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Introduction

Recent years have witnessed an increasing interest towards Analysis and Geometry in
Metric Spaces, in the perspective of generalizing to such structures classical methods
and results. Many areas of research have therefore been investigated, such as Sobolev
spaces [74], the theory of quasiconformal maps [77] and typical subjects of Geometric
Measure Theory such as currents [7] and rectifiable sets [8], [4], [5]; see also [73],
[132], [11], [76], and the references therein.

Carnot-Carathéodory spaces are a particular class of metric spaces in which these
investigations have been carried out with prosperous results. Historically, the first
items of this type appear in a 1909 work of C.Carathéodory [27], where a thermody-
namic process is represented by a curve in R™ and the heat exchanged during it by the
integral of a suitable 1-form é along the same curve. The physicist J.Carnot proved
the existence of states that are not connectable by adiabatic processes: in other
words, by curves along which 6 vanishes, that nowadays would be called horizontal.
The problem of connecting points by means of horizontal curves, i.e. curves whose
derivative lies in a proper subspace of the whole tangent bundle, was attacked by
P.K.Rashevsky [124] and W.L.Chow [32], who independently proved that a sufficient
condition for connectivity is the distribution of subspaces Lie generating the whole
tangent space at every point. This condition has subsequently played a key role in
several branches of Mathematics (e.g. Nonholonomic Mechanics, subelliptic PDE’s
and Optimal Control Theory), under the different names of “total nonholonomicity”,
“Hormander condition”, “bracket generating condition” and “Chow condition”. Let
us remark that these results fit the ones by Carnot and Carathéodory showing that
0 is integrable, i.e. # = T dS for suitable functions S, T', which implies in particular
that ker 6 does not Lie generate the whole tangent space.

A Carnot-Carathéodory (CC) space is an open subset {2 C R™ (or, more generally,
a manifold) endowed with a family X = (X3, ..., X,,) of vector fields such that every
two points z,y € ) can be joined, for some 7" > 0, by an absolutely continuous curve
v :[0,7] — € such that

$(t) =D hi()X;(y(t)) and |h(t)| <1 forae. t.

il
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We will call subunit such a curve and, according to the terminology in [71] and [119],
we define the Carnot-Carathéodory distance between x and y to be

de(z,y) =1inf{T > 0: there exists a subunit curve 7 : [0,7] — R"
such that v(0) = z and v(T') = y}.

As we said earlier, Chow condition ensures connectivity of points by means of subu-
nit curves, whence d. is an actual finite distance. We stress here some peculiarly
non-Riemannian features of d., such as non uniqueness of geodesics, even in small
neighbourhoods, its anisotropic behaviour (there are directions along which d, ~
|- |7, j > 1 — see the Nagel-Stein-Wainger Ball-Box Theorem [116]) and the fact
that the Hausdorff dimension is strictly bigger than the topological one.

Among CC spaces, a fundamental role is played by Carnot groups. These are
finite dimensional, connected and simply connected Lie groups G whose Lie algebra
g of left invariant vector fields is stratified, i.e. it can be written as

=019 Dy

for suitable subspaces g;’s with the property that g;+1 = [g1, g;] and [g1, 9.] = {0};
the integer ¢ is called the step of G. Such groups can be endowed with a natural CC
structure given by a basis X = (X,...,X,,) of the first layer g;. The importance
of Carnot groups (also known as stratified groups) arose evident in [108], where it
is proved that a suitable blow-up limit of a CC space at a generic point is a Carnot
group. In other words, Carnot groups can be seen [15], [104] as the natural “tangent”
spaces to CC spaces (exactly as Euclidean spaces are tangent to manifolds), and
therefore can be considered as local models of general CC spaces. Moreover, they
possess a rich enough structure for analytical and geometric investigations to be
carried on: in particular, we have to mention the presence of a one-parameter family
of group isomorphism, the so called homogeneous dilations §,,7 > 0. We recall that,
in Carnot groups, the CC distance d, is left invariant and homogeneous, i.e.

d.(zx,zy) = d.(z,y) and d.(6,z,0,y) for all z,y,z € G,r > 0;
anisotropicity is also evident in this setting, as
de(e,exp(sX)) = C(X)|s|"7 if X € g;,

where e is the group identity. It is well known that the Hausdorff dimension of G is
Q:=>,_,jdimg; > n.

Even before the formal introduction of CC spaces, their structure proved a key
tool in several areas of research, such as hypoelliptic equations [80], [128], dege-
nerate elliptic equations [20], [54], [55], [69], [53], [59] and singular integrals [37];



Introduction v

cfr. also [116], [137] and [133] and the more recent results [33], [66], [114], [115],
[130], [23], [13], [26], [25]. It is worthwile to remind that Hormander [80] proved the
hypoellipticity of the sub-Laplacian operator

AX = in
j=1

in case bracket generating condition holds. We should mention here also Sobolev
spaces theory and its connections with Poincare-type inequalities [81], [57] [89] and
the theory of quasiconformal mappings [85], [87], but this list of subjects is surely
incomplete. Moreover, many questions are still open, even among the fundamental
ones: as an example, let us recall the problem of regularity of CC geodesics [78],
[134], [135], [75], [93], [16], [93], [2], [1], [109], [91]. We want to stress here that
recently the importance of CC spaces has arisen evident as they have been used to
formalize mathematical models of areas of the visual cortex [123], [36] and of ear’s
structure [125].

The attempt to develope a good Geometric Measure Theory (cfr. [52], [51],
[105], [45], [113]) in CC spaces is more recent; the first result in this sense probably
traces back to the proof of the isoperimetric inequality in the Heisenberg group [118].
About isoperimetric inequality we should mention also [22], [58] and [67]. An essen-
tial item of Geometric Measure Theory such as De Giorgi’s notion of perimeter [46],
[47] has been extended in a natural way to CC spaces, by means of the so called
X -perimeter (cfr. [22], [17], [18], [60]): the X-perimeter of a measurable set E C
is defined as

|OF]|x = sup {/ divyp : o € CHQ,R™), |p| < 1} ,
E

where divyp = — Z;”:l Xjip; and X7 is the formal adjoint operator to X;. The
X-perimeter measure has good natural properties, such as an integral representa-
tion [112] in case of sets with smooth boundary, or its (@ —1)-homogeneity in Carnot
groups setting; notice that more generally it is also possible to give a good definition
of functions of bounded X-variation [60], [9], which fits the one given for functions
in general metric spaces [107]. The existence of minimal surfaces has been investi-
gated [67], and also differentiability of Lipschitz maps [119], [103], [28], [83], arca
and coarea formulae [95], [96] and the isoperimetric problem [92], [90], [127], [111]
provided prosperous research themes. More recently, a Bernstein type problem in
the Heisenberg group has been attacked with different formulations [30], [68], [127],
[42], [44]. However, basic techniques of classical Euclidean Geometry do not admit
any counterpart in the CC settings, like Besicovitch covering theorem [126], while
many others, like extension of Lipschitz maps between groups, are still open or only
partially solved.
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Another item which has been deeply analized is the possibility of giving good
definitions of rectifiability [62], [63], [120] and currents. The classical Federer’s
definition of rectifiability [52], which looks for Lipschitz images of Euclidean spaces,
does not suit the geometry of CC spaces, which in general are purely unrectifiable
[131]. However, this problem can be amended by considering instead noncritical
levels of functions whose horizontal derivatives are continuous [62], [63], [34]: notice
that rectifiable sets in this new sense can be highly irregular from the Euclidean
viewpoint [84]. Tt is widely recognized that this definition of rectifiability fits quite
well the nature of CC spaces: let us remind for instance that rectifiability properties
of sets of finite X-perimeter have been proved [64], [35]. In general, however, a good
theory of currents in these settings is far from being achieved [65], [129], expecially for
high codimension and even for relatively “good” objects such as Euclidean surfaces.
One of the main problems is that the behaviour of a surface seems to depend on
the “position” of the tangent space with respect to the stratification: we recall in
particular the notion of characteristic points, which received great attention [12],
[30] since they can be considered irregular points from the viewpoint of intrinsic
geometry.

We should mention at this point the remarkable paper [62], where the problem of
rectifiability of finite X-perimeter sets is considered in the setting of the Heisenberg
group H", i.e. in the step 2 Carnot group with stratification b; & ho, where

h1 =span {Xq,..., X, Y1,..., Y, }, o = span {T'}

and the only nonvanishing commutator relations are given by [X;,Y;] = —4T. A set
is called rectifiable if, up to negligible sets, it is contained is the countable union of
H-regular surfaces, i.e. level sets of functions f : H" — R such that (X f,...,Y,f)
is continuous and nonvanishing. In [62] it is proved that the X-perimeter measure
(rather called H-perimeter) of a set of finite H-perimeter is concentrated on a recti-
fiable set (on which also a blow-up result holds), and moreover an implicit function
theorem for H-regular surfaces is given. More precisely, if the H-regular surface S
is the level set of a function f with X;f # 0, then there exists a unique intrinsic
parametrization

p:wCV; =R

such that S = ®(w). Here we have set w to be an open subset of the subgroup
Vi :=exp (span {X,,...,Y,,T}) = R*",
and the map @ is linked to ¢ via the formula

D(A) = exp(p(A)X1)(A) Aecw.
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We will also say that S is the intrinsic graph of ¢. This structure theorem (genera-
lized in [34]) will provide a crucial starting point for many of our discussions.

The title of this thesis is “Submanifolds in Carnot groups”: we will in turn con-
sider Euclidean or even intrinsic regular submanifolds, and we will carry on their
analysis in the model setting of Carnot groups. In particular, our aim will be to
examine their most basic properties from the the viewpoint of Geometric Measure
Theory, considerig for instance blow-up limits, surface measures, parametrizations,
minimal surface equations, etc. The original contributions of the author are illus-
trated in Chapters 2, 4 and 5, and are contained in the papers [10], [14] and [102].

The structure of the thesis is the following. In Chapter 1 we state the main
features about CC spaces and Carnot groups in particular. In Section 1.1 we recall
the definition of Carnot-Carathéodory distance and the Chow-Rashevsky theorem,
and then we pass to a brief analysis of functions with bounded X-variation and of
sets of finite X-perimeter, giving also conditions for the existence of X-perimeter
minimizing sets. Section 1.2 is entirely concerned with Carnot groups: after a brief
introduction on Lie groups, we pass to the analysis of Carnot groups, with particu-
lar emphasis on their most relevant pecurialities, such as homogeneous anisotropic
dilations, graded coordinates and the structure of left invariant vector fields. Also,
we will recall their basic metric properties and the classical technique of convolution
in homogeneous groups.

Chapter 2 is devoted to the exposition of the results obtained in [102] in col-
laboration with V.Magnani. In Section 2.1 we state some definitions which will be
crucial in the rest of the Chapter; we recall in particular the one of degree of a
p-vector 7, which correspond to a sort of stratification of A,(g) analogous to the one
of the algebra g. This allows us to define, for any given p-dimensional submanifold
S, its degree d(S) as the maximum among the degrees of the tangent p-vectors 7¢(z)
at x € S. In Section 2.2 we prove (see Theorem 2.18) that the intrinsic blow-up
limit (i.e., according to homogeneous dilations and with respect to the Hausdorff
distance on closed sets) of S exists at points x where 7g(x) has maximum degree
d = d(S) and coincides with (a left translation of) a subgroup Ilg(z). The technique
used to obtain this result, which is probably one of the main contributions of [102],
consists in foliating a neighbourhood of a point with maximum degree = through
a family of curves v(-,\), A € SP~!, which, up to higher order terms, are homoge-
neous, i.e. of the form ~(¢,\) = x - (&;(y)) for a suitable y = y(\) € Hg(z): cfr.
Lemma 2.14. The regularity we require for S is C1'. As an immediate consequence
(see Theorem 2.19 and Corollary 2.20), around a point with maximum degree the
spherical d-dimensional Hausdorff measure S¢ possesses a density with respect to
a fixed Riemannian surface measure on S, whence the S measure of points with
maximum degree can be easily computed via the integral representation of Corol-
lary 2.20. These observations are contained in Section 2.3, where we introduce the
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“natural” measure ug associated with §; an immediate question rising up is then
the one of the d-negligibility of points with non-maximum degree, which however we
are able to prove, in Theorem 2.21, for any step 2 Carnot group. We also compare
these results with other ones already known in literature and finally, in Section 2.4,
as an application we analyse cases of submanifolds with topological dimension 2 in
the Engel group E*.

Beginning with Chapter 3, in the rest of the thesis we focus our attention on the
Heisenberg group H"; for computational convenience, rather than the CC metric d,
we will consider the equivalent distance d., defined as

oo (€, exp(tT + 327 2, X5 + y;Y;)) = max{|(z, y)[zen, [1]'/?}
doo(P, Q) = doo(e, P7'Q)  P,Q e H",

where e is the identity element of the group. In Section 3.1 we recall some basic
features of H” and of the H-perimeter measure in particular, and in the following
Section 3.2 we introduce CJ; functions as those maps f : H* — R such that the
distribution Vg f = (X1f,...,Y,f) is represented by a continuous function. The
main result of this Section is the Whitney-type extension Theorem 3.12, of which
we give a complete proof. In Section 3.3 we define H-regular surfaces as level sets of
C}; functions with nonvanishing horizontal gradient Vi, and we prove the already
mentioned Implicit Function Theorem 3.16 of [62]. The last Section 3.4 contains a
brief summary of the most important issues about rectifiability in the Heisenberg
group. Almost all the material of Chapter 3 is taken from [62].

In Chapter 4 we show the results contained in [10]; in Section 4.1 we deepen
the notion of intrinsic graph, introducing the homogeneous structure on V; used
in the following Section 4.2 to define, for a fixed ¢ : w — R, the concepts of
W-differentiability and uniform W¢-differentiability (see Definition 4.9). These
immediately yield the notion of the W ¢-differential of a function 1 : w — R, which
is a continuous function from w to R?*~! in case of uniformly W?-differentiable
functions. These notions of differentiability could sound quite strange (indeed, they
depend of ¢ itself!), however they provide the key tool to characterize all the maps
which parametrize H-regular surfaces. In fact, in Section 4.3 we prove that a graph
S :=Im ® is an H-regular surface if and only if its parametrization ¢ is uniformly
Wo-differentiable (see Theorem 4.17). Therefore the W-differential W¢¢ : w —
R?*"~1 is a continuous function and it is possible to prove (cfr. Proposition 4.3) an

area-type formula
c(n)S97(S) :/\/1+|W¢¢|2d£2",

which is formally identical to the classical one for Euclidean graphs. This suggests
the idea, also supported by a suitable formula for the horizontal normal, that the
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intrinsic gradient W®¢ is the correct counterpart of the Euclidean one. Section 4.4
is devoted to the problem of characterizing those maps which are uniformly W¢-
differentiable. The main result of this Section, Theorem 4.22, shows that they are
exactly those functions ¢ such that

(X2¢7 cee 7Xn¢7 }/1¢ - 2T(¢2)7 }/2¢7 ceey Yn¢)

is represented, in distributional sense, by a continuous function on w (which turns out
to coincide with W%¢) provided it is possible to approximate ¢, locally uniformly
together with its W?-differential, by means of smooth functions. An interesting
application is Corollary 4.32, that furnishes an easy recipe to produce surfaces which
are not Euclidean, but still H-regular. We want to mention here that a key tool in
the proof of Theorem 4.22 is provided by the exponential maps of W (recall that in
general ¢ lacks of regularity), which can be thought as those curves that are lifted,
via ®, to horizontal curves on S. The last Section 4.5 deals with the problem of
finding a biLipschitz metric model space for Ci; surfaces in H': in [38] this space has
been individuated in (R, |- |) x (R, | -|"/?) for C' regular surfaces. In Theorem 4.35
we show that this is no longer true for general H-surfaces, in the sense that we find
one of them which does not admit biLipschitz mappings with that space; this result
has been obtained in collaboration with Z.Balogh and G.Citti and has never been
published.

Chapter 5 contains the upshots of [14], in which we focus on minimal surfaces
in H” and the Bernstein problem in particular: in Section 5.1 we extend to CC
spaces the classical method of calibrations, giving sufficient conditions for sets to be
X-perimeter minimizing. Applications to meaningful situations are provided, also
giving some flavour about regularity of minimal surfaces. In Section 5.2, starting
from the area formula for intrinsic graphs, we derive suitable first and second vari-
ation formulae which will be of great use in what follows. We stress here that the
minimal surface equation is formally analogous to the classical one and reads as

@
we. WV _,
V1T [WogPE

thus enforcing the idea that W is the proper replacement of Euclidean gradient.
Section 5.3 is therefore devoted to the study of the structure of entire solutions of this
equation in H', where it can be rewritten as the “double” Burgers W¢(W?¢) = 0;
the main technical tool for this analysis is the study of the behaviour of ¢ along
characteristics, i.e. integral lines of the vector field W% :=Y; — 4¢T. Finally, in the
last Section 5.4 we attack the Bernstein problem for intrinsic graphs in H": more
precisely, we observe that parametrizations of maximal subgroups of H™ (or laterals
of them) are trivial entire solutions of the minimal surface equation, and we ask

on w,
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whether there are different ones. It is known [42] that such solutions do exist in the
first Heisenberg group H': in our main result, Theorem 5.23, we use the issues of
Section 5.3 to show that any entire solution which does not parametrize a subgroup
(or laterals) is not a minimizer of the H-perimeter, but just a stationary point
of the area functional; conversely, a calibration argument immediately ensures that
subgroups are actual minimizers. Using the well known classical results by Bombieri,
De Giorgi and Giusti [19], for n > 5 we also provide solutions to the minimal surface
equation in H" that do not parametrize subgroups (cfr. Subsection 5.4.2); as far as
we know, the Bernstein problem for intrinsic graphs is still open for n = 2, 3, 4.

Acknowledgments. 1t is a pleasure, as well as a duty, to thank Luigi Ambrosio,
who kindly supported me during these years of undergraduate and PhD studies,
always sharing his ideas and willing to be at disposal. I am also definitively indebted
to Francesco Serra Cassano, a person is extremely nice to work with. I am grateful
to Zoltan M. Balogh, Giovanna Citti and Valentino Magnani for our pleasant colla-
borations. My deep gratitude goes to the Scuola Normale Superiore for its constant
support.
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Basic notation

S
A
#A
@
o

Rn
0;

)

P
3—£, Ouf fa
Q

ﬁn

(z,y)

|z

Wi

XE

f

L
ul A
,'y

G
Hn

compactly contained

simmetric difference of sets

cardinality of a set A

direct sum of vector spaces

composition of functions

n-dimensional Euclidean space

i-th vector of the standard basis of R"
partial derivative of the function f along 0;
partial derivative of f with respect to x
open set in R"

Lebesgue measure in R"”

standard Euclidean inner product of x,y € R"
Euclidean norm of x € R”

Lebesgue measure of the unit ball in R*
characteristic function of a measurable set £ C R"
average integral

push-forward of the measure u via f
restriction of a measure p to a set A

time derivative of a curve ~

a Carnot group

n-th Heisenberg group

Lie algebra of G

Lie algebra of H"

space of p-vectors of g

commutator of vector fields X, Y € g
group product between z,y € G

left translation by an element x € G
homogeneous dilations in G

convolution on groups, see Subsection 1.2.7

1



TM,T,M
HM,H,M
Vf

Xf

Vuf

div

diVX
diVH

spt f
CHQ)
Ci(Q)
Cu(Q)
BV
BVy

|0F] x
|0E ]

dC

B(xz,r)
U(z,r)
He, S

He, S4
Hé’ §d
HY,Sd

Basic notation

tangent bundle to a manifold M and tangent space at x
horizontal subbundle to M and horizontal subspace at x
Euclidean gradient of f

gradient of f with respect to the vector fields Xy,..., X,,
Heisenberg gradient of f

divergence

X-divergence

H-divergence

support of f

continuously k-differentiable real functions in 2

functions in C*(Q) with compact support in
continuously Vy-differentiable functions in €2

functions with bounded X-variation

functions with bounded H-variation

X-perimeter of £

H-perimeter of

Carnot-Carathéodory distance

infinity norm and associated distance on H", see (3.1)
open Euclidean ball

open sub-Riemannian ball (with respect to a fixed metric)
Euclidean d-dimensional Hausdorff and spherical Hausdorff
measures

d-dimensional Hausdorff measures induced by d.
d-dimensional Hausdorff measures on H" induced by d,
d-dimensional Hausdorff measures induced by a distance p



Chapter 1

Carnot groups

This Chapter, which will provide the basic material used throughout the thesis, is
devoted to the study of Carnot-Carathéodory (CC) spaces, and of Carnot groups in
particular. The presentation will be self-contained: for a more detailed one we refer
to [110] (for CC spaces) and to [97] (for Carnot groups), from which we will take
most of the material. We refer to the Introduction for a motivational and historical
summary of the subjects.

In Section 1.1 we provide a brief exposition of general features concerning CC
spaces; we start, in Subsection 1.1.1, by recalling the definitions of subunitary curve
and of CC metric, which is an actual distance provided Chow’s connectivity condi-
tion (1.5) holds. Subsection 1.1.2 deals instead with the notion of X-perimeter: we
introduce it as the total X-variation (Definition 1.4) of the characteristic function of
a set F, and we define X-Caccioppoli sets as those with finite X-perimeter. For such
sets a representation result for the X-perimeter holds (see Proposition 1.8) which
allows us to introduce the horizontal normal vg; moreover, for sets with smooth
boundary (see Theorem 1.9) this representation turns into an integral one, that
furnishes also an explicit formula for vg. Finally, in Theorem 1.11, stated without
proof, we give general sufficient conditions for the existence of perimeter minimizing
sets.

Section 1.2, treating of Carnot groups, begins with some standard facts about
Lie groups and algebras (Subsection 1.2.1): we underline in particular Theorem 1.15,
which will ensure that Carnot groups G are diffeomorphic to some R™, and the Baker-
Campbell-Hausdorff formula (1.19). Carnot groups are introduced, together with
homogeneous dilations d,., in the following Subsection 1.2.2; then (Subsection 1.2.3)
we will focus on properties of canonical representations of G by means of the so-
called graded coordinates, i.e. exponential coordinates arising from an adapted
basis. Examples of graded coordinates are provided in Subsection 1.2.4 in the specific
situations of Heisenberg H" and Engel E* groups. In Subsection 1.2.5 we make use of
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graded coordinates to study the properties of left invariant vector fields, showing that
their components are homogeneous polynomials: this result, that will be crucial for
several reasonings in Chapter 2, is contained in Proposition 1.24 and is based on the
already mentioned Baker-Campbell-Hausdorff formula. The CC structure on G is
introduced in Subsection 1.2.6: the CC metric turns out to be homogeneous, i.e. left
invariant and dilation scaling (see Definition 1.27). Any two homogeneous distances
are biLipschitz equivalent, hence the homogeneous Hausdorff dimension @ of G (with
respect to any of them) is well defined, and the corresponding X-perimeter (rather
called G-perimeter) is () — 1)-homogeneous with respect to dilations. Finally, in
Subsection 1.2.7 we recall the classical technique of convolution on homogeneous
groups.

1.1 Carnot-Carathéodory spaces

1.1.1 Carnot-Carathéodory distance

Let X = (X1,...,X,,) be a given family of Lipschitz continuous vector fields on R"
Xj(x) :Zaij(a:)@-, jzl,...,m
i=1

with a;; € Lip(R*) (j = 1,...,m, i« = 1,...,n). The subspace of R* = T,R"
generated by Xi(x),...,X,,(z) is called horizontal subspace at the point x, and it
will be denoted by H,R"; the collection of all horizontal fibers H,R" forms the
horizontal subbundle HR™ of TR™.

We call subunit a Lipschitz continuous curve 7 : [0, 7] — R™ such that

Y(t) =D hi()X;(y(t) and D RX(t) <1 forae. t €[0T, (1.1)
j=1 j=1
with hq,..., h,, measurable coefficients.

Definition 1.1. We define the Carnot-Carathéodory (CC) distance between the
points z,y € R" as

d.(z,y) =inf{T > 0: there exists a subunit path v : [0,7] — R"

such that v(0) = z and v(T) = y}. (1.2)

If the above set is empty we put d.(z,y) = +00.
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We will use the notation U(x,r) to denote balls with respect to the CC distance.
It is easy to recognize that if d. is finite on R", i.e. d.(z,y) < oo for every x,y €
R™, it turns out to be a metric on R™: the metric space (R",d.) is called Carnot-
Carathéodory (CC) space (see, for instance, [72] and [109]). In particular we shall
generally assume the following connectivity condition

d. is finite and the identity map (R",d.) — (R",|-|) is a homeomorphism. (1.3)

There is a large variety of situations where condition (1.3) is satisfied; among
them the most important are certainly the CC spaces satisfying Chow’s condition,
also called Sub-Riemannian spaces. Recall that, given two vector fields Yi,Y; €
C>*(R™,R"), we define the commutator [Y1,Ys] as the C*> vector field given by
Y1Ys — Y2V (as common in literature, we tacitly identify vector fields and first order
operators); if Y7 = >0 a;(2)0; and Yo = > b;(2)0;, in coordinates [Y7,Y5] is
given by

LREEEDY (a0 5p0) = b)) ) 0 (1)

This product is antisymmetric ([Y1, Y] = —[Y2,Y1]) and satisfies Jacobi’s identity

Therefore if the vector fields X7, ..., X,, are of class C*, they generate a Lie algebra
£(X1,...,X,) (see Definition 1.13).

Definition 1.2. We say that the C*> vector fields X3, ..., X,, satisfy Chow’s con-
dition if
rank £(Xy,..., X;n) =n (1.5)
for all x € R™.
The proof of the following well-known result can be found in [32], [124] and [88].

Theorem 1.3. If the vector fields Xy, ..., X,, satisfy Chow’s condition, then the
metric d. verifies (1.3). In particular, there is always a subunit path connecting any

two points x,y € R™ and the topology induced by d. is the usual Fuclidean one on
R"™.

1.1.2 X-perimeter and X-Caccioppoli sets

Whenever €2 is an open subset of R™ and f : 2 — R is a measurable function we
define its horizontal gradient X f as

Xf=Xf, .., Xnf)
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where the previous equality must be understood in distributional sense. If ¢ =
(@17 R ’SDm) S Ci(Q7Rm) we pUt

diVXgp::—ZX;gpj; (1.6)
j=1
here X* is the adjoint operator of X in L*(R") given by

Xiy(z) == — Z@‘(aij V) ().

Observe also that ¢ can be canonically identified with the section of the horizontal
bundle given by Z;n:l ©;X;; this identification is also one-to-one if Xi,..., X,, are
linearly independent.

Definition 1.4. Let Q be an open subset of R"; we say that a function f € L'(2)
belongs to the space BVx () of functions with bounded X -variation if there exists
a m-vector valued Radon measure p = (1, ..., fty,) on € such that

/fdivx¢=—2/90jdﬂj
Q = Jo

for all p € CL(Q,R™).

It is not difficult to see that f € L'(Q) is of bounded X-variation if and only if
its X -variation in 2

[ XfI(Q) = Sup{/gfdivw o € C(QR™), [g] < 1}

is finite; moreover, we have | X f|(2) = |p|(2), where p is as in Definition 1.4.
Observe that, if f is regular, then p; = X, f L"
As in the Euclidean case, an important property of BVx functions is the lower

semicontinuity of the X-variation with respect to the L; . convergence:

Proposition 1.5. Let f, f, € L' () be such that fi, — f in L, .(Q); then

loc

XFI() < limint X 4,(2).
Proof. For any test function ¢ € C°(2,R™) with 0 < |¢| < 1 we have
/ fdivxe = lim [ f,divxe < liminf | Xu|(©)
Q h—oo Jq h—o0

and the thesis follows taking the supremum with respect to . O
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An argument using Friedrichs regularization (see [60]) also gives the following
approximation result:
Theorem 1.6. A function f € L*(Q) belongs to BVx () if and only if there erists
a sequence { fn}n C C®(Q) N BVx(Q) such that f, — f in L'(Q) and
i XA = T [ [Xfi] = 1X7](9) < o
—00 —0 Jo
Following the classical De Giorgi’s approach to sets of finite perimeter (see [46]
and [47]), we give the following

Definition 1.7. Given a measurable subset £ C R"™ we define the X -perimeter
measure |OF| x () of E in €2 as the total variation in  of the characteristic function

XE, l.e.
|OE| x(€2) := sup {/Edivxgo cp € CHOQ,R™), || < 1} : (1.7)
We say that F is an X -Caccioppoli set in 2 if |0E|x () < oc.
Riesz representation Theorem immediately gives the following

Proposition 1.8. If F is an X-Caccioppoli set in ), then there exist a unique
|OE| x -measurable function vg : Q — R™ such that

lvg|lgm =1 |OE|x-a.e. in
/ divxpdl" = — /(gp, ve)rm d|OE|x  for all ¢ € CLQ,R™).
E Q
In the following we will call vg horizontal inward normal to E (see [60]).

Whenever E is an open subset with (Euclidean) Lipschitz boundary, one can
give an integral representation for the X-perimeter measure:

Theorem 1.9. Let E C R" be a bounded open set with Lipschitz boundary and let
Q C R™ be an open set. Then

m

0B x(©) = /a . (Z

i=1

1/2
<Xj,n>2> Y, (18)

where n is the Fuclidean unit inward normal to OF and the scalar products appearing
in (1.8) are the usual Euclidean ones. Moreover, one has the equality of measures

Xxp=vp |0E|x = (X1,n),..., (X, n)) H" 'LOE. (1.9)
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Proof. The proof we are going to present can be found in [110], Theorem 5.1.3.
First of all, we notice that by divergence Theorem

/diVXSOZ/Zaz‘ <Zaij<ﬂj>
E E =1 j=1
=- / S aye; dr =~ / (p,V)zm dH (1.10)
OF =1

o OF
for any ¢ € CL(Q, R™) with || < 1, where we have set
v:=((Xi,n),...,(Xn,n)) €R™

Thesis (1.9) immediately follows from (1.10).
Since || < 1, it follows that

OELS(@) < [ ol (111
OENQ
and so (1.8) will follow in one stroke if we prove also the converse inequality in (1.11).
Observe that the set
H :={x € 0ENQ:n(x) exists and v(z) # 0}

is H™ '-measurable and, since OF is Lipschitz, v is H" !-measurable on H. For
fixed € > 0, by Lusin Theorem there exists a compact set K. C H such that
H"Y(H \ K.) < ¢ and v is continuous on K; therefore v/|v| # 0 is continuous on
K. and so there exists ¢ € C%(Q2, R™) such that

(,5:|—V|omK6 and |o] <1 on Q.
v

A classical regularization argument ensures the existence of a function ¢ € CL(€)
with |[¢]e < 1 and |@ — | < € therefore

”8E“X(Q) > /EdiVX<—go) = /(,)E<SO’V> dHn—l
N / (o —ov) dH"_1+/ (@, v) dH" . (1.12)
OF OF

We estimate the first term on the right hand side of (1.12) as follows

/ (0 — & 1) AH™' > —eH" " (OF) [v]o0 (1.13)
oF



1.1. Carnot-Carathéodory spaces 9

while, for the second term, one has

/ (@, V) dH”lz/ |v| dH“—/ |y|dH”1+/ (@, v)dH™ . (1.14)
(o)) H H\K. H\K.

Since

/H T S H A Kl £ €l (1.15)

and
/ (@, vy dH" ' > —€|v]w (1.16)
H\K.

o < 00, by putting together (1.12), (1.13), (1.14),

and taking into account that ||v
(1.15) and (1.16) one obtains

[0E]x (€2) = / V] dH* ™ — e(2+ H"H(OE)) |V,

OENSQ

whence the thesis follows by letting € | 0. O

Definition 1.10. We will say that E is a minimizer for the X-perimeter in {2 if
[0E|x () < [0F|x(€)
for any open set ' € 2 and any measurable set /' C R" such that EAF & (.

The existence of perimeter minimizing set with given boundary condition has
been proved in [67]. We give here the general result therein.

Theorem 1.11. Suppose that the CC space (R",d.) associated with the family X =
(X1,...,Xm) is such that for any set U C R™, with diam U < oo, there exist
constants C1,Cy > 0, 0 < Ry < oo and A > 1 such that for any ro € U and
R €]0, Ry[ one has

(H.1) the Lebesgue measure L™ is doubling with respect to d., i.e. L"(U(xg,2R)) <
C1L"(U(xo, R)), where U(x,r) denotes balls with respect to d.;

(H.2) for any f € Lip(U(xo, AR)) and any A > 0
£ ({z € Ulao, B) ¢ | £@) = Fiury F| > A}) < Cok fyamy XS

(H.3) (R™,d,.) is complete and is a length space, i.e. d.(z,y) = inf [(v), where the
inf is taken on all continuous curves vy joining x to y, and l(vy) denotes the

length of v (see [11]).
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Then for any open set Q@ C U with diam(§2) < Ry/2 and any X -Caccioppoli set
L C R"™ there exists an X-Caccioppoli set EE C R™ such that EAL C  which is
perimeter minimaizing, i.e.

[0E]x(R") < |0F]x(R")
for any FF C R™ such that FAL € ().

We want to stress here the fact that conditions (H.1), (H.2) and (H.3) are satisfied
in a large class of CC spaces, e.g. whenever the fields X,..., X, are smooth and
satisfy Chow condition (1.5): see also [81], [116] and [134].

1.2 Carnot groups

1.2.1 Lie groups and algebras

Before stating the definition of Carnot groups, we want to briefly recall some basic
facts on Lie groups and algebras: a more complete description of these structures
can be found in [136].

Definition 1.12. A Lie group G is a manifold endowed with the structure of dif-
ferential group, i.e. a group where the maps

GxG> (z,y)—2yeG
Gorx—2ax'teG

are of class C°.

We write e for the identity of the group, while for any x € G we will denote with
(. the left translation by x, i.e. the C* map y —— zy.

Definition 1.13. A vector space g is a Lie algebra if there is a bilinear and anti-
symmetric map [-,-] : g X g — g which satisfies Jacobi’s identity

[X7 [Y7 ZH + D/a [Za X“ + [Zv [X7 Y]] =0
forall X,Y,Z € g.

Given two subalgebras a, b of a Lie algebra g we will denote with [a, b] the vector
subspace generated by the elements of {[X,Y]: X € a, Y € b}. Weset g' := g and,
by induction, g**! := [g, g*], and will say that g is nilpotent of step ¢ if g* # {0} and
gt = {0}

One can check that the space I'(T'M) of vector fields on a differential manifold
M is a Lie algebra if endowed with the product [X,Y] = XY —Y X defined in (1.4).
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Definition 1.14. A vector field X € T'(T'G) on a Lie group G is left invariant if for
any x € G one has
X(x) =dl,(X(e)).

It is not difficult to prove that X is left invariant if and only if

(X)(ley) = X (f 0 La)(y)

for any f € C>*(G) and z,y € G. We will denote by g the set of left invariant vector
fields of I'(T'G): since a commutator of left invariant fields is left invariant, g is a
Lie algebra. This algebra is canonically isomorphic to the tangent space T.G at the
identity via the isomorphism

T.G 5 v «— X € g such that X(z) = d/,(v).

We will say that a Lie group G is nilpotent of step k if so is its associated Lie algebra
g

Given x € G and X € g let us consider the curve v solution of the Cauchy
problem

{vf (1) = X(2¥ (1)) 117)

72 (0) = .

The curve 7. is defined for any ¢ € R (i.e. left invariant vector fields are complete):
in fact, one has 72 (t + s) = 72 (s) - 72 (t), and this formula allows to extend 72X to
all times ¢t € R.

In the following we will set exp(X)(x) := vX(1), where X is the solution to the
problem (1.17); the exponential map exp : g — G is defined as

exp(X) := exp(X)(e).

Therefore one has exp(X)(z) = z exp(X) and so exp(X) (exp(Y)) = exp(Y)-exp(X)
for all X|Y € g.
We recall the following basic result:

Theorem 1.15. Let G be a nilpotent, connected and simply connected Lie group;
then exp : g — G s a diffeomorphism.

For X,Y € g let us define C(X,Y) € g via the formula exp(C(X,Y)) =
exp(X) - exp(Y); then it is possible to compute explicitly C'(X,Y) thanks to the
Baker-Campbell-Hausdorff formula: for each multi-index of nonnegative integers
a=(ay,...,q) we define

|Oé‘ =0t o
al:=a! o
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and we will say that [ is the length of a.. If = (34,..., ) is another multi-index
of length [ such that oy + 5, > 1, and if X,Y € g we set

Cop(X,Y)

{ (ad X)* (ad V)% .. (ad X)*(ad V)P~ 1Y if B > 0 (1.18)

(ad X) (ad V)P ... (ad X)X if 3, = 0.

We used the notation (ad X)(Y) := [X,Y], agreeing that (ad X)? is the identity
map. Then the Baker-Campbell-Hausdorff formula states that

0 (_1)l+1 1
C(X,Y) = XY 1.19
(X,Y) ZZI l a(;._,a”“!ﬁ”oﬁm 5(X,Y) (1.19)
B=(B1,--,1)
a;+pi>1Vi

whenever the summation at the right hand side makes sense; in particular, (1.19)
holds in nilpotent groups.

