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ABSTRACT

A special embedding of the SU(4) algebra in SU(10), including both spin two
and spin three symmetry generators, is constructed. A five dimensional action for
massless spin two and three fields is proposed. The connection with the previously
investigated higher spin theories in AdS5 background is discussed. Generalization
to the more general case of symmetries, including spins 2,3, ... s, is shown.
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1 Introduction

Higher Spin gauge theories have different structure in different space-time
dimensions. The first example of a consistent fully nonlinear HS theory in four
dimensions was given in [I]. Less is known for higher dimensions. In dimensions
higher than four Higher Spin theories are getting more complicated in general,
allowing fields of mixed symmetry type. At the same time, for the restricted spec-
tra of only symmetric fields, Vasiliev equations are available for any space-time
dimension [2]. They are defined unambiguously and describe totally symmetric
bosonic fields of all spins.

Recent progress in three dimensional AdS higher spin gravity resulted in new
relations between topological Chern-Simons theory, two-dimensional conformal
field theories with higher spin symmetry, and new three-dimensional black hole
solutions with higher spin charges ([3]-[8] and references therein). It also points
out again the importance of an AdS background for the construction of consis-
tent nonlinear higher spin interactions with a finite number of interacting higher
spin gauge fields. These recent results are based on the embedding of the grav-
itational gauge group into a larger group, unifying higher spin gauge symmetry
with the AdS group. In the three dimensional case it amounts to embedding
SL(2) into SL(3)(SL(n)) in the case of spin three (up to spin n) gravity, and
the corresponding field theory is described by a three-dimensional Chern-Simons
action with SL(3) x SL(3) (SL(n) x SL(n)) gauge group. The case of three di-
mensions is singled out by the existence of a one-parameter family of Higher Spin
algebras, that underlie the construction of Chern-Simons actions for the gauge
fields [9, [10 11l 12] and Vasiliev equations, describing the interaction of Higher
Spin gauge fields with scalar matter [13].

The main goal of this paper is to generalize this approach to five dimensions,
and to propose possible nonlinear interacting theories with finite number of higher
spin fields in an AdS5 background. Moreower we show in this paper the existence
of a family of Lie algebras, the generators of which can be identified with the
generators of Higher Spin gauge symmetries for a finite number of symmetric
fields in (A)dSs, analogously to the case of three dimensions.

As a realization of this idea we construct in the next section a special em-
bedding of the spin two and spin three symmetry generators in frame formalism
into a unifying SU(10) Lie algebra, where the spin two generators correspond
to the SU(4) subalgebra and the spin three generators to the remaining part
of SU(10). In Section 3 we construct gauge fields and curvatures. The latter
include interactions and self-interactions of the spin-2 and spin-3 fields. In the
fourth section we discuss a possible action as a realization of the unified spin 2
and 3 gauge field theory. The first idea which comes to mind is a five-dimensional
Chern-Simons action for the SU(10) gauge field. This idea is also based on the
fact that for unitary groups one can find invariant third rank symmetric tensors
which provides an invariant trace for the construction of the Chern-Simons ac-



tion in five dimensions. But it is well known since many years [14][15] that this
action, even in the pure gravity case (SO(6) gauge group) leads to Gauss-Bonnet
(Lovelock) gravity with a special combination of terms quadratic and linear in
curvatures and without a propagator for spin two fluctuations in an AdSs back-
ground. Higher Spin Chern-Simons gravity in 5d was discussed in [16], where
the authors considered also the dynamics of linearized spin 3 gauge fields. How-
ever, another possible Lagrangian formulation for theories of spin 2 and higher
in an AdS background in the frame formulation is known. It is the so-called
MacDowell-Mansouri-Stelle-West formulation [I7) [I8] used by Vasiliev for per-
turbative analysis of interactions [19], 20} 21]. Taking into account all of this, we
propose in Section 4 a generalization of the coset construction of [17, [I8] and
introduce a compensator field living on the coset SU(10)/SO(10). The limit of
pure spin two field and the free limit of the spin three field in an AdS-background
are correctly captured. Generalization to any spin is discussed in the section 5.

