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Introduction

In the last years, starting from the seminal papers [45, 16, 46, 15] the theory
of optimal transportation and the geometry induced by the optimal transportation
problem on the space of probability measures have received a lot of attention (see
[36, 51, 52, 11]). Motivations for this interest come from application to Optimization,
Functional and Geometric Inequalities, Evolution PDE’s, and, in even more recent
times, Riemannian Geometry.

The aim of this thesis is to provide an comprehensive study of the geometry of the
space of probability measures in R% endowed with the quadratic optimal transportation
distance. Some of the results described here are contained in the book [11], written
with L. Ambrosio and G. Savaré (those in Chapter 3 and part of those in Chapter 4),
while other results are presented here for the first time (in Chapter 4, 5 and 6). In
particular we complete the analysis performed in [11] of a “calculus” with transport
plans (considering a larger tangent bundle which includes plans as well), showing that
a nice Hilbertian structure can be extended up to this level. In addition, still having
in mind an Hilbertian analogy, we study the closure with respect to weak topologies
of geodesically convex sets in the space of probability measures, showing that one of
the assumptions made in [11], in the theory of gradient flows for convex functionals,
is redundant. Finally, we try to make a complete analysis (with positive results, and
counterexamples as well) of the problem of parallel transport in these spaces, showing
that the parallel transport is well-defined and unique along a class of regular curves.

Now we pass to a more detailed description of the thesis’s content.

In Chapter 1 we recall the measure-theoretic results we will need in the work. In
particular, in the first section we study the definition and the first properties of the
push-forward of measures: given p € 2(R%) and a p-measurable function f : R* — R%,
the push-forward fuu of u through f is the probability measure on RY defined by

Fan(A) = pu(f1(A)), V Borel set A ¢ RY .

In the last section we shortly discuss the Kantorovich formulation of the quadratic
optimal transportation problem, i.e. the problem of finding, given two measures u,v
in 2(R%), the minimum of

(0.1) / & — 2y (2. ),

among the set Adm(u,v) of all admissible plans -, i.e. the set of those probability
measure v on R? x R? such that W#’)’ = U, wi’y = v, 7!, 7% being the projections
onto the first and the second coordinate, respectively. The aim is just to recall the

vii



viii INTRODUCTION

cornerstones of the theory, without entering into the details of the proofs (for this, we
refer for instance to [11] and to [51]). The key results are the existence of the minimum
of the optimal transportation problem and Brenier’s theorem: the former ensures that
for any couple of measures p,v in #(RY) a minimizing plan always exists, the latter
says that if p and v satisfy [ |z|2dp, [ |z|*dv < oo and u is regular (ie. p(X) =0 for
any H% ! rectifiable set ¥ C R?), then the minimizing plan - is unique and there exists
a (unique p-a.e.) convex function ¢ : R? — R such that v = (Id, V)4, Id being the
identity operator.

In Chapter 2 we begin the study of the distance W, recalling some well-known
facts. In the first section we introduce the space of probability measures with bounded
second moment

(0.2) Py(RY) = {u e Z(RY) : /]aﬁ\Qdu(az) < —i—oo},
and the distance W on %5(R%):

(0.3) W?2(p,v) := min { / lz —yl’dy : v € Adm(p, V)}

We call optimal a plan v € Adm(u,v) which attains the minimum in the above expres-
sion.

In the second section we show that the space (P5(RY), W) is a length space and
we characterize its geodesics: we show that a curve t — u; is a constant speed geodesic
from pg to p1 with constant velocity W (uo, 1) if and only if there exists an optimal
plan ~ such that

(0.4) pe = (1 —t)m" +tm%) ey

The interpolation between two measures pug, 1 given by the above formula was first
introduced by McCann in [45] to prove uniqueness of the minimum of a certain class of
functionals in Z(R%): for this purpose he studied the displacement converity of those
functionals (now also known as geodesic convexity on (Zo(R%),W)), i.e. convexity
along the curves t — p;, with u; defined as above.

In the third section we begin the study of the curvature of the space (Z5(R%), W)
by showing that it is positively curved in the sense of Aleksandrov, that is: for every
constant speed geodesic y; and every measure o it holds

(0.5) W2(pe, 0) = (1= )W?(po, 0) + tW?(p1, 0) — (1 — )W?(po, 1),

(observe that in the flat Euclidean setting the squared distance satisfies the equality in
this equation). A way to interpret equation (0.5) is: the funtion W2(-, o) is (-1)-concave
along constant speed geodesics. It is then interesting to know that the same function
is not A—convex for any A: we show this fact with an explicit counterexample. In the
fourth section we introduce the weak topology 7 on %3(R?%), which will play a central
role in Chapter 5, as the topology such that a sequence (,) on Z5(R%) converges to
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w iff

/@dﬂn - /@dﬂ Vi € Ce(R%,R),
(0.6)
/\x!zd,u,n < C, Vn € N.

The reason of such a definition is that, at least from a formal viewpoint, many properties
of (P2(R%), W) are the natural generalization of properties valid in an Hilbert setting:
in these cases the topology induced by W plays the role of the strong topology and
7 plays the one of the weak topology (for example, it is possible to show that W is
lower semicontinuous w.r.t. 7 and that bounded sets are relatively compact w.r.t. 7).
Moreover, recalling the first part of [11], it is worth noticing that the topology 7 is the
natural weak topology in the space & (]Rd) for the study, by compactness methods, of
the minimizing movements scheme (the implict Euler scheme canonically used for the
approximation of gradient flows). We do not investigate the application to PDE’s in
this work and we just point out that the introduction of 7 does not add new results to
[11]: the definition of 7 simply clarifies the ideas, and helps putting everything in the
right perspective. The last section is devoted to the development of some useful tools
concerning the convergence of maps 7T, € Lin when the base measures p, may depend
on n.

Chapter 3 is the key one to start the study of the Riemannian structure of
(22(R9), W), first studied in the pioneering work [46] and then formalized in [11].
In the first section we characterize absolutely continuous curves in %, (RY) through the
study of the continuity equation

d
(07) %Ht + V. (’Utut) =0.

Indeed we show that, for any absolutely continuous curve, for a.e. t there exists a
vector vy € L% (ps, RY) (Lit in the sequel) such that (0.7) holds and the bound

(0.8) Vel e < hae]

is valid for a.e. ¢ (where [[v]|, is the norm of the vector v in L). Conversely, every
solution (g, v¢) of (0.7) with

1
(0.9) / ot < 4o
0

gives a curve t — pu; which is a.e. equal to an absolutely continuous curve for which
) < [[ve], holds.

Having this characterization in mind, it is natural to think to the v;’s as the “ve-
locity” vectors of the curve u:. The only problem is that, for a given py, there is more
than one family of v;’s which satisfies (0.7): indeed, it is sufficient to find vectors w;
such that V- (wipy) = 0 to find a new family v; + w; still satisfying (0.7). So we need
to understand which v;’s we should think as the right ones. There are essentially two
ways to answer to this question, both of them leading to the same result: on one hand,
one can observe that by (0.7) the action of v; is defined only on the gradient of smooth
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functions. On the other hand, one can observe that by the linearity of the expression
V- (vgp) and the strict convexity of the L? norm, there exists only one family of vectors
v of minimal norm satisfying (0.7): such vectors are characterized by [ (v, we)duy =0
for every w; such that V - (wyuy) = 0 and satisfy, by what we said on the solution of
(0.7), [|ve|lu, = |fu] for a.e. t. In both cases we are lead to define the velocity vectors
of p as those satisfying (0.7) and belonging to the tangent space at u;, defined, for a
general measure ji, as

7
(0.10) Tan,, (25(R%)) := {Vgo e CgO(Rd)} ,

which we endow with the Li norm.

It should be noted carefully that, with this definition, the space (Z5(R%), W) is not
an infinite dimensional Riemannian manifold in the canonical sense: indeed, it can be
shown that the natural exponential map Tan, (% (R%)) 3 v — exp, (v) := (Id +v)yp
has injectivity radius 0 for every p. However, there are quite a lot analogies with
that structure. The first one is that the following formula, known as Benamou-Brenier
formula [15], holds:

1
. d
(0.11) W (po, p1) = mm{/O |ve| et - e + V() = 0},

which shows that we can recover the distance between two measures by minimizing the
length of the connecting curves.

We conclude the Chapter with a first study of the differential properties of W?2(-, o),
showing that this functional is differentiable at regular measures p and that its differ-
ential is v := 2(Id — T}7) (where T; is the unique optimal transport map from u to v).
This means that the following equation holds:

W2(v,0) — W2(u,0) — /(v,TZ — Id)dp
(0.12) lim

= 0.
v—p W(u,v)

In Chapter 4 we deeply analyze a topic introduced in the appendix of [11]: a more
general tangent space which includes not only maps, as Tanu(ﬁg(Rd)), but even plans.
With the same terminology of [11], we call this space the geometric tangent space.
The reason for the introduction of such a space is that the space Tan,(Z2(R%)) is
not completely satisfactory when dealing with non-regular measures: for example if
i = 8z, is a Dirac mass, then Tan,(Z#2(R?)) is isomorphic to R? and the image of the
exponential map consists only of Dirac masses. If we want to define a tangent space
with a surjective exponential map, we have to allow the “splitting” of masses, in the
same spirit of Kantorovich relaxation, involving plans, of Monge’s problem, involving
maps. In the first section of the Chapter we introduce the geometric tangent space
Tan, (2,(R%)) via an analogy with the case of a regular manifold M embedded in
RY: for an embedded manifold M, one may say that a vector v belongs to the tangent
space of M in xzq if and only if there exists a constant speed geodesic t — x; such that
v = limy(z; — o) /t, therefore the tangent space can be defined by studying only the
behavior of geodesics. With the formal identification of points z; of the manifold with
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measures i in Po(RY), of the vector x; — zo with the plan (7!, 72 — 1) 47,, where ~,
is an optimal plan between py and p;, and of the rescaled vector (x; — x)/t with the
“rescaled” plan (!, (72 — 7!)/t)4v,, we know that our tangent space has to contain
at least all the plans of the kind

i 1 7.[.2 _ 7T1
11’Il+ ™, t ’7t7
t—0 #

where ~, is any choice of optimal plans from a fixed measure pg and the point py of
a constant speed geodesic t — u;. Of course we have to define the topology of the
limit. The characterization of geodesics given by equation (0.4) allows us to say that
the previous limit is equal to (because eventually equal to) (7!, (72 — 1) /T) 47, where
~ is an optimal plan and T > 0 is a positive number. Reversing the last formula we
know that Tan, (% (R%)) has to contain at least the set Geod u defined as

Geod 1 = {’y c Py(R*?), : (7', 7! + Tr?)yv is optimal for some T > O},

where Z5(IR??),, is the set of all plans in #5(R??) whose first marginal is . Given that
we want the regular tangent space to be isometrically included in Tan,(Z2(R%)) via
the natural embedding v — J(v) := (Id,v)xp, we are lead to endow P5(R??),, with
the distance

VWMWQ=/WW%MmeM%

where -, is the disintegration of v w.r.t. its first marginal. The definition of the
geometric tangent space will then be
Tan, (Z5(R%)) := gem{uw”,

meaning that the closure is taken w.r.t. the distance W,. Given that

(0.13) 1 = gl = Wu(3(£), 3(9))

and that for every regular function ¢ the map I'd+tVy is optimal for sufficiently small
t, we have that Tan,(Z>(R%)) is naturally embedded in Tan,(Z>(R%)). Equation
(0.13) suggests a way to define the norm of plan and the scalar product between plans
as following;:

(0.14) P = Wi, 300) = [ foaldr(an, o)
(0.14b) 2(v1,72) = [l + 1vall? = Wiy, v2)-
Furthermore, the exponential map v — exp(y) := (7! + 72)4v is clearly surjective,

and the inverse function exp;l(y) is well defined by
exp;I(V) = {’7€Tanu(<@2(]Rd)) o (mt, 7t + 7%) 4 is optimal between y and V},

(which is not the functional inverse of exp).
In the second section we derive a useful and interesting formula to compute the
directional derivative of W2(-,0) along an interpolation curve t — pu; = (7!, 7! +
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tﬂ'z)#"}’, where 4 is any plan in 5 (R??) not necessarily optimal. The formula is:

d o
= 2 s )
which is formally equivalent to the one valid in Riemannian manifolds.

In the third section, following the same approach given in [11] (see also [4, 20, 49]),
we introduce an abstract notion of tangent cone for positively curved length spaces (i.e.
length spaces which satisfy an inequality like (0.5)), showing that a notion of angle
between geodesics and of norm of a geodesic are well defined, and that in the case of
(25(R%), W) these notions are consistent with those defined in (0.14).

In the fourth section we conclude the study of the embedding

Tanu(ﬁg(Rd)) — Tanu(ﬂg(Rd)).

by showing the non trivial fact that the subset of Tan,(Z2(R%)) of plans induced
by maps is isomorphic through 37! to Tan,(Z2(R%)): this means that every optimal
map is tangent, regardless of any assumption on the regularity of the base measure.
Conversely, we study the barycentric projection of a plan ~, defined as

By)(1) = / 2d(Y)a

showing that it is a well defined map from 2 (R??), onto LZ, and that the range of

Tan, (2,(R%)) is Tan,(Z2(R?)), thus providing a natural left inverse to J.
The fifth section is devoted to the study of the algebraic properties of operations
on Z5(R??),: we introduce a (multivalued) sum between plans as

Y1 Dyg = {(7‘1’0,7{'1 + 1) ga @ a€ Py(R3, W%la = 71,772@20[ = 72},
the product of a plan « with a scalar \ as
Ay = (AT s
and we show that these operations and the scalar product defined in (0.14), endow
Py(R?%) u with a structure very similar to the one of an Hilbert space. A remarkable
result of this section is that the opposite —1 -+ of a tangent plan -, is tangent, too: for

this reason we called Tan,(Z2(R?)) tangent space rather than tangent cone.
The last section of the Chapter studies the projection operator

(0.15) Py(R*),, 5 v — P(v) € Tan,(P2(R?)),

where P(7) is the element of minimal distance from ~ among those in Tan,,(#(R%)).
We show that this operator is well-defined, that is characterized by the property

(v,m) = (P(v),m), Vn € Tan,(#,(RY),
and that, at least for plans v induced by maps, it holds the identity

. Wiexp(t-v),u)
tli%i ; = [[P()I-

In Chapter 5 we study the 7-closure properties of geodesically conver sets and of
strongly geodesically conver sets in Po(RY), i.e. those sets C such that
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o (1 —t)n! +tn?) 4y € C for every u,v € C and some v € Opt(u,v),

o (1 —t)r! +tx?)yy € C for every u,v € C and every v € Adm(u,v),

respectively. The reason of such an interest comes from the fact that, as pointed out in
[11], in order to have convergence of the minimizing movements scheme it is necessary
to have some sort of weak compactness of the sublevels of the functional. On Hilbert
spaces this is guaranteed when the functional is convex and lower semicontinuous,
because closed and convex sets are weakly closed, thus it is natural to ask whether the
same is true for geodesically conver functionals, i.e. functionals convex along constant
speed geodesics, in Z5(R%). In [11] mainly two kind of geodesically convex functionals
on P5(R%) are studied: those geodesically convex and those strongly geodesically convez,
defined respectively as those functionals F' satisfying

o F(u) < (1 —t)F(uo) + tF(p1) for every p = ((1 — t)m! + tw?) 47y, for some
optimal plan -,

o F(u) < (1 —t)F(uo) + tF(p1) for every py = ((1 — t)m! + tw?) 4y, for some
plan v € adm(u,v).

Clearly the sublevels of a (strongly) geodesically convex functional are (strongly)
geodesically convex sets, thus in order to have the desired convergence of the minimiz-
ing movements technique one should prove some kind of 7—compactness of bounded
(strongly) geodesically convex sets. In [11] the problem is solved in two different ways
for strongly and not strongly geodesically convex functionals:

e for strongly g.c. functionals an a priori estimate of the distance between two
discrete solutions is given, proving the strong convergence of scheme without
any compactness assumption,

e for g.c. functionals the T—compactness of sublevel sets is assumed as a further
hypothesis.

The approach we present here is rather different: we focus on (strongly) g.c. sets and
we imitate the proof of weak compactness of convex sets in Hilbert spaces to our space,
to gain T7—closure. This requires first the introduction of the “halfspaces” J“f,;fc and

r%”,Y_;C:
L%”,;,:C = {1/ e PR : (n,v) > C, for some n € exp;l(y)} ,
if,),_;c = {u e Z5(RY) : (n,y) <C, for some n € exp;I(V)} .

We prove the 7—compactness of the sets %ﬂqﬁc and, when the base measure p is regular,
of %’Y_C And finally we prove that
e a strongly g.c. set may be written as the intersection of a family of hyperplanes
of the kind %ﬁ;ﬁc ,

e a g.c. set included in the set of regular measures may be written as the inter-
section of a family of hyperplanes of the kind jf,;c.
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This shows that strongly g.c. sets are always T—closed (consistently with what proved
in [11]), and that g.c. sets made of regular measures are T—closed, too: this implies the
redundancy of the hypothesis on 7—compactness of the sublevels, at least for functionals
which are equal to 400 on non-regular measures. Technical difficulties arise when trying
to generalize the second result to general g.c. sets: it is not clear to the author whether
the regularity hypothesis on the measures may be dropped or not.

In the final section of the Chapter we introduce the concept of subdifferential of
functionals in Z25(R%) (already presented in [11]), in light of the results and of the
notation developed in Chapter 4: again, here we do not introduce new concepts, but
just review them in a (possibly) clearer way. The purpose is to show that of the two
potential definitions of subdifferential of geodetically convex functional

vy €0 F(n) & Vv e PR ¥y cexp,'(v) F(v) > F(u)+ (v, m),
v €I F(p) & Vv e PR Vn €exp,'(v) F(v)>F(u)—(—1-v,m),

only the second one (equivalent to the one adopted in [11]) is correct, if one aims to
have a strong-weak closure property of the subdifferential: this is proved by an explicit
counterexample. At the end of the section we apply the definitions given to the study
of the differential properties of the functional W?2(-, o).

In Chapter 6 we make a second-order analysis of (Z25(R%), W). Given that we know
that (22(R?), W) has a “Riemannian like” structure, we try to answer to questions
as: is there a Levi-Civita connection in this case? If yes, what is it? Does parallel
transport of vectors exist? What about the curvature operator? These questions,
mostly at a formal (smooth) level and on compact Riemannian manifolds, have been
already addressed in [43]: here we focus also on some analytic aspects of these questions.

The Chapter is structured as follows: in the first section we recall the case of
a regular manifold M embedded in RY, showing how the Levi-Civita connection, the
parallel transport and the curvature operator look like in this well-known case. We also
show an existence proof of the parallel transport based on an approximation argument,
which we will be able to imitate in the Wasserstein setting. The idea is to show that,
given a curve [0,1] 5 ¢t — () € M, a tangent vector ug in (0), and letting P; be the
projection of RY onto the tangent space at M in v(t), there exists the limit of

Pluo) = Pr(Py, (- - By, (uo)))

over the directed set of partitions P = {0 < tg < --- < t, = 1} of [0,1] (where with
some abuse of notation we wrote P both for the partition and for the induced operator)
and that this limit is the parallel transport of ug to the tangent space in (1) along the
curve (t). The key ingredient to prove this result is the inequality

(0.18) | Prs (u) = Pry (Pry (u))] < Clullts — ta[t2 — ta],

valid for all vectors u in the tangent space of (t1), where C is a constant which depends
on the regularity of the manifold and of the curve. The idea to prove this inequality is
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that in a regular setting the norm of the operators
Vi 5 u — u— Ps(u),
Vit s u— Py(u),

are bounded by C|s — t|, where V;, V,= are the tangent and the orthogonal space to
M at ~y(t), respectively. From inequality (0.18), it follows that for given a partition
P={0<ty<---<t, =1} and any refinement P’ it holds

n—1
[P(u) = P'(u)] < Clu| Y [tiv1 -t
i=0
from which the desired convergence of the approximation scheme follows.

In the second section we develop the analytical tools needed to replicate in the
Wasserstein setting the construction made for embedded Riemannian manifolds. The
key concept we introduce is the angle between tangent spaces through a map: for a
given couple u, v € P5(R%) and a map T € Li such that T p = v, we define the angle
Or(p,v) € [0,7/2] as

sin Op(p,v) = sup lvoT — Py(voT)|p,

vETany (P4 (RD))
lvllp=1

and we prove that it holds:
sin Op(u, v) < Lip(T — Id).

In the third section we introduce the class of reqular curves which is the class of
curves along which we are able to define the parallel transport and to show its existence.
We will say that an absolutely continuous curve [0,1] 5 ¢t — p is regular if its velocity
vector field v; satisfies:

1
/ Lip(vy)dt < oo,
0

where by Lip(v), v € Li, we mean the infimum of the Lipschitz constant among all the
vector field p—a.e. equal to v.

The well-known Cauchy-Lipschitz theory ensures that for a regular curve there
exists a unique family of maps T(t,s,-) : supp put+ — supp ps, which we call the flow of
the curve, absolutely continuous in s and Lipschitz in = satisfying

T(t,t,z) = x, YV, t,
d

(0.20) %T(@ 3;33)|8:§ = vs(T(t,5, 7)) Vz,t, a.e.s,
T(S,T,T(t,s,l‘)) :T(tﬂ“,x), Ve, t, s, r
(T(t,s,2)) 0 = ps vt, s € [0,1].

The existence of the flow maps allows the introduction of the concept of absolutely
continuous vector field along u;: we say that t — u; € Lit is absolutely continuous if for

any to € [0, 1] the map ¢t — u;0T(to,t,:) € Lito is absolutely continuous. Given that the
composition with T(¢o, t(,, ) is an isometry between Lit, and L/% 1o’ to check the absolute
0
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continuity of a vector field, it is sufficient to check whether ¢ — wu; o T(to,t,-) € Lito is
absolutely continuous for some ¢y € [0, 1].
The derivative %ut € L/Qu of an absolutely continuous vector field u; is then defined
as
ugrp o T(t,t+h,) —u  d

d :
P }llli% N = %(UT o T(s,r,-))|,_, 0oT(ts,-), Vse[01].

It is a simple consequence of the definition that the derivative exists for a.e. ¢ € [0, 1]
and that the function ¢ — |4u,||,, is integrable. Another easy consequence of the
definition is that the Leibnitz rule holds in the following sense:

d d d
(021) 7(“%7“?)#1& = <%u%vu?>ut + <u%7$u%>ﬂt7

It is important to underline that this definition of derivative allows us to take
derivative of a function u; whose range belongs to different L? spaces as t varies: actually
these spaces can be quite different from each other, if the support of u; depends on
time.

We conclude the section with a proof of density of regular curves in the set of
absolutely continuous curves: the delicate point in our approximation result is due to
the fact that regularity imposes a Lipschitz condition on the tangent velocity field. The
typical approximation schemes for solutions to the continuity equation, on the other
hand, produce a regularized vector field that is compatible with the regularized density,
but it is not tangent in general. Therefore a further projection of the regularized velocity
on the tangent space is needed.

In section 4 we study the problem of the parallel transport: we prove that along
regular curves a precise notion of parallel transport can be given, and we are able to
prove its existence and uniqueness. Conversely, we show that under some circumstances
the parallel transport “no matter the definition” doesn’t exist if the curve fails to be
regular.

Imitating the definition of parallel transport in the case of an embedded manifold,
we say that t — wy is a parallel transport along the regular curve py if it is tangent,
absolutely continuous and satisfies:

d
(0.22) P, <dtUt> =0, ae tel0,1],
where P, : szu — Tan,, (22(R?)) is the orthogonal projection. In the case when

e = peL% (£ being the Lebesgue measure), the PDE corresponding to the parallel
transport of a gradient vector field V¢ is, in accordance with the formal calculations
made in [43],

V . ((agngt + V2g0t . Ut)pt> = O

It is a simple consequence of the definition and of equation (0.21) that the parallel
transport is linear and preserves the scalar product, and therefore is unique.
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Existence is a more delicate issue. The key bound we use, which is a direct conse-
quence of equations (0.20) is

(0.23) Lip(T(t,s,) — Id) < exp ( /t SLip(vT)dr> ~1.

The idea of the proof is to imitate the construction made for embedded mani-
folds: we introduce the operators & : Tan,, (22(R%)) — Tan,, (P2(R%)) as 2§ (u) :=
P,,(uo T(s,t,-)), then we observe that for any u € Tan,,,(Z2(R%)) the vector field
t — P(u) is a first order approximation of the parallel transport, in the sense that it
satisfies equation (0.22) at ¢ = 0. Indeed from the bound (0.23) it follows

" 2
|20 (Z6(w) = ulluy = |22 ( P4 (w) =0 T(t,0,)) |y < [lteluo (/O Lip(vr)dr> = o(t).

Then we define for any partition P := {0 = ¢1,...,t, = 1} of [0,1] the map from
Tan,,, (Z2(R?)) to Tany, (#(RY))

P(u) = 2 (- P2 (w),

and, thanks to the bound (0.23), we are able to prove that for any u € Tan,,, (Z2(R%))
there exists the limit 7 (u) of P(u) as P varies over the direct set of partitions. We
then repeat this argument to the restriction of the curve to the intervals [t,s], to
produce a family of maps 7,° : Tan,, (Z2(R%)) — Tan, (Z2(R%)). These maps are
exactly the parallel transport maps along the regular curve p;, in the sense that for any
u € Tan,, (P (R?)) the vector field t — T (u) is the parallel transport of u along .

We conclude the section with some explicit example of parallel transport and with
a counterexample to its existence along a non regular curve.

In the fifth section we define the covariant derivative and the curvature tensor on
the space (Z2(R?), W). The spirit is similar to the one of Lott in [43], although with
a less formal approach.

Recalling that in a classical embedded Riemannian manifold the parallel transport
Ty TyyM — T,(syM and the covariant derivative V) along a curve 7(t) are related

by
3 _
(t)ut = hm Pt <TS (US) Ut) y

s—t s—1t

Vi

we define analogously the covariant derivative in % (R?) along the regular curve u; as

THug) —u d

Vo up = EL% By, <S(55)tt> = Put(aut)a
for any absolutely continuous vector field ¢ — u; (here v is the velocity vector field
of the curve u;). We are then able to prove that this derivative is the Levi-Civita on
P5(R?), proving that it is uniquely characterized by the compatibility with the metric
and the torsion-free identity.

Having defined the Levi-Civita connection, we can study the curvature operator:
we will give a useful representation formula for it (already appeared in [43]) and prove
that the sectional curvatures of Z25(R%) are always non-negative.
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In section 6 we continue analyzing the formal analogy between 25(R?) and an
embedded Riemannian manifold, by defining an analog of the Sasaki metric on the
tangent bundle.

Recall that, for a Riemannian manifold M, it is possible to endow the tangent
bundle TM with a natural Riemannian metric, the so-called Sasaki metric, which
induces the following distance on the tangent bundle:

dz((pl,ul), (p2,u2)> _ igf{(ﬁ(V))z + |7 (ul) - u2‘2} )

where the infimum is taken among all the smooth curves (¢) in M connecting p' to
p?, L(7) is the length of v and 7 (u') is the parallel transport of u! along v to the point
p°.

This definition has an analogous in (Z2(R%), W2), because it doesn’t rely on a
differential structure on the tangent bundle to be written. Therefore, for any couple
of measures p,v € P5(R?) and any couple of tangent vectors u € Tan, (P (R%)),
v € Tan, (P2(R%)) we define

& ((n,w), (v,v)) = inf {(ﬁ(ut))2 + v - T&(U)Hi},

where the infimum is taken on the set of regular curves y; : [0,1] — P5(RY) such that
o = p and py = v, L(p) is the length of py and 7,° are the parallel transport maps
along p;. In particular we define d((p,u), (v,v)) := 400 if there is no regular curve
connecting p to v (which may happen, think for instance to the case in which the the
support of 1 and the one of v have a different number of connected components: the
fact that the flow maps are isomorphisms implies that there is no regular curve joining
W to v).

In order to obtain a real valued distance we first define the lower semicontinuous
envelope d* of d by:

d* ((p,u), (v,v)) = inf{liminfd((un, Un), (Vn,vn))

(b tn) — (), (v 0m) — <u,v>},

where by convergence of (pn,u,) to (p,u) we mean: W(u,pun) — 0, [upedp, —
[updu, Vo € C°(RY,RY) and ||uply, — |lully. Then, since it is not clear whether
the function d* is sufficienly well-behaved (for instance whether the triangle inequality
holds), we define the function D as:

D((u, u), (v;0)) = inf {d" (1, Vo), (v, Vi) + llu — Vool + lv = Vllu }

where the infimum is taken among all ¢, € C°(R?). We then prove that D is a
distance on the set of couples (u, u), u € Tan,(Z2(R?)), which metrizes the convergence
described above. Furthermore, for any absolutely continuous curve (p,u;) w.r.t. D
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the curve y is absolutely continuous in %5(R%) and:

(0.24) i D, us), (e, )
‘ s—t |s — ¢

> ||ve| e for a.e. t,

where v; is the tangent field of p;.
Conversely, if u; is a regular curve and wu; is a parallel transport along it, the map
(e, ug) is absolutely continuous w.r.t. D and equality holds a.e. in (0.24).

Having this result in mind, we give the following definition: ¢t — w; is a weak
parallel transport along the absolutely continuous curve t — g if the curve t — (g, uy)
is absolutely continuous w.r.t. D and equality holds in (0.24) for a.e. ¢t. The final part
of the section is devoted to the study of the properties of the weak parallel transport.
However, it is important to underline that even this weaker notion of transport is not
sufficient to gain existence: the counterexample to the existence of parallel transport
we present in section 4, works as well for this weaker notion.






CHAPTER 1

Preliminary results

1. Transport of measures

For any separable metric space X we will denote by Z(X) the family of all Borel
subset of X, and by Z?(X) the set of Borel probability measures on X. Given two
separable metric spaces X1, Xo, a measure p € Z(X;) and a p—measurable map
T : X1 — Xy the push forward of j through T is the measure Tiyu € &?(X2) defined as

(1.1) Tyu(E) := u(T~HE)) VE € B(X>).
Note that if f,g are Ty p-measurable functions which differ on a Tl p-negligible set
E then foT,goT differ on T-(E) which is p-negligible by definition of Tiyu. In

particular, for every T4 p-measurable function f, the function f oT' is y—measurable,
and it follows from the definition that

(1.2) fdTyp :/ foTdpu.
X X

More precisely, one integral exists if and only if exists the other, and in this case they
are equal. Observe that for any p > 1 the composition with 7" is a well defined map
from £P(Xo, Typ) to LP(X1, pn): equation (1.2) implies that this map is an isometry.
The same argument shows that if S : Xo — X3 is a Ty measurable map with values
in a separable metric space X3, then T'0.5 is a well defined p—measurable map. In this
case it holds

(SoT)yp = Su(Tyn).
From now on we will denote with supp p the support of the measure u € Z(X;)

defined as the complement of the largest open set U such that p(U) = 0, or equivalently,
as

supp p = {m € X1 : p(U) > 0 for each neighborhood U of x}

It is always true that the measure Ty is concentrated on the image of T', however it

may happen that supp(Typ) C T'(supp p) if the image of T is not closed. A simpler
situation occurs if we let T be continuous: indeed in this case it holds

T(supp p) C supp(Tup) = T (supp p).

Moreover it is easy to check that under this hypothesis the map Ty : (X)) — £ (X>2)
is continuous w.r.t. the weak convergence in duality with continuous and bounded
functions, that is:

P, = & /sodun—>/ wdp, Vo € Cp(X).
X X

1
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In the following we will often consider product spaces X = H]lv X; where the X; are
separable metric spaces (mostly copies of R?), in this case we will usually write 2; and
x = (x1,...,zy) for a variable in X; and X respectively. The projections operators 7
and 7% are defined as

k
X - X piie: X0 = [,
j=1
x — x x — (Tip,..,Tiy)-

Given a measure p € &(X) (usually called N—plan), its marginals are defined as
W;ﬁu € Z(X;) and 71';""’%/1, e (11, Xi,,). For o C 2(X;),i=1,...,N, the set of
admissible N —plans is

ADM (A, ..., o) = {ue P(X) ¢ wyp e o, v¢=1,...N}.

If each <7 is a singleton, % = {u;}, then we will write ADM (w1, ..., pun) instead of
DM ({1}, {un}).

REMARK 1.1. If (p,) € 2(X) is a sequence of plans weakly converging in duality
with Cy to some p € P(X) then the continuity of the projection implies that Ty Mo,

weakly converge in duality with Cy to 71';&;1 foranyi=1,...,N.

If N =2 then a plan p € ADM (11, u2) is also called a transport plan for the couple
(u1, p2). If a transport plan satisfies

(1.3) p=(Id,T) 41

for some map T, then we will say that the plan is induced by the map T from pp. It
can be easily seen that a plan p is induced by a map if and only if it is concentrated on
the graph of some p;—measurable map 7', moreover in this case the map 7' is unique
up to pu1—negligible sets and (1.3) holds.

2. Tightness, 2-boundedness and 2-uniform integrability

From now on we will work in Euclidean spaces, so we assume X = R%. A subset
o C P(X) is said to be tight if for any € > 0 there exists a compact subset K. of X
such that pu(X \ K.) < € for every pu € 7, or, equivalently, if

lim su X\ Br)=0.
W S HOC\ B

A different, but equivalent, formulation of the definition of tightness is the following:
o/ is tight if and only if there exists a positive function ¢ such that ¢(x) — +oco as
|x| — 400 for which it holds

(1.4) sup /cpd,u =:C < +o00.
ned

Indeed suppose (1.4) holds, then Chebichev inequality gives

pfe > s <,
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and since the set {¢ <t} is compact we get one implication. Conversely suppose that
o/ is tight: let K, be an increasing sequence of compact sets such that u(X\ K,) < 27"
for any p € &/ and define

o(z) ::inf{n : xeKn}.

Clearly ¢ — 400 tends to infinity as |z| — oo, moreover for any p € o it holds

Jodn = 32 nEn \ Kue) = om0 X\ Koct) = X\ Ka) £ 3 50 = 1

n

where Ko = @.

THEOREM 1.2 (Prokhorov). A set o/ C P(X) is relatively compact w.r.t. the
weak convergence in duality with Cy if and only if it is tight. Moreover a sequence
(un) € P(X) weakly converging in duality with C. to a measure p (possibly not in
P(X)) is tight if and only if

(1.5) hm/gpdun :/godu, Y € Cy(X).

Proof. Suppose that & is tight, choose a sequence u,, € & and extract a subsequence
(not relabeled) weakly converging in duality with C. to some p. Clearly pu(X) <1, so
we need to prove that u(X) > 1. Fix e > 0, find a compact K. such that pu,(K.) > 1—¢
for any n, and choose a function x. € C.(X) such that 0 < y. <1 and identically 1 on
K. Since it holds

(1.6) n(X) > /xsdu = lim/xedun > lim py (Ke) > 1 ¢,

we proved that tightness implies compactness. Let us turn to the converse implication:
suppose & is not tight so that there exists € > 0 such that for any compact set K it
holds sup,, i, (X \ K) > e. Up to pass to a subsequence, not relabeled, we may assume
that (u,) weakly converge to some p in duality with C.. Choose R, /" 400 and, for
any n, find a measure u, € o such that pu,(Bgr,) < 1—e. Letting x, € Cc(X) be a
function such that 0 <y, <1, x =1 on Bg, and x;, = 0 outside Bg, , we have

u(X) = sup u(Br,) < SUP/XndM = sup lim/xndum <l-e.
n n n m

For the second part of the proof note that choosing ¢ =1 in (1.5) we get u(X) = 1 and
so, by the previous argument, that u, is tight. Suppose conversely that u, is tight, fix
¢ € Cp(X) and let xp € C.(z) be a cut-off function 0 < xr < 1 identically 1 in Bpr
and equal to 0 outside Bor. We have

/ odpln— / edp| < ‘ / OXRApn— / @xzzdu’ + ' / ©(1 = xRr)dpn

from which it follows

ligbn‘/wdun —/sodu’ < sup\s0!<supun(X\BR) +u(X\BR)>-

+ ‘/w(l - XR)dM'

<

/chRdun—/ SDXRdM’ +sup |s0!<sup (X \ Br) + p(X BR)),
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Letting R tend to +oo we get the thesis. O

PROPOSITION 1.3. Let X = Hf\il X; be a product space. A set of C P(X) is tight
if and only if so are the sets 7y (/) C Z(X;) for anyi=1,...,n.
Proof. One implication follows from the relative compactness of &/ and the continuity
of the maps W;'# w.r.t. the duality with Cj. For the other one fix ¢ > 0 and choose
compact sets K; C X; such that u;(X; \ K;) < e/N for any u; € 773#(52{), 1=1,...,n.
The set [ [, K; is compact in X and it holds

XN\ E) <D (=) MX\K)) <e, Vped.
i=1 =1

O

In the next chapters we will mostly work with the subset of &7(X) of measures with
finite second moment:

2ax) = {pe 206) + [lofdp < +oo}.

Note that if 4 € HP2(X) and ¢ is a Borel function with quadratic growth, i.e. a function
such that
@) < Az +B  VreX,
for some A >0, B € R, then ¢ € £ (X, ;) and so [ ¢dpu is a well defined real number.
A set & C Po(X) is 2-uniformly integrable if for every e there exists a compact
set K. such that

/ lz]2dp < e, Ve of.
X\K-

This definition is formally very close to the one of tightness (it is actually possible to
introduce the 2-uniform integrability in terms of tightness of the set {(1 + |2|?)p: u €
/}), and it will be of primary importance in the study of compactness in the space
P5(X) endowed with the Wasserstein distance.

The proof of the next proposition is very similar to the one we gave before, so we
will omit it.

PROPOSITION 1.4. Given of C P2(X) the following three conditions are equivalent.
i) o is 2-uniformly integrable.
ii)
lim sup/ |z|2dp(z) = 0.
R—+00 e JX\Bg
iii)
sup /godu < +0o0,
ned
for some positive function @ with more than quadratic growth at infinity, i.e.
a function such that p(z)/|x|?> — +o00 as |z| — +oo.

Moreover for a given sequence (p,) C P2(X) weakly converging in duality with C. to
some p € Po(X), the following conditions are equivalent:



2. TIGHTNESS, 2-BOUNDEDNESS AND 2-UNIFORM INTEGRABILITY 5

i) () ts 2-uniformly integrable,
ii) /|x|2d,u = lim/|x!2dun,

iii) / pdp = lim / wdpy, for any continuous function ¢ with quadratic growth at
nfinity.
A set o C Po(X) is 2-bounded if

sup / 2 2dp(z) < +oo.
ned

Obviously a 2-uniformly integrable set is 2-bounded. It is easy to prove that a set is
2-bounded if and only if

sup /godu < 400,
ned

for any ¢ with quadratic growth at infinity. Moreover for a 2-bounded sequence () C
P5(X) weakly converging to p € Z(X) it holds

(1.7) /wduzlim/wdun,

for any continuous function ¢ with less than quadratic growth, i.e. a function such that
o(z)/(1+ |z|*) — 0 as |x| — +oo.

PROPOSITION 1.5. Let of C P9(X) be a set of probability measures on a product
space X = [ X, i = L,...,N. Then & is 2-uniformly integrable (2-bounded) if and
only if so are the sets W;#(JZ{) CcX;,i=1,...,N.

Proof. The assertions about 2-boundedness follow from

N N '
/ S =Y / jai[Pdri .
X =1 i=1 7 Xi

so we turn to the 2-uniform integrability. Since

/X\H S o du>Z/ i s = Z/ o,

K73
for any ¢ = 1,..., N, the 2-uniform integrability of &/ implies the one of W%E(JZ{ ) for
any ¢ = 1,..., N. For the other implication, by induction we can assume N = 2. Fix
R, let B}é C X;, © = 1,2, be the balls with center in the origin and radius R and use
the set equality

X\ (Bl x BY) =
(v BR) x BR) U (B x (X2 \ BR)) | ((%1\ BR) x (X2\ BR)),

to easily obtain

/ 12112 + |z2|?dp < 3/ |z1]2 dﬂ#u + 3/ |m2\2d7riu,
X\(BLxBg) X1\B% X2\B%

I(K
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from which the thesis follows. O

3. Dudley’s lemma

A fundamental tool we will need in the sequel is Dudley’s lemma. In this section we
will prove it as a consequence of the disintegration theorem (recall that the spaces we
are dealing with are Euclidean). Recall that a map z1 € X1 — p, € Z(X») is called a
Borel map if so is the map z1 € X1 — pg, (A) for any open set A C X5. Given such a
Borel map and a measure p € Z(X1), it is easy to see that the formula

I(p(x1,22)) // o(z1, x2)d iy, (z2)dp(z1),

defines a continuous positive linear functional on C.(X; x X2) with norm 1, which is
therefore a probability measure on X x Xo. It is natural to ask whether this statement
has an inverse: the answer is positive and it is given by the following proposition, which
is a direct consequence of the disintegration theorem.

PROPOSITION 1.6. Let X1, X9 be two Euclidean spaces and p € P (X1 x Xa). Then
there exists a Borel map x1 — pg, on X1 with values in & (Xs) such that

/30(561,x2)du(:1:1,a:2) ://(P(xlal’ﬂduxl(xg)(hr#u,

for every ¢ € C.(X1 x X3). Moreover the family py, is uniquely determined up to
equality ﬂ#u a.e..