1.2.2 Carnot groups

Definition 1.16. We say that a Lie algebra g is stratified if it admits linear subspaces
g1,...,8, such that

g=01D--Dg
1.20
Ok = [glvgk—l] for k = 27 caeyt and [gl7gb] = {0} ( )

We will call stratification a decomposition of g as in (1.20).

A group G is called stratified if its Lie algebra admits a stratification; if G is
finite dimensional and stratified, then it is also nilpotent of step ¢, where ¢ is the
same integer appearing in (1.20).

Whenever we are in presence of a stratification, it is possible to define a one-
parameter group {4, } of dilations of the algebra; for a fixed r > 0 we set §, X = r*X
if X € gg, and we extend this map to the whole g by linearity. It is immediate to
verify the following properties of dilations:

L4 (51”5 = 67“ o 65;
e 0. ([X,Y]) =[6.X,0,.Y];
o 5,(C(X,Y)) = C(6,X,6,Y)

for all X,Y € g and all ;s > 0. In the following, it will be sometimes convenient
to agree that 6, X = —4j X for r <O0.
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Definition 1.17. A Carnot group is a finite dimensional, connected, simply con-
nected and stratified Lie group G. If ¢ is as in Definition 1.16 we will say that G is
a Carnot group of step ¢; observe that such a group is also nilpotent of step ¢.

One of the basic properties of Carnot groups is the fact that, thanks to Theo-
rem 1.15, the exponential map exp : g — G turns out to be a diffeomorphism:
therefore we can define a one-parameter group of automorphism of G, which we still
denote with {4, },~0, via the formula ¢, := exp, ¢, i.e.

5, (2) = exp (5, (exp™' (x)))

From the properties of dilations in Lie algebras we immediately deduce the as-
sociated ones for dilations of Carnot groups:

® ),, = 05 00,, indeed

Ops(x) = exp (6,5 exp~ (7))
= exp(ééexplx)
= exp ((5 exp” exp(5 exp 1(9[;)))
= exp (5 exp " (8,( )) = 0,05(x)

e .(x-y)=0.() 4 (y), indeed

S.(x-y) = expbrexp (z-y)
= expd, (C’(exp_1 T, exp y))
= exp (C’(ér exp 'z, 0, exp y))
= exp (6, exp ' (z)) - exp (6, exp ™ (y)) = 6,(z) - 0:(y).

1.2.3 Graded coordinates

Very often it is convenient to study Carnot and, more generally, stratified groups in
coordinates, through canonical representations which are called graded coordinates.
Therefore let X4,..., X, be a basis of Lie algebra g of left invariant vector fields;
for given X,V € g we will have X = 7" 2;X; and Y = 77 y;X; for unique
x=(x1,...,2,) and y = (y1,...,Yn) in R™.

Definition 1.18. A system of exponential coordinates associated with the basis
Xq,..., X, of gis the map

F : R" —G

T — exp <Z :vaj> : (1.21)
j=1
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The group law we put on R” is the one that makes F' a group isomorphism, i.e.

l’y:Z<:,>ZZJX] = O(ZI]‘X]‘, ZyJX]> . (122)
j=1 j=1 j=1
It is easy to check that, in this representation, the group identity is the origin 0 and
that 27! = —z for all z € R™. In this way R", endowed with the group law (1.22),
turns out to be a Lie group, whose Lie algebra is isomorphic to g; since both G
and R™ are nilpotent, connected and simply connected, by Theorem 1.15 the map
Fin (1.21) is also a diffeomorphism.

Observe that, up to now, we have not used the fact that G is stratified: therefore
let us consider a Carnot group G with stratified algebra g =g, & --- @ g,, and, for
E=1,...,t, set my :=dim g, ng := my + --- + my and ny := 0. We will say that
a basis Xi,..., X, of g is adapted to the stratification if X,,, ,41,...,X,, is a basis
of g foreach k. =1,...,¢.

Definition 1.19. A system of exponential coordinates F' : R" — G is a system of
graded coordinates if it is associated with and adapted basis of g.

We will call degree of the coordinate z; the unique positive integer d; such that
Na;—1 < J < Ng;.

Therefore let F' : R" — G be a system of graded coordinates: for the sake of
simplicity we will again denote with 9, : R" — R" the homogeneous dilations read
in coordinates, so that d,0 F' = F od,. It is easy to check that, in this representation
of the group, one has

o, : R"—R"
2 2 L L
T (TT1, e o Ty T Tyt dy e ooy Ty e o s T 1y e ey T T)

for r > 0.

1.2.4 Heisenberg and Engel groups

We give here the representation in graded coordinates of two well-known (and pro-
bably the most important ones) examples of Carnot groups, namely the Heisenberg
and Engel group.

The n-th Heisenberg group H" is the 2n + 1-dimensional Carnot group with
stratified algebra

h =51 Dby

here b, is 2n-dimensional and generated by the vectors Xy,..., X, Y1, ..., Y5, while
dim hy = 1 and by = span {T'}. The only nonvanishing commutation relationships

among the generators are
[X;,Y)] = —4T
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for all j =1,...,n, and so ha = [h1, h1] is the center of the algebra.
Since b is nilpotent of step 2, Baker-Campbell-Hausdorff formula (1.19) reduces
to

1
CX,)Y)=X+Y + é[X,Y]

and so

n

CXY) =) (j+2) X5+ > (y + )5+ D (t + 1+ 2(ahy;) — 2(w9))) X,

J=1 J=1 J=1

provided (z,y,t), (z/,y',t') € R® x R" x R are such that

J=1 J=1 j=1 j=1

Therefore, through graded coordinates associated with the adapted basis X7, ...,
X,, Yi,..., Y, T, it is possible to represent H" as R?"*! = R" x R” x R with group

T x T+
y |-y | =1 vty
t t t+t/+2<$/7y> —2<.T,y,>

Observe that the group identity is 0 and that, for » > 0, homogeneous dilations are
given by 6,(x,y,t) = (rz,ry,r’t).

Let us compute the explicit representation of the left invariant vector fields
X;,Y;, T recall that a left invariant vector field X satisfies X(g) = dl,(X(e))
for any g € G. If 0,...,0sn41 denotes the standard basis of vectors in R we
have X;(0) = 0;,Y;(0) = 04y, and T(0) = Oa41; since

1 0 0
Alizy)(0) = 0 I 0|,
2y 2z 1

where [ is the n x n identity matrix, one can compute that

Xj (27, Yy, t) = dg(x,y,t) (aj) = 8]- + Qyj 82n+1
Yi(@,y,t) = dliz,y,(0jn) = Ojyn — 225 Oania
T(SE, Y, t) = d‘g(:c,y,t) (aQnJrl) = a2n+1-

In what follows, we will always deal with the Heisenberg group H™ using this repre-
sentation.

The Engel group E* is the Carnot group associated with the stratified algebra

e=¢;3 DeaDeg
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where ¢; = span { X3, X5}, ¢ = span {X3} and e3 = span {X,}. The only nonvani-
shing commutation relationships among the generators are given by

[XlaXQ] = X37 [X17X3] = [X27X3] = X4a

since E* is 3-nilpotent, for all X,Y € ¢ Baker-Campbell-Hausdorff formula becomes

IX,Y] 4 S [X, (X, Y]] + v, [V, X]].

XY =X+Y
XY= XY+ 2 2

1
2

Proceeding as in the Heisenberg group case, we can represent explicitely E* by
means of graded coordinates associated with the adapted basis X, X5, X3, Xy; in
this way we have E* = (R?,-) and the group law is given by

/
, T+ 1y
x x
! 1 T + T4
x T 1
2 . 2 | = | w3+ b+ j(w0y — xoxh)
L3 L3 / 1 / / / /
- ; Ty + ) + LH(zah — z32)) + (w02 — zaah)]|+
4 Ty

+1—12(x1 — &) 4 w9 — ) (117 — x07))
Again 0 is the identity element of the group and homogeneous dilations are given

by 8,(x1, T2, 23, 74) = (r@y,rxe,7%w3,7324). Our basis X, Xy, X3, Xy is given in
coordinates by

Another possible representation of E* is given by the adapted basis Y, Ys, Y4, Yy
and the relations

[Y1,Y5] = Y5, [Y1,Y3] = Ya, [Y2, Y3] =0,

which correspond to the change of basis V) = (X7 + X3)/2, Yo = (Y1 — Y2)/2, Y3 =
—2X3, Y, = —4X,. In the associated graded coordinates the group law reads

1 Y1 Y1+ Y
o | | | | b2t Ya :
s s ys + ys + 5 (y1ys — 12u1) ’

Ya Yh Ya + s+ 3 — ysvi) + 75 (v — ¥ (1ys — vauh)
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group dilations are &,(y1,y2, y3,ya) = (Ty1, 7y, 72ys3, 73y4) and left invariant vector
fields are generated by the basis

Yi(y1,Y2,y3,94) = O — 503 — (y3 + 1) 9,
Yo(y1, v, Y3, ya) = 02 + 505 + 7 34
Y3(y1, y2, Y3, ya) = O3 + 404
Ya(y1, Y2, Y3, ya) = Ou.

1.2.5 Left invariant vector fields

Let G be a Carnot group and F': R® — G a system of graded coordinates associated
with the adapted basis Xy,..., X,.

Definition 1.20. A function P : G — R is a polynomial on G if the composition
P o F'is a polynomial function on R™.

We observe that the definition of polynomial is well posed: indeed, if G is another
system of graded coordinates, then F~! o G : R® — R" is a linear map (basically, it
is a change of basis of g), and therefore P o F'is a polynomial function if and only
if sois PoG = (PoF)o(F1oQ).

Let 7 : R® — R be the canonical projection on the j-th coordinate; for the sake
of simplicity we will denote with 7/ also the map 77 o F~! : G — R. Finally, for a
given n-multiindex a = (v, ..., a,) of nonnegative integers we set

— H(Wj(x))“f.

Any such a 7@ is a polynomial on G, and it is easy to check that any polynomial on
G can be written as a finite linear combination of the 7*’s. We will call homogeneous
degree of 7 the integer degy () := > 7, dja;.

Definition 1.21. The homogeneous degree of a polynomial P = Y c,m®* on G is
the integer

degy (P) := max{degy (7®) : ¢, # 0}.

For example, the polynomial xy? — ¢? in the Heisenberg group H!' has homoge-
neous degree 4.

Proposition 1.22. The homogeneous degree of a polynomial P does not depend on
the choice of graded coordinates.
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Proof. Let F' : R} — G and G : R} — G be two systems of graded coordinates,
associated respectively to the basis Xi,..., X, and Yi,...,Y,, adapted to the strati-
fication g =g, @ --- ® g,. Let A be the n X n matrix associated with the change of
basis X — Y, i.e. such that

= YA
i=1
Therefore we have
F'oG(y) = (Z?Zl Ajl-yj, s Z?:l A;-”yj)

and, as the two basis are adapted, we have Az- # 0 only if ng, 1 < i < ng;, whence
A is of the form

A, 0 -0

A=| 0 A (1.23)
: N |
0 --- 0 A

where A; denotes an m; X m; matrix, while the 0’s denote null matrices of the proper
size.

To obtain our thesis it will be sufficient to prove that for any a the map 7% o
G : R} — R has the same homogeneous degree of the polynomial (7, o F)(r) =
it - a2, We have

™ oG = (m"0F)o(F'oQ)

(3 4w)

1

(2

Since A is invertible, none of its columns is null and so for any ¢ € {1,...,n} there

is j; such that Aéz #0. As Az» = 0if d; # d; one has

degy (Z?:l Aé'yj)ai =d;oy

where the homogeneous degree is computed according to the coordinates G. Finally
we have

degy(n o F) = 3 dias = 3 degy (3 Aj)
1= 1= 1=
= degy, (H(_ - Ajy) )
i=1 J=

= degy(m® o @G).
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Definition 1.23. A polynomial P : G — R is homogeneous of degree d > 0 if
P(6,x) =r*P(z) for all z € G and all r > 0.

For example, the polynomial zy3+t? on the Heisenberg group H! is homogeneous
of degree 4. It is not difficult to check that a polynomial P is homogeneous of degree
d if and only if it is a linear combination of polynomials 7 with degy 7* = d.

In graded coordinates, the left translation ¢, by an element x € G can be written
as

lo(y) = F(F(x) - F(y)) = (Pi(z,y), .., Pul2,y)) (1.24)

where the maps Pj(x,y) are polynomials which can be derived from the Baker-
Campbell-Hausdorff formula. It is not difficult to prove that they are homogeneous
polynomials of degree d;, in fact

r% Pi(x,y) = 7’ 06, (Pi(z,y),..., Pz, )):ﬂjoér (F~'(Fz - Fy))
0 P (8,(Fx) - 8,(Fy) = @ o - (F(o,1) - F(6,) = Py(8,.6,1)

where we have set 7/ to be the map z +— ;.
Our next step will be to derive properties of the representation in graded coor-
dinates of the adapted basis X, ..., X,; we collect them in the following

Proposition 1.24. Let G be a Carnot group identified with R™ through graded coor-
dinates associated with an adapted basis X, ..., X,; let {0}z, n be the standard
basis of vectors of R™ and set X;(x) =", aw( )0;. Then

OP;(x
(1) a;j(x) = (9(y ) is an homogeneous polynomial of degree d; — d;;
J y=0
(i) X;(z) =0;+ Y ay(x)d; =0; + Z ai; ()0
i:d;>d; = nd; +1

(111) a;;(x) depends only on the coordinates x, with d, < d;.
In particular, a;;(z) = a;j(x, ..., x;i_1).

Proof. As usual, we identify vector fields and first order operators; by left invariance
and the fact that

if (exp tXj)

X;f(0) = p

= 0;1(0)

t=0
for any smooth f, one has

X;f(x) = 0;(f 0 l,)(0) = Zaje;m) dif(z)
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where (i denotes the i-th component of ¢,. From (1.24) we deduce
aij(x) = 0;(,(0) = 0,, Pi(x,-)(0).
By the homogeneity of P; one gets

rhag(w) = 140, Pi(x,y)|,_y = 9, P(6:2,0,9)]_,
- deayjf)i<x7y)|

- % ag;(0,1)
and so the a;;’s are homogeneous polynomials of degree d; — d;. This implies that

a;; = 0 if d; > d;; moreover, since a 0-homogeneous polynomial is constant, we have

Xj() =Y 0+ Y ay(x)d;
di=d;

i:di>dj

for suitable constants ¢;;: since X;(0)0; one must have ¢;; = ¢;; and so
Xi(x) =0+ > ay(x)o;. (1.25)

Since each a;; is homogeneous of degree d; — d;, the coordinates z, with d, >
d; —d; cannot appear in the polynomial structure of a;;; therefore a;; cannot depend
on the coordinates x, with d, > d;, i.e.

aij(w) = aij(xla S 7xndi_1)-

In particular, one has a;;(z) = a;;(x1, ..., zi-1). O

1.2.6 Carnot-Carathéodory and homogeneous metrics

Let G be a Carnot group, which we consider represented by (R", -) through a system
of graded coordinates associated with a basis adapted to the stratification g =
91D Dgr. Let m:=my =dimg; and let X = (X,...,X,,) be a basis of g;: the
stratification assumption ensures that g; Lie generates the whole algebra, whence
the family X satisfies Chow’s condition (1.5) inducing a CC metric d. on R". As we
did for general CC spaces, we will also use the notations HG and H,G to denote g,
and g, (z) respectively.

The presence of a stratification induces many “good” properties of d., with re-
spect to both left translations and omogeneous dilations, which are collected in the
following Proposition 1.25. According to the subsequent Definition 1.27, we will say
that d. is an homogeneous distance.
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Proposition 1.25. For any z,y,z € R" and any r > 0 we have
(7’) dC(Z "X, 2 y) = dc(-ray);
(i1) d.(6,x,8,y) = rd.(x,y).

Proof. Part (i) of the thesis follows from the fact that v : [0,7] — R" is a subunit
path from x to y if and only if 4 := £, o 7y is a subunit path from zx to zy. In fact,

if 5(t) = 7, by X (3(1) then

A(t) = de(v(®)[H ()]

= 2 BALGO)X00) = 3k OX(- (1)
= > hOX;G).

where d/, denotes the differential of the left translation by z.

As for (i), it will be sufficient to prove that a path v : [0, 7] — R™ from z to y is
subunit if and only if so is the curve +, : [0,7T] — R", joining d,« and 4,y, defined
by 7,(t) := 0,(v(t/r)). One has

() =Y hi(H)X;(y Z (Z hj(t)a; (v ) 0.

j=1 =1 \j=1

Since d; = 1 for all j = 1,...,m, by Proposition 1.24 all the a;;’s appearing in the
sum are (d; — 1)-homogeneous and so

A (t) = Z (Zh (t/r)ay; (v t/r)))

=1

D3 <Z @(t/r)au(w))) )

= > WX 00) (1.26)

Part (ii) follows in one stroke. O
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Corollary 1.26. LetY € g;, then the CC distance behaves like |-|*7 along Y ; more
precisely,

do(z,exp(sY)(x)) = C(Y)|s|* for any x € G,s € R.

Definition 1.27. We say that a metric p on a Carnot group G is an homogeneous
distance if

(1) p(z,y) = p(z-x,2-y) and

(i) p(d,2,6,y) = rp(z,y)
for all z,y,z € G and all p > 0.

Notice that the thesis of Corollary 1.26 holds for general homogeneous distances,
and not only for the CC one.

Apart from d., another important example of homogeneous distance is given by
the distance d., defined as

doo($, y) = Hy_l'IHOO )

where the infinity norm |z|« of a point z = (p1,...,p,) € R* = R™ x ... x R™
(we use graded coordinates) is given by

[e)o = mac{ exlpel s, <k =1,...,0).

Here ¢ = 1 and the ¢,’s are suitable positive constants which depends on the group
structure and are chosen in order to make d, a distance: see also [64], Theorem 5.1.
In particular, in the Heisenberg group H"™ we will often use the distance d., arising
from the norm

||($,y, t)”OO = ma’x{|<x7y)|RZ"’ |t|1/2}7

where we used the coordinates of Section 1.2.4.

It is not difficult to check that any two homogeneous distances are biLipschitz
equivalent; the integer @) := Z§:1 jdimg; is called homogeneous dimension of G,
and it coincides with the Hausdorff dimension of the group with respect to any ho-
mogeneous metric p. We will denote with Hﬁ and Sg, respectively, the d-dimensional
Hausdorff and spherical Hausdorff measures associated with p (see [52]). It is
straightforward to check that

Hi(z- E) =HUE) and H6,E)=r'Hi(E)

for any measurable £ C G and any x € G, r > 0; moreover, the same formulae hold
for Sg. If we represent G as R™ via graded coordinates, then the Lebesgue measure
L™ is the Haar measure of G and is both left- and right-invariant:

L'z E) = LYE - z) = L"(E),
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whence
LU (w,1) = 1L (U, 1)) = £7(U(0,1)),

where U(z,r) denotes the ball with respect to a fixed homogeneous metric. If not
specified, integration on G or on open subsets of G will be always understood with
respect to this measure.

The X-perimeter measure of a measurable set F C G, defined as in Section 1.1.2
according to the family X, will be referred to as the G-perimeter measure |OE|g of
E; from its definition it is easy to prove that

[0(z - E)le(x - Q) = [0E]c(Q) and  [0(5,E)|e(6:2) = " [0E]e(%)

for any x € G, for any open set 2 C G and any r > 0.

1.2.7 Convolution on groups

We want to briefly recall the classical technique of intrinsic convolution in homo-
geneous groups (see [56]). Let G be a Carnot group and let ¢ € CX(G) be such
that

/(}( =1, (@) =((z) and spt¢cCU(0,1), (1.27)

where U(z,7) denote balls of G with respect to a fixed homogeneous metric. Let us
denote

() =9 (0uye(x)), 2 €G; (1.28)

Cor Pl [ Gl fu e ) = [ oo™ Fae ). (129)
Then the following results hold
Proposition 1.28. We have
(i) if f € LP(G), 1 < p < oo, then (. x f € C®°(G) and (. x f — f in LP(G) as

€—0;
(it) spt Cex f C U(0,€) - sptf;

(iii) X (Ccx f) = (. (X f) for any f € CY(G) and each X € g;
(iv) [o(Cex [)g= Jg(l*g) [ for every f € L'(G), g € L®(G);

(v) if f € C%Q) for a suitable open set & C G then (. x f — f uniformly on
compact subsets of Q0 as e — 0.
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The statements of Proposition 1.28 can be easily proved with standard argu-
ments. For the sake of completeness we show point (iii), where the key tool is the

left invariance of X, in fact
x ([ et io nac)
|lz=z

- / X (Gly) fly - 2)) dL™(y)

_ / Cly) (X 2)dL ()
= (X)),

However, it is possible to improve this result:

X(Ce* f)(2)

Proposition 1.29. Let f : G — R a continuous function and X € g be such that
the distributional derivative X f s represented by a continuous function on G; then
one has

X(Cer f) = Cex (X]).

Proof. Since (.« f is of class C*, it will be sufficient to prove that for any g € C(G)
one has

(X(Cex [),9) = (Cex (XF), 9),

where for u,v : G — R we use the common notation

() = /G w.

Using Proposition 1.28 (¢ii), (iv) and thanks to the following Lemma 1.30 one
has

(X(Cex [),g9) = —(Cr [, Xg) = —(f,{c* Xg)
—(f, X (Cx9)) = (XFf,Cxg)=((*(X[),g). (1.30)

]

Lemma 1.30. Any left invariant vector field X € g is self-adjoint, i.e.

/UXu:—/uXv
G G

for any u,v € C*(G).
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Proof. By the invariance of the Lebesgue measure, the integral
/u(wa)v(xa) dL"(x)
G

does not depend on a € G. Taking a = exp(tX) and differentiating at ¢ = 0 one
gets

/(vXu—l—uXv):().
G
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Chapter 2

Measure of submanifolds in
Carnot groups

In this Chapter we will focus our attention on how a submanifold of a Carnot
group G inherits its sub-Riemannian geometry from a stratified group equipped
with its Carnot-Carathéodory distance. Our aim is finding the sub-Riemannian
measure “naturally” associated with a submanifold. For hypersurfaces, this measure
is exactly the G-perimeter, which is widely acknowledged as the appropriate measure
in connection with intrinsic regular hypersurfaces, trace theorems, isoperimetric
inequalities, the Dirichlet problem for sub-Laplacians, minimal surfaces, and more.
Here we address the reader to some relevant papers [22], [24], [35], [40], [43], [58],
[67], [65], [101], [112] and the references therein.

Our question is: what is the natural replacement of the G-perimeter for sub-
manifolds of higher codimension? Clearly, once the Hausdorff dimension of the
submanifold is known, the natural candidate should be the corresponding Hausdorff
measure: more precisely, the spherical one, cfr. also [62], [64], [98]. However, this
measure is not manageable, since it is not clear whether it is lower semicontinuous
with respect to the Hausdorff convergence of sets and so it cannot be used in mini-
mization problems. In general, lower semicontinuity of Hausdorff measures in metric
spaces is a delicate problem, see [7]. It is then convenient to find an equivalent mea-
sure, that can be represented as the supremum among a suitable family of linear
functionals, in analogy with the classical theory of currents.

Our strategy will then be to exhibit a natural number d, which will coincide with
the Hausdorff dimension of the submanifold, and a measure pg that is “naturally”
associated to it, in the sense that it will coincide with the d-dimensional spherical
Hausdorff measure of the surface. This measure g possesses a density with respect
to any Riemannian surface measure on S, providing an integral representation of pg.
We stress however that our result is not complete, since we are able to characterize

27
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only a “big” portion of S and not the whole of it (see Section 2.3 for more details).
All the results contained in this Chapter have been obtained in [102] in collaboration
with V.Magnani.

We then start, in Section 2.1, by illustrating some preliminary material. More
precisely, in Subsection 2.1.1 we give a stratification of the space A,g of p-vectors,
which allows us to define, for any given p-vector 7 and any integer r, the projection
of 7 with degree r (see Definition 2.1); the degree of 7 will then be the maximum
r such that the r-projection of 7 is not zero. For any fixed p-dimensional C!!
submanifold S we set its degree d = d(S) to be the maximum among the degrees of
the tangent p-vectors 7g(x) for x € S: this number will be exactly the one we were
looking for. Subsection 2.1.2 contains a purely algebraic result, Lemma 2.4, that
will be crucial in Lemma 2.13.

The main result of Section 2.2 is Theorem 2.18, where we prove that the intrinsic
blow-up of S, i.e. the limit (with respect to the Hausdorff convergence of sets) as
r— 0 of &1 (z71-5), does exist at points « with maximum degree, i.e. those points
where the degree of 75(x) is equal to d. Moreover, this limit is a subgroup Ilg(x)
which is associated with the p-vector given by the d-projection of 7¢(z): indeed,
the latter turns out to be simple, and Lemma 2.13 ensures that it is a subgroup.
The proof of the blow-up results is quite technical: first of all, thanks to Lemma 2.5
we are able to conveniently fix a basis of T,.S and one of g, and we utilize the
latter to make all computations in the associated graded coordinates. After that, in
Lemma 2.14 we make use of our basis of TS to foliate the submanifold with curves
that are “almost homogeneous”, thus obtaining our blow-up result; more precisely,
we are able to recover a neighbourhood of S as the image of a map 7 : [0,tg] x L — S
with the property that

Yt A) = -0y + O(t))

where y = y(\) € Ilg(x). Here L is a compact subset of RP~! diffeomorphic to
SP~1 which will be specified during the proof; we stress however that it is just a
family of parameters, whose structure we will not care about.

Thanks to Theorem 2.18, in Section 2.3 we finally obtain our desired “natural”
measure: first of all, in Theorem 2.19 we compute the limit

lim o;(SNU(x,r))

r—0 Td

=:q(z),
where 2 is a point with maximum degree and oy is the p-dimensional surface measure
arising from a Riemannian metric § on G. A standard result about differentiation

of measure will then provide the required measure

fs = qozL.Sq :Sgl_Sd,
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where S, is the (open) set of points of S with maximum degree; let us stress that
the density ¢ depends uniquely on the fixed homogeneous distance p and on the
d-projection of 7g(x). We conjecture however that S7(S\ Sq) = 0 and so that
s = SYLS: we are able to prove this result for the step 2 case (Theorem 2.21),
while it is an open problem for the general case. Before Theorem 2.21, we also
compare our results with the existing literature.

Finally, in Section 2.4, as an application we study the case of 2-dimensional
submanifolds of the Engel group E*, providing examples of surfaces of degree 3,4,5
and the nonexistence of submanifolds with other degrees.

2.1 Preliminaries

2.1.1 Some linear algebra

Let G be a fixed Carnot group with topological dimension n, whose Lie algebra
admits the stratification

g=01D - Dg,; (2.1)

as in Chapter 1, we will denote homogeneous dilations by ¢, and with p a fixed
homogeneous distance, while open balls of radius » > 0 and centered at z with
respect to p will be denoted by U(x,r). By Hg and S;f we will mean, respectively,
the d-dimensional Hausdorff and spherical Hausdorff measures associated with p.

In the sequel, whenever Xi,..., X, is an adapted basis of g, we will frequently
alternate the two notations

(X1, X)) = (X)X X X XL XD )
observe that X%, ... ,X,’f% is a basis of the layer g for every k =1,...,1.. We recall
also that by d; we denote the degree of X, i.e. the unique integer k such that
Xj < k-
Let

XJ Z:le/\"'/\X]‘p
be a simple p-vector of A,g, where J = (j1,J2,...,Jp) and 1 < j3 < jo < -+ < jp <
n. The degree of X is the integer d; defined by the sum d;, + --- +d,, .

Definition 2.1. Let 7 € A,(g) be a simple p-vector and let 1 < r < @) be a natural
number. Let 7 =) ;7; X be represented with respect to the fixed adapted basis
(X1,...,X,). The projection of 7 with degree r is defined as

"= Z T XJ. (2.2)

dj=r
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The degree of 7 is defined as the integer
d(7) =max{r e N: 7" #0}.

Notice that the degree of a p-vector is independent from the adapted basis we
have chosen.

In the sequel, we will fix a graded metric g on G, namely, a left invariant Rieman-
nian metric on G such that the subspaces g;’s are orthogonal. It is easy to observe
that all left invariant Riemannian metrics such that (Xy,..., X)) is an orthonormal
basis are graded metrics and the family of X ;’s forms an orthonormal basis of A,(g)
with respect to the induced metric. The norm induced by g on A,(g) will be simply
denoted by |- |;. When an adapted basis (X,...,X,,) is also orthonormal with
respect to the fixed graded metric g is called graded basis.

The next definition introduces the metric factor associated with a simple p-
vector. Notice that this definition generalizes the notion of metric factor first intro-

duced in [98].

Definition 2.2. Let g be a Carnot algebra equipped with a graded metric g and
a homogeneous distance p. Let 7 be a simple p-vector of A,(g). We define £(7) as
the unique subspace associated with 7. The metric factor of T with respect to g is
defined by

O(t) ="H" (F_l(exp (E(T)) N Ul)) , (2.3)

where F' : R" — G is a system of graded coordinates with respect to an adapted
orthonormal basis (X1, ..., X,). The p-dimensional Hausdorff measure with respect
to the Euclidean norm of R™ has been denoted by H?” and U; is the open unit ball
(with respect to the fixed homogeneous distance p) centered at e.

In the sequel, also an arbitrary auxiliary Riemannian metric g will be understood.
We define 7g(z) as the unit tangent p-vector to a C' submanifold S at x € S with
respect to the metric g, i.e. |7g(x)|; = 1. The degree of x is defined as

ds(x) = d(7s(x)) (2.4)

and the degree of S is d(S) = max,cs dg(x). We will say that x € S has mazimum
degree if dg(z) = d(95).

It is not difficult to check that these definitions are independent from the fixed
adapted basis X1, ..., X,,: they depend just on the tangent subbundle TS and the
grading of g, namely only on the “geometric” position of the points with respect
to the grading (2.1). According to (2.2), we define 72(z) as the part of 7¢(x) with
maximum degree d = d(S), namely,

é(x) = (rs(x))". (2.5)
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Definition 2.3. Let z € S be a point of maximum degree. Then we define
Mg(z) :={y € G : y = exp(v) with v € g and v A 72(x) = 0} .

We will see in Lemma 2.13 that IIg(z) is a subgroup of G. Notice that, with the
notation of Definition 2.2, we have Ilg(z) = exp(L(72(z))) and

0(7§(x)) = H'(Is(x) N Uy),

where we have understood the identification of G with R™ via the graded coordinates
of Definition 2.2.

2.1.2 An algebraic Lemma

Let Xy,...,X, be an adapted basis of g; in what follows we will represent G by
means of the associated system of graded coordinates F' : R — G, according to
which homogeneous dilations can be read as

6. (2) = (ray, ..., 1%y, .. rtwy,) for every r > 0.

For X,Y € g, the vector C(X,Y) € g will be defined as in the Baker-Campbell-
Hausdorff formula (1.19). Asin (1.24), we define the families of homogeneous poly-
nomials P = (Py,...,P,) and Q = (Q1, ..., Q,) via the formula

Remember that, by Proposition 1.24, one has

Py(6,(2),6,(y)) = r® Pi(z,y) and  Qi(6,(x),0,(y)) = 7" Qi(w,y). (2.7)
and
o R i _ 5 9Q; |
Xj(x)—;a”(w) ; = >3, (2,0)9; = & 4-2; i» (z,0) ;, (2.8)

where each a;; is an homogeneous polynomial of degree d; — d;. From the homo-
geneity property (2.7) one gets

{leszlzo

. 2.9
Qi(z,y) = Q; (Zd]ﬂ» x; ej,zde. Y; ej> if d; > 1, (2.9)

where (eq,...,e,) denotes the canonical basis of R".
We now present a result which will be crucial for the proof of Lemma 2.14.
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Lemma 2.4. Let J C {1,2,...,n} be such that F = span{X, : j € J} is a
subalgebra of g, where (X1,...,X,,) is an adapted basis of g. Then, for every index
i ¢ J, the polynomial Q;(x,y) lies in the ideal generated by {x;, vy, : 1 ¢ J}; namely,
we have

Qi(z,y) = > (wRalz,y) + uSu(z,y)), (2.10)

I¢J, di<d;

where Ry, Sy are homogeneous polynomials of degree d; — d;.

Proof. Let us fix ,y € R™ and consider

X = ZI‘]'X]', Y = Zy]X]
i=1 i=1

By definition of C'(X,Y) and Baker-Campbell-Hausdorff formula (1.19), for any
X,Y € g we have

C(X,Y) = Z Pi(z,y) X; .

Therefore, defining m; : ¢ — R as the function which associates to every vector its
X;’s coefficient, we clearly have P;(z,y) = m;(C(X,Y)). Thus, formulae (1.19) and
(2.6) yield

‘L —1)H+1 1
Qi(z,y) = Z % Z )mm(caﬂ()(a Y)) =z — yi.

a;+B;>1Vi

Observe that C,p(X,Y), which is defined in (1.18), is a commutator of X and Y,
whose length is equal to |a 4+ (]; as the sum of commutator with length 1 gives
X +Y we get

QAx;y)zZ% > +Wi<caﬁ(x,1/)).

=1 a=(a1,...,0)

a;+Bi>1Vi
la+B|>2

When the commutator Cnp(X,Y) has length h > 2, we can decompose it into the
sum of commutators of the vector fields {z;X;,y,X; : 1 <1 < n}. Let us focus our
attention on an individual addend of this sum and consider its projection m;. Clearly,
this addend is a commutator of length h. If this term is a commutator containing an
element of the family {x; X, y,X; : [ ¢ J}, then its projection 7; will be a multiple
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of z; or y; for some [ ¢ J, i.e. the projection m; of this term is a polynomial of the
ideal

{zy:l¢ Jh
On the other hand, if in the fixed commutator only elements of {x; X}, y, X, : 1l € J}
appear, then it belongs to F. In view of our hypothesis, we have FNspan{X;} = {0},

hence its projection through m; vanishes. This fact along with (2.9) proves that
Qi(z,y) has the form (2.10). O

2.2 Blow-up at points of maximum degree

Lemma 2.5. Let S be a p-dimensional submanifold of class C* and let x € S be a
point of maximum degree. Then we can find

o a graded basis X1,..., X, of g;

e a neighbourhood U of x;

o a basis v1(y),...,v,(y) of T,)S for ally € U
such that writing vj(y) = > i, Cij(y) X;(y), we have

Id,, 0 0
O1(y) * *
0 Id,, 0
Cw) = (Cuwimy = | 0| Oal) |-+- | 2.)
0 0 o | Idy,
0 0 | O(y) ]

where ay, are integers satisfying 0 < ap < my and oy +-- -+, = p. The (my—ay) X
ag-matriz valued continuous functions Oy vanish at x and * denotes a continuous
bounded matriz valued function.

Proof. Observing that since the degree of a point in S is invariant under left transla-
tions, it is not restrictive to assume that x coincides with the unit element e of G.

Step 1. Here we wish to find the graded basis (Xi,...,X,) of g and the basis
v1,...,v, of TS required in the statement of the lemma and that satisfy (2.11)
when y = e. Let us fix a basis (f1,...,t,) of 7.5 and use the same notation to
denote the corresponding basis of left invariant vector fields of g. We denote by 7y
the canonical projection of g onto Vi. Let 0 < a, < m, be the dimension of the
subspace spanned by

m(t1), ..., m(tp)-
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Taking linear combinations of the ¢;’s, we can suppose that the first o, projected
vectors {m,(t;) : 1 < j < o, } form an orthonormal set of V, with respect to the fixed
graded metric g. Then we set

X;=m(t;) €V, and vj:=t; €1.9,
whenever 1 < j < «,. Adding proper linear combinations of these ¢; to the re-
maining vectors of the basis, we can assume that {t;’1 = tjta, }1<j<p—a, are linearly
independent and that
WL(t;-_l) =0 whenever j=1,...,p—a,.
Now consider the p — a, vectors

T (), ,m,l(t;fm)

and let 0 < a,_1 < m,_1 be the rank of the subspace of V,_; generated by these
vectors. Taking linear combinations of t;-_l, we can suppose that WL,l(t}_l) with

j=1,...,a, 1 form an orthonormal set of V,_; and that defining
t;‘Q = t;j}h_l for1<ji<p—a,—a,_;
we have
WL,l(t;-’Q) =0 whenever j=1,....p—a, —a,_.

