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Chapter 1

Introduction

1.1 Regularization by noise: definition, aim
and motivation

We say that a regularization by noise phenomenon occurs for a possibly ill-
posed ODE or PDE if this equation becomes well-posed under addition of
noise. The main aim of this thesis is to study such a phenomenon in the
context of finite-dimensional ODEs, with additive noise, and related linear
transport-type PDEs.

Many ODEs and related linear PDEs with irregular coefficients, and many
nonlinear PDEs, exhibit ill-posedness, for example explosion (non existence
of suitable solution), non uniqueness, lack of regularity, lack of stability. For
the ODE case, the most prominent example is given in dimension 1 by

dX = 2sign(X)|X|"2dt, X, =0,

which has infinitely many solutions, namely all the solution that stays in 0
up to a time ty (possibly 0 or +o00) and then leave 0 as +(t — #5)>. When
we perturb the equation with a suitable (even small) noise, it can happen
that the equation gains well-posedness, in a strong, pathwise sense: for al-
most every realization of the noise, the perturbed equation exhibits existence,
uniqueness and, in some sense, stability. In the example above, we can add
additive noise, i.e. a 1-dimensional Brownian motion W: the SDE

dX = 2sign(X)|X|Y2dt +dW, X,=0

gains existence and pathwise uniqueness.
We aim here at describing this phenomenon in the case of finite-dimensional
SDEs with additive noise, i.e.

dX = b(t, X)dt + AW
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on R?, where W is a d-dimensional Brownian motion, and of the associated
linear transport-type SPDEs, like the stochastic transport equation

dv+b-Vo+VvoW =0,

where v is the random solution and o denotes Stratonovich integration. Our
main goal is to show regularization by noise for a wide class of vector field b,
often where only integrability conditions on b are imposed. We will mainly
look at restoring uniqueness, for ODEs with more than one solution (like
the example above), and/or avoiding concentration of particles, for ODEs
with non-injective flows, and/or restoring regularity of the flow, for ODEs
with space-irregular flows. We will give an intuition on the phenomenon and
proofs from different points of view and with different techniques, some based
on the SDEs some on the SPDESs, some using the regularizing properties at
fixed realization of the noise some exploiting the martingale structure.

One motivation to look at this problem comes from physics, where irreg-
ular vector fields are present in many situation, especially in fluid dynamics.
The SDE above can be thought describing a motion of a particle subject
to this irregular vector field and perturbed by noise. On the mathematical
side, the main interest in this phenomenon comes from its counterintuitive
nature (at a first glance, one may not expect that a time-irregular Brown-
ian perturbation can correct a space-irregular vector field); the analysis of
this phenomenon can therefore give more insight on the effect of noise on ill-
posed system. This topic can also provide new techniques to solve SPDEs,
and it can be considered as a first step before investigating the non-linear
case (much more difficult in general). Finally, it may give some hints on
the problem of zero noise: if we add edW to the ODE and we let € go to
0, which solutions of the ODE do we select? This might be a way to select
the physically relevant solutions, although this is far from the scopes of this
thesis.

1.2 Classes of examples

Before going into the types of examples, we underline one point of our anal-
ysis: we look at the SDE above mainly at a fixed realization W(w) of the
noise, but letting the initial datum x, vary; notice indeed that the SDE has
a natural interpretation at w fixed, without stochastic integration. In other
words, at least at a formal level, we keep w, the random input, fixed and we
look at the flow X“(t, ), i.e. the map X% : [0,7] x R? — R< such that, for
every xg, X%(-, o) solves the SDE, for w fixed, starting from xy. We are less
interested here at the law of the process X (-, z¢) for x, fixed.



The propotype questions we want to answer are the following one:

e for fixed w, for given zy, is the solution to the SDE above, at w, starting
from x, unique?

e for fixed w, does the flow X“ have spatial regularity, of Lipschitz type
or Sobolev type?

e for fixed w, does the flow X*“ avoid concentration (particles starting
from distant points that come very close one to each others)?

e for fixed w, if concentration is avoided but uniqueness may fail for single
X, is there at least uniqueness among flows which do not concentrate
particles?

e in possible non-uniqueness situation, is there a unique way to select the
trajectories solution to the SDE (i.e. a unique, in some sense, measure
supported on the set of solutions)?

Depending on the answer to these questions and on the type of ill-
posedness of the ODE, we have different classes of examples (with some
overlapping among classes). For each class, we give the corresponding reg-
ularization by noise result proved in the thesis, under some simplified as-
sumptions (for example, we assume that the drift is time-independent) and
referring to the true results after for precise statement and notation.

In the first class, the most restrictive one where the strongest regular-
ization by noise occurs, the ODE shows non-uniqueness but noise restores
uniqueness for w and xy fixed and Lipschitz regularity of the flow. To get
an idea of this, imagine a drift b which is regular everywhere but in 0. Un-
der certain integrability conditions on the singularity in 0, the noise is much
faster than any possible solutions to the deterministic ODE, and so moves
the particle away from 0 before any non-uniqueness (or concentration or ir-
regularity) phenomenon can appear.

The main result in this class is the following one (from Theorem see
also for the associated PDE and for a general Holder continuous
drift):

Theorem 1.1. Assume that b is in Cy,, for some a > 1/2. Then, for w fived,
for any initial datum x, existence, uniqueness and (local) Lipschitz reqularity
in space hold for the solution to the SDE.

In the second class, a similar phenomenon happens, for w fixed, but at
the level of flows rather than of fixed xy: the noise avoids concentration of



particles and restore uniqueness and Sobolev regularity among the flows that
do not concentrate particles. In principle, the noise might not be so strong
to restore existence and uniqueness from a single initial datum.

The main result in this class is the following one (from Theorems [10.1]

1) and [F21):

Theorem 1.2. Assume that b is in L for some p > dV 2. Then, for w
fized, existence, uniqueness and W; " reqularity in space holds among flows,

solution to the SDE, with spatial density in LY, (precisely in LY, ,,.), for m
finite high enough.

In the third class, the ODE shows concentration of particles, noise avoids
it as before but the flow does not need to be weakly differentiable anymore.
The main result in this class is the following one (from Theorem [6.4)):

Theorem 1.3. Assume that b is in WP for some p > 1, divb is in LP. for
some p > d/2V 1 and b has compact support. Then, for w fized, existence
and uniqueness hold among flows, solution to the SDE, with spatial density
in L7, (precisely in LY ,,.), for m finite high enough.

In the fourth class, the weakest and largest one, the noise at w fixed
may not produce uniqueness, but uniqueness in law (at xy fixed or with a
diffuse initial datum Xj) provides a unique probability measure on the set of
solution at w, which is given by filtering the unique law with respect to W.

Regularization by noise, strictly speaking, deals with the first three classes
of examples, which we are mainly interested in, but we will also investigate
the fourth type of examples, on the continuity equation (which will be stated
in the next section). We get indeed this result (from Theorem [7.12)):

Theorem 1.4. Assume that b is in LP. for some p > 2, divb is in L4 for some
q>p/2V 1 and b has compact support. Then existence and uniqueness hold
for the stochastic continuity equation in L™ among solutions in a suitable
weighted L space, for m finite high enough, and adapted to the Brownian

t,x,w

(completed) filtration.

1.3 The linear SPDEs

We have mentioned we look at the SDE for w fixed and consider, formally,
uniqueness and concentration properties of the flow solution to the SDE. Now
we want to be more precise on these concepts; this brings to the formulation
of two stochastic PDEs, the continuity equation and the transport equation.
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An SDE with irregular coefficients may not even have a flow (since there
could be more than one solution starting from any point). But we can still
speak of uniqueness and concentration properties when we introduce a mass:
we take jio, an initial finite measure on R%, and look at the evolution of s
under the SDE (at w fixed). In the case we have a flow X, this means looking
at

1 = (X) 11, (1.1)
the image measure of py under X;, but we can extend the definition also
when X is replaced by any family X (x) of solutions parameterized by the
initial datum z (and to suitable superposition of such families). We stress
the fact that p; is not the law of the SDE of the probability measure P, for a
fixed initial point x, but is the “law” under X of the initial measure py, for
a fixed w. The family of measures (1), satisfies the (stochastic) continuity
equation

Oypt + div(bp) + div(p o W) =0,

in the sense of distributions in space and in the integral formulation in time,
where o denotes Stratonovich integration. Using the equation, we can still
formulate the problems of uniqueness and concentration. For example, the
non-concentration property translates into the existence of a solution p which
stays, at any time ¢, absolutely continuous with respect to Lebesgue measure
(starting from g absolutely continuous); one can specialize this concept ask-
ing that j; has a density in Lj”. for some m. The uniqueness property starting
from a single point x translates into uniqueness for the continuity equation
starting from J,, while the uniqueness property among non-concentrating
flows translates into uniqueness among solutions which are absolutely con-
tinuous with respect to Lebesgue measure (starting from a diffuse initial
condition). In particular, the continuity equation can capture easily well-
posedness in cases where this holds among non-concentrating flows but not
among single solutions. Therefore it represents a well-suited framework where
to study some of our questions.
We also consider the (stochastic, backward) transport equation

8tv+b~VU+VU~OW:O,

again in the sense of distributions in space and in the integral formulation
in time. This equation is well-suited for studying the regularity of the flow.
Indeed we have the formal representation formula

Vs () = v( X1 (2)), (1.2)

where v, is the solution, at time s of the transport equation, with final
time ¢ and final datum v;, and X, is the flow with s,¢ as initial and final
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times. So any differentiability property of the flow (in space z) translates
into a differentiability property for the transport equation (with regular final
datum).

A general advantage of these SPDEs is the linearity, which helps in vari-
ous situations, for example for a priori estimates. Maybe the most relevant
context where such linearity is exploited is the duality method (which will
be explained later): the continuity equation and the transport equation are
formally dual one to each other. This provides one formal way to prove
uniqueness, which can be made rigorous with not so much effort, under suit-
able regularity assumptions. More important, the duality technique has the
advantage to be essentially deterministic, which helps for results at w fixed.

We will give some proofs which use only flows (Lagrangian approach),
some which use only PDEs (Eulerian approach) and can be of interest on
their own, for linear SPDEs, without the link with the flows.

1.4 Different kinds of uniqueness

The SDE uniqueness can be of different kinds, we state and explain them.
Notice that the SDE has an easy interpretation at W (w) fixed, with no need
(for the definition) of stochastic integration. To make it clearer, defining
X = X — W, we get the random ODE

dX = b(X)dt,

where b is the random coefficient 0¥ (t, ) = b(t, z + Wy (w)).
We start with solutions with a fixed initial datum x in R9.

1. The strongest kind of uniqueness is the so called path-by-path unique-
ness. It means roughly what follows: for a.e. realization W (w) of the
Brownian motion, the SDE driven by W (w) has at most one solution.
This concept makes sense because of the interpretation of the SDE at
W(w) fixed.

2. A still strong kind of uniqueness is the pathwise uniqueness: given a
probability space with a filtration and a Brownian motion, any two
processes, adapted to that filtration, solutions to the SDE, must coin-
cide.

3. The weakest form of uniqueness is uniqueness in law: any two adapted
processes solutions to the SDE must have the same law.



Notice the difference between path-by-path uniqueness and pathwise unique-
ness: intuitively, in both cases one can take two families X*, Y* solutions
to the SDE (at w), but, for pathwise uniqueness, the two families must be
adapted processes (with respect to suitable filtrations) to coincide, while, for
path-by-path uniqueness, they coincide independently of any other assump-
tion (they do not need even to be measurable in w). In particular, path-
by-path uniqueness implies pathwise uniqueness. Also pathwise uniqueness
implies uniqueness in law, by the classical Yamada-Watanabe theorem.

Similar definitions can be given for uniqueness among flows which do not
concentrate.

In the following, we are mainly interested in path-by-path uniqueness,
among single solutions and among flows. Notice that path-by-path unique-
ness among flows can provide information on pathwise uniqueness even among
single solutions. Indeed path-by-path uniqueness among flows, together with
existence, can provide existence of strong (i.e. adapted to Brownian filtra-
tion) solutions, at least starting from a.e. initial datum. If moreover we
have uniqueness in law from a fixed initial datum (which can be proved in
many cases via Girsanov theorem or via PDEs arguments), then pathwise
uniqueness among solutions holds by Yamada-Watanabe theorem.

As for PDEs, path-by-path uniqueness, both among solutions and among
flows, has a translation at the level of the continuity equation. Indeed, there
exists a proper transformation of the continuity equation, which can be read
at W (w) fixed, and where a path-by-path uniqueness definition can be given.
Similarly for the transport equation.

Intuitively, also pathwise uniqueness and uniqueness in law can be trans-
lated for continuity equation, but the link here is not completely clear and we
do not investigate this for the moment. Let us just mention that the trans-
lation of uniqueness in law for continuity equation is the so called Wiener
uniqueness, namely uniqueness among solutions which are adapted to the
Brownian filtration.

1.5 Methods and tools

The main methods used are the following ones:

e Uniqueness from regularity via duality: This method is based on

the formal relatiOn
;is X s) — 07
ds ,t( 0, )

where X, is the flow from time s to ¢ and X, 4 is any solution (starting
at time 0) at time s. At the level of PDEs; recalling the representation
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formulae (1.1)) and ([1.2)), this relation becomes

d
sd s:()u
dS Rdv’tu

where p solves the continuity equation and v the transport equation.
The first, resp. the second relation, if true, implies easily uniqueness for
X, resp. for p. To make the relations rigorous, we need some regularity
assumptions either on the drift b or on v. In particular, as soon as
we have a priori estimates on the space derivative of v (or equivalently
X), we have uniqueness. This reasoning works at w fixed; hence it
implies not only path-by-path uniqueness, but, in principle, also an
identification of the “good” set of Brownian trajectories.

Improved space regularity of b and Young estimates, for the
SDE and the continuity equation: The modified random drift b
enjoys 1 degree more of space regularity, at the price of losing 1/2 time
derivative (as it can be seen, for example, by heat equation estimates).
Hence the random ODE driven by b can be studied via Young integra-
tion arguments. This brings to Lipschitz (in space) a priori estimates
which imply regularity. A similar reasoning, directly for uniqueness,
can be done for the continuity equation, using Young integration ar-
guments for transport-type PDEs. An adaptation of this method (for
flows) can be done via Girsanov theorem.

It6-Kunita transformation of the SDE: The transformation of the
SDE via diffeomorphism uses It6 formula, which involves a Laplacian
and therefore makes one hope for elliptic regularization effects. Indeed,
using PDEs arguments, one can suitably transform the SDE into a new
one, with more regular coefficients.

A priori estimates for SPDEs, via parabolic PDEs: Given a
solution v to the transport equation, then E|v] satisfies a parabolic
PDE. The same is essentially true for F[v™] and E[|Vv|™], at a formal
level and with a system of parabolic PDEs (rather than a single PDE).
This gives Sobolev bounds on v via parabolic estimates.

Wiener chaos decomposition of SPDEs: By the linearity of v, the
projection of the SPDE on the Wiener chaos spaces bring to a system
of SPDEs, which actually reduce to the correspondent parabolic PDE.
This allows to deduce Wiener uniqueness for the SPDE from uniqueness
for the parabolic PDE.



Some tools have already been mentioned. For completeness we give a list
of (what we think as) the main tools:

duality among linear equations;

Young integration theory, for an analysis of the SDE based on the
improved regularity of b;

the martingale structure, both for Ito-Kunita transformation and
a priori estimates for SPDEs (they both involve the Laplacian in It
formula), and also to get the improved regularity of b (although the
martingale structure is not essential for this point);

Girsanov theorem, for an adaptation of Young estimates and (as we
will see) in the It6-Kunita transformation method,;

the renormalization property (v™ satisfies a transport-type equa-
tion), used for a priori estimates for SPDEs;

the parabolic PDE estimates, used whenever the martingale struc-
ture comes into play;

Wiener chaos decomposition.

Among these methods and tools, let us remark the two big approaches:

The pathwise Young argument. This approach decouples the prob-
lem into two: first we find (and identify when possible) a full-measure
set where the modified drift b has good regularity properties, then we
use such regularity properties to get well-posedness. As observed by
M. Gubinelli, this is an approach a la rough paths: we identify an ele-
ment in the equation (in this case l~)), which governs the equation in a
continuous way. This approach has the advantage of being applicable
to a wide class of perturbations and, in some cases, of identifying the
exceptional set of Brownian trajectories where things might go wrong;
this may be relevant for non-linear arguments (if the exceptional set is
independent of b for example). The continuity with respect to b may
help also in the zero noise problem (a suitable rescaling of b may suggest
which solutions are selected in the small noise limit).

The martingale argument. This approach uses deeply the martin-
gale structure: more precisely, it exploits Ito formula and the regulariz-
ing properties of the associated second order operator (the Laplacian in
our case). This approach has the advantage of exploiting simpler tools

9



and (more important) of being applicable to larger classes of drifts b,
which cannot be reached (at least not easily) by the Young integration
approach.

Notice that the two arguments can be mixed (as actually we do here). For
example, one can use a martingale argument to show the improved regularity
for b and then Young integration bounds for the a priori estimates on the
flow. One can also identify another element rather than b which governs the
equation, like Db(X) via Girsanov theorem.

We remark that we speak here (with some abuse) of martingale structure
since we can apply [t6 formula and get a deterministic integral (i.e. defined
without stochastic integration) with second order terms and a stochastic
integral with first order terms and with zero expectation: this can be done
in the context of martingale theory. On the other hand, we also use that
the deterministic integral is written in terms of a deterministic second order
operator: this property is not related to martingales, but may be rather
connected to Markov property (via Dirichlet forms).

1.6 A historical overview on the subject

Regularization by noise is a wide subject nowadays and it includes many
works. We give a short overview of the topic, recalling some of the works,
from our perspective and without any claim of completeness. We start with
the papers that mainly contributed to this thesis.

Before going into regularization by noise, we recall a few relevant results
for ODEs and associated linear PDEs with irregular coefficients. DiPerna
and Lions [DL89] introduce the use of the transport equation to study the
corresponding ODE and get existence and uniqueness for the transport equa-
tion, for drifts with Sobolev regularity and bounded divergence. Ambrosio
[Amb04] extends the result to drifts with bounded variation and introduce
the concept of Lagrangian flow (see also [ACI4] for a revision). From the La-
grangian point of view, Crippa and De Lellis [CDL0S8] prove a similar result
using flows. Finally, we recall the approach by Figalli [Fig08] on martingale
Lagrangian flows for SDEs.

Regularization by noise, in a weak sense, is known from a long time: for
example, Girsanov theorem allows to restore uniqueness in law for a SDE with
bounded drift; Strook and Varadhan [SV06] have generalize this approach to
bounded continuous coefficients with uniform elliptic diffusion. The analysis
of the law of SDEs with non-smooth coefficients in one dimension can be
performed in one dimension via scale function and speed measure, see for
example [Bre92].

10



If we consider strong uniqueness, we can say the story starts with the
works by Zwonkin [Zvo74] and Veretennikov [Ver80]; in the last one, strong
uniqueness for SDEs is proved when the drift is bounded. The case of un-
bounded drift was treated by Portenko [Por82|, although for weak solutions,
and by Gyongy and Martinez [GMO1]. Later, Krylov and Réckner [KRO05]
show strong uniqueness for the SDE under only a certain integrability of the
drift (the Krylov-Rockner condition). This result is revisited and extended,
in the context of stochastic flows, by Fedrizzi and Flandoli [FF11], [FF13a],
who prove existence and regularity of the flow, using the It6-Tanaka trick
and the regularity properties of the Kolmogorov equation. At the level of
the SDE, this represents an optimal result (see the counterexample in Chap-
ter [2/ when the Krylov-Rockner condition does not hold) and is essentially
what we call the martingale approach in the Lagrangian setting. A similar
approach in the case of Holder continuous drift, with a stronger result in
terms of regularity, is given in [FGP10]. The case of general elliptic diffusion
coefficients is dealt in [Bah99] and in [Zha05] among others.

In this line, but with a different approach, Chen and Li [CL14] give a regu-
larization by noise result, which uses the heat kernel properties to get a priori
estimates on the derivative; this approach could be suited for generalization
e.g. to manifolds. Again in this line, Champagnat and Jabin [CJ13] decouple
the problem into estimates on the Fokker-Planck equation and uniqueness
given such estimates.

It is worth mentioning that, in one dimension, the problem can be studied
through special tools: the first work in this direction is by Flandoli and Russo
[FR0O2], who use a version of the It6-Tanaka trick in one dimension. Local
time can also be used, see for example [Att10] and [AP12]. See also [CE05] on
a classification of uniqueness/non-uniqueness situations for one-dimensional
SDEs.

In parallel with the development of the SDE theory, results for the asso-
ciated linear PDEs started. The first intuition in this direction is by Flan-
doli, Gubinelli and Priola [FGPI10], who prove pathwise well-posedness of
the stochastic transport equation for Holder continuous drifts, relying on the
differentiability of the related stochastic flows and the method of charac-
teristics (which is related to the duality method). Other works follow this
direction and extend this result to prove regularity or uniqueness under the
Krylov-Rockner condition: see for example [FF13b] (regularity of the trans-
port equation), [NOI5] and [MO15] (uniqueness and renormalization prop-
erty for continuity /transport equation), [MNP15] and [BN14] (improved reg-
ularity for transport equation for irregular and regular drift), [FMN14] for
the vector advection equation, [Rezl4] for an application to Navier-Stokes
equations.
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Another direction instead uses directly PDE methods (without appealing
to the flow) to get pathwise well-posedness. One of the first work in this
direction was by Attanasio and Flandoli [AF11], who combine the renormal-
ization theory (for deterministic theory, close to duality here) and properties
of the Kolmogorov equation and prove uniqueness for the transport equation
for drifts with bounded variation and with discontinuous initial condition.
A martingale-based approach is proposed in [BEGM14], where regularity for
the transport equation is proved via a priori estimates (following an idea in
[BE13]), under the Krylov-Réckner condition and actually even slightly be-
yond (uniqueness is also proved via duality and the result is transferred to
the flow). This is the martingale approach in the Eulerian setting.

Outside the tools that exploit the martingale structure, Proske and coau-
thors started a line of proof (for SDEs), which exploits Girsanov theorem and
regularizing properties of the law of the Brownian motion. In [MPMBN™13]
this approach is used to get Malliavin differentiability of the solution, in case
of bounded drift. The approach is extended in [Rez14] to the Krylov-Rockner
condition (a geometric interpretation is also given). The method can be ap-
plied also to wider class of noises, at least when a Girsanov-type result holds,
and indeed it has been applied in [BNP15].

The path-by-path problems were less investigated up to recent years, one
possible reason being the lack of a proper calculus without probability. The
first result in this direction is by Davie [Dav(7], who proves path-by-path
uniqueness for the SDE for bounded drifts. This result, up to now, is still
almost optimal and the proof is not easy to reproduce. A breakthrough
came with the paper by Catellier and Gubinelli [CGI12]: in the context of
Holder continuous drifts, they use Young integration techniques and better
regularity of the modified drift to get well-posedness for a.e. Brownian path
(with the exceptional set being, in some cases, independent of the drift).
Their approach is deterministic in nature and in fact it is applied to a wide
class of noises, like fractional Brownian motion. This is the pathwise Young
approach in the Lagrangian case (which we consider, in this thesis, limited
to the Brownian case).

This approach opens the way to path-by-path analysis also for PDEs. In
[Catl5] and [Nil15] existence and (in the first paper) uniqueness is proved
for the stochastic (better: rough) transport equation at a fixed realization
of the noise, even for a more general noise; the proofs exploit the method
of characteristics. A path-by-path method based directly on the PDE is in
[GM], where the recently developed approach on unbounded Young/rough
drivers, by Bailleul and Gubinelli [BG15], is used in this context. This is the
pathwise Young approach in the Eulerian case.

The duality method is another approach to the path-by-path uniqueness
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problem. The advantage of such a method is that one can get regularity
by other means (for example martingale tools) and still get path-by-path
uniqueness. In this form the method is used in the already cited [BEGM14],
in |[Catl5] and also in [Shald], where a simple formulation involving only
flows is given.

We close this part of the overview with Wiener uniqueness. A result in
this direction is given in [Maull] for the stochastic transport equation under
the Krylov-Rockner condition (restricted to time-independent vector fields).
The method exploited, the Wiener chaos decomposition, is adapted from
the paper [LJR02] by Le Jan and Raimond, who use it in the context of
non-smooth diffusion coefficients. Another approach, based on Wiener expo-
nentials, is proposed by Fedrizzi, Neves and Olivera [FNO14] and extended
in [MOJ. Here this result is presented but using the Wiener chaos approach.

So far, the papers who are directly linked to this thesis. Of course, many
other approaches, in this or other contexts, have been developed and they
definitely constitute other lines of research, with new viewpoints and new
applications. They did not find space here only because they are not in the
directions explored by this thesis. We mention some of them, starting from
the SDE case:

e Regularization by noise for infinite-dimensional SDEs: The works [DPF10],
[DPFPR13] and [DPFRV14] (among others) explore this topic extend-
ing, for continuous or bounded vector fields, the approach in martingale
Eulerian approach.

e Regularization by noise for degenerate noise: This case, where the
previous techniques do not extend easily, is explored for example in
[CDR12], for a class of Hélder continuous drifts and a noise of weak
Hormander type, in [LTS15], where the case of degeneracy in all di-
mensions but one is treated, and in [BBC07], for an example of one
dimensional degenerate noise with reflection.

e Regularization by noise for other kinds of noise: Apart for the already
cited |[CGI12] and [BNP15], we mention [HP13] (among others) for a
PDE-based approach to regularization with Lévy noise, and [Pril5] for
path-by-path uniqueness, via duality, and other results again for Lévy
noise.

Here are some topics which are no more regularization by noise for ODEs

or linear PDEs, but are related at least in the spirit (one adds a noise to the
system and sees what happens):
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e Regularization by noise for nonlinear PDEs, with singular interacting
kernel and transport-type noise: Concerning transport-type noise, this
topic is much more difficult than the linear case and the behaviour of
the system is different. For example, in many equations coming from
physics, the drift is driven by an interaction kernel of the form |z —y|%,
for some power « usually smaller than 1. Thinking from a Lagrangian
point of view, the main difficulty in such cases is that, when a noise
of the form +dWW is added to the system, W independent of x, then
the interaction X — Y between two particles is poorly affected by this
noise (the additive noise on X and Y is cancelled in the difference)
and this prevents the kernel, and so the drift, to be regularized (oppo-
sitely to the linear case where the drift is regularized). The situation
seems not to change for noises as o(z)W, at least for regular o, maybe
space-irregular noises may help. Anyway, there are a few works on this
topic, like [FGP11], where noise regularizes because it avoids very rare
(measure zero) initial configurations bringing to explosion (rather than
because it is stronger than the deterministic drifts). In [DFV14] the
case of the Vlasov-Poisson system is treated and a regularization by
noise phenomenon for special initial conditions is proved.

e Regularization by noise for nonlinear PDEs, with general noise: In
other works, regularization by noise is shown with a particular form
of the noise, in order to respect the structure of the equation and to
produce regularization at the same time; we recall some of papers on
this topic. A first class of works is on Navier-Stokes equations with ad-
ditive noise: we mention [DPD03] on the associated Kolmogorov equa-
tion, [FRO8] and [Rom08] on existence of Markov selections and links
between uniqueness and invariant measures. Another relevant context
is that of dispersive equations: we mention [dBDO05| on blow-up for
stochastic Schrodinger equation, [BSDDMO05] on numerical results on
nonlinear Schrodinger equation with multiplicative white noise (which
suggest a regularization effect), [DT11] with improved Strichartz esti-
mates for nonlinear Schrédinger equation with dispersive noise, [CG15)]
and [CG14] on nonlinear Schrédinger and Korteweg—de Vries equa-
tions with dispersive noise, by Young-type techniques. A third class
of works is on parabolic second-order PDEs in one spatial dimension
(which include reaction-diffusion equations and Burgers equation): we
mention [AG01], [BGP94] and [Gy09§|. Outside these contexts, we
mention [BE13] for parabolic systems, [GS14] for scalar conservation
laws, [DLNOT] and [SY04] for mean curvature flows.
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e Regularization by noise for fluid-dynamical models: Many papers deal
with regularization by noise for some models from fluid dynamics (not
necessarily coming from SPDEs), mainly from turbulence. We mention
[Bial3] and [BBEF14] among others; see also the book [Flall] for an
overview.

e Other “unexpected” effects of noise on SDEs: Here the field is huge if
we take into account any effect but, just to stay at the level of SDEs
with additive noise, we mention [HM14a]-[HM14b] on SDEs with drifts
which grow more than linearly, [FGS14] on synchronization by noise
and [ACWS83] on stabilization by noise of linear ODEs.

e Regularization by noise in law, for distributional drifts: Here one uses
the Wiener measure to make sense of SDEs where the drift is just a
distribution. We mention, among other works, [BC03] for drifts in
the Kato class, [FIR14] for distributional drifts with Young techniques,
[DD14] (in one dimension) and [CC15] (in general dimension) again for
distributional (but more irregular) drifts with rough paths and para-
controlled distributions techniques.

e Regularization by noise for the density of the laws: Existence of reg-
ular densities for the laws of some S(P)DEs driven by irregular vector
fields can be shown. We mention (among other papers) [DRI4] on
densities for Navier-Stokes equations and [BC14] on densities of SDEs
with Holder continuous coefficients. This type of results and the tech-
niques used may be applied to regularization by noise (at least in the
martingale approach).

e Zero-noise selection: For the ODE case, we take an ODE with more
than one solution, we add +eWW to the ODE, which becomes well-
posed, and then we let € go to 0 to see which deterministic solutions are
selected. The problem is non-trivial and has been solved, in many cases,
only in one dimension, by Bafico and Baldi [BB82], see also (among
various papers) [AF11], [DFE14], [Trel3] and [KM13] and [PP15] for a
multidimensional example. In the PDE case, the idea is similar (and of
course difficult), an example for a special case of Vlasov-Poisson is in
[DEV14]. Zero noise limits also appear in other contexts, see [MP14]
and [DLNO1].

Finally, it is dutiful to recall the first book on regularization by noise:
[Flall]. Here one can find an overview and insights into several topics (in-
tuitions, model from fluid dynamics, infinite-dimensional case and others,
beside the finite-dimensional case), as well as many references.
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1.7 Organization of the thesis

The thesis is organized as follows:

In Chapter [2, we classify the types of irregular drifts, depending on
the corresponding regularization by noise results. We also give an intu-
ition of the phenomenon and an example of very irregular drift, where
regularization by noise does not occur.

In Chapter [3, we give definitions, basic properties and technical issues
and some stability results on the SDE and the associated linear SPDEs.
This Chapter does not contain regularization by noise results but is the
technical basis for the rest of the thesis.

In Chapter , we show the renormalization/duality method. As a result
of this Chapter and the previous ones, we give some “black-box” results
which provide (path-by-path) well-posedness given suitable regularity
estimates on the flow or on the drift.

In Chapter [f], we give the a priori estimates and a uniqueness result on
parabolic PDEs which are needed in the following chapters.

In Chapter [0 we give a first regularization by noise result, for existence
of solutions to the stochastic continuity equation. We obtain, as a
consequence, a well-posedness result in the class of non-concentrating
solutions.

In Chapter [7, we prove Wiener uniqueness for the stochastic continuity
equation, starting from uniqueness for the Fokker-Planck equation.

In Chapter [§] we show regularization by noise in the case of a-Holder
continuous drifts with o > 1/2. We use Young integration techniques
to show a priori Lipschitz estimates on the flow solution to the SDE.

In Chapter[9] in the context of the previous Chapter, we show path-by-
path uniqueness for the stochastic continuity equation, using a Young
integration approach but purely based on PDE techniques.

In Chapter [I0} we extend the approach in the Chapter [§] via Girsanov
theorem and a SPDE argument (which will be fully developed in Chap-

ter [12)).

In Chapter [L1] we show regularization by noise for a class of unbounded
vector fields. We use a suitable transformation of the SDE, involving
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the associated parabolic PDE, to show a priori Sobolev estimates on
the flow solution to the SDE. The analogous Lipschitz estimates for
Holder continuous drifts are also shown.

e In Chapter we prove a similar result, but with a purely PDE
method, based on Sobolev energy estimates and the renormalization
property for the stochastic transport equation. We also apply this
method to study another linear SPDE, namely the stochastic vector
advection equation (a linearization of the three-dimensional stochastic
Euler equation with multiplicative noise).

e In the Appendix, we give some technical facts on (joint) measurability,
we recall the main properties of the spaces of functions that we use and
finally we recall the main facts on Young integration.

1.8 Notation

Here we recall some frequently used notation.

o (A, (Fst)o<s<t<t, P) is a probability space with a two-side filtration
(le. (Fsp) C Fop for s < s <t <t'); we can take A = Fyr without
loss of generality. We assume that A is countably generated up to P-
null sets, in particular all the o-algebrae Fs; are countably generated
up to P-null sets (see the Appendix, Sections and for more
details). We also assume the standard assumption, i.e. F;; contains all
the P-null sets and (F;;)s<; is right continuous with respect to ¢ and
left continuous with respect to s. We sometimes fix s and consider only
the forward filtration.

e The variables s,t,r denote times in [0, T]; s usually is the initial time
for forward equations, t is the final time for backward equations (but
in Chapter |§], 0 is the initial time and 7" the final time). The variables
z,v, ... denote space points on R% z -y denotes the canonical scalar
product on R%; By and Bp denote the centered resp. open ad close balls
in R? of radius R. The variable w denotes the probabilistic datum in
Q.

e The process W is a d-dimensional Brownian motion with respect to
the filtration (F.)s: (i.e. Wy — Wy is independent of Fy s and of F;r).
We denote by FV the Brownian completed filtration, namely ]-"!Z is
generated by Wy — Wy for s < s’ <t <t and by the P-null sets. We
use the notation odW for the Stratonovich integration; sometimes we
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write oI, as a short form for the integral notation. We use the same
symbol for integration in the forward direction and in the backward
direction.

We say that a real-valued function f is (v-)measurable with respect
to a measure space (E,E,v) if, for every open set G, f~1(G) is in the
completion of £ with respect to v. We say that a real-valued process is
progressively measurable if it is (£ ® P-)measurable with respect
to the progressive o-algebra P, which is generated by all the sets of the
form A x B, where A is in B([0,¢]) and B is in F; for some t.

The space M, is the space of finite signed measures on R% M, , is
the subset of non-negative finite measures on R%. The image measure
of a measure v through a map f is denoted by fyv or by vo f~1.

The spaces LB, LY, LP, L}, ... denote LP(R?), LP([0,T]) (or LF([s, T))
or L*([0,t]) when appropriate), LP(Q), LP([0,T] x R?), ....  When a
domain D of R is considered, L , denotes L?(D). The space L% is
the space of functions which are in L’;y By, for every R > 0. However we
consider it a symbol rather than a space: when we say that a certain
property is satisfies in Lft,loc (for example, a functional is continuous on
L% 1,c); we mean that, for every R > 0, this property is valid in L? 5 .
We also introduce weighted spaces: given a strictly positive C2° weight

x, LY \.p 1s the space of measurable functions f with

£z, = ( [ 1r0Pxee) R

Given a Banach space V' = U*, the dual space of a separable Banach
space U, the space LP(V) denotes LP(R? V), the space of weakly-*
measurable functions on R? with values in V', with p-integrable V norm.
It is a Banach space with the norm

1 lzz vy = ML)l g (1.3)
Similarly for Ly(V'), LE(V), L} ,(V), ...; the notation LY, ,(V'), L% ;,.(V)

x,loc
is used as before. More details on such spaces are in the Appendix,

Sections and . The space V' is usually M,, L , (for p > 1),

W;’g (for 1 < p < +00). Similarly, given a separable Banach space U,
the space LP(U) denotes the space of weakly measurable functions on
R? with values in U, with p-integrable U norm; see again the Appendix
for more details. The space U is usually C, g,, Cyo (see below for
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these notations). The norm ([1.3) is also used, when possible, outside
the cases V separable space or dual of a separable space.