We will refer to the family u,, as the disintegration of g with respect to its first
marginal (or w.r.t. the first variable) and write dp(z1, z2) = dﬂ#u(wl) ® dpt,, (x2) or
dp = al7r3éé p ® dp,, if no ambiguity occurs.

Let us now turn to the main result of this section.

LEMMA 1.7 (Dudley). Let X1, X, X3 be three Euclidean spaces and let pu'? €
P (X1 x Xo), p'? € P(X1 x X3) be two measures such that

(1.8) W#ulﬂ = 7r71$,ul’3
Then there exists a plan pu>?3 € P2(X1 x Xo x X3) such that
(1.9a) ;{2”123 w2,
(19b) 7_[_1 3/—1'123 ul,?)

Proof.  Observe that the condition (1. 8) is necessary to the existence of u1’273. To
show the sufficency let p := 71';1#;1,1’ =7 ul 3 be the common marginal and Hm ,;Lxl

be the disintegrations of p'?, u'? w.r.t. pu. It is easy to check that the measure p!?3

defined by

(1.10) At (w1, @0, 35) = dplwr) © d(ph2(w2) © pk ()

satisfies the condition. O
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Observe that if a measure pu!?3 satisfies (1.9a), (1.9b) then it has to hold
20123 1,2
Tk = B
31,23 1,3
Ty, = Kzl -
Together with the uniqueness result stated in 1.6 this fact implies that if either pu? or
b3 is induced by a map on X7, then there is a unique 3-plan satisfying the conditions
of 1.7. More explicitely if u'? = (Id, T)4u then the unique pb?? is given by

It is usually said that Dudley’s lemma allows to make the composition of plans, the
reason being the following. It is just a matter of notation to observe that an analogous
version of Dudley lemma holds if the given measures p!?, u?3 belong to Z(X; x
X9), P (X2 x X3) respectively and equation (1.8) is replaced by
Wiﬂm _ 7@“2,3‘

In this case if pl? = (Id,T) gp and p?? = (Id, S)x(Typ) for some measure u € P (X1)
then the unique 3-plan with marginals p'?, pu?3 is given by p'?3 = (Id, T, (SoT)) xu
and it satisfies 77;23#1’273 = (Id,(S o T))up, which is exactly the plan induced by the
composition of the two given maps.

4. On the solution of the optimal transport problem

In this section we collect the basic results we need to introduce the Wasserstein
distance. It is not our purpose to describe accurately how to solve the optimal transport
problem neither the techniques used and we do not intend to state the results in their
maximum generality. We simply list the main definitions and theorems in the form
and setting we are interested in, and we refer to [7],[11], [45], [15] for a more detailed
analysis.

We will mostly work with 2-bounded sets, therefore in the following we will not
indicate if weak convergence is done w.r.t. Cp or C., exceptions will be indicated.

The optimal transport problem is the following: given two measures p, v € Z5(R%)
find the infimum of

(1.11) A, v) 5 v — / (21 — s|2dry (21, 7).

and answer to questions like: does there exist a minimizing plan? Is it unique? Is it
induced by a map?

A standard tightness-semicontinuity argument ensures that there always exists a
plan v € Adm(u, v) which attains the minimum, and simple counterexamples show that
in general this plan need not to be unique.

We will denote with Opt(u,v) the set of optimal plans for the couple p, v:

(1.12) ~ € opt(p,v) &

v € Adm(u,v) and /|x1 —xol’dy = inf /|1:1 — zo|2dy'.
~' €Adm(p,v)
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Note that by weak lower semicontinuity of v — [ |21 — xa|?dy it follows that
Opt(u, v) is weakly closed.

In order to understand the main properties of optimal plans we need the following
definition.

DEFINITION 1.8. A set A C (R¢ x RY) is cyclically monotone if for every N > 1
and any choice of (z4,x4) € A, i=1,...,N, it holds
N N
(1.13) (ef,25) > (
=1

% i=1

i a1
L1, Ty >7

where x5 tt = x.

It can be proved that the following theorem holds .

THEOREM 1.9. Let v € Po(RY x RY) be a plan and p = F;#’Y,V = 7'['3#’7 be its
marginals. Then v € Opt(u,v) if and only if its support is cyclically monotone.

REMARK 1.10. The following property holds (a little bit stronger then the one stated
in the previous theorem): for any p,v € Po(R?) the set

(1.14) J suppr,
YEOpt(p,v)

1s cyclically monotone. Indeed it is sufficient to consider a weakly dense countable
subset {7, }nen of Opt(u,v), to consider the (optimal) plans vy = 1/N SN~ to
notice that supp~y = UY supp~y,, and to pass to the limit to get (1.14).

A simple but of great importance consequence of this theorem is the following
stability result.

PROPOSITION 1.11. Let (py), (1) C P2(R?Y) be two sequences of measures weakly
converging to u,v respectively and let v, € Opt(n,vy) be any choice of optimal plans.
Then the sequence (7,,) is tight and any weak accumulation point v belongs to Opt(u,v).

Proof.  The tightness of the sequence follows from proposition 1.3 and remark 1.1
ensures that any accumulation point 4 belongs to 4dm(u, v). Now suppose that v,, — =,
observe that under this hypothesis the support of ~ is contained in the Kuratowski
lower limit of the supports of v, (i.e. any point of supp~y can be approximated by
points in supp~y,,): the continuity of the scalar product ensures that supp -y is cyclically
monotone, too. Il

The following classical result of Rockafellar gives a very interesting characterization
of cyclically monotone sets.

THEOREM 1.12 (Rockafellar). A subset A C R% x R is cyclically monotone if and
only if it is contained in the graph of the subdifferential of a convex function.

From this theorem it follows the well known result of Brenier on the existence of
optimal transport maps (i.e. maps which induce optimal transport plans). Recall that



4. ON THE SOLUTION OF THE OPTIMAL TRANSPORT PROBLEM 9

a set C' C R? is said to be H* rectifiable if there exists a sequence f,, of Lipschitz maps

from R¥ to R? such that
H* (C\Ufn(Rk)> =0,

where H* is the k—Hausdorff measure, and the following property of convex functions
(see [3]).

THEOREM 1.13. Let ¢ : RY — R be a convex function. Then the set of points of
non-differentiabilty is HY™1 rectifiable.

DEFINITION 1.14 (Regular measures). The set of reqular measures on R is the
subset of P5(RY) defined as follows

(1.15) P5(RY) = {,u € PR 1 w(C) =0, for any HE rectifiable set C’}

THEOREM 1.15 (Brenier). Let pu,v € P5(R%) be given measures and suppose that
w is reqular. Then there exists a unique optimal plan and this plan is induced by the
gradient of a convex function.

Proof. Use remark 1.10 and Rockafellar theorem to obtain the existence of a convex
function ¢ such that every optimal plan is concentrated on the graph of 0~ ¢ (the
subdifferential of ¢). Now observe that since yu is regular 0~ ¢(x) is a singleton for
u-a.e. x, therefore the disintegration of any optimal plan ~ is given by dvy(z,y) =
dp(z) X dyp(e)dy. This implies that the optimal plan is unique and it is given by
(Id, Vi) g p. O

REMARK 1.16 (Discrete measures). Another interesting case in which there is exis-
tence of an optimal transport map, although not necessarily unique, is the one in which
the two measures i and v are both discrete, with finite support of the same cardinality,
say N, and each point has mass 1/N. Indeed, it is not hard to see that under these
assumptions, the extremal points of the closed convex set of admissible plans are given
exactly by those plans induced by maps. From the linearity of the cost, the claim follows.

From now on, whenever y € &5 (Rd) is a regular measure, we will indicate by
T}, the optimal transport map from p to v € P5(R?) given by the previous theorem.
Observe that if v is regular too, the uniqueness of the optimal plan ensures
T o T, = Id, i — a.e.,
T o T} = Id, v —a.e..
In general, however, the group property does not hold:
(1.16) T7 o T} # 1Ty,

due to the fact that a composition of monotone maps on R% d > 1, need not be
monotone. As we will see in the next chapter, equation (1.16) is the one which in some
sense is responsible of the non-flatness of the manifold P(R?), see proposition 2.13
and equations (2.19), (2.20).






CHAPTER 2

The distance W and its geometry

1. The distance W

In this chapter we define the distance W and we investigate the first properties of
the space (P5(R%), W) from both topological and geometrical viewpoints.

DEFINITION 2.1. Let p1, uo € QZQ(Rd) be two measures. The Wasserstein distance
W (1, u2) between them is defined by

W21, po) = inf /\xl — 2ol 2dry(z1, 29).
YEAdm(p11,p42)

We will call the number 4/ [ |z1 — z2|?dy the cost of the plan .

The discussion of the previous chapter ensures that infimum is always attained:
recall that Opt(p1, pe) is the set of those plans that reach the minimum.

In order to let the notation be not too heavy, from now on we will indicate by
| f(z)| the L? norm w.r.t. the measure « of the function f whose domain contains
the support of «: for instance

||ZL‘1—$U2H—y: \// |7Tl—7T2’2d’>’= \//|$1—$2|2d’)’(371,$2)-

The set Opt(po, p1) is therefore defined as

(2.1) v € Opt(po, ) & v € Adm(ui,p2) and 21 — z2lly = Wk, ).
In the following we will extensively use the simple and crucial inequality

(2.2) W (Typi, Syp) < |IT = S|,

which is a consequence of (7', S)xp € Adm(Tyu, Spp).

THEOREM 2.2 (W is a distance). The map (u,v) — W(u,v) is a distance on
Po(RY).

Proof. 1t is clear that W is symmetric. Considering the plan (/d, Id)yp we get that
W (u, ) = 0. Conversely if W (u,v) = 0, then there exists a plan v € Adm(u, ) such
that [ |x1 — x2]?d~y = 0: this means that the maps 7!, 72 are equal in Li, and therefore
w= 7771#'7 = ﬁi'y = v. To prove the triangular inequality we need Dudley’s lemma.
Consider three measures fi1, ji2, 43 and two optimal plans v%2 € Opt(uq, po), v%3 €

11



12 2. THE DISTANCE W AND ITS GEOMETRY

Opt(p2, p3): then we know that there exists a 3-plan « such that
1,2
Ty ="
2,3 ,
Ty = %3,

Since 71';3'7 € Adm(p1, p3), the conclusion follows by

W (p, p3) <\// |1 — sl = \// |z1 — 3|?dy
S\// |71 — @2|?dy + \// |79 — w3]2dy
:\// |z — :c2|2d7r;1§;2'7 + \// |z — $3|2dﬂ'i3’7

=W (p1, p2) + W (2, p13).

To get that W is real valued, i.e. it never attains the value +o0o use the triangular
inequality and the remark below. U

REMARK 2.3 (Boundedness). For any u € P5(R%) the plan (Id,0)yp is the unique
element of Adm(u,do) and therefore it is optimal. In particular we get that

W2 (i, 80) = ||zl3,
and that a subset of Po(R?) is bounded if and only if it is 2-bounded.

We collect in the next propositions the first properties about convergence and com-
pactness.

PROPOSITION 2.4. Let (1)), (u2) be two sequences in Po(R%) weakly converging in

duality with Cy to ', u? respectively. Then it holds
W(p',p?) < lm W(uh, p2).
n——+o0o
Proof. Without loss of generality we can assume that the lim is a limit. Choosing
~,, € Opt(pl, p2), proposition 1.3 ensures that this sequence is tight and so from every
subsequence we can extract a subsequence (v, ) weakly converging to some ~. By
remark 1.1 we have v € Adm(pu!, u?); since |1 — x2|? is continuous and bounded from
below we get
W (ph, 1?) < Jlar — @2l < hTmel — 72|y, -

O

PROPOSITION 2.5. The space (P(R%), W) is a complete and separable metric space.
A sequence (pu,) W—converges to u if and only if it is 2-uniformly integrable and weakly
convergent to u in duality with Cy. A subset of P5(R%) is relatively compact if and
only if it is 2-uniformly integrable.
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Proof.  Let us first check the completeness. Choose a Cauchy sequence (u,) and
observe that such a sequence is bounded and therefore tight. Find a subsequence (i, )
weakly converging to some i and observe that

lim W(,una M) < llmhﬂw(ﬂn>ﬂnk) =0.
n n k

Now suppose that W (g, ) — 0, we want to prove that u, weakly converge to p and
that it is 2-uniformly integrable. Being the sequence bounded, we can find a subse-
quence /i, weakly converging to some v: the proof we just did on Cauchy sequences
weakly converging gives v = u, and since this result is independent on the subsequence
chosen we get the weak convergence of the whole sequence p,,. To prove the 2-uniform
integrability use proposition 1.4 and remark 2.3 to get

lell = W (2. 80) = b W (s, 89) = limm [,

To show that weak convergence and 2-uniform integrability imply W— convergence
choose plans =, € Opt(un, ) and observe that proposition 1.5 ensures the 2-uniform
integrability of the sequence «,. Choose a subsequence =, ~weakly converging to
some -« and note that proposition 1.11 ensures that v € Opt(u, 1), and therefore v =
(Id, Id)4p, from which

lim W(p, pn,) = lim [|z1 — 22|y, = [lz1 — 22/ = 0.

k—oo k—oo k
As usual, this is independent on the subsequence chosen and so we get W (u, ) — 0.
The characterization of relatively compact sets is now straightforward. In order to get
a countable dense subset consider the set of convex combinations of Dirac masses at
rational points with rational coefficients. ]

It is important to note that the space (#(RY), W) is not locally compact: there
exists no measure (not even one with compact support) with a compact neighborhood.
This is essentially due to the fact that 2-boundedness and 2-uniform integrability are
different concepts. In order to give an explicit example fix p € P5(R?), ¢ > 0 and
consider the measures

' 1 1
Hn 1= 1_ﬁ M‘*’ﬁaxna
where x,, satisfies |,| = ne — ||z||,. We claim that all of these measures belong to the

ball with centre in ¢ and radius € and that there is no subsequence convergent w.r.t.
W. For the first part of the assertion observe that the plan

1 1
Yy o= (Id, Id) 4 ((1 — nQ),u) + 5 (d, o, )y,

belongs to Adm (i, i) (where C, is the constant function on RY whose value is x) and
calculate

1 1

W (i) < 71 = 2lly, = o = 2l < - (el + ) =

The second part follows from
‘mn‘Q

lim |22 dy, > lim 5~ =€
n—oo JRI\ By n—oo N

2
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2. Interpolation and geodesics

The interpolation between measures we define in this section is a fundamental tool
for the next chapters: as we will see it is the natural interpolation that arises in the
study of Wasserstein distance.

DEFINITION 2.6. Let g, 1 € Po(R?) be two measures and let v € Adm(po, 1) be
a plan. The interpolation from po to py through v is the curve [¥](t) : [0,1] — P2(R%)
defined as

(2.3) y](t) = ((1 — )t + tTrQ)#'y.

Observe that [v](0) = uo and [v](1) = 1.

It may be noticed that the measures pug, 41 are not needed in the definition, since
the curve depends only on the plan «, however we kept them because in the applications
the extreme points of the curve are usually given and one has to look for a suitable
admissible plan to get the right interpolation curve.

If v = (Id,T)4po is induced by a map equation (2.3) reduces to

(2.4) (8) i= (1~ OId +1T) o,

PROPOSITION 2.7. For any o, i1 € P2(R?) and any v € Adm(uo, 1) the curve
t — [v](t) is Lipschitz with constant less or equal than the cost of ~y.
Proof. 1t is sufficient to observe that for every 0 < s <t < 1 the plan

Vs = ((1— s)rt + s, (1 — t)w! + tr?) gy
belongs to Adm([](s), [v](t)) and that
(25) W), )0) <l — mal,, = (¢~ 9 — o]
Il

It is interesting to observe that the usual linear interpolation py := (1 — ¢)po + tug
still defines a continuous curve (see proposition 2.5), but in general this curve is not
absolutely continuous. For istance choose pg := dp and py := d1: it is not difficult to

check that
W (e, pis) = /1t — s|.

Observe that with the same choice of fig, 11 the unique admissible plan is §(g 1) and it
gives the curve t — §;, which is an “horizontal” interpolation between the two deltas
which is radically different from the usual “vertical” one. Proposition 2.7 suggests that
for v € Opt(po, p1) the curve v[t] is a geodesic from fo to p1. The next theorem shows
that this is actually the case, and that every constant speed geodesic comes from this
construction.

THEOREM 2.8. Let p,v € Po(RY) be two measures. Then a curve j; : [0,1] —
P5(R?) is a constant speed geodesic from u to v if and only if uy = [](t) for some
optimal plan v € Opt(p,v).
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Proof. Suppose that v € Opt(u, v) and note that equation (2.5) together with equality
|z1 — 22|y = W(p,v) gives that [y](t) is a constant speed geodesic (it cannot hap-
pen that the inequality in (2.5) is strict for some s < ¢, otherwise there would be a
contradiction applying the triangular inequality to the measures u = po, s, fie, 11 = V).

The converse implication is more difficult. Suppose po = pu, p1 = v, fix 0 <t < 1
and choose plans 7 4, ;1 in Opt(f10, pe), and Opt(put, p11) respectively. In order to let the
proof be more clear we will use different names for the variables of different measures:
x1,x2,x3 will be the variables of uq, ut, u1 respectively.

Use Dudley’s lemma to find a 3-plan « such that

12 _

7T# Y= 70,t7
23

7'['# Y= 7t,17

and observe that it holds

(2.6) W(po, 1) < [lo1 — a3y < [l — 22lly + [l22 — 23]~
= W(MO) Mt) + W(,utv Ml) = W(:“’Ovlul)v

which implies in particular that 7'(;;3‘7 € Opt(po, p1). Our goal is to prove that py =

[71';3’7} (t). Since all the inequalities in (2.6) are equalities and the L? norm is strictly
convex, we get that there exists some A > 0 such that x; — 9 = A(z2 — x3) for y—a.e.

(1, 2, x3). Moreover, since W (o, ) = 153 W (g, 1) we have A = 1 and so

1-t¢

(2.7) T3 = T2 + (x2 —21), v —ae (z1,72,73).
This equation implies that the 3-plan « is actually a function of the 2-plan = ;, more
explicitly it holds

1, 1—t

(2.8) ¥ = <7r1,7r2,t7r — 757r1> Yot
#

Since it holds wig'\/ = 7,1 we get that v, is a function of v, ,: since it was chosen
independently we obtain that -, ; is unique. Arguing in similar way we get that -, is
unique, too.

Up to now we know that [77#37]@) = p (it follows from (2.8)) and we want to
prove that the same result holds for ¢ # t. Suppose t' < ¢ (the other case is similar)
and consider the curve s — ug: it is clearly a constant speed geodesic from g to p.
Choosing s = t'/t, a plan 7 »» € Opt(uo, p) (actually the plan) and arguing as before,
the uniqueness of the optimal plan for (ug, pt) gives the formula

1 1—s
o o= (1 et 120
S s 4
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We conclude with the following calculation
I(#) =[](st) = (1 = st)r' + st?) ey
=((1 = st)m' +s(n? — (1= )7"))gvo,
=((1 = s)m' + 5772)#’70,t = 773@&70,1&’ = M-
O
The previous proposition characterizes geodesics parametrized in [0, 1], that is
geodesics whose (constant) velocity is equal to the distance between the extreme
measures. If we want to drop the restriction to [0,1] it is sufficient to observe that
pe s [0,7] — P2(R?) is a constant speed geodesic from p to v if and only if t — pz is

a constant speed geodesic parametrized on [0, 1], that is, if and only if u;z = [v](t) for
some optimal plan v € Opt(u, v), or, equivalently, iff

=100 = ((1- )t + jwz)#v.

Introducing the plan

2_ 1
(2.10) Vg = <7r1,7r1 + H) v,
bt Ty
the previous equation may be written as
e = [l (1)

Since formula (2.10) is invertible, we get
vy = (7’['177'('1 -I—E(ﬂ'Q - Wl))#ﬁ’{,
and we obtain the following result:

COROLLARY 2.9. Let 1 € P5(R%) be a measure. Then t — i is a constant speed
geodesic starting from p parametrized in some right neighborhood of 0 if and only if
we = [Y](t) for some plan ~ such that

5= (rt, 7l + (% - 7r1))#'7 is optimal for some t > 0.

Moreover for t <t the unique optimal plan from p to s is given by
t
(rh, (1 — )t +tr?)yy = <7T1,7T1 + §(7r2 - 7r1)> 5.
#

REMARK 2.10 (The regular case). Suppose that the measure u is regular. Then
theorems 2.8 and 1.15 ensure that for any v € Po(RY) there exists a unique constant
speed geodesic piy : [0,1] — Po(RY) from p to v, and this geodesic is given by (see also
formula (2.4)):

pe = (Id + (T} — Id))pp.
Moreover the previous corollary gives that t — g s a constant speed geodesic starting
from p parametrized in some right neighborhood of 0 if and only if

(2.11) s <Id 4 %(T - Id)># I
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for some optimal map T and some t > 0. In this case it holds
t _
(2.12) ! :Id+%(T—Id), fort < t.
In the next proposition we collect the first properties of geodesics.

PROPOSITION 2.11. Let py : [0,1] — P5(RY) be a geodesic.

i) For any t € (0,1) the sets Opt(po, pit), Opt(ie, 1) contain only one element.
Both of the optimal plan are induced by maps from p;. Those maps are Lips-
chitz with constant at most ﬁ and % respectively.

ii) The range of two different geodesics with the same extreme points are disjoint
(except for the extreme points themselves, of course).

iii) If either ug or uy is regular then the geodesic t — py is unique. Moreover in
this case uy is reqular for every t € (0,1).

Proof.  To prove i) recall that we already observed that for a given geodesic ~[t],
0 <t <1 (where = is an optimal plan) and for a fixed 0 < ¢ < 1 there exists only one
optimal plan between (0] and ~[t] given by 7, := (7!, (1 — t)w! + tx?) 4. To prove
that v is induced by a Lipschitz map from ~[t] observe that any point (z,w) in its
support may be written as (x, (1 — t)x + ty) for some point (x,y) in the support of ~.
Choose now any couple of points (z1,w;), (22, ws2) in the support of ~[t] and find points
(x1,91), (z2,y2) in the support of ~ such that (z;,w;) = (z;, (1 — t)z; + ty;), i = 1,2.
Use the monotonicity property of the support of v to get

(1—1)%|21 — 2o <((1 = t)(21 — 22), (1 — t) (21 — m2) + t(y1 — ¥2))
<1 =t)|z1 — 22[(1 — t)(z1 — 22) + t(y1 — y2)]
:(1 — t)\zl — ZQle — 'u}g‘.

Statement #7) is another simple consequence of the proof of the previous proposition:
indeed we showed that it is possible to recover an entire geodesic by knowing only one
of its internal points. It is therefore impossible for two different geodesics to have a
non empty intersection in their interior.

The first part of 7i7) was already noticed in remark 2.10. In order to prove the other
assertion suppose that jg is regular, then we know that defining T} := (1 —¢)Id + tT};
the geodesic is given by py = (T})gp0. From point (i) we know that T} is invertible
and that T, ! is Lipschitz (with constant less than (1 —¢)~!). Now let C' be a H"!
rectifiable set, since (T;) ™! is Lipschitz we know that (T})~1(C) is still a H"~! rectifiable
set, and so from p;(C) = uo((Ty)~(C)) = 0 we conclude. O

3. The curvature of (Z2,(R%), W)

Here we begin a deeper analysis of the geometry of the space (Z2(R%), W). The
main result of this section is the semiconcavity inequality of W?2 along geodesics (see
inequality (2.16)).

In a Euclidean setting the unique geodesic from xy to =1 is given by t — z; :=
(1 —t)zg + tx1, a simple calculation shows that for any y it holds

(2.13) ly —z* = (1= )|y — @ol* + tly — 21]* = t(1 = t)]ao — 21|
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If we replace |z — y| with d(z,y) the objects involved make sense even in an arbitrary
metric space with geodesics (in short a length space). Such a space is called positively
curved (or PC space) in the sense of Aleksandrov if the inequality > holds for any
constant speed geodesic t — x; and every y € F, i.e.

(2.14) d(y, ) > (1 = t)d?(y, xo) + td*(y, 21) — t(1 — t)d?(zo, z1).

and it is called non positively curved (or N PC space) if < always holds.
The space (Z2(R%), W) is a PC space, the proof is a simple consequence of the
following variant of Dudley’s lemma.

LEMMA 2.12. Let v € P5(R??) be a plan, t € [0,1] a fized point, and v, € P2 (R??)
such that W#’)/t = [v](t). Then there exists a 3-plan p, satisfying
1,2
(2.15a) T e =",
(2.15b) (A=)t +tm?, 73 gy = 7,
Proof. Use Dudley’s lemma to find a 3-plan @ such that
1,2
P2 = () (1= )+ ) e,
23— _
W# B =Y

and define

Y (S R | 3\
My (71,77+ / ,7T>#u.

O

PROPOSITION 2.13 ((Z2(R%), W) is positively curved). Let po, p1,v € P2(RY) be
three measures and ~y € Opt(po, p1) be an optimal plan. Then
(2.16) W2(w, [2](8) = (1= )W 20, p10) + EW2 (v, 1) — £(1 — YW (pug, ), Vi € [0,1].
Proof. Fix t € [0, 1] and find, using lemma 2.12, a 3-plan p satisfying

12 _
7T# Ky =",
(1=t +tn?,7°) gy € Opt(()(E), v).-

Then it holds

W2, )(0) = (1 - Oy + tas — as]l%,
(2.17) = (L= )]las — a2, + tlee — sl — tL — )21 — a2,
> (1= W2 (v, o) + tW2(v, ir) — H(1 — )W 2 (pi0, 1.

O

The proof of the previous proposition allows to understand the case of equality in
(2.16). Indeed suppose that for some ¢y € (0, 1) it holds

WQ([FY](tO)7V) = (1 - tO)W2(V7 MO) + tOW2(”> ,Ul) - tO(l - tO)Wz(:uO:,ul)a
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then equation (2.17) shows that there exists a 3-plan g such that

(2.18a) 71';2[1 =1,

(2.18Db) (1 —to)w" +tom?, %) 41 € Opt([7](to), v),
(2.18¢) m° € Opt(po,v),
(2.18d) m5 € Opt(p,v).

Checking the cyclical monotonicity of the supports it is not difficult to verify that
conditions (2.18c), (2.18d) imply that for every ¢ € [0,1] the plan ((1—¢)7!+t72, 73) 4 p
has to be optimal (see also the proof of 4.25), moreover since ((1—t)m!+t72) . p = [v](t)
we get ((1 — )7t +tn?, 73) 2 € Opt([¥](t),v) for any ¢ € [0,1]. In conclusion equality
holds for some internal point if and only if it holds for any ¢ € [0, 1]. Thus, last condition
is satisfied if and only if there exists a 3-plan p such that

mn=,
(2.19) m°m € Opt(po,v),
wigu € opt(p1,v).
For regular measures the equations above reduce to
(2.20) Ty o T =T,

It is for these reasons that at the end of the first chapter we interpreted the fact that
in general T)! o T}° # T} as a manifestation of the curvature of Z5(R?).

Observe that equation (2.16) is equivalent to say that the function W2(-, o) is -1
concave along geodesics. We can then ask whether the same function is A—convex for
some A. The answer is no, as shown by the following example.

ExXAMPLE 2.14. Let v := %(5(0’0) + (5(0’,1)), Ho = %((5(,271) + (5(070)) and py =
%(6(271) +0(0,0)- Then it is easy to see that there exists only one geodesic yy connecting

Lo to p1, namely py = %(5(,2+2t,1,t) + 6(2t,)). Moreover it can be checked that the
infimum of the optimal transport problem from v to u: is always attained by one of the
two maps T}, T? defined as

TH0,0) = (=2+2t,1—1t), TH0,-1) = (2t,t),
Ttl(oao) = (2t7t)7 71251(07_1) (_2+2t71_t)

Therefore the function t — W?2(us,v), equal to
1

(2.21) W2(put,v) = 3

min {10t2 — 8t 46,106 — 12t + 8},

has a concave cusp at t = %
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4. The weak topology of Z»(X)

In this section we introduce a useful tool: the weak topology (#2(X), 7). In the
following whenever we write %9(X) without an explicit reference to a topology we will
always assume we are working with the strong topology induced by W.

Let us start recalling the definition of inductive limit of topologies. Let (Zn, ),
n € N, be a sequence of topological spaces such that %, C Z,+1 with continuous
inclusion for every n. The inductive limit of the topologies 7, is the strongest topology
Ton 2 :=U,Z%, which let the inclusions ¢, : Z;, — Z be continuous for every n € N.

PRrROPOSITION 2.15. It holds:
i) A subset A C Z belongs to T if and only if

(2.22) ANZ, em Vn € N.

The analogous property holds for closed sets, too.

i) Let x € 2 be a point and N be the lowest integer such that x € Zn. A subset
U C % is a neighborhood of x if and only if U N Z,, is a neighborhood of = in
(Zn, 1) for everyn > N.

iii) 7 is Hausdorff if and only if each 7, is Hausdorff.

iv) Suppose that T is Hausdorff. A sequence (x,) C Z converges to some x € X
if and only if there exists N such that © € XN, xpn € XN Vn, and x,, — x in

(%N7TN)-

Proof. Let A € 7 be an open set. Since ¢, 1(A) = AN 2, and ¢, is continuous we
have that AN %, is open for every n. Conversely the set identities

(U Ai> N2, = UJ@in2,) Vn €N,

el el
(Al N AQ) NZ, = (A1 N %n) N (AQ N %n) Vn € N,

imply that the set of A’s which satisfy (2.22) is a topology. The statement on closed
sets follows from

(Z\NANZ,=2,\A, VYneN.

i1) and 4ii) are straightforward consequences of 7). The if implication of iv) is obvious,
so we turn to the only if. Let x, — x be a converging sequence in %2, clearly it is
enough to show that there exists M such that x,, € 2 for every n. Suppose on the
contrary that this is not the case, i.e. suppose that for every k there exists x,, ¢ Zk,
without loss of generality we can assume that k& — n is an increasing sequence and
Zn, 7#  Vk. Now simply observe that the complement of {z,, }ren is an open set (since
its intersection with every 2, is the complement of a finite set) which contains x but
contains none of the z,, . O

Observe that if one takes a sequence of sets A,, C %, such that A, € 7, for
every n € N, it may happen that A := U, A, is not an open set in Z": indeed since
AN Z, = UTA; U ((UpS1A5) Ny,), and the first term may not belong to 7,, this set
may fail to be open.
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Let us now come back to our case. Define
Iy = {,u e Z2(X) : /a:\2d,u < n},
and let 7,, be the usual weak topology on Z,,. Clearly it holds Z»(X) = UZ,,.
DEFINITION 2.16. The weak topology T of Po(X) is the inductive limit of (Zn, ).

Note that the definition makes sense because 2, C Z,+1 and the inclusion is
continuous.
The first properties of (P2(X), 7) are collected below.

e The topology 7 is not the weak topology on &3(X) induced by the duality
with continuous and bounded functions. Indeed by proposition 2.15 we have
that p, — p if and only if g, — p and py, is 2-bounded.

e Closed balls in (P5(X),W) are compact and sequentially compact in
(P9(X), 7). Indeed the previous statement implies that balls are sequentially
compact, and to get compactness observe that for any closed ball B there
exists IV such that B C Z: since £ is compact the conclusion follows.

o (P5(X), ) is not induced by a distance. Indeed i) of proposition 2.15 suggests
that (P5(X), 7) does not satisfy the first axiom of numerability. The following
is an explicit counterexample.

EXAMPLE 2.17. Let X :=R, =00, fin := (1 — 25)00 + 730n and finm :=
(1— # - #)50 + n—lgén + #&Lm. Then pn — g and for a fized n it holds
Lnm L iy (since [ |z)?dpnm = 1+ n? for every m), but we cannot find a
sequence of elements of the form p, m which T—converge to .

o (P5(X), ) is not locally sequentially compact. Indeed choose an open neigh-
borhood U of §; and observe that each sequence (u,) C (U N 23) \ Zn-1
does not have any converging subsequence (note that it eventually holds
UNZn1 SUNI).

e IV is sequentially lower semicontinuous w.r.t. 7. Indeed for any couple of
sequences i, vy, T—converging to u, v respectively and any choice of optimal
plans =, € Opt(un,vn) we have by proposition 1.5 that (v,,) is bounded in
(25(R??), W). Therefore it is sequentially compact w.r.t. 7 and for every
subsequence (7,,, ) converging to a certain v we have v € Adm(u,v) and there-
fore

(2.23) W(,0) < o1 — @ally < L 1 — @2l = lim W (jon,, vi,).
k—o0 k—o0

Being the result independent on the subsequence chosen we get the claim.

In the next propositions we analyze the relationship between convergence of mea-
sures, weak or strong, and convergence of optimal plans, in the same spirit of proposition
1.11. The first proposition below shows that the plan « of equation (2.23) is actually
optimal for the couple u, v.

PROPOSITION 2.18. Let fin, Vn, 1, v € Po(RY) be given measures such that pu, — i,
Vp = v, and let v, € Opt(tn,vn) be any choice of optimal plans. Then the sequence
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(v,,) is relatively compact in (P2(R$ x RY),7) and every T accumulation point belongs
to Opt(p,v).

Proof. The relative compactness follows from proposition 1.5 and remark 2.3, while
the optimality of the limit plan is a consequence of proposition 1.11. O

The analogous statement for strong convergence holds with a weaker assumption
on the plans ~,,:

PROPOSITION 2.19. Let fin, Un, 1, v € P2(RY) be given measures such that i, w i,
Un w v, and let v, € Adm(u,v) be any choice of admissible plans such that

i (|1 — aafly, < W (o).
n—oo

Then the sequence =,, is relatively compact in (Po(RE x RY), W) and any W accumu-
lation point belongs to Opt(u,v).

Proof. The relative compactness is a consequence of propositions 1.5, 2.5, while the
optimality of the limit plan follows by
W v) < llor = zolly < lim 21 — aafl, < W(pv).

k—o00 n

5. Convergence of maps

In the following we will usually need to find the limit map, in a certain sense, of a
sequence of maps T}, € L*(R, RY; ) when the measures p, are different. The result
will be a couple (T, ) with T € LQ(Rd,Rd/;M). We are going to describe two type of
convergence which are in some sense similar to the strong and to the weak convergence
in L?.

DEFINITION 2.20 (Weak and strong convergence of maps). Let (T, u), (Th, pin),
n € N, be given couples such that T, € LQ(Rd,Rd/;un) and T € LQ(Rd,Rd/; w). We say
that (T, pun) weakly converge to (T, ), and write (Ty, pin) — (T, ), if

(2.24) fin = b,
(2.26)

Sup HTnHMn < +OO7
neN

where the convergence in (2.25) is in duality with C., and, in (2.26), ||T||., stands
for the L? norm of T, as element of L*(R*" RY | u,). We say that (T, jun) strongly
converge (or simply converge) to (T, ), and write (Ty,, pin) — (T, 1), if

(2.27) fin = 1,

(2.28) Topin, — T,

(2:29) 1Tl = 1T ] -
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Observe that if pu, = p for every n these definitions reduce to the usual weak and
strong convergence in LQ(Rd,Rdl, w). It is possible to define appropriate topologies
which induce these distances with the same ideas used to construct 7, but we do not
investigate them.

In the following when we write a couple (7', 1) it will be always intended that T is an
L? map w.r.t. u with values in some Euclidean space RY | moreover we will sometimes
write T, — T (or T, 5 T') omitting the explicit reference to the measures p,, p if
there is no risk of confusion. Before studying the first properties of weak and strong
convergence of maps we need the following definition.

DEFINITION 2.21 (Barycentric projection). Let v € P2(R¢ x RY) be a plan and
let dvy = dﬂ#’y ® dv,, be its disintegration w.r.t. its first marginal. The barycentric

projection of v w.r.t. 77#'7 is the function B(y)(z1) : R* — RY defined as

B(¥)(x1) == /$2d’)’z1-

Observe that since

2
230) 1By, = [ 1B @) rky = [ ' [t i

g/]a:2|2d7x1d7r#7:/\x2]2d’y < +00,

PB(v) is a well defined function belonging to LQ(Rd,Rd/;w;ﬁ). The same equation
implies that equality holds if and only if v, = d5()(,) for Tri#’y—a.e. x1, i.e.
(2.31) 1By = llz2lly & v = I, B(v))(myy).

The barycentric projection is also characterized by the following formula

(2.32) /(90(:E1),932>d7=/<90($1)7<%’(‘7)($1)>d77#% Vp € C° (R4, RY).
PROPOSITION 2.22. Let (T, pin), (T, 1), n € N, be given couples. Then

(2.33) (Id,T) ppin = (Id, T)yepr = (T, pin) — (T, ).

Conversely if (Ty, pin) — (T, p) then the family of plans (Id,T,,)4pn is 2-bounded and

for any weak accumulation point v it holds
(2.34) B(y)=T.

Proof. Let us start with (2.33). Since F#(Id,Tn)#/J,n = p, and ”TnHZn =

[Nza|?d(Id, T,,) 4 p1r, conditions (2.24) and (2.26) are fulfilled. Moreover choosing test
functions of the form ¥ (x1,22) = (p(x1),z2) we easily obtain (2.25). On the other
hand the same choice of 1 and equation (2.32) yield to (2.34). O

Observe that this proposition yields the inequality
(2.35) (Tos pin) = (Top) = T < lim [ T3]l

n—oo
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Indeed, from equation (2.30) we get

1T =12V < llz2lly < lm [l2g]ly, = lIm [[T5]4,-

n—oo n—oo

Therefore as in the usual case of Hilbert spaces the difference between strong and weak
convergence is that in the first case there is no loss of norm.

PropoSITION 2.23. The following statements are equivalent.

i)

(2.36) (T, pin) = (T, ).
i) pn — p and for any choice of 7y, € Opt(jin, 1) it holds
(2.37) [T (1) = T(22)]l4, — 0.

iii) For any continuous function ¢ with linear growth and values in some Euclidean
space, it holds

(2.38) (90T, pin) = (poT, ).
v) | Tollp, — 1Tl and
(2.39) (Id, Tp) i — (1d, T) -

Proof. iv) = 1) follows easily from (2.33). Conversely suppose that (Id, T}, )#fin, — ¥
and use the other implication of proposition 2.22 to get

1Tl = 12 < llz2lly < lim |22}y, = lim [T

k—oo k—o0

= [IT|x-

k”#nk

Therefore equation (2.31) gives
vy =Ud, B(Y))pp = Id, T)pp.

Now we turn to i) = ii): note that proposition 1.11 implies v, — (Id,Id)yu. Now
fix ¢ € Cy(R%, RY) and observe that since 9 (x1) — ¥(x2) € Cp(RY x RZ, RY) it holds
[4(z1) = ¢ (22)]l, — 0, moreover

T 1T = I3, = 171+ 101~ 2 T [ (T i = T = 01

Hence, we can conclude with

i ([T (a1) — Te2) |,
— 00

< T (1T~ Gl + T 4b(a1) — 9(@2)ll, + |6 — Tl = 2} = Tl

n

by letting ¢ tend to T in L?(RY, RY 1).
To show that i7) = i) begin observing that

1Tl = IT ] < To@1) = Ta2) s, o0,
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to get (2.29). Then choose 1 € C.(R%, R?) and note that since |[)(z1) — ¢ (22)]|, — 0
and || T, (x1) — T(22)|~, — 0 equation (2.28) follows from

/Q¢a1z>dun——j/<w,7vdu:=‘/kw<x1xzz<x1»-—<¢«x2»zwx2»dvn<xbaa>
= [0, Tatar) = T, or,0) + [6(0) = laa), Ty, (o1,22) 0.

Since it is clear that iii) = ¢) it remains to prove that i),4i),iv) = ). We will
show that if (T}, un), (T, 1) satisfy (2.37) then (¢ o T, i), (p o T, u) still satisfy (2.37).
Since

‘/soloT—stonu
it suffices to check (2.38) for Lipschitz functions ¢. Under this hypothesis we have
lo(Tn(21)) = ¢(T(22))ll, < Lipy [[Tn(z1) — T(22)ll5, — 0.

< sup |p1(z) — w2(2)],
T

0

REMARK 2.24. It is not hard to see that, with the same notation of the above
proposition, if we assume W (pun, ) — 0 as n — oo, then the strong convergence of
maps is equivalent to || T(x) — Ty (y)|ly, — 0 as n — oo, where v,, € Adm(ju, j1n) is any
choice of plans satisfying ||z — y|ly, — 0 asn — oo.

Observe that if u is regular equation (2.37) reads as follows
T,oTh" —T  in L*R%RY, ).
COROLLARY 2.25. Let (T, tin) be couples strongly converging to (T, ). Then
(Tn)gttn — Typ, in Py(RY W),
Moreover, if in addition u, — u then
(Id, Tp)ypin — (Id, T)gps, in Po(RL W),
Proof. 1t is a straightforward consequence of the previous proposition. O

A consequence of propositions 2.18, 2.19 is the close link between convergence of
measures and convergence of optimal maps given below.

