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Introduction

In the thesis I present the work done during my three years of PhD at Scuola
Normale Superiore. The exposition follows the content of four articles ([AST16],
[BDS], [CS16] and [CDS]) written in collaboration with Luigi Ambrosio, Elia
Brue, Maria Colombo, Simone Di Marino and Dario Trevisan during this same
period. The problems that I have studied belong to the field of optimal transport,
both the classical (two-marginal) case and the multi-marginal variant; hence the
thesis is sharply divided in two parts presenting two articles each. A fifth article,
[AST17], also written during my PhD, does not appear in the thesis because its
content is excessively unrelated to the other ones.

Concerning the classical case, I have studied the so called random matching
problem and an application of optimal transport to the extension of Lipschitz
functions defined on metric spaces.

In the random matching problem one is given a reference probability measure
1, for instance the Lebesgue measure in the unit square, from which two families
{X;}, and {Y;}", of n independent random points each are sampled. Each
family of points yields an empirical probability measure given by the sum of equal
deltas concentrated on such points:

Mn:ié&- and Vn:i(Syi.
i=1 i=1

The Wasserstein W, distance is used to measure how far apart these two random
families of points are. Then the question is to determine the rate of convergence
to zero of the expected value of this distance as n — oo. Previous results
show that, in the unit square with the Lebesgue measure, E[W3(u,,v,)] is
asymptotically equivalent to ‘°5™. This has also been confirmed numerically in
[Car+14], where the authors also conjecture the existence of the renormalized
limit limy, o0 o B [(W2(pin, vs)]. Our contribution to the subject in [AST16] is
showing that in dimension 2 the actual limit

E [W2 (i, 7)) =

lim
2

n—oo logn

exists under quite general assumptions on the domain. The result is obtained
through a PDE approach that linearizes the Monge-Ampeére equation solved by the
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transport map and estimates the Wy distance with the Dirichlet energy of solutions
to the Laplace equation with random data. This strategy is a formalization of the
heuristic idea presented in [Car+14].

The second problem addressed in the classical setting is that of extending
Lipschitz functions. Given two metric spaces X C Y and a Banach space B, the
problem is to find a linear extension operator 7' : Lip(X; B) — Lip(Y; B) with
a controlled operator norm. In particular, all the assumptions shall be made on
the geometry of X alone and the bound for the norm should be independent
of the particular spaces Y and B. A result of Lee and Naor in 2005, [LNO5],
shows that there exists such an operator satisfying ||7|| < log(Ax) where \x
is the metric doubling constant of X. Our contribution is revisiting their long
proof in a spirit closer to the approach followed by Whitney for his C! extension
theorem. The key idea behind our approach is that of random projection, a useful
concept recently introduced by Ohta in [Oht09] and by Ambrosio and Puglisi in
[AP16]: instead of a deterministic projection P :Y — X, for some applications
it is sufficient to have a map u : Y — Z2(X) with some regularity properties,
such as being Lipschitz with respect to the Wasserstein distance W7, induced
by the cost equal to the distnce Given a function f € Lip(Y; B), its extension
can then be defined as f =/, f « f(x)dpy(r) and the properties of p allow to
infer regularity properties of such extensmn The main portion of our work is
to show an elementary construction of a regular random projection, from which
interesting consequences can then be derived. With the same tool we are also
able to generalize Whitney’s extension theorem for C! functions to the smooth
Banach setting.

The second part of the thesis deals with the multi-marginal optimal transport
problem. This is a variant of the classical theory which appears naturally in the
Density Functional Theory, a computational method used in quantum chemistry
to model the electronic structure of atoms and molecules. In this context, the
distribution of N indistinguishable electrons is represented by a probability mea-
sure p in R? (the density) and the ground state is obtained as the configuration
that minimizes a few energy terms (the functionals). Under some suitable approx-
imations developed by Hohenberg, Kohn and Sham, one of the terms reduces to
the minimization of f(Rd)N qu m dm(zq,...,zy) among all transport plans
7 € Z((R?)N) having N marginals equal to p. This is a generalization of the
two-marginal Kantorovich problem with a singular cost given by the sum of all
possible Coulomb interactions.

In the first article on this subject, we disprove a conjecture made by physicists
regarding the structure of the optimal transport plan. The conjecture was modeled
after the rigid structure of the minimizer in dimension d = 1, but unfortunately
the analogue in higher dimension turns out to be false in general. Despite this, we
are able to show some cases in which the suggested structure is indeed valid and
this could be an explanation of the numerical evidence the physicists had while
proposing the conjecture.
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In a follow-up article on the same subject we address another conjecture, this
time regarding the regularity of the dual potentials and the continuity properties of
the optimal cost. The main contribution that we provide is a sharp result stating
that if the marginal p does not concentrate mass too much then the optimal
transport cost is finite and locally Lipschitz around p. The way to reach this
conclusion is through an argument which shows that, under the no-concentration
assumption on the marginal, the optimal plan is supported far away from the
diagonal, that is to say that there are no correlations among electrons which are
too close.
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Classical optimal transport






Chapter 1

Introduction to the classical
optimal transport

In this first chapter I introduce the optimal transport problem in its classical
formulation and briefly review the theory that is needed in the subsequent parts.
This field of research is extremely mature and well established, therefore much
more detailed presentations already exist, such as [AGS08], [Sanl15], [Vil01] or
[Vil09] for instance.

The original problem posed by Monge in 1780 is as follows. Given two Borel
probability measures 1 and v in R™, minimize

T (x) — 2| dp(x)
R7

among all transport maps T' : R™ — R" such that Ty = v. The notation Typ
denotes the push-forward operation, that is, the measure Ty € .# (R™) such that
Tup(A) = p(T71(A)) for every Borel set A € ZB(R").

This optimization problem can be generalized to a Polish space! X with two
Borel probabilities u and v and a lower semi-continuous cost function ¢ : X x X —
R bounded from below. The transport maps are

T(pv)={T:X = X :Typ=v}

and the Monge problem is then the minimization

M) = inf clx, T(z))du(x).
0=t [ (o) duta)

This formulation is hard to treat because of the difficulty to prove the exis-
tence of optimal maps. Moreover, in some circumstances the problem can be ill
posed simply because there are no admissible transport maps. For these reasons,
Kantorovich introduced a relaxed version of the problem that under very general

'Separable and completely metrizable.
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assumptions guarantees the existence of optimal solutions. His formulation is as
follows.

First of all, notice that a transport map 7" induces a measure 7 = (Id, T") xp €
P (X x X) which has marginals ;1 and v. The idea of Kantorovich is then to
consider all admissible transport plans

M(p,v)={r e P(X x X): P;gr: i, Pjgr = v},

where P': X x X — X are the projections, and minimize the cost

(K) = min /XXc(x,y)dﬂ(x,y).

mell(p,v)

Thanks to compactness properties of probability measures and the linearity of
the problem (both in the cost and the constraint) with respect to the unknown 7,
the existence of minimizers is easier to obtain under very general assumptions.
The question is then whether these minimizers are induced by suitable transport
maps as described before.

Another advantage of posing the optimal transport as a linear problem is
that it unlocks a tool called duality. In the field of linear programming it is well
known that every linear minimization problem is closely linked to a corresponding
maximization problem that shares the same optimal value. The same happens
for the Kantorovich’s problem, in which the minimum of (K) is equal to the dual
problem

D)= sw e dut) + [ o) dviy)
() eCH(X)xCp(X) J X X
e(@)+¥(y)<c(z,y)
The pair of functions (¢, 1) satisfying the given constraint are called dual poten-
tials.

A particularly important case of optimal transport is when the cost function
is ¢(x,y) = d(z,y)?, where d is a distance on X and p > 1. In order to ensure
the finiteness of (K') with this particular choice of the cost, it is appropriate to
restrict the problem to probabilities with finite p-th moment:

Py(X) = {,u € Z2(X): / d(z, x0)? dpu < oo, for some xy € X}.
be

By the triangle inequality, it is easy to check that the definition does not depend
on the particular choice of the reference point xg, so that the p-th moment is either
finite or infinite for all points xy € X. With this definition, one can introduce the
function W), : Z2,(X) x Z,(X) — [0,00) defined as the p-th root of the optimal
cost:

rell(u,v)

1/p
Wyur) = min ([ daraen) . o 2,00
XxX



It can be shown that W, is a distance on &2,(X), called Wasserstein distance,
which almost metrizes weak convergence of probabilities: precisely, we have that
Wy (pin, ) = 0 if and only if p, = pand [ d(z,20)? dp, — [y d(2, 20)P dpin.

Of special interest are the cases when p =1 or p = 2. With p =1 there is a
deep connection with Lipschitz functions which will be exploited in Chapter 3 in
the context of extension results. In fact, the constraint on the potentials in the
dual formulation (D) reads ¢(z) + ¢ (y) < d(x,y). First of all, notice that if ¢ is
1-Lipschitz then (@, —¢) is an admissible pair of potentials. Moreover, given two
potentials (p, 1), we can take 9)(y) = inf,ex d(z,y) — ¥ (x), which is 1-Lipschitz,
and @(x) = inf,cy d(z,y) — 1(y), also 1-Lipschitz, and the pair (,4)) is again
admissible and majorizes the initial pair. But —¢)(z) < inf ey d(z,y) — U(y) <
—1(z), therefore ¢ = —@. This shows that in fact

Wi(p,v) ZSUP{/Xstu—/XsodvrsOELip(X), Lip(p) < 1}.

In Chapter 2 we will be dealing with the case p = 2 in the context of random
matching. The duality formula, in the form of (2.2.1), plays an important role
also here, especially for providing lower bounds on the optimal cost. As hinted
before, one can restrict the maximization in (D) to the pairs (¢, ¢°), where
©°(y) = inf,ex d(z, y)* — ¢(z) is called the c-conjugate. In the chapter we will use
a different sign convention and introduce a semigroup performing this operation,
but the idea remains the same.






Chapter 2

A PDE approach to a
2-dimensional matching problem

2.1 Introduction

Optimal matching problems are random variational problems widely investigated
in the mathematical and physical literature. Many variants are possible, for
instance the monopartite problem, dealing with the optimal coupling of an even
number n of i.i.d. points X;, the grid matching problem, where one looks for the
optimal matching of an empirical measure ), %5 x, to a deterministic and “equally
spaced” grid, the closely related problem of optimal matching to the common law
m of X;, and the bipartite problem, dealing with the optimal matching of . %(5 X;
to Y, 2dy,, with (X;,Y;) iid. See the monographs [Yuk98] and [Tall4] for more
information on this subject. In addition to these problems, one may study the
optimal assignment problem [Coh04], where the optimization involves also the
weights of the Dirac masses dx,, and the closely related problem of transporting
Lebesgue measure to a Poisson point process [HS13|, which involves in the limit
measures with infinite mass.

In this chapter, based on [AST16], we focus on two of these problems, namely
optimal matching to the reference measure and the bipartite problem. Denoting
by D a d-dimensional domain and by m € (D) the law of the points X;, Y;, the
problem is to estimate the rate of convergence to 0 of

"1 " "

where p € [1,00) is the power occurring in the transportation cost ¢ = dP (also
the case p = oo is considered in the literature, see for instance [SY91] and the
references therein), by finding tight upper and lower bounds and, possibly, to
prove the existence of the limit of the renormalized quantities as n — co.

When m is the uniform measure, the typical distance between points is expected
to be of order n='/? and therefore it is natural to guess that the quantities

E
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Cnpa introduced in (2.1.1) behave as n™?/. Indeed, e.g. when D = [0,1]¢ and
m is the uniform measure, the 1-Lipschitz test function ¢(z) = min;|z — X
casily provides the deterministic estimate W,(3"; tox,, m) > Wi(Y, 26y, m) >
c(d)n='?. However, it is by now well known that the scaling n~?/¢ is correct for
d > 3, while it is false for d =1 and d = 2.

Despite plenty of heuristic arguments and numerical results, the following are
(as far as we know) the main results that have been rigorously proved to date,
not including our current contribution, (we focus here on the model case when
m is the uniform measure and we do not distinguish between optimal matching
to m and bipartite matching), denoting a,, ~ b, if both lim sup,, a,,/b, < co and
lim sup,, b, /a,, < oc:

e when D = [0,1] or D = T, then c¢,,;/n P ~ n?/? and, when p = 2,
lim ne, 21 can be explicitly computed, see [CS15];
n—oo

e when D = [0,1]%, then ¢, /172 ~ (logn)?/?, see [AKTS4];

e when D = [0,1]¢ with d > 3, then c¢,14/n" "% ~ 1 and the limit exists
[BMO02; DY95], for p € [1,d/2) one has ¢, ,q4/nP/¢ ~ 1 and the limit exists
[BB13], it is not known whether the limit exists for p € [d/2,00). In the
more recent paper [FG15] also non-asymptotic upper bounds have been
provided.

In particular, in the case d = 2, the convergence of (logn)/2¢, ,2/n"?/? as
n — oo and the characterization of the limit were still open problems (see for
instance [Tall4, Research problem 4.3.3] for the case p = 1), and this is specifically
the problem we set out to address.

Our interest in this subject has been motivated by the recent work [Car+14]
where, on the basis of an ansatz, very specific predictions on the expansion of

(S i)

have been made on the torus T, for all ranges of dimensions d and powers p. See
also [CS15] for the analysis of correlations. In brief, the ansatz of [Car+14] is
based on a linearisation (p; ~ 1 in C! topology, 1 ~ %|:ic|2 + f in C? topology) of
the Monge-Ampere equation

p1(V) det V4 = pg

n PR

(which describes the optimal transport map 7' = V4 from the measures having
probability densities py to p;), leading to Poisson’s equation —Af = p; — pp.
This ansatz is very appealing, but on the mathematical side it poses several
challenges, because the energies involved are infinite for d > 2 (the measures
being Dirac masses), because this procedure does not provide an exact matching



2.1. INTRODUCTION 9

between the measures (due to the linearization) and because the necessity of
giving lower bounds persists, as matchings provide only upper bounds. While we
are still very far from justifying rigorously all predictions of [Car+14], see also
Section 2.6 for a discussion on this topic, we have been able to use this idea to
prove existence of the limit and compute it explicitly in the case p = d = 2, in
agreement with [Car+14]:

Theorem 2.1.1 (Main result). Assume that either D = [0,1]* or that D is a
compact 2-dimensional Riemannian manifold with no boundary, let m be its volume
measure, and set " =", L0x, and V" =Y. L0y, X; and Y; being i.i.d. with law
mp =m/m(D). Then,

lim " E [W2(", mp)] = "), (2.1.2)

n—oo logn 47

In the bipartite case, if either D = [0,1]* or D = T2, one has

1
li E [W2(u" v")] = —. 2.1.3
R (W (", v")] = 5 (2.1.3)

Finally, in the case D = [0,1]%, if T*" denotes the optimal transport map from m
to u™, one has

. n
lim
n—oo log n

/D|E[T“"(f€) — z]|” dm(z) = 0. (2.1.4)

Figure 2.1 demonstrates some random matching samples. Notice in particular
the appearance of long range couplings in a significant portion of the domain. The
logarithmic correction (with respect to the higher dimensional asympotic rate) is
there to account for this phenomenon.

By the invariance of the statements under rescaling of the measure, we always
assume in the sequel that m(D) = 1. Using the spectral gap, standard results
related to the phenomenon of concentration of measure (see [GM83; Led01; BL16])
also yield that the random variables n(logn)~ W2 (u"™, m) converge in law to the
Dirac mass at 1/(47), more precisely (2.1.2) and exponential concentration yield

lim E {F (éwg(m,m)ﬂ = F (i) (2.1.5)

for any F': R — R bounded and continuous. See Remark 2.4.7 for more precise
results, whose proof can also be adapted to cover the bipartite case.

In our proof, the geometry of the domain D enters only through the (asymp-
totic) properties of the spectrum of the Laplacian with homogeneous Neumann
boundary conditions; for this reason we are able to cover also abstract manifolds,
as the two-dimensional sphere or the two-dimensional nonflat torus embedded in
R3. Even though in dimension d = 1 (but mostly for the case D = [0, 1]) a much
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more detailed analysis can be made, see Remark 2.4.2 and [BL16] for much more
on the subject, we include proofs and statements of the 1-dimensional case, to
illustrate the flexibility of our synthetic method.

Let us give some heuristic ideas on the strategy of proof, starting from the
upper bound. In order to obtain finite energy solutions to Poisson’s equation we
study the regularized PDE

SAfE =yt — 1 (2.1.6)

where u™" is the density of Pfu™ and P} is the heat semigroup with Neumann
boundary conditions, acting on measures. Then, choosing ¢t = yn~!logn with v
small, we have a small error in the estimation from above of ¢, 25 if we replace p"
by its regularization P;u™. Eventually, we use Dacorogna-Moser’s technique (see
Proposition 2.2.3) to provide an exact coupling between Pu and m, leading to
an estimate of the form

1 1
W2(P ™. m) < d mt |2 qm.
2( t K 7m>_/D<\/O (1_8)_{_8“7“ S>‘Vf | m

To conclude, we have to estimate very carefully how much the factor in front of
\% f”’t|2 differs from 1; this requires in particular higher integrability estimates on
V4.

Let us consider now the lower bound. The duality formula

1
SW3(p,v) = sup (—/ wdu+/ de>
2 W) —p(x)<d2(z,)/2 D D

is the standard way to provide lower bounds on Ws; given ¢, the best possible
1 = Q1 compatible with the constraint is given by the Hopf-Lax formula (2.2.2).
Choosing again ¢ = f™' the solution of (2.1.6), we are led to estimate carefully

%/lvfmtf_ <_/Df”’tu”’tdm+/DQ1fn’tdm)

in events of the form {supp|u™ — 1] <n} (whose probabilities tend to 1). We do
this using Laplacian estimates and the viscosity approximation of the Hopf-Lax
semigroup provided by the Hopf-Cole transform; in these estimates, lower bound
on the Ricci curvature play an important role.

In the bipartite case, the result can be obtained from the previous ones playing
with independence. Heuristically, the random “vectors” pointing from m to "
and from m to v" are independent and almost centered, and since (D) is
“Riemannian” on small scales when endowed with the distance W5, we obtain a
factor 2, as in the identity E[(X — Y)?] = 2 Var(X) when X, Y are i.i.d. random
variables. Interestingly, the rigorous proof of this fact provides also the information
(2.1.4) on the mean displacement as function of the position.
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The paper is organized as follows. In Section 2.2 we first recall preliminary
results on the Wasserstein distance and the main tools (Dacorogna-Moser interpo-
lation, duality, Hopf-Lax semigroup) involved in the proof of the upper and lower
bounds. Then, we provide moment estimates for \/n(u" —m).

In Section 2.3 we introduce the heat semigroup P, and, in a quantitative
way, the regularity properties of P, needed for our scheme to work. We also
provide estimates on the canonical regularization of the Hamilton-Jacobi equation
provided by the Hopf-Cole transform —o log P,e™f/?. The most delicate part of
our proof involves bounds on the probability of the events

{sup|u"’t(x) -1 > n} : for n > 0,
zeD

which ensure that the probability of these events has a power-like decay as n — oo
if t = yn~1tlogn, with v sufficiently large (this plays a role in the proof of the
lower bound). Finally, in light of the ansatz of [Car+14], we provide a formula for

n,t|2
EUDIW |dm],

where f™* solves the random PDE (2.1.6), and prove convergence of the renor-
malized quantity as n — oo, if t ~ n=!logn.

Section 2.4 provides the proof of our main result, together with Theorem 2.4.1
dealing with the simpler case d = 1. We first deal with the optimal matching to
m, and then we deal with the bipartite case.

In Section 2.5 we recover the result found in [AKT84] as a consequence of our
estimates via a Lipschitz approximation argument.

Finally, Section 2.6 covers extensions to more general classes of domains and
open problems, pointing out some potential developments.

2.2 Notation and preliminary results

2.2.1 Wasserstein distance

Let (D,d) be a complete and separable metric space. We recall (see e.g. [AGS08])
that the quadratic Wasserstein distance Ws(u, v) between Borel probability mea-
sures 4, v in D with finite quadratic moments is defined by

w2 =min{ [ dwastes) s e T |,

where I'(u, v) is the class of transport plans (couplings in probability) between
1 and v, namely Borel probability measures > in D x D having pu and v as first
and second marginals, respectively. We say that a Borel map 7" pushing p to v is
optimal if

W2 (1, v) = /D (T (x), 2) d(z).
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This means that the plan ¥ = (Id X7")xu induced by T is optimal.
The following duality formula will play a key role, both in the proof of the
upper and lower bound of the matching cost:

%WQQ(M,V)— sup (—/Dgodu—l—/]legodl/). (2.2.1)

p€Lipy (D)

In (2.2.1) above, Lip,(D) stands for the class of bounded Lipschitz functions on
D and, for t > 0, Qv is defined by the Hopf-Lax formula

Qip(y) = inf ( (x) + %d(w,y)Q) ) (2.2.2)

zeD

This formula also provides a semigroup if (X, d) is a length space, and Q;p 1 ¢ as
t40.

We recall a few basic properties of Q);, whose proof is elementary: if ¢ € Lip,(D)
then inf ¢ < Qyp < sup ¢ and (where Lip stands for the Lipschitz constant)

< 2[Lip(cp)]2 for all x € D.

Lip(Q:p) < 2Lip(p H—thp

In particular Lip,(D) is invariant under the action of @;. For ¢ € Lip,(D), the
key property of Q;p is

d 1
a@up + §|Vthp|2 <0 m-a.e. in X, forall t > 0, (2.2.3)

with equality if (D, d) is a length space (but we will only need the inequality). In
(2.2.3), |VQ:p| is the metric slope of Qyp, which corresponds to the norm of the
gradient in the Riemannian setting.

It is a classic fact that W3 is jointly convex, namely if u;,v; € (D), t; > 0,

Zf:l ti =1,
k k
= ZtiMm v = ZtiVi
i=1 i=1
then

Wi(u,v) < Zt W2 (i, vy). (2.2.4)

=1

This easily follows by the linear dependence w.r.t. ¥ in the cost function, and
by the linearity of the marginal constraint. More generally, the same argument
shows that, for a generic index set I,

W2 (/zmd@(i)’/zy’ dO(i ) /W2 (i, v;) dO(4) (2.2.5)
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with p;, v; and © probability measures, under appropriate measurability assump-
tions that are easily checked in all the cases in which we are going to apply this
formula.

The following result is by now well known, we detail for the reader’s convenience
some steps of the proof from [AGS08] (see also [Tue93] for more refined results).

Proposition 2.2.1 (Existence and stability of optimal maps). Let D C R¢
be a compact set, p,v € P (D) with u absolutely continuous w.r.t. Lebesque
d-dimensional measure. Then:

(a) there exists a unique optimal transport map T, from p to v.
(b) if vw — v weakly in P (D), then T;» — T in L*(D, u; D).

Proof. Statement (a) is a simple generalization of Brenier’s theorem, see for
instance [AGS08, Theorem 6.2.4] for a proof. The proof of statement (b) is
typically obtained by combining the stability w.r.t. weak convergence of the
optimal plans v ~ (Id xT}Y) (see [AGSO08, Proposition 7.1.3]) with a general
criterion (see [AGS08, Lemma 5.4.1]) which allows to deduce convergence in -
measure of the maps T}, to T" from the weak convergence of the plans (Id x7},)xpu
to (Id XT') pp. O

2.2.2 Transport estimate

Assume in this section that D is a compact connected Riemannian manifold,
possibly with boundary, whose finite Riemannian volume measure is denoted by m,
with d equal to the Riemannian distance. The estimate from above on W3 provided
by Proposition 2.2.3 below is closely related to the Benamou-Brenier formula
[BB00] (also [AGS08, Theorem 8.3.1]), which provides a representation of W3 in
terms of the minimization of the action fol [,,Ibe|? dpg dt, among all solutions to the
continuity equation % e +div(bgy) = 0. It is also related to the Dacorogna-Moser
scheme, which provides constructively, under suitable smoothness assumptions,
a (not necessarily optimal) transport map between 1o = uom and g1 = uym by
solving the PDE

{ Af=u; —ug in D, (2.2.6)

Vf-np=0 ondD

and then using the flow of the vector field b, = u; 'V f at time 1, with u, =
(1 — t)ug + tuy, to yield the map. We provide here the estimate without building
explictly a coupling, in the spirit of [Kuwl0] (see also, in an abstract setting
[AMS15, Theorem 6.6]), using the duality formula (2.2.1). This has the advantage
to avoid smoothness issues and, moreover, uses (2.2.6) only in the weak sense,
namely

_/D<v%vf) dm = /Dgo(ul —up)dm Vi € Lip,(D).
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Notice that uniqueness (up to an additive constant) of f in (2.2.6) is obvious.
Existence is guaranteed for u; € L*(m) with [, (u1 — uo) dm = 0 under a spectral
gap assumption, thanks to the variational interpretation provided by Lax-Milgram
theorem. Notice also that with the choice b, = u; 'V f the continuity equation
%ut + div(bsu;) = 0 holds, in weak form.