Given a Banach space V', the spaces Cy(V), C.(V') denote C([0,T]; V),
C(R% V), the spaces of V-values continuous functions. Similarly, for
0 < a < 1, the spaces C&(V), C¥(V) denote C*([0,T]; V), C*(R% V),
the spaces of locally a-Hélder continuous functions. Given a domain D
of RY, C; p(V), C2 p(V) denote resp. the space of V-valued continuous
bounded functions on D and the space of V-valued bounded, globally
a-Hélder continuous functions on D. They are Banach spaces with the
norms

1flle, nory =sup [ f(z)]v,
zeD

x J—
HfHC?D(V) =sup || f(@)[ly + sup 1 () f(iJ)HV
Y zeD z,y,€D,x#y ‘LE — y‘

When D = R?, we use the notation C,4(V), C¢,(V). For k in N, the
space CH+2(V) = C*%(V) denotes the space of k-times differentiable
functions: we say that f, V-valued function, is differentiable in z if
fy) = f(x) + Df(x)(y — x) + o(ly — z|) for some D f(z) linear map
from R? to V; we say that f is twice differentiable if D f is differentiable
and so on. For V' =R or R", we omit V' in the notation. C7%, is the
space of R-valued C'*° functions in x with compact support. The space
Cy0 is the closed subspace of C, ;(R) of continuous functions vanishing
at infinity. The space C% ;. denotes the space of R-valued C* functions
on R?, with bounded derivatives of order 1,...% (lin stands for “at
most linear growth”). It is a Banach space with the norm

k
|f(2)] ;
I fllcr = sup ~——=+ Y sup |D’f(x)|.
Ca tin verd 1+ ’$| JZ:; z€Rd

The space WP is the Sobolev space on R? of order k and exponent p.
For R > 0, Wf,’gR is the Sobolev space on By of order k£ and exponent p,
i.e. the space of functions whose distributional derivatives (up to order
k) in the domain Bp are in LP (see the Appendix for more details).
W;;g; can be identified with the space of Lipschitz function on Bp.

For R>0,0<a<1,1<p< +oo, W'E is the fractional Sobolev

z,BRr
space on Bpg of order o and exponent p: it is the space of functions in

19



L g, such that

F)P 1/p
W = d d < Q.
HfH zng HfHLZ’B </;R /;R |x_y|d+ap y) "

The definition is extended to p = +oo to the space of functions in L7
such that

HfHWZ’E; = ||f|’L3?BR +ess  sup If(@) = Fy)l

< +00;
z,y€BR,x#y |l’ - y|a ’

it can be identified with the space of a-Hoélder Continuous functions on
Bpg. The space W +O};p is the space of functions in W, g whose k-th
order derivative is in W% ; it has the norm ||f||Wk+ap = ||f||Wk . +
| D* f ||W£§R. All the definition can be extended to the whole space R,
replacing Br with R%.

P

W BR(V) norm can be defined as before, replacmg |f (:L' — f(y)| with

1f () = F@)llv-

The space of Borel bounded functions on R? and on a domain D is
denoted resp. by BB, and by BB, p.

Given a Banach space V, for R > 0, 0 < a <1, 1 < p < +00, the
)

The product (-, ) denotes the L? duality product, usually with respect
to the x variable. When two variables z, y are involved in the product,
we use the notation (-, )., (-,-)y, (-, )ay-

The arguments t, z,w, ... of the functions are sometimes indicated as
subscripts (or superscripts in case of w), sometimes omitted.

The letters b, X, u, v are mainly used resp. for the drift, the solution
to the SDE, the solution to the (stochastic) continuity equation, the
solution to the (stochastic) transport equation. We sometimes use the
notation pu%#s v = v®bv . to keep track of the dependence of i on
the drift b, the initial datum s and the initial measure p,, and similarly
for v. The letter X is actually used both for a solution to the SDE and
the flow solution, namely X = X (s, ¢, z,w) = X;“ ().

We use the notation b, X, it, v for the transformed drift and the trans-
formed solutions to the SDE, the SCE and the STE at the level of the
random ODE and the corresponding linear random PDEs; in Chapter
@, we still keep the “tilde” notation but the link between b and b, X
and X, ... is not used (see the first Section of that Chapter for details).
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The function p is a non-negative even C7*, function on R?, normalized
to have ||p[[z1 = 1. For € > 0, p. is the function defined by p.(x) =
e 4p(e1x); similarly (Vp).(z) = e 4Vp(e~'z). For a function f and a
measure v, we use the notation f¢= f *p., v°=vxe.

A weight (strictly positive C2° function on R?) is usually denoted by ¥,
conditions on the weight are given case by case. However the following
weights are recurrent: g, which is < 1 globally, = 1 on Bgr, = 0 on
Byg and with |Vx| < 2/R; x,(z) = (1 + |2|>)"2; xR, which is = 1 on
Bp and = (1+ |z[*)"? on B.,.

Integrability exponents are usually denoted by p, ¢, r, m, m, .... The
superscript ' denotes the conjugate exponent:

2

The expression “there exists a locally bounded function C(||f|lv) ...
is a convenient (thought not usual) way to say that we have a priori
bounds, uniform in terms of || f||y.

The constants are usually denoted by C. For simplicity of notation,
when we are not interested in the value or the precise dependence of
the constant, we use the same letter for different constants even in the
same proof.

We say that a normed space V', contained in another normed space U,
has a set A as a mildly U-dense subset if A is contained in V' and, for
every f in V| there exists a sequence (f"), in A which converges to f
in U and is bounded in V.

Lin(V, U) denotes the linear continuous functionals from V' to U Banach
spaces.

The notation div f denotes the distributional divergence of f.

We say that f belongs to C’f_l, for0 < g < 1,if f(f f-dr belongs to C”.
We say that f belongs to C7" if f belongs to Cf" for some € > 0.

21



22



Chapter 2

Examples

In this chapter we give examples of regularization by noise. We show that,
in the deterministic case, ill-posedness or lack of regularity occur, while they
do not appear (at least partially) in the stochastic case. We classify these
examples depending on the kind of uniqueness, non concentration and reg-
ularity the noise brings. Together whit the examples, we define the classes
of drifts we are interested in and that will appear in the results. Finally we
show a counterexample where regularization by noise does not occur.

In all the examples, we will assume, even if not explicitly said, at most
linear growth of b outside a ball, namely:

Condition 2.1. There exists Ry > 0 such that b/(1+|x|) is in LfO(BB%B}c%O),
where BB denotes the set of Borel bounded functions.

2.1 First class

In this class, we have examples of regularization by noise in the strongest
sense: noise restores path-by-path uniqueness and Lipschitz regularity of the
flow. The class of drifts where this regularization holds is the following one:

Condition 2.2. The drift b is bounded Holder continuous, in the sense that
b is CE(C?,ZJ) for some f >0, a > 0.

As a prototype example, we consider, on R?, for 0 < o < 1,
b(x) = g(x/|z])]x*Tocai<cr + g(2/|2]) 1251, (2.1)

where ¢ : S9! — R? is a C™ function. In the deterministic case, depending
on g, concentration, non uniqueness, irregularity of the flow can appear even
in the same example.
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For example, for g(z) = &, the deterministic ODE shows non-uniqueness
from 0 and non-continuity of the flow. Indeed:

o if xy # 0, then there exists a unique solution Y to the ODE starting
from xg, namely Y () = (|zo|' =% + (1 — o))=Y 301y, + et 130145y,
where t; is the first time that |Y| =1 (t; = 0 if |xo| > 1);

e if 5 = 0, then there is an infinite number of solution to the ODE
starting from 0, namely any Y (¢) = 1y, (1 —a)(t—10))/ Y2, 1y, +
e i, 145y, for some tg in [0, oo] (for ¢, = oo, we find the null solution)
and some z, in S*! (and with ¢, as before).

We also have non-uniqueness for the transport equation with discontinuous
(at 0) initial datum.

For g(&) = —% instead, for every initial xg, there exists a unique solution
Y to the ODE, but this solution reaches 0 in finite time and then stays in 0.
Thus concentration appears in 0 for the flow and the continuity equation.

For d =2, g(%) = #12, in the deterministic case the flow can exhibit dis-
continuity, non-uniqueness and concentration of the mass in 0: every particle
which starts from x; < 0 reaches 0 in finite time, where it can stay up to any
time to in [0, +00] and then leave 0.

Finally, consider ¢(z) = Rz, where R is a unitary d x d matrix. For this
choice, already in the deterministic case we have existence and uniqueness,
from every initial datum, the solution being given by Y (t) = expl[|zo|*t R]xo.
However, the flow is not Lipschitz at 0. Notice that b, in this case, is a vector
field in le:lloc with zero divergence, for which results for the deterministic
case ([DL89], [Amb04]) already imply existence and uniqueness among non-
concentrating flows.

For these examples and all the examples belonging to [2.2] our results
and apply and restore: path-by-path uniqueness from a single initial
datum, Lipschitz regularity for the flow (and one may also prove regularity
for the transport equation); furthermore, gives a PDE-based proof of
path-by-path uniqueness for the SCE and gives non-concentration for
the flow and the continuity equation. [Actually Theorem only gives a
priori Lipschitz estimates for the flow, but one can use these estimates to
prove path-by-path uniqueness and Lipschitz regularity.]

2.2 Second class

In this class, noise restores existence of non-concentrating flow, Sobolev reg-
ularity of the flow, uniqueness among flows which do not concentrate. We
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do not have Lipschitz regularity or uniqueness among single trajectories (in
the sense that we do not know whether they hold or not).

We have two conditions for this class, the second slightly larger than the
first one:

Condition 2.3. The drift b belongs to the Krylov-Réckner (KR) class, namely
LI(L2) for some p,q satisfying

d 2
2 <p,q < +oo, ]—)+6<1. (2.2)

Condition 2.4. The drift b belongs to the Ladyzhenskaya-Prodi-Serrin (LPS)
class, plus a reqular but at most linear term, namely b = b + b, where
b2 belongs to L (CL,. ) and bV satisfies the following assumptions:

xz,lin

o b isin LI(LP) for some p,q satisfying

d 2
2<p,g< 400, —+-<1; (2.3)
P oq

e I)p>dor2) p=d>3 and [|[b0V| e is small enough or 3)
p=d>3 and bV is in C,(L%).

We say that p, ¢ satisfy Condition , resp. if they satisfy ([2.2)), resp.
3.

Remark 2.5. Notice that, under Condition and p = d > 3 and b in
Ci(LY), we can assume, without loss of generality, Hb(l)HLgO(Lg) small enough:
indeed, if b is in Cy(L%), then, for every e > 0, there exists a vector field b in
Ci(C2) with |[bY) —bl|¢,(ray < €; therefore, we can take a new decomposition
of b, replacing b with b —b and b@ with b +b, to get ||b™) | Leo(zay small
enough.

The first prototype example is given again by
b(z) = g(z/|2|)|z|*Locjzi<t + g(2/]2[) L]z

but for —1 < a < 0, where again g : S™' — R? is a C*> function. These
examples show very similar pathologies to the case 0 < o < 1.
A second example is given, in dimension d = 2, by

1
bi(z) = —lesgn(x2)|x2|_1/4,

bg(l') = —5’.%2‘4/5.
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The deterministic ODE exhibits non-uniqueness and concentration in 0 (and
existence of non-continuous generalized flows solutions). Indeed, the follow-
ing paths are solutions of the ODE starting from z with x5 > 0, for any real

C:
XC(t, ) = o explay > expl—(ay/* — )71
+ Cexp[—(t — )1

1/5
X$(t,x) = (x/° — ).

15+

t<z,

t>xé/5’

The counterpart at the level of the continuity equation is non-uniqueness and
a concentration phenomenon.

A third example is given in [Aiz78] by Aizenman, where bounded divergence-
free drifts on R?® are produced, which exhibits non-existence of measure-
preserving flows or non-uniqueness of such flows.

For these examples and all the examples belonging to or to [2.4] our
results [10.1] and apply and restore: existence and path-by-path
uniqueness for non-concentrating flows (and non-concentrating solutions to
the continuity equation), Sobolev regularity for the flow and the transport
equation.

We should say, for the examples above and in general in the class [2.4] we
do not know whether these results are optimal or a stronger regularization
by noise result holds, like Lipschitz regularity or path-by-path uniqueness
among single trajectories (apart for the example in [Aiz7§|, since a result
of Davie [Dav(7] ensures path-by-path uniqueness among single paths for
bounded drifts).

2.3 Third class

In this class, noise restores still existence and uniqueness of non-concentrating
flows, but regularity could not hold. More precisely, noise restores existence
for these flows, while uniqueness holds already for the deterministic equa-
tion (the point is that there might be no non-concentrating solutions in the
deterministic case).

The condition for this class is the following one:
Condition 2.6. The drift b belongs to L (W ™) for some m’ > 1 and has

x,loc
compact support. Its divergence satisfies |divb|* in the Krylov-Réckner class.

The compact support assumption (here and also in the fourth class) is due
to technical reasons and may be replaced by suitable conditions at infinity.
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For all the examples belonging to [2.6, our result applies and restores:
non-concentration for the flow and the continuity equation, while path-by-
path uniqueness among non-concentrating flows is ensured already in the
deterministic case.

Once more, the examples of the form (2.1]), for 0 < o < 1 belong to this
class. However for these examples, noise restores also path-by-path unique-
ness among single trajectories and Lipschitz regularity for the flows, so that
these example are not peculiar of this class. On the other hand, if one wants
a simple proof only of existence and uniqueness among non-concentrating
solutions, this method provides such a proof.

2.4 Fourth class

In this class, there might not be path-by-path uniqueness, but noise gives a
unique selection by filtering with respect to Brownian motion.

Condition 2.7. The drift b belongs to L{*(L",.) for some m > 2 and has

compact support. Its divergence satisfies |divb|* in the Krylov-Réckner class.

For all the examples belonging to 2.7} our result applies and restores:
uniqueness among the non-concentrating solutions to continuity equations
which are adapted to the Brownian filtration.

2.5 An intuition

Let us come back to the prototype examples of the first and second classes,
namely
b(x) = g(x/|z])|2|*Locai + g(2/[2])Ljay51,

for —1 < a < 1. Here it is possible to have an intuitive idea, “by hands”, of
what happens. If one consider the ODE without noise starting from 0, any
solution Y grows near 0 no faster than t'/(1=®); on the contrary, the Brownian
motion W near 0 grows as t'/2 (this is false, but only for a logarithmic
correction, which does not affect the intuition). Heuristically, we could say
that the “speed” of Y near 0 which is caused by the drift is like t*/(1=%) while
the one caused by W is like t~1/2. So what we expect to happen is that the
Brownian motion moves the particle immediately away from 0, faster than
the action of the drift, and this prevents the formation of non-uniqueness
or singularities. At least in the one-dimensional case, this can be seen also
through speed measure and scale function, see [Bre92|, see also [CEQ5)].

This explains also intuitively why o > —1. Indeed, this bound is optimal,
as we see from the following Section.
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2.6 A counterexample

Here we take the drift
b(x) == —B[w|’2x1x¢0,

with 8 > 1/2. Notice that this drift is at the borderline, but outside, of the
LPS class. For this particular SDE, we have

Proposition 2.8. For some T >0 and M > 0, if Xy is a random variable,
independent of W and uniformly distributed on By, then there does not exist
a weak solution, starting from Xj.

Proof. Step 1: the SDE does not have a weak solution for X, = 0
(for any 7' > 0). The method is taken from [CE05].

Assume, by contradiction, that (X, W) is a weak solution on [0, 7], i.e.
there is a filtered probability space (2, A, F, P), an F;-Brownian motion W
in RY, an F-adapted continuous process (X;)¢>o in R?, such that fOT |b(Xy)|dt <
+o00 and, a.s.,

t
Xt - / b(Xr>d7' "‘ Wt-
0

Hence X is a continuous semimartingale, with quadratic covariation (X*, X7); =
d;;t between its components. By Ito6 formula, we have

[ X7 = 281y, 20dt +2X,-dW+dt = (Ly,—0— (28— 1)1x,20)dt +2X,-dW,.

We now claim that
T
/ lx,—odr =0 (2.4)
0

holds with probability one. This implies

t t
| X)* = —(28 - 1)/ Lx,2odr +/ 2X, - dW,.
0 0

Therefore | X;|? is a positive local supermartingale, null at ¢ = 0. This implies
| X,|> =0, hence X; = 0. But this contradicts the fact that (X’ X7), = §;;t.

It remains to prove the claim (2.4). Consider the random set {t €
[0, T]|X; = 0}. Tt is a subset of A; = {t € [0,T]|X} = 0}, so it is suffi-
cient to prove that the Lebesgue measure of A; is zero, P-a.s. and this is
equivalent to P ( fOT Lxi—odr = ()) = 1. Since X is a continuous semimartin-

gale, with quadratic covariation (X X7), = ¢;;t, also X' is a continuous
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semimartingale, with quadratic covariation (X', X'); = t. Hence, by the
occupation times formula (see [RY99], Chapter VI Corollary 1.6)

T
/ 1X?1:0dT:/1a0L%(X1)dCL
0 R

where L% (X1) is the local time at a on [0, 7] of the process X'. Hence, a.s.,
[ 1xaodr = 0.

Step 2: the SDE does not have a weak solution starting from
Xo uniformly distributed on B, (for some 7' > 0 and M > 0). Again,
we suppose by contradiction that there exists such a solution X (associated
with some filtration G), on a probability space (€2,.A, P). Let 7 be the first
time when X hits 0 (it is a stopping time with respect to G), with 7 = oo
where X does not hit 0. We now claim that

P(1 < 00) > 0. (2.5)

Assuming this, we can construct a new process Y, which is a weak solution
to the SDE, starting from Yy = 0. This is in contradiction with Step 1. The
process Y is built as follows. Take Q={r< oo}, A={AnQ|A € A},
Q = P(Q)” 'P|z, on Q define Y, = Xypr and Wy = Wyyr = Wo, Hy =
o{W,,Y,|s <t} (this is a o-algebra on Q). Then we observe the following
facts:

e W is a natural Brownian motion on the space (Q, A, Q), i.e., for every
positive integer n, for every 0 < ¢t; < ...t, and for every fi,...f, in
Cy(R?), there holds

ﬁ t + T W(tjfl -+ 7')) (26)

H deN L 1)]>

where N (m, A) is the Gaussian law of mean m and covariance matrix
A. This can be verified, for a general G-stopping time, with a standard
argument: first one proves (2.6)) when 7 is a stopping time with discrete
range in [0, 00|, then, for the general case, one uses an approximation
of 7 with stopping times 7, with discrete range such that 7, | 7 (as
k — o0) and {1 = oo} = {1, = o0} for every k.
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e W is a Brownian motion with respect to the filtration A, i.e., for every
0=ty <t <...t, <s<tand for every f,gi,...gn in Cp(R?), there
holds

n

E1af(W(t+7) = W(s+7) [T 9:(X(t + )]

J=0

Rdfd/\/( (t—9)I [ng (t;j+ 7)) }

Again this can be shown by approximation (with stopping times with
discrete range).

e Y is a weak solution to the SDE, starting from Y, = 0. This follows
immediately from

/

Xy = X, + / b(X,)dr + W — W,

setting s’ =t + 7 and s = 7.

It remains to prove the claim ({2.5). We suppose by contradiction that
T = 00 a.s.; this implies that, for every ¢, P(X; # 0) = 1. Then, computing
E|[|X]?] by the Ito formula, we get

LBIXP) = —28P(X, £ 0} +1 = —28+1 < 0,

hence there exists a time ¢, > 0 such that E[|X;,|?] < 0, which is a contra-
diction. This completes the proof. O
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Chapter 3

Some general facts on SDEs
and associated SPDEs

In this chapter we want to discuss in detail some general facts on the SDEs
and the associated linear stochastic PDEs (SDPEs).

Before starting, we recall some assumptions and notation we use in this
Chapter and in the following ones. We always assume that b is a fixed
function (not an equivalence class) and is in L{ (L ,.) (with a little abuse
of notation, we use the symbol LP also for the function b, although it is
not an equivalence class). We denote by (€2, (Fs.1)o<s<t, P) a given two-sided
filtered probability space, satisfying the standard assumptions (Fj s contains
the P-null sets for every s, (Fs;); is right continuous for fixed s, (Fs)s is
left continuous for fixed ¢). The process W is a d-dimensional Brownian
motion with respect to (Fs:)s: (i.e. W is a d-dimensional Brownian motion
with respect to its natural completed filtration and, for any ' < s <t < ¢,
Fy s, Wy — Wy and Fpp are independent). For technical reasons, we assume
the following Condition (see the Appendix, Sections and for more
details):

Condition 3.1. The measure space (€2, For) is countably generated, up to P-
null sets, i.e. there exists a countable subset C of For such that the completion
(with respect to P) of the o-algebra generated by C is For.

As a consequence of this Condition, all the o-algebrae F; are countably
generated up to P-null set.

This condition is satisfied, for example, if (€2, Fs,, P) is the canonical
space C([0,T7]), endowed with the filtration generated by =, (the evaluation
map at time 7) and by the P-null sets, with the Wiener measure P. For this
reason, this assumption is not restrictive for existence and for path-by-path
uniqueness (since we can work with the canonical space).
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3.1 Definitions of solutions

The main equations we are interested in are the (deterministic or stochastic)
ordinary differential equation and its associated (deterministic or stochastic)
continuity and transport equation.

We start with the deterministic case: we consider:

e the ordinary differential equation (ODE) on R%: X = (X;);, t in [s, T],
solves

dX = b(X)dt,
with given initial datum X, = x;

e the continuity equation (CE) on R%: p = ()¢, t in [s, 7], is a family
of signed measures on R? solving

dp + div(bp)dt = 0,
with given initial datum pu;

e the (backward) transport equation (TE) on R% v = v(s,x), s in [0, ],
r in R, is a scalar field solving

dv+0b-Vods =0,
with given final datum v;.

Their stochastic counterparts are (with o real constant):

e the stochastic (ordinary) differential equation (SDE) on R%: X =
(Xi)tw, tin [s,T], w in €, is an adapted process solution to

dX = b(X)dt + odW,
with given initial datum X, = z;

e the stochastic continuity equation (SCE) on R%: p = (u%)s, tin [s, T],
w in €, is an adapted family of signed measures on R? solving

dp + div(bu)dt 4+ odiv(p) o dW = 0,
with given initial datum p,.

e the stochastic (backward) transport equation (STE) on R%: v = v(s, z,w) =
v¥(z), s in [0,t], z in RY, w in €, is an adapted scalar field solving

S

dv+b-Vodt +ocVvodW = 0.

with given final datum vy.
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We recall the formal links between these three equations, which hold when
coefficients and solutions are regular (precise definitions will be given after).
First, let X = X (s,t,z,w) be the stochastic flow solving the SDE (which, at
a formal level, is a family of processes (X(s, -, z,-))s. indexed by the initial
time and datum); we call X¢’;, omitting sometimes w, the map from R? into
itself given by the flow, with initial time s, evaluated at time ¢ and with w
fixed. We have formally:

e the family u, defined by

g = (XG4 bt (3.1)

is the solution to the SCE (the symbol (X¥,)xus denotes the image
measure of p; under (X¢,));

e the family v, defined by
vy = Ut(X;J,t)7 (3'2)

S

is the solution to the backward STE.

Outside the regular case, we are interested in solutions to the SCE with
no regularity assumptions (distributional solutions) and we want to prove
uniqueness among this solutions: indeed this uniqueness gives uniqueness
among certain flows solving the SDE.

As for the STE, we are mainly (but not exclusively) interested in solutions
to the STE with Sobolev space regularity (differentiable solutions): indeed
this regularity allows to prove existence of lows with Sobolev space regularity.

In the following, we only give the definitions for the stochastic continuity
and transport equation. However, the definitions of solution for the deter-
ministic continuity and transport equation can be recovered from the ones
in the stochastic case, by dropping all the terms with the stochastic integral
and the terms with a second order derivative (i.e. ¢ = 0) and removing w
(and the progressively measurability) from the assumptions.

We will refer to the deterministic case as the case 0 = 0 (dropping w),
while we will take, in the stochastic case, o = 1.

Moreover we adopt the convention that, where dealing with the distribu-
tional /differentiable solutions to (S)CE/(S)TE, the assumptions given in the
corresponding definitions are always satisfied.

3.1.1 Continuity equation

Definition 3.2. Fix s > 0 and let ps be in M,. A distributional solution to
the stochastic continuity equation (SCE) is a family of measures (j1f)i>s.w, in
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LS, (M.), bounded-weakly progressively measurable (with respect to (Fiy)t),
with |b||p] in Ly (Mg o) for a.e. w, such that, for every ¢ in Cg%, it holds
for a.e. (t,w),

(he, ) (3.3)

t t 1 t
= <u5,90>+/ (u,b-VsO>d7“+0/ (1, Vo) -dW+§02/ (1, Ap)dr.

A classical solution is a distributional solution which is in Cs(C?

z’loc) for a.e.
w.

We recall that the space LgS,(M,) is the space of weakly-* measurable
functions from [0, 7] x © with values in M. The bounded-weak progressive
measurability means that: for every f bounded Borel function on R, (¢, w)
(s, f) is progressively measurable. The condition [b|u| in Li (M, joc) for a.e.
w ensures that the term f8t<u, b- Vp)dr is well-defined. For more details on
these technical conditions, see the Appendix, Sections and [A.2]

For simplicity, here and in the following, we assume the initial datum for
the SCE (and for the forward STE) and the final datum for the backward
STE to be deterministic.

Remark 3.3. The initial time can be reduced to 0 by the following transfor-
mation: if i is a solution to the SCE with initial time s, then 7, defined as
H(r,w) = p(r + s,w) is a solution to the the SCE starting at 0

A7 + div(D Z)dt + odiv(@) o dW = 0,

with respect to the filtration (?T)r, where ?(T, x) =b(r+s,z), W/r = Wyps—
W, and r = Js,54r-

3.1.2 Backward transport equation, distributional so-
lution

Similarly to the CE case, we define the distributional solution for the back-
ward STE. Since the form of the equation is different (and its meaning as
well), we need an additional hypothesis on the divergence of b. The stochastic
integral has to be understood in the backward direction.

Definition 3.4. Fizt >0, let v, be in L and let b in Ly, with divb in
L} y10e- A distributional solution to the stochastic backward transport equa-

tion (STE) is a map v in L3,(LY) (with s < t), weakly-* progressively
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measurable (with respect to (Fyy)s), such that, for every ¢ in O, it holds
for a.e. (s,w),

(vs, @) (3.4)

¢ ¢

= (vg, @) —/ (v,b-Vp)dr —/ (v, pdivb)dr+
t ° 1 t °

—0/ (v, Vo)dW + 502/ (v, Ap)dr.

We recall that the space L3, (L5°) is the space of weakly-* measurable,
essentially bounded functions from [0, ¢] x € with values in L$°. It can be

identified with the space L2°  (see the Appendix, Sections and [A.2)).

S,T,w

3.1.3 Backward transport equation, differentiable so-
lution

We will deal with solutions of the (S)TE with Sobolev differentiable. In this
case, the formulation above changes and it is possible to avoid the integrabil-
ity assumption on the divergence of b (bringing the derivative on v). Again
the stochastic integral has to be understood in the backward direction.

Definition 3.5. Fizt >0, m in |1,400], let v; be in C}, and let b in L,
with divb in L;,w,loc‘ A W™ differentiable solution to the stochastic transport
equation (STE) is a map v in L3, (L) (with s <t), weakly-* progressively
measurable (with respect to (Fsy)s), in LZL(W;:Z;L), such that, for every ¢ in
C., it holds for a.e. (s,w),

(vs, @) (3.5)

t t 1 t
= (v, ) —|—/ (b- Vv, )ydr + O'/ (Vv, p)dW — 502/ (Vou, Ve)dr.

A classical solution is a differentiable solution which is in Cy(C>

o l0c) for a.e.
w.

For m finite, for R > 0, the space Lgfw(W;,’gR) is the space of weakly
(or equivalently strongly) measurable functions from [0, ¢] x Q with values in

WQ}ER and with finite Lg}w(W;’gR) norm. It can be identified with a subspace

of L, 01 xBrxa: For m = 400, the space L;’f’w(W;’?R) is the subspace of

Lg’w(Wj %R) with finite Lgfw(W;,’]?R) norm. See the Appendix, Sections
and [A.2)), for more details.
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3.1.4 Forward transport equation

In the above definitions, we always considered the backward case, as the TE
will be used in the backward form. However, it is more convenient to deal
with the forward formulation (one usually is more familiar with calculations
in the forward case). Instead of giving the definition of solution in the forward
case, which is completely analogous to the backward one, we give the link
between the two cases.

Remark 3.6. If v is a (distributional or differentiable) solution to the back-
ward STE, with final time t, then U, defined as 7(7“,3:,0)) =o(t—r,z,w) is
a (distributional or differentiable) solution to the forward STE

A7 — 1 - VTdt — oVT o diV =0,

%
with respect to the filtration (?T)T, where b (r,x) =b(t —r,x), W/T =W, —
Wi_, and ?r = -F.tfr,t-

3.1.5 Time continuity

Before going on, we give a couple of results which allow to work with some
nicer formulations (from a technical point of view) of the definitions above.

In all the previous definitions, the equality were always up to a set of
measure zero. In the deterministic case, one can work with a suitable version
of the solution, so that the PDE is satisfied for every ¢.

Lemma 3.7. Let (p;); be a distributional solution to the CE. Then there
exists a modification (i) (i.e. py = iy for a.e. t), weakly-* continuous in
time t, which satisfies (3.3)) for every t and for every .

Proof. We take the initial time s = 0 for simplicity. Fix D a countable set
in C>°(R?), which is dense in C? (in the sense that it is dense in C?(Bg) for
every R), and let F' be a full-measure set in [0, 7] such that, for every ¢ in
Fo flpellm, < llullzge(m,) and gy satisfies for every ¢ in D. For any ¢
in [0,77], let (t,), be a sequence in F' converging to ¢ (it exists because F' is
dense). Since (i, )n is a bounded sequence of signed measures, by Banach-
Alaoglu theorem there exists i, with ||fi¢||a, < |||z (az,) and a subsequence
(11, )& converging weakly-* to fi;. So we have, for every ¢ in D,

(fie, 0) = lim{p,, . 9) (3.6)

t”k t
= (o, ¥) +1i,gn/ (b - Vp)dr = (po, ¢) +/ (1,0 - Vp)dr.
0 0
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Since D is dense in C, ., the formula above determines @; completely. This
in particular does not depend on the choice of (¢,),, or (t,,) (not even on the

version of p chosen), since the RHS of does not. Besides, for ¢t in F,
implies that {(fi, ©) = (s, ) for every ¢ in D and so iy = p, hence i
is a version of u. Finally, a simple density argument (using density of D and
the uniform bound ||fi[|sm, < ||pllze(as,) for every t) allows to extend
to every ¢ in C2° and to show continuity of t — (i, ¢) for every ¢ in C, .,
i.e. weak-* continuity in time. The proof is complete. O

In a similar way, using the Ly , bound and in addition the lower semi-

continuity properties of the norms of L5, and LT(W;;ELR), one can prove:

Lemma 3.8. Let (vy)s be a distributional, resp. differentiable solution to the
backward TE. Then there ezists a modification (Us)s (i.e. vs = Vs as functions
in LS° for a.e. s), weakly-* continuous in time, which satisfies , resp.
for every s and for every w. The analogous result holds for the forward
TE.

From now on we will work with these continuous modifications when
possible, without using the notation with “bar”. Notice however that, in the
case of the transport equation, v is weakly-* continuous in ¢ as an L°-valued
map (in particular, it takes values in a space of equivalent classes), and we
do not know whether there exists a representative v (i.e. 7, is in the class
v, for every t), which is jointly measurable in (s,z). A similar observation
holds for the continuity equation, when the solution is in L, for some m.

Remark 3.9. For the stochastic PDEs, the dependence on w makes it dif-
ficult to deduce the existence of modifications of the solutions, which satisfy
the equations for every t and ¢ (outside a P-null set in  independent of
t and ¢). However, for the continuity equation, one can easily deduce that,
for every ¢ in C°, there exists a process u(y), modification of (i, ) (i.e.
(o) = (u, @) for a.e. (t,w)), with continuous trajectories and verifying
for every t, outside a P-null set in Q independent of t (but possibly dependent
on ¢). A similar conclusion holds also for the stochastic transport equation,
where we call v(p) the time-continuous modification of (v, ).

We conclude this section extending, in the deterministic case, the distri-
butional formulation of the linear PDEs to the case of time-dependent test
functions.

Lemma 3.10. Let p be a solution to the CE (we assume that it is the weakly-

* continuous version). Then, for every ¢ in Ct(C;VC), such that, for every x,

37



o(-,x) is in W,"" and 9y is in L}(C,.), it holds

o) = oo + [0 Voar s [wagiar @7

The analogous result holds also for the TE, in both distributional and differ-
entiable formulations, again for every ¢ as above.

Here and in the following, p is a C77, nonnegative even function, normal-
ized to have ||p|[,1 =1 and, for any € > 0, p.(z) = ¢ “p(e ') is a standard
mollifier. For any function f in L;’loc and for any locally finite signed mea-
sure v, f¢= fxp. and v° = v * p.. Measurability and continuity property of

f€ and v, when f and v depends on t and w, are in the Appendix, Section

A2

Proof. We prove the result for the CE, again with s = 0 for simplicity. Using
pe(x — ) as test function for ¢, we find the following equation for p€, valid
for every (t,x):

pile) = (o) = [ o) =Tl

Multiplying this equation by ¢(t,x) and using the chain rule, we get
t

M@M@Z%@%@—A@MHVMM%@M+A%@ﬂ%@w

Now we integrate this equality in x, exchange the integrals in ¢ and x and
then bring the convolution on ¢, leads to

t

@@w:mmm+ﬁmﬁvww+éw«wnw

Now we let € go to 0. Using the conditions p in L (M,), [b||u| in Lf (M 1oc),
the uniform (in (¢,z)) convergence of ¢ and its space derivative and the
L;(C,) convergence of d,¢°, we get O

3.2 Random equations and rigorous links with
stochastic equations

In this section we introduce the random (ordinary and partial) differential
equations corresponding to the stochastic equations SDE, SCE and STE.
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These are deterministic equations, but with coefficients parameterized by
w in €, and they are obtained from the stochastic equation via a suitable
transformation. As we will see, their usefulness is mainly in two facts (beside
also other technical aspects):

e the random coefficients (the random drift b below), obtained transform-
ing the usual coefficients (the drift b) enjoy some unexpected regularity
property, that gives an intuition and, in some cases, a proof of regular-
ization by noise;

e in this setting we can study uniqueness among solutions for these equa-
tions, at frozen w, that is path-by-path uniqueness.

The random coefficient that appears in every equation is

b(t, z,w) = b(t, x + Wi(w)).

The starting point is the following: if X solves the SDE, then X = X —W
solves the random ODE (rDE)

dX = b(X)dt.

One can go also in the reverse direction. Precisely, the following lemma, of
immediate proof, holds:

Lemma 3.11. A process X satisfies the SDE if and only if X = X — W is
progressiwvely measurable (with respect to (Fy);) and satisfies the rDE for a.e.
w.

Given the rDE, we consider the associated linear PDEs, namely the ran-
dom continuity equation (rCE)

dji + div(bj)dt = 0;
and the random transport equation (rTE)
do +b- Vodt = 0.

Given the stochastic PDEs and their random counterparts, one can ask for
a direct link among them. From the link between ODEs and linear PDEs
(3.1) and (3.2)) (in both deterministic and stochastic cases) and the formula

X =X — W, we can guess such a link: we have formally

fir = (X))o = (Xe = Wi)gpo = (- — Wi)gpie
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and similarly

b = vo(X; 1) = vo(X; = Wh) = wi(- — W),

In the following lemmata we prove these links rigorously in the general case,
without appealing to the underlying flow X (which may not exist in general),
but with a regularization procedure.

Lemma 3.12. Let u be a distributional solution to the SCE. Then i, defined
by

e = ( - VVt)#Mt,

18 a distributional solution to the rCE.

Notice that, for a.e. w, i makes sense as M -valued map ¢ — fi;, bounded-
weakly progressively measurable and in L{°(M,,); moreover, |b||] isin L} (M joc)
for a.e. w.

