on whether SIMPs bind with nuclei: if yes they

indirectly feel atomic forces; otherwise they sink even within solid bodies, such as the present

Earth. In section 3.3.2 we summarize bounds on the SIMP abundance, to be compared with

their present abundance, estimated in sections 3.3.3 and 3.3.4.

3.3.1 Direct detection of hybrid hadrons

Despite their reduced abundance, SIMPs would be excluded by a dozen of orders of magnitude,

if they reach the underground direct detection detectors with enough energy to trigger events.

This is not the case. The energy loss of a neutral SIMP in matter is [158]

dE

dx
“ ´E

ÿ

A

nAσA
2mA

MQ
for mA !MQ (3.23)

where nA is the number density of nuclei with atomic number A and mass mA « Amp; 2mA{MQ

is the fractional energy loss per collision and σA « σpA
2pmA{mpq

2 is the SIMP cross section on a

nucleus [159], written in terms of the SIMP scattering cross section on protons, σp « π{Λ2
QCD «

1.6 10´26 cm2. The cross section σA is coherently enhanced at the energies of interest for us,

E “ MQv
2{2 „ MeV for v „ 10´3. The densities nA in the Earth crust can be written as
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nA “ fAρ{mA where ρ is the total mass density and fA is the mass fraction of material A,
ř

A fA “ 1. The energy loss following from eq. (3.23) is

Epxq “ E0 exp

„

´

ż

ρ dx
m2

70 kg

xA4y

16.64

10 TeV

MQ

σp
π{Λ2

QCD



. (3.24)

Thereby SIMPs with MQ « 10 TeV thermalize in the Earth atmosphere, which has a column

depth of 104 kg{m2 and xA4y1{4 « 16.6, before reaching the crust with xA4y1{4 « 31 and density

ρ « 3 g{cm3. SIMPs do not reach direct detection experiments, situated about a km under-

ground.

Some direct detection searches have been performed by balloon experiments at high altitudes.

The authors of [160] claim that it is questionable whether such experiments exclude a SIMP with

density ρSIMP “ ρχ. Our predicted abundance ρSIMP „ 10´4ρDM is allowed.

After thermalisation, SIMPs diffuse with thermal velocity vthermal «
a

6T {MQ « 40 m{s at

temperature T « 300 K. In the Earth gravitational field g “ 9.8 m{s2, SIMPs not bound to nuclei

sink with a small drift velocity that can be estimated as follows. Each collision randomises the

SIMP velocity because vdrift ! vthermal. Thereby the drift velocity is the velocity vdrift « gτ{2

acquired during the time τ « d{vthermal between two scatterings, where d “ 1{p
ř

A nAσAq „

0.1 mm in the Earth crust. Thereby the sinking velocity is

vdrift « 0.1 km{yr. (3.25)

Diffusion gives a non-uniform SIMP density on the length-scale T {MQg « 25 m dictated by the

Boltzmann factor e´MQgh{T .

Finally, SIMP concentrate around the center of the Earth, where they annihilate heating of

the Earth [160]. Bounds on such effect imply that the SIMP abundance must be sub-dominant

with respect to the DM abundance, ρSIMP ă 10´3ρDM. This bound is satisfied in our model,

where ρSIMP „ 10´4ρDM.

The situation is somehow different if SIMPs bind with (some) nuclei, either during BBN

(mostly forming He), or by colliding with nuclei in the Earth atmosphere (possibly mostly

forming N, O, He, H) or crust. A SIMP contained in a hybrid nucleus with charge Z „ 1 has a

much bigger energy loss in matter, as computed by Bethe

dE

dx
«
Kz2

β2
ln

2meβ
2

I
, K “

4πα2ne
me

, I „ Z 10 eV. (3.26)

The mean free path in Earth of a SIMP in a charged state is thereby L˘ „ MQβ
4{K „

2 10´5 cm pβ{0.001q4. Again, SIMPs do not reach underground detectors. The main differ-

ence is that SIMPs bound in nuclei sink in the ocean and in the primordial Earth, but not in

the solid crust, where electric atomic forces keep their positions fixed on geological time-scales.
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Element NSIMP{NN at MSIMP “ 10 TeV Formation
Studied Bound Expectation? Mechanism
He space ´ 10´10 BBN

Be Earth 7 10´9 [156] No BBN

Oxygen water 3 10´14 [156] No accumulation

Enriched petro-C14 10´16 [156] 10´15? accumulation

Iron Earth 10´12 [162] 10´15? accumulation

Meteorites 4 10´14 [126] 10´14? capture

Table 3.2: Experimental bounds on the density of Strongly Interacting Massive Particles with
non-exotic electric charges, compared to the expected abundance of our hybrid, roughly estimated
assuming that it binds in nuclei (otherwise they sink), and assuming fSIMP « 10´5.

3.3.2 Searches for accumulated hybrid hadrons

Experimental searches for accumulated SIMPs consist in taking a sample of matter, and searching

if some atom has an anomalous mass or charge, see [163] for a recent review. The results, detailed

below, imply relative abundances smaller than Op1{NAq (inverse of the Avogadro number) in

the selected samples.

The searches often involve a first phase of sample enrichment in hybrids (for example cen-

trifuge treatment of a sample of water, or use of radioactive materials), followed by a second

phase of hybrid detection, with the most successful being the mass spectroscopy and Rutherford

backscattering [126].

Limits on the SIMP fraction in the sample depend on the SIMP mass: in the range GeV to

TeV, the best bounds are derived from mass spectroscopy of enriched sea water samples [164].

Here the hypothetical particle is a positively charged SIMP, which could form heavy water

replacing a proton. The bounds on the relative abundance are of order NSIMP`{NN ă 10´27

where NN is the number of nuclei.

For heavier SIMPs, mass spectroscopy seems to provide weaker limits. Stringent limit stems

from studies of material from meteorites. In [126] the Rutherford backscattering technique was

used to set a limit on the SIMP-to-nucleon number density in the tested meteorites that covers

the range 100 GeV ă MSIMP ă 107 GeV. This technique does not depend on the SIMP charge

and thus also applies to neutral SIMPs. For MSIMP „ 10 TeV the limit is [126]

NSIMP

Nn

ă
„ 3 10´14 10 TeV

MSIMP

(meteorites) (3.27)

where Nn is the number of nucleons.

These bounds should be compared with the predicted SIMP abundance in the selected sam-
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ples. If the tested samples were representative of the average cosmological composition, our

model would predict

NSIMP

Nn

ˇ

ˇ

ˇ

ˇ

cosmo

“
mN

MQ

ΩSIMP

Ωb

“ 5 10´9 10 TeV

MQ

fSIMP

10´5
(3.28)

having used the cosmological density of baryonic matter, Ωbh
2 « 0.022, and of DM, ΩDMh

2 «

0.12. The predicted abundance in the selected samples is much lower than the cosmological

average and depends on their geological history.

3.3.3 Abundance of hybrid hadrons in the Earth

Testing a sample of sea water does not lead to bounds, because the atoms that contain heavy

hybrid hadrons sink to the bottom. Similarly, the Earth once was liquid, so that the primordial

heavy hybrids sank to the core of the Earth.6

Objects made of normal matter accumulate SIMPs due to collisions with SIMP relics in

the interstellar medium. Heavy hybrids accumulated in the Earth crust, if captured by nuclei,

presumably stopped sinking after that the crust solidified. In order to set bounds, we thereby

consider the SIMPs captured by the Earth in the time ∆t „ 4 Gyr passed since it is geologically

quasi-stable. We ignore convective geological motion. The Earth is big enough to stop all SIMPs,

so that the total mass of accumulated SIMPs is

M „ ρSIMPvrelπR
2
E ∆t „ 2.5 1010 kg

fSIMP

10´5
(3.29)

having inserted the escape velocity from the Galaxy v „ 10´3 and assumed that the SIMP galac-

tic density follows the DM matter halo density ρDM « 0.3 GeV{ cm3 as nSIMP “ fSIMPρDM{MSIMP.

The rate of QQ̄ annihilations of stopped SIMPs is negligible, because suppressed by e´MQr where

r is the macroscopic distance between Q and Q̄.7

The number of SIMPs accumulated in the Earth is

NSIMP

Nn

ˇ

ˇ

ˇ

ˇ

Earth

“
M

MQ

mN

MEarth

« 4 10´19 10 TeV

MQ

fSIMP

10´5

vrel

10´3
. (3.30)

If SIMPs are not captured by nuclei and sink as in eq. (3.25), their present density in the crust

is negligibly small, NSIMP{Nn „ 10´23. If SIMPs get captured in nuclei, a significant fraction

of such SIMPs could be in the crust, with a local number density higher by some orders of

magnitude. In Fig. 3.4 we plot the bound from Earth searches assuming that all SIMPs stop in

the atmosphere and sink slowly through earth until captured by a nucleus, which might happen

6The Earth crust contains significant abundances of some heavier elements: those that preferentially form
chemical bounds with light elements, reducing the average density. This possibility does not hold for too heavy
hybrids with mass „ 10 TeV.

7The SIMP thermonuclear energy content Mc2 could be artificially released through QQ̄ annihilations, and
is about 104 times larger than the world fossil energy reserve, 1023 J.
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in the upper 10 km. The capture cross section with nuclei is discussed below.

3.3.4 Abundance of hybrid hadrons in meteorites

Meteorites result from accumulation of interstellar dust and contain heavy elements. The tested

meteorites consist mainly of carbon and/or iron. These elements have not been produced by

Big-Bang-Nucleosynthesis, which produced H and He (Z ď 2), nor by cosmic ray fission, which

produced Li, Be, B (Z ď 5). Heavier elements have been synthesized from nuclear burning in

stars and have later been dispersed away through various explosive processes: core-collapse su-

pernovæ, accretion supernovæ, merging neutron stars and r-process nucleosynthesis. Primordial

SIMPs would have sunk to the center of stars, and would have presumably remained trapped

there, undergoing QQ̄ annihilations.

Thereby, the SIMP relative abundance in meteorites made of heavy elements is expected to

be significantly smaller than the average relative cosmological abundance.

In order to set bounds we compute the amount of SIMPs accumulated in meteorites. Mete-

orites are the oldest objects in the solar system and are so small that heavy hybrids do not sink

in them. While the Earth is large enough that it captures all SIMPs intercepted by its surface,

we consider meteorites small enough that the opposite limit applies: SIMPs are captured by all

nuclei within the volume of the meteorite. Thus we need to estimate the probability ℘ that a

nucleus captured a SIMP in a time ∆t:

NSIMP

Nn

ˇ

ˇ

ˇ

ˇ

meteorite

“ ℘ “ nSIMPσcapturevrel∆t « 7 10´12 σcapture

1{Λ2
QCD

10 TeV

MSIMP

fSIMP

10´5

∆t

5 Gyr

vrel

10´3
. (3.31)

This value is roughly two orders of magnitude above the meteorite bound in eq. (3.27).

However, the capture cross sections of SIMP by nuclei are very uncertain. Taking into

account that they are not coherently enhanced, the maximal value is the area of the nucleus,

σcapture „ A2{3{Λ2
QCD [165]. The measured capture cross sections of neutrons by nuclei are

smaller: in most cases σcapture „ 0.01{Λ2
QCD at MeV energies. Assuming this capture cross

section we obtain the possible meteorite bound

fSIMP “
ρSIMP

ρDM

ă
„ 10´5 σcapture

0.01{Λ2
QCD

(3.32)

plotted in Fig. 3.4 and summarized in Table 3.2. Our SIMPs have MeV energies, but the long-

distance attractive force mediated by pions (present for neutrons, where it is the only effect

understood from first principles) is absent for Qg SIMPs, which are isospin singlets. Their

capture cross section could be much smaller, and possibly our SIMPs do not form bound states

with nuclei, such that meteorite bounds are not applicable.
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3.3.5 Neutrinos from SIMP annihilations in the Sun

Annihilations of SIMPs accumulated in the center of the sun provide an extra neutrino signal.

The capture rate does not depend on the SIMP cross section, given that it is so large that all

SIMPs that hit the Sun get captured, such that

Γcapt “ nSIMPvrelπR
2
sun «

1020

sec

fSIMP

10´5

12.5 TeV

MQ
(3.33)

where Rsun « 7 108 m is the solar radius. Around the relevant mass, IceCube provides the

bound Γannă„ 7 1020 sec´1 on DM annihilating to bb̄ [166]. Our Q dominantly annihilates to

gluons and light quarks, providing a slightly smaller neutrino flux [167]. We thereby conclude

that the IceCube bound is satisfied even assuming a SIMP annihilation rate in equilibrium

with the capture rate, Γann « Γcapt{2.

Also DM accumulates in the center of the Sun and, by annihilating to neutrinos, gives a

detectable signal in IceCube [166]. For typical parameters, equilibrium between capture and

annihilation is achieved (Γann « Γcapt{2). Hence, given that the capture cross section depends on

the DM-nucleon cross section and the DM mass, the neutrino flux expected by these annihilations

depends on the cross section for DM direct detection. The IceCube bounds are weaker than

those from direct detection experiments, and satisfied in our model [166].

3.4 Dark matter signals

In our model DM is a QQ hadron. In this section we discuss the DM signals: direct detection

(section 3.4.1), indirect detection (section 3.4.2) and collider (section 3.4.3).

3.4.1 Direct detection of DM

Direct detection of DM is a low energy process, conveniently described through effective opera-

tors. Composite DM gives operators which can be unusual with respect to those characteristic

of elementary DM with tree-level-mediated interactions to matter. For example, a fermionic

bound state can have a magnetic dipole moment, which is strongly constrained. In our case

DM is a non-relativistic scalar bound state QQ made of two colored neutral fermions Q. Its

dominant interaction with low-energy gluons is analogous to the Rayleigh scattering of photons

from neutral hydrogen. Describing our QQ bound state as a relativistic field B with canonical

dimension one, we can write an effective Lagrangian valid up to energies of order Opα2
3MQq:

Leff “ Cg
SOgS ` Cg

T2
OgT2

“MDMB̄BrcE ~E
a2
` cB ~B

a2
s. (3.34)



Colored DM 96

The first expression employs the conventional basis of operators

OgS “
α3

π
B̄BpGa

µνq
2 , OgT2

“ ´
B̄BµBνB

M2
DM

Ogµν
E!MQ

» ´
B̄B

2
rpGa

0iq
2
` pGa

ijq
2
s (3.35)

where pGa
µνq

2 “ 2p ~Ba2 ´ ~Ea2q and Ogµν ” Gaρ
µ G

a
νρ ´

1
4
ηµνG

a
ρσG

aρσ. In the second expression we

rewrote them in terms of the chromo-electric Ea
i “ Ga

0i and chromo-magnetic ~Ba components,

such that cE is 4π times the chromo-electric polarizability of the bound state, cE „ 4πa3 where

a “ 2{p3α3MQq is its Bohr-like radius. Furthermore cB ! cE is suppressed by the velocity

v „ α3 of the Q in the bound state. Neglecting the chromo-magnetic interaction, the coefficients

renormalized at the high scale (that we approximate with MZ) are

Cg
T2
pMZq “ ´MDMcE, Cg

SpMZq “
Cg
T2
pMZq

4

π

α3

. (3.36)

The low energy effective coupling of DM to nucleons is fN |B|
2N̄N [168] with

fN
mN

“ ´12Cg
SpMZqfg ´

3

4
Cg
T2
pMZqgp2,MZq (3.37)

where fg “ 0.064 and gp2,MZq “ 0.464. The spin-independent direct detection cross-section is

σSI “
f 2
N

4π

m2
N

M2
DM

« 2.3 10´45 cm2
ˆ

ˆ

20 TeV

MDM

˙6 ˆ
0.1

α3

˙8
´ cE

1.5πa3

¯2

. (3.38)

This is close to the Xenon1T bound [169], σSIă„ 3 10´44 cm2 ˆ MDM{20 TeV, that holds at

MDM " 100 GeV up to the standard assumptions about the DM galactic halo.

Thereby we perform a dedicated computation of the cE coefficient, which is possible in

perturbative QCD. Adapting the techniques developed for the hydrogen atom and for bottomo-

nium [170], the effective Lagrangian of eq. (3.34) also describes the shift in the QQ ground-state

energy induced by external chromo-electric and chromo-magnetic fields:

Heff “ ´
1

2
rcE ~E

a2
` cB ~B

a2
s. (3.39)

The external field ~Ea adds a chromo-dipole interaction to the non-relativistic Hamiltonian of the

QQ bound state, as well as the associated non-abelian effects. Perturbation theory at second

order then gives a shift in the ground state energy E10, which allows one to reconstruct cE as

cE “
8πα3

3

C

N2
c ´ 1

xB|~r
1

H8 ´ E10

~r|By (3.40)

where |By is the QQ ground state, Nc “ 3 and C is the Casimir coefficient, defined by

Cδij “ pT aT aqij and equal to 3 for our assumed octet representation. Summing over all al-
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Figure 3.6: Left: Direct detection signals of QQ dark matter, as computed in section 3.4.1. We
also show the neutrino floor, which will eventually limit future direct searches. Right: Indirect
detection signals as computed in section 3.4.2. We show the current dwarf galaxy constraints by
FermiLAT, which have only a mild systematic uncertainty due to the dark matter J-factor, and
the future sensitivity of the CTA [171] experiment to photons from dwarf galaxies.

lowed intermediate states with free Hamiltonian H8 in the octet channel we find (see Appendix

E)

cE|DM “ p0.36` 1.17qπa3 (3.41)

where the first (second) contribution arises from intermediate bound (free) states. The non-

abelian nature of QCD manifests in the fact that the allowed intermediate states are p-wave

color octets: they are less bound (relatively to the ground state) than in the hydrogen atom

case, such that our cE coefficient is significantly smaller than what would be suggested by a

naive rescaling of the abelian result.

Eq. (3.41) is the coefficient used as a reference value in the cross section of eq. (3.38). Higher

order QCD interactions and relativistic effects conservatively amount up to a 50% uncertainty.

As plotted in Fig. 3.6a our predicted DM mass MDM « 25 TeV is higher than the DM mass

excluded by direct detection, MDMą„ 14 TeV.

3.4.2 Indirect detection of DM

Two DM particles in the galactic halo can annihilate into gluons and quarks giving rise to indirect

detection signals. The energy spectra of the resulting final-state stable particles (p̄, ē, γ, ν) is

well approximated by the general results of non-relativistic annhilations computed in [172]. We

need to compute the annihilation cross section between the DM “ QQ Coloumbian bound state



Colored DM 98

and DM “ Q̄Q̄. It is enhanced and dominated by the recombination process

pQQq ` pQ̄Q̄q Ñ pQQ̄q ` pQQ̄q (3.42)

followed by later QQ̄ annihilations to SM particles. This is similar to what happens for

hydrogen/anti-hydrogen annihilation, which proceeds through recombination pepq ` pēp̄q Ñ

peēq ` ppp̄q followed by later eē and pp̄ annihilations, giving rise to a large σannvrel „ 1{αm2
e, of

atomic-physics size, rather than of particle-physics size, σannvrel „ α2{m2
e,p. Detailed quantum

computations have been performed for mp " me [173]. This simplifying approximation is not

valid in our case. Rather, the common mass MQ implies that DM recombinations are not ex-

otermic, such that the cross section should be constant for small vrel (up to long distance effects).

Since the scale associated to the bound state is the Bohr radius we estimate

σann „ πa2 (3.43)

For indirect detection experiments σvrel is thus suppressed by the DM velocity: Fig. 3.6b shows

the result for vrel „ 10´3.

Long distance Sommerfeld effects could enhance the DM recombination cross section at vrel !

α3. Classically, this can be estimated as follows. The interaction between two neutral atoms at

distance r " a is given by the non-abelian Van der Waals electric attraction, Vel « ´0.7a6{r7 [174,

170, 175], having used eq. (3.41) for the numerical coefficient. A 4-particle intermediate state

forms if K ą maxr Veffprq where Veff “ Vel ` L2{2MQr
2 is the usual effective potential. This

determines the maximal impact parameter bmax, and thereby the cross section8

σannvrel „ πb2
maxvrel „

v
3{7
rel

α
12{7
3 M2

Q

pα
5{2
3 ! vrel ! α3q. (3.44)

This estimate is also shown in Fig. 3.6b. At astrophysically low velocities vrel „ 10´3ă
„α

5{2
3 the

magnetic dipole interaction Vmag „ α3{r
3M2

Q becomes as important as the electric interaction,

giving σannvrel „ α
2{3
3 {M2

Qv
1{3
rel . However, a quantum computation is needed even to get the

correct parametric dependence.

In any case, indirect detection signals are below present bounds, as shown in Fig. 3.6b. We

plotted bounds on gamma ray emission from dwarfs, given that searches in the galactic center

region are subject to large astrophysical uncertainties, and other bounds are weaker.

8A more precise result can be obtained from a classical computation. Focusing on the color singlet channel,
we numerically compute the classical motion of a QQ bound state in its ground state (circular orbit with radius
a in some plane) which collides with relative velocity vrel and impact parameter b with a similar Q̄Q̄ system.
When the two bound states get closer and interact they can produce two QQ̄ bound states, which later annihilate.
Confinement takes place at larger distances and plays a negligible role. By averaging over the relative orientations
of the two systems and over the impact parameter gives the classical probability for this process, encoded into a
velocity dependent cross section.
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Figure 3.7: Cross-section for excitation of the QQ DM ground state with a proton beam at 0.5
(red), 2 (purple), 7 (blue) TeV.

3.4.3 Collider signals of DM

While DM usually gives missing-energy signals which are hardly detectable at hadron colliders,

DM made of colored quorns Q gives very visible signals. Indeed, DM constituents Q are pair

produced at colliders via QCD interactions. After hadronization they form hadrons. Presumably

the neutral Qg is stable, and the charged Qqq̄1 are long-lived on collider time-scales, giving rise

to tracks. Experiments at the LHC pp collider at
?
s “ 13 TeV set the bound MQą„ 2 TeV [176].

A larger
?
s „ 85 TeV is needed to discover the quorn with the mass expected from cosmology,

MQ „ 12.5 TeV. A pp collider with
?
s “ 100 TeV would be sensitive up to MQă„ 15 TeV [177],

as long as the detector can see the signal.

Furthermore, we explore the possibility of detecting collisions of protons in collider beams

with ambient QQ DM. The QQ binding energy is EB „ 200 GeV. Protons with energies much

larger than EB see the QQ system as two free Q and the QCD cross section is suppressed by

the energy squared. Protons with energies comparable to EB see the system as a ball with

Bohr radius a “ 2{3α3MQ. The cross-section for the excitation of the ground state through the

absorption of a gluon can be estimated as the cross-section for ionization computed in [55,66]

σ “ 36π2α3a
2

ˆ

EB
Eg

˙4
1` 9{4ζ2

1` 9ζ2

e´6ζarccotp3ζq

1´ e´3πζ
(3.45)

where Eg is the gluon energy and ζ “ α3{vrel “ 1{p3apDMq parametrises the momentum of Q in

the final state. Energy conservation implies Eg « EB `MDMv
2
rel{4. Fig. 3.7 shows the proton-

DM cross-section obtained convoluting with parton distribution functions. The event rate in a

beam containing Np protons is small,

dNp

dt
“ Npσ

ρDM

2MQ
“

3

year

Np

1020

ρDM

0.3 GeV{cm3

20 TeV

2MQ

σ

10´33 cm2
. (3.46)
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QQ dark matter excitation by cosmic rays is negligible on cosmological time-scales.

3.5 Summary

We have shown that Dark Matter can be obtained from a colored neutral quark Q (dubbed

quorn), that, after the QCD phase transition, forms deeply bound hadrons made of Q only

(dubbed quorn-onlyum), plus traces of hybrid hadrons made of Q together with SM gluons

or quarks (dubbed Strongly Interacting Massive Particles or SIMP). We explored the simplest

model, where Q is a stable neutral Dirac fermion in the adjoint representation of SUp3qc. Such

a state could be a Dirac gluino, or appear in natural axion models (see section 3.1).

Fig. 3.5 shows the cosmological evolution of the DM and hybrid abundances for the value of

the quorn mass, MQ « 12.5 TeV, which reproduces the DM cosmological abundance as discussed

in section 3.2. A first decoupling occurs, as usual, at T „ MQ{25. Quorns recouple while the

universe cools approaching the QCD phase transition at T „ ΛQCD. This opens a phase of

chromodark-synthesis: quorns fall into QQ singlet bound states, which have a binding energy

EB „ 200 GeV. The cross sections grow large, up to σQCD „ 1{Λ2
QCD, because excited states

with large angular momenta ` are formed. Such states efficiently cool falling to the ground state

before being broken, as computed in section 3.1.5 where we show that quantum states with

n, ` " 1 are well approximated by classical physics. It is important to take into account that

(non-abelian) Larmor radiation from elliptic orbits is much larger than for circular orbits.

Details of this uncertain phase are not much important for the final result: one half of free

quorns annihilate, one half end up in QQ DM; the small residual abundance of Qg hybrids,

ρSIMP{ρDM between 10´3 and 10´6, is mostly determined at T „ 30 MeV, when the states

decouple again.

In section 3.4 we studied DM phenomenology. The quorn-onlyum DM state QQ with mass

MDM « 2MQ « 25 TeV has small residual interactions suppressed by powers of 1{MQ. The

cross section for direct DM detection is of Rayleigh type, suppressed by 1{M6
Q. In section 3.4.1

we performed a non-trivial QCD bound-state computation, finding a cross section just below

present bounds. The cross section for indirect DM detection is enhanced by recombination,

pQQq ` pQ̄Q̄q Ñ pQQ̄q ` pQQ̄q, and still compatible with bounds (section 3.4.2). At colliders

quorns manifest as (quasi)stable charged tracks: LHC sets the bound MQą„ 2 TeV.

In section 3.3 we studied the SIMP hybrid states, which have large cross sections of order

1{Λ2
QCD and a relic abundance 3 or more orders of magnitude smaller than DM. In view of

this, they seem still allowed by the experiments which excluded SIMP DM (ρSIMP “ ρDM),

although a dedicated project would be needed to predict their properties. Our model contains

two kind of SIMPs: the isospin-singlet Qg with no interaction to pions; and the isospin triplet

Qqq̄1. Presumably the latter are heavier and decay. We do not know whether Qg can bind

with (large enough?) nuclei, and how they would bind during Big Bang Nucleosynthesis, given

that there is no first-principle understanding of nuclear potentials. The following statements
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are safe: our predicted SIMP abundance is so small that they negligibly affect ordinary BBN;

SIMPs get stopped by the Earth atmosphere and are not visible in underground detectors; SIMP

annihilations negligibly heat the Earth.

The interpretation of searches for rare hybrid heavy nuclei in samples of materials depends on

the history of SIMPs and of the selected samples: from the Big Bang, to star burning, through

Earth geology. The primordial abundance of SIMPs in the Earth and in stars sank down to their

centres, undergoing QQ̄ annihilations. Thereby, in order to set bounds, we consider the smaller

secondary abundance of SIMPs. Presumably most primordial SIMPs still are in galactic clouds,

and the Earth is big enough to capture all SIMPs encountered along its trajectory. The total

energy stored in captured SIMPs likely exceeds the energy of the world fossile fuel reserve by 104.

What happens after capture is unclear. If SIMPs do not bind in nuclei, they sink in the Earth

ocean and crust with drift velocity v „ 0.1 km{yr, such that their ground-level abundance is much

below existing bounds. They can be searched for through dedicated enrichment processes and

Rutherford backscattering experiments. If instead SIMPs bind within nuclei, electromagnetic

interactions keep them in the crust since when the crust become geologically stable. Then, the

local SIMP density can be comparable to present bounds, depending on the capture cross section

by nuclei, which is highly uncertain.