PROPOSITION 2.26. Let fin, Un, pt, v € Po(R?) be given measures such that there
exists optimal maps T, from p, to vy, and T from p to v. Suppose moreover that
fin = p,vn — v and that (Id,T)ypu is the unique element of Opt(u,v). Then

(T, i) = (T, p).

PROPOSITION 2.27. Let fiy, Un, 1, v € Po(RY) be given measures such that i, w i,
v % v and (Id,T)4p is the unique element of Opt(p,v) for some map T. Then if
T, € L*(un,RY) is any sequence satisfying (Tp,)ppn = vn and

(2.40) i [T, — Idl|,,, < W(u,v),
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1t holds

(T pin) = (T, ).
Proof. Proposition 2.26 is a simple consequence of proposition 2.18, 2.22, while
proposition 2.27 follows from 2.19 and 2.23. Il

Observe that the conditions on the given measures are fulfilled if they are regular;
we will mostly use the previous propositions under this assumption.
The following lemma is a variant of the classical result in Hilbert spaces:

Up =0, Wy —~w = (U, wy) — (v, w).

LEMMA 2.28. Let (Ty, pin), (Sny tin), n € N, be given couples such that all the maps
have values in the same RY and suppose that

(2.42) (Sns in) = (S, 1),
for some measure p and maps T, S. Then
(2.43) lim [ (T, Sp)dpn — / (T, S)dp.

Proof. Let ~,, € Opt(tin, 1), n € N, be any choice of optimal plans and ¢ € C,(R% R?)
be a fixed function. Reasoning as in the proof of proposition 2.23, from (2.41) we know
that

(2.44) T ([T = @l = 1T =
which yield to

\ [ @i~ [ 11, sw] <| [ @aten) ~ va) S,

+ / (1), Sulz1)) — ((x2), S(x2))dyy

+ / ((22) — T(w2), S(22)) ] -

Taking the limit, using (2.44), (2.42) and letting C' := sup,, ||Sn ||, we get

i | [ (@ Subdn — [ (T 8)ds] < 2017 = vl
and by the arbitrarieness of v the thesis follows. O

We will mostly apply this lemma in the following form:
COROLLARY 2.29. Let (v,,) be a sequence of plans T—converging to some = such
that
1 W o1
T4Yn = T4
Then
/<$17x2>d‘7n — / (w1, m2)d.
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Proof. Tt is sufficient to apply the previous lemma with p,, :=~,,, T, := 7', S, := 7.
O

We conclude with the following proposition, which shows that bounded sequences
of maps are weakly compact.

PROPOSITION 2.30 (Weak compactness of maps). Let (u,) be a 2-bounded sequence
of measures and let T, € L*(RYL,RY 1u,,) be a sequence of maps such that || Ty ||, <
C < +00. Then there ezists a subsequence (T, , fin, ) weakly converging to some couple

(T, ).
Proof. Since the sequence of measures is 2-bounded, we can extract a subsequence,

not relabeled, which weakly converges to a measure pu. Now consider a countable set
D c C°(R% R¥) which is dense in Li and observe that it holds

lim (T, )

n—oo Hn

< T ([Tl el < Cllgl

for any ¢ € D. Therefore we can extract a subsequence (7},, ) such that there exists the
limit L(yp) of k& — (T}, ¥) . for any ¢ € D. The functional L can be clearly extended

to a linear functional on the whole Li whose norm is controlled by C' (by the density
of D), therefore from the Rietz representation theorem we get the existence of a map
T e LZ such that L(S) = (T, 5),, for any S € Li. From the density of D in C, we get
that /

lim <(P7Tn>un = <907T>;u Vo € CC(RdaRd ),

n—oo
therefore the proof is complete. O

REMARK 2.31. In the following we will often use, without explicit mention, the
fact that for a T—converging sequence of measures () and a sequence of maps f, €
LG such that sup,, || fnllu, < 00, in order to check the weak convergence of f, it is
sufficient to check the convergence in duality with functions in C°(RY). This is an
easy consequence of the tightness of () and the uniform bound of the norms of fy.






CHAPTER 3

The regular tangent space

In this chapter we investigate the so-called Riemannian structure of (P(RY), W).
The ideas presented here were first studied by Otto in [46], and subsequentely made
rigorous in [11]: the approach we present follows the one of the latter work. The first
step will be the study of the continuity equation

d
(31) %/Lt +V- (Utﬂt) = O,

which enables us to characterize absolutely continuous curves. As we will see, this will
naturally lead to the introduction of the regular tangent space as

L?(u,RY)
Tan, (25(R%)) := {w L pe Cgo(Rd)}

This space is the object of analysis of the second section of the chapter.

1. Continuity equations and AC curves

Recall that a curve ¢ — u; on an interval I, with values in a metric space (F,d), is
said to be absolutely continuous (AC) if there exists a function g € L!(I) such that

(3.2) d(ug,ug) < / g(r)dr, Vt<s, t,sel.
t

It is a well known fact (see for instance [13]) that for a given AC curve u(t) the limit
lim d(Uptn, ut)
h—0 h

exists for a.e. t € I and defines a fuction which belongs to L'(I) and is minimal among
the functions g satisfying (3.2). This function is usually denoted by ¢t — |i;| and called
metric derivative, or metric speed.

The length L(u;) of a curve t — u; is defined as

n—i

L(u) := sup Z d(ug;, we; )
=0

where the sup is taken among all n € N and partitions {ty < --- < ¢,} of the inteval I.
For an AC curve it is possible to show that

L(uy) = /1 g dt.

29
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In this section we will show that absolutely continuous curves in %,(R%) are com-
pletely characterized by equation (3.1), meaning that:

e for every absolutely continuous curve [0,1] 3 ¢ — u; € Po(R?) it is possible
to find “velocity vectors” vy such that [|v|,, < || for a.e. t and (3.1) holds,

e conversely, every distributional solution of (3.1) with [lv]|,, € L'(0,1) gives a
curve p; which is a.e. equal to an absolutely continuous curve whose metric
speed is bounded by ||vl|,-

We will skip some technical details of the proofs, and refer to [11] for a more detailed
analysis.
Before proving our main result we need a couple of lemmata.

LEMMA 3.1 (Time rescaling). Let (u¢,v¢) be a solution of (3.1), t — ~y(t) a strictly

increasing and absolutely continuous map and define [, := ), V¢ = v (t)vs. Then
(fig, vt) is a solution of (3.1), too.
Proof. Straightforward. O

PROPOSITION 3.2 (Uniqueness of solutions of continuity equation). Let oy, 0 <t <
1, be a family of signed measures solving

d
%O't + V . (’UtO't) = 0,

1
/ /]vt\dlat\ < +oo
0

1
/ <|0’t(B) + sup |v¢| + Lip(vy, B)) dt < +o0
0 B

for each compact set B C R%. Then oy <0 for any t € [0,1].

Proof. Fix 1 € C2(R% x (0,1)) with 0 <+ < 1, R > 0, and a smooth cut-off function
Xr(-) = x(-/R) € C°(R?) such that 0 < xr < 1, [Vxr| < 2/R, xg = 1 on Bg(0) and
Xr = 0 outside Bogr(0). We define wy so that wy = v on Bagr(0) x (0,1), wy = 0 if
t #[0,1] and

sup |w| + Lip(wg, R?) < sup |vg| + Lip(ve, Bor(0)) ¥t € [0,1].

R4 B2r(0)
Let w; be obtained from w; by a double mollification with respect to the space and
time variables: notice that w; satisfy

with [} < 0,

and

1
sup / <sup lwi | + Lip(wf,Rd)) dt < +o0.
c€(0,1)Jo \ Rd

We now build with the method of characteristics a smooth solution ¢ : R? x [0,1] — R
of the PDE

d
7+ (W], VeT) = ¢ in RYx (0,1), ¢°(z,1) =0 YzeRL
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It is not difficult to check (we skip the details) that —1 < ¢° < 0 and that |V¢°©| is
uniformly bounded w.r.t. €, ¢ and x.

We insert now the test function ¢°xg in the continuity equation and take into
account that g < 0 and ¢® < 0 to obtain

1 doof
0> —/ " xrdoo —/ / XR :ip + (ve, xeV¢® + ¢°VxRr)dodt
R4 0 JRrd t

1
_/ / XR(z/}"i_ < wtva dUtdt+/ / VXR,Ut thdt
0 R4
1
2/ /xM¢+@rw$VﬁWmﬁ—/u/Hhmmwwﬁ-
0 Rd 0 Rd

Letting ¢ — 0% and using the uniform bound on |V¢¢| and the fact that w; = v; on
supp xr x [0, 1], we get

1 1 2 1
/ / XRwdatdtS/ / Vel e dl o]t < R/ / (v djor|dt.
0 JRrd 0 Jra 0 JR<|z|<2R

Eventually letting R — oo we obtain that fol Jga ¥doydt < 0. Since ¢ is arbitrary we
get the thesis. O

LEMMA 3.3. Let i € P5(R?) be a measure and let E be a R™ valued measure on R?
with finite total variation and absolutely continuous w.r.t. p. Then for any convolution

kernel p it holds
B2
/’ ‘ M*pdﬂcé/
H* p H

Proof. We use Jensen inequality in the following form: if ¥ : R™ — [0, +00] is
convex, l.s.c. and positively 1-homogeneous, then

w(/w@ww)s/wwmmwm

for any Borel map ¢ : R — R™*! and any positive and finite measure 6 in R?
(by rescaling 6 to be a probability measure and looking at the image measure )40
the formula reduces to the standard Jensen inequality). Fix z € R? and apply the
inequality above with ¢ := (E/u,1), 0 = p(z — -)p and

— if t >0,
\I/<Z,t) = 0 if (Z,t) = (070)7
400 elsewhere,
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to obtain
\fjﬁggu*p (/E ~0)dut). [ oo = i)
< [WC ). D0t = ity
/ (e — y)du(y).
Integrating w.r.t. = we get the thesis. 0

THEOREM 3.4 (Characterization of AC curves). Let y; : [0,1] — P5(R?) be an
absolutely continuous curve. Then for a.e. t € [0,1] there exist vector fields v, €
L?(ut, RY) whose norm is controlled by the metric derivative of

||UtHMt < ’/)’t‘v a.e.te [07 1]7

such that the equation

d
tﬂt + V- (vepe) = 0,

(3.3) y

holds in the sense of distributions, i.e.

(3.4) /0 1 / (C;ltgo(t,x) + (wa(x,t),vt(x») dpn(w)dt = 0,

for all p € C((0,1) x RY).
Conversely if ji; : [0,1] — Po(R?) satisfies equation (3.3) for some family of vector
fields v, € L?(pu, RY) such that
1
[ e < o,

then t — py admits an absolutely continuous representative t — [, satisfying
| < |lvellm,, a-e tel0,1].

Proof. Let us start assuming that u,; is an absolutely continuous curve. Using lemma
3.1 we may assume that the metric derivative is constant. For any map ¢ € C} (R)
consider the upper semicontinuous map Hy(x,y) defined as

Ve (z)| itz =y,

Ho@,0):= 3 () - oly)] if 2 #y
|z —yl ,



1. CONTINUITY EQUATIONS AND AC CURVES 33
moreover let 7 be any optimal plan for the couple p, us. With this notation we
evaluate the following limit for every ¢ in which p; is metrically differentiable

T |t n(0) — pe(9)| — Tim 1/ o(y) —S0($)|d’)’i+h($,y)
R2d

h—0t h h—0+ h

— 1
) < lim h/R?d v — y|Hyp(x, y)dyi ™ (x,y)

7— W (eth, pie) (

< lim

T h—0t

1/2
[ e o)

<l [Vl e

where the last inequality follows from the upper semicontinuity of H, and the fact that
AR converge to (Id, Id)4py as h — 0. Consider now a function ¢ € C1((0,1) x R?)
and let g € P5((0,1) x R?) be the measure whose disintegration w.r.t. ¢ is p, then we

have

: i p(t+ D) — gt 2)
s t’ x le’ ta xTr) = hm du
/(071)de dt(p( Jau(t, @) h—=0%J(0,1)xRd h
= lim el w)) — Mt—hcp(t,x)dt
h—0t+ (0’1) h, ,

therefore using equation (3.5) and Fatou’s lemma we have

d
[ geltaduto)
(0,1)xRa At

Now consider the space V defined as the closure w.r.t. Li of the set

{Ve:peCl((0,1) x RY)} and consider the linear functional L defined on gradients
of regular functions as

(3.6)

SA‘JMWVWt®Mﬂt

)

Equation (3.6) ensures that L can be uniquely extended to a bounded functional on
the whole V' whose norm is controlled by ( fol |f¢|?)'/? which is equal to fol |f¢| by our
assumption on the metric derivative of ¢ — u; (here we endow V with the L? norm
given by p). Since V is an Hilbert space, the functional L may be represented by the
scalar product with a certain vector v(¢,z): defining v,(z) := v(¢, ) we have

d
/(071)/dt()0(t,$>d,ut($)dt: —L(Vy) :/(071)/<V<p(t,x)7vt(x)>dut<$)dt_

To conclude we need just to show that ||ve||,, < |f|: we already know that fol vl e <
fol |f1e], to prove that [[”||vell, <[5 |fu| holds for any 0 <t < s < 1 it is sufficient to
repeat the argument restricting the curve to the interval (¢, s). We will come out with
a vector D(r,z) € V;*, where V;* is the closure of {Vy : ¢ € C1((t,s) x R")} w.r.t. the
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L? norm given by s such that [”|[o(r,)||.dr < [ |fir]dr and

xRd’

/m/ elr@)dpn (@ dr—/ts)/ Veo(r,z),(r, z))dpy () dr.

Therefore it must hold @(r, x) = v(r,z) p—a.e. and the claim is proved.
Now we turn to the converse implication: we will assume that u; is a family of
functions which satisfies equation (3.4) for a certain family of vectors v (x) € Lit

satisfying fol ||ve]| e dt < oo and we wil prove that p; is (equivalent to) an absolutely
continuous curve in &5(R?) whose metric derivative is bounded by vt -

We will proceed by approximation: consider a family of gaussian mollifiers p® and
define

pg = ks
e (o) xp°
vy =
Ht

For the measures p. it clearly holds the equation

(3.7) S LV (uEiE) = 0.

Mt
It is possible to prove (we skip the details, see Lemma 8.1.4 of [11] for a detailed
analysis) that there exists a unique family of maps X : RY — R? such that X§(z) =
vi (X7 (x)) and X§(x) = x and its just a matter of calculation to show that the measures
(X7 )4 satisfy equation (3.7), therefore by the uniqueness proposition 3.2 we get that
w; = (X7)xpg for ae. t. This representation allows us to estimate the distance between
pi and g indeed (X7, X5)upg € Adm(pug, 1) and therefore

W2 (s, 1) < / X7 — XE2dug < (s — 1) / / \XE|drdu = (s — 1) / / oeldpdr
t t

for any 0 <t < s < 1. Since clearly ui W —converge to p; for every t as € goes to 0, and
since by lemma 3.3 (with E := vuy) it holds [|vf ||z < [lv¢]|,.,, the previous inequality
implies

WQ(ut,,u,s )< (s—1t) // v | dperdr,
which is the thesis. O

This theorem allows to prove the well-know Benamou-Brenier formula (see also
[15]) for the Wasserstein distance:

1
W) = int [ ol .

where the infimum is taken among all the absolutely continuous curves such that pg =
p0, u1 = p' and among all vector fields vy such that (3.1) holds. Indeed on one hand

it holds
1 ) 1/2 1
( /0 ||vt|utdt) > /0 lotllmdt > £0a) = W o, 1),

where in the second inequality we used the second part od the theorem.
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On the other hand, taking as y; any constant speed geodesic connecting u° to p!
and using the first part of the theorem we get

1 1/2 1
(/0 ||ththdt> Z/O [vell e dt < L(pe) = W (o, p11),

2. The regular tangent space

Let us analyze some of the consequences of theorem 3.4. Given an absolutely
continuous curve t — s the set of those families of vectors vy € L?(u, R?) satisfying
(3.3) is not uniquely determined: indeed it is sufficient to choose w; € L? (s, R?) such
that V- (w¢p) = 0 and to add these vectors to the v;’s to find another solution. However
the following considerations suggest that there is a natural choice for the vy’s.

e The second implication of theorem 3.4 shows that for any solution v; it holds

vellpe = [£ul.
e The first implication ensures that there exists at least one choice such that

(3-8) [oellwe = 1fee-

e The linearity w.r.t. wv; of equation (3.3) and the strict convexity of the L?
norms give the uniqueness of those v;’s which satisfy (3.8).

e Equation (3.4) ensures that the vectors v; act only (through the Riesz isomor-
phism of L?(p¢, R?)) on the gradient of regular functions.

These facts lead us to the following definition.

DEFINITION 3.5 (Regular tangent space). The regular tangent space (or simply
tangent space) to the space P2(R?) at a measure y is

L2 (p,R%)
Tan, (25 (R%)) = {w L pe Cgo(Rd)}

Tangent vectors are characterized by the following property:
(3.9) vl < v+ wl| Vw € L?(u, RY) such that V - (wp) = 0.
Indeed (3.9) holds if and only if

(3.10) /(v,w)du =0, Vw € L?(u,R?) such that V - (wp) = 0,

and this is true if and only if v € Tan,(Z2(R?)). Equation (3.9) ensures that the two
possible choices for the vectors v; suggested by the previous considerations (solution of
minimal norm or gradient) actually give the same vectors. We will denote by P, the
orthogonal projection of L?(u, R?) into Tan,,(22(RY)), which is obviously characterized
by

(3.11) /(v — P,(v),vYdup =0 Yo' € Tan,(P5(RY)).
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Let us also introduce the normal space, i.e. the orthogonal complement of
Tan, (Z22(R%)):

(3.12) Tan (25 (RY)) := {w € L*(w,RY : V- (wp) = o}‘
The analogous of equation (3.9) is: w € Tanﬁ(ﬁzg (R%)) if and only if
(313) folla < o+ wllse Vo € Tan, (Zo(®Y).

From now on given an absolutely continuous curve p; we will refer to the vectors
vy € Tany, (Z2(R?)) which solve (3.3) as the velocity vectors of the curve.
In order to enlight notation we will write (-, -) , for the scalar product in L% (1, RY):

<v,v’>ﬂ = / (v,v"Ydu Vo, v" € L*(u, RY).

It is important to underline immediately that the structure given by the tangent
spaces does not yield really an infinite dimensional Riemannian manifold. This is due
to the fact that the injectivity radius of this “manifold” is 0. Before studying this
problem we define the exponential map. Let us start with the following observation:
if a constant speed geodesic [0,1] > t — p; is induced by an optimal map 7', that is
pe = (Id + (T — Id)) 40, then the continuity equation is fulfilled with

v = (T — Id) o (Id +t(T — Id)) ™},

and since |v¢]|,, = |7 — Id||uy = W (o, p1) for any t € [0, 1], those v; are tangent (at
least for a.e. t). Since vg =T — Id we are led to the following definition:

DEFINITION 3.6 (The exponential map). Let u € P(R?) be a measure. The expo-
nential map is defined as

(3.14) L*(u,RY) 30 — exp,(v) == (Id +v)p.

Since the defining formula makes sense for any vector field in L?(u, R?) we didn’t
restrict the definition to the tangent space.

Let us now come back to the question about the injectivity radius: it is clear that
the map ¢ — exp,,(tv) defines a geodesic in the interval [0, ] if and only if Id +#v is an
optimal map, and this is true if and only if Z+#Dv > 0 in distributional sense (here 7 is
the identity matrix). So t — exp,,(tv) defines a geodesic in some interval if and only if
Du is bounded from below, but since Tan, (Z2(R?%)) is defined as the L?(u,R) closure
of the set of gradients without taking in account any regularity, simple counterexamples
show that Dwv is generally unbounded.

The same argument shows that for any ¢ € C°(R%) the map Id + tV is optimal
for sufficiently small ¢ and therefore it holds

i W (exp,(tVp), 1)
11m
t—0+ t

= IVellu-
Now, using the inequality

W (exp,,(tv), exp,,(tVe)) < tljv = Vel|,,
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it is easy to check that for every v € Tan,(Z2(R?)) it holds

" W (exp,,(tv), 1)
11m
t—0+ t

= [[vllu,

i.e. the infinitesimal behavior of the exponential map on the tangent space is the right
one. We will show in the next chapter (see theorem 4.19) that the previous formula
characterizes the tangent vectors.

The next proposition proves an important property of velocity vectors: they can
be recovered as limit of optimal transport plans (or maps, if any). It is important to
underline that even if there is no hypothesis on the regularity of the measures p;, the
limit plan is induced by the map v;. It is for this reason that in the studies of differential
properties along absolutely continuous curves it suffices to consider the regular tangent
space.

PROPOSITION 3.7. Let py be an absolutely continuous curve and let v be its velocity

vectors. Then for almost every t € [0,1] it holds: for any choice 0f’)’€+h € Opt(fut, ht+h)

we have

‘ 22 _ Al
(3.15) ,llli% (7717 T>#’Y§+h — (Id, vt) gt
and
(3.16) fi W Wein, (T4 o) _
’ h—0 h )

In particular for almost every t € [0,1] such that pu, € 25(R%) it holds

Tt —Id
h

Proof. Theorem 3.4 ensures that it is sufficient to prove (3.15) and (3.16) for every
t € [0,1] such that

(3.17) — vy, in L*(ug, RY).

W (ttttn, b .
(3.18) W = [l = [l -

So, fix ¢ satisfying (3.18), define
72 — gl
mi= (.

and observe that the family 7, is bounded. Letting n be any 7 accumulation point of
1y, as h — 0, the inequality

. - W {itgn, pit)
1Bl < ll22lln < }11171% z2ln, = hmT = [|ve || e

and equations (3.9), (2.31) ensure that in order to prove (3.15) it suffices to show that
(3.19) V- ((#(n) —v)p) = 0.
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Now fix ¢ € C(R%), observe that

i) = (o) _L1 / p(w2) — plar)dyi™

:% /w(m + hxa) — p(x1)dn,;, = / (Vp(x1), x2)dny, + Ry,

where |Rp,| < hLipy,, ||22]|n, , and let h tend to 0 to obtain

[ oo = [Tt mayin = [ (Vo ).

The arbitrariness of ¢ gives (3.19).
Now we turn to (3.16). Observe that since

(! + hog ol 72)uy T € Adm((Id + ho) e, pirsn)
it holds

W2(pesny (Id + hvg) )
2
Now observe that for any ¢ € Cg°, equation (3.15) and the fact that the function
(x1,22) — (Vo(z1) — 22) has linear growth, give |[Vp(21) — 22ll,, — [|[Ve(21) —
v¢(21)|| .- Therefore we have

lim W (e n, (Id + hvg) g pue)
h—0 h

1
< pallen + hoy(z1) — 962||3§+h = |Jo(z1) — wall;, .

< I —

< lim ve(21) — 22]|n,

< vt = Vel + lim [Veo(ar) — a2y,
=2|lvs = Vol

Letting V¢ tend to v; in Lit we get the thesis.
The last statement is a consequence of (3.15) and proposition 2.23. U

As a first application of the definition of tangent space we discuss the differentia-
bility properties of the functional W?2(-, o).

ProPOSITION 3.8 (Differentiability of W?2 at regular measures). Let 0 € P5(R%)
be a fired measure. Then the functional

Py(RY) 3 p— W (u,0),
is differentiable at any regular measure p and its differential is 2(Id — Tl‘j), i.e. the
following equality holds for any u € 25 (R%):
W2(v,0) — W2, 0) — (2(1d = T9), T — Id),

(3.20) lim TR =0

Z/V~V>,u
Proof. The lim inequality follows by

2 v o2 _ 2 2 v o
W2 v.0) < Ty~ IO = Wno) + W) + 2T) — Id.Id — TF),
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To get the other one, fix any sequence v, — u and choose a, such that
1,2 n
Ty om = (Id, T/ )y,
ﬂ'i?’an € Opt(vp,0),
to obtain

W2(u,0) < [la — as)2,

= W2000) 4 W20 )+ 2 [ for = T 0), T (1) — ey, (o),
1,3
where 7, := 7, 0.
Conclude observing that since ||z — 3|5, < W (p, vp)+ W (vy, o), proposition 2.19

implies ~,, w (Id,T}])4p and so it holds

‘ [ a1 @), 1 w0) = )y (ar,a) = [ (o= T2 (@), = T ) o)

= ’/ (1 =Ty (21), T (71) — 23 — 21 + T (21))d,,

< Wip, v) [T (w1) — @3 — 21 + T (#1) |5, = o(W (1, vn)).-

g

It is interesting to notice the following formal analogy with the usual Riemannian
case: if M is a Riemannian manifold, the differential of the function x — d?(z, 2),
provided it exists, is —2exp, }(z). This means that it holds

lim d*(y, z) — d*(z,2) — (= 2exp; ' (2), exp; ' (y)),
e d(z,y)

=0,

where (-, -), is the scalar product on T, M.

Now observe that in the space (Z2(R?), W), for a given u € Z25(R?), the natural
right inverse of v — exp,,(v) = (Id 4+ v)gp is v — exp, ' (v) := T/ — Id. This means
that 7); — Id is the only map f € Li such that [0,1] 3 ¢t — exp,(tf) is a geodesic
connecting p to v. Therefore equation (3.20) is the perfect analogous of the formula
valid in the usual Riemannian setting. We will investigate in the next Chapter how to
generalize the concept of exp;l to non-regular measures, and in Chapter 5 the general
differentiability properties of y — W?2(u, o) (see theorem 5.20 and corollary 5.22).

A simple consequence of the previous proposition and of (3.15) is the following
formula for the derivative of W?(-, o) along absolutely continuous curves with range on
regular measures:

d o
£W (e, 0) = 2(v, Id = T7,) ., ae. t€[0,1]
Since, as we will see in corollary 5.22, W? is generally not differentiable on non reg-
ular measures, it is quite surprising that a similar formula holds even without any

assumption on fu:
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PROPOSITION 3.9. Let iy : [0,1] — P2(R?) be an absolutely continuous curve, vy
its velocity vector field and o € P5(R?) a fized measure. Then for a.e. t it holds:

d
(3.21) %Wz(,u,t,a) = 2/<’Ut(x1),x1 — x9)dy(z1,22), V7 € Opt(ut,0).

Proof.  Observe that the map ¢ — W (u, o) is absolutely continuous, so the same is
true for t — W?2(us,0) and the left hand side of (3.21) exists for a.e. t. We will show
that claimed property is true for every t¢ such that (3.16) holds and the derivative of
W (e, 0) exists; fix such a ¢t and observe that equation (3.16) ensures that

d 2 WA+ hvg) g, o) — W (e, 0)

35"V (s )|y = Jimmy h '
Now choose any « € Opt(ut, o) and note that since (7! + hvy o 7wl 72) vy € Adm((Id +
hvg) g, o) it holds

WZ((ICZ + hUt)#/Lt,O') ngl + hvt(xl) — xg”?y
=W?(u,0) + B2|lui7, + Qh/ (vi(w1), 21 — w2)dy

=W(ur,0) + h*|lvellf, — 2o, B(v) — Id),,,.
and the thesis follows dividing by A and letting A T 0 and h | 0. 0

Observe that the equation (3.21) may be written as

d o

%W (e, 0) = 2(vg, Id — B(Y)) .-

We will show in theorem 4.15 that the barycentric projection of an optimal plan be-
longs to the regular tangent space, and usually different optimal plans have different
barycentric projections: so it is a non trivial fact that almost everywhere along an ab-
solutely continuous curve the barycentric projections of optimal plans act in the same

way on the velocity vector field.




CHAPTER 4

The geometric tangent space

1. An introduction to Tan, (% (R%))

The regular tangent space is a very useful tool in the study of differentiability
properties along absolutely continuous curves or on regular measures, however the
study of the properties of geodesically convex functionals (see the next chapter) shows
that in order to reproduce in the framework of the Wasserstein distance the classical
results of convex analysis, an enlargement of Tan,,(%2(R?)) is necessary. Even from a
theoretical point of view the definition of Tan, (Z2(R?)) is not completely satisfactory:
for instance if u = &, is a delta then Tan, (% (R%)) is isomorphic to R? (and so it
is very small) and the range of the exponential map is just the set of all §’s. This is
due, of course, to the fact that working with maps does not allow to split masses. In
this section we will describe another tangent space which we call Tan, (%% (R%)), made
with plans, which will be a subset of

(4.1) QQ(RQd)# = {’y € 92(R2d) : W:}#")’ = u},
and we will show that for any measure p the map

3, Tan, (252(RY)) —  P9(R%Y),
v — (Id,v)4p,

will be an embedding of Tan, (% (R%)) into Tan,(%,(R?)), and that this embedding
is actually an isomorphism if the base measure p is regular.

Before going on we want to underline that this section is the most technical part
of the thesis. Working with plans is not very intuitive, and many proofs will need
the introduction of multiple plans of dimension 4 or even 5. However the structure
of 225(R??) u is formally very similar to the one of Hilbert spaces: hoping for a better
understanding we will sometimes recall the proof of some basic theorems in Hilbert
setting before proving, with the same ideas, their analogous in 2y (R??) -

(4.2)

To understand the heuristic idea behind the definition of the geometric tangent
space let us think for a moment to the case of a Riemannian manifold M embedded in
some R?. The tangent space at point z € M may be defined in the following way: for
any geodesic t — x(t) starting from z, i.e. 2(0) = z, we try to find the limit in R? of

x(t) — (0)

t )
and, whenever this limit exists, we put it into the tangent space, which therefore will
be the set of all possible limits of the previous kind.

(4.3)

41
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Trying to do the same in the Wasserstein framework arise the following problems:
what is the natural analogous for equation (4.3) in our setting? And: what is the
topology we use to calculate the limit?

For regular base measure p the answer to the first question should be

T4 —Id
t )
where t — p; is a given geodesic starting from p parametrised in some right neighbor-

hood of 0. Remark 2.10, and in particular (2.12), ensures that for some optimal map
T and t > 0 it holds

(4.4)

T} —1d T-1Id

t ot

In particular there is no problem in finding the limit and we can affirm that the geo-

metric tangent space at a regular measure u should contain at least all the maps of the
form

for t < t.

T—-1d
vi=—,
t
where T varies among all possible optimal maps and ¢ among positive reals. Now
observe that since all the maps belong to L?(p, R?) it is natural to equip the tangent
space with the L? distance w.r.t. p. Since we want to deal with a complete tangent

space we define

L?(p,R7)
(45)  Tan,(Pa(RY)):= {v € L2(u,R9) : Id + tv is optimal for some t > 0}

Now let us come back to the general case, i.e. u € ZP5(R%) is not necessarily regular.
Let t — u; be a constant speed geodesic starting from g and parametrised in some right
neighborhood of 0. Keeping in mind the correspondence

T — (Id, T)up,
from maps to plans, and equation (4.4), we are led to try to find the limit of
2 — !
(4.6) <7Tl, t> Yt Yi € Opt(p; pre).-
#

Using corollary 2.9 we know that there exist an optimal transport plan % and a positive
t such that for ¢ < ¢ it holds

t
v = (wl,wl + = (n? —wl)) ¥,
t #

from which we get that the expression in (4.6) is once again independent on small ¢
and equal to

1
e (s i)
#
Inverting this equation we define the following set:

GEOD,, = {7 € Py(R*), . (z', 7! + tn?) 4~ is optimal for some t > O}.
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Analogously to the previous case we have
2d
GEOD,, C P (R*Y) 4,

and we want to endow Z5(R??),, with some distance and then define the geometric
tangent space as the closure of GEOD,, w.r.t. this distance. Since we want the map J,

defined in (4.2) to be an isometry, we define, for any couple v;,7vy € Po(R?*) u, the
distance Wy, (71, 7v2) as

(4.7) W2 (71, 72) == / W2 (1) (Y2)a) ds(),

where (v;)z, (72)2 are the disintegrations of v, v, w.r.t. p.
Finally we give the following definition:

DEFINITION 4.1 (The geometric tangent space). Let p € P2(RY) be a measure.
The geometric tangent space Tan,(P(R%)) of P5(R?) at u is the closure of GEOD,,

in Po(R?),with respect to the distance W,.

Actually we have still to show that W), is a distance and that the geometric tangent
space is complete (this is not automatic from the definition since we have to prove at
first that (225(R??),, W,,) is complete). These are the goals of the foregoing discussion.

From now on p € %3(R%) is a fixed measure, and its variable will always be zg. A
generic plan v € P5(R??),, will therefore belong to P2(RE x RY) for some i = 1,2, ...
For a given couple 74,7y, the set of admissible 3-plan is defined as

0.1 0,2
ADM (Y1, Y2) = {a e PRI xR xRY) : Ty o=, T o= 72}.

The cost associated to a 3-plan « is

1/2
o1 - @slla = ( [ —5E2\2d04> ,

and the proposition below justifies this definition.
PROPOSITION 4.2. Let v1,7v, € P2(R??),, be any couple of plans. Then

4.8 w, , = min 1 — 22| o
(4.8) uw(Y1:72) aeﬂ@%u('}’p'}’g)” 1 2le

Proof. Let a € ADM ,(y1,72) be any admissible 3-plan and da = dp x do, be its
disintegration w.r.t. p. Since for p-a.e. xg it holds oy, € Adm((v1)zy, (V2)z,) We have

o1 = sl = [ a1 — walPde = [ (o = walPdees, ) duao)

> / W2((4))ao» (Y2)ao ) dia(a0) = W2 (71, 72) .

To obtain the other inequality use the approximation lemma below on the plans
~1,7o and observe that for every n € N the set Opt((V])zg, (V5 )zy,) contains only one
element o, and that, by proposition 2.19 the function o — af is continuous from
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R to P5(R?) endowed with the weak topology given by the duality with C. functions.

Therefore there exists a 3-plan a™ whose disintegration w.r.t. xo is o, and it holds

for =l = [ llor zallg di= [ WA (o) = W23t 93).

Letting n tend to oo the proof is achieved. O

LEMMA 4.3. Let v € P5(R*?),. Then there exists a sequence of plans (y") C
P5(R*),, such that

1) (™), is regular for p— a.e. xo,

i) & — (Y")s, is continuous as a function from R to (Po(R%), W),

iii) [ W2((Y")gs Vo )t(z0) — 0.

Proof. Let Xy C P5(R%) be the set of measures whose second moment is bounded
by N endowed with the distance W (which induces the weak topology given by the
duality with C. functions). Define Yy C %(R?), to be the set of those plans 7 such
that (7)z, € Xn for p—a.e. o, and assume for a moment that v € Yy for a certain
N. Then we know that the Borel function from R? to Xy given by zy — Yz, MAay
be approximated p—a.e. with a sequence of continuous functions zop — o7, € Xn.
Now let (p") be any sequence of mollifiers on R? and define Vg = O, ¥ p" It is
clear that v}, € Xy for some N’ > N independent on n, and that zo — ~%, is
continuous. We claim that the plans 4™ satisfy the thesis. We have only to show that
S W2((Y") 205 Yy )dit(z0) tends to 0. Observe that

(/ W?(w")xo,v%)du(xo))lﬂ

< ( / Wz((’Y"):co,Ugo)dM(xo)>l/2 + ( / Wz((Un)m”)’xo)dM(wo))l/z7

and that the first integrand is bounded by [ |z|?p"(z)dx for every z¢, while the second
one converges to 0 for y—a.e. zo (by construction of o} ) and is bounded by 4N 2. The
dominated convergence theorem gives the thesis.

For the general case it is sufficent to approximate at first v with plans 5" € Y,, and
to proceed with a standard diagonalization argument. O

The previous proposition shows that the infimum is always attained. We will denote
by OPT,,(7v1,72) the set of those 3-plans which realize the minimum, i.e.:

(4.9) a € 0PTu(v1,72) = Wul(v1,72) = llz1 — 22fla-
The proof of the previous proposition characterizes optimal 3-plans as follows
a € 0PTu(V1,72) = Qag € Opt((V1)wos (V2)ao),  p-ace. zo.

THEOREM 4.4. The function W), is a distance on P(R%*),,.
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Proof. Choosing a := (7%, 7!, 71) 4 it follows that W, (v, ) = 0. Conversely suppose
that W,(v1,72) = 0 and choose an optimal 3-plan a. The equality ||z1 — 22/a = 0
gives that for a-a.e. triple (2o, x1,z2) it holds z; = 5. In particular the two functions
701 792 are equal in L?(c,RY) and therefore v; = ﬂzﬁ’la = 773@204 = 5.

The equality W, (v1,72) = Wyu(vs,71) is clear.

To get the triangle inequality argue as in the proof of triangle inequality for W:
given vy, vq,v3 € Po(R??),, choose a1 5 € OPT (Y1, 72), Q2,3 € OPT,(V4,73) and find
a 4-plan 3 satisfying

Since 71’;21’3,3 € ADM 1, (v1,73) we have

Wu(v1:73) < ller — wsllp < ller = 22llp + 122 — 23llg = Wu(y1,72) + Wulv2,73)-
Finally since W, (v, (Id,0)xpn) = ||z1|ly < oo, the triangular inequality ensures that
W (v1,72) < +oo for every couple vy, v, € Po(R?*),,. O

THEOREM 4.5 (Ls.c. of W, and completeness of 9(R?),,). Let p € P2(RY) be a
measure. Then the distance W, (-,-) is lower semicontinuous with respect to the weak
convergence in Po(R2?) and the space P5(R??), is complete with respect to the distance
WM (', ) .

Proof. Let (7)), (72) € 2(R??) .. be two sequences weakly converging to y!,~4? in
P5(R?d) respectively and let a, be optimal 3-plans between ~. and v2. It is easy
to see that the sequence a, is tight in R3¢ and so there exists a subsequence ()
weakly converging in %5(R3?) to a certain 3-plan a and such that limy, ||z — r2lla,, =
lim, ||z1 — 2]|a,,- Given that the limit 3-plan o satisfies Tr;_zla =~ Tr;fa = ~2, we
have:

W, (71,7°) < lzi—2slla < lim |21 —22)la,, = lim [lz1-22)la, = Lim W, (v4,77) -

k—o0 n—00 n—00

Now we turn to the completeness: assume that (v,,) is a Cauchy sequence. Being this
sequence bounded in Z5(R??),, it is also tight and so there exists a subsequence (V)
weakly converging to a plan «. The lower semicontinuity yields

T Wy () < Tom tim W (0, 7a,) = 0.
m—0o0 mﬂook—}OO

COROLLARY 4.6. Tan,(%(R%)) is a complete metric space.

It should be noted carefully that the topology induced by the distance W, is not
the one induced by W on 25(R??). For instance let d = 1, p := L' 0.1] and v, =

sin(nz) € L?*(u,R). Then it is not difficult to show that n — J,(v,) does not have any
converging subsequence in (#5(R??),,, W,,). On the other hand some calculations show
that J,(vy) tends to (1 —y?)~1/2. £2 in (P22(R??),, W).

10,12
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There is a special case in which the two topologies give the same converging se-
quences: when the limit plan is induced by a map.

PROPOSITION 4.7. Let v,,,7v € @2(R2d)u be plans, and assume that vy s induced by
a map. Then v, W,—converge to ~v if and only if ~y,, W—converge to ~.

Proof. Since W, > W one implication is obvious. For the converse one, take a sequence

of continuous functions f,, with bounded support such that f,, — f in L2, where f is
the function which induces 4. Observe the functions |y — fi(z)|? are continuous on R?¢,

bounded from below and with quadratic growth, therefore propositions 2.5, 1.4 ensure
that

Yim W (7, 3(f1)) = T [ly = fi(@)ll, = Iy = @)y = 1f = fill:

Therefore it holds

T Wo(y7) < T T (Wa(7, 300) + W(3(f).7)) < 2 o |1F = fill = 0
U

2. Directional derivative of W?(-,v)

In this section we describe the first differentiability properties of W?(-,v) along
curves of the kind [v](t), where ~ is any plan in &25(R{ x R%), not necessarily optimal.

Let us first observe that using lemma 2.12 and reasoning as in the proof of 2.13 it
is possible to prove an inequality like (2.16) without any assumption on ~:

(4.10)  WA([y(1)]v) = (1= OW2([7)(0),v) +tW2(y[1],v) — (L — 1) [Ja1 — 223,
It is just a matter of calculations to show that this equation implies that the function
t— W), v) = t?|la1 — 224

is concave. Therefore from the general theory of concave function we know that for
every t € [0,1) there exists the right derivative

d o WA+ R),v) = W), v)
EW%[ YI(t),v) = hlgéh h ’

and, for t € (0, 1], the left derivative
d W2([A(t + h),v) — WA([](2), v)

W] (0), ) = lim ; ,

and that

d d
G WAEI0) < W0, Ve 0,1)
Moreover for every ¢ not belonging to the set A of points of non differentiability (which

is at most countable), it holds

d d

@WQ([ Y(®),v) = 2= WH[](0), ).
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LEMMA 4.8. Let v € Z5(R¢ x RE) be a plan and let v be a fived measure. Then for
every 3-plan p, satisfying

(4.11a) T =,
(4.11b) (1= t)m" +tm?, %)y, € Ope([Y](1),v),
it holds
d
—W([V](t),v) <|lwg —as|l;, — llor — wsll;, + (2t — 1)[lw1 — xall},
di,
(4.12) ]
<—W? t),v).
< W), v)

In particular both inequalities are equalities if t belongs to the set of differentiability of
the function.