Proof. We start with the case of initial time 0. Fix ¢ in C>°(R%). We claim
that it holds, for a.e. (¢, x,w),

i ()ole — W) 33
= i(ae(e) = [ )« et~ Wyar+

- [ Voarete—w) - aw g [ = Sate)ete ~ wars

- [ wtorvete - wy-aw, 5 [ et - wdrs

t
+ / o * Vpe(x) - Vo(z — W,)dr,
0
where all the addends but the stochastic integral are measurable in (¢, z,w)
and the stochastic integrals have versions that are measurable in (¢, z,w)

(these are the versions considered in the equality above). So, for a.e. (t,w),
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integrating (3.8)) in x, we get

/R ()l — W)

—/ d:z:—// wrby) * Vpe(x)p(x — W, )dzdr+
R4

//Mr*vp€ o(z — W,)dxz - dW,+
R4

+ —/ / tr * Ape(z)p(z — W, )dadr+
2 0 Rd

t 1 t
— / / pe(z)Vo(r — Wy)dx - dW, + = / / pe(z)Ap(z — W, )dadr+
0 JRd 2Jo Jra
t
[ [ e Voa) - Vete - W)dsdr,
0 Jrd
where we used Fubini theorem and stochastic Fubini theorem (precisely The-

orem 2.2 in [Verl2]) to exchange the integrals. Using again Fubini theorem
to bring the convolution on (- — W;), we get (for a.e. (t,w))

(s (- — W)

~ (s - | by V(- — W)t
[ e T = W) a3 [ B W
- /Otmr, V(- — W) - AW, 4+ /Otwr, AgE(- — W,))dr+
- /Otw, Ap(z — W,))dr

R R R

Letting € — 0, since u, by are assumed to be resp. in L{°(M,) and in
L} (M 10c) for a.e. w, we have for a.e. (t,w),

(el = W) = (o) = [ b Tl = W)l

By the change of variable = x — W, we end with

(e#) = o) + [ (b, Vi) (3.9)
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valid for every ¢ in C2°, for every (¢,w) in a full measure set F,,, depending
on . In order to conclude, we need to make the “good” full measure set
independent of ¢. For this, we use a density argument, similar to that in
the proof of Lemma . Let D be a countable set in C%°, dense in C?, take
F = NyepF,. Then F is a full measure set such that, for every (¢,w) in

- holds for every ¢ in D; we can also assume, possibly passing to a
smaller full-measure set F, that /i is in M, and |b¥]|7| is in L} (Mg 10.) for
every (t,w) in F'. Now, for a generic ¢ in Cres we take a sequence " in D,
satisfying equation and converging to ¢ in C?; by the bounds on ji and
0||1| in F and dominated convergence theorem, we can pass to the limit in
the equation, for (t,w) in F, getting for ¢. Hence, for a.e. w, the rCE
holds.

It remains to prove the claimed formula and the measurability (in
(t,z,w)) of the addends. We start with recalling measurability. All the
addends but the stochastic integrals can be interpreted in two ways: as
elements in L™  and, for fixed z, as elements in L™ : we denote by A%!

t,x,w tw?
a generic addend in Ly, ., and [Adet( )] its counterpart in LY}, for z fixed.
As for the stochastic integrals, for fixed x, they are elements in LY}, (for
each x, they are equivalent classes), but stochastic Fubini theorem (Theorem
2.2 in [Ver12]) provides versions of them which are in L}, , (in particular
measurable in (t,z,w)); we also denote by A**" this version in L%, , and
[Astoch ()] its counterpart in L} (the usual stochastic integral) for x fixed.
The formula (3.8]) must be mtended as equality in L;", , involving the terms
Adet and ASt"Ch. We prove this equality by proving the corresponding equality
in L}",, among the terms [A%(x)] and [A*"*®"(x)], for each x. For this, fix

z in R By the distributional formulation of the SCE, applied to the test
function p.(x — -), we get the following equation for p°:

11 ()

t
— (o)~ [ () ¢ pa)ir+
0
t 1 t
_ / % Vpe(z) - dW, 4+ 5 / iy * Ape(z)dr.
0 0

Applying It6 formula (for a.e. continuous function, Proposition in the
Appendix) to pf(x)p(x — W), we get for a.e. (t,w), i.e. the desired
equality in L. The proof in the case s = 0 is complete.

In the general case s > 0, one can apply the change of variable to the
solutlon ﬁ startlng at 0, defined in Remark |3.3] getting a rCE for 7 =

T

#ﬁ Wits + W) upiris. Now notice that i, = (- — W) #7H,
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hence, by a change of variable (notice that, for fixed s and w, Wi(w) is a
constant), we get the desired rCE for fi. [

Corollary 3.13. There exists a version of p which is weakly-* continuous
in time, for a.e. w.

Notice that this map is weakly-* measurable in (¢,w) because of Lemma
in the Appendix.

Proof. We take the weakly-* continuous version of i (which we still call i
with abuse of notation), we want to prove that the version of u defined by
(- + Wi)ufir (which we still call p) is weakly-* continuous, i.e., for a.e. w,

t = (e, ) = (fie, (- + Wh)) (3.10)

is continuous for every ¢ in Cj .
Step 1: It is enough to show this property for every ¢ in C;}C. Indeed, for
a general ¢ in Cy, we take ¢ in C} , with [j¢ —¢[l¢,, < € and we split

|(fie, (- + W) = (fir, (- + W)
< [ W (- + W) — (i, (- + W) [+
+ |l a1+ W) — (- + Wi)lle,, + el v [0+ We) — o+ Wo)lle, -

The RHS is smaller than 3e for r sufficiently close to t, by the thesis for
1, the bound ||ft||am, < C (which holds for every ¢, since we are using the
continuous version) and the invariance of the C,;, norm under translation.

Step 2: Now we prove continuity of for ¢ in 0;70. In this case we
have

[ (s (- + WA)) = (i, (- + W)
< [, (- + W2)) = (i, (- + W+ il ae [l (- + W) = (- + Wil

The first addend tends to 0, as r — t, because of weak-* continuity of fi.
For the second addend, we have again ||fi,.||xq, < C for every r and also
[o(-+ W) = o + Wi)llew. < llller, Wy — W, [, which tends to 0 as r — ¢.

T,c —

We have proved (3.10) for ¢ in C} .. The proof is complete. O

Similarly one can prove the following link between STE and rTE and the
existence of a weakly-* continuous version for any solution to the STE:

Lemma 3.14. Let v be a distributional, resp. differentiable solution to the
backward STE. Then v, defined by 05 = vs(- — W), is a distributional, resp.
differentiable solution to the backward rTE. The analogous result holds for
the forward STE.
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Corollary 3.15. There exists a version of v which is weakly-* continuous in
time, for a.e. w.

Remark 3.16. Notice that the full P-measure set of w, where the rCE (or
the rTE) holds, depends (a priori at least) on the initial time s and datum p
and also on the specific representative of the equivalence class p (see Remark
in the Appendiz). Moreover, if s # 0, the initial datum fis of the rCE is
random, although the dependence on w is only through Wy, which is indepen-
dent of the driving Brownian motion (W; —Ws)>s; similarly, the final datum
v of the rTE is random, although the dependence on w is only through W;.

3.3 Link ODE-PDEs in the regular setting,
stochastic case

Given now all the equations, in this Section and in the next one we give a
rigorous link between the ordinary (deterministic or stochastic) differential
equation and the associated partial differential equations, the link that was
formally given in and in (3.2)).

We start with the link between SDE and stochastic transport equation
in the regular setting. The results together with the proofs are in [Kun84]
and [Kun97] (for example, existence, uniqueness and representation formulae
of Propositions and are special cases of Theorem 6.1.9 in [Kun97],
Chapter 6); the integrability estimates are proved in [BFGMI14], Lemma 12
(for that lemma the coefficients are also regular in time, but the proof can
be easily adapted to our case).

Proposition 3.17. Assume that b is in L?(C’i’fm) for some integer k > 1
and some € in |0,1[. Then, for every initial time s and datum z, strong
existence (i.e. existence of solutions adapted to the Brownian filtration) and
pathwise uniqueness hold for the SDE starting at time s and from datum x.
Moreover, there exists a modification of the solution which is a stochastic C*
flow, namely a map X : {0 < s <t < T} xR x Q — R such that, for
every s, x, X(s,-,x,) is the adapted solution to the SDE, starting at time s
and from datum x, and, for a.e. w, X(-,+,-,w) is a flow of continuous maps,

C*-diffeomorphisms in space.

Proposition 3.18. Assume that b is in L?(C’i’fin), for some € > 0, and
the final datum v, is in C35. Then there exists a unique classical solution
v = vb¥% to the backward STE, with final time t and final datum v; and it
holds

v(s,z) = v (X ().
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In particular this classical solution is in Cs(C2,,.) for a.e. w. Moreover, if v,
and b are compactly supported, then the solution v is in L;”W(Wjjgl) for every
finite m and every weight x = x,, of the form x,(z) = (14 |z|?)"/2, for every
real 1.

The main consequence of this result is that one can transfer the a priori
estimates from SDE to STE and vice versa.

Proposition 3.19. Assume that b is in L?(C;lfm), for some € > 0, and the
initial datum pus is in C5 N L. Then there exists a unique classical solution

= > to the SCE, with initial time s and initial datum pg and it holds
pult, - )da = (Xop) 4 (psda).

In particular this classical solution is in Cy(C2,,,) for a.e. w. Moreover, if i
and b are compactly supported, then the solution p is in L{?w(LZfX) for every
finite m and every weight x = X, of the form x,(x) = (1+ |z|?)"/2, for every

real 7.

3.4 Link ODE-PDEs in the irregular setting:
Lagrangian flows

Now we pass to the case of irregular drifts and we present the main link
between ODE and continuity equation, in the deterministic setting, without
any regularity assumption on b (apart very mild integrability conditions).

First we discuss a representation formula for solutions to the CE, in terms
of solutions to the ODE.

Remark 3.20. There is an easy way to pass from ODE to CE, even in the
wrreqular case. Even if we do not have a reqular flow solution to the ODE,
but just existence of at least one solution, we can take a finite signed measure
n on Cy(R®) which is concentrated on the set of solutions to the ODE. Now,
calling e = (m¢) gn (where m(y) 1= ~(t) is the evaluation map at time t) the
L-marginals of n, then (u;) is a distributional solution to the CE, starting
from po. Indeed, for any ¢ in C°, we have

(i, ) = /C o((dy) = /C o (ra)n(dy) + /C / b() - Vo) drn(dy)

t
= (,us,g0> +/ <:U’t7b : V90>d717

where in the second equality we have used that v satisfies the ODE for n-a.e.
.
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A natural question arises from this Remark: does any solution p to the
CE admit the representation formula above, that is does there exists 7 finite
signed measure on Cy, concentrated on solutions to the ODE and having (1),
as l-marginals? The answer is positive and is contained in the superposition
principle (JACI4], Theorem 12). We do not recall the result here, but we
mention that this result is the key to build flows solutions to the ODE out
of solutions to the CE, in the following existence and uniqueness result [3.24]
Notice also that this is a recurrent problem in probability: as in Kolmogorov
extension theorem, one is given a family of 1-marginals and wants to find
(and, if possible, to identify) a law 7 having the given 1-marginals and en-
joying certain properties. General results in this direction, at least in the
SDEs context, are provided by Kurtz and coauthors (see [KOS8§|, [Kur9§]
and [KN11] among other papers).

Now we discuss the link between CE uniqueness and ODE uniqueness.

Proposition 3.21. Let 7y be an initial datum in R? (at initial time s) and
suppose that uniqueness holds for the CE starting from 0., (at s), among
distributional solutions in L{°(M,). Then uniqueness holds for the ODE
starting from xg.

Proof. Let X, Y be two solutions to the ODE, with X, = Y, = xy. Then
Wy = dx,, vy = dy, are two solutions to the CE (in L{°(M,)) starting from
0z, S0 they must coincide for a.e. t. This implies that X; = Y; for a.e. ¢, so
for every t by continuity. O

Although this last result is valid when b is in L; (L, ), the uniqueness
assumption above is very strong and usually does not hold for general b.
In many situations, under suitable assumptions on b, one has existence and
uniqueness for the CE in a smaller class of solutions, for example solutions
which are bounded in time and space. In this case, we cannot expect unique-
ness for the ODE among any solutions, but we can have uniqueness among
certain kind of generalized flows.

For this, we define Lagrangian flows.

Definition 3.22. An admissible Lagrangian class L is a subset of L{°(M,),
satisfying the following conditions:

o L is contained in LY (Mg +);
o L is convex;

o if i belongs to L and if ', element in L$°(M,), with 0 < ) < py for
a.e. t, satisfies the CE and the condition fST Jga 101/ (14 |z])p/ (dz)dt <
+00, then also i’ belongs to L.
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We use the notation span(L) for the vector space generated by L.

Definition 3.23. An L Lagrangian flow, solution to the ODE with initial

positive finite measure ps and initial time s, is a measurable map X : [s,T] x
R? — RY, such that

1. for ps-a.e. x, the map t — X(t,x) solves the ODE starting from x at
S;

2. the family (1;%);, defined by ;X := (X(t,-))ups, belongs to L.

Reasoning as in Remark , one can see easily that u* is a distributional
solution to the CE, belonging to £. The main point is that, if uniqueness
holds for the CE among solutions in £, then this implies uniqueness among £
Lagrangian flows, and, in this case, existence also transfers from CE to ODE.
This result is a consequence of [AC14], Theorems 16 and 19 and relative
proofs.

Theorem 3.24. Let b be in L}(L.

z,loc

) and let g be in M, 4.

1. Assume that uniqueness holds for the CE among L solutions, start-
ing from s, for any initial nonnegative measure bounded by ps. Then
uniqueness holds among L Lagrangian flows, starting from ps (and from
any initial nonnegative measure bounded by ps) at s.

2. Assume in addition that existence holds for the CE among L solutions,
for ns as initial solution at initial time s. Then existence and unique-
ness hold among L Lagrangian flows, starting from s at s.

3. In this case, let u be the L-solution to the CE (starting from us at s)
and let X be the L-Lagrangian flow. Then we have, for everyt,

e = (X0) e (3.11)

This completes the link the deterministic case. In order to cover also the
stochastic case, we introduce the concept of stochastic Lagrangian flows: at
the level of rDE, they are Lagrangian flows solutions of the rDE, indexed by
w, adapted to the proper filtration.

Definition 3.25. An L stochastic Lagrangian flow, solution to the SDE with
initial positive finite measure g, is a map X : [s,T] x RY x Q — R%, such
that

1. the map (t,w,z) — X (t, 2, w) is L5 11® PR us-measurable with respect
to P @ B(RY);
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2. for ps-a.e. x, the process t — X(t,x) solves the SDE starting from x;

3. for a.e. w, the family ([L{(w)t, defined by ﬂfzw = (X“(t, )i, belongs
to L.

Remark 3.26. The condition of measurability with respect to P @ B(R?)
means that, for every open set A of RY, X~1(A) is in the completion of
P @ B(RY) with respect to the measure L' @ P ® us. It is an adaptability
condition (recall that P is the progressive o-algebra) and it implies that, for
fs-a.e. x, the process t — X (t,x) is progressively measurable.

The following Lemma, of immediate proof, gives the link between stochas-
tic Lagrangian flows for the SDE and Lagrangian flows associated with the
rDE:

Lemma 3.27. The map X is a stochastic Lagrangian flow if and only if, for
a.e. w, X% is a Lagrangian flow for the rDE and X is L' ® P ® ps-measurable
with respect to P ® B(RY).

Remark 3.28. Existence of a stochastic Lagrangian flow X implies existence
of a Lagrangian flow X for the rDE, on a full P-measure set Qf* in Q which
may depend on the initial measure us. However, if w is in QY and if v is
another positive measure on R? bounded by i, then the flow X, restricted
to the support of v, is a Lagrangian flow solving the rDE at w fized. In partic-
ular, if we have existence for s fully supported on R or for a sequence (u™)
of measures whose supports cover R?, then one can choose 0y independently

of pis-

In the following, we will be mainly interested in the path-by-path unique-
ness, among single trajectories or among flows.

3.5 Different types of uniqueness

We have seen we can deal with SDE or rDE, and the same for the associ-
ated linear PDEs, and among single trajectories or among Lagrangian flows.
Connected to each kind of equation and solution, we have a different kind of
uniqueness: pathwise uniqueness for the SDE, path-by-path uniqueness for
the rDE.

3.5.1 Uniqueness for SDE

Definition 3.29. We say that the SDE has pathwise uniqueness, starting
from x in R at time s, if, for every (countably generated) filtered probability
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space (2, (Fst)t, P) and for every Brownian motion with respect to (Fs4)t,
the SDE has a unique solution X with X = x.

Definition 3.30. We say that the SDE has path-by-path uniqueness, starting
from x in RY at time s, if, for a.e. realization W (w) of the Brownian motion,
the rDE has at most one solution.

Since any solution of the SDE can be transformed in a solution to the
rDE; through Lemma [3.11} we get:

Lemma 3.31. Path-by-path uniqueness (starting from x at s) implies path-
wise uniqueness (starting from x at s).

Since the rDE brings also the concept of Lagrangian flows, path-by-path
uniqueness can be defined also for these flows.

Definition 3.32. We say that the SDE has path-by-path uniqueness among
L Lagrangian flows, starting from a positive measure jis on RY at time s,
if, for a.e. realization W (w) of the Brownian motion, uniqueness among L-
Lagrangian flows, starting from jis at s, holds for the rDE.

Path-by-path uniqueness among single solutions is a particular case of
this uniqueness, choosing £ = L{°(M,).

One may define also a concept of pathwise uniqueness among stochastic
Lagrangian flows, but this concept would be a bit involved (we should take
the conditional probability of u with respect to W (w)), hence we skip it.
Moreover, in many cases where path-by-path uniqueness is available only
among Lagrangian flows, it is possible by a modified argument to get pathwise
uniqueness even starting from a given point z: for example, existence and
path-by-path uniqueness imply existence of a strong (i.e. adapted to the
Brownian filtration) solution, for a.e. x; this and uniqueness in law imply
pathwise uniqueness (for a.e. z).

3.5.2 Uniqueness for SPDEs

In correspondence with the concepts of pathwise and path-by-path unique-
ness for the SDE, we can state also pathwise and path-by-path uniqueness
for the SCE and for the STE.

Definition 3.33. We say that pathwise uniqueness for the SCE holds, in
a certain subset V of L°(M,), starting from an initial measure pis at time
s, if, for every (countably generated) filtered probability space (S, (Fsy)i, P)
and for every Brownian motion with respect to (Fs4):, the SCE has at most
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one solution p starting from ps at s, with u* in 'V for a.e. w. Analogous
definition for the (forward or backward, distributional or differentiable) STE,
with backward filtration for the backward case.

Definition 3.34. We say that path-by-path uniqueness for the SCE holds,
in a certain set V, starting from an initial measure jis at time s, if, for a.e.
realization W (w) of the Brownian motion, uniqueness in V), starting from fis
at s, holds for the rCE. Analogous definition for the (forward or backward,
distributional or differentiable) STE.

By the link between STE and rTE, in Lemma |3.12] we get:

Lemma 3.35. Assume that V is invariant under the operation (v¢); — ((- —
Wi) i) Then path-by-path uniqueness in V' implies pathwise uniqueness in

V.

Remark 3.36. Stated in this way, the exceptional set in €2, where uniqueness
for the rCE does not hold, may depend on the initial measure ps. However,
if we prove uniqueness in L of solutions starting from 0, in a full P-measure
set )y, then, by linearity, this uniqueness (in L) holds also for any initial
condition in M, for every w in y (which is independent of the initial con-
dition,).

Remark 3.37. Path-by-path uniqueness for the SDE in a class L and path-
by-path uniqueness for the SCE in L are linked via Theorem |3.24), applied to
the rDE and the rCE.

3.5.3 Wiener uniqueness

When speaking about uniqueness for SCE (and linear SPDEs more in gen-
eral), there is also another kind of uniqueness: Wiener uniqueness, i.e. unique-
ness among solutions to the SCE adapted to the Brownian (completed) fil-
tration.

Definition 3.38. We say that Wiener uniqueness for the SCE holds, in a
certain subset V. of L3, (My), starting from an initial measure pis at time
s, if, given a Brownian motion and its natural completed filtration (starting
from s) (Fs1)e, the SCE has at most one solution y in V starting from u, at
s and adapted to the Brownian completed filtration.

This is the weaker form of uniqueness for the SCE. This kind of uniqueness
should be the translation, at the level of the SCE, of uniqueness in law for
the SDE. The intuitive idea behind this correspondence is the following one.
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Given any solution X to the SDE, a solution (y); to the continuity equation
can be created filtering its law with respect to the Brownian motion and
taking the 1-marginal time projections; when the law of X (or, more precisely,
the law of (X, W)) is unique, then also () is uniquely determined. So, if
any solution of the continuity equation, adapted to the Brownian motion, is
obtained via this filtering procedure, then uniqueness in law implies Wiener
uniqueness.

We do not explore here, in a rigorous way, the link between Wiener
uniqueness for the SCE and uniqueness in law for the SDE. However we
will show Wiener uniqueness starting from uniqueness of the Fokker-Planck
equation associated with the SDE (which is related precisely to uniqueness in
law for the SDE): this technique gives a well-posedness result (though weak)
with not so much effort.

3.6 Stability and existence for stochastic PDEs
via a priori estimates

In this Section we state and prove some stability results for the (stochastic)
linear PDEs under convergence of sequences, when uniform bounds for the
sequence are given. These results, beside their intrinsic interest, are the basis
for the a priori estimates method: we can prove existence of a solution, in
the case when the coefficients are irregular, by showing uniform estimates of
the solutions of approximating equations with regularized coefficients. All
the results are given in the stochastic case, but they are valid also in the
deterministic case, with same assumptions and theses but dropping w (and
adaptability).

We start with stochastic transport equation. We state and prove the
result only in the forward case, the backward case being completely similar.

Theorem 3.39. Toke 1 < m < +o0o. Let b, n in N, b be vector fields in
L (Lm,..) such that (V") converges to b in LY (L™..). Let vg, v° be in cz,

x,loc xz,loc
such that (vy), converges weakly to vy in LY,.. Assume that, for each b"

and v, there exists v" differentiable solution to the forward STE driven by
the drift b™, starting from vj. Assume, for every R > 0, the uniform bound

sup HU”HL;,L (wim y+sup 0" || Lo < 4o00. (3.12)
n W z,Bp n Ty

Then there exists v in L?W(Wl’m) differentiable solution to the STE driven by

x,loc
b, starting from vy, and there exists a subsequence (v™); weakly converging

to v in L?fw(Wl’m).

x,loc
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Before going into the proof, we show an elementary fact on conditional
expectation, which will be useful to prove adaptedness of v.

Lemma 3.40. Let (E, A, Q) be a probability space and let B be a o-algebra
contained in A. Then, for any integrable random variable Z on (E, A, Q),

it holds: Z is measurable with respect to B if and only if, for any bounded
random variable F on (E, A, Q),

E[ZF] = E[ZE[F|B]). (3.13)

Proof. We know that Z is B-measurable if and only if Z = E[Z|B] a.s., that
is, if and only if, for any bounded A-measurable random variable F,

E[ZF] = E[E[Z|B]F).

Now, by well-known properties of conditional expectation, we have for the
RHS E[E[Z|B|F] = E[E[Z|B|E[F|B]] = E[ZE[F|B]]. The lemma is proved.
O

Corollary 3.41. The space L™(E,B, Q) is stable under weak L™(A) con-
vergence, i.e.: if (Zn)n is a sequence of random variables in L™(B), weakly
convergent in L (A) to Z, then Z is B-measurable.

Proof. In view of the previous lemma, it is enough to verify that E[ZF]| =
E[ZE[F|B]] for any bounded A-measurable F'. Since this equality holds for
Zn, Wwe can pass to the limit to get the equality for Z. O

Actually, such a result follows also by an abstract argument in functional
analysis (namely: a convex subset of a Banach space is strongly closed if and
only if it is weakly closed), but we wanted to remark the Lemma above.

Proof of Theorem[3.39. First step: existence of a weakly convergent
subsequence. Fix R > 0. Since leng is a dual space (see the Appendix,

Section, also L?M(ley’g;) is a dual space, as a consequence of Proposition
in the Appendix. Hence the uniform bound implies by Banach-
Alaoglu theorem that there exists a subsequence (v"*); converging weakly-*
in L?:‘w(W;’glR) to a function v. By a diagonal procedure (taking R in N), we
can choose the sequence (ny); and the limit v independently of R. We can
apply the same argument to the space Lg3 (which is also a dual space), so
we can assume that (v,, ), converges weakly-* to v in L7, .

Second step: verification of adaptedness. We must verify that, for
every ¢ in L., (v,¢) is progressively measurable (with respect to (F;);),

i.e. it is P-measurable, where P is the predictable o-algebra. By a density
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argument, it is enough to take ¢ in Cg5. We know that (v, ) are P-
measurable, and they converge weakly to (v,¢) in Lf%, by the first step.
Hence the conclusion follows from Corollary [3.41]

Third step: STE for v. To conclude, we must verify that v satisfies
the STE, driven by b, starting from vy. We know that, for each n, for every
¢ in O,

t t 1 t
019) = hh + [ v (v gaw - 5 [ (v Tl
0 0 0

We will prove that every term of the formula above converges in a weak sense
(against any bounded functions) to the same term without the superscript
n, so that v verifies . For this, let I be a function in LyY,, take R > 0
such that the support of ¢ is contained in Bpg.

It is an immediate consequence of the weak-* convergence of v and of the
weak convergence of vy that

/0 E[(vy —vi, o) F]dt — /o E[{vy — vo, o) F3]dt.

Now we analyze the term with b". We split it into
T T
/ E at — / E
0 0
T | T
< / Bl (vor — vm,gp)/ Ft
0 r

T
|

The first addend converges to 0: indeed v™ converges weakly to v in LZLw(Wl’m )

z,Br
and the map
T
v / E
0

. . . . 1 ..

is a linear continuous functional on L}, (W, 3 ); here we used that b is in
m'(Tm'

Ly (L

x,loc

¢
/(b-VU,cp)dTF dt
0

¢
/ (" - Vo, p)drF
0

dr|+

T
T / E | — b vo" gl
0

dr.

T
(b-Vv,gp)/ Fdt| dr

). For the second addend, we use Hélder inequality to get

T
/ Fat

< [p" - b||L;"'(L’£'B ||an||LTW(L$BR)T||FHL?§L‘

7

T
/ B |5 = bl|von ||| dr
0
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/

Since b" converges to b in Ly¥(L™,.) and Vo" in uniformly bounded in
Ly (L',.), also the second addend goes to 0. Hence the integral with o™
converges to the corresponding integral with b.

For the stochastic integral, we have

t t
[wmoaw = [(@ugaw.
0 0
since the map

¢
vl—>/<Vv,<p>dW
0

is a linear continuous functional on LZ”UJ(W;’]?R) (by It6 isometry and Burkholder-
Davis-Gundy inequality).
With the same reasoning, we also have

t t
/ (Vo", Vp)dr — / (Vou, Ve)dr.
0 0

Hence v satisfies (3.5). The proof is complete. O]

In many situations, one has uniform bounds in stronger Sobolev-type
topology. Precisely, given m as in the previous Theorem, we consider the
space

LWmtymw7mx,R = L?lt (LZLW (Wl:g;>>’

x

with the norm

N2 s e < W g2 me s e

. 1
where m < my, my,, m, < oo, R > 0; in the case R = 400, we replace W, 5

with W™= in the definition. We extend this definition to the case when
at least one among my, m,,, m, is +o0o: in this case, the space LW,,, m. m..r
is defined as the subspace of LT(LZ“(W;:?R)) with finite LW norm; see the
Appendix, Sections and for more details.

Proposition 3.42. Under the assumptions of Theorem |3.39, suppose that,
for every R >0 (resp. R = 4+0),

sup ||v"||L1/1/mt7mw%R < +00. (3.14)

n

Then v belongs to LWy . 5 for every R >0 (resp. R = +00) and

me, My,

Sup ||Un||LWmt,mw,m$,R S Sup ||Un”LWmt,mw,mx,R' (315)
n n

Moreover, if my, m,, and m, are all finite, there exists a subsequence (V"™ )y
which converges weakly in LW, ., m..r for every R > 0 finite.
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Proof. By Theorem we can assume (with no loss of generality) that the
sequence (v™), converges weakly to v in LTM(W;&) We start with the case
of my, my,, m, and R all finite (we omit the indices when not necessary). In
this case, LW is a reflexive space, as a consequence of reflexivity of W;g}:
(see the Appendix, Section and Proposition in the Appendix. Hence
Banach-Alaoglu theorem applies and gives the existence of an element w in
LW and a subsequence (v™); converging weakly to w in LW. Now LW is
continuously included in wa(ij’glR), so actually (v"*); converges to w also
in this space. Hence w = v. The bound follows from semicontinuity
of the norm with respect to weak convergence.

Now we consider the case of m, = +oo and m;, m,, finite and R finite.

For this, recall that, for any f in L2°; , as h — 400,

z,Br>

a:,BR7

1
Gz, 1S

where Cj, z = |Bg|'" (the fact that the sequence is increasing is a conse-
quence of Hélder inequality). Hence we have, by dominated convergence
theorem, for every g in LW, m. oo Rs

1
%”g”LWmt,mw,h,R T ||g||LWmt,mw,oo,R'

)

Hence ([3.15)) for finite exponents gives

Ol LW, oo = SUp [Vl 2Wi, s

h,R

1 n 1 n
< SUpSUD S |V 2w e = S G [V Wi
n n

Chr Ch,r

) )

We pass to the case of m, = 400, m < m, < +oo, m; and R finite.
Again we have, for any G in LS°, as h — 400,

1Gllr TG ee s

and therefore, by dominated convergence theorem, for every g in LW, < m. R

HgHLWmt,h,mz,R T Hg”LWmt,oo,mw,R'

Hence (3.15)) for my, m,, finite and R finite gives

1
L

1 n 1 n
< SUpSUD |V 2w = SUP 0 Wi
n n

Ch.r Ch,r

) )
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Iterating again the procedure, we obtain (3.15) in the general case (also
my possibly +00), but for R finite.
Finally, for the whole space case (R = 4+00), we have

HUHLWmt,mw,mz,oo = iﬂlipo HU”LWmt,mw,mx,R

S Sup Sup HUHHLWmt»mw,mz,R - Sup ||U||LWmtﬂmW7m$v°°'
R>0 n n

]

Lemma 3.43. Assume that m; = +oo. If we use the weakly-* continuous
(in time) version of v, then v satisfies

||Ut||L;”w(W;;gL;) < ||U”L§O(LZW(W;;}3’§)) (3.16)
for every t (not just for a.e. t).

Proof. We start with the case m,, m, and R finite. Take a full-measure
(in particular dense) set F' in [0,7] such that the bound holds for
every t in [0,7]. Fix ¢ in [0,7], take a sequence (t,), in F converging to
t. Since LL"“(W;:E;) is a reflexive space, by Banach-Alaoglu theorem there

exists a subsequence (t,,) such that v;, converges weakly in Lf“(Wig;)

to an element w in L7 (W,37) and [w] ;m. (Wi < ol oo me (Wi by

lower semicontinuity. In particular, for every ¢ in C2°, for every G in LY,

z,c)

El{(w, ¢)G] = lim E[{u,,, #)G].

On the other hand, weakly-* continuity of v gives (by dominated convergence
theorem)

El(vi, 0)G] = lilgn E[(”tnk , )Gl

Therefore v; = w for a.e. (w,z) and so HthLZLW(Wl,gm) < [0l oo (pme (g ey
z,

z,BRp

For the case when at least one among m,,, m, and R is infinite, we can
repeat the procedure in the proof of Proposition and get the thesis. [

As an immediate consequence of the stability result, we can infer existence
of a differentiable solution to the STE from a priori estimates. Here and in

the following, we say that a Banach space V', contained in Lﬁ 2.loc LOT sOme

1 < p < 400, has C(CY,) as amildly Ly, ,,~dense set if C;(C57,) is contained

t,x,loc
in V' and, for every f in V, there exists a sequence (f"), in C;(CgS,) which
converges to f in Li 2.loc a0d is bounded in V.
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Corollary 3.44. Fix 1 < m < 400, a > 1, m < my, my, m; < 400. Let
V' be a Banach space, contained in L?:‘g;’loc and having Cy(C.) as a mildly
L?f;loc-dense subset. Assume that, for every R > 0, there exists a locally
bounded function C : [0, +00[Xx [0, +00[— [0, +00] such that, for every b in
Cy(C3,) and every initial datum vy in C55,, the corresponding classical solu-

tion v to the STE satisfies ’
lolly vy < CUBlY, llvolleg). (3.17)

Then, for every b in V, for every initial datum vy in CE, there exists a
differentiable solution v to the corresponding STE, which satisfies the bound
(3.17). Furthermore, if we also have the uniform bound

[oll e (e womeyy < CCIBllv Nlvollez), (3.18)

,Br
then we can choose v satisfying also the bound ({3.18]).

Proof. Let (b"),, be a sequence in Cy(CS%), converging to b in L™, and
bounded in V', and let v™ be the classical solution to the STE driven by b"
(with initial datum v} being also a proper regularization of vg). Then the
solution v with the estimates (3.17)) and (3.18]) is obtained as a consequence of
the previous Theorem [3.39|and Proposition |3.42] provided we have a uniform
bound also in the L5 , norm. But this bound holds, since any classical
solution v™ verifies v = v (X, ") and so [[v"||ree < [Jog| e O

t,x,w

A similar result holds for the distributional solution to the STE, we state
the result without the proof, which is analogous.

Theorem 3.45. Let b, n in N, b be vector fields in Li(Ly,,,.), with divb in
Li(Ly 1), such that (b"), and (divb™),, converges resp. tob, divb in Li(Ly ).
Let vy, v° be in C2, such that (vf), converges weakly to vy in LY. Assume
that, for each b™ and vy, there exists v™ distributional solution to the forward
STE, driven by the drift b", starting from v{. Assume, for every R > 0, the

uniform bound

sup ||U"||L?’OW < 400.
n

Then there exists v in Ly, , distributional solution to the STE driven by

b, starting from vy, and there exists a subsequence (ng)y such that (v"™)g

converges weakly-* to v in LY, .

Corollary 3.46. For every b in L{(L},,.) with divb in Lj(L},.), for every

initial datum v in CZ, there exists a distributional solution v to the corre-
sponding STE, which satisfies the bound
< [lvoll s

t,x,w

1]l s

t,x,w
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Proof. The proof follows again by approximation of b with C;(C5?.) functions,
using then Theorem and the bounds for classical solutions ||v[/ze <

[[vol[Lge- O
Finally we state the stability result for the SCE.

Theorem 3.47. Toke 1 < m < +o0o. Let b, n in N, b be vector fields in

L;”/(L;”,ZOC) such that (b"), converges to b in L;”/(Lgfzoc). Let u, pu° be in
L%OC N M, such that (ug), converges weakly-* to py in M. Assume that,

for each b™ and g, there exists u" distributional solution to the SCE, driven
by the drift b", starting from pug. Assume, for every R > 0, the uniform
bound

sup | 4" [| L, o, )+ sup [l | g, (M) < oo

Then there exists yu in Ly, (L7,.) N LES,(My) distributional solution to the
SCE, driven by b, starting from o, and there exists a subsequence (ny)y such

that (™), converges weakly to yu in LY (L7

:L’,loc)'

Proof. The proof is analogous but for proving that p is in L (M,), for
which we cannot use the previous machinery, because this space may not be
a dual space. So we prove directly that

el e, My < sup (1" e, (a0 -
n

In order to prove this estimate, it is enough to show the same bound but on
a closed ball B in R? (i.e. replacing M, with M, 5,.), for every R > 0. For
this, it is enough to prove that the Ly, (M, p,) norm is lower semicontinuous
with respect to the weak convergence in L{?M(L;’f BR)' To prove this, by Lemma
A.9| there exists a countable set D in Lg%,(C, p,,), dense in L{ (C, 5,.), such
that
T
HNHL;’O(MLBR) = sup <1/0 E[{u, G)dr

GGD"‘G”L%,w(Cz,BR)f

Since the map v +— fOT E[(v,G)]dr is continuous in the weak L% (L5 )

x7BR
topology, the Lg%, (M, 5,) norm is lower semicontinuous. The proof is com-
plete. O

In the following, we assume m < my, my,, m, < 4o00; furthermore, for
applications, we introduce a weight , strictly positive test function in C3°.
The definition of the weighted space L'y 5 is extended to R = +o00 as L}';.

The proof of the following result is similar to that of Proposition [3.42
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Proposition 3.48. Under the assumptions of Theorem suppose that,
for every R > 0 (resp. R = +00),

n ,

Then i belongs to Ly, (L™ (L} p.)) for every R >0 (resp. R = +00) and

n n
SgP”M ||L;”t(mw(L;’j;BR)) < S%p HU HLZ"%LZ,"‘”(LZ;BR))'
Moreover, if my, m,, and m, are all finite, there exists a subsequence (V™)
which converges weakly in L™ (L= (LM 5 ) for every R > 0 finite.

z,X,Br

Corollary 3.49. Fizx 1 < m < 400, m < my, My, my; < +00. Let V be a
Banach space, contained in LZ;;,ZOC and having C;(C.) as a mildly L?};MC—

dense subset; let Viy be a Banach space, contained in Lgflloc N M, and having
Cre as a mildly M,-dense subset. Assume that, for every R > 0, there
exists a locally bounded function C : [0, +00[x [0, +o00[— [0, +o00[ such that,
for every b in Cy(C5%,) and every initial datum g in Cg., the corresponding

classical solution v to the STE satisfies 7

el s,y < 1BV 1ollve)- (3.19)

3 X

Then, for every b in V, for every initial datum pg in Vi, there exists a
distributional solution u to the corresponding SCE, which satisfies the bound
(13.19). If po is a positive measure, we can choose p to positive measure
valued. Furthermore, if we also have the uniform bound

||M||L;"f(L:,"W(LZ-;’BR)) < C(|[bllv, [[1ollvs), (3.20)

then we can choose p satisfying also the bound (3.20)).