Then we set

X;’l = ﬂb,l(t;’l) eV,_, and 'Ug’l = t;’l eT.S.

for every j = 1,...,a,-1. Repeating this argument in analogous way, we obtain
integers ay with 0 < oy < my, for every kK =1,...,¢ and vectors

XfEVk, v;-“ETeS, where k=1,...;¢c and j=1,...,q.
Notice that a; + - - - + o, = p and that
(Ufs ey Upyse e Ve 0h) (2.12)

is a basis of T.S. We complete the X ]’f“s to a graded basis

(X{, . X X2 X2 X LX)

mi) mo? my
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of g, that will be also denoted by (X7, ..., X,). It is convenient to relabel the basis
(2.12) as (v1,...,vp), hence we write v; = > | C;;X; obtaining

[ Id,, *
0 * *
0 |Id,, *
Ci=(Cy)=|_0 |0 *
0 Id,,
L 0 O -

Performing suitable linear combinations of v;’s, we can assume that

[ Id,, | © 0
0 * *
0 | Ida, 0
c=|_010 * (2.13)
0 |- |Ida,
I 0 || 0 |
Step 2. The basis (vy,...,v,) of TS can be extended to a frame of continuous

vector fields (vi(y),...,v,(y)) on S defined in neighborhood U of e. Thanks to the
previous step, defining v;(y) = >\, Ci;(y)Xi(y) we have

[ Id,, +o(1) o(1) e o(1)
o(1) * *
o(1) Idy, +o(1) | --- o(1)
Cly) == (Ci;(y)) = o(1) o(1) *
o(1) o(1) oo | Idy, + o(1)
| o(1) o(1) o(1)

where o(1) denotes a matrix-valued continuous function vanishing at e. Observing
that Id,, + o(1) are still invertible for every y in a smaller neighbourhood U’ C U
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of e, we can replace the v;’s with linear combinations to get

[ Idg, +o(1) 0 0
o(1) * *
0 Tda, +0(1) 0
Cly) = o(1) o(1) *
0 0 o+ | Idg, + o(1)
| o(D) o) -] o(l)

The same argument leads us to define a new frame with matrix

[ Id,, | 0 0
Owy)| = |- | =
0 | Iday |---] O
Cly)=| o) [Oo()|--- | * |, (2.14)
0 0 |-~ | Ida,
| o(1) | o(1) |-+ [Ouy) _

where O; have the same properties as in the statement of the present lemma. To
finish the proof, it remains to show that all o(1)’s of (2.14) are actually null matrix
functions. Here we use the fact that the submanifold has maximum degree at e.
Notice that the simple p-vector

vi(Yy) A A(y) = ZGJ(?J)XJ(?J)

J

is proportional to the unit (according to the Riemannian metric §) tangent vector
7s(y). In addition, if J = (ji,...,J,), then a;(y) is the determinant of the p x p
submatrix obtained taking the j;-th, js-th, ..., j,_;-th and j,-th row of C(y). From
(2.13) we immediately conclude that dg(e) = a3 +2as+ - - - 4 wv,. Finally, whenever
one entry of some o(1) does not vanish, it is possible to find some J such that
dj, > a1 + 209 + -+ + 1y, and ay(y) # 0. This would imply ds(y) > ds(e),
contradicting the assumption that dg(e) = maxy,cpr ds(y). O

Remark 2.6. It is easy to interpret the statement and the proof of Lemma 2.5 in
the case some «y vanishes. Clearly, the ay columns in (2.11) intersecting I,, and
the corresponding vectors vf disappear.

Remark 2.7. When S is of class C" the v;’s of the previous lemma are of class

C"!: in fact, the linear transformations performed in the proof of Lemma 2.5 are
of class C" 1.
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The previous Lemma 2.5 allows us to state the following definitions.

Definition 2.8. Let S be a C! smooth submanifold and let z € S be a point of
maximum degree. Then we can define the degree o : {1,...,p} — N induced by S

at x as
k—1 k
oj =k if Za5<j§2as,
s=1 s=1

where the «}’s are defined in Lemma 2.5.

Definition 2.9. Let S be a C! smooth submanifold and let # € S be a point of
maximum degree. Then we will denote by

(X1, XE X XE ) and (vr,L. vl et )

mi? m, ? Vo) ) Yoy

the frames on G and on a neighbourhood U of z in S, respectively, which satisfy the
conditions of Lemma 2.5. We will also denote these frames by

(X1,...,X5) and (V1.0 ,0p) .

Corollary 2.10. Let S be a C! smooth submanifold with x € S satisfying ds(z) =
d(S). Then () is a simple p-vector which is proportional to

XA AXL AN ANXIAANXL
and we also have

IIs(z) = exp(span{X],..., X,

al,...,X{,...,X;L})
Proof. By expression (2.11), 7g is clearly proportional to
XIAAXL AN AXTAAXL +R. (2.15)

where R is a linear combination of simple p-vectors with degree less than d(X{A---A
X:). Then d =d(X] A---ANX!.)=0oq +2az+ -+, and 74(z) is proportional
to X{ A AXE . O

Definition 2.11. We will denote by
(X1, o X, XY X)) (2.16)
the frame of Corollary 2.10, arising from Lemma 2.5, and by

s(x) : G — Tlg(x) (2.17)

the corresponding canonical projection.



38 Chapter 2. Measure of submanifolds in Carnot groups

Corollary 2.12. Let e € S be such that ds(e) = d(S). Let us embed S into R"
Then there

7777 k°
exrists a function

¢ : ACR’ — R™™
x:(x%,...,xél,...w&)»—>(¢(111+1,...,¢in1,..., ¢;L+1,...,¢jm)(x),

defined on an open neighbourhood A C RP of 0, such that ¢$(0) =0 and S D ®(A),
where ® : A — R" is the mapping defined by

x> (21, mh by (T)s e O (), Bl (@), @ (1), (2.18)
Moreover, & satisfies V®(0) = C(0), with C given by Lemma 2.5.

Proof. Representing mg(z) with respect to our graded coordinates, we obtain

s(z) : R*"—RP

1 1 L L
e B TR SN A S
Taking its restriction
™ : S—RP
1 1 L L
T (T, .., Ty, T, T )

we wish to prove that 7 is invertible near 0, i.e. that dmx(0) : 758 — RP? is onto.
According to (2.11) and the fact that 7 is the restriction of a linear mapping, it
follows that dr(v}(0)) = 833? for every k =1,...,cand j = 1,...,a. This implies
the existence of & = 7T|?J1 having the representation (2.18), hence one can easily
check that dw(8x§<1> (0)) = 8:2? also holds for every k = 1,...,cand j = 1,..., as.
As a consequence, invertibility of dm(0) : ToS — RP gives vF(0) = (956?(1) (0). It
follows that each column of V®(0) equals the corresponding one of C'(0), i.e. that
Vo (0) = C(0). O
From now on, we will assume that S is a CY! submanifold of G.

Lemma 2.13. Let x € S be such that ds(x) = d(S). Then Ilg(z) is a subgroup.

Proof. Posing d := d(S), due to Corollary 2.10, 74(x) is proportional to the simple
p-vector
XiAAXL AN AXPA - AXE

to prove that each bracket [Xj’-“,Xil] lies in F for every 1 < k,l <, 1 <j < ap and



2.2. Blow-up at points of maximum degree 39

1 <i < aq: this implies that F is a subalgebra and so that IIg(x) = exp(F) is a
subgroup.

Taking into account Remark 2.7, we can find Lipschitz functions ¢, and s,
which vanish at x whenever d, = k or d, = [, such that

Uf:Xf—i—ngrXr and vll-:Xil—l—Z@/JsXs.
dr<k ds<l
For a.e. y belonging to a neighbourhood U of x, we have

bl = (X4 e X X+ Y0 X

dr<k ds<l

= XEXD+ Y o X XD+ Y e XE XS+ Y e [X X

dr<k ds<l dr<k,ds<l
+ > (X)X, =Y (Xle)X, (2.19)
ds<l d-<k
Y (e (50 X U (Xap) X))
dr<k,ds<l

By Frobenius theorem we know that this vector is tangent to S, i.e. it is a linear
combination of v{,... v, and liesin Vi @ -+ @ Vi, hence Lemma 2.5 implies that

) (e
[vf, 0] = Z AUy

it must be of the form
or<k+l

Projecting both sides of the previous identity onto Vj,; and taking into account
equation (2.19) we obtain

X XN+ o X X[+ o [XF, X+

dr=k ds=l

+ Z Pr ¢s [XTaXS] = Z Or ﬂk+l(vr)'

dr=k,ds=l or=k+l

From (2.11) the projections 7y, (v,(y)) converge to a linear combination of vectors

XikH as y goes to x, where 1 < 7 < agy. We can find a sequence of points
(y») contained in U, where [vF,v!] is defined and y, — = as v — oo. Then the

coefficients a, are defined on ¥, and up to extracting subsequences it is not restrictive
assuming that a,(y,), which is bounded since S is C!, converges for every r such
that o, < k+1. Thus, restricting the previous equality on the set {y, } and taking the
limit as v — oo, it follows that [X¥, X!] is a lincar combination of {X™}1<i<q, ...

)

This ends the proof. O
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Let us consider the parameters A = (A,...,A\L,..., AL, ..., A, ) € R? and a

» Ny )

point e € S with dg(e) = d(S). We aim to study properties of solution (¢, A) of the
Cauchy problem

Oyt A) = > Mk(y(t,\) 5!
'kzl ..... L (220)

7(07)‘) =0,

where the vector fields vf are defined in Lemma 2.5 with x = e. Notice that for every
compact set L C RP, there exists a positive number ¢ty = to(L) such that v(-, \) is
defined on [0, to] for every A € L.

The next lemma gives crucial estimates on the coordinates of v(-, A). Notice that
graded coordinates arising from the corresponding graded basis (X7, ..., X)) will be
understood.

Lemma 2.14. Let (-, \) be the solution of (2.20). Then for every k =1,...,1 and
every 7 = 1,...,my there exist homogeneous polynomials gf of degree k such that

(i) g; =0 forany j=1,...,my;
(ii) gF(A) = gF (ML AL, AT AR Y when k> 1;
(iii) g;(0) = 0;

(iv) the estimates

ML k()] k-1 ] k 1y

L gi (A, A t"+ O(t =1,...

V(A = [ GO AR OW, =1 (2.21)
O(thrl)’ J:ak+1aamk
hold for every A € L and every t € [0, o).
Proof. From (2.8) and Proposition 1.24 (i), we have Xy = >" | a;5 0; where

% RS if d; <dj 599
is(7) = uis(a:%,...,:c;n,...,x‘ﬁif}.,xﬁgil) it d; > dj (2.22)

and u;, is a homogeneous polynomial satisfying u;s (6, (7)) = ré~%su; (x). Setting

A=) = (M AL A A2 N N ) ERP

)t )y Mag Yt

and taking into account the expression of v; given in Lemma 2.5, we can write the
Cauchy problem (2.20) as

p

Oyt A) =D v, (YEN) M) =D Cor (71, X)) Xs(v(E X)) A(E),  (2.23)

r=1 r=1 s=1
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where C(+) is given by Lemma 2.5. Now we fix A € L and write for simplicity 7 in
place of v(-,\). The coordinates of « will be also denoted as follows

(711,...,7;11,...,%,...,7%).

Step 1. We start proving (2.21) for the coordinates of v belonging to the first
layer, i.e.
Hy=Mt if1<j<a

() =0(*) ifoag+1<j<my.
In view of (2.23), we get

P n

=33 Culy) aj(y) A

r=1 s=1
For 1 < j < oy we have 1 = d; < d,, then (2.22) imply that a;; = d;5, whence

p
B =2 Cr(A =4 =],
r=1
where the second equality follows from (2.11), which implies C},.(z) = d;,. This
shows the first equality of (2.24).
Now we consider the case a; +1 < j < my. Due to (2.22) and 1 = d; < d;, we
have

p
7]1 = Z er(f}/))\r = Z er(fy))\r + Z er(’}/))\r- (2'25)
r=1 or=1 or>2

From (2.11), we have C},(y) = o(1) whenever o, = 1, hence C},.(y(t)) = o(t). From
the same formula, we deduce that C},(z) is bounded whenever o, > 2, and for the
same indices 7 we also have A, = O(t), hence the second addend of (2.25) is equal
to O(t). We have shown that §; = O(t) for every a; +1 < j < m, therefore the
second equality of (2.24) is proved.

Step 2. We will prove (2.21) by induction on k = 1,...,.. The previous step
yields these estimates for &k = 1. Let us fix £ > 2 and suppose that (2.21) holds for
all integers less than or equal to k — 1; we wish to prove (2.21) for components of
~v with degree k£ and for any fixed 1 < j < my. We denote by i the unique integer
between 1 and n such that X; = X ]k and accordingly we have v; = 'y;“, where d; = k.
Taking into account (2.22) and that C, vanishes when ds > o, it follows that

p

;Yi = ZZCLZS(’Y)CST(V)S‘T = Z ais(y)CSTC‘)/))‘T' (226)
r=1 s=1 1<r<p
dsSdi
ds<o,
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We split this sum into three addends

=g Y G+ 3 a0+ Y an(CaA,. (227)

1<r<p 1<r<p 1<r<p
d;<or ds<d; ds<d;
ds=o, ds<op

Step 3. We first consider the case 1 < j < ay: (2.11) implies that Cy,.(z) = &y,
therefore the first term of (2.27) coincides with A;(t) = A¥¢*~'. For the remaining
terms, our inductive hypothesis yields

N+ gt A ) 4+ 0@) ¢ if1<s<
’Yi(t7 ): ( S/ l gs( 1 Ozlfl) ()) 1 >S5 (228)
O(t) t fo+1<s<my

whenever [ < k—1, where ¢ is a homogeneous polynomial of degree I. Due to (2.22),
a;s are homogeneous polynomials of degree d; —ds; = k—ds > 0, then applying (2.28),
we achieve

s Tmes,) = (Nis(A3, - A0 ) +0() 57 (2.29)

7k —1

whenever d, < d; = k and u;, = 0;, if d; = k. Notice that N,;; are homogeneous
polynomials of degree k —d, since it is a composition of the homogeneous polynomial
a;s and of the homogeneous polynomials A, /1 + gt (A}, ..., Aot ) with degree [.

7y
Let us focus our attention on the second addend of (2.27). By definition of A,
we have A\, = )\;’(’;)t"r_l, for some 1 < I(r) < a,,, hence this second term equals

S [Cur0) + O] [NaAL - N 5 O ag o

A —1
1<r<p
ds <d7.

ds=o,
= ) Cul0) Nis(A], - A ) A 1571+ O(t)
1<r<p

ds <d7,
ds=o,

= Ni(AL .. AE R+ O(#h),

where N; is a homogeneous polynomial of degree k¥ = d;. From (2.29) and taking
into account the definition of \,, the last term of (2.27) can be written as follows

Z CST(V(t)) [st()\%, cey )\];;El)tk_ds + O(tk—ds—l-l)] O(tgr_l)
1<r<p

ds <d1
ds<or

— 2 : O<tk—ds+ar—l) — O(tk)
1<r<p
dq<dz
d5<0'7‘
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Summing up the results obtained for the three addends of (2.27), we have shown
that )
AEE) = (A5 + Ni(A, . A I N+ O(t")

Pk —1

whence the first part of (2.21) follows.
Step 4. Finally, we consider the case o +1 < 7 < my. In this case we decom-
pose (2.26) into the following two addends

Vi = Z Cir(7) 5‘7" + Z aiS(V)Osr(V):\T- (2.30)

1<r<p 1<r<p
k<o ds<k
ds <or

The first term of (2.30) can be written as

Yo Coh = D CaMh+ D Ca(nA.

1<r<p 1<r<p 1<r<p
kSU’I‘ kJ:UT k<UT

From (2.11), the Lipschitz function C;,(x) vanishes at zero when oy +1 < j < my,
and d; = o,., then C;.(y(t)) = O(t) and

Y Comh= ) 0wt + Y o)t = 0(th). (2.31)

1<r<p 1<r<p 1<r<p

k<o, k=0, k<o,

Let us now consider the second term of (2.30). According to (2.29), we know that

ais(7(t)) = O(t*~9). Unfortunately, this estimate is not enough for our purposes,

as one can check observing that A, = O(t”~!) and C,, = O(1) for some of s, 7.

To improve the estimate on a;s we will use Lemma 2.13, according to which the
subspace spanned by

(X1, Xo o XY X))

ay? @,

is a subalgebra. Then we define
f:span{XfllngL,lgsgak}
along with the set J, that is given by the condition
F =span{X;:j € J}.

We first notice that ¢ ¢ J, due to our assumption ay + 1 < j < my. This will allow
us to apply Lemma 2.4, according to which we have

Pi(r,y) =z +yi + Qi(w,y) =z + y; + Z (@i Ra(z, y) + yiSalz, y)) .
1], dy<k
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As a result, assuming that s € J, we obtain the key formula

0P, OR;
ais(x) - —(CL’,O) = Z Z o l(‘ra())?

1¢J, di<k 5

where 0,, R;(x,0) is a homogeneous polynomial of degree k — dy — d;. By both
inductive hypothesis and definition of J, we get

n(t) = 0" ™),

for every [ ¢ J such that d; < k. By these estimates, we achieve

as(v0) = Y, u() Ot (3 8),0) = > o@thHo Ty = o).

1¢J, di<k

=1,..., =1,...,

r=1
ds<k ds<k ds<k
ds<or ds<or ds<or
seJ s¢J

where the first addend of the previous decomposition can be estimated as

Y a)CaM A = D O 0(1) 0@ = O@t") . (2.33)

1<r<p 1<r<p

ds<k ds<k
dSSUT dSSO'r
seJ seJ

Finally, we consider the second addend of (2.32), writing it as the following sum

> (M CaM A = D a() CalM M+ D as(V)Co() A (234)

1<r<p 1<r<p 1<r<p

ds<k ds<k ds<k
ds <o ds=o0 ds<oyr
s¢J s¢J s¢J

The first term of (2.34) can be written as

Y otyomon) = o),
1<r<p
dsfk

s¢J
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where we have used the fact that Cy,(z) = O(|z|) when ds = 0, and s ¢ J, according
to (2.11). The second term of (2.34) corresponds to the sum

Y oty o) 0@t = O(th).
1<r<p

ds<k

dS<UT‘

s¢J

As a result, the second term of (2.32) is also equal to some O(t*), hence thanks
to (2.33) we get that the second term of (2.30) is O(t*). Thus, taking into account

(2.30) and (2.31) we achieve (t) = O(t*), which proves the second part of (2.21)
and ends the proof. O

Remark 2.15. Analysing the proof of Lemma 2.14, it is easy to realize that the
functions O(t*1) appearing in the statement of Lemma 2.14 can be estimated by
t**+1 uniformly with respect to A varying in a compact set: more precisely, there
exists a constant M > 0 such that

7 k-1

E(E, )| < Mk if ap +1< 5 < my.

VE(EA) — [Nk 4 gE (AL, AT )]tk’ < Mt if1< < ay 2.35)

for all A belonging to a compact set L and every ¢ < t.

Our next step will be to prove that our curves (-, A) do cover a neighbourhood
of a point with maximum degree. To do this, we fix graded coordinates with respect
to the basis (XF) and consider the diffeomorphism G : R? — RP arising from
Lemma 2.14 and that can be associated with any point of maximum degree in a
C%! smooth submanifold: precisely, we set

Gz()\) = )\2/01 -+ gi()\la ce ,/\Zai—l ) , (236)

s=1 Qs

where (g1,...,9p) = (91s---,98ys-- - 94> -» g4,) and gF are given by Lemma 2.14.
Then G(0) = 0 and by explicit computation of the inverse function, the defini-
tion (2.36) implies global invertibility of G.

Remark 2.16. The diffeomorphism G also permits us to state Lemma 2.14 as
follows

Y(t,A) =& (G(\) +O(t)) e R, (2.37)

where G(\) belongs to RP x {0}, precisely, it lies in the p-dimensional subspace
IIs(x) with respect to the associated graded coordinates.
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We will denote by ¢(t, \) the projection of v(¢,\) on Ilg(x), namely

c(t, ) = 7s(x) (7(t,\), (2.38)

where mg(z) is as in (2.17) and graded coordinates arising from (2.16) are under-
stood. In the sequel, the estimates

ci(t, \) = Gi(A\)t7 + Ot ) (2.39)
will be used. They follow from Lemma 2.14 and the definitions of ¢ and G.

Lemma 2.17. There exists to > 0 such that for every t; €0,to[, there exists a
netghbourhood V' of 0 such that

VNS C{y(t,A):AeG (S and 0 <t <ti}.

Proof. We fix tg = to(L) > 0 as in Lemma 2.14, where we have chosen L =
GH(SP7Y). Let t; €]0,t[ be arbitrarily fixed. Taking into account Corollary 2.12,
it suffices to prove that the set {c(t,\) : A € L,0 <t < t;} covers a neighbourhood
of 0 in RP. For each ¢ €]0,¢;[, we define the “projected dilations” A; = wg(x) o J;
corresponding to the following diffeomorphisms of R”

At(yh ce ayp) = (talylv s atoiyia s 7tgpyp) .
Now we can rewrite (2.39) as
c(t,N) = A (G(N) + O(t)), (2.40)

where O(t) is uniform with respect to A varying in G=(SP71), according to Re-
mark 2.15. Then we define the mapping

L, : SP L Re
ur— Ay (c(t, G_l(u)))

and (2.40) implies
Li(u) =u+ O(t).
As a consequence, L; — Idgr-1 as t — 0, uniformly with respect to u varying
in SP~!. Then, possibly considering a smaller ¢y, for any 0 < 7 < t; we have
L.(S771)N By = 0 and L, is homotopic to Idg,-1 in R? \ {A} for all A € B .
In particular, since Idgpr-1 is not homotopic to a constant, L, is not homotopic to a
constant in RP \ {A} for all A € By,.
Now, we are in the position to prove that

{e(t,\): xeGTH(SP ) and 0 <t <T}



2.2. Blow-up at points of maximum degree 47

covers the open neighbourhood of 0 in R? given by A;(B;/2 N1Ig(e)) that leads us
to the conclusion. By contradiction, if this were not true, then we could find a point
A € Byj; such that A # Ay, (cx(t)) for all A € GT1(SP7!) and 0 < ¢ < 7, but then

H : [0,7] x P71 - RP\ {A}
(s,u) = Ar(c(s, G ()

would provide a homotopy in R\ {A} between the constant 0 and L., which cannot
exist. O

As an important consequence of Lemma 2.14, we can finally obtain the main
result of this Section.

Theorem 2.18. Let S be a CH' smooth submanifold of G and let & € S be a point
of mazximum degree. Then for every R > 0 we have

o1/r(z71S) N UR — Us(x) NUg asr — 0 (2.41)
with respect to the Hausdorff distance; moreover, Ilg(x) is a subgroup of G.

Proof. We first notice that Ilg(z) is a subgroup of G, due to Lemma 2.13. Setting
Sy 1= 51/T(x’15’),_it is sufficient to prove (see [11], Proposition 4.5.5) that S, ,NUg
converges to I N Uk in the Kuratowski sense, i.e. that

(i) if y = lim,,_. ¥y, for some sequence {y,, } such that y,, € S, NUg and r,, — 0,
then y € llg(z) N Ug;

(i) if y € Ilg(z) N Uy, then there are y, € S,, N Ug such that y, — v.

It is not restrictive assuming that = = e.
To prove (i), we set z, = &, (y,) € SN U,, g From (2.37), we can find t; > 0
arbitrarily small such that
inf |u+ O(t)| >0, (2.42)

uesSr—1
o<t<ty

where |- | is the Euclidean norm and O(t) is defined in (2.37). Then for n sufficiently
large and taking t; < tp, Lemma 2.17 yields a sequence {7,,} C|0,¢;[ and A, €
G~1(SP~1) such that v(7,, \n) = d,, yn. Due to (2.37), we achieve

Oryfrn (G(An) + O(70)) = Yn

hence (2.42) implies that 7, /r, is bounded. Up to subsequences, we can assume
that G(\,) — ¢ and 7,/r, — s, then y, — 0, = y. From Remark 2.16, we know
that G(\) € Ilg(x) with respect to our graded coordinates, hence y € Ilg(x).
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To prove (i), we choose y € Ig(x) N Ug and set A = G~'(y). By Lemma 2.14
there exists 7o > 0 depending on the compact set G~(IIg(z) N Ug) such that the
solution 7 — ~(r, \') of (2.20) is defined on [0, r¢] for every N € G~} (Ilg(x) N Ug).
Clearly, v(r, \') € S, then (2.37) implies that

61/7’ (S) SYr = 51/7" (7(7'7 A)) - G<)‘) =Y.
This ends the proof. O

2.3 Measure of submanifolds in Carnot groups

In the following Theorem 2.19 we will denote by o; the Riemannian p-dimensional
surface measure with respect to an arbitrary metric g. We also stress that the right
hand side of (2.43) is effectively dependent on g like the left hand one, because so is
the definition itself of metric factor 6, and in particular the p-dimensional measure
HP appearing in (2.3) of Definition 2.2.

Theorem 2.19. Let S be a CH! smooth p-dimensional submanifold of degree d =
d(S) and let x € S be of the same degree. Then we have

. oz(SNU(x,r)) O(rd(x))
T T T, 249

Proof. Without loss of generality we assume that = is the identity element e and
identify G with R™ through graded coordinates centered at 0 with respect to X J’“
According to Corollary 2.12, we parametrize S by the C*! function ¢ : A C IIg(e) —
R"7P, such that S is the image of
& : AcCIlg(e) — R"

Y= (U Yo Paast (U)o Gy (U)W Yy Dhia (U)o B, ().

For any sufficiently small r > 0, we have

. 05(SNU,) 1
lim 282 0 B(y)d
e i [D o J3®(y) dy
-/ T, (). 240
Ay (@1 (U)

where A, = d,114() and its jacobian is exactly equal to r¢. Notice that the set
Ay (@7HU,)) = (610 0 @ o A,)"H(Uy) contains exactly those elements y € IIg(e)
such that

(y1 1 ¢¢111+1 (Ary) 71711 (Ary> . . LaLJrl(ATy) ¢:m(Ary))
1y .

e Jag r PICECIEIY r ey 1y Yy /rL 9o e ey r
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belongs to U; and that
Ay (@7HT,)) = 7s(e) (o, N T),

where 7g(e) is the projection onto Ilg(e) with respect to graded coordinates, i.e. the
mapping

R" D (2, 2o e oy 2y 2l ) = (2o 2y o0 20,0y 24 ) € s ().

For the sake of simplicity, we will write 7 instead of 7g(e). By continuity of ,
for every ¢ > 0 we can find a neighbourhood N' C R" of IIg(e) N U, such that
7(N) C IIg(e) NUse; by Theorem 2.18 and the definition of Hausdorff convergence,
for sufficiently small r we have Sy, N U; C N and so

Ay (7HU,)) € 7(So, NTUL) C Hs(e) N Ui (2.45)
If we also prove that
Ig(e) N Ur—e C Ay (@ HU,)) (2.46)
for small r, we will have x5, , @-1(,)) = Xis(e)nrr 1D L'(TTg(e)). This fact and (2.44)
imply that
lim —Ug(s 9 v)
10 T

By Corollary 2.12 we know that V®(0) = C(0), where C' is given by Lemma 2.5;
therefore J;®(0) must coincide with the Jacobian of the matrix C(0), i.e. with
|v1(0) A -+ - Av,(0)|5. By virtue of Corollary 2.10, we have

= J;®(0) H(ILs(e) N Uy) = J;2(0) 0(5(0)).

7 (0) XINANXL N ANXEA-ANXL 1
Tgle)|lg =
o [01(0) A=+ A op(0)]g

(0 A A (0)]5

g
Finally, it remains to prove (2.46). We fix
y=(y1,...,Yp) = (y%,...,yil,...,y;[/) €lls(e)NU;_.

and set z := 6,(y) € U—ey. Let tg > 0 be as in Lemma 2.17 and consider ¢; €]0, ¢,
to be chosen later. By the same lemma, for every r > 0 sufficiently small there exist

A€ G7(SP71) and t € [0, such that ®(z) = (¢, ). Since |G(\)] = 1, we can
find 1 <4 < p such that |G;(\)| > 1/,/p. Notice that

ms(e)(®(2)) = z = ms(e)(v(t, A)) = et ), (2.47)
then (2.39) implies
M 2 (G~ 2] 2 /5 — [l
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where M > 0 is given in Remark 2.15 with L = G~!(SP™!). Tt follows that
(1/3/p — Mty)t? < (1/\/p — Mt)t% < |y;| r7".

Now, we can choose ¢; > 0 such that 1/,/p— Mt; > € > 0, getting a constant N > 0
depending only on p, |y| and M such that

t<Nr. (2.48)

Taking into account (2.47) and the explicit estimates of (2.35), we get some 1 < k <
and o; + 1 < 7 < m; such that

lei(t, M) = 15 (8, 2)| = 165 (2)] < M,
where we notice that k = ;. By (2.48), the previous estimate yield
95 (6:y)| = 105 (2)] < Mt (2.49)

where M = MN**!. Estimate (2.49) has been obtained with M independent from
r > 0 sufficiently small. Therefore

<y1 1 ¢é¢1+1(67"y> }nl (6ry) . . a1 (6ry) inb((sry))
1 -

o Yap r g ey r 7""y17"'7O¢L’ TL g ey /,nL

belongs to U, definitely as r goes to zero, namely, y € Ay, @ 1(U,) for r > 0 small
enough. We observe that N linearly depends on |y| and is independent from r > 0,
then the constant M in (2.49) can be fixed independently from y varying in the
bounded set IIg(e) N U;—., whence (2.46) follows. O

Let S and d be as in Theorem 2.19; for : = 1,...,d we set
Si={x € S:dg(z) =i}

Then, using Theorem 2.19 and standard theorems on differentiation of measures
(see [52]), it is immediate to deduce the following

Corollary 2.20. Suppose that S is a CY' submanifold of degree d; then

S0~ [

In particular, if Sg—almost every point has maximum degree d, i.e. if
SIS\ Sq) =0, (2.51)

one has that

SU(S) = '?S<()|)) 05(z) . (2.52)
and S has Hausdorff dimension d.
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In formula (2.52) we used the facts that |7d(z)], = 0 on S\ Sy and that metric
factors are uniformly bounded from below.

Corollary 2.20 shows that Sg is positive and finite on open bounded sets of the
submanifold and yields the “natural” sub-Riemannian measure on ¥

750l

Tcio) oL 5. (2.53)

d
MszspLS:

Also the equivalent measure
fis = 74()], 051 S (2.54)

can be considered a natural one, with the further property that it does not depend
on the metric g. In fact, parametrizing a piece of S by a mapping ¥ : U — G, we
have

is(ew) = [ @l doste)
[0 A+ 7 0, W) (07 (2))]
B /I/(U) |(@x1\11/\/\a$p111)(\11—1<x))‘

— / ‘(am\lf/\---/\axptlf)d
U

d

? dog(x)

g

ace (2.55)
g

where we used classical area formula and the fact that

N PN
Ts(z) =
5 0, U A~ A D, ¥,

(T~ ()).

Integral formula (2.55) can be seen as an area-type formula where the jacobian is
projected on vectors of fixed degree.

It is possible to prove that the restrictive hypothesis (2.51) holds true in many
interesting cases, namely when

e S is a p-dimensional Legendrian submanifold in the Heisenberg groups H", i.e.
T.S C H,H" for any = € S (in this case one must have p < n and it is easy
to check that d = p, see [65]);

e S is a p-dimensional non-Legendrian submanifold in the Heisenberg groups H"
(in this case d = p + 1, see [65] and [100]);

e S is a codimension 1 hypersurface of a Carnot group G, where we have d =
Q — 1 (see [98]);
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e S is a “non-horizontal” submanifold in a Carnot group G, ie. d = Q — k,
where k is the topological codimension os S (see [99]).

Observe however that, for general submanifolds in a Carnot group, the non-horizon-
tality condition is quite restrictive: for example, it cannot hold when the codimension
k is too large (namely, when k > m;). Presently, we are not able to prove the
validity of (2.51) in the general case; however, one could expect (possibly requiring
more regularity on S) not only that it holds true, but in fact that

S,(8;)) <oo foralli=1,...,d (2.56)
Indeed, this is exactly what happens in step 2 Carnot groups:

Theorem 2.21. Let S be a CY' submanifold of degree d of a step 2 Carnot group
G; then (2.56) holds. In particular, also formula (2.52) holds and the Hausdorff
dimension of S is d.

Proof. In view of Corollary 2.20, it will be sufficient to prove (2.56). By [99], Theo-
rem 1.3, we know that there exist two real constants ¢, cy > 0 such that

o;(SN U(:E,T)) gz(SN U(x,r)) <

0<e < lirrgégf g = < liiriigp i < ¢y
for any x € S;; therefore one has
a18)(S;) < 03(S;) < 05(5) < o0
and this is sufficient to conclude. O]

2.4 Some examples in the Engel group

As an application, in this section we wish to present examples of 2-dimensional
submanifolds of all possible degrees in the Engel group E*.

It will be convenient, more than using graded coordinates, to represent E* as R*
equipped with the vector fields X; = Z?Zl a;;(x)0;, with

1 0 0 O

0 1 0 0
A@ =149 2 1 0|

0 22/2 z; 1

where = = (z1, 9, x3,x4); observe that dy = dy = 1, d3 = 2 and d4 = 3.
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Let U : U — R* be the parametrization of a 2-dimensional submanifold S,
where U is an open subset of R?. We set (u;,u3) € U C R? and consider ¥,,, =
Z?:l W7 0;. Taking into account that

1 0 0 0
4 10 1 0 0
A= 0 —& 1 0
0 z3/2 —x; 1
and that
4
d; = Z(A(x)_l)ijk, (2.57)
k=1
we obtain

Us

\Ifl 2
Uy, =Wy Xy + U0 Xo+ (V) — M 02 ) X5+ (\I’ii A S ( 2) s ) Xy

It follows that

Uy AWy, = U2X A X+ (U — UI002) X A X5 +

\Ifl 2
(\Piﬁ —wtap 0 ‘Pf) XiA Xy VPN A Xy

\Ill 2
(U2 — U U2) X, A X+ (%ﬁ%\lf? - \Wi"‘) Xa A Xy (2:58)

where we have set

W

U = det ( Vo, W, ) :
In the sequel, we will use (2.58) to obtain nontrivial examples of 2-dimensional
submanifolds with different degrees in E*.

Remark 2.22. Recall that 2-dimensional submanifolds of degree 2 in E* cannot
exist, due to non-integrability of the horizontal distribution span{X;, Xs}.

The next Example wants to give a rather general method to obtain nontri-
vial examples of 2-dimensional submanifolds of degree 3. Clearly, the submanifold
{(0, x9, x3,0} is the simplest example, as one can check using (2.58).
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Example 2.23. Having degree 3 means that the first order fully non-linear condi-
tions

Wi g2 gl = g
w2 gl g2 — (2.59)
vl gl gl g2 — g

must hold. By elementary properties of determinants, one can realize that the
previous system is equivalent to requiring that

(¥)?

VU3 — U'Ve? s parallel to VU* — = v, (2.60)
VU¥? s parallel to VU¥* — 0! V2 (2.61)

\1,1 2
VU! s parallel to VU* — 0! VI? + (—)vqﬂ : (2.62)

2

We restrict our search to submanifolds with W' (uy,us) = u; and ¥2* #£ 0 on U.
This implies that V¥? # 0 and so (2.61) is equivalent to the existence of a function
AU — R such that

VU —uy VI =\ V2,

Imposing the further assumptions \(u) = —u?/2 it follows that
\VAVAES —“;vqf? +uy; VU3 (2.63)
whence also (2.62) is satisfied; since
uy (VP — 4, VI?) = VIt — “;Wﬂ :

it follows that also (2.60) is satisfied, namely, the system (2.59) holds whenever we
are able to find U* satisfying (2.63). Clearly, we have an ample choice of families
of functions W2 W3 U* satisfying (2.63). We choose the injective embedding of R?
into R* defined by
(31
up + e"?

ue'? 4 UQ—%
ui Ui uy
3 + ?6

One can check that dg(¥(u)) = 3 for every u € R? where S = U(R?). Here the
part of 7¢ with maximum degree is

\I/(ul, UQ) =

el2

S(W(uq, = XoAX
) V5 (14 o) S
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and due to Corollary 2.20, the spherical Hausdorff measure of bounded portions of
S is positive and finite.

It is clear that submanifolds of higher degree are easier to be contructed.
Example 2.24. Let us consider
uj 3

U(uy, ug) = <U17U27 55 ) .

Then we have

12 _ 13 _ 14 _
P = 1, \Pu = U9, \Iju = U2

U =, P2 =, U3t =,

u

By (2.58) we have

2

\I’ul VAN \I’u2 = X1 N X2 + (Ug — ul) X1 A X3 + (Ug — UjUo + %) X1 A\ X4. (264)

Recall that S; is the subset of points in S with degree equal to <. With this notation
we have

Sy = {U(ur, uz) : ug €]0,2[} U{W(ur,uo) : up € R\ [0,2], [us — ug|* # u — 2us}
Sy = {\IJ <uQ +o\/u3 — 2U2,U2> ‘ oce{l,—1} and wuy € R\ |0, 2]}
We will check that the curves

R\ [0,2] 3 up — y(u2) = D (uz + oy/ud — 2us, us)

with o € {1, —1} have degree constantly equal to 2. Due to (2.57), we achieve
co_ 4l .2 .3 1.2 (4 s ()7
V=X X+ (VP =1) N+ (1 - ) X

where one can check that

1\2
<74_7173+%ﬁ2):0 and  (¥° —~'4*) = —oy/ud — 2us #£ 0. (2.65)

It follows that S3 is the union of two curves with degree constantly equal to 2.
Applying (2.52) we get that 85 L S5 is positive and finite on bounded open pieces of
Ss, hence §3(S3) = 0. In particular, we have proved that

S,(S\ 81) =0,

then the Hausdorff dimension of S is 4 and furthermore S/‘)*I_S is positive and finite
on open bounded pieces of S. Clearly, (2.52) holds.
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Example 2.25. Using (2.58) one can check that 2-dimensional submanifolds given
by

\P2<U1, Ug)
\D3(U1, Ug)
\114(u1, Ug)

\If(ul, Ug) =

with W34 £ (0 have degree 5 = Q — k, where Q = 7 is the homogeneous dimension
of E* and k = 2 is the codimension of S. Notice that these submanifolds are then
non-horizontal.