SIMP searches have been also performed in meteorites, where SIMPs cannot sink. Despite

this, meteorites are made of heavy elements synthesised by stars: primordial SIMPs sank to the

center of stars, and never come back. The secondary abundance of SIMPs in meteorites depends

on the SIMP capture cross section by individual nuclei, which is highly uncertain and possibly

vanishing. Present bounds are satisfied assuming a SIMP capture cross sections comparable to

the one of neutrons with similar MeV energy, σcapture „ 0.01{Λ2
QCD.

In conclusion, colored DM seems still allowed, although close to various bounds. Direct

detection seems to provide the strongest and more reliable probe.

We discussed the most promising model of colored DM: a neutral Dirac fermion Q in the

adjoint representation of color. A scalar would give a similar phenomenology, and the DM

abundance would be reproduced thermally for a similar MQ „ 12.5 TeV. A smaller mass would

be obtained for quorns in the fundamental of SUp3qc, although the mass of the quorn-onlyum DM

state QQQ would be MDM « 3MQ. In models where Q has an asymmetry, the DM abundance

can be obtained for lower MQ (though this would make more difficult to evade experimental

bounds on hybrid states).



Chapter 4

Bound states from Dark Sectors: part I

From a modern point of view the SM is understood as an effective field theory with a very high

ultraviolet cut-off, which appears renormalizable at energies currently probed in experiments.

This feature notoriously gives rise to the SM hierarchy problem, but is also at the very origin

of the attractive properties of the SM. In particular, global symmetries arise accidentally in

the infrared and explain in the most economical way baryon and lepton number conservation,

flavour and electroweak (EW) precision tests. These remarkable properties provide a compelling

guidance to build possible extensions of the SM, even at the price of sacrificing the naturalness

of the electroweak scale (as hinted anyway by experiments). In particular, the cosmological

stability of DM can be elegantly explained in terms of accidental symmetries, in analogy with

the stability of the proton following from baryon number conservation. This has to be contrasted

with SM extensions where global symmetries are imposed ad hoc, like for example the case of

R-parity in supersymmetry. A simple way to generate accidental symmetries is to extend the

gauge theory structure of the SM by postulating a new confining dark color group. This idea

was put forward in [178], where the role of the DM was played by an accidentally stable dark

baryon made of dark quarks lighter than the confinement scale, ΛDC, of the dark-color group,

see also [179–186]. In this chapter we explore the opposite regime, i.e. we take dark quarks with

masses bigger than ΛDC, see also [187]. This leads to increased predictivity: in the presence of

multiple dark-quarks, only the lightest one is typically relevant for DM physics, that is thereby

determined in terms of two free parameters, mQ and ΛDC.

Furthermore, it leads to novel characteristic signatures.

1. The cosmological history is not standard, and the relic DM abundance is determined in two

stages: the dark-quark relic abundance freezes out at T „ mQ{25 in the usual way, through

weakly coupled annihilations with cross section σQQ̄vrel „ πα2
DC{m

2
Q. This is followed at

T „ ΛDC by a first-order dark phase transition [188], where a fraction of the dark quarks Q
and Q̄ binds into mesons, that decay, and the remaining fraction forms stable dark-matter

baryons B and B̄.

2. The BB̄ annihilation cross section relevant for indirect DM detection is a few orders of
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Figure 4.1: Typical spectrum of the theory. We assume that the lightest dark quark is heavier
than the dark confinement scale, ΛDC. DM is dark baryon made of NDC dark quarks. The lightest
dark states are unstable dark glue-balls.

magnitude larger than the usual QQ̄ annihilation cross section, being enhanced by dark-

atomic 1{αDC effects.

3. Fig. 4.1 illustrates the spectrum of the theory: the dark sector contains unstable dark-glue-

balls with mass MΦ „ ΛDC which can be much lighter than DM with mass „ mQ, and

thereby potentially accessible to low-energy searches, such as high-luminosity fixed-target

experiments. If MΦ is larger than the binding energy, some dark quarks could have formed

long-lived excited dark baryons, that de-excite emitting β or γ radio-activity.

The chapter is organized as follows. In section 4.1 we outline the scenario and the main options:

SUpNDCq and SOpNDCq gauge theories, with dark quarks neutral or charged under the SM gauge

group. In section 4.2 we study the bound states: lighter unstable dark glue-balls, dark mesons,

stable dark baryons; we compute their binding energies by means of a variational method.

In section 4.3 we study how baryon DM can form throughout the cosmological history. In

section 4.4 we study signatures in cosmology, direct detection, indirect detection (enhanced by

recombination), colliders, high-intensity experiments at lower energy, radioactive DM. Detailed

computations in the main specific models are presented in section 4.5. In section 4.6 we conclude

summarising the main novel results.

4.1 The scenario

We consider DM made of ‘dark quarks’, new fermions possibly charged under the SM gauge

group and charged under a new confining gauge interaction GDC “ SUpNDCq or SOpNDCq.

We will dub the new interaction Dark Color (DC). The dark-quarks are assumed to lie in the



Bound states from Dark Sectors: part I 104

fundamental representation of the DC group and to form a vectorial representation R (in general

reducible) of the SM

Q ” pNDC, Rq ‘ pN̄DC, Rq (4.1)

where NDC and N̄DC indicate respectively the fundamental and anti-fundamental representation

of the dark-color group, and R is a representation of the SM groups. These theories are described

by the renormalizable Lagrangian

L “ LSM ´
1

4g2
DC

GAµνGAµν ` Q̄ipi {D ´mQiqQi ` pyijHQiQj ` ỹijH˚QiQj ` h.c.q (4.2)

where GAµν is the field-strength for the DC interactions. A topological term for the DC sector can

be added, but it will not play an important role in the present work. When Yukawa couplings

are allowed by the gauge quantum numbers, two independent couplings y and ỹ exist for left and

right chiralities of the vector-like fermions, breaking in general parity P and CP. The addition

of new vector-like fermions charged under a dark gauge interaction maintains the successes of

the SM for what concerns flavor and precision observables. As a consequence, the new physics

can lie around the weak scale with no tension with experimental bounds, yet accessible to DM

and collider experiments.

The renormalizable theories considered here enjoy accidental symmetries (dark baryon num-

ber, species number and generalisations of G-parity [189]) that lead to stability of particles that

are therefore good DM candidates, if safe from decay by dimension five operators of the form

pQ̄iQjqpH:Hq. We focus on the simplest and more robust possibility: DM as the lightest dark-

baryon, made of QNDC . In fact, taking a GUT or a Planck scale as UV cut-off for our model,

the approximate dark baryon number conservation is typically sufficient to guarantee stability

over cosmological time scales.

Stability of the QNDC dark baryon can remain preserved up to dimension-6 operators in the

presence of extra states charged under GDC, provided that they have quantum numbers different

from Q. Their thermal relic abundance would be sub-leading, if they are much lighter than Q.

For example, sticking to fundamentals of GDC, the QÑ ´Q symmetry remains preserved in the

presence of a dark scalar S, as long as fermion singlets νR and the consequent QS˚νR operators

are absent.

Choices of the gauge quantum numbers that lead to acceptable DM candidates have been

presented in the literature [190]. We will adopt the simplest and most successful models.

The new point of our study is that we will study the phenomenology of such models assuming

that the constituent dark quarks have masses mQ larger than the confinement scale of the dark

gauge interactions

ΛDC « mQ exp

„

´
6π

11C2pGqαDCpmQq



(4.3)
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where C2p SUpNqq “ N , C2p SOpNqq “ 2pN ´ 2q1 and αDCpmQq is the value of the coupling

at the scale of the lightest dark quark. The temperature at which the dark confinement phase

transition occurs roughly is ΛDC.

This scenario presents qualitatively novel aspects. Freeze-out of DM constituents Q occurs at

the scale mQ{25 (or larger if there is a dark baryonic asymmetry [186]). At lower temperatures,

Q forms an interacting fluid with dark gluons and possibly with some SM vectors. DM baryons

only form in a second ‘darkogenesys’ stage at a lower temperature, around the dark confinement

scale ΛDC which could be as light as 100 MeV. For dark quark masses in the TeV range this

translates into

αDCpmQq «
6π

11C2pGq lnmQ{ΛDC

« 0.06
3{C2pGq

lnmQ{p104ΛDCq
. (4.4)

During a first order phase transition, a fraction of the dark quarks manage to form dark baryons,

which remain as DM, and the remaining fraction annihilates into dark glue-balls, which later

decay into SM particles.

4.1.1 Models

In the heavy quark regime, mQ " ΛDC, the dark baryon mass is roughly the sum of the con-

stituent masses. Then, mixing between baryons made of different species is negligible as long as

their mass splitting is larger than the binding energy

|mQ1 ´mQ2 | ą maxpΛDC, α
2
DCmQ1q. (4.5)

We will assume that this is the case, such that DM is made of the lightest specie of dark quarks.

Then, different gauge quantum numbers of Q give different models. They fall into two main

categories: either Q is a neutral singlet N under the SM gauge group, or it is charged. In the

first case the DM candidate is QNDC : a dark-baryon with spin NDC{2, singlet under the SM. In

the second case DM has lower spin.

Let us discuss more in detail theories with charged Q.

In theories with dark gauge group GDC “ SUpNDCq candidates with non-vanishing hyper-

charge are excluded by direct DM searches, so that a successful DM candidate is obtained if

the lightest dark quark is a triplet V under SUp2qL, neutral under SUp3qc b Up1qY
2. Avoiding

sub-Planckian Landau poles for SUp2qL fixes NDC “ 3.

The situation is different in theories with dark gauge group GDC “ SOpNDCq: since its

vectorial representation is real, the lightest dark baryon is a real particle, fermion or boson.

Real particles cannot have a vector coupling to a spin-1 particle, so dark quarks with non-

vanishing hypercharge are allowed as long as a small coupling with the Higgs splits the two

degenerate real states. Acceptable DM candidates are obtained again for Q “ V , but also for

1This differs from [190] because we use a different convention for the normalization of αDC, reflected by the
different index T “ 2 for the vector of SOpNq, see Table 4.1. The present normalization satisfies α SOp3q “ α SUp2q.

2An exception can be provided by models with degenerate dark quarks [191].
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Figure 4.2: Qualitatively different regions described in the text as function of the mass hierarchy
mQ{ΛDC and of NDC, superimposed to a contour plot of αDC renormalized at mQ. We assumed
a SUpNDCq gauge group; similar results hold for SOpNDCq.

Q “ L ‘ N ‘ . . . or Q “ L ‘ V ‘ . . . , where the lightest dark quark L has the same gauge

quantum numbers of a lepton doublet, such that Yukawa couplings to the Higgs are allowed.

Such models can give rise to inelastic dark matter phenomenology [192].

4.2 The bound states

Dark gluons form dark glue-balls, Φ, with mass MΦ « 7ΛDC. Dark quarks bind into dark mesons

and dark baryons. In the Coulombic regime the size of dark quark bound states is set by the

Bohr radius, a0 „ 1{pαDCmQq with binding energy EB „ α2
DCmQ. We can distinguish three

different regimes, depending on the relative ordering of 1{a0, EB ă 1{a0 and ΛDC:

A) If ΛDC ! EB ! 1{a0: confinement gives small corrections and bound states are well

described by Coulombic potentials. This region roughly corresponds to αDC
ă
„ 0.1 and

mQą„ 103ΛDC and is plotted in blue in Fig. 4.2 for a SUpNDCq group.

B) If EB ă„ΛDCă„ 1{a0 dark baryons form at temperatures around the confinement scale in

excited states, that later try to decay into lowest lying Coulombian bound states [187]. This

region is plotted in red in Fig. 4.2 and roughy corresponds to αDC „ 0.2 and mQ „ 100ΛDC.

C) If 1{a0 ! ΛDC bound states are similarly to quarkonium in QCD, dominated by confinement

phenomena. This region is plotted in green in Fig. 4.2 and roughy corresponds to αDC
ą
„ 0.4

and mQă„ 10ΛDC.
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Figure 4.3: Leading processes describing interactions between the SM and the dark gluons.

4.2.1 Dark glue-balls

Under our assumptions, the lightest bound state in the dark sector are dark glue-balls (Φ), with

quantum numbers JPC “ 0`` and mass MΦ « 7ΛDC [193], which can be much lighter than the

DM mass, NDCmQ. Interactions of dark gluons with the SM are induced by loops of dark quarks

(possibly DM itself) charged under the SM sector as in Fig. 4.3. Assuming dark quarks with

electro-weak charges we estimate the lifetime of the lightest 0`` glue-ball as (see section 4.4.5

and [194])

τΦ „

$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

10´8 s

ˆ

3

NDC

˙2ˆ
500 GeV

MΦ

˙9ˆ
mQ

10 TeV

˙8

Φ Ñ γγ

10´6 s

ˆ

3

NDC

˙2ˆ
0.1

y1y2

˙2ˆ
mb

mq

˙2ˆ
50 GeV

MΦ

˙7ˆ
m̄Q

10 TeV

˙4

Φ Ñ qq̄, if MΦ ą 2mq

10´14 s

ˆ

3

NDC

˙2ˆ
0.1

y1y2

˙2ˆ
500 GeV

MΦ

˙5ˆ
m̄Q

10 TeV

˙4

Φ Ñ hh, if MΦ ą 2Mh,

(4.6)

where mq is the mass of the SM quarks, m̄Q “ pmQ1mQ2q
1{2, and y1,2, mQ1,2 are respectively

the Yukawa couplings and masses of the dark quarks circulating in the loop. A smaller life-time

arises in the presence of extra light states charged under GDC, for example a dark color scalar

coupled to the SM through the Higgs portal. The glue-ball lifetime can vary from cosmological

to microscopic values. As we will see, cosmological constraints generically imply3

τΦ ` tΛDC
ă
„ 1 sec (4.7)

where tΛDC
„MPl{g

1{2
˚ Λ2

DC is the cosmological time at which dark confinement occurs.

3We do not consider cosmologically stable glue-balls as DM candidates because their thermal abundance is
generically too large if the dark sector was in thermal equilibrium with the SM.
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GDC Representation R Dimension d Index T Casimir C

fundamental N 1{2 pN2 ´ 1q{2N
SUpNq

adjoint N2 ´ 1 N N

fundamental N 2 N ´ 1
SOpNq

adjoint NpN ´ 1q{2 2N ´ 4 2N ´ 4

Table 4.1: The dimension, the index T and the quadratic Casimir C of fundamental and adjoint
SUpNq and SOpNq representations.

4.2.2 Dark mesons

Dark confinement implies that physical states at zero temperature are singlets of dark color:

mesons and baryons. Assuming that dark quarks fill a representation R “ pRDC, RSMq of the

dark gauge group times the SM gauge group, the non-relativistic interaction between a Q and a

Q̄ is a Coulomb/Yukawa potential mediated by dark vectors and by SM vectors. For a two-body

state in the representation JDC P RDCbR̄DC of GDC and JSM P RSMbR̄SM of GSM the Coulombic

potential is

V “ ´
αDCλDC ` αSMλSM

r
” ´

αeff

r
, λJ “

CRJ ` CR̄J ´ CJ
2

, (4.8)

where CRJ are the quadratic Casimirs, see table 4.1. In the Coulombic regime the size of

dark quark bound states is given by the Bohr radius, a0 „ 2{pαeffmQq while the energy is

EB „ α2
effmQ{4. For QQ̄ dark meson singlets one finds αeff “ CNαDC.

When a0 ą Λ´1
DC the effects of confinement cannot be neglected. The effective potential can be

approximated as V « ´αeff{r`Λ2
DCr so that the bound states are dominated by the Coulombian

term when Λ2
DCa

2
0 ă αeff or equivalently ΛDC{mQă„α

3{2
DC : the Coulombic approximation does not

hold in the green region of Fig. 4.2.

4.2.3 DM dark baryons

Under our assumptions DM is the neutral component of dark baryons made of the lightest dark-

quark multiplet4. The lightest dark baryons are the s-wave bound states with minimal spin

(altought extra spin gives a small extra mass, unlike in QCD).

If the lightest dark quark is a SM singlet, Q “ N , the lightest dark baryon has a symmetric

spin wave-function, so that its spin is NDC{2. If instead Q has a multiplicity NF the lightest

4Electro-weak interactions split the neutral from the charged components of SUp2qL multiplets (∆mQ “

α2MW sin2
pθW{2q « 165 MeV when hypercharge vanishes [139]). In our region of parameters mQ " ΛDCą„ GeV

the mass splitting is always smaller than the binding energy of the baryons so that we can work in an approximate
SUp2qL invariant formalism.
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baryons fills the following representations, under both flavour and spin:

lightest dark baryon “

$

&

%

for NDC “ 3

for NDC “ 4

for NDC “ 5

(4.9)

so that their spin is either 0 (for NDC even) or 1/2 (NDC odd). For example in the model where

Q “ V (a SUp2qL triplet) and GDC “ SUpNDCq, the lighter dark baryons are triplets under

SUp2qL for NDC odd and singlets for NDC even.

The binding energy of dark baryons can be computed precisely using variational techniques.

Let us consider a more general system made of n ď NDC SM singlets dark quarks N in the

anti-symmetric dark-color configuration. In the non-relativistic limit the Hamiltonian is

H “ K ` V, K “

n
ÿ

i“1

p2
i

2mQ
, V “ ´

CNαDC

NDC ´ 1

n
ÿ

iăj

1

rij
(4.10)

where ri is the position of dark-quark i and rij “ |ri ´ rj|. It is convenient to rewrite H in

terms of the center-of-mass coordinate X “ 1
n

řn
i“1 ri, of the associated canonical momentum

P “
řn
i“1 pi, and of the distances δi “ ri´rn with associated canonical momenta πi “ pi´P {n

for i “ 1, . . . n´ 1 The kinetic energy becomes

K “ KCM `
1

mQ

n´1
ÿ

iěj

πi ¨ πj (4.11)

where KCM “ P 2{2nmQ. We compute the binding energy of the lightest baryons using the vari-

ational method with trial wave-functions for the dark-baryon state |By containing one parameter

k with dimensions of inverse length. Defining xXy “ xB|X|By{xB|By we use πi “ ´iB{Bδi and

parameterize x1{rijy “ CV k and xK ´KCMy “ nCKk
2{2mQ such that

xH ´KCMy “ nCK
k2

2mQ
´ CV k

npn´ 1q

2

CNαDC

NDC ´ 1
. (4.12)

Maximising with respect to k gives the binding energy

EQn
B “ CEC

2
Nα

2
DCmQ ˆ

pn´ 1q2

pNDC ´ 1q2
CE “

nC2
V

8CK
(4.13)

where the last factor equals 1 for dark baryons with n “ NDC.

Table 4.2 shows the resulting coefficients for three different trial wave-functions. For n “ 2

we reproduce the Coulombian binding energy. For n “ 3 and gauge group SUp3q we reproduce

the QCD result, EQQQ
B « 0.46α2

DCmQ [133] (see also [134]). Numerical integration becomes

increasingly difficult for higher n.
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Trial dark-baryon wave-function ψBpr1, . . . rnq
expp´k

řn
iăj rijq

řn
i“1 expp´k

řn
j“1 rijq expp´k

řn
i“1 riq

n CV CK CE CV CK CE CV CK CE
2 1 1 0.25 1 1 0.25 5{8 1 0.10
3 1.43 2.8 0.27 0.92 1.22 0.26 5{8 1 0.14
4 1.7 5 0.28 0.88 1.3 0.29 5{8 1 0.19
5 0.85 1.4 0.33 5{8 1 0.24
6 „ 0.8 „ 1.2 „ 0.4 5{8 1 0.29

Table 4.2: Binding energies of anti-symmetric bound states made of n dark-quarks with mass
mQ with a non-abelian Coulombian potential. We use the variational method and assume three
different trial wave functions. The coefficients CV,K,E are defined in eq. (4.13). In particular,
for n “ NDC the bound states are dark baryons, and EB “ CEpCNαDCq

2mQ.

The first two trial wave-functions depend only on relative distances rij and give similar

results for the binding energy (the biggest result is the best approximation). The third wave-

function ψB “ pk{πqn{2 expp´k
řn
i“1 riq, considered in [195] for G “ SUpNDCq, depends on

absolute coordinates ri, such that the center-of-mass kinetic energy is not subtracted: it leads

to CV “ 5{8 and CK “ 1 for any n (we find order one factors that differ from the analogous

computation in [195]), and the resulting binding energy can be a reasonable approximation at

large n.

As the numerical computation becomes more difficult for largeNDC, it useful to complement it

with the following approximation. The binding energy of dark baryons can be semi-quantitatively

understood by building them recursively adding dark quarks to a bound state. For GDC “ SUp3q

the baryon can be thought as a stable di-quark bound to a quark. Treating the di-quark as

elementary we can construct a color singlet baryon adding the third quark. Summing up the

binding energies of QQ and QQ `Q one finds EB „ 0.7α2
DCmQ not far from the correct value

EB „ 0.45α2
DCmQ. Because the gauge wave-function of di-quarks is anti-symmetric, the spin of

s-wave bound states is 1 for a symmetric flavor wave-function and 0 for an anti-symmetric wave-

function. Generalising this argument to NDC quarks one finds a Bohr radius a´1
0 « αDCNDCmQ

and a binding energy EB « α2
DCN

3
DCmQ in agreement with [196].5

5The binding energy of n ´ 1 antisymmetric dark quarks with an extra dark quarks is En´1,1
B “

1
2λ

2
n´1,1,nα

2
DCµn´1,1 where µn1,n2 “ n1n2{pn1`n2qmQ is the reduced mass and λn1,n2,n3 “ pCn1 `Cn2 ´Cn3q{2.

The quadratic Casimir of the n-index antisymmetric tensor of SUpNDCq is Cn “
1
2npNDC ´ nqp1` 1{NDCq. The

total binding energy of a singlet made of the anti-symmetric combination of n “ NDC dark quarks is then

EQn

B «

NDC
ÿ

n“2

En´1,1
B «

N2
DCpNDC ´ 1q

24
α2

DCmQ. (4.14)
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4.2.4 Annihilations of DM dark baryons

Annihilations of DM dark baryons are relevant for computing their cosmological thermal abun-

dance (section 4.3) and for indirect detection signals (section 4.4.2).

The cross section for annihilation of dark baryons B with dark anti-baryons B̄ receives a

contribution of particle-physics size, due to perturbative annihilation of constituents, σBB̄vrel „

πα2
DC{m

2
Q. A bigger contribution arises at scattering energies smaller than the binding energy:

the long-range Coulomb-like force inside baryons can distort the orbits of the constituent quarks

such that two overlapping baryons can recombine into mesons. Despite the negligible energy

transfer this rearrangement has a large effect, because the QQ̄ into mesons later annihilate,

such that mesons decay.6 Such recombination can take place efficiently only if vrelă„αDC: clas-

sically this corresponds to the condition that the relative velocity is not much larger than the

orbital velocity; quantistically to the condition that the wave-length of the incoming particles is

larger than the size of the bound states. At larger energy one has partonic scatterings among

constituents, with the smaller cross section discussed above.

The dominant recombination, if allowed kinematically, arises when a dark baryon QNDC and

a dark anti-baryon Q̄NDC emit one QQ̄ dark meson, leaving a dark baryonium bound state made

of NDC ´ 1 dark quarks Q and NDC ´ 1 anti-quarks Q̄:

pQNDCq ` pQ̄NDCq Ñ pQQ̄q ` pQNDC´1
qpQ̄NDC´1

q. (4.15)

Rearrangements into several mesons, such as pQNDCq ` pQ̄NDCq Ñ pQQ̄qNDC , is suppressed at

large NDC [196].

Assuming an estimate similar to the hydrogen-anti-hydrogen result, the cross-section relevant

for indirect detection and at late times during the freeze-out is

σBB̄ „
π R2

B
a

Ekin{EB
ñ σBB̄vrel „

1
?
NDCCNαDC

π

m2
Q

(4.16)

which vastly exceeds the annihilation cross sections among dark-quark constituents, σQQ̄vrel „

πα2
DC{m

2
Q. Heuristically the large cross-section can be understood as follows: when the baryon-

anti-baryon overlap a quark anti-quark-pair becomes unbound and can form a meson. For

low enough velocities this process happens with probability of order one leading to an almost

geometric cross-section. Additionally we consider thermal correction to the Bohr radius, which

can become important during the freeze-out process [187]. A more precise value of σBB̄ needs a

dedicated non-relativistic quantum mechanical computation.

Next, we can check which rearrangements are kinematically allowed. Considering, for exam-

ple, GDC “ SUp3q (CN “
4
3
) or SOp3q (CN “ 2) we have the following binding energies:

6This phenomenon is somewhat analogous to the annihilation of hydrogen (ep) with anti-hydrogen (ēp̄), that
can recombine as pepq ` pēp̄q Ñ peēq ` ppp̄q followed by the eē and pp̄ annihilation processes. Recombination is
energetically favourable because the two heavier protons can form a deep bound state. The rearrangement cross
section is of atomic size, σvrel „

a

me{mHπαema
2
0 for mHv

2
rel ă meα

2
em [197–200].
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• The binding energy of a QQ̄ singlet meson is EQQ̄
B “ 1

4
C2
Nα

2
DCmQ, see the discussion around

eq. (4.8).

• The binding energy of a QQQ baryon is EQQQ
B « 0.26C2

Nα
2
DCmQ, see eq. (4.13).

• The binding energy of a QQ di-quark state is EQQ
B “ 1

4
EQQ̄
B , see eq. (4.13).

The rearrangement into 3 mesons is kinematically allowed, given that the energy difference is

positive: ∆EB “ 3EQQ̄
B ´ 2EQQQ

B « 0.23C2
Nα

2
DCmQ.

The dominant process in eq. (4.15) seems also allowed, in view of

∆EB “ EQQ̄
B `EQQQ̄Q̄

B ´ 2EQQQ
B « p1` 2qEQQ̄

B ` 2EQQ
B ´ 2EQQQ

B “ 0.35C2
Nα

2
DCmQ ą 0 (4.17)

where we estimated the binding energy of QQQ̄Q̄ as the one of Q-Q and of Q̄-Q̄, plus the

pQQq-pQ̄Q̄q binding energy approximated as 2EQQ̄
B , where the factor of 2 accounts for the

reduced mass.

If the dark baryons B are not in the Coulombic regime, they can be approximated as heavy

dark quarks kept together by flux tubes which give a confining linear potential V „ Λ2
DCr. The

recombination cross section then is geometric, σBB̄ „ πR2, at any scattering energy [101,201,146].

Indeed this is the cross section for crossing of two flux tubes with length « R; lattice simulations

suggest that the probability of reconnection is close to one (a similar process takes place in string

theory, where the reconnection probability can be suppressed by the string coupling [202]).

4.3 DM relic abundance

We here study the thermal relic DM abundance, assuming a vanishing or negligible dark-baryon

asymmetry. No such asymmetry can exist in SOpNDCq models (because baryons are real par-

ticles), while generating an asymmetry in SUpNDCq models requires substantially more compli-

cated constructions [186]. We need to distinguish two qualitatively different scenarios:

• Dark color confines before freeze out, i.e. ΛDCą„mQ{25: dark baryons form before freeze-

out, but their kinetic energy at freeze-out is large relative to their potential energy, so

that the annihilation cross section is the one among constituents, σQQ̄vrel „ πα2
DC{m

2
Q,

smaller than the cross section in the limit ΛDC " mQ considered in previous works [190].

Thereby the DM mass suggested by the cosmological abundance is mildly smaller than

MB „ 100 TeV.