Proof. The proof follows by approximation of b with C’t(C’gf‘c) functions, using
then Theorem|3.47|and Proposition|3.48 and the bounds for classical solutions
1l zse (mn) < llolla, - The positivity preserving property follows from the

fact that positivity is preserved in the weak convergence in Ly} (L7, 5.). O
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Chapter 4

Renormalization /duality,
uniqueness and regularity

In this chapter we describe the renormalization/duality method: this gives
a general way to get uniqueness for the stochastic continuity equation. It
is a completely deterministic method, therefore its application at w fixed to
the random equations (rCE and rTE) leads to the path-by-path uniqueness.
This method has also another advantage, namely it gives well-posedness as
soon as we have the existence of a regular (at least differentiable) solution to
the stochastic transport equation, or equivalently of a regular flow solution
to the SDE.

The duality argument, as presented in this chapter, is taken mainly from
[BEGM14], with some technical differences; see also [Shald] for a similar
argument at the level of flows. Some analogies with the renormalization
argument are inspired by [ACI14].

4.1 The idea of renormalization/duality

Here we present the idea of the duality argument (the argument will be
developed later rigorously). Since the method is deterministic in nature, all
the equations are here without noise.

We want to prove uniqueness for the CE

O + div(bu) = 0,
with given initial datum g (and initial time 0 for simplicity), among solutions

in an admissible Lagrangian class £ (as in Definition [3.22)). [Recall that, by
Theorem [3.24] this uniqueness implies uniqueness among £ Lagrangian flow
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solving the ODE.] By linearity of the CE, it is enough to show that any
solution  in span(L) with initial datum py =0 is 0.

The main point is the formal duality between CE and backward TE,
which we now explain. Let v be an Lg%, solution to the backward TE

dsv +b-Vov =0,

with final condition v; in C2°. Formally, multiplying p and v and integrating
by parts, we get

at/ pvdr = —/ div(bp)vde —/ pb - Vudz = 0. (4.1)
Ré Rd

Rd

Hence (u,v) is constant in time, so

(e, ve) = (po,v9) = 0. (4.2)

Since this is true for every v; in C2°, then we conclude p; = 0.

Of course this argument cannot work, because 1 and v are not regular in
general and so the computations in (4.1)) are not valid. To solve this problem,
we look at

/Rd /R pu(r, z)v(r, y)pe(z — y)dzdy

where (pe)eso is the usual family of mollifiers (with some abuse of notation,
we write p(x)dz for p(dx)). Then, using the distributional formulation of
both CE and TE, we get

[, [ ntaiott e - y)dady (1.3
= [ [ [ n et 66,2 = b)) Ve — oy
+ /Ot /Rd /Rd p(r, z)v(r, y)divo(r, y) p.(x — y)dzdydr

(the RHS can have a meaning also when divb is not defined, if we assume
more regularity on v, as we will see). So, if we prove that the right-hand side
of the above formula tends to 0 (as € goes to 0), we have proved uniqueness.

One may notice the similarity between this idea and the renormaliza-
tion argument by DiPerna and Lions [DL89] and Ambrosio [Amb04]. They
consider mainly the TE, which enjoys the following formal property (renor-
malization): if v is a solution, then also v? is a solution. If this formal fact
were true, then one could infer uniqueness easily. In order to make this ar-
gument rigorous, one uses approximations u¢ of u and ends with controlling
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a remainder similar to the RHS of (£.3). This control is done, in [DL89] and
[Amb04], via a commutator lemma, in the case that b has Sobolev or BV
regularity and bounded divergence (actually one requires bounded negative
part of the divergence).

Hence in both the duality method and the renormalization method there
is a formal argument that gives uniqueness and a rigorous approximation
argument, where terms like in (4.3)) appear. In view of this similarity, we
develop the duality argument in a similar way to the renormalization argu-
ment. The duality argument has the advantage to be suitable for several
hypothesis: one can require different regularity assumptions on b or on v; it
also avoid some technical integrability assumptions (if we had to consider p?
for p solution to the CE, then we should probably require p in L?). One
should also say that this duality is typical of linear situations, while the
renormalization techniques can be applied to nonlinear contexts.

Let us mention that the duality technique has also a counterpart in the
method of characteristics. Indeed, at least from a formal point of view,

having in mind the representation formula (3.1]), the relation (4.2)) reads as

(ve(X+), po) = (vo, Ho),

which, if true for a dense set of ug, leads to
Ut(Xt) = Yo,

which is the formal relation (3.2)) (for the backward TE) used in the method
of characteristics.

Finally, there is one way to read and to use the duality method which
is purely Lagrangian, without PDEs. Given any solution Y to the ODE
starting at 0 and a flow X solution to the ODE, we get formally

S X0;) = DXs(V (X)) — DXeVH(X(1:) = 0.
where we have used that X, as function of the initial time s and the initial
datum =z, satisfies the TE. This is the counterpart of the computation in
(4.1): notice indeed that, formally, p, = (Y;) o and v, = v(X,.,) (given by
the representation formulae and (3.2)) verify

(trs vr) = (0, v:( X0t (Y)))

and so the scalar product (u,., v,) is read in terms of the composition X, (V).
If one is interested only in the ODE, one may develop the duality argument
only in the Lagrangian context.
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4.2 Duality pairs and uniqueness

We saw that uniqueness holds as soon as we have a rigorous duality rela-
tion. We formalize this with a definition, in analogy to the definition of
renormalized solutions.

Definition 4.1. Let p, v be resp. a distributional solution to the CE, with
initial time s, and a (distributional or differentiable) solution to the backward
TE, with final time t. We say that (u,v) is a duality pair at times (s,t) if:

1. ps is in LY and vy is in Cyp;

2. it holds
<:U’t7 Ut> = <:U’S7 US)‘

We say that p admits a duality pairing if, for every t in [0,T] and every ¢ in
C., there exists a (distributional or differentiable)solution v to the backward

TE, with final time t and final datum v, = @, such that (u,v) is a duality
pair at times (s,t).

When not specified, we will assume s = 0.

Remark 4.2. The first condition in the definition above guarantees that
(1o, v0) and {uy,vy) exist. It can be replaced, for example, by requiring vy and
vy in Cyyp, or by requiring po and py in L.

Here is the uniqueness result, again in analogy to uniqueness from renor-
malized solutions.

Proposition 4.3. Let L be a Lagrangian class. Suppose that every solution p
to the CE, in the vector space span(L), starting from py = 0, admits a duality
pairing. Then uniqueness holds for the CE among solutions in span(L).

Proof. By linearity of the CE and stability of span(£) under difference, it is
enough to show that any solution u to the CE in span(L), starting from 0,
is 0. Let p be such a solution, fix ¢ in [0,7] and ¢ in C2°. By assumption
there exists v solution to the backward TE, with v; = ¢, such that

{1, ) = (0, v0) = 0.
Since this is true for every ¢ and ¢, p = 0. The proof is complete. O]

Remark 4.4. As one can see from the proof, we can weaken the hypothesis
of the previous Theorem, asking that j has a duality pair (p,v), at time t and
with vy = @, for every t in F and every ¢ in D, where F', D are countable
dense sets of resp. [0,T], C55.. It is also enough to ask this for measures that
are difference of solutions in L with the same initial datum.

64



If uniqueness holds for the CE and there exists a duality pair (u,v), then
we have a useful representation formula for v.

Proposition 4.5. Assume that existence and uniqueness hold for the CE in
the class span(L) and let X be the Lagrangian flow solving the ODE. Assume
that the set {polp € spanl} N LY is dense in L and that there exists v,
solution to the backward TE with final time t and with v, in C,p, such that
(1, v) is a duality pair for any solution u in span(L). Then it holds, for a.e.
z,

vo(z) = vy (Xy()). (4.4)

Proof. Let 1 be a solution to the CE in span(£). We know (by formula
(3.11)) that u; admits the representation formula (u, ) = (uo, (X¢)) for
every @ measurable bounded function. This formula, applied to v;, and the
duality pair property, give

<N07U0> = <Mt,vt> = <M0=Ut(Xt)>~
Since the set of possible jiq is dense in L!, we have vy = v,(X;) for a.e. . [

We end this section by noticing the symmetric role played by p and wv.
Indeed, exchanging p and v in the proofs above, one get the following result:
Proposition 4.6. Let U be a vector space, contained in L;"M(W;[:c) (resp.
in L75,). Suppose that every differentiable (resp. distributional) solution v to
the backward TE, in the space U, with final time t, admits a duality pair-
ing. Then uniqueness holds for the backward TE among differentiable (resp.
distributional) solutions in U.

Remark 4.7. As before for the CE, it is possible to weaken the assumptions
of the Proposition above, asking that v has a duality pair (p,v), at times (s,t)
and nitial measure s = @, for every s in F' and every ¢ in D, where F', D
are countable dense sets of resp. [0,T], Cg,.

4.3 The commutator lemma

Here we develop the duality argument, as in the first Subsection: we regular-
ize the solution to the TE, arriving at , then we study the RHS of
and we prove that it goes to 0 if b or v enjoy some regularity assumptions.
This leads to uniqueness for the CE under these assumptions.

First we make explicit the computations that bring to (4.3): given u, v
be solutions to resp. the CE and the backward TE (in the distributional or in
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the differential case), now we get an equation for y ® v, which is the element
of L2%,(May.ioc) defined by

M & 'Ur<d(x> y)) = MT(dx) ® Ur(y)dy'

Notice that the map ¢ — p ® v is weakly-* measurable as an M, , p.-valued
map, i.e., for every ¢ in C, , 5., t = (11®v,v) is measurable (by an argument
similar to that below). This measurability property can be extended to Borel
functions v which are not bounded or are time dependent, provided they
satisfy suitable integrability assumptions.

Here, when p and v appear at fixed time, we use the time weakly-* (with
respect to the M, topology) continuous version of p and the time weakly-*
(with respect to the L2° topology) continuous version of v. Instead, when p
and v appear as integrands of an integral in time, we use the version which
is jointly measurable in (¢, z,w), for which we can use Fubini theorem (mind
that this version may not be the weakly-* continuous one).

We start with the case when v is a distributional solution. Let 1) be a C2°
function on R*, then ¢ : (r,z) — [p. ¥ (x, y)v,(y)dy verifies the equations,
for every (r,z),

Vo(r,z) = [ Vu(z,y)v(y)dy,

Rd

p(r) = [ o) Vo)) + [ o)t no o)

in particular, ¢ is in Cy(C;.), ¢(-, ) is in Wh for every x and 9,y is in
L;(Cy.). So, applying ¢ as time-dependent test function for p and using
Lemma and the equalities above, we get the equation for (u ® v,9) =

TRE

t

(He@ut, ) = (1o ®vo, 1) :/0 <U®Uva'vxw+by'vy¢>dr+/o (p®v, divb,)dr.

In the differentiable case for v, proceeding similarly we arrive at

t t
(b ® 0, ) — (10 ® w0, ) = / (11 v, by - Va)dr — / (1@ Voo, by dr.

Now, in order to arrive to the duality relation between p and v, we take
as test function ¥ (z,y) = pgz)(a:, y)Xxr(z), where P (x,y) = pe(r —1y). Here
(pe)e is the usual family of (compactly supported) mollifiers on R¢ and, for

R > 0, xg is a smooth function, with 0 < xg < 1 and |Vxg| < 2/R, equal
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to 1 on Br and to 0 on BS,. Notice that this condition implies (for R > 1)
that

8
Vv < —

In the distributional case, using that V,p.(z —y) = =V, p(x — y), we
arrive at

/Rd /Rd v (Y)pe(r — y)xr(z)p(dr)dy — /Rd /Rd vo(y) pe(z — 1) X r(7) po(dx)dy
(4.5)

Lr<e|<2r-

B /Ot /R ) /R b @)pe(w = y) - Vixr(@)or (y)ur (dz)dydr+
+ /t /Rd /Rd v (y)(b(r,z) — b(r,y)) - Vpe(x — y)xr(z)p-(dx)dydr+

/ /Rd /Rd y)divh(r, y)pe(x — y)xr(w)p,(dz)dydr.

For the differentiable case, using again that V,p.(x —y) = =V p.(xr —y) and
bringing the derivative along y from p. to v, we get

/Rd /Rd Y)pe(x = y)xr(@)p(dr)dy — /]R‘i /Rd y)pe(x — y)xr(x)po(dr)dy
= [ [ ] pe:00.to =) Do ()

* /0 /Rd /Rd(b(“ z) = b(r,y))pe(z — y) - Vo (y)xr(z) - (dz)dydr. (4.6)

For simplicity of notation, we sometimes use the first formulation also for
the differentiable case, meaning implicitly that the derivative along y must
be brought on v.

Proposition 4.8. Let p be a solution to the CFE starting at time 0 from pyg
in L. and let v be a solution to the backward TE, with final time t and final
condition vy in Cyyp. Assume that, for every R > 0,

t
iy | [ 0, (b - T2l + divy (b)) (xn)o)dr| =0 (47)
€E—r 0
Assume also that
lim lim sup /(u@v pPb, - Va(xr)e)dr| = 0. (4.8)
R—+00 0 0

Then (p,v) is a duality pair (at times (0,t)).
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The object in the limit in (4.7)) is called the commutator.

Remark 4.9. Condition on the commutator is the relevant hypothesis
in the Proposition above. Condition (4.8) is more technical, and it holds
easily in many situations, for example when b has at most linear growth
outside of a ball, namely b satisfies Condition |2.1).

Proof. We know that (u, ®vr,p£2) (XRr)z) satisfies equation (4.5)) (or in
the differentiable case). First we let € go to 0, keeping R fixed. We have that
(it @ vr, o2 (X R)2) tends to (u, voxg) for r = 0,t, because of the conditions
po in LY vy in L, py in My, vy in C,p (recall we are using the continuous
versions of u and v, so that y; is bounded in M, for every ¢t and v, is bounded

in L2° for every s). Hence condition implies

|{pees vixr) — (to, voxr)| < limsup

e—0

t
/ (n®v, pPb, - Vi(xr)a)dr| .
0

Finally we let R go to +o00. We have that (u,,v,.xg) tends to {(u,,v,) for
r = 0,t, because of the global conditions jg in L}, v in L, py in My, vy in
Cyp. So condition implies

|<:ut7 Ut> - <:u07 U0>| = 07
which is the duality relation. O]

Now we give some conditions which imply that the commutator is in-
finitesimal. The first one requires regularity of the drift b.

Lemma 4.10. Let p, q be in [1,+0c]. Assume that b in L{(W,E.), p in
LY(LX,) N LE(M,) with [ [ra|bl/(1+ |2))du] < +oo, v in Ly, Then

conditions ([L.7) and [@.8) hold, so, if condition 1 in[§.1] also holds, (p,v) is
a duality pair.

Before going into the proof, we remind a useful fact concerning the con-
tinuity of translations in L? 5 (restricted to a ball Bg): let f be a function
in L} ., 1 < p < +oo, then [[f(- +€2) — fll» . — 0 (as € — 0) for every

z,BR

xz,loc?
z, for every R > 0. To see this, we mimic the proof on the whole R%: let ¢
be a continuous bounded function on RY, such that || f — o||.» .. <mnforn
T, bR+1
small enough, then [|[f —ol/r — <nand ||f(-+e2) — (- +e€z)|[r , < nfor
z,Bp ,bRr
every € < 1. Therefore, since the thesis is satisfied for ¢ in place of f, one
can conclude as in the proof for the whole R
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Proof. We start with the commutator. We write it as

/ /R /Rd“ oY = b(y)) - Vpe(z — y)xr(x)dedydr

/ /Rd /Rd y)divb(y)pe(z — y)xr(z)drdydr.

Since b is weakly differentiable, it holds for a.e. (z,y)

b(x) — bly) = / Dby + E(x — y))de(x — y)

So the commutator reads

/t /Rd /Rd p(x)o(y) /1 Db(y + &(z — y))dé(x — y) - Vpe(x — y)xr(z)dzdydr

/ /Rd /Rd y)divb(y)pe(z — y)xr(z)dzdydr,

that is, with the change of variable z = ¢~ 1(z — y),

/t /Rd /Rd u)ole —ez) /1 Db(x — (1 = §)ez)déz - Vp(2)xr(r)drdzdr+

/ /R d /R ()l — e2)divb(e)p()xa(r)drdzdr (4.9)

Now we let € go to 0 and we want to show convergence of the formula above
to the same expression without e. For the first addend, we split

Db(z — (1 = §ez)v(x — ez) — Db(z)v(z)
= (Db(x — (1 — &)ez) — Db(z))v(x — €z) + Db(x)(v(z — €z) — v(x))

and we use Holder inequality, getting

[ [ [

: [v(m - ez)/o Db(x — (1 — §)ez)d€ — v(x)Db(x)

</ / Iy,

||v —€2)|lLg, HDb( (1 =&)ez) = Dbllpgrr . H|2I[Ve(2)|dEdz+

z - Vp(2)xr(x)dzdzdr

Xr(7)p(z)Db(z) /Rd(v(:v —e2) —v(x))z - Vp(z)dzdadr|.

Rd
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For the first term of the RHS above, for every z, & ||Db(- — (1 — {)ez) —
Db|| Loy, ) converges to 0 by continuity of translations in L and dominated
©.BaR

convergence in ¢ (|| Db(- — (1 —&)ez) — Dbl|r ~ converges to 0 for a.e. time r
z,BaR
and is bounded by 2[[Dbl|z» ~ ); so the first term converges to 0 by dominated
T, Ba2R
convergence theorem with respect to z and £. For the second term,

[ (vle =€) =@z Ve)az = [ (wle =9) = o)y Tolw)ay

R4

goes to 0 for a.e. z, since (zDp(z)). is a mollifier (up to scaling the L' norm)
and the convolution of an L*° function with any mollifier converges to the
function (times the L' norm) a.e.. So the second term converges to 0 by
dominated convergence theorem (v(z — €z) is a.e. bounded by [|v[|g ). We
have proved convergence for the first addend in (4.9). Reasoning similarly
for the second addend, we get that the commutator converges to

/Ot /Rd p(w)v(z)tr [Db(x) /Rd sz(z)dz} Xr(z)dzdr+
+/0t /Rd M(x)v(m)divb(x)/ p(z)dzxr(z)dadr.

Rd

Integrating by part, we get that [,, 2Dp(2)dz = —I [, p(2)dz = —I. Hence
the limit of the commutator reads

/0 /Rd p(z)v(x)(tr[—Db(z)] + divd)x g(z)dzdr = 0.

We have proved condition (4.7) on the commutator.
Condition (4.8)) is easily verified. Indeed

t
/ (1 ® v, by - Vo (r)e)dr
0

' i
<3 o0 1 dzd
= HUHL,&,Z/O /Rd 1+ || R<|z|<2rRATAT

and the RHS is infinitesimal (as R — +o0) by the condition [ [, ﬂ'r;& |‘ dzdr <

+00. The proof is complete. O

The second Lemma requires instead regularity on the solution to the TE.
For simplicity, we only consider the case b in LY (LP) (without taking different
integrability exponents in time and space).

Lemma 4.11. Assume one of the following conditions:
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e let p be in [1,400] and let m, m be in [1,+00] such that 1/m +1/m +
1/p <1, and assume b in Lp(Lp ), pin LP(LT,.) N L (M) with

x,loc xz,loc

Jo© Ja 161/ (1 J2)dl] < o0, v in L (W) 0 LS,

e assume b in L°(Cy), pin L (M,) with fOT Jga b1/ (1+]2])d|p| < 400,
v in LEWE2)n Ly,

xz,loc

Then conditions (4.7) and (4.8]) hold, so, if condition 1 m also holds,
(1, v) is a duality pair.

Proof. We start with the commutator, first in the case bin Ly (L, ,,,
Using the regularity of v, we write it as

/0 /Rd /Rd () (b(z) = b(y)) - Vu(y)pe(r — y)xr(z)drdydr,

that is, with the change of variable z = ¢~ (z — y),

/ /Rd /Rd — bz —€z)) - Vu(z — €2)p(2)xr(z)dzdzdr.

For p < 400, Holder inequality gives

), L (L

x,loc

p(x) —b(x —€z)) - Vo(z — €2)p(z)xr(r)dzdzdr

Rd

Rd
< / Wil PO = 56 = Dz VO = )iz, ()

z,BoR

Since v is in L;”(le "), by continuity of translations in L2 and dominated

convergence theorem (in a way similar to the previous proof), this term tends
to 0 as € — 0. For p = +00 and m < 400, we split the commutator in

[ [ o) o = ) 9t~ et

/ /Rd /Rd —b(r —€z)) - Vo(x)p(2)xr(z)drdzdr+
/ / /Rd“ 2)(b(w) = blx — €2)) - V(v(z — €2) — v(2))p(2)xn(7)dzdzdr

For the first addend,
0@ = bl = o)z = [ (0a) = bl =)oy
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goes to 0 for a.e. x, since the convolution of an L* function with any mollifier
converges to the function a.e.. So the first attend tends to 0 by dominated
convergence theorem. For the second addend, by Holder inequality we bound
it with

/ /]Rd /Rd —b(z — €2)) - V(v(x — €2) — v())p(2) xr(x)dzdzdr

<2 [ lilepia,, Plire

which goes to 0 by continuity of translations in L7, - and dominated conver-
gence theorem. This proves convergence to 0 of the commutator for p = 400
and m < 4o00. Finally, if p = 400 and m = +oo (which forces m = 1), we
change variable ' = x — ez and we proceed as in the previous case (7 finite)
but exchanging the roles of v and pxg. Condition (4.7) is proved under the
first assumption.

In the case b in L°(C,), p in Ly°(M,), proceeding as before (replacing

p(x)dx with p(dx)), we write the commutator as

/ /Rd /Rd —b(z — €2)) - Vol — e2)p(2)xr(@)p(dz)dzdr  (4.10)

Exchanging the order of integration and applying Holder inequality, we get

HVU( —ez) — V()

L;"(L;;fBQR)P(Z)dZa

[,
z,Bopy

[ 060 e ot - cptatopanasa

< /o /]Rd < y |b(x) — bz — ez)|p(z)dz) IVo(z — )| pe xr(2)|p](dz)dr
< ||[Vol| e

FBonin /0 t /]R ) ( » |b(x) — b(z — ez)lp(z)dz> Xr(@)|p| (dz)dr

where we have used the fact that, for every z, ||[Vu(z — €)|rexr(z) <
V]|, o Since b is in L{°(C,), for every t in a full-measure set F
z,Bori1

(independent of x), for every z, by dominated convergence theorem,
|b(x) — b(x — €z)|p(z)dz — 0.
Rd

Since v is in Ll(VVz1 ), by dominated convergence theorem (in = before and

in t then), we get that (4.10) tends to 0. Condition is proved also in
this case.

Condition is easily verified as in the proof of the previous Lemma.
The proof is complete. n
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4.4 Regularity implies well-posedness

In the previous section we have seen that the existence of a solution to the TE
with Sobolev regularity gives uniqueness for the CE among L™ solutions, and
that this uniqueness implies uniqueness among Lagrangian flows. We also
have seen that such a regular solution to the TE exists if we have suitable
a priori estimates, and that these estimates give stability of the solution.
These two facts give a strategy to prove well-posedness, starting from Sobolev
a priori estimates on the TE. We summarize this strategy in the following
theorem. Recall that a Banach space V', contained in some Banach space of
functions (or measures) U, has C%, (resp. Cy(C5.)) as a U-mildly dense set
if O, (resp. Cy(Cy%,)) is contained in V' and, for every f in V, there exists
a sequence (f"), in C, (vesp. in C;(Cy%.)) which converges to f in U and is
bounded in V.

From now on, we always assume that the vector field b has at most linear
growth, namely Condition [2.1}]

Theorem 4.12. Let p be in |1,4+o00[ and let m, m be in |1, +o0] such that
I/m+1/m+1/p < 1. Let V be a Banach space, contained in Ly(L% ,,.) and
having Cy(C3%) as a L (L}, ,,.)-mildly dense subset. Let Vo be a normed space
contained in M, having CZ5, as a My-mildly dense subset, stable under the

operations p — ut, p— p~ and with Vo N L. dense in LL. Assume the
following conditions:

o A priori estimates for the STE: for every R > 0, there exists a locally
bounded function Csrg : [0,+00[x[0,4+00[— [0,+00] such that, for
every b in C,(C3.), for every final time t and every final datum ¢ in

Crs, the corresponding classical solution v = v to the STE satisfies
sup Ellvgllfm < Csra((bllv, [[¢llcz)- (4.11)
s€[0,t] z,BR

o A priori estimates for the SCE: for every R > 0, there exists a locally
bounded function Cscg : [0,+00[x[0,4+00[— [0,+00] such that, for
every b in Cy(C3,), for every initial time s and every initial datum
ps i CX., the corresponding classical solution p = ubs#s to the SCE

satisfies ~
Ellelzp g, ) < Csorlllbllv, llsllve)- (4.12)

Then well-posedness holds for b in V', in the following sense:

1. Well-posedness for the SCE: For every b in 'V, for every s and every
s in Vo, there exists a F-adapted distributional solution p = pbsHs
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to the SCE in the class L (LY,.), which is unique in the path-by-
path sense in the class L{*(L},.). Furthermore, if (b"), converges to
b in LY (L1,.) and is bounded in 'V and if (i), is a sequence in Vq
converging weakly-* to us, then (ub5+0), converges weakly to p>>Hs in

L (LTg.), for every R > 0.

z,Br

. Well-posedness and reqularity for the STE: For every b in V', for every
t and every final ¢ in C%, there exists a F-adapted differential solution
v = "% to the TE in the class L°(L™(WE™)), which is unique in

z,loc

the path-by-path sense in the class L?(Wl’m). Furthermore, if (b")y,

xz,loc
converges to b in Ly (L7,,) and is bounded in V and if (¢™), is a se-
quence in C? converging weakly to oy in LY, then (v""#"),, converges

weakly to v in Lg’fw(W{’gR), for every R > 0.

T

. Well-posedness and regularity for the SDE: For every b in V', for every
s and every ps in Vo N M, 4, there exists a L?(Lﬁloc)-[/agmngz’an flow
X = X solving the SDE and starting from p; this flow is unique in
the path-by-path sense in the class of L?(Lﬁfloc)-Lagmngian flow. This
flow is also in L?O(LZI(W;’[?C)). Furthermore, if (b™), converges to b
in LY (LY ,.) and is bounded in 'V, then (X""),, converges to X°, in the
sense of convergence of py = (XU})ups to pry = (X2,)ups (as solution

to the SCE).

. Representation formulae: For every s < t, for every ¢ in C%, for every
s 1n Vo, for a.e. w, it holds

pete = (X o) ptts, (4.13)
vg? = o(Xs), (4.14)

where p and v are the time weakly-* continuous versions (as fmm

and .

Remark 4.13. Here and in the following, the a priori Sobolev estimates on
the STE (or on the rTE) can be easily replaced by the corresponding Sobolev
estimates on the SDE (or on the rDE), by the correspondence between the
two equations in the reqular setting (Proposition .

Proof. The result follows from the previous lemmata. Precisely:

1. Existence of a differentiable solution v for the STE and existence of a

distributional solution p for the SCE follow from the hypotheses (4.12])
and (4.11)) and the stability results and (together with [3.42]).
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Moreover, if 1y is non-negative, p takes values in the space of non-
negative measures. Thanks to Lemmata and [3.12] for fixed initial
and final data pg and vy, 1 and © also satisfy resp. the rCE and the r'TE
for a.e. w (where the exceptional set in 2 may depend on the initial
and final data, on the initial and final times and on the specific version
of p and v chosen).

. Path-by-path uniqueness for the SCE, i.e. uniqueness (for a.e. w) of
the rCE, follows from existence for the rTE and the duality method.
Precisely, fix the initial time s. The estimate together with
Lemma implies the existence of a countable set F' dense in [s, T],
a countable set D dense in C? and a full-measure set {; in Q such
that, for every t in F' and every ¢ in D, for every w in €, 9% is in
LT(W;;‘C) By Lemma applied to the rCE and the rTE, for every
w in €y, for any solution f to the rCE at w fixed, (f,7) is a dual pair.
Hence we can apply Proposition [£.3] and Remark to the rCE and
the rTE (notice that, for fixed w, ¥ has ¢ as final datum, which however
is still in a countable dense set): uniqueness for i in L?(Li”loc) holds
for every w in €2 and for every initial datum s in M,.

. Path-by-path uniqueness for the STE follows similarly, using Proposi-
tion |4.6| and Remark [4.7] and the density of Vo N L. in L.

. Existence and uniqueness for Lagrangian flows solving the rDE, for
a.e. w, and the representation formula for the SCE follow from
Theorem [3.24] Precisely, for every p, in M, ,, existence of a non-
negative solution for the rCE starting from i, and uniqueness from
any initial datum, for a.e. w, imply, via Theorem [3.24] existence and
uniqueness for the flow X* solving the rCE and starting from s, for
a.e. w. The representation formula , applied to the rCE (and
extended to initial signed measure), gives the desired formula (4.13)).
Mind that the family of Lagrangian flows X“, built in this way, may
not be measurable in w. For this, we will build a modification which is
measurable and adapted.

. Stability for the SCE and stability for the STE follow from path-by-
path uniqueness for the SCE and the STE and the stability results
and (for any limiting point p of the SCE, then [ satisfies the rCE
and is therefore unique).

. The representation formula (4.14) for the STE follows the representa-
tion formulae (4.4)) and (4.13]). Indeed, by existence for the rCE, there
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exists a countable set D’ dense in Cg5, and a full-measure set € in €

such that, for every p, in D', il®" is in LT(W;IZLC) and uniqueness
holds for the rCE at w fixed in Q;; we can also assume that 02%¢ is in

L;”(W;’;ZC) for every w in ;. Hence we can apply the representation

formula (4.4]), which gives the desired formula (4.14)) for every w in €.

. Regularity for the Lagrangian flow follow from Sobolev regularity of v
(which holds at every s because of Lemma [3.43) and the representation
formula Stability for the flow is an immediate consequence of
stability for the SCE.

. The adaptedness property follows from adaptedness for the STE and
the representation formula . To show this, we fix s and we use v to
build a version X of X“ which is measurable in (¢,7,w) and actually
adapted. Fix ¢ in a countable dense set F' of [s,T], containing the
dyadic numbers. The representation formula links the map X,
with the solution v%# to the STE. We claim that this solution is, up to
identification, B(R?) ® F,; measurable. Indeed the map (r,w) — v
is weakly-* progressively measurable (as L valued map, where we
identify the function v* with its equivalence class), therefore w — v¥
is weakly-* F, ;-measurable for a.e. r and so for every r, since v is the
weakly-* continuous version (and the filtration is left continuous in r);
in particular, w — v is in L?(Q, Fy4; L2) (we use L? since this is a
reflexive space). By Lemma there exists a version of v; (which we
will continue calling it v;) which is B(R?) ® F, ;-measurable and in L,
we have proved the claim. For this version, the representation formula
still holds for a.e. w (the null set possibly depending on ¢), for
a.e. x (possibly depending on w). Keeping this version of v;, we define
the version of X,; as
Xs,t = li}ln vi"P”

for (z,w) such that the limit exists (and 0 where the limit does not
exist), where (p,), is a sequence of C?, functions with ¢,(z) = z on
B,,. By the representation formula , the limit exists for every
(z,w) in a full measure set A; (v, being definitively constant) and it
is equal to X on a full measure subset B, of R?, for every w in a full
measure set €2;,. By a diagonal argument, we can choose A, €y and
(for w in ) B, independent of ¢, for any ¢ in F. Finally, in order to
define X for any ¢, we take

N(n)

th(l‘,w) = Z 1[t;;,tg+1[m[s,T] (t)Xs,tZ (l',w)a
k=1
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where ¢} = k27", and we define

Xoi(z,w) = lim X7 (2, w)

for (t,z,w) such that the limit exists (and 0 where the limit does not
exist). Using the fact that X is a version of X for every ¢ in F and
that, for every w, for a.e. z; X“ has continuous trajectories, we get
that the limit exists for a.e. (¢, z,w) and is a version of X; moreover it
has continuous paths for a.e. (z,w). It remains to prove adaptability.
For tin F, X, is £?® P-measurable (and so j, ® P-measurable) with
respect to B(RY) x F;, because pointwise limit of random variables
which are measurable with respect to B(R?) x F, ;. The same holds for
a general ¢, by continuity of the paths of X and right continuity of the
filtration. This implies adaptability X in the sense of Definition m

]

In the case of a priori estimates in W on the transport equation, we
get a stronger path-by-path uniqueness result. We state this result only for
the SDE (for simplicity) but in a strong assumption on the classical estimates
on the STE, which hold now for every final datum, every initial time and
every final time, independently of w (outside a P-null set). This assumption
will be verified in at least one application.

Theorem 4.14. Assume that

e V.,V are Banach spaces cgntamed continuously in gt(C$7lin) such that,
for every b in V, b is in 'V for a.e. w. The space V has C;(Cy,) as a
Ci(Cyioc)-mildly dense subset.

e fora.e. w, a priori estimates for the rTE: for every R > 0, there exists a
locally bounded function Cyrp : [0, +00[x [0, +00[— [0, +-00[ such that,
for every b in Ci(Cy,), for every final time t and every final datum

in CF,, the corresponding classical solution v to the rTE satisfies
sup |70y < Coru(blly, lellcp)- (4.15)
s€[0,t] ©ER

Then, for every b in V', for every initial time s > 0, for every initial point
x, existence and path-by-path uniqueness hold for the SDE. Moreover there
exists a version X : [s,T] x R? x Q — R? of the solution which is locally
Lipschitz continuous in x.
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As we will see from the proof, the set where existence and uniqueness for
the rDE hold is actually independent of x.

Proof. Again the result follows from the previous lemmata. Precisely:

1. For uniqueness, fix the full P-measure set €; such that (4.15)) holds.
For each w in 0, the stability results and adapted to the TE
case and applied to the r'TE, give the existence of a Lfg"(VV%1 o) solution

to the r'TE (at w fixed). Then the duality argument gives path by-path
uniqueness for w in §2;.

2. For existence and regularity for the rDE, fix w in 4. Let (§"), be a
sequence in Cy(C5S,) converging to b in Ci(Cyioc) and in V (therefore
also in Cy(Cruin)); let Y" be the flows solutions to the rDEs driven
by ¢". The uniform bound and the uniform boundedness of 0"
in Ct(Cx 1in) imply that the sequence (}7”)” is uniformly bounded in

W, xO?OT 1«pye for every R > 0. Therefore, by Arzera-Ascoli theorem,

(Y”)n is precompact in Cygj011xBy- Moreover, since (§"), converges
locally uniformly to b and b is continuous, any limit point of (Y™), is a
family of solutions (parameterized by the initial datum z) to the rDE
driven by b. By uniqueness of the rDE (for each x), the whole sequence
(37”) must converge to the solution X to the rDE in Ciz01xBr- The

uniform W5 bound on (37")” implies the Lipschitz regularity

t,z,[0,T)x Br
of X.

3. For adaptability, let (b"), be a sequence in Cy(Cy,) converging to b in
Cy(Cy10c) and bounded in Cy(Cy 1) (mind that b" might be different
from §", which might not be adapted); let X™ be the adapted stochastic
flows solutions to the rDEs driven by b". Fix the initial datum z in
RY. The uniform boundedness of b" in C’t(C’zﬁlm) implies that, for a.e.
w, (X™(x)), is uniformly bounded in W,"*°, therefore it is precompact
in Cy. Moreover, as before, any limit pomt of (X™(z)), is a solution
to the rDE driven by b. By uniqueness, the whole sequence (X"(x))
converges to X (z) in Cy, for a.e. w. So, since X™(z) is adapted, also

X(x) is adapted.
[

4.5 Well-posedness for Sobolev-type drifts

In the case we do not have Sobolev regularity for the solution to the STE,
but we do have Sobolev regularity on the drift, we can still conclude a well-
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posedness result.