2 Unification of spin 2 and 3 symmetries on

AdSs

Gravitational theories in frame formalism can be formulated as gauge theories.
Since our construction draws some of its motivation from the three dimensional
case, we will briefly recall it. There pure gravity with a negative cosmological
constant can be written as a SO(2,2) ~ SL(2,R) x SL(2,R) Chern-Simons
theory. The generalization to higher spin is to replace SL(2) by a bigger group G
with a special embedding SL(2,R) < G, the simplest case being G = SL(3,R)
with the principal embedding, leading to a unified description of a spin-three field
coupled to gravity.

Five dimensional gravity in AdSs space is a gauge theory of SO(2,4) (pure
AdS) or SO(1,5) (Euclidian AdS). The corresponding fiinfbein and spin connec-
tion can be extracted from the gauge field, which is an algebra-valued one-form,
by decomposition of the adjoint representation of SO(2,4) or SO(1,5) into the
adjoint and vector representations of SO(1,4). For simplicity and without loss of
generality we can replace these non-compact groups by their compact versions.
Namely we consider instead of the AdS; group the six dimensional rotation group
SO(6) and expand the gauge field with respect to the “space-time rotation” group
SO(5), just separating the sixth component as the vector representation and ob-
taining correspondingly a fiinfbein and a spin-connection:

AWPdet = AN = —APA A B.--=1,....6,
AAB _ {AaG,Aab} _ {6a’wab}’ a, b= 1’ ..., 0. (2-1)

We can then impose constraints of vanishing torsion and express the spin con-
nection in terms of fiinfbein and inverse fiinfbein fields.



Then we propose the following extension to include spin 3 fields (and higher).
The SO(6) representation of the gravitational fields (Z) is via the antisymmetric
two cell Young tableau

AAB = y 500 H dim(Y %) =15 . (2.2)
In terms of Young tableaux, the expansion (2.1]) is

H 50(6) - <D + H )50(5) ; (2.3)

or in terms of dimensions:
15506 = (5 +10)s0(5) - (2.4)

From this point of view the spin 3 field corresponds to the SO(6) window diagram

AABCD _ yS AB 6 — 7 dim(ijé?c)D) =84, (2.5)

and the corresponding SO(5) expansion to a spin 3 tetrad and connections looks
like

AAB,CD eab wab,c wab,cd

:(|||+ |+ ) , (2.6)
SO(6) S0O(5)

84500 = (14 + 35 + 35)

SO(5) ?
where we have identified
{14(16,5)67 j4ab,067 Aab,cd} — {eab’wab,c’wab,cd}' (27)

The w® are so-called extra fields (which are absent in d = 3).
For the unification of the spin 2 and spin 3 degrees of freedom into one field,
we should first of all find a Lie group G with dimension

1550(6) + 84506 = 99¢ - (2.8)

Taking into account that SO(6) is equivalen to SU(4) we see that the natural
choice for G is SU (IO)EI. The 15 generators of spin 2 gauge symmetry and 84
generators of spin 3 gauge symmetry can be combined into the 99 generators of

SU(10).

*See the appendix for details on the isomorphism so(6) ~ su(4) and other relevant formulae.
"For other signatures of the initial space-time isometry algebra, we have, of course, different
real forms of SL(10,C).



To proceed, we have to find an embedding of SU(4) into SU(10) such that the
adjoint of the latter decomposes w.r.t. the former as in (2.8]). That amounts to
finding a representation of SU(4) of dimension 10. Such representation of SU(4)
exists in the space of symmetric second-rank tensors. We arrive at the following
embedding procedure

e Denote the 99 generators of the SU(10) algebra by

vl ul=0, I,J---€{1,2,...,10}. (2.9)

e We can present the SU(10) vector indices I,J,... as symmetric pairs of
vector indices of SU(4)

I.J,... = (af),(7v6),..., «,B,---€{1,2,3,4},

Uy — UN=U3=U%, U;=0. (2.10)
e The SU(4) — SU(10) embedding can then be realized as the decomposition
into single and double traceless parts of Ufy” 55

I @
~ser) (2.11)

af af
U = Wv5+6(w )’

Ly = Uy

ad

W = Lj=0,
where Lj are the 15 generators of SU(4).