• We focus on the more radical possibility that dark color confines after freeze out, at ΛDC !

mQ{25. Around freeze-out at T „ mQ{25 the dark coupling αDC is perturbative and dark

quarks Q are free. They later partially combine into DM baryons at T „ ΛDC. The DM

mass suggested by cosmology is smaller than in the previous case.
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Figure 4.4: Qualitative dependence of the DM relic abundance as function of ΛDC and of mQ:
the cosmological value is reproduced along the boundary between the green and red regions. For
mQ ! ΛDC « 50 TeV we recover the results of [190]. A lighter mQ is allowed if instead mQ "

ΛDC, in view of the perturbative value of αDC at freeze-out. However, if the glue-ball lifetime τΦ

is too long, glue-ball decays can wash-out the DM density. In the plot are showed 2 different
scenarios: decay due to heavy states charged under the SM, and a shorter life-time, possible due
to existence of a light scalar.

The SM sector and the dark sector are in thermal contact during freeze-out if Q is charged under

GSM (for example Q could be a triplet under SUp2qL), or in the presence of a heavier dark quark

Q1 charged under the SM, provided that its mass is comparable to Q. If instead mQ1 " mQ the

two sectors decouple at T ă„mQ1{25; nevertheless they later evolve keeping equal temperatures

as long as there are no entropy release takes place. Otherwise, if the numbers of degrees of

freedom gSM or gDC depend on T (this happens in the SM at T ă„Mt), the temperatures become

mildly different, satisfying gSMpTSMqT
3
SM{gSMpTdecq “ gDCpTDCqT

3
DC{gDCpTdecq.

More importantly, the fraction of the dark energy density which does not contribute to form-

ing DM dark baryons thermalizes into dark glue-balls which decay into SM particles. If the glue-

balls are sufficiently long lived and dominate the energy density of the Universe at some stage of

the cosmological evolution, the standard scaling a 9 T´1 is modified into a 9 T´8{3. During this

early epoch of matter domination, the Universe expands faster than in the radiation-dominated

era, leading to an enhanced dilution of the DM relic density. The situation is qualitatively illus-

trated in Fig. 4.4 and the precise computation of the effect is illustrated in section 5.2.2 of the

next chapter.



Bound states from Dark Sectors: part I 114

Figure 4.5: Examples of dark condensation for NDC “ 3 (left), 4 (middle) and 5 (right). Dark
quarks Q (anti-quarks Q̄) are denoted as red (blue) dots, placed at random positions. We assume
that each DM particle combines with its dark nearest neighbour, forming either unstable QQ̄ dark
mesons (gray lines) or stable QNDC dark baryons (red regions) and Q̄NDC dark anti-baryons (blue
regions).

4.3.1 Freeze out of dark quarks and Dark Condensation

Let us discuss in detail the case where the confinement phase transition takes place after freeze-

out, corresponding to a relatively small αDCpmQq, see eq. (4.4).

The density of free quarks after freeze-out and before confinement can be computed by solving

the coupled Boltzmann equations for the fermions and bound states, described in Appendix F.

Formation of bound states from dark quarks is a negligible phenomenon until the dark gauge

coupling is perturbative, given that only a small amount of dark quarks survived to their freeze-

out, as demanded by the observed cosmological DM density. Formation of NDC b N̄DC and

NDC b NDC two-body bound states is further suppressed by the fact that it proceeds from a

repulsive initial channel given that one dark-gluon must be emitted, in dipole approximation, to

release the binding energy. In Appendix F we show that only a small fraction of dark quarks

gets bound in stable NDC bNDC states.

Only when the temperature of the dark sector cools below the dark confinement scale, a dark

phase transition happens (likely first order [203], leading to potentially observable gravity wave

signals), and dark quarks must recombine to form either dark mesons or dark baryons. Dark

mesons annihilate, heating the plasma of dark glue-balls, which later decay into SM particles.

Only dark baryons survive as DM. Thereby we need to determine the fraction of DM that

survives to this phase of dark condensation.

Unlike in QCD, dark quarks are much heavier than the confinement scale, so that we can

neglect the possibility that QQ̄ pairs are created from the vacuum in order to favour the rear-
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Figure 4.6: The freeze-out history of two scenarios is displayed. The red line corresponds to
confinement which takes place before freeze-out and the blue line shows the freeze-out which is
followed by confinement and condensation. In both scenarios at late times, once the velocity
drops below a critical value the constituent annihilation is replaced by a baryonic recombination,
which leads to a late stage of dark matter annihilation and an additional depletion of the DM
density.

rangement of dark colors [204, 205]. Furthermore, dark quarks form a diluted gas, in the sense

that the average distance dpΛDCq between them is much larger than 1{ΛDC,

dpT q „
1

nQpT q1{3
„

1

T

ˆ

2πTf
mQ

˙
1
2

emQ{3Tf (4.18)

We are left with a classical combinatorics problem, a geometrical confinement. Each dark quark

is connected to a string, and the sea of Q and Q̄ must recombine into color singlets. Assuming

that a fraction ℘B of dark quarks recombines into baryons the required abundance of DM is

obtained for

xσQQ̄vrely «
℘B

p23 TeVq2
(4.19)

We assume in what follows that ℘B „ 1 for small NDC „ 3. A possible justification goes as

follows. In three dimensions the distance of a dark quark to its nearest neighbour is 0.75 times

smaller than the distance to its next to nearest neighbour, on average. This suggests that only

the nearest neighbours are relevant to the recombination process. Assuming that each Q or

Q̄ reconnects with probability one with its nearest neighbour, as illustrated in Fig. 4.5, the

probability to form a dark baryon is roughly p1{2qNDC´2 smaller than the probability of forming

a dark meson. One than finds

℘B «
1

1` 2NDC´1{NDC

. (4.20)
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At face value for NDC “ 3 this gives a baryon fraction 0.4 in agreement with other estimates in

the literature. One possible source of error arises from effects of crossing and rearrangement of

flux tubes during the recombination process.

So far we assumed no dark-baryon asymmetry. In SUpNq models dark baryon number is

conserved and, in more complicated models, a dark-baryon asymmetry could be generated. Then

one would get an extra contribution given by ΩDM “ |ΩQ ´ ΩQ̄|.

The enhancement in σBB̄{σQQ̄ „ 1{α3
DC due to recombination, discussed in section 4.2.4,

leads to an extra dilution of the DM cosmological abundance, see Fig. 4.6. As the critical cross

section relevant for cosmology scales as xσvrely 9 1{T , this effect can be relevant provided that

mQ{ΛDCă„ 103.

A larger related effect can emerge in the intermediate region B) where EB ă„ΛDCă„ 1{a0 [187].

In this region the lowest lying bound states are Coulombian, but at temperature T they get

excited up to large distances where V » σr (σ „ Λ2
DC is the flux tube tension) forming object

with radius RB˚ „ T {Λ2
DC much larger than the Bohr radius a0 “ 2{pαDCmQq. Writing V “

´αDC{r ` σr, a thermal computation gives, for T ă ΛDC

RB˚pT q «

ˆ

a0 `
3mQT

5
?
mQT

?
πσ4

e´EB{T
˙ˆ

1`
mQT

4
?
mQT

?
πσ3

e´EB{T
˙´1

. (4.21)

The thermal radius reduces to a0 for T ! EB, and to 3T {Λ2
DC for T „ ΛDC. The critical tem-

perature below which the dark baryons relax to the ground state is of order of EB, and possibly

somewhat lower in view of the entropy factor of the almost continuum states of excited states.

At T „ ΛDC an excited baryon B˚ can be approximated as NDC dark quarks connected by flux

tubes with length RB˚ . When B˚ scatters with B̄˚ two flux tubes can cross: lattice simulations

suggest that the probability of reconnection is close to one; a similar process takes place in string

theory, where the reconnection probability can be suppressed by the string coupling [202]. This

results into a large geometric σB˚B̄˚ „ T 2{Λ4
DC for T ă„ΛDC, which enhances QQ̄ annihilations,

as their rate inside thermally elongated hadrons is faster than the Hubble rate (except possibly

for hadrons with large angular momenta). Depending on the precise unknown values of the phase

transition temperature Tc „ ΛDC and of the string tension σ „ Λ2
DC such extra annihilations

can be either subleading or substantially increase the value of the DM mass that reproduces the

cosmological DM density [187]. In the rest of the chapter we do not consider this possibility.

4.4 Signatures

4.4.1 Cosmological constraints

We discuss the various cosmological bounds, that require ΛDCą„ 100 MeV.
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Extra radiation

If ΛDC ! 1 MeV p1 eVq dark gluons behave as extra relativistic degrees of freedom at the BBN

(CMB) epoch. Their amount can be parametrised as a contribution to the effective number of

neutrino species:

∆Neff “
8

7
dpGq

ˆ

TDC

TSM

˙4

(4.22)

where dpGq is the dimension of the dark color gauge group. Present bounds [206,207] constrain

∆NeffpT „ 1 MeVqă„ 1 and ∆NeffpT „ 1 eVqă„ 0.5. This implies

ˆ

TDC

Tν

˙4

“

ˆ

2

gSMpTdecq

˙4{3

À
7

16dpGq
(4.23)

This condition is marginally consistent with SUp3q and SOp3q theories if the dark sector decou-

ples at temperature Tdec Á 1 GeV. Models with low confinement scale are however excluded by

other cosmological constraints.

Structure formation

Structures such as galaxies form because DM can freely cluster after matter/radiation equality,

at T ă„ 0.74 eV. DM that interacts with lighter dark gluons would instead form a fluid [208,209]:

DM clustering is negligibly affected provided that either the confinement scale is large enough,

ΛDC Á 10 eV or the dark gauge coupling is small enough, αDC À 10´8. We will follow the first

option.

Big Bang Nucleosynthesis

Dark-glue-balls with mass MΦ „ 7ΛDC decay into SM particles injecting non-thermal particles,

which alter the cosmological abundances of light element or the CMB power spectrum. Barring

a dark sector with TDC ! TSM, avoiding this requires that injection from glue-ball decays is over

at the BBN epoch, TSM „ MeV. This requires ΛDCą„ MeV and that the dark-glue-ball lifetime

τΦ is shorter than 1 sec [210].

Cosmic Microwave Background

Dark matter that annihilates around at Tdec „ 0.25 eV injects particles which ionize hydrogen

leaving an imprint on the Cosmic Microwave Background radiation (CMB). As the relevant

quantity is the total injected power, the CMB bounds on the DM annihilation cross section are

robust and do not depend on the details of the cascade process resulting from DM annihilation

to SM final states. The bound is weaker than typical indirect detection bounds [22]

feffxσannvrely

Mχ

ă 4.1ˆ 10´28 cm3

sec GeV
(4.24)
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Figure 4.7: Left (right) panel shows the region of the parameter space for the V (N ‘L) model
which is ruled out by indirect constraints. The red region is ruled out by constraints on the DM
annihilation cross section (the strongest are provided by HESS [25] and CMB observables [206]),
which we estimate to be dominated by a recombination reaction of two dark baryons at low
velocities. In the blue region the glueballs are either stable or have a lifetime bigger than 1 s.
In the first case they overclose the Universe, in the second either they spoil BBN (if 1 s ă τΦ ă

1012 s) [210] or they are ruled out by diffuse gamma ray searches (if 1012 s ă τΦ ă 1017 s) [213].
The black-dashed lines show the region where the DM relic density is reproduced.

where feff is an efficiency parameter depending on the spectra of injected electrons and photons,

given by

feff “
1

2Mχ

ż Mχ

0

E dE

«

2f e
`e´

eff

ˆ

dN

dE

˙

e`
` fγeff

ˆ

dN

dE

˙

γ

ff

(4.25)

where the ionization efficiencies for e˘ and γ have been computed in [211,212]. In our case Mχ

is the mass of the composite dark baryon. The resulting bound is plotted in Fig. 4.7 and leads

to a bound on the dark condensation scale ΛDC Á 30 MeV in the region where DM is a thermal

relic.

4.4.2 Indirect detection

In the scenario where DM has no dark-asymmetry, dark baryons B can annihilate with dark

anti-baryons B̄ producing indirect detection signals. The DM kinetic energy MBv
2 is typically

much smaller than the energy of the excited states so that we can ignore higher resonances and

consider only the ground state dark baryon. Given that after confinement DM is a DC singlet

there is no Sommerfeld enhancement due to DC interactions. Still, the low-energy annihilation

cross section can be large due the large size of the bound states, as discussed in section 4.2.4,

see eq. (4.16).

DM annihilation leads to the production of dark glue-balls, which are the lightest particles in
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the dark sector. The minimal number of produced glue-balls is ką„ 2NDC, possibly enhanced up

tp k «Mχ{MΦ from dark hadronization effects. The dark glue-balls later decay to SM particles

(two photons if they are lighter than MW or — if Q is coupled to the higgs — into ff̄ , where f is

heaviest SM fermion lighter than MΦ{2). The strongest bounds coming from indirect detection

experiments looking for these annihilation products are reported in Fig. 4.7.

4.4.3 Direct Detection

Direct detection experiments see DM dark-baryons as a particle and cannot resolve its con-

stituents. Indeed, the maximal momentum transfer in elastic interactions with nuclei of mass

mN is « mNvă„ 100 MeV in view of the galactic DM velocity v „ 10´3. In the range of pa-

rameters allowed for our models the size of DM bound states is smaller than the corresponding

wave-length so DM bound states scatter coherently with the nucleus.7

SUpNDCq models

We first discuss SUpNDCq models where DM is complex. In the simplest case the dark-baryon

DM belongs to a single multiplet of the SM interacting as in minimal dark matter models [139].

Direct detection constraints on Z-mediated scatterings are satisfied if the DM candidate has no

hyper-charge, which implies integer isospin. The loop-level W -mediated cross section [139, 62,

215] is independent of the dark matter mass and entirely dependent by its SUp2qL quantum

number, equal to about σSI « 1.0ˆ 10´45 cm2 for a weak triplet, and to « 9.4ˆ 10´45 cm2 for a

weak quintuplet. The predicted cross-sections are above the neutrino floor and will be observable

in future experiments if MB À 15 TeV.

This simple result can however be drastically modified in the presence of heavier dark

fermions. In models where the DM fermion has Yukawa couplings (y for the left-handed chirality

and ỹ for the right-handed chirality) with the Higgs and with an heavier dark-quark with non

vanishing hypercharge, the DM candidate can acquire a vector coupling to the Z. The heavier

dark-quarks have a vectorial coupling to the Z given by

gZ ”
g2

cos θW

`

T3 ´Q sin2 θW

˘

. (4.26)

After electro-weak symmetry, the dark-quarks that make up the DM mix with the heavier dark

quarks, acquiring an effective vectorial coupling

geff
Z “

gZ
2
ps2
L ` s

2
Rq (4.27)

where sL and sR are the mixing of left and right chiralities. Since the Z is coupled to a conserved

current, the coupling gBZ to dark baryons is given by the sum of the constituent charges. For

7Some fraction of dark baryons could form dark nuclei [214], affecting direct detection signals.
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example gBZ “ NDCg
eff
Z when the dark-baryon is made of electroweak singlets. At low energies

we obtain the effective interaction between B, the DM dark baryon, and the SM quarks q

Leff Ą
gBZg

q
Z

M2
Z

pB̄γµBqpq̄γµqq. (4.28)

From this Lagrangian one obtains the spin-independent DM cross section on nuclei N

σSI “
pµnGF cos θWq

2

4π

ˆ

gBZ
g2

˙2

(4.29)

where µn is the reduced mass of the DM-nucleon system. The direct detection bound implies

gBZ À 7ˆ 10´4
a

MB{TeV.

When Yukawa couplings exist, Higgs mediated scatterings are also generated. The Yukawa

coupling to the lightest mass eigenstate is yeff “ ysLcR ` ỹcLsR. The Yukawa coupling of dark-

baryons is given by the sum of the Yukawa of the constituent dark quarks. The resulting SI

cross section is [216]:

σSI “

?
2GFf

2
n

π

µ4
n

M4
h

y2
B (4.30)

where fn « 1{3 is the relevant nuclear form factor [217, 218]. Direct detection bounds imply

yB À 4ˆ 10´2
a

MB{TeV.

Furthermore, fermionic composite DM that contains electrically charged constituents has a

magnetic moment µ „ eαDC{p4πqmQ that can lead to a potentially observable cross-section with

characteristic dependence on the recoil energy ER, dσ{dEE « e2Z2µ2{4πER.

SOpNDCq models

Models based with dark quarks in the fundamental of GDC “ SOpNqDC behave differently,

because the lightest fermion is a real Majorana state that cannot have vectorial couplings to the

Z. Mass eigenstates χM have only axial couplings to the Z

g̃eff
Z χ̄Mγµγ5χM with strength g̃eff

Z “
g2

2 cos θW

ps2
L ´ s

2
Rq. (4.31)

This contributes to spin dependent cross-sections with nuclei, subject to much weaker bounds.

For this reason DM candidates with non-zero hypercharge are possible in the presence of a small

mixing with a real particle. For what concerns Higgs interactions these are as in SUpNDCq and

similar bounds apply.

Vector coupling to the Z can be present between DM and heavier states. DM made of

electro-weak doublets gives two almost degenerate Majorana fermions split by

∆m „
y2v2

∆mQ
(4.32)
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Figure 4.8: Left: ATLAS bounds on the cross section for the direct production of a spin 1
resonance decaying into leptons (µ und e) [222]. Right: ATLAS bounds on the dark quarks
pair production cross section [222]. They are derived assuming that „ 1{3 of the produced dark
quarks form spin 1 bound states and the others spin 0 bound states.

.

where ∆mQ is the mass splitting between the two dark quarks which get mixed. When the

splitting is smaller than Op100 KeVq inelastic transitions between the two states can take place

giving rise to inelastic dark matter [192].

Finally, we comment on dipole moments. In models with GDC “ SUpNDCq and mQ !

ΛDC, fermionic baryons acquire large magnetic dipole moments (which give characteristic signals

in direct detection experiments [190]) thanks to non-perturbative effects. If instead mQ "

ΛDC, neutral baryons have small magnetic moments given (at leading order) by the sum of the

elementary moments. A similar result holds for electric dipoles, possibly generated by a θDC

angle by instantons, which are suppressed in the perturbative regime. Polarisability of weakly

coupled dark matter bound states could also be of interest [219,220].

4.4.4 Collider

If dark quarks are charged under the SM, bound states of the new sector can be produced singly

or through the hadronization of the dark quarks produced in Drell-Yan processes.

Resonant single production does not depend on the details of the strong dynamics. In the

narrow width approximation, the production cross-sections of a bound state X of mass MX is

given by

σpppÑ Xq “
p2JX ` 1qDX

MXs

ÿ

P
CPPΓpX Ñ PPq , (4.33)

where DX is the dimension of the representation, JX is its spin, P the parton producing the

resonance and CPP are the dimension-less parton luminosities, see [221].

Bound states with spin-0 are produced from vector bosons fusion. For constituent dark

quarks with SUp2qL ˆ Up1qY quantum numbers the decay width of singlet spin-0 bound states
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is

Γ
`

XJ“0
I“0 Ñ γγ

˘

“ NDCα
2 |Rn0p0q|

2

F 2m2
Q

pT2 ` d2Y
2q2

d2

(4.34)

where T2 (d2q is the index (dimension) of the SUp2qL representation, Rn0p0q is the value at the

origin of the bound state wave-function and F “ 1p2q for distinguishable (identical) dark quarks.

The decay rates into W and Z bosons and into dark gluons G are

ΓγZ
Γγγ

«
2p´T2 cot θW ` Y tan θWq

2

pT2 ` d2Y 2q2
,

ΓZZ
Γγγ

«
pT2 cot θ2

W ` Y tan θ2
W q

2

pT2 ` d2Y 2q2
,

ΓWW

Γγγ
« 2

T 2
2

pT2 ` d2Y 2q2 sin4 θW

,
ΓGG

Γγγ
«

1

16F

N2
DC ´ 1

N2
DC

d2
2

pT2 ` d2Y 2q2

α2
DC

α2
.

(4.35)

Spin-1 bound states decay into fermions or scalars (and equivalent longitudinal gauge bosons

W,Z), as their decays into massless gauge bosons is forbidden by the Landau-Yang theorem.

For example, the decay width of an SUp2q triplet spin-1 bound state into a left-handed pair of

SM fermions is

Γa
`

XJ“1
I“1 Ñ ff̄

˘

“ NDC
α2

2

12

|Rn0p0q|
2

F 2m2
Q

T2 (4.36)

where we neglected possible hypercharge contributions. Singlet spin-1 bound states can also

decay into three dark gluons with a rate:

ΓGGG “ NF

ř

abc d
2
abc

36 dR

π2 ´ 9

π
α3

DC

|Rn0p0q|
2

F 2m2
Q

(4.37)

where dabc “ 2 Tr
“

T atT b, T cu
‰

with T a,b,c generators of the dark-color group in the dark quarks

representation.

For concreteness we focus on the model with GDC “ SUp3q with a dark quark Q “ V . In

the region of parameters relevant for DM, the dark coupling αDC is stronger than the electro-

weak couplings, so that the bound states are dominantly shaped by the dark interactions. In

the Coulomb limit, the radial wave function at the origin is then given by |Rn0p0q|
2{m2

Q “

pFmQα
3
effq{p2n

3q with αeff defined as in (4.8). Spin-0 bound states are produced from photon

fusion and decay mostly into dark gluons with the branching ratios given in eq. (4.35). In view

of the small photon luminosity at LHC, no significant bound is obtained. Spin-1 resonances can

be produced in electro-weak interactions from first generation quarks and decay into electrons

and muons with a branching ratio of order 7%. In Fig. 4.8 we show the bound from current

di-lepton searches that exclude dark quark masses up to 1 TeV. This is significantly stronger

than typical collider bounds on electro-weak charged states.

Dark quarks with SM charges can be also pair produced in Drell-Yan processes. In the region

of masses relevant for LHC, their kinetic energy is comparable to their mass. When dark quarks

travel a distance ` " 1{ΛDC a flux tube develops between them carrying an energy Λ2
DC`, such
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that they reach a maximal distance [223]

`max „
mQ

Λ2
DC

„ 10´13 m

ˆ

mQ

TeV

˙ˆ

GeV

ΛDC

˙2

(4.38)

which is microscopic in the region relevant for DM phenomenology. The dark quarks will then

oscillate and de-excite to the lowest lying bound states with the emission of dark glue-balls, until

they eventually decay to SM states. It is difficult to determine the branching ratios into each

SM channel. Assuming for simplicity that all dark quark pairs de-excite democratically to the

lowest lying spin-0 and a spin-1 bound states, 2/3 of the events populate the spin-0 bound states

(singlet and quintuplet) and 1/3 populate the spin-1 triplet. In Fig. 4.8 we show the bounds

from di-photons and di-leptons on double productions of dark quarks. Especially in the region

of large αDC, these bounds are weaker than the bounds from single production.

4.4.5 Dark glue-balls at high-intensity experiments

Dark glue-balls can be produced either through the production and subsequent decay of dark

mesons or through the effective operators [224–226]

O8 “ αemαDCGAµνGµνAF ρσFρσ , O6 “
αDC

4π
H:HGAµνGµνA (4.39)

The diagrams in Fig. 4.3 generate O6,8 with coefficients

c8pmQq “
TDCpT2 ` d2Y q

60

1

m4
Q
, c6pmQq “

2TDC

3

1

h

B lnpdetMF phqqs

Bh

ˇ

ˇ

ˇ

ˇ

h“0

(4.40)

where MF phq is Higgs-dependent dark quark mass matrix, TDC the index of the dark quark, T2

the isospin, and Y its hypercharge.

After confinement, O8 gives rise to a coupling between 0`` glue-balls and the SM gauge

bosons which allows the glue-balls to decay into photons. For the lightest 0`` glue-ball one

finds [225]

Γ0``Ñγγ “
α2

emα
2
DC

14400π

m3
0f

2
0S

m8
Q
pT2 ` d2Y

2
q
2 (4.41)

where f0S ” x0|TrGµνGµν |0``y. Using the lattice result 4παDCf0S « 3M3
Φ valid for SUp3q

theories, one gets the dark-glue-ball lifetime in eq. (4.6) for models with electro-weak charges.

The Yukawa couplings between the dark and the SM sector induce a mixing angle α between

dark glue-balls and the SM Higgs

sinα « c6
αDC

4π

vf0S

M2
h

(4.42)
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Figure 4.9: Predicted values of the Higgs/dark gluon mixing angle α, assuming dark quarks with
Yukawa couplings y “ 1 (blue lines) or adding a dark scalar with mass mS (green line) with
a mixed quartic λHS “ 10´2, as function of the dark gluon mass MΦ. The shaded regions are
excluded, the dotted curves can be probed by future SHiP [227] (red points) and AFTER [228]
(magenta points) experimental proposals.

giving rise to the dark glue-ball decay widths

Γ0``Ñff̄ “ Nc
MΦ

16π
y2
f sin2 α , Γ0``Ñgg “

α2
s

72π3

M3
Φ

v2
sin2 α , (4.43)

The cross-section for the production of dark glue-balls are negligible at LHC. Light dark

glue-balls can be potentially produced in high luminosity experiments such as SHiP [227]. The

SHiP experiment will operate at a center of mass energy ECM « 27 GeV and will produce

approximately 1020 proton on target collisions. The distance from the target to the detector is

approximately L „ 100 m and the detector length is S „ 60 m. A detectable signal at SHiP

arises if there are a few events in the detector

Nev „ 1020σpppÑ Φq

σpp
ˆ
“

e´L{τΦ
`

1´ eS{τΦ
˘‰

ą
„ few (4.44)

where σpp „ 1{m2
p is the proton-proton scattering cross section. This implies that the SHiP

experiment will probe only a region of the parameter space which is already excluded by indirect

detection bounds or electroweak precision tests (see next section). This conclusion is confirmed

by the result of a more precise computation, shown in Fig. 4.9. In the same figure we also

show the sensitivity of an hypothetical fixed target experiment (AFTER) operating with LHC

beams at a center of mass energy ECM « 115 GeV and producing approximately 1015 proton on

target [228].
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Figure 4.10: De-excitation life-time of radio-active dark matter, that can be long when MΦ „

7ΛDC is larger than the binding energy. A very long τ is obtained when the life-time of dark glue-
balls is so long that they dilute the DM density. In the left (right) panel glue-balls decay thanks
to heavier dark quarks charged under GSM (with a Yukawa coupling y to the Higgs). Bounds
from energy injection in the CMB spectrum are shown.

The conclusion persists even if the theory is modified by adding an extra dark colored scalar

neutral under GSM, coupled to the Higgs as λHS|S|
2|H|2, which gives an extra contribution

c6 “ λHSTDC{p12m2
Sq, enhanced by its possibly small mass mS ! Mh. Imposing |λHS| ă„ 0.01

in view of bounds on the Higgs invisible width, and mS ą„ΛDC in order not to change the DM

phenomenology, we find that dark glue-balls remain undetectable at SHiP.