Theorem 4.15. Let p, g be in [1,+oo[ and let m be in |1, 4+o00[ such that
1/ +1/(pAq) < 1. Let V be a Banach space, contained in L}* (LT,) and
having Cy(C22) as a LY ( mioc)-mildly dense subset. Let Vi be a normed space
contained in M, having CZ%, as a M,-mildly dense subset, stable under the
operations p — pt, p o p and with Vo N L. dense in LL. Assume the
following conditions:

-~

e Sobolev regularity of the drift: V is contained continuously in L?(Wl’p

ac,loc) :

e A priori estimates for the SCE: for every R > 0, there exists a locally
bounded function Cgcp : [0, 4+00[x[0,4+00[— [0,+00[ such that, for
every b in Cy(C3,), for every initial time s and every initial datum
s i CF,, the corresponding classical solution p = pbs#s to the SCE

satisfies i
E||M||Zm(LffBR) < CSCE(||b||V7 H//JSHVO)'

Then well-posedness holds for b in V', in the following sense:

1. Well-posedness for the SCE: For every b in V, for every s and every
s in Vo, there exists a F-adapted distributional solution p = pbsHs
to the SCE in the class L}, (L1,.), which is unique in the path-by-

x,loc
path sense in the class Lgl(Liiloc). Furthermore, if (b™), converges to
b in L{(L},,.) and is bounded in V and if (uf)n is a sequence in Vj
converging weakly-* to ps in My, then (u**#%), converges weakly to

pbsts i L (L' ), for every R > 0.

z,Br

2. Well-posedness for the STE: For every b in V', for every t and every
final p in CZ, there exists a F-adapted distributional solution v = v®"¥
to the TE in the class LS, ,, which is unique in the path-by-path sense
in the class LY, Furthermore, if (b"), converges to b in L{(L} ,,.) and
is bounded in 'V and if ("), is a sequence in C? converging weakly to
o in L35, then (WP 1", converges weakly to v>H% in L, ., for every
R > 0.

3. Well-posedness for the SDE: For every b in'V', for every s and every pis
in VoN M, 4, there exists a LT"(L™, )-Lagrangian flow X = X° solving

xz,loc

the SDE and starting from ps; this flow is unique in the path-by-path

sense in the class of L?/(Liiloc)-Lagrangian flow. Furthermore, if (b"),

converges to b in L (L,.) and is bounded in V', then (X®"),, converges
b

to X°, in the sense of convergence of ui = (XL})upis to pe = (X2,) st
(as solution to the SCE).
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4. Representation formulae: For every s < t, for every ¢ in CZ, for a.e.
w, (4.13) and (4.14) hold (where again p and v are the time weakly-*
continuous versions).

Proof. The proof is similar to that of Theorem [£.12] using Lemma in
place of Lemma and without regularity for the STE. O

Although uniqueness holds also without noise, let us point out two facts:

1. this “deterministic” uniqueness result translates into a path-by-path
uniqueness result;

2. existence holds without requiring boundedness of the divergence of the
drift, which usually is assumed in the deterministic case (more precisely,
boundedness of the negative part of the divergence is required).
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Chapter 5

PDEs: facts and estimates

In this chapter we give some a priori estimates and related results on the
parabolic PDEs associated with the SDE. These will be the basis for our
analysis on regularization by noise.

The results of Section [5.1] go back at least to Krylov [Kry96] and [KryO§]
and are taken, in this form, from [Flall] and [FE13a]. The content of Sections
and is taken from [MO], the content of Section is adapted from
[BEGM14].

5.1 A priori estimates, part I

We start with the simplest parabolic equation, namely the backward heat
equation on R¢

O + %Av = f, (5.1)

with fixed final datum vy = 0 at time 7. It is well known that, for f in
Cy(C2), there exists a bounded solution v = v/ in Cy(C°) to the heat
equation. The next result gives parabolic estimates on v in terms of f.

Lemma 5.1. Fiz a in0,1[, € > 0 (smaller than ). There exists C > 0 such
that, for every f in Cy(C5), there exists a solution v to the heat equation

(5.1) (with vy = 0) satisfying

[ollowozsms + 10l gprzersay + Iollegossey < CUL ez,

Proof. The C,(C%?7¢) and the C}(C?; ) are for example in [Flall], Chap-
z,b t z,b

ter 2 Theorem 2.3. The Ctl/ 2(Cﬁj;l_e) estimate follows by an interpolation

81



argument. Indeed, by Proposition in the Appendix, we get

o = vslleagae < Clloe — usuca e = USHE,/%Q,E
1/2 1/2
< Ol o N0 g = 5117,
which gives the desired C’t1 / Q(Cﬁjl_e) bound. [

In the next result we consider a modified version of the backward Kol-
mogorov equation associated with the SDE (on R?), namely

1
Oww+b-Vou+ §AU -\ =f, (5.2)

with fixed final datum vy = 0 at time T; here A\ > 0 is a given positive
number, we will keep track of the A dependence by the notation v*, when
necessary. Again it is well known that, for b, f in Cy(CyS), there exists a
solution v = v/ in C}(C) to the Kolmogorov equation. ‘Here are the key
parabolic estimates.

Lemma 5.2. Fiz p, q satisfying Condition [2.5. Then there exists a locally
bounded function C : [0, +00[x[1, +00[— [0, +00[ such that, for every b, f in
Cy(C3.) and for every X > 1, there exists a solution v to (5.2) satisfying

1M g qwzey + 1M uen ) < CUBN Ly Mgz
Moreover we have, for any ¢ > 0, as A\ — +o0,

A
sup HVU Hct(cz,b) — 0.
bnyCt(Cé??c)7||b||Lg(Lg)SC,||f||Lg(Lg)§C

This result is stated and proved, for example, in [FF13a], Lemma 3.2,
Theorem 3.3 and Lemma 3.4.

5.2 A priori estimates, part 11

In this section and in the next one we provide new a priori estimates on
Kolmogorov-like equations. The method (sometimes called energy estimate
method) is to estimate the desired norm of the solution v directly: starting
from the equation and using the chain rule, we get a PDE for v™ (or for
|Vo|™), then we take the L? norm and use a Gronwall-type argument, taking
advantage of the derivative term coming from the Laplacian.
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This section is devoted to the case when divb satisfies an integrability as-
sumption; in this case, we provide L™ and W!? estimates for a Kolmogorov-
like equation.

Precisely, we consider the equation

1
Ow+b-Vuo+hv = EAU, (5.3)

with fixed initial datum vy. This equation covers the cases of Kolmogorov
equation (h = 0) and Fokker-Planck equation (h = divb).

In the following, we assume for simplicity that the supports of b and
h are contained in [0,T] x Bg for some fixed R > 0. We consider the
weight x = xy,r, strictly positive function in C3°, with x = 1 on Bp and
x(x) = (14 |2|?)"? on Bgy1, for some real number 1. This weight satisfies,
in particular,

Xn,R
< C 1pec.
| CXWR' > n,Rl ’I| Bf

Remark 5.3. In the case of vy in C°

z,c’

b and h in Cy(C*®z,c), the equation
above admits a solution in th’m(Wi’g,R), for every m in [1,4o00| and for
every weight x, g, for every real n. The proof of this result is for example in
|BFGM1JJ, Lemma 12 (the result is given for a linear stochastic PDE and
the coefficients are also regular in time, but the proof can be easily adapted

to our case). This justifies the formal computations we will do.

Theorem 5.4. Fiz p, q satisfying Condition fix m positive integer, fix
R > 0. Then there exists a locally bounded function C' : [0, +o00[x[0, +-00[—
[0, +0o[ such that, for every b, h in C(C5S,) with support in Bg and for every
v 1n CF%,, it holds

lollzgcezny + VR Mazz.y < CUAVO n gy I8l gr g2 lollzy.

Remark 5.5. Since in the first step we will compose v with the power func-
tion, it is convenient to recall a general key property of the Kolmogorov equa-
tion. If v is a regular solution (we always work in the regular setting) and
f:R =R isaC} function, then f(v) satisfies the equation

0f(0) +b- V() +hf (0o = AFW) ~ S P @IVel. (5.4)
This fact follows directly from the formulae
Af () = F ()0, V(@) = f'0)V0, Af() = F(0) Ao+ ()| Vol. (5.5)
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This property is very close to the renormalization property for the transport
equation (which is the stability of the TE under composition, see Section
: when the Kolmogorov equation is transformed via composition with f,
it keeps its terms and has an additional penalization in the |Vv|?* term. The
reason for this is that the Kolmogorov equation is the average of the stochastic
transport equation, as one can see from the representation formula for the
solution. Hence, the stability is due to the renormalization property, and the
penalization term is due to the average.

Proof. Step 1: Parabolic equation for v™ and weighted L*™ equality.
In this step we derive an equation for v™ and obtain an L*™ equality. Using

the formula (5.4)) for f(r) = r™, we get
1
O™ 4+ b V[u™] + mhv™ = §A[vm] — —m(m — 1)v™ %V
Multiplying this equation by xv™ (using again ({5.5))) and integrating (v is in
Li (L} ) with its first and second derivatives, for every r, by Remark ,

we get

8,5/ Xv2md33—|—/ xb- V[v*dz +m [ xhw*dz
R R R

_ 1 2m m<2m_ 1) m7|2
= Q/Rd XA dx - /Rd x|V[v"]|*dx.

Using integration by parts, we get rid of the term with the Laplacian and we
bring the derivative of v on b:

2m —1) [*
/ thmdx—/ v dr + m m2 )/ / x| V[v™]|*dzdr
R4 Rd m 0 JRd
¢
= / / xdivbv*dxdr —m [ xhv*™da+
0 JRrd Rd
t 1 t
+ / Vy - bv*dxdr — = / Vx - V[v*"]dxdr.
0 JRd 2 Jo Jra

Since x is 1 on the support of b, we have Vx - b = 0. Therefore

/vamdx—/ Xva Mg 4 ) // X|V[v™]|?dzdr  (5.6)
Rd
// —mh + divd) 2mdxdr—// Vxu™ - V[v"]dzdr.
Rd Rd
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The idea is to use now Gronwall lemma to get an estimate of the L2™ norm
of v. For the addend in the RHS with Vy, Young inequality and the fact
Vx| < Cx give, for € > 0 (to be fixed later),

Vyxu™ - V[u™]dx

<c / (2 2m) (2 (5.7)
Rd

R4

< CE/ Xv2mdx—|—e/ x| V[v™]|*dz.
R4 R4

Now we have to estimate the term with —mh + divb in terms of this norm.

Step 2.1: Estimating the term with —mh+divb, the case p = +oc.
For simplicity of notation, we deal only with the term divb, the estimate with
mh being analogous. We start with the easy case divb in L*°. In this case
we obtain

/ ydivbo?™dz
R4

¢ t
// xdivbv*™dx S/ ||divb||Lgo/ v dadr.
0 JRrd 0 Rd

Step 2.2: Estimating the term with —mh+divb, the case p < +o0.
In the case p < 400, calling p = p/2, Hélder inequality implies

< HdivaLgo/ yormdz,
Rd

and so

/ ydivbv*™dz
R4

< ||diVb||L§'”Xl/vaHiiﬁ’,

where we have used the fact that x = 1 on the support on divb. Hence
we have to bound HxvaiQﬁ/, which is a stronger norm than the desired

|x/20™||2,. However, from (5.6), we control also the L? norm of xV[v™].
So we can use this control, via Sobolev-Gagliardo-Nirenberg inequality, to
estimate this higher (2mgp’) integrability of v.

Lemma 5.6. For every ¢ in C° NW.1H2, it holds

Il < Cl ol IV ellzz + Ol el 2
where a = d/(2p).

Proof. The condition p = p/2 > d/2V1 (implied by Condition[2.3) guarantees
that we can apply Sobolev-Gagliardo-Nirenberg inequality, so that

X0l 20 < CliX 0l 2 IV I 20152,
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where 0 < a < 1 is given by

1 1 1 1
——qalz== 1—a)=
2 a(2 d)+( 2h)
that is, after easy computations, a = d/(2p). Since V[x'/2¢] = V[x/?]p +

X2V and |V[x'?]| = x"/?|Vx|/2 < Cx!/?, we get the thesis. O

From this Lemma, we get

/ ydivbv*™dz
Rd

< C||divd|| x5V ™38 + Clldivbll gl o™ 13

To deal with the second addend in the RHS, we use Young inequality with
a penalization term of order e, namely

fg < C Y00 4 gt/

where C. > 0 is some constant depending on € and a; we will fix € later.
Applying this inequality to f = ||divb||Lz;||X1/2Um||i(%1—a)’ g = |Ix'?V [ %‘%,
we get

/ divbv®™dx
Rd

< Clldivbl[ VI 2™ |3s + el AV I, + Clldivh]l o 2™ 3

Putting all together, we end with

t
/ / divbv®™dx
0o Jrd

t t
< C. / (Idivo |77~ + ||divb]| ) / o dadr + € / / x| V[v™] [Pdzdr,
0 @ “ IR 0 JRd

which includes also the case p = +oc.
Step 3: Conclusion via Gronwall lemma. Putting together (5.6,

(5.7) and (5.8), we obtain
2m — 1 t
T MQ)/ / x| V[v™][2dzdr
m 0o Jrd

/thzmdx—/ v dw
Rd R

t ot
< C’E/ / (141 —mh+ divb||igp_d) + || —mh+ diVb”L;ﬁ)/ o dzdr+
0 Jo x ® R4

t
+€// x| V[v™]|*dzdr.
0 Jrd

(5.8)
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Now we choose € = 1/2 < 1 < m(2m — 1)/m?. So we have

1 t
/ vamd:v—/ v dx +§/ / x|V ™ *dzdr
Rd Rd 0 Jrd

t
< c/ (1+ || = mh + v, + || — mh + divd| ) / v dzdr.
0 z ® Rd

Condition [2.3[ ensures the time integrability of Hdivai/p(p D s we can apply
Gronwall lemma and get

/ xvimdw
R4

< / ngmdx exp
R‘i

t
0/ (1+ || = mh + divb |7~ + || — mh + divaLg)dr]
0 x

and also

t
// x| V[v™][2dadr
0o Jrd

t
< / Yo da - 20/ (14 || — mh + divb|[”2~ + || — mh + divb| ,7)dr-
Rd 0 ‘

Ly

- exX

¢
C'/ (14| — mh + divd|["2~D 4 || — mh + divb||Lg)dr] .
0

The proof is complete. O

5.3 A priori estimates, part 111

In this section we use a similar method to the previous section, but for a
slightly more general Kolmogorov-type equation and with different hypothe-
ses on the coefficients. Before giving the setting and the result, we give a
short motivation for this equation. Let v be the solution to the Kolmogorov
equation (5.3]) and assume for simplicity that we are in (spatial) dimension 1
and that h = 0. Then, differentiating the equation in x, we get the following
PDE for d,v:

D[0,0] + b, [D,]v + DubOyw — %ag 0,01,

with fixed initial condition 0,vy. Hence we see that d,v satisfies a PDE
which is the Kolmogorov equation, plus the term 0,b0,v. In more than
one dimensions, we get a system of PDEs for Vv = (0,,v,...0,,v), but the
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structure is always of a Kolmorogov equation with additional terms of the
form 0,0’ 0z,;v. In Chapter , we will see that similar equations or systems
appear as average of certain SPDEs. The most important example is given by
the derivative of the solution to the STE, another example is the stochastic
vector advection equation (a linearized version of the 3D stochastic Euler
equation with multiplicative noise).

For this reason, we introduce the following Kolmogorov-type equation:

O +b-Vu+ (divg + h)v = %Av, (5.9)
with given initial datum vy, and we prove a priori L™ estimates on the
solution.

We require the Ladyzhenskaya-Prodi-Serrin integrability assumption on
b, as in Condition 2.4 but no differentiability assumptions; the same for g,
which should be thought morally as b, and h?. We also allow the vector fields
to have a regular component but possibly with linear growth, in the line of
Condition [2.4. 'We consider a weight ¥, strictly positive C2° function, with
at most polynomial growth, with the property that, for some C' > 0,

x(@) d
< R
IVx(z)| < C’1 Tl Vo €

The typical example of such a y is
Xn() = (14 |z[*)"*
for some real number 7.

Theorem 5.7. Fix p, q satisfying Condition fix m positive integer.
Write b = b + b3, g = ¢ + ¢@ where all the addends are functions in
Ci(C2%). Then there exists a locally bounded function C' : [0, +o00[>— [0, 00|
such that, for every b9, g, j =1,2, hin C,(CS,) and for every vy in C32,
it holds

sup / X(m)vfmdeC/ x(z)vg™du,
Rd

t€[0,7) R4
where
O = OB lezw 9P cowny -l orzguzrey 162 ien s lo aien )

z,lin T

Remark 5.8. The Kolmogorov-type PDE (5.9) enjoys a similar property to
B4), namely

Of (W) +b- V() + (divg + h) ' (v)v = %Af(v) _ %f”(v)|Vv|2. (5.10)
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Moreover, as in the previous Section, in the case of reqular compactly sup-
ported coefficients and initial datum, the PDE (5.9) admits a solution in

ml’m(Wa?”gf]), for every m in [1,400] and for every weight x,,, for every real

n, see again [BFGM1}|], Lemma 12. This justifies the computations below.

Proof. Step 1: Parabolic equation for v™ and weighted L*™ equality.
We derive an equation for v™ and obtain a weighted L?™ equality. Using the

formula (5.10)) for f(r) = r™, we get
- 1 1 —27,,|2
O[]+ b- V[ + m(divg + h)v™ = §A[vm] — Em(m — 1o Vol
Multiplying this equation by xv™ and integrating, we get

Oy / xvmdz + / xb- V[v*™]dz 4+ 2m [ x(divg + h)v*"dx
Rd R4

Rd
1 m(2m — 1)
— A de _ de.
5 [ e = P [ 9P

Using integration by parts, we bring the derivative of gt on v™ and the
derivative of v™ on b® and on y:

2m—1) [
/ vamdx—/ ngmdx—i-m(Lz)/ / x| V[v™]|*dzdr
Rd d m 0 JRd

R
¢
= 2/ / X(—b(l) + mg(l))vm - V[u"|dzdr+
0 JRrd
t t
— 2/ / ymhv*"dxdr + 2/ Vy - gMv*dadr+
0 JR4 0o JRrd
t t
+ 2/ / X(divb(2) — mdivg(2))v2mdxd7‘ + 2/ / Vy - b2 dpdr+
0 R4 0 R4

t
- / Vxv™ - V"] dzdr.
0 Jrd
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Since |Vx(z)| < Cx(z)(1+ |z])~ < Cx(z), we get

2m — 1 ¢
/th?mda:—/ ngmda:—l—m(Lz)// X|Vv™Pdzdr  (5.11)
Rd Rd m 0 JRd
t
<2 / / A6+ mlg ) o]V [0 [dadr+
0o Jrd

t
+9 / / (mlh] + [g® 2 dadr+
0 Rd

t p(2)
+ 2/ / X (|divb(2)\ + m[divg@)\ + Cu v dedr+
0 Jrd

1+ ||
t
~|—C’// x|o|™| Vo™ |dzdr.
0 Jrd

The idea is to use now Gronwall lemma to get an estimate of the L?>™ norm
of v. For this we have to estimate the “irregular” terms with [b(V)| 4+ m|g™|
and m|h| + [¢g!V| and the “regular” term with |divb® |+ m|divg®| +m|h| +
CPp@1/(1 + |).

Step 2: estimating the regular terms. The last term in (5.11)) is
estimated easily via Young inequality: for every € > 0,

t t t
/ / xlo|™ Vo™ |dzdr < CG/ / v dxdr + e/ / x| V[v™]|*dadr.
0 JR4 0 JRd 0 JRd

For the regular term, Holder inequality gives

t b2
/ / x | |divd®| + m|divg®| 4 C v dxdr
0 R4 1 + |‘T|

' o]
< / / o dxdr.
0 oo Y

1+ |z
Step 3.1: estimating the irregular terms, the easy case p = oo.
For the irregular terms, we start with the easiest, yet important, case: p = oc.
We put ¢ = 0 for simplicity of notation, the general case being analogous.
Here, for the term with ("), Holder inequality gives

|dive@| + m|divg?| + C

t t
J R e (e ey A R P N P A e
0 0

90



and then Young inequality gives

t
/ / Ao o]V o™ [ddr
0 Rd
t t
SCE/ Hb(l)HQLm/ XUde$dT+€// x|V [v™][Adadr.
0 T JRd 0 JRd

For the term with h, we get

t t
/ / xm|h|v*"dzdr < m/ HhHLgO/ xv*™dadr.
0 JRd 0 Rd

Step 3.2: estimating the irregular terms, the general case. In the
case p < 400, for the term with b() (again we put g = 0 for simplicity),
Holder inequality (applied twice) implies

t t
J R e ey R e PR e [P
0 JRd 0

t
S/ DD 2zl 0™ | 2w X2V 0™ [ 22, (5.12)
0

where p = p/2. Hence we have to bound ||X1/2|v|m||Lp , a stronger norm

than the desired ||x'/?v™||2,. As in the previous Section, from (5.6)), we

control also the L? norm of xV[v™] and we can use this control, via Sobolev-
Gagliardo-Nirenberg inequality, to estimate this higher p’ integrability of
o]

Indeed, we can Lemma 5.6, which can be extended to the case p = d. We

get from -

[ [ Ao

<cC / 16D 2z 120 12 X2 T o) 5 dr+
0

t
+ 0/ D1z 2™ |2 IV [0™]| [ 2 dr
0
First suppose p > d, i.e. a = d/p < 1. Young inequality applied to the first

addend of the RHS, with exponents 2/(1 — a), 2/(1 + a), gives, for every
e >0,

m|1—d 1+d
/Ilb(1 Lzl 2o 1 I 9 o1 Pdr

t
<C/ S ng/(p d/RdszmdiUdT‘f‘E/o /Rdle[vm]Fdxdr.
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Similarly, Young inequality applied to the second addend, with exponents 2,
2, gives

t
/IIb(”HLg||x1/2vm||Lg||x1/2|V[vm]|||Lgd7“
0

t ¢
< C’E/ ||b(1)||%p/ XUdeCL’dT‘—}-E/ / x|V[v™]|*dadr.
0 ’ R4 0 JRd

We end (in the case p > d) with

t
[ [ el v asr
0 Jrd
t t
§C’e/ (||b(1)||i€> (p_d)+||b(1)||%p)/ XUdel'dT—I—E/ / x| V[v™]|*dzdr.
0 ’ “ SR 0 JRd

For p = d > 3 (which implies a = 1), we cannot use Young inequality for the
first addend, since the term ||x'/?z,,|| does not appear. In this case we have
by Hélder inequality

t
0 Rd
t
< (IO i) + ©) / / |V ™) P dzdr+
0 R4

t
OO, / / o dadr.
“Jo JRrd

For the term with mh + [g(!)|, we put again g!") = 0: the estimate with h
can be applied also to ¢!, replacing p with 2p and ¢ with 2¢ (since 2p and
2q also satisfy Condition . Holder inequality gives

t t
| [ xiblmasar < [ nl gl 2m 2
0 JRd 0 * @

where p = p/2. Applying again Lemma we get

¢
// x|hlv* " dzdr
0 Jrd

t t
m *d m d m
< / 1l ol 20 152 X2 9 ™) 155 dr + / 1Rl o2 20 13
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First suppose p > d (i.e. a = d/p < 1). Young inequality applied to the first
addend of the RHS, with exponents 1/(1 — a), 1/a, gives, for every € > 0,

t
m2(1—d 2d
[ Wil B P AT

t
<C’/ Hth/p/’; d)/ szmdxdr—l—e// x| Vo™ [2dzdr.
d 0 Rd

We end (in the case p > d) with
t
/ / x|hlv*"dzdr
0 JRd

t
gc/qmn%}; d>+||h||Lp/2)/ XUdexdr+€// Y|V [o™][2dzdr.
v R4 0 JRd

For p = d > 3 (which implies a = 1), we have by Holder inequality

t
// x|hlv* " dzdr
0 Jrd
t t
< Ol e / / IV Fdadr + Clhl e o / / P dadr,
£ Jo JRrd £ Jo JRr

Step 4: conclusion via Gronwall lemma. In the case d < p < 400,
putting together all these terms, we find, for every € > 0,

2m—1) [
vamdx—/ yva"da —i—m(LQ)/ / x|Vv™ Pdzdr  (5.13)
Rd Rd m 0 JRrd

t t
< C’é/ ,0(7’)/ Xv2mdxdr+Ce/ / x| V[v™]|*dzdr.
0 Rd 0 Jrd

where

d d
p(r) = 1+ BP0+ pD 2, + (g + g2+

2p/ 2p—d)

d
+ RIS + 1Al vz + gl + gl o+

Le/?
+ [ divd® | oo + [|divg® | zee + 6P|,

Choosing € small enough, we get

/Rd Xv(t)Zmdm — /Rd XU(O)dex < C'/Ot,o(r) (/Rd XU(T)dex) dr.
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By Condition , pis in LY([0,T]). Hence we can apply Gronwall lemma,

obtaining
/ xu(t)*™dr < eC ly p(r)dr (/ XU(O)Zmdx) .
R4 R4
The thesis is reached in the case p > d.
When p =d > 3, we get
thgmdx - / xvamdw| + / / ™ 2dadr  (5.14)
R4

< Cgp/ / v dadr + C(¢ + €) / / x|V [v™]|*dzdr.
R4

where

p = 1 [0 ey + 9Py + ] 2,

)
+ ||9(1)||%;><>(L§) + ||9(1)||L;>°(L§;) + || dive®|| oo + ||divg® || 1o + ||b(2)||cx7,m,
Y= Hb(l)HZLgO(Lg) + Hg(l)H%gO(L%,Z) + HhHLtoo(Lg/z’)-

By Condition [2.4] both p and ¢ are finite and we can assume 1) small enough
(recall Remark . Hence, choosing € also small, we obtain

/Rd yu(t)*"de — /]Rd yv(0)*™dx < Cp /Ot </Rd XU(T)dex) dr

and, as before by Gronwall lemma, we find

/R xw(t)de < O ( é d Xv(0)2mdx) .

The proof is complete. O

Remark 5.9. As one can see from the proof, the result 18 valid under a more
general assumption on b, ¢V and h, namely: b™ = bF and all the
estimates are in terms of ||b( )k ||qu (L2K) for pr, qr satisfying Condition

similarly for g with || g ||Lgk(L£k) and h with ||h(! )kHL‘gk/Q(Lﬁk/z)

5.4 Uniqueness by duality

In this section we use the previous a priori estimates to obtain uniqueness
(among distributional solutions) for the Fokker-Planck equation

1
Oru + div[bu| = §Au (5.15)
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with given initial datum wy.

Notice also that this equation is obtained by averaging over w the stochas-
tic continuity equation, as the Kolmogorov equation is obtained by averag-
ing the stochastic transport equation. Having in mind the correspondence
between Fokker-Planck equation and SCE and between Kolmogorov equa-
tion and STE, one can provide existence results via stability and uniqueness
results via duality (between Fokker-Planck equation and Kolmogorov equa-
tion), in the same way one does with (S)CE and (S)TE.

Here are the precise definitions of solutions for the Fokker-Planck equation
and the Kolmogorov equation. Concerning the Fokker-Planck equation, for
simplicity, we deal only with L*(L2,,.) solutions (starting at time 0) and
with vector fields in L7(L2,,.). Moreover, for technical reasons (that will be
clear in Chapter (7)), we do not ask the solution u to be in L°(M,).

Definition 5.10. Let b be in L?(L?

2.10c) and let ug be in L? A distributional

xz,loc*®
solution to the Fokker-Planck equation is a measurable map u : [0, T] x R¢ —

R, in L7 (L3 ,.), such that, for every ¢ in Cg%,, it holds
t 1 t
(ur, p) = (uo, ) +/ <ur,br-Vso>dT+§/ (ur, -Ap)dr. (5.16)
0 0

Definition 5.11. Let b be in LZ(L?,,,) and let vy be in L2, .. A differentiable

xz,loc z,loc*
solution to the backward Kolmogorov equation is a measurable map v : [0, t] X

R = R, in L, N L2(WE2 ), such that, for every ¢ in C°, it holds

z,loc x,c’

t 1 t
(vs, @) = (vg, ) +/ (b - Vo, p)dr — 5/ (Vu,, V)dr.

Here is the existence and uniqueness result. The strategy, as said, is
by stability and duality. In particular, the stability results given for SCE
and STE are valid also in this context, replacing the (S)CE with the Fokker-
Planck and the (S)TE with the Kolmogorov equation, and without the proba-
bilistic datum w (this even simplifies the proof); the assumptions are the same
(up to removing w when necessary), apart for the global bound L{°(M,),
which is missing here. The only problem, of technical nature, is that the
missing L> bound in time does not allow u (solution to the Fokker-Planck
equation) to have a L2-valued weakly continuous (in time) version, but this
missing continuity property can be replaced by weak continuity in negative
order Sobolev spaces. For the duality result, we repeat the computations in
Proposition [1.§ and Lemma [£.11} the main difference is in some additional
global conditions one has to impose (as known, the heat equation has more
than one solution without global assumptions). In the following, x = X,z
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is the weight defined before Theorem i.e. a strictly positive function in
C, with x = 1 on By and x(x) = (1 + |z|?)”? on Bgryi, where R > 0 is

x

such that By contains the support of b.

Theorem 5.12. Fix p, q satisfying Condition[2.3 and fix m positive integer,
Ry > 0 and n > dim — 1), X = Xnr,- Let m be in [2,+00] such that
1/241/2m + 1/m < 1 and assume that b is in L7(LY,.) with compact

z,loc
support in Br, and that divb is in LY*(LE*). Assume also that ug is in L
with compact support and that vy is in C’2 Then there exists a differentiable
solution v to the backward Kolmogorov equatzon in the class Ly, N L7 (W),
and the Fokker-Planck equation admits a unique solution in the class
)

Proof. Existence for Kolmogorov equation. Existence follows by a priori
estimates in (applied in the case of L? estimates, with weight = 1), via
the stability results and [3.48] adapted to the Kolmogorov equation.

Existence for the Fokker-Planck equation. Again existence follows
by a priori estimates in (for any integer m), via the stability results|3.47
and [3.48, adapted to the Fokker-Planck equation and without the global
bound L°(M,) here (and also without the L?-valued weak continuity prop-
erty, which is not needed for stability).

Uniqueness for the Fokker-Planck equation. The proof of unique-
ness is by duality, exploiting the existence of v solution to Kolmogorov equa-
tion in L?(W}?) and a suitable adaptation of the arguments in Proposition
and Lemma [4.11, with Condition 1. We sketch the main steps of the
proof. By linearity, it is enough to show that, for any solution w to the
Fokker-Planck equation in Ly™(L2%) starting from 0, for any solution v to
the Kolmogorov equation in L%, N L7 (W,?) with final time ¢ and final datum

¢ in OF%,, we get (ug, vy) = <u0,v0> 0.

Step zero: Omne can choose a version of the solution u such that ¢ —

up € (WE’ER o)* is weakly-* continuous, for every R > 0, provided £k is a

finite sufficiently large number (such that W B, is embedded into Whee )
Indeed all the addends in the RHS of (5.16} are bounded, uniformly in t by

(||g0||W2k + ||90||W1 o0 ) (where C'is a constant dependent possibly on R);

this bound 1mphes as 1n the proof of Lemma [3.7] the existence of the weakly-
* continuous version. Using this version, we can extend the distributional
formulation of the solution to time-dependent test functions ¢, provided these
are regular enough, namely ¢ in Cy(C? ), with ¢(-,z) in Wh for every x
and 0y in L} (C, .); the proof is analogous to the proof of Lemma m
First step: equation satisfied by u ® v. Repeating the steps at the begin-
ning of Section 4.3/and using the (Wj}’gmo)*—valued weak-* continuous version
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of u, we find, for every ¢ in C2°(R? x R9), the equality

t 1 t
<ut®vt>:/ <u®v,bx-ng0+divy(by-Vyg0))dr+§/ (u@v, App—Ayp)dr.
0 0

Second step: expression for the commutator. We take p., xg as in Section
4.3, with the additional condition (compatible with the other conditions)
that |[Axg| < C for some C independent on R; we also take R such that the
support of b is contained in Br (and so b- Vyxr = 0). Inserting o(z,y) =
pe(z — y)xr(x) in the equation above, we get

(s @ vi, PP (XR)) (5.17)

t
_ / (0 ® v, (x)o (b - Vap® + div, (b, - V,pP))dr+

1 t
+ B / (u @ v, PP A(XR)e — 2V, 0P - V(Xr)2)dr.
0

Third step: controlling the commutator. We first let € go to 0, keeping
R fixed. Using the W2 regularity of v and proceeding as in Lemma m,
Condition 1, we get that

t
| 0 (el Vg divy b, 9,2 ) 0.

As for the other addend in (5.17)), using integration by parts in y (at R fixed,
so that we can use the compact support of p.(x — y)xr(x)), we rewrite this
addend as

1 t t
5 | e a0umddr + [ ue V062V (cn)i )
0 0

From this formula and the fact that w, v and Vv are in L7(L?

z,loc)7 we get
convergence of this term to

1

t t
5/ <uv,AxR)dr+/ (uVov, Vxg)dr.
0 0

Putting all together, we find

1

t t
(o) = 3 [ v Axndar + [ (@90, Vaar
0 0
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Fourth step: control at oo and conclusion. Now we let R — +o00. We
need that u is in L2 globally. For this, we have by Holder inequality

/ lu?dz < C/ X —n/m. R Xn/m.r|u|*dz
R4 R4

1-1/m 1/m
<C </ X—Tz/(m—l),Rdl’) (/ Xn,R!qudx) .
Rd RA

Since n > d(m — 1), X_y/(m—1),r is integrable and so u is in L7(L?). Using
this, the fact that v and Vv are in L?(L?) (globally in space) and the fact
that |Vxg| and |Axg| are uniformly bounded and supported on B, we can
pass to the limit and get finally (u;,v:) = 0. [
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Chapter 6

Existence for stochastic
continuity equation

We start the main part of the thesis by showing regularization by noise in an
existence result, for the SCE, under mild assumptions on the drift or on its
divergence; such a result is false without noise. If we also require the drift
to be in W' but with no boundedness assumption on the divergence, then
the theory in the deterministic case gives also (path-by-path) uniqueness; we
then conclude existence and uniqueness of suitable Lagrangian flows.

Throughout all this chapter, we assume b with at most linear growth
outside of a ball, namely Condition [2.1}

6.1 A priori estimates

The existence results are based on the a priori estimates. Here is the first
one. In the following, we fix R > 0 such that the support of b is in Br and
we consider the weight x = X, r, strictly positive function in C3°, with x =1
on Bg and x(x) = (14 |z|?)"? on Bgy1, for some real number 7.

Theorem 6.1. Fizp, q satisfying , fix m positive integer, fix R > 0 and
n real number. Then there exists a locally bounded function C : [0, +o0[—
[0, +00[ such that, for every b in Cy(C5,) with support in Br and for every
o i C°,, it holds

z,c’

sup / X B2z < C(|divb]| sz 2 / Yoyl 10"l
te[0,T] J R ¢ R

The method is as follows: we write the equation satisfied by Epu;", which
turns to be a parabolic equation, and then we use the parabolic estimates in
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Chapter [5] We will comment later, in Chapter on this method, which in
that Chapter will be used to get a priori estimates on the derivative of the
transport equation. We only mention that, in order to get an equation for
Eu*, we use the renormalization property for transport-like equations and
the zero expectation of the Ito integral.

Notice that, since we deal with regular compactly supported initial datum
and coefficients, there exists a unique classical solution to the SCE, which
is integrable in the sense of Proposition [3.19} this justifies the computations
below.

Proof. Step 1: the parabolic equation for E[u™]. Applying It6 formula
to the SCE and using chain rule (0;[u™] = mu™ 10,u, V[u™] = mu™ V),
we get '

O™ + b VIu™] + mdivbp™ + V[u™ o W = 0,
which reads with Ito integral

1
O™ + b - V[u™] + mdivop™ + V"W = §A[,um].
Taking expectation, we obtain
. 1
OEu" 4+ b- VE[u™ + mdivbE[u™] + VE[u"|W = §AE[M’”].

This is the parabolic PDE (j5.3)), with A = mdivb.
Step 2: conclusion. From Theorem [5.4] (applied just for L? estimates),
we conclude immediately the thesis. O]

The second a priori estimate is the following one. Here we consider the
weight v, strictly positive C2° function, with at most polynomial growth,
satisfying, for every z in R,

x(x)
Vx(@)| < C
V(o) < 7
Theorem 6.2. Fix p, q satisfying Condition fir m positive integer.
Write b = b + b2 where the addends are functions in Cy(C3.). Then
there exists a locally bounded function C' : [0, +o0c[*— [0, +oo| such that, for
every b9, j =1,2, in Ci(C3.) and for every po in C3., it holds

z,c’

. (6.1)

sup / X(@) BlugPdz < C(16W | g wny, 183 e W)/ X (@) ol dr.
t€[0,7] J R4 ' R4

Proof. The strategy of proof is identical to the previous proof: we write the
equation for E[u™], which in this case we identify with the parabolic PDE
5.9, with ¢ = mb, h = 0; then we apply the a priori estimates in Theorem
.7 O
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6.2 The existence results

From the a priori estimates before, one can deduce almost immediately ex-
istence results, using Theorem We emphasize that these results do not
hold in the deterministic case: one usually has to require boundedness of the
divergence (more precisely, of its negative part), see for example [AC14].