Remark 2.26. Let us consider S as in Example 2.24. It is easy to check that the
thesis of Theorem 2.18 does not hold, indeed

619 NUp — PNUg

where
P= {(%1,0,0,1'4) ‘ Ty Z 0}

Clearly, P cannot be a subgroup of E*, since all p-dimensional subgroups of Carnot
groups are homeomorphic to RP, see [136]. This fact may occur since the origin in
S has not maximum degree, as one can check in Example 2.24.



Chapter 3

Elements of Geometric Measure
Theory in the Heisenberg group

Starting with this Chapter, in almost all the rest of this thesis we will concentrate our
attention on the most important example of non Euclidean Carnot group, namely
the Heisenberg group H". In particular, we will summarize the principal results
of Geometric Measure Theory in this setting, taking great part of the material
from [62].

Section 3.1 contains a brief presentation of H", on which from now on we will fix
a system of graded coordinates, as a CC space; rather than on the CC distance d.,
we will make use of the equivalent homogeneous distance do, defined in (3.1) and of
the associated Hausdorftf and spherical Hausdorff measures ‘H7Z, and S7'. Following
the approach of Section 1.1, we will define the H-perimeter of a measurable set
E: some comparisons between this notion and the Euclidean one are provided in
Proposition 3.7 and in Example 3.8, while Theorem 3.9 allows us to introduce the
horizontal normal vg.

Section 3.2 is concerned with Cj; functions, i.e. those continuous real functions
on H"™ whose horizontal derivatives are represented, in distributional sense, by conti-
nuous functions. Lemma 3.11 contains an estimate on horizontal difference quotients
of C}; functions which will be crucial in the proof of Theorem 4.17, while the main
result of the Section is Whitney Extension Theorem 3.12, whose proof has been
sketched in [62], of which we give however a complete one.

In Section 3.3 we introduce one of the main objects of the thesis, namely the
H-regular surfaces, i.e. noncritical level sets of Cf; functions. These surfaces can
have an extremely bad behaviour from the Euclidean viewpoint, nevertheless they
turn out to be regular with respect to the intrinsic geometry, thus constituting the
natural counterpart of C! surfaces in a classical setting: cfr. also [22], [82], [87],
[72], [61], [67], [40], [7], [8], [62], [120], [112], [63] and [64]. In Definition 3.15 we

57
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state the notion of intrinsic graph already mentioned in the Introduction, and in
the main result of the Section, Theorem 3.16, we prove that H-regular surfaces are
locally intrinsic graphs: again the proof of this fact, which is given with several
simplifications at some technical points, is taken from [62].

Finally, in Section 3.4 we summarize (without proofs) the results of the latter
paper concerning rectifiability of sets E with finite H-perimeter. More precisely,
we will introduce the H-reduced boundary 0 E, on which a blow-up result holds
(Theorem 3.20). This set, up to H? l-negligible sets, is contained (Theorem 3.22)
in a countable union of H-regular surfaces. Observe that all these results apply to
H-regular surfaces; in particular, the blow-up result is consistent with Theorem 2.18
for CH! hypersurfaces.

3.1 The Heisenberg group

As in Section 1.2.4, the Heisenberg group H" will be always identified with R?"*! =
Ry x Ry x R; with group law

P Q = (fL’ +I,,y+y/,t+t/ + 2<x/7y>R" - 2<$,y/>Rn)7

where we denote with P = (z,y,t) and @ = (2/,y,t') elements of H"; observe that
0 is the identity of the group and that (x,y,t)™! = (—z, —y, —t). We will use the
notation p to denote the left translation by an element P.

The Lie algebra b of left invariant vector fields is generated by

Xj = 8%, —+ Zyj(?t, Y} = (9yj — 2xj8t, T = 815;

for n +1 < j < 2n we will often use the notation X; := Y,_,,. In this way, b is
endowed with the stratification h; @by, where by =span { X, ..., X5, } and hy =span
{T'} and where the only nonvanishing commutation relationships are [X;,Y;] =
—4T 7 =1,...,n. For r > 0 the homogeneous dilations 9, : H* — H" are defined
as

or(z,y,t) = (mc,ry,r%).

For P = (z,y,t) € H" set |P|o := max{|(z,y)|g2n, |t|'/%}; then for any P,Q €
H" the function

d(P,Q) = |P7" - Qlo = Q7" Pl (3.1)

is an homogeneous distance on H". In particular

doo(fPQa EPQ,) = doo(Qa Ql) and doo((SrQ7 57”Q/) =T doo(Q7 Ql) (32)
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for any P, Q, Q" € H™; moreover, for any bounded subset €2 of H" there exist positive
constants ¢1(£2), co(€2) such that

QP ~ Qliznss < d(P.Q) < ()P — QL2 (3.3)

for P, € 2. In particular, the topologies defined by d., and by the Euclidean
distance coincide on H™. From now on, U(P,r) will be the open ball with centre P
and radius r with respect to the distance d.,. We notice that U (P, ) is an Euclidean
Lipschitz domain in R?**1,

There is a natural measure on H" which is given by the Lebesgue measure
dL* 1 = drdydt on R*™ ™. This measure is left (and right) invariant and it is
the Haar measure of the group. If £ C H" then |E| is its Lebesgue measure.

Definition 3.1. (see [52]) We shall denote by H™ the m-dimensional Hausdorff
measure obtained from the Euclidean distance in R*"*! ~ H", and by H™ the m-
dimensional Hausdorff measure obtained from the distance d,, in H". Analogously,
S™ and 82 will denote the corresponding spherical Hausdorff measures.

Remark 3.2. We stress that, because the topologies defined by d. and by the
Euclidean distance coincide, the topological dimension of H" is 2n + 1. On the
contrary the Hausdorff dimension of (H",d) is @ = 2n + 2 (cfr. [108] and [117]).
Moreover, one has (see also [62], Theorem 2.18)

£2n+1 _ 2W2n SQ _ 2W2n Q.
w2 o HE(U(0,1) ™

Here and in the following we adopt the standard notation wy, := £¥(B(0, 1)), where
B(0,1) is the unit Euclidean ball in R¥.

Translation invariance and homogeneity under dilations of Hausdorff measures
follow directly from (3.2), more precisely we have

Proposition 3.3. Let Q CH", P € H" and m,r € [0,00). Then
HI(0pQ) = HE(Q) and HZ(0,()) = rHI(Q),
The same statements hold for ST.

For the sake of completness, we recall that the Carnot-Carathéodory metric d,.
on H" is defined as in Section 1.2.6 starting from the family Xy,..., X,,Yy,..., Y,;
it is not difficult to check that also d,. is an homogeneous metric and so

Proposition 3.4. The Carnot-Carathéodory distance d. is (globally) equivalent to
the distance d.
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We shall denote with U.(P,r) the open balls for d. and with H”, ST the asso-
ciated Hausdorftf and spherical Hausdorff measures.

We will identify vector fields and associated first order differential operators;
thus the vector fields Xy, ..., X, Yi,...,Y, generate a vector bundle on H", the so
called horizontal vector bundle HH" according to the notation of Gromov (see [72]
and [87]), that is a vector subbundle of TH", the tangent vector bundle of H". Since
each fiber of HH" can be canonically identified with a vector subspace of R*"+!
each section ¢ of HH" can be identified with a map ¢ : H* — R**"! At each point
P € H" the horizontal fiber is denoted as HpH"™ and each fiber can be endowed
with the scalar product (-,-)p and the associated norm | - |p that make the vector
fields X4,...,X,, Y7,...,Y, orthonormal, hence we shall also identify a section of
HH"™ with its canonical coordinates with respect to this moving frame. In this way, a
section ¢ will be identified with the function ¢ = (¢4, ..., ©2,) : H® — R?" such that
Y= 2521 ©;X;. As it is common in Riemannian geometry, when dealing with two
sections ¢ and ¢’ whose argument is not explicitely written, we shall drop the index
P in the scalar product writing (p,¢’) for (p(P),¢'(P))p. The same convention
shall be adopted for the norm.

If 2 is an open subset of H" and k£ > 0 is a non negative integer, the symbols
Ck(Q), C>=(Q) denote the usual (Euclidean) spaces of real valued continuously dif-
ferentiable functions. We denote by C*(Q2, HH") the set of all Ck-sections of HH"
where the C* regularity is understood as regularity between smooth manifolds. The
notions of C¥(Q, HH"), C>(Q, HH") and C(£2, HH") are defined analogously.

Definition 3.5. If Q is an open subset of H" and ¢ = (1, ..., p2,) € C1(Q, HH")
we define the horizontal divergence of ¢ as

divae =Y Xjp; + Yipnsj. (3.4)

j=1

Observe that, since X7 = —X;, j = 1,...,2n, the horizontal divergence of ¢
coincides with the divergence divxy (see (1.6)) with X = (Xy,..., Xo,).

Finally, let us recall some of the definitions and results already presented, in a
more general setting, in Section 1.1.2.

Definition 3.6. The H-perimeter of £ C H™ in an open set 2 C H" is
|OE|r(€2) := sup {/ divige dL*™ o € CLQ, HH), |o(P)|p < 1VP € H”}
E

We say that F is an H-Caccioppoli set in Q if |OF|g(Q2) < oco.

In the same way, and according to Section 1.1.2, one can define the space BV (12)
and the H-variation of a L' function f.
Using Theorem 1.9 it is not difficult to show the following
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Proposition 3.7. If E is an Fuclidean Lipschitz domain, then

0B = /S22 (X, 03000 H"LOE,

where n is an Fuclidean unit normal to OFE. Moreover, any Fuclidean Caccioppoli
set in H" = R?"*! is an H-Caccioppoli set and the H-perimeter measure |0F|g is
absolutely continuous with respect to the Euclidean surface measure on OF.

It is easy to show that Proposition 3.7 is strict, in the sense that there are H-
Caccioppoli sets that are not Caccioppoli sets in R?"*!; consider in fact the following

Example 3.8. Let {r;} be a strictly decreasing sequence of positive real numbers
such that
Z r? = 0o and Z 7 < 00

keN keN
and set

Ep:={PeH :rys1 < |Plo < rau} and E = Uken Ei-

For any open neighbourhood of the origin €2 there is ky sufficiently large such that
Uk>ko 2k C €2 and so

[0B | puct(2) = Y HA(OEy) = Y 15 + o] = o0,

k>ko k>ko

i.e. E is not an Euclidean Caccioppoli set. On the other hand, taking into account
Proposition 3.7, it will be sufficient to prove that

/ (X, n) dH* < oo
OEy
in order to obtain F belng an H-Caccioppoli set. An explicit computation gives

/ " (X, n) dH?* = / |(z,y)| dedy + / dH?* ~ 1},
{I@.y.t)|oo=rx} {i(@y)<rel} {@y)|=rk.ltI<ri}
For H-Caccioppoli sets the following divergence-type theorem holds (see [62])

Theorem 3.9. Suppose that |OE|u(Q2) < co; then there exists a |OE|m-measurable
section vg of HH"™ such that

lve(P)|p =1 for |0E|u-a.e. P € H",
_ / divsgep dL2 — / (e, o) d|OE|n Ve € C(Q; HE"),
E n

Here, the measurability of vg is meant in the sense that its coordinates vy, ..., Vo
are |OFE|m-measurable functions.
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The function vg can be interpreted |0FE|g-almost everywhere as a generalized
“horizontal” inqard normal to the set E.
Finally, as in Definition 1.10, we say that a set F is H-perimeter minimizing in
Q if
|0E]m(€) < [0Fa(S2)
for any measurable set F' C H" such that FAF & (.

3.2 C} functions and Whitney Extension Theo-
rem

Definition 3.10. We shall denote by C} () the set of continuous real functions f
in €2 such that the distributional derivative

Vaf = (Xifoeoo, XafsYifs oo, Yaf): (3.5)

is represented by a C° section of HH". Moreover, we shall denote by Ck(Q, HH")
the set of all sections ¢ of HH™ whose canonical coordinates o; belong to Ck(€2)
forj=1,...,2n.

We stress that the inclusion C*(Q2) C CL(Q) is strict; see for example [62],
Remark 5.9. It is not difficult to prove (e.g. using an intrinsic convolution argument)
that C}; functions are Lipschitz continuous with respect to the distance dq.

We introduce the following notation: let P = (x,y,t) € H" and Py € H" be
given, then we set

TRy (P) = Z%Xj(Po) + Zyij(PO)- (3.6)

Observe that the map Py —— mp,(P) is a smooth section of HH" and so for k :
H" — HH" = R*" it is well defined the scalar product of sections (k(Pp), g, (P)).
The following Lemma 3.11 will be a key tool in the proof of Theorem 4.17.

Lemma 3.11. Let f € C{(U(P,ro)). Then there exists a C = C(P,ry) such that,
for each Q € U(P,ro/2), r €]0,19/4] and Q' € U(Q,r) we have

/(@) — £(Q) — (Vuf(Q), 7o(Q~'Q")]
oo (@, Q')

Proof. Let us define

9(Q) = f(Q) = (Vuf(Q), m(Q™'Q")

< O Vaf = Vaf(Q)r=(v(@2dx©.0))-
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and notice that Vygg = Vi f — Vi f(Q). Since a Morrey type inequality

1/p
9(@) - 9(Q)| < Cr ( ][U@ | rng\p) for all Q' € U(Q. 1)

holds for a certain C' > 0 and for p > 1 (see [94]), we have

/(@) — f(Q) — (Vuf(Q), me(Q@™'Q))q

dso(Q, Q)
(@) - 9(Q)
deo(Q, Q)
1/p

< 2C (][ |ng|p>

U(Q,2d(Q,Q"))

1/p

= 2C (][ |Vaf — VH(Q)VD) ,

U(Q,2d=(Q,Q"))

whence the thesis follows. O

We end this Section by presenting Whitney’s extension Theorem 3.12 for Cl
functions: we present here the proof given in [62], Theorem 6.8, which in turn
closely follows the one in Euclidean spaces as can be found in Section 6.5 of [50].

Theorem 3.12. [Whitney Extension Theorem] Let ' C H" be a closed set,
and let f : F - R, k: F — HH" be two continuous functions. We set

f(@Q) = f(P) = (k(P), mp(P" - Q))

Q0= L(P.Q)

and, if K C F 1s a compact set,
pr(0) :=sup{|R(Q, P)|: P,Q € K, 0 < do(P,Q) < ¢}.

If prc(0) — 0 as 6 — 0 for every compact set K C F, then there erist f : H" — R,
f € Cy(H") such that fir = f and Vufip = k.
Proof. Step 1. Let U be the open set H" \ F', and set
1
r(P) = 2—Omin{1,doo(P, F)}, P e H"
where we have set doo (P, F') := inf{d(P, Q) : Q € F'}. By Vitali’s covering theorem
(see e.g.[3], Teorema 2.1.6) there exist a countable set C' C U such that

U=Ju®sn(pr)
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and all the balls U(P, 5r(P)) are pairwise disjoint. For any @ € U we set
Co:={P e C:UQ@,r(@Q)NUPr(P) # 0}

Step 2. Let us prove that #Cq < (129)*""2 and 1/3 < r(Q)/r(P) < 3 for any
P e Cg. In fact, if P € Cg one has

7(P) ~ 1(Q)] < 5l P,Q) < oo (10r(P) +10r(Q)) = 3 (r(P) +r(Q))

Hence r(P) < 3r(Q) and r(Q) < 3r(P), whence the upper and lower bounds on
r(Q)/r(P) follow.
In addition, we have

oo (P, Q) +1(P) < 10(r(P) +7(Q)) +r(P) < 43r(Q)
and so U(P,r(P)) C U(Q,r(Q)). Since the balls {U(P,r(P)) : P € Cg} are disjoint
and contained in U(Q,43r(Q)) and r(P) < r(Q)/3 we have

# e wo) (M) < oo, @

whence the claim #Cg < (129)*+2,
Step 3. Now let ;1 : R — R be a smooth nonincreasing function such that

0<u<l, u(t)=1fort <1, u(t) =0 for t > 2%/4,

gp(Q) == (%P];?)) ;

here dy is the Kordnyi distance defined by dg(P', P") == |P'~" - P"|x, where | - |«
is the homogeneous gauge

For any P € C define

1/4
I,y Ol = (2 + [yl + )7

Being a homogeneous distance, dx is globally equivalent to d., and in particular one
has
doo(P/7 P//) S dK(P/7 P//) S 21/4dOO(P/,P,/).

It follows that gp € C*(H"), 0 < gp < 1 and

gp=1 on U(P,5r(P))
gp=0 on H"\U(P,10r(P)). (3.7)
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Moreover there is a constant M > 0 such that | X;gp| < M/r(P)forallj =1,...,2n;
it follows that | X;gp(Q)| < 3M/r(Q) if P € Cg. Observing that, thanks to (3.7),
gp(Q) =01if P ¢ Cg, one has

| X;9p(Q)] < 3M/r(Q) forall Q e H",j =1,...,2n. (3.8)

Define 0(Q) = > pee 9r(Q), @ € H"; again by (3.7), one obtains that gp = 0 on
U(Q,10r(Q)) whenever P ¢ Cg, and so

o(@) =Y g9r(@) ifQ €UQ10r(Q)).

PECQ

Observe that o > 1 on U; in fact, for any @ € U there exists P such that Q €
U(P,5r(P)), whence o(Q) > ¢gp(Q) = 1. Moreover, since #Cq < (129)?"2 and
because of (3.8), we have o € C>*(U) and there is a constant M’ > 0 such that

(@)

Now we define a partition of the unity subordinate to the covering {U(P, 10r(P)) :
Pe()} as

[ X;o(Q)] < foral Qe U,j=1,...,2n.

gr(Q)
o(Q)

Notice that vp € C* and X,vp = % — gpa# and so there exists M” > 0 such
that

vp(Q) =

"

dop(@Q =1, > X;up(Q) =0 and |Vyup(Q)| < M (3.9)
pPeC pPeC T(Q>
for any QQ € U.

Step 4. For any P € F choose Qp € C such that do(P,Qp) = duo(P, F') and
define f : H" — R as follows:

~ _ f(Q) if Q cF
F@={ {2 1@r + k@urar(@r - QY] TOED:

Notice that f € C*(U) and that

Vaf(Q) =Y {[f(Qp) + (k(Qr). mr(Q5" - Q)] Vavr(Q) +vp(Q)(Qr) }

pPeC

on U.
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Step 5. We claim that VHf =k on F. In fact, let ) € F and set H to be the
compact F'NU(Q,1). Define

Y(0) :=sup{|R(P,P')|: P,P' € H,0 < dy(P,P") <4}
+sup {[k(P) — k(P)| : P,P' € H,do(P,P') < 6}.

By the continuity of k£ on F' and the hypothesis pg(d) — 0, we have
P(d) — 0 as 0 — 0. (3.10)
If ' € H one has
F(@) = F(Q) = (k(Q), Q- @))| = | F(Q) = F(Q) — (k(Q), m(Q™" - Q)]
= [R(Q, Q)lIme(Q™" - Q)] < ¥(|de(Q, Q")])|doo(Q, Q)] (3.11)

and [k(Q') — kK(Q)] < ¥(|do(Q, Q')])-
Instead, if Q" € U one has

Q) = F(@Q) = (k(Q). (@ @)
= /(@)= 1(Q) = k(@) ma(Q - Q)
< Y w@)|F@Qr) = F(Q) + (KQr) 70, (@5 - Q) = (k(Q) (@ - Q)

PeCqy
< S wp@)|F(@p) — F(Q) + (MQr). Ton(Qp' - Q)] +
PeCy
+ Y op(@)[(KQp) — K@), m0p(Q7" - Q))]; (3.12)
PeCy

if moreover one supposes do.(Q’, Q) < 1/6, then r(Q’) < doo(Q’,Q)/20 and then for
any P € Cg we obtain

< 2d(Q, P)
<2(doo(Q, Q) + doo(Q', P)) <

2(doo (@', Q) +10(r(Q) +7(P)))
< 2(doo (@', Q) +40r(Q)) < 6deo(Q', Q).

Therefore by (3.12) and Step 2 we get

F(@Q) = F(Q) = (k(Q), 1o(Q" - Q)| < L(6ld(Q', Q)])|de (Q', Q)
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which, together with (3.11), gives

F@Q) = F(Q) — (k(Q), me(Q7" - Q)| = o|dse (@', Q))),

whence our claim follows. .
Step 6. We conclude by proving that f € C. We fix Q € F and Q' € H" with
deo(Q, Q") <1/6. If Q' € F then

IVaf(Q) = Vuf(Q)] = [KQ) — k(Q)| < ¥(dx(Q', Q)
where ) : R — R is defined as in Step 5 and depends only on H,ie. on () and F.

If Q' € U we choose @ € F such that d(Q', Q) = doo(Q’, F), whence
Vaf(Q) = Vuf(Q)| = |Vaf(@)- Q)]
< |Vaf(@) - k(@l k(Q) — k(Q)]
< Vef(@Q) = K@)+ ¢(2dx(Q,Q))  (3.13)

where in the last inequality we used the fact that

doo(Q, Q) < doo(Q, Q) + doe(Q', Q) < 2d(Q, Q).

Thus we have to estimate the first addend in the right hand side of (3.13);
recalling (3.9) we get

Vaf(Q) — k(@)
= | D [/(@Qp) + (k(Qp), m0n Q5" - Q)] Vavr(Q) + [K(Qp) — K(@)]vr(Q)

PECQ/

< |0 [F@p) = F@Q) + (R(Qp), mqn (@Qp" - Q)] Vavr(Q)| +
PECQI
+| D (kQr) — K@) 70n (@ - Q) Vave(Q)| +
PECQ/
+ Z [k(QP)_k(@)]UP(QI)
PGCQI
M - .
S f Z w<doo(Q7QP))doo(Q7QP) +
T(Q ) PECQ/

/
(Q ) PECQI PECQ/
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where, in the last inequality, the estimate on the first summation comes from an
argument analogous to the one in (3.11). Since do(Q', Q) < do(Q', Q) < 1/6, one
has 7(Q') = dwo(Q', Q) /20 < 1/120 and so

r(P) <3r(Q") <1/40 < 1/20
for all P € C¢, whence r(P) = ds(P,Qp)/20 for such a P. Therefore

dOO(@a QP) dm(@a Q/) + doo(Q/, P) + doo(P, QP)

20r(Q") + 10(r(Q") + r(P)) + 20r(P)

1207(Q) = 6d(Q', Q)

oo (@', Q) (3.15)

holds for any P € Cg . Combining (3.15) with (3.14) we obtain we get
Ve f(Q) = k(Q)] < Mi(6d(Q", Q)
which, together with (3.13), gives

Vi f(Q) — Vif(Q)] < M'y(6ds(Q, Q).

and this completes the proof. ]

VAN VAN VANRVAN

3.3 MH-regular surfaces and Implicit Function
Theorem

Definition 3.13. We shall say that S C H" is an H-reqular hypersurface if for every
P € S there exist an open ball U(P,r) and a function f € CL(U(P,r)) such that
Vuf # 0 and

SNU(P,r)={Q e U(P,r): f(Q) = 0}.

We will denote with vg(P) the horizontal normal to S at a point P € S, i.e. the

unit vector
_ Vuf(P)
Vi f(P)lp

We will see later (see Corollay 3.17) that vg is continuous and well defined, i.e.
it does not depend on the particular choice of f.

If S ¢ H" is an H-regular surface and P € S, we define the tangent group T§S(P)
to S at P as

Vs(P> =

TgS(P) :={Q e H" : (Vu(f o £p)(0), m0(Q)) = 0},
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where f is any Cf; function defining S near P. Again, this definition does not
depend on the choice of f (one could also define T§S(P) as the set {Q € H" :
(vp-1.5(0),m(Q)) = 0}), and it is easy to check that 7§ S(P) is a maximal subgroup
of H™. The tangent plane to S at P is then the lateral

TuS(P) := P - T4S(P).

Remark 3.14. We stress the fact that the classes of Euclidean regular hypersurfaces
and H-regular surfaces are disjoint. In fact, it is not difficult to check that

S = {(z,y,t) eH" : f(z,y,t) =2 — /2* +y* + 2 =0}

is H-regular in a neighbourhood of 0 (in fact f € C}; and X;f(0) = 1) but not C!
regular at the origin. One could produce even worser situations: for example, in [84]
an H-regular surface of Eucliden Hausdorff dimension 2.5 is provided.

On the other hand, the Euclidean plane O := {(z,y,t) € H' : ¢t = 0} is Euclidean
regular but not H-regular at the origin: this can be easily proved observing that
O\ {0} is H-regular and its horizontal normal

(ya —J})

v = "
OO =ty

cannot be extended continuously at the origin. However, it is straightforward that
every Euclidean C! surface S is also H-regular provided it has no characteristic
point, (a point P is said characteristic if the Euclidean tangent plane at S coincides
with the horizontal fiber HpH").

The main result of this Section, Theorem 3.16, is an Implicit Function Theorem
for H-regular surfaces: as in the Euclidean setting we can (locally) see C' regular
surfaces as graphs of C! functions defined on an hyperplane, in the Heisenberg group
H-regular surfaces are (locally and in an intrinsic sense) “graphs” of functions (whose
regularity will be studied in Chapter 4). Here the role of Euclidean hyperplanes (i.e.
of maximal subgroups of R") is played by sets of the type

vV, = {Q cH" <§:wjxj(0),7ro(cg)> - o} (3.16)

for some w € R?": observe that the V,,’s constitute all the maximal subgroups of
H" and that, for an H-regular surface, one has TgS(P) =V, _, ()
In what follows we will focus our attention on intrinsic graphs over the hyperplane

‘/1 = ‘/(1,0 ..... 0) :{(I',y,t) GH":xle};
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this will not be restrictive, cfr. also Remark 4.7. We can identify V; with R?"
through the map

Lo RzanXRT—ﬂGCH"
(n,7) — (0,7, 7) (3.17)
if n = 1, while we set

Lo R =R, xR¥? xR, — V; CH"

:(U27~~'7vn»vn+27~-~»v2n)

(n,v,7) — (0,02, ..., Vpy My Uptay « -+, Vo, T) (3.18)

if n > 2. We stress the strange choice for the enumeration of the components of
v, which however is justified by the structure of «. Finally, for s € R we use the
notation se; := (s,0,...,0) € H".

Definition 3.15. Let w be an open subset of R?", and let ¢ be a real function
defined on w. The intrinsic X-graph of ¢ is the map

® . w—H"
Avr—1(A) - p(A)ey. (3.19)

In the following, we will make no distinction between an intrinsic X;-graph and
its image, saying that ®(w) is the intrinsic graph of ¢ (also, we will often omit the
X;- prefix). In coordinates, we have

O(n,v,7) = (qb(n, VyT)y U2y ooy Uy 1), Upae2s -« - U2, T 4 200(, 0, 7')) (3.20)

if n > 2, and a similar formula for n = 1.

One could also interpret the notion of intrinsic X;-graph in this way: start from
the point ¢(A) € Vi € H" and follows the flux of the field X; (which is a sort of
“normal direction” to Vj) for a time ¢(A), then the point one reaches is exactly
®(A). Observe that this is exactly what happens for Euclidean graphs: one starts
from a point of the hyperplane and follows the flux of the normal for a time given
by the function, thus reaching the graph.

Notice that a point P = (x,y,t) € H" can be written in a unique way in the
form ¢(A) - se; for some A € R?", s € R which can be easily computed since s = z;
and A = (n,v,7) (a similar formula holds in the case n = 1) with

n=vy1, V=(To, .., Tn, Y2, Yn), T =1—2x1Y]. (3.21)

We will write 7, (P) to denote the “projection” of P on R?" =V} defined, according
to (3.21), by

m(z,y,t) = (yl, (Toy oy Ty Y2y ey Yn ), t— 2x1y1) . (3.22)

We presently have all the tools to state the main result of this Section, which
has been proved by Franchi, Serapioni and Serra Cassano in [62], Theorem 6.5:
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Theorem 3.16. [Implicit Function Theorem]| Let Q) be an open set in H", 0 € (2,
and let f € CH(Q) be such that X1 £(0) > 0 and f(0) = 0. Let

E={PeQ:f(P)<0} and S:={PecQ:f(P)=0}

then there exist 6, h > 0 such that, if we put w = }—5,5[ X }—52,52[ C R,
J:={se; e H":s€]—h,h[} andU = 1(w) - J, we haved € ) and

E has finite H-perimeter in U,
OENU = SNU,;
|OE|uLU is concentrated on S and vg = vs |OF|g-a.e. on U.

Moreover there exists a unique continuous function ¢ : w —| — h, h[ such that SNU
1s the Xi-graph of ¢, and the H-perimeter has the integral representation

08t~ [ 2@ () acna) (329

where ® depends on ¢ as in (3.19).

Proof. We divide the proof of the Theorem in several steps.

Step 1. We start by proving the existence of the continuous parametrization ¢.
Choose 6,h > 0 small enough to have X;f > 0 on U C 2, where U,w and J are
defined as in the statement of the Theorem; take a convolution kernel ¢ € C°(H")
satsfying (1.27) and, as in (1.29), set

Je(P) := (% f)(P). (3.24)

By Propositions 1.28 and 1.29, the maps f. are smooth and for any j = 1,...,n one
has

Xife=Cex X;f) = X;f,  Yife=((rYif) = Yif  ase—0

uniformly on U. In particular, for any A € w the map s — f.(¢(A) - sey) is differen-
tiable in | — h, h| and an easy computation gives

L R(A) - ser) = (X f)0(A) - sex)

which converges to (X f)(¢(A)-sep) uniformly in s. Therefore also s +— f(1(A)-seq)
is differentiable for |s| < h with

%f(L(A) -ser) = (X1 f)(¢(A) - ser) > 0. (3.25)
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Since f(t(A)-sey) = 0for A= 0and s = 0 we have f(¢(0)-(—hey)) <0 < f(¢(0)-hey),
and by continuity (choosing a smaller ¢ if necessary) one has

F((A) - (=hey)) <0< f(e(A)- hey)

for any A € w. The existence of an s €] — h, h] with f(:(A) - se;) = 0 then follows
from a continuity argument, while its uniqueness is a consequence of (3.25): this
gives the implicitely defined function ¢ : w — R.

In order to show that ¢ is continuous, it is sufficient to prove that, if A*¥ € w are such
that A* — A € w as k — oo, then there is a subsequence A" such that ¢(A*) —
#(A). But one can easily find a subsequence such that ¢(A*) — sy € [~h, h], and
so by the continuity of f and ¢ we have

0= f(u(A") - p(A*)er) — F(L(A) - spe1),

whence sy = ¢(A) and the claim is proved.

Step 2. Let us prove that OF NU = S NU. The continuity of f immediately
yields that OF C S; on the other hand, for any given P = (z,y,t) € SNU let us set
P = 1(A) 161, where A = 7,(P) € R% As in Step 1, the function s — f(¢(A) - se;)
is strictly increasing and vanishes for s = 1 = ¢(A), then there is a sequence sy, T 1
such that

f(A) - sper) <0

for all k. Since ¢(A) - sxe; — P we infer P € OF.

Step 3. We want to prove now that E has finite H-perimeter in I/; this will be
done, thanks to Proposition 1.5, by constructing a sequence {h.}. C BVg(U) with
equibounded H-variation and such that h. — xg in L'(U).

Again let f. be defined as in (3.24) and consider the maps

g,9c : wWx[=hh] — R
9(A, s) = f(u(A) - ser)
ge(A,8) = fe(L(A) - sep).

As before, one has %‘f; (A, s) = (X1f)(t(A) - sep) uniformly on @ x [—h, hl; therefore

there exist constants u, g > 0 such that

9ge
ds
for any 0 < € < €y, and applying the classical implicit function theorem we obtain
smooth functions ¢, : W —] — h, h[ such that g.(A4, ¢.(A)) = fe(L(A) - p(A)er) = 0.
Then for 0 < € < €y we set

ge(-,—h) <0< g(,h)onw  and > ponw X [—h,h]

E.:={PeclU:P=1(A)-se for some A €w,—h < s<¢(A)}
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and h. := xpg,; observe also that F, coincides with

{PelU:P=u(A):se for some (A,s) € wx]— h,h| with g(A,s) <0}
={Pel: f(P) <0}

We start by proving that h, — yg in L'(U) as ¢ — 0: by Lebesgue convergence
theorem it will be sufficient to show that xyp. — xg pointwise a.e. Observe that,
since fo — f,if P € E (ie. f(P) < 0) for small € one has f.(P) < 0, whence
Xe.(P) = 1 = xg(P) definitively; the same argument can be applied whenever
f(P) > 0 (obtaining xg, (P) = 0 = xg(P) definitively) and so it will be enough to
prove that

HPeUu: f(P)=0}=|SNnU|=0.
Setting S, == {P € U : P = 1(A) - se; for A € wand |¢p(A) — s| < 1/n} and
observing that the Jacobian matrix of the map

R 5 wx] — h,h[> (A, 5) — (L(A) - se;) € H" = R*" !
has determinant equal to 1, we obtain that |S,| < 2|w|/n, whence

[SOUl=[()S]=0.

Let us show now that the functions h. have equibounded H-variation in U, i.e.
that the sets F, have equibounded H-perimeter in /. Notice that JF, is Euclidean
regular and so for any ¢ € CL(U, HH") with |p| < 1 we have

/ hedivge dC* T = / hedivige dC* T
u

UNE,

= / (0, 1) dH" < / Ing| dH?" (3.26)
UNOE.

UNOE.

and so it is sufficient to give a bound, independent of e, on the right hand side
of (3.26); in the previous formula, for P € 0E. we have set ng(P) to be the section
of HH™ given by

((n°(P), X1(P))g2n+1, ..., (n(P), Xon(P))r2nt1 ),

where n¢(P) is the Euclidean unit normal to 0F. at P. Observe that (3.26) could
have been deduced also directly from Theorem 1.9.
Remember that a parametrization of U N OF, is given by

b, : w— H"

(777 v, 7—) — (¢E<T]7 v, 7_)7 V2, oy Uny 1, Ung2y - .-, V2p, T + 277¢e(777 v, T))a
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from now on we suppose n > 2, since the case n = 1 is completely analogous. By
area formula (see [52]) we infer

/ Ing| dH*" = / Ing o ® | JP, dL*™ (3.27)
UNOE. w
where J®, is the Jacobian of V®,.. Explicitely, the Jacobi matrix V&, is
an¢e avg ¢e T avn (be avn+2 ¢e e avgn (z)e 87¢6
0 1 e 0 0 S 0 0
: 0 . . . . : .
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
: 0 i : : " : :
0 0 - 0 0 .. 1 0
2¢e + 27]an¢e 2778112 (be o 27781171 (be 27]avn+2 ¢e U 27780% (be I+ 2?787—(b5

and J®? is the sum of the squares of all the deteminants of 2n x 2n minors of VJ®,;
a direct computation gives

2n

T2 = (1+20:0)° + Y (90,60) + (0y0c — 20:0-0¢)” + (976c)*.
j=2
j#n+1

Notice that U N OE, can be seen also as the zero level of the regular map f!

I
(z,y,t) == x1 — ¢(m(x,y, 1)) =21 — (Y1, (T2y - -, Tpy Y2, -+, Yn), t — 221Y1)

and so the FEuclidean unit normal n(x,y,t) to OF, is given by %. By explicit
computation one gets

erl(‘r7 y’ t) = (1 + 2?78T¢67 _8U2¢67 st _avn¢67
- n(bf + 2¢ aT(bev _avn+2¢67 ceey _avzn(b& _87¢6) ‘

for all (z,y,t) € UNOE,, where we have used the fact that z; = ¢(m(z,y,t)) there.
Observe that |V f! o @ = J®, and so equation (3.27) becomes

2n 1/2
/ Ing| dH*" = / <Z(Vf€' o <I>€,Xj>2) ac’ =
UNOE. w

j=1

1 (Z‘,y,t) ’

/ [1 + (_8v2¢6 - 20n+287¢6)2 +oeee (_avn¢€ - 21}271874256)2 + (_an¢e + 4¢e87¢e)2

1/2
(=0 iy e + 2090, ) + + -+ 4 (—Ouy, Be + 20,0,00)% | dL. (3.28)
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By differentiating the equation

0= f6<¢6(77a v, 7—)7 V2, v oy Uny 1, Ung2, ooy V20, T + 2n¢e(na v, 7—))

one obtains

ax-ff 0 'ff ;
Dy, pe = ——2"0®, and 0, ¢.=—20d,, =2...,n
0 Xife i @ Xife /
Oy, fe + 20 Oy fe
Oy e = — w ;;1f¢ e o g, (3.29)
atfe
0, e = —~ 7 © (De
t¢ lee
which, substituted into (3.28), give
vae|
ng| dH*" = | o®, dL*. 3.30
/L{08E€| il w [ X1 fel (3:30)

If we show that ¢ — ¢ uniformly on @, the right hand side of (3.30) will automati-
cally converge to

|Vaf]

w |X1f|

(where ® is as in (3.19)) and this is enough to prove our goal, i.e. that the functions
he have equibounded H-variation.