4.4.6 Radioactive Dark Matter

As discussed in section 4.2 the parameter space allows for EB ă„ΛDCă„ 1{a0 (region B). This

leads, in the primordial universe at temperatures T ă„ΛDC, to the production of excited DM

bound states. These states can be long-lived if ∆EB ăMΦ such that decays to a dark glue-ball

are kinematically forbidden. In models where Q is neutral under the SM, such excited bound

states then can only decay to light SM states (such as γγ or e`e´) through an off-shell glue-

ball-like state, giving rise to radioactive dark-matter. We can estimate the decay rate of such

trapped excited bound states, by splitting the phase space in terms of the invariant mass M of

the off-shell virtual dark glue-ball Φ [221], obtaining

ΓpB˚ Ñ B SMq “
1

π

ż ∆E2
B

0

MdM2 ΓpB˚ Ñ BΦ˚pMqqΓΦ˚pMq

|M2 ´M2
Φ ` iΓΦMΦ|

2
. (4.45)

where ΓpB˚ Ñ BΦ˚q is the decay width into a virtual dark glue-ball with mass M , and ΓΦ˚pMq

is its decay width into SM states. We approximated the imaginary part of the propagator
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MΓΦ˚pMq with the value on-shell. If the dark glue-ball can be on shell, the integral around its

peak gives ΓpB˚ Ñ B SMq » ΓpB˚ Ñ BΦ˚q. We are interested in the opposite regime where the

intermediate state is off-shell. For MΦ " ∆EB the propagator is approximately constant and we

estimate

ΓpB˚ Ñ B SMq „
∆E3

B

πM4
Φ

ΓpB˚ Ñ BΦ˚p0qqΓΦ˚p∆EBq . (4.46)

Taking into account that Φ˚ is a dark glue-ball-like state that does not need to have spin

0, but can match the quantum numbers of two dark gluons, we estimate ΓpB˚ Ñ BΦ˚p0qq «

α4
DCpmQqα

2
DCpΛDCqmQ as the decay rate into two massless dark gluons. The 4 powers of αDCpmQq

arise from the bound-state wave function and binding energy, while the two powers of αDCpΛDCq „

1 arise from dark-gluon emission. ΓΦ˚p∆EBq can be small, making excited B˚ long lived, as

shown in Fig. 4.10, where the large increase of the life-time corresponds to the transition from

on-shell to off-shell decays. In models where Yukawa couplings exist excited DM can decay

through Z´mediated processes giving a much shorter lifetime, see fig 4.10 right panel.

Bounds on radioactive DM can be inferred by rescaling bounds on decaying DM. An excessive

reionization of CMB is roughly obtained for tCMB ! τ ă 1.1 109 Gyr ˆ ∆EB{MB [229], where

tCMB « 380 kyr is the Universe age at photon decoupling and MB is the DM mass. If DM is still

γ-radioactive today, one must have τ ą 1011 Gyrˆ∆EB{MB, for 0.1 MeVă„∆EB ă„ 10 GeV [230].

If DM is still β-radioactive today, its de-excitation life-time(s) must be longer than τ ą 107 Gyrˆ

∆EB{MB, for MeVă„∆EB ă„ 10 GeV [230]. DM with τ „ TU can be borderline at MeV. In view

of these bounds and of the model predictions, its seems unlikely that DM can be radioactive

enough to heat solving the small-scale potential ‘cusp/core’ and ‘missing satellite’ problems of

cold DM. In the parameter region without dark matter dilution by glue-ball decay the glue-ball

lifetime has to be smaller than one second, as we discussed earlier. This leads to a half life of the

radiative states of the order of a few hours. Thus they have no impact on the CMB spectrum.

4.4.7 Precision tests

Vector-like fermions do not give large corrections to electro-weak precision observables. The

regime mQ ! ΛDC was discussed in [231,232]. The result in the opposite regime is qualitatively

similar. The corrections to the precision S and T parameters are

∆T̂ „ NDC
y4

16π2

v2

m2
Q
, ∆Ŝ „ NDC

y2

16π2

v2

m2
Q
. (4.47)

Experimental bounds allow couplings y „ 1 if mQ is above a few hundred GeV.

Extra Yukawa coupling can give extra effects in flavour. For general Yukawa couplings, the

theory contains CP violating phases ImrmQ1mQ2y
˚ỹ˚s which generate electric dipole moments

of SM particles at two loops. Similar effects have been studied in supersymmetry [212]. In a
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model with Q “ L‘ V we estimate

df „ NDCeQf
α Im yỹ

16π3

mf

mLmV

ln
mLmV

M2
h

. (4.48)

For the electron this means

de „ 10´27 e cmˆ Imryỹs ˆ
NDC

3
ˆ

TeV2

mLmV

(4.49)

to be compared with the experimental bound de ă 8.7ˆ 10´29 e cm [233]. A somewhat smaller

effect is obtained in the Q “ L‘N model.

4.5 Models

Finally, we analyse the microscopic structure of the simplest models with SUpNDCq and SOpNDCq

dark gauge interactions. At energies greater than ΛDC we have a set a fermions charged under

GDC b GSM. They annihilate into SM degrees of freedom or dark gluons. Moreover they can

form bound states through the emission of dark gluons or SM gauge bosons.

At tree level, a dark quark with mass mQ has the following s-wave annihilation cross section

into massless gauge bosons

xσvrelyann “
A1 ` A2

16πgχdR

1

M2
χ

(4.50)

where

A1 ” TrrT aT aT bT bs , A2 ” TrrT aT bT aT bs (4.51)

and gχ “ 4p2qdR for Dirac or Majorana fermions. For dark quarks charged under both GDC and

GSM the notation above stands for T ” pgDCTDC b 1q ‘ p1 b gSMTSMq. For dark quarks in the

irreducible representation pN,RSMq the formula above gives

xσvrelyann “
1

dSM

KDC
1 `KDC

2

4p2qN2
DC

πα2
DC

M2
χ

`
1

NDC

KSM
1 `KSM

2

4p2qd2
SM

πα2
SM

M2
χ

`
4CDCCSM

4p2qdSMNDC

παDCαSM

M2
χ

. (4.52)

The group theory factors are listed in Table 4.1 using

K1pRq “ dpRqCpRq2 , K2pRq “ K1pRq ´
dpAqCpAqT pRq

2
. (4.53)

Furthermore, dark quarks charged under the SM undergo extra annihilations into SM fermions

and into the Higgs.

Due to the attraction/repulsion of light mediators, the tree level cross-section is corrected by

the Sommerfeld effect [234,62,235,236] as σ « Sˆσ0, where S encodes the effect of long-distance

interactions that deflect the incoming fermion wave-function. The effect of SM vectors is known
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GDC Ri Õ Rf IRiÑRf

1 Õ adj
N2 ´ 1

2N

ˇ

ˇ

ˇ

ˇ

1˘
N

2λf

ˇ

ˇ

ˇ

ˇ

2

SUpNq
Õ

N3 ´N

8

ˇ

ˇ

ˇ

ˇ

1˘
1

λf

ˇ

ˇ

ˇ

ˇ

2

1 Õ adj pN ´ 1q

ˇ

ˇ

ˇ

ˇ

1˘
N ´ 2

λf

ˇ

ˇ

ˇ

ˇ

2

SOpNq
adj Õ

N3 ´N2 ´ 4N ` 4

4

ˇ

ˇ

ˇ

ˇ

1˘
2

λf

ˇ

ˇ

ˇ

ˇ

2

Table 4.3: Group-theory factors for formation of a bound state in the representation Rf from an
initial state in the representation Ri and viceversa.

from the literature. We focus here on the effect of dark gluons. For s-wave annihilation

S “
2παeff{vrel

1´ e´2παeff{vrel
(4.54)

where αeff is the effective coupling in each dark color channel as defined in eq. (4.8). The fermion

bi-linears decompose in the representation of the dark-color group:

GDC “ SUpNDCq : NDC b N̄DC “ 1I‘ adj, NDC bNDC “ ‘ (4.55)

GDC “ SOpNDCq : NDC bNDC “ 1I‘ adj‘ . (4.56)

The effective potential in each channel is given by eq. (4.8) with λJ “ 0 and λI “ λR where

GDC “ SUpNDCq

R λR ˆ p2Nq bound states

1 N2
DC ´ 1 yes

adj ´1 no

1´NDC no

NDC ` 1 yes

GDC “ SOpNDCq

R λR bound states

1 NDC ´ 1 yes

adj 1 yes

´1 no

(4.57)

Furthermore, two dark quarks can form a bound states emitting one vector. A pair of dark

quarks in the fundamental representation feels an attractive force in the singlet and in the

antisymmetric configuration. Using the results derived in the first chapter, the cross section for

forming the ground state, with quantum numbers n “ 1 and ` “ 0, is

pσvrelqbsf “
1

NF

σ0λipλfζq
5 2S ` 1

g2
χ

211πp1` ζ2λ2
i qe

´4ζλiarccotpζλf q

3p1` ζ2λ2
f q

3 p1´ e´2πζλiq
ˆ IRiÑRf (4.58)
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Name I S n ` Γann{Mχ NDC “ 3 NDC “ 4 NDC “ 5 Γdec{Mχ Prod. from

1s´1 1 0 1 0 p8{6q3α5
DC p15{8q4α5

DC 3p24{10q3α5
DC 0 padj

1s`1 1 1 1 0 5pπ2´9q
π ˆ 26α6

DC{3
7 153α6

DC{2
14 33p2{5q6α6

DC{7 0 padj

1s 1 1 0 0 0 0 0 p

2s´1 1 0 2 0 p8{12q3α5
DC 154α5

DC{8
5 3p24{20q3α5

DC Opα6
DCq padj

2s`1 1 1 2 0 5pπ2´9q
π ˆ 23α6

DC{3
7 153α6

DC{2
17 63{7pαDC{5q

6 Opα6
DCq padj

2s 1 2 0 Opα6
DCq Opα6

DCq Opα6
DCq Opα6

DCq p

2p´1 1 0 2 1 Opα7
DCq Opα7

DCq Opα7
DCq Opα6

DCq sadj

2p`1 1 1 2 1 Opα7
DCq Opα7

DCq Opα7
DCq Opα6

DCq sadj

2p 0 2 1 Opα7
DCq Opα7

DCq Opα7
DCq Opα6

DCq s

Table 4.4: Summary of perturbative di-quark bound states in SUpNq models.

where σ0 ” πα2
DC{M

2
χ, ζ ” αDC{vrel and λi,f are the effective strength of the coupling αeff ” λIαDC

of the initial and final state channels respectively, in two-body representation Ri and Rf . And

similarly for the other excited levels. The IRiÑRf factors encode the group theory structure and

are listed in Table 4.3.

4.5.1 Model with GDC “ SUp3q and singlet dark quark

We first consider the model where the dark quark Q in the fundamental of SUpNDCq is a singlet

under the SM. We assume that extra unspecified heavier dark quarks with SM charges couple

the dark sector with the SM sector, such that glue-balls decay into SM particles. The s-wave

QQ̄ annihilation cross-section into dark gluons is

xσvrely “
N4

DC ´ 3N2
DC ` 2

16N3
DC

ˆ

2

N2
DC ´ 2

S1 `
N2

DC ´ 4

N2
DC ´ 2

Sadj

˙

ˆ
πα2

DC

M2
χ

(4.59)

where S1 and Sadj are the Sommerfeld factors for the singlet (attractive) and adjoint (repulsive)

channels.

Let us consider the bound states. The SUpNDCq interactions give two attractive configura-

tions that can support bound states: the singlet contained in Q b Q̄ and the anti-symmetric

configuration in QbQ. The former is unstable and gives a contribution to the effective annihi-

lation cross section, see Appendix; the latter is stable and could give rise to dark-recombination

at low temperatures (T À α2
DCMχ). The unstable bound state is made of Dirac particles so it

exists for any choice of quantum numbers n, `, s. The stable bound state is made of identical

particles, so that a fully anti-symmetric wave-function implies that it must have spin 1 in s-wave

and spin-0 in p-wave. Moreover it can only be produced from an initial state in the symmetric

configuration. The main bound states together with their key properties are summarized in

Table 4.4.

If dark confinement happens after freeze-out, the thermal relic abundance of DM is obtained
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Figure 4.11: Model with GDC “ SUp3q and a dark quark neutral under GSM. Left: thermally
averaged cross sections for annihilation and for bound states formation, assuming mQ “ 10 TeV
and αDC “ 0.1 (ΛDC « 30 GeV). Right: region where dark baryons reproduce the DM cosmo-
logical abundance. A recombination fraction ℘B “ 0.4 is assumed.

by first solving the Boltzmann equations for the elementary dark quarks and their perturbative

bound states. Table 4.4 implies that the bound states are produced from a repulsive initial state.

This suppresses the production of stable and unstable di-quark bound states at late times, where

the kinetic energy is insufficient to overcome the repulsion. As a consequence, we find that the

thermal relic abundance is mostly due to perturbative annihilations boosted by the Sommerfeld

enhancement, and by di-quark bound state production at earlier times. At T „ ΛDC confinement

occurs in the dark sector, and a fraction of the dark quarks is converted into dark baryons. The

dark baryons can undergo recombination annihilations, which have large cross sections, leading

to a late-time dark matter depletion.

When dark confinement takes place before freeze-out, annihilations are still governed by the

constituent cross section, provided that the typical velocities at freeze-out are large enough.

At lower velocities, the larger recombination cross section produces a late-time dark matter

depletion.

Taking all these effects into account, Fig. 4.11 shows an estimate of the parameter region

where the thermal relic abundance of dark baryons matches the cosmological DM abundance.

A dark quark Q singlet under the SM can interact with the SM sector through heavier

mediators. The most interesting possibility is realised adding a vector-like dark quark L, allowing

to write Yukawa couplings with the SM Higgs

´L “ mLLL
c
`mNNN

c
` y LHN c

` ỹ LcH:N ` h.c. (4.60)
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Figure 4.12: Direct detection bounds, assuming dark quarks Q “ N‘L with Yukawa couplings to
the Higgs. Left: we consider the SUp3q model with mN ă mL. Right: we consider the SOp3q
model with mL ă mN , such that a large enough Yukawa coupling is needed in order to suppress
Z-mediated inelastic scatterings.

As explained in section 4.4.3, after electro-weak symmetry breaking the singlets mix with the

neutral component of the doublet generating an effective coupling to the Z and to the Higgs.

Denoting with UL and UR the rotation matrices to the mass eigenstate basis, the coupling to Z

is
g2

2 cos θW

Zµ

´

N̄ipU
:

Lq2iσ̄
µ
pULq2jNj ´ N̄

c
i pU

:

Rq2iσ̄
µ
pURq2jN

c
j

¯

. (4.61)

For real Yukawa couplings (no CP violation) the UL,R are SOp2q matrices with rotation angle

tan 2θL “
2
?

2v pmLỹ `mNyq

2m2
L ´ 2m2

N ` pyvq
2 ´ pỹvq2

(4.62)

for UL and similarly for UR. The light singlet dark quark N acquires the coupling

g

2 cos θW

Zµ
`

ps2
L ` s

2
RqN̄γµN ´ ps

2
L ´ s

2
RqN̄γµγ5N

˘

. (4.63)

Bounds from Higgs-mediated interactions are typically weaker and have a different dependence

on the mixings, namely
h
?

2
pỹ cLsR ` y cRsLq N̄N . (4.64)

Fig.4.12 shows the bounds on the Yukawa coupling y, once we combine Higgs-mediated and
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Figure 4.13: Model with GDC “ SUp3q and with a dark quark tripled under SUp2qL. Left:
thermally averaged cross sections for annihilation and for bound states formation, assuming
mQ “ 10 TeV and αDC “ 0.07 (ΛDC « 3 GeV). Right: region where dark baryons reproduce the
DM cosmological abundance.

Z-mediated effects. Experiments are sensitive even to heavy and weakly mixed fermions.

4.5.2 Model with GDC “ SUp3q and dark quark triplet under SUp2qL

We next consider the GTC “ SUpNDCq model with dark quarks in a triplet (V ) of SUp2qL.

Requiring no sub-Planckian Landau poles selects NDC “ 3. We compute in terms of SUp2qL
multiplets, neglecting the 165 MeV electro-weak splitting between charged and neutral compo-

nents. SM gauge interactions keep the dark sector in thermal equilibrium with the SM sector.

Pairs of dark quarks decompose as

QbQ “ p1‘ 8, 1‘ 3‘ 5q, QbQ “ p3‘ 6, 1‘ 3‘ 5q. (4.65)

The annihilation cross-section among dark quarks is

xσvrely “

ˆ

7

162

πα2
DC

M2
χ

`
8

27

παDCα2

M2
χ

`
37

72

πα2
2

M2
χ

˙ˆ

2

7
S1 `

5

7
S8

˙

. (4.66)

where λ1 “ 4{3 and λ8 “ ´1{6 are the effective strengths of the Sommerfeld factors for the

singlet and octet channels. For αDC ă 3α2 the annihilation cross-section is dominated by the

SM interactions.

In the absence of confinement the desired DM relic abundance is obtained formQ « 2.5TeV{
?

2NDC;

such a model is however only allowed for αDC À 10´8 [208]. We assume that dark interactions
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dominate or are comparable with the SM ones.

Neglecting SM interactions, the meson bound states are listed in Table 4.4. Each bound

state has 9 components and decomposes as 1‘ 3‘ 5 under SUp2qL. The singlet and quintuplet

are symmetric under SUp2qL, so they have the same spin as in the previous case Q “ N listed

in Table 4.4. The triplet have the opposite spin, being anti-symmetric under SUp2qL.

The lightest baryons have spin 1/2 and lie in the adjoint representation of flavour SUp3qF ,

and split as 8 “ 3 ‘ 5 taking SUp2qL gauge interactions into account, such that the triplet is

lighter than the quintuplet.

Predictions for direct detection are then the same as for any fermion weak triplet (such as

wino [237]): σSI lies above the the neutrino background for mB À 15 TeV. Constraints on Yukawa

couplings with heavier dark quarks are similar to those discussed in the N ‘ L model.

The annihilation cross-section relevant for indirect detection a few orders of magnitude above

the canonical thermal value 3 10´26 cm3{ sec, being dominated by long-range rearrangement

processes as discussed around eq. (4.16); presumably without extra Sommerfeld enhancement.

Present bounds are shown in Fig. 4.7, as a function of the dark glue-ball mass which controls

the energy spectrum of final-state particles. We combine searches for diffuse gamma rays from

the FermiLAT satellite and from the ground based H.E.S.S. observatory The FermiLAT limits

are more relevant in the case of light glue-balls decaying into photons; the H.E.S.S. limits are

sensitive to the cascade photons resulting from W boson decays in case of heavy glue-balls.

The sensitivity of the photon searches strongly depends on the number of steps in the dark

hadronization cascade and is thus rather uncertain. The limits coming from annihilation into

WW are more robust. We also show the limits from CMB energy injection are shown, which

have smaller astrophysical and theoretical uncertainties.

4.5.3 Models with GDC “ SOpNDCq

As discussed in section 4.1.1, models with dark gauge group SOpNDCq give rise to Majorana DM,

allowing for lightest dark quakrs in more general representations under GSM. The annihilation

cross-section of fermions in the fundamental of SOpNDCq into dark gluons is

xσvrely “
N2

DCpNDC ´ 1q

2

ˆ

4

N2
DC

S1 `
N2

DC ´ 4

N2
DC

S

˙

ˆ
πα2

DC

M2
χ

(4.67)

where S1 and Sadj are the Sommerfeld factors for the singlet and adjoint channel respectively.

As a simple example we consider the model with a singlet N and a doublet L,

´L “ mLLL
c
`
mN

2
N2
` y LHN ` ỹ LcH:N ` h.c. (4.68)
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Differently from the singlet model in section 4.5.1, N and N c are the same particle. The mass

matrix of the neutral states is

L Ą
1

2
pN1, N2, N3q

¨

˝

0 mL vy{
?

2

mL 0 vỹ{
?

2

vy{
?

2 vỹ{
?

2 mN

˛

‚

¨

˝

N1

N2

N3

˛

‚` h.c. (4.69)

where the Weyl fermions N1 and N2 are the neutral components of L and Lc and N3 ” N . The

mass matrix can be diagonalised as Mdiag “ UTMU , where, at leading order in the Yukawa

couplings

U “

¨

˚

˝

1?
2

i?
2

´
ỹv

?
2pmL´mN q

1?
2

´ i?
2

´
yv

?
2pmL´mN q

vpy`ỹq
2pmL´mN q

ipy´ỹqv
2pmL´mN q

1

˛

‹

‚

. (4.70)

The gauge coupling to the Z in the flavor basis are QZ “ diagp1{2,´1{2, 0q. Rotating to the

mass basis we obtain the couplings of the mass eigenstates to the Z,

gij ”
`

U :QZU
˘

ij
“

¨

˚

˝

0 i
2

py´ỹqv
4pmL´mN q

´ i
2

0 i py`ỹqv
4pmL´mN q

py˚´ỹ˚qv
4pmL´mN q

´i py
˚`ỹ˚qv

4pmL´mN q
´p|y|2`|ỹ|2qv2

4pmL´mN q2

˛

‹

‚

ij

. (4.71)

Because the mass eigenstates are Weyl fermions, the diagonal couplings of DM to the Z are

purely axial. This can be made manifest converting to Majorana notation ΨM ” pN, N̄q{
?

2

such that Ψ̄i
Mγ

µΨi
M vanishes identically. In this basis one finds

g2

cos θW

Zµ
“

aijΨ̄
i
Mγ

µγ5Ψj
M ` ivijΨ̄

i
Mγ

µΨj
M

‰

(4.72)

where aij “ ´Re gij and vij “ Im gij. From eq. (4.71) we see that the only non vanishing terms

are of the form Ψ̄i
Mγ

µγ5Ψi
M and Ψ̄i

Mγ
µΨj

M with i ‰ j. The first interaction gives rise to spin-

dependent interactions suppressed by the mixing with the heavier states, which are below the

sensitivity of present experiments. The second interaction produces inelastic scattering between

states with a mass splitting of order ∆m „ y2v2{pmN ´mLq.

The Higgs-mediated contribution to direct detection is similar to SUpNDCq models. Writing

LH “ yijhN
iN j{

?
2` h.c. one finds

yij ”

ˆ

UT BMphq

Bh
U

˙

ij

“

¨

˚

˝

py`ỹq2v
2pmL´mN q

ipy2´ỹ2qv
2pmL´mN q

py`ỹq
2

ipy2´ỹ2qv
2pmL´mN q

´
py´ỹq2v

2pmL´mN q
ipy´ỹq

2
py`ỹq

2
ipy´ỹq

2
´

2yỹv
mL´mN

˛

‹

‚

ij

. (4.73)

Fig. 4.12 illustrates the present bounds on the Yukawa couplings.
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4.6 Summary

We studied fundamental theories of Dark Matter as baryons made of a dark quark Q with mass

mQ, charged under a dark gauge group SUpNDCq or SOpNDCq that becomes strong at a scale

ΛDC. The main options for the gauge quantum numbers of Q are: either neutral or charged

under the SM gauge group. DM is stable because dark baryon number is accidentally conserved,

analogously to the proton in the SM.

In past works the possibility that Q is lighter than the dark condensation scale ΛDC has

been studied, finding that the DM cosmological abundance is reproduced as a thermal relic for

ΛDC „ 100 TeV, which saturates the perturbative unitarity bound on DM annihilations. In

this chapter we explored the opposite situation: this simple generalization leads to unusual and

non-trivial DM phenomenology.

The dark confinement scale ΛDC can be as low as 10 GeV, giving rise to unstable dark glue-

balls with mass MΦ „ 7ΛDC as lightest dark particles. Dark glue-balls decay into lighter SM

particles, and can be searched for in low-energy experiments.

In cosmology, dark quarks freeze-out as usual at T „ mQ{25. DM can be lighter than 100 TeV

because the dark gauge coupling αDC is perturbative, when renormalized at this energy. However,

a second stage of cosmological history contributes to determining the DM relic abundance:

after a first-order phase transition at T „ ΛDC (that can lead to gravitational waves) the dark

quarks must bind into objects neutral under dark color: a fraction of dark quarks forms dark

mesons, that decay, the rest binds into stable dark baryons B that survive as DM. We estimated

this fraction in a geometric model of dark hadronization, that takes into account that dark

strings do not break. As a consequence the annihilation cross section among dark quarks,

σQQ̄vrel „ πα2
DC{m

2
Q can be smaller than the standard cosmological value, 3 10´26 cm3{ sec.

More importantly, the annihilation cross section among dark baryons, σBB̄vrel „ 1{αDCm
2
Q,

is typically much larger than σQQ̄, being enhanced by a negative power of αDC. This happens

because annihilation can proceed through an atomic-physics process, recombination: at low

enough energy a dark quark Q in a dark baryon B can recombine forming a meson with a

Q̄ in a B̄; afterwards the meson decays through the usual particle-physics QQ̄ annihilation.

If mQ " ΛDC the bound state B is dominated by the Coulombian part of the potential, and

this is similar to recombination occurring in hydrogen anti-hydrogen scattering. We computed

the binding energies of dark baryons and mesons by means of a variational method, finding

that recombination is kinematically allowed. If instead mQą„ΛDC the confining part of the

potential is relevant, and the process can be seen as the crossing of dark strings (flux tubes of

the dark color interaction). In cosmology, the large σBB̄ " σQQ̄ leads to extra dilution of the

DM density. In astrophysics, it leads to large signals for indirect DM detection. Dark mesons

decay into dark glue-balls: depending on the model their decays might be dominated by gauge

couplings (producing photons) or by Yukawa couplings (producing leptons, which can provide a

DM interpretation of the e` excess observed by PAMELA and AMS [238])).

Cosmological evolution leads to the formation of excited dark baryons, which quickly decay
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into glue-balls provided that their excitation energy ∆EB „ α2
DCmQ is larger than MΦ „ 7ΛDC.

Otherwise, de-excitation can be slow, proceeding through off-shell dark glue-balls, giving rise

to a novel phenomenon: dark matter that emits either β or γ radioactivity (again depending

on whether gauge couplings of Yukawa couplings dominate). It would be interesting to explore

whether radio-active DM can alleviate the core/cusp and missing-satellite issue of cold DM.

Finally, we studied the direct-detection and collider phenomenology of models where DM is

made of heavy baryons. Heavy dark quarks can be produced at colliders, manifesting as narrow

spin-0 or spin-1 resonances and producing effects in SM precision observables. Current bounds

are consistent with a lightest dark quark charged under the SM heavier than 1-2 TeV.



Chapter 5

Bound states from Dark Sectors: part II

Here we continue our analysis of accidental composite DM models considering a new kind of

candidate, the gluequark, which has properties different from those of dark baryons and mesons

in several respects. Gluequarks are bound states made of one dark quark and a cloud of dark

gluons in theories where the new fermions transform in the adjoint representation of dark color.

They are accidentally stable due to dark parity, an anomaly free subgroup of dark fermion

number, which is exact at the level of the renormalizable Lagrangian. Depending on the SM

quantum numbers of the new fermions, violation of dark parity can arise from UV-suppressed

dimension-6 operators thus ensuring cosmologically stable gluequarks for sufficiently large cut-off

scales. Contrary to baryons and mesons, the physical size of the gluequark is determined by the

confinement scale independently of its mass. In the regime of heavy quark masses, MQ ą ΛDC,

this implies a physical size larger than its Compton wavelength, see Fig. 5.1. The annihilation

cross section for such a large and heavy bound state can be geometric, much larger than the

perturbative unitarity bound of elementary particles. This in turn modifies the thermal relic

abundance and can lead to significant effects in indirect detection experiments (similarly to what

we already saw in Chapter 2 and 3). Also, the resulting cosmological history is non-standard

and different from that of theories with baryon or meson DM candidates.

Bound states made of one dark fermion and dark gluons were considered in Ref. [239], where

they couple to the SM sector through the neutrino portal. Similar DM candidates were also

studied in Refs. [240, 241], in the context of supersymmetric gauge theories. There, bound

states of one fermion (the dark gluino) and dark gluons arise as the partners of glueballs after

confinement and were consequently called glueballinos. Ref. [240] showed that the observed DM

abundance can be reproduced by a mixture of glueballs and glueballinos provided that the dark

and SM sectors are decoupled very early on in their thermal history. In such scenario the two

sectors interact only gravitationally, the dark gluino being neutral under the SM gauge group.

Notice that the stability of glueballs in this case does not follow from an accidental symmetry but

is a consequence of the feeble interaction between the SM and dark sectors. In this chapter we

will focus on the possibility that dark fermions are charged under the SM gauge group, so that

the lightest states of the dark sector may be accessible through non-gravitational probes. In this
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Q
⇤�1

DC

Figure 5.1: Cartoon of the gluequark DM candidate. A heavy fermion in the adjoint of color
gives rise to color singlet state surrounded by a gluon cloud of size 1{ΛDC " 1{MQ.

case the dark and visible sectors stay in thermal equilibrium until relatively low temperatures,

of the order of 1 GeV, and the thermal history of the Universe is rather different than that

described in Refs. [240, 241]. In particular, we will argue that in our scenario dark glueballs

cannot account for a sizeable fraction of DM because of BBN and CMB constraints.