Proof. Use lemma 2.12 to find, for every ¢ € [0,1], a 3-plan p, satisfying
1,2
7'('# /‘l’t =7,
(1 =ty +tm®, 7)) ppy € Opt([](2), v).

Now fix t¢ and take derivatives on
[(1 = t)zy + tzg — xsﬂito =1 —=t)|lz1 - il?3||,21,5O + tfja — xsﬂftto —t(1—t)[Ja1 - 9C2||,2%,
to get

a

dt
To conclude it is sufficient to observe that

W2([7](t),v) < (1 — )2y + tag — $3|lit0,
W2([V)(to),v) = [|(1 — to)a1 + toxs — 9«“3Hito-

(1 = t)zy + tag — 963||it0 = |lzg — x3\|it0 = |lz1 - 363\\3% + (2t = 1)[|z1 — fUzHitO-

0

From this lemma it is possible to derive a precise formula for the directional deriv-
ative. Let us first introduce the following set:

DEFINITION 4.9. Given a plan v € P2(R{ x RY) and measure v € P5(R3), the set
Opt(~y,v) is the set of 3-plans p satisfying
1,2
7T# ®r =7,
7r71¢;3u € Opt(w#’y, V).

PROPOSITION 4.10. Let v € P5(R¢ x RY) be a plan and let v € Po(RE) be a fived
measure. Then the following formula holds:

d .
(130) G WARI0.) = inf s = a3~ o~ ] = WA(R](0). )

(4.13b) =—2 sup (@2 — 21,73 —21),
KEOpt(,v)
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Proof. Observe that a plan p realizes the inf in (4.13a) if and only if realizes the sup
in (4.13b).
The previous lemma ensures that for any p € Opt(y,v) it holds

.
LW 0,0 g <l — sl — Nl — wall2 — W(R](0),0)

= — 2<.1‘2 — T1,T3 — $1>“.
To prove the converse inequality choose, for any ¢ € [0, 1], a 3-plan p, satisfying (4.11),
observe that this family is 2-bounded in Z25(R39) and let p, be any weak accumulation
point. Remark 1.1 and proposition 1.11 give py € Opt(7y, ), moreover from
W2([I(t),v) = I(1 = By + tag — a3}, = [lo1 — z3)5, + o(1),
we get ||z1 — 3:5||it — W2([4](0),v) as t — 0F. We conclude with:
d 2 . d 2
EEOW (@), v) = lim W (@), v)

. 2 2 2
> lim [z —@slf, — llo1 — w3y, + (2t = Dller — 22l

2|22 — a3, — WA([7)(0),v) — |21 — 223
U

Before going deeper on the analysis of the properties of (Z5(R%?) s Wy), we open
a brief parenthesis and we describe in the following subsection another possible con-
struction of Tan, (#(R9)). As we will see, the definitions we gave are consistent with
the abstract construction of tangent space for PC' spaces.

3. Tangent cone for PC spaces

Recall that a length space (E, d) is positively curved in the sense of Aleksandrov if
for any constant speed geodesic xz; : [0,1] — E and every y € F it holds

(414) dz(l‘ta y) > (1 - t)d2($07 y) + tdZ(xlv y) - t(]' - t)d2(ﬂj‘0, 'Tl)a
and that in a flat Hilbertian setting the equality always holds in the above expression.

In a Euclidean setting the angle 0 < 6,(y, z) < 7 between the two segments joining
x to y and z respectively, is given by the formula

cos (Ox(y, z)) :

and it is easy to see that if y; := (1 — t)z + ty, 2, := (1 — t)x + tz are the segment
joining x to y and z respectively, then it holds
0:(y,2) = 0x(ys, z5), Vt,s € (0,1].
If we try to do the same in a PC space we are naturally lead to define the angle
0 < 0.(y,z) < from which the couple (y, z) is seen from z as:
d2($7 y) + dQ(xa Z) — d2(y7 2)
2d(x, y)d(, z)

(y—zz—2) |y—aP+lz—af —|y—=

Cly—alle—al 2ly — x|z — 2|

)

cos (0(y, 2)) ==
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Now let y, z : [0,1] — E be constant speed geodesics joining = to y and z respectively,
it is just a matter of calculations to see that both the functions

t — cos (Hm(y(t), Z(S)))v
5§ — COS (Hm(y(t), z(s))),

are non increasing. It is then possible and natural to define the angle 0 < 6,(y,z) <=
between the constant speed geodesics y and z as
(4.15) 0:(y,z) = sup 0.(y(t),=z(s)) = m 0:(y(t), z(s)).

li
t,5€(0,1] t,s—0
In this formula the geodesics do not need to be defined in the whole interval [0, 1]: if we
let [0, Ty] be the domain of y we can still define 0,(y, 2) as the limit of 0,(y(t), z(s))
ast,s — 07T, or as the supremum of 6, (y(t), z(s)) among all t € (0, Ty] and s € (0,T%].
Observe moreover that d(y(t),z)/t is independent on t € (0,Ty] and equal to the

(constant) metric derivative |¢| of y.
Following the analogy with the Hilbert case we define:

(4.162) Iyl = 9],
(4.16D) (.2, = [yllol12]ls cos (6.(. 2).
(4.16¢) B(y.2) = [yl + 1213 — 2(y. 2),.

Let us now introduce the set Geod, of all constant speed geodesics starting from z; on
this set we define the equivalence relation

y~z & Yo = Zlpg for some t > 0.

Since the objects defined in the formulas (4.16a), (4.16b) and (4.16¢) depend only on
the behavior of the geodesics near 0, it is clear that the function d(-,-) induces a
function, still denoted by d(-,-), on Geod ,/ ~: we are going to prove that this function
is a distance.

Since
o dP(y(t), @) + d(2(s), x) — d*(y(t), 2(s))
~ 093 , — 1
any T 2y (1), ) d(=(0). )
| b (i ClE I 0.2
2lyllzllzlls \t.s—o+ ts :

applying definitions (4.16¢) we obtain

(4.18) dy(y, z) = lim dly(®), (1)) _ sup M’
t—0% t t€[0,7] t

where T := min{Ty, Tz}, and therefore d, is a distance as claimed.

DEFINITION 4.11 (Tangent cone for PC spaces). The tangent cone to the space
(E,d) at a point x € E is the completion of Geod ,/ ~ with respect to the distance d.



50 4. THE GEOMETRIC TANGENT SPACE

It is not difficult to check that the functions defined in (4.16) induce functions on
Geod ,, and that they extend continuously to Tan,(E).

We now show that if we apply this abstract definition to the space Z5(R%), the
result is consistent with the definition we gave in the first section.

THEOREM 4.12. Let (E,d) := (P2(R%), W). Then the tangent cone just defined is
canonically isometric to (Tan,(P2(RY)), W,). The isometry is the unique continuous
extension of the following bijective map from GEOD, to Geod i/ ~: a plan vy correspond

to the equivalence class of the geodesic t — (m' + t7r2)#’y.

Proof.  To get the claim it is sufficient to prove that for any v,,v, € GEOD,, it holds

(4.19) du(v1,72) = Wulv1,72)-

Fix such 7,7, and think v; € Z5(RE x R}) and v, € P2(RE x RY). It is clear
that the value ||zl is equal to |7/, defined in (4.16a), moreover we know that
W2 (1, 72) = o1 — 22l = 212, + 2%, — 21, 72) o, Where & € OPT, (71, 7,),
and therefore our thesis may be written in the following way: for any ~v,,vy € GEODu
and any a € OPT ,(y1,72) it holds

(4.20) (21, 32) o = <71’72>u = [Ivallullvally cos (9#(’71772))'

Let us examine the right hand side of this equation. Using the definitions (4.16) and
equation (4.17) and taking separate limits, first w.r.t. s and then w.r.t. ¢, we obtain
the following formula:

1d
(Y1,72), = — 1 (W (= + tx" )y, (70 + 57°) 479)).

im ——
t—0+ 2t ds |s:0

Using proposition 4.10 to compute the derivative in the right hand side and recalling
(see theorem 2.8) that for small ¢ the plan (7%, 7% + ¢t7!)4~, is the unique element of

Opt(p, (m° + t!) gyy), we get

1
(421) <717 72)# = thI(I)1+ ;(1;1 — To, T2 — $0>at7

—

where o minimize ||z1 — z2||%, among all 3-plans in 2D, ((7°, 70 +tm!) wy,, (70, 70+
772)#72). Some manipulations show that a; has this property if and only if the 3-plan

2

— 0 1 o T — T

o= \(\m,m —7, oy,
#

realizes the minimum of ||z — z2||a, among the set ADM ,,(v;,7). This means that
we can keep @y constant in time and equal to some & € OPT (1, Y2) and obtain

<717 72>,u = <:C17 $2>aa
and therefore our thesis is proved. Il

This characterization of Tan,(%2(R%)) leads us to the following definitions.
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DEFINITION 4.13. Let v € P5(R??), C P5(RE x R{) be a plan. The norm of v is

[Vl = Nzl

Let 1,79 € QZQ(RM)“ be two plans. The scalar product of them is given by

2(v1,72) = Wi (v, v2) = Ialls = [1vallh = 2(z1, 22) o, Y € OPT (1, 72)-

These definitions reduce to the ones given in (4.16a), (4.16b) if the plans belong to
GEOD,,, here we extended them to the whole of & (R2),,.

4. On the inclusion Tan, (% (R?)) — Tan, (% (R%))

In this section we analyse the relationship between the two tangent spaces we
defined and study the properties of the exponential map.

A particular subset of Tan,,(%,(R?)) is the set of all plans induced by maps: since
for such plans W), essentially reduces to the more common L? distance w.r.t. p, this
set is isomorphic through the embedding J, to the set

L2(u,RY)

Tan,,(P2(RY)):= {v € L2(u,R9) : Id + tv is optimal for some t > 0}

In the first section we already introduced this set for regular measures u, here we just
dropped this assumption.

Observe that the definitions of Zan, (% (R%)) and Tan,,(Z2(R?)) are quite different:
the first one is obtained from the study of geodesics while the latter one was the
result of the analysis of the continuity equation. It is therefore a non trivial fact that
the following theorem holds, which shows that Tan,(%2(R?)) is an enlargement of
Tan, (22(R%)). Observe that there is no regularity assumption of .

THEOREM 4.14. Let p € P5(R?) be any measure. Then
Tan,(P2(RY)) = Tan,(P2(R?)).

Proof.  The inclusion D is quite obvious: for any ¢ € C(R?) there exists some
t > 0 such that D(Id+tVp) > 0 in the sense of symmetric operators, this means that
Id + tVy is the gradient of a convex function and therefore optimal.

To prove the converse implication we will show that any monotone map T €
L%(u, R?) belongs to Tan, (P (R)). Let us first suppose that u < £4, £¢ < p, that
v has bounded density and that T is bounded, say |T'(z)| < C' < oo for a.e. z € R%. In
this case for any family of mollifiers p. the maps T, := T * p. are well defined, satisfy
|T-(x)| < C for any = € R? and € > 0, and converge for u—a.e.  to T'(x) as € — 0. The
fact that p has bounded density implies that the costant functions are in Li, therefore
by the dominated convergence theorem, the convergence a.e. of the equibounded func-
tions T, implies convergence in Li. From the absolute continuity of p and Brenier’s
theorem we have the existence of a convex map ¢ such that T' = Vo p-a.e., therefore
it holds T. = (V) * p. = V(p * pc) € Tan,(P2(RY)). The Li—convergence of T to T
gives T' € Tan, (P, (R?)).
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Now drop the hypothesis on the boundedness of T'. Define v := T and find a se-
quence (vy,) of measures with bounded support W —converging to v. Let T, be the opti-
mal transport map from p to v,: by what we just proved we have T,, € Tan,(Z2(R%))
for every n € N. Recall proposition 2.27 to obtain ||7,, — T||, — 0 and therefore
T € Tan, (P (RY)).

For the general case we can assume that J,(7) is the unique optimal plan from g
to Tizp: otherwise substitute 7' with (1 —t)Id + tT, 0 <t <1, use proposition 2.11 to
get the uniqueness of J,((1 —t)Id + tT'), and let ¢ go to 1. Under this hypothesis we
will use equation (3.10) and show that (T',w), = 0 for any w € L?(p, R?) such that
V - (wp) = 0. Let pe be as before a family of mollifiers and define

He = K * Pe,
_ (wp) * pe
: e

It is clear that p. w py e < L4 LY < e, sup pe(z) < sup pe(z), (we, pe) — (w, ) (use
lemma 3.3 to get ||we| .. < ||wlly ) and that V- (wepe) = 0. Moreover letting 7. be the
unique optimal map from . to Ty applying proposition 2.27 we get (7%, pe) — (T, ).
Since the previous result ensures that (7:,we), = 0 the conclusion follows by lemma

I
2.28 (here both sequences converge strongly). O

With this theorem we proved that the natural embedding J of Li into 2, (R,
maps the set Tan,(Z2(R?)) into the set Tan, (% (R?)). On the other hand we have
the natural map % : Z,(R%), — Li and we may ask if the image of Tan,,(%5(R?)) is

contained or not in Tan,,(Z2(R?)). The answer is affirmative and given by the following
theorem.

THEOREM 4.15. Let v € Tan, (P (R%)). Then %(~) € Tan, (P (RY)).

Proof. Observe that since || Z(v;) —Z(V2)|lx < |21 —22]||o for any o € ADM (71, 72),
by taking the infimum w.rt. o we get || B(v,) — B(v2)llp < Wu(v1,72). Therefore
in order to prove the thesis it is sufficient to consider the case of plans < such that
(70, 70 +t771)#'7 is optimal for some ¢t > 0, or, which is the same, of plans v which may
be written as (7, 1/t(n! — %)), for some optimal plan 7 and some ¢. For such plans
it holds Z(v) = (B(F) — Id)/t, therefore our thesis will be proved if we show that
B(¥) € Tan,(P2(R?)) for any optimal plan 7. Since 7 is optimal, we know that there
exists a convex function ¢ such that 7 is concentrated on the graph of the subdifferential
of ¢. Disintegrating & w.r.t. the first variable we obtain that supp(¥), C 0~ ¢(x).
Given that 0~ ¢(x) is a closed convex set, we have that [ yd(¥),(y) € 0~ ¢(z), that is:
the graph of Z(7) is concentrated on the graph of the subdifferential of ¢ and therefore
2(¥) is an optimal map. By the previous theorem we have that %(¥) € Tan, (% (R%))
and therefore the thesis. 0

DEFINITION 4.16 (Multiplication of a plan with a scalar). Let v € Z2(R??), be a
plan and t € R. The plant -y € Po(R*),, is

toy = (' tn?)uy.
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PROPOSITION 4.17. For any t € R the map v — t -~ defines an omothety on
Py (R?), with constant |t], i.e.

(4.22) Wyt -1t -v2) = [HWu(v1,72)-

Proof. It is sufficient to observe that for a given o € ADM,(7v;,7,) the plan
(79, trt tn?) 4o belongs to ADM ,(t - y,t - 7v5), and that its cost is [t| |71 — 22 a-
O

Now we characterize tangent plans through the infinitesimal behavior of the ex-
ponential map. Observe that the definition below is consistent with its analogous in
L?(p, R?) (see 3.6).

DEFINITION 4.18 (The exponential map and its inverse). Let v € 22(R%?), be a
plan. The exponential map exp,, : Py (R¥M),, — P5(RY) is defined as

exp,,(7) = (7 + %) gy
The inverse of exp,, is the multivalued function from P5(R?) to Tan, (P2(RY)) defined
as
v € expljl(u) & (rh, 7t + 1)y € opt(p,v).

Note that the functional inverse of exp,, is different from what we defined since it may
happen for a plan v € Po(R??), to satisfy (7! + 1) gy = v and (z', 7! + 72)py ¢
Opt(p,v)

Note that as in the previous chapter we did not restrict the domain of exp, to
tangent plans.

With this notation we have that for any v € GEOD,, the map ¢ — exp,,(t - y) is
a constant speed geodesic in some right neighborhood of 0 whose metric derivative is

[od e
Observe moreover that since o € ADM ,,(vq,7,) implies (70 + 71,70 + 7?) a0 €

Adm(exp, (Y1), exp,(72)) the exponential map is nonexpansive, i.e.

(4.23) W(exp, (71), exp,u(72)) < Wi(v1,72)-
This is consistent with the positive curvature of (Zo(R%), W).

THEOREM 4.19 (Infinitesimal behavior of exp, on tangent plans). Let v €
92(R2d)u be a plan. Then - is tangent if and only if
W (exp,(t-7), 1)

4.24 I = 7l
(4.24) Jim, " 171l

More explicitely, if v satisfies the previous equation, then for every choice of m, €
Opt(p, exp,(t-v)) the plans v, := (70, (7! — 79) /t) 4m, € Tan, (P (R?)) converge to ~
in (Po(R*),,W,).

Proof. ~ We have already noticed that the v € GEOD, satisfy equation (4.24). The

conclusion for general v € Tan,,(#,(R%)) follows by a density argument using equation
(4.22) and inequality (4.23).
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Let us turn to the converse implication: we will show that the plans -, defined in
the statement W, —converge to . From the equation
Wi () = el + 1P = 2070,9),

and equation (4.24) it follows that the thesis will be proved as soon as we prove that

lim (v,,7) > [lv]*
t—0+

Let us evaluate the double derivative %%WQ (s, p1¢) at (0,0). By proposition 4.10 and
its proof we have that

1
2 — 9 Tim - 0 _1_.0 o
£|S:0+£’t:0+w (,Utaﬂs) - 231_1>I(I)1+ S<FY, (7T T T )#ns> - 251_1>I(r)1+ <7773>'

On the other hand, by direct computation we have that

(4.25)

! N N T B (N
£|320+&’t=0+w (1t 1) _slir(l)l+ gt£%1+ t
ol tim V(e ps) = Wko, ps) W ke, ps) + W ko, pis)
s—0t t—0+ t s
—9 lim lim W(/J’tnus)_W(MOaMS) lim W(MO,MS)‘
s—0+t t—0+ t S0+ s

Applying the trivial inequality W (u, ns) < (s — ¢)[]y||, valid for all 0 < ¢ < s, and
recalling equation (4.24) it follows that

d

(4.26) T Lot gm0 W2 (1 115) < =211,

Putting together equations (4.25) and (4.26) we get lim+ —2(7,75) < —2|v||? as de-
s—0
sired. O

5. Operations on % (R%*),

For general measures the geometric tangent space is different from the regular one
and it is not a vector space. However, it is still possible to define the product of a
plan with a real number (we already defined it in 4.16), a sum between plans and a
scalar product (defined in 4.13) giving to this space a structure similar to the one of
an Hilbert space. However the sum is a multivalued operator.

DEFINITION 4.20. Let v1,7v, € P2(R*?), be two plans and o € ADM ,(v1,7)-
The sum of v, and vy through o is

Y1 +a v = (70, 7t + 7?4
The set of all the possible values of v +a Yo as o varies in ADM ,(v1,72) is denoted
by v1 © 72

We recall that for a given couple 4,7y, € Po(R?*) u of plans, their scalar product
is defined as

(4.27) 2(y1,72) = |71l + 72 ll* = W5(71772) =2(x1, %2) os a € OPT 1, (71,72)-
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An equivalent definition is given by the following formula:

(Y1,72) = sSup <3717$C2>a/-
o' €ADM 1 (Y1,7Y2)

In this definition we took the supremum (maximum) of (x1,x2),,, letting the inner
product be a single valued operator. A different choice would be to deal with the
multivalued operator given by the whole set of (z1,z2),, as a varies in ADM ,(v1,7>):
in this case the operator has better linearity properties (for instance the thesis of
proposition 4.27 would be true even for A < 0). Choosing one definition or the other is
mainly a matter of taste. We preferred to keep our definition because it is consistent
with the scalar product on the tangent cone for PC spaces (see equation (4.16b),
(4.16¢)), but notice that here we defined the product for any couple of plans in %5 (R??),,
and not only for those in Tan,, (% (R?)).

Observe that a simple consequence of equation (4.27) is the continuity of the inner
product. A better result is given by the following proposition.

PROPOSITION 4.21. Let vq,79,n € P2(R??),, be given plans. Then

(Y1) — (Yo )| < Weu(ve,v2) Il

Proof. Let a1 € OPT,(7v1,n), and aa € OPT ,(Y1,72), be two optimal 3-plan, and
consider a 4-plan 3 satisfying

0,1,2

ﬂ—# /3 = a17
0,1,3

Ty B =a:

Then we have 713742’3,6 € ADM (1, 2) and therefore
(vi,m) = (21, 22) g = (21 — 23, 22) g + (23, 32) g < Wi(v1,72) Il + (72, m)-
By exchanging the roles of «; and ~, the thesis is proven. O

In the next propositions we show that sum and product with scalar give a structure
similar to that of a vectorial space.

PROPOSITION 4.22. Let Ai, M2 € R, u € P5(RY) be a measure and v; € Po(R?),
i=1,2,3, be plans such that 71';1%'71- =u, 1 =1,2,3. Then we have:

A (A2 y1) = (MA2) -,
(A1 +A2) 71 C (A1) & (A2 79)s
where 0,, == (Id,0)xp € P2(R*).

(4.28a) Y1 DY =72 D71,

(4.28b) Y19 (2D v3) = (V1 D Y2) B3y
(4.28¢) 0, v ={m}

(4.28d) 0-v1 =0,

(4.28¢) Loy =71,

(4.28f) A (Y1 ©72) = (A7) @ (M- v2)s
(4.

(
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Proof. (4.28a), (4.28d), (4.28e), (4.28g) are obvious; since ADM ,(v,,0,,) contains only
the plan (!, 72,0) 47, we obtain (4.28¢c). If \; = 0 then (4.28f) simply says 0 = 060,,,
for the other case note that o € ADM,,(v,,7,) if and only if (7!, M7 A\i7d) s €
ADM (A1 - Y1, M1 - Y2). (4.28h) follows observing that the plan (!, A\j72, Aom?) 4y,
belongs to ADM (A1 - ¥1, A2 - v1). It remains to prove (4.28b), in order to make the
proof more clear we think v, € Z(RE x RY). Choose a1 € ADM \(V2,73), 2 €
ADM (Y1, Y2 +au ¥3) and define o := (70, 7! + 7%, 72) ;. Dudley’s lemma ensures

the existence of a 4-plan a such that ﬂil 2a = ay and ﬂo#g’ga = af; it follows that
the plan & := (7, 7!, 72 — 73,7 )#a satisfies ng a = 7,;, 1t = 1,2,3, and defining

By = (%, 7l 7 pa, By = (7Y, 7! + 72, 7%) 4 & we obtain

Y1 ta (V2 tou ¥3) = (71 +8, Y2) +8, Vs

This proves one inclusion, the other is analogous. O

REMARK 4.23. In general the inclusion in (4.28h) is strict: indeed if the plan ~
is not induced by a map the set ADM (A1 - v, A2 - ¥) does not contain only the plan
(mh, M2, Aam?) 4y, The following is an explicit example: let = 6o € P5(R) be the
base measure and v := 1/2(6(0.0) + 6(0,1)) € P2(R?),. Then 2 = 1/2(5(0,0) + (0,2))
and

¥ @&y ={1/2(X\6(0,0) + (2 — 2)\)(5(071) + )\(5(072)) : A €[0,1]}.

PROPOSITION 4.24 (continuity of the operations). Let u € ZP3(R%) be a measure
and let v € QQ(RM)# be a plan. Then the map A — X -~ is Lipschitz continuous from
R to P5(R??),, and the map (v1,72) — Y1 B2 is continuous from (P2(R?*),)? to the
set of compact subsets of QQ(R%)# endowed with the Hausdorff distance.

Proof. The first assertion follows by noticing that (7%, A\j7!, Aaw?) 4y is an admissible
3-plan for the couple (A1 -7, A2 - 7) and its cost is |\ — Aaf/|7y||. In order to prove
the second one let us first observe that the compactness of v; & 7y, follows from the
compactness of ADM ,(v,,7,) and the continuity of the map o — (7%, 7! + 7%) . cx.
Now fix v1,72, Y1, 75 € P2(R?),, we will show that for every v € v; @ v, there
exists v € v} @ v, such that W, (v,v) < Wy (v1,7)) + Wu (72,7%): choose a; €

PT(Yi, V), © = 1,2, ¥ € 71 B v and & € ADM (71, 7,) such that v = v +a 72
and find, thanks to Dudley’s lemma, a 5-plan 3 such that

0,1,2

Ty B=a;
0 3,4

Ty /6 = Q2
195 o

Defining o’ := 71';:2 18,4 =]+ ¥y and B := (0, 7! + 73, 72 + 74) 43 we obtain:
W (7,7') < o1 — 22llg = |1 + 23 — 29 — 24|g <
( 5
lz1 = w2llg + llos — 2allg = Wy (v1,71) + Wi (72, 72) -
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These operations and their properties are very similar to those which define the
vector space structure, now we want to prove that for any measure p € Wg(Rd) the
geometric tangent space Tan,,(Z2(RY)) is a “subspace” of 25(R??),, i.e. we will prove
that Tan,, (P, (R%)) is stable under these operations.

PROPOSITION 4.25. For every ~;,7, € Tan,(Z2(R%)) we have v, @ v, C
Tan, (22 (RY)).
Proof. By proposition 4.24 it is enough to prove the theorem under the additional
hypothesis 7,7, € GEOD,, so we assume that there exists ¢ > 0 such that (rt, 7t +
t7r2)#'7i, 1 = 1,2, is optimal. This means that for ¢ = 1,2, n € N, ¢ permutation of
{1,...,n} and (z1,91),...,(Tn,Yn) € supp-y; it holds
(4. 29)

Z\x]|2+tz xj,Y5) Z(xj,xj—i-tyj)

7j=1
n

n
>Z Tj> Lo (5) + Yo (j) Z Ljs X Z Ljy Yo (5)
j:l :

Choose o € ADM ;,(v1,7,) and define v := | + v9: we want to prove that (!, 7! +
t/2n?) 4~y is optimal, so we fix n € N, o € S,, and (z;,y;) € supp~, j = 1,...,n and
we will show that it holds

n n n

Z|$j|2+t/2z (xj,vy;5) Z (xj,x +t/22(xj,yg(j)>.

7j=1 j 7j=1 7j=1
We know that for every z-: > 0 and every (z,y) € supp~ there exists (2, y',3?) € supp «
such that |(z,y) — (2/,y" + y?)| < ¢, in particular (2/,y%) € supp~;, i = 1,2. Choosing
in this way (x;,yj,y]), j=1,...,n, from (zj,y;), j = 1,...,n, and adding up the
two inequalities (4.29) relatives to v; and ~, obtained with these (27, yjl) and (z7, y?),
j=1...,n we get

n n n n
23 Pty (wgy) 22> [P+t (why) + i) — 8Mne
j=1 j=1 j=1 j=1

22 (@l ap() + ) (@5 Ya() + Yagy) — 8Mne
- p

n n
>2 Z <.Tj, xa(j)> + tz <(L‘j, ya(j)> — 16 Mne,
where M := max; |(z;,y;)|. Letting € go to 0 we get the thesis. O

REMARK 4.26. A similar computation shows that if v,,7, are optimal plans with
the same first marginal, then each element of v; @ v, is an optimal plan, too. Since in
addition if 7y is optimal then even X -~y is optimal we get that any linear combination
(w.r.t. the operations just defined) with positive coefficients of optimal plans is optimal.
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PROPOSITION 4.27. Let v1,7,73 € P2(R??),, and X > 0. Then it holds

(4.30) A v172) = (Y, A v2) = My ra),
(4.31) (Y1,73) + (72, 73) = max (71 & v, ¥3)-

Proof.  Equation (4.30) is clear if A = 0, otherwise it is sufficient to observe that
a € 0PT,(vy,7s2) iff (7O Ant, 72 pax € OPT (X - ~v1,72) and iff (70 71 Ar?) a0 €

OPT (Y1, A - Va)-
To prove (4.31) let us first prove that the sum on the left is an element of the set

on the right: observe that for every choice of a; 3 € OPT ,(;,73), ¢ = 1,2, there exists
a 4-plan 3 satisfying

Define a5 := Wigmﬁ and check that a consequence of the previous remark is

(ﬂ—ou 7T1 + 7T27 71'3)#5 € OT‘I#(FYI +041,2 72773)7
from which it follows the claim. To prove that it holds (4.31), choose any element
N € DYy, 58y ¥ =Y +a Y2, and find a 4-plan 3 satisfying
0,1,2
Ty B =a,
(7%, + 7%, 7°) 4B € OPT,(7,73),
then conclude with

(3,m) = (01 +w2,03) 5 = (01,2305 + (02,3) 5 < (72.7) + (72, 7).

O

REMARK 4.28. In general it is not true that (X -~,n) = Xv,n), for a negative \.
Think for instance to the case A = —1: we have that
a € ’qQ)M,U«(‘YaT,) & Q= (7-‘-0’_71-13772)#(} € ’qQ)Mﬂ(_l '7777)7
and therefore it it holds
—1(-1- =— -
(=L-v.m) (aeﬂmr}lﬁx Nt w2>a>

= min (—x1,20)5 = min (21, %2),-
acaDPM, (—1-v,m) acaDM ,(~y,m)

Since in general ming (r1,22), < MaXq (T1,22),, when o varies in ADM,,(y,n) we

get the claim.

o’

It is obvious from the definition that if v € Tan,(Z2(R%) then X - v €
Tan, (Z2(RY)) for any A > 0, so the question is whether the same property holds
for A < 0. The answer is given by the following proposition.

PROPOSITION 4.29. Let v € Tan,(P(R%)) be a plan. Then —1 -~ €
Tanu(t@g(Rd)).
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Proof. By density and positive homogeneity we can assume that 7 := (7!, 7! + 7r2)#'y
is optimal. Since

—1-y=-1-7® (Id Id)gp,
and since (Id, Id)yu clearly belongs to Tan, (% (R%)), by proposition 4.25 our thesis
become: the opposite of an optimal plan belongs to the geometric tangent space.

So let v be an optimal plan, we know that there exists a convex function ¢ such
that supp -« is contained in the graph of the subdifferential of 1. Clearly —1 -~ has the
support contained in the graph of the superdifferential of the concave function —.

Since we want to prove that —1 -+ € Tan, (% (R?)) we need to find a sequence of
plans in GEOD,, which tends to —1 - ~.

Observe that a plan n € 9 (R??),, belongs to GEOD,, if and only if for some ¢ > 0
the support of (7! +t7?) 47 is cyclically monotone. By Rockafellar theorem this is true
if and only if there exists a convex function ¢ such that (7! + t72)4n is concentrated
on the graph of 07¢, and therefore if and only if 1 is concentrated on the graph
of 07 ((¢p — Id)/t). Recalling that a function ¢ is said semi-convex if it exists some
t > 0 such that Id + t¢ is convex, we just proved that n € GEOD,, if and only if it is
concentrated on the graph of the subdifferential of a semi-convex function.

Therefore part of the problem is to obtain the superdifferential of the concave
function — as limit (in some sense) of subdifferential of semi-convex functions. The
key idea here is the following statement: for any convex set C C R, any interior point
(in the sense of convex sets) p € C it holds —C' C U2 o(nC — (n + 1)p). This is true
because letting C' := C' — p the assertion becomes —C' C U2 ,nC which is obviously
because the fact that 0 is an interior point of C implies that Uzozoné' is the whole linear
span of C.

From this inclusion we can hope for an inclusion like 97 (—)(x¢) C 0~ (ny — (n +
1)) (zo), where ¢ is a regular function such that V(z¢) is an interior point of 9~ ()
for p—a.e. xg. However this cannot be done because such a function ¢ may not exist, so
we have to proceed in two steps. In the first one we approximate —1 - 4 with measures
n,, whose disintegration (n,,)z, are such that

supp(1y,)zy C N0~ ¢ — (n + 1)B(y)(x0),

for p—a.e. zp. In the second step we approximate Z(v) with the gradient of regular

functions ¢, and show that for any n there exists a sequence (n,, ,,,) of measures which

converges to 1,, such that suppn,, ,, C 9~ (ny — (n + 1)pn).

Now we turn to the details.

step 1 Let zg — =, be the disintegration of v with respect to u and, for every g, let
Az, C R? be the closed convex hull of suppy,, . It is clear that A, C 0~ ¢(zo)
for p—a.e. zo and that Z(v)(zo) is either the only point of Az, (if v,, is not
a Dirac mass) or an inteorior point of A,, in the sense of convex sets. Our
previous statement about convex sets (with C' = A, and p = ZA(y)(xo)) gives
that for almost every xg it holds

iy & U (ndey — (DB () @0)).
n=0
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(4.32)

step 2

4. THE GEOMETRIC TANGENT SPACE
the inclusion being obvious if A,, = {#A(v)(xo)}. Let r,(xo) be the function
defined as
rn(zo) == sup{r : Br(=%(v)(x0)) C ndz, — (n+1)%B(7)(z0)},
if 7., is not a Dirac mass, and r,(x¢) := +oc elsewhere. It is clear that
rn(z0) — 400 for p — a.e. xq.
Let P : R? — R? be the projection onto the ball B,.(—%(v)(zo)) and define
nn,xo = (PTn(ﬂCO)JO)#,.),ZO‘
and n,, == p®mn, . Obviously it holds
supp nn,xo C nACEo - (n + 1)’@(7>(‘T0)7

for any n and p—a.e. xy. Equation (4.32) implies that for y—a.e. xg it holds
W (Myp205 Vo) — 0 @s m — 00, moreover we have

W (s Yag) < / P00 (g)) — oy Py, (1)

< / 21— Bly) (o) Pdys, (21) < / 212, (21).

Since [ |21|?dvy,, (z1)dp(zo) = [ |z1|*dy(z0, 21) < +oo the dominated conver-
gence theorem gives

W2 (0,,7) = /Wz(nn,xoﬁxo)du(xo) — 0.

We know (see theorem 4.15) that %(vy) € Tan,(Z2(R%)), so there exists a
sequence () of functions in Cg° such that Vi, — £(v) in L2. Consider
for any n,m,xq the translation defined as

T (1) = w1+ (n+ 1)(B(7)(20) — Vom(x0)),
and define n,, ,,, = (7"""0)un,, .. Since
T (A, — (n+ 1D)B(Y)(20)) = 1Az — (0 +1)Vm(2o),
we have
SUpp My, m,zo C nAwo - (TL + 1)V(Pm(xO) C 6_(7W - (n =+ 1)(,0m)(1'0),

a}rlld so the measures 7, ,, := U Q Ny . 2, belong to GEOD,,. Fix n and observe
that

W2 (Mo 1) = / W21 20 T )i (0)
<(n+1)|B(y) — Vgl — 0, as m — oo

From this fact and the convergence of m,, to v in Tan,(Z2(R?Y))(Z(R%))
it follows the existence of a sequence (my,) such that W, (n,, . ,¥) — 0 as
n — oo, and the proof is complete.
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6. The projection onto Tan, (% (R%))

In this section we show that there is a well defined projection operator from
P5(R?*), to Tan,(P2(R?)), and we describe its basic properties.

The first proposition below asserts that there is a well defined projection operator
from P5(R??),, to Tan, (P (R?)). Since its proof is very similar to the one which says
that there is a unique projection onto a closed and convex subset of an Hilbert space,
in order to better follow the argument we will report first the proof of this well known
fact.

HILBERT CASE 1. Let K be a closed convex subset of an Hilbert space H. Then for
each vector v € H there exists a unique P(v) € K which minimizes the distance from
v among all w € K.

Proof. Let (wy,) be a minimizing sequence and let d := inf,cx |[v — w]|. Since (wy, +
wpm)/2 € K by the parallelogram rule we have

2 2

Wp — Wm
2

_ Wn 1 W
2

1 1
w5 zi\v—wn|2+§|v—wm12— ’v

1 1
§§\v —wp |2+ §|v — wp|* = d?,

from which it follows that (w,) is a Cauchy sequence. From the minimizing property
of (wy,), we get that its limit produces the (only) minimizer vector P(v). O

PROPOSITION 4.30 (projection onto the tangent space). Let v € P5(R*?), be
a plan. Then there exists a unique plan P(y) € Tan,(P2(R?)) (called projec-
tion of v onto the tangent space) which minimizes the distance W, (v,m) among all
n € Tan, (P (R?)).
Proof.  Let (m,) be a minimizing sequence and let d := inf W, (v,n) among all
n € Tan, (P (R?)). For each n,m € N let a, ,,, € P2(R*?) be a 4-plan such that

0,1,2
7"'#7 Togm € OT‘TM(%%),

0,1,3
Ty Cnm € O?Tu('Yanm)a

and define 3, ,, := 7r0’2’3an,m and 1, , :==1/2-(n, +g, . Mn)- We know that n,, , €

Tan,,(#(R%)) so Wy, (v,M,,,m) > d and therefore

1 1
T2 () <5 lles =zl

4
1 1 To + x3
<sller =l + 3l =zl o1 - 225 -
1, 1 )
Siwp, (7a T’n) + EW,LL (7777m) - Wp, (’Ya'r’n,m)
1 1
<SWi (rma) + 5 Wi (vom) — &,

and letting n,m — oo we obtain that (n,,) is a Cauchy sequence. 0
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Now we are going to prove that there exists a unique optimal 3-plan between =
and P(«) and that this plan is induced by map (see equation (4.36) for the definition).
Before doing this we need the following lemma. In the sequel we denote by Conv A the
closed convex hull of A C R,

LEMMA 4.31. Let v,m € P2(R*), be two plans and suppose that v €
Tan,, (22(R%)) and that for p-a.e. xq it holds

(4.34) supp(n,,) C Conv <supp('yx0)).
Then n € Tan,(P5(RY)).

Proof. Since v € Tan,,(Z2(R%)) we know that there exists a sequence (y") € GEOD,,
converging to v w.r.t. W,. Up to extracting a subsequence, not relabeled, we may
assume that for p—a.e. xq it holds W (v}, v,,) — 0 as n — oo and that the sequence
of functions xo — [|v% || is uniformly dominated by an L? function g.

Now observe that since v € GEOD,,, there exists a sequence of semi-convex func-
tions (™) such that for any n and p-a.e. xo it holds supp(vy,) C 0~ ¢"(x0) (see also
the proof of proposition 4.29). Given that 9~ ¢"(z) is closed and convex for any n € N,
zo € R?, it holds

Conv (supp (’ygo)> C 0" ¢"(xg), for p-a.e. xg.

Consider the projections Pl : RY — 07¢" () and observe that the map (zq,z1) —
P (1) is measurable for every n € N. Define, for every n € N, the plan " € 25(R>?),,
by defining its disintegration w.r.t. the first marginal by (§")z, := (Py )%V, Esti-
mating W((F")ag, Va,) With [[Pf — Id”‘)’zo and using the minimizing properties of
the projection and the fact that supp(v7,) C 9~ ¢"(20), we obtain W ((F")zg, Vu,) <
W(~3,>Ya,)- Therefore (™) W, —converges to 7. As a consequence, we get

(4.35) ‘(moPgo (1)) — (xo, xl)‘ — 0, asn—oo for~-ae. (xg,x1).

Analogously, define the plans n" € L@Q(de)u by defining their disintegrations
w.r.t. their first marginal by (n")s, := (P, )#"N,,- Given that clearly supp((n")z,) C
0~ ¢"(xg), it holds n™ € GEOD,,. Therefore our thesis will be proved if we show that
Wu(n",m) — 0as n — oo.

Inclusion (4.34), the convexity of 0~ ¢"(x0), (4.35) and the convexity of (z,y) —

|z — y| give
’Pgo(xl) - (xg,xl)‘ — 0, asn—oo forn-ae. (xg,x1).

To conclude it is sufficient to show that the sequence of functions xg — W(n, ,n5,) is
dominated by a function in Li. To this aim define the functions f™ : supp(u) — R?
letting f™(z0) be the element of minimal norm of 9~ ¢"(zp). Since v" € P»(R*),
and supp(vy,) C 0~ ¢"(w0), we have that (f") is a sequence in Li dominated by the
function g. Conclude estimating from above W (n,,,n7,) with the cost of the transport
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map Py

1/2
( [ 1= P Pang )

1/2
|z1 — fn(zo)| dnx0($1)>

<(/
( / 12 xn)m + (o)
2

IN

IN

O

PROPOSITION 4.32. For any v € P5(R*), C PRI x RY) there is a unique

optimal 3-plan az(ﬂ in OPT (7, P()). Moreover this plan is induced by a map in the
following sense: there exists a Borel map Py : Rg X Rcf — Rg such that

(4.36) o = (2% 7t Py o (10, 71)) gy

Observe that condition (4.36) may be given in the following equivalent way: for u-
a.e. xg the plan (045('7)%O € Opt(Yzy» (P(7))xy) is induced by the map x1 — Py (zo, 21).
Proof. To prove the thesis is sufficient to show that any optimal 3-plan a €

?T (v, P(7)) is induced by a map: indeed if 71,75 : RE x R{ — R were two different
optimal maps, then the plan
1
5 ((WO,WI,Tl o (7r0,7rl))#7 + (770, 7t Ty o (7r0, 771))#’)/),
would be optimal and not induced by a map.