This shows that (Z.I1]) is a realization of the embedding:
99417(10) = (15 + 84)50(6) - (2.12)

Using the explicit form of the SU(10) generators, it is straightforward to work
out the commutation relations of L and W. The result is given in the appendix.

To summarize, we constructed a Lie algebra of spin 3 and spin 2 transforma-
tions in AdSs using a special embedding SO(6) ~ SU(4) < SU(10). From (A.G)
one sees that the difference between SU(10) and SU(4) is precisely the tensor
representation of SU(4) corresponding to the window tableau of SO(6).

In the subsequent sections we attempt to construct a non-linearly interact-
ing gauge field theory corresponding to the above unified algebra, and show a
connection to Vasiliev’s free higher spin action in AdS background [19].

fWe do not distinguish between the components of a tensor in the adjoint representation
and the generators of SU(10).



3 Gauge fields and Curvatures

In this section we apply the SU(4) — SU(10) embedding to gauge fields
and curvatures. First of all we can equip a general one-form gauge field and

zero-form gauge parameter with SU(10) indices expressed as symmetric pairs of
SU(4) indices

A=ARUN, e=eJUY . (3.1)
JA = De = A% =def + AN — A

From now on we use for algebra valued objects a component formalism, i.e.
stripping off the generators. In this notation the SU(10) Yang-Mills field strength
is
« « a A «a
Fof = dA% + ASONAY, o =o. (3.2)
Using the embedding (2.11) we can extract from the SU(10) gauge field and field
strength the spin 2 and spin 3 gauge fields and curvatures:

« « 1 (03 «
A =Wl + éagng’, Wl =wi =0, (3.3)

1
af _ paf (a, B) af B

where

1
af ap ap Ap (ayysB)o Ap
R,Y(S = DwW,ﬂ; + W)\p N Wvé — gé(wl/l/'/\p‘ A W5)0,

1 1
af _ af (a BIA A af
DUJLL'y(S = dLL,ﬂ; -+ g&))\ VAN LL'Y‘; — gtd(,y VAN LL(S))\’ (34)
o e 1 o ao A
rf = dwf + Sl A wy + W AW,

Structure and couplings of fields in the curvatures reflect the structure of the
commutators Mﬁ

4 Topological Actions and Coset Construction

We begin with a brief review of the Macdowell-Mansouri-Stelle-West action
principle for the case of usual spin two gravity in five dimensions. The task could
be formulated in the following way: we have to write a topological action for five
dimensional gauge theory with SO(6) gauge group. This means that we should

§ After rescaling of the spin two field w — 3w the curvature transforms to the usual Riemann
form.



construct a five-form enabling us to integrate over a general five dimensional
manifold M; in a metric independent way. Introduce a field strength

FAP = qAAP LAY NAYB AB,---=1,2...6. (4.1)

The natural choice for the action is
Sso(6) ~ / eapcper BB AN FOP A FEE (4.2)
M5

where BAP = —BP4 is an SO(6) algebra valued gauge covariant one-form con-
structed from some compensator field. The compensator field should be intro-
duced in a way that does not lead to equations of motion purely quadratic in the
field strength

EABCDEFFCD/\FEF == O, (43)

as happens in the Chern-Simons case and which leads to a vanishing propagator
in an AdS background FAZ = F{f = 0. A possible solution is to take the
compensator as an element of the coset G/H where G in this case is SO(6)
and the stabilizer H should be taken in a way to keep “Lorentz” covariance
as the remaining symmetry after gauge fixing. The natural choice in this case
is H = SO(5). This construction leads to consistent gravity action, which is
equivalent to the Einstein-Hilbert action in the linearized limit. In summary, we
define the compensator field as an element of a five dimensional sphere

S° = 50(6)/S0(5) . (4.4)

The sphere can be realized, in a manifestly SO(6) invariant way, as a unit vector
in RY:
VAL VAV, =1, (4.5)

The SO(6) covariant one-form and the corresponding action can then be con-
structed from (3] uniquely:

B = vHDVPL DVP —dvF 4+ AV, (4.6)
SSO(6) ~ / €EABCDMN VADVE AN FEP A FMN (4.7)
M:

5

A detailed analysis of the equations of motions and symmetries of this action
can be found in [I9]. Here we only note that using local SO(6) invariance of
the theory, we can bring the vector field V4(x) to the constant unit vector in
the sixth direction, and the remaining SO(5) invariance will still be sufficient for
covariance in the language of fiinfbein and spin connection (2.1). Another impor-
tant aspect of this construction is that the remaining SO(5) invariance, combined
with diffeomorphism invariance will still be sufficient for full AdS invariance of
the theory [19].