We will also need this definition.

Definition 2.2.2 (Logarithmic mean). Given a,b > 0, we define the logarithmic

mean ,
a—>b ! 1 N
M(ab)= —2—7  — - ds) .

(a,5) loga —logb (/o (1 —s)a+ sb 8)

This can be extended to a,b > 0 by continuity, so that M (a,0) = M(0,b) =
M(0,0) = 0.

Proposition 2.2.3. Let ug,u; € L*(m) be probability densities with ug > 0 m-a.e.
in X and let f € HY*(D,m) be any solution to (2.2.6). Then

IVf| i
dmds = [ —————d
W uom ulm / / 1— o U,O T mads I M(uo’ul) m

Proof. Let ¢ € Lip,(D), set us = (1 — s)ug + su; and notice that ug > 0 m-a.e. in
X for all s € [0,1). We interpolate, then use Leibniz’s rule and (2.2.3) to get

td
/(U1Q190—u(>90)dm:/ d_/ usQspdmds
D o 4S8 .Jp
! d
:/ /Us—Qs<P+(u1—u0)ngpdmds

/ /D |VQs<p| us — (Vf,VQsp) dmds

< / |Vf\ dmds.
2 D Us

Since ¢ is arbitrary, the statement follows from the duality formula (2.2.1). O

2.2.3 Bounds for moments and tails

In this subsection (D, d) is a complete and separable metric space equipped with
a Borel probability measure m. We assume diam D < oc.

For n € N*, let Xi,..., X, be independent and uniformly distributed random
variables in D, whose common law is m. Let p" = %Z?Zl dx, be the random
empirical measure. We define the measures " = y/n(u™ — m), where we use the
natural scaling provided by the central limit theorem. Our goal is to derive upper
bounds for the exponential moments exp(\ [ p fdr") and, as a consequence, tail
estimates for [ p fdr", related to classical concentration inequalities (Bernstein
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inequality), see e.g. [Tall4, Lemma 4.3.4]. For the reader’s convenience, we provide
a complete proof in the form that we need for our purposes.

Definition 2.2.4. For k € N and f € Cy(D), define the k-moments [ - ], € [0, o]

by
1= [ (- [ fdm)kdm(w)

], = Hf—/Dfdm

and

Lo (m)

Notice that [f], = 1, [f], = 0, [f], < Ifll, and |[fI315| < [f30fD%.

Moreover, [[]]3 is a quadratic form, therefore we introduce also the associated
bilinear form

matfo) = [ (1= [ ram) (s0) [ gam) amio)

Analogously, we consider also the following quantity

milra) = [ (1@~ [ fdm)2(9<x>— / gdm)Qdm@),

so that my(f, f) = [[f]]i'

Lemma 2.2.5 (Moment generating function). Let f € Cy(D) and A € R. Then

o (0 fr)] = oo s (1 [ ram)Jamiar}

- (1 t2 k'££1]2>

As a consequence

2o (n 10)] <o MWy (AU)) o
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Proof. 1t is sufficient to show the result for A = 1; the general statement then
follows by taking Af in place of f. By the definition of empirical measure we have

E [exp (/Dfdrnﬂ =E :exp (%;f(Xi)—\/ﬁ/Dfdmﬂ

Elexp(/[)fdr”)} _{1+i£ﬂ%}n—{l+i%}n

§Z°° s : f1; M\
= {1 * [27]]1 Pt k[:[!rg]k/z} =\ [[27]]1 P (H\/Hﬁ )}
111 [T
< exp exp ( \/ﬁ )]
[

Lemma 2.2.6. Let f,g € Cy(D). Then

B (/Dfdr”)2] — /1% E[(/Dfd) (/ngﬂ —ma(f,g), (2:28)
and
s|([rar) ([ gdr“)2] = [URL + 2ma( 9] + (. 9)
< 3" Bl + ~ IRL:

Proof. Since

o (3 [ 1)) - [( ] fdrn)k],

it is sufficient to compute the second and fourth derivatives with respect to A
at A = 0 in the expression for E [exp ()\ | Iy d'r’”)] provided by Lemma 2.2.5 to
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obtain, respectively, the first identity in (2.2.8) and

(/D fd?"n>4] = 3”; LI + %mj

The remaining two identities follow by polarization. ]

E

For ¢,n > 0, define the function
>\2
F(c,n) =sup ¢ An — —exp(cA) p > 0. (2.2.9)
A>0 2

Notice that F'(c,n) is decreasing in ¢, increasing in 7 and that the formula

- )2 :
cF(c,n) =supy cAn — e exp(cA) p = sup A'n — 5 exp(\)

A>0 >0

shows that cF'(c,n) is increasing in ¢. We will use the function F' to estimate the
tails of fD fdrm.

Lemma 2.2.7 (Tail bound). Let X be a real random variable such that, for some
c1,co > 0,

2
Elexp(AX)] < exp {% exp(|)\|02)} VA eR.

Then for every n > 0 we have

P(X| > 1) < 2exp [— Lp (—n)] |

C1 &1

Proof. We have P(|X| > n) < P(X > n) +P(X < —n). For the first term and
A>0

P(X >n) = ]P’(exp(AX) > exp()\n))

2
< Elexp(AX)] exp(—An) < exp {% exp(Acg) — An] :
Hence

)\261
< i — —
P(X >n) <exp [/1\1;% ( 5 exp(Acg) )\n)]

1 . )\2 Co
= exp L—l /1\2% {?exp ()\C—1> — )\77}} )

For the other term, we use the fact that P(X < —n) = P(=X > n) and —X
satisfies the same hypothesis. ]
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2.3 Heat semigroup

In this section we add more structure to D, assuming that (D, d) is a compact
connected Riemannian manifold (possibly with boundary) endowed with the
Riemannian distance, and that D has finite diameter and volume. Then, we can
and will normalize (D,d) in such a way that the volume is unitary, and let m be
the volume measure of (D, d). The typical examples we have in mind are the flat
d-dimensional torus T? and the d-dimensional cube [0, 1]¢, see also Section 2.6 for
more general setups.

We denote by P, the heat semigroup associated to (D, d, m), with Neumann
boundary conditions. In one of the many equivalent representations, it can be
viewed as the L?(m) gradient flow of the Dirichlet energy 1 [,,|Vf|*dm. Standard
results (see for instance [Wanl4]) ensure that P; is a Markov semigroup, so that
it is a contraction semigroup in all L? N L?*(m) spaces, 1 < p < oo; thanks to
this property it has a unique extension to all LP(m) spaces even when p € [1,2).
Moreover, the finiteness of volume and boundary conditions ensure that P, is
mass-preserving, i.e. t — [, P,f dm is constant in [0,c0) for all f € L'(m) and
thus it can be viewed as an operator in the class of probability densities (which
correspond to the measures absolutely continuous w.r.t. m). More generally, we
can use the Feller property (i.e. that P, maps Cy(D) into Cy(D)) to define the
adjoint semigroup P, on the class M of Borel measures in D with finite total

variation by
[ raru= [ pau
D D

and to regularize with the aid of P} singular measures to absolutely continuous
measures, under appropriate additional assumptions on P;. Since P; is selfadjoint,
the operator P} can also be viewed as the extension of P; from L'(m) to M;
occasionally, when there is no risk of confusion, with a slight abuse of notation we
consider also P}, t > 0, as an operator from M to L'(m).

We denote by p,(z,y) the transition probabilities of the semigroup, character-
ized by the formula

Bﬂ@zém@wﬂMMWL

so that
P} 6y = pi(xg, -)m  forall zp € D, t > 0.

The infinitesimal generator of P; is nothing but (the extension of) the Laplace-
Beltrami operator on D, which we denote by A. Besides the “qualitative” proper-
ties of P, mentioned above, our proof depends on several quantitative estimates
related to P;.

Quantitative estimates on F;. We assume throughout the validity of the
following properties: there are positive constants d, Css, Cyc, Cge, Cyt, Car and K
such that for all ¢ > 0 one has
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(SG) spectral gap: ||P,f]l, < e~| f||, for any f € L?*(m) with [, fdm =0,

GE

)

(UC) ultracontractivity: |pi(z,y) — 1| < Cuet =2 for all z,y € D,
(GE) gradient estimate: Lip(p(z, -)) < Cget~@™/2 for all z € D,
(RT)

Riesz transform bound:
/ V| dm < crt/ (—A)2f [ dm,
D D

(DR) dispersion rate: [, d*(x,y)pi(x,y) dm(y) < Cqt for all z € D,
(GC) gradient contractivity: |VB,f|(z) < Xt PV f|(z) for all x € D.

In the sequel, since many parameters and constants will be involved, in some
statements we call a constant geometric if it depends only on D through d, Cs,,
Cuc, Cge, Crt, Cgr and K. The validity of these properties on a wide class of
compact Riemannian manifolds is known, we refer e.g. to the monograph [Wan14],
chapter 1, for a detailed discussion of the case where D has no boundary, and
chapter 2 for that with (convex) boundary. Here we notice that (SG) is equivalent
to a Poincaré inequality, (GC) is equivalent to a lower bound on Ricci curvature
by —K, (RT) holds if the Ricci curvature is non-negative [Bak87, Theorem 4.1]
or, more generally, using also (SC) and (UC), bounded from below (see Remark
2.3.5 at the end of this section). The assumption (UC) is related to the validity
of Sobolev inequalities, see e.g. the abstract equivalence result [VSC08, Theorem
I1.4.3], taking into account that in the compact case one has to subtract averages,
hence the term —1 in (UC). Property (DR) follows from an upper bound on the
Laplacian of the distance squared from any fixed point, and (GE) is a consequence
of the others, see (2.3.4). Let us draw now some easy consequences of these
assumptions.

Spectral gap implies that for f € L?(D,m) with Af € L?(D, m) we have the
representation

) = /D fdm + /0 T (PAS) () dt. (2.3.1)

Ultracontractivity entails that P, : L' — L continuously for ¢ > 0, because

|Pef ()] < /Dpt(x,y)f(y) dm(y) —/Df(y) dm(y)‘ 1l < (Cact™ 2+ DIIFIL-

Hence, by interpolation and duality, P, : LP — L% continuously for any 1 <
p < g < oo, with [, < C(1+ tfg(%ﬁ)), for some geometric constant C,
possibly depending also on p and ¢q. If p = 1, by approximation we also get
Pr: M — L% continuously for 1 < ¢ < oo, where M is of course endowed with

the total variation norm. Notice also that

[o:(- )15 < [pel - 9)]o < Cuct™? (2.3.2)
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because

[P+l = /D (pe(z.y) — /D pi(,y) (pi(w,y) — 1) dm(x)
< [pe( -, )]] /pt(x y)dm(z) = [pi( -, )]] < Cut™ /2.

Writing 1 = [}, 6, du(z) and (DR) in the form W3(P}d,,d,) < Cqt, from the
joint convexity of W3 (2.2.5) we obtain

W3 (P, 1) < Cagt.

By duality, see [Kuw10], the gradient contractivity property leads to contractivity
w.r.t. Wy distance
W3 (P, Pv) < MW (u,v).

Moreover, it implies that for some geometric constant C' we have
IVflle < ClIAf (2.3.3)

for every f € L*(D,m) with Af € L>(D,m). Indeed, from Bakry’s work (see
[BGL14] and [Wanll)), it is known that (GC) implies the reverse Poincaré
inequality

K

VPl < . [Pi(¢®) = (Pg)?] < m”gﬂi,

2Kt _ |
hence the bound ||V Pg||, < ct='/?||g||, for t € (0,1] and some geometric constant

c. Using the representation formula (2.3.1) and the previous estimate with g = A f
and g = P,_1Af we obtain (2.3.3) as

[e'e) 2 00
VAL < / IVBAS| dt = / IVRAF|L dt + / NI
0 0

2

2 oo
(18s [ e ate 1P IR0 0)
0 2
< (2VB Pl [ e O0at) s

Using the same bound, we also have, for z € D, t € (0, 1],

Lip(pi(@, -)) = VE Gl < e(t/2)7 2| Pja(0s — m)|| o < € Cuclt/2)” 4TV,
(2.3.4)
which shows that (GE) above is actually a consequence of (SG), (UC) and (GC)
(for t > 1, one uses (SG) to obtain even exponential decay).
In the following lemma we collect some further consequences of the gradient
contractivity assumption (GC).
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Lemma 2.3.1. For every s > 0 and g € Cy(D) one has

ming < —log (Pe™?) <maxg, hence |—log(Pe )| <llglle. (2:3.5)

IV log (Pee™) |l < €[Vl (2:3.6)

Proof. Write G = e™9. Inequality (2.3.5) follows from the fact that P, is Markov
and the inequalities e™ ™9 < G < e~ ™19, In order to prove (2.3.6) we use (GC)
to get

VP,e 9 P, (|Vgle™?
:| € | <€K+s (| g|€ )<6K+SHV9HOO' ]

-9
]Vlog(Pse )\ Pov = Pos <

Lemma 2.3.2 (Viscous Hamilton-Jacobi). Assume that D is a compact Rie-
mannian manifold without boundary. Let o > 0, f € C(D), and define, for
t>0,

¢; = —olog (P(Jt)/Qeif/U) .
Then ¢ € C([0,400) x D) N C>((0,400) x D) solves

R
Opp] = 5 + §Ag0t in (0,400) x D, (23.7)
vy =1f in D.
Moreover

minf < ¢ <maxs,  Jefll < 1] (2.38)

V7|l < e Ve, (2.3.9)

2Kttt _q )
(A6 o < AR oo + IV (2:3.10)

05 (y) — 3(z) < (:céy) +%||(Af)+||oo+%(ezf< “DIVAR,  (2.3.11)
1, opt ik
[t = eam < e (180 e+ 5@ =019 ) [ T am.

(2.3.12)

Proof. The smoothness of ¢f for positive times follows by the chain rule and
standard (linear) parabolic theory. To check that ¢7 solves (2.3.7), it is sufficient
to compare

o? AP(O—t)/Qe_f/U

o] = ——
N 2 Ploypefle
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with the terms arising from the application of the diffusion chain rule

2
o o e
EAQD? = —?AIOg (P(gt)/ge I/ )

o2 AP(Ut)/Qe_f/a o? 2

Vp(gt)/ge_f/g
2 P(Ut)/ze_f/" 2

2.3.13
Ployype=f17 ( )

1 ag
=0l + 5|Vl
Inequalities (2.3.8) and (2.3.9) follow in a straightforward way, respectively

from (2.3.5) and (2.3.6) of Lemma 2.3.1, with s = (¢t)/2 and g = f/o.
To prove (2.3.10) we use Bochner’s inequality

V7|

85

> —K|Vgl|* + (Vo] VAEY),

which encodes the bound from below on Ricci curvature, and, setting & = Ay,
we get

o o
0% < KIVEil = (V] V&) + 206 < KX VI - (Vi V&) + 2A&

which, by the maximum principle (here we use that D has no boundary), leads to
(2.3.10).
To prove (2.3.11), let v € C'([0, 1], D), with (0) = z, v(1) = y, and compute

%sof(v(t)) = (07) (V1) + (V) (v(1)) ¥ (2))

1 o ‘
=5Vl (v () + SA¢7 (1) + (V) (v(1) , 4(0)) - (2:3.14)
1. o "
< 5!7(t)|2 + 5 1(Ag ) o
Integrating over t € (0,1) and using (2.3.10), we obtain

o

1/t N
A0 = e5(@) < 5 [ HOF e+ AN I+ T — DIV

which yields (2.3.11) after we take the infimum with respect to 7.
To show (2.3.12), we notice first that

1
/(wg—wi)dmz —/ / Oypy dt dm
D D JO
1 1 9 o 1 .
= - Vo2 dmdt — = Ag? dmdt (2.3.15)
2 0 D 2 0 D

1 1
25/0 /D|V<p;'|2dmdt,
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where the second term vanishes because D is without boundary. For ¢ € (0,1),
one has

G fvertam == [ @enoram=—2 [ (a0 dm
D
- / <Asot>|wt|2—a / (AgD)? dm (2.3.16)

< 1AGD) L [ [Vt am.

Combining (2.3.15) and (2.3.16) and taking into account the estimate (2.3.10) on
Ap?, inequality (2.3.12) follows by Gronwall’s inequality. [

Corollary 2.3.3 (Dual potential). Assume that D is a compact Riemannian
manifold without boundary. For every Lipschitz function f with [[(Af) ||, < oo
there exists g € Cy(D) such that

d(z,y)?
2 )

(2~ HVfII) VI

Proof. For o > 0, consider the functions ¢ = ¢7 solving the initial value problem
(2.3.7) with f replaced by — f. Inequalities (2.3.5) and (2.3.6) entail that g7 are
uniformly bounded in the space of Lipschitz functions: as ¢ — 0, we can extract
a subsequence (¢°") pointwise converging to some bounded Lipschitz function
g. Inequality (2.3.11) gives in the limit the first inequality of the thesis, while
(2.3.12) yields the second one, by dominated convergence. O

flx)+g(y) <
[+ gam=—eo <H(Af)||oo n

N —

Remark 2.3.4 (On the equality ¢ = Q1(—f)). Recall that the theory of viscosity
solutions [CL83; BCI7] is specifically designed to deal with equations, as the
Hamilton-Jacobi equations, for which the distributional point of view fails. This
theory can be carried out also on manifolds, see [Fat08] for a nice presentation
of this subject. Since one can prove (using also apriori estimates on the time
derivatives, arguing as in Corollary 2.3.3) the existence of a function ¢, uniform
limit of a subsequence of ¢7, since classical solutions are viscosity solutions and
since locally uniform limits of viscosity solutions are viscosity solutions, the
function ¢, is a viscosity solution to the HJ equation dyu + %|Vu|2 = 0. Then, if
the initial condition is — f, the uniqueness theory of first order viscosity solutions
applies, and gives that ¢, is precisely given by Q.;(—f), as defined in (2.2.2).
Setting ¢t = 1, this argument proves that actually the function g of Corollary 2.3.3
coincides with Q1(—f), and that there is full convergence as o — 0 (see also
[Cap03] for a proof of the convergence, in Euclidean spaces, based on the theory of
large deviations). We preferred a more elementary and self-contained presentation,
because the weaker statement g < @Q;(—f) provided by the Corollary is sufficient
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for our purposes, and because our argument works also in the more abstract
setting described in Section 2.6 (in which neither large deviations nor theory of
viscosity solutions are completely developed), emphasizing the role played by the
lower Ricci curvature bounds.

Remark 2.3.5 ((RT) and (GC)). As already remarked, if (GC) holds with K < 0,
then [Bak87, Theorem 4.1] implies the validity of (RT). For general K, the same
result yields the bound

IVAl < C =22 F 1+ £ (2.3.17)

for some constant C' depending on K only. Below, we prove that, assuming (SG)
and (UC), the Poincaré inequality

e

holds, with C' depending on Cy, and Cy only, so that (RT) follows also in this
case, noticing that one can always replace || f||, with ||f — [, fdm]|, in (2.3.17).

To prove (2.3.18), we assume without loss of generality that || pfdm =0,
and introduce the semigroup R, generated by (—A)Y2, which can be explicitly
represented via Bochner subordination [BF75, Example 9.23] as

0 t +2
R f = ——e P, fds. 2.3.19
f / — e SRS (2.:3.19)

This representation and the bound || Ps||, ., <1 give that || R¢||,_,, < 1. Moreover,
using (SC), (UC) and the inequality || f||, < || f]l,, we have

oo t _ﬁ
||Rtf||4§/0 me 4 || Py fll, ds

1 o
t 2 t 42
< % ds+/ _ b Bip e Cals) ds) .
B (/o VAdms3/? L VAns3/? (R e /14

Simple estimates on the integrals above show that || R, f||, < 3| ]|, for any ¢ > C,
with C' depending on Cy, and C, only. On the other hand, the representation
Rif —f= fot Ry(—=A)'2 f ds holds for any ¢ > 0, hence, if t > C,

< CI(=A)"2 1y (2.3.18)
4

1
1Flls < WReflly + RS = flly < SN+ HI=2)2F,
which yields (2.3.18).

2.3.1 Density fluctuation bounds

Recalling the notation " = L 3" 4y, " = \/n(u" — m), we now define our
regularized empirical measures.
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Definition 2.3.6 (Regularized empirical measures). For ¢ > 0 define
Mn,t — Pt* n7 Tn,tm — F)t* n o__ \/ﬁ(ﬂn,t o m)7

so that for ¢ > 0 one has
i) = [ ) -
D

The goal of this subsection is to collect apriori estimates on the deviation of
r™t from 0.

Lemma 2.3.7 (Pointwise bound). Fory € D and n > 0 one has

P <W% > n) < 2exp (—Zg:jF(Ln)) : (2.3.20)

where F' is defined in (2.2.9).

Proof. Consider the random variable X = v"*(y)/v/n = [, p:(-,y)//ndr". By
(2.2.7) with f = p(-,y)/+/n we have

Elexp(AX)] < exp [W exp (| A'M)]

< )\2 CUC A CUC

> €Xp ? ’ ntd/2 eXp | |ntd/2 )
where in the second inequality we used (2.3.2). Then Lemma 2.2.7 with ¢; = ¢ =
Cye/(nt%?) implies (2.3.20). O

Lemma 2.3.8 (Deterministic bound). With probability 1 one has

) — ()] 2
T < ngdn.2).

Proof. Using (GE) and the fact that the total variation of the measures r™ is 2/n,
we get

™t (y) —r™'(2)]

NG

/D (pe(z,y) — pi(, 2)) dr:;(ﬁx)

<) [ Lo )T < Fa). O

AN

We shall need another geometric function related to D.

Definition 2.3.9 (Minimal d-cover). In the sequel, for § > 0 we denote by Np(J)
be smallest cardinality of a d-net of D, namely a set whose closed d-neighbourhood
contains D.
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Proposition 2.3.10 (Uniform bound, d = 1). Assume that ultracontractivity
holds with d = 1 and that Np(§) < max{l,Cpd~'} for all 6 > 0. Then there
ezists a constant C = C(Cye, Cp) with the following property: for alln € (0,1),
q € (0,1) and n~'n21 <t < 4C,Cp, we have

n,t
P (sup M > 77) < Cexp (—vnl_q)
yeD n
with v = v(n, Cye) and n > n(n, q, Cye).
Proof. We pick § = ﬁt, so that, by Lemma 2.3.8, with probability 1 we have
r™H(y) — ™ (2)]
Vn

Let T be a minimal d-net. Then the condition ¢ < 4C,.Cp implies Cpd—* > 1,
hence

<

N3

for any y,z € D with d(y, z) <. (2.3.21)

IT| < Cpét =

4l < 4C,Cpn*.
U

From an application of Lemma 2.3.7 with 7/2 instead of 1 we get

™)l n nt!/?
P — | <2|T — F(1,n/2
(s 0> 2 < oo (- b P02

1—q

n
< 8C4Cpexp (2(] logn — mF(l,n/Z))
< 8C(gectD exXp (—7711_(1) )

where the last inequality holds with v = F(1,7/2)/(4n'/?Cy.) and n > n(n, ¢, Cyc),
absorbing the logarithm logn into the power n'~¢. We conclude since

™ (y)] ) ( ™ (y)] 77)
P { sup > <Plsup———> < |. O
(yGD \/ﬁ 7 yeT \/ﬁ 2

Proposition 2.3.11 (Uniform bound, d = 2). Assume that ultracontractivity
holds with d = 2 and that Np(0) < max{1,Cpd—2} for every § > 0. Then there
ezists a constant C' = C(Cye, Cp) with the following property: for all n > 0 there
exists v = y(n, Cyc) such that

[t (y)] ) C
P _— > < —
(sp o) <

holds for (16CpC2)Y3 >t > yn~tlogn and n > n(n, Cuc).