Suppose on the contrary that there are ¢ > 0, ¢, — 0 and A* € @ such that
| b, (A*) — ¢(AF)| > 0. By compactness we can suppose that A¥ — A € © and
be, (A¥) — s as k — oo; it follows that [¢(A) — so| > o but, on the other hand, the
uniform convergence of f, to f implies

0= ngk (L(Ak) ’ f€k (Ak)el) - f(A ) 3061)’

whence the contradiction sy = ¢(A).
Step 4. We are now in order to prove the area type formula (3.23). Arguing as
in Step 3, for any p € CL(U, HH"), |p| < 1 one has

o® dL* <

/ xe divgy = lim [ h.divge
u =0 Jy

. <507 vae> 2 / <907 va) 2
= lim ——— o0 dL" = ———o®ddLT", (3.31
i | g i (3:31)

where in the last equality we used Lebesgue convergence theorem. Taking the supre-
mum with respect to ¢ we obtain (3.23).
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Notice that taking the supremum in (3.31) on ¢ € CL(V, HH"), |¢| < 1, where
YV € U is an open set, it is straightforward to prove that

|Vuf]| 2
OF|u(V) = / oddL™,
15E (V) d—1(V) | X1 f]

i.e. that T/
OE|uLU = o @y(L"Lw). 3.32
08U = [ EH (L) (3.32
It follows that |OE|mLU is concentrated on S.
Step 5. We are only left to prove that vy = —% |OF |g-a.e. on SNU. By

Theorem 3.9, (3.31) and (3.32), for any ¢ € CL(U, HH"), |p| < 1 we have

Vufo® . /
o® vpo®)——— dLT" = ,vg) d|OF|g =

- / divigep = _/ oS Tulo® g,
E w

| X1 f oD
whence vg o ® = _I§E§I o® L?-a.e. on w, i.e.
Vi f
Vp = ———— = Ug OF|g-a.e. on SNU.
V] o

O

Corollary 3.17. The horizontal normal to an H-reqular surface S is well defined,
i.e. it does not depend on the choice of the defining function f.

3.4 Rectifiability in the Heisenberg group

In this Section we collect, without proof, the most relevant results contained in [62]
which have not been presented in previous Sections; observe that, more generally,
many of them have been established also for step 2 Carnot groups (see [64]).

In the spirit of De Giorgi’s approach to rectifiability for sets of finite perimeter
(see e.g. [48]) we start by defining the H-reduced boundary 0 F of an H-Caccioppoli
set F as the set of points P € H" such that

(a) |0Eu(U(P,7)) >0 for all v > 0,

(b) there exists lim vg d|0F|x and
=0 Jupr)
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=1,

(c) hl’I(l)f vg d|OF|n
= U(P,r)

where vg is the horizontal inward normal to E of Theorem 3.9.

Remark 3.18. Notice that, thanks to Theorem 3.16 and using the notations therein,
for an H-regular surface S one has S = O F.

We have the following
Lemma 3.19 (Lemma 7.3 in [62]). If E is an H-Caccioppoli set, then

lim vg d|OF|n = ve(P) for |OE|g-a.e. P.
=0 Ju(pr)

This implies, in particular, that |0E|g-a.e. point P € H" belongs to O F;
moreover, up to re-defining vg on a |0F|g-negligible set, we are allowed to suppose
that

ve(P) = lim ve d|OF|n
=0 Jupr)
for any P € OjE.

The first key result for rectifiability, exactly as in De Giorgi’s program, is a
blow-up theorem for H-Caccioppoli sets at points of the H-reduced boundary. More
precisely, for any P € H" we define

Eyp, = 01({p1E) = {P € H": B, - §,(P) € E}

and for v € HpH" let us introduce the halfspaces Sy (v) and S (v) “orthogonal”
to v as

Sg(v):={P e H": (np,(P),v) >0}

Sy (v):={PeH": (mp,(P),v) <0}
The common topological boundary of Sif () and Sg (v) is the maximal subgroup V,,

(see (3.16)), which we will also denote by T§(v) = {P € H" : (7p,(P),v) = 0}. We
then have

Theorem 3.20 (Theorem 4.1 in [62]). Let E be an H-Caccioppoli set and let Py €
ogE; then

71"1—I>I(1) XET,PO = XS;H'(VE(PO)) in Llloc(Hn) (333)
and
I |05, 1, ls(U (0. B)) = 1055 (ve(P) (U (0, B))

= L7(T{(ve(Py) NU(0, R)) = 2w, 1 R™F! (3.34)
for any R > 0.
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Remark 3.21. Notice that, in the case of an H-regular surface S, the blow up limit
of E at a point Py € S (where E is as in 3.16) is exactly the halfspace Sg (vs(F))
whose boundary is the tangent group T5S(F) to S at Fp.

Analogously to the classical Euclidean case, we say that a set I' C H" is H-
rectifiable if

rc NUlJK; (3.35)
j=1
where H¢"1(N) = 0 and each K is a compact subset of an H-regular surface S;.
We then have

Theorem 3.22 (Theorem 7.1 in [62]). If E C H" is an H-Caccioppoli set, then
its H-reduced boundary Oy FE is H-rectifiable. More precisely, it is possible to find a
decomposition

0pE=NUl JK;
j=1
such that HE1(N) = 0 and each K; is a compact subset of an H-regular surface S;
with the property that
ve(P) =vs,(P) foralPc K;.
Finally, one has
2wWan—1

|0E|g = —"— S L3 E. (3.36)

Wan+1
As usual in the literature, one can also define the measure theoretic boundary
O, E of E as the set of points P € H" such that

lirfl j(?p % >0 and hIil j(l)lp %
It is not difficult to prove that for an H-Caccioppoli set E we have
oyl C O.mE C OF;
moreover, one has HY 1 (0.mE \ 85 E) = 0. Finally, the following result also holds
Theorem 3.23 (Corollary 7.6 in [62]). If E is an H-Caccioppoli set, then
2wopn—1

|0E]g = =221 S 9B

Won+1

> 0.

and the following divergence formula holds

— / divigp dL" ! =
E

2wap—1

/ <VE7QO> dS(SQoil'
omE

Won+1



Chapter 4

Intrinsic parametrization of
H-regular surfaces

The main aim of this Chapter is to give necessary and sufficient conditions for
maps ¢ : Vi — R to parametrize H-regular surfaces, in the sense of the X;-graphs
introduced in Section 3.3. These conditions turn out to be of crucial importance
in the study of several features regarding H-regular surfaces, allowing for example
the explicit exhibition of non Euclidean H-regular surfaces. All the results of this
Chapter are quite technical and will be illustrated in the following brief overview.
We want to stress in particular the importance of the operator W¢, which seems
to be the correct intrinsic replacement of Euclidean gradient for C! surfaces: in
fact, we will see that they share several common features. All the results contained
in this Chapter, except for the ones of Section 4.5, have been obtained in [10] in
collaboration with L.Ambrosio and F.Serra Cassano; Theorem 4.33 is due to Cole
and Pauls [38], while Remark 4.34 and Theorem 4.35 are unpublished joint works
with Z.M.Balogh and G.Citti.

We then begin with Section 4.1, where we deepen the study of implicit graphs; in
particular, we endow R?*" =V} with the homogeneous structure inherited from H",
thus defining the group law ¢, the left invariant vector fields X, Y;,T', the homoge-
neous dilations §¢ and the o-linear functionals on R?*". Through Proposition 4.3 and
Corollary 4.5 we provide an integral formula for the S~ measure of an H-regular
surface S, in terms of (derivatives of) its intrinsic parametrization only; this formula
will be widely used in the rest of the thesis. With Remark 4.7 we also show that it
is not restrictive to consider X;-graphs rather than general X;-graphs.

In Section 4.2 we provide the basic tools for the analysis of parametrizations of
H-regular surfaces. Namely, for any fixed continuous function ¢ : w C R*® — R we
introduce the (quasi)distance dg on w and the concepts of W?-differentiability and
uniform We-differentiability for functions ¢ : w — R, cfr. (4.12) and Definition 4.9.

79
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When ¢ parametrizes an H-regular surface S, it turns out that d, is equivalent
to the restriction of dy, to S, i.e. to the pull back %—1 dss. The notion of W?-
differentiability, a sort of intrinsic differentiability taking into account d4 (and so
¢ itself) and the homogeneous structure (R** o, 6°), carries on the concept of W?-
differential of 1, i.e. a function W% : w — R2?*~! that is continuous in case of
uniform W¢-differentiability (see Proposition 4.14). In the regular case ¢, 1 € C'(w)
one can prove that

W = (Xoth, ..., Xoth, Viob — 49T, Yai), ..., Yotb) ;

this quite technical result is proved in Theorem 4.16.

The main item of Section 4.3 is Theorem 4.17, where we prove that a map
¢ parametrizes an H-regular surface S = ®(w) if and only if ¢ is uniformly W¢-
differentiable; moreover, we get two explicit formulae for the horizontal normal (4.36)
and for the S¢~! measure of S (4.37), which are consistent with Proposition 4.3.
These two formulae suggest that the intrinsic gradient W?¢ is the correct counter-
part of Euclidean gradients for classical graphs, since both of them can be obtained
by formally substituting the classical gradient with W?p. We also remark that
intrinsic regular parametrizations have continuous intrinsic gradient, exactly like
parametrizations of regular C! surfaces have continuous gradient. The proof of
Theorem 4.17 is quite technical and make use of Lemma 3.11 and Whitney Exten-
sion Theorem 3.12; as a byproduct, we obtain that parametrizations of H-regular
surfaces are 1/2 Holder continuous from the Euclidean viewpoint (a fact already
known [84]) and, in fact, also a bit more regular (see Corollary 4.20).

In Section 4.4 we characterize uniformly W¢-differentiable functions ¢ (i.e. para-
metrizations of H-regular surfaces) by means of equivalent conditions. The main
result in this sense is Theorem 4.22, where we prove that such ¢’s are exactly those

for which _ L B _ _
(X2¢) e 7Xn¢7 Y1¢ - 2T(¢2>) }/2¢7 v 7YTL¢)

coincides, in distributional sense, with a continuous functions (and, a posteriori,
with W) and it is possible to find a family {¢.} C C*(w) such that ¢. — ¢ and
Weep. — W?¢ locally uniformly in w. The proof of this fact is similar to the one
of Theorem 4.16: the main technical obstacle is the absence of a good definition of
integral lines for the vector field Y} —4¢T', which however can be bypassed thanks to
a suitable notion of exponential maps. As an application, Corollary 4.32 furnishes
a recipe to easily construct H-regular surfaces that are not Euclidean C!.

Finally, in Section 4.5 we restrict our attention to the problem of finding a
model metric space for H-regular surfaces in H'; this has been identified [38] in the
space (R,|-]) x (R,]| - ["/?) for C' surfaces, while this result is no longer true for
general H-regular ones. We are in fact able (Theorem 4.35) to exhibit, by means of
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Corollary 4.32, an H-regular surface S such that there are no Lipschitz maps from
S into that space with Lipschitz continuous inverse map.

4.1 More on intrinsic graphs

Let us introduce some subspaces of the Lie algebra b associated with H" (here X j
means that in an enumeration we omit X;):

0 := b = span{ Xy, . , Xonts

v :==span{Xy,..., X;..., X5, T} (1 <j<2n);
0; 1= span{Xl,...,)/(\'j...,Xgn} (1 <j<2n);

G imspan{X,] (1<) < 20)

3 := by = span{T’}

and let ., y,, 7o, T;, T, be the projections of b, onto 0,v;, 05, [; and 3 respectively.
Define the following subsets of H™:

0 = expl(0) = {P € HI : oy = 0};
Vi =exp(v;) ={P € H" : p; = 0};

O; :==exp(o;) =0NV; ={P € H" : p; = pap+1 = 0};
Li=exp(l;)={PeH":p,=0Vi#j};
Z=exp(3) ={P €H" :p1 == pay = 0}.

and let mo, my,, mo,, Tz, and 7z be the maps defined by expo 7, o exp~ !, expo Ty, ©
exp~ ! and so on; we will refer to them as orthogonal projections of H” on O, V;, O;, L;
and Z. Observe that V; coincides with the maximal subgroup V., according to (3.16),
where e; are the vectors of the canonical basis of R*"*1.

The following properties of these projections are straightforward:

Proposition 4.1. For any P, Q) € H" we have

7o, (P) = mp o my, (P) = my, o mo(P)

7o, (P - Q) = 7o, (70, (P) - 70,(Q))

7rZ(P : Q) = 7TZ(P) 'WZ(Q) ) 7rZ(Wo(P) 'WO(Q))
|72 (P)oe < [Ploc VM €{0,01, V1, L1, Z}.

Let us observe that Z is the center of the group, and that only Z, L; and V; are
subgroups; O; is a subgroup only if n = 1 (because in this case it coincides with L;),
while O is never a subgroup. We agree to denote with ae; the point exp(aX;) € Lj;
then for each P = (Py,...,pa,r1) € H" there is a unique way to write it in the
form Py, - P, for points Py, € V;, Pr, € Lj: it is sufficient to take P, = p;e; and
Py =P PL_J_ eV
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Recalling the definition of the diffeomorphism ¢ : R*® — V; given in (3.17)
and (3.18) we can endow R?" with the group law ¢ induced by ¢, i.e.

Ao B :=u"(u(A)-«(B)) A, BeR™ (4.1)

We will use £ to denote the left translation by A in R*". Explicitely, if n > 1 and
A= (nuv,T1),B=n1)e€ R?" we have

AoB=m+n, v+, 7+7 +0c(v,0v))

where .
(v, 0') =2 (Vny 0 — Vit ) (4.2)

j=2
ifv="(vo,...,Un,Uny2, ... V2n), V' = (Vh,..., 0,V 0,...05,). Instead if n = 1 and

A= (n,1),B=(1,7) € R* we simply have
AoB=(n+n,7+7).

Notice that in both cases the induced group structure is the one arising from direct
product R x R if n = 1 and R x H* ! if n > 1, via the identification R?" =
R, x (RZ"2 x R,) =R x H* %,

Moreover, since V; is closed under group dilations, for » > 0 we can define the
family of induced intrinsic dilations

5(A) = N5, ((A) € R (4.3)

which can be written explicitely as

6p(n,v,7) = (T’TI,T’U,TQT) forn > 2

82(n, ) = (rn,r*1) for n = 1.

Therefore, (R?",¢, %) turns out to be a homogeneous group in the sense of Folland
and Stein ([56]), and ¢ is a group isomorphism. We define a o-linear functional
L : R?™ — R as a homomorphism which is also positively homogeneous of degree
1 with respect to the dilations, i.e. L od> = rL. The following Proposition comes
from Proposition 5.4 in [62]:

Proposition 4.2. Let L : R*™ — R be a o-linear functional; then there is a unique
vector wy, € R*"™! such that L(A) = (A,wr), where we write

2n
(A, w) = nwrge + Z vjwr; ifn>2,wp = (e, ..., Wra,) and A= (n,v,7)
j=27n+1
<A7wL> = NWr2 an - 17 Wr = W2 and A = (777 7-) .

Conversely, through the previous formulae we can associate to each w € R*~1 ¢
unique o-linear functional L,,.
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Observe that the choice of the enumeration of the components of w; has been
made in order to be coherent with the one made for the components of v and with
the fact that 7 is the (n + 1)-th coordinate of ¢(A).

For n > 1, the tangent space to V} is generated by the restrictions of Xs, ..., X,
Yy, ..., Y,, T, and so we can define the vector fields X5..., X,,,Y1,...,Y, and T on
R?" given by X; := (¢71),X; and Y := (.1).Y;, T := («71).T. In coordinates, they
can be written as

~ 0 0
X;(n,v,7) = o + 2v]+n5 for j =2,...,n

j
~ 0
}/1(7771}77-) = a_

% 5 (4.4)
Y;(n,v,7) .. 2'0]8 for j=2,...,n

j+n
~ 0
T(Uﬂfﬂ') - E

For n +1 < j < 2n we will also use the notation )Afj = %_n.

If n = 1 the tangent space to V] is generated by Y; and T, and as before we can
define

- 0
Yi(n, 7)== ()Y = o~
N - I (4.5)
T(Uﬂ') = (L )*T - E

and it could happen that we will write X o instead of )N/l It follows from the definition
that X;,Y;,T are o-left-invariant.
With this notations, let us provide an improvement of Theorem 3.16:

Proposition 4.3. Under the same assumptions of Theorem 3.16, let us consider
the distribution

= =~ ¢  0¢”
Bo:=Yip—2T(p*) = — — 2——
on w =] —6,5[*" "t x] — 6%,6%, where ¢ and § are given by the same Theorem 3.16.
Then, if n > 1 we have
= X;f > Yif Yif
Xip=—2=0d, Yip=—2-0d, Bp=— od 4.6
X TR Y 40
for 3 =2,...,n, where the equalities must be understood in distributional sense on

w. Moreover, the H-perimeter has the integral representation

0B |1(U) = c(n)SLL(S NU) = / \/ LB, [IX01HY0l%) de?,  (4.7)
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2wan—1

where we have set c(n) := =22=L_ [fn =1 we have simply

W2n+1

|0E|aU) = c(1)SEL(SNU) /\/1+|%¢|2 dc?. (4.8)

Proof. We will give the proof only for the case n > 2; the generalization to n =1
does not present difficulties.

Arguing as in Step 1 of the proof of Theorem 3.16, we can suppose that there
exists a family of functions f, : &/ — R such that f. € Cl( ), Xife>0onlU and

Xife— X;f, Yfe—Y;fe uniformlyondd (j=1,...,n).

Now, following Step 3 of the same proof, we obtain the existence (for €y small enough
and h as in Theorem 3.16) of functions ¢, € C'(w,] — h, h[) (0 < € < ¢) such that

fe(t(A) - 9 (A)e;) =0 forall A€ w

¢ — ¢ uniformly on w for € — 0.

Using formulae (3.29), for j = 2,...,n we get
v Xjfe

Xj¢e = _H o d,
v Yfe
Vi =~ o
2
%(be — 89255 2a¢6 _ aqbﬁ (be qb }/:lfﬁ o (be’

on  “or oy or  Xif.
where as usual @, is the map A —— 1(A) - ¢.(A)eq; this immediately implies (4.6).
The integral representation (4.7) follows from the area type formula (3.23), together
with (4.6) and (3.36). O

Remark 4.4. The operator 8 is known in the literature as Burgers’ operator: see
for example [49], section 3.4.

Corollary 4.5. Let Q be an open subset of H", and let f € CL(Q2) be such that
Xif >0 o0n S :={f =0} Suppose that S is intrinsically parametrized by a real
continuous function ¢defined on an open set w C R*" (i.e. S := ®(w), where as
usual ®(A) :=1(A)-p(A)ey), and let E := {f < 0}. Then for each Borel set F' C {2

we have

[0E|u(F) = c(n) SEY(FNS) = /\/1+|%¢|2+z;‘2 [1X,012+]Y;6/2] dC> (4.9)

S=H(F)
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ifn>2, and
|0E|u(F) = c(1) SEHFNS) = / V14|82 dL? (4.10)
o-1(F)

ifn=1.

Proof. Again we give the proof only for the case n > 2. Let u := m(|0E|u),
where 714 is the usual push-forward of measures through the map defined in (3.22).
Observe that, as m = ®~! on S and |0F |y is concentrated on S, we have

[0E]u(F) = u(®'(F N S)).

Therefore by Proposition 4.3 there are locally (i.e. for each A € w) rectangles I such
that p; = \/1 + B>+ >0, [|X;0] + |Y;0[?] £2". The class of these rectangles
is sufficiently rich to apply the measure coincidence criterion (see for instance [6],
Theorem 1.8), and so y = \/1 + B2 + 377, [|X;0]? + |Y;6[?] £2" on all w, whence

[0E|u(F) = (@ '(FNS))
- / \/H|%¢|2+Z?:2[I)?j¢l2+|?;¢|2] ace,
d=1(FNS)

which is the thesis. O

More generally, after fixing an identification ¢; : R* — Vj, for j = 2,...,2n
we can define X;-graphs as those subsets S of H" for which there exists a function
¢:w C R*™ — R such that S = {1;(A4) - p(A)e; : A € w}.

A general definition of intrinsic graph in H", which applies also to surfaces with
topological codimension bigger than 1, is given in [65]. In particular this notion is
stable with respect to left translations of the group; more precisely, from Proposition
3.11 in [65] we infer

Proposition 4.6. Let S C H" be an X;-graph, i.e. S ={P(A) :=1;(A) - p(Ae; :
A€ w}. Let P = (pl,...p2n+1) e H*, P = ij . PLj with PL]. = pje; € Lj and
Py, € V;. Then the translated set £pS still is an Xj-graph; more precisely, if we
define
op : R™ o R™
Avr— (7 (P y(A) - Prl) = i (P) o Ao (P,

we have

[p8 = {¥/(4) == 1;(A) - ' (A)e; : A€ W'},
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where ' = op(w) and ¢ : W' — R is defined by

¢'(A) = pj + d(op-1(A)).
In addition we have ® = fpo P oop-1.

Remark 4.7. In Theorem 3.16, and more generally in all related results, we made
a precise choice, i.e. to consider only regular hypersurfaces that are zero sets of
functions f € C§ with X;f > 0. This fact, somehow, makes X; a “privileged”
direction: for example, observe that such surfaces turn out to be X;-graphs, i.e.
functions on Vj, and that we translate points of V; by an element with all the
coordinates null except the first one. One can prove that this is not restrictive;
the key tool in this sense are the so-called “horizontal rotations” introduced in [98],
section 2.1.

Suppose in fact that, in an open set {2 C H", X f > 0 for some 2 < k < 2n. Let
us consider a second Heisenberg group, which we denote H™: all the objects related
to this second group will be denoted with the apex ’, such as the algebra b’, the
vector fields X7, Y/, T, the subgroup V/, the map /' : V{ — R2?" ete. If k < n we
define a Lie algebras isomporphism [ : h — b’ given by the extension by linearity of

(Xp) = Xq, (V%) =Y, (X)) =X}, I(N)=Y]
l(V) =V ifVe span{Xl,YI,Xk,Yk}L.

In the other case k > n+ 1, i.e. Y, > 0, we define [ by extending

[(Yeen) = X1, U(Xpn) ==Y, I(X1)=X, (V1))=Y
I(V)=V" ifV € span{Xy, Y1, X 0, Yin}t.

It follows that L := exp’ol o exp~! is a group isomorphism and a global diffeomor-
phism between H"™ and H".

Let f':= foL™;as X|f' = Xif > 0 we have that there is an open set w C R?"
and a map ¢ : w — R such that S := {f' = 0} N Q' = '(w), where ¥ := L(Q)
and ®'(A) := /(A) - ¢(A)e;. Let 1 := L~ o/, which identifies V;, and R*", and
for A € w define ®(A) := L HP'(A)) = w(A) - ¢(A)ey: it is immediate to see that
S:={f=0}nQ=2>(w).

Also, we can easily extend the results of Theorem 3.16, Proposition 4.3 and
Corollary 4.5. In particular, the distributional equality (4.6) becomes

R il

J

Xip=— 97 0 Vip=—
]¢ ka o ) j¢

s (=)

o®, ‘Bop=— o d.
Xif ¢ Xif
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4.2 Graph distance and W¢-differentiability

From now on ¢ : w — R will be a fixed continuous function defined on an open,
connected and bounded set w C R?"; we will denote with W the family of first-
order operators (Wy,... Wy ) (the reasons of the enumeration from 2 will be clear
later) defined for n > 2 by

( 0 0 )
Xf_a_vj””””a_f if2<j<n
W = ﬁ—4¢f:§—4¢aﬁ if j=n+1 (4.11)
0 K 8T
k}/}_n:a_vj_QUj_nE 1fn—|—2§j§2n,

while for n = 1 we put W® = Wy := Yy — 49T = 8% - 4(;55%
As usual, by ® we will denote the function w 3 A — (A) - p(A)e; € H", whose

explicit expression is given by (3.20). The graph distance between A, B € w is
defined by

ds(A, B) = |m0,(2(A) " - &(B)) e + [72(2(A) ™" - ©(B)) ] (4.12)

which is equivalent to |ry, (®(A)™1-®(B))|w. Explicitely, forn > 2and A = (n,v,7),
B = (n,v',7") we have

ds(A, B) = (1], v') — (n,0)] + 7" =7+ 2(8(B) + ¢(A)) (0 —n) + o (v',v)[/*

where o(v’,v) has been defined in (4.2); if n = 1 and A = (n,7),B = (/,7') we
have
ds(A, B) = i =0l + 7" =7 +2(¢(B) + 6(A) (0 —n)|"*.

With this definition we are able to prove the following
Proposition 4.8. If there is an L > 0 such that
[0(A) — ¢(B)| < Ldy(A, B) (4.13)
for all A, B € I, then the quantity ds in (4.12) is a quasimetric on w, i.e.
(i) dy(A,B) =0 A= B;
(ii) dg(A, B) = dy(B, A);
(iti) there exists ¢ > 1 such that dy(A, B) < q [dy(A,C) + dy(C, B) |
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forall A,B,C € w.

Proof. The assertions in (i) and (i) are straightforward, while for (i7i) we use the
inequality

to achieve

dg(A, B) < 2do(®(A), ®(B))
2o (P(A), &(C)) + doo(®(C), &(B)) ]
P(C)] + dy(A, C) +[6(C) — ¢(B)| + dy(C, B) |

A, C)+dys(C,B)].

IAIA TN IA

) =
1

2[d
2[ (A
2(L +

&(
) ds
O

Let us observe that if ¢ satisfies the condition (4.13), then it is locally 1/2-Hdlder
continuous in the Euclidean sense, i.e. for all compact set K C w there exist an
L' = I'(K) > 0 such that

|6(B) — (A)| < L'|B — A|'/? (4.14)
for all A, B € K. First, let us observe that for any P € H”,a € R

[72(P - aen)lo < [12(P)ls + v2]a] |7y (P)]2L?
[nz(aer - P)lo < [72(P)ls + v2lal | (P)IL.
Now let M := supg |¢], A = supycx |A| and, for the sake of simplicity, ¢ =
¢(A), ¢ := ¢(B); then
716(B) = 6(A)| < dy(B, A)
[mo, (=ge1 - 1(A) ™ - u(B) - ger) oo + Imz(—der - L(A) - u(B) - ¢fe

o

1)
< B— A+ |n2((A) 7 u(B) - dler) oo + V2M |7y, (L(A) - u(B) - dler) |2
< VA +V2M)|B = A" + |72(1(A) " 1(B) oo + V2M [y, (L(A) " u(B))| 4
< (2VA+2V2M + C(K))|B — AV (4.15)

where in the last passage we used (3.3).
Ifn>2and A= (n,v,7) € R® and r > 0 are given, we define

I.(A) = {(n’,v’,r’) cR*™ :|(n,v) — (m,v)| < |7 — 7| < r} ,
while if n =1 and A = (n,7) we put
I.(A) := {(77’,7’) ER*: |y —p| < |7 —7| < r} .

Now we have all the tools to state our notion of W?-differentiability:
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Definition 4.9. Let A € w and ¢ : w — R be given.
(i) We say that 1 is W®-differentiable at A if there is a o-linear functional
L : R?" — R such that

L 9(B) — 9(A) - LA™ o B)

= 0. 4.1
A 4,(A,B) 0 416)

(ii) We say that ¢ is uniformly W®-differentiable at A if there is a o-linear
functional L : R*™ — R such that lim, o My(¢), A, L,r) = 0, where

. [¥(B') —(B) — L(B~' o B')|
My(p, A, L,r) = ByBS,IGIE(A) { LB } : (4.17)
B+#B'

Let us observe that, if ¢ is uniformly W?-differentiable at A, then it is also
We-differentiable at A, as (4.16) is satisfied with the same functional L in (4.17).

Remark 4.10. If v is W?-differentiable at A, then it is continuous at A. Indeed,
if L € R?*"! is such that (4.16) holds and wy, is as in Proposition 4.2, then for any
Bew

Y(B) —(A) — (wy, A' o B)

0(B) - w(4) = LD du(A,B) + {ws, A7 0 B)

and we deduce the continuity of ¥ at A from the W?-differentiability at A together
with the fact that ds(A, B) is bounded near A.

Remark 4.11. We stress the fact that if ¢ : w — R is uniformly W?-differentiable
at A € w, then ¢ is Lipschitz continuous (between the quasimetric spaces (w, dy)
and (R, deye)) in a neighbourhood of A; in fact there exist C,r > 0 such that

[9(B) = ¢(A) = L(A o B)|
ds(A, B)

<C

for all B € I,(A), whence
[(B) = ¥(A)] < [{wr, A7 o B)| + Cdy(A, B) < (Jwr| + C)dy(A, B) .

We will denote by dys1(A) the o-linear functional L such that (4.16) holds;
we will call the vector wy, the W?-differential of ¢ at A, and we will denote it by
W (A), writing [W?P(A)]; for wy;, j =2,...,2n. These definitions are well posed
because of the following

Lemma 4.12. Let ¢,v : w — R be such that v is W-differentiable at A € w, and
let L be a o-linear functional such that (4.16) holds; then L is unique.
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Proof. We have to prove that, if w,w’ € R*"~! are W?-differentials of ¥ at A, then
w = w'. We will give the proof only for the case n > 2, as it can be easily adapted
for n = 1. Therefore let A = (n,v,7): it is easy to prove that

i (w—w', (nf —n,v —v))
lim = 0. 4.18
B=(f v/, 7')—A ds(A, B) (4.18)

Let
A

{B=,v,7") ew:dys(A,B) =|(n —n,v' —v)[}
{B=0V,7")ew:mz(®! &) =0}
{B=W,v,7)ew: 7 =7=2(¢"+ ) —n) —o(v,v)}

where, here and in the following, we write ®' &, ¢" and ¢ instead of ®(B), ®(A),
¢(B) and ¢(A) respectively. Let d5 > 0 be such that I := I5,(A) C w; we want
to prove that there exists a d; > 0 with the property that for all (7/,v") with
|(n" —n,v" —v)| <0y there is a 7/ € [T — da, 7 + 5] such that (0,0, 7") € A, i.e.

T =7-2(¢'+ ) —n) — (v, v).

Being ¢ continuous we can suppose that |¢| < M on I; then, for each (7',v") with
[(n —n,v" —v)| < 61, the functions

Vo) (7)) =7 = 2000,V 7) + S(A) (0 —n) — o (v, 0)

map the closed interval [T — 0o, T + o] into itself provided d; is sufficiently small. In
fact

‘7(77’,1}’)(7—/> - Tl
= |2t + 90" = m) + 2wty — Vo)
= |26 + )0 = m) + 2 o (03 (W — ) = B — 1)
so it is sufficient to choose d; such that (2M + 2|v|)d; < 5. The fixed point theorem

guarantees that v, ., has a fixed point 7/(n',v") if |(n" — n,v" —v)| < &1, so that
(', o', 7' (n,0")) € A, ie.

dqﬁ((n/a Ul? T,(n/’ Ul))v (777 v, T)) = |(77/ -1 v’ — ’U)l .

Moreover, it is not difficult to prove that 7/(n',v") — 7 if (n/,v") — (n,v) (it is
sufficient to use the very same estimate as in (4.19)). Now, for each fixed j =
2,...2n, we can easily construct a sequence B" = (n® v" ") € A such that
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e B" — A:
o =m0 =u;Vi#jand dy(B" A) =) —v; >0 if j#n+1;
o v'=vand dy(B", A)=n"—n>0 ifj=n+1.

By (4.18) we obtain

! h h _
0= fip w0 —evt—v)

h—o0 d¢<Bth) 7o

whence w = w'. O

Remark 4.13. Let A € w and P := ®(A). With the same notations of Proposition
4.6, set op-1(B) := Y P71 (B): Pp,) and W' = op-1(w). Let a® denote the
element (0,...,0,a) € R* and define

¢ W —R
B = v, 1) — ¢(op(B)) — ¢(A);

then ®'(w') = p-1(P(w)), where as usual ®'(B) = «(B) - ¢'(B)e;.

It is not difficult to show that a function 1 is W?-differentiable (resp. uniformly W -
differentiable) at B € w if and only if ¢ o op is W -differentiable (resp. uniformly
W -differentiable) at op-1(B) € w': the key observation is that

d¢(B, B/) = d¢/(0’p—1(B), O'p—l(Bl>).

The following Proposition shows that uniformly W ?-differentiable functions have
continuous W®-differentials:

Proposition 4.14. Let ¢,v¢ : w — R be two continuous functions; suppose that
there exists an A € w such that v in uniformly We-differentiable at A and that
is We-differentiable in an open neighbourhood U of A. Then W? : U — R¥ 1 s
continuous at A.

Proof. As usual we give the proof only for n > 2. Suppose that the thesis is not
true; then there exist § > 0 and a sequence {A7} C U such that A7 — A and

(Wop(AT) = WO (A)| = 34.

By the uniform W¢?-differentiability of 1) at A we can find an open rectangle I
centered at A such that

sup [¥(B) = ¢(A) = (WPP(A), (' —n,v' —v))]

A,Bel dg(B,A)
A=(777U77)753=(77'ﬂ/ 7T/)

} <6 (4.20)
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There is no loss of generality if we suppose that A7 = (7, v7,77) € I for all j; then,
using the W?-differentiability of 1) at A’ and reasoning as in Lemma 4.12, we can
find a sequence of points BY = (n,v",7"7) € I such that

[Y(B7) — (A7) — (WOPP(AY), (07 — 07 —oT))| _
i) <4, (4.21)
dy(B?, A7) = |(n” — 0’ ;07 —o7)]; (4.22)

the vectors (n7 —n?,v"7 —v?) and (W? (A7) — W%)(A)) are parallel. (4.23)
Observe that (4.22) and (4.23) imply that

[(WOp(A”) = WOp(A), (7 — ' 07 — o))
= [WP(AT) = WO (A)|dy(B’, A7) > 3ddy(B’, A7)

Then, using also (4.21), we get

[W(B?) — (A7) — (WP(A), (7 — 1, v —v7))]

dy(B7, A7)

VPR WO, () — w0 — )]

N dg(B7, A7)
JU(BY) — (A7) — (WO(AT), (7 — n? 07 — 7))

dg(B7, A7)

30ds(B?, A7) — ddy(B?, A7)

; o)

which contradicts (4.20). O

It is not clear whether the converse is true, i.e. if W?-differentiability in an open
neighbourhood and continuity of the W¢-differential imply uniform W ?-differentia-
bility. Observe that this is true when we consider the classical notion of differentia-
bility in Euclidean spaces.

Recalling how we defined the family W¢ of the 2n-1 first-order operators V[/j5
(that, as usual, we identify with the associated vector fields), the following Proposi-
tion explains why we call the vector wy, (with L as in (4.16)) the W?-differential of
Y the fact is that the j-th component of this vector is (at least for regular maps)
the derivative of v in the V[/f—direction:

Proposition 4.15. Let ¢,1 : w — R be continuous functions such that ¢ is W-
differentiable at a point A = (n,v,7) € w (respectively A = (n,7) if n = 1). For
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j=2,...,2n let 7 : [=§,0] — w be a C'-integral curve of the vector field Wjd’ with
77(0) = A and such that the map

[=0,8] 3 s ¢(+7(s)) €R
is of class C'. Then we have

L BI(s) — e (0))

s—0 S

= [Woy(4)], . (4.24)

Proof. Again we accomplish the proof only for n > 2. Let us fix the following
notation: if v7(s) = (n(s),v(s), 7(s)) we set

v;(s) for2<i<2n,i#n+1

For j # n+ 1 the thesis is obvious: indeed we must have v/ (s) = A ¢ exp(sX;)
Le. t(v/(s)) = 1(A) - exp(sX;), and so

dys(A, 7 (s)) = 1s],

which gives immediately (4.24) as a consequence of the W¢-differentiability and the
fact that

Vi(s)=wifori¢ {j2n+1},  7l(s)=v;+s.

For 7 = n + 1 we have

At (s) = if i#£n+1,2n+1
Tni1 (s ) =n+s (4.25)
”Y;L:-&l 4[0 n+1 d?"

and so

dys(7""(5),7"H(0))

s

_ |sr+\—4 o1 e+ 2000 5) + oA

1/2

1
= sl 1+
s

- /0 S(" T (r))dr + 2[p(v" T (s)) + &(A)]s

1/2)

—opsl (14 ﬁ|A(s)|1/2> |
S
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One has |A(s)] < Cs? for a certain C' > 0, indeed

As) = / TS ) dr + 260 (5)) + SA)]s

/S [y (r) — @(A)dr +2[6(y"(s)) — B(A)]s

0

= 0(s%); (4.26)

—4
-
it follows that dg(7"+'(s), A) < (1 ++v/C)|s| and so

6 (s)) — B O) — VS Aas | _
5 <

B(1(5)) = (A) = Lipogea (A~ 0 771(s)) |

< (1+V0) 071 (3), A) ‘

By letting s — 0 and using the W?-differentiability of 1) at A we obtain the thesis
(4.24). O

The following result shows that the class of ¢, such that v is W?-differentiable
(in fact, uniformly W¢-differentiable) is not empty, and gives an explicit formula for
the differential W% of smooth functions.