One can rewrite this action equivalently in SU(4) form. This can be done in
two ways, leading to the same result, of course. The first one is a direct trans-
formation to chiral spinor indices «, 5, - € {1,2, 3,4} using standard identities
for chiral Dirac matrices in six dimension

Ve = i(24)PV, s VA=ixAyes  yeb = _yhe

i
4

PP = (CapliFA8 s FAB_ _I(SAB)SES,  Foo0.  (48)

«

The constraint on V' which follows from [@3H) is

1
VTV, = 557 Vag = 5%5«,5‘/75- (4.9)

With the help of the identity (A.II)) one obtains from (7))
Ssuwy ~ i / VDV A FJ N FY. (4.10)
M5

So we recognize the SU(4) covariant algebra-valued one-form

B =iV*NDV)g,, B =0, (4.11)
(DV)B)\ =dVsy + AFBV)‘}V

The second way is to observe that the integrand in (7)) is just the SO(6) invariant
trace of three elements of the SO(6) algebra or, equivalently, that eapcprr is
the d-symbol of SO(6) ~ SU(4). With this observation it is immediate how to
generalize the topological action for any Lie group G:

SgN/ dQ@ABQ/\FG/\FA , (4.12)
M5

where capital Greek indices I';©,A--- € {1,...,dim(G)}. The crucial point of
this construction is the choice of the coset GG/H whose element will be used for
the construction of the G' covariant one-form B. In the case of G = SO(6)
we have H = SO(5) and the compensator field is an element of the five-sphere.
Equivalently for the same system, if G = SU(4) we identify the stabilizer group
H = Sp(4) ~ SO(5) and the compensator VV*# is an element of the coset

SU(4)/Sp(4) (4.13)

and is expressed as an antisymmetric SU(4) tensor constrained by (4.9). Then
the SU(4) algebra valued one-form can be constructed as (4.11]) and the general

YFurther details are given in the appendix.



action (LI2) transforms into (AI0). Note also that in the same fashion as we
fixed the gauge using local SO(6) rotations,

VA=V, (a=1,...,5),
VO —=(0,1), (4.14)

in the SU(4) formulation, we can bring the compensator field V,5(z) to the con-

stant symplectic form Va(g), leaving an unbroken symmetry Sp(4). The relation

corresponding to (A.I4]) is
Vag(z) = V3 =i 28, (4.15)

We now turn to our proposal for unifying spin 2 and spin 3 invariance. To this
end we consider an action with gauge group SU(10) with the special embedding
of SU(4) discussed above. This means that we identify in ([ZI2)) the field strength
F? with the SU(10) field strength (3.2). In other words we replace the indices
[',0,A, ... by two symmetrised pairs of SU(4) indices :? with the corresponding
SU(10) rule for taking the trace, e.g. using the d-symbol (A.3))

SSU(lO) = / BSE A F)’fpy AN Fé\ﬁp, (4.16)
Ms

F,Yof was defined in ([B.2]). It remains to define the correct coset space and com-
pensator, and to construct an SU(10) covariant one-form

B B2 =0, (4.17)

¥6
o af A Ap o
0B = By, — BYes.
Searching for a suitable stabilizer for the coset G/H constructed from G =
SU(10), we arrive at H = SO(10). This choice of compensator allows the back-

ground value described by the SU(4)/Sp(4) coset construction. This property we
use below in the analysis of the linearized limit. From

G/H = SU(10)/S0(10) (4.18)
dim(G/H) = dim(SU(10)) — dim(SO(10)) = 54 .