Proof. Given n > 0, we choose 7 in such a way that vF'(1,1/2)/(2Cy.) = 4. Then,
we define n(n, Cy.) in such a way that vlogn > n=2/3 for n > n(n, Cy.).
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We pick 6§ = ﬁti”/ 2 so that, by Lemma 2.3.8, with probability 1 we have
(2.3.21). Let T be a minimal d-net. Then the condition t* < 16CpCy, implies
CD5_2 >1,

16Cche

IT| < Cpd 2 = t3 <16CpC2n

where we used also the inequality ¢ > yn~'logn > 1n~2/3/n. From an application
of Lemma 2.3.7 with 1/2 instead of n we get

|7’n’t(y)’ n nt
(ZeTp Jno o 2)° T ext 2C, (1,m/2)

F(1,n/2
< 320DC exp (3 logn — 7% log n) .

Our choice of v then gives

n.t 320 C2
P ( sup ™)l n < 3%0pC -
yeT \/ﬁ 2 n

We now report some estimates on the logarithmic mean.

Lemma 2.3.12. For a,b > 0 and q > 0 we have

—b aq +b7 a—0>
b)":——— < M(a,b : .
(CL ) ad — b (CL ) 2 ad — b4
Proof. 1t is known that
b
Vab < M(a,b) < a; . (2.3.22)
The thesis follows by applying these inequalities to a? and 9. ]

In the following lemma we estimate the logarithmic mean of the densities of
w1™t¢ obtained by a further regularization, i.e. by adding to p™! a small multiple
of m.

Lemma 2.3.13 (Integral bound). Define p™"¢ = (1 —c)u™" + cm and let u™¢ =
(1 — c)u™t + ¢ be its probability density, with ¢ = c(n) € (0,1]. If 92 = t4/2(n) >
yn~tlogn and nc(n) — oo as n — oo, then

lim E U (M(u™, 1) —1)*dm| = 0.
n—oo D
Proof. Fix x € D and n € (0,1). By Lemma 2.3.7 we have

P (]u”t(x) -1 > 17) <2n79,
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where ¢ € (0,1) depends only on d, Cy, 7 and 7. In the event {|u™!(z) — 1| > n},
using the first inequality in Lemma 2.3.12 we can estimate the squared difference
with the sum of squares to get

2 1 uvbe(z)? — 1\ 2
M(ute(x), 1) = 1) < = 2< = 42
( (U, (l’), ) ) — q2 un,t,c(x)q (un,t,c(x) —1 > t2s q2cq +
In the complementary event {|u™'(x)—1] < n}, we have [u™"(z)—1| < (1—c)p <7
and, expanding the squares and using both inequalities in (2.3.22), we get
1 4 1 4

M n,t,c 1*1_12< — 1<—— —
(M), )7 1) < s s LS e

Therefore

9 1 4
K Mt 1)~ — 1) dm| < 2n71 2+ — - = 41
UD( (1) ) m}_ " <q26(n)q+ )+1—77 2+77+’

hence the growth condition on ¢ gives

1 4
limsup E Mu”’t’c,11—12dm]<———+1
Letting n — 0 we obtain the result. [

2.3.2 Energy estimates

Retaining Definition 2.3.6 of ™! from the previous subsection, here we derive
energy bounds for the solutions to the following random PDE:

{ At = pmt in D,

2.3.23
Vit -np =0 ondD ( )

which are uniquely determined up to a (random) additive constant. As we will
see (particularly in Section 2.6), these estimates involve either the trace of A or
sums indexed by the spectrum o(A) (which contains {0} and, by the spectral
gap assumption, satisfies o(A) C (—oo, =CZ] U {0}); it is understood that the
eigenvalues in these sums are counted with multiplicity.

We recall the so-called trace formula

/ ps(x, ) dm(z Z e (2.3.24)
D A€o (A)
which follows easily by integration of the representation formula
po(zy) = Y ePun(z)ua(y),
A€o (A)

where {uy}reo(a) is an L?(m) orthonormal basis of eigenvalues of A.
The following expansion (2.3.25) of the trace formula as s — 0 will be useful.
In this paper we will only use the leading term in (2.3.25).
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Proposition 2.3.14 (Expansion of the trace formula). Let D be a bounded
Lipschitz domain in R? with unit volume. Then

/Dps(x,a:) dm(z) = (4ms)~*? (1 + @%“@D) + 0(\/§)> as s — 0.

(2.3.25)
The same holds if D is a smooth, compact d-dimensional Riemannian manifold
with a smooth boundary (possibly empty).

Proof. The first statement is proved in [Bro93]. The second one, also with
additional terms in the expansion, in [MS67]. O

Lemma 2.3.15 (Representation formula). Let f™' be the solution to (2.3.23).
For allt > 0 one has

E[/D\Vf"’t\zdm] :2/:0 (/ngs(x,x)dm(x)—l) ds=— ) ?

Ao (2)\(0)
(2.3.26)

Proof. Using the representation formula g = — fooo P,Agds with g = f™' we get
frt=— [ Par™tds, so that

/|Vf”t| dm = /f”tAf”tdm /(/ Pr”tds) r™t dm
Pr”tr"tdmdS— P, jor™' P, or™t dm ds
/ /
:2/ /(Ps*r”) dmds.
t Jb
(2.3.27)

Now, notice that the symmetry and semigroup properties of the transition proba-
bilities give

//psxy )2 dm(z) dm(y //ps:z:ypsy, x) dm(y) dm(x)
:/Dpzs(:v,$) dm(z).

Hence, by Lemma 2.2.6 with f = p,(-,y) we can compute
B | [zrpan] = [ [ )7] an)
- [E|([ nten d?""(w)>2] am(y)
~ [ IConBant) = [ [ (puGo) = 1)* din(o) dmy)

_ /D /D pel,y)? dm(z) dm(y) — 1 = /D poa(, 2) dm(z) — 1.
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By the trace formula (2.3.24), (2.3.26) follows. O

The following lemma basically applies only to 1-dimensional domains, in view
of the ultracontractivity assumption with d = 1.

Lemma 2.3.16 (Energy estimate and convergence, d = 1). Let f™* be the solution
0(2.3.23). Ift =t(n) — 0 as n — oo, then

lim E UD\Vf"’dem} = /OOO </Dps(w,x) dm(z) — 1) ds=—

Xea(A)\ {0}
(2.3.28)

> =

If ultracontractivity holds with d = 1 we have also

(/D|Vf"’t|2dm)2] < 00 (2.3.29)

and, in particular, the limit in (2.3.28) is finite.

limsup E

n—oo

Proof. The identities (2.3.28) follow by (2.3.26) by taking the limit as n — oo. If
ultracontractivity holds with d = 1, we show that the limsup in (2.3.28) is finite
by splitting the integration in (¢, 1) and (1,00) in the identity

U\Vf"ﬂ dm]—Q/ // po(a,y) — 1) dm(z) dm(y)ds,  (2:3.30)

which is a by-product of the intermediate computations made in the proof of
Lemma 2.3.15. For s € (¢,1) we estimate

/D/D(ps(x,y) - 1)2dm(x) dm(y) < cuC3—1/2/D/D,ps(x’y) 1) dm(z) dm(y)

< 20,572,

For s € (1, 00) instead

// po(z, ) — 1)° dm(z) dm(y /||ps P65, — m)||? dm(y)

0o 1215, — wl dm(y)

< 4||P;\|M%Qe—2%<s D,

In conclusion, for some geometric constant C, one has

1 o0
E {/ |Vf"’t|2dm] <C (/ s 12 ds +/ e~ 2Ckes d3> :
D t 1

from which the finiteness of (2.3.28) readily follows.
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To show (2.3.29), we start from (2.3.27) and, with the aid of Lemma 2.2.6, we

can estimate
%) 2
(2/ /(P;r")2 dmds) ]

E </|Vf”’t|2dm>2
—4 / / / / P* n( (P;r”(z)ﬂ dm(y) dm(z) ds ds’
[ [ oo

+ - [[ SCoy)lilpe (-, 2)] )dm(y) dm(z) ds ds’

(//ps,wy |
(//[[ps ]]4dm<>d)

S 2 [ wkanmas)

Aea(A)\{0}

In order to show that the lim sup of last integral is finite we split the integration
n (¢,1) and (1,00). For s € (t,1) we use

DI < [ () = 1) i)
< O3 / pal. ) — 1] dm(z) < 203,572,

For s € (1, 00) instead

[ )i < Coes™ oo+,
< Cles MG, —m)|l; < Cle 2F 7V Pr (s, — m)].

Putting these estimates together,

oo 1 e’
/ [p(- )] ds < V303 / s ds 4 Coel| P25, — m)]l, / e~ Cuxls) g,
t t 1

which is bounded, uniformly in y and ¢, because || P{(6, —m)|ly, < 2||Pf|| vy p2- O

Lemma 2.3.17 (Renormalized energy estimate and convergence, d = 2). Assume
that ultracontractivity holds with d = 2. Let f™' be the solution to (2.3.23). If
t=1t(n) - 0asn— oo andt > C/n for some C > 0, then

. 1 n

n—oo
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In particular

lim sup
n—oo 1

E [/]Vf"’tﬁdm} < 00. (2.3.32)
D

Moreover, under the assumptions on D of Proposition 2.3.14, one has

UIVf’”I dm} = i. (2.3.33)

Proof. As in the proof of Lemma 2.3.16, we start from the representation formula
(2.3.30), and we consider the cases s € (¢,1), where we use ultracontractivity with
d=2and s € (1,00). We obtain, for some geometric constant C,

1 00
E [/|vf”’t|2dm] <C (/ s—lds+/ e~ 2Cks ds) < C([logt| + 1),
D t 1

from which (2.3.32) readily follows. To prove (2.3.33), we notice that the same
argument actually gives that

1 n,t|2
|10gt|E[/D\Vf |”d ] |logt| (/pzs:c:c dm(z) — )ds

is infinitesimal as n — oo. Combining this information with (2.3.25) of Proposi-
tion 2.3.14, we obtain (2.3.33).
To deal with (2.3.31), we introduce the Paley-Littlewood function

st = ([ eorar )"

Using the Riesz transform bound and the fundamental theorem [Ste70] [|g||} <
cpHS(g)Hg for any p € (1,00) and g with [, gdm = 0, we obtain

lim

/ V" dm < Ci / (=) dm < Ceey / S ((=2)2f4)" dm
D
= Crcy / / / (D Pu(—A) 2 1) 5 (9 Py (—A) 2 ) dm ds ds'.

Using the fact that 9,P, = AP, and that the operators A, P, and (—A)Y2? commute
we have

0Py (— D)2 fmt = (=) 2P ™,
so that

/D|Vf”’t]4dm < C’rtc4/0 /0 /D((—SA V2P ) ((=s'A)2Py ) dmdsds’.

Consider the operator T? : L?*(m) — L*(m), represented by the kernel K!,

(T ) (y) = ((—sA)V2PE, ) (4) = /D K (e, ) dyu(x)
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and notice that
| Kiw) dm(a) = Tim(y) =0
D
In addition, since T is self-adjoint, the kernel K! is symmetric and
Tio.(y) = Ki(z,y) = K{(y, ). (2.3.34)

Taking the expectation of the integrand,

E|((—sA)"?PL™) (y AV PPyt )2(1/)] E [(Tir)*(y)(Tor™)* (y)]

() ((—
(/ K, ) dr( )) </I)K§,(x’,y)dr"(x’)>2]
[[Kt( )ﬂ;[[Kif(ny)ﬂngﬁ[[Kt( ITIEL )]

Integrating in s and s’ we obtain

<3

n

/ / [ —sA)2PE ) () ((—5' )PP o) (y )} dsds’

<3 [uecama) « ( [Cuc )

Since (P;)>0 is a bounded analytic semigroup, complex interpolation yields that,
for p € (1,00), (=TA)Y2P, )5 : LP — LP is continuous with norms uniformly
bounded for 7 > 0 [Yos80, Sections X.10-11], hence we have the estimate

(K- 0], = [T56,], = 1 T58,1l,, = HTt(5 —m)||p
= H —sA) /2P8/2 s/2+t H
< Gyl Pyaie (9 )||p7

where in the first equality we used (2.3.34). We consider

/ [K(- p)]2ds < C / 1P000(5, — m) 2 ds = 22 / |P2 (5, — m)2ds.

Now we split the integrals for s € (£,2) and s € (2,00). In the former interval we
use the estimate

17266, =l = ( [ (o) - 1|pdm<x>>1/p
< ([ sy o) = 1lamio)) "

< 21/pcl(£fl)/psf(pfl)/p.
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In the latter interval we use the estimate
125 (0y —m)||,, = | PrPs—2) Py (6, — m)]],
<Pl paeypoe” @52 Py (5, — m) |,

<Pl o 1P s o™ =210, — m o,
S QGQCSg ngs‘

Prll oo 1P s o€

Putting these estimates together, in the case p = 2 we have

00 2 00
/ |1P; (8, —m)|[5ds < C (/ s tds —|—/ 20k ds) < C(|logt| + 1)
¢ t 2

for some geometric constant C'. In the case p = 4 we have also

[e.e] 2 0o 1
/ |25 (6, _m)HidS <C (/ 572 ds +/ e~ 208 ds) <C (— + 1) .
t t 2 Vit

This yields

In conclusion

. 1 C n-1_ ., 1 1
EUD'W 'd“‘] <1ogt>2§<1ogt>2/p( n Uos?) *Wﬁ) dm(y)

<C |1+ = + !
- (logt)’nt ~ (logt)?n

is uniformly bounded as n — oo by the assumptions on t = ¢(n). O

2.4 Proof of the main result

In this section we prove Theorem 2.1.1. In the proof of the upper bound we need
only to assume the regularizing properties of P, listed in Section 2.3; in particular
this inequality covers also the case D = [0, 1]* and compact 2-dimensional Rie-
mannian manifolds with smooth boundary. In the proof of the lower bound we
need also to assume that D has no boundary; by a comparison argument, since
the distance in T? is smaller than the distance in [0, 1]%, we recover also the lower
bound for D = [0, 1.

We include also the 1-dimensional case (whose proofs are a bit simpler), which
covers the case of the interval and the case of the circle. For brevity we state
the result only in the Riemannian case, but the strength of this method relies in
the fact that it can be extended to more general 1-dimensional spaces (see also
Section 2.6).
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Theorem 2.4.1. Assume that either D = [0,1] or D = T' and let m be the length
measure. Then {
: 2/ n _ -
lim nE [Wi(u"m)] =~ > <.
Ao (A)\{0}

In particular, from Euler’s formula 7% = 62@1 k=2, the limit equals 1/6 for
D =10,1] and 1/12 for D = T*.

Remark 2.4.2. Tn the case D = [0,1] and m = Z'L D we can explicitly compute
nE[WZ(p™, m)] and n E[WZ(u™,v™)] as follows (and in particular, the former is
identically equal to 1/6). For any fixed n € N, let X () and Y{;) denote the order
statistics of the random variables (X;)iL; and (Y;);L,. It is well known that X, and
Y() are distributed according to the beta distribution Xy ~ Yy ~ B(k,n+1-k).

The optimal map is given by the monotone rearrangement of the mass, therefore

n k/n n k/n
3 / (X —t)2dt| =3 / E[(X e — 1) dt
(k—1)/n — Je—1)/n

k=1

n k/n
= ;/ Var(X) + (E[X )] — t)Q) dt

E (W3, m)] = E

(
(k=1)/n

- [ k+Dk .k )
_Z/ )/n[(n+2)(n+1) 2tn+1+t}dt

1 J (k-1
_2": (k+ 1)k _(2k—1)k;+3k2—3k+1 1
B — n+2)(n+1n  (n+1)n? 3n3 ~6n

Similarly, in the bipartite case we have

E [W3(u",v")] =E

2.4.1 Upper bound

Theorem 2.4.3 (Upper bound, d = 1). Assume that ultracontractivity holds with
d=1. Then
limsupnE [W3 (1", m)] < — Z %
e Aea(A)\{0}

Proof. Fix ¢ € (1/2,1), 7 € (0,1) and let ¢t = ¢(n) = n~'n"2%. Consider the event

™ ()| }
== {sup 7 <
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By Proposition 2.3.10, since W (", m) < (diam D)?, for n large enough we have

nE (W3 (", m)] = nE [W5(u",m)xa,] +nE[W3(u", m)xac]
<nE [W7 (1", m)xa,] + C(diam D)*nexp (—yn' ")

with C' = C(Cp, Cge) and v = (1, Cye) > 0.
Using the Young inequality for products with « > 0 and W3 (u", u™*) < Cyit
we have

n n n n 2
W22</J, 7m) < (W2<:u 7t7m) _'_WQ(/J’ y 1 ’t))
< (14 )W (™t m) + (1 4+ o™ YW (", ™)
<

(1 4+ )W (u™, m) + (14 a ) Cqt.
Therefore, since nt — 0, it is sufficient to estimate

limsupnE [W3 (1™, m)xa,] -
n—oo
To this end, we apply Proposition 2.2.3 with ug = «™' and u; = 1. Since f™!
solves (2.3.23) from Proposition 2.2.3 we get

1 n,t 2
W22 ('un,t’ m) <= ‘Vf ’ dm.

nJp M(Un’t, 1)

In the event A, we have u™" > 1 —n in D, hence the first inequality in (2.3.22)

gives
1 1 1

< < .
M(umt, 1) = urt — VT=1

The previous two inequalities and Lemma 2.3.16 give

1
limsupnE [W2(p™" m < lim E [/ \Y% ”7t2dm}
n%oop [ 2(,u )XAn:| _nﬁoo\/m D’ f |

1 1
G = Z %
Aco(A)\{0}

In conclusion we have

]

n—oo -

1 1
limsupnE [W3 (1", m)] < — ra Z X
A€o (A)\{0}

and we obtain the thesis by letting first « — 0 and then n — 0. O]

Theorem 2.4.4 (Upper bound, d = 2). Assume that D is as in Proposition 2.5.14
and that ultracontractivity holds with d = 2. Then

1
lim sup nnE (W3 (p",m)] < .

n—oo 10g
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Proof. Fix v > 0 and let t(n) = ¢(n) = yn~'logn. Let us set
Iun,t,c — (1 _ C)[Ln’t + cm, un,t,c — (1 _ C)un,t +e

as in Lemma 2.3.13. From the joint convexity of W3 (see (2.2.4)) we immediately
get
W3 (™, p™t€) < (diam D)?c
Using the Young inequality for products with o > 0 and W2 (u", u™t) < Cy.t, we
have
n n,t,c n n n n,t,c 2
W3 (", m) < (Wa(u™e,m) + Wau®, u™") + Wa(u™, ™))

< (L4 )Wy (™" m) 4+ 2(1 4 a7 W5 (", ™) + Wy (™, 1)

< (14 a)Wi(u™ ¢, m) + 2(1 + a ) [Cqet + (diam D)3c].
We start by estimating the contribution of the first term.

To this end we apply Proposition 2.2.3 with vy = u™%¢ and u; = 1. Recalling

that f™' solves the PDE Af™' = /n(u™" — 1) with homogeneous Neumann
boundary conditions, we get

1-c
A nt | _ n,t,c_l
() =

hence Proposition 2.2.3 gives

L—e)? [ [Vfri] I
W2( e < ( <— | —/————dm. 2.4.1
2 (" m) < n p M(umte, 1) m=0 p M(umte 1) m | )

Adding and subtracting |V f™*|* to the integrand we obtain

v/
—d
D M(un,t,c’ 1) m

_ n,t|2 n,t|2 n,t,c -1 _
_E[/DWf | dm}ﬂEUDWf * (M (u™",1) 1) dm| .

We deal with the two addends separately. For the former, since the function f™°
solves (2.3.23), t > C/n and |10g t|/logn — 1 as n — oo, Lemma 2.3.17 gives

E

lim

1
[/|Vf"t| dm} =
n—oo logn A
For the latter, by Cauchy-Schwarz inequality we have

lim sup

: 1 n,t|2 n,t,c -1
10 Su 1ognE[/D|vf (M (u™", 1) —1)dm}
1/2
(hmsup—E[/|Vf"t| dm} )
n—oo
1/2
. (lim E {/ (M(u"’t’c, ™t - 1)2dm} )
n—oo D
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which converges to 0 by Lemma 2.3.17 and Lemma 2.3.13.
Recalling (2.4.1), we deduce

1
lim sup E[WQ( mhe m)] < e

n—oo 1081
In conclusion

(14 )
4

lim sup nn E [W3(p", m)] <

n—00 10g

+2(1 + o Y)[Cy; + (diam D)?]y

and the thesis follows letting first v — 0 and then a — 0. [

2.4.2 Lower bound
Theorem 2.4.5 (Lower bound, d = 1). Assume that ultracontractivity holds with
d =1 and that Np(§) < max{1,Cpd~'} for every & > 0. Then

1
liminf nE [W5 (p", m)] > — Z T
o Aeo(A\(0)

Proof. Fix q € (0,1), n € (0,1) and let t = t(n) = n~'n"2¢. By Proposition 2.3.10
the complement of the event

™ (y)] }
A, =A,,=<su < 2.4.2
n m {yeg \/ﬁ n ( )

has infinitesimal probability as n — oo. By the contractivity assumption we have
Wi (p",m) > W3 (it m).

Therefore it is sufficient to estimate lim inf n E[W3 (™", m)x4,] from below. By

duality, e
%sz(u"’t,m) > sup{/ fdu™! +/ gdm ‘ flx) +9(y) < d(xéw }
—sup{/ fdrn / f+g)dm’f(x)+g(y)§d(xéy) }

Let f™" be the solution to (2.3.23) and define f = — f™"/\/n, so that ||Af]| <
in the event A,, and we can estimate thanks to (2.3.3)

+
€2K t__

A N + IV IR, < wln) (2.4.4)



40 CHAPTER 2. A PDE APPROACH TO A 2D MATCHING PROBLEM

with w(n) — 0 as n — 0. To this function f we associate the potential g given by
Corollary 2.3.3, hence we get (still in the event A,)

Lo drmt
§W2(u ,m)Z/D(erg)der/Df\/ﬁ

2
Z—e“’(”)/ v/l dm—/fAfdm
D D

2

wim\ 1
— (1 _¢ ) —/|Vf"’t|2dm.
2 nJp

Thus, by Lemma 2.3.16,

1
liminfn E [W3 (1™, m)x4,] > liminf E [XAW / A% f”’t|2dm}
n—oo D

2 — ew() o
> lim E {/ |Vf”’t|2dm] — limsup E |:XAc / |an’t|2dm]
n—00 D n—o0 K D
S 1
N A
A€a(A)\{0}

because

n—o0

lim sup E {XA%/|Vf"’t|2dm]
D

n—oo

< lim sup IF’(Afm)l/2 (E

(fereran) ) -

by Holder inequality and (2.3.29). The thesis follows letting 7 — 0. ]

Theorem 2.4.6 (Lower bound, d = 2). Assume that ultracontractivity holds with
d =2 and that Np(§) < C§2 for every § > 0. Then

n

1

liminf E [W2(u", m —.

P (W2 (", m)] logn — 4w
Proof. By Proposition 2.3.11, for any n € (0, 1) there is v > 0 such that, if we let
t =t(n) =yn"'logn, the event A, in (2.4.2) satisfies P(A7) < C/n, for n large
enough and some C' > 0 independent of n. As in the previous proof, thanks to
contractivity it is sufficient to estimate from below

lim inf E [W2(u"™! :

minf 3= B (W5 (6™, m)xa,

Let f™' be the solution to (2.3.23) and define f = —f™"/\/n, so that |Af|_ <
n in the event A,. To this function f we associate the potential g given by
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Corollary 2.3.3, hence thanks to the duality formula (2.4.3) we can estimate, in
the event A,,

drmt

—Wz(u ,m) > /(f+g dm+/f

> el /DWf' /fAfdm
_ (1 . e";(")) = 19 am

with w(n) as in (2.4.4). Since t > C/n for some positive constant C' and
llogt|/logn — 1, from Lemma 2.3.17 we get

1
lim inf
2 — W S0 ogn

> l1mE{/|Vf”t| dm} ——hmsupE {XAC/|Vf”t| dm}
gn

n—oo

E [W2 (™, m)xa,] > lim inf E {xAn / v f”’t|2dm} -
1

47r

because

limsup E {XAC/|Vf"t| dm}

n—00 IOg n

1 1/2
<1 ]P;Ac 1/2 / n,t —
P ( ertan] qts) =

by Holder inequality and (2.3.31). In conclusion we have

1
lim inf E [W2(u"™ >
minf (W (" m)] > o~
and the thesis follows letting n — 0. O]

Remark 2.4.7. In this remark we sketch the proof of the concentration property
(2.1.5); see also [Led01; BL16] for more details and references. Notice also that the
concentration property, when written in terms of deviation from the expectation,
holds independently of the convergence of the renormalized expectations as n — oo.