Theorem 6.3. Fiz m positive even integer. Let iy be in LY° with compact
support. Assume one of the following assumptions:

o b belongs to Ly (L) with support in B and divb belongs to LY (LE?),

where p, q satisfy (2.3); the weight x is of the form x = x,r (defined

in the previous Section), for some real n;

e b belongs to the class[2.4); the weight x is of the form x(z) = x,(z) =
(1+ |f?)72.

Then there exists a distributional solution p to the SCE driven by b and
starting from po, in the class LY, (L7, ).

Proof. The a priori estimate provided by Theorem (for the first hypoth-
esis) and Theorem (for the second hypothesis), applied for m even (so
that ™ = |u|™), and the stability result (where we use the integrability
hypothesis on b) give the existence of a solution in the class Ly} (L}",,.). To
get the bound with the weight, notice that

/XUE[;/”]dx:/ Xn+d/2+1E[Mm]de/271dI
Rd Rd

1/2 1/2
< (/ X2n+d+2E[Nm]2dI> (/ x_d_gdx> ,
R4 R4

and similarly for x,, g; since x_q_2 is in L}, we obtain by Theorem and

Theorem an a priori bound on the L} (L} ) norm. Hence the stability
result implies the desired L}, (L}, ) bound. O

6.3 Path-by-path uniqueness under Sobolev
assumptions

Recall that, in the deterministic context, uniqueness holds for the SCE if b has
some Sobolev regularity. Then, putting together this uniqueness result and
the previous existence result, we get a well-posedness result for the SCE, in
a path-by-path way, which implies well-posedness at the level of Lagrangian
flows. In particular, we get well-posedness for the class of drifts [2.6]
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Theorem 6.4. Assume the hypotheses of Theorem [6.5 Assume also that
b is in L;”’(Wi;:c) Then existence, path-by-path uniqueness and stability

hold, in the class LY (L7, ), starting from initial datum in L3® compactly
supported, in the sense of Theorem [{.15,

Proof. The result is a consequence of Theorem [6.3] via Theorem [£.15] [
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Chapter 7

Wiener uniqueness for
stochastic continuity equation

In this chapter we aim to prove uniqueness for the SCE in the class of Wiener
solutions: these are the solutions which are adapted to the Brownian fil-
tration; hence we refer to this kind of uniqueness as Wiener uniqueness.
The main tool is Wiener chaos decomposition: this allows to reduce Wiener
uniqueness to uniqueness for the associated Fokker-Planck equation.

The result presented here is taken from [MO]. The method is slightly
different and inspired to [Maull].

7.1 Wiener chaos decomposition

We recall here some facts about Wiener chaos decomposition. In the following
H is a separable Hilbert space, (2,4, P) is a probability space (countably
generated), W is a d-dimensional Brownian motion on (€, A, P) and (F}V),
is the associated Brownian (completed) filtration, i.e. the filtration generated
by W completed with the P-null events. [Notice that any function from €2 to
H is weakly measurable if and only if it is strongly measurable if and only if
it is measurable as a function (0, 7)Y, P) — (H,B(H)); the same holds for
maps from [0,7] x Q to H and when H is replaced by a separable Banach
space, see Remark in the Appendix.]

For n in N, we call A, (T) = {(t1,...t,)|0 < t; < ...t, <T}. For f in
L*(A,(T); H)™, we define its n-iterated stochastic integral as

T d T T2
/ f)d"wi(r)y= > / / Fitton (1, o ) AW AW,
0 ki, kn=1"0 0
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The map f — fOTf(r)d”W(r) is an isometry between L%(A,(T); H)"¢, with
the norm ||f||%2 - Zkl,...kn ||fk17---kn||%2’ and LZ(QMFIW7 P7 H)

Definition 7.1. Forn in N, the n-th Wiener chaos E, = E,(T) is the close
subspace of L*(Q, FY, P; H) given by all r.v. Y such that

y = /0 )

for some f in L*(A,(T); H)™. We call 11,, = I1,(T) the orthogonal projector
(in L*(Q, F)Y,P;H)) on E,.

It is easy to see that the spaces F,, are orthogonal one to each other. The
next result, stated for example in [BH91], Chapter 2 Proposition 2.12 (for
H = R, extended to general H in Chapter 3), states that this collection is
complete.

Theorem 7.2. Let (F}V); the Brownian completed filtration. Then the space
L*(Q, F¥, P; H) has the following orthogonal decomposition:

L*(Q,FY,P;H) = &% E,.

Remark 7.3. The end time T is not so relevant (and we will omit it when
not necessary): indeed, for a r.v. Z adapted to Fy, t < T, 11,(T)Z = 11,(t) Z.

The following shift property is the main tool in the proof of Wiener
uniqueness. Here and in the following, we set F_; = {0}, II_; = 0; we
extend the definition of II,, for Y r.v. on H™, defining I1,,Y componentwise.

Lemma 7.4 (Shift property). Let Y be in Lj ,(H)* adapted to (F}V);. Then,
for any n in N, it holds

T T
I, / Y,diw, — / M, Y,V
0 0

Proof. We must verity that fOT IT,,_1Y,dW, belongs to E, and that, for any
rv. Fin E,,

T T
E F/ M, .Y,dW,| = E F/ Y,dW, | . (7.1)
0 0

The term fOT IT,,_, Y, dW, belongs to E,, because it is the stochastic integral of
an n — l-iterated stochastic integral, so it is an n-iterated stochastic integral.
As for (7.1)), there are two cases. In the case n = 0, (7.1) holds because
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both the LHS and the RHS are zero: for n = 0, F' is a constant and the
stochastic integral has zero mean. In the case n > 0, since F' belongs to
E,, there exists G in L?(E,_1)? adapted to (F}V); such that F = fOT G,dW,.
So, by It6 isometry and the property of projection (applied to the product
E[G,11,_1Y,]), we have

T T
E F/ IL, 1Y, dW, :/ E G, I, 1Y, ]dr
0 0
T T
:/ E[G.Y,]dr = E F/ Y, | .
0 0
The lemma is proved. [

Before ending the section, we state some other easy properties that will
be useful in the proof of the main result. With a small abuse of notation, we
use II,, without distinguishing the underlying Hilbert space H.

Remark 7.5. We have
1. for any Y in L*(Q, F), P; H) and any ¢ in H, I1,{Y, o) = (IL,Y, ©);
2. for any Y in L} (R), adapted to (F}V)e, 1L, fOT Y,dr = fOT IL,Y,dr.

We omit the proof of these two facts, which is similar to the proof of the
previous lemma: for example, for the first point, one shows that (IL,Y, @)
belongs to E,, and that E[F (1LY, p)] = E[F(Y, )] for any F in E,.

Finally, we recall that, given a measurable map Y in Lfvw(H ), measur-
able with respect to B([0,7]) x F}¥, then I1,,Y is well-defined as a map in
L2(L2(H)) (it is measurable with respect to ¢, since II,, is a continuous func-

tional on L2(H)); by Lemma in the Appendix, it can be identified with
a map in Liw(H ); we will use implicitly this identification in what follows.

7.2 Wiener uniqueness
Now we state the main result. For simplicity, we set the initial time s to 0.

Theorem 7.6. Assume that b is in L7 (L2 ,,.). Suppose that Fokker-Planck
equation has uniqueness property in LZ(L2%), starting from initial datum in a
certain vector space Vo. Then the SCE has Wiener uniqueness property in

L2(L3), starting from initial datum in Vj.
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The idea of the proof is simple and based on Lemma (7.4, By completeness
of Wiener chaos decomposition (here we take H = L2), uniqueness for a
solution p to the CE reduces to uniqueness of IL,u. Projecting the SCE on
E,,, Lemma [7.4] gives

1
dIT,pu+ b - VI, pudt = §AHn,udt — VIL,_1pdW,

so II,u satisfies the Fokker-Planck equation with a stochastic source term,
driven by II,,_;u. Hence, by induction, uniqueness for IL, ;x reduces to unique-
ness for Fokker-Planck equation.

Proof. By linearity of the SCE, it is enough to prove that puy = 0 implies
i = 0 for any Wiener solution p to the SCE starting from pg. Since p is
adapted to the Brownian filtration, by Theorem (in the case H = L2?) it
is enough to show that IL,u = 0 for any n in N. We prove this by induction.

For n = 0, projecting the SCE on the 0-th Wiener chaos (i.e. taking
expectation), we get, for every ¢ in C2°, for a.e. t,

¢ t
(o) = [ (Mgt - V) + [ (Mo 5000
So Hop satisfies Fokker-Planck equation and is in LZ(L?). Hence, by unique-
ness for Fokker-Planck equation, ITgu = 0.
For the inductive step, from n — 1 to n, projecting the SCE on the n-th
Wiener chaos, by Lemma and Remark [7.5/ we get, for every ¢ in C°,, for
a.e. t, for a.e. w,

(I piz, ) (7.2)

t ¢ 1 ¢
- / (I, p1r, by - Veip)dr + / (I, §Ag0>dr + Z/ (Tyy 1 pty, Oy p)dWE.
0 0 — Jo

By the inductive hypothesis, II,,_;u = 0, so the stochastic integral is 0 a.s.:
for every ¢ in O3, for a.e. (t,w), (IL,u, ) satisfies without the stochas-
tic integral, which is the weak formulation of the Fokker-Planck equation.
In order to conclude, we need to get the exceptional set of w independent
of ¢. For this, we proceed as usual by a density argument. Let D be a
countable set in Cg°,, dense in C7, (in the sense that it is dense in C7 5
for every R); let A be a full-measure set in [0,7] x  where the equality
(7.2) (without the stochastic integral) holds for every ¢ in D and where
[T e (W) 2 and [|TL,pe(w)]|2¢r2) are finite. Then, using the density of D,
one can extend the formula to every ¢ in C2°, for all (t,w) in A. Hence,
for a.e. w, 1T, i satisfies Fokker-Planck equation and is in L?(L2). So IT,u =0

for a.e. w and the thesis is proved. O
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Remark 7.7. Here we see the reason why, in Definition of solution
for the Fokker-Planck equation, we have not required the solution to stay in
Lo, (My): this property may not be preserved by the projections IL,, hence
[T, may not satisfy it.

7.3 Extension to weighted Lebesgue spaces

In this section we want to extend our uniqueness result to the space L}, , for
2 < m < +o0, with weight x of the form x(z) = x,(z) = (1 + |z|?)"/2. The
main result of this section is the following:

Theorem 7.8. Assume that b is in L7 (L2 ,,.). Suppose that Fokker-Planck
equation has uniqueness property in L?(Lgx), starting from initial datum in
a certain vector space V. Then the SCE has Wiener uniqueness property in
Ly (L), starting from initial datum in Vj.

The problem in the proof of this result is that L}’ is not an Hilbert
space in general (it is a separable Banach space), so we cannot apply directly
the theory of Wiener chaos taking H = L}’ . Hence we have to adapt the
technique to our case.

For this, for R > 0, we define I1Z as the projector II,, associated with the

Hilbert space H = L? We start with the following properties of I1,,.

z,BR*

Remark 7.9. 1. Forany+oo > R > R, for any f in L*(Q, F}, P; L?C’BR/),
we have 1IF f|p. = TE(f|p,), hence we can omit R and define 11, f
for fin L2(Q, F}Y, P; L?L,JOC).

2. For any f in L*(Q,F¥, P;L2,..), for any ¢ in C®°(R?), IL,[vf] =

x,loc
YIL, f.
The proof of these two facts is similar to the proof of Lemma[7.4).

The key fact for L bounds (in w) is that these are preserved by each
projection IT,, (although not uniformly in n): we have the following result,
which follows for example from [Maal(], Proposition 3.1.

Proposition 7.10. Take H = R. For every 2 < m < +o00, for every n in
N, there exists Cy,, > 0 such that, for every real-valued random variable Y
E[ILY["] < CrnnE[Y]"].

As a consequence of this result, we can extend each projection II,, to the
space Ly, .
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Corollary 7.11. Fiz 2 < m < 400, n in N. Then 11, is a bounded operator
from L™(Q, FpY', P; L) into itself.

Proof. By a density argument, it is enough to prove that, for every f in
L™(Q, FY, P; Cy..), for some constant C' > 0 (independent on ¢ but possibly
dependent on n, m), it holds

E[IL 17 ] < CEIIfI7 ) (7.3)
For fixed x in R?, the previous Proposition gives

Elx(z) I f ()] < CrnnElx(@)] f (2)]™].
Integrating in x this inequality, we get ([7.3]). ]

Proof of Theorem[7.8 The proof is as the proof of Theorem [7.6] with II,
defined on L™ (2, F}¥', P; LI, ) as before and replacing the fact that IT,u is in
L7(L?) a.s. with the fact that IT,u is in L*(LY', ) a.s., which is a consequence
of the previous Corollary. O

7.4 Application

As an application of Theorem [7.8, we have Wiener uniqueness for the SCE,
in the class of drifts

Theorem 7.12. Fiz p, q satisfying Condition and fix m positive integer,
R >0 andn > d(m—1), x = xnr- Let m be in [2,400] such that 1/2 +
1/2m + 1/m < 1 and assume that b is in L7 (L7, .) with compact support

xz,loc
in Bg and that divb is in L?/Q(LQ/Q). Assume also that ug is in L with
compact support. Then existence and Wiener uniqueness hold for the SCE,
in the class L77(L3N) 0 LYS,(My), starting from .

Proof. Existence has been proved in Theorem (with the first hypothesis,
replacing m with 2m). Uniqueness follows from Theorem via Theorem

[7.8 applied with the weight x = Xy & O
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Chapter 8

The pathwise Young argument:
the Lagrangian approach

In this Chapter we show regularization by noise for the SDE by a pathwise
argument, mainly based on a regularization of the transformed drift b of the
associated random ODE (rDE) and on Young estimates. We consider a drift
b in CO+(C’1/2+) and we work on the rDE, which we recall here:

dX = b(X)dt. (8.1)

We prove a priori Lipschitz estimates on the flow solution to the rDE, for
a.e. w. The argument is in two parts. In the first part we show that, for b in
CO+(CI/2+) bisinin C; 1/QJF(C?’/QJF) this means that b has more regularity in
space, at the price of losing regularity in time. In the second part we prove
that, for b bounded and in C, "/ 2+(C’3/ "), the flow solution has uniform
estimates in WI oe- Well-posedness follows then by the duality argument.

The content of this Chapter is based on the argument by Catellier and
Gubinelli [CG12] for the idea and the second part (although we use linear
Young theory on Banach spaces). The first part is proved instead via the It6-
Tanaka trick, see for example [Flall]. The It6-Tanaka trick is a martingale-
based argument, but there is another proof of the first part (with slightly
different assumptions) in [CG12|, which does not use martingales or PDEs
and can be generalized to more general driving noises (for example fractional
Brownian motion).

8.1 The main result

Here is the main well-posedness result, in the class of drifts [2.2] with 1/2+-
Holder regularity in space.
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Theorem 8.1. Assume that b is in C;(C2,) for some o > 1/2. Then well-
posedness and Lipschitz reqularity hold for the SDE, in the sense of Theorem

4. 14}
The proof of this result is at the end of the Chapter.

8.2 Improved space regularity for the drift

In this section we address at the first part of the proof, the improved space

regularity of b. For any f regular compactly supported function on RY, we
define

f(t,2) = f(r,z+ W,).
We then call F: [0,7] x R? — R the function F(¢,z) fo r,z)dr, so that
F(t,x) — F(s,x) = fs f(r,z)dr.
Theorem 8.2. Fix R >0, a > 0, ¢ > 0 (small enough) and m > 1 finite.
There exists a constant C' > 0 such that, for every f in Ct(C';’f’c), for every
s, t in [0,T], for every x, y in Bg, it holds

m

E/ﬁﬁmw—vﬂmmw <clfl

E /: f(r,z)dr § /: Vf(r,x)dr §

In particular, we have

EllFy = Fullgygaaam < ClIfli

N e L S Al L)

+E < CIFIE

Coiglt =5 (83)

Cﬁ Ca ‘t - S’m/27 (84>

[HFH 1/2 e,m 1+a—2em ] C||f||cg Ca . (85)
W, (

BRr
The proof is based on the estimates on the heat equation in Lemma

and on the Ito-Tanaka trick. We recall the backward heat equation on
[0, 7] x R? with source term f:

v + %Av g (8.6)

with final condition vy = 0.

Lemma 8.3 (It6-Tanaka trick). For every t in [0,T)], for every x in R, we
have a.s.

/Ot fr,z)dr = v(t,z + W,) — v(0, ) — /Ot Vo(r,x +W,)-dW,  (8.7)
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Proof. By Lemmal5.1] v is in C}(C,) N C,(C?), so we can apply Ito formula
and get

v(t,x + W) —v(0, )

t ¢
1
= / Vo(r,z +W,) - dW, + / [Ow(r,z+ W,) + éAv(r, x + W,)]dr.
0 0

Since v satisfies the backward heat equation , the thesis follows imme-
diately. n

The idea of the proof of Theorem is the following one. By ,
fot f(r,z)dr is the sum of three terms which have more regularity in space:
the “worse” term (as for regularity), the stochastic integral, is expected to
be in C1T~¢ in space, since this is the space regularity of Vu; we pay the
price of less regularity in time, since the stochastic integral, even for f time-
independent, is no better that 1/2—-Hdélder continuous in time.

Proof of Theorem[8.4 For the first part, we only show (8.2), the proof of
(8.3) being similar and easier. By the Ito-Tanaka trick, we write f; [V f(r,x)—

Vf(r,y)]dr in terms of v, namely

[ Wit - Vit plar
= Vou(t,z + W) — Vo(t,y + Wy) — Vu(s,xz + Wy) + Vou(s,y + W)+

t
— / [D?v(r,z +W,) — D*v(r,y + W,)] - AW,

By Burkholder inequality we get

m

5| [ 976,0) - Virp)ar

< CE|Vou(t,x + W) — Vu(t,y + W) — Vou(s,z + Wy) + Vo(s,y + Wy)|"+

m/2

t
+CFE / |D>v(r,x +W,) — D*v(r,y + W,)|*dr

We analyze the two addends on the RHS separately. We start from the
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stochastic integral (which seems the most relevant one). We have

m/2

t
E / |D*v(r,x + W,) — D*v(r,y + W,)|*dr (8.8)

m/2

t
< B| [ 100+ W o — g
s z,b

< |D?

T — y|(a—e)m|t . S|m/2‘

UHrgt(cgﬁ
As for the first addend, we write it as
E|Vu(t,z + Wy) — Vo(t,y + Wy) — Vou(s,z + W) + Vo(s,y + W)™
< CE|Vu(t,x + W) — Vou(t,y + W) — Vo(s,x + Wy) + Vo(s,y + W)™+
+ CE\Vu(s,x + W) — Vu(s,y + W) — Vu(s,z + W) + Vo(s,y + W) |™.

So we have (we call A, ,D*vs = D?v(s,x) — D?v(s,y))

E\Vu(t,z + W) — Vou(t,y + W) — Vo(s,z + W) + Vu(s,y + W)™ (8.9)
< CE|Vu(t, -+ W) = Vu(s, -+ W) x —y|=Imy

Hm
x—€
nyb
m

1
+CE / Dyt W 4 e(Wee W) s Wa e (Wi —wy) D?0sdE - (W — )
0

< ClIVol[ Gy = y| @I — 5|

((Carny)

—l—CHDQng”t( x—y\(o‘_e)m\t—s]m/z.

Cop)

Putting together (8.8) and (8.9)), we obtain

m

5| [ 976.2) - Vi, uar

< 0l grsaney + 03, zsamey o = 91t = of 2.

Now Lemma [5.1| gives ({8.2]).
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Now we prove (8.4) and (8.5). Notice that
HFt - Fs”rg/;jgc;;%,m
— |F~ By +|DF, - D7 +
BR PR
DF — DF — DF DF m
[ [ |DRo) ZDFG0) —DF )+ DRI,
Re JRd

|£L‘ — y|d+(a—26)m
t ~
:/ / f(r,z)dr
Rd |Js

dx+

mdx—i—/Rd /:Vf(r,x)dr

/ / /! Dfrx Df(r,y)ldr|™ dedy.
R4 JRA

|d+(a—2e)m
Hence and (| give (8.4), by Holder inequality, taking into account
that |z — y\ d+6m is an mtegrable function. The proof of (8.5)) is a bit more
lengthy but on the same line, we omit it. ]

The following Corollary gives the desired improved regularity for f.

Corollary 8.4. Fix R > 0, a > 0, ¢ > 0 and m > 1 finite large enough.
There erists a constant C > 0 such that, for every f in Cy(Cy,), it holds

E[HfHTCrrL;1/2+€(C;}aI;66)] CHfHCﬂ Ca

Proof. First step: extension of the bound to f in C’t(C;b). Fix s < t.
For fin Cy(Cy,), we take a sequence (f"), in Ci(Cy%.), bounded in Cy(Cy,),
converging to f in Cy(C$ BR) for some o < « and for every R > 0; we
call F"(t,x) = fg f*(r,x)dr. The bound ( applied to F™ gives that

(F}» — F"), is a bounded sequence in Lf(WlJra_e’m). Now W Ex=e™ g

s zzBR z,Br
a reflexive space, so, by Proposition in the Appendix, Lf(W;’;‘; “m.

Therefore, by Banach-Alaoglu theorem, there exists a subsequence (F™ )y
converging weakly to some element G in L (W, ;>~“™). On the other hand
(F™),, converges to F' in L>X(Cy(C,)). Therefore G = F for a.e. w and, by
lower semicontinuity of the L(W, 5~ “™) norm, (8-4) holds for F.

Second step: conclusion. Choosing m large enough in the bound .
we can apply Sobolev embedding in space (on Bg), losing € in the space
exponent:

‘m/2

E||F; — Fs”?;j;;’e S C”fugf(c;b)“ -

(more precisely, the bound above is satisfied by the space continuous version
of F', which however is F'). On the other hand, we have the trivial estimate

| = Fullgse < CIF = Blig,, < I

—s|™.

Cﬁ Ca )l
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which holds for every w, for a constant C' independent of w. These two bounds
give, by the interpolation inequality (Proposition in the Appendix), for
0<p<l,

EHFt - Fs|’gna7335+p

(1 m
IFy = Pl g

|Ft F ||C1+a sc| < CHfHCB ce, |t _ 8|(2—p)m/2‘

Now we choose p = 1—3e. Again for m large enough, we use Kolmogorov con-
tinuity criterion (for Cyj-valued functions, see for example [Kun97], Chapter
1 Theorem 1.4.1), losmg €/2 in the time exponent, and so we get the thesis
(again for the C2 ,-valued continuous version of F', which must be F' itself by
continuity of f). O

8.3 Regularity estimate for the random ODE

We have shown in the previous section the improved space regularity of b.
Here we go on with the second part of the proof, namely we prove that,
for such a vector field b, when a > 1/2, the flow solving is Lipschitz
continuous. Notice that this part is completely decoupled from the previous
one: whenever one has a vector field b with certain regularity properties,
then the flow is Lipschitz continuous. This result can therefore be applied
also for other cases, for example when the Brownian motion is replaced by a
fractional Brownian motion, provided one proves the required regularity for
b; this has been done in [CG12].

Given a regular bounded vector field b, we use X bs(t,z) to denote the
flow solution to the ODE starting from s (omitting the superscripts b
or s when not necessary).

Theorem 8.5. Fiz e >0, R > 0. There exist R' > 0 (locally bounded func-
tion of ||b||Ls(c,.,)) and a locally bounded functions C' : [0, +oo[— [0, +o0],
such that, for every vector field b in Cy(C5%,), for every s > 0, the correspond-
ing flow Xbs satisfies

IR p oz + 1K sz, < OBl + Bl gpecae)

For simplicity, we fix s = 0 in the proof: it is easy to see that all the
estimates hold for any s, uniformly in s (in [0, 77).

The first remark for the proof is that the derivative DX of the flow, which
we want to estimate, satisfies the linear equation

9,DX = Db(X)DX.
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Since Db has C% space regularity but negative order time regularity, one
hopes to apply Young integration theory to derive estimates. However Db
appears composed with the flow X, so we cannot apply the estimates for Db
directly (and in fact they do not hold in general for the composition).

The idea of the proof is in two steps. In the first step we analyze the
regularity properties of DI;(X ). For this analysis, the following remark is
crucial: the composition (with X;) operator S, namely Syo(x) = (X (t,z)),
is linear, so Dl;t(f(t) — S,Db, is a “product” on a Banach space; hence
it can be estimated through infinite-dimensional Young integration theory
(which comes with no dlf‘ferences from the finite-dimensional theory, see the
Appendix, Section . First we give bounds on 5; in terms of the flow X,
and then give an estlmate of Db(X) in terms of these bounds on S;.

In the second step, using Young integration theory, we estimates DX in
terms of the regularity of Db(X ). The first step then allows to conclude.

Notice that some of the partial results we will give have their own interest
and may be used in other contexts (see the beginning of the next Chapter).

8.4 Estimates on the composition
We start with an easy Lipschitz in time estimate on X.
Lemma 8.6. [t holds

sup sup | X(t,z) — X(s,2)| < ||5||L;>°(C,,b)|t — 5. (8.10)

0<s<t<T zcR4

In particular 3 .
X(t,2) — 2] < Bl T (8.11)

Proof. The proof is immediate from the expression

X(t,z) - X(s,z) = / b(r, X (r, x))dr.

]

For the next lemma, we introduce the following (crucial) notation: given
a Borel bounded function ¢ : R — R, we call

Sip(z) = p(X(t, 7))

For every t, S; is a linear operator from BB, to BB, (where BB, is the set
of Borel bounded functions on R?). This is relevant because it transforms
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the composition, a nonlinear operation in x, into a linear operation, at the
price of working with the infinite-dimensional space of functions. The next
Lemma specifies in which spaces S; is bounded, and which regularity it has
in time.

Lemma 8.7. Call R = R+ ||E||L°°(CT5)T It holds for every 0 < o' < 1, for
every ¢ in C°,, for every s <t in [0,T],

1707
) |
IS0 = Suplizy,, < IBlEs e, pllelley, 1=l

that is
HSHC’;“/(Lin(C;",'BR/;Lg‘fBR)) < 1+ 0l Zec, )

Proof. Fix x in Bg. By the previous Lemma, X (t,z) and X (s, z) live in Bp,
with R = R+ ||b||Loo )T Hence we have

[Sup(w) = Ssp(@)| = |p(X (t,2)) — (X (s,2))| ) (8.12)
< lelee, | X (t,2) — X(s,2)|" < Hs0||c;;BR,HbH%}o(cz,bﬂt—S!a/,

where the last inequality uses the previous Lemma again. This proves the
first inequality. The second one follows from the first inequality and from
the trivial bound ||Stg0||L;oBR < ||g0||L;oBR for every t. O

The next lemma deals with the regularity property of DE(X' ). It is the
key lemma.

Lemma 8.8. For any o/ >0, 8 > 0 such that o' + 8’ > 1, it holds

IDBE ez, ) < Clbllopr casgr L+ BlEic,) (813)

Proof. We recall the following Young inequality in infinite dimension (here
we use o + ' > 1), a particular case of Theorem in the Appendix: for
any ¢ in C’t(C’;?c),

IS6llcp 10z, < Olellpriczr, WSlepamos, wzppy (B19

B /7 z,Br

Applying this inequality to ¢ = Db (precisely, to each of its components)
and using the previous Lemma, we get the thesis. O]
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8.5 Estimates on the flow derivative

Now we can analyze the derivative of the flow DX. As already written, this
derivative satisfies the linear equation

DX(x) = T + / ' Dby (X, (2)) DX, (2)dr- (8.15)

For x fixed, this equation can be interpreted as a linear Young ODE in
DX, (x). We can therefore use Young integration theory to provide estimates
in the uniform (in space) topology.

Lemma 8.9. For any o >0, ' > 1/2 with o + ' > 1, we have

”DX“CFWBR) < CexplC(1+ AYF)(1 + A) (8.16)

where A = Hb||cf/‘1(ciﬁ§,;,)(1 I )

Proof. Fix x in Bg. By Young ODE a priori estimates applied to (8.15]) (see
Lemma in the Appendix, here we need 5/ > 1/2), we get

IDX () (8.17)

< Cexp[C(1 + ||D5(5((f'3))\|gt§/_1)](1 + IDB(X (@) o),

so, taking the supremum over x in Bp,

DXl e, < Cexp[C(L+| DXL ) (14| Db(X)

/-1
(Ls, c? (Lp,)

Combining this estimate with (8.13]), we get the thesis.

O

Proof of Theorem [8.5. The thesis follows from (8.16)), applied with o
1/2+¢ ' =1/2+¢, and from (8.11]).

S Ol

Remark 8.10. Notice that all the proof was essentially the consequence
these four inequalities, each of them elementary (assuming Young theory)

and independent from the other ones: (8.10), (8.12)), (8.14) and (8.17).

We can finally prove our main result.

Proof of Theorem[8.1. The result follows, via Theorem and Remark
4.13| from the a priori estimates in and from the fact that bisin C,
for a.e. w, by Corollary [8.4] O
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Remark 8.11. After using Young integration theory, a natural question
arises: is it possible to go beyond the case b in Ca!** (that is Db in C’;UH(CIUH)),
via a pathwise approach but exploiting rough paths? Indeed, rough paths the-

ory can be viewed (also) as the extension of Young integration theory beyond

the case of Ct1/2+ integrators. The main point seems that we need an ad-
ditional reqularity property on the transformed drift b (in order to have the
second-order iterated integral in rough paths theory). This possible extension

has to be investigated.

118



Chapter 9

The pathwise Young argument:
the Eulerian approach

In this Chapter we keep the pathwise point of view but we analyze the linear
random PDEs (continuity and transport equations) rather than the ODE,
proving uniqueness directly by Young methods. Precisely, we consider again
a drift b in C’t(C’i{b%) (for simplicity we suppose it compactly supported
and divergence free) and we work on the random continuity equation (rCE)
associated with the random ODE, which we recall here:

Ayt 4 div(bat) = 0, (9.1)

with given initial datum @y. We want to get (path-by-path) uniqueness for
the rCE, in the class L°(M,), directly (without using the uniqueness result
for the rDE in the previous Chapter). The idea is again to use that Z~), the
transformed drift, is a.s. in C} Y 2+(C’§/ 2+) and to apply a suitable adaptation
of the duality /renormalization method with Young integration techniques.

Although uniqueness for the rCE itself follows from uniqueness for the
rDE, this method has the peculiarity of being only PDE-based and we hope
to apply it also to more general vector fields of the form b in Ct(le/ Py for
some finite p (possibly 1) and get uniqueness for the CE in the L class.
This extension would be the analogue of the works by DiPerna and Lyons
[DL8I] and Ambrosio [Amb04]: they prove, in the deterministic context,
well-posedness for the continuity/transport equation beyond the Lipschitz
assumptions on the drift, allowing a W' or even BV drift with bounded
divergence.

The argument here is based on [GM]. The proof uses ideas and techniques
from the paper by Bailleul and Gubinelli [BG15], which deal with vector fields
(rough drivers) coming from rough paths theory. We adapt some ideas to
the Young case (we do not need rough paths), but we modify them to take
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into account both the Young-type assumption b in C} Y 2+(C§/ 2+) and the
uniform bound b in Lgs,.

9.1 The result and the strategy

The main result of the Chapter is the following:

Theorem 9.1. Let b be in Cy(C,yp) ﬂC’tB_l(C;g‘) for some f>1/2, a > 1/2
and assume that divb = 0. Then uniqueness holds for the CE[9.1] in the class
L? (M), starting from any initial measure ps and any time s.

We emphasize that this result is completely deterministic (there is no w
involved), we kept the notation with “tilde” only to remember the application
to regularization by noise, but b does not need to be b(t,x + Wy). We will
take s = 0 in the following, for simplicity of notation.

As an application of this result, we have path-by-path uniqueness for the
SCE:

Corollary 9.2. Assume that b is in Cy(Cy,) and that divb = 0. Then path-
by-path uniqueness holds for the SCE in the class L°(M,).

Proof. By , the transformed drift b satisfies the assumptions of the The-
orem above, replacing a with a — e: the compact support assumption guar-
antees that the local C’tﬂ ~1(C1) bound can be extended globally. Hence the
thesis follows from the Theorem above applied to the rCE. n

In the following, we change the notation in this way: we call T' (instead
of t) the final time involved in the duality method, while s < ¢ denote two
times in [0, 77 (the initial time is fixed to 0).

Here is the idea of the proof of the main result. We consider the commu-
tator appearing in Lemma [4.8] (using the notation p(z)dz for p(dz)):

T
/0 (il ® 0, (b - Vx,OEQ) + divy(bypg)))(XR)x>dT

9

which reads (at least formally), with the divergence-free condition of b,

/0 (@), (b(x) — b)) - Voulz — y)xal@)dr

/O / ((2)(y), Dby + E(x — 9))(& — ) - Vol — y)xa(z))drde
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Since (z — y)Dpc(x — y) has derivatives which explode in 0 when ¢ — 0, it
is convenient to make the change of variable z = (y — z)/e and remove the
singularity from the p:

/01 /OT /Rd /Rd ji(x)o(x + ez) Db(x + €2)z - Vp(—2)xr(r)drdzdrdg| .

From this formula, we would like to bound the commutator using the regu-
larity assumption on b: Db is in C,gB _1(C’§f), which invites to exploit Young in-
tegration. To do so, heuristically, we need fi(z)9(z +€z) to stay in C2((C%)*)
or in C’tﬁ (U*), where U is some suitable Banach space containing Db(x + €z).
Hence we need a priori estimates on the negative Sobolev norm of fi(z)o(x +
€z).

For this, we start with the simple estimate, for every ¢ in C7%,, for every
s <t.

t
[(fe = fis, )| < / bl Veld|al < [t = sllibllc.. [[ollcy Nl )

which implies that f is in C}((C;.)*). Interpolating this result with the
bound in L*(M,) = L*(C; ), we get (up to details) i in C,}/Q+((Ci(02+)*).
Unfortunately, when we consider fi(z)0(z + €z), such a simple reasoning does
not bring any useful estimate: the strategy of interpolating after estimating
does not work we can no more get a C{((C},)*) estimate. Hence we have

to estimate the Ct1/2+((0;%,/02+)*) norm, or the C’tl/2+(U*) for a suitable U, di-
rectly. For this, we use the idea proposed by Bailleul and Gubinelli [BG15],
where, in some sense, we interpolate before estimating, bringing the interpo-
lation on the test function. Proceeding in this way, we get that ji(x)0(x+ez) is
“almost” in C(U*), where U is morally LW )N L2 (W) (“almost” be-
cause actually fu(z)2%(x+4¢z) is in C (U*), see below). Notice that Db(z+€z)
“almost” belongs to this space, in the sense that Db(z) is in the space. For-
getting about the “almost” problems, we could conclude.

The true strategy actually is based not directly on duality but on ap-
proximate duality: we replace ¥ by ©° solution to the backward transport
equation driven by the vector field #°; this b° obtained by convolution of b
with the usual mollifier ps, where 0 is to be chosen. The reason for this
approximated duality is to deal with the z dependence of Db(x + €z): this
is problematic because this field is not differentiable in z, but on the other
hand we would like to take advantage of the € factor in front of 2. One may
introduce definitions of approximating duality pairing and other details, but
here we just adapt the strategy of duality to our context. First we get an
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equation for fi(z)0(x + €z) and we use this equation to get uniform (in ¢ and
¢) C}*(U*) bounds on fi(z)d(x + €z), provided we tune § accordingly to e.
Finally we use these bounds as in the commutator Lemma[£.10] to show that
the approximated commutator is infinitesimal in € and conclude.

9.2 First estimates

In the following, p is a nonnegative even function in C7,, normalized to have
lpllz: = 1, and, for € > 0, we define p.(z) = e ?p(e*x) (the usual mollifier);
for a function f on R? we define f” = f * p, and similarly for a measure v.

Let i be a solution of the CE. Let ¢ be a function in CF, and, for any

§ > 0, let ©° be the solution to the backward TE driven by b = b * p;, with
final time 7" and final datum ¢:

9,5° + 10 - Vi = 0.

For both fi and 0, we take the time weakly-* continuous versions.

First we get an equation for i(x)d°(x + €z), for €, § fixed (where, with
some abuse of notation, we use fi(x)dx for fi(dz)). Notice that fi(x)0°(z+€z)
is an element of L°(M, , p,) (for every R > 0) and, for every ¢, we have
()il + €2),0(3, 2)) = {in(@)ily), €, e (y — 2)) for every ¥ in
Oy, Since #° is continuous in space (at every time), for every time ¢ we can
repeat the computations at the beginning of Section , replacing ¥ with ©°,
and get, for every ¢ in C7°, ,

t

(1@, ) —(fig®7T, ¥) = /0 (L&D, by V h 400V ) dr+ /0 (i@, divb)dr.