we conclude that the compensator should appear as a 54-dimensional representa-
tion of SO(10). For SU(10) covariance of B or, equivalently, for SU(10) invari-
ance of the action (A.I0]), this representation should be expressed as a constrained
representation of SU(10). From an SO(10) point of view it is a second rank
symmetric traceless tensor with 54 independent real components, which we can
express as an SU(10) object in the following way. Consider the space of complex
tensors symmetric in a pair of lower indices and its complex conjugate tensor
with upper indices

Vig=Vy, VY=V =,), I,J--€{l,..10}. (4.19)

9



It has 55 independent complex components. The natural SU(10) invariant (real)
constraint B
VIV, =00 or V'V =1, (4.20)

reduces the number of independent real components to 55. If we construct an
SU(10) covariant one-form in the usual way

B =iV DV, (4.21)
DV = dVi; — AlVie,

we see that in this case the constraint (£.20) is not sufficient for rendering (Z.21)
traceless and therefore SU(10) algebra valued. In any case, we need one more
real constraint on (£I9) to reduce the number of independent components to 54
in order to identify this tensor with an element of the symmetric space (LIS).
The following SU(10) invariant constraint

det(V) =1, (4.22)

solves both problems and completes the construction of a covariant one-form
in the SU(10) case. Replacing capital Latin indices with symmetrized pairs of
SU(4) indices as before, we arrive at the following expression for B/ in (EIG)

BY = iVMDVy,,, (4.23)
B = 0,
where the SU(10)/SO(10) compensator field is defined as
Yaﬁ,)\p = V)\p,aﬁv
vaﬁ,)\p _ (Vaﬁ,)\p)*a
Vaﬁ,)\pv)\pﬁé — 5aﬁ

v

det(\/(a5)7(,y5)) =1.

(4.24)

In this case we can also use local SU(10) transformations of the compensator
field and set

Vadap = O(as).00)- (4.25)
The unbroken symmetry is SO(10), because the r.h.s. of (23] remains invariant
under SO(10) rotations.
We now address the embedding of the SU(4)/Sp(4) compensator V4 into the
SU(10)/SO(10) element ([L24]). It is easy to see that the restrictions imposed by
the ansatz

1
Vaﬁ,o’5 = §(Vacrvﬁ5 + Vﬁova5>7

_ 1
jabod _ i(vaavw + Vﬁ"va‘s)’ (4.26)

10



supplemented with o 5
afs a B
AW ~ 5(Mwy), (4.27)
lead to a reduction of the one-forms

_ 1
B _yraB,\ _ Z5lapp)
By =iV DV, s = 506 By

BY =iV DV, (4.28)

This means that putting the spin three gauge field to zero and using the ansatz
([{24)), we obtain the purely gravitational action (£I0) from the SU(10) invari-
ant action. This immediately shows that the equations of motion have AdSs
background solutions. Note also that the restriction (£.26]) leading to the correct
SU(4)/Sp(4) coset construction can be realized only for an SO(10) stabilizer.

We now analyze the part of the quadratic action in AdS; background that
depends only on the spin three field. We require this part to coincide with the
free action of [19] for the spin three case. However, one immediately realizes that
the SU(10) invariant action (AI6]) does not suffice. Indeed, the free action for
spin three consist of two parts [19]

_ ccy,DD
Ssole) ~ /M capcoun VADVE A (RYPPE A RY 0N p,

+4 Ry CPPUN RY NP2V, Vi, ), (4.29)

where Dy = d + wy is background covariant derivative, Ry = Dgw the linearized
curvature and the relative coefficient between the two terms is fixed such that the
equation of motion for the unwanted “extra” fields corresponding to the SO(5)
window like Young tableau in (2.0) trivializes. Using results from the appendix
we can transform this action to SU(4) invariant form:

S5ty ~ i / 5 VoADoVir A (R{ 515, A R
M
1 Bp1 Tp2 6162
+§R1 o8y N Rl a52vp1p2v ) (4’30)
However, from (4I6) after linearization of the spin three field in an AdSs back-
ground, i.e. with the restriction (426]), we obtain only the first term in (4.30).
To get the second one, we introduce another term in the action. Such a term can

be constructed with the rank four d symbol of SU(10), defined as the completely
symmetrized trace of four SU(10) generators:

Sa ~ / dQE@ABQE ANFOAFN. (431)
M3

As before, capital Greek indices refer to the adjoint representation of SU(10) and
we can replace them by an upper and a lower index refering to the fundamental