It is well-known since the seminal paper [GMS83] that the spectral gap assump-
tion is stable under tensorization and implies exponential concentration, more
precisely

O (1) < Cle™ 2V G5

with C' numerical constant. Here ayn is the supremum of 1 — m™(A") among all
Borel sets A with m™(A) > 1/2, where A" is the open r neighbourhood of A. Now,
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the basic observation is that the mapping L,, associating to (z1,...,z,) € D"
the empirical measure is n~'/2-Lipschitz, if in the target space (D) we use

the distance Wy. By looking at the inclusion L,'(A") D (L‘l(A))ml/2 between

n
enlargements, this gives that the concentration function agn of (L,)zm" satisfies

agn(r) < Ce 2V Cagnr

By standard arguments (passing through the deviation from the median), this
exponential concentration leads to the inequality

Q"({v: |G(w) —E[G]| > r}) < C'e VO,

for some new numerical constant C’, for any 1-Lipschitz function G : (D) — R.
Using G(v) = Wa(v, m) and Cavalieri’s formula we then get that Z,, = Wa(u", m)
satisfy

Cl o0
E[|Z, — E[Z,])*] < / se”*ds,
[ 1Za]I] 2Cn Jo

so that
Cl (o)
\ oo —*d 2.4.5
’ logn logn - QC'Sg logn/ 5¢ 5 ( )
and, in particular n(logn) ' (E[Z%] — E[Z,]?) — 0. Since n(logn) ' E[Z?] —
(47)~! we obtain that n(logn) ' E[Z,]? — (47)~!, hence (2.4.5) gives
n 1
imE || [z, — | |20,
nlﬁnolo ’ logn N ]

which immediately gives (2.1.5).
Under the stronger assumption that m satisfies the dimension-free Gaussian
concentration property, namely

i (1) < Ce™

with ¢, C' > 0, the concentration estimate (2.4.5) can be improved to O((logn)™2).
The dimension-free Gaussian concentration property is implied by the logarithmic
Sobolev inequality, and the latter holds for compact Riemannian manifolds without
boundary and with a positive lower bound on Ricci curvature (see for instance
[Led01]), as the 2-dimensional sphere.

2.4.3 The bipartite case

We prove now the bipartite part of Theorem 2.1.1. It will be convenient to
introduce a notation (€2, P) for the underlying probability space.
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Lemma 2.4.8. Let D C R? be a compact set and assume that m € P (D) is
absolutely continuous w.r.t. the Lebesque measure. The L*(D,m; D)-valued maps

Qows T Q3w TV

providing the optimal maps from m to p"(w) and v"(w) are measurable and
independent.

Proof. The independence of (X;,Y;) easily implies that the two measure-valued
random variables p"(w), v™(w) are measurable and independent, where in &(D)
we consider the Borel o-algebra induced by the topology of weak convergence in
duality with C'(D). Now, recalling Proposition 2.2.1, since independence is stable
under composition with continuous functions the statement follows. ]

Proposition 2.4.9. Let D C R? be a bounded domain. For all n > 1 one has
E [W2(u",v")] < 2E [W2(", m)] — 2 / E [T () — 2] |"dm(z).  (2.4.6)
D
Proof. 1f S,T : Q — L*(D,m; R%) are independent, one has the identity

E [ /D <5w(a:),TW(x)>dm(x)] - /D (E[S¥(2)],E[T%(2)]) dm(z).  (2.4.7)

We sketch the argument of the proof: if S = Xe, T = N¢e/, with A\, X : Q@ — R¢
and e, e’ orthogonal unit vectors of L?(D,m), then A\ and ) are independent
and (2.4.7) reduces to E[(A\, \)] = (E[A], E[N]). By bilinearity, (2.4.7) still holds
if S and T take their values in the vector space generated on R? by a finite
orthonormal set {ej,...,ex} of L?*(D,m). By a standard projection argument,
and by approximation, we recover the general result.

For all w € Q the plan (T#"®) T""“), m is a coupling between u"(w) and
v"(w). Hence (omitting for simplicity the dependence on w) and using (2.4.7)
with S = T#» T = T"" one has

(W3] <E[ [ o -1 an)
_E UD (17" (@) = af* + 7" (2) = 2" — 2T (@) — 2. 7" () — ) dm(x)]
=28 (Wi w)] 28| [ (17 (0) ~ 2.7 () - ) am(e)
2B (W3, w) =2 [ [B (1" (@) -] dm(z).

where we used that E [W3(u™, m)] = E [WZ(v™, m)] since u™ and v™ have the same
law. ]
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In particular, combining the inequality in (2.4.6) (neglecting for a moment the
negative term in the right hand side) with the first part of Theorem 2.1.1, we
obtain

n 1

li E [W2. (™, v™)] <li E |W2 noym < —.

msup o (Wi (") < limsup ogn & W7 | < o
(2.4.8)

Next, we deal with lower bounds. It will be sufficient, by a comparison
argument, to provide the lower bound only in the flat torus.

Proposition 2.4.10. Let D = T?. Then

E [W2(u", ") > % (2.4.9)

lim inf
n—oo logn

Proof. Similarly to the proof of Theorem 2.4.6, for n € (0,1) we introduce the

event . .
Wl W Q}’

A, =A,, =< sup < -, <

n . {yeD \/ﬁ 2 yGD \/ﬁ 2

with s™! equal to the density of \/n(u™! — v™") w.r.t. m) whose probability tends
Y 2 Yy

to 1 as n — oco. By the contractivity assumption in Wy we have W3 (u", v™) >

W2 (vt v™t), therefore it is sufficient to study the asymptotic behaviour of

E [W3(u™", v xa,] -

To this end, we let f™' be the solution to (2.3.23), g™ the solution to the same
equation with s™' in place of r™ and h™! = f™' — g™'. Define h = —h™"//n, so
that Ah = —(r™" — s™")/\/n and ||Ah|| <7 in the event A,. To this function h
we associate the potential k given by Corollary 2.3.3, hence we can estimate, in
the event A, (with w(n) defined as in (2.4.4) with f replaced by h),

1
_Wg(un,t7yn,t)2/hdun,t+/ k,dyn,t
2 D D

:/(h+k)dm+/h&\/_ﬁsm+/jj(h+k)d\jg

n,t
> w<"/’ dm +/|Vh\ dm+/<h+k)dﬁ
> (1— >—/|Vh”’t|2dm— /(h+k)dsm
B nJp D Vn

Since h + k < 0, we have

/D(h + k:)dj;

2
< —n/(h+k)dm§ne“(")/ ﬂdm,
D p 2
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therefore, still in the event A,,

1 2/ nit . nt ew(n) 1 n,t|2
Wy (™ ™) > (1—=(1+n) — [ |[VA™|" dm.
2 2 n.Jp

The proof now concludes as before, noticing that, by independence of u" and

n
Y

E hHRd
feeean
_ n,t|2 n,t|2 . n,t n,t
_EUDW ]dm}—l—]E[/D]Vg |dm] QE[/Dwf Vg >dm]
=2E V”’”d] QE{ "vtA”vtd]

UDI S dm |+ /Df g™ dm

_ n,t|2 n,t n,t _ n,t|2
_QE[/DWf | dm} +2/DIE[f |E[s ]dm_QE[/DNf | dm}

v

and

E {/|Vh”’t|4dm} < 16E [/|Vf"vt|4dm] O
D D

From the previous result we get

lim inf
n—o0 Og n

n n : : n n 1
E |:W22,[0,1]2(:u v )] > hTILr_ligf ogn]E [WQQ,TQ(M v )} > %
which, combined with (2.4.8), concludes the proof (2.1.3). By looking at (2.4.6)
we see also that (2.1.4) holds, and this concludes the proof of Theorem 2.1.1.

2.5 A new proof of the AKT lower bound

In this section we see how a minor modification of the ansatz of [Car+14] provides
a new proof of the lower bound in [AKTS84], written in terms of expectations; the
upper bound follows immediately from Theorem 2.1.1 and Hoélder inequality.

The following real analysis lemma is well known, we state it for the case of
the flat torus. Its proof (see for instance [AF84]) can be obtained by considering
the sublevel sets of the maximal function of |Vh].

Lemma 2.5.1 (Lusin approximation of Sobolev functions). For allp > 1, h €
HY(T?) and all X\ > 0 there exists a \-Lipschitz function ¢ : T¢ — R with

O(d7p> p
m({h # ¢}) < 2P /wam dm. (2.5.1)
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Theorem 2.5.2. If D = T? one has

liminf , / " g (Wi (u",v™)] > 0.
n—00 logn

By the triangle inequality, the same holds for the matching to the reference measure.

Proof. As in the proof of the lower bound for p = 2 we can use contractivity,
reducing ourselves to estimating from below the Wasserstein distance between
the regularized measures p™' = u™'m, v™* = v™'m. Let M > 0 be fixed and set
c(n) = My/ntlogn. Let t = t(n) = yn~'logn with ~ sufficiently large and let
h™! be as in the proof of the lower bound in the case p = 2, so that h = h"™'/\/n

satisfies
lim [/|Vh| dm] - (2.5.2)
n—oo Og’I’L 7T

Denote by ¢ the ¢(n)-Lipschitz function provided by Lemma 2.5.1. We denote by
E, the set {h # ¢} and from (2.5.1) and (2.5.2) we obtain the estimates

E[m(E,)] < 2 2 [ / [Vh[*d ] < 2;(]2\33)

for n large enough, so that we can use Holder inequality and (2.3.31) to get, for
some positive constant C' > 0,

1
E[ |Vh|2dm] < Clogn
En

for n large enough. Another application of Holder’s inequality yields

1/2 C logn
E [ : |Vh|dm] <E [ : |Vh|2dm} E[m(E,)]"? < 7 \/——  (25.4)

again for some positive constant C' > 0 (possibly larger than the one in (2.5.3)).
From Kantorovich’s duality formula we get

/ o(u™ — ™) dm‘ = / (Vh, V) dm‘,
D D
where we used the PDE Ah = u™! — v™! solved by h. Therefore

1 1
”r n,t n,t > V 2 -
1(:u v ) - c(n) /| h‘ dm (n)

By (2.5.2), the first term is asymptotic to (2rM)~'/n~1logn. We will see that,
for M sufficiently large, the first term domlnates the second one. Indeed, we have

1 / 1 )

— Vh,Vh =V dm'ﬁ—{ Vh|" + |Vh|c(n dm}

L pam| < | [ 1VB + [9Hclo

Taking expectation, using (2.5.3) and (2.5.4) we have the inequality, for n suffi-
ciently large,

1

9 1 1 [logn

(2.5.3)

(m)Wi (", ) >

/ (Vh,Vh — V) dm‘.

n




2.6. OPEN PROBLEMS AND EXTENSIONS 47

2.6 Open problems and extensions

In this section we discuss open problems, the present limitations of our technique,
and some potential generalizations.

Improvements in the case p = d = 2. In this case the more demanding
prediction of [Car+414], currently still open, is

n 1
nh_)rgo (logn E [W3(u",v")] — %) logn € R.
In this connection notice also that our technique for the lower bound requires
t = yn~tlogn with 7 sufficiently large, while necessarily in the upper bound one
is forced to take t = yn~tlogn with v small. Other open problems regard the
distribution of the random variables @Wg (u"™,v") and the matching problem
involving more general reference measures m (the Gaussian case is particularly
interesting, where the role of the heat semigroup is played by the Ornstein-
Uhlenbeck semigroup, see [Led] for very recent results in this direction, in any
number of dimensions).

Different powers and dimensions. Our proof in the case d = 2 exploits the
extra room given by the logarithmic correction to the “natural” scale n='/?. Let
us discuss the difficulties coming from p # 2 and d > 2 separately, of course the
problem is even more challenging if both things happen.

If d =2 and p = 1, we have already seen in Section 2.5 that the proof can
be adapted to obtain the tight lower bound of [AKT84|. Via Holder’s inequality,
one obtains the tight upper and lower bounds also for 1 < p < 2, and we believe

that also the case p > 2 could be covered, by estimating E [|Vf”’t|k} with k

large integer (we did this for k£ = 2,4). On the other hand, proving convergence
of the renormalized expectations seems to require a more precise scheme, since
the gradients of solutions to the Monge-Ampere equation describe the optimal
transport map 7 only when p = 2; in this vein, one could consider (see [AGS08,
Theorem 6.2.4]) the linearizations of

T=1d —\Vgﬁ]%Vqﬁ, p1(T) det(VT) = po.

In the case p = 1, an alternative PDE possibility could be given by the construction

of the transport density via a ¢-Laplacian approximation in [EG99], ¢ — oo, which

led to the first rigorous proof of the optimal transport map for Monge’s problem.
If p=2 and d > 2, the prediction of [Car+14] is that

n2/R [W;(Nnjyn)} ey = %n—1+2/d+0(n—1+2/d)7

where ¢, is not conjectured and the coefficient £ is explicitly given in terms of the
Epstein function. However, our regularization technique seems to fail, at least for
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the purpose of computing ¢4 (namely proving convergence of the renormalized
expectations). For instance, from (2.3.25) we get E[|Vf™**] ~ t'=9/2 and
therefore choosing t = yn~2/? one is led to the estimate (even assuming that the
factor due the logarithmic mean can be neglected) from above of E[WZ(u", m)]
with a term behaving like

Caryn~ 24 4 O~y 142 =2/A0=4/2) _ 0 ~p=2/d | (0 1=d/2=2/d
Therefore, while we get the correct rate n=%/¢, it is not clear how to let v — 0 to
eliminate the cost due to the short time regularization.

A class of abstract metric measure spaces. We already noticed that in
our proof the geometry of the domain enters only through the properties of
the heat semigroup P; with homogeneous Neumann boundary conditions. As
a matter of fact, let us briefly indicate how our proof works, still in the case
d = 2, for the class RCD*(K,d) of “Riemannian” metric measure spaces (X, d, m),
extensively studied and characterized in [AGS15; AMS15; EKS15]. This class
of possibly nonsmooth metric measure spaces, includes for instance all compact
Riemannian manifolds without boundary, or “convex” manifolds with boundary,
namely manifolds having the property that geodesics between any two points do
not touch the boundary (as it happens for compact convex domains in R%). The
class RCD*(K,d) can be characterized either in terms of suitable K-convexity
properties w.r.t. Wa-geodesics (of the logarithmic entropy for d = co [AGS15], of
power entropy [EKS15] or nonlinear diffusion semigroups [AMS15] in the case
d < o), or in terms of Bochner’s inequality, very much in the spirit of the
Bakry-Emery theory (see [BGL14] for a nice introduction to the subject). In the
very recent work [JLZ14], all regularizing properties of P, needed for our proof to
work have been proved in the context of RC'D*(K,d) spaces. The only missing
ingredient in this more abstract framework is the asymptotic expansion of the
trace formula provided by Proposition 2.3.14, but thanks to (2.3.26) our results
can be stated in terms of the limit

22Xt

e
y
fm o > Mog t

Aco(A)\{0}

whenever it exists.



Chapter 3

Linear extensions through
random projection

3.1 Introduction

The aim of this chapter is to provide extension theorems Lip(X; Z) — Lip(Y; Z)
where X C Y is a closed subset of a complete metric space (Y,d) and Z is a
Banach space, under hypotheses just on the space X alone and not on the ambient
space Y. The exposition is based upon the article in preparation [BDS].

In [LNO5] the authors provide the following extension theorem for Lipschitz
functions in a metric setting.

Theorem (Lee and Naor [LNO5]). Let X C (Y,d) be a doubling metric space
with doubling constant Ax. Then there is an extension T : Lip(X; Z) — Lip(Y; Z)
such that

Lip(Tf) < Clog(Ax) Lip(f)  Vf € Lip(X; Z),

where C is a universal constant.

Our goal is to obtain more directly the previous result, through a simpler proof
based on ideas appearing in [JLS86]. See also [LN04; Oht(09] for related discussions.
Moreover, we provide also a C'' extension result in the spirit of Whitney [Whi34].

The main theorems of the chapter are Theorem 3.4.1 for the Lipschitz extension
and Theorem 3.4.3 for the C'* extension respectively. The structure is as follows: in
Section 3.2 we contruct partitions of unity, both in the Lipschitz and C* version; in
Section 3.3 we use these partitions to build Lipschitz and C! random projections of
a space onto a subspace and finally in Section 3.4 we prove the extension theorems
using the previously developed tools.

3.1.1 Notation and preliminaries

Let (X, d) be a complete metric space. We will denote with B(z, ) the open ball of
radius r, centered at x and, for A C X, we define d(z, A) = inf{d(z,2’) : 2’ € A}.

49
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We will denote by Lip(X; Z) the set of Lipschitz functions with values in Z; if
the second space is dropped it means that Z = R. Moreover, given f € Lip(X; Z),
we denote by Lip(f) the least Lipschitz constant for the function f. We make use
of the notion of slope of a function f : X — R defined as

Yy—x d <y7 T )

We will be dealing with measures supported in metric spaces: we denote by
P (X) the set of Borel probability measures on X, with .#(X) the set of finite
nonnegative Borel measures on X and with .#(X; Z) the set of vector valued
measures with finite total variation. As before, if the second spaces is omitted
then Z = R and so it will reduce to the space of signed measures.

Of crucial importance in the sequel will be the W; Wasserstein distance, already
presented in the introduction. We recall here the dual representation because it
will be the more relevant for the further development. We define it in an extended
way, not restricted to 27(X), to allow for more flexibility.

Definition 3.1.1 (Wasserstein distance). Let uq, ps € &(X). Then we define

Witu) =sup{ [ Fau= [ favs g e L), it <1},
X X
allowing it to be possibly infinite.

Remark 3.1.2. Notice that Wi (p, u2) does not need to be finite. However it is
finite whenever [, d(x,zo) d(pu + p2)(z) < 00, i.e. py,pe € &1(X): this is the
case for example when p; and ps have both bounded support. A useful inequality
in the sequel, that follows directly from the definition, is

/dem—/dem

Throughout the paper we use the notation < to omit a universal constant not
depending on X, Y, the doubling constant A or anything of this sort. We will use
two notion of dimensionality of a metric space: the doubling constant and the
metric capacity.

< Lip(f)Wi(p, p2). (3.1.1)

Definition 3.1.3 (Doubling metric space). (X, d) is a doubling metric space if
there exists A € N such that every ball of radius 2r can be covered with at most
A balls of radius 7. The least such constant is Ax, the doubling constant of X!,

Definition 3.1.4 (Metric capacity). Given a metric space (X, d) we define the
metric capacity® kx : (0,1] = NU {oo} as

k
kx(e) = sup{k: cdwg, ...,z € X, Ir > 0s.t. |_|B(:L‘i,€7”) C B(xo,r)}.
=1
'In the sequel we will drop the dependence on X when there is no room for confusion
2For short, just capacity in the sequel.




3.2. WHITNEY-TYPE PARTITIONS o1

It can be verified that if kx(g) < oo for some ¢ < 1/3, then kx(¢) is finite
for every t € (0,1]. Even if it is true that X has a finite doubling constant iff
X has a finite metric capacity, it is more natural to use the latter in some of
the constructions. However since we want the final result to depend only on the
doubling constant of X, we will make use of the following proposition comparing

A and k.

Proposition 3.1.5 (Comparing x and \). Let X be a metric space. Then we
have that

() A < nx(1/5);
(ii) kx(e) < A* whenever 5 < e < 5.

Proof. Considering a maximal family F = { B(x;, er) }ie of disjoint balls contained
in B(zg,r) we have |F| < k(e) and moreover B(zo, (1 — &)r) C U;B(x;, 2er).
Choosing ¢ = 1/5 and thanks to the arbitrariness of r and xy we get that
A < kx(1/5).

In order to prove the second inequality we first observe that for we can cover
B(xg, 2r) with less than A* balls of radius r: let us consider 7' = {B(y;,r)} such
a family. Let 5 < & < 55 and F = {B(z;,2"r)} be a disjoint family of balls
contained in B(xg, 2Fr). It is now easy to see that B(y;, ) can contain at most
one z;; then we have |F| < |F/| < A* and so rx(g) < AP,

[

3.2 Whitney-type partitions

The way to the extension results follows the same path traced by Whitney for
his theorem, with the addition of some ideas that we have learnt from [JLS86].
The first step is to construct suitable partitions of unity so that manually built
local extensions can be patched together at the global level. Since our goal is to
prove Lipschitz and C! extendability, we are going to need two different kind of
partitions, one for each purpose. The underlying ideas are the same in both cases;
in particular, the attentive reader will notice that in the C' construction we try
to replicate the proof of the Lipschitz version, with appropriate modifications.

Proposition 3.2.1 (Relative Lipschitz partition of unity). Let (Y,d) be a metric
space and X CY a closed subset with finite doubling constant A\. Then there exists
a countable family {V;, ¢;, x;}; such that:

(i) {Vi}i is a locally finite covering of Y \ X with covering constant 3\*;
(ii) {p:}i is a partition of unity on' Y \ X such that {p; > 0} C V; and

log A\
Vo, S ;
Z] vil(y) a0y X)
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(7ii) the points z; belong to X and d(y,z;) S d(y, X) if y € V;.

Proof. This follows directly from Lemma 3.2.5 below, re-indexing the family
{‘/;nv 90?7 x?}un O

The idea is that thanks to (iii) we have that x; is an approximate projection
of any y € V; on X and in fact this partition of unity will help us define a random
projection. The estimate (ii) will be instead crucial to prove Lipschitz estimates.
The next proposition will be used to prove an extension of Whitney theorem
for Banach spaces, requiring the partition of unity to be C'. Unfortunately the
dependence of X\ in the estimates of the slopes is much worse in this case: it will
be interesting to have a class of Banach spaces where we can recover the same
logarithmic behavior as in the Lipschitz case.

Proposition 3.2.2 (Relative C! partition of unity). Let Y be a Banach space
whose norm belongs to C1(Y '\ {0}) and let X CY be a closed subset with doubling
constant \. Then there exists a family {V;, pi, x;}; such that:

(i) {Vi}: is a locally finite covering of Y \ X with covering constant 5\*;

(ii) {p:}i is a partition of unity on'Y \ X such that {p; > 0} C V; and

A log A\
Vo, S )
> Vel i)

(7ii) the points z; belong to X and d(y,z;) S d(y, X) if y € V;.

(3

Proof. This follows directly from Lemma 3.2.6, taking the family {A?, ¢, 27}, ..
O]

Lemma 3.2.3. Let (X,d) be a metric space. Then for every r > 0 there exists
a family of disjoint balls {(B; = B(x;,r)}ier such that {2B; = B(x;,2r) }ier s a
covering of X.

Proof. Let F = {(B;)icr : Bi N Bj = (0} be the collection of all disjoint families of
open balls of radius . A simple application of Zorn’s lemma shows that there
exist a maximal family (B;);e;. Suppose by contradiction that = & 2B; for any
i € I. Then B(x,r) is disjoint from every B;, contradicting the maximality. [

Lemma 3.2.4 (Whitney-type covering). Let (Y,d) be a complete metric space
and X C Y a closed subset with finite capacity. For every n € Z let {B]' =
B(x',2") Vier, be a family given by Lemma 3.2.3. Let

V' ={ye Y\ X:2" <dy,X) <2 and d(y.a}) = mind(y.a})}.

J€ln

Then the family of enlarged sets F = {V;” = (‘N/i”)zn_l n€Z,i€ In} has the
following properties:
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(i) F is a locally finite covering of Y \ X with constant 3rkx(1/10);
(ii) for everyy € Y\ X we have d(y, X)/4 < maxycr{d(y,V°)} < d(y, X).

Proof. First of all, it is obvious that F is a covering: in fact also {V/"};,, is a
covering. Let us prove that for y € V;* we have d(y,z}) < 9-2""". By definition,
for every € > 0 there exists § € V" and x € X such that

d(y,§) <d(y, V") +e<2"'+e  and  d(g,z) <d(§,X)+e <2 te

Then, by the covering property of {2B['},c;, we know that there exists j such
that © € 2B} and so d(z,2}) < 2"*!. In particular, by definition of V" we obtain

d(y,z7') < d(7,27') +d(7,y) <d(@,25) +d(7,y)
<d(j,z) +d(z,2]) +d(@,y) <9-2"" + 2.

In order to get the local finiteness in (i) we use the fact that if y € V> NV}
then we have d(y,z}") < 9-2"" and d(y,}) < 9-2"". In particular we have
o} € B(x},9-2") and so B(z},2") C B(z},10 - 2"). In particular we get that
#{J 1y € V'} < kx(1/10). Now, knowing that y € V;* implies 2" < d(y, X) <
2"72 we have at most three possible choices for n and at most rx(1/10) sets for
every n, so the conclusion.