So fix o € 0PT (77, P(7)), let da = dy ® dovy », be its disintegration it w.r.t. ~

and define

T(zo,21) := /xgdaxo,m(xg),

and 7 := (7%, T o (7%, 71)) 4. Since clearly T(xg,x1) € Conv (supp(cz.,)) for y-a.e.
(20, 1), and

(P(7))m :/affoﬂfld(ﬂiﬁa)(xl)a

0

we get
supp ((7);50) c Conv (supp ((7’(’7)):,3()))-

Applying the previous lemma we get 7 € Tanu(ﬁg(Rd)), moreover the plan (7% 7!, To

(79, 1)) is admissible for the couple «, 7, and therefore

W2 7) < / (21 — T(xo, 21)Pdr (20, 21)
2
d~y(zg, 1)

:/ '/(xl — x2)doug, o, (T2)

< / 21— 29/2d0rgy y (22)dy (0, 71) = W2 (3, P(7)).
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Since the second inequality is strict if o, 2, is not a Dirac mass for vy-a.e. (zo,x1), by
the minimizing properties of P () we get the validity of equation (4.36). O

P()

The first remarkable properties of the plan ay" " are collected below.

THEOREM 4.33. Let v € Tan,(Z2(R%)) be any plan. Then, for every j-plan B
satisfying

(4.37a) 71'2#’1’2B = as(V),
(4.37D) 7’3 =n € Tan, (P5(RY)),
it holds:

1) <$1,l’3>ﬁ = <£L’2,CL’3>5.
11) <$17$3>ﬂ = <7>,’7> Zf and only Zf <l‘2,l’3>ﬁ = <P(’)’),’I’]>
iii) 7r2%173,3 € 0PT 4(7v,m) if and only if 7['3#’273,8 € 0PT,(P(v),m).
Conversely let 5 be a plan in Tan,(P2(R?)), and assume that there exists a 3-plan
a € ADM,,(~,7) such that for every 4-plan B satisfying

(4.38a) T8 = a,
(4.38D) 7y’ B € Tan,(2(R%)),
it holds

(21,73) g = (T2, 73) g-
Then ¥ = P(vy) and o = as(v).

Proof. 1t is clear that i7) and i) follow directly from i). To prove i) observe that
v, = (19,72 + en3) 1B € Tan,(P2(RY)) for any ¢ € R, and evaluate

W2y, 7e) < oy — w2 — ews||f = [lo1 — 2|3 — 2e(z1 — 32, 23) g + €73 3.

To get the thesis let € tend to 0 and 0~ and use the minimality of v, = P(7).
Let us turn to the converse implication: choose any 3-plan a such that ﬂzﬁ’la =

vy, 7 = wgfa € Tan,(2,(R%)) and assume that o # as ™ We will show that there

exists a 4-plan 3 satisfying (4.38), for which (x; — xo, x3) g is different from 0. Indeed
for any 3 such that

01275
Ty B = a,

0,1,33 P()
Ty B=a~y",

we have that (thanks to what we just proved, and the fact that (7 7% — 73).8 €
Tan, (Z2(RY))) (z1 — 23,29 — 3)5 = 0. Therefore we can conclude with

0# |lzg — $3H% =(x2 — 23,72 — T1)5+ (22 — ¥3,21 — T3)3
=(z2 — 23,32 — 21)5 = (v3,22 — 1) g,

where 3 := (7%, 7!, 72, 7% — 73) 43 satisfies (4.38). O
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COROLLARY 4.34. Let v € Tan,(P(R%)) be any plan. The plan P(v) is the
unique element of Tan, (P5(R%)) with the following property:

(4.39) (v,m) = (P(v),m), V¥n € Tan,(F(R%).

Proof.  From i) and ii) of the previous theorem it follows easily that P(+y) has the
stated property. Now suppose that o € Tan,,(Z>(R?)) satisfies (4.39), too, and observe
that from

IP)I? = (P(),7) = (P(v),0) = (v,0) = ||o]l’,
we obtain |[P(y)| = |lo| and (o, P(®)) = [[P(¥)|?> = ||o||?, from which the thesis
follows. g

The theorem we just proved allows us to prove the “linearity” of P stated in the
following theorem.

THEOREM 4.35 (Linearity of P). Let 1,7, be plan in P2(R*?),,, and let A be a
real number. Then it holds:

(4.40a) PA-v1) =A-P(m),
(4.40D) P(v1 @ 7v2) = P(71) & P(72)-

Proof. The first equation follows easily by the observation that for every couple of
plan «,n it holds: o € ADM ,(v,n) if and only if A - a € ADM (X - v, X - ), where
A -« is intended to be the plan (79, Art, An?) 4.

Now we turn to the second one. Fix a 3-plan ar admissible for the couple «, v5 and
define v3 := v, +a v = (7, 7! + 7%)za. Our goal is to prove that there exists a 3-
plan which we call P(c) admissible for the couple P(v;), P(v2), such that P(vy) +p(q)
P(v5) = P(v3). Let us use the variables x1, x2, x3, 24 for the plans vy, v, P(v1), P(73),
respectively. Choose a 5-plan 3 satisfying

(4.41a) 8 = a,
0,1,3 P

(4.41b) Ty B = a’yl(‘h)a
P

(4.41c¢) 71'2#’2’4B = a%('h),

i

and define P(a) := 773@2’4[3 (observe that since az('”) is induced by a map on each fibre
- see proposition 4.32 - there is a unique B satifying the above conditions, so P(a) is
actually a well defined function of ). With this notation our claim becomes: prove
that the projetion of (70, 7! +72) 3 is (7%, 73 + 71) 3. In order to prove this we will
use the second part of the theorem 4.33: choose any 6-plan B satisfying:

0,1,2,3,4
Ty B =3,
79°B € Tan, (2 (R%))
E ul 2 :
All we have to prove is the equality
(x1 + 22, 25)5 = (3 + 74, T5)p,

whose proof is obvious, since (z1,x5)g = (23, 25)g and (x2,24)g = (23, x5)g because
of theorem 4.33 applied to the couples v, P(v;) and 4, P(7y3). O
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Observe that in particular we proved that
P71 +av2) = P(71) +pa) P(72)-

REMARK 4.36. It is not clear to the author whether the plan P(cx) is optimal when-
ever o 1s.

In the following proposition we show that the map P is 1-Lipschitz.

HILBERT CASE 2. Let V. C H be a closed subspace of an Hilbert space H, let
v1,v9 € H be two fized vectors and let P : H — V be the orthogonal projection. Then

|P(v1) — P(v2)| < |v1 — val.
Proof. We have that
(v1 = P(v1), P(v1) — P(v2)) =
(v2 = P(v2), P(v1) — P(v2)) =
Therefore the thesis follows from
o1 — vo|* =|P(v1) — P(v2) + (v1 — P(v1)) + (v2 — P(v2))|?
=|P(v1) — P(v2)* + 2(P(v1) — P(v2), v1 — P(v1))
+2(P(v1) — P(v3),v2 — P(v2)) + |v1 — P(v1) + vg — P(v2)[?
=|P(v1) — P(v2)]” + [v1 — P(v1) + vz — P(v2)|* > |P(v1) — P(v2)|*.
O

COROLLARY 4.37 (Non expansivity of P). Let v1,7v5 € P2(R??),, be any couple of
plans. Then it holds

W#(P(71)7P(72)) < Wu(’)’h’h)-

Proof. Let x1,x9,23,24 be the variables of 41,79, P(v1),P(v3). Choose a €
OPT ,(7Y1,72) and find a 5-plan B satisfying

2126 o
Wil,?)ﬁ _ a?;l(-yl)’
245 qPl),
Since (7%, 73 — 74) 48 € Tan,(P2(R?)) we know from theorem 4.33 that it holds

(r3 — 4,21 —23) g =0,

(z3 — 4,4 — 22) g = 0,
therefore we conclude with:

Wi(y1,72) =llzy — 22/l = (23 — 24) + (21 — 23) + (24 — 22) 3
=||z3 — 334||% + 2(x3 — 24,71 — 23) g
+2(x3 — 24,74 — T2) g + lT1 — T3 + T4 — 362”%

=|lws — 24l + [|21 — 23 + 24 — 2[5 = Wu(P(71), P(72))-
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Observe that from this corollary it follows in particular (taking v, = 0,,) that
PN < [I7]l-

We now analyze the properties of P w.r.t. some of the other functions we defined.
Recall that P, is the orthogonal projection of L% onto Tan,(Z%(R%)), that J(f) =
(Id, f)4p and that 2 is the barycentric projection.

PROPOSITION 4.38 (Further properties of P). It holds
P(P()) = PO),
(P(y1),7v2) = (1. P(r2)),
PA) = 3(B),
Pu(#() = B(PM)
Proof.  The first identity is obvious. For the second one observe (P(vy1),7v,) =

(P(v1),P(v2)) = (71,P(3)). To prove the third one observe that it is sufficient to

show that the projection of a plan induced by a map is induced by a map, too: to prove

this it is sufficient to recall that the plan a?y)(v) is induced by a map in the sense of

equation (4.36). To prove the last equation recall the properties of the objects involved:

¥ ="P() © 7 € Tan,(P2(R7)), and (v,n) = (¥,n), Vn € Tan,(P2(R7)),
f=207) < (7.3(9) = (f,9), Vg e Ly,
v=P,(f) & v & Tan, (P (R?)) and (f, 9, =(v.9),, Vg€ Tan, (P (R%)).

Therefore
v=Fu(#(7))
& v € Tan,(P2(RY)) and (B(7), g)
& v € Tan,(P2(RY)) and (v, 3(g))

and on the other hand
v=%(P(v))

= (v,9), Vg € Tan,(#2(R?))

m
= (v,9), Vg € Tan,(F5(R7)),

(P(%),3(f)) = (v, f), VfeL,
(v,f), VfelL:,

therefore clearly v = v. O

g
=

—~
2
(=
—~
=
—~
~
~—
S~—
~
I

Before proving our final result, which regards the infinitesimal behavior of the
exponential map, we state a lemma regarding convergence of P, which, although not
used in the sequel, is of its own interest. We already showed that P is Lipschitz on
(P5(R?),,,W,,), but what about the weak continuity? The following example shows
that in general we cannot hope for weak continuity.

EXAMPLE 4.39. Let p := (277)_151’[0 2n]’ vp(x) = sinnz. It is not difficult to

see that, given that d = 1, it holds Tan,(P(R%)) = Li. In particular we have that
vy, € Tan, (P2(R%)) which implies P(I(vy)) = F(vy). Let v be the W—limit of (3(vy)):

1
d(l‘o,.’ﬂl)

dvy(xp,x1) = ————F—— )
v(@o,1) (2m2)\/1 — 22 @
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where Q = [0,27] x [=1,1]. In particular v is not induced by a map. Given that p is
absolutely continuous, the space Tan,(P(R%)) is isometric to Tan,(P5(R?)) through
the map 3. It follows that v ¢ Tan,(P5(RY)) and therefore P(I(v,)) = I(v,) can't
converge (not even weakly) to P(v) since the W—limit of the sequence is v and does
not belong to Tan, (P (R%)).

LEMMA 4.40. Let (v,,) C WQ(RM)N be a sequence of plans T—converging to some
plan ~v. Then for every T—accumulation point o of P(~,,) it holds P(y) = P(o). In
particular

[Pl < Lm [[P(v,)]l-

Proof. We can assume without loss of generality that az(:’”) T—converge to some o

with 7r$a =o0.
We argue by contradiction: suppose that P(7y) # P(o). Choose a 5-plan B satis-
fying

0,1,2
W#;’B:a,

2B = ol

0,2,4B _ aP(a)

(e 9

and use part i) of the theorem 4.33 (observe that (79,73 — 74) 4B € Tan, (2 (R%)))
to get

0 < WZ(P(v),P(o)) <|xs — z4||
=(x3,73 — r4)g — (T4, 23 — T4)pg
=(x1, 73 — r4)g — (T2, 23 — T4)pg
=(x1 — T2, 73 — T4)g-
Define the plan 8 := (7%, 7!, 7%, 73 — 71).B and observe that we just proved
(4.43) <x1 — xg,a:;g)ﬁ > 0.

We want to find a sequence 3,, T—converging to 3 satisfying

0,1,2
T, 6, =« ,
(4.44) # ne T

0,3
Ty By =M.
In order to do so, find, for every n € N, a 7-plan B, satisfying
By =B,

P P
7T2#’1’2’4’5’6Bn c Opt(a—yh),a‘yiw")),
where in the second equation we thought as(w € P5(RE x RY x RY) and a:(’v) €

PH(RY x RE x RE).  The 7—convergence of asfy") to az('\’) implies that (B,,)
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T—converges to (70,7, 7% 73, 7% 71, 7%),.B. The 4-plans B, = (7%, 75, 7% 73) 4B,
satisfy (4.44), therefore from part i) of theorem 4.33 we have

<l’5 — $6,$3>Bn = <l’5 — $6,l'3>ﬂn =0.

Passing to the limit as n — oo we get

0= lim (zg —x5,23)g = (1 — $2,933>;3,

n—oo n

which contradicts (4.43). Therefore it must hold P(v) = P(o).
(Yn)

For the second statement observe that the T—convergence of a:ﬂ
the 7—convergence of P(v,,) to o, therefore:

PN =1P(e)ll < llofl < Lm [[P(y,)]-

to a implies

O

The next (and final) theorem regards the infinitesimal behavior of the exponential
function: there we prove that the two curves t — exp(t--) and t — exp(t-P(v)) behave
in the same way near 0 under the assumption that the plan ~ is induced by a map. For
the general case we are able only to prove only a partial result.

THEOREM 4.41 (Infinitesimal behavior of exp,). Let v € P (R*), be a plan,
we = exp(t-=y) (so that po = p). Let m, be any choice of optimal plans between py and
pe (i.e. my € Opt(po, ) ), t € [0,1], and define

0 al — 70
o= \T, ;.
#

(4.45) lim (oy,0) < (P(y),0), Yo € Tan,(P(RY)).

t—0t

Then it holds

Proof. By density and positive 1-homogeneity it is sufficient to prove equation (4.45)
for all the plans o € Tan,(%,(R%)) such that (7!, 7! 4+ 72) 40 is the unique optimal
plan between its marginals. With this assumption let us evaluate %WQ (e, 0) at t =0,
where ¢ := (7! + %) zo. From proposition 4.10 we know that it is equal to —2(v, o) =
—2(P(v),0), and on the other hand taking any oy € O0PT,(n,, (v', 7! + 7%)40) we
have

d 2 BERT W2(/,Lt,V>—W2(/J/(),l/)
dtli="V e p10) =, ¢

Hﬂfl - $2||2at - H960 - 5U2||2at

< lim
t—0t t
Tr1 — X0
:—2< ,Ig—a}0>at:<0't,0'>.

t
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It may seem curious that for general plan we obtain only an inequality in the limit
of scalar products, instead of an equality, however (although the author doesn’t know
whether the equality holds or not) we want to point out why it is not possible to derive
the equality from the inequality. More explicitely: for every u and every v € 925(R??) 4
there exists v/ € P5(R%),, such that (v, o) > (v,0) for any o0 € P5(R??),,, with strict
inequality for some o. To see this, choose any vector v € R? different from 0, define
the functions f*(zq,x1) := (20,21 = v) and the plan v/ := 1/2(f;'y + f47v)- Then it is
easy to see that for every o € 225(R??) x and every 3-plan o € OPT ,(7y, o), there exists
o' € apM (v, o) such that (x1,x2), = (x1,%2),,: define o’ := 1/2(?;;0& + fpa),
where ?i (0,1, 22) := (xg, 21 £ v,22). This shows that the inequality (v, o) > (v, o)
always holds. To show that sometimes it has to be strict, observe that ||| > [|v],
therefore at least one of the two inequalities in ||v[|2 > (+/,) > ||7/|* has to be strict.

We conclude the chapter by underlying an interesting fact regarding curves of the
type t — exp(t - ), which actually creates difficulties when trying to generalize the
previous theorem to general plans and shows that the parallel transport does not always
exist (see chapter 6).

Fix any plan v € %5(R??),, and consider the curve p; := exp(t - ). This curve is
clearly absolutely continuous, therefore considering its tangent vector field v; (which
exist for a.e. t), we know from proposition 3.9 that for every v € Z5(R?) and a.e. t it
holds

W2 0) = 2w, B(ny) — 1d)

dt+ pe?

where n, is any plan in Opt(us,v). On the other hand proposition 4.10 ensures that
the same derivative is equal to —2(vy,, (7%, 7t — 70) 4n,), where ~y, := (79 + txl, 71) 1.

The characterization we did of the projection of a plan implies that for a.e. ¢ it holds
(4.46) P(v,) = ve.

In order to prove the previous theorem for general plans we would like to write the
previous equation for ¢ = 0, however this cannot be done, because we don’t know
whether v; is well defined at t = 0.

The interesting fact is that the metric derivative |f;| can exists for every ¢t and be
discontinuous at 0. Given that for a.e. t it holds || = ||v¢||u, = [P ()], this partially
explains why it is difficult to find properties of P(7) by taking the limit as ¢ — 0 of
similar properties of P(~;).

The following is an example of a plan « which is induced by a map for which
|fto] < 1, while |fy| is costant and bigger than 1 for positive ¢; moreover for positive ¢
the curve p is locally a geodesic (but is not a geodesic in any interval [0,7]) and the
plans (actually functions) -, are tangent in .

EXAMPLE 4.42. Let Q = [0,1]x[0,1] be the unit square in R? and T}, i = 1,2,3,4 be
the four triangles in which Q is divided by its diagonal. Define the function f : Q — R?
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as
flgy = (L1),
flg, = (=11),
Flp, = (=1,=1),
flp = (1,-1).

Now define pu = EQ‘Q and observe that f € Li and that fort >0, py == (Id+tf)up
1s made of 4 connected components, each one the traslation of one of the T;.

The function f; == fo (Id +tf)~! is constant on each of those components and
therefore clearly tangent. It follows that for positive t we have |fu| = || fellp = || fllp =
V2. Our example will be concluded if we show that |fig| < 1. To see this consider the
function g on Q defined as

97, = (0,1),
9, = (=1,0),
9|z, = (0,=1),
9, = (1,0),

and let vy :== (Id+tg)yp.

Then clearly W (u,vi) < ||f — gllp = 1, therefore the conclusion will follow if we
show that W (v, ) = o(t). This can be proved either by applying theorem 4.41 and
checking that P,(g) = 0, or, equivalently but in a more geometrical way, by finding a
family of transport maps whose cost goes to 0 faster than t: for the latter approach see
the picture below (a mass of order t is moved of a distance of order t, giving a cost of
order t3/2).






CHAPTER 5

Geodesically convex sets

The aim of this chapter is to study the 7—closure properties of geodesically convex
sets. The reasons of such an interest come from the fact that the distance W was
recently studied because of the strict relations with some evolution PDE’s which may
be interpreted as curves of maximal slope of certain geodesically convex functionals, i.e.
functionals that are convex along geodesics. Such an approach, introduced by Otto in
[46] and then further analyzed by Carrillo-McCann-Villani in [25], by Agueh in [2] and
by the author together with Ambrosio and Savaré in [11] (see [11] for more detailed
references), leads to the study of the problem of existence and uniqueness of those
curves: the theory of minimizing movements introduced by De Giorgi ([29]) provides
a satisfactory answer to these questions under only weak compactness assumptions.
In [11] there are mainly two theorems on existence of curves of maximal slope for
geodesically convex functionals which rely on two different kind of assumptions on the
functional F"

i) F' is lower semicontinuous w.r.t. the weak topology and satisfies
F(y[t]) < (1 — t)F(H[0]) + tF(y[1]) for any optimal plan v € P5(R%*)
(see Corollaries 2.4.11 and 2.4.12 of [11]),

ii) F' is lower semicontinuous w.r.t. the strong topology and satisfies F(y[t]) <
(1 — )F(4[0]) + tF(~[1]) for any plan v € P5(R??) (see Theorem 4.0.4 of
[11]).
The two notions of convexity along geodesics just introduced are strictly related to the
following notions of geodesic convexity for sets:

DEFINITION 5.1 (Geodesically convex sets). We will say that a set C C Po(R?) is
geodesically convex if for any ui, o € C there exists a v € Opt(ug, 11) such that the
whole segment joining po to w1 through ~ belongs to C, that is:

Y](t) e C, vtelo,1].

DEFINITION 5.2 (Strongly geodesically convex sets). We will say that a set C C
P(R?) is strongly geodesically convex if for any 1, po € C and every vy € Adm(po, j11)
the whole segment joining pg to py through v belongs to C, that is:

[Y](t) e C, vte(o,1].

It is easy to check that a functional F' l.s.c. w.r.t. the strong topology is convex
along geodesics in the sense of (i) (respectively, (ii)), if and only if its sublevels are
geodesically convex (respectively, strongly geodesically convex).

73
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The main result of this chapter is to show that in case (i) the assumption of lower
semicontinuity w.r.t. 7 is redundant and may be substituted with semicontinuity w.r.t.
W, provided we know that F' attains the value +00 on non regular measures. In order
to prove this we will show that any W —closed geodesically convex subset of Z25(R%) is
T—closed.

The chapter has the following structure: we first introduce the concept of halfspace
and study its basic properties, after that we prove that any W —closed strongly geodesi-
cally convex set is 7—closed (thus in consistency with the results proven under the first
kind of hypothesis on the functional F'), and finally we turn to W —closed geodesically
convex subsets of ﬁg(Rd) and we prove that those sets are 7—closed, too. In the last
section we will shortly discuss the definition of the subdifferential of a geodesically
convex functional and we analyze the differentiability properties of W?2(-, o).

As in the last sections of the previous chapter it will happen that a theorem stated in
the Wasserstein space is the analogous of a theorem valid in Hilbert spaces, in this case
we will anticipate the proof of our theorem with the simpler one valid in a Euclidean
setting.

1. Halfspaces
In this section we define the halfspaces and discuss their basic properties.

DEFINITION 5.3 (Halfspace). Let v € Tan,(Z2(R%)) be any tangent plan, and
C € R a constant. The two halfspaces identified by v and C are

J“i’f;;rc = {1/ e Z5(RY) : (n,v) > C, for somen e expgl(y)} ,
o= {V e Z5(RY) : (n,v) < C, for somen e exp;l(z/)} )

For regular measures p and v € Tan,(P5(R%)) we will write %];ic, in this case the
definition simplifies in

Aot = {1/ : (T:—Id,@MZC},
o = {1/ : (T:—Id,w#SC’}.

PROPOSITION 5.4. Let v € Tan,(Z2(R%)) be a plan and C € R a real number.
Then it holds:
i) The halfspace %;fc is weakly closed (i.e. closed w.r.t. T).

ii) If the plan ~ is induced by a map (and in particular if the base measure p is
reqular), then the halfspace %’f;c is weakly closed, too.

Proof. Let us start with 7): consider a sequence v, T—converging to v and belonging
to %”,;:C, and a sequence (n,,) such that n,, € exp,'(1,) such that (y,n,) > C, for all
n. Then choose o, € OPT,(v,n,) and observe that there must exist a subsequence
oy, which 7—converges to some a such that n := 7r2#’2a € exp, ' (v). Corollary 2.29
ensures that

<77”7> > <1‘17 132>a = h;?l <$1,x2>ank > C.
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The claim ¢i) follows with the same idea. Use the same notation as before and assume
that (v,7,) < C. Observe that if v = (Id,T)4u, for any plan ¥ € P5(R??), the set
OPT ,(7,7) contains only one element, namely (7°,7 o 7%, 71)45. Therefore the limit
plan « is optimal and it holds

(vom) = (21, 22)q = lim (01, 22)g, < C.
O

REMARK 5.5. It is important to observe that, for non regular measure u, an half-
space %fy_c may fail to be T—closed. Moreorer, in general this set may fail even to
be W—closed. Indeed consider the following example: let yu € P2(R?) be defined as
the 1-dimensional Hausdorff measure restricted to the interval [0,1] x {0}, consider the
subsets A, of [0,1] defined as

2m—1 . .
20 2i+1
U ]
i=0
and define the functions f, : R — R as
£ = 1 ifxc A,
" -1 ifx g A,
Then it is not difficult to see that if we define v, := (Id, fr)xp (where we think p as
a measure on R), then the plans ~,, induced by the maps (Id, f,,) are the only optimal
plans between p an v,. Moreover it is clear that the v, W -converge to the measure

= o (T Vgt (Td,~1) ),

having identified once again p with its restriction to R, and that there is only one
optimal plan between p and v, namely the plan v whose disintegration w.r.t. to du(x,y)
is given by the family 1/2(0z1 + 0z,—1). Then, we have that W, (v,,7) = 1 for every
n, and that ||, || = |||l = 1, therefore from the equality

Wi () = V1P + vl = 207, 70)

we gain lim (7y,7,,) = 1/2. As a consequence, for any C satisfying 1/2 < C < 1 the
halfspace %f;c is not even W—closed, since v, € %’f;c for every n, but v ¢ %’f;c.

REMARK 5.6. The definition of halfspace make sense for any v € ,@g(RQd)M, and
not only for those in Tan,,(P5(R%)). We restricted the interest to tangent plans because
of corollary 4.34, which ensures that %’ffc = t%”;z,y),o, where P(y) is the projection of

v onto Tan, (P (R%)).

2. Strongly geodesically convex sets

In this section we assume that the W —closed set C satisfies the strong geodesic
convexity hypothesis given in definition 5.2, and we will prove that it is weakly closed.

The first step of the proof is to prove that for any point u € P5(R?) there exists a
point in C' of minimal distance from g (the proof is very similar to that of proposition
4.30).
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PROPOSITION 5.7. Let C C P5(R%) be a W ——closed strongly geodesically convex set
and let y € P5(R?) be a measure. Then there exists a measure v € C' which minimizes
the distance from p among all the measures in C.

Proof. Let D := W (u,C), let (1,) be a minimizing sequence, choose ~,, € Opt(u, vy)
for any n

inN and fix o]} € ADM ,(7V,,Ym)- Since ﬂjfa? € Adm(vy,vm) we have (w1/2 +
72/2)ga € C, therefore the Hilbertian identity

b—cl? 1 1 b+ cl?
l 26 zz\a—b\2+2]a—cl2—‘a— —;C )
yields to
1 1
AV vim) <l = wallag
1 1 71+ T2
=5l = a1l + o — zal = |fon - 252

1 1
S§W2(,U’7 Vn) + §W2(,U’7 Vm) - -D2'

It follows that (v,) is a Cauchy sequence, and given that C' is W —closed, that it
converges to a point v € C which is clearly a (and actually the) point of minimal
distance. O

Now we turn to the main result of this section.

THEOREM 5.8. Let C C P(RY) be a W—closed strongly geodesically convex set.
Then it is T—closed.

Proof. Fix a measure p not in C, let v be the minimizing point found by the previous
proposition and choose a plan v € exp;l(y). We will show that C' C %’fy TDQ, where
D := W(u,C): since clearly u is outside that halfspace, by proposition 5.4 and the
arbitrariness of u we conclude.
Choose any o € C, a plan o € exp;l(a) and a 3-plan o € ADM,,(,0). Since
pe = (7% + (1 — )7t + t7?) g € O, the minimality property of v yields to
dt1

dt1__ o 2
0= W e )y < 310 = D1+t
2

=(zg — 21, 31) o = (22,71) o — |V|]* < (v, 0) — D%

By the arbitrariness of ¢ the thesis is achieved. Il

3. Geodesically convex subsets of #25(R%)

In this section we drop strong assumption 5.2 on the W —closed set C', substituting
it with the weaker one 5.1. Furthermore, we assume that every measure in C' is regular,
and we will prove that C' is weakly closed. It is not clear to the author if the thesis
remains true dropping the regularity assumption.
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This case is much more complex than the one analyzed in the previous section: in
order to clarify the ides behind the proof, we recall here the main steps.

step 1

step 2

step 3

We prove that without loss of generality we can assume to deal with geodesi-
cally convex sets which are bounded: indeed recalling the definition of the
topology 7, we have that a subset C' of %5(R%) is T7—closed if and only if
so are its intersections with the closed ball and center in §y. Proving that
those intersections are closed, geodesically convex and bounded we will get
the claim.

This is the most important step of the proof: we will show that for each closed
subset C' of a complete geodesic metric space (F,d), every a < 1 and every
point x ¢ C there exists a geodesic from C to z “which moves away from C
with velocity bigger than a”, that is, there exists a geodesic parameterized

with arc length ¢ — z; such that zo € C' and x4, ,) = T satisfying
d
(xtt,C) >a, Vte (0,d(zo,x)].

The interest of this claim comes from the lack of any kind of compactness
hypothesis. Observe that if C' is compact, the claim follows easily by picking
any point y € C' of minimal distance from z and any geodesic from y to z.
Such a geodesic would have the stated property even for a = 1.

We assume that every measure in our bounded, geodesically convex, closed set
Cisregular. Under this assumption we will show that the set C' may be written
as the intersection of a family of weakly closed halfspaces. More in detail: we
will use the previous step to show that for each measure p ¢ C and every
a < 1 we can find a measure u® such that ¢t — puf := (Id + t(T}, — Id))4tta
satisfies W(u¢,C) > at W (pq, ). Then the geodesic convexity (this is the
point in which we use this hypothesis) implies, with some calculation, that it
holds

(T —1d, T, — 1d) < Ca, Vv eC,

where C, := V1 — a?RW (g, ) and R is the diameter of C. Since C, — 0 as
a — 1, we can find some a such that the set C' is contained in the “halfspace”
given by

%Ea7[d§ca = {l/ : <T/7‘1 - Id, Tﬁa o Id>/fba S Ca}7

while the measure u is not.
Showing that such a set is weakly closed we will get the conclusion.

Let us now enter into details.

PROPOSITION 5.9 (Step 1). Let C be a geodesically conver subset of P2(RY). Then
letting Br = {p : ||z||, < R}, we have that C N Bp is geodesically convex for every

R e RT.

Moreover C is T—closed if and only if C N By is T—closed for every R € R,

where Br := {p : ||z]|, < R}.
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Proof. We prove at first that C' N Bp is geodesically convex. Let p1, u2 € C'N B and
find an optimal plan « such that p, := ~[t] € C for every t € [0,1]. It holds

5, = 11 = Bz +ta2]l3 < 1 = )llaa]l3 + tllzall3 = (1 = Ol |z, + thal, < B

which is the first claim.
The other claim follows directly from the definition of the topology 7 and from
proposition 2.15. 0

PROPOSITION 5.10 (Step 2). Let (E,d) be a complete geodesic metric space, C C E
a closed set, P € E\ C, and 0 < a < 1. Then there exists a point Q) € C such that

d
(5.1 @050 e ©arq)
where @ : [0,d(P,Q)] — E is any choice of a geodesic connecting @ to P (Qo = Q,
Q1 = P) parameterized by arc length.

Proof.  Let we fix a notation: for any point R € C let R be the set of geodesics
connecting R to P parameterized by arc length, and let R; € R be a generic element
of this set.

We will say that a point R € C' has the property G iff for every R; € R it holds

d(R:, C)
t

Our aim is to prove that a point with the property G exists.
Start choosing any point R € C' and suppose that it doesn’t have the property G.
Then there exists a point R’ € C such that

(5.2) d(Ry, R') < at, for some t > 0 and some R; € R.

>a, Vte(0,d(P,R).

From this we get
d(R,R') < d(R, R,) + d(Ry, R) < t(a + 1),
and d(R', P) < d(R',R;) + d(Ry, P) < at + d(R, P) — t from which it follows

(5.3) d(R,P)—d(R',P) > t(1 —a).

Putting together the last two inequalities we get the key estimate
1

(5.4) AR ) < - i ® (AR, P) - d(R, P)).

This inequality is all we need to prove the thesis: we will proceed by transfinite induction
by using its telescopic property.
Let € be the first uncountable ordinal. Define a function
Q-

a — R,
beginning by choosing Ry € C in any way. Then if « is the successor of some ordinal,
we have two cases:

i) R,—1 has the property G,
ii) R,—1 does not have the property G.
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In the first case we put R, := R,_1, in the second one we choose R, among those
points R’ satisfying (5.2) with R = R,—_1. Finally, if « is a limit ordinal we let R, be
the limit of R, with o/ < a.

We have to prove this to be a good definition, we will do this by proving at the
same tima that the following “extended” version of (5.4) holds:

(55) A(Ro. Rp) < -2 (d(Ro, P) — d(Ry. P)). Ve <5

We prove this inequality by transfinite induction on §: it is true for 0, and it is easy
to see that if it holds for 3 then it holds for 5 4+ 1. Indeed by construction and from
the first part of the proof, Rgy; satisfies (5.4) with R = Rg, R’ = Rgy1, therefore
combining (5.4) and (5.5) we get

d(Ra, Rg11) < d(Ra, Rg) + d(Rg, Rgy1)

< ?_FZ (d(Ra, P) — d(Rg, P) + d(Rg, P) — d(Rg41, P))
- ?tz (d(Ra, P) — d(Rg41,P)), Ya<pB.

Given that the case @ = 3 + 1 is obvious, we get the claim.

Now let B be a limit ordinal, observe that we can’t write inequality (5.5) for such
a 3, yet, since we have still to prove that Rj exists: we are going to prove at the same
time that Rg is well defined and that for this point (5.5) holds. Since 3 < Q there
exists an increasing sequence («,,) converging to [3; for every «, the inequality (5.5)
holds, therefore we have

1+a
1—a

d(Ra,,, Ra,) < (d(Ra,,, P) —d(Ra,,,P)), Ym <n.

Being the sequence d(R,,,, P) non increasing (by equation (5.3)) and bounded from
below, it is a Cauchy sequence and the previous inequality shows that the same is true
for the sequence R,,, which therefore converges to some point we call Rg. Since the
previous argument applies to every increasing sequence a,, showing that the corrispond
points R,, form a Cauchy sequence, we get that Rg is well defined (i.e. it does not
depend on the particular sequence (ay,) chosen), that the function « — R,, is continuous
(with respect to the order topology) and that (5.5) holds for any 5 < .

Observe that from inequality (5.3) it follows that if Ro41 # Ra, then d(Ry41, P)
is strictly less than d(R,, P). We are almost done: since there is no strictly decreasing
function from €2 to R, we have that the map o — R, has to be eventually constant,
therefore for some o we have R, = R,+1, which means by construction that the point
@ = R, satisfies the thesis. O

Observe that we proved a statement stronger than the one climed at the beginning
of the section: indeed we proved not only that there exists a geodesic from some point
C to P with the stated property, but also that there exists a point ) such that every
geodesic connecting it to P has the property.

Note that this proposition is a generalization of the Drop Theorem of Danes valid
in Banach spaces, see [21] for further reference.
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After the work on thesis was completed, the author discovered that both the state-
ment of the proposition and its proof are closely related to the Ekeland-Bishop-Phelps
principle. Actually a shorter proof may be given with a direct application of the EBP
principle: we present here one found by B.Kirchheim. Use EBP principle to find Q € C
which is a minimizer of

1—a

1—|—ad(x’Q)'

Then such a @ has the claimed property. Indeed, if this is not the case, there exists
R e C and 0 <t <d(P,Q) such that d(R, Q) < at. For such R we have the following
bounds

x — f(z) :=d(z, P)+

(Rv Qt) + d(Qtvp) < at+ d(Pv Q) - t?
(R7 Qt) =+ d(Qtv Q) <at + t.
Therefore it holds

F(Q) = d(P,Q) = d(P,Q) —t(1—a) + Mt(a—k 1) > d(R, P) +

which contradicts the minimality of Q.

1+

Cd(R.Q) = f(R),

HILBERT CASE 3. Let C be a strongly closed, convex subset of an Hilbert space H.
Then C' is weakly closed.

Proof. Since C is convex and weakly closed if and only if so are the sets C' N Bp,
we may assume without loss of generality that C' is bounded. Let R be its diameter.
Choose any point y ¢ C: the claim will be achieved if we show that there exist a point
x and a constant ¢ € R such that

(z—z,y—x)<c<l|y—=z]® VzeC.

Indeed in this case the set C would be included in the halfspace {z : (z —z,y — z) < ¢}
which is weakly closed and does not contain y. By the arbitrarieness of y this would
give the thesis.

Let us prove our claim. Fix a < 1 and apply proposition 5.10 with P = y to find a
point ¢ € C satisfying

(5.6) lI€1£|(1 —t)x +ty — z| > atly — x|

Now fix z € C' and let v :=y — 2% w := z — x%. Observe that for small ¢ > 0 it holds
a
% +tv1 —azmw e C,

therefore we know from (5.6) that

al |2
tv® —t 1—a2|v||w > a’t? v 2.

|w

Some manipulations show that the last equation implies

(W w) < [v*|lw|V/1—a? < Rlv*|V1— a2
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By choosing a near to 1 and observing that |[v?®| < d(y, C') + R we get that the last term
of the previous inequality is close to 0. Therefore it is smaller than d?(y, C') which in
turn is smaller than |y — 2%|? and the claim is achieved. O

PROPOSITION 5.11 (Step 3). Let C' be a strongly closed, geodesically closed subset
of Z5(RY). Then C is T—closed.

Proof.  Applying proposition 5.9 we may assume without loss of generality that C
is bounded. Let R be its diameter. Choose any measure v ¢ C: the claim will be
achieved if we show that there exists a measure u € C' and a constant ¢ € R such that

(T = 1d,T7 — Id) < ¢ < ||T} — Id|, = W?(p,v), Vo €C.

Indeed in this case the set C' would be included in the halfspace %”T;y_ Idic which is
weakly closed by proposition 5.4 and does not contain v. By the arbitrariness of v we
can conclude.
Let us prove our claim. Fix a < 1 and apply proposition 5.10 with P = v to find a
measure pu® satisfying
W (ui, C) = atW (v, pif),

where pi == (Id+t(Tja—Id))xp*. Now fix o € C and define v* = T))—Id, w = T)] —Id.
Observe that for small ¢ > 0 it holds

a
oy 1= <Id—|—t\/1—a2Hv i w> ut e,
#

[l e

therefore we know that
W2(uf, 00) > 8|0 || 7.
Recalling that for every couple of tangent plans v,y (see (4.18)) it holds

o W(ED(E 7). 0x(2 - 72)

t—0t+ t - WM('Yl”YQ)’
and that v®, w € Tan,e(P2(RY)) we obtain
2
[0l 2 2
v — V1 —a?—Fw|| > ad v
ol ).

Some algebraic manipulations show that the previous inequality implies
[0 e
(v, V1 —a? IIwHM W) e < [0 lwllpe vV = a® < Rjv%]] e V1 — a?.
IJ/a

By choosing a near to 1 and observing that ||v*||,« < W(r,C)+ R we get that the
last term of the previous inequality is close to 0. Therefore it is smaller than d?(v, C),
which in turn is smaller then W2 (v, u®) and the claim is achieved. O
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4. Subdifferentials and differentiability properties of W?

We conclude this chapter with a short discussion on the right definition of subdif-
ferential of geodesically convex functional (with the hope to clarify the one introduced
in [11] in light of the notation introduced here) and to complete the analysis of the
differentiability properties of the function W?2(-, o). Although the results proven here
are not needed in the sequel, they are interesting from a theoretical point of view, and
provide an application of the theory developed up to here.

DEFINITION 5.12 (geodesically convex functionals). A functional F : P5(R%) — RU
{400} is geodesically convex if for every constant speed geodesic t — p; parameterised
in some interval, the function

t— F(Mt)a

1S convex.

Obviously the definition would be the same if we let the geodesics be parameterised
in [0,1]. Moreover, it is a simple consequence of theorem 2.8 that F' is geodesically
convex if and only if for any couple of measures u, v there exists a constant speed
geodesic t — p; joining u to v along which F' is convex.

In the following we will always deal with proper functionals, i.e. functionals which
are not constantly equal to +oo.

A simple consequence of the theorem proved in the previous section is the following
one.

THEOREM 5.13. Let F' be a geodesically convex functional, lower semicontinuous
w.r.t. W. Assume also that F satisfies one of the two conditions below:

o F(uy) is convexr along curves puy = [y|(t) even for non optimal ~y;

e F(u) = +oo for any measure p ¢ 25 (R%).

Then F' s lower semicontinuous w.r.t. the weak topology 7.

Proof. In either case the sublevels of F' are weakly closed because of what we proved
in the last two sections. O

We will denote by D(F') the domain of F', that is the set of those measure p €
P5(RY) such that F(u) < +oo.

DEFINITION 5.14 (Subdifferential, superdifferential and differential). Let F'
PH(RY) — (—o0,+00] be a functional and let u € D(F). We say that a plan
v € Tal’l“(gZQ(Rd)) belongs to the subdifferential 0~ F(u) of F' at p if for every measure
v and every 1 € exp;l(u) it holds

(5.7) F(v) = F(p) = (= 1-7,m) + o(W(v, n)).

Analogously, we say that v € Tan#(ﬁg(Rd)) belongs to the superdifferential 0T F(u) of
F at p if for every measure v and every n € expljl(u) it holds

(5.8) F(v) < F(p) + (v,m) + o(W(v, p).
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A plan v € Tan,(25(R?)) is said to be the differential OF (1) of F at p if it is both a
subdifferential and a superdifferential (it is easy to see that a differential, whenever it
exists, is unique).