Theorem 4.16. Let ¢, € CY(w); then 1 is uniformly W®-differentiable at A for
all A € w and

Wou(A) = (Xt ., X, Vit — 4670, Vo, Vo) (A)

or all A € w. In particular, W) : w — R*1 is continuous.
J p :

Proof. Let us fix A= (7,0, 7) € w (A= (7,7) if n =1) and set

w(A) = (X, K, Vieo = 4670, Vo, Vo)) (4) € R
if n > 2, while for n = 1 we set

P

oy
T — 105

w(A) = Vi9p(A) — 4p(A) Tih(A) = —(4).

According to the notation of Definition 4.9, we have to prove that

lim My (¢, A, w(A),r) = 0. (4.27)

r—0
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Therefore let B, B’ € w be sufficiently close to A (in a way we are going to specify
later), and for n > 2 let X, W be the C! vector fields given by

2n " a a
X::A Z (v —v;)X; W::a—n—él P
7j=2,j#n+1
Let us set
B* = exp(X)(B)
= Bo(0,(vy —v2,...,U, — Up, Uyt — Upt2, ..., Uy — Vay),0)
= (n,v',7—0o(v,v))
B" = exp((n —n)W)(B*) = (/,v',7") (for a certain 7");

observe that B* and B” are well defined if B, B' € I5,(A) for a sufficiently small d.
For n = 1, X is not defined and we set B* = B and B” := exp((n/ —n)W)(B) =

0.+
As 9 is of class C! we have
W(B') —(B)
= [W(B) —¢(B")] + [W(B") —¢(B")] + [¥(B") — ¢(B)]

/

m="n

= (B~ (B")] + / (W) (exp(sT7) (B)) ds +

0

+ /0 > (v = v)(X;0) (exp(sX)(B)) ds

j#nrl
2n
= [W(B)—v(B))+ Y (@ —v)X;(A)+
j=2,j#n+1

+(' = mW(A) +o(| (i —n,v" = v)])
= [W(B) = (B + (w(A), (n" —n,v" —v)) +o(de(B, B)).  (4.28)

For n = 1 the same calculation leads to
V(B') —¢(B) = W(B') —(B")] + w(A)(n —n) + o(de(B', B)).

Therefore it is sufficient to prove that ¢ (B’) — ¢(B") = o(ds(B’, B)). We have

[¥(B') — ¢ (B")]
ds(B', B)

|7_/ _7_//|1/2

CEE (4.29)

< wy (o) -
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where

wy () == sup { ij/)__ A‘fﬁ:)’ CA A A e L;(A)} , (4.30)

and where we know that w,(6) — 0 as § | 0 because ¢ is C'. So we have to prove
that |7/ —7"|Y/2/d,(B’, B) is bounded in a proper neighbourhood of A. Observe that

|7_/ _ 7_//l

" —71+00,v)+4 /077 B ¢(exp(sW)(B*)) ds

< =T+ 200(B) + AB)G )+ o) +
122 / T (exp ()BT ds — (6(B) + 6(B))(of — )
< dy(B.BY +216(B") — o(B")lnf — ] +2|6(B) — 6B — 1] +

122 / " blexp(sT)(BY) ds — [6(B") + 5B — )
=: dy(B',B)* + Ri(B, B) + Ro(B', B) + R3(B', B). (4.31)

For the case n = 1 we arrive to (4.31) with the same line (it is sufficient to follow
the same steps “erasing” the term o(v',v)).
Now we want to prove that there exist C7, Cy > 0 such that

R3(B',B) < Cy|n —n]? (4.32)
Ryo(B', B) < Cody(B', B)? (4.33)

for all B, B € I5,(A), and that for all € > 0 there is a J. €]0, dp] such that
Ry(B',B) < |n —n|* +el — 7" (4.34)

for all B', B € I5,(A). These estimates are sufficient to conclude: in fact, choosing
€ :=1/2 and using (4.31), (4.32), (4.34) and (4.33), we get

7= 7| S do(B', B) + Culyf =+ |if = nf? + |7’ = 7'1/2 + Cady(B', BY?

whence

i7" —7"|'? < Csdy(B, B)

which is the thesis.
For s € [—d¢, 0] we can define

4(s) =2 / " $(exp(rTV)(B)) dr — [p(exp(sT)(BY) + 6(B)]s:  (4.35)



4.3. H-regular graphs and W?-differentiability 97

as in (4.26) one can prove that there is a C > 0 such that
lg(s)| < C1s* for all s € [—dg, &g ,

so that (4.32) follows with s = 7' — .
If wy is as in (4.30) (with ¢ instead of ¢), then

Ri(B,B) 2w, (8) |7 — 7" — |

<
< | =l +ws(8)? — .

Since ¢ is C!, wy(d) — 0 for § | 0, and so for all € > 0 there is a . > 0 such that
for all 6 €]0, 6] we have wy(6)? < €, whence (4.34) follows.
Finally,(4.33) follows from Ry(B, B’) =0 if n =1, and from

Ry(B,B') = |0 —nll¢(B) — ¢(B")]

2n

= [ =nl| Y (v —v)(w(A);+o(1)

j=2, j#n+1
< 20| —nl[v —v| < Cady(B', B)*

if n> 2. O

4.3 H-regular graphs and W¢-differentiability

In this section we are going to characterize H-regular graphs in terms of the uniform
We-differentiability of their parametrizations. In the sequel, for a given function f
of class C; on an open set 2 C H" it will be convenient to write

ﬂﬂf = (Xof,.... Xp L, YAf, ..., Y f) € CYQ,R™1,
The main theorem of the section is the following

Theorem 4.17. Let ¢ : w — R be a continuous function and let ® : w — H" be the
function defined by

D(A) :=1(A) - p(A)e;.
Let S := ®(w). Then the following conditions are equivalent:

(i) S is an H-regular surface and vs,(P) < 0 for all P € S, where vg(P) =
(vs1(P),...,vs2n(P)) denotes the horizontal normal to S at a point P € S;

(ii) ¢ is uniformly W-differentiable at any A € w.
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Moreover, for all P € S we have

— _ 1 W¢¢ -1 % 2n—1
VS(P)_< ¢1+IW¢¢I2’¢1+|W%I2)@ (P)) e RxR™ 1. (4.36)

and

c(n) SY(S) = / 1+ |[Woh(A)2 dL2(A). (4.37)

Proof. We will give the proof only for n > 2, since the generalization to n = 1 is
immediate.

Step 1. Let us begin with the proof of the implication (i) = (ii). Let P =
P(A) € S, where A = (n,v,7) € w; then there exist an ry > 0 and a function
f € CL(U(P,rg)) such that

SNU(P,ry) ={Q € U(P,ro) : f(Q) =0}
Vief(Q) = (Xof. .. Xaf, Yifo o Yo f)(Q) # 0 for all Q € U(P, 7).

As vg(Q) = =Vuf(Q)/|Vuf(Q)|, by hypothesis we have that
X, f(Q)>0forall Qe SNU(P, ). (4.38)
Moreover without loss of generality we can suppose that
A= (n,v,7)=(0,0,0) and P = $(0,0,0) = 0. (4.39)

Indeed, if this is not the case, let us consider S’ := lp-1(S) = P'(v'), where we
use the same notations of Remark 4.13. We have that S’ N U(0,r¢) is an H-regular
surface because it is the zero set of the function f’ = f o £p, and by left invariance
X1f(Q)=X1f(P-Q)>0forall Qe U(0,7). Finally (again by Remark 4.13), ¢’
(which is equal to ¢ o op up to an additive constant) is uniformly W¢'-differentiable
if and only if ¢ is uniformly W ?-differentiable.

By the uniqueness of the parametrization provided by the Implicit Function
Theorem we can assume that there is a § > 0 such that I5 := I5(0,0,0) € w and

f(®(B)) =0 for all B € I. (4.40)

With the assumptions in (4.39), by the continuity of ® for each r €]0,ry/4[ there is
a 0 < 6, < r such that

®(I5(0,0,0)) C U(0,r). (4.41)
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For each B = (n,v,7), B' = (n/,v',7') € I5,(0), with 4, sufficiently small, we get, by
applying Lemma 3.11 to f with P =0, Q = ®(B), Q' = ®(B’), that

(Vi f(®(B)), Ta(m) (2(B)~'2(B')))]
If( (B) = f(2(B)) + (Vaf(®(B)), mom)(®(B)"'(5") )]
R(0,) doo(P(B'), ©(B)
R(,) | T

oo

3

INIA

)
|72, (@(B) 7' (B') | + |70, (®(B) ™' @(B)) | +

+H7Tz( (B)"'2(B)l]
2 R(6,) [|6(B') — ¢(B)

where (' is given by Lemma 3.11 and

R((S) ‘= Sup {”VHf() — va(Pl)||L°°(U(P’,2doo(P’,P”))) : P,, P” € (I)(L;(O, O))}

r

IA

+dy(B, B)] (4.42)

By the uniform continuity of Vg f : U(0,r,/2) — HH" we have

lim R(5;) = 0. (4.43)
Therefore, (4.42) and (4.38) imply

, (Vu(®(B)), (' — 1,0/ —v))
oB) = o(B) + X, f(®(B))

[(Vaf(2(B)), maw)(®(B)'®(B)))]
X1 f(@(B))

< [nf Xif] CRG) [6(B) - 6B+ du(BB)]  (149)

for any B, B’ € I;.. By (4.43) we can suppose

Cy

lﬂfU(o,m)le ( )

1
2
for a certain 7 €]0, ro/4], and so

(Va(®(B)), (if — 1.0 —v))

6(B') —¢(B)| < |6(B) —¢(B) + X @) +
L |(Va(@(B). (7 —n.v' —v)
X, f(®(B))

< [I6(B) — 6(B)| + dg(B, B)] /2 + Csl(f — .o/ — )|
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for each B, B' € I5_. Therefore there exists a constant Cy > 0 such that
|9(B') — ¢(B)| < Cady(B, B'). (4.45)

Putting together (4.44) and (4.45) we get that there is a C5 > 0 for which

‘d)(B’) — ¢(B) + <VH(@(€33}((2;(;;7)’ V=D <o R do(B. B (4.46)
and so
, Vaf0) ., |
¢(B') — ¢(B) + , (=m0 =)
s+ (349 )|
d,(B, B =

Vef(®()  Vef(0)

< C5R(6,) + sup X1 f(®(1)  X1f(0)

I5,.(0)

for each B, B" € I5,(0) with » < 7. Thanks to (4.43) and the fact that f is of class
C}; we get that

~ Vi /(0) —
17}&’]1 M¢ (¢) 07 X1 £(0)° 57“) =0 3

i.e. ¢ is uniformly W?-differentiable at 0 and

W?p(0) = —Zﬁ“}c (0). (4.47)
More generally, one has
Vi
Wo9(&(P) = ~SEH(P),

from which (4.36) immediately follows; therefore the implication (i) = (i) is com-
pletely proved.

Step 2. Now we have to prove the converse implication (it) = (i). Let A =
(n,v,7) € w and P = ®(A) € S. We have to find ry > 0 and a f € CL(U(P,r))
such that

SNU(P,ry) ={Q € U(0,ry) : f(Q) =0} (4.48)
X1f(Q) >0 forall Q € U(P,ry). (4.49)
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Let 9; be such that I5,(A) € w; as & : w — S is a homeomorphism we can suppose
that -
SNU = d(I(A))

for a certain open bounded neighbourhood U of P. Let F := SNl and g: F — R
be defined by ¢(@) := 0. Define
k : F— HH"=R*
Q— (1,=W’(271(Q)))

We start by proving that, thanks to Whitney’s extension Theorem 3.12, there is a
function f € CE(H",R) such that

f=9g=0 onF (4.50)

Vuf(Q) =k(Q) = (1,-W?p(®7(Q))) forall Q€ F. (4.51)
Consider a compact subset K of F'; for Q, Q" € K and ¢ > 0 let

@)~ 9@ — (K@) m(@'Q))  (kQ).ma(Q7'Q))
RQ.Q):= (0. Q) ST Q@)

pr(0) =sup{|R(Q,Q")|: Q,Q" € K,0 < d(Q,Q) < d}.

In order to apply Whitney’s Theorem (which will provide the desired f) we have
only to show that

lgﬁ)l pr(0) =0. (4.52)

Let us suppose that the converse is true, i.e. that there is an ¢y > 0 such that for
all h € N there are

Q"=o(B"), QV=®B") eK,

Bh — (nh Uh Th) Bh/ — (nh/ Uh/ 7_h/)

for which
0 < doo(Q", QM) < 1/h (4.53)
ht _ th ® h Rt . h ok, h
o< R(Qh QY| < (S IEAERAES R Z I 4y

where as usual we denoted by ¢, ¢" the quantities ¢(B") and ¢(B") respectively.
In (4.54) we used the fact that doo(®(B), ®(B’)) > d,(B, B'); this estimate, together
with (4.53), implies that d,(B", B")) < 1/h and so

(" =" o — M) < 1/h (4.55)
[T ="+ 2(" + (" = ") + o () < 1/R2 (4.56)
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Setting M := supg |¢| and N := supg |(n, v)| we get

[T =Tt <R 200"+ M = |+ 200 (0" o) (%)
< 1/h? +4M|n" —n"| + 2N} — vh| (%) (4.57)
< C/h

where €' := 1+ 4M + 2N > 0 depends only on K. In () we used that (v, v") =

230 oo () = v}) = ol (vl — ol )], while (4.55) justifies (#x). Since K is

compact, up to subsequences there is a B = (1/,v',7") € I5,(A) D K such that

lim B" = lim B" = B.

h—o0 h—o0
In particular B", B" € I,(;)(B) (where (k) — 0 as r — 0), and by (4.54) and the
continuity of the WW?-differential one has

0 <€y < My(¢, B,W?¢(B),r(h))

for any h, which contradicts the fact that ¢ is uniformly W?-differentiable at B €
I5,(A). This is sufficient to apply Whitney’s Extension Theorem, and so we get the
existence of an f € CL(H", R) for which (4.50) and (4.51) hold.

The proof of the implication (i) = (i) will be complete if we show the validity
of (4.48) and (4.49) for a certain 9. Let 8" := {Q € H" : f(Q) =0, Vuf(Q) # 0}; as
we have already said, we can suppose that P =0 and A =0. Since 0 € SNU C 5,
one has

f(0)=0 and Vyf(0) = (1, =W?¢(0))

and by the Implicit Function Theorem there are an open neighbourhood U’ of 0 and
a continuous function ¢’ : I5(0) — R such that

' Iy(0) — S nU
B+ 1(B) - ¢'(B)ey

is a homeomorphism. Therefore ®~1(S" NU’) is an open subset of I;(0) which
contains 0, and so there exists a §” €]0, [ for which I5/(0) C ®~1(S" NU'); by the
uniqueness of the parametrization we get that ® = ® on I5/(0). Now, let 4" and
U"" be open neighbourhoods of 0 in H™ such that

SNU" = B(I5(0)) = &' (I52(0)) = S’ NU" (4.58)

and let 79 > 0 be such that U(0,ry) C U"NU". Then by (4.58) we get U(0,79)NS =
U(0,79) NS, from which (4.48) and (4.49) follow.

Finally, the area type formula (4.37) follows from Corollary 4.5 after finding a
global f (that is given only locally), which can be done by a standard argument
involving a partition of the unity. This completes the proof of the Theorem. O
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Corollary 4.18. With the same notations of Theorem /.17, suppose that S := ®(w)
is H-regular; then ¢ : (w,dy) — R is locally Lipschitz continuous.

Proof. The thesis follows from Theorem 4.17 and Remark 4.11. m

Now we want to establish some Holder continuity properties for uniformly W¢-
differentiable functions on w and therefore for parametrizations of H-regular graphs;
in particular we want to improve the Hélder continuity obtained in (4.14). More
precisely we have the following

Proposition 4.19. Let ¢ : w — R be uniformly We-differentiable at A € w. Then
there is an o > 0 such that I,,(A) € w and

6(B) — ¢(B)|
|B' — B|1/?

lim sup {

b :B,B/GITO(A),O<\B—B’]<r}:0.

Proof. Again we treat only the case n > 2.
If B=(n,v,7) and B = (n/,v',7') let us set

N — —(W? f—mv —w
R(é):zsup{w(B) o(B) ilI:EB?,(é))’(n n >>|:B,%B€]6(A)};

by the uniform W¢-differentiability of ¢ at A we know that limgo R(§) = 0. In
particular there is an ro > 0 such that ¢ is Lipschitz continuous between (1,,(A), dy)
and R, i.e. (4.13) holds. Then by (4.14) (see the steps that lead to (4.15)) there is
a C > 0 such that

dy(B',B) < C1|B' — B|'? for all B', B € I,,(A). (4.59)
But if B’ # B € I,(A), 0 <r < ry, we have

O(B) —6(B)| _ [8(B)) — 6(B) — (WO6(A). ( —n.v' —v))| dy(B', B)
BB = do(B'. B) B/~ BJ2

n —n,v —v)
’ r_ 3‘1/2

< CLR(r) + Co|Wop(A) |12 — 0 for r | 0.

wegA)

This completes the proof. n

From Proposition 4.19 and a standard compactness argument we get the follo-
wing
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Corollary 4.20. Let ¢ : w — R be a continuous function and consider the related
¢ :w — H" Let S := ®(w) and suppose that S is an H-reqular surface with
vg1(P) <0 for all P € S; then for each w' € I we have

. [¢(A) — o(B)] :
lim Sup{ A B[P A Bew ,0<|A—B|<r}=0.

Finally, we stess an interesting approximation property for the parametrizations
of H-regular graphs:

Proposition 4.21. Let ¢ : w — R be a continuous function which is uniformly
Wé-differentiable at any A € w; then for any A € w there is a 6 = 6(A) > 0, with
I5(A) € w, and a family {¢c}eso C C®(I5(A),R) such that

be — ¢ and W, — W9 uniformly on I5(A).

Proof. Arguing as in the proof of Theorem 4.17 we can suppose that A = 0, (0) =0
and

SNU(0,r)={PeU(0,r): f(P)=0}
for certain r > 0 and f € C{(U(0,r)) such that fo® = 0 on I5(A), with § sufficiently
small. Moreover, arguing as in the proof of the Implicit Function Theorem 3.16, we

can suppose that, for a certain 0 < v’ < r (and possibly considering a smaller §),
there are two families {fc}c~o C C®(U(0,77)) and {¢c}eso C C*(I5(A)) such that

fe— fand Vyf. — Vuf uniformly on U(0,7”)
Ver vH.f .
ce— ¢and — ——od, — — o® =W?p uniformly on I;(A
Pe — & X1, X.f ¢ y on I5(A)

where ®.(A) = 1(A) - ¢.(A)e; is such that f. o &, = 0; indeed the set S, :=
{P € U0,r) : f(P) = 0} D ®(I5(A)) is a (Euclidean) C'-surface, and then
its parametrization ¢, is uniformly W, -differentiable with

_Vaf.
lee

W¢e ¢€ = (PE 9

from which the thesis follows. O]

4.4 Characterization of the uniform W¢?-differen-
tiability and applications

The main result we are going to prove in this section is the following
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Theorem 4.22. Let ¢ : w — R be a continuous function. Then the following
conditions are equivalent:

(i) ¢ is uniformly W-differentiable at A for each A € w;

(ii) there exist a w € C°(w,R*™1) such that, in distributional sense,

w=(Xod, ..., Xnd, B Yo, ... . Ynd) ifn>2
w=Bo ifn=1

and there is a family {d}eso C C®(w) such that, for any open ' € w, we

have
be — ¢ and W p. — w uniformly on w'. (4.60)

Moreover, w = W% on w and

. [9(A) = ¢(B)] : _
rlirél+sup{W.A,Bew,O<|A—B\<r = 0. (4.61)

for each W' € w.

Remark 4.23. Suppose n = 1 and w = 0, then the functions ¢ : w — R satisfying
condition (iz) of Theorem 4.22 are entropy solutions of Burgers’ scalar conservation
law in classical sense. Indeed by performing the change of variables

R* =R, x R; > (z,t) — (t,—47) e R =R, X R,

the Burgers’ operator B can be represented in classical way with respect to the
variables (z,t) as

_ Ou 10w

"ot 2

if u=u(z,t) € C'(w*) and w* C R? is a fixed open set (see [49], chapter ITI, section
3). In this case condition (ii) of Theorem 4.22 reads as the existence of a function
u:w* — R and of a family {u.}. C C*(w*) such that

Bu

ue —u and Bu.—0 uniformly on w’ (4.62)

for any open w’ € w*. Let us assume now w* = (a,b) X (—4,9) and let g(x) := u(x,0)
if x € (a,b). We claim that w is an entropy solution of the initial-value problem

ou  10u? _
E—f-a%:() 1n(a,b)><(0,5)

u=g on (a,b) x {t =0},
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More precisely, by definition (see [49], chapter XI, section 11.4.3), we have to prove
that

u € C([0,0), Ly,e(a, b)) N Lig,(w") ; (4.63)
u(-,t) — gin Ly (a,b) ast—0"; (4.64)
ov ov
— — > .
/w* [e(u) 5+ d(u) e dzdt >0 (4.65)

for each v € Cl(w*), v > 0 and for each entropy/entropy flux pair (e, d), i.e. two
smooth functions e,d : R — R such that e is convex and ¢'(u)u = d'(u)Vu € R.
Then (4.63) and (4.64) follow at once because u € C°(w*). As u. € C'(w*)

de(ue)) | O(d(uc))
ot + or

pointwise, with w. = Bu, and, by (4.62), w, — 0 uniformly in «’. Therefore
multiplying both sides of (4.66) for a given v € Cl(w*), integrating by parts and
taking the limit as e — 07 we get (4.65) too (actually with an equality, so with no
entropy production).

= w, e (u;) in w* (4.66)

Remark 4.24. Let n > 2 and let assume that ¢ : w — R satisfies condition (i7) of
Theorem 4.22 with w = 0 in an open connected set w C R?"; then ¢ is constant in
w. Indeed for a fixed Ay € w let B = B(Ay,79) C w be an Euclidean ball centered
at Ay with radius ry > 0 and, for a fixed n € R, let

By = {(v,7) €RY"* xR : (n,v,7) € B}, ¢y(v,7) :=¢(n,v,7) if (v,7) € B,.
The open set B, C RZ"2 x R, = H"! is connected and
Xy =Y;6,=0m B, (j=2,...,n),
in distributional sense; therefore we get
¢(n,v,7) =¢(n) V(nv,7)eB. (4.67)

In fact a Poincaré inequality holds in (H""!, d,.) with respect to the horizontal gra-
dient Vi := (Xo,..., X, Ys, ..., Y,) (see, for instance, [74], Proposition 11.17) and
then there exists a constant ¢ > 0 such

/ by — Gnu | AL < cr / |V, dC?
UC(P’T) UC(P,T)

for every P € H" !, r > 0 such that U.(P,r) := {Q € H" ' : d.(P,Q) < r} C B,

and
OnU. = f On ac1.
Uc(P,r)
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On the other hand by (4.67) we infer

%¢:@:01n8
on

in distributional sense. Thus ¢ is constant in B(Ag, 7o) for all Ay € w for suitable
rg > 0. As ¢ is continuous and w is connected we can conclude that ¢ actually is
constant in the whole w.

Observe that the same statement fails when n = 1: see e.g. Example 5.8

In order to prove Theorem 4.22 we will need some further notation and prelimi-
nary results.

Let ¢ : w — R be a continuous function, and suppose that for all A € w there
are 0 < 09 < 07 such that, for each j = 2,...,2n there exists a map

v 1 [0, 0] X I5,(A) — 15, (A) €w
(s, B) = 7, (s)

such that 7 € C'([—dy,d2], R*") for each B € I,(A) and, with the usual identifi-
cation between vector fields and differential operators,

4B — W 0B — Xjony ifj#n+1
(E.1) ’ ’ ’ O _4(¢O7f+1)a'r fj=n+1
B
;5 (0) = B;

(E.2) there is a suitable continuous function w; : w — R (depending only on ¢) such
that

CHORCHOE “wy (B (r)) dr
for each s € [—dg, d2].

We will call the {v;} a family of ezponential maps of W? at A; we will write
epr(st)(B) := 7P(s). Notice that here we are not asking these maps to be
continuous in the parameter B: cfr. also Remark 4.34.

Remark 4.25. Notice that if the exponential maps of W at A exist, then the map
[—02,02] 35— ¢(eXpA(5M/]¢)(B))

is of class C! for each j =2,...,2n and each B € Is,(A).
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Remark 4.26. Observe that, because of the left invariance of the fields )?j, for
j # n one must have

eXpA(st))(B) =Bou ' (expsX;) = Bour !(sej). (4.68)

Moreover, if there exist exponential maps of W at A (in particular there are w
as in (E.2)), then for any A = (Aa, ..., Ap, Augas - - -5 Aap) € R there exists also
an exponential map for the field > )\jo’, i.e. there are two continuous maps 7, :
[—d2,02] X I5,(A) — Is5,(A) € w (with, possibly, a do > 0 smaller than the one in
(E.1), depending on \) and w) : w — R such that

'%\(87 B) = Z/\] I/Vj)(%\(s, B))
7A(0>B) =B

O(1(5. B)) — d(1a(0, B)) = / “wn((r, B)) dr

In fact, it is sufficient to take vx(s, B) := B ¢ (0, s\, 0) and w), := Y \jw;.

The following Lemma provides sufficient conditions to guarantee the existence
of exponential maps of W¢.

Lemma 4.27. Let ¢ : w — R be a continuous function and suppose that

(i) there exists w € C%(w) such that

w = (w27"'7w2n) = (XQQSP"’XTLQS? %¢7Xn+2¢7"'7§2n¢) an Z 2
w="%B¢ ifn=1

i distributional sense;
(i1) there is a family of functions {¢¢}eso € C°(w, R) such that
be — ¢, WPp. — w  uniformly on o
for any W' € w.

Then for each A € w there are 0 < dy < &1 such that, for any j = 2,...,2n and all
(s, B) € [—09,02] X I5,(A), there exists epr(st))(B) € I5,(A) € w; moreover,

w)(B) = L o(expa(sW)(B)),._y
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Proof. Again we can suppose n > 2, as for n = 1 the proof can easily be derived.
There is no problem if j # n + 1; in fact by (4.68) it is sufficient to set

exp(sW7)(B) := B exp(sX;)
which is defined on [—0y, d2] x 15, (A) for a sufficiently small 6, with values in I5, 40y €
w. Then (E.1) is fulfilled by construction and (E.2) comes from the continuity of ¢
and the fact that w; = X;¢ in distributional sense.
For j =n+1 and € > 0 consider the Cauchy problem

{ Ye(s, B) = Oy — 4¢(7e(s, B))0; = ngl(%(sz))
7(0,B) = B

which has a solution v, : [=d2(€), 62(€)] X Is,)(A) — I5,(A). By Peano’s estimate
on the existence time for solutions of ordinary differential equations we obtain that
d2(€) can be taken greater than C/|[¢e| Lo~ (1, (4)) (where the constant C' depends only
on d7), and so we get a d; > 0 such that dy(€) > J, for all e.

Now, for each fixed B € I;,(A) the functions v.(-, B) are uniformly continuous on
[—d2, 03], and by Ascoli-Arzeld’s Theorem we get a sequence {ey }y, such that ¢, — 0
and 7, (-, B) — (-, B) uniformly on [—d3, J2]. Remembering that

S a a
76h<3>B) =B +/0 {8_77 - 4¢6}L(7€h(873))5‘| ds

¢Eh(%h(8~4))—¢eh(%h(073))=/0 Wit b, (Ve (5, B)) ds

and for j — oo we get (all the involved convergences are uniform)

v B =B+ [ |2~ a0 B 5| as

¢(7(s, B)) = ¢(7(0, B)) = i wn1(7(s, B)) ds

i.e. (E.1) and (E.2) holds. O

As in Euclidean spaces the gradient of a function is the vector composed by
the derivatives along the exponentials of the vectors of the canonical basis, we will
prove, in the following theorem, that the W?-differential is the vector made by the
derivatives along the exponentials of W¢.

Theorem 4.28. Let ¢ : w — R be a continuous function such that, for a certain
A € w, the following conditions are fulfilled:



110 Chapter 4. Intrinsic parametrization of H-regular surfaces

(i) there are 0 < dy < &1 such that, for each j = 2,...,2n there exist a family of
exponential maps

exp(sWY) : [=02, 8] x I5,(A) — I, (A).

(i1) for each W' € w

[¢(B') — ¢(B)| —
rli%isup{ |B' — B[\/2 B ' Beuw,0<|B —B|<r;=0.

Then ¢ is uniformly W®-differentiable at A and
¢ d ¢
[(W40)(A); = Z-0(expa(sWF)(A)),._,

Proof. Forn > 2let A= (1,v,7), B = (n,v,7),B" = (n/,v/,7") € w, while for n =1
A= m7),B=n71),B =, € w, and let w = (wy,...,ws,) be as in (E.2).
We have to prove that

lim My (¢, A, w(A),d) =0 (4.69)

6—0

where My is defined as in (4.17).
The proof is exactly the same as in Theorem 4.16: at first, for n > 1, we define

the vector field X := Z] 2. jns1 (V] U])W¢ Z; 2 jons1(Vj — )X and then we
set
B = exp,y(X)(B)
= Bo(0,(vy — Vo, ..., U, — Up,Up o — Uny2, ..., Vs, — U2y),0)

= (n,v',7— oW, v)).

If n =1, X is not defined and we set B* := B.

The main obstacle is that in general we cannot integrate along the vector field
W?.,, ie. we cannot define B" := exp((n — 77)(0% — 4¢-2))(B*); however, this
problem can be solved using the existence of exponential maps, more precisely by
posing
ifn>2

B" = exp,((nf — )W) (B") = (n: ) ") ifn =1

(n',7



4.4. Characterization of the uniform W?-differentiability and applications 111

for a certain 7”. Therefore, we can rewrite (4.28) as

O(B) = ¢(B) = [9(B) = o(B")] +[o(B") — ¢(B")] + [6(B") — ¢(B)]

— [6(B") — $(B")] + / W (exp o (sW2, ) (BY)) ds +

/ S ()= v)us(expaTE) ()
7=2,j#n+1
= BB 0B+ Y - uwy(A) +
=2, j#n+1

+(0' = nwna(A) + o(|(n —n,v" = v)])
= [0(B") = o(B")] + (w(A), (' —=n,v" —v)) + o(dy(B', B))

if n > 2, and as

¢(B") — ¢(B) = [6(B') = ¢(B")] + w(A)(n' —n) + o(ds(B', B))

if n = 1. Observe that in the passage signed with () we have used the continuity
of the w; at A. Reasoning as in (4.29) and (4.30), the keypoint is again to prove
that the quantity |7" — 7”|*/2/d4(B’, B") is bounded in a neighbourhood of A, and

rewriting (4.31) we obtain

/ "
[ =7

n'—n
T —1+00,v)+ 4/0 Qf)(eXpA(SquH)(B*)) ds‘

< I = 26(B) + B — )+ ol 0)] +
w22 [7 e WEL (B ds = (61B) + o(B) (0 )
< (BB +210(B)  o(B") i 1l +210(B) ~ (Bl ~ | +

22 7 Gexpa (W (B) ds = BB + (BN~ )
=: dy(B',B)* + Ry(B', B) + Ry(B', B) + R3(B', B) (4.70)

for n > 2; for n = 1 simply don’t consider the term o(v’,v). Therefore we have once
again to prove (4.32), (4.33), (4.34); this can be done following exactly the same
line as in the proof of Theorem 4.16 and using (E.1) and (E.2): the only thing one
must pay attention to is to write exp (- W¢+1) instead of exp(- W) in (4.35). O

n

We are now in order to give the proof of Theorem 4.22.
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Proof (of Theorem 4.22). We will accomplish the proof only for n > 2, because as
usual the generalization to n = 1 is immediate.

Step 1. Let us begin with the proof of the implication (i) = (i7). The statement
in (4.61) follows from Theorem 4.17 and Corollary 4.20. By Proposition 4.21 we get
that for each B € w there is a 6(B) > 0 (with I5p)(B) € w) and a family of C*

functions {¢c g : I5()(B) — R}ocect such that
¢ — ¢ and Wy ,bcp — W uniformly on I5 g (B). (4.71)

As F = {lsp)(B) : B € w} is an open covering of w we can associate a partition of
the unity {6; : i € N} which is subordinate to it, i.e.

0, € C*(w),0 <6, <1onw foralli (4.72)
{spt @}ieN form a locally ﬁnite covering of w, and for all : € N (4.73)
there is an I; := Iy (B(i)) € F such that spt 0; C I;

Y2 b =1onw. (4.74)

Let ¢c; == ¢cB(i) : R2?" — R where from now on, if necessary, we use the convention
of extending functions by letting them vanish outside their domain. Let ¢, :=
> o2, b ¢y by construction ¢, € C*(w) and

0. = ((’?Gi 8¢€i>
= T Qe + 0i——
on ; on b on
agbe - 801 8¢e i
= _ . . ) >
8vj Z <8Uj d)e,z + 6)1 8vj ) (n - 2)
i=1
89255 _ = 802 a¢e,i
aT_;<aT¢e,z+ez 87’)
In particular
W o, = Z (¢eiW0; + 0;Wo¢.;)  onw.
i=1

We have to show that (4.60) holds for any fixed w’ € w; by (4.73) there is only
a finite number of index iy, ..., i such that w'N spt 6;, # 0, and o’ C UF_, spt 6, .
Then

k k
b= 0,0, and ¢=) 6,6 onw’ (4.75)
h=1 h=1
k
Wb =Y (e, W 0i, + 0, W*0;,)  onw. (4.76)

h=1



4.4. Characterization of the uniform W?-differentiability and applications 113

Equations (4.75) and (4.76), together with (4.71), give

Pe — & (4.77)
k
Wope — > (6W7 +6;,, Wo¢) = w (4.78)
h=1
uniformly on «’, where we put
e~ e~ 00; 00;, ~ ~
W;Z = (Xgeih, e ,Xneih, 8_77}1 — 4¢8—Th, }/Qeih, . ,Yneih) .

Observing that Y5 _ qufZ = 0 we get that w = W?¢p € C%(w, R?*"!) and

w = ()?2¢7 cee 7)?n¢7 %Qb,%(b, et 7?n¢)

in distributional sense.

Step 2. The reverse implication (i) = (¢) follows from Lemma 4.27 and Theorem
4.28. The hypothesis (ii) of Theorem 4.28 (i.e. the assertion in (4.61)) is satisfied
because of the following Theorem 4.30: the key observation is that, thanks to the
uniform convergence of ¢, and W% ¢,, we can estimate Q| zoo () and [We P | poo )
uniformly in € for any w” @ w. Moreover, the uniform convergence of W%<¢, allows
us to choose a modulus of continuity for W% ¢, which is independent of e. There-
fore there is a function « :]0,400[— R, which does not depend on €, such that
lim, o a(r) =0 and

¢e B, _¢€ B
sup{’ |(B/)_B|1/<2 V. B Bew0<|B-Bl<r}<aln).

which implies (4.61). O

Theorem 4.29. Let I C R* be a rectangle and let ¢ € CY(I) be such that W?¢ =
(w2a s 7w2n) € CO(I7R27L*1)7 i.€.

)N(jgb:wj, }N/j(/ﬁ:ijm forallj=2,....n

99 _ 4,99 _

on ar Ut
Then for any rectangle I' € I there exists a function « :]0, +oo[— [0, +00], which
depends only on I", || ey, |[WOP|rery and on the modulus of continuity of
wpe1 on 1" (where 1" is any open rectangle satisfying I' € 1" € 1), such that
lim, o «a(r) =0 and

sup{%:A,BGI’,O<|A—B[§T}Soz(r). (4.79)
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Proof. As usual we suppose n > 2, since the proof can be easily adapted to the case
n = 1. We start by setting

K= sup Al M= [gliein and N = [WO0]ueqr
6”

and let 5 be the modulus of continuity of w,,; on I” i.e. an increasing function
10, +0[> r — [B(r) € RT such that |w,11(A) — w1 (B)| < B(]A — BJ) for all
A, B € I" and lim, o B(r) = 0. We divide the proof in several steps.