For (ii) the inequality maxyer{d(y,V°)} < d(y, X) is trivial since X C V¢
for all V. For the other inequality we know that y € f/Z" for some i,n and in
particular we have d(y, (V;")¢) > 2"~! by the definition of V;". But then we have

d(y, X)
4

n—1 < n\C) c
<27 < d(y, (V7)) < max{d(y, )} a

Lemma 3.2.5 (Lipschitz partition of unity). Let {V*},, be the sets given by
Lemma 3.2.4. For m > 0 define the functions

er(y) =d™(y, (V")) and ¢} (y) = %

Then the family {p}? is a partition of unity with the property that

log A\
Veil(y) S :
2. 30, %)

Proof. Thanks to the sublinearity of the slope, the chain rule, and the fact that
|Vd(y, A)| <1 for every A, we obtain

V) 8 7)) S, ()

\Y% m m
M W AUAD (S (v (V)9))
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In order to have a clearer exposition, we fix {d; };eq1,. vy = {d"™7* (y, (V}k)c) Yk

where we included all couples j, k such that y € ij; in particular we have
N < 2kx(1/10). Then summing up on the indices 7, n and simplifying we get

Sud Tt ddr YA >oud!
Vel l(y) <m — +m = =2m —
2IVell) < mos 0T >4

) ] Zlen71 1/(m—1) 3, dm 1/m
Now we use the inequality between the means (=H— < | =5 ,

obtaining
N1 /m

(3 dm)™

By Lemma 3.2.4 (ii), we have max;{d;} > d(y, X)/4 and so, using Proposition 3.1.5
(ii) and then setting m = log, A we find

D IVeri(y) < 2m

N 8m (2(1/10)) "™

maxl{dl} - d(y,X)

logy(A)

Vol < 2m .
Vel(w) < e

< 256

]

Lemma 3.2.6 (C"! partition of unity). Let X and Y be as in Proposition 3.2.2 and
for everyn € Z let { B}* = B(x},2")}ier, be the family given by Lemma 3.2.3. Then
there exists a partition of unity {p'}in of Y\X such that, denoting A} = {p > 0},
we have that

(i) {A}in is a covering of Y \ X with covering constant less than C'\%;
(i) if y € A} then d(y,27) < d(y, X);

n 510
(i) T, Vl(y) S 2,

Proof. The idea is to take

n o7 (y)
i \Y = )
) > Ph(y)
k,j
where
. |z — | |z — | 2} —yl |2 -y
n — 7 . - < _ . - ! 5
i) 5(86 o )T ! ljg o ot
and
e VKL 1KY

e £:R — [0,1] is a suitably chosen increasing C'! function satysfying £(t) = 0
fort <0and ¢(t) =1 fort >0,
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o ¢ < f(&) for a positive concave function f : [0,00) — [0, 00) with f(0) =0
to be specified later,

e the notation 2% ~ x7 means that |27 — 27| < 2"(9¢ — §).

Fix N = kx(1/(9¢ — 6 + 1)). We will prove the lemma through the following
steps.

(a) @M(y) > 0 implies (£ —2 —§)2" < d(y, X) < 8¢ -2".

(b) Let I,(y) = {i € I,, : $7(y) > 0}, then |I,,(y)| < rx (1/(16¢ +1)). Moreover
[{n: I(y) # 0} < |log,(8¢/(¢ —2—14))].

() IVEI(y) < 2(N +1)27"f (&1 ().
(d) If 2¢ < d(y, X)2™™ < 44 then there exists i € I,, such that

P (y) = €4 = 2)€(0)E(0)" = 1,
so that in particular >, @i (y) > 1 for every y € Y\ X.

We start by proving (a). It is obvious that d(y, X) < |y — 2| < 8¢-2". For
the other inequality suppose by contradiction that there exists x € X such that
ly — x| < 2"(€ — 2 —0); then there exists j such that [z — 27| < 2"*! and so,
by triangle inequality we have |z} — 27| < 2"(9¢ — §) and in particular 7 ~ z7'.
Then, using ¢ (y) > 0 we get

ly — 2| > |y — x| — 02" > (£ —4)2",
which is in contradiction with
v~ < ly— o] + |z — x| < (£ - 8)2"

In order to prove (b) we fix i € I,(y) and observe that for all j € I,(y)
we have [z} —y| < 8(-2", and in particular |z} — 27| < 8(-2"" so that
B(x?,2") C B(x}, (160+ 1)2") and thus the conclusion follows using the definition
of kx. For the second cardinality computation, assume that y € A" N A7?; then
from (a) we deduce |n; — na| < log,(8¢/(¢ —2 —4)).

For (c) it is sufficient to use the chain rule, the fact that the distance to a fixed
point is 1-Lipschitz and that f(a)b < f(ab) for a,b < 1 because of the concavity.

The last point follows from taking ¢ € [,, that minimizes |y — x7'|. In this way
we have that all the factors in the last product are always bigger than £(J). As for
the first two factor, for sure we have |y — z'| > 2¢ - 2™ and, calling y a projection
of y on X, there exists j such that |z} — y| < 271 By the minimality of ¢ we get

ly —af| <y —af| < |y —gl+ |2} — 7] < 2"(40+2).

These two inequalities let us conclude.
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We now compute |Vyi|. Setting K(y) = [{(j,n) : ¢} (y) > 0}, from (b) we
deduce that

K(y) < kx(1/(160 + 1)) |logy (8¢/(¢ —2 = 4)) |, (3.2.1)
which implies (i). Now, using (c) we get
2N+1) (@) e Xl (@)
Z’V% (N2;r 1) (Zj,k F(&5 W) LT B Y f(@?(y))>

Vi |(y) <

| /\

W) XAy W)
(V1) Dl B0) _aw e+ (e adw)

2n ﬁ Zj,k @f(y) B 2n ﬁ Zj,k @?(y)
A(N +1) 1
< —on 'K(y)f(m)
< L [320(N + D] K (y) f(L)
= d(y, X) K(y))’

where we used the concavity of f, the fact that f(¢)/t is decreasing (it follows
from f(0) = 0 and the concavity), and that >, , @%(y) > 1 by (d).
Now we choose ¢ =3, § = 1/2, and

2
flt) = Zhgiym
o
which allows the existence of the function & as required before by a simple cutoff
argument applied to &(t) = X[0,00)(t) (2)™. From (3.2.1) we deduce that
K(y) < 4rx(1/49) < 4X%,
we obtain also N = rx(2/55) < A\° and we take m = log(4)2%).
We can now finish the proof by estimating

Z!V% ) <

S

4[96(N + 1)]mK (y)Y/™

1 .
d(y, X)

1
Nomem/m =
d(y, X) d(y, X)

M log(N). O

3.3 Random projections

The following concept has been introduced by Ohta [Oht09] and by Ambrosio
and Puglisi [AP16]. In these articles the authors identify a generalization of a
deterministic projection onto a subset, an idea that underlies several extension
results.
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Definition 3.3.1 (Random projection). Let X be a closed subspace of a metric
space (Y,d). We say that a map p:Y — P(X) : y — p, is a random projection
if p, = 0, whenever x € X. We say that it is a Lipschitz random projection if
p € Lip(Y; Wi (X)).

Theorem 3.3.2. Let X C (Y,d) be a closed subset with doubling constant \.
Then there exists a Lipschitz random projection p € Lip (Y; Wi (X)) with

Lip(p) < log A.

Remark 3.3.3. Notice that any Lipschitz random projection p gives automatically
a bounded linear extension operator T : Lip(X, Z) — Lip(Y, Z) for every Banach

space Z in the following way:
— [ 1@ ()
X

)

Therefore the proof of Theorem 3.3.2 can be seen as a proof of the existence of a
bounded linear extension operator (see Theorem 3.4.1).

In fact, thanks to (3.1.1) we have

(T ) = (THY)] = < Lip(f) Lip(p)d(y, y/).

Proof. Without loss of generality we can assume that Y is a Banach space, by
possibly embedding Y C Cy,(Y") thanks to the isometric immersion

y'_>d('7y)_d('7y0)7

where yg € Y is a generic fixed point: this is useful because in order to prove that
some function F': Y € Z is L-Lipschitz we need only to prove that its slope is
bounded by L.

Let {V;, p;, x;}; be given by Proposition 3.2.1. Let us then define the random
projection

,uy:Zgoi(y)éxi fory e Y\ X, py =6, foryeX.
Given a function f € Lip,(X), for y € Y \ X we can compute the slope

]vy [ @) dn ) - OOHE

_ v, way)[f(x» — flwi)
< Z\vy% (2:) — flas)

< Z|vy% )| - d(s, zi,),
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where 4y is any fixed index for which y € V;,. In order for |V, p;(y)| to be non-zero,
one must have y € V;, therefore from the properties of the points x;’s we infer that
d(z4, z4,) S d(y, X). With this observation we can continue the previous estimate
and obtain

‘ [ @) ta

For points x € X and y € Y \ X instead we have the estimate

log A
V,ei(y (y, X) < d(y, X) =log A.
S )5 g4 )

2)duy (2 / £(2) dual ~ f(@)]

< Z%( V(1f (i) = f@io)| + 1 f (i) — f(2)])

so that we have a (better) bound on the slope also at the points in X. This fact
shows that the map y — [ « fdu, has Lipschitz constant less than log A, up to a
universal multiplicative constant.

Finally, Definition 3.1.1 of W implies that Lip(u) < log A, indeed. O

We now move on to the corresponding C* concept of random projection.

Definition 3.3.4. Let X be a subset of a Banach space Y. We say that a map
w:Y — P(X) is a reqular random projection if the following conditions hold:

(i) for every y € Y the measure y, is concentrated on B (y, nd(y, X )) for some
n>0;

(ii) for all f € C(X) the map F(y) = [, f(x)dpu,(z) is well defined, belongs to
CY)nCHY \ X), and there ex1sts v Y \ X — #(X;Y*) such that

dF, = / f(x)dy,(z) forall y € Y\ X; (3.3.1)

(iii) for all y € Y\ X the measure v, is concentrated on B(y, nd(y, X )) and its
total variation can be estimated with
Cx
< .
2y llry < d(y, X)
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Remark 3.3.5. With the definition above we have that v,(X) =0 forallz € Y\ X,

since
I/y(X):/ldVy:d(/ld,ux) =dl, = 0.
X X v

Theorem 3.3.6 (Regular random projection). Let Y be a Banach space whose
norm belongs to C1(Y \ {0}) and let X C Y be a closed subset with doubling
constant X. Then there exists a reqular random projection p,, whose associated v,

has total variation
Alog A\

<27
||Vy||TV ~ d(y7X)

Proof. Let {V;,p;,x;}; be given by Proposition 3.2.2. Let us then define the
random projection

=Y iy, foryeY\X, =0, foryeX.

Property (i) of Definition 3.3.4 follows immediately from (iii) of Proposition 3.2.2.
Let us fix f € C(X). The function F(y) = [, f(x)dpy(z) is clearly well defined
since the measure p, is supported on a ﬁmte number of points. Moreover, it is
also C'(Y\ X) because the coefficients ¢;(y) are C'' themselves. Given a point
y € Y\ X, it is immediate to check that the differential of F' at the point y is
represented through (3.3.1) by the vector measure

= Z d(gpz)yéﬂﬁz

Finallly, (iii) of Definition 3.3.4 follows from (ii) of Proposition 3.2.2. O

3.4 Linear extension operators

3.4.1 Lipschitz

In this section we state and prove the main result about the extendability of
Lipschitz functions. The theorem has already appeared in [LNO05], but we provide
two independent and shorter proofs.

Theorem 3.4.1. Let (Y,d) be a metric space and X C Y a closed subset with
finite doubling constant \; let moreover Z be a Banach space. Then there exists a
linear extension operator T : Lip(X; Z) — Lip(Y; Z) such that

Lip(Tf) SlogALip(f)  Vf € Lip(X;Z).

As already observed in Remark 3.3.3, this result can be obtained already as
a direct consequence of Theorem 3.3.2, but we wanted also to provide a self-
contained proof that does not require the construction of a partition of unity, but
instead exploits the existence of a doubling measure m supported on the whole X.
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Direct proof. Without loss of generality we can assume that Y is a Banach space,
by embedding Y C Cy(Y') thanks to the isometric immersion

y'_>d('7y)_d('7y0)7

where yy € Y is a fixed point. In particular we can assume that also X is complete
by considering its new closure. Let m be a doubling measure on X, provided for
instance by [VK88]. We consider the random projection p : Y — (X)) absolutely
continuous with respect to m given by

fy = uy(z)m =

where ¢ € C*([0,00);[0,1]) is such that ¢(t) = 1 for t < 2, p(t) =0 for t > 3
and m > 0 is a parameter to be optimized later. Notice that the denominator is
non-zero because m is doubling. Roughly speaking, this p has to be intended as a
suitably smoothed version of

B mLB(y,?)d(y,X))
M (B, 3d(y, X))

Given a function f € Lip(X; Z), we define its extension T'f by

=Aﬂ@wm0

In order to compute Lip(T'f), we now proceed by estimating the slope of the
density u,.
By Leibniz and Fatou® we have

Voo ()] e (8) fi|vue (855) [ amee)
< + 5
fX T (d((y > dm(z) [fX M (:&%) dm(z)}
Integrating in x and simplifying we obtain
|V (35| am(e)
Sy om (3) amz)

3To apply the latter in order to the pass the slope inside the integral, we need also that

"(ds) " (jgx)))‘ <

[Vyuy(z)] <

J 19w dm(z) = 2

1
d(y,y’)

sup

,zeX
d(y,y')<$d(y,X)
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‘Vy“pm@(yyf;))) ‘ < me” (cf(ly,’;))) "”l(:fyyf;f))) ’ | ’Vy (:((y;,),;) ‘
<met (:<<yyf§)>) ¢'<:<§/y,’zz<)>> ‘d@?)o (1 ! :<(yyf§)>) |
d(y,z

Plugging this into the previous equation, observing that the ratio ( 7 < 3

One can then compute

where ¢ is not vanishing and using Holder inequality in the second step? We get

-1 ((dw.2) \ | o [ dw.z
/leyuy(xﬂdm(x) < d(i?lX) ' Jxe fi; ()> ® ;d(;:z 2’dm

8m fX
~ d(y, X) [ o™ (j&’%) dm(z)
)

1/m
__8m_ (m(B(y.3d(y. X))
~dy, X) \m(B(y.2d(5,X))) )

The ratio appearing in the last formula is related to the doubling constant A,

however one has to be a bit careful because the point y does not belong to X. By
fixing a point § € X such that d(y, %) < (14 ¢)d(y, X) we get

m(B(y,3d(y, X)) _ m(B(7 (4+)d, X)) _
m(B(y,2d(y, X))) ~ m(B(g, (1 -e)d(y, X)) ~

Hence
mA3/™ o logA

/’Vy“y () 2 50,5 © 4, %)

by choosing m = %log A
We can finally estimate the Lipschitz constant of T'f. We start with its slope
at y € Y\ X. Fixing a point § € X such that d(y,7) < d(y, X), we have

VTfl(y) < \vy [ 1) = 1@ o)
x) — f(y ~Vyuyx dm(zx
< / sty 1) = 1O V(o) ama)

. . log A
</ (s P 180000) + o D o)
S ()0 X) 355

S log ALip(f),
4With exponents m/(m — 1) and m.
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where we were able to bring the slope inside the integral because the difference
ratios near y are uniformly bounded in z. Similarly, for z € X and y € Y\ X
one can compute

Tfy) - Tf(x)| < /X (2) — ()| dpsy(2)
< Lip(/) / d(z ) dpy (2)

B (y.3d(y.X)

Li d(z, d(y, )| dpy, (2
<Li(h) [ oy G058 S0 )
< Lip(f)[d(y, X) +d(y, )]
< Lip(f)d(z,y)

These two computations prove the Lipschitzianity of the map T'f, whith constant
Lip(Tf) < log ALip(f), since the space Y is Banach. O

Remark 3.4.2. Actually, the previous proof is an alternative self-contained con-
struction of a Lipschitz random projection p that does not use a Lipschitz partition
of unity.

3.4.2 Whitney

The goal of this section is to generalize Whitney’s extension theorem [Whi34] to
Banach spaces.

Let Y be a Banach space and let X C Y be a closed subset of X, we assume
that f: X — Rand L: X — Y™ are given functions. We define

R(z,y)=f(y) — f(x) = Lo(y —x) x,y€X.

Our aim is to find conditions on R and X in order to have a C! extension of f at
the whole Y and we want that its differential coincides with L in X. The classical
Whitney’s extension theorem ensures that when Y = R™ and R(z,y) = o(|x — y|)
in a suitable sense then the C! extension there exists. Our result is the following:

Theorem 3.4.3. Let Y be a Banach space whose norm belongs to C*(Y \ {0})
and let X CY be a closed subset with doubling constant \. Given two continuous
functions f: X — R and L : X — Y™, define the remainder

Rz, y) = fly) = f(z) = Loy —x)  Jorzye X, x#y

and assume that the function
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can be extended to a continuous function on X x X that takes the value O where
y = x. Then there exists an extension f € C*(Y) such that df, = L, for all
reX.

Moreover, the extension operator (f, L) — f is linear.

First we prove a key lemma, that is an integral version of R(z,y) = o(|x — y|),
given our hypotesis on R.

Lemma 3.4.4. Let i : Y — #(X) be a weakly measurable map such that
71,|(X) < 1 and there exists C > 0 such that supp ji, € B(y,Cd(y, X)) for all
y € Y. Assuming the hypothesis of the Theorem 3.4.3, for all x € X we have

[ IRGDlan ) = olle—ul)  asy .

Proof. Let § € X be a point such that |y — 7| < 2d(y, X). We can estimate

[R(z,2)| < |R(z,%) = R(z,9)] + [R(2,9)]

|
=[f(@) — f(x) = L.(§ — 2)| + |R(2,9)]
<|f@) — f(z) = Lo — )| + [(Lz — Lo)(§ — 2)| + |R(2,9)]
< [R(z,9)| + || L2 — La[[|g — [ + [R(2, 9)I.
We observe that
§— x| <|§—yl+ |y — 2] <2d(y, X) + |y — x| < 3|y — ], (3.4.1)

therefore we have

[ IRl din(e) < 1R+ 3ol [ |2 = Ll a2 /|R i)
—— ~
A B
We analize each contribution separately.

(A) Using (3.4.1) and the continuity of (x,y) — R(z,y)/|x — y| we have

B, 9)| 5B, 5)]
|z —y| |z — g

(B) The term [, |L.— L,|dfi,(2) is infinitesimal as y goes to = because the map
2+ |L, — L,| is continuous and supp fi, € B(y,Cd(y, X)).
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(C') We can estimate

/X IR(z.9)| dfiy(2) = /X sy A TN

B ARG
_/XQB<yCdyX))| || | d ()
< [1i- |‘R ,’ ,(2)
Re)l
+/XﬂB(yCdyX)’ P |z — 7| 47ty (2)
— ||iiy (2)
R(z.7)
0 x) [ 5 4t (2)

2+ C)ly /'R ~| (2).

Finally we observe that again using (3.4.1) we have § — x and thanks to
the continuity of (x,y) — R(z,y)/|x — y| we have

|R(z,9)|

X |Z_Zﬂ

[R(z,7)]
z =1

dp,(z) < sSup
EB(y,Cd(y,X))r‘lX |

Proof of Theorem 5.4.3. Let u be a regular random projection as provided by
Theorem 3.3.6. We define the extension of f as

F(y) = /X F(2) + Laly — 2)] day (2). (3.4.2)

We first prove that the function f is differentiable at any point z € X and
that df, = L,. Indeed, we have

1f(y) = f(z) = Lo(y — z)| =

/X F(2) + Loy — )] dpy(2) — f(2) — Loy — )

<

/X F(@) = F(2) = Lo(z — 2)] dpy (2)

+

/X (L. — Lo)(y — ) dpy(2)
< [ 1RG.) dulz) +ly—al [ 1L~ Luldpy o),

the last term is o(]y — x|) thanks to Lemma 3.4.4 and the continuity of L.
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Now we observe that f € C* (Y \ X) and

A= [ Lo+ [ 1fG)+ Ly 2ldn()  vyey\x

by a simple differentiation of (3.4.2) and using (ii) of Definition 3.3.4.

In order to conclude the proof we have to check that y +— d fy is a continuous
map from Y to Y*. We already know that the differential of f is continuous
on the open set Y \ X and when it is restricted to X, therefore it is enough to
estimate |df, — df,| with y € Y\ X and 2 € X. Fixing a point § € X such that
ly — 9] < 2d(y, X), we have

‘dfy - dfx’ < ‘dfy - dfﬂ' + |dfz7 - dfm‘
= |dfy — dfzl + L5 — Lal.

Now we estimate the first term as
af, - afil =| ([ Lot + [ 116) + Lty = Dlanta)) - g
X X
<|[ 1)+ Lty =) +
X

[ Lo din ()~ Ly

/\L Lyl dpy(2).

< /Xf(z)—i-Lz( z) dyy (=

Recalling Remark 3.3.5 we have

JRECEATEREAE L.(z = 5) du,(2)
+ / L.(y—9)dy(z)
X
< [ 1R DIdl2) + 1y - [ 12— Lol a2
be X
Using the property (iii) in Definition 3.3.4 we can write |v,| = ( a oMy and we

notice that [, satisfies the hypotesis in Lemma 3.4.4. Moreover recalhng the
assumption |y — g| < 2d(y, X) we have

/X f(Z)+Lz(y—2)dVy(2)
/IRzylduy) Clv - y'/w = Lyldpy(2)

20 B N _
< / |R<z,y>|duy<z>+2o / L. — Ly diiy(2).
|.7J - y| X X
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Finally putting all together

- . 2C [
|dfy—dfal < !Lg—Lm|+(2C+1)/|Lz—Lg|dMy(Z)+ y|/|R(zay)|duy(2)-
X X

|5 —
Recalling |z — | < 3|z — y[ and Lemma 3.4.4 we conclude that |df, —df.] =0
when y goes to x. This shows that df is continuous also in every point of X and
concludes the proof. O]



Part 11

Multi-marginal optimal transport
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Chapter 4

Introduction to the
multi-marginal optimal transport

A natural problem in Quantum Physics consists in studying the behavior of N
electrons subject to the interaction with some nuclei, their mutual interaction
and the effect of an external potential. In this setting, a relevant quantity is the
ground state energy of the system, which can be found by solving the Schrodinger
equation. However, this procedure is computationally very costly even for a small
number of electrons; Density Functional Theory proposes an alternative method to
compute the ground state energy and was first introduced by Hohenberg and Kohn
[HK64] and then by Kohn and Sham [KS65]. Because of its low computational
cost and of its accuracy, it is considered the most popular method for electronic
structure calculations in condensed matter physics and quantum chemistry.

In [BPG12; CFK13] the authors present a mathematical model for the strong
interaction limit of Density Functional Theory; they study the minimal interaction
of N electrons and the semiclassical limit of DFT. They want to determine the
ground state energy

Ey= ngn{T[w] + Vee[W)] + Vi [90] }

of a system of N electrons in an external potential (orbiting the nucleus of an
atom, for instance), where ¢ € H*(R3";C), ||¢||;. = 1, is the wave function of
the system and the three terms appearing on the right are respectively the kinetic
energy

T[] = §/RBN|V¢($1, ey day - day,

the electron-electron interaction energy

Z / (@, an) [P day - day,
R3N ‘xz ;]

1<i<j<N
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and the external energy

N
Vexe[t)] :Z/ v(z) (... ay)|  dey - doy
=1 RN

induced by a given potential v : R® — R U {oo}. The idea is then to express
everything in terms of the single electron density induced by ¢ (denoted by v | p)

p(z) :/ (2o, ..., an)|* day - - day.
R3(N-1)

The external energy is easily rewritten as Vix[t)] = N [gps v(2) dp(z). Hohenberg
and Kohn then write

Ep = min {FHK(,O) +N [ () dp(x)}

R3

where

Fra(p) = min{T[v] + Vee[v]}

is the universal Hohenberg-Kohn functional. From the physical point of view, the
difficulty lies in approximating this functional. The simplification introduced by
Kohn and Sham consists in writing Frx(p) = Frs(p) + Fee(p) where
Fis(p) = min T[]
Plp
is the Kohn-Sham functional and F,.(p) is the so called ezchange-correlation
energy, which takes into account the electron-electron interaction and needs to be

accurately estimated. Clearly F,.(p) > miny,, Ve[| and there are situations in
which this estimate provides a suitable approximation, that is we can assume

Fuk(p) = Frs(p) + {Iﬁg Veel?],

for example when the electron-electron interaction is preponderant, the so called
strictly correlated electrons regime.