Composite DM candidates from theories with adjoint fermions were also considered in the

context of Technicolor models, see for example Refs. [242, 243]. Those constructions differ from

ours in that technicolor quarks are assumed to transform as complex representations under the

SM, but they can share common features with some of the models described in this chapter 1.

The chapter is organized as follows. Section 5.1 provides a classification of models with adjoint

fermions that can lead to a realistic DM candidate. We outline the cosmological history of the

gluequark in section 5.2 and present our estimate for the thermal relic abundance in section

5.3. Section 5.4 discusses a variety of bounds stemming from cosmological and astrophysical

data, DM searches at colliders, direct and indirect detection experiments. We summarize and

give our outlook in section 5.5. A discussion of the relevant cross sections can be found in the

Appendices.

5.1 The models

We consider the scenario in which the SM is extended by a new confining gauge group GDC

(dark colour), and by a multiplet of Weyl fermions Q (dark quarks) transforming in the adjoint

representation of GDC and as a (possibly reducible) representation R under the SM group GSM:

Q ” padj, Rq . (5.1)

In particular, we consider models where the dark quarks have quantum numbers under SUp2qLˆ

Up1qY but are singlets of SUp3qc color. We assume R to be a real or vector-like representation,

1Reference [243] for example considered gluequark DM in the context of the so-called Minimal Walking
Technicolor model, but its estimate of the thermal relic abundance focuses on the perturbative freeze-out and
does not include any of the non-perturbative effects described in this work.
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so that the cancellation of GSM anomalies is automatic and mass terms for the dark quarks are

allowed.

We performed a classification of the minimal models, i.e. those with the smallest representa-

tions and minimal amount of fields, which give a consistent theory of DM. We refer to them as

‘minimal blocks’. Each block is characterised by two parameters: the dark quark mass MQ and

the value of the dark gauge coupling gDC at MQ. A CP -violating θ term can also be included

but does not play an important role in what follows. The renormalizable lagrangian thus reads

L “ LSM ´
1

4g2
DC

G2
µν `Q:iσ̄µDµQ´

MQ

2

`

QQ`Q:Q:
˘

. (5.2)

It is possible to combine more than one minimal block; in this case the number of parameters

increases: each module can have a different mass and, depending on the SM quantum numbers,

Yukawa couplings with the Higgs boson may be allowed.

As long as all dark quarks are massive, the theory described by (5.2) confines in the infrared

forming bound states. The symmetry Q Ñ ´Q, dark parity, is an accidental invariance of the

renormalizable Lagrangian. The physical spectrum is characterized by states that are either

even or odd under dark parity. The gluequark, denoted by χ in the following, is the lightest odd

state and has the same SM quantum numbers of its constituent dark quark, thus transforming

as an electroweak multiplet. Radiative corrections will induce a mass splitting among different

components, with the lightest state being accidentally stable at the renormalizable level thanks

to its odd dark parity. The mass difference computed in Ref. [244] shows that the lightest

component is always the electromagnetically neutral one, which therefore can be a DM candidate

provided it has the correct relic density.

We select models with a suitable gluequark DM candidate by requiring them to be free of

Landau poles below 1015 GeV. This is a minimal assumption considering that, as discussed below,

astrophysical and cosmological bounds on the gluequark lifetime can be generically satisfied only

for a sufficiently large cut-off scale. It is also compatible with Grand Unification of SM gauge

forces. The ultraviolet behaviour of each model is dictated by the number of dark colors NDC and

by the dimension of the SM representation R, i.e. by the number of Weyl flavors Nf . Models

with too large Nf or NDC imply too low Landau poles for GSM, and are thus excluded from

our analysis. The list of minimal blocks that satisfy our requirements is reported in Table 5.1

for SUpNDCq, SOpNDCq and SppNDCq dark color groups. Each block is characterized by its

accidental symmetry (that can be larger than the dark parity) and by the dimensionality of the

lowest-lying operator Odec which violates it. The latter has the form

Odec “ OSMGaµνσµνQa, (5.3)

where OSM is a SM composite operator matching the SUp2qL ˆ Up1qY quantum numbers of

the dark quark Q. The operator (5.3) can in general induce the mixing of the gluequark with

SM leptons, providing an example of partial compositeness. As long as the theory is not in the
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Quantum numbers NDC Accidental Classical
Nf SUp2q ˆ Up1q SU SO Sp Symmetry

Odec
rOdecs

1 N ” 10 All All All Z2 `HGµνσµνN 6
3 V ” 30 ď 3 ď 4 1 Z2 `HGµνσµνV 6
4 L ” 21{2 ‘ L̄ ” 2´1{2 ď 4 ď 6 ď 2 Up1q `GµνσµνL 5
6 T ” 31 ‘ T̄ ” 3´1 2 3 1 Up1q `HcGµνσµνT 6

Table 5.1: Minimal building blocks for models of gluequark DM. We require that a multiplet
contains an electromagnetic neutral component and that the gauge couplings do not have Landau
poles below 1015 GeV, assuming a representative mass of 100 TeV for the dark quarks. We denote
with ` the SM lepton doublets.

vicinity of a strongly-coupled IR fixed point at energies E "MQ,ΛDC, the dimension of Odec is

simply given by rOdecs “ 7{2` rOSMs, as reported in the sixth column of Table 5.1. Among the

minimal blocks, the LL̄ model has rOdecs “ 5 classically. In this case the naive suppression of the

gluequark decay rate is not enough to guarantee cosmological stability, although a stable DM

candidate can still be obtained through additional dynamics, see the discussion in Appendix I.

In the remaining minimal blocks the classical dimension of Odec is 6 and the gluequark can

be sufficiently long lived. Indirect detection experiments and data from CMB and 21 cm line

observations set important constraints on these models which will be discussed in section 5.4.

The behaviour of the theory at energies above the confinement scale depends largely on the

number of dark flavors Nf and on the value of the dark coupling gDC at the scale MQ. One

can identify two regimes. In the first, gDCpMQq is perturbative and this necessarily implies a

confinement scale smaller than the quark mass, ΛDC ă MQ; we will call this the ‘heavy quark’

regime. In this case, depending on the value of Nf , there are three possible behaviours. For

Nf ě NAF
f “ 11{2 the theory is not asymptotically free, hence starting from the UV the coupling

gets weaker at lower scales until one reaches the quark mass threshold below which the dynamics

becomes strong and confines. 2 For N c
f ď Nf ă NAF

f , where N c
f is the non-perturbative edge of

the conformal window, the theory flows towards an IR fixed point at low energies until the quark

mass threshold is passed, below which one has confinement. Finally, if Nf ă N c
f the coupling

grows strong quickly in the infrared and confinement is triggered without delay. Only for this

latter range of values of Nf the confinement scale can be larger than the quark mass, MQ ă ΛDC;

we will refer to this as the ‘light quark’ regime. The physical spectrum, the phenomenology and

the thermal history are rather different in the two regimes.

The infrared behaviour of SUpNDCq gauge theories with fermions in the adjoint representation

was extensively studied through lattice simulations, see for example [245–254] and references

therein. There seems to be sufficient evidence for an infrared conformal phase of theories with

NDC “ 2 colors andNf “ 4, 3 massless Weyl flavors, while results withNf “ 2 are more uncertain

though still compatible with a conformal regime. Theories with Nf “ 1 are supersymmetric and

have been shown to be in the confining phase. The case with NDC “ 3 colors is much less studied

2Notice that the value of NAF
f , in the case of adjoint fermions, does not depend on the gauge group.
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and no firm conclusion can be drawn on the conformal window. Notice that, independently of

the number of colors, asymptotic freedom is lost for Nf ě 6, while the existence of a weakly-

coupled infrared fixed point can be established for Nf “ 5 by means of perturbation theory.

Besides determining which phase the massless theory is in, simulations give also information on

the spectrum of bound states. In particular, information on the gluequark mass in the limit of

heavy quark masses (MQ " ΛDC) can be obtained from lattice simulations with adjoint static

sources, see for example Refs. [124,255].

Heavy quark regime: In the heavy quark regime, the lightest states in the spectrum are

glueballs, while those made of quarks are parametrically heavier. The value of the glueball

mass is close to the one of pure gauge theories. Lattice results for pure glue SUp3q theories

show that the 0`` state is the lightest with mass m0`` „ 7ΛDC, see for example [256]. Similar

values are found for SUpNDCq with different number of colors. The gluequark is expected to

be the lightest state made of quarks, with a mass Mχ „ MQ. Other states made of more dark

quarks (collectively denoted as mesons) quickly decay to final states comprising glueballs and

gluequarks, depending on their dark parity.

The gluequark lifetime can be accurately estimated by computing the decay of its constituent

heavy quark, similarly to spectator calculations for heavy mesons in QCD. In the minimal blocks

where the dark parity-violating operator has dimension 6 the main decay channel for the lightest

gluequark χ0 is χ0 Ñ hν ` nΦ (where Φ indicates a glueball and n ě 1). In the V model of

Table 5.1 with three dark flavors transforming as an EW triplet, the dim-6 operator

g2
UV

Λ2
UV

`

Hc:σi`GµνσµνQi ` h.c.
˘

induces the decay of the gluequark with inverse lifetime

1

τpχ0q
»

g4
UV

4096π3

M5
Q

Λ4
UV

» 10´28g4
UV

ˆ

MQ

100 TeV

˙5 ˆ
1018 GeV

ΛUV

˙4

s´1 . (5.4)

Similar results apply for the N and T ‘ T̄ minimal blocks.

Glueballs can decay to SM particles through loops of dark quarks. In particular, since the

latter are assumed to have electroweak charges, glueballs can always decay to photons through

dimension-8 operators of the form GµνGµνWαβW
αβ generated at the scale MQ. For all the

minimal models in Table 5.1 this is the lowest-dimensional operator which induces glueball

decay. The partial width into photons is determined to be [257,225] 3

ΓpΦ Ñ γγq » 0.7 s´1

ˆ

NDC

3

˙2 ˆ
MΦ

500 GeV

˙9 ˆ
100 TeV

MQ

˙8

. (5.5)

3To derive this and the following decay rates we used the value of the matrix element x0|GµνGµν |Φy computed
on the lattice for SUp3q, see Ref. e.g. [258].
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When phase space allows, the decay channels Zγ, W`W´ and ZZ open up producing one order-

of-magnitude smaller lifetime. Relatively long-lived glueballs, as implied by the estimate (5.5),

are subject to cosmological and astrophysical constraints as discussed in section 5.4.

Models with Yukawa couplings to the Higgs doublet can be obtained combining minimal

blocks. In this case 1-loop radiative effects at the scale MQ generate the dimension-6 effective

operator |H|2G2
µν , inducing a much shorter lifetime. If their mass is high enough, MΦ ą 2mh,

glueballs predominantly decay to two Higgs bosons with a decay width

ΓpΦ Ñ hhq » 1012 s´1

ˆ

NDC

3

˙2
´y1y2

0.1

¯2
ˆ

MΦ

500 GeV

˙5 ˆ
100 TeV

M̄Q

˙4

, (5.6)

where M̄Q “ pMQ1MQ2q
1{2, and y1,2, MQ1,2 are respectively the Yukawa couplings and masses

of the dark quarks circulating in the loop. Lighter glueballs can decay through the mixing with

the Higgs boson; as for the Higgs, the dominant channel for MΦ ă 150 GeV is that into bottom

quarks, with a corresponding partial width 4

ΓpΦ Ñ bb̄q » 3 ¨ 107 s´1

ˆ

NDC

3

˙2
´y1y2

0.1

¯2
ˆ

MΦ

50 GeV

˙7 ˆ
10 TeV

M̄Q

˙4

. (5.7)

Light quark regime: If dark quarks are lighter than ΛDC, the physical spectrum is radically

different and one expects spontaneous breaking of the global SUpNf q symmetry down to SOpNf q.

The lightest states are thus the (pseudo) Nambu-Goldstone bosons ϕ, while the DM candidate

is the gluequark, accidentally stable and with a mass of the order of the confinement scale ΛDC.

As discussed in section 5.3, and similarly to the baryonic DM theories of Ref. [178], reproducing

the correct DM relic density in this regime fixes ΛDC „ 50 TeV. The NGBs with SM quantum

numbers get a mass from 1-loop electroweak corrections, which is predicted to be Op10 TeVq for

the value of ΛDC of interest. Besides such a radiative correction, the quark mass term breaks

explicitly the SUpNf q global symmetry and gives an additional contribution. Including both

effects, the NGB mass squared is given by

m2
ϕ “ c0MQΛDC ` c1

3α2

4π
IpI ` 1qΛ2

DC , (5.8)

where I is the weak isospin of the NGB and c0,1 are Op1q coefficients.

For fermions in the adjoint representations, only models with Nf ă 5 light quarks can be

in the regime MQ ă ΛDC, since those with more fermions are either IR conformal or IR free.

Therefore, among the minimal blocks of Table 5.1 only two are compatible with the light quark

regime, i.e. the V model and the L ‘ L̄ model. The V model has a global symmetry breaking

SUp3q Ñ SOp3q which leads to five NGBs transforming as an electroweak quintuplet. In the

L‘L̄ model one has SUp4q Ñ SOp4q and nine NGBs transforming as 3˘, 30 of SUp2qEWˆUp1qY .

4The scaling ΓpΦ Ñ bb̄q „ M7
Φ is approximately correct for MΦ ! mh, though eq. (5.7) is a good numerical

estimate for mh „MΦ ă 150 GeV as well.
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The limit of very small quark masses, MQΛDC ! m2
ϕ, is experimentally interesting, since

NGBs have predictable masses. In general, the lightest NGBs decay to SM final states through

anomalies or Yukawa couplings, as in the case of the V model. In some cases, however, some of

the NGBs are accidentally stable due to unbroken symmetries of the renormalizable Lagrangian.

An explicit violation of such accidental symmetries is expected to arise from higher-dimensional

operators, possibly resulting into long-lived particles. An example of this kind is given by the

L‘ L̄ model, where NGBs made of LL or L̄L̄ constituents have Up1q number ˘2 and are stable

at the renormalizable level, see Appendix I.

Since we assumed the dark quarks to transform as real or vectorlike representations under

the SM gauge group, the fermion condensate responsible for the global symmetry breaking

in the dark sector can be aligned along an (SUp2qL ˆ Up1qY )-preserving direction (in non-

minimal models, Yukawa interactions can generate a vacuum misalignment leading to Higgs

partial compositeness, see [259,231]). As the strong dynamics preserves the EW gauge symmetry

of the SM, it also affects electroweak precision observables through suppressed corrections which

are easily compatible with current constraints for sufficiently high values of ΛDC, as required to

reproduce the DM relic abundance [260,58,261].

Besides the NGBs, the physical spectrum comprises additional bound states with mass of

order ΛDC. These include the gluequarks, which are expected to be the lightest states with odd

dark parity, and mesons (i.e. bound states made of more than one dark quark) 5. Except for the

lightest gluequark, which is cosmologically stable, all the other states promptly decay to final

states comprising NGBs and gluequarks, depending on their dark parity. In the minimal blocks

where dark parity is broken by the dimension-6 operator `HGµνσµνQ, the most important decay

channels of the gluequark are χ0 Ñ hν and χ0 Ñ hν ` ϕ. The two-body decay dominates at

large-NDC and gives a lifetime of order

1

τpχ0q
„
g4
UV

8π

M3
χf

2
χ

Λ4
UV

“ 4ˆ10´26g4
UV

„

Mχ

100 TeV

3 „
fχ

25 TeV

2 „
1018 GeV

ΛUV

4

s´1 (5.9)

where fχ is the decay constant of the gluequark 6.

To summarize our discussion on models, Table 5.1 reports the minimal blocks which have

a potentially viable DM candidate and a sufficiently high cut-off, above 1015 GeV, as required

for SM Grand Unification and to suppress the DM decay rate. In particular, the requirement

on the absence of Landau poles restricts the list of possible models to a few candidates. As

mentioned before, the case of the singlet was studied already in the literature [240, 241], and

5The existence of stable baryons in theories with adjoint fermions was investigated in Refs. [262, 263], where
stable skyrmion solutions were identified and conjectured to correspond to composite states with mass of OpN2

DCq,
interpolated from the vacuum by non-local operators. We will not include these hypothetical states in our analysis.
In the light quark regime they are expected to annihilate with a geometric cross section and contribute a fraction
of DM relic density comparable to that of the gluequarks.

6This has been defined by x0|GµνσµνQ|χpp, rqy “ fχMχurppq, and scales as fχ „ MχpNDC{4πq in the large-
NDC limit.
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it will not be considered further in our study. We find that in all the other minimal blocks of

Table 5.1 the SUp3qc ˆ SUp2qL ˆ Up1qY gauge couplings unify with much lower precision than

in the SM. Making the dark sector quantitatively compatible with SM Grand Unification thus

requires extending these minimal blocks by including additional matter fields. Also, it would be

interesting to explore the possibility of unifying both the visible and dark gauge couplings. We

leave this study to a future work.

In the next sections we will discuss the thermal history of the Universe and try to estimate the

DM relic density: section 3 explains the general mechanisms at work and is largely independent

of the details of the models; section 4 gives a concrete example, adopting as a benchmark the V

model of Table 5.1, i.e. the minimal block with an SUp2qL triplet. For a discussion of the L‘ L̄

model see Appendix I.

5.2 Cosmological History

The Universe undergoes different thermal histories in the light and heavy quark regimes. We first

give a brief overview of such evolution, followed by a more detailed discussion with quantitative

estimates.

In the light quark regime the thermal history is relatively simple and similar to that de-

scribed for baryonic DM in Ref. [178]. Dark color confines when dark quarks are relativistic

and in thermal equilibrium. After confinement the gluequarks annihilate into NGBs with a

non-perturbative cross section σvrel „ π{Λ2
DC, while glueballs are heavy and unstable. At tem-

peratures T „ Mχ{25 the annihilation processes freeze out and the gluequarks start behaving

as ordinary thermal relics.

In the heavy quark regime the thermal history is more complex and characterized by three

different stages. Before confinement (T Á ΛDC), free dark quarks annihilate into dark gluons and

undergo perturbative freeze-out at T „ MQ{25 (see section 5.2.1). At confinement (T „ ΛDC),

the vast majority of the remaining dark quarks hadronizes into gluequarks, while the plasma

of dark gluons is converted into a thermal bath of non-relativistic glueballs. The formation of

mesons is suppressed by the low density of dark quarks compared to the ambient dark gluons.

Glueballs overclose the Universe if they are cosmologically stable, therefore we consider the region

of the parameter space where their lifetime is sufficiently short. As first pointed out in [264–266],

and recently reconsidered in [267–269], decays of non-relativistic particles with a large and non-

thermal energy density – like the glueballs – can modify the standard relation between the scale

factor and the temperature during the cosmological evolution. If the glueballs are sufficiently

long lived and dominate the energy density of the Universe at some stage of the cosmological

evolution, the standard scaling a ∝ T´1 is modified into a ∝ T´8{3. During this early epoch

of matter domination, the Universe expands faster than in the radiation-dominated era, leading

to an enhanced dilution of the DM relic density (see section 5.2.2). Finally, interactions among
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gluequarks can lead to a second stage of DM annihilation through the process

χ` χÑ QQ˚ ` Φ{V

ëQQÑ SM
(5.10)

where QQ˚ is an excited bound state of dark quarks and V stands for a SM vector boson

or possibly a Higgs boson in models with Yukawa interactions. An analogous mechanism was

first discussed in Ref. [98, 101, 201] and more recently by Ref. [187, 57, 105]. The process (5.10)

proceeds in two steps. Initially, an excited bound state QQ˚ with size Op1{ΛDCq is formed by a

collision of two χ’s through a recombination of the constituent heavy quarks. This is similar to

what happens for example in hydrogen anti-hydrogen scattering [197]. As a consequence of the

large size of the gluequark (see the discussion in section 5.2.3), the corresponding recombination

cross section is expected to be large σrec « π{Λ2
DC. Once formed, the QQ˚ can either decay

(QQ˚ Ñ QQ ` V Ñ SM) or be dissociated back into two gluequarks by interactions with the

SM and glueball baths (Φ{V `QQ Ñ χ ` χ). A naive estimate shows that the latter process

typically dominates. This is because the largest contribution to the total cross section comes

from scatterings with large impact parameters, b „ 1{ΛDC, in which the QQ˚ is produced with

a large angular momentum, ` „MQvb. Bound states with ` " 1 take more time to de-excite to

lower states, and dissociation can happen before they reach the ground state. The annihilation of

gluequarks through recombination is therefore inefficient as long as the glueball bath is present.

Only when the glueballs decay away, a second stage of DM annihilation can take place through

the process (5.10).

5.2.1 Thermal freeze-out

Thermal freeze-out is the first (only) phase of the cosmological evolution in the regime with

heavy (light) quarks. In this stage the number density of free dark quarks (for MQ ą ΛDC) or of

gluequarks (for MQ ă ΛDC) is reduced until it becomes so low that chemical equilibrium is no

longer attained and freeze-out takes place. The number density at freeze-out is approximately

given by

npTf.o.q »
HpTf.o.q

xσannvrely
, (5.11)

where H is the Hubble parameter, and afterwards it is diluted by the Universe expansion.

In the heavy quark regime, free dark quarks annihilate with a perturbative cross section into

dark gluons and into pairs of SM particles (vector bosons, Higgs bosons and fermions). The

freeze-out temperature is of order Tf.o. «MQ{25. A general expression for the annihilation cross

section is reported in Appendix G, see eq. (G.2). For the V model with NDC “ 3 analysed in

the next section, the annihilation cross section into dark gluons and SM fields is

xσannvrely “
πα2

DC

M2
Q

ˆ

27

96
`

1

8

ˆ

1`
25

12

˙

α2
2

α2
DC

`
1

2

α2

αDC

˙ˆ

1

6
S3 `

1

3
S3{2 `

1

2
S´1

˙

, (5.12)
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neglecting the mass of final states. The term from annihilation into SM particles separately

shows the contribution of vectors and fermions plus longitudinal gauge bosons.

Terms in the second parenthesis encode the Sommerfeld enhancement from dark gluon ex-

change: S3, S3{2, S´1 refer respectively to the 1, 8 and 27 color channels and are given by [71,55]

Sn “
αDC

vrel

2πn

1´ e´2πnαDC{vrel
. (5.13)

In the light quark regime gluequarks annihilate into NGBs with a cross section that is ex-

pected to scale naively as

xσannvrely „
π

Λ2
DC

, (5.14)

in analogy with nucleon-nucleon scattering in QCD [270]. Nambu-Goldstone bosons are unstable

and later decay into SM particles.

5.2.2 Dilution

As well known, the number density of DM particles today is related to the number density at

freeze-out by

nDMpT0q “ nDMpT f.oq

ˆ

a f.o.

a0

˙3

. (5.15)

This relation is usually rewritten in terms of temperatures assuming that between freeze-out and

today the standard scaling a ∝ T´1 holds. However, the validity of the standard scaling relies

upon the assumption that entropy is conserved in the SM sector, i.e. that no energy is injected

into the SM plasma. In presence of large entropy injection one can have an epoch during which

a grows faster than a ∝ T´1. In this case the relation between nDMpT0q and nDMpTf.oq is given

by:

nDMpT0q “ nDMpT f.oq

ˆ

T0

T f.o.

˙3 ˆ
a pTiq

a pTf q

Ti
Tf

˙3

, (5.16)

where Ti and Tf defines the temperature interval during which the non-standard scaling holds

(see Fig. 5.2). The last term in parenthesis accounts for the suppression with respect to the

naive relict density which would be obtained using the standard scaling. In the following we will

show that late-time decays of dark glueballs can give rise to a non-standard scaling of the form

a ∝ T´α with α ą 1. The corresponding suppression factor thus reads:

F ”
ˆ

a pTiq

a pTf q

Ti
Tf

˙3

“

ˆ

Tf
Ti

˙3α´3

. (5.17)

After dark color confinement, the energy density of the Universe can be divided into a

relativistic component, ρR, containing all the SM relativistic particles, and a non-relativistic

one, ρM , containing all the dark-sector long-lived degrees of freedom (i.e. dark glueballs and

gluequarks). In particular, the energy density of glueballs at confinement is much larger than
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Figure 5.2: Left: Sketch of the non-standard apT q scaling. Values of α ą 1 in eq.(5.17) imply a
scale factor at freeze-out, af.o., smaller than the one obtained from a standard cosmology, ãf.o..
This in turn leads to a suppression of the relic density by a factor paf.o.{ãf.o.q

3 “ pTf{Tiq
3α´3.

Right: Scaling obtained by solving numerically (5.18) and (5.19) for MQ “ 100 TeV and Tdc “
ΛDC “ 10 GeV. There exists an epoch during which the apT q scaling is very well approximated
by a power law a ∝ T´α with α “ 8{3.

the corresponding thermal energy density for a non-relativistic species, and this can lead to an

early epoch of matter domination. Neglecting the subleading contribution of gluequarks to ρM ,

the evolution of ρM,R is governed by 7

#

9ρM “´ 3HρM ´ ΓΦ ρM

9ρR “´ 4HρR ` ΓΦ ρM
(5.18)

where ΓΦ is the glueball decay rate and the Hubble parameter H is given by the Friedmann

equation:

H2
“

8πG

3
pρR ` ρMq . (5.19)

Since in the relevant region of the parameter space the dark and SM sectors are in thermal

equilibrium at dark confinement, the initial conditions at T “ Tdc « ΛDC are given by

ρMpTdcq “ ξ ρRpTdcq with ξ ”
gDpTdcq

g˚pTdcq
, (5.20)

where gDpT q and g˚pT q count the number of relativistic degrees of freedom in the dark and SM

sector respectively. Furthermore, assuming that the decay products thermalize fast enough, the

7Here we omit the contribution of glueball annihilations into SM vector bosons to the evolution of ρM,R. This
contribution is negligible in the region of the parameter space where dilution is sizeable. Both the rate of glueball
annihilation at temperatures of order ΛDC and the glueball decay rate scale as Λ9

DC{M
8
Q, so that the former,

similarly to the latter, is expected to be smaller than Hubble when dilution is relevant. We have checked this
naive expectation by verifying that after confinement the estimated annihilation rate is smaller than Hubble on
branch 1 of Fig. 5.4.
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temperature of the Universe below Tdc is related to the relativistic energy density by:

ρR ”
π2

30
g˚ T

4
pT ă Tdcq . (5.21)

The evolution during the early matter-dominated epoch, if the latter exists, can be described

by solving analytically eq. (5.18) at leading order in ρR{ρM for cosmic times t ! 1{ΓΦ [268]:

ρM “ ρ̄M

´ ā

a

¯3

e´ΓΦpt´t̄q (5.22a)

ρR » ρ̄R

´ ā

a

¯4

`
2

5

c

3

8π
ΓΦMPl ρ̄

1{2
M

„

´ ā

a

¯3{2

´

´ ā

a

¯4


. (5.22b)

Here ρ̄M,R and ā denote the initial conditions at some time t̄ much after the beginning of

the matter-dominated epoch. The relativistic energy density is given by the sum of ρ̄R (first

term in eq.(5.22b)), diluted as a´4, and the energy injected by glueball decays (second term

in eq.(5.22b)), diluted as „ a´3{2. Initially the first term dominates and the standard scaling

a ∝ T´1 is obtained; as long as the glueball lifetime is long enough, the second term will start

to dominate at some temperature Ti, implying a non-standard scaling a ∝ T´8{3 (see Fig. 5.2).