11



representation of SU(10) and its complex conjugate, respectively, e.g. FA — Ff
with F{ = 0 or by two pairs of symmetriced SU(4) indices, i.e. F%B with FS‘BB = 0.
The tensor B can be realized using the SU(10)/SO(10) compensator field (cf.
([E19), @20 and @2

BIE = %(VIKDVJL — DVEV;;) — traces. (4.32)

In SU(4) covariant notation the second part of the spin three action then becomes

S / BTSN FR A FY, (4.33)
Ms
where »
af,o0 1 =a o TraB,0
Buf,)\p - Q(V o 6DVW«\p — DVe? 6Vuv«\p)- (4-34)

The general action should be a linear combination
Ssu(i0) + K gSU(lO)a (4.35)

where the relative coefficient x is fixed by comparison with the free spin three
action of Vasiliev ([@30). To fix it we replace in (£33)) and ([@I6) F' with lin-
earized curvatures R; (keeping only spin-3 fluctuation in AdSs background), use
the SU(4) restriction (£26) for the SU(10) compensator field and replace the
covariant derivative by Dy. Straightforward calculation gives

Ssraoy — 2i /M 5 VrDoVia A R 5.5, A R, (4.36)
Ssrao — —2i / VOADGVA A RYY 50 A RS2 05,V 0, VO (4.37)
M5

Comparison with ([£30) fixes xk = —%. To close this section we note that keeping
the spin two fluctuation we obtain also a mixed term in the linearized action,
which is proportional to the torsion of spin three field. This term vanishes if the
torsion vanishes, a condition which we might impose by hand.

5 Outlook

Two obvious generalizations can be envisioned: including spins higher than three
and other dimensions. The first one, at least as far as the identification of G and
the embedding SO(6) < G are concerned, is straightforward. Consider e.g. spin

IThe traces would give the same contribution as (EI0).
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2, spin 3 and spin 4. The fields and their SO(5) representations are

e[J5 e® 1114 e 11130
Wb H 10 Loabie |& abesd | |& (5.1>
abed 35 abe.de | 105
oabedef 84

The fields in each column combine into representations of SO(6) whose Young
tableau coincides with the last one in each column. The total of 399 fields nicely
combine into the adjoint representation of SU(20). The pattern repeats if we

add higher spins such that for spin 2,...,s we find SU((S;?)). All of the fields,

that correspond to spins from 2 to s now combine into one SU ((322))-Valued
one-form master field. We can introduce s — 1 symmetrized su(4) indices for each
of the SU((*1?)) indices (the number of components matches exactly). The trace
decomposition of the master one-form field gives all the fields, corresponding to
different spins.

We expect that this result hints on the existence of one parameter family
of algebras for symmetric Higher Spin fields in five dimensions, in full analogy
with the three dimensional case. For the critical values of the parameter, this
algebra should acquire infinite-dimensional ideals, with the remaining generators
forming finite dimensional subalgebras SU ( (8+2)). If true, this family of algebras

should include the known infinite dilrnensional3 Higher Spin algebras, discussed in
122, 19, 23] 2, 16]. In order to check this idea, one has to implement the more
general construction of Higher Spin algebra, along the lines of [24] 25] 26].
Another observation is that for odd s the stabilizer group should be SO ( (8;:2))
while for even s it is Sp((ngZ)), the reason being that the generalization of the

restriction (ZL26)), which is schematically V(&) ~ (V*=2)*~1  exists only if

‘/(alnﬂfsfl),(ﬁl---ﬁsfl) = (_1)8_1‘/@1...5571)7(0!1~~~04571)' (52)

We have nothing to say about the generalization to other (odd) dimensions,
except that e.g. in d = 7 and s = 3 there is no simple G which generalizes the
discussion presented here.

While we have demonstrated that the actions which we have proposed have the
correct limits in the cases where we either switch off the spin-3 field or formulate
them in an AdS gravity background, we leave the discussion of the interacting
theory to future work.
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Appendix

In this appendix we give some of the details about the Lie-algebras which were
used in the main body of the paper.