It’s at this point that the optimal transport theory comes into play: the
minimization miny,, Ve [¢)] can be seen as an instance of the Monge multimarginal
optimal transport problem.

This problem (for which we refer the reader to the recent survey [DGN17],
where the state of the art about it is described) consists in the minimization

(M) = inf{ / C(z, To(z),....,Tn(x)) dp(x) : Tr, ..., Ty € T(p) } . (4.0.1)

N

where p € Z(R") is a given probability measure, C' : (R")Y — [0, 00] is the

Coulomb interaction

Clry,...,on) = Y E— Y(xy,...,zn) € (RMY, (4.0.2)
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and T (p) is the set of admissible transport maps
T(p)={T:R"—R" Borel : Typ=0p}.

Since the cost is symmetric, a natural variant of the Monge problem allows only
cyclical maps

(Mcycl) = 1nf{ /n C(QZ,T(JL’), L ,T(Nil)(aj)) dlg(x) T e 7-(,0), T(N) =1d }

where with T®) we denote the composition of T with itself for & times. Following
the standard theory of optimal transport as presented in Chapter 1, we also
introduce the Kantorovich problem

(K) = min { /(MN (a1, ..., on) dy(z1, ..., on) iy € () } ,

where I1(p) is the set of transport plans
Mp)={yePR™):my=p,i=1,..,N}

and 7 : (R")Y — R" are the projections on the i-th component for i = 1,..., N.
To every (N —1)-uple of transport maps Ts, ..., Tn € T (p) we canonically associate
the transport plan v = (Id, Ts,...,Tn)sp € (p). As proved in [CD15], if p is
non-atomic the values of the minimum problems coincide

(K) = (M) = (Mcya)-

Existence of optimal transport plans in (K) follows from a standard compact-
ness and lower semicontinuity argument. In turn, existence of optimal maps in
(M) is largely open; it is understood only with N = 2 marginals in any dimension
n and in dimension n = 1 with any number N of marginals (see [CFK13] and
[CDD15] respectively). In a different context, optimal cyclical maps as in (Mey)
appear in [GM14] for some particular costs generated by vector fields. Regarding
the special case of spherically symmetric densities in dimension more than 1 and
with any number of marginals, in [Sei99; SGS07] the authors have conjectured
the validity of the same structure as the one-dimensional case. This conjecture
however turns out to be false and Chapter 5 is dedicated to the discussion of this
problem.

As regards uniqueness of optimal symmetric plans with Coulomb cost, it holds
in dimension 1, but, as shown in [Pas13], it fails in the same class already when we
consider spherically symmetric densities in R?, for any N. On the other hand, the
Kantorovich duality works also for this cost (see [RR98]) and the dual problem
admits maximizers (namely, Kantorovich’s potentials), as shown by De Pascale
[De 15]; moreover, in [CFP15] the limit of symmetric optimal plans as N — oo is
shown to be the infinite product measure of p with itself.
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Finally, there is the important question of the finiteness of the problem (K).
In [BCP16] the authors provide a positive result under the assumption that
the marginal p does not have atoms of size m As we will see, the correct
threshold for the finiteness is 1/N and will be obtained in Chapter 6. The question
is linked also to the regularity properties of the dual potentials, as shown in the
same article [BCP16], so we obtain the same results under the more general
assumption. As a byproduct of the construction one obtains also the continuity of
the cost with respect to the marginal p. This again is taken from [BCP16], with
the improvements on the estimates.



Chapter 5

Counterexamples in
multi-marginal optimal transport
with Coulomb cost and
spherically symmetric data

5.1 Introduction

Beyond the 1-dimensional case, which is well understood, a physically relevant
case is given by spherically symmetric densities p in R”, with any number of
marginals. In the physics literature, they appear in [Sei99; SGS07] to study
simple atoms like Helium (N = 2), Litium (N = 3), and Berillium (N = 4). In
this case the problem reduces, thanks to the spherical symmetry, to a problem
in 1-dimension, with a more complicated cost function (see [Pasl3], where this
reduction is rigorously described). In the class of admissible transport maps for
problem (Mye), Seidl, Gori Giorgi and Savin identified some particularly simple
maps: roughly speaking, they divide R™ in N spherical shells, each containing one
electron in average, and consider the transport maps which send each shell onto
the next one by a monotonically increasing or decreasing map. They conjecture
the optimality of one of these maps in (Mcya).

In the following, we provide counterexamples to the conjecture showing that
there are cases in which none of these maps are optimal in problem (Mcyq). On
the other hand, we also point out situations where some of these maps satisfy
optimality conditions, namely c-monotonicity. We deal for simplicity with radial
measures in R? with 3 marginals, although similar examples and computations
can be carried out in any dimension and with any number of marginals. The
result applies in the to the physically relevant cases described above and shows
that the optimal maps for radially symmetric data exibit a richer structure than
the one depicted in [Sei99; SGS07]. In [DNG], currently in preparation, further
numerical examples and considerations will be provided on the same topic.
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Figure 5.1: A configuration of three charges at distances r1, o and r3 with angles
0y and 65.

The plan of the paper is the following. In Section 5.2 we present the problem
with spherically symmetric data, we recall the notion of c-monotonicity and
a few properties of optimal transport maps, and we give some examples and
counterexamples. In Sections 5.3 and 5.4 we study the properties of the cost for
close radii and for spread apart radii, respectively. In Section 5.5 we apply these
properties to give rigorous proofs of the examples and counterexamples.

5.2 Examples and counterexamples

5.2.1 Monge and Kantorovich problems with radial
densities

As we mentioned above, the transport problem (4.0.1) reduces to a 1-dimensional

one (i.e., by proving that spheres get mapped to spheres), as rigorously done in

[Pas13]. Assuming from now on N = 3 and denoting (0, c0) by R, given three
radii 71, 79,73 € Ry, we consider the associated ezact cost (see Figure 5.1)

1 1 1

|Uz—U1| \Us—U2| ’U1—U3|

I|Ui|:Ti,i21,2,3 y

(5.2.1)
which is a positive, symmetric, continuous function. Given a non-atomic probabil-
ity measure p € Z(R,), the set of transport maps reads as

c(ry,re,r3) = min {

T(p)={T:R;y - R, Borel: Tjp=p},

and the cyclical Monge problem corresponding to (4.0.1) can be written as

(Meyel) —inf{ /R c(z,T(x), T®(x)) dp(z) : T € T(p), T® = 1d } (5.2.2)
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T(r) I(r) T(r) T(r)
3 3 3 1 3
2 2 \ 2 1 / 2 \
1 1 1 1
0 +—— 0

0 — 0 —— w —
o 1 2 3 o0 1 2 3r 0O 1 2 3r 0 1 2 3r
(a) I1I map. (b) IDD map. (¢c) DID map. (d) DDI-map.
Figure 5.2: The four types of maps considered in the conjecture in the case of a

uniform density on [0, 3].

We also introduce the set of transport plans
M(p)={rve PRL):my=p,i=1,23},

where 7 : (R, )? — R, are the projections on the i-th component for ¢ = 1,2, 3,
and the Kantorovich multimarginal problem

(K) = min{ /(w o(r1, 79, 73) dy (11, 79, 73) 4 € TI(p) } | (5.2.3)

5.2.2 Some special maps

In the following definition, we introduce some special transport maps, which were
conjectured in [SGS07] to be good candidates for optimality in problem (5.2.2).

Definition 5.2.1. Let p € .# (R, ) be a non-atomic probability measure and let
di,ds € R, such that p([0,d;]) = p([d1,ds]) = p([da, 0]) = 1/3. The DDI-map
T : R, — Ry associated to p is the unique (up to p-negligible sets) map such that
Typ = p and

e T maps (0,d;) onto (dy,ds) decreasingly,
e T maps (dy,dy) onto (dy, 00) decreasingly,
e T maps (dy, 00) onto (0, d;) increasingly.

Similarly, we define, for instance, the DI D-map mapping (0, d;) onto (di, ds) de-
creasingly, (di, ds) onto (dg, 00) increasingly and (ds, 00) onto (0, d;) decreasingly.

The {D, I'}3-class associated to p is composed by the maps with all the possible
monotonicities, under the condition that 7 = Id: therefore we have 111, IDD,
DID and DDI, (see Figure 5.2).

In the rest of the paper we answer the following question:
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Question 5.2.2. Is the DDI-map associated to p optimal in problem (5.2.2) for
every measure p € 2(R,)? Is one of the maps in {D, I}3-class associated to p
optimal in problem (5.2.2) for every non-atomic probability measure p € Z(Ry)?

5.2.3 A necessary condition for optimality:
c-monotonicity

Before presenting the examples and counterexamples, we recall a well-known
optimality condition in optimal transport.

Definition 5.2.3. Let ¢ : (R, )™ — [0,00] be a cost function. We say that a set
I' C (R,)Y is c-monotone with respect to p C {1,..., N} if

c(@) +cly) < o(X(2,y,p)) + c(Y(z,y,p))  Va,yel, (5.2.4)

where X (z,y,p),Y (z,y,p) € (R.)" are obtained from z and y by exchanging
their coordinates on the complement of p, namely

. _Jox ifiep ’ Sy ifiep .
(5.2.5)

We say that I' € (Ry)Y is c-monotone if (5.2.4) holds true for every p C
{1,...,N}.

Let v € II(p) be a transport plan. The following Proposition ([Pas12, Lemma
2], see also [CDD15, Proposition 2.2, where the result is used to describe optimal
maps with Coulomb cost in 1 dimension) presents a necessary condition for
optimality of ~.

Proposition 5.2.4. Let ¢ : (R})* — [0,00] be a continuous cost and let p be
a probability measure on (Ry). Let v € Il(p) be an optimal transport plan for
problem (5.2.3) and assume (K) < oo (therefore v has finite cost). Then supp~y
s c-monotone.

Remark 5.2.5. Given an optimal plan 7, the support of 7 is c-monotone even in a
stronger sense than the one in Definition 5.2.3. More precisely, given two points
x and y (for simplicity, assume that all their coordinates are distinct to avoid
multiplicity issues), we have that

c(z) + c(y) < (X)) +c(Y) (5.2.6)

for every choice of X,Y € (R,)" such that the union of the coordinates of X
and Y is the same as the union of the coordinates of x and y. Indeed, given any
permutation o of the coordinates of (R, )", we have that o(y) is in the support
of the symmetrization of ~, which is still optimal because of the symmetry of the
optimal plan. Hence, applying Proposition 5.2.4 to x and o(y), we obtain (5.2.6)
for any X and Y.
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5.2.4 Counterexamples

The first example shows that the DDI-map is not always optimal in prob-
lem (5.2.2), by taking as marginal a measure which is concentrated in a small
neighborhood of the unit sphere.

Counterexample 5.2.6. There exists € > 0 such that, setting

1
pe = 1—251[171+125} dr € M (R,),

the DDI-map associated to p. is not c-monotone and, therefore, not optimal in
problem (5.2.2).

The proof is based on the analysis of c-monotonicity for similar radii, obtained
by Taylor expanding the cost around the point (1,1, 1).

The next example modifies the previous one by sending 1/6 of the total mass
far away; in this way, the cost of the orbits of these points (which have two
coordinates close to 1 and one large coordinate) can be easily computed. Thanks
to this property, we can show that none of the maps in the {D, I}3-class can be
optimal, since their support is not c-monotone.

Counterexample 5.2.7. There exist M,e > 0 such that, setting

1 1

PMe = <—€1[1,1+5s] + El[M’MH]) dr € M (Ry),

none of the maps in the {D,1}*-class associated to pyr. is optimal in prob-
lem (5.2.2).

Remark 5.2.8. In Remark 5.5.2 we will see a similar result for the problem with 4
marginals. However, we preferred to restrict the presentation to the case with 3
marginals since the ideas involved are the same, but the computations are easier.

There are particular measures p for which the DDI-map is c-monotone
(whereas this property fails in Counterexample 5.2.6 and 5.2.7). For this reason
one may expect that this map is also optimal in problem (5.2.2), but, to show this,
sufficient conditions for optimality (stronger than c-monotonicity) would have to
be identified.

Proposition 5.2.9 (Examples of c-monotone DDI-maps). There exists M > 0
such that for any probability measure p such that p([1,2]) = p([3,4]) = p([M, 0)) =
1/3 the DDI-map is c-monotone (according to Definition 5.2.3).
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(b) A configuration of three charges at
distances r1, 1o and r3 with angles 03 =
m and A3 = 0.

(a) A configuration of three charges at
the same distance r; from the origin
with angles 3 = 2/37 and 03 = —2/3.

5.3 Taylor expansion of the cost at
T =T92 =T33 = 1

In this section we want to address the following problem: given three radii r(t),
ro(t) and r3(t) parametrized by ¢ € R and starting from the value 1 at ¢ = 0, what
is the expansion of ¢(r1(t),r2(t),r2(t)) in powers of ¢ at ¢ = 07

First, we notice that at ¢ = 0 the optimal angles are +2/37 and ¢(1,1,1) = /3.
Indeed, given three unitary vectors vy, vy, v3, calling a; the angle between vy and
vs (and cyclical), we have that |v; — vy| = 2sin(as/2) (and cyclical), therefore, by
Jensen’s inequality and by the convexity of o +—> [2 sin(a/ 2)} “in [0, 27],

3
1 1 1 1
* o —oa] 2 2sin(an/2)

[vg — v1 v — vy i1

3
> =/3,

~ 2sin((a; + a2 + a3)/6)

with equality if and only if the triangle is equilateral.
Taking the angles to be exactly £2/3m leads to the following cost

1 1 1
CA(Tl,Tz,Tg) = + +

2 C(Tl, T2, 713)'

However the inequality is strict as soon as the three radii are different and the
approximation of ¢ with ca is too rough to deduce that they enjoy the same
c-monotonicity structures. Therefore, we perform a finer analysis.
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We want to take into account only the first order variation of the radii as
functions of ¢, so it is natural to consider three linearly varying radii
Tl(t) =1+ alt, T'Q(t) =1+ th, Tg(t) =1+ agt
where ay, as, a3 € R are some constants. To these radii we associate the exact cost

glay,as,a3,t) = c(1+ art, 1 + agt, 1 + ast), (5.3.2)

and we study the expansion of this function near ¢t = 0.

Lemma 5.3.1. Let ay,as,a3 € R and let g be as in (5.3.2). Then we have that

gla,b,c,0) = /3.

9 11 apray0) = T 02T
8t 1, W2, 3, — \/§ ,
0? 4( a2 2 2) 16
_g(al’ as, as, O) _ (Ch + a5 + CL3) + (CL1(L2 + aqas3 + a3a1)7
ot 53
@(m as, az,0) = — 308(aj + a3 + ai)
gy (1 4243 37573

888(atas + aya3 + aiaz + azai + a3a; + aza?) + 498a;jazaz

375v/3

(5.3.3)

In the proof, we will write the Coulomb potential of three charges in terms of
the distances from the origin and the angles between the charges. Given three
radii r1, o, 73 and two angles 0 and 03, we define the Coulomb potential of the
configuration of charges depicted in Figure 5.1:

1 1 1

C(ri,72,73,02,03) = + + (5.3.4)
jv2 — o1 fus — w2 fur —vs]
where
vy = (11,0), Vg = T3(Cc0s 02, sin 0s), vg = r3(cos b3, sin 63).
By definition of ¢, we notice that
c(ri,re,r3) = min C(ry, 79,73, 02,03). (5.3.5)

02,03€R

Proof of Lemma 5.3.1. Fort € R and § = (6, 03) € R? we define also the function

G(t, 0) = C(l + alt, 1+ CLQt, 1+ agt, 92, 93)
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Then g(t) = G(¢,6(t)) where 6(t) is the pair of angles which minimizes (5.3.5).
From this optimality condition we know that

Go(t,60(t)) = 0.

We want to apply the implicit function theorem to find the behavior of 6y(¢). It’s
easy to check that 6y(0) = (2/3w, —2/37) and a direct computation shows that

Goo (0, 80(0)) = % (_11 o Y 2) € Inv(R?; R?).

Therefore 0, € C* ((—6, 5)) for some € > 0 and we can compute its derivatives in
0. In particular, we have that

0h(0) = G+ Guo

1 —a] — as + 2&3
== . 5.3.6
0.60(0)  5v/3 ( a; — 2az + as ( )

The idea is now to consider the first order approximation

o0 =sa0 o= (47 )+ o (s

and the perturbed cost B
h(t) = G(t,0(t)).

We claim that h(t) = g(t) + o(t®), namely
h(0) =g(0),  K(0)=g'(0),  h"(0)=4g"0),  A"(0)=g"(0).

The first two are clearly true, since (0) = 6,(0) and '(0) = 6;(0) by definition.
Now consider the function t — G(t, Q(t)), where 0 is either 6, or 6. To prove the
claim, we show that its second and third derivatives at ¢ = 0 depend only on ¢'(0)
and not on the second and third derivatives of 6.

As a matter of fact, we have

d*G(t,6(t))

2 - Gtt -+ 2Gt96, + G999/9' —+ G@QN y
dt .

=0

t=0

but Gy(0,6(0)) = 0, so the second derivative does not depend on 6”(0). In a
similar fashion, we have

PG (t,6(t))

dt3 - Gttt + 3Gtt09/ + SGt%.(@,)2 + G@e@(@l)3

t=0

+ 3 (Gt@ + G@gel) 0" + G@@m .
=
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Again, Gg(0,6(0)) = 0, therefore 8”(0) doesn’t contribute. Furthermore, we have
Go(t,60(t)) = 0, so that differentiating in ¢ yields

G (0,00(0)) + Gop(0,6(0))65(0) = 0.

But then also ) ) )
Gt9 <O7 9(0)) + GGG (Oa 0(0))0/(0) - 07

since #'(0) = 0}(0). Therefore we see that in both cases the coefficient of ¢”
vanishes. This concludes the proof of the claim because we have shown that the
first three derivatives of h and g coincide at t = 0.

At this point the derivatives of h can be computed directly, since h(ay, as, ag, -)
is an explicit function of the last variable. ]

In Lemma 5.3.1 we found the first nontrivial Taylor term in the expansion of
g(t). We employ this computation to obtain information on the c-monotonicity of
points with linearly spaced radii close to t = 0.

Lemma 5.3.2. For everyt > 0, consider siz linearly spaced radii
(r1,7re,r3,74,75,76) = (1, 1+ ¢, 1+ 2t,1 4+ 3¢, 1 + 4¢, 1 + 5t). (5.3.7)
Then there exists ty > 0 such that, for every t < t,
c(ri,ra,r6) + c(ra, 13, 15) < c(ry,r4,75) + (2,73, 76)-
Proof. Let us define
F(t)=¢(0,3,5,t) + g(1,2,4,t) — ¢(0,3,4,t) — g(1,2,5,t)

Applying Lemma 5.3.1 we can compute the derivatives of F' and find that

B 284+/3

F0)=0,  F(0)=0, F(0)=0,  F"0)=-—5

< 0;

this shows that F'(t) < 0 for ¢ sufficiently small and proves the lemma. O

Remark 5.3.3. Considering ry, ..., 76 as in (5.3.7), one could prove that the choice
146-235 is optimal between all possible choices, namely

c(r1,14,76) + c(r2,73,75)

= HllIl{ C(p17p27p3> + C(p47p57p6) : {pla s 7p6} = {T17 ce 7r6} } ) (538)

for ¢ small enough. Moreover, one could see that (5.3.8) holds also if we replace ¢
with ¢a defined in (5.3.1). This is, however, not needed for our counterexamples.
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Remark 5.3.4 (Asymptotic expansion of the cost at infinity). Although they will
not be used in the proofs of the main results, we report the following formulas
since they might help in future studies to gain more insight into the structure of
c-monotone sets. We are interested in the asymptotic expansion of the cost as
some of the radii go to infinity and the others remain fixed.

For (r1,79,73) = (1,1,r), the optimal angles are

8 1 T 4 1
GQ(T):W_ﬁ—i_O(ﬁ)’ 93(7“) _5_7‘_2+0(ﬁ)

In comparison to (5.3.6), this expansion is harder to justify (but can be easily
verified numerically). However, from this fact it follows rigorously that the cost
has the following asymptotic behaviour:

cl,1,r)y=C(1,1,r,m,—7/2) — é +o <i4>
r

r

1+ 1 4+ 1
=l-4+— ) ——+0|— ).
2 1472 ré réd

Similarly, for (rq,79,73) = (1,7,7), the optimal angles are

™ 4 1 T 4 1
92(T):§+;+0(§), 93(T):—§—;+0(ﬁ>,

and the cost is

c(l,r,r)y=CQ,r,r,m/2,—7/2) — ig +o0 <i)
r

A
1 n 2 4+ 1

=4+ —"— — 40| —].
2r /142 13 r4

Furthermore, one can verify that

4 4 1
c(l,rr) :C(l,r,r,gjL;,—g—;) -0 (?"_7)

5.4 Condition for ¢ = ¢; and c;-monotonicity

When the radii are spread apart, a reasonable approximate cost appears to be

1 1 1
+ - :
T+ T2 T2+T3 r3—1rT1

cﬂ'(rla T, TB) =

which arises from collocating the charges at angles 6, = m and 63 = 0 (see
Figure 5.3b). In the first part of this section we want to study under which
condition on the radii 1, ro and r3 we have

C(’f’177”2,7’3) = CW(T1,7‘2,7’3)~
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Figure 5.4: The region in the (ry,73) plane where Cyy(ry, 72,73, 7,0) > 0, with
r1 = 1. The dotted line is r3 = ro + 7.

We start with a heuristic argument involving a necessary condition. Up to
permutations, we may assume r; < ro < r3. It is simple to check that

CO(TD T, T3, T, O) = 07

where C has been defined in (5.3.4), either by direct computation or by a symmetry
argument.! If (0, 03) = (7,0) must be a minimum, then a necessary condition is

Coo(r1,72,73,m,0) >0,

in the sense that the Hessian matrix is positive-definite. We have

1 T3 ___rory
2 ((r1+r2)3 + (r2+r3)3> (ro+r3)3
r2r3

Coo(r1,79,73,m,0) = v -
T (ratra)? "3 ((T2+7"3)3 N (7“3—7‘1)3>

since the first entry is positive, this 2 x 2 matrix is positive-definite if and only if
the determinant is positive too, namely

_ T1TeT3 [rorg(ry — r3) 4+ 11 (r3 + 5rars +13) + 1]

det C 0) =
et Cgo(r1, 72,73, 7,0) (r1 +12)3(rg 4 73)2(r5 — 11)3

>0

Y

or equivalently
(T3 + Brors +73) + 15 < rors(rs — 73).
Figure 5.4 depicts the region where the Hessian is positive.

We partially justify the previous argument in the following lemma which,
despite not being quantitative, will suffice for our purposes.

n fact, the four configurations with 6,03 € {0, 7} are always stationary.
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Lemma 5.4.1. If 0 < r; <r{ <ry <ry, then there exists r3 (r{,r{,r5,7r5)
such that for every ry € [r{,r{], ro € [ry,ry] and r3 > r5 we have

0(7"177”2,7"3) = Cn(T1,7“2,7’3)'

Proof. We denote by T? the 2-dimensional torus R?/(27Z)?. The idea of the
proof is the following: we claim that for sufficiently large r3 there are exactly four
stationary points (6, 03) € T? for C(ry,rs,73,09,03), corresponding to 6,05 €
{0, }. Therefore ¢(r1, 19, 73) must coincide with the value achieved at one of them
and by comparing the four values we arrive at the desired conclusion.

First of all, we compute the gradient

rir2 sin(62) ror3 sin(f2—03)
T 2.2 3/2 7 5 o 372
C 6. 0 ) . (7"1 +r5—2r172 cos(@g)) (7‘2+T‘3727‘27'3 COS(92793))
H(Tla Tr2,T3,U2,U3) = r173sin(03) ror3 sin(f2—63)

3/2 + 3/2

(T% +r—2r173 COS(93)) (T% +72—2rar3 cos(02 —03))

The gradient vanishes if and only if the following equations are simultaneously
satisfied:

179 sin(6s) - r173 sin(f3) =0, (5.4.1)
(r? 4+ 13 — 2ryry cos(6s)) (r? + 13 — 2ryr3 cos(63))
7173 sin(f3) ror3 sin(fy — 63)
- + =0 (542)

(rf 413 — 2ryry 008(93))3/2 (13 4+ 12 — 2ror3 cos(6y — 603))

To show that there are exactly four stationary points, the idea is that, for r3
sufficiently large, equations (5.4.1) and (5.4.2) define two pairs of closed curves
on T?, of type (0,1) and (1, 1) respectively, with the property that every curve
from the first family intersects each curve of the second family in a single point.
The situation is represented in Figure 5.5.