The value of Ti can be found by equating the first and second terms of eq.(5.22b) and by using

eqs.(5.19),(5.20):

Ti » Tdc ξ ˆ

„

ΓΦMPl

4.15
?
g˚ T 2

dc ξ
2 ` ΓΦMPl

2{5

. (5.23)

The non-standard scaling ends when almost all the glueballs are decayed, i.e. around pt´ tdcq „

Γ´1
Φ , where tdc is the time at dark confinement. Using eqs. (5.19) and (5.20), one can translate

this condition in terms of a temperature finding:

Tf »
a

MPlΓΦ . (5.24)

From eq.(5.17) it follows that late-time decays of glueballs dilute the naive relic density by a

factor

F “
ˆ

Tf
Ti

˙5

“
0.28

g
5{4
˚

M
5{2
Pl Γ

5{2
Φ

T 5
dc ξ

5

ˆ

4.15
?
g˚ T

2
dc ξ

2 ` ΓΦMPl

ΓΦMPl

˙2

, (5.25)

where Op1q numerical factors omitted in eq.(5.24) have been included. When the glueballs are

sufficiently long lived to give a sizeable dilution, the second term in the numerator inside the

parenthesis of eq.(5.25) can be neglected and F is very well approximated by:

F » 4.82

g
1{4
˚

?
MPlΓΦ

Tdc ξ
. (5.26)

While the analytic formulas (5.22b)-(5.26) turn out to be quite accurate, in our estimate of the

relic density performed in section 5.3 we will solve eq. (5.18) numerically without making any
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Figure 5.3: Cartoon of the re-annihilation processes occurring after dark confinement. First, free
quarks combine into color singlets gluequarks. Next, fast collisions form excited QQ˚ states that
at sufficiently low temperatures fall into the ground state and decay.

approximation.

5.2.3 Reannihilation

At T “ Tdc „ ΛDC the theory confines and the dark degrees of freedom reorganize into singlets

of dark color. In the heavy quark regime, the number density of gluons is much larger than the

one of fermions and the vast majority of free quarks Q hadronize into gluequarks. These can

then collide and recombine in excited QQ˚ states by emitting an electroweak gauge boson (or

a Higgs boson in theories with Yukawa couplings) or a glueball when kinematically allowed, see

eq. (5.10). The process goes through a recombination of the constituent heavy quarks, while the

direct annihilation of these latter has a small and perturbative rate. Given that gluequarks have

a size of order 1{ΛDC, one expects naively a recombination cross section of order σrec „ 1{Λ2
DC.

This value can in fact be reduced by kinematic constraints and the actual total cross section

depends ultimately on the temperature at which the process takes place. A detailed discussion

and estimates for the recombination cross section are given in Appendix H.

Once formed, QQ˚ states with mass MpQQ˚q ą 2MQ will promptly decay back to two

gluequarks. Lighter states, on the other hand, can either de-excite and thus decay into SM

particles through the emission of a SM vector boson or a glueball (QQ˚ Ñ QQ` V {Φ Ñ SM),

or be dissociated by interactions with the glueball and SM plasmas (Φ{V `QQ˚ Ñ χ` χ), see

Fig. 5.3.

If de-excitation occurs faster than dissociation, a second era of efficient DM annihilation

can take place, reducing the gluequark number density. While re-annihilation processes can be

active over a long cosmological time interval, it is the last stage during which the re-annihilation

cross section gets its largest value σrea that is most important to determine the final gluequark

density. This last stage happens relatively quickly and can be characterized by a re-annihilation

temperature TR. The exact value of TR depends on the rate of dissociation and is difficult to
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estimate. The largest uncertainties arise from the calculation of the de-excitation rate, which can

vary over several orders of magnitude. We performed a thorough analysis taking into account

the many dynamical ingredients which play a role in determining both the re-annihilation cross

section and temperature. A detailed account is reported in Appendix H. We find that, under

the most reasonable assumptions, dissociation of the most excited QQ˚ states occurs faster

than de-excitation, as long as the glueball bath originating from dark gluons confinement is

present; therefore, the re-annihilation temperature is approximately equal to the one at which

glueballs decay (TR « TD). Besides this most probable scenario, in the following we will also

consider the other extreme possibility where re-annihilation occurs right after confinement (TR “

ΛDC). The comparison between these two opposite scenarios will account for the theoretical

uncertainties intrinsic to the determination of the non-perturbative dynamics characterizing our

DM candidate.

In both benchmark scenarios considered above the last stage of the re-annihilation epoch

occurs while entropy is conserved in the Universe and can thus be described by a set of standard

Boltzmann equations given in eq. (H.1). They reduce to a single equation for sufficiently large

de-excitation or glueball decay rates. This reads

dYχ
dz

“ ´
sxσreavy

Hz
Y 2
χ , (5.27)

where z “ MQ{T , Yχ ” nχ{s and s is the entropy density of the Universe. The equilibrium

term can be neglected since TR ď ΛDC !MQ. Assuming a re-annihilation cross section which is

constant and velocity independent 8, eq. (5.27) can be easily integrated analytically; one obtains

(for T ă TR)

YχpT q
´1
“ YχpTRq

´1
`

2

3

´sσreav

H

¯

TR

«

1´

ˆ

T

TR

˙3{2
ff

. (5.28)

Late-time annihilation significantly affects the gluequark relic density when the second term in

the above equation dominates, i.e. roughly when

nχσreav " H at T “ TR , (5.29)

in agreement with a naive expectation. When condition (5.29) is met, any dependence from the

previous stages of cosmological evolution, encoded in YχpTRq, is washed out and the asymptotic

value of the relic density is set only by re-annihilation. For temperatures T sufficiently smaller

than TR (but higher than a possible subsequent period of dilution, in the case TR „ ΛDC),

eq.(5.28) can be recast in terms of the gluequark relic density as follows:

nχpT q » 1.4
pMQTRq

3{2

MQMPl

gSMpT q
1{2

σrea

ˆ

T

TR

˙3

for T ! TR . (5.30)

8As explained in Appendix H, the last stage of re-annihilation can be effectively described by a constant cross
section; the latter turns out to be also velocity independent in the relevant region of the parameter space of our
theories.
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Figure 5.4: On the black solid line Ωχ “ ΩDM. We also report (dashed line) the isocurve
Ωχ “ ΩDM for the case where re-annihilation is not considered. The numbers indicate the three
thermal histories described in the text. In the yellow region the glueballs are either stable or have
a lifetime bigger than 1 s. In the first case they will over-close the Universe while in the latter
they will spoil BBN, both cases are therefore forbidden. The blue region is ruled out by indirect
searches, namely modifications of the CMB power spectrum, 21-cm line observables and indirect
detection (see section 5.4.3).

5.3 Estimate of the Relic density

The cosmological evolution of gluequarks is determined by the interplay of the mechanisms

described in the previous section and depends on the two fundamental parameters MQ and ΛDC.

For each point in the plane pΛDC,MQq one can thus in principle reconstruct the thermal history

of the Universe and compute the DM abundance Ωχ. In this section we will sketch the different

possible thermal histories and give an estimate for Ωχ. As a reference model we consider the

minimal module with a triplet of SUp2qL (see Table 5.1). We will assume the theory to be

outside its conformal window, so that the regime of light dark quarks is well defined. We will

discuss at the end how the picture changes for different SM representations and when the theory

is in the conformal window or is not asymptotically free.

We will try to quantify the large uncertainties that arise in the determination of the cos-

mological evolution and of the relic density as a consequence of the non-perturbative nature of

the processes involved. As anticipated in section 5.2.3, one of the largest uncertainties comes

from the identification of the re-annihilation temperature TR. We will consider the two pre-

viously discussed benchmarks: TR “ TD, the most plausible one according to our estimates,

and TR “ Tdc. We reconstruct for each of them the different possible cosmological evolutions

obtained by varying MQ and ΛDC. Our estimate of the DM abundance for both benchmarks is

reported in Fig. 5.4, where we show the isocurve Ωχh
2 “ 0.119 reproducing the experimentally

observed density.
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Let us consider first the case TR “ TD. There are three possible thermal histories that can

be realized (they are correspondingly indicated in the left plot of Fig. 5.4):

1. For very large MQ{ΛDC the Universe undergoes a first perturbative freeze-out at Tf.o. „

MQ{25, then dark confinement occurs at T „ ΛDC followed by an epoch of dilution between

Ti and Tf “ TD “ TR
9. Glueballs decay at T À TD, and the number density of gluequarks

is too small, as a consequence of the dilution, to ignite a phase of non-perturbative re-

annihilation. The DM density is therefore given by

ΩDM »
npTf.o.qMχ

ρcrit

ˆ

T0

Tf.o.

˙3

F , (5.31)

where the number density at freeze-out is estimated by solving the Boltzmann equations

numerically and approximately given by eq. (5.11). By using the dilution factor reported

in eq. (5.26), setting Mχ “ MQ, Tf.o. “ MQ{25, and Tdc “ ΛDC as indicated by lattice

studies [271], one obtains

ΩDMh
2
„ 0.1

ˆ

0.1

αDC

˙2 ˆ
ΛDC

TeV

˙3{2 ˆ
100 ΛDC

MQ

˙2

, (5.32)

which describes well the slope of the upper part of the relic density isocurve in the left

panel of Fig. 5.4. Because of the extreme dilution happening during the early epoch of

matter domination, the experimental DM abundance is reproduced in this case for very

large DM masses, of order of hundreds of TeV or more, above the naive unitarity bound.

2. For smaller values of MQ{ΛDC (but still with MQ{ΛDC Á 25), the dilution between Tf.o.

and TD is not enough to prevent re-annihilation (i.e. condition (5.29) is met). The latter

thus occurs at T » TD, washing out any dependence of Ωχ from the previous stages of

cosmological evolution; the corresponding DM relic density is

ΩDM »
nχpT̄ qMχ

ρcrit

ˆ

T0

T̄

˙3

for T0 ă T̄ ! TR. (5.33)

The first factor corresponds to the gluequark energy density at the end of the re-annihilation

(given by eq.(5.30)), and the second one encodes the standard dilution due to the Universe

expansion. We evaluate the re-annihilation cross section by using the semiclassical model

described in Appendix H.1; this gives

σmodelrea “
4π

Λ2
DC

rεΦpΛDC,MQ, TRq ` α2 εV pΛDC,MQ, TRqs . (5.34)

The parameters εΦ and εV are smaller than 1 and encode the suppression from energy

9Here we are implicitly assuming that the re-heating temperature at the end of inflation is larger than MQ,
so that the number density of dark quarks after the perturbative freeze-out is thermal.
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and angular momentum conservation respectively for the recombination processes χχ Ñ

QQ˚`Φ and χχÑ QQ˚`V . While eq.(5.34) is the result of a rather sophisticated analysis

of the re-annihilation dynamics and represents our best estimate for σrea, it is subject to

large theoretical uncertainties, as discussed in Appendix H.1. We thus also consider the

extreme situation where the re-annihilation cross section is always large and saturated by

its geometric value

σgeorea “
4π

Λ2
DC

. (5.35)

Varying σrea between the values in eqs.(5.34) and (5.35) will quantify the uncertainty on

nχpT̄ q. By using eq.(5.30) and setting Mχ “MQ and TR “ TD „
?
MPlΓΦ, eq. (5.33) takes

the form:

ΩDMh
2
„ 0.1

ˆ

ΛDC

GeV

˙11{4 ˆ
MQ

1000 ΛDC

˙15{2
4π{Λ2

DC

σreapMQ,ΛDCq
. (5.36)

This formula describes the intermediate part of the isocurve in the left plot of Fig. 5.4.

Initially (i.e. for 150 GeV À ΛDC À 800 GeV) the re-annihilation is dominated by the

process χχ Ñ QQ˚ ` Φ and εΦ » 1; in this case the last factor in (5.36) can be well

approximated with 1 (the electroweak contribution to σmodelrea is small) and the estimated

uncertainty on the gluequark relic density is negligible. For larger ΛDC re-annihilation

into QQ˚ plus a glueball becomes kinematically forbidden in our semiclassical model, and

εΦ quickly drops to zero (see Appendix H.1). In this region εV » 1{10 and varying σrea

between σmodelrea and σgeorea spans the gray region. The extension of the latter quantifies the

uncertainty of our estimate of the relic density.

3. When MQ{ΛDC ď 25, the perturbative freeze-out does not take place. If MQ is bigger than

ΛDC, then the Universe undergoes a first epoch of annihilation of dark quarks for T ÁMQ,

followed after confinement by the annihilation of gluequarks, until thermal freeze-out of

these latter occurs at T » Mχ{25. If MQ ă ΛDC, on the other hand, the theory is in

its light quark regime and the only epoch of annihilation is that of gluequarks after dark

confinement, again ending with a freeze-out at T » Mχ{25. Afterwards nχ is diluted by

the Universe expansion without any enhancement from the decay of glueballs (these are

too short lived to give an early stage of matter domination). The expression for the DM

relic density is formally the same as in eq.(5.31) with F “ 1. Setting Tf.o. “ Mχ{25, one

obtains

ΩDMh
2
« 0.1

4π{Λ2
DC

σann

ˆ

ΛDC

100TeV

˙2

. (5.37)

For 1 À MQ{ΛDC À 25 the non-perturbative annihilation of gluequarks proceeds through

the same recombination processes of eq.(5.10). According to the model of Appendix H.1,

only the final state with a vector boson is kinematically allowed, and εV » α2{10. This

implies σann » pα2{10q 4π{Λ2
DC, so that the DM relic density turns out to be independent

of MQ. If instead the re-annihilation cross section is estimated by eq.(5.35), then by
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continuity with the previous cosmological evolution one must take σann » 4π{Λ2
DC, which

also corresponds to a relic density independent of MQ. Varying σann between these two

values gives the largest vertical portion of the gray region in the left plot of Fig. 5.4.

As soon as one enters the light quark regime, MQ ă ΛDC, the annihilation of gluequarks

proceeds through the direct annihilation of their constituents (the theory at MQ is non-

perturbative) with a cross section σann “ 4πc{Λ2
DC, where c is an order 1 coefficient. We

vary 1{5 ă c ă 1 to quantify the uncertainty in this last non-perturbative process. We

thus obtain the narrower vertical portion of the gray region in the left plot of Fig. 5.4,

which extends down to arbitrarily small MQ. The observed relic density in this regime

is reproduced for ΛDC » 50 TeV, similarly to the light quark regime in baryonic DM

models [178].

Let us turn to the case TR “ Tdc “ ΛDC. As for TR “ TD one can identify three possible

thermal histories (correspondingly indicated in the right panel of Fig. 5.4):

1. For MQ{ΛDC " 25 the Universe goes first through a perturbative freeze-out of dark quarks

at Tf.o. »MQ{25, then re-annihilation occurs right after confinement for T » ΛDC. Finally,

dilution takes place between Ti and the temperature of the glueball decay TD. The DM

relic density is given by the expression in eq.(5.33) times the dilution factor F . Numerically

one has

ΩDMh
2
» 5 ¨ 10´2 Λ4

DC

ξ M
5{2
Q

4π{Λ2
DC

σreapMQ,ΛDCq
. (5.38)

In this case, our semiclassical model estimates εΦ » 1{100 throughout the parameter space

of interest. By varying σrea between σmodelrea and σgeorea we thus obtain the upper portion of

the gray region in the right plot of Fig. 5.4.

2. For smaller MQ{ΛDC (but still with MQ{ΛDC ą 25), the glueballs are too short lived to

ignite the dilution, and the DM relic density is given by eq.(5.33). Setting TR “ ΛDC one

obtains

ΩDMh
2
» 10´10 ΛDCMQ

GeV2

ˆ

MQ

ΛDC

˙1{2
4π{Λ2

DC

σreapMQ,ΛDCq
. (5.39)

3. When MQ{ΛDC ă 25 the cosmological evolution of the Universe is the same as thermal

history 3 in the case TR “ TD. The DM relic density is given by eq.(5.37), corresponding

to the vertical gray regions of the right plot of Fig. 5.4.

The plots of Fig. 5.4 graphically summarize our estimate of the DM relic density including

the uncertainty from the value of TR (left vs right panel), and from the value of the cross sections

for gluequark re-annihilation and annihilation in the light-quark regime (gray region). Reducing

substantially the uncertainty on the re-annihilation process (both the cross section and the value

of TR) is not simple and would require a dedicated and in-depth study of the recombination and

de-excitation rates, and an extensive study of the system of Boltzmann equations, which is
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beyond the scope of the present work. An improved precision in the context of our semiclassical

model, on the other hand, could be obtained from a more accurate knowledge of the spectrum of

states in the strong sector, in particular of the masses of the glueball and gluequark; this can be

obtained through dedicated lattice simulations. Notice also that the plots of Fig. 5.4 have been

obtained by assuming a dark color gauge group SUp3q, for which the confinement temperature

Tdc and the non-perturbative matrix element relevant for the glueball decay rate are known from

lattices studies. Extending our results to other dark gauge groups would in general require to

determine these inputs with dedicated simulations, in absence of which there would be further

theoretical uncertainties (both in the estimate of the DM relic density, through the expression

of the dilution factor in eq. (5.26), and in the exclusion region from the glueball lifetime).

As a last remark we notice that the qualitative picture derived in this section is largely

independent of the details of the specific model. However, the quantitative results can change

significantly in models with Yukawa couplings, where the glueball lifetime is much shorter. In

particular, the exclusion region from the glueball lifetime moves further up left and branch 1,

where dilution occurs, becomes vertical (so that the relic density is uniquely fixed in terms of

ΛDC). Finally, models that, in the limit of zero quark masses, are infrared free or in the conformal

window are constrained to be in the regime MQ ą ΛDC.

5.4 Phenomenology and Experimental Constraints

In this section we outline the main phenomenological signatures for collider physics and cosmol-

ogy of the models with gluequark DM. In general, the phenomenology has analogies to the one

of baryonic DM studied in Refs. [178,58]. Given the large gluequark masses needed to reproduce

the DM relic density both in the light and heavy quark regimes, searches at colliders are not

promising, whereas cosmological observations provide interesting bounds.

5.4.1 Collider searches

The dark sector has a rich spectrum of states which, in principle, one would like to study at

colliders.

The lightest states in the spectrum, with mass given by eq.(5.8), are the NGBs from the

SUpNF q Ñ SOpNF q global symmetry breaking in the light quark regime. In the case of the V

model, the five NGBs form a multiplet with weak isospin 2, and one expects mϕ Á ΛDC{5. The

phenomenology of a quintuplet of NGBs was studied recently in Ref. [261]. These states are pair

produced at hadron collider in Drell-Yan processes through their electroweak interactions, and

decay to pairs of electroweak gauge bosons through the anomalous coupling

2NDC
?

3

α2
2

4π

ϕab
f
W a
µνW̃

b µν . (5.40)

A promising discovery channel studied by Ref. [261] is ppÑ ϕ0ϕ˘ Ñ 3γW˘; the doubly charged
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states decay into same-sign W pairs and are somewhat more challenging to see experimentally.

The LHC has an exclusion reach up to TeV masses, while a 100 TeV collider would test the

light quark scenario approximately up to 5 TeV. In this regime colliders could start probing the

thermal region.

The lightest states in the heavy quark regime are the glueballs. They couple to the SM only

through higher-dimensional operators, and are rather elusive at colliders. In models without

Yukawa couplings, where interactions with the SM occur through dimension-8 operators, the

production cross section via vector boson fusion (VBF) or in association with a SM vector boson

is too small to observe a signal in current or future colliders (for example, the VBF cross section

at a 100 TeV collider is of order σpppÑ Φ`jjq À 10´9 fb for MQ{ΛDC “ 10 and MΦ ą 500 GeV).

In models with Yukawa couplings the glueballs mix with the Higgs boson and production via

gluon-fusion becomes also possible. While this leads to larger cross sections, the corresponding

rate is too small to see a signal at the LHC and even high-intensity experiments like SHiP

can only probe light glueballs in a region of parameter space that is already excluded by EW

precision tests, as discussed in section 4.4.5.

Mesons can give interesting signatures in both light and heavy quark regimes. Bound states

made of a pair of dark quarks, QQ, can be singly produced through their EW interactions.

While the production of spin-0 mesons is suppressed since they couple to pairs of EW gauge

bosons, spin-1 resonances mix with the SM gauge bosons of equal quantum numbers and can

be produced via Drell-Yan processes. In the narrow width approximation the cross section for

resonant production can be conveniently written in terms of the decay partial widths as

σpppÑ QQq “
p2JQQ ` 1qDQQ

sMQQ

ÿ

P
CPPΓpQQÑ PPq , (5.41)

where DQQ is the dimension of the representation, JQQ the spin, P the parton producing the

resonance and CPP are the dimension-less parton luminosities.

In the heavy quark regime the QQ bound state is perturbative and its decay width can be

computed by modelling its potential with a Coulomb plus a linear term. For αDCMQ ą ΛDC the

decay width of the lowest-lying s-wave bound states scales as

ΓpQQÑ PPq „ DQQα
2
SMα

3
DCMQ , (5.42)

where α3
DC originates from the non-relativistic Coulombian wave-function. When αDCMQ ă ΛDC,

the effect of the linear term in the potential becomes important and eq.(5.42) gets modified; since

confinement enhances the value of the wave function at the origin, the width becomes larger in

this regime. Using the Coulombian approximation thus provides conservative bounds. Explicit

formulas for the rates were given in section 4.4.4 of the previous chapter. For example, in the

V model the decay width of the s-wave spin-1 QQ resonance (isospin 1 in light of the Majorana
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Figure 5.5: Left: ATLAS bounds on the cross section for the direct production of a spin-1 QQ
resonance decaying into muons and electrons [222]. Right: Estimated reach on gluequark pair
production obtained by recasting the limits of Ref. [272] from disappearing tracks searches at the
HL-LHC (red), the HE-LHC (green) and a 100 TeV collider (blue). The solid (dashed) lines
assume a 20% (500%) uncertainty on the background estimate.

.

nature of V ) into a left-handed fermion doublet is

Γpnq
`

QQJ“1
I“1 Ñ ff̄

˘

“ pN5
DC ´N

3
DCq

α2
2α

3
DC

24n3
MQ , (5.43)

where n refers to the radial quantum number. The tiny energy splitting between levels is

irrelevant at colliders and the total rate is dominated by the lowest-lying Coulombian ones. The

branching ratio into pairs of leptons is about 7% and the strongest bounds currently arise from

searches of spin-1 resonances at the LHC decaying into electrons and muons. We show the limits

in the left plot of Fig. 5.5 and find that the LHC excludes masses up to 2´ 3.5 TeV depending

on the ratio MQ{ΛDC (or equivalently on the value of αDCpMQq).

In the light quark regime the lightest spin-1 state is the ρ meson with mass Mρ „ ΛDC. The

widths scale as [273]

ΓpρÑ ϕϕq „
g2
˚

8π
Mρ

ΓpρÑ ff̄q „ α2
SM

ˆ

4π

g2
˚

˙

Mρ ,
(5.44)

where g˚ characterizes the interaction strength among bound states. For moderately large g˚,

as suggested by large-NDC counting g˚ „ 4π{
?
NDC , the decay into light NGBs dominates while

final states with leptons are suppressed. It thus follows a weaker bound than in the heavy quark

regime, as illustrated in Fig. 5.5 for g˚ “ 4.

Gluequarks can also be pair produced at colliders through their EW interactions. In the
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heavy quark regime the energy threshold is much higher than the confinement scale and quarks

are produced in free pairs. Because dark quarks are in the adjoint representation of dark color,

when they get separated by a distance of Op1{ΛDCq they hadronize producing color singlets

that fly through the detector. On the contrary, dark quarks in the fundamental representation

would not be able to escape, leading to quirks/hidden valley phenomenology [274,179,58]. The

phenomenology of the open production is then identical to the one of an elementary electroweak

multiplet except that the cross-section is enhanced by the multiplicity of the dark color adjoint

representation, i.e. N2
DC´1 for SUpNDCq. Such enhancement factor is not present for gluequark

pair production near threshold in the light quark regime. In general, an electroweak triplet

can be searched for in monojet and monophoton signals or disappearing tracks, the latter being

more constraining. We derived the reach of the high-luminosity LHC (HL-LHC), the high-energy

LHC (HE-LHC) and the proposed 100 TeV collider by recasting the results of Ref. [272] for the

V model in the heavy quark regime, see the right plot of Fig. 5.5. We find that the HL-LHC

could discover gluequark triplets up to „ 600 GeV while a 100 TeV collider could reach „ 7 TeV.

Such bounds are typically weaker than the ones from the production of QQ spin-1 resonances

decaying to leptons.

5.4.2 DM Direct Detection

From the point of view of DM direct detection experiments, where the momentum exchanged is

less than 100 KeV, the gluequark behaves as an elementary particle with the same electroweak

quantum numbers as the constituent quark. The main difference from elementary candidates

with same quantum numbers is that the relic abundance is not controlled by the electroweak

interaction, leading to a different thermal region.

For a triplet of SUp2q the spin-independent cross-section is σSI “ 1.0 ˆ 10´45 cm2, which is

below the neutrino floor for masses Mχ ą 15 TeV. For an SUp2q doublet tree-level Z-mediated

interactions induce a spin-independent cross section on nucleons σSI « 10´40 cm2, which is ruled

out for Mχ À 108 GeV [26]. Dark quark masses large enough to make the doublet model viable

can be obtained only in the scenario where TR “ ΛDC, while the scenario with TR “ TD is ruled

out (see Appendix I for more details).

5.4.3 DM Annihilation and Decay

After freeze-out, decays or residual annihilations of gluequarks can give rise to indirect detection

signals.

In the region of parameter space relevant for our purposes, annihilation processes set con-

straints on theories in the heavy quark regime, and we thus focus on that case to analyse them.

As discussed in section 5.2.3 (and more extensively in Appendix H), the annihilation can be

either direct (χχ Ñ nΦ{SM) or mediated by the formation of a QQ˚ bound state that sub-

sequently decays (χχ Ñ QQ˚ Ñ nΦ{SM). In the former case the annihilation cross section

is perturbative (see eq.(G.2)) and, given the relatively high mass of the gluequark, it does not
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lead to any interesting indirect detection signatures. The latter case, instead, because of the

enhanced annihilation cross section, could lead to an interesting phenomenology and it is worth

further study.

As discussed in section 5.2.3 and in Appendix H, for angular momenta ` " 1 the recombina-

tion cross section is of order σrea » ε 4π{Λ2
DC. However, given the small velocities relevant for

indirect searches (vrel „ 10´6
a

TeV{MQ at the CMB epoch and vrel „ 10´3 in our galaxy), the

angular momentum of the colliding particles ` „ MQvrel{ΛDC is of order unity in a large region

of the parameter space. In this case only s-wave processes take place and σreavrel rather than

σrea is constant. In this regime the value of the cross section is very uncertain, and we chose to

estimate it in terms of two benchmark scenarios (see Appendix H.1):

xσannvrely „

$

’

&

’

%

1

Λ2
DC

πR2
B «

π

pα2
DCM

2
Qq
.

(5.45)

Once formed, the QQ˚ bound states de-excite and in general decay into dark gluons, SM

gauge bosons or SM fermions. The branching ratios can be derived in terms of the perturbative

annihilation cross section of dark quarks into the corresponding final states, see eq.(G.2). In the

region of interest αDC ą α2 and one finds

BRpGGq „ 1`O
ˆ

α2

αDC

˙

, BRpWW {ΨΨq „
α2

2

α2
DC

, BRpZGq „
α2

αDC

, (5.46)

where G denotes a dark gluon. For the specific case of the V model, the tree-level decay into

SM fermions and ZG is forbidden (the χ0 has vanishing coupling to the Z) and use of eq.(G.2)

thus gives

xσvrelyχ0χ0ÑWW „ xσannvrely ˆ
6

27

α2

α2
DC

, (5.47)

where the last factor is from the branching ratio of QQ into WW .