Replacing ¢ with e~ %) (x, e (y — )), using the change of variable z = (y —
x)/e and the condition divb = 0 (which stays true for 6°), we arrive at the
equation

(fir ()0 (2 + €2) — fig(x)o(x + €2), Y(x, 2)) (9.2)

- /0 (i(2)% (¢ + €2),b(x) - Vo (w, 2))dr+

) / ()0 (o 4 e2), (B (x + €2) — b)) - V., 2))

Now we introduce the space where we want fi(z)?(z + €z) to be Holder
continuous in time: this is the space U* dual of the space U. Here U is
defined as the closure of the functions in C2°, . under the norm

z,z,c

60l 3= 190 arom gy + 10 ey
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for some 1/2 < o/ < a.

From the formula above, it seems relevant to control %(i)‘;(a: +ez)—b(x))-
V.1(z, z) in the U norm. Hence we aim now at such an estimate.

The following interpolation bounds will be crucial. We recall that p is
a non-negative even Cg°, function, ps(z) = 6 p(6~'z) for § > 0 and, for
f measurable locally integrable function, f7 = f % ps. We also recall the

following easy but relevant property of the approximate identities: for every
kin N, for every fin L} ,,., D*(f) = ™" f x (D*p)..

Lemma 9.3. Fix 0 < ~v < 1. We have, for every 6 > 0, for every f in
W2 for every g in Witree,

IV 2l < COO7| Fllwas,
If = llzee < C8 | fllwyee,
lg — ¢°llwaryy < C6llgllyyrnce.

Proof. We take the continuous versions of f and g. For the first statement,
notice that

VI @) = [ (@) = 1) Vsl = )

because [o, f(x)Vp(x — 2')da’ = 0. Hence

v s ||Loo—sgp / (f(2) — F(@)Vpsle — o')da’

<sup [ 17@) = 1) Vosta =)
=5~ sup /R fe = 89) ~ F@)IIVply)ldy

<5l [ ol Vo)l

This proves the first statement.
For the second statement, we have similarly

/ (F(@) = S ps(e =2’

If = £llzee = sup

<sup/ |f(x ') ps(x — 2')da’
=sup | |f(x —0y) — f(z)|p(y)dy
< || fllwee.
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For the third statement, we have, for every z, vy,
l9(x) = ¢°(x) — g(y) + ¢°(y)|

/Rd[g(x) —g(x — ow) — g(y) + g(y — &U)]p(s(w)dw‘

/Rd /O [Vg(z — &6w) — Vg(y — &6w)] - Swd€p(w)dw

< 3l =y alwe | fulp(w)de.
R

From this the third statement follows. The proof is complete. n
Now we can prove the following estimate on (0°(z + €z) — b(x))/e:

Lemma 9.4. For every > 1/2, a > 1/2 (and actually for every positive
B, a), there exists a constant C' > 0 such that, for every b in C’fﬁl( o)

/ Y@+ e2) = ba))ar

€

Wi (Leo)nLeE (W)
—(1=a) o ~15\1p _olB
<C(1+e€d +€ 5)||b||Cffl(C;:?)|t s|”.
Proof. We split the term with b into two terms, which will be estimates
separately:
L5 7 L s 76 L5 7
—(0(2 4+ €2) = b(x)) = —(b°(x + €2) = b°(x)) + = (b°(x) — b(2)).

€ € €

First term. We estimate the term with (0°(z + ez) — b°(x)) /€, which we
write as

/:1(55(:17—1—62)—E(x))dr:/Olp/:gzs(x_i_egz)zdrdé_. 0

€
We start with the estimate in the W (L) norm. Since Dbis in C/ ™" (Cgy),
we have

‘D f: b (x + efz) — Dfst b (x + e{z)‘
sup sup

Ay =z |5L‘ - yla

< IDBlgps ezt~ o
and so

/O 1 D / t b (x + e€2)2drde

/ < 1DBl g ca It = 5™

Wz (Lg°)
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Now we estimate the L2°(W!°°) norm, which reduces to the LS, norm for

T,z
the derivative of (9.3) in the z direction (since the control of the L%, norm
of (0.3) contained in the LF(W2"*) bound). Here we see the usefulness
of the approximation with &°. Indeed, since Db is in C/ X o), by the

interpolation Lemma (9.3 we have
t 5 t B _
1D* [ Barlze < 054D [ Barlhyg <570 Db gpos et - 51
and so

1 t
70
DZ/O D/S b (x + €€z)zdrdg

1 t
/ e€D? / V(x4 efz)drde
0o 0 s .00

T,z T,z

< Ced =)t — 58,

Without ¢, we could have not differentiated this term in the z direction. This
concludes the bound for the term with (b (z 4 ez) — 0°(x)) /e.

Second term. We estimate the term with (b°(z) — b(z))/e. In this case
it is enough to bound the W2 norm, the term being independent of z.

Again by the interpolation Lemma (9.3, we have

/ L (@) — b(a))ar

€

(9.4)

!

wg
t

< 06—15||/ bdr|yy 1o < €718]| Db -1 oo It — 517
S

This proves the bound for this term. Putting together the two bounds, we
find the thesis. [

Corollary 9.5. For every B > 1/2, a > 1/2 (and actually for every positive
B, «), there ezists a constant C' > 0 such that, for every b in Cffl(C’gib), for
every ¥ in U, it holds

/ Lt e2) — bx)) - Vs

€

U
< O+ e84 4 € 0) [Blpr gy |Vt = ol

In the proof we use the following bound: for any functions f in C¢°,, g in

C> it holds ’

T,z,c)
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This follows from the following inequalities, of easy proof:

b 1/ (@)g(z) — f(y)g(y)]
z£Y |z —y|*
S oo ooy 9l e 22y + 1 g ey N9l yoroe 11y
19l Leeqwrry < Mo llgllzy
< oo wrooy 19l ety + 11

Li

“ngWf""’O(L;) -

ree Al zee gl e

|ee 2oy 191 poo 21y

The bound (9.5) can be extended to all functions f and g with f in the
closure of (7%, functions with respect to the Wehee (L) N L (W) norm
and g in U.

Proof. First, notice that C; is contained in the closure of C7° with respect

to the W norm, since o/ < a (see Remark in the Appendix). So
the function (z,z) — f; b(z)dr is in the closure of Cy, with respect to
the W > (L) N LX(WL*) norm. Moreover, since b is globally bounded,
(x,2) — f; b (x + ez)dr is regular with bounded derivatives of all orders;

hence (again by Remark it is also in the closure of C7°, with respect to
the W,>° norm and in particular it is in the closure of Cg°, with respect to the
We'eo (L) N L°(W 1) norm. Hence we can apply the previous inequality
to f(z,z) = fO(z,2) = e fst(l~95(x + €2) — b(z))dr and g(z,2) = V.(z, 2)
and get

We conclude by Lemma [9.4] O]

S 4||fb||Wf'°°(Lgo)mL%o(Wzl°°)||v2¢||U
U

€

/ LB + e2) - b(a)) - Vawdr

For this reason, we choose from now on § = e2-®/C=29. in fact any

choice between € and €'/(1=®) works as well, apart for § = € (since later we
will need e71§ — 0).

9.3 Estimates for the duality pair

Here we give estimates on the approximated duality pair, in the space Cf (U"),
using the equation ({9.2]).

Proposition 9.6. Assume that 1/2 < < o' < a. There exists C > 0 such
that

||,LL(CL‘)'U6(£L‘ + EZ)HCE(U*) S C
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Remark 9.7. For every 6 > 0, € > 0, the norm above is finite. Indeed one
can show that ||“”Cf(U*) is finite, by reasoning for example as in Section
(we omit some details, which are in the line of the arguments below); this
implies that ||p(x)v’ (z + GZ)HCE(U*) is finite since v° is reqular.

Let p be a non-negative even C%, function; for n = (., n.) with n,,n. >
0, define the anisotropic mollifier p,(z,2) = n,%n; %p(n, x)p(n;'z). Define
Y" = 1 * p, (the convolution being on the (x,z) variable). The following
bounds are similar in spirit to the interpolation Lemma [9.3

Lemma 9.8. We have

IVt oo 21y < Cg =8|, (9.6)
IV 0"y < Cn Yo,
Y — "] Lo (1) < 0(77?/ + )| Y|l

Proof. For the first bound, we adapt the proof of Lemma 9.3, Recall that,
for each (z, 2),

Vo pl(x, 2) = / / (', 2") = (x, 2"))Vaupp(x — ',z — 2)da'd2/,
R JRd
because [p, ¥(z,2 )Vyp(e — 2,z — 2')da’ = 0. Hence
IVath"|| Lo (1)
= sup/ / / (Y@, 2") — (x, 2"))Vepy(x — 2’ 2 — 2')da’'d2 | dz
xT Rd Rd JRd

< sup / / (', 2') = (. 2)[[V g, (& — 2')|py. (2 — 2/)d2/deda’
x Rd JRA JRA

<sup [ 6, = 6o ) 12| Vo~ )
z JR
= tsup [ [0le = ny.e) = 0le )l Voln)ldy
z JR
S A L ey
where, in the second inequality, we used Young inequality for the convolution

in z. The first bound is proved.
The second bound follows from the fact that V,o" = n; ' x (V.p),

(where (V2p), = 0y nzp(n; '2)Vp(n;*2)) and that [ (V.p)yllv < Cll¢llu
((V.p),. being bounded in L1).
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For the third bound, we write 1) — ¢ = (¢p — =) 4 (pM:0) — gy,
where 10 is obtained convolving v with pn, only in the x variable. For
the first addend, we have, proceeding as before,

dz

[, ]2 = vt 2 o = )

S ey T

[ — 0| poe 11y = sup

For the second addend, we have

[9p01:0) — || oo 1y = SUP/ dz
Rd

T

/ [0 (2, 2) — D) (z, )]y ()2’
R

< Csup / 0 (2, 2) — 10 (2, 2 — e,)|o(y)dydz
T Rd JRd
1
< O, sup / / V.0 (2, 2 — ey)|dzly|p(y)dydé
z Jo JRrdJRre

< OnVbllzuy [ lloluan

where we have used that ||V 0| e (11) < ||V, 1o (1) Putting together
this two estimates, we find the third bound. The proof is complete. n

Given the previous Lemma, the idea of the proof is as follows. We take
Ay = ()0 (x+€2)— fis(x)0s(x+€2) and test it against a function in U (we
want a Holder bound in time). We split the test function ¢ = (¢p — ") +".
When testing A, against 1) — 1", we only use the L°(Ll) bound before and
gain a factor ¢ + 7, (with no Hélder type term like |t — s|7). When testing
Ay, against 9", we use the equation (9.2) with Young integration bounds
and get factors like ny * )|t — %, nTl|t — s[>, At this point we tune 7,
n, proportional to a suitable power of |t — s| and obtain the desired Holder
bound in time.

Proof of Proposition[9.6. We have to estimate
@)+ e2) — (@)@ + )l
= sup (@) (z + e2) — fis(2)(x + €2), 9.
’¢'€Czo?z,c7”w”U§1

For this, fix s < t and 1 as above. We split {u(2)vd(z + €2) — ps(2)v°(z +
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€z),1) in
(pe(@)v) (x4 €2) — ps(2)0) (@ + €2),9)
= (e (2)v] (& + €2) — ps(2)0) (@ + €2), ) — ")+
+ (ue(2)] (@ + e2) — po()0l (@ + €2), ") = [+ I1.

The 7 is fixed and will be determined later (dependently on t — s).
For the term [ with ¥ — " by we get, via Holder inequality (in
first and in z then),

1] < 2sup 1A(2) |, 18 (2 + €2), ¢ = ¥7): e,
< 2sup 17(@) | 19° (@ + e2) [l 2ge e 190 = 7|22
< O +n)ll e mn 171232, [l

(notice that x — (2 (x+e€2), 1) —4"), is continuous, so its L norm coincides
with the C,j norm; similarly for other maps below).
For the term I with ¥, we use equation (9.2)): we have

t
I7 = / (i(x)° (z + €2), b(x) - Vb (z, 2))dr+
t
1 - -
— / (i(2)0°(x + €2), = (1°(x + €2) — b(x)) - V4" (x, 2))dr =: T1.1 + I1.2.
s €
We estimate the addend 7.1 by and the fact that b is in Cy(C,,),

obtaining, via Holder inequality (in x first and in 2z and ¢ then),

(1.1} < / 17 g 10 (2 + €2), b(z) - Vo (w, 2)): e,y dr

< Jt = sl ll e (i 19° | e 10l ) 1V 200" oo (1)
< Oy Nt = 8|1l Lo () 19° | zge, 1Bl 5= (o) 10 -

We use Young estimates (on Banach spaces, Section in the Appendix)
for the addend I1.2: by Corollary and (9.7) we have

t~

I1.2 — {fig(2)?° (2 + €2), 1/ (0°(x + ez) — b(x)) - V" (z, 2)dr)

€Js

< Clt = s [|u(2)0 (2 + €2) |-

‘% / (0 (x + €2) = b(x)) - Vo2, 2)

U
< Ot = sl a@)( + e2)llep e 1bllcpr ooy 11l
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Moreover, using (9.3)) and (9.4)), we get, via Holder inequality,

t
5 ~

() + 2), + / (@ + e2) — b)) - Voo (x, 2)dr)

< [l v

@+ et [ Flat ) = b 90,2,

Cz,b

IV (2, 2)|| Lo (1)

L (Lge)
< Ot — slP il e a1 Lz [l s o 19

t~

% / (5 (z + e2) — b(x))dr

S

< sl 182 2o

s

So we obtain

111.2|
< Ot = sl il ge it 19° e, [Bll -1y 10 lrt
+ Ot — s i(2)o (2 + e2) | s ey

bHcf*(ci:g‘)”d’”U

Putting all together, we end with

[(fu(2)8] (¢ + €2) — fis(2) 0 (x + €2),)|

< C + n)lliill e 19Nl ae, 19l +

+ Oy |t — s ||ﬂHL;>°(MI)||176||ng; ||B|’Lf°(cx,b)”¢||U+
+ Ot = s ill Lo (v 17 [ e, ||l~7”cf*1(ci:g)|’¢||r]+

+ O |t = s (@) o(@ + e2) op oy

bHcffl(ci:l‘j) ”Q/}HU

Since we want to control the [|u(z)v(z + €z)|| o6y -) norm, we choose now
t R
n such that 1, = n® = ¢|t — s|?, where ¢ > 0 is a constant to be fixed later.

The condition 8 < o ensures that 7z |t — s| < (1= C|t — 5|8 (for

every s,t in [0,7]). Hence the previous estimate becomes

[(fee(@)0] (2 + €2) — fus ()0 (2 + €2),¥))|
< Clt = sl |l oo mn 19 e, (7 4 O bl e, ) + [Bll g1 oray) Il
+cClt = s|?[|i(2)0(x + €2)llcp iy 1bll o1 oy 1Pl
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Taking the supremum over ¢ with |||y < 1 and over s < t, we get

A(2)o(x + €2)ll s ey < Clltollae, [19°]l 2+
+ C‘|/1HL?O(Mz)Hf](;HL;oI(Cil + Ci(lia /e HbHL‘tx’(Cz,b) + HbHCtB*I(Ci;"))H—i_

+ Ol p(x)o(z + e2)llop o) 10l op-1 (10

where C||fig|| m, [|2°]| g, takes into account the U* norm of fip@y (which enters
the C7(U*) norm). )
Finally we choose ¢ > 0 so that cC’||b||C/371(C1,a < 1/2 (i.e. ¢! propor-

tional to ||b||0g Hobe ). With this choice (and since ||f(x)0(x + EZ)HCB(U*) is

finite) we get
|A(x)0(z + €2) ]l op ey
< Cllzolla, 191 5=, + Cllitll Lo () 19° | e -

1
(Bl g gy + WBll s s v Bl ey + DG 1 )

The proof is complete. O]

Remark 9.9. In the proof we used Young estimates for a Lebesgue integral,
the term I1.2. More in general, given v in L®(M,..p,) N CP(U*), g in
L (Cy.) N CPNU) with support on [0,T] x Bg, an integral of the form

/0 t<va g)dr,

can be interpreted both as Lebesgue integral (when the duality product is be-
tween M, ., g, and C, ) and as Young integral (when the duality product is
between U* and U). The two integrals coincide, so we can use any tool from
Lebesgue and Young integrals. Indeed, when g is in CH(U), then the Young in-
tegral reduces to a Riemann integral and therefore coincides with the Lebesgue
integral. For a general g in L°(C,.) N CP ™ (U), both the Lebesque integral
and the Young integral can be approximated by f;(y, g™)ydr, where (g"), is
a sequence in L (Cy,) N C’l(U) converging to g in L}(C,.) N cl N, for
any ' < B (for example, g"( fttﬂ/n (r)dr).

9.4 The commutator lemma

Now we take ©(x, z) = p(z)xr(z) as test function for equation (9.2)), where p
is a nonnegative even function in C3%, (for simplicity, the p considered before)

131



and, for R > 0, xr is a smooth function, with 0 < yg < 1 and |Vxg| < 2/R,
equal to 1 on By and to 0 on BSy. As in Section [4.3] we find a commutator.
We show now that this commutator is infinitesimal in e.

Lemma 9.10. We have, as € — 0,

€

/0 (fi(2)?° (x + €2), 1(55@ +ez) — b(x)) - Vp(2)xr(z))dr — 0.

Proof. In view of Young integration theory, we split the integrals on intervals
[tj,tj+1], for tj = ]h AT (tN = T), h > 0:

N-1

/0 ()3 (& + e2), 2z + e2) — B(2)) - Vp(=)xa(@))dr = > /

€ 4

ti+1

J=0

For each integral, we use Corollary and, by Young integration, we get

| )i+ ), 20 ) = ) Tplnaend| (09

J

(i, ()78 (2 + €2), - / (@ 4 e2) — b(2)) - Vp(2)xa(z)dr)

€ .
J

<

+ CR*P || ju(z)v(z + €2) ||Ctﬁ(U*) 5”05_1(0;:?).

Now we let € — 0 (and so 6 = ¢(2=/(2=22) 5 () keeping h > 0 fixed. We
start by showing that the first addend in the RHS above tends to 0. For this,
we first prove the convergence of [* 1(0%(x + e2) — b(x))dr to D [ b(z)dr.
We split

/St 1(55@ +e2) — b(x))dr — D /: b(a)dr

€

< 1(55@ +€e2) — V(x)) — D/t b (z)drdé| +

/ L (@) — b(a))ar

t t
+ D/ b‘s(x)dr—D/ b(z)dr| +
S S €

-l (D [Fareaar-n [ 65<x>dr) ae| +

D/: b (x)dr — D/: b(z)dr
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Using this splitting, the Holder continuity properties of b and the interpola-
tion Lemma we get, for every (z, 2),

/S L5+ e2) — b(a))dr — D / b(a)dr

< Clt—sP(e* + 0% +€716).
€

By our choice of §, e 16 — 0. Hence, for €, § going to 0, we get

— 0.
Lg?z

Putting this into the first addend of the RHS of , by Holder inequality
(using the L{*(M,) norm of y and the uniform L2 bound of ¢°), we obtain
the convergence

/S L+ e2) — ba))dr — D / b(a)dr

€

€ .
J

(e ()i (1 + €2), (1 | e - 6<x>>dr> V() xa(x)

tiv1
= G ()7 (x + €2), (D / b(o:)dr) = V() ().
tj
Since b is divergence-free, D f:?“ b(z)drz-Vp(z) = 0 and so the first addend
of the RHS in is infinitesimal, as desired.
Therefore for every h > 0 we have, first passing to the limit ¢ — 0 in
and then summing over j,

lim sup
e—0

/t @) (@ 4 e2), (0 (@ + e2) — b)) Vp(2)xalz))dr

. €
J

< Ch™'h* limsup ||ji(x)d(x + 2) |l s 1) l~)||0371(01,a).
e—0 t t x,b

Now the RHS is infinitesimal in h, because 5 > 1/2. Hence, by arbitrariness
of h, we conclude that the LHS is 0. The proof is complete. ]
We are ready to prove uniqueness from approximated duality.

Proof of Theorem[9.1 Equation (9.2)), applied to the CE with fip = 0, with
test function ¢ (z, z) = p(z)xr(x), gives that

(i (£)(x + €2), p(2) ()
== [ @@+ ). o+ e2) = b)) Volhual))drs

+ /0 (i(x)0° (z + €2),b(x)p(2) - Vxr(z))dr.
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We let € — 0: using the commutator lemmam (and the uniform Lg%, bound

on v’ in terms of the final datum ), we get

|{fir, Pxr)| < limsup

e—0

| @) @ ) o) - Vxataar|.

Since |Vxr(x)| < 8/(1 + |2|)1r<|z|<2r, We get

. 1, . N ~
|(fir, &XR)| < C§||MHL;>°(MI)||90||L30||b||ct(cz)-

Letting R — +o00, we finally obtain (fir, ) = 0. By the arbitrariness of T’
and @, we conclude y = 0. The proof of uniqueness is complete. O
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Chapter 10

The Girsanov argument

In this chapter we consider again the random ODE

dX = b(X)dt,

but under weaker regularity assumption on b that cy/ 2+, using more the
stochastic nature. The starting point is the following remark: by the bound
in Chapter @, a bound on the C}’/ *Y(L2°) norm of Db(X) implies a
bound on the Lipschitz norm of DX. Now it may happen that Db(X) is
bounded in C’t1 / 2+(Lg°), even when b is not regular enough to apply Young
integration techniques for the composition Db(X).

This is the case, for example, when we have Girsanov theorem. Indeed,
for fixed x, this theorem implies that X (x) and x + W are equivalent in law,
so that Db(X(z)) = Db(X (x)) and Db(z) = Db(x + W) are equivalent as
well. Hence, roughly speaking, the bounds on Db(X) can be reduced to those
on Db.

Unfortunately this is not true at the level of L° bounds, since the equiv-
alence above holds only for the law at x fixed. However, we can still work
with L™ bounds for m finite.

The content of this Chapter is inspired again by the work [CGI2] and
also by the approach by Proske and coauthors ([MPMBN™13| for example,
see also [Rezl4]).

10.1 The result

Here is the main result, in the class of drifts

Theorem 10.1. Assume that b is in the class (and satisfies Condition
[2.1). Fiz2 <m < 400, 2 <1 < 400 such that 1/m+1/m+1/(pAq) < 1.
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Then existence, path-by-path uniqueness and stability hold in the sense of

Theorem [{.13.
The proof of this result is at the end of the Chapter.

10.2 Digression on exponentials

In what follows, we will often meet solutions A to the matrix-valued differ-
ential equation

9,A = M(Y)A

where M is a certain matrix field and Y is a stochastic process, usually
the solution an SDE. The most important example is given by the space
derivative DX of a solution X to the SDE

dX = b(X)dt + dW,

in this case M = Db and Y = X. Another important example, in view of
Girsanov transform, is the case when Y is a Brownian motion. Notice that,
in dimension one, A ha the explicit form A; = Ag eXp[f(f M,.(Y,)dr], that is
why we speak of exponentials.

There are (at least) two ways to deal with these objects. The first way
consists of writing the explicit formula for A, namely

Ay (10.1)

oo t t1 tn—1
= A +Z/ / / M, (YoM, (Ys,) ... My, (Y, )dt, . .. dtydty,
m=1 70 Jo 0

and to estimate every term of the sum. This approach requires to have
estimates on the marginal laws of Y, it can be lengthy but does not require
a priori a martingale structure. This is the method followed by Proske and
coauthors, in [MPMBNT™13| and other papers, and extended in [Rezl4] to
the case of b in the class 2.3

The second way is to write an SPDE for A and to use a priori estimates for
that SPDE. This is somehow a quicker method, but requires the martingale
structure. Precisely, we take the solution Y = Y(s,t,2) = Y;,(x) to the
following SDE on R?

dY = B(Y)dt +dW, Y, =z,
and we assume that A = A(s,t,z) = As(x) satisfies the linear SDE on R™*"

dA = M(Y)Adt, A, =1,
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where B : [0,T] x R* = RY, M : [0,T] x R = R™" are in C;(C%,) (and W

is a d-dimensional Brownian motion as usual). Then we have the following
representation result:

Proposition 10.2. Fizt in [0,T] and U; in (C33,)". Then
U(s,z) = A(s,t,z)"U(Y (s, t,z))

is in Cy(C?,,.) and satisfies the following linear backward SPDE:

z,loc

OU+ (B-V)U+ MU+ 9, UocWk=0. (10.2)
k

Proof. For a vector v in R", call V(z,v) = A(xz)v. This process solves the
same SDE of A, but with initial datum v. Now the link between SDEs
and backward STEs (rigorously, Theorem m, which can be extended also
to the case of general Cy(Cy ;) drifts and diffusion coefficients) applies to
the couple (Y, V) and gives that U(s,x,v) = U(s,z) - v = U(Y (s,t,)) -
V (s,t,z,v) satisfies the following backward STE on [0, ] x RIxR"™ > (s, x,v):

O,U(x,v) + B(z) - Vo U(z,v) + M(z)v - V,U(x,v) + V,U(z,v) o W = 0.

But we also know that U is linear in the v component, precisely U = U - v.

Hence the product (M (z)v - V,)U(z,v) is actually U(x) - M (x)v. Hence the
equation above reads

O U(z) - v+ (B(z) - Vo) U(z) - v+ M(z)*U(z) - v+ Vo (U(z) - v) o W = 0.
Since this is true for every vector v, we get the thesis. ]

Remark 10.3. The key idea in this Proposition is to interpret the term M*U,
roughly speaking, as a transport-type term of the form Muv-V,[U -v], where v
is an additional free variable, so that the SPDE is a transport equation with
respect to (x,v).

10.3 Application of Girsanov transform

In this Section we prove the Sobolev (in space) a priori estimates on the flow.

Theorem 10.4. Fix p, q satisfying Condition fir R > 0 and an even
integer m > 2. Then there exists a locally bounded function C : [0, +o0[—
[0, +o0o[ such that, for any vector field b in C(Cys,), for every s > 0, it holds

s [ B[X(0" + DX (0" do < C(lblgan)

te(s,T)
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For simplicity, we fix s = 0 in the following: it is easy to see that all the
estimates hold for any s, uniformly in s (in [0, 77).

The following two lemmata provide the key estimates. The first one is
related to Novikov condition.

Lemma 10.5. Fiz R > 0 and an even integer m > 2. Then it holds

t
m/ b(r, & + W, — W)|?dr| dz < C([b]lzszz)-  (10.3)

sup/ Eexp
te[0,T] J Br

For the second one, given a continuous trajectory v : [0,7] — RY, call
A®) the solution to the linear ODE

A = Dh(1)AD, AV =1,

Notice that A is a bounded function of v (and it is measurable as a function

(Cy, B(C,)) — (Cy, B(Cy))). Then call A(z) = A@+W),

Lemma 10.6. Fiz R > 0 and an even integer m > 2. Then it holds

sup [ BIAI"de < Cllblgun) (10.4)
R

te[0,T7]

For the proof of these two lemmata, notice that they are both particular
cases of the situation in the previous paragraph, precisely: for [I10.5] take
Y=z+W,n=1 M= b for[10.6] take Y = 2+ W, n =d, M = Db.
Hence they can be proved with the two techniques described there (the one
based on the expansion and the one based on the SPDE ([10.2))).

Here we prove the lemmata only using the SPDE technique. The proof
uses the techniques developed for SPDEs in Chapter [I12] in particular The-

orem in that Chapter. We give a proof only for [10.6] (the proof of

being similar).

Proof of [10.6. By Proposition [10.2] applied with U, = e; (the i-th vector of
the canonical basis of R?), we get that A satisfies the SPDE

d
0. A+ ADb+ Y "0, Ao Wk =0.

k=1
From Theorem [12.5, we get ((10.4)). O
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Proof of Theorem[10.4] First step: application of Girsanov theorem. Fix x
in Bg. Since bis in C;(Cys,) (we are dealing with a priori estimates), Novikov
condition holds and we can apply Girsanov theorem: the law of X (x), which
we denote by Po X (x)™!, is absolutely continuous with respect to the Wiener
measure starting at x, with density given by

pr(x) = exp [/0 b(z + W,)dW, — %/o b(x + Wr)\2dr] :

Notice that, for every n > 1, by Hélder inequality and the martingale prop-
erty of the exponentials,
Epr(z)" (10.5)
L/n

T 2 [T
< FE |exp [172/ b(x + W, )dW, — E/ |b(x + Wr)|2dr]
0 0

- 1-1/n
2 1
- FE |exp %/ ]b(x—i—Wr)Pdr]
0
1-=1/n
2 1 T
= F |exp | VT2 (772+ )/ |b(:C+WT)]2dr]
0

Now DX (z) satisfies the ODE
DX (z) = Db(X (2))DX (z), DXo=1,

and so the process DX (z) is a (measurable bounded) function of X (z), pre-
cisely DX (x) = AX®)  Hence Girsanov theorem (together with (T0.5])

gives
E[|X(t, )™ + |DX(t,z)|"] = E [(|x W™+ A, 7)) pT} (10.6)
<22 [|o + WiP™ + |A(t, 2)[*] " E[o3]"/2
1/4

T
— 2V2E |z + W™ + |A(t, 2) "] P E | exp [6/ Ib(z + WT)Pdr]
0

Second step: conclusion. Having the estimate above, we can conclude
thanks to the bounds (10.3)) and (10.4)) and Holder inequality. ]

Proof of Theorem [10.1 The result follows, via Theorem and Remark
4.13] from the a priori estimates in (for the STE) and the estimates in
6.2] (for the SCE). O
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10.4 Final remarks

Looking more carefully at this proof, we see two advantages and two disad-
vantages.

The first advantage is of course the more general result with respect to
the previous Chapter. The second, maybe even more important, advantage
is that the strategy still keeps two arguments separated, namely the Girsanov
argument and the STE argument. This can be relevant in contexts where
there is still a Gaussian structure but the STE analysis is more complicated
or not available (as for example when the Brownian motion is replaced by the
fractional Brownian motion): one can still rely on some Girsanov theorem,
and then use other arguments (for example controlling every term in ({10.1f))
for the estimates on A. This has been done for the fractional Brownian
motion in [CG12] and in [BNP15].

The first disadvantage, which comes together with the more general result,
is the more strict link with the stochastic nature of the problem, which for
example does not allow to identify clearly the P-null set where “things could
go wrong”, that is where the flow may not be regular (Lipschitz or Sobolev).
The second disadvantage is that it seems not a flexible argument for Holder
and fractional Sobolev estimates: indeed the Girsanov equivalence between
X(z) and = + W is limited to a fixed x and is false in general for the joint
laws of (X (x), X (y)) and (z + W,y + W), while the Hélder and fractional
Sobolev estimates usually require a control on the difference X (x) — X (y).
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Chapter 11

The martingale argument: the
Lagrangian approach

In this chapter we show a priori estimates on the derivative of the flow by
an elegant argument which relies on 1t6 formula and regularity theory for
the associated second-order PDE, hence on the martingale structure of the

problem.
The content of this Chapter is mainly taken from [FF11], [FE13a], [FF13Db].

11.1 The main result

The following main result, in the class of drifts is the same of the previous
chapter. The method for the a priori estimates is different.

Theorem 11.1. Assume that b is in the class (and satisfies Condition
[2.1). Fiz2 <m < 400, 2 <1 < 400 such that 1/m+1/m+1/(pAgq) < 1.
Then existence, path-by-path uniqueness and stability hold in the sense of

Theorem [{.13.

The proof is at the end of this Chapter.

11.2 A transformation of the SDE

For simplicity, we fix s = 0 in the following: it is easy to see that all the
estimates hold for any s, uniformly in s (in [0, 7).

We want to derive information on the SDE from information on the PDE.
For this, we have seen, at the end of Section [.1], the duality relation between
the flow X and the solution of the backward stochastic transport equation
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v: formally, d[v,(X,)] = 0. The idea is to replace v by its average, or, more
precisely, by the solution ¥ of the backward Kolmorogov equation

- _ 1 - _
O +b- VU + AT =0, Ty =id
Applying It6 formula, we get the following equation for Y = ¥(X):
dY = DU(X)dW = DU (¥ (Y))dW. (11.1)

Now we can expect U to be at least twice weakly differentiable, from parabolic
regularity theory, and from this we hope to get regularity for DW(¥~1) and
deduce regularity of Y and then on X.

We start defining precisely the transformation of the SDE and proving its
regularity. One problem in the transformation above is that the invertibility
of ¥ (which is required for formula (11.1))) does not hold in general. Actually,
U is invertible on [0, T for T' < Ty, for a suitable Ty. To see this invertibility
property up to Ty, we write ¥ = id + 1 and we notice that ¢ satisfies the
PDE

_ _ 1 _

Adapting the result 5.2| to this parabolic PDEs, one gets that ”Dl/_}”Cf(L;O) is
bounded by C(||b]|,2(z)), where C' is as usual a locally bounded function; this
fact and the fact that ¢r = 0 imply that || Di)||re < CUIbll Lacn)|T — t]°.
So there exists ty < T' (possibly negative), with 2(T —to) ™" < C(|[bll rs(z2)),
such that || Di||re < 1/2 for every ¢ in [to, T]. This implies invertibility (in
x) of ¥ on [to, T]. In particular, if T is such that ¢, < 0, then we get the
desired invertibility on [0, 7.

We could just keep the transformation W, restricting the attention first on
an interval [0, Ty] where invertibility holds and then iterating to reach every
time. However we use a slightly modification of ¥, which is invertible for
every time and is still related to a PDE similar to the backward Kolmorogov
equation above, so that we can transform the original SDE into a SDE with

more regular coefficients. We consider ¥* = id 4 1*, with ¥* satisfying the
PDE

1
Ot +b- VYt + SO+ XN = —b, g = 0.
The estimates in [5.2] then gives the following:

Corollary 11.2. There exist locally bounded functions C, A = A(|[b|| o (rz))
such that, for any vector field b in Cy(C3.), for every t in [0,T], U is a C1
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diffeomorphism and it holds

1M ey + 1D ey, + 108N leye,
+ || D*¥* lacery < CUbll La(zry)-

) HIIDIE) e .+

Jin

Proof. The estimate on ¥ and its space derivatives are a consequence of
Theorem and of the definition of ¥* (actually, for every A > 0).

As for the invertibility of the map ¥, : R — R? Theorem guar-
antee the existence of A = A(||b|| s(zz)) (locally bounded function) such that
| DY |e,.. < 1/2. Moreover, for every ¢, |¥,(z)| — +o0 as |z| = +oo, as
Y is bounded (again by Theorem . Hence, by Hadamard theorem (see
for example [Pro04], Theorem 59), ¥, is a C diffeomorphism. Moreover the
formula

e}

DV (x) = (DW(U; (@)™ = Y (=D, (@)

n=0

and the bound [[Dy}|c,, < 1/2 imply that D[¥;'] is (continuous and)
uniformly bounded in (¢, z) (over all [0,7] x R?). The estimate on ¥; ' and
its space derivative follows easily. The proof is complete. O

Now we fix A such that the above result holds (we can choose the same
A for all b with bounded ||b][a(z7)) and we call

Y = 0MNX).
Lemma 11.3. Y satisfies the SDE
dY = AU X)dt + DY X)dW (11.2)
Proof. The lemma is a consequence of It6 formula. O

From now on, we omit the symbol \.

11.3 The estimates on the transformed SDE

We are ready to give the W™ bound on the flow X, using the flow Y.
Looking at the transformed SDE (11.2), the coefficients have at least Sobolev
regularity in space WP, for finite p; this indicates already a regularization.

If we had also W) bounds, then we could conclude. However, since
we do not have such bounds (even when p = o0), it is not clear how such
a Sobolev estimate implies the Sobolev regularity: indeed, replacing for a
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moment dW with d¢ (just to have an idea of what is happening), the usual
DiPerna-Lions and Ambrosio results would just give a Lagrangian flow, with-
out any L™ estimates on the derivative. The reason for such an improvement
is again in Girsanov theorem: the law of X, equivalent to the Wiener mea-
sure, regularizes the term [ |D?W, (X, (z))[*dr.

Theorem 11.4. Fix p, q satisfying Condition |2.5. Fiz an even integer m >
2, R > 0. Then there ezists a locally bounded function C : [0, +oo[— [0, 00|
such that, for any vector field b in Cy(Cy,), it holds

sup sup E [|[DX(t,2)["] < C([[b]lpaez))-
te[0,T] z€BRr

Proof. By Corollary [11.2] it is enough to prove the same estimate on DY .
The flow derivative DY satisfies the equation

dDY = —ADVU(X)DXdt + D*¥(X)DXdW.