Step 1. Given ry, ry and a sufficiently large 73, we claim that for every 65 € S*
there are exactly two values 69(63), 03 (fs) € S* which satisfy (5.4.1); moreover
09(63) and 63 (63) are close to 0 and 7 respectively by less than O(r3?), uniformly
in 05, and their derivatives go to to zero uniformly in 05 for 73 — 00.? These
functions correspond to the solid, almost vertical, lines in Figure 5.5.

We begin by finding a useful bound on |sin(63)|. The two terms of (5.4.1) can
be estimated by

7179 Sin(6y) 1 T4 |sin(6s)|

| > 7
(r? + 172 — 2ry1y 008(02))3/2 (rf +r3)3
r17r3sin(f3) < rirs
(r? + 13 —2ryr3 005(93))3/2 ~ (rs—r)?’

2More precisely, they are close to zero by less than O(r; 2), uniformly in 63.
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Figure 5.5: The curves in T? whose four intersections correspond to stationary
points of C(ry,79,73,02,603). The two solid curves are defined by (5.4.1). The
dashed curves are defined by (5.4.2).

therefore, in order to have equality (5.4.1), it must be that

ry Ty |sin(6y)] rirs
(rf+r3)3 = (rg—r)¥
that is +( N +)3
. ri(ry +ry T3 9
sin(fy)| < — . =0(r 5.4.3
| ( 2)| Tl TQ (7’3 . 7&1})3 ( 3 ) ( )

as r3 — 00, where the implied constant depends only on ri and 3.

We have already discussed that, for every 65 € S, the second term in (5.4.1)
is smaller than r3(rs — r{)™ in magnitude. On the other hand, the first term
vanishes for 0, = 0, 7 and is equal to £r75(r? + r2)3/2 for 0y = +7/2. Therefore,
by continuity, for r3 large we have at least two solutions to (5.4.1).

The estimate on [sin(fs)| proves that the solutions must be located near 0 and
7. Now we want to prove that there are exactly two of them. To do so, we verify
that the partial derivative with respect to 6 of the first term in (5.4.1) is different
from zero for 65 in the prescribed intervals around 0 and 7. Indeed, the derivative
is

0 172 sin(fy) T

90, 62=0 ((7‘% + 12— 2ri7y 005(92))3/2> C(ra—m)¥
0 172 sin(fy) B To

90, fy=n ((T% + 12— 2rry cos(Hg))3/2> GCEESE

therefore it is different from zero around the two points and the two solutions are
simple.
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The claim is almost entirely proved. We now have the two functions 9( - ), 63( -)
and the last thing that we want to derive is the estimate of their first derivatives.
Let O5(-) be one of the two functions. Thanks to the implicit function theorem,
we know that 6,(-) is at least C! and we can compute

0,(0,) = ey 2(rf +13) cos(63) + r173[—5 + cos(263)]
278 Ty 2(r} +13) cos(62(63)) + rira[—5 + cos(264(63)) ]

5/2
. (T% + 15— 2r7T) 005(92(93))> :

r? + 13 — 2ryr3 cos(63)

All the terms are fairly easy to deal with, apart from the denominator of the
second fraction. However, we have that
2(r2 + 13) cos(6y) + rira[—5 + cos(26,)] |92:0 =2(r? — 2ryro +13) >2(ry — 1),
—2(r? 4+ 7r3) cos(fy) — rira[—5 + cos(26,)] ’02:W:2(Tf 4+ 2ryrg +13) > 2(ry 4+ 17),
therefore, by the continuity of the functions involved and by compactness, there
exists a neighbourhood U of {0, 7} such that if r; € [r{, 7], ro € [ry,r5] and
05 € U then
12(r2 + 13) cos(6y) + 7179 [—5 + cos(20,)]| > (ry — )2
From this and (5.4.3), which ensures that 65(03) € U, we deduce that for r3 large
20r)* +2r5 (r{ +73)°
(rg =) (rs—r{)°
Step 2. Next we perform the same analysis for (5.4.2). We prove that there
exist two C! functions 09(03) and 5 (6s) which are the only solutions of (5.4.2)

when 65 is prescribed and that their derivatives are strictly positive. First of all,
we introduce the new variable ¢ = 6 — 63. Equation (5.4.2) reads as

71 sin(63) 79 8in (1))

(r? +r2 — 2rir3 005(93))3/2 (r3 +r2 — 2ryr3 COS(@D))?)/Z

16(63)] < 2 - —0(r;?).
Ty

= 0. (5.4.4)

e The solutions lie in two strips. From equation (5.4.4) we get

r 71 sin(6s) |
(rs =11 7 (12 4+ 72 — 2115 cos(65))
L nen@) i)

(r3 + 13 — 2rorgcos(y))”* (1 +7a)*

Therefore we have

3+
) rs+ri\" 7
sin()] < ( i) i

which, for ry sufficiently large, implies |sin(¢))| < 7 for a fixed n € (1] /ry,1).
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e There are at least two solutions. The first term of (5.4.4) is bounded
by
71 sin(63)

| < :
(1472 —2rgcos(6y))*? — (r3— 1)
On the other hand, when ¢ = +m/2 the second term equals

1

T2
:l:—

which is bigger for r3 large enough. This tells us that for every 63 there
are at least two distinct values of ¢ which solve (5.4.4), because the second
term is a continuous periodic function of .

e There are exactly two solutions. The derivative of the second term is

0 79 sin (1))
N ((r% + 15 — 2113 COSW))?’/z)
_ —3r3rs + (13 + 19r3) cos(v) + r3rg cos(1h)?
N (r3 + 13 — 2rors cos(v))>/?

We observe that the denominator is always positive. We study the sign of
the numerator. The equation

—3r3r3 + (13 + rora)t +rorst? =0

for the unknown ¢ has the two solutions

2 2 4 2,.2 4 2 2 4 2,.2 4
5 .

2T2T3 27’27’3

However, only the first one lies in the range [—1, 1], whereas the second is
less than —2. In fact,

r§+r§+\/r§ + 14733 + 1§ > r§+r§+\/r§ + 2037} + rd = 2(r2+r2) > dror.

Therefore the function has exactly two stationary points and is monotone
between them.

e Derivative of the solutions. At this point we know that there exist two
functions vo(63) and v, (63) such that the corresponding 69(63) = 1o(63) + 63
and 07 (05) = 1,(03) + 63 parametrize the solutions of (5.4.2).

The goal is to show that for r3 sufficiently large we have 6,(65) > C > 0
for some constant C' independent of r3, where 6,( - ) is either 65(-) or 63 (-).
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Thanks to the implicit function theorem we can compute the derivative

oy = (T3 78— Dy cos(u)
2\78) = —3r3rs + (3 + ror3) cos(v) + rirs cos(1))?

' ( 11 cos(6s3) n T cos (1))

(rf + 1§ = 2rirg cos(63))32  (r3 + 1§ — 2rars cos(¥))*/2

3rirssin(fs)? 3r2rs sin(y)?
(r? +r2 — 2rir3cos(03))%/2  (r3 + 13 — 2rarzcos(¢))>/2 )’

where ¢ = 6, — 03 as before. We introduce the parameter k = 1/r3 and
write the derivative in terms of it. We have that

05(03) = f(r1,72,1/13,05 — 05, 03)
where
_ (1 — 27y cos(¢) + r2K?)>/
flrra, 0, 65) = —3r2k + (r3k? + rq) cos(v) + rik cos(1))?

. 1 cos(f3) 79 cos(1))
(1+7ik? = 2rikcos(03))%2 (1 +riK% — 2rak cos(y)))3/2

3rik sin(63)? 3rik sin(¢))? (5.4.5)
(1 +72k2 — 2rykcos(03))%2 (1 +1r3k2 — 2rakcos(e))3/2 )7 770

Observe that the only singularities are due to the denominator of the first
fraction. However, the singular values of ¢ lie outside the two intervals

S = [~ arcsin(n), arcsin(n)] U [1 — arcsin(n), 7 + arcsin(n)]

for k sufficiently small (73 large enough), because they converge to £7/2.
Therefore there exists k* > 0 such that the function f is continuous in the
domain

D =[r{, vl % [ry, 5] x [0, k7], x Sy % [0,27]g,.

e Limit case. We rewrite equation (5.4.4) in terms of « as

71 sin(6s) rasin(t))
— = 0. 4.
(1 + r2k2 — 2K cos(63))3/2 * (1 + r2k2 — 2ryk cos(1)))3/2 0. (546)

Let I',, ,, » denote the set of solutions (¢, 03) € Sy, % [0, 27]g, to (5.4.6). By
the continuity of (5.4.6) we know that

r= |J U U TnmscD

ri€lry ] ra€lry 13 ] KE[O,RT]
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is a closed set. Our ultimate goal is to show that f is positive on I'y, ,,
when £ is small enough.

We start by studying the limit case x = 0. The limit curve I';, ,, o is given
by the equation

1 8in(fs3) = rosin(e). (5.4.7)
For k = 0, the function f equals
1 71 cos(f3)
f(r1,72,0,7,05) 7 c0s(0) (7“1 cos(f3) + 1o COSW)) + Ty c0S() cos(®)

We claim that this function is positive on the curve defined by (5.4.7).
Indeed, positivity is guaranteed if we are able to prove that
11 cos(63)

| 9 cos(1))

But, by squaring, this is equivalent to

< 1.

rf (:03(6’3)2 <7y COS(I/J)z,

which, thanks to (5.4.7), reduces to the true inequality r? < r3.
e Conclusion. Finally, we prove that f > C > 0 on I',, ,, » for x close to
zero, where C' is a constant depending only on 7 and r3.

We know that f is positive on the compact set

K= U U | S

rle[rf,rﬂ rze[r;,r;]

Therefore there exists a positive constant C' and an open neighbourhood U
of K in D such that f > C on U. Since I' is closed, a compactness argument
shows that I';, ,, » C U for s close to zero and this concludes the proof.

Step 3. The previous steps tell us that (5.4.1) defines two vertical curves and
(5.4.2) two diagonal curves. The estimates on the derivatives of such curves prove
that the intersections are simple, therefore there are exactly four stationary points.
But we already know four stationary points, namely

(09,03) = (0,0), (0,7), (m,0), (7).

To conclude, we can just compare the costs associated to each of them and pick
the smallest one. It is easy to see that (62, 603) = (7,0) is the optimal choice. In
fact, (0,0) is clearly the worst. Among the three cases left, we can say that (,0)
always beats (7, 7), that is

0(7”1,7“277’3,777) —0(7“177"277’3,77,0)

1 1 1 1
= - + — >0,
Ty —To rs —T1 To + 11 T3+ T2
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as both the differences in parenthesis are positive. Finally, (7, 0) beats (0, 7) too
because

2r,(13 — 13)

(rs = rf)(r3 = 19)

In the following lemma, we prove that, with the frozen cost c,, given six
increasing radii numbered 1,...,6 the choice of two disjoint subsets of three
elements which minimizes the cost is always given by 145 and 236. Actually, we
prove only some comparisons that are enough for our examples, but one could
show in general that

> 0. ]

C(T17T27T37 077T) - C(T17T2,T3,7T,0> -

Cr(11,74,75) + Co(1T9,73,76) =

= min { ¢;(p1, P2, P3) + Cx(Pas D5, P6) = {p1,--- 06} ={r1,...,r6} }.

The proof of this fact reduces to the characterization of c-monotonicity with
Coulomb cost performed in [CDD15, Proposition 2.4].

Lemma 5.4.2. Let 0 <ry < --- <rg. Then we have that

Cr(r1,74,75) + Cr(r2, 73, 76) < min {cr(ry, 74, 76) + Cr(r2,73,75),

C7r<7'17 T3, TG) + Cﬂ(r27 T4, 7’5), cﬂ(r17 T3, TS) + Cﬁ(r27 T4, 706)}'
(5.4.8)

Proof. Let us consider the one dimensional Coulomb cost defined in R

1 1 1
E(vl,m,v3) = Vvl,vg,vg e R.

_|U2—U1| |U3—U2| |U1—Us|

We notice that ¢, (r1,74,75) = ¢(r1, —r4, r5) and, more in general, for all the 3-uples
appearing in (5.4.8) the c,-cost and the ¢-cost satisfy the same relation. In [CDD15,
Proposition 2.4] it is proved that, given the six points —ry, —rs, r1, r9, 75,76 the
best way to choose two 3-uples to minimize the one dimensional Coulomb cost is
to take the points in odd position and the points in even position; in particular,
we have

c(—ry,r1,1r5) + ¢(—7r3,79,76) < Min {E(—m,rl, re) + ¢(—rs,re,r35),

c(—rs,71,76) + c(=714,72,75), (=13, 71,75) + 5(—7”4,7“2,7"6)}7

which proves (5.4.8). O

Remark 5.4.3. The previous lemma allows to prove that, for the cost c,, the
symmetrized optimal plan for the problem (5.2.3) is unique and coincides with
the symmetrization of the DDI-map.
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5.5 Proofs of examples and counterexamples
Proof of Counterezample 5.2.6. Let ty be given by Lemma 5.3.2 and let us choose
e < to/2. If, by contradiction, the DDI-map T associated to p. is optimal, by

Proposition 5.2.4 its support is c-monotone. Let us consider 1+ ¢, 1 + 3¢ and the
images of these points through 7" and T o T

T(l+e)=1+47s, ToT(l+¢e)=1+49e,

T(14+3s)=14+5s, ToT(l1+3e)=1+lle,

We notice that these points
(r1,...,r¢) = (L+e,14+ 36,1+ 56,1+ 7,1+ 9¢,1 + 11¢),

are equally spaced; hence, we can apply the scaling properties of the cost function
and Lemma 5.3.2 with t = 2¢/(1 + ¢) <ty to deduce that,

c(r1,14,76) + c(r2,73,75)

1 [< 1 T4 g )—I— ( T9 T3 rs >]
= c c
1+¢ 14+’ 14" 1+¢ 14+’ 14" 1+¢

1 T1 Ty T's T9 T3 Te
<l )t et
1+e¢ 1+ 1+ 1+4¢ 1+ 1+ 14+¢

= c(r1,74,75) + c(re,r3,76).

This contradicts the c-monotonicity of the support by taking p = {3}. O

Remark 5.5.1. In the paper in preparation [DNG] it is shown that, in the setting
of Counterexample 5.2.6, none of the maps in the {D, I}3-class associated to
pe is optimal in problem (5.2.2); by considering the limit problem as ¢ — 0
of a suitably rescaled problem and analyzing the optimal maps with the cost
co(T1, T2, 23) = |21 + 9 + 3|2

Proof of Counterexample 5.2.7. Step 1. By choosing ¢ sufficiently small (inde-
pendently of M), we exclude that the DDI-map is optimal in problem (5.2.2) for
every M > 2.

Let T be the piecewise continuous DDI-map. Consider the following two
points in the support of the plan associated to T (recall that the support is a
closed set):

€ 15 € 15 Te 9¢e
1 —,T<1 —),T<2) (1 —>>: 1+21+5 142
( +2 +2 +2 +2 + 2 + 2

lim (r,T(r), T®(r)) = (1 +¢&,1+ 3¢, 1 + 5¢).

r—l+e—
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We claim that they violate the c-monotonicity property (Proposition 5.2.4) with
p = {3}, namely

7 9
f<€>=c(1+§,1+§,1+§)+c(1+e,1+35,1+55)

7 9
- {c(1+5,1+—8,1+55>+c<1+5,1+35,1+§> >0

2 2

for € sufficiently small. The proof is similar to that of Lemma 5.3.2. Using the
formulas obtained in Lemma 5.3.1 we just compute the derivatives

f(0) = f(0) = f"(0) =0,

713
o) = T3

Step 2. We exclude that the maps DID, IDD, III in the {D, I}3-class are
optimal in problem (5.2.2) for M large enough.

We present the argument to exclude the DI D-map, the others being similar.
Let us fix x,y € (M + 1/4, M + 3/4), x < y, and let us consider their orbits
through 7', that is T'(z), T(y) € (1,1 + &) and T@ (x), T®(y) € (1 +3ep, 1 +4sp).
Let us consider the increasingly ordered points

(r1s o) = (7). T(@), 7 (@), 7 (y), 2.y

> 0.

the couples of points (71,74, 76) and (r2,73,75) belong to the support of the plan
associated to the DI D-map. By Lemma 5.4.1, we can choose M sufficiently large
so that the previous points, as well as the points (ry, 74, 75) and (rg, 73,7¢), have
the same c and ¢, cost. By Lemma 5.4.2, which describes the ¢, monotonicity, we
have

c(ri,14,15) + c(re, 3, 16) = Cr (11,74, 75) + Ca(re, r3,76)
S Cﬂ-(7°1,7’4, r6) + Cw(r% 7'3,7”5)

= c(r1,74,76) + (12,73, 75).
This shows, by Proposition 5.2.4, that the DI D-map cannot be optimal. ]

Remark 5.5.2. Our method can be applied to the 4-marginal problem to show
that there exists € > 0 such that, setting
1
Pe = 1_651[1,1+165} dr e #(Ry),
any map in the {D, I }*-class associated to p. is not optimal in problem (5.2.2).
Indeed, let T" be any such map. Pick two points in [1, 1+ 16¢] such that the union
of their two orbits is

{ri,...,rs} ={l1+e,14+3c,1+5¢,1+ 75,1+ 9,1+ 11e,1 4+ 13¢,1 + 15¢}.
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We claim that 7" is not c-monotone because the partitioning of {ry,...,rg} into
two quartets that minimizes

C(Til, riga ri37 Ti4) + C(ri{)a riﬁa 7"7;7, Tig)

is {(r1,75,76,77), (r9, 73,74, 78)} and such partition doesn’t correspond to any of
the maps in the {D, I }*-class.

The way to see this is to extend the results of Section 5.3 to the 4-marginal
case. Consider four radii

(7”1,7"2,7’3,7"4) = (1 + alt, 1 + Clgt, 1 + Cbgt, 1 + a4t).

Following the same derivation, we find that the angles that give the cost ¢ are

62(15) 7T/2 —a1 — G + as + a4

6 —+v2
93 (t) = T —|— 34\/_ 2@4 — 2@2 t + O(t)
04(t) 3/37T ay —CLQ—CL3+G4

In turn, this provides the expansion of the cost up to the third order and this
information can be used to verify the asymptotic optimality of any given partition.
We omit the formulas, since this computations are better performed with the aid
of a computer algebra system.

Proof of Proposition 5.2.9. Let M be chosen, thanks to Lemma 5.4.1, so that

c(r1,72,13) = Cx(11,72,73) for every ry € [1,2], rp € [3,4], r3 € [M, 00).
(5.5.1)
In order to prove the c-monotonicity property, since the map 7' is cyclical and
since its orbits take exactly one point in each interval [1,2], [3,4], and [M, 00), it
is enough to show that, given =,y € [1,2], x < y, we have

c(x,T(:c),T(z)(:c)) + c(y, T(y),T(2)(y)) < c(z, A, B)+c(y,C,D) (5.5.2)

for every possible choice of A, B,C, D such that {A,C} = {T(x),T(y)} and
{B,D} = {T®(x),T?(y)}. By definition, we have that

1<2<y<2<3<T(y) <T(z) <4< M <TO(2) < T (y);

hence by (5.5.1) we have that c(z,T(z),T®(z)) = cx(z,T(z),T®(z)) (and
similarly for y and for the other 3-uples) and by Lemma 5.4.2 we have that
¢(2,T(x), T?(2)) + c(y. T(), T? (1))
= (2, T(2), T? () + ex (y, T(y), T (y))
< cqp(z, A, B) + c:(y,C, D) = c(z, A, B) + c(y,C, D),

for every possible choice of A, B,C, D such that {A,C} = {T'(z),T(y)} and
{B,D} = {T®(x), T®(y)}; this proves (5.5.2). O






Chapter 6

Finiteness and continuity of
multi-marginal optimal transport
with repulsive cost

6.1 Introduction

In this chapter we prove the finiteness and continuity of multi-marginal optimal
transport with repulsive cost under the assumption that the measure does not
concentrate too much. This chapter is based on the article in preparation [CDS]
and is a refinement of the results presented in [BCP16], especially from the point
of view of the assumptions, which in our work are shown to be sharp.

The setting is as follows. The ambient space is a complete and separable (Polish)
metric space (X, d). We consider a repulsive interaction cost given by a symmetric
lower semi-continuous function ¢ : X x X — [0, o0] such that ¢(x,z) = oo for all
x € X and for which there exist two right-continuous non-increasing® functions
m, M : (0,00) — [0, 00) satisfying

m(d(xl,xg)) < co(xy,m9) < M(d(Il,I2>), for all x1 # x5 € X,

and
lim m(r) = lim M(r) = oo.

r—0+ r—0+
If we wish, we can extend m(0) = M(0) = oo, so that the preceding inequality
holds for all x1, 25 € X. For a > 0 define the “enlarged diagonal”

{ (z1,...,2x) € (RYN 1 d(zy,2;5) < a for som(az'7é]'}7
={z=(z1,....2n) € (R)Y : d(z;,2;) < o for some i # j}.

Notice that in general D, is not the closure of D, (which would be denoted by
D,, if needed), but rather contains it.

Hence lower semi-continuous.

95
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6.1.1 Examples

We summarize here three particular examples that fall inside this setting:
e Coulomb in RY,
e c=¢od,

e ¢ = (G Green function of A on a manifold.

Coulomb in R?. The model case is the Coulomb interaction in R3. This is how
the problem originated in the context of Density Functional Theory. The ambient
space is R? and the cost c(z,y) = 1/]x — y|.

Case ¢ = ¢ od. A specific instance of this kind would be a cost of the form
c(z1,22) = ¢(d(21,22)), where ¢ : [0,00) — [0,00] is a lower semi-continuous
function such that

e ¢(0) = oo, hence lim, o+ ¢(r) = oo,
e and ¢|[) is bounded for every r > 0.

In this case, m and M could be given by

m(r) = min @(r'), M(r) = sup o(r').

r'€l0,r] r'€[r,00)

From the definition follows that m and M are non-increasing and right-continuous,
m(r) < ¢(r) < M(r) and lim, o+ m(r) = co. We define also the pseudo-inverse
m~':[0,00) — (0, 00] by

m~1(t) = max{r € (0,00] : m(r) > t}.

Then m~! is non-increasing, left-continuous and satisfies the important relation
m(m=(t)) >t

Green function of A. Noticing that the potential 1/|x — y| is the fundamental
solution of the Laplacian in R3, the first case can be generalized to a Riemannian
manifold M where the cost is given by ¢(z,y) = G(x,y), the fundamental solution
of A,G(z,y) = d,. If the manifold is compact then it is clear that ¢ satisfies
the previous hypotheses, but they could be verified also on some non-compact
manifolds, like they are in R? because of the translation invariance.
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6.1.2 Notation

For every integer N > 2, define the symmetric interaction cost ¢ : (RY)Y — [0, oo]
by
c(xy,...,xN) = Z c(zi, ),

1<i<j<N

the cost of a plan C': Z((RY)") — [0, <] by
C(m) ::/ c(xy,...,en)dr(zy, ..., xN)
(Rd)N

and lastly the optimal transport cost 4y : £(RY) — [0, 00] associated to a
marginal by

Cn(p) = inf{C(m) : m € lIn(p)},

where
Iy(p) ={me P(RN): Pyr=pfori=1,...,N}

denotes the admissible transport plans.

Our results depend on assumptions regarding the concentration of mass of the
marginal p, therefore we introduce two quantities measuring it. Given u € Z(X),
we consider the biggest atom of

a(p) = max u({z}),

and the concentration on balls defined as

k(p, 1) = sup pu(B(, 7)),
zeX
which will be needed for the uniform quantitative version of the results.
We will use the notation P* : X¥ — X to denote the projection on the
i-th coordinate and also P : XV — X% to denote the projection on the
coordinates i1, ..., ig.

6.2 Preliminary results

Definition 6.2.1. A measure m € .Z, (R x R) is said to be increasing if (' —
z)(y —y) >0 for 7 ® ma.e. ((z,y),(2,y)) € (R x R)?, that is, 7 ® 7(R) = 0
where

R={((z,y), (@ y)) € RxR)*: (' —2)(y' —y) < 0}.