We will denote by D(0FTF) the domain superdifferential and subdifferential respec-
tively, i.e. the set of those measures p such that the set OFF(p) is not empty.

Observe that for regular measures i the previous definitions reduce to:
vEOJ F(u) & F(v) > F(p) + (v,T), — Id),, + o(W(v,pn)), Vv € Py(RY)
vedTF(u) & F(v) < F(p) + (v, 1), — Id),, + o(W(v,p)), Vv € Py(RY).

A natural question arises: why the term —( — 1 - +,n) instead of (v,n) in the
definition of sub-differential? The answer is that the definition we have chosen is the
right one to ensure the strong-weak closure of subdifferentials of geodesically convex
functions: this will become clear with the proof of theorem 5.18 and example 5.19. Here
we just observe that by the analogy with the Euclidean case a priori one assumes that
for regular measures the linear term has to be similar to (v, 7] — Id) (which is actually
the case) while there is no reason a priori to guess that when dealing with non-regular
measures p, the correct generalization is (7, n) instead of some other member of the set
(x1,x2),,, when o varies in the union of the sets ADM (v, n) as n varies in exp;l(y).
If exp;l(u) contains only one element 7, one may just hope for the right term to be
either

max(xl,x2>a, (s RS ﬂ@Mp(’Yﬂ?) or,
[0

miH<IE1,.’E2>a, [0S /qQ)Mu(’Yﬂ?),
(a3

which lead respectively to (see also remark 4.28)

(v.m),
—(=1-7,m).
Choosing a priori one definition instead of the other one is just a matter of taste, but,
as we said before, the second one leads to the properties of the subdifferential we would
like to have.
Observe that by virtue of our definition in order to prove that equation (5.7) is
satisfied one has just to prove that equation

F(v) > F(p) + (21,22) o + o(W(v, 1)),
holds for some o € ADM ,(y,m) with n € exp;l(y).
In case we are dealing with geodesically convex lower semicontinuous functionals,
the definition of subdifferential simplies a bit, as showed by the following proposition.

PROPOSITION 5.15. Let F' be a g.c. and ls.c. functional and let n € D(F') be a
measure in its domain. Then v € Tan,,(P2(R?)) belongs to 0~ F(u) if and only if for
every v € Po(RY) there exists n € exp,, 1 (v) such that

(5.9) F(v) = F(p) = (=1-v,m).
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Proof. 'We have to prove that we can drop the term o(W(u,v)) and that it is suffi-
cient the existence of one element in exp;l(u) satisfying (5.9), instead than asking the
inequality to hold for any plan in exp;l(y).

Let us first check the second property: take any n € exp;l(u) and consider the
curve t — v :=exp(t-n) for 0 <t < 1. We know that for ¢ < 1 there exists only one
element 7, in exp;l(ut), namely (7%, 79 + ¢7!) 4m, therefore it has to hold

(1 =t)F(p) +tF(v) > F(v) > F(u) — (= 1-,m4) + o(W (v, 1)),

which leads to the claim by letting ¢ go to 1.
For the other part of the proof, argue by contradiction, assuming that

Fv)<F(u)—(-1-v,m) —¢,

for some v € P5(R%), n € exp,,'(v) and & > 0. Then, defining vy := exp,,(t - 1) we get
that

Flu) <A =t)F(u) +tF() < F(p) = (=1-7,t-n) —te,
which contradicts equation (5.7) by letting ¢ go to 0. O

The definition of geodesically convex sets given before for subsets of Z25(R%) has
an analogous for subsets of Tan,(Z2(R%)): a set K C Tan,(%,(R%) is geodesically
convex if for every couple of plans v,y € K there exists a geodesic connecting them
entirely contained in K. In other words, for any ~;,7v9 € K there has to exist an
a € OPT ,(7v1,72) such that aft] € K for any 0 <t < 1.

PROPOSITION 5.16. Let F' be a functional on P3(R%). Then for every pu € P(RY)
the set 0~ F(u) is T—sequentially closed and geodesically convex.

Proof. We can assume that 0~ F(u) is not empty. To get the convexity apply propo-
sition 4.27 to get that

(5.10) (T=t)-y) @ (t-v9),m) < (L —1t) -y, m) + (t-va,m).

To prove the closure take any sequence =, € 0~ F(u) 7—converging to some =, fix a
plan n € Tan,(Z2(R?)) and consider any sequence (cv,) C OPT,(—1-~,,n). Then,
possibly extracting a subsequence, we can assume that (a,) 7—converges to some
a € ADM,,(—1-~,mn). Then it holds

m (—1-5,,n) = lim (21,22),, = (Z1,22)5 < {=1-7,7).

n—oo

g

Observe that we proved a stronger kind of convexity for the set 07 F(u): in-
deed equation (5.10) shows that for any a € ADM ,(v,7,) (and not just for those
in OPT,,(7v1,72)) the whole segment aft] belongs to 0~ F(u). The weak closure of
subdifferential will be more deeply analyzed in theorem 5.18 below.

COROLLARY 5.17. Let F be a functional and u € D(O~F). Then there exists a
unique element in 0~ F(u) of minimal norm.
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Proof.  The existence is a simple consequence of the T—compacteness of bounded
sequences in Tan, (% (Rd)) and of the previous proposition. The uniqueness follows
from the strict convexity of the norm on Tan,(%2(R?)): suppose that there exist two
plans 71,7, of minimal norm and take any o € OPT,(7v;,7,). Then the previous
proposition ensures that for any 0 < ¢ < 1 the plan a[t] belongs to 9~ F(u). For such
plans it holds

lex[t][I” = (1 = t)zr +tollg, < (L= )|l + tlazlla = (L= O)llva 1 + tllvall”,
contradicting the minimality. O

The following theorem shows that even our definition of subdifferential, reproduces
the classical strong-weak closure property. A counterexample follows, showing that the
other alternative doesn’t work as well.

THEOREM 5.18 (Strong-weak closure of subdifferential). Let F' be a g.c. and l.s.c.
functional, pn,pu € P2(RY), n € N, be given measures such that W (g, u) — 0 as
n — oo and let 7, € 0 F(u,) be T converging to some ~. Then v € 07 F(u).

Proof. Obviously 7771#7 = p. Fix v € P5(R?) and observe that the following inequality
holds for every n:

where 7, is a certain plan in exp;nl(y). Since F' is lower semicontinuous, to get the
thesis we have just to prove that

where 7 is some element of exp;l(y). Possibly extracting a subsequence we can assume
that (m,,) W—converge w.r.t. W to some n such that 7('31#7] = p, (7t +7¥)um =
v, moreover since the plans (7!, 7! + 72)4n, are optimal, the same is true for m,
which therefore belongs to exp;l(u). Now choose o, € OPT;,(—1-7,,n,) and take a
subsequence (not relabeled) which 7 converges to some av € 4DM ,(—1-~,n). Since

ﬂ#gan =1, converge w.r.t. W to 7771#’304 = mn we can apply corollary 2.29 to get

lim (—1-7,,1,) = lim (r1,22), = (z1,72)o < (—1-7,n).
n—oo n—oo
]

The proof of the previous theorem suggests why the same technique doesn’t work
with the other possible definition of subdifferential: with the same notation used in
the proof, if one tries to prove that lim (v,,,n,) > (v,n) by taking o, € 0PT ,(7,,,1,,)
and passing to the limit, one still has that (z1,z2), = (71,%2),, but nothing ensures
that the limit 3-plan « is optimal for the couple ~,n. The following example shows
that there is actually no hope to find a proof of the previous theorem with the other
definition of subdifferential.

EXAMPLE 5.19. Fort > 0 let p; == (0; +9_¢)/2 € P2(R) and define the functional
F as
—t, if w =y for some 0 <t <1,
+00, elsewhere.

Flu) = {
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It is not difficult to see that F is a g.c. and l.s.c. functional and that for 0 <t <1
Yt := (O(t,—1) +0(—t,1))/2 belongs to O~ F () (actually it is the unique element): indeed
for fived t, T > 0 let n} = (8¢t 7—t) +0(—t,—1+1))/2 be the unique element in exp/jtl(uT).
Then for every 0 < t,T < 1 it holds (v,,m} ) =t — T and therefore the inequality

F(ur) > F(u) + (v )

holds (and it is an equality). But lettingt go to 0, clearly v, converges to v := (§(9 1)+
(0,-1))/2 and we have that (v,n¥) = T, which is strictly bigger than the limit of
(vs,mF), and the previous equation does not hold:

F(ur) = =T # T = F(po) + (Y0, M0 )-

Now we turn to the study of differential properties of W?2. Observe that by inequal-
ity (2.16) we know that W?(-, o) satisfies a concavity inequality (it is -1 geodesically
concave, in a sense which can be specified), therefore we should expect to find superdif-
ferentiability properties rather than subdifferentibility ones. The following theorem
shows that actually the superdifferential is always not empty.

THEOREM 5.20. Let ju,0 € Po(RY) be two measures and fix vy € exp/jl(a). Then
—2 -~ belongs to the superdifferential of the functional v — W2(v,0) at p.

Proof.  Choose v € Z3(R%) and n € exp;l(l/) and o € 0PT,(n,~). Then (7° +
7!, 7%+ 7?) ya € Adm(v, o) and therefore it holds

W2(v,0) < |lo1 — zal|2, =l l|2 + lw2llZ — 2(x1, 22)
=W?(u,v) + W?(u,0) — (2-7v,m),
from which the thesis follows. O

Once it is proved that the superdifferential is always not empty the natural question
that arises is: what is the element of minimal norm? The non trivial answer is given
in the following theorem.

THEOREM 5.21. Let ju,0 € Po(R?) be two measures. Then the element of minimal
norm of the superdifferential of W2(-,0) at p is —2%8(v,), where ~y, is the unique
minimiser of || B(y)|, among all v in exp;l(a).

Proof.  Let us first prove that there is only one minimiser of | ()|, in exp, (o).
The existence follows by 7—compacteness of the set and lower semicontinuity of the
norm of the barycentric projection. For uniqueness, observe that exp;l(a) is stable
under (usual) convex combination of plans, and that t — [[Z((1 — )y, + tvo)|l, =
(1 —t)B(v,) + tAB(v2) |, is strictly convex.

To prove the thesis we will first show that —2%() is a superdifferential for every
vy € exp;l(a), and then we prove that for every superdifferential ~ it holds P, (%#(v)) =
—22%(n) for some n € exp, ' (o). Given that it holds || P,(B(¥))llx < [B)lu < ¥l
this will prove the thesis.

To prove the first claim choose a plan v € exp;l(a), a measure v, a plan n €
exp;l(u) and define the 3-plan « to be the plan whose disintegration w.r.t. p satisfies
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Qzy = Yao X Mg Observe that a satisfies (7° + 7', 7% + 7?)pa € Adm(o,v) and
(x1,22),, = (J(A(7)),n), therefore it holds

W3(v,0) < |lo1 — z2||2, = W?(p,0) + W3 (u,v) — 2(3(B(%)), ),

and the claim is proved.
To prove the second claim let us introduce the set

K :={-2%(n) : n€exp,' (o)},

and observe that K is closed, convex and included in Tan, (%% (R%)) (because of theorem
4.15). Therefore, in order to prove that P,(#(v)) € K for every superdifferential ~
in p, by the Hanh-Banach theorem applied to in Tan,(Z2(R%)) it is sufficient to show
that

(5.11) (B(v),0), > min (f,0)

fekK w Yv € Tanu(ﬂg(Rd)).

By density it is sufficient to show that the previous inequality holds for every v such
that (Id,Id + Tv)yp is the unique optimal plan between its marginals for a certain
T > 0. Let us assume this is the case, define y; := (Id + tv)xp and use proposition
4.10 to compute

d ~
WA, 0)| g =—2  sw  (3(v),n)
(512) neexp~ 1, (o)

=-2 sup <U1<@(n)> = inf <’U,f> .
neexp~ 1, (o) K JeK K

The same derivative can be evaluated using the fact that -y is a superdifferential, which
gives the inequality (recall that (/d,Id + tv)ypu is the unique optimal plan between g
and py for t < T):

W2(ui,0) S W, 0) = (= 1-7,3(tv)) + o(t) = W(u,0) + H{B(7),v),, + o(t).
This leads to

d
(513) EW (1, 0)|_y < (B(1), )
Equations (5.12) and (5.13) give (5.11), and therefore the thesis. O

The last two theorems allow the characterization of differentiability points of
W2(-,0).

COROLLARY 5.22. The functional W2 (-, ) is differentiable in p if and only if the
set exp;l(o') contains only one element, and this element is induced by a map.

Proof. It is clear that if the superdifferential contains more than one element, then
the point can’t be a point of differentiability. Therefore, given that by the previous
theorems we know that both —2-+ and —2%(-) belong to the superdifferential at y for
every v € expljl(a), the points which do not satisfy the assumption of the statement
are not point of differentiability.
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To conclude, fix a point p such that exp;l(a) contains only an element ~ induced
by a map, choose a sequence of points v, € Po(R%), plans n,, € exp;l(un) and 3-plans
ay, such that (%, 7! — 7% oy, =, and (7!, 7% — ') 4o, € exp;, ! (o). We have

W2(vp,0) = W(p,0) >||x2 — w13, — 22 — wolla,
=[xy — 20|23, — 2(x1 — 0,22 — T0) e,
ZWZ(/'L7 Vn) - 2<nn7 ’Yn>7
where v, == (7%, 7% — %) 4. Given that (7,70 + 7l) 4, € Adm(u,0) and that
1Yl < llz1 = zollan, + 22 = 21lle, = Wk, vn) + W(vn,0) — W(p, o) we have that
~,, converges to v w.r.t. W (because of the uniqueness of +). By proposition 4.7 and

the fact that + is induced by a map, this implies that ~, converges to v w.r.t. W,,
therefore the previous estimate gives

WQ(V'M U) - Wz(;“? 0) 2 WQ(M? Vn) - 2<nn77> + W(:U'a l/n)O(l)
and the proof is achieved. O



CHAPTER 6

An approach to second order analysis

In the previous chapters we developed a first order theory for the space
(P2(RY), W), showing that it admits a tangent space endowed with an inner prod-
uct which makes &5(R?) formally very similar to a Riemannian manifold. In order to
go deeper in the study of this space some natural questions arise: is there a Levi-Civita
connection for this Riemannian structure? Is there a parallel transport for a tangent
vector along a curve? The aim of this chapter is to provide a first step in this direction
and to show that under certain regularity assumptions both questions admit an affir-
mative answer. Part of the calculation made in this Chapter (more explicitely, part
of those of section 5) already appeared in [43], where the equation of the covariant
derivative and the expression for the curvature operator were computed at a formal
level. The results proven here can be found in [10].

1. The case of a manifold embedded in R%

In this section we recall the Riemannian concepts we are going to study in the
Wasserstein setting. An important ingredient is a proof of existence of the parallel
transport that, as we will see later on, can be imitated to prove existence of the parallel
transport along a dense class of curves in P5(R%). For a deeper analysis of all the
topics discussed in this section, apart the proof of existence of parallel transport we
present, see [33].

Throughout this section M will be a C* manifold embedded in R? endowed with
the induced Riemannian structure, v(t) : [0,1] — M a fixed C* curve and v(t) =
y(t) € TypyM, t € [0, 1], the velocity vector of v(¢). We will think to the tangent space
Vi := T,y M at the point 7(t) as a linear subspace of R? (i.e. we translate it to let the
origin be included) and we let P : R% — V; be the orthogonal projection of R? onto Vj.

Recall that a connection on a M is a map (v, u) — D,u on the set of smooth vector
fields into itself, additive on each component and satisfying:

(6.1a) Dyu = fDyu,
(6.1b) Dy(fu) = fDyu+ (Vf,v)u,
for any f € C°(M).

Equation (6.1a) implies that for a given u, the value of D,u at a point p depends
only on the value of v at p, for this reason we will sometime write D, u for Dyu(p).
Equation (6.1b) gives that for a given v, Dyu(p) depends only on the value of u along

an integral curve (t) of v starting at p, i.e. a curve v on a certain right-neighborhood
of 0 such that v(0) = p, 7/(t) = v(y(t)).

89
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In general there is more than one connection, however if the manifold is Riemannian,
as in our case, only one is compatible with the metric and torsion free, i.e. only one
satisfies the following two conditions:

(6:20) (' (0,02 (6(0) = (T (V). W 0)) + W G(0)), Ty (D))
(6.2b) Vo au? — Veut = [ub,u?).

where u', u? are tangent vector fields, and in (6.2a) u!(t),u?(t) are their value in ~(t),

respectively. The fact that there is at most one connection V,(u) for which the previous
equations are satisfied is a consequence of the Koszul formula:

2<vv(u>vw> = v((u, w>) + u(<U’w>) - w(<u’ U>) + <[u, U]7w> - <[u, w]:”) - <[va]7u>7

valid for any vector fields u, v, w defined on the whole M, and any connection V,(u)
satisfying equations (6.2) (in this formula we identified a tangent vector field with the
derivation it induces). Given that the formula expresses the covariant derivative in
terms of the Riemannian metric only, the uniqueness follows.

The unique connection satisfying (6.2) is called Levi-Civita connection. In our
setting the Levi-Civita connection along a vector v € T),M tangent to M at the point
p is given by the following formula:

(6.3 Vo) i= By ( uae)).

where u is a tangent vector field, 7 is a smooth curve such that v(0) = p, 4(0) = v and
P, is the orthogonal projection onto 7}, M.
To prove that the connection we defined is the Levi-Civita one, observe that it holds

b ) = (b )+ {ud, ) = (T (1), 020) + 0 (6, V(1)

't
for any u},u? tangent in v(t), and
[u', w?|F =u' (u*(F)) — u?(u' (F)) = u' ((VF,u?)) = w*((VE,u'))
=(V?F -u!,u?) + (VF,Vau?) — (V2F -u? vl — (VF, V,2ub)
=(Vu? = V2u')F,
for any two vector fields u', u? and any smooth functional F on M (in the calculations

we did, we implicitly assumed F' to be extended to a neighborhood of M in such a way
to leave VF(p) € T,M).

The vector field t — w; is the parallel transport of the vector ug along v if and only
if

(6.4) P <jtut> _

Observe that it is easy to prove the uniqueness of the solution of this equation: indeed
by linearity it is sufficient to show that the norm is preserved in time, and this follows
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Ll = 205w, ) = 2P ) u) = 0.

Therefore the problem is to show the existence of a solution of (6.4) for a given
initial datum wug. This is usually done by using coordinates and solving an appropriate
system of differential equations, however this technique cannot be applied to the space
P5(R?) (we have neither Cristoffel symbols, nor coordinates). Here we are going to
show how the parallel transport can be constructed using tools which have a Wasserstein
analogous.

One concept useful to understand the process we will use is the following;:

DEFINITION 6.1 (Angle between subspaces). Let Vy, Vi C R? be two given subspaces,
and let P;, 1 = 0,1, be the orthogonal projection of R™ onto V; and PZ-L = I1d — P,.
Then the angle 0(Vy, V1) € [0,7/2] is defined by the following formula:

sinf(Vo, V1) = “Pf_]vo”oz) = sup [P (vo)l.
o€V
|vg|=1

It is not difficult to see that, letting V;L, 1 = 0,1, the orthogonal complement of V;,

it holds
sin0(Vp, V1) = sup |vg — Pi(vo)|

vo€EVp
[vgl=1

1 : 1 1
= sup (o, vl) = sinO(ViL, Vi),
vo€Vp, |vgl=1
U%GVIJ-, \vf—\:l

It is important to observe that in general 6(Vp, Vi) = 6(V1, V) does not hold: for
instance if Vy C V4 we have (Vp, V1) = 0 and 0(V1, V) = /2.

By applying this concept to a smooth curve v(t) on M, with V; = TypyM, we
clearly have that both functions

(t,s) = 0(Vi, V5),

(t,s) = 0(Vs, Vi),
are Lipschitz. Therefore for some constant C' both the following inequalities hold:
(6.5a) |lu — Ps(u)| < Clul|s — ], Vt,s € [0,1] and u € V.
(6.5b) |P,(uh)| < Clut|s — ], Vt,s € [0,1] and ut € Vit

The idea under the construction we are going to introduce is given by the following
formula:

(6.6) VU(O)Pt(U) =0, VYuel.

That is: the vectors P;(u) are a first order approximation of the parallel transport.
Equation (6.6) follows by applying inequalities (6.5) (note that u — P;(u) € V,;“):

|Py(u — Pi(u))| < Ctlu — Py(u)| < C*3|ul.
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Now let B be the direct set of all the partitions of [0, 1], where P > Q, P, Q € P,
if P is a refinement of Q. For P={0=1ty <t; <--- <ty =1} € P and u € Vj define
P(u) € Vi as:

P(u) i= Py(Pry_, (- Polu))).
Our first goal is to prove that the limit P(u) for P € P exists. After this is done, it
will be naturally defined a curve t — u; € V; by taking partitions of [0, ¢] instead of
[0,1]: the final target is to show that this curve is actually the parallel transport of u
along the curve 7.
The proof is based on the following lemma.

LEMMA 6.2. Let 0 < 51 < s9 < 53 <1 be given numbers. Then it holds:
‘PSJ(U) - PS3(P82(U))} < 02‘1‘”51 - SQHSQ - 53|7 Vu € V81'

Proof. Since Ps, (1) — Psy(Ps,y (1)) = (Psg (Id — Ps,)(u)), the proof is a straightforward
application of inequalities (6.5). d

From this lemma it follows easily by induction that the following inequality holds
forany 0 < sy <---<sy <1andue Vy:

(6.7)

|P5N(u) — Poy(Psy_y - (PS2(U)))‘
<[Py (1) = Py (Pay_ ()| + [Poy (Poy_y () = Poy (Pay_, -+ (Poy (1))
<C?ul|sy — sy—1||sny—1 — sn| + ’PSN_I(u) —Psy_, - (PSQ(u))’

S..
N-1

<C?lul Y 51— sillsi — sitl
=2

<C?|ul|sy — sy |*
With this result, we can prove the existence of the limit of P(u) as P varies in ‘B.
THEOREM 6.3. For any u € Vj there exists the limit of P(u) as P varies in .

Proof. We have to prove that given € > 0 there exists a partition P such that it holds

(6.8) |P(u) — Qu)| < |ule, VQ>P.

In order to do so it is sufficient to find 0 = ¢ty < t; < --- < ty = 1 such that
S ltivr — ti|? < e/C?, and repetedly apply equation (6.7) (we will come back to this
proof with more details in theorem 6.31). O

Now we can introduce the maps 77 : Vi — V; which associate to the vector u € V;
the limit of the process just described (taking into account partitions of [s, t]).

THEOREM 6.4. For any t; < to < t3 € [0,1] it holds
(6.9) T o T =T)5.

Moreover for any u € Vy the curve t — uy := T¢(u) € V; is the parallel transport of
u along .
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Proof.  To prove equation (6.9) it is sufficient to consider those partitions of [t1, ¢3]
which contain t2 and pass to the limit first on [¢1, t2] and then on [to, t3].

To prove the second part of the statement observe that due to (6.9) it is sufficient
to check that the covariant derivative is 0 at 0. Note that from (6.7) it follows

|Pt(u) - ’LLt| < Cztz,
therefore the thesis follows from (6.6). O

2. On the angle between tangent spaces in Z,(R%)

The construction we did on regular manifolds embedded in R? shows that the
key step which allows to prove the existence of the parallel transport is the Lipschitz
property of the angle between tangent spaces. In this section we introduce the analogous
notion of angle for the space % (R?) and analyze its properties.

An important difference with the case of a manifold embedded in R¢, is that in our
context the two spaces Tan,(%2(R%)) and Tan,(%2(R?)) are not (affine) subspaces
of a bigger Hilbert space, therefore we cannot directly imitate the definition of angle
given in the first section. However, a natural way to embed L? into LZ is given by the
composition with a map 7 pushing x into v: to a map f € L? we can associate the
“translated” map foT € LZ.

Clearly the translation through a map is an isometry from LZ to L2. The definition
of angle comes out naturally.

DEFINITION 6.5 (Angle between tangent spaces through a map). Let i, v € P5(RY)
be two measures and let T' be a transport map from u to v. Then the angle 07 (u,v) €
[0,7/2] between the tangent spaces at p and v through the map T is given by

sin Op(u, v) := sup HP:‘(’U o),

where Plf = Id — P, where is the orthogonal projection onto Tanﬁ(:@g(Rd)) and the
supremum is taken among all v € Tan,(P2(R%)) such that ||v]|, = 1.

It is important to note that the angle between the tangent spaces at two measures,
strongly depends on the transport maps used.

Observe that, assuming that the transport map 7" is invertible, the angle 67 (u, v)
is in general not equal to the angle Op-1(v, p): this reflects the fact that the are two
angles between two subspaces V; and Vs of R¢, depending on whether we are considering
projections from V; onto V5 or from Vs to Vi.

The fundamental bound on the angle we are going to use in the rest of the chapter
is given by the following proposition: the key requirement is the Lipschitz property of
the transport map, while there is no regularity assumption for the measures involved.

From now on, for a given vector valued map T € Li we will indicate with Lip(T)
the infimum of the least Lipschitz constant among all the functions equal to T p—a.e..

PROPOSITION 6.6. Let p,v € P5(R?) and T € Li a transport map from p to v.
Suppose that T is (equivalent to) a Lipschitz function. Then it holds

(6.10) sin O (u,v) < Lip(T — Id).
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Proof. Equation (6.10) is equivalent to
(611)  [VeoT - P Voo, < Vel LipT — Id), vy e CFRLR).

Let us suppose at first that 7 — Id € C°(R4, R?). In this case po T € C*(R%), and
therefore its gradient V(o o T) = VT - (V) o T belongs to Tan, (% (R%)). From the
minimality properties of the projection we get:

IV oT — PuVpoT)| < Vo T — VT (V) o T,
1/2
- ( JT w<T<x>>|2du<x>>

1/2
< (/ V(T ())]?[IV (Id ~ T)(w)ngdM(HC))
< [Vell, Lip(T' - 1d),

where 7 is the identity matrix and ||V (Id —T')(z)||op is the operator norm of the linear

functional from R? to R¢ given by v — V(Id — T)(x) - v.
Now turn to the general case. Find a sequence (T}, — Id) C C° (R4, R?) such that

T, —T uniformly on compact sets,

lim Lip(7;, — Id) < Lip(T — Id).

It is clear that for such a sequence it holds ||T" — T5,||,, — 0, therefore we have
IVooT = Pu(VeoT)|, <[[VpoT —V(poT)l,
SIVeoT =VooTh| + Voo Ty = V(po T
< Lip(Vo) [T = Toll + IV © Tl Lip(T5, — Id).
Letting n — +o00 we get the thesis. O

In the rest of the section we study the infinitesimal behavior of the angle between
two tangent spaces. The results proven, although not needed in the following, help
understanding the behavior of tangent and normal vectors w.r.t. (weak) convergence
of maps.

Start observing that the notion of translation through a map may be generalized
to the case of translation through a plan: the only difference being that the translation
through a plan is no more an isometry, but just a non-expansive map.

DEFINITION 6.7 (Composition of a vector with a plan). For any couple of measures
v € Po(RY) and any admissible plan v € Adm(u,v) we define the composition of a
vector f € L2 with ~ as the vector fo~ € Li defined by:

fox(z) = /f(y)d%(y)

The inequality

£ ol = [ ( / f(y)d%(y)>2du(fr) < [ 1Pt = 1512,
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shows that the composition with a plan is a non-expansive map. It is worth noticing
that, letting a be the unique 3-plan satisfying
1,2
Ta=1,
2,3
Ty o= (Id, f)4v,
the composition f o~y is nothing but the barycentric projection of the marginal w#ga.
REMARK 6.8. Actually there is no particular need to take the barycentric projection
instead than simply the marginal, if one does so, he defines a norm preserving map
from L? to @Q(Rm)u. We preferred to take the projection since we are only interested
in tramslation of maps, and therefore it is simpler to work only with maps, instead than
with plans.

REMARK 6.9. Obuiously it is possible to define the composition of a plan in
Po(R?4),, with a transport plan in Adm(u,v): it is what we already did a lot of times
by using Dudley’s lemma. What comes out is a multi-valued operator continuous w.r.t.
the Hausdorff distance between compact subsets of Po(R*?),,.

DEFINITION 6.10 (Angle between tangent spaces through a plan). Let p,v €
Po(RY) be two measures and v € Adm(u,v) an admissible plan. Then the angle

O~(p,v) € [0,7/2] between the tangent spaces at p and v through the plan v is de-
fined as:

sin 6~ (p, v) := sup HPj‘(v oY) s v E Tany(ﬁg(Rd)), |lvll, = 1.

As for the angles through maps, in general it holds 0 (1, v) # 0,1 (v, p).

We want to understand whether the angles 0 (i, ), 6,1 (v, 1) converge to 0 when
o is a fixed measure and v converges to (Id, Id)ypu.

Let (un) be a sequence of measures W—converging to a measure p, and =, €
Adm(f, p1r,) such that ||zy — z2|ly, — 0 as n — oco. In these hypotheses in general the
angle 0~ (4, in) does not converge to 0. Actually it can be proved something more, as
the following proposition shows:

PROPOSITION 6.11. Let u € Po(R?) and u € Li. Then there exists a sequence of
measures (un,) and a sequence of maps u, € Tan,, (P2(R?)) such that (u,) strongly
converges to u.

Proof. Assume for a moment that u < £¢ with positive density and that u is Lipschitz.
For every n € N, define the “grid” G,, as the set of those points x in R? such that at
least one coordinate of nx is integer, and the set H,, as

1
H, = {x eR? : d(z,Gn) > nQ}

It is clear that u(R?\ H,) — 0 as n — oo. Define
‘ 1
I )
Now define, for every n € N, the function w, € Lﬁn as the function which is constant
on each connected component of R?\ H,,, with value equal to the average of u on the
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connected component itself. Clearly u, € Lin, moreover, since it is constant on each

connected component, it holds u, € Tan,, (%(R%)). Let L be the Lipschitz constant
of u and conclude with the estimate

Lvd

Up — U < —.
i, = s, < =
For the general case, define . := p * p; and u. := (up) * pz/pe, approximate u. in

Lia with Lipschitz functions and conclude with a diagonalization argument. O

Observe that the approximation of the measure . we used, has the following prop-
erties: if u < L% then yu, < £ Furthermore, in this case it holds limsup |u, /L% <
sup |1/ 4],

As said, this proposition implies that the angle 6~ (i, jt,) doesn’t converge to 0 as
n — oo: indeed, observe that

. 1
sin O (p,v) = sup [Py (vo)lly
vE€Tany (Py(RE))
llvlly=1
= sup sup <Ua vo ’Y>M
vGTan,,(:@g(]Rd)) uETand‘(@g(]Rd))
llvlly=1 llull =1
= sup sup / (u(z),v(y))dvy(z,y)
vETany (P9 (RY)) ueTang (25 (R1))
llvlle=1 llull =1
= sup sup (uoy '),
u€Tang (Po(RY)) vETany (P (RY))
flull =1 llvlly=1
= sup  [|B(uoy T,
u€Tang; (P4 (R%))
llull =1

Now choose u € Tanﬁ(ﬂg(]Rd)) and find p, € P(R?) ,u, € Tan,, (P2 (R?)) such
that (uy,) strongly converges to u. Use remark 2.24 to get that for any choice of plans
Yo € Adm(p, p) satisfying limy, |z —y||. = 0 the sequence (uo~, ') strongly converges
to w and it holds |luo~,! — uy|, — 0, and conclude by the minimizing properties of
the projection:

lim || P, (uo ;)2 = lim (Jluovy I3 = luovy! = Pu,(uory )2,

n—oo n—oo
1H2

12

> Tim Juoy, 2~ T [luoyy — unl2, = ull2

With the same notation, regarding the angle 07;1 (tn, 1) we don’t have a final word,
however we can show that for any u € Tan,,(%2(R%)) the vectors uovy; ! — P, (uovy,1)
strongly converge to 0.

PROPOSITION 6.12. Let p,pn € P2(RY), n € N, and ~,, € Adm(p, 1) weakly
converging to (Id,Id)yp as n — oo. Then

(6.12) luoyy! = Pu (o v, Yl — 0, Vu € Tan, (2(RY).
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Proof. Observe that by the uniform continuity of the operators u — uoy, ! —P, (uovy, 1)
(their norm is less or equal to 1), it is sufficient to prove equation (6.12) for u = Vi as
¢ varies in C2°(R?%). Now notice that Vi € Tan,, (P(R%)) for every n, therefore by
the minimizing property of the projection we have:

Voo, = P, (Voo I, <IIVeor,' = Vol

< / V(1) — Veplas) Py (a1, 22)
supp(p)?

< Lip(Vy) / (21 — 2af2dryn (21, 72),

supp()?

and the last term goes to 0 as n — oo by the weak convergence of v,, to (Id, Id)ypu.
O

We can summarize the previous propositions by saying:

e A sequence of tangent vectors strongly converging, does not necessarily con-
verge to a tangent vector, while a sequence of normal vectors weakly converg-
ing, converges to a normal vector

e For a given sequence (u,) converging to u, every tangent vector in p can be
approximated by tangent vectors in u, w.r.t. the strong convergence of maps,
while a normal vector may not be approximated by normal vector, not even
w.r.t. the weak convergence of maps.

It is therefore interesting to know under which conditions on the measures, we have
that any limit (possibly weak) of tangent vectors is a tangent vector. We don’t have a
general answer on this, however proposition 6.6 and the proof of 4.14 give the sufficient
conditions collected by the following proposition.

PROPOSITION 6.13. Let (up,) be a sequence of measures weakly converging to a
measure pu and u, € Tan,, (P2(R%)). Assume that (u,) weakly converge to some
U € Li and that one of the two following conditions holds:

e there exists a sequence of transport maps (not necessarily optimal) (T,,) from
w to pn such that (Lip(T,, — Id)) converges to 0 as n goes to infinity,
e there exists a sequence (p,) of reqular measures weakly converging to dy such
that phn, = W * pp.
Then u € Tan,,(ZP2(RY)).

Proof. Suppose the first condition is true. Then from proposition 6.6 we have ||u,, o
Ty — Py(up o Ty, < Lip(Ty, — Id)||unl|p, therefore the sequence (P, (uy, 0 T),)) weakly
converges to u, too. Since P, (uy oT),) € Tan, (P (R?)) we get the conclusion.

Now assume the second condition is true and choose a vector w € Tani(ﬁg (R%)):
we will show that (w,u), = 0. By the Radon-Nikodym derivation theorem and the
absolute continuity of (wpu) * p, W.r.t. p, = p* p, we know that the function

_ (wp) * pn

n - I

Hn
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is well defined for any n € N. Moreover from lemma 3.3 we know that ||wy||,, < ||w]|.-

It is clear that (w,) strongly converges to w and that V - (w,u,) = 0, therefore using

lemma 2.28 we can pass to the limit in (un,wn), =0 to get (u,w), = 0 as claimed.
O

I

3. Regular curves

In this section we will introduce the regular curves, which is a dense class of curves,
along which a parallel transport can be defined and exists.

By analogy with the classical Riemannian case, (see equation (6.4)), and due to the
discussion of the preceding section, we wish to say that u; is a parallel transport along
a curve py if

T(t,t+h,-)—
}ILII%PPt <ut+ho ( 7h+ Y ) ut) — 07 Vt G [O,TL

for a suitable class of maps T(t,s, ) satisfying T(¢, s, ) xp = ps. Given that we want
to apply proposition 6.6 (to replicate the approximation scheme for the construction of
parallel transport), it is natural to ask for the maps T(t,s,-) to be Lipschitz. From a
technical point of view, it seems necessary that T(¢, s, -) have the semi-group property,
ie. T(t,s,T(r,t,-)) = T(r,s,-) (see the proof of lemma 6.29 on the next section).
Finally, in order to have the parallel transport to induce the Levi-Civita connection on
(P3(RY), W), it must hold

d
(s, 2)],_, = vs(T(5w)), VS € [0, 1], € supp(p),

where vy are the velocity vectors of p; (see the discussion in section 5 for a further
explanation).

Since we know from the classical Cauchy-Lipschitz theory that whenever the veloc-
ity vectors vy of p; satisfy

1
/ Lip(ve)dt < 400,
0

then the flow maps exist and are Lipschitz functions of the space variable, we give the
following definition:

DEFINITION 6.14 (Regular curves). Let [0,T] >t — u; € Po(RY) be an absolutely
continuous curve and let vy be its velocity vector field defined, for a.e. t € [0,T], by

vy € Tanm(WQ(Rd)),
d

it V- (vipe) = 0.
We say that p: is reqular if it holds

T
/ Lip(vy)dt < +o0.
0



3. REGULAR CURVES 99

Observe that we are making no regularity assumption on the measures p;.

It is worth noticing that the definition of regularity for a curve is independent from
its (Lipschitz) parameterization. In the following we will always assume that a regular
curve is parameterized in [0, 1].

As already pointed out, for a given regular curve it exists a unique family of maps
T(t,s,z) : [0,1] x [0,1] x R — R? which we call the flow of the curve, absolutely
continuous in s and Lipschitz in z satisfying

T(t,t,x) = x, Ve, t,
d

(613) %T(t’ S5 ‘T)|3:§ = Ug(T(t,g, JI)) Va,t, a.e.s,
T(s,r, T(t,s,2)) = T(t,r,x), Va,t, 8,7
(T(ta S, x))#,ut = s Vt, s € [0, 1]

Observe that we have the following bound on the Lipschitz constant of T(¢, s,-)—1Id:

/ Lip(v,)dr
t

This inequality is a well known consequence of the validity of equations (6.13), we recall
the proof for the sake of completeness.

(6.14) Lip(T(t,s,-) — Id) < exp (

) -1, t,se€]|0,1].

PROPOSITION 6.15. Let T(t,s,-) be the flow maps of a regular curve. Then the
following estimates hold:

Lip(T(t,5,-)) < exp ( | vivtenyar

/ Lip(vy)dr
t

Proof. The first equation follows by a direct application of Gronwall lemma to the
inequality

>, t,s €[0,1],

Lip(T(t,s,-) — Id) < exp <

)—1, t,s €[0,1].

d
£|T(t7 5756) - T(ta Say)|2 :2<T(t7 8,1’) - T(ta S>y)7vS(T(ta S,:E)) - US(T(tv Say))>
<2|T(t,s,2) — T(t, 5,y)[* Lip(vs).
For the second one, observe that it holds
d
7’T(t7 va) - T T<t7 Svy) =+ y‘Q

ds
=2(T(t,s,2) —x = T(t,5,y) + y,0s(T(t,5,2)) — vs(T(t 5,9)))
SQ‘T(tv S, l’) — T = T(ta S, 3/) + ny - y‘ Lip(vs) Lip(T(t, S, ))

).

therefore the conclusion follows by integrating from ¢ to s the inequality

/ Lip(v,)dr
¢

d .
L 10(t,8,0) 2~ Tt 5,0) + 9] < |2 — y] Lip(es) exp (
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For a vector field t — u; € Li , along a regular curve, we give the following definition
of absolute continuity.

DEFINITION 6.16 (Absolutely continuous vector fields). Let t — p; be a regular
curve and t — uy € Lit a vector field along it. We say that t — wu; is absolutely
continuous if the maps t — wu, o T(s,t,:) € LZS are absolutely continuous for any
s € [0,1], where T(t,s,-) are the flow maps of u;. For an absolutely continuous vector
field we will write %ut € Lit for its derivative defined by:

%Ut _ }111_)1% Utth O T(t,z—i- hy) —u _ %(Ut oT(s,t,-)) o T(t,s,), Vsel[0,1].

Given that the composition with T(t, s, -) is an isometry from LZS to Lit, it is clear
that a vector field t — u; is absolutely continuous if and only if for some s € [0, 1] the
curve t — ug o T(s,t,) € Lis is absolutely continuous. A simple consequence of the
definition is that for an absolutely continuous vector field u;, the map ¢ — |lugl|,, is
absolutely continuous.

It is important to underline that the definition of derivative of an absolutely contin-
uous vector field allows us to take derivative of a function ¢ — wu; whose range belongs
to different L? spaces as t varies and that this derivative is not the partial derivative
of some function of the kind (¢,x) — wuy(z). To see this, consider a case in which the
measures j; are mutually singular (this happens, for instance, if the measure p; is con-
centrated on some k—dimensional submanifold of R?, k < d, which moves in time): in
this case the function wu; is not defined on the support of g for s # t. Nevertheless, for
regular curves, the above provides a good definition of derivative of a vector field along
the curve.

In the following we will extensively use, without explicit mention, the fact that
for any ¢ € Cgo(Rd,R), the vector field t — Vo € Lit is tangent and absolutely
continuous. Its derivative in the sense of the above definition is V2 - v;.