Step 1. Let us fix another rectangle J C R*" such that I’ € J € I”, and let us
introduce the following notation: for A = (n,v,7) € J we define y4 as the curve
solution of the Cauchy problem

Ta(t) = 5~ 4001405
va(n) = A

Standard considerations on ordinary differential equations ensure that v4 belongs
to C'([n—e€,n+¢|, I") for a certain € > 0 which does not depend on A; moreover, we
can choose € so that ya([n—e,n+e¢]) C Jforall A€ I'. Let ya(t) = (n+t,v,7a(t)),
then
d? d
L) = L [40(140(0)] =~ (12, (1)) (4.80)
Step 2. Set §(r) := max{r'/4, g(Er'/*)'/2} where E > 0 is a constant which will
be specified later; we start by proving that o/(r) < §(r) + 2NY25(r) + Nr'/2 for r
“sufficiently small” (in a way we are going to specify, but depending on K, M, N
and (3 only), where we have set

A) — ¢(B
a'(r) :=sup {% A= (nv,7),B=(,v,7)el',0<|]A—-B| < 7’} :
Suppose on the contrary that there exist A = (n,v,7), B = (1/,v,7") € I' such that
r:=|A — B| is “sufficiently small” and

[9(A) — o(B)]

A B[P > § 4+ 2NV25 + Ni'/2,

where from now on we will write  instead of §(]A — B|). We observe explicitely
that by definition of 4(r) we have ¢’ := §(|7 — 7’|) < 0 and so

ﬁ(|7’ — 7|4+ 8M|r — 7"|1/2/5) ﬂ(|7’ —7'| 4+ 8M|r — 7'/|1/2/5/)
52 — 5/2
B(|r — 7|+ 8M|r — 7'|V/)
<
=~ 5,2
< 1 (4.81)



4.4. Characterization of the uniform W?-differentiability and applications 115

provided E > 0 is such that |7 — 7| + 8M|7 — 7/|¥* < Elr — 7|4, Let C :=
(n,v,7) € I'; as |[A — C]*? = |7 — 7|V and |C — B|Y? = |n — 7/|'/? we have

6(4) - 6(B)
=77+ |r = T

P(A) — o(C ¢(C) — ¢(B
| ’<7—)_7-/|1(/2>’ + | ‘77)_77/‘1(/2 ) = [+ Iy

§+2NY25 4 NpY2 o <

Thereforeone must have Ry > § or Ry > 2NV/25 + Nrl/2.
Step 3. We want to prove that the first case cannot occur; indeed, we will prove

that 6(4) — 6(C)
o <

for A, B € J (not for I’ only!). We can suppose that 7 > 7/ (for the other case it is
sufficient to exchange the roles of A and C). Consider 74 and v¢; thanks to (4.80)
we have, for t € [n —¢,n + €

TA(t) — Tc(t)

:T_a+Lﬂmm%4dm+/Em>—ﬁxﬂwym

= 7'—7'/—4(t — 77) [¢( — — 4// W41 VA wnH('YC(U))}dU ds
U n
< 7—7"—4(t —n) [¢<A>—¢(C)]+2 (lT 7| +8M|t_77|) (4.82)
where in the last inequality we used the fact that

(o) =yc(a)] < |va(m) —vem)|+ 1o =0l (I7alle + |7c]s)
< |t =7 +8M]|t — ).

We substitute in (4.82) the value

n+(r—7)"2/ if $(A) —¢(C) >0

b= n—(r—7)2/§ otherwise;

if |7 — 7| is “sufficiently small”, y4(¢) and ¢ (t) € I" are well defined (it is sufficient
to take € > (1 — 7)/* > (1 — 7)Y/2/§ = |t — n|) and from (4.81), (4.82) and R, > §
we get (in both cases)

TA(T,) —Tc(t)
(r—7)—4(r —7") +2(7 — T’)ﬁ(\T — 7| +8M|r — T'[1/2/5)/(52
—(r—=7) < 0. (4.83)

IAINA
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This leads to a contradiction: in fact 74 and 7 are solutions to the same Cauchy
problem

7(s) = —4¢(s,v,7(s))
with initial data 7(n) = 7,7’ respectively. The contradiction is given by the fact
that two such solutions cannot meet, while 74(n) — 7¢(n) > 0 and 74(t) — 7¢(t) < 0.
Step 4. Now let us examine the second case Ry > 2NY25+ Nr1/2; we can suppose
that 7’ < n (otherwise it is sufficient to exchange the roles of B and C'). Consider
vp; again, the point D := yg(n) = (n,v,7") € J is well defined for n—n" “sufficiently
small”, and

[6(B) — ¢(D)] =

/

n
/ wnH(vB(t))dt\ < Ny =l (4.84)
n
moreover

n
=7 = |4 [ 6lunt)) dt] < Nl — . (4:85)
n

Then for | —n| “sufficiently small” (and precisely when N|n—n'|'/? < [np—n/['/* < )
we obtain

[6(C) — o(D))] [9(C) — o(B)| — [¢(B) — ¢(D)]
[2N1/25—|—N7’1/2 _N|n_77/|1/2} |77_77/|1/2

2]\[1/25'77 . 77/|1/2 Z 5|7_// _ 7_/|1/2 (4.86)

AV VALY,

so that we are in the first case again (with the couple C, D € J instead of A, ()
which we have seen is not possible. This proves that lim, .o /(r) = 0, and that we
are able to control o with only K, M, N and . Observe that what we said up to
now, properly translated in the notation we use when n = 1, gives directly the thesis
for the case n = 1.

Step 5. For the general case, let A = (n,v,7),B = (1/,v',7') € I, and set

A= Ao (0,0 —0,0) = (n,v', 7+ o(v,0")).
We can see A* also as exp(>22" (v — vj)Wf)(A) and so

i=2,j#n+1\Yj

2n 1
[B(A) — (A" < | D] / (0 = o)W b (exp(t Y72y i (V) — 0s) W) (A) ) dt
— Jo
jgﬁn?i—l
< NJo'—v| < N|A—B|
As [o(v,0)| = |2 327 ooy (V] = vj) = 0j(v 4 — vnry)]| < 2K|A — B| we get
A" =B < | =nl+|7" =7+ ]o(v, )]
< (2K +2)|A- B
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and so

[p(A) —¢B) . [6(4) = ¢(A)] | [¢(AY) — 6(B)]

|A—B|'/2 =  |A—BJ|/? |A— B|1/2
A*) — ¢(B)|
< NJA- B2 4 2K + 212
< N| 7+ (2K +2) [A~ — B[12
< NIJA - B|"Y? + 2K +2)d/(|A* — B|"/?)
< N|A—- B|"? + (2K +2)d/([(K + 2)|A — B|]'/?).

Step 6. The proof is accomplished for r “sufficiently small” only; however, this
is sufficient to conclude. Il

By a standard compactness argument we get the following

Theorem 4.30. Let ¢ € Cl(w) and set Wp = (wy, ..., wy,) € CO(w,R*1). Then
for all W' € w there exists a function « :)0, +oo[— [0, +oo[, which depends only on
W', | @l Loy (where W is any open set such that W' € W' € w), |[WP@| ey and
on the modulus of continuity of w1 on ", such that lim,_oa(r) =0 and

Sup{%;A736w’jO<|A—B|gr}Soz(r). (4.87)

We end this section with two applications of Theorem 4.22; the first one is
a negative answer to the problem of a good parametrization of H-regular hyper-
surfaces. Indeed a natural question arising is the (local) Lipschitz continuity of
¢:w C (R?, p) — R, where g denotes the restriction distance of d., to V; = R?".
More precisely we investigate the case n = 1, when p concides with the so-called
parabolic distance on R, x R, defined by

o((n, 7). (7)) = ' =l + |7 — 7'/

Corollary 4.31. There exist a function ¢ : w — R which parametrizes an H-reqular
surface S = ®(w) C H' and for which there is no constant L > 0 such that

60, 7) = (0. 7)] < Lln = n'| + |7 = 7'['%) for all (4,7), (0, 7) € w.
In particular, ® : (w, 0) — H' is not Lipschitz continuous.

Proof. We argue by contradiction. Whithout loss of generality we can assume that
w = (a,b) x (c,d): it follows that for each 7 € (¢, d) the function ¢(-,7) is Lipschitz
continuous in (a, b), and so for any 7 € (c, d) there exists the distributional derivative

g—f]’(-,T) € L*®(a,b) with ||g—?;(',7')||Loo(a,b) < L for all 7 € (¢,d). In particular there
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exists the distributional derivative g—ﬁ € L*(w) on all w. By Theorem 4.22 we know

that ,
_ 00,097 o
%¢_377 QaTEC(w)

in distributional sense, thus %Lf € L (w). Tt follows that ¢? € Lipje.(w).

loc
We claim that S is Euclidean 2-rectifiable. Indeed there is no loss of generality

in supposing that actually ¢ € Lip(w), i.e. |¢*(A) — ¢*(B)| < M|B — A| for some
M >0 and all A, B € w. Then for h € N set

wi i ={Aew:¢(A) >1/h}
w, ={A€cw:¢(A) < —-1/h}
wo:={A€w:¢(A) =0}

and observe that, when A, B € w;" or A, B € w, , we have

2p(A) = o(B)|/h < |¢(A) = ¢(B)] - [$(A) + &(B)

|
= |¢°(A) — ¢*(B)| < M|B — A],

ie. ¢|w§ is Lipschitz continuous; extending it to qﬁ : w — R (with the same

Lipschitz constant) and defining ®; in the usual way, we get that ®(w;) C @5 (w)
is Euclidean 2-rectifiable. Observing that ®(wg) C V3, we get that also

®(w) € Ewo) U J2(wi) Ul ewi)

is Euclidean 2-rectifiable. On the other hand there are H-regular surfaces S =
®(w) C H' which are not Euclidean 2-rectifiable (see [84], Theorem 3.1), that gives
a contradiction. O

A second interesting corollary of Theorem 4.22 provides a simple way to exihibit
H-regular surfaces in H' which are not Euclidean regular.

Corollary 4.32. Let ¢ : w C R? — R be a continuous function which depends
only on 7, i.e. ¢ = ¢(1) : I — R for a certain open (and possibly unbounded)
interval I C R, and suppose that ¢* : I — RT is of class C*. Then ¢ is uniformly
We-differentiable at A for every A € w and

Wep(A) = —2(¢")'(A).

In particular, W@ is continuous and ¢ parametrizes an H-reqular surface in H'.
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Proof. Thanks to Theorem 4.22, it is sufficient to find a family {¢.}. such that (4.60)
holds. The family we are going to consider is of the form ¢, = ¢(7) := (¢>+562)'/2.¢g,,
where J, and g, are to be found; the key idea is to construct g, such that g. — sign ¢
and ¢/ is "controlled”, in a way we are going to specify; then our thesis becomes

¢ — ¢ and (¢?) — (¢?)" uniformly on J (4.88)

€

for each J € I.
We recall the following general fact: let D, E two closed subsets of I such

that d(D,E) = inf{la —b] : « € D,b € E} > C > 0; then there exists a
g € C>(I,[—1,1]) such that gjp =1,gg = —1 and |¢'| < 4/C.
Now let us set

a(r) ::sup{%: rreld 0< |T’—7’|§r},

and suppose that a(r) — 0 as 7 — 0%: then if we set 0. := a(e)e’/?/2 we have
lim._,0 0. = 0. For each ¢ let

D.:={r:9¢(1)>d}NJ and E :={7:6(1) <=0} NJ;
by construction d(D,, E.) > € and so there exists a g. € C*(/,[—1,1]) with
go=lon D, g.=-1onE. and |g'|e <4/e=a(e)?/52.

As we said earlier, set ¢, := (¢ + 2)Y/2g,; it is easy to prove that ¢, — ¢ uniformly
on J and

21(62) = (°) Loy < A 9egi(d® + 6D ey + 20(97 — 1) (%) | ooy
< 4] gegi(@® + 6 Lo (n(pouEs) + A7) | Lo (A (DouEY)
a(e)?
52

€

< 8 5? + 4”<¢2)/”L°"(]m{\¢|§5e}) — 0

for ¢ — 0T; in the last passage we used the implication ¢(7) = 0 = (¢?)'(1) = 0,
and so [ ()] ze(sngje|<s.;) — 0 because of the continuity of (¢?)'.

Let us remark that ¢, actually depends on J; however, if we consider a sequence
{J"}nen of closed intervals such that J* C J*™! and J" 1 ]a, 8], we get sequences
{¢"}, for each n, and one can conclude with a diagonal argument.

Finally, we have to prove that a(r) — 0 as r — 0. Suppose that the converse is
true; then there exist o > 0 and ay, by, € J such that

\p(an) — o(bn)| > 20|an — by|?  and  |aj — by| — 0. (4.89)
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We can suppose that ¢(ay) and ¢(by,) have the same sign (i.e. ¢(ap)p(by) > 0); in
fact, if this is not the case, by the continuity of ¢ there is a ¢, €]ay, by[ such that
¢(cp) = 0, and we can suppose that ¢;, € J (because there is no loss of generality
supposing that J is an interval). As

o 19lan) = obu)] _ |0(an) — dlen)| | |len) — &bn)]

2
g |ah_bh|1/2 — |ah_ch|1/2 |ch_bh|1/2

there exists a dj, € {an,b,} such that |¢(cy) — ¢(dy)| > olen — dp|'/?. Therefore
(possibly considering ¢, and dj, instead of a;, and b,) we can assume that a;, and
by, satisfy (4.89) (possibly with o instead of 20) and that ¢(a;) and ¢(b,) have the
same sign.

As J is compact, we can suppose (up to subsequences) that there is a 7 € J
such that a, — 7 and b, — 7. It is not possible that ¢(7) # 0: in fact, ¢ is of
class C! in the open set {7 : ¢(7) # 0} (it is easy to show that here ¢' = (¢?)'/20)
that would imply the boundedness of the quantities |p(an) — ¢(by)|/|an — bp| for
h sufficiently large, which is in contradiction with (4.89). Therefore ¢(7) = 0 and
so one must have (¢?)'(7) = 0. As ¢(ay) and ¢(by) have the same sign, we have

|p(an) — o(bn)| < |p(an) + ¢(by)| and so
2 <\¢(ah> - ¢(bh>!)

|@h _ bh‘l/Q
[p(an) — @(bn)|\ [ 1¢(an) + H(by)]
= ( |an — bu|'/? ) ( |an, — by|'/? )
|¢(ah)2 - ¢(bh>2| _ (¢2)/<Th)

|an — bn|

for a certain 73, contained in the interval between a5 and b;,. Therefore 7, — 7 and
so (¢?)(T) > o by the continuity of (¢?)’, which is a contradiction. O

4.5 BiLipschitz parametrization of hypersurfaces
in H!

In the spirit of Federer’s definition of rectifiable sets (see [52]), a natural question
is the one of finding a model metric space for H-regular surfaces in H' with no
characteristic points (cfr. Remark 3.14), i.e. a metric space (M, ) which (locally)
parametrizes any H-regular surface S. It turns out that the natural candidate is R?
with the so-called “parabolic” distance

Q(($7 Z)7 (xla Z/)) = |I’ - ‘T,| + |Z - Z,|1/2 ;
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this space can be naturally identified with the subgroup V; C H! endowed with the
restriction of d,. The following result, of which we give a slightly different proof, is
due to Cole and Pauls [38].

Theorem 4.33. Let S be a C! surface; then for any non characteristic point P € S
there is a Lipschitz continuous mapping

V(A o) — U, dx),

from an open set A C R? to a neighbourhood U of P in S, with Lipschitz inverse
map L.

Proof. As usual, it is not restrictive to suppose that P = 0; moreover, since any suf-
ficiently small neighbourhood U of P in S can be intrinsically parametrized through
a C! map ¢ : w C R? — R, and since

O (w,dy) — (U, d)

is biLipschitz (see Corollary 4.18), our problem is equivalent to that of finding a
biLipschitz mapping

P (A 0) — (w,dy).

We claim that the map

U(z,2) = exp(zW?)(0,2) = (z,7(z,2)) = (x,z — 4f0$ (s, 7(s,2)) ds)

satisfies our requests.
Step 1. We start by proving that 1 is Lipschitz continuous, i.e. that

IT(2,2) —7(2/, 2) +2(p + @) (x — 2)| 2 |z — 2P + |2z — 2| (4.90)

where, here and in the following, we denote ¢ := ¢(¢(z, 2)), ¢ := ¢(¢p(2/,2')) and
we write < whenever an inequality < holds up to a multiplicative constant. The
left hand side of (4.90) can be split as

7(z, 2) = 7(2',2) + 2(¢ + ¢) (& — )|
<3 {lr@ 2) = 7@, 2) +4(x — )| + |7(2, 2) = 7(a/, ) + 46/ (x — )|
+ |7(z,2) = 7(z, )| + |7(a', 2) — 7(2', )| }. (4.91)
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The first and second addend in (4.91) can be estimated in a similar way:
|7(x,2) = 7(2", 2) + 4oz — 2')|
[ [6tsum(s.2) + ol rla )]s

/

= 4

(x)

=< /Iﬂx — 8|+ |7(x, 2) — (s, Z)Hds

< /ﬂﬂ {|:p — sl + /z lp(r, 7(r, 2))]| dr} ds
= |CL’ - ZE,|2,

where, in the step marked by (%), we used the fact that ¢ is Lipschitz.
Therefore, it will be sufficient to estimate the third and fourth addend in (4.91);
more precisely, we need an estimate

|7(x,2) — 7(2,2")| 2 |2 — 2| (4.92)

uniformly in x. We also observe that, in order for ¢ to be Lipschitz, (4.92) is also
necessary, since the left hand side is (part of the square of) the distance between
¥(x, z) and ¥ (z, 2'), while the right hand one is (the square of) the distance between
(x,z) and (z,2'). By the Lipschitz continuity of ¢, one has

(e, 2) — (2, 2) SIz—ﬂ+4AﬂM&ﬂ&@)—Mad&ﬁN%
< |lz=2]+ /Off |7(s,2) — 7(s,2")| ds (4.93)

and (4.92) follows thanks to Gronwall’s lemma.
Step 2. The inverse map of 9 is

w71<777 T) = (777 T—4 fno ¢(S7 hn,‘l'<3))d8) = (777 2(777 7—))7

where h, ; solves the Cauchy problem

{ hir(s) = —4¢(s, by 1 (s))
hoy-(n) =T.

Notice also that (0, z(n, 7)) = exp(—nW?®)(n, 7).
For the Lipschitz continuity of 1 ~! it will be sufficient to show that the inequality

[2(n,7) = 201, 7)| = dy((n,7), (0, 7))? (4.94)
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holds in a neighbourhood of 0. Notice that when 1 = 1’ one can use the Lipschitz
continuity of ¢ exactly as in (4.93), obtaining

2(n,7) = 2(0, 7)| = [l (0) = oy (0]
T — /qﬁshnT 5—7'/—4/ &S, hoyr(s))ds

< |r—1 +/ |hyr(8) — by (8)]ds .
7

By Gronwall’s lemma we conclude

2(n,7) = 2(n, )| 2 |7 = 7] (4.95)
For the general case, as in Theorem 4.16 one can set
(', 7") := exp((n = m)W*)(n,7) (4.96)
and, as in the proof of the same Theorem, one has
7" = 7" 2 do((n,7), (0, 7)) (4.97)
Observing that, by construction, z(n,7) = z(,7”), we obtain the thesis (4.94) by
combining (4.95), (4.96) and (4.97). O

Remark 4.34. When ¢ is just uniformly W?-differentiable, one could be tempted
to follow the same line of Theorem 4.33 by using the exponential maps of Section 4.4
and define
B, 2) = (2, expy(sW9)(0, 2)).

Beside the problems given by the non-uniqueness of this exponential map, it is not
difficult to check that such a % is in general not continuous: consider in fact the
function

ifr>0

4.
ifr<0. (4.98)

— 4({—0[)
¢(777 7-) : { O

For % < a < 1, the X;-graph of ¢ is an H-regular surface because of Corollary 4.32
and it is not difficult to check that the only possible definition of exponential maps
provides

expy(zW?)(0, 2)) = { (2, (2! —x)1=a) ifzx <0and 2 >0

4.99
(x, z) ifr<0and z<0 (4.99)

which is not continuous since

Jim expy(@W9)(0, 2)) = (x, |2[77) # (x,0) = lim expy(xTV*)(0, 2))

z—0~

for any x < 0.
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The following result shows that the statement of Theorem 4.33 fails for general
H-surfaces:

Theorem 4.35. Let S be the H-regular surface given by the Xi-graph of the map ¢
in (4.98) with 3 < o < 1, and suppose that

Vi (Ae) — (U, dx)

is a Lipschitz continuous and surjective map from an open set A C R? to a neigh-
bourhood U of 0 in S. Then i is not an homeomorphism; in particular, it cannot
be biLipschitz.

Proof. Step 1. For any fixed z the curve v, := ¥(-,2z) : R — H' is Lipschitz
continuous; in particular (see [119]) it must be horizontal, i.e. absolutely continuous
and such that 4, € H, H' almost everywhere. Since 7, lies on S, it must be
contained in (a piece of) an integral curve of the vector field

Yi+ (W?o @ )X,

which is (up to a normalization) the unique vector field which is both horizontal
and tangent to .S. Since

(@ (Y1 4+ (WPho @ ) X)) =0, — 460, = W,

it follows that 7, o ®~1 is (a piece of) an integral curve of W in R2.

Let us investigate the qualitative behaviour of the integral curves of W¢. If one
of these curves lies in the upper half-plane {7 > 0} (where we have uniqueness for
solutions of the associated ODE) at a certain time x, then its second 7 coordinate is
decreasing, so it must lie in the upper (open) half-plane also before z; however, after
x, it must reach the zero level in a finite time, and it is not difficult to prove that it
must stay at 0 after that. In the lower half-plane {7 < 0} we have again uniqueness of
solutions and the curves are straight lines parallel to the 7 axis; therefore, according
to (4.99) we can divide the integral curves of W into two families:

(a) for w € R, the curves

(b) for ¢ <0, the curves c; (z) = (, ().
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Notice that for curves ¢} the parameter w denotes the point where they touch the
n axis, i.e. (w,0); we will also write ¢}t to denote the restriction of ¢} to | — oo, w].

Step 2. For the sake of simplicity let us write ¢ also for the (o-d,)-Lipschitz
induced map ®'ov) : A —]—4, 6[%, which is surjective and such that 1(0,0) = (0,0);
suppose by contradiction that it is also an homeomorphism. Then the set

L:=¢1(0,7):7€10,6/2]}

is a compact subset of A, and so for sufficiently small > 0 one has that

{(x+h,z): (x,z) e L,—r < h<r}CA. (4.100)
Let us set
ry :=sup{z > 0:¢(x,0) e Rx {0}} >0
r_:=inf{z <0:9¢(z,0) € R x {0}} <0.
Step 3. First of all, we prove that we cannot have r, = r_ = 0; indeed, this

would imply that
{(2,0) : 2 >0} CIm ¢f*\ {0} and {(z,0) : 2 < 0} C Im ¢\ {0},
and by continuity we obtain

{(2,0) : x>0} N{Y(x,0) : 2 <0} £ 0

i.e. ¥ is not injective, a contradiction.

Step 4. Since ry # r_, one of them is nonzero: by exchanging if necessary
with the map &(m,t) := (—x,t) we can suppose that r; > 0. It is not difficult to
prove that

{¢(2,0): 0 <z <r;} CRx{0},

for otherwise the curve ¢(-,0)|j,,] would leave the n axis R x {0} and then re-
turn on it after some time, which can be done only by covering forward and then
backward a piece of some ¢;;*, and contradicting in particular the injectivity of 1.

Choose therefore r €]0, r [ such that (4.100) holds, and set A := 1(r,0) = (7, 0); by
continuity one must have

[0,7] x {0} C {(z,0):0<z<r} if7p>0

7,0] x {0} C {¢(z,0):0<z<r} iff<0. (4.101)

Since A # 0 (i.e. 7 # 0) we easily find an € > 0 such that

ViNV, =1,
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where
V) = U Im ¢ " and Vy = U Imc/t2A.

O<w<e n—e<w<n+e

Now, it is not difficult to prove that, in order to go from a point A; € V; to a point

Ay €V, by following only exponential lines of W%, one must cover all the segment

I, where I :=[¢,7] — €] x {0} in case 7 > 0 and [ := [fj+¢,0] x {0} in case 77 < 0.
Therefore set (z,,2,) := ¥ ~(0,7), and notice that

lig(l) Y(xr + 1, 2;) =(r,0) = A.

For sufficiently small 7 > 0 the curve ¢(-, z;) goes from A; := (0,7) € V; to the
point Ay := v(x, + r,z,;) following only exponentials of W¢; moreover, A, must
belong to the upper closed half-plane (we cannot switch from an half-plane to the
other, see the discussion in Step 1), and so to V,. This implies that I C Im (-, 2,),
which contradicts the injectivity of ¢ because (see (4.101)) we have also I C Im

%ZJ(:O) L]

We end this Section by remembering that, as far as we know, the analogous of
Theorem 4.33 in H" n > 2 is still an open problem even for smooth (C*) hyper-
surfaces; the natural candidate metric space in this case seems to be R x H"~!,



Chapter 5

The Bernstein problem in
Heisenberg groups and
calibrations

In this final Chapter of the thesis we want to investigate a question that, although
under different formulations, has recently received an increasing attention: namely,
the Bernstein problem in the Heisenberg group, cfr. [68], [30], [29], [127] and [42].
Recall that the classical Bernstein problem consists in finding entire functions 1) :
R™ — R solving the minimal surface equation

Vi B
v (W) —0 (5.1)

and which are not affine, i.e. functions parametrizing hyperplanes or, which is the
same, (translations of) maximal subgroups of R™*'. Tt is well known that this
problem has been completely solved thanks to many contributions (see [70] for an
interesting historical survey). Here we summarize these celebrated results in the
following

Theorem 5.1. Every (smooth) 1 : R™ — R which solves (5.1) must be an affine
function if m < 7; if m > 8 there are analytic solutions which are not affine func-
tions.

We will then compute the minimal surface equation (5.17) for intrinsic graphs
and we will observe that maps parametrizing (laterals of) maximal subgroups (the
so called vertical hyperplanes) are entire solutions of the equation. In analogy with
the classical case, our formulation of the Bernstein problem in the Heisenberg group
H"™ will then consist in looking for solutions of the minimal surface equation which

127
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are not vertical hyperplanes. We will exhibit such solutions in the cases n = 1
(where, however, hyperplanes are the only minimizers) and n > 5, while the case
n = 2,3,4 are still open. In the discussion, we will also extend to CC spaces the
classical calibration argument [21], [3], providing sufficient conditions for measurable
sets to be X-perimeter minimizing. This result has been suggested by L.Ambrosio,
while all the other ones have been obtained in [14] in collaboration with V.Barone
Adesi and F.Serra Cassano.

In Section 5.1 we state (Theorem 5.2) the calibration argument for CC spaces,
which is refined in Theorem 5.3 for the Carnot groups setting. Applications of these
results are also exhibited, showing the minimality in significant cases, in Exam-
ples 5.5, 5.6, 5.7 and 5.8. We particularly stress the last two ones, where, respec-
tively, we analyse the case of t-graphs in H! and we show that in general X-perimeter
minimizers are not smooth (cfr. also [122]).

In Section 5.2 we derive first and second variation formulae for intrinsic graphs
of class C?, therefore obtaining the minimal surface equation (5.17) and the second
variation formula (5.26) which will be of use in our main result about the Bernstein
problem in H!, Theorem 5.23. We stress that again the minimal surface equa-
tion (5.17) can be obtained by formally substituting classical gradient in (5.1) with
the operator W¢.

In Section 5.3 we restrict to the case of the first Heisenberg group H' and study
the structure of entire solutions of the minimal surface equation; up to a change of
coordinates, in H! this turns out to be equivalent to the “double” Burgers equation
(0 + ud,)*u = 0 in R% The key observation for the analysis of solutions u is that
they must be linear along characteristic lines, i.e. integral curves of the vector field
0y +u0d,. Starting from this fact we are able (Theorem 5.9) to implicitly characterize
such functions only in terms of their value B and derivative A at time 0, with some
restrictions on A and B too. An existence result (Theorem 5.19) for entire solution
is provided together with some example of them.

Last Section 5.4 deals with the Bernstein problem in the Heisenberg group. In
Subsection 5.4.1 we restrict to the H' case, where it is known [42] that counterexam-
ples exist; however our main result, Theorem 5.23, states that hyperplanes are the
unique entire solutions to the Bernstein problem provided H-perimeter minimization
is assumed. Indeed, for any other solution we can exhibit a family of competitors
with strictly negative second variation of area (the first one is zero due to the equa-
tion), thus proving that it is not a minimizer. In this approach we will heavily use
the second variation formula (5.26) and the structure Theorem 5.9. We stress that
this phenomenon is quite unexpected, since in classical case a calibration argument
ensures that any solution to (5.1) is actually a minimizer. Finally, in Subsection 5.4.2
we analyse the Bernstein problem in H", n > 2: as we already said, we are able to
provide counterexamples when n > 5, while the cases n = 2, 3,4 are still open.
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5.1 A calibration method for the X-perimeter and
applications

The following result is a refinement of one due L. Ambrosio and it extends the
classical calibration method giving sufficient conditions for a Borel set £ C R” to
be minimizer of X-perimeter (see e.g. [3]).

Theorem 5.2. Let 2 C R™ be an open set, let Xy, ..., X,, be a family of Lipschitz
continuous vector fields in ) and let E be a set of locally finite X -perimeter in Q.
Suppose there are two sequences () and (vp)n, b € N, such that

(i) Qn C Q is open, QU € Qpi1, U T8

(ii) v, € CHR™), |vp()|gm < 1 for all z € Q and any h € N;
(iii) divxv, =0 in Qyp, for each h;

(v) vp(x) — ve(x) |OE|x-a.e. x € S.
Then E is a minimizer for the X -perimeter in 2.

Proof. Fix an open set ' € 2 and a measurable set ' C R" such that EAF € (V.
Let ©2” be another open set with FAF € Q" € . Let h and ¢ € CL(€') be such
that ' C Q5,0 <4 <1 and

Q'e{py=1}een. (5.2)

Now notice that for each h > h

/(@DVh,VE)Rm d|OFE|x = /<¢Vh7VF>Rm d|OF | x (5.3)
Q Q
Indeed by (5.2) and (i)
[ . ve)en dIOBLx - [ (nvean dloFx
Q Q
= —/ (xg — xr)divx (Yvy,) dL" = —/ (xg — xr)divxy, dL" =0

By (5.3)

0F15(5?) > | [ (v dloF L
Q

:‘/WVh?VE)Rmd”&EHX ‘
Q
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By (ii) and (iv) and thanks to Lebesgue convergence theorem, as h — oo we get
[0F]x(€) > / Y d|OE|x = |0E]x(€2"). (5.4)
Q/

We obtain the thesis by increasing Q" 1 V. [
In Carnot groups one can refine Theorem 5.2 as follows:

Theorem 5.3. Let G = (R",-) be Carnot group. Let E, Q be respectively a measu-
rable and open set of R", and denote by vg : 2 — R™ the horizontal inward normal
to E in ). Suppose that

(i) E has locally finite X -perimeter in $Q;

(i) divx vg =0 in Q in distributional sense;
(iii) there exists an open set Q@ C Q such that [OE|x(Q\ Q) =0 and vy € C*(Q).
Then E is a minimizer of the X -perimeter in €.

Proof. Let (. be the family of mollifiers introduced in Proposition 1.28 and set
7:R" — R™ to be defined by 7 = v in Q, 7 =0 in R™ \ 2. Let us define

1/5(1‘) = (Ce *7)(1’) = ((Ce *71)(33)7 SR (Ce *?m)(x)), r e R".
Let us begin to prove that for a fixed open set Q' € Q2

/deivxu6 ac" =0 (5.5)

for every ¢p € CX () and 0 < € < w. Since 1. := (. * 1 € C=() and
the vector fields X;’s are self-adjoint, by Proposition 1.28 we can integrate by parts

getting
/ Ydivyr, dL" = — / > (. X AL = 0.
Q Q5o

From (5.5) we get
divyve =0  in (5.6)

for every open set {2 € ) provided 0 < € < —diSt(Q;’R"\Q),

Let (Q2,)n be a sequence of open subsets of €2 verifying (i) of Theorem 5.2. Then
by (5.6) there exists a sequence €, — 0 such that the maps v, = v,, satisfy the
assumptions of Theorem 5.2: indeed (7)-(i77) therein are immediately satisfied, while
by (zii) and Proposition 1.28 we get that v, — v uniformly on compact subsets of
Q, whence (iv) of Theorem 5.2 follows. O
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Remark 5.4. Notice that, through the calibration argument 5.3, one can prove that
every Euclidean subgraph parametrized by an entire solution of (5.1) is a minimizer
for the classical perimeter.

We have now all the tools to state some results about minimizers of the X-
perimeter in CC spaces: for all of them our calibration results will be crucial.

Example 5.5 (Hypersurfaces with constant horizontal normal). Let X be
a family of Lipschitz continuous vector fields X,...,X,, on R". Suppose £ C R"
is a set of locally finite X-perimeter in an open set 2 C R™ which admits a constant
inward horizontal nornal vg in €2, i.e.

vg =1y ||OF|x-a.e. in Q

for a suitable constant vector 1y € R™. Then, thanks to Theorem 5.2, it is straight-
forward to check that E is a minimizer for the X-perimeter.

Observe that many interesting questions, such as regularity and rectifiability, are
open even in this quite simple class of sets: see e.g. Example 5.8.

Example 5.6 (t-graphs in H'). Let G = H' = R? and ¢ € C?*(w) for a suitable
open set w C R?, and let £ be defined by

E = {(z,y,t) e H" : t < ¢(x,y)}.
Let Q:=wxRCH! S=0FENQ and set
C(S) = {(ﬂﬁ,y,t) €Q: %:(fﬂ,y) - 2y = %,(l’,y) + 2x = O}

to be the set of so-called characteristic points of S, i.e. those points P € S such that
TpS = HpH'. Then C(S) is closed in 2 and it was proved in [12] that H?(C(S)) = 0.
On the other hand |0F|g < H2L S by virtue of Proposition 3.7, and so

|0E]u(2\ Q) =0 (5.7)

where Q := Q\ C(S). A simple calculation shows the horizontal normal vg(z, y, t)

is Vuf(z,yt) B
TNafmy ) V@) = (Nley), Nole,y)) (5.8)

for each (z,y,t) € S\ C(S), where f(z,y,t) ==t —(z,y) if (z,y,t) € 2 and

Ny Z@9 2 @y -2 5

V(=2 y) +29)° + (y(2,) + 20)°

ve(z,y,t) =
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The minimal surface equation has been studied in [121], [68] and [30] when C(S) = ()
and it simply reads as
ON;  ON, :
—+——=0 : 5.9
o + o in w (5.9)
In particular, whenever (5.9) is satisfied pointwise, we can apply Theorem 5.3 ob-
taining that F is a minimizer for the H-perimeter measure in €.

Very recently the more delicate case C'(S) # () has been studied in [127] and [31].
In particular, in [31] it has been proved that (5.9) holds in weak sense, i.e.

diVHVE =div N =

/<N, V)r2dL?=0 V(€ Clw), (5.10)

iff 1 is a minimizer of the area functional in H' for Euclidean t-graph. When n > 2,
if ¢ is a classic solution of (5.9) in 2\ C(5), then it also satisfies (5.10) (see [31],
Corollary F), while counterexamples are provided when n =1 (see [31], section 7).

We can get a strong result by exploiting Theorem 5.3: in fact, if (5.10) holds,
by (5.7) and (5.8) we obtain that E is a minimizer for H-perimeter in 2. In particular
E minimizes the H-perimeter not only among sets whose boundary is an Euclidean
t- graphs but in a very much larger class of competitors.

Eventually let us stress our technique applies to the case studied in [127], Theo-
rem 5.3. Indeed in our setting w = R?, ) (z,y) = 2zy + ay + b, and

N(z,y) = <0

being a, b € R fixed constants. On the other hand, a simple calculation shows
that (5.10) holds, whence E is a minimizer of the H-perimeter in 2 = R?.

4 — a

), (0,.0) € 0 = {23y 1) : 2 £ a/4)

"4z — al

Example 5.7. In the Heisenberg group H' let E be the set defined by

E:={un,7)-se : (n,7)€ R2>3 < o(n,7)},

where we choose ¢(n,7) = ——3F

T 142an?
been extensively studied in [42], where it was proved that S = OF is an entire X;-

graph which is not minimizing for the H-perimeter measure in the whole H'. Let
us stress the difference with Example 5.6: here in fact S is not a minimizer for H-
perimeter measure though it satisfies the intrinsic minimal surface equation (5.17)
on all R?,

On the other hand we can prove it is a minimizer in Q = R3\ {y = 0}: indeed
with a simple calculation we get

VHf(m7y7t) Yy ( ) X >

for a fixed constants o > 0. This family has

ve(z,y,t) =

CVafy ) W\ Va2 ity
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where f(x,y,t) := x + ayt. Moreover it easy to see that vy € C*({2) and
diVHVE =0 in Q.

Therefore applying Theorem 5.3 we obtain the thesis. It is still not know whether
S is H-perimeter minimizing in a neighbourhood of a point (0, y, 0).

Example 5.8 (Nonsmooth minimal surfaces in H'). We provide a way to
produce minimizers of the H-perimeter in H! whose regularity is not better than
(Euclidean) Lipschitz. Examples with this regularity are also provided in [31] for
minimal FEuclidean t-graphs and very recently S. Pauls informed us of a work in
progress on this subject.

Our key idea is to construct a “not too regular” parametrization ¢ : w — R
such that W% = 0 on an open set w C ]wa: indeed this property ensures that the
horizontal normal to the surface is constant v = X, and we conclude by calibrating
with a constant section v = X;.

We will prove later that for a Lipschitz map ¢ the distribution B¢ = g—f] — 2%@
is represented by the L function (0, — 4¢0;)¢: therefore the required condition is
equivalent to ¢ being constant along the integral curves of the vector field W, i.e.
to these integral curves being straight lines. Notice that, using the same notations
of Section 5.3, this is equivalent to look for (local) solutions of (5.29) with initial
conditions A = 0.