Lemma 6.2.2. Given p,v € Z(R), there exists a unique increasing plan m €
(p, v).
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Proof. Assume p = u.Z?! and v = v.#! with strictly positive densities v and v.
Consider the repartition functions F(z) = p((—o0,z]) and G(z) = v((—o0, ]),
which are continuous and strictly increasing. Then v = Ty where T'= g~ ' o f is
increasing. Therefore m = (Id, T") x4 € II(x, v) is increasing, since it is concentrated
on the graph of T'.

In the general case, consider y,, = p * g, and v, = v * g,,, where g € L*(R) is a
strictly positive probability density and g,(z) = ng(nz). When n — oo, we have
fn, — p and v, — v. We know that there are increasing plans 7, € II(u,, v,). By
a standard compactness argument, up to a subsequence, we have 7, — m € II(u, v).
But then 7 is increasing because 7, ® m, — 7 ® 7 and R is open, hence

7@ 7(R) < liminf 7, ® m,(R) = 0.
n—oo

As for uniqueness (which will not be needed in the sequel, however), notice
that 7 is completely characterized by the property

7((—o00,2] x (—00,y]) = F(z) A G(y), for all z,y € R. O

The previous definition and lemma can be generalized straightforwardly to
more than two marginals and in the sequel they will be used this way.

Clearly the uniform concentration condition measured by « is stronger than
the pointwise one encoded by a. However, thanks to a compactness argument,
the next lemma shows that the two are in fact almost equivalent.

Lemma 6.2.3. Let p € P(X) and assume that a(p) < 6. Then there exists r > 0
such that k(p,r) < 0.

Proof. Fix a(p) < §' < d. Since p is tight, we can find a compact subset K C X
such that p(K¢) < ¢’. Given z € X, one has lim, o+ p(B(z,7)) = p({z}) <
a(p) < ¢, therefore for every x there exists a positive radius r, such that

p(B(z,3r,)) <.

Since K is compact, we can find a finite number of points z1, ..., x; such that
K C UfZIB(ZL‘i,TJCi). Let r = min{r,,,..., 7, }. If d(z, K) > r, then B(z,r) C
K¢, hence p(B(z,r)) < &. If d(z,K) < r, then d(z,z;) < 2r,, for some i =
1,...,k, therefore B(z,r) C B(;,3r,,), hence p(B(m, 7")) < ¢'. This implies that
k(p,r) < 4§ < 0. O

Lemma 6.2.4. Assume that p € Z(X) satisfies k(p,r) <& for some r >0 and
let p, — p. Then for every r' € (0,7/2) one has k(p,,r") < & for n large enough.
If X si proper, then we can take r' € (0,7).

In particular, if a(p) < &, then a(p,) < & definitely in n.

Proof. Fix k(p,r) < § < . Since the family (p,) is tight, we can find a compact
subset K C X such that p,(K¢) < ¢’ for all n. Take e € (0,7 — 2r']. The compact
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set K can be covered by a finite number of balls K C |Ji_, B(x;,€). For each
t=1,...,k one has

limsup p,, (B(zi, 7)) < p(B(zi, 7)) < K(p,r) < 6.
n—oo
This means that there exists n € N such that for all n > n and for every
1 =1,...,k one has

On (B(xz, r)) <¢'.

Let now n > n. If d(z,K) > 7/, then B(x,r) C K° hence pn(B(x ') <
pn(K€) < d'. Otherwise, if d(z, K) <1/, thend(z,x;) < r'+eforsomei=1,...,k,
therefore B(x,r") C B(w;,2r' +¢) C B(:L‘Z, r), from which p, (B(z,r')) < (5’ ThlS
implies that k(p,,r") < ¢ <6 for n > n.

Assume that X is proper and take ¢ and K as before. Fix ¢ € (0,7 — 7]
The set H = {z € X :d(z, K) < '} is compact because it is closed and bounded,
therefore it can be covered by a finite number of balls H c |J¥_, B(z;,¢). For
each i =1,...,k one has

limsup p, (B, 1)) < p(B(ai1)) < lp.r) < 5.
n—oo

This means that there exists n € N such that for all n > n and for every
1 =1,...,k one has

Pn (B(mz, r)) <.

Let now n > n. If d(z, K) > 7/, then B(x,r') C K¢, hence pn(B’(x,r’)) <
pn(K€) < ¢. Otherwise, if d(xz, K) < ¢/, then z € H and d(z,z;) < ¢ for
some i = 1,...,k, therefore B(z,7") C B(x;,7" +¢) C B(x,r), from which
pn(B(z,1")) < 6’ This implies that k(p,, ") < ¢ < for n > n. O

The next lemma is the one dimensional version of the finiteness of the cost
and will be used later to prove the general case, together with Proposition 6.2.7.

Lemma 6.2.5. Let p € Z(R) be such that a(p) < 1/N. Then €(p) < 0.
Proof. An immediate consequence of Lemma 6.2.3 and Lemma 6.2.6. [

Lemma 6.2.6. Let p € Z(R) be such that k(p,r) < 1/N. Then the optimal plan
is distant from the diagonal: more precisely (Do) =0 and € (p) < (g)M(Qr)

Proof. Let —co <ty <t; <---<ty<oocand py,...,py € ///+( ) be such that
p=p1+-+pn, pi(R) = 1/N and p; is supported on [t;_1,t;]. By Lemma 6.2.2,
for 1 <i < j < N there exists an increasing plan m; ; € I(p;, p;).

Let p; — p; be measures with strictly positive densities. Then there are maps
T7 - [0,1/N] — R such that pf = T; (£ L[0,1/N]). Letting n° = (T7,...,Tx),
by a standard compactness argument we have that up to a subsequence 7° — 7
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as € — 0 for some 7 € .4, (R?) with total mass 1/N. Finally, define the cyclic

version
N

o ZP;;...,NJ ..... i1~
i=1
Then 7 € II(p) because all the marginals p5 pass to the limit in the correct way.
This is the optimal plan according to [CDD15]. Notice that by the concentration
assumption one must have d(z;,; ) > 2r for i # j and all « € supp 7, otherwise
the ball of radius r centered at the midpoint (z; + x;)/2 would contain more than
1/N of the mass of p. But then this fact implies O

Proposition 6.2.7 (Good projection). Let p € Z(X) with a(p) < 6. Then
there exists P € Lip,(X) such that a(Pgp) < 6. Such a P will be called a good
projection.

Proof. We start from the case where X is a finite-dimensional normed vector
space, i.e. X ~ R? Tt is sufficient to show that there exists P; € Lip(R%; R~1)
such that a(Pyup) < 6. Then we conclude by taking P = P, o---0 P;. The
statement is true if we are able to find a direction v € R? such that p(l) < ¢ for
every line [ parallel to v. In fact, then we can write RY ~ R @ (v) and take
P, to be the projection onto the first factor. Fix a positive € < [0 — a(p)]/2. Let
{z;}; be the at most countable set of atoms of p. Take out a finite number of
them, z1,...,x,, such that the mass of the remaining ones is small, namely

S o) <

i>n

The directions v;; = x; — ; are forbidden. Consider the non-atomic measure

p=p—>_ p{x:})o,.

i>1

This measure is additive on finite unions of distinct lines, because the intersections
are finite sets of points, which have zero measure w.r.t. p. Therefore there is only
a finite number of lines [y, ..., I, with p({;) > €. Let v; denote a direction parallel
to l;. This procedure rules out another finite number of directions, vy, ..., vg.
Now take a direction v which is not parallel to any of the v;; or v;. If [ is a line
parallel to v, [ can contain at most one of the points xy, ..., x, (otherwise v would
be parallel to some v;;) and p(l) < € (otherwise v would be parallel to some ;).
Therefore

ax p({z:}) + > p{z:}) <e+alp) +e <.

7777 n .
>n

p(D) < p(l) + m

Assume now that X = (> and p € Z(£>) is tight. It is well know (see for
instance [PS12, Lemma 5.7]) that ¢ has the metric approximation property,
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that is, for every compact set K C ¢* and every € > 0 there is a linear operator
T : (> — (> of finite rank with operator norm ||7|| < 1 and sup,cx||Tz—z|| < e.
Since p is tight, there are increasing compact sets K, such that p(K¢) < 1/n. p
is clearly concentrated on the set H =, K. Let T}, : £>° — (> be a finite-rank
linear operator with ||| <1 and sup,cg, || T2 — 2| < 1/n. For every v € H
we have T,z — x as n — oo, therefore T}, ,p — p.2 But then, by Lemma 6.2.4,
a(T,yp) < 6 for n sufficiently large. The measure T}, 4p is supported on a finite-
dimensional vector subspace of ¢*° (the image of T},), therefore we already know
that there is a good projection @ for it. A good projection for p itself is then
given by P =(Q o T,.

In the general case of a Polish space (X,d), we simply need to embed it
isometrically ¢ : X — ¢°° by means of «(x) = (¢, (z))n, where ¢, (z) = d(x,z,) —
d(z,z0) and {2, }, C X is a countable dense set. By Ulam lemma p is tight, and
so is typ € P(l>°). Clearly a(tgp) = a(p) < 6, therefore we can find a good
projection @ for t4p and a good projection for p is given by P = Q) o . ]

Remark 6.2.8. The previous proposition remains true when p is a tight finite
non-negative measure on a generic metric space X. The only modification is to
observe that we just need to embed only supp(p) < ¢*°, which is o-compact and
closed, thus Polish.

Proposition 6.2.7 will be used to prove the finiteness of the cost under the
assumption that a(p) < 1/N. To deal with the other concentration condition
k(p,r) < 1/N, one could hope to extend the good projection in the following
way. However we have not been able to establish the truth of the next conjecture,
therefore we had to find another way to get the bound of the cost (see Theo-
rem 6.3.6). The conjecture, however, seems interesting enough from the measure
teoretic perspective, so we state it anyway.

Conjecture 6.2.9 (Good projection, quantitative version). Let p € Z2(R?) with
Kk(p,r) < 8. Then for every e > 0 there exists P € Lip;(R?) such that k(Pyp,r’) <
d + ¢ for some r'(r,d,d,e) > 0.

6.3 Main results

Apart from proving that if the concentration of a measure is below 1/N then the
cost is finite (see Lemma 6.3.3 and Theorem 6.3.6), we are also able to show that
this threshold is sharp, as illustrated by the next simple theorem.

Theorem 6.3.1. Let p € Z(X) with a(p) > 1/N. Then € (p) = 0.

Proof. We prove the contrapositive. Let m € II(p) be an optimal plan. Since
% (p) = C(m) < 0o, we infer that 7(D) = 0. Let z € argmax{p(z) : x € X}, so

Indeed, if f € Cy(¢>°), one has [ fdT,4p = [ foT,,dp — [ fdp by dominated convergence.
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that p({z}) = a(p), and define X, = {z}°. For every i = 1,..., N one has
p({&)) = Pir({ah) = 7 (X¥ x {2}) = m(X2 1 x: {a}).

Notice that the N sets XN~ x;{z} are disjoint, therefore, adding overi = 1,..., N,
we get

Np({z}) = m(X) " x; {z}) = W<U XNty m) <7(XV) =1,

i=1 i=1
from which a(p) < 1/N. O

At the threshold level 1/N anything can happen: the cost can be finite or
infinite, depending on the specific distribution of the mass.

Theorem 6.3.2. Let X be a space with at least one accumulation point. There
exists p € P(X) such that a(p) = 1/N and supp(mw) N D # O for every m € I1(p)
(thus w(Dy) > 0 for every a > 0). Moreover, there is one such p with € (p) < oo
and one with € (p) = oo.

Proof. Let x € X be a limit point and let (z,)neny € X \ {2} be a sequence of
distinct points converging to x. Consider the probability measure

1 N -1
p = N(Sx + T ;pndccm

where (pp)neny € €' with p, > 0 and ||p||, = 1. Let 7 € II(p) and assume by
contradiction that w(D,) = 0 for some o« > 0. For ¢ = 1,..., N define the
restricted measures

n; = wL(XV T %, {2}).
We have that
ni(XY) = (XN % {}) = p({z}) = 1/N.

Define the sets X, = X \ B(z,a) and B, = B(z,«a) \ {z}. The measure 7, is
actually concentrated on XN~ x; {x}, in fact

T]Z-((Xiv_l x; {z})°) = 7T<U XN % {x} % B(x,a)) < m(D,) = 0.
J#i

These sets are disjoint, therefore n; An; = 0 for ¢ # j and 7™ = Zf\il 71;- Notice
that both B, N {z} =0 and B, N X, = (), therefore

Pym(B.) = 7((B. N {z}) x X)) = n(0) = 0,
Pini(B,) = n((B. N X,) x XN 72 x; {z}) =7 (D) =0,
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but this leads N
p(B.) = Pln(B.) = 3 Phmi(B.) =0,
i=1

which is a contradiction since x € supp(pL{z}°).
Finally, one can fiddle with the choice of the weights (p,), in order to make
the cost finite or infinite. ]

We present here a simple proof of the finiteness of the cost depending on the
existence of good projections, before moving on to the more powerful, but maybe
less intuitive, Theorem 6.3.6.

Lemma 6.3.3. Let p € Z(X) be such that a(p) < 1/N. Then there exists a plan
7 € Il(p) such that 7(Dy) = 0 for some a > 0. In particular,

(p) < Or) < (JQV )M(a) < .

Proof. Take a good projection P € Lip;(X) given by Proposition 6.2.7 and consider
the measure v = Pyp. By the disintegration theorem there are probabilities
pe € Z(X) such that p = p; ® v(t). Let # € II(v) be the optimal monotone plan
and let 7 € II(x) be any plan such that (P,..., P)zm = . Such a plan can be
build by mapping arbitrarily the measures y; on one another. If x € supp u; and
Y € supp s, then d(z,y) > |t — s| by the Lipschitzianity of P, because t = P(x)
and s = P(y). Therefore c(x,y) < M(|t — s|). But in proving Lemma 6.2.5 we
showed that |t — s| > « for some « > 0 if the points ¢ and s are coupled by the
optimal plan 7. Therefore ¢(z,y) < M(«) if the points z and y are coupled by 7
and tis leads to € (p) < C(m) < (N)M(a). O

2

Proposition 6.3.4 (Local boundedness of the cost). Let p € P(X) be such that
a(p) < 1/N. Then € is locally bounded around p w.r.t. weak convergence. In
particular, € (p) < oo.

Proof. We start by taking a good projection P € Lip,(X) provided by Proposi-
tion 6.2.7. By Lemma 6.2.3, the projected measure p' = Pyp satisfies x(p/, 1) <
1/N for some r > 0. If p, — p, then p}, = Pyp, — p’ and by Lemma 6.2.4 they
all satisfy x(p,7/3) < 1/N. Then the same argument of the previous lemma leads

to € (pn) < (];)M(r/?)) O

Corollary 6.3.5 (Boundedness of the cost). Let F C (X)) be relatively compact,
r>0andd < 1/N. Then there exists C(r,d, F) < 0o such that € (p) < C(r,d,.F)
for all p € F such that k(p,r) < 0.

Proof. Assume by contradiction that there is a sequence (p,)neny C & with
k(pn,7) < 9, but €(p,) — oo. Up to a subsequence we may assume that
pn — p € P(X). Moreover, given 1’ € (0,7) and z € X, we have

p(B(z, 1)) < p(B(z,7)) < ligigfpn(B(x,r)) < liggfm(pn,r) <4,
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therefore x(p,7’) < § < 1/N, and in particular a(p) < 1/N. The previous
proposition asserts that the cost is locally bounded around p and this provides a
contradiction. [

Theorem 6.3.6 (Uniform bound on the cost). Let p € P(RY) be such that
k(p,r) < ~ for some r > 0. Then

“) < 5 )y

Proof. The proof exploits the duality formula for bounded costs. We want to show
that there exists an admissible plan 7 € II(p) such that «(D,) = 0. In this case
then clearly %(p) < C(m) < (})M(r). Such a plan will be given as the minimizer
of the multi-marginal optimal transport with respect to the following bounded

cost:
7]

For this cost it is known that the duality formula holds ([De 15]):

inf / cdr = sup N [ pdp.
m€ll(p) JrNd p(x1)++p(zn)<é(x) R4

The optimal 7 € II(p) will satisfy 7(D,) = 0 if we show that
/ edp <0 for all admissible ¢.
Rd

In fact, in such case the optimal value of the previous problems must be 0, therefore
7 has to be supported on D¢.
Actually, the crucial constraint on ¢ that will be needed for the proof is

o)+ +elzy) <0  ifzeDy.

The only role that the condition on D, plays is telling us that ¢ is bounded from
above, since (z,...,z) € D, and therefore Np(z) < é(x,...,x) = r; indeed one
would like to consider the cost which takes the value oo in this region, if there
were not the problem of the validity of the duality formula for such a cost and the
boundedness of the potential.

After having fixed a small € > 0, we do the following iterative construction of
Mi, 2; and B;:

71 = sup g, 2 € RY, o(z1) >m — e, By = B(z,7),
Rd

2 = SUp @, 2 € By, p(z2) >n2 —¢, By = B(z,7),
1

e = sup @, z € (ByU---UBy1), w(2x) > m, —e, By = B(z,7).

(B1U-UBj_1)°
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Notice that we have the monotone sequence r/N > 1 > 1y > ... and so on.
At each step we check the sign of the quantity

m+-+ 1+ (N—=k+ 1 — (k-1

As soon as it is non-positive we stop the process and estimate the quantity
fRd @ dp. Notice that this will surely happen by the time we reach k = N, because
if z€ (ByU---UBxN_1), then (z1,...,2y_1,2) € DS, so

(m—e)+- 4+ —¢e)+v(z) <p(a) + - +plen-1) + () <0

and 71 + -+ -+ 1y — (IV — 1)e <0 follows by taking the supremum over z.
Calling k the smallest integer for wich this happens, by constuction we have

1 i k—1
nks——N_kHE RS et (6.3.1)
j=1

while the preceding inequalities are reversed.
Letting B; = B; \ (B1 U---U By_1) so that they are disjoint, we can estimate

k—1
pdp = / pdp+ / pdp
/R;d ; B; (B1U-UBg_1)°
k—1 k—1
<> nip(Bi) + i <1 - ZM&))
=1 i=1

k—1 1 k—1 k‘ 1 k—1
<D mp(Bi)+ (—m D+ N_—,Hf) (1 - P<Bz’))
i=1 i=j =1
k-1 k—1
) | k-2
=2_#(B) (m PN R m)
i=1 j=1
>0

k—1

1 k-1 1 i
N - By),
N—k+1zn]+N—k:+1€ N—k+1gz’0< )

= 1=

k*ll 1 k—1 kE—9
< i v
_;N<m+]\f—k+1;”ﬂ N—k+1€>
k—1
1 k-1
_N—k+1;nj+N—k+1€
k—1
1 k1 1 k1
< [ = _ v
_(N+N(N—k+1) N—k+1);m+N—k+1€

E—1

M <N
N_—kt1 —0®
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where we used (6.3.1) in the second inequality and then

k-1
(N—k+1)m+2nj—(k’—2)5
j=1
k-1
> (N —k+ D+ > n— (k—2)e
=1
k—2
S (N (k= 1)+ Dt + Yy — (k—2)e > 0

J=1

in the next step in order to substitute p(B;) < 1/N. Letting ¢ — 0 shows that
fRd pdp <0 as desired. =

This next theorem is a direct improvement of [BCP16, Theorem 2.4, and
also its proof is based on their, with suitable modifications to reach the sharp
hypothesis. In particular, most of the difference is in how we substitute their
Lemma 2.3 with a better selection of competitor points.

Theorem 6.3.7 (Diagonal bound). Let p € Z(X) be such that k(p,7) < 1/N
for some r > 0 and let w € II(p) be an optimal plan. Then there exist o, 3 > 0
satisfying

< (p)

m(a) >2(N —1)M(B/2), m(B3) > T= Na(p )’

B/2<r  (6.3.2)

and for any such choice of a and 5 we have
7(D,) = 0.

Proof. First of all, we can assume without loss of generality that the plan x is

symmetric, since 7™ has the same cost of 7 and 7™ (D,,) = 7(D,,) for every
a > 0.

Assume by contradiction that 7(D,) > 0. Then there exists # € supp(7) N Da.
We may assume without loss of generality that |z; — z5] < «. For notational
simplicity, let v = 5/2 < r. We claim that there is a point

y € supp(m) \ Dg N (B(w1,7) )
To prove that such a point exists, it is sufficient to show that

W(D; N (B(ml,v)c)N> > 0.
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But this is true since we can estimate the mass of the complement as
= _ N 4 _ _ c N &
(P30 (BT = #(Ba0 (B )])
—_ N —
w(Dg) + 7 (U XN B(wy, 7))

C(m) iz—l
< m(B) (B(%,’Y))

< 1= N&(p, )+ Nr(p,7) < 1.

Next we prove that there exists ¢ € {1,..., N} such that |y; —z;| > 7 for every
j=1,...,N. Indeed, by definition of y, the set B(z,7) does not contain any
of the points y;; furthermore the N — 1 sets B(x,7), B(zs,7), ..., B(xy, ) have
diameter at most 2y < 3, therefore at least one of the N points y; does not belong
to any of them; otherwise by the pidgeonhole principle one of the aforementioned
sets would contain two of the points y;, which is impossible because they are
pairwise spaced apart by more than 5. Since we are dealing with a symmetric
plan, we may assume that |y; — x;| > v for every j =1,..., N.

Now we introduce the two points Z and 3 obtained by swapping the coordinates
1 and y;, namely

j:(yla'l‘?’"'ax]\/)a g:(IlayQW'wyN)a

which will be needed to construct a competitor plan contesting the optimality of
7. For a fixed € > 0, consider the four sets

N N
X. =[] Baie), Y. = [[ Byi.o).
i1 i=1
N
X. = B(yi1,¢) % HB T, €), Y. = B(z1,¢) X HB(yi,g).
1=2

Since z,y € supp(w), we have 7(X.) > 0 and 7(Yz) > 0, which allows us to define
the two restrictions u, v € A, (XN)

Ll X, i . TLY,
W(X5)7 V_[ (X6)/\ (}/8)]7_(_(}/8)

p=[r(Xe) Am(Yo)]

Clearly we have that 0 < p,v < 7 and pu(X?) = v(X"); moreover p and v are
concentrated on disjoint sets for ¢ < 27 since d(B(xz1,¢), B(y1,¢)) > v — 2e > 0,
therefore also p + v < 7. If we let

fi = P;Ey ® Pi """ Nu, U= —M P#u ® P; """ NV,

p(X)
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then the previous observations tell us that the following probability measure is a
valid competitor plan

T=n—(u+v)+(p+7v)ellp).

The contradiction will be reached if we show that C(7) < C(7). Notice that for
2 <i<j< N onehas PJ/(u+v) = Pj (i + 1), therefore

C(m)—C(m)=C(p+v)—C(i+7)

= chlj (u+v)— / chlj +v
Z/X ; Z . ?)

N
z/ ch;ZM—Z/ cdPy (fi+ D)
XxX j=2 XxX
2 [lpellevmla +2¢) = (lpllvv + 7 llev) (N = 1) M (7)
= [lullevlm(a +2¢) = 2(N =1)M(7)] > 0

for € small, as m(a + 2¢) — m(«) when € — 0. O

Putting together the previous results, it is possible to show the continuity of
the cost function ¥ under a more general hypothesis than the one assumed in
[BCP16], following the same strategy. Moreover, as Theorem 6.3.2 tells us, the
threshold 1/N is sharp.

Theorem 6.3.8 (Continuity of the cost). Assume that the cost ¢ is continuous
outside of the diagonal.® Let p € P(X) be such that a(p) < 1/N or, equivalently,
k(p,7) < 1/N for some r > 0. Then € is continuous at p.

Proof. The proof is exactly the same as the one for [BCP16, Theorem 3.9], just
noticing that we have achieved the diagonal bound Theorem 6.3.7 under the less
restrictive assumption. A rought sketch follows for completeness.

If p, — p, they all satisfy x(p,,r") < 1/N for some 7’ > 0, thanks to
Lemma 6.2.4. But then by Theorem 6.3.7 there exists a > 0 such that we have
mn(Dy) = 0 for all optimal plans m, € II(p,), therefore we can replace the cost ¢
with the bounded one

( ) c(xy,...,z,) ifxe DS,
ColT1,..., 1) =
' (3)M() if x € D,.

2

The corresponding functional %, is weakly continuous and coincides with % along
the sequence p, because of the diagonal bound. O

31n this case m and M can also be taken to be continuous.
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