Observe that the definition of derivative of an absolutely continuous vector field is
consistent with the Leibnitz rule, as shown by the following calculation:

(6.15)
d 1.2 d 1 2
&<ut7ut>‘ut = a<ut o T(Oa t, ')7ut ° T(07t7 ')>MO
d d
= <%(u% © T(Ov t ))7 uz% © T(Oa t, ')>M0 + <u% © T(()? 2 ')’ %(u% © T(Ov t .))>M0
d d
= <au%’u§>ﬂt + <ut17 £u§>ut

We conclude the section by analyzing the first properties of regular curves: topolog-
ical constraints, stability and density in the class of absolutely continuous curves. This
part of the work may be skipped in a first reading: if the reader is more interested in
the construction of the parallel transport along regular curves, we suggest to go directly
to section 4.
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REMARK 6.17. An important consequence of the proposition 6.15, is a strong topo-
logical restriction on the supports of the measures p: along a regular curve. Indeed,
from the fact that the flow maps T(t,s,-) : R — R are (actually, can be extended to)
bi-Lipschitz homeomorphisms of R® into itself and from supp(ps) = T(t, s, supp ut), we
obtain that the supports of the measures us are all homeomorphic.

In particular, if supp po has n connected components, say A}, ..., A}, then Al =
T(t,0,-)(A}), i = 1,...,n, are the connected components of supp(ut) and it holds

It follows that the mass p:(A}) of each connected component is constant in time. Fur-
thermore, it is easy to check that the velocity vectors of ui are (the restriction of) the
vectors vy, thus the curves t — puy := MO(Ai)_llﬁt]A“ 1 = 1,...,n are reqular, too,
t
and their flow maps are (the restriction of) the flow maps of ui. Notice that from
the definition of absolutely continuous vector field, it is easy to check that a vector field

t— uy € Lit is absolutely continuous if and only if so are the vector fieldst — u; € Li“
t
1=1,...,n.

We want now to point out a stability result for regular curves. This result is a
direct consequence of theorem 3.5 of [12], which gives sufficient conditions for the flow
maps of a sequence of curves (uy') to converge to the flow maps of the limit curve .
Here we skip the proof. Observe that the hypothesis we make are slightly weaker than
those of 3.5 of [12], given that we only assume convergence w.r.t. the weak topology
of Z5(R%), however it is easy to check, following the same proof, that the result is still
valid.

THEOREM 6.18 (Stability of regularity). Let (uy) be a sequence of regular curves
such that for every t the sequence (uy') converges to some p; w.r.t. the weak topology
of P2(RY). Assume also that the limit curve t — y; is absolutely continuous, let v}, v
be the velocity vector fields of uy, pt respectively, and suppose that

T (o[l < [lvell,,  ae. t €0,1],
Lip(v) < g(t), ¥YneN, a.e. t€[0,1],

for some function g € L*(0,1).

Then it holds Lip(vy) < g(t) for a.e. t, thus the limit curve py is reqular. Further-
more for a.e. t the sequence (v}') strongly converges to vy and for every t,s € [0,1] the
flow maps T™(t,s,-) of uy strongly converge to T(t,s,-).

We conclude this section with a proof of a density result for regular curves. It is
well-known that the set

PIYRY) = {M € 2R : p< .,zﬂd}

is a geodesic subspace of Z3(R?) (i.e. any geodesic between two points in 22§ (R9)
is entirely contained in 2¢(R%)) and the same is true for the subsets {u = p.29¢ :
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llplloc < C}. Our approximation will be obtained with measures in this class, and
preserves these upper bounds on the densities, if any.

The delicate point in the approximation result is due to the fact that regularity
imposes a Lipschitz condition on the tangent velocity field. The typical approximation
schemes for solutions to the continuity equation, on the other hand, produce a regular-
ized vector field that is compatible with the regularized density, but it is not tangent in
general. Therefore a further projection of the regularized velocity on the tangent space
is needed.

The following lemma will be used in the reduction to compactly supported measures.

LEMMA 6.19 (Monotone approximation). Let py : [0,1] — P5(R?) be absolutely
continuous and let vy be its tangent velocity field. Then there exist absolutely continuous
curves pft : [0,1] — P2(RY) and z, 11 satisfying:

(1) zppy T pe for all t € [0,1] and sup, Wa(up, p) — 0 as n — oo;
(ii) the tangent velocity field of uy is v, and there exists a closed ball B, such that
supp uy C By, for all t € [0,1].

PROOF. Let 2 be the Banach space of continuous maps from [0, 1] to R? and let
e © — R? be the evaluation maps at time ¢, i.e. e;(w) = w(t). According to [11,
8.2.1], we can represent p; as the law under e; of a suitable probability measure 7 in €,
concentrated in the set of absolutely continuous solutions of the equation w = v (w).
Let

1
Q= {w € Q : w is absolutely continuous, |w(0)| < n, / lwldt < n}
0

and set 7, = x.7, 20 = N(Q) = () and pf = 2z, (er)4mn. It is easy to check
condition (i), and that the support of u? is contained in the ball Ba,(0). Since also
7 1s concentrated on curves solving the ODE w = wv(w), it turns out that v; is an
admissible velocity field for pj (i.e. the continuity equation holds, see again [11, 8.2.1]
for instance). We conclude that v; is the tangent velocity fields noticing that, because
of condition (i), v; € Tany,, (P2(R?)) implies v; € Tan,n(P2(RY)). O

We can now state our approximation result.

THEOREM 6.20 (Approximation by regular curves). Let iy : [0,1] — P5(RY) be
an absolutely continuous curve. Then there exist reqular curves uf : [0,1] — P5(R%)
satisfying:

(i) sup, Waluf', i) — 0 as n — +0;
(i) pp = ppr ", sup; ||p}llco < 400, pi are smooth, the smooth tangent velocity
fields v are gradients of smooth maps o} : RY — R satisfying sup, Lip(v}) <
oo and {p} > 0} is a bounded open set with a smooth boundary;
(iii) iof vy € Lit is the tangent field of pt, we have that vi'py weakly converge to

vy and
i [ (o Pt = | o P
n—oo
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PROOF. Step 1. Regularization of 1-periodic solutions.

By Lemma 6.19 and a diagonal argument we can assume that the supports of
are contained in a fixed compact set. By a scaling argument, we can also assume with
no loss of generality that the union of these supports is a compact subset K of (0,1)<.
We consider the 1-periodic extension " of py, still solving the continuity equation
with the 1-periodic extension v} of v, and the regularized densities

t = /Lt " Xns
still 1-periodic. Here x, is a family of smooth and symmetric w.r.t. 0, convolution

kernels converging to &, whose support has a diameter equal to 2v/d. With this choice
of xn, we have inf; inf o}’ > 0, and standard properties of convolution yield

sup ¢ < sup 1 (-1, 2] sup x, = 3% sup xy,.

Analogous bounds hold, of course, for all higher order derivatives of of'. Passing to the
velocity fields, we consider as in [36, 11| this regularization:

per per

no.__ (vt /’Lt ) * Xn
wt — n
0y

which satisfies, thanks to the lower bound on g}, sup, Lip(w}’) < co (and the same
holds for higher order derivatives) and preserves the validity of the continuity equation.
Eventually we consider the projection vy = Vi of wj* on periodic gradients by solving
the PDE

V- (Veier) = V- (wi'ef).
From the variational formulation of the PDE we obtain

(6.16) / ot gl dx</ |20l da
0,1)1 O.1)1

)

We can use standard elliptic regularity theory to obtain that sup, Lip(vy') < co. More-
over, using Jensen’s inequality as in [11, 8.1.10], we have the local estimate

(6.17) | rpoar< | / o2 () ( — ) dada}™ (1),
(0,1)d

Step 2. Construction of the approxnnatmg sequence.

We build u} = pp.2? € 2$(R%), with the same velocity field v}, from the periodic
measures g n %4 To this aim, we shall first consider oy as measures in the flat d-
dimensional torus T¢ ~ (0,1)4, with velocity field v}'. We denote by P the Lebesgue
measure on T, by X"(¢,z) : [0,1] x T? — T¢ the smooth flow of v} (starting from
s =0), and by 7, the probability measure in C([0, 1]; T¢) defined by

M = X"(t, )4 (0o P)-

Equivalently, 7, is the law of the random variable 2 — X"(-,z) € C([0,1]; T¢) under

opP. Classical representation results for solutions to the continuity equation with a
Llpschltz vector field ensure that ofP = X"(t,:)x(ofP), and since e; o X"(-,x) =
X" (t,x) we obtain

(6.18) (e)gmn = ofP  Vtel0,1], neN.
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From (6.16) and (6.17) we get

1
Sup/ / vl |2 o' dP () dt < oo
n Jo Jrd

and this, using Prokhorov theorem as in [12, 44], gives that (n,,) is a relatively compact
sequence in 2(C([0,1]; T%)). It is not restrictive, extracting if necessary a subsequence,
to assume that (n,) weakly converges, in the duality with continuous and bounded
functions in C(]0, 1]; T%), to some probability measure 7. Passing to the limit as n — oo

n (6.18) we obtain that (e;)xn = pp® for all ¢ € [0,1], and this means that n-almost
all the paths w are contained in K (here we denote by K the image of K in T and we
consider pf'“" as probability measures in T%).

Now, let § < 1 be such that K is contained in the interior of [§,1 — 6]¢ and define
T *= Zp " Xq(6)"n, Where

Q(6) := {w e 0([0,1];T%) : w(t)mod(1) € (5,1 — 8)? Vt € [0, 1]} L 2= 0a(Q00))

(in other words, we remove the trajectories that cross 9(8, 1 —9)?). Since 7 is supported

on paths contained in K, we have that z, — 1 and still 7, weakly converge to XQ(s)N =
1. We define

i = (€r)

where & (w(t)) = wymod(1) € [0,1)?. The measures x}' can also be represented by
(6.19) 1 =2 Y () 4 (X (5)06-L7),

where Y"(t,z) = X"(t,7) mod(1) and E"(§) = {z € (0,1)¢ : X"(-,z) € Q(J)}.

By construction u}' are probability measures in R? concentrated on [6,1 — §]¢. It
is immediate to check that the tangent field to u} is vy* (because 7, is concentrated
on solutions to the ODE & = v?*(w) in T¢, and v} are gradients). In particular uf are
regular curves and the convergence of ;' to s follows at once from the convergence of
n to m, using the evaluation map é;. Notice also that the inequality z,7, < n, and
the fact that the mass of their difference is infinitesimal imply

(6.20) Zoul < P24 and  lim (072 — 2,1 ((0,1)) = 0.

Step 3. Convergence of velocity fields.
Notice first that (6.16) and (6.17) give

limsup/v?|2d,u? < limsup/|vt er(w))Pdnn (w —hmsup/|v”|29deP’

n—oo n—oo n—oo

< limsup/|w”|2Q?dP

n—oo

< timswp [ / ()l — g)dodf™ () = [ fo P

n—oo
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Now, recall (see for instance [11, 9.4.3]) that the functional

[P it = gt 1 € 2R,

400 otherwise

G(v,p) ==

is jointly lower semicontinuous in %5(R%) x P5(R%) with respect to weak convergence
in the duality with Cy(R%), to obtain that any weak limit point o of v'u} as n — oo
has the form o for some o € L2, with [|0]l,, < [lv¢ll,,. On the other hand, passing
to the limit in V - ((wy — vf")of") = 0 and taking into account the weak convergence
in the duality with C.(R?) of wlof = (v} uf®) * xn to vp Y™ and the convergence
to 0 in (0,1)? of op.Z? — u} (ensured, even in the strong sense, by (6.20)) we get
V- ((0 —vg)pe) = 0. Since vy is tangent and |||/, < |lve]|y,, it must be © = v;. This
proves the weak convergence of velocity fields that provides also, thanks to the lower
semicontinuity of G, the liminf inequality

liminf/|vf2du? > /|Ut2dut.
n—oo

Step 4. Eventually we can regularize the characteristic function of the set E™(J)
in (6.19), by smooth functions x" such that {x,of > 0} is smooth and bounded, to
approximate the curve uy* by curves with the same velocity field and smooth densities
with respect to .Z%, with smooth supports. O

The following is a useful technical result, which allows to approximate a regular
curve with regular curves with range in the set of measures with finite support. The
advantage of working with these measures u, is that in this case an absolutely continuous
curve is automatically regular: indeed, by continuity and compactness it is clear that

iItlf ir;éf |z — y¢| > 0, where z, y; € supp e, therefore, since the velocity vectors v, are
TtFYt

defined only in a finite set, it is clear that ¢ — Lip(v;) is integrable as soon as t — |lv¢| .,
is.

PROPOSITION 6.21. Let t — g be a reqular curve. Then there exists a sequence of
reqular curves (uy') such that for every n,t the support of uy is a finite set of points

and it holds

lim sup Wy, pue) =0,
N0 ¢el0,1]

Jim (o |y = llvell,  acet €0,1],

sup Lip(vf') < Lip(vy), a.e. t € [0,1],
neN

where vy, vi* are the velocity vectors of t — py and t — pi respectively.

It is clear that the cardinality of the support of the measures of a regular curve,
cannot change in time. Therefore the bound on the cardinality of supp(u}) is, for every
n, uniform in ¢.
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Proof. Let T(t,s,x) be the flow maps of u;. Find a sequence (u) of measures with
finite support such that supp(ug) C supp po and W, pg) — 0 as n — oo. Now define

,U? = T(Oa t ')#Ng'
It is clear that t — pf' is an absolutely continuous curve whose velocity vector field
is v;. Therefore the thesis will follow if we show the uniform convergence of ¢t — uf

to t — p¢. Observe that the maps T(0,¢,-) are equilipschitz in ¢, let L be a common
Lipschitz constant, choose a plan ¢ € Opt(puo, pg) and define

v = (T(0,¢,-), T(0,¢, ))#78
It holds v} € adm(uy, p17), therefore
Wi ) < [ler=z2llyp = [[T(0, 8, 21) =T(0, £, 22)|lyy < Lllwr—22llyy = LW (15, po)-
U

4. Parallel transport

In this section we define the parallel transport along regular curves in & (Rd), show
its existence, uniqueness and stability. We will also show by giving an explicit example
that the lack of regularity may lead to the non-existence of the parallel transport, even
along geodesics. At the end of the section we collect some examples of regular curves
and parallel transports along them.

DEFINITION 6.22 (Parallel transport along regular curves). Let p; be a reqular
curve, T(t,s,z) its flow and t — w; € Tan,, (P2(R?)) a tangent vector field defined
along the curve. We say that t — wuy is a parallel transport if it is absolutely continuous
and it holds

(6.21) P, <jtut> =0, ae tel0,1].

Equation (6.21) may be equivalently written as:

<ut+h © T(tat + h? ) — Ut
h

Another equivalent characterization, thanks to (6.15), is

) =0, in Lita.e. t €[0,1].

d
(6.22) £<V17,ut>m = (V20 - vp, up) for a.e. t € (0,1), for all n € CX(RY),

or, in integral form:

(6.23) (Vn, us) g — (V0 ug) e = / (V20 v, up),dr, V€ C.
t

Observe that this equation makes sense even if the underlying curve ¢ — p; is not
regular, but only absolutely continuous. We will come back to this point in the last
section.

It is easy to check that also the concept of parallel transport is invariant under
reparameterization: if p; is a regular curve, wu; is a parallel transport along it and
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r: [0, R] — [0,1] is a Lipschitz reparameterization of [0, 1], then fis := p,(4) is regular
in [0, R] and s := u,(s) is a parallel transport along it.

PROPOSITION 6.23 (Linearity and conservation of scalar product). Let u},u? be
two parallel transports along a reqular curve t — py on [0,1] and A, A2 € R. Then
t— <u%,u2>m is constant and t — Mu} + \2u? is a parallel transport.

Proof. The claim on AMu} + A\?u? follows directly by the linearity of the definition of
absolutely continuous vector field and of equation (6.21).
To prove that the scalar product is constant, just observe that t — (u},u?

>Mt =
(lug M1z, + luZllZ, = llug —u7|2,) is absolutely continuous and that by the Leibnitz rule
6.15) its derivative is given by

1 4 d 1

d
<U%auf>ut = (au%,u%m + (ug, %%)Mt = <P,U«t(£ut)7ut>,ut + <Ut7Pm(%ut)>m =0.

As a direct consequence we get the uniqueness of the parallel transport.

COROLLARY 6.24 (Uniqueness of parallel transport). Let pu; be a regular curve and
u € Tany, (P2(R?)). Then there exists at most one parallel transport t — uz along
such that ug = u.
Proof. Suppose that ui, i = 1,2, are two parallel transports such that ué =u,1=1,2.
Then we know from the previous proposition that u; — u? is a parallel transport, too.
Since we know also that the norm is preserved in time, we get |[uj —u?||,, = [|[u—ull,0 =
0. O

Observe that for parallel transports we have an explicit bound on the norm of %ut,
which depends only on the Lipschitz constant of the vectors vy.

PROPOSITION 6.25. Let t — u; be a regular curve and t — u; a parallel transport
along it. Then it holds

d

(6.24) ‘dt

< JJuol| o Lip(ve), a.e. t € [0,1].
Wt

Proof. We will prove that equation (6.24) is fulfilled at any Lebesgue point ¢ of the
function s — Lip(vs). Fix such ¢ and observe that it holds

||Us ° T(t7 5, ) - utHMt < HPMt(US o T(t, S5, )) - ut”m + ”P:;(us ° T(tv 5, ))Hut

Dividing by |s — t| and letting s — ¢ we have that the first term goes to 0 by definition
of parallel transport, while for the second one we have the following estimate, based on
proposition 6.6:

Pl(usoT(t,s,)) 1
lim LLifm (&8, )) < lim ftuuonm Lip(T(t,s,-) — Id)

s—tt s—1 s—tt S
exp ([ Lip(v,)dr) — 1
-1

The case s — ¢t~ is analogous. 0

< lim [|uo]|u, = [|uollo Lip(vr).
s—tt
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A simple consequence of theorem 6.18 is the following stability result of the parallel
transport.

THEOREM 6.26 (Stability of parallel transport). Let (uf') be a sequence of regular
curves such that for every t the sequence (u}') converges to some py w.r.t. the weak
topology of Po(R%). Assume also that the limit curve p; is absolutely continuous and
that it holds:

T o7l < ol ace. t € [0,1]
Lip(v') < g(t), VneN, ae. te€]0,1],

where v, vy are the velocity vectors of ul, u respectively and g € L'(0,1). Let u} €
Tanuy(ﬂg(Rd)) be a sequence of parallel transports along py and assume that
i) for everyt € [0,1], every weak limit point of (u}) is tangent,
ii) for some to € [0,1] (up) weakly (resp. strongly) converges to some uy, €
Tany, (Z(R%)).
Then for every t € [0,1] (u}) weakly (resp. strongly) converges to some us and the limit
vector field is tangent.

Proof. We know from theorem 6.18 that the limit curve is regular and that the maps
T"(t,s,-) converge strongly to the map T(¢,s,-) for any ¢,s € [0, 1].

Possibly extracting a subsequence, not relabeled, we may assume that (uj') weakly
converges to some vector u; € Lit for every t € [0,1]N Q. In this hypothesis, the maps
ul o T"(t,s,-) converge weakly to the map us o T(t,s,-) for any s,t € [0,1] N Q, indeed
they are clearly equibounded and it holds

<UZOTn(tasv ')a90>uf = <u?a@oTn(Sat’ )>ug - <u57900T(57t3 ')>M5 = (usoT(t,s, .)’¢>Mt’

having used proposition 2.23 to get the strong convergence of ¢ o T"(s,t,-) to ¢ o
T(s,t,-).

Therefore from proposition 6.25 we get

S S
lusoT(t, s, ) —tlly, < Lm [JugoT"(t,s, ) —uflly < lim [ Lip(v;)dr < / g(r)dr,
n—o00 n—oo Jt t

so the vector field ¢ — u; is absolutely continuous.

Now observe that since t — uj is a parallel transport along pj', from equation (6.23)
we know that it holds:

(Wl V), — {1, Vi) = /t (ul', 2 o) dr, Vi€ CRRY,0<t <5< 1.

The strong convergence of (v?) to v, implies the strong convergence of V27 - v? to

V21 - v, furthermore the lim of the functions r — (u?, V?n - v?}u2 is dominated by
the L'(0,1) function lim,, lug || in Lin(Vn) [op ] un < sup,, (Huﬁ)HM%) Lip(Vn)||vr| 4., sO
by the dominated convergence theorem we can pass to the limit in the above equation
and get that the limit vector field is a parallel transport.

Given that we know that (uj ) weakly converges to us, and that the parallel trans-
port is unique, we get that this result is independent on the subsequence chosen, so for
every t € [0,1] the whole sequence (uy’) weakly converges to u;. If the convergence of
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(uZ)) to uy, is strong, from the fact that the parallel transport preserves the norm we
get limy, [lug!||,;p = limy, [lugg [|up = lJug |y, = lluell, which gives the strong convergence
of (uy) to uy. O

It is important to underline that hypothesis (¢) is strictly needed, because it is
not possible to deduce that the limit vector field is tangent assuming only that w, is
tangent for some ¢y € [0, 1], not even if we assume strong convergence of (u}') for every
t € ]0,1]. The following is an explicit counterexample.

ExXAMPLE 6.27 (The limit vector field is not always tangent). Observe that for
a regqular curve t — py and a given ug € Tany, (P2(R?)), the vector ug o T(1,0,)
belongs to Lil but is, in general, not tangent. So choose such a py and ug and apply
proposition 6.21 to approximate the curve with a sequence (uy) of reqular curves with
range on measures with finite support such that:

lim sup W(uy', ) =0,
n=00 4e0,1]

supp(py’) C supp(pe), Yt € [0,1],

%M? + V- (vpi') =0,
where the vy are the velocity vectors of t — .

It is clear that the (restriction of) the flow maps T(t,s,-) of uy to supp(uy’) defines
the flow maps of i

Now let ¥ € Opt(po, u2) and define ul := ugo (y")~1: it is easy to check that (up})
strongly converges to ug. Now let uj := uj o T(¢,0,-) and observe that since supp pu’
is finite, it holds up € Tanuy(ﬂg(Rd)), furthermore it is clear from the definitions that
t — uy is a parallel transport for any n € N.

It follows from the strong convergence of (T(t,0,-), uy") to (T(t,0,-), ut) that (ug o
T(¢,0,),upt) strongly converge to (ug o T(¢,0,-), ) as n — oo.

Given that we assumed ug o T(1,0,-) ¢ Tan,, (P5(R%)) we have that the sequence
of parallel transports t — uy converges strongly for any t, but the limit vector field is
tangent at t =0 but not at t = 1.

In view if this example, it is interesting to know under which additional condi-
tions the limit vector field is tangent: proposition 6.13 tells us that the two following
hypothesis are both sufficient:

e For a.e. ¢t and every n there exists a transport map 7" from p; to puy such
that the sequence (Lip(7}* — Id)) converges to 0 as n — oo,

e For a.e. t and every n there exists a regular mollifiers (p}) (regular in the
sense that the induced measure is in 225(R%)) such that u! = py * pi! and
W(p},d0) — 0 as n — oo for any t.

Now we turn to the proof of the existence of the parallel transport: ¢ — u; will be
a fixed regular curve, v, its velocity vector field and T(t, s, z) its flow.
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In order to enlighten the notation we define

S
D(t,s) :=exp </ Lip(vr)dr> -1, 0<t<s<l1,
t
D(t,s) :== D(s,t) 0<s<t<l
Then we let 77 be the “translation” from Ll%t to LI%S given by T(t,s,-):

T (f) = Tr(s,) (f) = fo T(t,s,).
Note that from the group property of T(t,s,-) it follows
(6.25) T =715071, VYt s,rel0,1].
Moreover we define
P; () = P (77 (w)).

Observe that the maps &7} are non-expansive and that by inequality (6.14) and propo-
sition 6.6 we get:

(6.262) 12 @)l <0l Dit5), s € [0,1],w € Tant (25(RY),
(626b) [ (w) = 2, <lully,D(t,5), t.s € [0,1],u € Tan,, (Fa(RY)).

To prove the existence of the transport we proceed as in the first section: let 3 be
the direct sets of all the partitions of [0, 1], where Q > P, P, Q € P, if Q is a refinement
of P, and, for P = {0 =ty <t; <--- <ty =1} € P and u € Tan,,(P2(R?)) define
P(u) € Tan,, (P5(R?)) as:

P(u):= 2}, (P50 W)

tN—2
Finally, let D?(P) := >, D*(t;, tit1).
We will prove first that there exists a unique limit 7' (u) € Tan,, (Z2(R%)) of P(u)
as P varies in 9P, then we will define a curve t — u; = 7¢(u) € Tan,, (P2(RY)) by

considering the restriction of ¢t — p; to [0,t], and finally prove that this curve is the
parallel transport of v along the curve t — ;.

LEMMA 6.28. It holds

(6.27&) D(tl, 51) < D(tg, 82), V[tl, 81] C [tg, 52] C [0, 1],
n—1
(6.27h) > D(titer1) < D(t,s), t=t <...<t,=s,
=1
6.27 lim D*(P) =0
(6.27¢) Al (P) =0,
D*(t
(6.27d) im 28 o e te o],

s—t ‘s—t| N

Proof. Equation (6.27a) is clear. For (6.27b) we need to prove that e — 14 ¢ — 1 <
et — 1 for positive a, b, which is obvious.
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The convexity of  — €” — 1 in [0, fol Lip(v¢)dt] gives

fo Lip(v,)dr — 1) .
6.28 D(t,s Lip(v,.)dr,
(6.28) (t,5) < ( fo Lip(v,)dr /t p(vr)

from which, taking the integrability of Lip(v;) into account, (6.27d) follows at every
Lebesgue point of ¢ — Lip(v;). Finally, from (6.28) we get

i1 2 tiv1 1
Z D2(tiq1,t;) < C Z (/ Lip UT)dT‘> < C’mzax {/t Lip(vy) dr}/o Lip(v,) dr,

from which (6.27¢) follovvs, taking the absolute continuity property of the integral into
account. Il

LEMMA 6.29. Let 0 < 51 < 59 < s3 <1 and let u € TanMSI(ﬁg(Rd)). Then it
holds:

(6.29) |25 () = 23(22W)|],,.. < lullu, D(s1,52)D(s2, 53).
s3
Proof. Observe that
PG () = P75 () = PE (3 u) — P (u),

and that 752 (u) — P2(u) € Tants2 (P2(R%)). Therefore the thesis follows by a direct
application of inequalities (6.26). O

COROLLARY 6.30. Let P = {t =ty < --- < t, = s} be a partition of [t,s] C [0,1]
and let Q be a refinement of P. Then it holds
(6.30) 1P () = Q)| < llullD*(P),
for every u € Tan,, (P2(RY)).

Proof. Without loss of generality we may assume [t,s] = [0,1]. Fix ¢ < n such that
(ti, ti+1) contains some element of Q and write Q N [t;, tir1] = {ti = 850 < 851 < -+ <
S k(i) = tit1} for some k(i) > 1. Now, we claim that

(6.31) [ 250" (ur,) = Psrit (Psii Ty (- (P ) D ey, < Nt llne, D (i, tir)
for all u;, € Tan,, (25(R%)). Indeed, the left hand side of (6.31) can be estimated by
1255 (u,) = Pyl (P (w) ey,

i,k(i)—1
S S; iy S: 1.(s Si o1\ i
+ 2 (P60 () = PG (P (P55 ) e,
< lug Hmi D(si,0, Si,k(i)fl)D(Si,k(i)fL Si,k(i))
Si k(i) — Sipiiy_ S 1y ..
+ 1P () = P (Pt (20 (we))) e,
<
k(i)—1 k(i)—1
< gl Y D10, 50,)D(5i, 8i4141) < |t g, Dtis tiva) D(sij; sij+1)
- Pt
< Huti||lltiD2(tiati+1)~
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Now, let us assume that (f,t;) contains some element of Q and let P’ = [t1,1] N P,
Q' =[t1,1]N Q, u € Tan,(P2(RY)) and v,w € Tan,,, (Z22(R%)) be such that P(u) =
P'(v) and Q(u) = Q' (w). Then, the inequality (6.31) with i = 0 reads
lv = wlle, < llulleg D*(to, t1),
(the estimate is trivial if @' N (tp,t1) = 0, because v = w) so that
IPw) = Q)l, < P (v) = Q W), +11Q'v) — Q' (W),
< P'(w) = QW) + llulle D*(t0, t1).

Since ||v]|s; < ||ull¢, we can apply repeatedly (6.31) in the intervals (¢;,t;41) to obtain
1P (w) = Q) < llullgD*(P). 0

THEOREM 6.31 (Existence of the limit of P(ug)). Lett — u be a regular curve and
ug € Tan,, (P5(R)). Then there exists the limit of P(ug) as P varies in the direct set

Proof. Tt follows directly from the previous corollary and from lemma 6.28. 0

Define 7 (up) as the vector obtained by the limit process described above, and
observe that by repeating the arguments to the restriction of ¢ — u; to the interval
[t,s], we can define a map 7;° : Tan,, (Z2(R%)) — Tan,, (Z2(R%)). Furthermore, by
considering the curve ¢ — p1_;, we can define the maps 7;° even for ¢ > s.

PROPOSITION 6.32 (Group property). Let t — p; be a regular curve and 7,° :
Tan,, (Z2(R%)) — Tan,, (P2(RY)) be defined as above. Then

(6.32) TFoT! =715, Vrstel0,1].

Proof. Let us first assume r < t < s. In this case it is sufficient to observe that, by
definition of limit over a direct set, to take the limit over all the partitions of [r, s] is
equal to take the limit over the set of partitions which contain the point ¢. The thesis
then follows easily.

For the general case it is sufficient to prove that 7,* = (7!)~!, or, without loss of

generality, that ’261 = (7T?)~!. The latter equation will follow if we show that
(6.33) Jim lu = PPl =0, Va € Tan (Z2(RY),

where P~1 : Tany,, (Z2(R?)) — Tan,, (P2 (R?)) is defined as
P ) = Pp (2 (- 21 (W)
for the partition P = {0 = t9 < ---t, = 1} (and in particular is not the functional

inverse of u — P(u)).

Observe that for any u € Tanmi(ﬁzg(Rd)) the identities u = 9;; 1(7'f;+1(u)) and

@fj“ (u) — Tfj“(u) € Tanf;tﬂrl (2,(RY)), in conjunction with inequalities (6.26), yield

i i i i t;
|2t (2 () = ull, =120, (P () = 7 (),

t; t;
<[22, (w) — 7 ()|, D (i i)
<Jlully, D?(tis tiga).
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For any u € Tan,,,(%(R%)) we obtain
lu = 2 (- (21" (P (W)l g

< Jlu—= 25 (25 (@)l + 1 20(25 (W) = ZL (- (2 (P@)) o

< Nulluo D0, t1) + o = 2 (- (25, (P' @)l »
where v = Z{(u) and P’ = {t; < --- < t,} (so that P'(v) = P(u)). Since [|v]|,,, <
||ul|u We can continue in this way, to arrive at

lu = 20 (27 (P@))) o < lluellug D*(P)

and this, taking (6.27c) into account, leads to (6.33). O

PROPOSITION 6.33 (The limit process produces the parallel transport). Let t —
be a regular curve, ug € Tan,,(P2(RY)) and let the maps T,° be defined as above. Then
the vector field t — uy := T (ug) is the parallel transport of ug along the curve.

Proof.  Consider any interval [t,s] C [0,1], its trivial partition P = {¢,s} and any
(finer) partition ). Applying inequality (6.30) and passing to the limit on Q we get

(6.34) 1227 (w) = T* (Wlue < Nullu D?(t,5),  Vu € Tany, (P2(R)).
Coupling this equation with inequality (6.26b) we get
175 (w) = T (W) |y <N (w) = 27 (W)llpe + 11277 () = T ()]s
<|lull,. D(t,s) (1 + D(0,1)), Yu € Tany, (Z(RY)),
from which it easily follows the absolute continuity of t — 7 (ug).

Now pick a Lebesgue point ¢ of the function ¢ — Lip(v;) and observe that inequality
(6.34) gives

128 w) — T @),

s—t ‘S - t‘

:(]7

for every u € Tan,,, (% (R%)), and so in particular for u = 7¢(u), therefore to conclude
it is sufficient to prove that

lim P, <7§(<@f(u))—u

s—t

s—t > =0, Vue Tanﬂt(L@Q(Rd)).

Observe that 7 (u) — 77 (u) € Tanlfs(,@Q(]Rd)), therefore from inequalities (6.26) we
get

1P, (e (27 (W) = W)l = 12625 (u) — 7' ()]s
<127 (w) = 77 (W) 0 D(t, 8) < |Jully, D2(, 5).

g
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REMARK 6.34 (Parallel transport along a flow). The above arguments works as
well if, instead than assuming that the curve u; is regqular, we assume the existence
of a family of maps X (t,s,x) satisfying X (t, s, )upt = ps, having the group property
X(t,s,X(r,t,x)) = X(r,s,z) and such that the Lipschitz constant of X (t,s, ) — Id is
bounded by a certain function D(t,s) having the properties (6.27) (i.e. we just drop
the condition that the velocity field of X is the tangent wvelocity vector of ). The
result would be the existence of a vector field t — u; € Tany, (P2(R?)) such that t —
ug o X(s,t,-) € Lis is absolutely continuous for any s and satisfying the equation

P,

<lim Utth oX(t,ZJr h,-) —ut> =0,

for a.e. t. For such vector fields, it is possible to prove, with exactly the same arguments,
uniqueness, linearity and conservation of scalar product.

We will show in the next section that our choice of the flows T related to the tangent
vector field is more natural, because it induces the Levi-Civita connection on P5(R?).

Before analyzing some examples of parallel transport, we want to point out that the
construction we did of parallel tranport along a regular curve, allows a little generaliza-
tion to the case of forward parallel transport along a locally reqular curve. The question
is the following. Consider an absolutely continuous curve u; on [0, T'] such that the func-
tion ¢ — Lip(v;) belongs to L ((0,T]) (we will see in example 6.39 that this is the case
for a geodesic on [0, 1] for any T € (0,1)). We say that [0,7] 3 t — u; € Tan,, (P2(R%))
is a parallel transport if it is a parallel transport on the interval (0,7] (which makes
sense, due to the locality of the definition of parallel transport) and u; strongly con-
verge to ug as t — 0. Having this definition in mind, two questions come out naturally:
the first one is whether there exists the parallel transport along u; of a vector in
Tan,,, (22(R%)), which we call forward parallel transport, the second one is whether
there exists the parallel transport of a vector in Tan,,, (%% (R%)), which we call back-
ward parallel transport. We are going to prove here that the forward parallel transport
always exists, while the same is not true for the backward one. This reflects what we
already said at the end of section 2, where we proved that a sequence of tangent vectors
doesn’t necessarily converge to a tangent vector (and thus the backward parallel trans-
port may not exist), and that every tangent vector may be approximated by tangent
vectors (and thus the forward parallel transport exists).

For the proof of existence of the forward parallel transport, we will need the fol-
lowing technical result which is of its own interest.

LEMMA 6.35. Let t — py be a regular curve and T,° the optimal transport maps
along it. Then it holds

(6.35) 172 (V) — Vopllu, < Lip(Ve)Li(1r), Vo € CZ(RY),

where L5(uy,) is the length of u, restricted to the interval [t, s].
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Proof. Observe that s — 7,°(Vp) — Vi € Tan,,, (%(RY)) is an absolutely continuous
vector field along u:. The conclusion follows from the differential inequality:

4 (12(90) - Vo)),

S d S
= AT (V) — Vi, o (T (V) = Vg v,

=2(T°(Ve) = Vo, us(j (T2(Ve) = V2o - v5)) ..

2T (V) — Vo, P, (Vi@ - 0s))
2T (V) — Vo, Vi - vg),
< 2||72 (Vo) = Vol u, Lin(Vo)llvs|, -

d
@W(V@ Vol = 2T5(Ve) — Ve,

g

PROPOSITION 6.36 (Forward parallel transport). Let [0,7] > ¢t — p: be an ab-
solutely continuous curve such that the function Lip(v;) belongs to L ((0,T]) and
let ugp € Tany, (P2(R?)). Then there exists a parallel transport (0,T) > t — up €
Tany,, (P2(RY)) such that u; converges strongly to ug as t — 0.

Proof. Start assuming that ug is the gradient of ¢ € C®(R%). Fix € > 0, think V¢ as
a vector in Tan,,_(Z2(R?)) and define the vectors ui := T} (V) for any t € [¢,T], so
that we have uZ = Vy. From

g =gl = [lug =l = |75 (V) = Vollu. < Lip(Velw(e) 0<e <e<t<T,

with w(e) = [ [lvelldt, we get that for any ¢, the family {uf} converges in
Tan,, (P2(R9)), as € — 0, to a vector u; satisfying |luf — ut||,, < Lip(Vp)w(e). The
limit vector field u; is easily seen to be a parallel transport in the interval (0,7]: indeed
from the uniform bound (6.24) we get its local absolute continuity, and we conclude by
the stability of the solutions of (6.23).

From

el = T ], =l . =l [V
we get that the norm of wu; is constant, and equal to ||V¢||,,. Finally it holds
<u677]>’u€ = <u8 - uia 77>“5 + <u§77’]>“5 = RE + <V<)07 77>’u,5 VT] € Ccoo(RdaRd)v

where the term R. is bounded by |lu; — uf||,, sup |n| < w(e) Lip(Ve) sup |7].

For the general case, just approximate ug with smooth gradients wug, apply the
construction above to obtain the existence of forward parallel transports ¢t — uj of
ug and use the fact that (clearly) |uf — ui*||., = |lug — ui'|lu to get that for any ¢
the sequence (uj') strongly converges to some wu; such that |lu|,, = |luollu,- By the
stability argument used above we get that ¢t — wu; is a parallel transport on (0,7, so
we need just to prove that u; weakly converges to ug as t — 0. To prove this, observe
that since [0, 7] > t — u} is a forward parallel transport, passing to the limit as ¢ — 0
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in (6.23) we get that for every n € C2°(RY) it holds:

t
(08 Vi, = {08, Ty = [ (02520 0, dr < il Lin(Vnote)
Letting n — oo in the above inequality the weak convergence follows. O

Now we turn to the counterexample to the existence of the backward parallel trans-
port. As we will see, it is possible that a parallel transport u; exists for positive ¢,
that the vectors u; converge strongly to some vector ug as ¢t — 0, but such that the
vector ug is nmot a tangent vector: this shows that the general problem of existence of
the parallel transport is, in general, intrisically prohibited by the geometry of 225 (R?).
Observe that the curve considered is a geodesic.

EXAMPLE 6.37. Let Q = [0,1]x]0, 1] be the unit square in R? and let T;, i = 1,2,3,4,
be the four open triangles in which Q is divided by its diagonals. Let g := XQ.,?Z and
define the function v : Q — R? as the gradient of the convexr map max{|z|, |y|}, as in
the figure. Set also u = v*, the rotation by 7/2 of v, in Q and u = 0 out of Q. Notice
that u is orthogonal to Tan,(P(R%)), since it holds V - (up) = 0.

Set py := (Id+tv)gpo and observe that, for positive t, the support Q; of p is made
of 4 connected components, each one the translation of one of the sets T;, and that
He = XQt"%Q'

It is immediate to check that the velocity vectors of uy are given by vy := v o (Id +
tv)~!, so that Lip(vy) = t=1 and p; is locally reqular in (0,1), and that the flow maps
of ug in (0,1] are given by

T(t,s,-) = (Id+sv) o (Id+tv)~', Vt,s€(0,1].

Now, set uy := u o T(t,0,-) and notice that u; is tangent at pg, because u; is constant
in the connected components of the support of u. Since upyp o T(t,t+ h,-) = uz, we
obtain that u; is a parallel transport in (0,1]. Furthermore, since u; converges to u as
t — 0 and u ¢ Tan,(P(R%)), there is no way to extend u; to a continuous tangent
vector field on the whole [0, 1].

In the rest of the section we analyze some examples of parallel transport.

EXAMPLE 6.38 (Equation in the smooth case). Assume that ui(x) = Vp(t,z) for
a certain function ¢ € C?([0,1] x R, R) with uniformly bounded second derivatives.
Then it is easy to see that equation (6.21) becomes:

(6.36) v (Mt(atw F V2, vt)) —0.
or, which is the same
1
(6.37) / /<3tV<P + Va2 - v, Vdpdt =0, ¥y € C2((0,1) x R, R)
0

Observe that these equations are valid without any regularity assumption on the mea-
sures involved.



4. PARALLEL TRANSPORT 117

EXAMPLE 6.39 (Geodesics). Consider a geodesic t — p; defined on the interval
[0,1]: we want to prove that in any interval of the form [e,1 — €| it is reqular and its
velocity vectors are a parallel transport on each interval of this kind.

Fizt € (0,1); we know from proposition 2.11 that there exists only one optimal plan
between py and py and that this plan is induced by a Lipschitz map Ty with Lipschitz
constant bounded by t='. We know also that for s € [t,1] it holds ps = (Id + *=H(T} —
Id)) e, the transport map being optimal. Calculating the velocity vector vy as limit
of the optimal transport maps, we get v; = (1 — )1 (T; — Id), therefore its Lipschitz
constant is bounded by (1 +t)(t(1 —t))~! (actually, since Ty is monotone, it can be
proved that Lip(vy) < (t(1 —t))71). Our claim on the regularity of p: in [e,1 — €]
follows.

Now assume that the geodesic [0,1] > t — p; is induced by a Lipschitz optimal map
T. In this case its flow is given by

T(t,s,-) = (Id + s(T — Id)) o (Id + t(T — Id))",
and the velocity vectors satisfy
vs =v o T(t,s,),

therefore a direct calculation shows that vy is a parallel transport.