The generators of SU(n) in the fundamental representation can be chosen as
a basis of real traceless matrices as follows:

i i Lorg
(Uf)j =", — géﬁéj, (A.1)
where the range of all indices is 1,...,n. These generators satisfy
U}, U] =65 U, =6, Uy (A.2)

Using the explicit representation ([A.Tl), one easily works out the rank three d-
symbol of SU(n):

1
AN = S (UHUE UYY) (A3)
= 1(51 SUGY 1 6LoMSK — 2ol sKst — ZsMsksl - ZstsKsM iafaKaM)
S \ONOL 0y 0105 0N = —ONOL Oy — —0L ONOy = 0105 0N + 500, ON ).
Considering the special embedding SU(4) < SU(10), we represent the SU(10)

indices I, J,... by a symmetriced pair of SU(4) indices, i.e. I = (af3), etc. with
a,B,---=1,...,4 and rewrite (A2) as

U2, U] = ot Usl — 5ol Uty 6% =626 + 6367 (A.4)
Given the decompositio
1
I _ yraB _ o8 (a7 B) af _ ra _
U; = U»ya = WW; + 65(’7L5) , WM =L =0, (A.5)

**Our conventions are 623L§)) = 5$L§ + 5§L§‘ + 5(‘;"Lg + 5§L$.
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and the algebra ([A4), it is straightforward to derive
(L5, Ls] = 63L5 — 05 L

(L, W] = g Wi, — oy wie, (A.6)
Wy ,WW] SUSW el — ST WY
(fﬁpwuv 5u&pwaﬁ _5 MW;Q@ 4_5;3(#]/(/;@@)
6(5 /S0 Ll) — 0oLy
+ =5 (08 — o 010 = S L) + oo )
where (a(/7)d) denotes symmetrization in (a,d) and in (3,7) and 5356 = 5,‘;‘5? +

0568,
gl

The isomorphism between the vector respresentation of SO(6) and the anti-
symmetric second rank tensor representation of SU(4) is made explicit with the
help of the chiral Dirac matrices, some of whose properties ardr

Zaﬁ = Zﬁa,
1
()t = Lemiss, (A7)
(24)2758, + (S5)154, = 254755,
A convenient basis for the Zﬁﬁ is Y =ios®01, X2 =1®09, X2 =ioy®1, ¥t =

Oy R 03, X° = i0] ® 09, 10 = 09 ® 01 where o; are the three Pauli matrices. Then
SO(6) algebra generators can be constructed as

(D48 = i(zf‘ B — Bl A, (A.8)
Defining
Vg = i555Va, Ve = %eawvw, (A.9)
one finds that (A5]) implies the constraint
VAV, = d5. (A.10)

Using the symmetries of the Lh.s. and the fact that 47 is traceless, leads to the
identity
A
€ABCDMN EQBZV (ZCD) (EMN)
: 1 1 1
=43 [Eaﬁ)\u(ssg — Eﬁ/(;)\‘uégg - 560{57)\5:;(55 + 5@155)\5 (5 + 6«,50{)\(5”5 (All)
1 1 1 1
~ 5€0m0ad) = S€apudsoy + 3 5
T The indices & referring to the other chirality are not needed here. By raising and lowering
them with the charge conjugation matrix we can always convert them to un-dotted indices.

I

v v 1 v
eag(;ué,’;cx + ev&wégéx — 5675511555)\}'

15



In this identity we use the notation 5,';‘? = 53‘55 — 0365, Other useful identities
are

capepyn (S4P)G(XP)J(EMN)E = —16 4 d3), (A.12)
(2Mas(Ea)ys = =2 €aprs, (A.13)

and
(VPh — hPV,,) AU A [ = =2V hy, A fA f2, (A.14)

h’aﬁ A h"yé = _% (hauijhu'yvﬁ(s - (Oé A 5) - (’Y A 5) + (Oé, 7) A (ﬁa 5))7
(A.15)

for a traceless two-form f& = 0, h an antisymmetric one-form with V*?h,z = 0.
This is e.g. the case for hog = DV,p. We will also use

VaBV'y(S + Vory%ﬁ + Va(SVB'y = €apvs, (A16)

to derive some of the formulas of Section 4.
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