Similarly to residual annihilations, decays of the gluequark could give rise to indirect signals.

The χ0 decays mostly to hν plus glueballs in the heavy quark regime, and to hν or hν ` ϕ in

the light quark regime (see eqs.(5.4),(5.9)). Both glueballs and NGBs in turn decay into SM

particles and ultimately the gluequark decay leads to the production of light SM species which

can be observed experimentally. Bounds can be avoided, on the other hand, if some mechanism

is at work that makes the χ0 absolutely stable or give it a much longer lifetime than the one

estimated in eq. (5.4) and (5.9).

Fig. 5.6 summarizes the constraints in the plane pΛDC,MQq that arise from experiments

probing DM decay and annihilation. The red exclusion regions from DM annihilation have been

derived for the two benchmark values of xσannvrely in eq. (H.2), while the blue ones from DM

decay were obtained by setting ΛUV {gUV “ M̄Pl “ 2.4 ˆ 1018 GeV and fχ “ 3ΛDC{p4πq when

evaluating τDM from eqs. (5.4),(5.9). Experimental bounds are given in terms of the DM mass
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Figure 5.6: Exclusion limits from experimental searches sensitive to the DM annihilation (red
regions) and decay (blue regions). The limits from DM annihilation respectively in the left and
right panels have been obtained by adopting the two benchmarks of eq. (H.2), while limits from
DM decay were derived by setting ΛUV {gUV “ M̄Pl “ 2.4ˆ1018 GeV and fχ “ 3ΛDC{p4πq in
eqs. (5.4),(5.9).

Mχ; in order to translate them into the pΛDC,MQq plane we set Mχ “ MQ in the heavy quark

regime and Mχ “ ΛDC in the light quark regime.

The constraints from DM annihilation are characterized by a large theoretical uncertainty, as

one can easily see by comparing the left and right panels in the figure. Resolving such uncertainty

would require a precise determination of the recombination cross section, which does not seem

an easy task in general and is beyond the scope of this work. Also the exclusion curve from

DM decay has a sizable theoretical uncertainty, which largely comes from the unknown relation

between Mχ and ΛDC in the light quark regime (needed to translate the experimental bounds

into the pΛDC,MQq plane), and from the absence of a calculation of the gluequark decay constant

(which controls the size of the DM decay rate and for which we were only able to give an order-

of-magnitude estimate). In this case, however, dedicated lattice simulations could determine

these quantities and thus drastically reduce the theoretical error on the blue exclusion curves.

The results of Fig. 5.6 stem from three classes of experiments, which are discussed in the

following.

Cosmic Rays Experiments

Given the large gluequark mass needed to reproduce the DM relic density in the heavy quark

regime, the strongest indirect detection bounds on DM annihilation come from the ANTARES

neutrino telescope [20], HESS [25] and the multi-messenger analysis made by the Fermi gamma-
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ray telescope and IceCube [275]. The bounds can be roughly summarized as follows 10:

xσannvrely À 10´7 GeV´2 (from ANTARES, HESS)

xσannvrely À 10´5 GeV´2 (from Fermi-ICeCube) .
(5.48)

Indirect searches also place bounds on the lifetime of heavy DM candidates. In the high-mass

range, Ice-Cube provides the most stringent bounds [15]. For Mχ “ p105 ˜ 107qGeV, they are

roughly given by

τpχ0
q Á 1026

ˆ

Mχ

100 TeV

˙3{2

s . (5.49)

CMB power spectrum

The energy released by gluequark annihilations and decays around the epoch of recombination

modifies the CMB power spectrum. This, similarly to indirect detection experiments, constrains

the lifetime and the annihilation rate of the DM. The annihilation cross section is constrained

to be smaller than [206]

xσannvrely À 10´8

ˆ

Mχ

100 GeV

˙

GeV´2 , (5.50)

while the limits on the DM lifetime are [12]

τ
`

χ0
˘

Á 1024 s . (5.51)

These bounds are slightly less stringent than the ones coming from indirect detection, but have

the advantage to be free from astrophysical uncertainties. They are provided for DM masses

up to 10 TeV, but are expected to be approximately mass-independent for masses above this

value [276]. The CMB bounds shown in Fig. 5.6 have been obtained under this assumption.

21 cm line

While CMB is sensitive to sources of energy injection at the epoch of recombination, the cosmic

21-cm spectrum is sensitive to sources of energy injection during the dark ages. The recent

observation of an absorption feature in this spectrum, if confirmed and in agreement with stan-

dard cosmology, can be used to put bounds on both the lifetime and the DM annihilation cross

section. Conservative limits can be derived by neglecting astrophysical heating sources; the one

on annihilation is of order [21, 17]:

xσannvrely À 10´5

ˆ

Mχ

10 TeV

˙

GeV´2, (5.52)

10Here and in eqs. (5.51),(5.53) we omit for simplicity the mild dependence that the bounds have on the DM
mass. The exclusion curves of Fig. 5.6 have been obtained by using the exact expressions without performing
such approximation.
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while the one on the DM lifetime is [18,17,13]

τ
`

χ0
˘

Á 1025 s. (5.53)

The latter is independent of astrophysical uncertainties on the distribution of DM.

As for the case of CMB, these bounds are provided up to Mχ “ 10 TeV and to obtain Fig. 5.6

we assumed that they are constant at higher masses. Differently from the previous case, however,

this assumption is not completely justified and further studies are needed to provide solid bounds

in the high-mass range [276].

5.4.4 Glueball lifetime

In the region of the parameter space that we consider, ΛDC Á GeV, glueballs with lifetime

larger than 1 s are excluded by a combination of bounds. Cosmologically stable glueballs have a

too large relic density and overclose the Universe. Long-lived glueballs, on the other hand, are

constrained by BBN observations [210] in the range 1 s ă τΦ ă 1012 s and by observations of the

diffuse gamma-ray spectrum [213] in the range 1012 s ă τΦ ă 1017 s.

These bounds constrain the high-mass region of the V model as shown in Fig. 5.4. Notice,

however, that they could be potentially relaxed if glueballs decay through dimension-6 operators

(generated for example in models with Yukawa couplings).

5.5 Summary

In this chapter we continued the systematic study of gauge theories with fermions in real or

vector-like representations, initiated in Ref. [178], where a DM candidate arises as an acci-

dentally stable bound state of the new dynamics. We considered in detail the gluequark DM

candidate, a bound state of adjoint fermions with a cloud of gluons, stable due to dark fermion

number. What makes this scenario special in the context of accidental DM is that the physical

size of DM, that controls the low-energy interactions, is determined by the dynamical scale of the

gauge theory independently of its mass. In the heavy quark regime the DM mass and size can

be vastly separated leading to an interesting interplay of elementary and composite dynamics.

In particular, cross sections much larger than the perturbative unitarity bound of elementary

particles can arise, modifying the thermal abundance and producing potentially observable sig-

nals in indirect detection experiments. Gluequarks display a rich and non-standard cosmological

history and could be as heavy as PeV if their abundance is set by thermal freeze-out.

Our estimates show that the observed DM density can be reproduced by gluequarks both in

the light and heavy quark regimes. The mass of the DM is of order 100 TeV or larger, which

makes the models difficult to be directly tested at present and future colliders. On the other

hand, indirect experiments sensitive to the decay and the annihilation of the DM are a power-

ful probes of gluequark theories. We found that these experiments can already set important

limits, excluding part of the curve which reproduces the observed DM density, depending on
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the value of the annihilation cross section and if the naive estimate for the gluequark decay

rate is assumed (see Fig. 5.6). This suggests that gluequark theories in the very heavy quark

regime require non-generic UV completions to ensure the accidental stability of the DM at the

level of dimension-6 operators. For example, the dark parity could be gauged in the UV (see

Appendix I), or its violation could be generated only by non-perturbative gravitational effects

in a weakly-coupled UV completion. Similar arguments are put forward also in the context of

axion models concerning the quality of the Peccei-Quinn symmetry, see [277]. Assuming that

an appropriate UV completion exists, gluequark models are interesting examples where the DM

density can be generated thermally after inflation by very heavy particles. This can be con-

trasted with other scenarios, such as Wimpzillas [278], where ultra heavy DM candidates are

never in thermal equilibrium.

The low-energy dynamics and the spectrum of gluequarks are non-perturbative and we were

only able to give rough estimates of various effects. In particular, in the heavy quark regime, the

quantitative estimate of the re-annihilation relevant for the thermal relic abundance and indirect

detection of DM is highly uncertain, as it depends on the details of the spectrum and on the

rates of non-perturbative transitions. A more firm conclusion would require a better knowledge

of the recombination cross sections and of the de-excitation rates of bound states, as well as

an extensive study of the system of Boltzmann equations. In the light-quark regime, a non-

perturbative calculation of the annihilation cross section would lead to a sharp prediction of the

dynamical scale of the dark sector. The precise knowledge of the spectrum of gluequarks, mesons

and pions would then give valuable information for indirect detection and collider studies.

In this chapter we studied gluequarks as thermal relic candidates and focused on the simplest,

minimal theories of Tab. 5.1. Investigating non-minimal models would be certainly interesting

and important under several aspects. For example, SM gauge couplings unify at high energies

with less precision in the minimal blocks of Tab. 5.1 than in the SM. Achieving precision uni-

fication thus necessarily requires extending the models to include additional matter with SM

quantum numbers. Furthermore, while the thermal relic abundance hints to a large DM mass,

this conclusion can be modified in more general gluequark theories where the DM is asymmetric

(this requires a larger accidental symmetry than dark parity) or where the DM abundance is

determined by the decay of unstable heavier states. These theories would have a smaller mass

gap and could be tested at the LHC and at future colliders. We leave an investigation along

these directions to a future work.



Chapter 6

Conclusions

The focus of this thesis has been on the study of bound states in the phenomenology of DM

models. We have considered both their model independent consequences in the context of a

thermally produced relic and their role as composite DM candidates. While a detailed discus-

sion of the results can be found in the concluding sections of Chapters 1, 2, 3, 4 and 5, here we

summarize again the most relevant results.

In the first part of the work we provided a formalism to include bound states effects in the

cosmological history of DM particles produced through thermal freeze-out. Compared to previ-

ous works on the subject, our results apply to both abelian and non-abelian gauge theories (both

in the perturbative, see Chapter 1, and non-perturbative regime, see Chapter 2). Moreover, in

our treatment the whole tower of bound states levels is included, providing a more precise com-

putation of the effect. This formalism is then applied to some benchmark DM candidates (such

as an electroweak triplet and quintuplet, and a neutralino co-annihilating with a colored part-

ner) finding that bound state effects can give order one corrections to the DM mass required to

reproduce the observed cosmological abundance. We also recast the bounds on long-lived relic

gluinos including non-perturbative bound states effects which reduce their cosmological abun-

dance by few orders of magnitude.

In the second part of the work, we considered scenarios where bound states do not only give

corrections to the cosmological history of the DM but they also provide a viable composite DM

candidate. This is either realized introducing new fermionic particles charged under QCD inter-

actions (see Chapter 3) or a whole new dark sector featuring new matter fields charged under a

new confining force (see Chapter 4 and 5).

Specifically, in the first scenario we extended the SM by adding a new Dirac fermion in the

adjoint representation of QCD and neutral under electroweak interactions, we dubbed this new

particle quorn. The DM candidate of the model is provided by the bound state of two quorn;

this state is indeed electrically neutral and colorless. However, the quorn can also form stable

hybrid states by binding with gluons or quark-antiquark pairs. These states have a large QCD-
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like cross section to be captured into normal nuclei, and therefore are subject to very stringent

experimental bounds. Because of this, to be successful the model should reproduce the observed

DM relic density with the one of quorn bound states and, at the same time, predict a highly

suppressed abundance of hybrid states. We showed that, thanks to post-confinement effects,

for a quorn mass around 12.5 TeV the abundance of quorn bound states reproduces the one of

DM, while the hybrids abundance is suppressed by four orders of magnitude (which is enough

to evade the bounds). The DM candidate of the model interacts with normal nuclei through

chromo dipole moments induced by the color charge of the constituents. Future direct detection

experiments will be able to test this interaction. At colliders quorns can be pair produced

through QCD interactions giving rise, after hadronization, to charged and neutral tracks. A

100 TeV collider is expected to test quorn masses up to 15 TeV. An interesting phenomenology

is also expected in indirect detection experiments, where annihilation of quorn bound states

proceeds through recombination of the constituents.

In the second scenario, the SM is extended by adding new fermions charged under both the

electroweak group and a new confining dynamic (dark color). The mass of these new fermions,

dubbed dark quarks, is assumed to be larger than the confining scale of the dark color. Such

that, after confinement, the lightest states of the spectrum are dark glueballs. Dark glueballs can

decay into SM particles through higher dimensional operator induced by a loop of dark quarks.

If sufficiently long-lived, glueballs can lead to an early matter-dominated era in the evolution of

the Universe and, upon decaying, dilute the density of preexisting relics thus allowing for very

large DM masses. Depending on the assignment of dark quarks quantum numbers, we can have

different DM candidates with vastly different phenomenologies.

In Chapter 4, we considered dark quarks in the fundamental representation of an SUpNq

( SOpNq) dark color group. In this scenario, the DM candidate is a dark baryon made of N dark

quarks. Dark baryons are stable thanks to an accidental Up1q (Z2) symmetry that guarantees

dark baryon number conservation. The relic density of the dark baryons is fixed by a freeze-out

of perturbative annihilations among dark quarks and a second stage of annihilations between

dark baryons after the dark color confinement. This relic density (eventually diluted by glueball

decays) matches the one of the DM for dark quarks masses of order 10 TeV.

In Chapter 5, we take dark quarks in the adjoint representation of the dark color group. In

this scenario the DM candidate is a bound state made of one dark quark and a cloud of dark

gluons, we call this state gluequark. The stability of the gluequark is guaranteed by an accidental

dark parity that acts on the dark quarks. Contrary to baryons and mesons, the physical size of

the gluequark is determined by the confinement scale independently of its mass. This implies a

physical size larger than its Compton wavelength. The annihilation cross section for such a large

and heavy bound state can be geometric, much larger than the perturbative unitarity bound

of elementary particles. This, in turn, modifies the thermal relic abundance and can lead to

significant effects in indirect detection experiments.

To sum up, we have shown that bound states can play a crucial role in the DM phenomenol-
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ogy. Both in the case where the DM is an elementary particle, by providing a new annihilation

channel through the formation and subsequent decay of unstable bound states. Both in the

case where the DM is a composite object, by providing an accidentally stable candidate. It is

therefore crucial, in the effort to explore all the possible solutions to the DM puzzle and provide

accurate target regions for experiments, to take bound states into account.

While our understanding of bound states production in the perturbative regime is quite

complete, a more precise understanding of post-confinement effects is needed in the case non-

perturbative dynamics. Specifically, a better knowledge of the recombination cross sections and

decay rates is required to reduce the uncertainties that plague these scenarios.
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Chapter A

Wave functions in a potential mediated by a vector

In this appendix we collect the relevant formulas used throughout the first chapther.

If the vector is massless, the radial wave functions of a bound state in the Coulomb potential are

Rn`prq “

ˆ

2

na0

˙3{2
d

pn´ `´ 1q!

2npn` `q!
e´r{na0

ˆ

2r

na0

˙`

L2``1
n´`´1p

2r

na0
q (A.1)

where a0 “ 2{αeffMχ is the Bohr radius and L are Laguerre polynomials. If the vector has mass MV ,

an analytic solution is obtained approximating the Yukawa potential with a Hulthen potential

VHulthen “
κMV e

´κMV r

1´ e´κMV r
. (A.2)

The radial wave functions of bound states in the Hulthen potential are

Rn`prq “ Nn`e
´rκMV qn`

p1´ e´rκMV q``1

r
P 2qn`,1`2`
n´`´1 p1´ 2e´rκMV q (A.3)

where qn` “
a

MχEn`{κMV , Nn` is the normalization factor such that
ş

dr r2Rn`Rn1` “ δnn1 , and P

are the Jacobi polynomials1 which equal unity for ` “ n´ 1. For ` “ 0 one has

qn0 “
1´ n2y

2ny
, Nn0 “

d

κMV
1´ n4y2

2y3n5
. (A.4)

In particular, the ground-state wave function is

R10prq “

d

κMV
1´ y2

2y3
e´rκMV q10

1´ e´rκMV

r
. (A.5)

The normalisation factor for ` “ 1 is Nn1 “ Nn0

a

p1´ n2y2q{pn2 ´ 1qn2y2.

1Implemented in Mathematica as P b,ca pxq “ JacobiPra, b, c, xs. The value of c differs from [67].
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The normalized radial wave function of a free state in the Hulthen potantial is [73, 67]

R`prq “

c

4π

2`` 1

p1´ e´κMV rq``1

Mχr
e´iMχvrelr{2

2F1pa
´, a`, 2p`` 1q, 1´ e´κMV rqˆ

ˆ
1

p2`q!

?
S

αeff

ź̀

k“0

d

p
αeffMχ

κMV
q2 ` k2p

vrelMχ

κMV
q2p1´

2κMV αeff

Mχv2
rel

q ` k4

(A.6)

where S is the Sommerfeld factor for ` “ 0 given in eq. (1.27), F is the hypergeometric function2 and

its arguments are

a˘ “ 1` `` iMχ
vrel

2κMV

ˆ

1˘

d

1´
4κMV αeff

Mχv2
rel

˙

. (A.7)

The function R`prq is real, and in the limit αeff “ 0 it reproduces the free partial wave expansion

ei~r¨~p “
ř

` i
`R`prqY`0pθq where R`prq “

a

4πp2`` 1qi`j`pprq. Here θ is the angle between ~r and ~p,

p “ Mχvrel{2 and j` are spherical Bessel functions j`pzq “
a

π{2zJ``1{2pzq (equal to j0pzq » sinpzq{z

for large z). Furthermore, in the massless limit MV “ 0, R` reproduces the Coulomb partial wave

expansion

eπαeff{2vrelΓp1´ iαeff{vrelq 1F1 riαeff{vrel, 1, ippr ´ ~p ¨ ~rqs e
i~r¨~p “

ÿ

`

i`R`prqY`0pθq (A.8)

where

R`prq “

a

4πp2`` 1qS

Γp2`` 2q
e´iprp2prq` 1F1r`` 1` iαeff{vrel, 2`` 2, 2iprs

ź̀

k“1

|`´ k ` 1´ iαeff{vrel| . (A.9)

Such analytic solution of the wave function for the Hulthen potential is only exact if ` “ 0. If `

is not zero, an extra approximation for the centrifugal term is needed, such that the behaviour at

large r becomes only approximate. This is not a problem for the bound state wave function, as it is

exponentially suppressed at large r. However, for the free state this approximation leads to unphysical

results that become relevant in the case of bound state production from a p-wave and d-wave partial

waves. In order to correct for this inaccuracy we multiply the resulting cross sections, as was suggested

in [73] by

L` “
w2`

śk“`´1
k“0 pp`´ kq2 ` w2q

with w “
Mχ vrel

κMV
«

p

MV
. (A.10)

This function is controlled by the critical momentum MV so that, once the momentum of the dark

matter particles drops below the mediator mass, the production cross sections from higher ` states are

suppressed.

2Implemented in Mathematica as 2F1pa, b; c;xq “ Hypergeometric2F1ra, b, c, xs.



Chapter B

Non-abelian bound states

Production cross sections and decay widths of two-body bound states due to perturbative non-abelian

gauge interactions have been given in Chapter 1, for bound states with low angular momentum `.

Following the same notations, in appendix we generalize the decay widths to any `. We consider

emission of a single-vector V a in dipole approximation, such that the angular momenta of the initial

and final states differ by ∆` “ ˘1. We denote with α the non-abelian gauge coupling, with Ma the

vector mass, and with M the common mass of the two particles which form the bound state.

The decay widths of a bound state through single-vector emission are obtained from the previous

expressions substituting the free-particle final state wave function Rp` with the wave-function of the

desired final bound states. Assuming again degenerate (or massless) vectors and a bound state in a

representation R with dimension dR, we find

Γpn, `Ñ n1, `´ 1q “
1

dR

8`

p2`` 1q

αk

M2

ˆ

1´
k2

3ω2

˙

ˆ

ˆ
ÿ

aMM 1

ˇ

ˇ

ˇ

ˇ

ż

r2drR˚n1,`´1

ˆ

CaMM 1

J

ˆ

Br `
`` 1

r

˙

` CaMM 1

T
αM

2
e´Mar

˙

Rn`

ˇ

ˇ

ˇ

ˇ

2 (B.1)

and

Γpn, `Ñ n2, `` 1q “
1

dR

8p`` 1q

p2`` 1q

αk

M2

ˆ

1´
k2

3ω2

˙

ˆ

ˆ
ÿ

aMM 1

ˇ

ˇ

ˇ

ˇ

ż

r2drR˚n2``1

ˆ

CaMM 1

J

ˆ

Br ´
l

r

˙

` CaMM 1

T
αM

2
e´Mar

˙

Rn`

ˇ

ˇ

ˇ

ˇ

2

.

(B.2)



Chapter C

Hydrogen decay rates

We summarize the known results for the hydrogen decay rates in dipole tree-level approximation [279].

We denote the initial state as pn, `q, and the final states as pn1, `1q. Their energy gap is

∆Epn, n1q “
α2µ

2

ˆ

1

n2
´

1

n12

˙

(C.1)

where µ is the reduced mass. The spontaneous emission rate, in dipole approximation, is

Γpn, `Ñ n1, `1q “
4α

3

∆E3

2`` 1

ÿ

m,m1

|xn1, `1,m1|~r |n, `,my|2. (C.2)

Selection rules imply ∆` “ ˘1, and the matrix element are

ÿ

m1

|xn1, `´ 1,m1|~r |n, `,my|2 “
`

2`` 1

1

pαµq2

´

Rn1, `´1
n, `

¯2
(C.3)

ÿ

m1

|xn1, `,m1|~r |n, `´ 1,my|2 “
`

2`´ 1

1

pαµq2

´

Rn1, `
n, `´1

¯2
(C.4)

where

Rn
1`1

n` “ pαµq

ż 8

0
dr r3Rn`Rn1`1 (C.5)

with Rn`prq the radial part of the hydrogen wave-function. These integrals are given by

Rn
1,`´1
n` “

p´1qn
1´`

4p2`´ 1q!

d

pn1 ` `´ 1q!pn` `q!

pn1 ´ `q!pn´ `´ 1q!

p4nn1q``1pn´ n1qn`n
1´2`´2

pn` n1qn`n1
ˆ

„

2F1

ˆ

´ n` `` 1,´n1 ` `, 2`,´
4nn1

pn´ n1q2

˙

´ (C.6)

`

ˆ

n´ n1

n` n1

˙2

2F1

ˆ

´ n` `´ 1,´n1 ` `, 2`,´
4nn1

pn´ n1q2

˙
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where 2F1 is the Hypergeometric2F1 function. A similar formula can be obtained for Rn
1,`
n,`´1 by the

interchange of the indices n and n1. The total decay rate and energy loss rate from an initial state pn, `q

is obtained by summing over all available lower-energy states with n1 ă n.



Chapter D

Toy redecoupling

We here show that the chromodark-synthesis mechanism is absolutely unavoidable by discussing a toy

model that allows one to analytically understand some of its features. We consider formation of one

bound state BQQ containing two DM quarks Q from two bound states BQ containing one DM quark:1

BQ `BQ Ø BQQ `X (D.1)

where X denotes any other SM particles, such as pions. We define δ ” 2MBQ ´MBQQ . In the real

situation described in section 3.2, many bound states with a semi-classical discretuum of binding factors

δ can be produced. We simplify the problem by considering just one of them, with δ „ ΛQCD such

that the QCD cross section for the above process is large, σQQ „ 1{δ2. One then reaches thermal

equilibrium

nBQQ

n2
BQ

“
neq
BQQ

neq2
BQ

“
gBQQ

g2
BQ

ˆ

4π

MQT

˙3{2

eδ{T . (D.2)

This means that the BQ dominantly form BQQ at the redecoupling temperature

Tredec “
δ

A
where A “ ln

Yπ
YQ

„ 40 (D.3)

is an entropy factor that describes how much formation of BQQ gets delayed by having a plasma with

much more particles X than can break it, than particles BQ that can form it. This is analogous to

how e, p bind in hydrogen at T ă„ δ{ lnpnγ{npq, and to how p, n bind in deuterium at T ă„ δ{ lnpnγ{npq,

where δ are the binding energies of hydrogen and deuterium respectively.2

In the toy model, the residual density of BQ is estimated as its thermal equilibrium value at the

redecoupling temperature where the interaction rate ΓQQ „ nBQσQQvrel for the process of eq. (D.1)

becomes smaller than the Hubble rate. Imposing ΓQQ „ H with H „ T 2{MPl, vrel „
a

T {MQ and

1Similar considerations apply to formation of BQQ from free Q at T ą„ΛQCD, but this phase is not relevant
for the final DM abundance.

2In the numerical computation such entropy factor was accounted in section 3.1.5 by imposing a small time
allowed to radiate enough energy down to an unbreakable state. To keep the argument simple we here ignore
the Boltzmann suppression in the π abundance at T ă„mπ (in the full numerical computation this is taken into
account and increases the σfall computed in section 3.1.5, consequently suppressing the hybrid abundances).
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nBQ „ YBQT
3 gives

Y relic
BQ |toy „

1

σQQMPlTredec

a

Tredec{MQ
„ A3{2

a

δMQ
MPl

„ 10´16

d

MQ
10 TeV

δ

ΛQCD
. (D.4)

This shows that re-annihilation is dominated by bound states with smaller δ „ ΛQCD, rather than by

deep states. In the full computation many bound states contribute to the depletion of YBQ , that gets

about 2 orders of magnitude smaller than the toy-model estimate of eq. (D.4). In turn, the unavoidable

toy-value is much smaller than what obtained by including only perturbative QCD annihilations at

T „ Tdec " ΛQCD.



Chapter E

Chromo-polarizability of QQ DM

Eq. (3.40) provides the formula for the polarizability of a QCD bound state. We here evaluate it for

our DM, the QQ singlet bound state |By “ |1, s, αeffy with energy E10 “ ´α
2
effMQ{4, where αeff “ 3α3.

By emitting a gluon it becomes a p-wave octet, with free Hamiltonian H8 “ ~p2{Mχ ´ α8{r where

α8 “ 3α3{2, whose eigenvalues are E8n “ ´α
2
8MQ{4n

2 for bound states and ~p2{Mχ for positive energy

states. To evaluate the matrix element in eq. (3.40) we insert the completeness relation for the octet

eigenstates

18 “
ÿ

n,`,m

|n, `,m, α8yxn, `,m, α8| `
1

3

ÿ

`,m

ż

d3p

p2πq3
|~p, `,m, α8yx~p, `,m, α8| (E.1)

where the first (second) term is the contribution from bound (free) states. The factor 1/3 is introduced

not to double count the angular momentum states. In coordinate space x~r|n, `,my “ Rn`prqY`mpθ, φq

for bound states and x~r|~p, `,my “ Rp`prqY`mpθ, φq for continuum positive energy states, where Y`mpθ, φq

are spherical harmonics. The Coulombian wave-functions are

Rn`αiprq “

ˆ

2

nai

˙3{2
d

pn´ `´ 1q!

2npn` `q!
e´r{nai

ˆ

2r

nai

˙`

L2``1
n´`´1

ˆ

2r

nai

˙

(E.2)

Rp`αiprq “
?

4π
?

2`` 1
Γr1` `´ i{aips

Γr2p`` 1qs
eπ{p2aipqe´iprp2iprq` 1F1r1` ``

i

aip
, 2p`` 1q, 2iprs (E.3)

where 1F1 is the Hypergeometric1F1 function; ai “ 2{pαiMχq are the Bohr radii in each channel with

effective coupling αi “ tαeff , α8u and L2``1
n´`´1 are Laguerre polynomials.