EXAMPLE 6.40 (Constant vector fields). Let t — u; be a reqular curve, v € R? and
Cy the function on R? constantly equal to v. Define ug := C, € Tan,,(P2(R%)). We
claim that the parallel transport u; of uy along py is given by uy = Cy, for all t € [0, 1].

The proof is immediate: it is sufficient to observe that u(x) = V(t,x), where
o(t,z) = (z,v), and to verify that ¢ satisfies equation (6.36).

EXAMPLE 6.41 (Translations). Choose pg € P2(R?) and an absolutely continuous
curve [0,1] > t — ~(t) € R? such that v(0) = 0. As before, for any vector v € R?, let
Cy : RY — R? be the function constantly equal to v. Define p; := (Id + Cy 1)) #H0, SO
that py is the translation of py by the vector ~(t).

It is clear that in this case the curve py is reqular and that its flow maps are given

by
(6.38) T(t,s,2) =+ v(s) — ().
Furthermore, it is easy to check that the composition with T(t,s,z) defines an isom-
etry from Tany, (P2(R%)) to Tan,, (P2(R%)), therefore (by construction) the parallel
transport maps coincide with the composition with the flow maps: i.e. for a given
ug € TanuO(WQ(Rd)), the parallel tranport uy of ug along us is given by

(6.39) ur(z) = uo(x —y(t)).

EXAMPLE 6.42 (Separate sets). The parallel transport behaves independently on
different connected components of supp p;. Indeed, recall remark 6.17 and observe that,
with the same notation, a simple cut-off argument shows that u € Tan,, (Z2(RY)) if and
only if u € Tan,,; (22 (RY)) for anyi = 1,...,n. Therefore a straightforward application

@
t
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of the definition of parallel transport gives that t — u; € Tan,, (P5(R%)) is a parallel
transport along p: if and only if t — uy € Tanﬂi(ﬁg(Rd)) s a parallel transport along
ut foranyi=1,... n.

5. Covariant derivative and curvature operator

In this section we analyze the covariant derivative and the curvature tensor induced
by the parallel transport we defined.

It is well known that, in the classical Riemannian setting, the definition of parallel
transport leads to the one of covariant derivative via the formula
Tt (u(s)) — ult
(6.40) Vipu(t) :== lim s (u(s)) *)

s—t s—t

9

where (t) is a smooth curve, u(t) € Ty M is a smooth vector field and T¢, for any
s, t, is the parallel transport map from 7', M to T ;)M along 7.
The same construction may be used in the Wasserstein setting:

DEFINITION 6.43 (Covariant derivative). Let p; be a regular curve, let v, €
Tany,, (P2(R9)) be its velocity vector and let uy € Tan,,(P2(R%)) be an absolutely con-
tinuous vector field along . The covariant derivative of uy along g is:

Ist (us) — uy

Vo, Ug := lim
Ut pame s—t 3

where T} are the parallel transport maps along y; and the derivative takes place in Lit.

Using the definition of absolutely continuous vector field, it is not difficult to check
that the covariant derivative exists for a.e. ¢ and that the function t — ||V, u|,, is
integrable. Indeed, inequality (6.34) implies that the covariant derivative satisfies:

Pt — T(t.s.-) —
(641) V”Utut — }Sli)rl “g(us)tut — P#t <hm Ug © ( , S, ) ut) )

t S — s—t s—t

If the vector field u; is given by the gradient of smooth functions, i.e. if uy = V()
for some ¢; € C°(RY) smoothly varying in time, the previous equation reads as

(6.42) Vo us = Py, (&ngot + V?L,got . vt).

Equation (6.42) and the analogous one (6.36) were first given in [43], although from
a formal viewpoint and under stronger assumptions on the measures p;.

Having defined the covariant derivative, our first goal is to prove that it is the Levi-
Civita connection on (%5 (R?), W5). Recalling the discussion made for the classical case
of Riemanniann manifolds, we need to prove that it is compatible with the metric and
torsion-free. The compatibility with the metric is a simple consequence of the definition:
indeed, for a given couple of absolutely continuous vector fields u}, uf € Tan,, (Z2(R%))
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along the regular curve us, we have:

d d d
£<ut17 u?)ut <dtutl7 u?)u + <u%7 %u?>,u,t
d d
(6.43) = P (gt ) + kP (02

1.2 1 2
= <vvtutvut>ut + <utvvvtut>utv

having used the Leibnitz rule (6.15) and the fact that both vector fields are tangent.
To prove the torsion-free identity, we need first to understand how to calculate the

Lie bracket of two vector ﬁelds To this aim, let ui, i = 1, 2, be two regular curves such

that py = pd =: p and let u} € Tan (@g(Rd)) be two absolutely continuous vector

fields along u! satisfying uo = Uo Where vt are the tangent velocity fields of pi. We
assume that both the velocity ﬁelds v of p! and the derivative of u! exists for all t
and are continuous in time w.r.t. the strong convergence of maps, so that the Leibnitz
rule (6.15) holds for all the times (and not just as functional equality) and the initial
condition makes sense.

Let us consider vector fields as derivations, and the functional p — Fy(p) := [ nd,u,
for n € C°(R?) fixed. By the continuity equation, the derivative of F along u? is
equal to (Vn, u?) 2+ therefore from the fact that up = vE we get:

d d
W@ F) ) = 5 (V0u) ),y = (Vi o), + (T, S|,

= <V277 UO,U(])M—{— <V77’ vvgu?>u

Subtracting the analogous term u?(u!(F,))(x) and using the symmetry of V2 and the

identities u = U(l) ti=0,1, we get

[wh, w?)(Fy) (1) = (Y, Vgui = Vozuy),,.

Given that the set {Vn},cce is dense in Tan, (% (R?)), the above equation charac-

terizes [u',u?] as:

(6.44) [ul,u?] =V 1ut \Y 2ut,

which proves the torsion-free identity for the covariant derivative.
In the case of the parallel transport along a flow, considered in Remark 6.34, given
that the right composition with X (¢, s, ) is an isometry from Lit to Lis, it holds

<ui7u§>u. = <’LL; o X(ta S, )auz ° X(t,S, ‘)>Mt’

subtracting (u}, ut) , dividing both terms by s — ¢ and letting s — ¢ we get that the
Leibnitz rule holds even using the maps X (¢, s, -):

d d d
$<U%,u?>m = <£U; © X(t,S, ‘)|s:t’u?>ﬂt =+ <’LL%, %ug ° X(t,S, .)|s=t>#t’
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for any couple of vector fields u? such that t — u} o X(s,t,-) is absolutely continuous
for ¢ = 1, 2. From this formula it follows that the parallel transport along any flow X
compatible with p; preserves the scalar product.

Of course, different parallel transports define different covariant derivatives @vtut
via (6.41): they are expressed by

- d
Vo ug := Py, (dsus o X(t,s, -)‘S:t) .

Denoting by 7; the velocity field of X, we get that the covariant derivative of the vector
field u; := Vi, ¢ € C2(R?), is given by V,, Ve = P,,(V3p - 3;). It is easy to check
that a generic covariant derivative is not torsion-free. Indeed, assume that it is and
observe that in this case the two following equations hold:

(Vo Ve?, VE) , + (Vo?, Vo Ve?) , = (Vo Ve?, Vo), + (V2 Ve V),
Vv Ve® = Vy,e Vel = Vg1V — Vg2 Vo',

for any ¢! € C°(R?), i = 1, 2, 3. From these equalities, with some algebraic manipula-
tions (more explicitely, by following the calculations indicated in the Koszul formula), it
follows that (Vg1 Ve?, Vg03># = <@v¢1 V2, Vg03>#, so that the two covariant deriva-
tives coincide.

It remains to prove that if a different low X induces the same covariant derivative
of the flow T, then X = T. To prove this observe that in the identity

(V2% -0y, V), = (V2p v, V), Vo.neC(RY

we can use test functions ¢ € C?(R?) with uniformly bounded second derivatives (by a
simple approximation argument based on the finiteness of the second moments of ;).
Choosing ¢(z) = |(x, £)|? gives

/gg<7~)t — v, &)dpy =0 Yne CPRY), ¢ e R™

This means the symmetric part of the distributional derivative of the vector-valued dis-
tribution (0 —v;)ue vanishes; Korn’s inequality gives that the distribution is equivalent
to a constant. By integrability, this constant must be 0, i.e. ¥y = v; p-a.e. in R,

The definition of covariant derivative allows us to define the curvature tensor and
to check, at least formally, that (Z5(R9), W) is positively curved by proving that its
sectional curvatures are always non-negative. The spirit of the foregoing discussion and
the calculations we do, are basically borrowed from Lott’s work [43].

Given four vector fields p +— V(pz € Tan, (P (RY)), i = 1,...,4, the curvature
tensor R calculated on them is defined as:

(R(Veu, Ver) (Vo) Veou), - = (Vuer (Vo Vep), Vi),
- <VV<pﬁ (VV@}LVQDi)a VQD?)M
3 4
- <V[V¢}L,V¢ﬁ}v@;ﬂ VSO'LL>“'

With the same calculation used in the classical Riemannian case, it is easy to check
that R is actually a tensor, i.e. that its value at the measure p depends only on the
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value of the four vector fields at p. Therefore in order to evaluate it, we can consider
the simpler vector fields p — V! € Tan,(Z2(R%)), i = 1,...,4, where the functions
©' do not depend on the base measure p. This will simplify the calculations. Under
this assumption we have

(6.45) VoV =P, (V?p-v) Yo € Tan, (P (RY).

In order to give an explicit formula for R, it is useful to introduce the function
Eule!, %) € L, as

Eul@', 0% = P (V20! - V?) = V2! - V2 — Vg 2 Vo' (1),

Observe that from V2ol V? + V20?2 - Vol = V((Vpl, Ve?)) € Tan,(P2(R?)) we get
5#(9017 902) = _£M(9027 ()01)

PROPOSITION 6.44. The curvature tensor is given by

(R(V, Vo) (Ve?), V'), =(€u(@ 01, £u(9,9°)) , — (€u(e", %), €u(?, o)),
— 2(u(¢", ), £, M) -

PROOF. Define p; = (Id + tVo')gp and F(v) == [ndv with n = (V3 -

V2, V). Evaluate the derivative at t = 0 of F(u;) to get

d
prRA dt/nO(IdthVso Ydu|,_y = (V1, V'),

On the other hand, using equations (6.45) and (6.43) we have

d 2 3
@F(Mtﬂt:o dt<v P - V?, V' )t =0
d

dt <VVQDZVS0 (/’Lt) VQO >ILL-f|t 0
= <VV301 (VVL,OQVSO ),VQD >M <VV¢2VSO37VV¢1VQO4>/;

Coupling the last two equations and then using the trivial identity (P, (v), Pu(w)), =
(v,w), = (P (v), P (w))

<VV<p1 (VVQDQVSD?))v v904>p

s valid for any v, w € Li, we obtain the equality

(V{(V2* - Ve?, V")), Vel , — (Vo Ve, Ve Vi),

(V(V2%® - V?, V'), Vil), — (V20® - V2, V2! - Vel
+ (¢, 0, 6u(@h 01)) e

The computation of the gradient of (V23 - V2, Vip?) gives

(6.46)

(Vou (Vye2Ve?), V'), /V3 J(Ve?, V!, Vol du + (V29* - V!, V2p? - Vel ,

<£H(90 y P )agﬂ((p y P )>M
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Analogously, it holds:
(6.47)

(V2 (Vo Ve?), V'), = / V2 (V! , V!, V?)dp + (V2® - V! V2! - Ve?) |

+ (€@ @1, €@ 0) s
so that, subtracting (6.47) from (6.46), the symmetry of V3?3 gives
(Vyo (Vv Ve?), V904>H — (V2 (Ve V'), V804>M
(6.48) = (V20 - Vo', V22 - V), — (V29® - V!, V2l - Ve?),
+ (@ 00, 6u(@h 0")) = (€u(@®, 1), €l 7)) 0
Recalling equation (6.44) we get
(Viver,vp2 V™, Vo), = (V26 - P (V2% - V! — V20l - Vp?), Viph)
= (Pu(V?9? - Vo' = V2! - V?), V26 - Vit
= (V2 - V!, V2p? - V! — V2! - V),
— (€u(@® 1), u(@® 0) , + (Euleh, 0), Eu(¢7, )

Subtracting the last equations from (6.48), all the terms except those involving the
functions &, cancel, and the thesis follows. O

From the representation formula of the curvature tensor, it follows immediately
that the sectional curvatures of Z5(R?) are non-negative (for the definition see, for
instance, [33], Chapter 4, section 3). Indeed, it holds:

(R(Ve, V)V, V), 3l1€u (", )17

K(Vp, Vi = o
Vo VO = G R Vel — (Ve vl IVeRIVelE — (Ve Vo)

6. A distance on the tangent bundle

Recall that, for a Riemannian manifold M, it is possible to endow the tangent
bundle TM with a natural Riemannian metric, the so-called Sasaki metric, in the
following way (see also [33], Chapter 3, exercise 2).

Fix a point (p,u) E TM and choose two regular curves [0, ] >t —al(t) € TM,

i = 1,2, such that a!(0) = a?(0) = (p,u). Let (p'(t),u’(t) a'(t) and vi(t) =
(pi(t )) , 4 =1,2. Clearly V' := (a")'(0) € T (TM), i = 1, 2 The scalar product
{-,-)" between V! and V? is defined as

(VEVZ)" = (010),0%(0)) + (Vorut (0), V,eu?(0)).

It is possible to show that this is a good definition, that is, it depends only on V!, V2
and not on the particular curves a!(t), a?(t), therefore it defines a metric tensor on
TM. It is then easy to see that the distance d on T'M induced by this metric tensor is
given by

(6.49) (0! u), (07, ) = inf (L))" + T () = ??,
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where the infimum is taken among all the smooth curves (¢) in M connecting p' to
p?, L(7) is the length of v and 7 (u') is the parallel transport of u! along v to the point
p?. This definition has a Wasserstein analogous, as it doesn’t rely on a differentiable
structure of the tangent bundle to be written.

So turn back to the space (Z(R%), W) and recall that for a given absolutely
continuous curve ¢ — p; on [0, 1] we define ﬁﬁ (1e), 0 < t; < tg <1, as the length of
the curve on the interval [t1, to]: £§f (e) := fttf ||ve|| o, dr, where vy is the velocity vector
field of p¢. We will also set £(p:) := L{(ut) for a curve parametrized in [0, 1]. Recall
also that for a regular curve ¢ — i, we define 7;° : Tan,, (Z(R%)) — Tan,,, (Z2(R%))

as the parallel transport maps.
The tangent bundle is defined as

Tan (%5 (R%)) := {(,u,u) e Po(RY, uc Tanu(QZQ(]Rd))}.

Throughout all this section, we say that a sequence (g, uy) converges to (u,u) if the
measures converge w.r.t. W and the maps converge strongly, i.e. if:

lim W (pn, p) =0,
n—oo

(6.50) i {fun 0, = g,
lim (un, V), = (u,Ve), VeeCXRR).

REMARK 6.45. Actually in general, to have strong convergence of maps we should
ask for the third of the above equations to hold for any smooth vector valued map
n € C®(RYLRY), and not just for gradients. However, since the vectors (uy),u are
tangent, this more restrictive choice is still sufficient to get the desired convergence.
Indeed, let u be any weak limit of (u,) (which exists, because the second equation gives
a uniform bound on the norms), and observe that the third equation implies P, (u) = u,
therefore the claim follows from

ullp < Nully < Hm |fup],, = lull,-
n—oo
In the following we will, with some abuse of notation, say u,, converges to u instead
than (g, u,) converge to (u,u).
By analogy with equation (6.49), we define the following function on
[Tan (Z5(R%))]2:

d*((p,u), (v,v)) = inf {(Lé(ut))2 + v - T&(U)H%}

where the infimum is taken on the set of regular curves ¢ — u; on [0, 1] such that py = p
and p; = v. In particular we define d((p, u), (v,v)) := +o0 if there is no regular curve
connecting p and v.

The first properties of d are collected below.
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PROPOSITION 6.46. The function d is non-negative, symmetric and satisfies the
triangular inequality. Moreover for any couple (u,u), (v,v) € Tan (P(RY)) and every
¢ € CX(RY) it holds:

W () < d((pz,w), (v,0))
[l = Wl | < d((a, ), (v,0)),

‘(u, Vo), — (v, Vo), | < d((p ), (v,0)) ([lull, Lin(Ve) + Vel

Proof. The non-negativity and the triangle property are clear. For the symmetry it is
enough to observe that for any regular curve connecting p and v it holds || 7! (u) —v||, =
|lu — T2(v) ||, given that the parallel transport is norm preserving.

The first inequality is obvious. For the second, notice that ||ul, = |75 ()|,
therefore ||[ull, — [[vll| = |17 (W)]lw = [Jv]lv| < [ 73" (u) = v]l,. To prove the last one
start observing that for any regular curve ¢ — pu; connecting p to v, the function
t — (T (u), V) .. i absolutely continuous and its derivative is given by

d

(T3 (W), Vo), = (75 (w), V?o - vr),,, < Lin(Vo)llullullvel

where v; are the velocity vectors of ¢ — ;. Integrate to obtain

(0, V), = (T (), Vo), | < Lin(Ve) full o £(10).

Finally observe that

(T (), Ve), - (v, V%),

<175 (w) = vl Vel

g

The first properties stated above suggest that d behaves like a distance on
Tan (P5(R%)), the only problem being that it is not real valued. Given that the regular
curves are dense in the set of absolutely continuous curves, a natural candidate for a
relaxation of d is its lower semicontinuous envelope d*, defined by:

d*((u,U),(% U)) = inf lim d((un,un),(vn,vn))-
(=i o

However, it seems that the function d* does not have sufficient regularity properties.
For instance it is not clear - to the author - whether d* satisfies the triangle inequality.
Therefore we modify a bit the definition, and we introduce the function D as:

D((n,u), (r,v)) = inf {d* (1, V), (v, 98)) + llu = Vepllu + o = wnu}.
P peCe (RY)
With the introduction of D we are allowed to regularize the vectors u,v provided we
pay the L? difference between the regularizations and the vectors themselves.
We want to prove that D is a distance on Tan (#5(R?)) with metrizes the conver-
gence of maps.
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It is easy to check that the following inequalities are valid for any couple
(1), (v,v) € Tan (P2(R?)) and every ¢ € O°:
W (p1,v) < d*((1, w), (,v),
Hull = o]l | < d((a,w), (v,0)),
‘<u7 V), — (0, Vo), | < d* (1, u), (v,0))(lull Lip(Ve) + [Vell,)-

Indeed all of terms, apart d*, are continuous w.r.t. to convergence in Tan (QQ(Rd))i
therefore the inequalities follow directly from the analogous inequalities valid for d.

From the latter inequalities it is just a matter of simple algebraic manipulations to
show that D satisfies:

(6.502) W(pr.v) < D( (1. 0). (1,0)).
(6.500)  [llull, = ol | < Dm0, (.0)).
(6.50¢)

(0, V), = 0,96), | < D((, ), 0,0)) (lullu Lin(Ve) + 2|V, + [ Veell).

PROPOSITION 6.47 (D is a distance). The function D is a distance on Tan (P, (R%)).

Proof.  Clearly D is non-negative, symmetric and D((u,u), (4, u)) = 0. Equations
(6.50) show that if D((p, u), (v,v)) =0, then p = v and u = v.

Consider now a geodesic p; parametrized in [0, 1] connecting i to v and find a vector
field (not necessarly continuous) u; such that (p,u;) converges to (u,u) as t — 0 and
to (v,v) as t — 1. Recalling that any geodesic is regular if restricted to the interval
[e,1 — €] we can bound d* from above with:

@*(n ), (,0)) < Jim (e 1), (12 01-2))

< lim W, v) + | T (ue) = wr—e |y .

e—0

< W, v) + llull + ol

Being d* real valued, so is D.

It remains to prove the triangle inequality. Fix three couples (uf,u’), i = 1,2,3,
and choose a minimizing sequences for D((u!,u'), (12, u?)), that is: two sequences of
L w2 e C>(R%, R), n € N, and, for every n € N, two sequences of

smooth functions u,,,
2 .
measures (4, ,,,), (Unim), and a sequence of regular curves t — v2 | (t) connecting s, ,,

to ,u%ﬁn, such that: lim,, W(,u,lhm,,ul) =0, lim;, oo W(u?{%,uz) =0 and
* a : a a a 1/2
@ (', Vb, (2, Vu2) ) = T (£200) + | (T (Vub) = Vu2®Paa )
D (). (2, 2)) = tim (@ (' V), (2, 922)

IV =+ V2 — u2||,ﬂ)7



126 6. AN APPROACH TO SECOND ORDER ANALYSIS

where (7,,,)i, t,s € [0, 1], are the parallel transport maps along t — vy, .,(t). It is easy
to check, using proposition 6.21, that the curves ¢t — vy, . (t) may be chosen such that
for every n,m the support of the measure vy, ,(t) is made of exactly m points, each
of mass 1/m. Pick an analogous minimizing sequence for D((u?,u?), (u®,u?)), made

. 2b 3 2,b 3 b 2,0
of smooth functions uy", uy,, measures ppm, iy, ., and curves t — v, .. (t) from p/m

to ,ui’m. Observe that W(u,%’y%l, u,%’f?n) — 0 as m — oo, because both the sequences

converge to ,u2, and that for every n, m, both the measures M%?n and ui’,’in are discrete
and the mass of their points is 1/m. In this case we know (see also remark 1.16) that
there exists an optimal transport map from px%, to ,u%’f;n. Let [0,1] > t — oy m(t) be
the geodesic induced by this map and observe that it is regular on the whole [0, 1].
Define a regular curve t — finm(t) on [0,3] by joining v4 . (£), onm(t), V], (t): its
extreme points are ,u,lum, u%m, which converge to u' and p? as m — oo. Therefore,
for a fixed n we can use these curves to estimate d*((u', Vul), (13, Vud)) as follows

((7p,m){ are the parallel transport maps along ¢ — fiy m (1)):

* . 1/2
a (!, Vun), (1%, V) ) < lim (L2(mnm) + | (T 3(Tuh) = Viilla )

m—00

m—00

— u 1/2
< B (L2 ) + | (Tasn)b(Vul) = Va2l 20 )

> 1/2
+ T (£2nm) + T RV = V)

# (07,0 + T2 - Vi, )
<d* ((ul, Vaul), (42, Vu%’a)) +d ((,UQ, Vur®), (1, VU%))
+ IV = V|2
<d" ((ul, vaul), (42, Vu%’“)) +d* ((MQa V), (4%, V“@)

+ [ Vun® = w2 + 1 Ve? =2,

where in the third step we used lemma 6.35 and the fact that W(u%ﬁn, u%’}:n) — 0 as
m — 0.
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Now choose Vul, Vu3 as regular functions to bound from above D((u!, ul), (43, u?))
with

D((u' ), ()

< him <d* <(lulavurll)7 (:U’Sa vu?z)) + ”ul - VurlLHul =+ Hu3 - VUTSZ"M?’)

n—oo

< lim (d* (et T, (2, T2 ) + d (2, Tu2?), (6, V)

n—oo

+ || Vu2e — U2HM2 + [|[Vu? - u,zl’bHMa + [Jut — Vu}1||u1 + |Ju? — VuleM;a)

< D), (62, w?) + D((, ), (1))
0

PROPOSITION 6.48 (D metrizes the convergence in Tan (P5(R%))). A sequence
(fin, un) converges to (p,u) in Tan (Po(R?)) in the sense of equations (6.50) if and
only if D((fn, un), (1, u)) converges to 0.

Proof. Let (it,u), (fin, un), n € N, be given couples in Tan (P (R?)).
Suppose that D((u,u), (tin,un)) — 0. Then equation (6.50a) implies that
W (p, ) — 0, equation (6.50c) that the maps u,, converge weakly to u and equation
(6.50b) gives the convergence of norms. Therefore the maps converge in Tan (5 (R%)).
For the converse implication, fix a function ¢ € C>°(R%) and choose, for every n,
a geodesic puy,(t) from p to py, and let, for any 0 < € < 1, 7, be the parallel transport
map from i, (g) to un(1—¢). Fix n € N and observe that we have the following bound:

D( (1), (1ns un) ) < d* (12, V), (s V2) ) + l[u = Vol + i = Vg,

1/2
< tim (1= 22220 ) + 1T5(70) = Vol 1-0))

+[lu = Vel + lun — Vol u,
S W, pn) + Wy pn) Lip(Vep) + [Jlu — Vool + [lun — V|, s

having used lemma 6.35. Letting n — co we get
i D (2, ), (tns wn) ) < 2w = Vgl
n—oo

therefore the thesis follows by letting Vi — u in Li. g

REMARK 6.49. With the same spirit it is possible to extend D to a function on
Tan (Z2(RY)) = {(p,) : v € P2(R*?),,}, provided we define what do we mean for
convergence of a sequence of maps u, € Tan,, (P2(RY)) to a plan v € Po(R*?),,.
Howewver, independently from this definition, it is possibile to show that the resulting
space (Tan (P5(R?)), D) is not the completion of the space (Tan (P5(R%)), D). Indeed,
the problem is that a sequence of tangent maps may converge strongly to a non tangent
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map: in proposition 6.11 we showed that actually any vector, tangent or not, may be
approximated in the sense of strong convergence of maps with tangent vectors.

The distance D is closely related to the behavior of parallel transport along regular
curves, as the following proposition shows.

PROPOSITION 6.50. Let t — (ug,ug) be an absolutely continuous curve in
(Tan (P5(R%)), D). Then t — py is an absolutely continuos curve in (Po(RY), W)
and it holds

(6.51) lim D<(”S’“S)’ (Nt:ut))

>
e |S—t| = ||thllt7

for a.e. t, where the vy are the velocity vectors of .

Conversely, if t — uz is a regular curve and t — uz a parallel transport along it,
then t — (ug,ug) is absolutely continuous in (Tan (Po(R%)), D) and the equality holds
in the above limit for a.e. t.

Proof. The first claim follows directly from inequality (6.50a). For the second one just
observe that D < d and estimate d((,us, us), (ft, ut)) from above by using the regular

curve 7 — fh(1—p)tirs- [

This proposition suggests a way to generalize the definition of parallel transport in
the following way:

DEFINITION 6.51 (Weak parallel transport). Let t — u; be an absolutely continuous
curve and vt its velocity vectors. We say that t — uy € Tany, (P2(R?)) is a weak
parallel transport along pg if t — (pg, ug) is absolutely continuous in (Tan (Po(R%)), D)
and equation (6.51) holds for a.e. t.

For the weak parallel transport we are able to prove that it is norm preserving and
satisfies equation (6.22), which characterizes the parallel transport along regular curves
without the flow maps.

PROPOSITION 6.52 (Properties of weak parallel transport). Let uy be an absolutely
continuous curve and let uy € Tany,, (P5(RY)) be a weak parallel transport along it. Then
t = |lwelly, is constant, t — (ug, V), is absolutely continuous for every n € C(RY)
and it holds

d

£<ut,Vn>m = (ug, V21 - V), a-e. t.
Proof.  Start observing that from inequality (6.50b) and the absolute continuity of
t — (u,ur) € (Tan (P5(R?)), D) it follows that ¢ — ||lue]|,, is absolutely continuous,
too.

Now let ¥ C [0, 1] be the set of ¢ such that the metric derivative |f| and the velocity
vector v of u; are defined and the equation of weak parallel transport is satisfied, i.e.
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the set of those ¢ € [0, 1] such that:

. Jedpn — [ odpy 0 (Tpd
}Lli% A - <'Ut7v90>‘ut7 VSO € CC (R )7
. W(ttgn, i)
1 _— =
hli% h Hthm,
Lim D((Ht’ut)u (Nt—l—haut-‘rh)) _ HU H
h—0 h Hine:

and recall that by theorem 3.4 we know that £1([0, 1]\ X) = 0. Therefore to prove that
t— ||ut”;2Lt is constant, it is sufficient to show that its derivative is 0 at any t € X.

Fix such a ¢ and a sequence h™ | 0. By definition of D and with a diagunalization
argument, we can find first two sequences of functions (¢"), (¥") C C°(R?) then a

sequence of regular curves parametrized by arc length [0,k"] > r — v such that it
holds:

— W(u,v§)(1 + Lip(Ve"))

(6.52) lim o =0,
— n, Vi ) (1 + Li "
and

D () G ) <4072+ (T8 (V) Va2
(654) + ||VQOn — Ut”pt"‘ van - ut-i-h"”#u-h"
SD((Mh Ut), (Ht—l—h") ut—l—h”)) + hnw(n)7

where (77);2 are the parallel transport maps along v;’ and w(n) — 0 as n — oo.

From equations (6.52), (6.53), inequality k™ > W (v, v}) and by our choice of t,
it follows lim,, k" /h™ > ||v¢||4,. Therefore inequalities (6.54) imply

D { IV s 1Vl [0l [ 9l < o,
n

n

T 2 = o,
Tn k™ Vo) — Vo n
(6.55) lim ¢ )0 ( (Zn) " f o,
i 19" =l _

o IV = sl

n— oo hn

=0.
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Now define A;, := |[|Vo" —uy|u,, Bn := [[VU" —ugipnnllyyypn» Cn = [(T™)E" (V") —
Vw"Hg? and observe that it holds

:‘ (Uggnn + V" upppn — VP™)
n2 ni|2
IV | — IV 5,
+ (VY™ = (TG (V") Vi + (T")lén(VSO")%gn
+IV 2 = V"2,

2 2
sl = Tl

— (ue + V", ue — Vo)

<Bp

et + V"
o+ Lip (VYW (it Vi) (19" o+ 199", )
V4lug, + I Velg
+ Lin(Ve" )W (e, ) (V" s + 196" 1)

+ Ay

+Cp

(el + Ve

Dividing by A", letting n — oo and using equations (6.55), we get that

lunn 7,y = Nl

S hn =0
By the arbitrariness of t € ¥ and h,, | 0 we conclude.

Now we turn to the study of ¢t — (u;, V), for a givenn € C2° (R). Start observing
that from the fact that ¢ — |Ju¢||,, is constant and by inequality (6.50c) we get that
t — (ug, V) 4, 18 absolutely continuous. With the same notation as above and with

calculations similar to the ones just done, it is possible to check that it holds

n\k™ n _ n
. (utnn, VD) = (s Vb, o (T™)5 (Ve"), Vn)yn, — (Ve ,Vn>yg.

Now observe that the right hand side can be evaluated using equation (6.23):
(T (V™). Vi), — (V™ Ty

1m

n—00 h"
. 1 i n\T n 2 n
— hm h7 <(T )O(VSO ),v n- ’U7.>Vnd7a7
n—od 0 "

where v € Tan,n (%2(R?)) are the velocity vectors of r — 1. By equation (6.55) it
follows that for any r € [0, k"] the sequence ((T™)5(V¢"™)) strongly converges to u; as
n — oco. Therefore our thesis will be proved if we show that V" := (h")~! fokn v o
(TT)4dr € ng weakly converges to v; as n — co. To prove this, fix £ € C®(R?) and
observe that from equations (6.55) and the fact that Lip(§),Lip(VE) < oo it follows
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that

<V£, Ut>ut =

Let V' be any weak limit of (V™) and observe that the above equations are equivalent
to P, (V) = v;. To prove that V is tangent, and therefore equal to v;, observe that:

[oellue = 1B (Ve <NVl < Tim [JV7

ly L e = J &y, JED ZJEE e gy

n—oo
kn
Jo lorllypdr k"
< 0 r v — 5 Mo
= e hm T 25 = el
hence ||V, = || Py, (V)| and the thesis is proved. O

It should be noticed that it is not clear - to the author - whether the weak parallel
transport preserves the scalar product, nor if it is unique. From a tecnhical point of
view, the big obstacle is that, if u},u? are two absolutely continuous vector fields w.r.t.
D along the same absolutely continuous curve gy, it is not clear whether the vector
field uj + u? is absolutely continuous or not.

Furthermore, the density of regular curves is not enough to gain existence of weak
parallel transport through an approximation argument. The key problem is that the
space (Tan (23(R%)),D) is not complete. Example 6.37 shows that it might be im-
possible to extend a (weak) parallel transport “backward” to the initial point of a

geodesic.

We conclude with a result regarding the lower semicontinuity of the function
d. Given the definition of D and d*, a natural question is the following: is
D((p,u), (v,v)) = d*((p,u), (v,v)) = d((u,u),(v,v)) on those couples such that
d((p,u), (v,v)) < +00? The answer is no, as we are going to show now.

The key fact is the possibility to “separate” the supports on the approximating
curves. Observe that it always holds d* < d, and, if the vectors are smooth, D < d*,
therefore we prove our claim if we build an example in which

d*((p, w), (v,0)) < d((p, u), (v,v)),
such that u,v € C°(R% R) and the right hand side is finite.
Examples exist in every dimension, however, for the sake of simplicity, we show an
explicit construction only in R2.
Fix two positive numbers a, b. Define A := {1} x[0,a] C R?, B := {1} x[0,a] C R?
and 0 = p! := (2a)7'H! where H! is the 1-dimensional Hausdorff measure. Now
define

lauB’

—{ (0,b), x € A,
u'(z) = { (0,-b), =€ B,

and u!(x) := —u’(z).

Clearly u' € Tan,i(Z2(R%) N C(R%,R), i = 0,1. It is clear that there exists at
least one regular curve ¢t — p; connecting u° to u! (consider for instance the constant
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curve t — %), therefore d((uo, u®), (ut, u1)> < 0o. We claim that for a,b large enough
it holds

d*((uo, u?), (u', ul)) < d((uo,uo), (ul,u1)>~

We start with a lower bound for d((uo, u®), (u?, u1)> . Choose a regular curve t —

connecting u° to u!, let T(t,s,x) be its flow maps and set T(x) := T(0,1,x). Since
supp(p®) = supp(p!') = AU B, it must hold T(A U B) = AU B. Moreover, since T
is an homeomorphism of R? into itself and the sets A, B are separated it must be true
one of the following:

case 1 T(A) = A and T(B) = B,

case 2 T(A) = B and T(B) = A.

In case 1, examples 6.40 and 6.42 ensure 7! (u®) = u, therefore we obtain the bound
(L) + 1T () = w120 = fJu® = ul ||, = 2b.

In case 2, proposition 6.53 below, ensures that the length of ¢ — p; is bounded
from below by a/8: we postpone the proof of this to avoid losing continuity in our
discussion - here we just observe that this bound exists because if A and B exchange
in a continuous way, then “one has to pass above the other”. Therefore it holds:

(Lo () + 1175 (1) = u22) "2 = Lo(ue) = a/8.

In summary, we have the following lower bound on d:
(6.56) d<(u0, uo)(ul,ul)) > min {g zb} .

Now we want to build a sequence of measures (uy,), such that W (u°, p,,) — 0, and
two sequences of functions (uf) € Tan,,, (22(R%)), i = 0, 1, which converge strongly to
u?, i =0,1, such that
lim d((un, ) (s %)) < min {g 2b} :

n—oo

In order to do so, find, for every n € N, a family of intervals I C R, i=1,...,n
such that

I'ni} =0, vneN1<i<n,
lim sup H'(I7") = 0,
lim I" =0, al,
n—oo
where I := U} I* and the limit is intended w.r.t. the Hausdorff distance on compact
sets. Now define A,, := {—1} x I" C R?, B" := {1} x I" C R? and
1 1

Hin 2= 2H1(I”)H |A”uB"'
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Finally, define u! as

o, ~. | (0,b), xzeA™
up () = { (0,—b), =€ B",
and ul(z) = —ud(z). It is clear from the definition that (u,) converges to pl = pt

w.r.t. W oand (ul) to u® w.r.t. the strong convergence of maps.
Corollary 6.55 below ensures that, for every n € N, there exists a regular curve
t — pn(t) whose length is given by

2 < (H'(I}))
(6.57) Lo(un(t)) = <Y HUI 1+ =),
o HI(I") 2 ( 3 )
such that
(6.58a) T,(A") = B",
(6.58Db) T,(B") = A",

where T, (z) := Ty (0,1,z) and T, (¢, s, z) are the flow maps of t — p,(t). Equations
(6.58), examples 6.40 and 6.42 ensure that 7' (u)) = u).. Therefore we obtain the
inequality

A . 00 s 10h) ) < (L8 () + 176! () = )
2 n Hl I

Passing to the limit we get

1/2

lim d( (), (s uf) ) < 2.

n—oo
therefore choosing a > 16 and b > 1 we get
@ (0,0, () < dim d (), (s ) ) <2 < (00, 00), (! ),
n—oo

as desired.

Observe that, with minor but tedious modifications, it is possible to define the
measures u*, pr, @ = 0,1, to be absolutely continuous with C*° density.

PROPOSITION 6.53. With the same notation as above, suppose that for a certain
reqular curve t — p; we are in case 2: that is, suppose that T(A) = B and T(B) = A,
where T(z) := T(0,1,z) and the maps T(t,s,x) are the flow maps of t — p,. Then
the length of the curve is at least a/8.

Proof.  For any two points x4 € A and zp € B define the curve [0,1] 5 t —
f(za,mp,t) € ST (ST being the unit circle in R?) as

_ T(O,t,.’IZ‘B) — T(Oatva)

B |T(0,t,1’B) - T(Oatva)‘ .

f(xa,xp,t):
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Being the maps x — T(0,¢,2) homeomorphism, they are injective: therefore the one
above is a good definition and the function ¢ — f(x4,2zp,t) is continuous. Now let
P :=(0,—1) and extend the function f to the interval [—1,2] by defining

(t+1)(xp —xa) —tP

f(xa,xzp,t) = (1 1) (@p —2a) 1P| Vo € [—1,0),
_ @=-t@a—zp)+(-1P .
f(za,zp,1) == @ D)(@a 25 TGP Ve € (1,2].

Given that the first component of x p—x 4 is strictly positive, the above equations define,
for each x4, 2p, a continuous map from [—1,2] to S!. Since we have f(xa,zp,—1) =
P = f(xa,zp,2), [ is a closed loop, and therefore defines an element of the omothopy
group of S'. Now observe that f varies continuously in x4 and xp, so the map which
associates to (xa,xp) the element of the omothopy group is continuous. Since the
omothopy group of S! is discrete, this map has to be constant.

As a consequence we have that (at least) one of the following two must be true:

o for every zp € A, zp € B the point P is in the image of
[07 1] = t— f(.'IZ'A,(L’B,t),

o for every x4 € A, zp € B the point —P is in the image of
[0,1] 5t — f(xza,zp,t).

Suppose the first case is true (the other being similar). Define B’ := {1} x[3a/4,a] C
B and A" := {-1} x [0,a/4] C A and observe that for every xp € B’ and z4 € A’
the second coordinate of xp — x4 is at least a/2, while our assumption implies that for
some t € [0, 1] the second coordinate of T(0,t,zp5) — T(0,t,24) is negative. Therefore,
defining the curves [0,1] 3 ¢t — 7,(t) := T(0,¢,x) for every z € AU B, we have that
LE(Vas () + LE(vzp (1)) > a/2. The conclusion follows by the chain of inequalities:

[ tedae= ([ |vt<x>12dut<x>)l/24tz [ [
/RQ/ [0 (T (0, ¢, )| dbdpo( / / |—T(0, t, z)|dtdpo(x)

= [ ehewdun(e) = [ Lhn)duto) =
R2 AUB!

| e

g

PROPOSITION 6.54. With the same notation of the example above, there exists a
reqular curve t — p, such that T(A) = B and T(B) = A whose length is given by
2(14+a/3).

Proof. The idea is to move the mass as shown in the figure.



6. A DISTANCE ON THE TANGENT BUNDLE 135
Step 1 Let A’ := {—1} x [0,a/3], B’ := {1} x [2/3a,a] and T € L?, be defined by
o

3) (:L’l :L’Q) cA

T _ (xla x?/ ) P )

(z1,2) { (z1,(2+22)/3),  (z1,22) € B.
Observe that the curve t — (Id+t(T —Id))xuP is regular, that the support of
the endpoint o := Tuu® is A’UB’ and that its length is equal to |7 — Id|| ,0 =
a/3

Step 2 Define S € L2 by

. (1,%‘2), (331,.%2) S AI,
S($1’$2) o { (—1,1‘2), (xl,xg) < B
The curve t — (Id +t(S — Id))4o is regular and its length is 2. Observe that
the endpoint of the curve is the transport of o through the reflection on the
vertical axis.
Step 3 We are in a situation symmetric to the one of the first step. Reversing the
construction given before we obtain a regular curve whose length is a/3.

Given that a piecewise regular curve is regular, the proof is achieved. O

COROLLARY 6.55. With the same notation of the example above, there exists a
reqular curve t — p,(t) whose flow maps satisfy equation (6.58) and whose length is
given by equation (6.57).

Proof. Fix n, then apply the construction given in the previous proposition to each one
of the couples ({—1} xI/*, {1} xI") fori =1,...,n. Given that during these movements
the distance between the connected components of the support of y; is bounded from
below by a positive constant uniformly on ¢, the resulting curve is regular. To conclude,
observe that each couple ({—1} x I, {1} x I*) gives a contribution to the total mass
of HY(I)/H(I™). O
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