We then start by fixing a Lipschitz function 5 : R — R, with L :=Lip g < 400,
which will give the “initial value” of ¢ in the sense that we look for a ¢ such that
¢(0,-) = B (B is simply the counterpart of the function B of Section 5.3). Fix a
point (n,7) € R?, consider the integral curve of W passing through it and let (0, )
be the point in which this line meets the 7-axis: the condition of ¢ being constant
along this line then becomes —4¢(n, 7) = —404(t) = TT_t, ie.

T=1t—4ns(t). (5.11)
Consider the Lipschitz continuous map
F : R, —R
(x,t) — (x,t — 4zB(t)) ;

I plays the role of the F' of Section 5.3, and the variable ¢ the one of ¢. Observe
that F~!(n,7) is well defined when || < 1/4L: this is an easy consequence of

|F(x,t1) — F(x,ta)| = [t1 — 4xB(t1) — to + 426(t2)| > (1 — 4L|z|)|t1 — tof.

If we put F~(n,7) =: (n,t(n, 7)) it turns out that condition (5.11) is equivalent to
define ¢(n, 7) := B(t(n, 7)), where from now on we suppose

(77’7—) GWf:]-ﬁ,i[XR;
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observe that ¢ has the same (Lipschitz or better) regularity of 8 (but no more since

¢(0,7) = 3(7)).
Let us verify that (9, — 4¢0,)¢ = 0: as

1 0
VE(z,t) = ( —46(t) 1—4xf'(t) )

holds almost everywhere, one must have

1 0
VE (i, 7) = (VE(F 0.7) " = | 480(n, 7)) 1
L= a3 (tn, 7)) 1— B (t(n, 7))

a.e., and so

(8, — 4¢0;)p(n, ) = (9, — 48(t(n, 7))0-) B(t(n, 7))

= el ) PG~ (e ) o0 7) P

— g 2B, T) 4B, T)F (0, 7)) _
= AU T T st 1)

Therefore we are only left to prove that B¢ = (0, — 4¢0;)¢ in distributional
sense. In this perspective, it will be sufficient to show that the distribution %’f) is
represented by the function 2¢ 0.¢: this in turn is true since ¢? is locally Lipschitz

continuous, whence the pointwise partial derivative

agzj— ) (77’ 7_) _ }IIEE_ ¢(777 0>U : f(Tb T)
= m(6(0,0) + 6(n,7)) - LD AET) g0 1%,

. . . . . 2 . . . .
exists almost everywhere in w and coincides with % in distributional sense.

We stress that all the maps ¢ : w — R arising from the previous discussion
effectively parametrize a Cj; surface; in fact by Theorem 4.22 it is sufficient to find
C functions ¢, : w — R such that

G — @ locally uniformly on w
Wop. — 0 locally uniformly on w

as € — 0. Fix then (e.g. mollifying 3) a sequence . € C* such that Lip §. < L and
B — [ locally uniformly in R, and consider the maps ¢, arising from the previous
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discussion but considering f3. instead of 3. By construction we have W@, = 0;
moreover, ¢, are well defined on all w (since Lip S, < L) and it is not difficult to
check that they converge locally uniformly to ¢. Observe that if 3 is not C!, then
the surface parametrized by ¢ cannot be of class C!, since its intersection with the
plane {y = 0} is the line {(3(¢),0,¢) : t € R} which is not C'.

For instance, let us put 5(¢) = |¢|: it is not difficult to compute that the associa-
ted parametrization is

¢ 1 |—1/4,1/4xR—>R
T it >0
1—4n
(n,7) — f
_ if 7 < 0.
T4y it r

The surface parametrized by this ¢ is then perimeter minimizing of class Cj; but
not C!.

5.2 First and second variation of the area func-
tional for intrinsic graphs

In this section we want to obtain first and second variation formulae of the area
functional for intrinsic graphs; similar formulae have been independently obtained
in [41] and [79] for more general surfaces. We will study in Section 5.3 the structure
of all entire stationary points (i.e. those functions with vanishing first variation),
while a proper second variation formula (cfr. (5.26)) will be crucial in the study of
the Bernstein problem in H' (see Section 5.4.1).

5.2.1 First variation of the area

Let us fix a C! map ¢ : w — R, where w is an open subset of R?", and put
Ey:={1(A) -se; e H": Acwand s < ¢(A)} C Cx,(w) (5.12)
where we C'y, (w) is the cylinder of base ¢(w) along X; defined by
Cx,(w) :=t(w) - {se; e H" : s € R};

observe that Cyx, (w) is an open neighbourhood of S := ®(w), where as usual ® is
the map A — 1(A) - p(A)e;.
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Let us assume that Ey is a minimizer for the H-perimeter in Cx, (w), fix ¢ €
C*(w) and set ¢4 := ¢+ s1); we can therefore consider the class of competitors E,_,
which are defined as in (5.12) (observe that EAE,, € Cy,(w)), and set

0(6) 1= 10Eo (o, () = [ VI WGP, (5.13)

The fact that g(s) > g(0) for all s € R implies that ¢’(0) = 0. It is not difficult to
check that N
(W) = Wi+ 49T forall p € C,

whence

Wiids = Yio+sViv — 40+ s0) (T + sTv)

= Wiad—s (W) —4s™Ty

and so

2n 1/2

- - . ~ .
g(s) = / 1437 (Ko X;0)2+ (We iy 6—s(We,) w—as?eTe) | de?. (5.14)
j;éz?n

From now on we will write just > ; to mean the sum on indices j = 2,...,2n with

j # n+1; when n = 1 the previous formula and the following ones are to be
understood by “erasing” all sums of this type.
Starting from (5.14) it is not difficult to compute

ac* (5.15)

/(s) = / S Xt Xjh+ Wi s (—(Wi ) b — 8syTw))
T ViEaTET

and in particular

(S K X W (W)

w V14 |Wee|?

The Euler equation for stationary points of the area functional is then

dc* (5.16)

g9'(0)

oW _,
V1t WogP

where the previous equality must be understood in distributional sense.

on w, (5.17)
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5.2.2 Second variation of the area

If ¢ € C!, from (5.15) we can compute

i 1 /
= _— 1 |/[/ ¢s s 2
g (S) /w 1 + |W¢S¢)S|2 +| Cb | X

X | DX+ (W) v+ 8suTw)" — SuToWii o | +
[ %0 Ko o (00 v ST T\, s
i V1+[Wog[? 1
and so
~ 2
, (L4 WooP) Wyl — syTyws, o] - (Weg- wo'p)
9"(0) :/w 11 Wear ac™, (5.19)

where we put
W= (K50, Ko, W) 6, Kath, -, Xg00) i > 2
WO = (W) ¢ ifn=1;
the fact that E, is a minimizer implies that ¢”(0) > 0 for all ¢ € CL(w).

Notice that when n = 1 formula (5.19) for the second variation reads as

We |2 — SYTYW (1 + (W2
g//(o):/\ V)2 = 8YTYWeP(1 + |We¢[?)

dL?: 5.20
[1+ [Weg2*/? ’ 520

in particular when W?¢ = 0 one has ¢”(0) > 0 for all C!(w). If we suppose ¢ € C?
we can further exploit (5.20) as

/ (WO |2 — AT (P2)WPh(1 + [W?0[?)
w 1+ |Wegl*?

|VV¢W)|2 ~ W¢¢
[+ [Weg ]2 i <[1 + \W¢¢|2]1/2>] e, (5.21)

dL?

g"(0) =

-/

We will see in Section 5.3 that if n = 1 and ¢ is a stationary point of the area
functional, i.e. if ¢ solves (5.17), then

(W?)?%p =0 (5.22)
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and thanks to this the first term of (5.21) becomes, integrating by parts,

W p2dc: . W™y )
/w[1+|w¢¢|213/2 N /wW <[1+|W¢¢|213/2 "

WoW ™) )
= ace. 5.23
/w [+ [Wegl?*/? 029
Since
(WOW =W W = WO (=W?+4T¢ Id)y — (~W? + 4T 1d) W
= 4p WOTo
we can rewrite (5.23) as
WP WOWeY+4p WoTo |,
dL? = L
/w [+ [Wog[2)? /ww [1+ [Weg|?*?
_ (W4)* . WOT¢ )

where we used (5.22) again. Therefore (5.21) becomes

, (Woy)? ) WeT¢ - W )
- 4 dL
70 /w{[1+|W¢¢>!2]3/2+ U lins e " ([1+rw¢¢|21”2)}
_ / (Wew>
w | [1+ [Weel*?
g | WOTe DA WOOPITW S — (WoGPTW | ] g
[1+ [Wog ]2 [+ [Weg[2>?
(WP)? + 42 [WOTp + TW¥g]

Finally, one has B B _
WOT = gy — 466 = TW6 + 4(T¢)’
and so from (5.25) we can also write
Sp)? 1 807 [FIP6 + 2T
w [1+ [WeoP]
Equation (5.26) will be crucial in the proof of Theorem 5.23.
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5.3 Entire solutions of the minimal surface equa-
tion in H'

In this section we will give a characterization (see Corollary 5.20) of all the entire
C? solutions ¢ : R = — R of the minimal surface equation for intrinsic graphs in

H', i.e. of
(]
we (W—¢) =0 inR% (5.27)

V14 |[Wog|?

this result will provide the key tool to attack the Bernstein problem in H!. Observe
that (5.27) can be as

$)2 62 _ o H WP (W?)2%
O(W)¢ 1+|W¢| Wﬁb\/mi (W¢)2¢

T+ [WegP (1 + W)

which means that ¢ is a solution of (5.27) if and only if it solves
(W9?¢=0  inR% (5.28)

Notice that (5.28) is equivalent to a “double” Burgers’ equation: in fact by
performing the change of variables

G : Rjt — R%J
(x,t) — (t, —4z),

setting u(z,t) := (¢ o G)(x,t) = ¢(t, —4x) and defining L, to be the operator
(Lyv)(z,t) = (v + uvy)(x, t) (v e CHR?)),

we get
(Lu(Low)) (@, t) = (W?)*9)(t, —4a).

This means that we can restrict to consider the C? solutions u of the “double”
Burgers’ equation

L2u=0 inR? (5.29)

u

(recall that L,u = 0 is the classical Burgers’ equation, see [49]). We will focus our
attention on the problem (5.29) rather than (5.27) or (5.28).
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5.3.1 Characteristic curves for entire solutions of L?u =0

Suppose u is an entire C? solution of (5.29) and let us consider the characteristic
curves (see [49]) of the equation L,v = 0, i.e., for any fixed ¢ € R, the maximal
solution z = z(c,-) : I. — R of the Cauchy problem

z(c,0) = c.

{ (e, t) = u(x(c,t),t) (5.30)

From (5.29) one gets 4 L, u(z(c,t),t) = 0 and so
Lou(z(c,t),t) = A(c)  foralltel,.
Since
%u(m(a, t),t) = (w(z(c,t),t) + uz(z(c,t),t) &(c, t)) = Lyu(z(c,t),t) = Alc)

we obtain
u(z(c,t),t) = A(e)t + B(c) for all t € I, (5.31)

where we have set B(c) := u(c,0). Equation (5.31), together with (5.30), gives

x(c,t) = #tQ + B(o)t + ¢

in particular, /. = R. We have therefore the following

Theorem 5.9. Let u be an entire C? solution of (5.29) and for c,t € R set

x(e,t) = ?tQ + B(e)t + ¢,

where A(c) := Lyu(c,0) and B(c) := u(c,0). Then for all ¢,t we have
(i) u(z(c,t),t) = A(c)t + B(c);
(11) Lyu(z(c,t),t) = A(c);

(i1i) x(-,t) is strictly increasing for any fived time t;

(iv) for all c € R we have either A'(c) = B'(c) =0 or B'(c)* < 2A/(c).

In particular, the family of characteristics x(c, ) are parabolas which do not intersect.
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Proof. We have already proved (i) and (ii); for (iiz), it will be sufficient to prove
that, for every ¢,
z(c,t) # x(d,t) if ¢ # ¢ (5.32)

in fact, were (i7i) false, we could find ¢ < ¢ and ¢’ such that z(c,t') > z(c/,t'), but
since the characteristics are continuous and z(c,0) = ¢ < ¢ = z(c/,0) we could find
a t between 0 and ¢’ such that (5.32) does not hold.

Arguing by contradiction, let us assume that (5.32) does not hold for some ¢ # ¢
and t; observe that from (i) and (i7) one has

A(c) = Lyu(z(c,t),t) = A(d
A(e)t + B(c) = u(z(c, t),t) = A(d)t + B()
whence ¢ = z(c, t) — #tz — B(e)t = ¢, which is a contradiction.
Notice that (zi¢) implies that
oz A(e) , ,
—(c,t) = ——=¢ B(o)t+1>
ety = TP B 412 0

for all ¢, ¢, and this in turn implies B’(c)> < 2A’(c). Observe in particular that
A'(c) > 0 and 2(c,t) > 0. In order to prove (iv), suppose by contradiction that for
a certain ¢ we have B'(c)? = 2A4'(c) # 0. Differentiating (i) with respect to ¢ one
gets

ou At + B(c) Al (t+ 3/8) 1
a—(:c(c, t),t) = o = v 55 for all ¢
c 9 (c,t) Ae)(t+ A,(c)) t+ T
which contradicts the hypothesis u € C%(R?). O

Remark 5.10. Observe that if u is a C? solution of

Liu=0
u(z,0) = B(z)
Lu(z,0)=AeR

then one must have also B(x) = B(0) = B. In particular, Theorem 5.9 (7) implies
that u(x,t) = At + B.

Remark 5.11. Following the same proof of Theorem 5.9 (i), it is possible to prove
that if u is a C! solution of the Burgers’ equation

Lyu=u+uu, =k

for a suitable constant k € R, then B = u(-,0) must be constant.
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It is not difficult to extend the proof of Theorem 5.9 and get the following

Theorem 5.12. Let Q be an open set of R2, such that {(x,0) : + € R} C Q, let
u € C%*(Q) be a solution of

Liu=0 in 2, (5.33)
and let A(c), B(c) and x(c,t) be as in Theorem 5.9. Suppose moreover that the set
{(z(c,t),t) : c,t € R} is contained in Q2. Then the statements (i)-(iv) of Theorem

5.9 still hold.

From Theorem 5.12 we get the following uniqueness result for the “double”
Burgers’ equation (see also [39], Chap V, Section 7, and [106]).

Theorem 5.13. Let ug € C*(R),u; € C'(R) be given functions and set A :=
ug, B := uy + uouy. Let x(c,t) :== A(c)t?/2 + B(c)t + ¢ and set

Q={(z(c,t),t) : c,t € R}. (5.34)
Then there is at most one solution u € C*(Q) of the problem

Liu=0 in Q
u(z,0) =ug(x) VzeR (5.35)
u(z,0) =uy(x) Vel

Proof. By Theorem 5.12 any solution u € C?(2) of (5.35) has to satisfy
u(z(c,t),t) = A(c)t + B(c);

however, hypothesis (5.34) ensures that for all (z,t) € Q2 we can find a ¢ such that
x = x(c,t). This proves that u is uniquely determined in Q2 by A and B, i.e. by wg
and ;. O

Corollary 5.14. Let ug,uq, A, B, z(t,c) and Q2 be as in Theorem 5.13, and suppose
moreover that for all ¢ € R we have A'(c) = B'(c) =0 or B'(c)*> < A'(c). Then

(1) §2 is an open neigbourhood of the x-axis {(x,0) : x € R};
(ii) there is at most one solution u € C*(Q) of the problem (5.35).
Proof. Observe that the map
F : R* - R?
(e, 1) — (2(c,1),1)

is regular and one-to-one; in particular, it is an open map and (i) follows. This
means that condition (5.34) of Theorem 5.13 is automatically fulfilled, and so (i)
must hold too. O
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Corollary 5.15. Under the same assumptions of Theorem 5.9 let us denote l; :=
lim._ ;o A(c) (respectively ly := lim._._o, A(c)). Then for any fivred t € R we can
conclude

lim z(c,t) =400 (resp. lim z(c,t) = —00) (5.36)

c——400 c——00

if either l; € R (resp. Iy € R), orly = 400 (resp. ly = —o0) and one of the following
conditions is satisfied:

A A
lim inf (<) =0 (resp. lim inf (€) = 0) (5.37)
c——+00 C c——00 C

A A
lim sup Alo) = +00 (resp. lim sup Al = —oo) (5.38)
c—+o0 c c—+o00 C

B B
lim inf (€) <2 resp. liminf (€) <V2]. (5.39)
emtoo | /eA(c) em—o0 | /cA(c)
In particular, when lim, ;o z(c,t) = +00 and lim,,_ z(c,t) = —00 we have that

z(-,t) : R — R is an homeomorphism and Q := {(z(c,t),t) : c,t € R} = R?.
Proof. Observe that for fixed ¢t € R and ¢ # 0 one can write

1 [A(c) —A(0)  A0)) o, (Ble)—B(0)  B(0) e
2( N +\/H>t+< N +\/|_C’)t+\f.

Being A increasing there exist

my = lim (A(c) — A(0)) (resp. mo := lim (A(c) — A(0)))

c——400 c——00

z(e,t) = /||

(5.40)

with —oo < my < 0 < m; < 4+00. Notice also that, using Theorem 5.9 (iv), one
can get

w@—mwsﬁhﬂmwsﬂ%ﬂM@wwanM@—mw (5.41)

and this allows us to conclude when /; € R (resp. lo € R), since in this case we have
my € R (resp. ms € R) and so z(c, t) = ¢ for large (resp. small) c.
Instead, when [; = +o00, for large ¢ we can write

1 (A9 = A) A(0) 2
5( : +vﬂﬂd—ﬂ®)t+

z(e,t) = ve(A(e) — A(0))

(5.42)
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whence (using (5.41) again) limsup,_, ., z(c,t) = 400 in case (5.37) or (5.38) hold;
however, this implies (5.36) since z(-,¢) is increasing. When ¢ — —oo we have
instead

A~ A |- ( VA CE A<o>>> o

B(c ) B(0) N B(0) L c
Ve(Ale) = A(0))  Ve(Ale) — A(0)) A(e) — A(0)
and analogously we conclude liminf, . z(c,t) = —oo, which is sufficient.

Instead if (5.39) holds together with I} = 400, we have a sequence ¢, — +00
such that

B/(Ch)2
<(1- Vh; 5.43
QA/(Ch) — ( E)ch ) ( )
observe that the parabola x(cy, -) reaches its minimum at t = féch) and so
B/(Ch)2 h—o0

w(en, t) > 2(cp, =28y = ¢, —

Alen) 2 €6 — +00

QA,(Ch) -

which, together with the fact that x(-,¢) is increasing, proves (5.36) when ¢ — +o0.
It is a little more complicated to prove the thesis when I, = —o00 and ¢ — —o0;
however, as in (5.43) we get a sequence ¢;, — —oo such that

B'(cp)?
_2A’(Ch) < ecy, — ¢p, Vh
and so
_ Alen) Ben)\’ B'(cn)?
Heawt) = =5 (t T A T DA ()
Alen) B(en)\?
<
< 5 (t+ A(ch) + ecy,
which allows us to conclude since A(c) — —o0 as ¢ — —o0. O

Example 5.16. Set A(c) := ¢/2 and B(c) := —¢; then it is easy to check that the
family of characteristic curves for the related problem (5.29) are

z(c,t) = (t —2)%c/4.
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Notice that z(c,2) = 0, i.e. the thesis of Corollary 5.15 does not hold; here in fact
(5.39) is not fulfilled since
_ B(e)
lim =2,
c—Eoo (/e A(c)
Moreover, taking into account Theorem 5.9, a global C? solution u of (5.29), with
u(z,0) = —z and Lyu(z,0) = /2, cannot exist.

Example 5.17. Let A(c) = ¢ and B(c) = /2(1+ ¢?), and let us consider the
associated family of characteristic parabolas

z(c,t) = th +2(1 4+ )t + e

Then for fixed t we have

9, t2 2
e t) == + V2e
oc 2 V142

which is (strictly) positive for any ¢: in particular, the family the characteristics
cannot intersect, and in fact one has

2

2
B'(c)* = 21 e <2=2Ac).
Observe also that
lim B(c) =2.

If we set F(c,t) := (z(c,t),t) it is easy to see that the image F'(R?) is the open
set

Q:=R2\ ({(x,ﬂ) L2 <0} U {(z, —V2) ::1:20}).
Indeed a simple calculation gives F~(x,t) = (c(z,t),t) where

2(1+12/2) — V2/t|/22 + (1 — 12/2)?
c(x,t) = (1—1%/2)?

2
—4

x4 if t:\/i,x>0 or t:—\/§,x<0.
x

We will see that u(x,t) := A(c(x,t))t + B(c(z,t)) is the unique solution of (5.33) in
2 such that L,u(x,0) = A(z) and u(x,0) = B(x).

if [t] # V2

Example 5.18. If we require B = 0, then the solution to the “double” Burgers’
equation with initial data A, B is defined everywhere for any C? increasing function
A. Obviously, even if it is possible to characterize it intrinsically as in Theorem 5.9
(1), in general it is not possible to give an explicit formula for the solution.
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5.3.2 Existence of entire solutions

In the following theorem we provide an existence and uniqueness result for the
equation (5.29).

Theorem 5.19. Let A, B € C*(R) and for ¢,t € R set
A(c)

x(c,t) == TtQ + B(o)t + ¢
F:R?> (¢, t) — (z(c,t),t) €R

Q= F(R?) = {(z(c,t),t) : c,t € R}
and suppose that
for all ¢ € R one has either A'(c) = B'(c) =0 or B'(c)? < 2A'(c). (5.44)
Then
(i) F is C? regular and one-to-one and, in particular, Q is open;

(ii) if F~Y(z,t) := (c(x,t),t), (z,t) € Q, then u(x,t) == Alc(z,t))t + B(c(x,t))
is the unique C? solution of L*u = 0 in Q satisfying Lyu(z,0) = A(z) and
u(z,0) = B(x).

Proof. We begin by proving that the C? map F : R?> — R? is one-to-one. By
construction it is enough to prove that for any fixed ¢ the map xz(-,¢) is strictly
increasing, and this is an easy consequence of (5.44) which implies that

or _Ae) ,
%(t,c)— 5 t“+B(c)+1>0

for any c. Being one-to-one and continuous, F' is also an open map, i.e. Q C R? is
open, and (i) is proved.
For (i7), observe that the Jacobian matrix of F' is given by

Al y2 (¢ c c
JF(C’t):< () +Eé()+1 A( )th())

and so the Inverse Function Theorem implies that the Jacobian matrix of F~! is

TP~ @, t) = (JP(F~ (2,1)))

- 1 (1 —Alc(z, )t — B(c(z, 1)) )

= A/(c;w,t))tg + B'(c(z,t))+1\ 0 Mﬁ + B'(c(z,t)) + 1
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Thus 9 )
c
—(x,t) = — 5.45
6:"") = T ez 1 Br(e(x,t)) + 1 (545)
ot 2942 4 Br(e) +1
and so one can compute
0
Lou(z,t) = [A(c(z,t))t + B'(c(z,1))] a—;(x, t)+ Ale(x, b)) +
0
+ [A(ela, )t + B(ele, )] [Ale(. )t + Ble(, 1)] 7 ()
= Alc(z, 1))
and
9 , dc , Oc
L2u(i,0) = A(cl, 1)) 52 (1) + [Alel, 1)+ Blel, 1)] A (el ) 5 (,6) = 0.
Therefore u is a solution of the given problem, and the proof is completed since
uniqueness follows from Theorem 5.13. n

Corollary 5.20. Suppose that A, B € C*(R) and that u : R> — R is a C? entire
solution of the problem

Liu=0

u(z,0) = B(z)

Lyu(z,0) = A(z)

Let Q, c(x,t) be as in Theorem 5.19; then
u(z,t) = A(c(z,t))t + B(c(z, 1)) for all (x,t) € Q

and u is the unique solution in ) of the same problem.

5.3.3 Examples of entire solutions of L2u = 0

Example 5.21. Let A(c) = ac (o > 0) and B = 0, then it is easy to see that in

this case Q = R?; since ¢(x,t) = 5253, the required solution of (5.29) is given by

2auxt

These solutions correspond to the maps ¢q(n,7) = —TO‘;;% (where o = «a/4)
solutions of (W?)2¢ = 0 (cfr. also Example 5.7); it is not difficult to notice that the
surfaces parametrized by ¢, corresponds to {(z,y,t € H' : z = —a’yt)}, which are
deeply studied in [42]: in particular (see Theorem 1.2 therein) it is proved that they

are not H-perimeter minimizing (see also Theorem 5.23).
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Example 5.22. Let B = 0 and choose a bounded, not constant and strictly in-
creasing A € C? ; then, if  and ¢(z,t) are as in Theorem 5.19, by Corollary 5.15 we
have Q = R? and that u(x,t) := A(c(z,t))t + B(c(x,t)) is the unique entire solution
of (5.29); moreover, Lyu(z,t) = A(c(z,t)) is bounded.

Observe that an analogous situation cannot occur in the Euclidean case: in fact
(see [70], Theorem 17.5), any smooth global solution 1 of the classical minimal
surface equation with |V |~ < oo must be linear. Here, instead, it happens that
the map ¢, which arises from the u of this construction, solves (5.27), is not linear
(and, in particular, not of type (5.48), see Section 5.4) but is such that |[W?¢| = <
0.

5.4 The Bernstein problem in H"

Let us recall the minimal surface equation for minimal H-graphs in H"

¢
we. [ WP ) _ 0, (5.47)
V 1+ [Wog|?
where ¢ : R?™ — R is of class C2. Observe that the “affine” functions given by

o(n,v,7) =c+ {(n,v), w)gzn-1 (5.48)

for ¢ € R,w € R*! (the previous formula has to be read as ¢(n, 7) = ¢+ nw when
n = 1) are trivial solutions of (5.47), and that they parametrize the so called “vertical
hyperplanes”, i.e. (right-translations of ) maximal subgroups of H" (cfr. also (3.16)):
it follows that these hypersurfaces are stationary points of the area functional, and a
calibration argument implies that they are also minimizers since they have constant
horizontal normal (cfr. Example 5.5). These considerations suggest that the right
counterpart of the classical Bernstein problem in the Heisenberg setting is

Bernstein problem for X,-graphs in H": are there entire solutions ¢ : R** —
R of the minimal surface equation (5.47) which cannot be written as in (5.48)7

As we will see, again the answer semmes to depend on the dimension n of the
space; however, new and unexpected phenomena arise, e.g. the fact that we have
solutions to (5.1) which are not area minimizing.

5.4.1 The Bernstein problem in H!

We have seen in Section 5.3 that for n = 1 there exist solutions of (5.47) which cannot
be written as in (5.48); see for instance Examples 5.21 and 5.22. We already pointed
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out that every solution of the classic minimal surface equation (5.1) parametrizes
(the boundary of) a globally minimizer; in H' instead a new phenomenon occurs,
in the sense that there are entire solutions of the intrinsic minimal surface equation
(5.47) which parametrize a surface which is not a minimizer. Anyway, whenever the
surface is H-perimeter minimizing in H' it has to be a vertical plane: more precisely,
we have the following

Theorem 5.23 (Minimizers vs. stationary entire X;-graphs). Suppose that
¢ :R? — R is of class C? and define S, E C H' to be respectively the X,-graph and
the X1-subgraph induced by ¢, i.e.

§=A{®(n,7) = v(n,7) - p(n, T)er : (1, 7) € R}
E:={un,7) se:(n,7) R s<o(n,1)}.

Let us suppose E is a minimizer for the H-perimeter measure in H'; then S is a
vertical plane, i.e. ¢(n,7) = wn+ c for all (n,7) € R? for some constants w,c € R.

Proof. Step 1. First of all, we want to rewrite the second variation formula (5.26)
in the coordinates ¢, t introduced in Section 3. Therefore let G be defined by

G : R, —R,
(x,t) — (t,—4x)

and set

A(:L‘) = (W¢¢o G)(Z‘,O), B(:C) = ((bo G)(l‘,());

in particular, ¢ o G is an entire solution of (5.29). As in Section 5.3 we set x(c,t) :=

#tQ + B(c)t + ¢ and

F Rit—ﬁRi’t
(c;t) — (z(c, 1), 1)

Therefore, if we define

0 :=F(R?) C R?m,
F*:=GoF,
Q= F*(R?) =G(Q) C wa

and ¢ : Q — R through the formula F~!(x,t) = (c(x,t),t), thanks to Theorem 5.12
one gets

e for any ¢ € R we have either A'(c) = B'(c) = 0 or B'(c)* < 2A4'(c);
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e [*is a C? diffeomorphism between RZ, and 2*. Moreover, Q and Q* are open
neighbourhood of the lines {t = 0} and {n = 0} respectively.

It is not difficult to prove that for all (n,7) € Q* one has
Ox

(1, 7) = Ale(=7/4,m)n + Ble(=7/4,m))) = - (F*" (n,7)); ~ (5.49)
Weo(n,7) = Ale(—/4,m)). (5.50)
and taking into account that
dc 1 1
%(;E,t) - %(Fﬁl(c, t)) - Mtg + B’(C(l‘,t)) +1 (551)
de B _%(F‘l(c, t)) _Ale(z, 1)t + B(c(z, 1))
ot (l',t) = %(F‘l(c, t)) o Mtz + B’(C(:I?, t)) +1 (5-52)
for all z,t € Q, we get for all (n,7) € Q* that
TIe =0 LA((F (g, 7))
TW®p +2(Te)” = 1 %(F*_l(nm))
1o [LACE ) + Bl )|
4 se(F1(n,7))
! 9%z
- 20 G pergy ), (5.5
8(5e)?
Observe that for any (c,t) € R? we have
—2A'(0) % (e, t) + (22 (c,1)?  —24(c) (23242 + B'(c)t + 1) + (A'(c)t + B'(c))?
8 (5e(c,1))? a 8 (21942 4 Br(c)t + 1)
B —2A'(c) + B'(c)?
8 (M Br(e)t 4 1)? =Y 5549
and notice that the correspondance
Ce(RZ,) > (== (o "1 € C(Q")
is bijective and
0 0
(W26 (F(et) = G () — 10(F () g (F ()
.- Ox o, .,
= G (et) — 45 e ) S )
= X, (5.55)
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Since

det JF*(c,t) = det JG(F(c,t))det JF(c,t)
= 4292 L Bt +1) >0
a change of variable and equations (5.26), (5.53), (5.54) and (5.55) give

pon [ (W) + 82 [TW? + 2(T¢)?
L R o

9Cy2 2_ —2A'(c)+B'(¢)?
(at) +¢ (A 24 Br(c)i+1)2 A'(c)

=4 /R [1+ A(c)23/2 9

2
= AL/R2 [(%) u+ v

where ¢ is as in (5.13) and we have set ¢ := 1 o F* and

dndTt

t* + B'(c)t + 1| dedt

dedt (5.56)

A2 4 Ble)t+ 1

[1+ A(c)?]?/?
B'(c)? — 24’
v(e,t) == (C)A,(c) (€) :
[1+ A(c)?PP2[55%12 + B'(c)t + 1]
The fact that ¢ parametrizes a minimizer implies that g”(0) > 0 for all ¢» € CL(Q*);
since F* : R? — Q* is a C? diffeomorphism we deduce that

/R2 [(%>2u+g“2v

Step 2. It is easy to see that our thesis on ¢ is equivalent to A and B being
constant, i.e. to A’ = B’ = 0. Suppose by contradiction that there exist a ¢y € R
such that this does not hold, then by Theorem 5.12 we have b* < 2a, where b :=
B'(co) and a := A'(cp) > 0. We want to use the second variation formula (5.57) to
obtain simpler conditions, namely inequalities on certain one-dimensional integrals
involving a and b (see equation (5.62)).

Fix therefore a function ¢ € C!(R?) and set

u(e,t) ==

dedt >0 V(€ CLR?). (5.57)

CE(C, Zf) = %C(Co + C—eco’t);

by (5.57) we get

2
0< / <8§5> wdedt+ [ CCvdedt=:1.+1I, (5.58)
R2 875 R2
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Observe that

€

2
I, = E/RQ <%(CO—|—C_€C°,1€)) u(c,t) dedt
. (i)
— —(u,t) | ulco+ e(u—cp),t) dudt
r2 \ Ot

and by Lebesgue convergence theorem one obtains

. ¢ 2
lim [, = —(e,t) | u(eo,t) dedt. (5.59)
e—0 R2 3t
Analogously one gets
lim ITe = | (e, t)?v(co, t) dedt. (5.60)
€— R2

Combining (5.58), (5.59) and (5.60) we obtain

a¢ 1

/R 2 (E@,t)) bit) ded > 2a—1?) | (et dedt (561)

for all ¢ € CL(R?), where we have put

h@y:g#+br+L

By standard arguments (taking for example ((c,t) of the form (i(¢)(2(t)) we can
infer the one-dimensional inequalities

/g’% dt > (2a — b?) / Ala forall ce CU(R). (5.62)
R R h

Step 3. We will follow here the technique used in [42] to provide a counterexample
to (5.62), which will give a contradiction. For € > 0 fix x. € CL(R) such that

0<x.<1

Xe=1lon (=7,1), sptxe € (-%2%)
IX.] < Ce, C > 0 independent of e

and set
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Equation (5.62) becomes then

1
/gfh dt > (2a — b*) / 2 dt (5.63)
R RN
and observe that . o
lim [ ¢~ dt = / . (5.64)
=0 Jgp " h R (%t2 + bt + 1)

As for the left hand side of (5.63), we have

/C'tht—/ Xe | XM tht—/ 'th—/—xﬁxlﬁh, dt+1/ 21 1 (5.65)
R € - R \/E 2h3/2 - RXe R h 4 RXE h2 ) .

an integration by parts gives

B 1 N 1 o2
¢ dt = —dt —-dt
/ X Xe h / 6 h + / 6 h2

whence (5.65) rewrites as

1 [ Gk 1 [ k2
2 _ /2
/Rg; hdt—/ dt + = / XE dt 4/ Xt

Finally, by Lebesgue convergence theorem we infer

" 12 "
lim C2hdt = /h—d ——/h—d = /h—dt (5.66)
€— R

where, in the last equality, we integrated by parts again.

From (5.63), (5.64) and (5.66) we obtain therefore

1
—/aza—dtZ@a—bz)/ o 3 - (5.67)
4 Jgt?+0t+1 R (%424 bt +1)

Since for a > 0 we have

/ dt T and / dt o
rRl+at2  a g (14+at2)? 2/

and observing that

/ dt _( 2a )’”/ dt 19
R (S24+0t+1)" \20—-02) Jg (1+at?)™ o
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with a := ﬁ, by (5.67) we obtain

2a vV 2a — b?

a
122" a - (2a — b%)2 2 a

which reduces to 1/2 > 2 (recall that a > 0), which gives a contradiction.

Step 4. We have proved that A and B are constant functions, and this in turn
implies that Q* = R? and ¢(n,7) = An + B. This completes the proof of the
Theorem. O

5.4.2 The Bernstein problem in H" for n > 2

Let us exploit equation the minimal surface equation (5.47) and write it as

~ X;¢ @ Wo 6
X 2 W TV

+)>) Y| —/————=]=0 5.68
jZQ ’ <\/1+|W¢¢|5> (568)

where ¢ : R? = R, x R2*"2 x R, — R is of class C?. Notice that, if one looks for
solutions ¢ which do not depend on the 7 variable, i.e. such that ¢(n,v,7) = 1(n,v)
for some ¢ : R*""! — R, equation (5.68) rewrites as the classic minimal surface
equation (5.1). This observation allows us to easily construct a counterexample to
the Bernstein problem for X;-graphs in H” when n > 5; in fact in this case we have
2n — 1 > 9 and Theorem 5.1 provides a function ¢ : R**~! — R which solves (5.1)
and is not affine, i.e. the related ¢(n,v,7) = ¥(n,v) solves (5.68) and cannot be
written as in (5.48).

We also notice that Xj-graphs of such 7-independent functions ¢(n,v,7) =
¥(n,v) (where again 1 solves (5.1)) are actually minimizers of the H-perimeter;
in fact it is easy to check that the smooth section v : H* — HH"™ defined by

(- 1 Wee
V(l’,y,t) - ( \/1—{—|W¢¢)‘27\/1—|—’W¢¢‘2> (navao)

= (-—— =) o)
V1+ VY2 1+ V)2 G

where we put 7 :=y; and v := (22, ..., Zpn, Yo, .., Yn), is a calibration for the graph
of ¢ according to Theorem 5.3, i.e.
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o divy v =0;
o |[v(P)|=1forall PeH"

e v coincides with the horizontal inward normal to the X;-graph of ¢ (see Theo-
rem 4.17).

Observe that in this argument it was essential the non-dependance of ¢ on the
vertical variable 7: as we have seen in Section 5.4.1, in general it is not true that an
entire solution of (5.47) parametrizes a minimizer.

The Bernstein problem for intrinsic graphs in H", as far as we know, is still open
for n = 2, 3, 4; observe that any possible negative answer must effectively depend on
the variable 7, or the previous argument leading to the classic Bernstein equation
could apply, contradicting Theorem 5.1.
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