Angular momentum conservation implies that only p-wave intermediate states contribute to the

polarizability. The bound state contribution thereby is

xB|~r
1

H8 ´ E10
~r|Bybound “

ÿ

ně2

|x1, s, αeff |~r|n, p, α8y|
2

E8n ´ E10
(E.4)

where the matrix element is

|x1, s, α1|~r|n, p, α8y|
2 “ |

ż 8

0
dr r3R10αeff

prqRn1α8prq|
2. (E.5)
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Performing numerically the integral and the sum one finds

xB|~r
α3

H8 ´ E10
~r|Bybound “ 0.359a3. (E.6)

The contribution of unbound E ą 0 intermediate states is found generalizing the formulæ in [280]

xB|~r
α3

H8 ´ E10
~r|Byfree “

1

3

ż

d3p

p2πq3
α3

p2{MQ ´ E10

ˇ

ˇ

ˇ

ˇ

ż 8

0
dr r3R10αeff

prqRp1α8prq

ˇ

ˇ

ˇ

ˇ

2

(E.7)

“ a3 512

C
ρpρ` 2q2

ż 8

0
p3 p1` ρ

2{p2qe´4ρ{p arctan p

pe2πρ{p ´ 1qp1` p2q7
dp “ 1.17a3

where C “ 3 and ρ “ ´α8{αeff “ ´1{2 for our color octets. In the case of the hydrogen atom (C “ 1,

ρ “ ´1) one finds [170] cE |hydrogen “ 8πp5.49 ` 1.26qa3{3 “ 18πa3. The QQ chromo-polarizability is

smaller than what suggested by a naive rescaling of the abelian result computed for the hydrogen atom

cE |naive “ 18πa3C{pN2
c ´ 1q “ 6.75πa3.



Chapter F

Boltzmann equations for baryonic DM

To describe the cosmological evolution of dark quaks at T ą ΛDC we need to generalize the results of

section 1.1 to include also stable bound states. As discussed in section 1.1, the joint evolution of the

dark quarks and bound states number densities is described by eq.(3.13) and (1.5) which we report

here for convenience:

sHz
dYQ
dz

“ ´2γann

„

Y 2
Q

Y 2
Q,eq

´ 1



´ 2
ÿ

I

γI

„

Y 2
Q

Y 2
Q,eq

´
YI
YI,eq



(F.1)

sHz
dYI
dz

“ neq
I

"

xΓIbreaky

„

Y 2
Q

Y 2
Q,eq

´
YI
YI,eq



` xΓIanny

„

1´
YI
YI,eq



`
ÿ

J

xΓIÑJy

„

YJ
YJ,eq

´
YI
YI,eq

*

.

where YQ,I “ nQ,I{s with s the entropy density, z “ mQ{T . We define as neq and Y eq the thermal

equilibrium value of n and Y respectively and γ is the space-time density of interactions in thermal

equilibrium. The first term describes QQ̄ annihilations to SM particles; the second term describes

formation of the bound state identified by the index I that collectively denotes its various quantum

numbers: angular momentum, spin, gauge group representation, etc.

The effect of rapidly unstable bound states can be encoded in an effective annihilation rate, γeff
ann,

that substitutes γann, such that their Boltzmann equations can be dropped, as shown in Chapter 1.

However, the present study contains a new feature: some bound states (such as QQ) do not decay,

and can only be formed or broken by interactions. We then need to separately evolve the Boltzmann

equations for their abundances. We define γbsf´stable “
ř

I γI with the sum running over the unstable

bound states, and similarly for the stable ones. In the non-relativistic limit the space-time densities γ

get approximated as

2γ
T!Mχ
» pneq

Q q
2xσvrely (F.2)

such that the Boltzmann equations simplify to

$

’

’

’

’

&

’

’

’

’

%

1

λ

dYQ
dz

“ ´
Seff´unstable

z2

`

Y 2
Q ´ Y

2
Q,eq

˘

´
SI,bsf

z2

˜

Y 2
Q ´ YI

Y 2
Q,eq

YI,eq

¸

1

λ

dYI
dz

“
SI,bsf

z2

˜

Y 2
Q ´ YI

Y 2
Q,eq

YI,eq

¸

,

(F.3)
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where we introduced the dimension-less factors Seff´unstable “ Sann ` Sbsf´unstable and

SXpzq “
xσXvrely

σ0
, λ “

σ0s

H

ˇ

ˇ

ˇ

T“Mχ

“

c

gSMπ

45
σ0MPlMχ . (F.4)

Here gSM is the number of degrees of freedom in thermal equilibrium at T “ Mχ (gSM “ 106.75 at

T "MZ).

Stable bound states I are kept into thermal equilibrium by fast dark gauge interactions, so that

they decouple at a zI much later than DM freeze-out, that occurs at zf „ 25. Thereby for z ! zI we

obtain a single Bolztmann equation

1

λ

dYQ
dz

“ ´
Seff

z2

`

Y 2
Q ´ Y

2
Q,eq

˘

, Seff “ Sann ` Sbsf´unstable ` Sbsf´stable (F.5)

approximatively solved by

YQpzq “
1

λ

˜

ż z

zf

Seffpzq

z2
dz `

Seffpzf q

z2
f

¸´1

. (F.6)

We now compute zI , showing that it is so large that later annihilations are negligible. The value of zI
is needed to estimate the fraction of dark quarks bound in stable states.

Assuming that dYI{dz « 0 is violated at zI so large that annihilation processes are negligible, we

have YQpzq ` 2YIpzq “ YQpzIq “ Yc at temperatures z ą zI at which the stable bound states are no

longer in thermal equilibrium. This leads to an effective single Boltzmann equation

1

λ

dYQ
dz

“ ´SI,bsfpzq

˜

2YQpzq
2 ´

Ag2
Qz

3{2pYc ´ YQpzqqe
´z∆

gI

¸

, (F.7)

where ∆ “ EB{Mχ and A “ 90{pp2πq7{2g˚SMq. The value of zI is defined by imposing that the leading

order term in the 1{λ ! 1 expansion of the solution YQpzq « Y 0
Qpzq ` Y 1

Qpzq{λ is comparable to the

second order term. The leading order term is simply defined by the condition that the derivative of

YQpzq vanishes

Y 0
Qpzq “ Az3{2 gQ

4gI
e´z∆

˜

d

ˆ

g2
Q ` 8

z´3{4 Yc
A

gIez∆
˙

´ gQ

¸

. (F.8)

Inserting the assumptions in eq. (F.7), solving for Y 1
Qpzq and evaluating Y 0

QpzIq “ Y 1
QpzIq{λ defines zI .

Such equation can be simplified assuming z " 1 and reads

zI “
1

∆
ln

˜

32Ag2
Qλ

2SI,bsfpzIq
2Yc

∆2gIz
5{2
I

¸

. (F.9)

For a typical value ∆ ” EB{Mχ « 10´3 we find zI « 105, which justifies our initial assumptions,

since zf « 25 and the annihilation has no effect at z ą 104. Now the second effective eq. (F.7) which

describes the recombination effect can be integrated in the same manner as the first and leads, after
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the appropriate asymptotic matching, to

YQp8q “

˜

2λ

ż 8

zI

Sbsf´stablepzq

z2
dz `

1

Y 0
QpzIq

¸´1

YIp8q “
1

2
pYQpzIq ´ YQp8qq . (F.10)

Using this method we find that, in the models considered, the relic abundance of stable dark di-quark

states is at most at the percent level of the abundance of free dark quarks at confinement. In conclusion,

perturbative production of stable bound states negligibly affects the final dark matter relic abundance.



Chapter G

Dark Quark Annihilation Cross Section

In this appendix we report the formulas for the annihilation cross section of dark quarks, which are

useful to study the perturbative freeze-out and DM indirect detection.

Dark quarks can annihilate into dark gluons and into SM final states (mainly V V , V h, hh and

ψψ̄, where V “ W,Z, γ). These latter contribute significantly to the total cross section in the case of

perturbative freeze-out whenever MQ{ΛDC " 1 and thus the dark color interaction strength does not

exceed much the electroweak one. Final states into SM particles are also expected to be important for

direct detection even though they have a smaller rate compared to DM annihilation into glueballs.

The tree-level annihilation cross-section of dark quarks χiχj in a representation pADC, RSMq of the

dark color and SUp2qL groups into massless vectors at low energy reads,

xσvrelyijÑV V “
A1
ij `A

2
ij

16π

1

M2
Q

A1
ij ”

”

T aT aT bT b
ı

ij
, A2

ij ”

”

T aT bT aT b
ı

ij
(G.1)

where the generators are written as T ” pgDCTDCb 1q‘ p1b gSMTSMq. Selecting the neutral component

in the equation above and averaging over dark color gives the perturbative annihilation cross-section

of DM today. Averaging over all initial states as required for the thermal freeze-out one finds,

xσvrelyann “
π

M2
Q

„

α2
DC

dpRSMq

K1pRDCq `K2pRDCq

gχdpRDCq
2

`
α2

2

dpRDCq

K1pRSMq `K2pRSMq

gχdpRSMq
2

` αDCα2
4CpRDCqCpRSMq

gχdpRSMqdpRDCq



,

(G.2)

where

K1pRq “ dpRqCpRq2, K2pRq “ K1pRq ´
dpAqCpAqT pRq

2
, dpRq “ dimpRq . (G.3)

and A stands for the adjoint representation. T pRq and CpRq are respectively the Dynkin index and

the quadratic Casimir of the representation R, and gχ “ 2p4q for real (complex) representations.

Dark quarks can also annihilate into final states with SM fermions and Higgs bosons through their

SM gauge and Yukawa interactions. These channels have been included in eq. (5.12).



Chapter H

Reannihilation

As discussed in section 5.2.3, a second stage of annihilation involving gluequarks can occur after con-

finement. The annihilation can proceed in a single step into glueballs or SM vector and Higgs bosons:

• χ`χÑ nΦ{nV : in the heavy quark regime this process has a perturbative cross section; indeed

the exchanged momentum in the interaction is of OpMQq with MQ " ΛDC, thus the interaction

strength is governed by gDCpMQq which is perturbative.

Alternatively, it can take place in two steps, a non-perturbative recombination followed by de-excitation

and decay into SM particles:

• χ`χÑ QQ˚ 99K SM: the recombination is two to one and energy conservation implies MQQ˚ ą

2Mχ, therefore the opposite decay process is always allowed. The matrix element for the inverse

decay is non-perturbative and the corresponding rate is expected to be much larger than the rate

of the de-excitation process QQ˚ Ñ QQ` nΦ{nV .

• χ`χÑ QQ˚`Φ{V 99K SM: the recombination takes place with the emission of one electroweak

gauge boson or, if kinematically allowed, one glueball. Bound states with MQQ˚ ă 2Mχ will

in general be formed which cannot decay back into gluequarks. They can de-excite and decay

into SM particles. The corresponding re-annihilation rate is expected to be non-perturbative and

potentially large.

Only the last of the three processes described above can ignite an epoch of re-annihilation. The dynamics

of re-annihilation is described by a set of coupled Boltzmann equations of the form

dYχ
dz

“ ´
sxσrecvy

Hz

˜

Y 2
χ ´ Y

2
χ,eq

YQQ˚ YΦ

Y eq
QQ˚ Y

eq
Φ

¸

,

dYQQ˚

dz
“

1

2

sxσrecvy

Hz

˜

Y 2
χ ´ Y

2
χ,eq

YQQ˚YΦ

Y eq
QQ˚Y

eq
Φ

¸

´
ΓQQ˚

Hz
pYQQ˚ ´ Y

eq
QQ˚q

dYΦ

dz
“

1

2

sxσrecvy

Hz

˜

Y 2
χ ´ Y

2
χ,eq

YQQ˚YΦ

Y eq
QQ˚Y

eq
Φ

¸

´
ΓΦ

Hz
pYΦ ´ Y

eq
Φ q .

(H.1)
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These expressions are simplified in that the actual system of equations involves the number densities

of all possible QQ˚ bound states. Furthermore, we have omitted the effect of the recombination into

EW vector bosons and of the corresponding inverse process. Equation (H.1) will be however sufficient

for our discussion, and the generalization to the full case is straightforward.

In order to annihilate into SM particles with an unsuppressed rate, an excited QQ˚ bound state

needs to reach first a state with low angular momentum. Consequently, re-annihilation is efficient only

when the rate of de-excitation is larger than the one of dissociation1.

Obtaining a precise estimate of the ratio between the de-excitation and dissociation rates is difficult

because: i) the dynamics of these processes is non-perturbative and the lifetime depends on the dif-

ferent initial and final QQ˚ states considered; ii) the rate of the dissociation process initiated by EW

vector bosons depends on their energy, which follows a thermal distribution and thus varies with the

temperature. The result is that the re-annihilation process can be efficient for some of the QQ˚ states

and inefficient for others, and it becomes more and more efficient as the temperature decreases.

This can be effectively described as a non-perturbative re-annihilation process happening with a

temperature-dependent cross section that saturates to a maximal value when dissociation becomes

inefficient for all the bound states. Since the evolution of the relic density takes place on relatively

short time scales, the final abundance after this second freeze-out can be approximately characterized

by two parameters: the final (maximal) value of the cross section, and the temperature at which this

final cross section is reached. These two quantities will be dubbed respectively as the re-annihilation

cross section, σrea, and the re-annihilation temperature, TR.

During the last stage of re-annihilation, for sufficiently large ΓΦ or ΓQQ˚ , the system of equations

given in eq. (H.1) simplifies. The abundance of gluequarks can be described by a single equation, see

eq. (5.28).

H.1 Estimate of the Re-annihilation Cross Section

In this appendix we try to estimate σrea using considerations based on energy and angular momentum

conservation and simplified phenomenological models.

First of all, it is useful to determine if (depending on value of the temperature, ΛDC and MQ)

the recombination process takes place in a semiclassical or fully quantum regime. If the De Broglie

wavelength of the particle λ “ h{p is of order or larger than the typical interaction range R „ 1{ΛDC the

collision is fully quantum mechanical, otherwise a semiclassical picture can be adopted. The condition

for a semiclassical behaviour can be recast as lmax „ MχvR " 1, where lmax is the maximum angular

momentum of the process given the short-range nature of the interaction. We find that the processes

occurring in the very early Universe (at T “ TR) are always in the semiclassical regime in the region

of parameter space where the DM experimental density can be reproduced. Recombination processes

occurring at the CMB or at later times, instead, turn out to be quantum mechanical because of the

much lower gluequark velocity.

In the quantum regime, the lowest partial wave is expected to dominate in the low momentum

1In the opposite regime of fast dissociation, and much before the glueball decay, the last term in the second and
third lines of eq. (H.1) can be neglected. The solution to the Boltzmann equations is thus given by non-thermal
equilibrium values for the three populations which are close to their initial conditions at dark confinement.
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limit k Ñ 0. In the case of exothermic reactions 2, as the one considered here, general arguments of

scattering theory suggest that the cross section scales as 1{k for k Ñ 0 if the process can take place

in s-wave [281]. In the non-relativistic limit we thus expect a cross section σ ∝ 1{v. Since the process

is non-perturbative it is not possible to compute this cross section from first principles; furthermore,

since two different scales (MQ and ΛDC) appear in the problem, it is not clear what is the cross section

scaling3. In light of this we adopt two different benchmark scenarios:

xσannvrely „

$

’

’

’

’

&

’

’

’

’

%

1

Λ2
DC

πR2
B «

π

pα2
DCM

2
Qq

.

(H.2)

In the first one the cross-section is controlled by the size of the gluequark while in the latter is the size

of the s-wave ground state which fixes the cross section.

In the semiclassical regime we estimate the re-annihilation cross section using a simple dynamical

model. We first discuss the process χ ` χ Ñ QQ˚ ` Φ and then analyse the recombination into EW

vector bosons. Our semiclassical model is defined in terms of the following simplified assumptions:

• The gluequarks are modelled as hard spheres with radius of order R „ 1{ΛDC, colliding with

impact parameter b and thermal velocity v.

• The interaction is short range, therefore the maximum impact parameter for which an interaction

occurs is bmax “ 2R „ 2{ΛDC. We define a corresponding geometric total cross section

σtotal “ πb2max “
4π

Λ2
DC

. (H.3)

For thermal velocities, bmax can be converted into a maximum angular momentum lmax “

bmaxMχv „ 2pMχ{ΛDCq
a

3T {Mχ for the colliding particles.

• Energy conservation implies that only some bound states can be formed. Among these we identify

the states with maximum angular momentum l˚ allowed by energy conservation and by the short

range constraint l˚ ď lmax.

• Angular momentum conservation implies that only interactions with impact parameter smaller

than b˚ « pl˚ ` 1q{pMχvq can lead to bound state formation 4. The short range interaction

constraint then forces b˚ ď bmax. If no bound state is allowed by energy conservation we take

b˚ “ 0.

• The recombination cross section is estimated by the geometrical value σ “ πb2˚.

2Exothermic reactions are those where the particles in the final states are lighter than those in the initial
state.

3The electroweak process χ ` χ Ñ QQ˚ ` V has a close nuclear analogue given by p ` n Ñ d ` γ. Explicit
calculations reproduce the expected 1{v velocity dependence [282]. The non-perturbative constant in that case
can be predicted using elastic nucleon scattering data.

4The factor pl˚ ` 1q takes into account the quantization of l˚ and ensures that the cross section is not
underestimated for small angular momenta.
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The model predicts a re-annihilation cross section into glueballs that can be conveniently expressed in

terms of a suppression factor εΦ as follows:

σrea,Φ “ πb2˚ “

ˆ

b˚
bmax

˙2

σtotal ” εΦ σtotal , (H.4)

where εΦ is computed to be

εΦ “

$

’

’

’

’

&

’

’

’

’

%

1 if l˚ ą lmax ´ 1,

Λ2
DC

4

pl˚ ` 1q2

M2
χv

2
if l˚ ă lmax ´ 1,

0 if l˚ does not exist.

(H.5)

Notice that εΦ is a function of MQ, ΛDC and indirectly of the temperature through the value of l˚ and

v.

In order to determine l˚ we use the energy balance equation in the center-of-mass frame:

2Mχ ` 2Kχ ěMQQ˚ `MΦ , (H.6)

where Kχ is the kinetic energy of the colliding gluequarks. The gluequark mass can be written in terms

of the quark mass plus a binding energy Bχ:

Mχ “MQ `Bχ . (H.7)

Similarly, the mass of the di-quark bound state is decomposed as

MQQ˚ “ 2MQ `BQQ˚ . (H.8)

We set the gluequark binding energy to the value computed in QCD lattice simulations of SUp3q

gauge theories: Bχ “ 3.5 ΛDC [255] 5. The binding energy of the QQ˚ bound state, BQQ˚ , is instead

approximated by the energy levels of a confining model with a Coulomb potential plus a linear term [143]

V prq “ ´
αeff

r
` σr, (H.9)

with αeff “ αDCpMQq and σ “ 2.0NDCΛ2
DC. Therefore, BQQ˚ is computed numerically as a function

of the principal and orbital quantum numbers of the bound state. The energy balance of eq.(H.6) can

be rewritten as

BQQ˚ ď 2Bχ ` 2Kχ ´MΦ , (H.10)

5The bare quark mass and binding energy are renormalization scheme dependent. Here we quote the result of
reference [255] valid in the RS scheme which, according to the authors, smoothly converges to the MS scheme in
the perturbative regime. Since we are interested in just an order-of-magnitude determination of the relic density,
we neglect the scheme dependence of Bχ in what follows. We notice however that our numerical estimate of
the re-annihilation cross section is rather sensitive to the value of Bχ, hence the scheme dependence can have a
strong impact. We take such theoretical uncertainty effectively into account by considering different benchmark
scenarios, as explained in section 5.2.3.
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Figure H.1: Suppression factors εΦ (left panel) and εV (right panel) at T “ TD as a function
of the ratio MQ{ΛDC for ΛDC “ 1 TeV. In red the results of the numerical computation and in
black the interpolation used to compute the relic density. Discontinuities in the numerical results
are due to the integer nature of l˚.

and implies a constraint on the maximal angular momentum l˚ (as well as on the principal number). In

general one should also impose the additional condition MQQ˚ ă 2Mχ, to ensure that the decay of the

QQ˚ state back into gluequarks is kinematically forbidden. In terms of binding energies, this condition

reads

BQQ˚ ă 2Bχ . (H.11)

The average gluequark kinetic energy in eq. (H.10) is of order of the temperature, which in turn is

smaller than ΛDC. We set the glueball mass to its value computed on the lattice in SUp3q Yang-Mills

theories, MΦ » 7ΛDC, and thus find 2Kχ ´MΦ ă 0. As a consequence, the condition (H.10) is always

stronger than (H.11).

Since eq. (H.10) depends on the gluequark kinetic energy, which we set to Kχ “ T in our numerical

computation, the value of l˚ will have a dependence on T . For illustration we show in Fig. H.1 the value

of εΦ as a function of MQ{ΛDC obtained at T “ TD for ΛDC “ 1 TeV. Changing ΛDC while keeping

the temperature fixed leads to very small variations of εΦ. For T “ ΛDC, on the other hand, εΦ turns

out to be small and of order of a fewˆ10´2 in the region of interest (100 GeV ă ΛDC ă 10 TeV and

1 ăMQ{ΛDC ă 100).

In the case of the recombination with the emission of a vector boson, χ`χÑ QQ˚`V , we expect

the re-annihilation cross section to be suppressed by at least a factor α2. Clearly, this process becomes

relevant only when the recombination with glueball emission is strongly suppressed or forbidden for

kinematic reasons. The transitions χ ` χ Ñ QQ˚ ` V that are relevant for re-annihilation are those

where the QQ˚ is sufficiently light so that it cannot decay back in two χ’s. Such bound states satisfy

the condition (H.11), which requires the kinetic energy of the emitted vector boson to be larger than the

sum of the kinetic energies of the colliding gluequarks (KV ą 2Kχ). The re-annihilation cross section
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can be written as

σrea,V “ εV α2
4π

Λ2
DC

, (H.12)

and the suppression factor εV can be estimated using our semiclassical model by following a procedure

similar to the one described for the case of glueball emission. We find that εV has a behaviour similar

to εΦ as a function of its variables, and a slightly larger absolute value, see Fig. H.1.

H.2 Re-annihilation temperature

The temperature at which the re-annihilation cross section saturates and the relic abundance freezes out

is determined by two competing processes: de-excitation and dissociation. The cross section saturates

when the former dominates over the latter for all the bound states with MQQ˚ ă 2Mχ. We will now try

to argue that for T ą TD there are states for which the dissociation rate is larger than the de-excitation

one. Therefore, the most reasonable scenario is one in which the re-annihilation cross section saturates

at TR À TD.

States with MQQ˚ ą 2Mχ ´ MΦ can be dissociated by glueballs with vanishing kinetic energy.

Therefore, these states are the most easily dissociated since all the glueballs present in the Universe

contribute to their breaking rate

Γdis “ nΦxσdisvy , (H.13)

where σdis „ Λ´2
DC and nΦ is the number density of glueballs which, at T ą TD, is dominated by the

population coming form the confinement of dark gluons: nΦ „ T 3. The de-excitation rate can be

estimated using the well known result for spontaneous emission 6

ΓQQ˚ „ α2 ∆E3 |xRf |~r|Riy|
2 , (H.14)

where ∆E is the difference of energy levels. A reasonable estimate for this rate can be given for

transitions between these states and the ground level. In this case ∆E „ ΛDC ` α2
DCMQ, while the

matrix element is a fraction of the Bohr radius, rb „ 1{pαDCMQq. This estimate gives ΓQQ˚ smaller than

Γdis and suggests that for T ą TD re-annihilation cannot proceed through the formation of these states.

At T „ TD glueballs start to decay. Their number density decays exponentially and the dissociation

process becomes soon inefficient. Therefore all the states can contribute to the re-annihilation process

and the cross section saturates.

After the decay of the primordial glueballs, dissociation processes involving electroweak gauge

bosons can play a role. However their cross section is suppressed by an electroweak factor and, moreover,

their energy distribution is thermal. At T À TD one needs vector bosons in the tail of the Bose-Einstein

distribution in order to have enough energy to dissociate the bound states. As a result, the rate of this

process is exponentially suppressed by a factor expr´p2Bχ´BQQ˚q{T s and, even if it is efficient at TD,

it becomes soon inefficient.

For these reasons, we consider the case in which the reannihilation occurs at TD as the most

6This rate corresponds to dipole transitions and is associated to the usual atomic selection rules. Higher
multipole transitions can be considered, but we limit our discussion to the case of the dipole since we are
interested only in an order-of-magnitude estimate.
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plausible. This is in agreement with what suggested in Ref. [241]. Due to the large uncertainties on the

estimates of the rates, however (especially for what concerns ΓQQ˚ , where neither ∆E nor the matrix

element can be computed from first principles), we do not exclude the possibility that the dissociation

processes are never efficient and re-annihilation takes place directly at ΛDC.



Chapter I

A model with hypercharge

In this article we focused on the minimal block V of Table 5.1 as a benchmark for our analysis. However,

the L‘ L̄ model has many peculiarities and deserves a separate discussion. In particular, in this case

the DM candidate has non-vanishing hypercharge and interacts at tree level with the Z boson.

Higher-dimensional operators

This model has a Up1qD accidental symmetry, comprising dark parity as a subgroup, under which the

dark quarks L and L̄ have charge ˘1. Differently from the other models, this symmetry is broken by

higher-dimensional operators with classical dimension rOdecs “ 5 of the form

Odec “ `GµνσµνL .

In order to have a stable DM candidate and make the model viable, one can gauge the Up1qD in the

ultraviolet and break it spontaneously to the dark parity subgroup by means of a scalar field. For

instance, if a scalar φ with charge 2 acquires a vacuum expectation value the symmetry is broken

according to the pattern:

Up1qD Ñ Z2.

At the scale of the spontaneous breaking only operators that are dark-parity even are generated, hence

the gluequark is absolutely stable.

Z-boson mediated direct detection

Below the confinement scale, the spectrum comprises a composite Dirac fermion with SM quantum

numbers 21{2, whose EM neutral component is identified with the DM. The non-zero hypercharge

induces a tree-level interaction with the Z boson which is strongly constrained by direct searches. The

corresponding spin-independent elastic cross section on nuclei N is given by [159]:

σ “
G2

FM
2
N

8π

´

N ´ p1´ 4 sin2 θW qZ
¯2
,
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where Z and N are the number of protons and neutrons in the nucleus N and MN is its mass. This

cross section is excluded by direct detection experiments for masses Mχ À 108 GeV [26]. This bound

rules out the model in the scenario TR “ TD, corresponding to the left panel of Figure 5.4, but can be

satisfied in the scenario TR “ ΛDC.

In fact, the constraint from direct detection experiments can be also avoided by introducing a

heavy singlet gluequark. In this case the presence of Yukawa couplings induces a splitting among

the electromagnetically neutral Majorana fermions. The DM is the lightest among these fermions, so

that tree-level elastic scattering mediated by the Z boson cannot exist due to its Majorana nature.

Inelastic scatterings are kinematically forbidden if the splitting is large enough; this is easily realized

for MN À y2ˆ 105 TeV, where y is the Yukawa coupling. This scenario is analogous to Higgsino DM in

supersymmetry, see [178,58] for an extensive discussion.

Accidentally stable mesons

If the model is not in the conformal window, it is possible to consider the light quark regime. In

this case, the model is characterized by the presence of NGBs made of LL or L̄L̄ constituents which

have Up1qD number ˘2 and therefore cannot decay. If the accidental Up1qD is gauged in the UV and

spontaneously broken to dark parity, then dimension-5 operators can be generated which let the NGBs

decay while keeping the gluequarks stable.
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