Now we want to apply It6 formula for |[DY|™, for m even integer. We start
with the one-dimensional case: here we get simply

d[|DY|™]
= —AmDV¥(X)DXDY™ 'dt + mD*¥(X)DX DY dW+
1
+ 5m(m — 1)|D*¥(X)DX[?DY ™ 2dt.

We would like then to take expectation, but then we could not apply Gronwall
lemma, since the term D¥(X), D*¥(X)? would be unbounded term inside
the time integral. Hence we do as follow. Define A as the process

At z) = AX™ (¢t 1)

_(C+ 0 /0 {)\m]D\Il(r, X, (2))| + %m(m D2, Xr(x))P] dr.

where C'is a constant such that |DX| < C|DY| (it exists thanks to Corollary
11.2). Applying again It6 formula to e~ DY ™ we get rid of the deterministic
integral, more precisely

dle 4| DY |™]
1
= {—A — AdmDU(X)DXDY™ ' + 5m(m - 1)|D2\II(X)DX|2DY’"‘2] di+

+ eAmD*(X)DX DY™ AW
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and the integrand in the deterministic integral is nonpositive. So taking
expectation, we get

O,Ele™|DY|™] < 0. (11.3)

In the case of general dimension d, we should use It6 formula for |DY|" =
(tr[DY DY *])™/2. The notation then becomes more involved, but the strategy
remains the same, the only change is to define A as

At z) = AX™ (¢ 1)
t
1
=c(C + 02)/ {)\m|D\If(r, X, (x))] + §m(m — 1)|D*¥(r, X,.(x))|*| dr.
0
for some constant ¢ to be fixed later, depending only on the dimension d and
(possibly) on m. Then we use It6 formula to e=4|DY|™ (for m even integer)
and we fix ¢ so that the deterministic integrand in the Ito differential of

e~ 4| DY |™ is nonpositive. In this way we still get (11.3)).
The estimate (11.3]) gives

E[|DY|™] = E[e**" e~ 2" 2| Dy |™]
< E[e*™ V2B 4" | DY P2 < Bl

Hence it is enough to get, for every m, a uniform (in b) estimate on E[eA™™].

This can be done again by Girsanov theorem. Precisely, calling again
T LT
pr(x) = exp / b(x + W,)dW, — 5/ Ib(z + W,)|2dr |
0 0

we have (recall the estimate of E[p%] in (10.6))

m m m 1/2
E [eA(X’ )] =F [eA(W’ ),OT} <F [eQA(W’ q Elp7]'/?
1/4

Y

2Awm)1/2 g 2
<E [e } E |exp |6 [ |b(z+ W,)|*dr
0

where AW™) is defined as A replacing X (z) with = + . Now Lemma
in Chapter [10] gives that

T
L |exp [6/ bz + W) *dr| | < C(l1bllgcen))-
0
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Also Lemma in Chapter [10] and the bounds on ¥ in Corollary give
that

(W,m)
E "] < COID sy + 1D*Wl0a) < CUIzazy).

Putting together these two bounds, we get that E[eA™] and so E[|DY|™] is
controlled by C([[b][ a(zz)). The proof is complete. O

Proof of Theorem [11.1] The result follows, via Theorem and Remark
4.13, from the a priori estimates in (for the STE) and the estimates in
6.2] (for the SCE). O

11.4 The result for Holder continuous coeffi-
cients

The same strategy can be used to prove Lipschitz estimates for the flow, in
the case of a-Holder (in space) continuous drifts, for a > 0.

Theorem 11.5. Assume that b is in Cy(Cy,) for some o > 0. Fiz 0 <
o <a,2<m< +oo, R>0. Then there exists a locally bounded function
C : [0, +oo[— [0, +oo| such that, for any vector field b in Cy(C5S,), it holds

sw £ (1002, | < Cllblee)

te[0,7)

We do not give a proof of this result, which is in [FGP10], Theorem 5. The
strategy is in the same line as above (using Kolmogorov continuity criterion

and not using Girsanov theorem): we transform the SDE through ¥*, whose
L(CZ1) norm is controlled by the Cy(C2,) norm of b; the new SDE has

z,lin
then L?(C’;Ej‘;ﬂ coefficients, therefore the C1*® norm of the solution X can
be estimated classically, via Kolmogorov continuity criterion.
Starting from this result and applying the machinery in Chapter [4 one
can prove existence, path-by-path uniqueness (among single solutions), start-
ing from every point z and existence of a stochastic flow which is Lipschitz

continuous in x (see [BFGM14] and [Shal4]).
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Chapter 12

The martingale argument: the
Eulerian approach

In this chapter we show Sobolev-type a priori estimates on the stochastic
transport equation. We use a direct energy method for the derivative of the
solution, which satisfies a similar linear SPDE because of the renormalization
property of the STE. This method exploits It6 formula and the zero expec-
tation of the stochastic integral and ends in bounds on a Kolmogorov-type
equation (hence we use again the martingale structure). The same argu-
ment works also for a more general type of first order linear vector-valued
SPDEs, like the stochastic vector advection equation (a linearized version of
the stochastic three-dimensional Euler equations with multiplicative noise).

The content of this Chapter is mainly based on the paper [BFGM14]. A
similar result on the stochastic vector advection equation, but with Hélder
continuous vector fields and based on the method of characteristics, is in
[EMN14]. Another application in fluid dynamics, to the Navier-Stokes equa-
tion, is in [Rez14], where the vorticity formulation of the equation is used (as
here for the vector advection equation), although with different scopes and
techniques.

12.1 The main result

The following main result, in the class of drifts 2.4] is a slight extension of
the previous chapter. The method for the a priori estimates is purely based
on PDEs arguments.

Theorem 12.1. Assume that b is in the class 2.4 Fiz 2 < m < +oo,
2 < m < 400 such that 1/m + 1/m + 1/(p A q) < 1. Then ezistence,
path-by-path uniqueness and stability hold in the sense of Theorem[4.12.
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The proof is at the end of Section [12.4]

12.2 A stochastic PDE for the derivative of
the STE

Before stating and proving the result, we focus on two key properties of the
STE: the derivative of its solution satisfies also a stochastic transport-like
linear PDE and the same holds also for its powers. The last property is linked
to the renormalization property of the transport equation, we investigate this
in the next section.

In order to deal with Sobolev estimates for the STE (we use the forward
formulation, the backward one being completely similar), we derive a SPDE
for the derivative of the solution v. We start from (spatial) dimension 1.
Differentiating the STE with respect to z, we get

04[050] + b0u[0,0] + 0pbDyv + O, [0yv] 0 W = 0,

with fixed initial condition 0,vy. As for the Kolmorogov equation, we see that
0,v satisfies a SPDE which is given by the stochastic transport equation plus
the term 0,b0,v.

In more than one dimension, we get a system of SPDEs for the vector
field Vv = (04,0, ... 0,,v), precisely

d
00z, 0] + 0+ V[0p,0] + Y 0p b0y v+ V[0p0] oW =0, i=1,...d,

Jj=1

or equivalently, in matrix notation (where D,v is a row vector and Vv = D, v*
is its transpose vector),

9, Dyv + (b-V)Dyv 4+ DyvDb + VDo W =0,

with fixed initial condition 0,vy. Although we have more than one equa-
tion, again the structure is always of a stochastic transport equation with
additional terms of the form 9, b/ O, .

12.3 The renormalization property

The renormalization property for the stochastic transport equation is the
following fact: if v is a regular solution to the STE and f: R — R is a C}
function, then f(v) is also a regular solution to the STE. In the context of
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regular coefficients and solution, this fact is an easy consequence of the chain
rule for the space derivative, namely

and of 1t6 formula (for Stratonovich integral) for the time differential.

Since Vv satisfies a system of transport-like equations, we expect it to
enjoy the renormalization property which is typical of this kind of equation.
Again we start with (spatial) dimension 1. In this case, using the chain rule
(for the space derivative) and It6 formula (for the time differential), we get,
for any f in CZ, the following equation for f(9,v):

O f (0,0)] + bO,[f(00)] + Oubf(9pv) v 4 Oy [f (D)) 0 W = 0.

Again this equation has the form of the stochastic transport equation, with
the additional term 0,bf'(0,v)0,v. Applying this formula to f(r) = r™, for
m positive integer, we obtain the following equation for (0,v)™:

O [(8,0)™] + 03, [(9.0)™] + MB,b(Dv)™ + By [(Dyv)™ 0 W = 0.

Now we come to the case of general dimension, where we have a system
of equations. In analogy to the one dimensional case, we would like to have
an equation for |[Vu|™, or a system of equations for (0,,v)™. Unfortunately,
in both the cases we do not obtain a close equation or system, because of the
terms 0,07 0z,;v in the system for Vu: indeed, take for example m = 2, then
the equation for (9,,v)? becomes

d
Ou[(02,0)°] + - V[(00,0)°] 42 00,105,005, + V[(0,0)*] o W =0,

j=1

hence the mixed products d,,v0,,v appear and the system is not closed. The
solution to this problem is to consider, for m = 2, a system with (d;rl) equa-
tions, having all the products d,,v0,,v as unknown variables. For general m,
this means to consider a system with (d+:n%1) equations, having as unknown
variables the products
wr =[] 0w, (12.1)
iel
for any multi-index I in {1,...d}™ (see below for the precise notation). This
needs more effort of notation and makes the computations a bit lengthy.
As for notation, we denote by I = (I, ... I,) a multi-index in {1,...d}™

and, with a little abuse of notation, we identify I and J multi-indices when
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there exists a permutation o of {1,...m} such that J,;) = Ii for every k.
Again with abuse of notation, we write ¢ € I to mean that there exists k
such that I, = i. We also write

H@xiv = ﬁ@xlkv, Z@xiv = i@x%v,
k=1 =1

el el k=

Finally, given a multi-index I and two indices i, j in {1,...d} with i € I,
we call (I '\ ) U j the multi-index obtained by I replacing one i in I with 7;
more precisely, taking a k such that I =i, we impose ((I \ i) U j), = j and
((I'\i)Uj)p = I for all h # k (by our identification of multi-indices, the
choice of k is not relevant).

With this notation, we can state the system of PDEs for (wy);:

d
Oywr +b-Vwy + Z Z axibjw([\i)uj +Vw;oW =0, I multiindex. (12.2)

icl j=1

We see again that this system is made of transport-like equations. Indeed
the computations for the multidimensional case do not have any substantial
difference from those in the one dimensional case.

12.4 The Sobolev estimates on the STE

Given the equation satisfied by w;, we are ready to prove the a priori Sobolev
estimates on the STE.

Theorem 12.2. Fiz p, q satisfying Condition[2.4 Fiz m > 2 even integer.
Write b = b +b2) | where the addends are functions in Ci(C5.). Then there

exists a locally bounded function C : [0, +oo[*— [0, +oo[ such that, for every
b9, i =1,2, in Cy(C3%), for every s > 0 and every vy in Cg., it holds

x,c’

sup / x(2) E[|V|™]*dx
R4

te(s,T)

< O(”b(l)HLf(Lﬁ)» ||b(2)||Lg(c1

T

) / X ()| V| *™d.
w) [

Again, for simplicity, we fix s = 0 in the proof: it is easy to see that all
the estimates hold for any s, uniformly in s (in [0, T7).

In the case of vy in €55, b in Cy(C5,), Proposition ensures that the
regular solution of this equation, given by Proposition s in LLT(th’m(Wiﬁ)),
for every m in [1, +o00[ and for every weight y,(z) = (1 + |z[?)"/2, for every
real n. This justifies the computations below.
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Proof. Step 1: the parabolic system for E[w;]. We write the system for
z; = Ffwy], for I multi-index of length m. Equation (12.2)) reads with It
integral

d
. . 1
Owr +b-Vwr + Z Z Oz V' winiyu; + VW = §Aw1, I multiindex

iel j=1

Taking expectation, we obtain

d
) 1
Oizr +b-Vzr + Z Z OV’ 2(1\iyuj = iAz[, I multiindex

el j=1

This is a parabolic system, whose form is similar to the parabolic equation
(5.9) in Theorem [5.7, by putting g = b, h = 0.

Continuation. The rest of the proof goes on in analogy to Step 2, 3, 4 of
the proof of Theorem [5.7] The only relevant difference is that, before Step 4,
we sum over all multi-indices I with length m: we get an inequality similar
to (or for p = d > 3), with 0,,(t,)> = x(2) 32 ;- 21(t, 2)°
replacing x(z)v?"(t,z) and p,(t,2)* = x(x) 2 it=m | V21 (2, z)|? replacing
x(2)|V[v™]|?; see [BEGM14] for the computations in full detail. O

Proof of Theorem[12.1 The result follows, via Theorem [£.12] from the a
priori estimates in (for the STE) and the estimates in [6.2] (for the SCE).
O]

12.5 Existence for the stochastic vector ad-
vection equation and other linear SPDEs

The method above, based on a priori estimates, can in principle be applied
to a vector valued stochastic linear transport-like PDE of the form

v+ (b-V)v+ (Nv-V)g+hv+ Voo W =0, (12.3)

where v : [0, ] x R?x Q — R" is the (n-dimensional) solution, b : [0, T]x R? —
R% g:[0,T] xR - R h:[0,T] x R? — R are given (deterministic) fields,
N in R¥" is a given matrix and W is a d-dimensional Brownian motion
(with the assumptions we had so far).

We first state the definition of classical solution and the existence and the
representation formula, when the coefficients are regular.
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Definition 12.3. Assume that all the coefficients are in C,(C3.) and that
the final datum vy is in C35.. A classical solution to the SPDE s a
measurable function v : [0,T] x RY x @ — R", which is in Cy(C2,,,) for a.e.
w and satisfies, for a.e. w,

v(s, )

=o(t,x) +/ (b(r,z) - V)v(r,z)dr +/ (Nvu(r,z) - V)g(r, z)dr+
—l—/s h(r, z)v(r, x)dr+;/s O, v(r, x)ode—l—%/s Av(r,z)dr, Y(s,x).

Proposition 12.4. Assume that all the coefficients are in Ci(CgS,) and that
the final datum v, is in Cg5,. Then there exists a classical solution to (12.3)
and 1s given by

v(s,z) = A%(t, x) v (X5 (t, ),
where (A, X) satisfies the system of SDEs

dX?(t,x) = b(t, X°(¢, z))dt + dW;,
dA*(t,x) = (N"Dg(t, X°(t,x))" + h(t, X°(t,x)) 1) A°(t, x)dt,

with initial data X*(s,x) = x, A%(s,z) = 1.

Proof. The thesis is a consequence of Proposition taking B = b and
M = N*Dg* + hl. O

Here are the a priori estimates. As usual, we state the estimates for the
forward equation, but the analogous result holds for the backward case.

Theorem 12.5. Fiz p, q satisfying Condition (2.4 Fix m positive even inte-
ger. Writeb = bW 403 g = gM ¢ where all the addends are functions in
Cy(C.). Then there exists a locally bounded function C': [0, +oo[’— [0, 4-00]
such that, for every b9, g, j =1,2 h in Cy(C3.) and for every vy in C55,
it holds
sup / x(2) Ellv|™]*dz < C/ x(x)vg™d.

] JJRra R

tel0,T

where

C = CUP M Nugpys 19 gy Wl e prmys 1Pl pcen 00 192 e, )

z,lin z,lin
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The proof is in the same line of Theorem [12.2] From the point of view
of notation, we denote now: w; = [[,;v* (where v’ is the i-th component
of v), for I multi-index in {1,...n}. Also in this case, the solution is in
LZi(th’m(Wi’;Z )), for every m in [1,4o00[ and for every weight x,(z) =
(1+ |x|%)"2, for every real n. This fact can be proved adapting the proof in
[BEGM14], Lemma 12. This justifies the computations in the proof below.

Proof. Step 1: the parabolic system for F[w;]. We write the system for
zr = Flwyl, for I multi-index of length m. Using It0 integral as before, we
get

i . . 1
@wﬁb-VwﬁZ ZNj-ngw(I\i)Uj—l—hwl—kalW = iAwI’ I multiindex

icl j=1

Taking expectation, we obtain

= , 1
O(z1)+b-V(zp) + Z Z N; -Vg'zniu; +hzr = §Azl, I multiindex

icl j=1

This is a parabolic system, whose form is similar to the parabolic equation
(5.9) in Theorem[5.7]

Continuation. The rest of the proof goes on in analogy to Step 2, 3, 4 of
the proof of Theorem [5.7] The only relevant difference is again in replacing
x(z)v*™(t,x) with 0,,(t,z)* = X(@) 22 1= z1(t,2)? and x(x)|V[v™]* with
pm(t,2)? = X(2) Xy [V (t 7). O

We apply this result in two examples, which are relevant for us. The first
one is the proof of Lemma involving the exponential A(x). For each
i=1,...d, v = A(r) satisfies the SPDE in the case b =0, h = 0 and
vp = ¢! (the i-th vector of the canonical basis of R?). Hence Lemma [10.6]
follows from Theorem [12.5] Analogously one can prove Lemma [10.5]

The second example is the (forward) stochastic vector advection equation
on R?, namely

O + (Dv)b — (Dbyv + Vv o W =0,

dive = 0,
where b is assumed divergence-free. This example is a linearized version of the
three-dimensional stochastic Euler equation, in vorticity form (see [FMN14]

for more details). In the regular case, applying Proposition to the first
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equation, after some passages that we omit here (see [FMNI4] for another
proof), we get the representation formula

v(t,x) = DX, (2)ve(X; (). (12.4)

In particular, since b and v, is divergence-free, this formula implies that v is
divergence-free, so that the two equations above are compatible and we get
existence in the regular case.

In the non-regular case (if b is non Lipschitz), in the deterministic setting
(i.e. without noise), the solution can explode at some time, as one can expect
from the representation formula ; an example of explosion at one point
(where the solution is no more in L™ for high m too), for a class of bounded
b, is given in [FMNI4]. On the contrary, in the stochastic case, Theorem
12.5, applied with d = 3, g = —b, h = 0, gives a priori estimates which will
imply the existence of an “almost bounded” solution.

We first give the definition of (distributional) solution, for simplicity in
the forward case. Notice that, thanks to the divergence-free assumptions on
v and b, we can bring all the derivatives on the test function.

Definition 12.6. Fiz 1 <m < +oo. Let b be in Lj” (L2",,.) with divb = 0 (in
the sense of distribution) and let vy be in L}, ;. also with divvg = 0. A solution
v to the stochastic vector advection equation is a map v : [0, T|xR3xQ — R3,

in Ly, (L3 )3, with dive = 0, weakly progressively measurable, such that, for

xz,loc

every o in C°(R3;R?), it holds, for a.e. (t,w),
(ve, ) (12.5)

t t t
= (vg, ) +/ (v, Anti(Dy)b)dr + Z/ (v, Oy, 0)dAWF + %/ (v, Ap)dr,
0 0 0

where Anti(Dy) denotes the antisymmetric part of the matriz Dep.
Here is the existence result:

Theorem 12.7. Assume that b is in the class with divb = 0 and the
initial datum vy is in LY° with compact support and with divuy = 0. Then
there exists a solution v to the stochastic vector advection equation, which is
in Le(LM(L™,,.)) for every finite m.

xz,loc

Proof. The proof is in the line of the stability result for the STE We
start with a family of 6" in Cy(Cy..), divergence-free, converging to b in
Lr( ;’fgoc) and with bounded norm in the class 2.4 (i.e. b" = v + p™(2),
where 6™ have bounded Lf(L?) norm and 5™® have bounded L;(C%,;,)
norm); similarly we take a family of vf in C5, converging to v in L;’loc,
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with bounded L:° norm and with all the support contained in a ball Bp,
independent of n; we call v the solutions to the corresponding stochas-
tic vector advection equation. Theorem provides uniform bounds in
Le(L7(LYg,))- As in the proof of , first one proves weak compactness
of (v"), in the space L}, (L', ), for every R > 0, using the uniform bounds;
then one proves that any limit point v (in the weak topology) is weakly pro-
gressively measurable and satisfies equation [12.5] We are left to prove that
v is divergence-free. But this follows by passing to the limit in the equality

| B e~

which holds for any ¢ in Cy(C5%,) and any F'in LY, because of the divergence-
free property of v"™. The proof is complete. ]
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Appendix A

Technical facts and Young
integration

A.1 Some facts on measurability

Here we recall some facts on measurability and L? spaces of Banach-valued
functions. We need this in order to work with spaces like LZL(LZ‘) or
L75,(Ma).

In the following, (E, &, \) is finite measure space; we always assume that
such £ is countably generated, up to A-null set, i.e. it is given by the comple-
tion (with respect to \) of the o-algebra generated by a countable subset C
of £. This is needed to have LP(FE;R) separable for finite p and it is crucial
at least in Proposition The assumption that A\ is finite can be easily
replaced by o-finite hypothesis, with the natural changes in statements and
proofs. When we work with more variables z, y, ..., we use the notation
(B, &, \), (Ey, &y, Ay), ... for the spaces where these variables live.

We say that a real-valued function f : F — R is measurable (or, more
precisely, A-measurable), if, for every open set A in R, f~(A) is in £, the
o-algebra obtained by completion of £ with respect to A. This is equivalent
to say that there exists f : E — R, strictly measurable (i.e., for every open
set Ain R, f~'(A) is in &), which coincides A-a.e. with f. This definition
can be extended to [—oo, +-oc]-valued functions and to Ré-valued functions,
componentwise. Notice that, with this definition, a composition g(f) of a
measurable function f with a Borel function g : R — R is still measurable,
but this is no more true when ¢ is only measurable.

We say that a property P = P(z) holds true a.e. if there exists a full-
measure set A such that P is true on A. Mind that we do not require, a priori,
that the set {x|P(z) holds } is measurable (it is measurable a posteriori, since
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it contains a full-measure set).

Let V' be a Banach space and let K be a subspace of V*. We say that
a function f : E — V is K-weakly measurable if, for every ¢ in K, the
real-valued map = — (f(x),p) is measurable (in the sense above): when
K = V*, we just say weakly measurable; when V' = W* for some Banach
space W and K = W, we say weakly-* measurable. We say that f : E — V' is
strongly measurable if there exists a sequence of simple functions f* : £ — V
converging pointwise A-a.e. to f. A strongly measurable function is always
weakly measurable. We denote by

LOEBV):=LYE,ENK;V):={f: E—V K-weakly measurable},
LYE,V):=L"E,E,\K;V):={f: E—V K-weakly measurable}/ ~

the sets of resp. all K-weakly measurable functions and all equivalence classes
of K-weakly measurable functions, where ~ is the usual equivalence relation
defined by: f ~ g if f = g A-a.e.. They are both vector spaces.

From now on, we assume, unless differently specified, that the K is a
closed subspace of V* and has a countable subset D such that, for every v
in V,

T ] (A1)

cpeDvH‘PHV* <1

This is the case when at least one of these two conditions is satisfied:

e V is a separable Banach space and K = V*: the weak-* topology
closed unit ball B} in V* is sequentially compact (by Banach-Alaoglu
theorem) and metrizable (by separability of V'), therefore it is separable;
taking as D a countable weakly-* dense set in B}, we find .

e V = W™ for a separable Banach space W and K = W, taking as D a
countable dense set in W.

Under this assumption, for every K-weakly measurable function f, ||f|| is
measurable. Therefore we can define, for 1 < p < 400, the vector spaces

LP(E V) =LY (EENK;V) =

={f: E =V K-weakly measurable|||f|| € L*(E,&E,\)},
LP(E, V) = LP(E,E N K;V) =

={f: E =V K-weakly measurable|||f|| € LP(E,E,\)}/ ~ .

The latter space is a normed vector space with the norm
[ f 1oy = vl ooy
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For an element [f] in LP(E; V'), we can define the K*-valued integral

/E FdA

as the unique linear continuous functional on K such that, for every ¢ in K,

([ sarne) = [ (roan

In the case V = K™, this integral is V-valued.
In the case of V' separable and K = V*  the space LP(E;V) has nice
properties:

Proposition A.1. Assume that V is a separable Banach space and that
K =V*. Then the following properties hold.

o A function f: E — V is weakly measurable if and only if it is strongly
measurable.

e The space LP(E; V) is complete for every 1 < p < 400 and separable
for every 1 < p < 4o00.

o [f moreover V is reflexive and 1 < p < +o0, then it holds LP(E;V)* =
LY (E;V*), in particular LP(E; V) is reflexive for 1 < p < 400.

Proof. The first statement is the well-known Pettis measurability theorem,
see for example Theorem 2 in [DUT77], Chapter II. Concerning separability,
notice that simple functions are dense in LP(V'). Moreover, there exists a
countable dense set F'in V' (by separability of V') and there exists a countable
set C which generates £ (up to A-null sets), since we assumed £ countably
generated. Therefore any simple function can be approximated, in LP(V),
by functions of the form Z;;l ajle;, for a; in F, Cj in C. Hence the set
of such functions is countable and dense in LP(V). Completeness and (for
V reflexive) duality and reflexivity are again in [DUT77], Chapter IV Section
1. O

Remark A.2. When V is a separable space, weak measurability and strong
measurability coincide with measurability with values in (V,B(V)), the mea-
surable space of Borel (in the strong topology) sets of V: a map f: E —V
is weakly or equivalently strongly measurable if and only if, for every open
set A of V., f71(A) is in E). This follows from the fact that any open set in
V' can be obtained as countable union of balls (by separability) and that, for
any [ weakly measurable, f~'(Bgr(x)) = {||f — z|lv < R} is measurable.
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Remark A.3. Given W Banach space, 1 < p < 400, for any functions f in
LP(E,W;W*), g in LX'(E,W*; W), the map x +— {f(z), h(x)) is measurable:
indeed, g is strongly measurable by the previous Proposition, so there exist g"
simple functions converging to g a.e. and in LP, hence (z — (f(x), ¢"(x)))n
is a sequence of measurable maps converging a.e. to (f,qg), which is there-
fore measurable. Moreover ||[(f, g)lls < [[flew) gl wry- 1t follows that
LY (W) is continuously embedded in (LP(W*))* and LP(W*) is continuously
embedded in (L' (W))*.

Now we come to the functions defined on a product space E, x E, with
values in V. We assume here that V' = W™ for a separable space W and
K =W or that V is separable and K = V*. The space

LE (V) =LP(E, x By, &, ®Ey, As @ Ny, K3 V).

is well-defined; similarly for £7 . Since L” (K)) can be embedded in (LP(V'))*,
we can also define the space

LYULE(V)) = LBy, Euy Ao, L7 (B, £y, Ny, Vi K)s LP(Ey, £y, Ay, K V)

similarly for £3(L?(V')). Notice that, in general, we do not know whether,
for any f in LY(LF(V)), x = | f(x)|| 1z is measurable. For this reason, we
do not define LE(LE(V')) for a general V.

Remark A.4. We keep assuming that V- = W™ for a separable space W and
K =W orthat V is separable and K = V*. Given a function f in L5 (V),
then, for Ag-a.e. x,

y = f(z,y)
is a function in £§(V), as a consequence of Fubini theorem. Moreover, the
map x — [y — f(x,y)] is LZI(K)—weak measurability, i.e.

- /E () b

is measurable for any ¢ in LP (K), as follows from measurability of (x, 1) —
(f(z,y),¥(y)) and Fubini theorem. Furthermore, if g is equivalent to f in
Lh (V) (i.e. they coincide A\, @ Ay-a.e.), then, for \y-a.e. x, y — f(z,y)
and y — g(x,y) are equivalent in LE(V'). It follows that the map

Ly, (V)3 [fl = [z [y = fla,y)]] € La(Lh(V)).

is well-defined. It is actually an injective map: for [f] # [g] in LE (V),
chosen two representatives f, g, by Fubini theorem, there exists a positive-
measure set A in E,, such that, for each x in A, there exists a positive-
measure set By in E, with f(z,y) # g(x,y) fory in By; that is, for each x

in A, [y — f(z,y9)] # ly = g(z,y)].
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Remark A.5. At this point, we remark one fact concerning null-measure
sets. When we say that, given [f] in L°(V), a property P = P/(x) (depending
on f) holds true a.e., we should notice that, in general, the exceptional set
where PY may not hold depends on the representative of f. In particular,
when we say that, given [f] in LE (V), a property PVl holds true for
a.e. x, the exceptional set does depend on the choice of the representative of
[z — [f(z,-)]]. With a small abuse of notation, we still keep the notation
Pf(z), P=I@I meaning implicitly that we have chosen a representative.

Next we move to the case of V' separable reflexive space and K = V*,
1 < p < +o00. In this case, we can define the Banach space

LE(LE(V)) = LP(Eyy Euu Aoy LV (Ey €y My, Vi K )i LP(By, €4, 0y K3 V).

Proposition A.6. Assume thatV is a separable reflexive space and K = V*,
take 1 < p < +oo. Then L% (V) and LE(LE(V)) can be identified, in the
sense that the map

Ly, (V)2 [fl = [z e ly = flz,y)]) € LE(LY(V))
is a well-defined, bijective isometry between Banach spaces.

Proof. We only have to prove the surjectivity. For this, let [F] be a map in
LE(LP(V')) and choose a (weakly measurable) representative F'; we must find
a representative of [F| which is jointly measurable in (z,y). By Proposition
A1} F'is also strongly measurable, i.e. there exists a sequence (F},),, of simple
functions in £2(LP(V)) which converges to Fin LE(V) for a.e. x and, without
loss of generality, in LE(LE(V)). We can write F), as

Fu(z) = ) [Fuklla, ()

for some measurable A, and some element [F, ;] in LF(V). Now we define,
for each n, the map G,, : E, x £, — V given by

N(n)

Gult,y) = 3 Graly)La, (1),

k=1

where G, is a representative of [F, x]. The function G, is measurable,
as sum of tensor products of measurable functions. Moreover, since ||G,, —
Gullze, vy = I1Fn — Fallzzvy), the sequence ([G)), is Cauchy in LE (V),
therefore it converges to some [G] in L (V) (this space being complete
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by Proposition |[A.1). This implies that [z — [y — G,(z,y)]] converges to
[z = [y = G(z,y)]] in LE(LE(V)); since [y = G, (7,y)] is a representative
of F,,(x) and [F},] converges to [F] in LE(LF(V)), it follows that [F] = [z —
ly — G(x,y)]]. Hence G is the desired representative of F. O

Now we come to a measurability problem on the product space. We
assume that V = K*, K is a separable Banach space and 1 < p < +00. We
take £, as a “nice” (possibly unbounded) domain of R (for example balls,
rectangles, stripes).

Lemma A.7. Let f be a function in LF, (V') and assume that, for \.-a.e.
x, y — f(z,y) admits a weakly-* continuous version (with values in V),
then there exists f : E, x E, — V, weakly-* measurable, representative of f,
such that f(x,-) is weakly-* continuous for Ag-a.e. x. In fact, any weakly-*

continuous (in y) version [ of f is weakly-* measurable in (z,vy).

Proof. For n in N, k in Z¢, we take y? = 27"k and r, = 27""!; we define
Qr, (yp) as the intersection between £, and the cube of R® centered in y}' and
with edges of length 2r, (we assume that @, (yy) form a disjoint partition
of E into positive measure sets; this can be always done for nice domains,

in the worst case via a slight modification in the definition of @, (y})). We
define f™ as

fn(xa y) = Z 1an (y};)(y) f f(xa y,))‘y<dy/)
keze,|k|<n Qrp, (yZ)

This is a weakly-* measurable map. By assumption, there exists a full-),
measure set A in E, such that, for all z in A, y — f(x,y) admits a weakly-*
continuous version. Then, for every (z,y) in A x E, (calling y}(y) the unique
point y}' such that y belongs to @, (y})), for every ¢ in K,

o) = feh @) = f (1) = F) ey =0

since f is the continuous version of f. Then f is the weakly-* pointwise
limit of the weakly-* measurable maps f", on the measurable set A x E,.
Therefore f is weakly-* measurable in (z,y). O

A.2 Spaces of functions and interpolation

Here we define the space of functions that we use in the thesis, according to
the previous section. We also give an interpolation lemma and a statement
on It6 formula.

162



Before going on, we recall a fact that we use in at least two arguments:
every subset A of a separable metric space (X, d) is separable as well. Indeed,
if D is a countable dense set in X, then the set D4 = {y(z,n)|z € D,n € N}
is dense in A, where y(z,n) is a point in A with d(y(z,n),z) < (1/n) V
inf,ea(d(z,z) +1).

The countably generated probability space. We assume on (2, Fo 7, P)
Condition : (2, Fo.r) is a countably generated space, up to P-null sets. It
implies:

Lemma A.8. For all s < t, the o-algebra Fs; is countably generated. The
progressive o-algebra P is also countably generated.

Proof. Fix s < t. The space S of indicator functions (precisely, classes of
equivalence) on  adapted to Fy; is a subset of L?(Q2, For, P), which is
separable (since Fy r is countably generated), so S must be also separable.
Therefore there exists a countable set C in F;, such that every indicator
function can be approximated in L? by an indicator function of a set in C,
this implies that C generates F,; up to P-null sets.

Similarly one proves that P is countably generated: P is a sub-o algebra
of B([0,T]) x For, which is countably generated. O

Therefore we can apply the results of the previous Section to L?, whatever
o-algebra is involved.

The space L7 (M,). The space M, is the dual space of the separable
space U, of continuous functions vanishing at infinity. Therefore we can
define the space LgS,(M,), where the solutions to the SCE live, as the space
of weakly-* measurable functions from [0, 7| x Q? with values in M,,. Similarly
in the deterministic context (without the variable w) and for M, .. Notice
that, when p& has a density in L., then this density (which we still denote
by ) is in L3S (L}), the space of Li-valued weakly measurable functions
with L! norm essentially bounded: in particular, p can be identified with a
measurable function in (¢, z,w).

On this space, we need the following:

Lemma A.9. Fiz R > 0. There exists a countable set D in Lg%, (C, g,),
dense in L{ ,(C, p,), such that

T
Wiy = sw o[BG (a2
GED’”GHL%,UJ(CI,E}?>S1 0
Proof. First step: it holds
T
Il a ) = sup / Bl Gdr.  (A3)

oo —
GeLt,w(CI,BR)7HGHL%’M(CZ’ER)Sl
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To see this, it is enough to show the > inequality (the < inequality is a
consequence of Holder inequality). Fix pin L°(M,). Let D¢ be a countable
set of C, p,,, dense in {p € Cw,BRHWHCz,gR < 1}; let D, be a countable set
in Lg%, dense in {4 € Li|[[¢)|[1 < 1} We order @1, ¢a, ... the elements in

t,w?

D¢. Fix n in N, define A7, k = 1...n, by induction on k: A} = (),

Ay

= 1(t,w) € [0, T] x Q min |uglla, 5, — (7' 0n) = 10 [, p,, — (1 00D H\
\ Um=1,. k147,

The family A} forms a partition of [0,7"] x Q into measurable disjoint sets.
Finally, for n in N, ¢ in D, ,, define

Gn?w(tv W, I) = T_1¢(t7 w) Z lAz (t7 w)ka(fL‘)

k=1

For each n and 1, G™ is in L, (Cy py,) and

16" 0,y < 101y sl 5, < 1
Now, by the definition of Ay, for each (¢, w), (||l m, 5, —(tes Doy Lap (8, w)or) )n
is non-negative non-increasing, bounded by 2|| ¥ || v converging to 0 as
n — +oo. Therefore, for each v,

z,BR"’

T
| Bl 0 = .G

T n
< [ B0l o, — (Y Lig G)ldr 0.
0 k=1
It follows that

e, 5,) = sup

eDt w

/ E[{u, G™¥)]d

This proves (A.3]). Notice that we obtained the norm ||| ze (4 ;) as the

z,B
supremum of a countable set, but this set depends on p through Aj.

T
| Bl 0 = .G

sup
Y€EDy w,nEN
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Second step: conclusion. Recall that Ltl’w(C% By) is a separable space
(by Proposition , since C, g, is separable). Therefore the subspace of
functions in Lg,(C, p,) is also separable in the L ,(C, 5,) topology. Hence
implies , taking as D a countable set in Lg%, dense in LS, (C, 5,,)
(and then in L{ ,(C, p,)) with respect to the L} ,(C, 5,) topology. The proof
is complete. O

The space LS (Ly°). The space L is the dual space of L. Therefore
we can define the space L, (L5°), where the solutions to the STE live, as the
space of weakly-* measurable functions from [0,7"] x © with values in L.
This space can be identified with the space Ly, , by a suitable extension of
Proposition : every element v in Lg%, (Lg°) is also in L7 (L7 p,), for every
R, hence it can be seen as an element in L?,z,w,BR and, by the L* bound,
actually in Lg%, . Similarly in the deterministic context and for L3 .

The spaces Lj, (L} 5, ) and Ly (LE (L7, ). Given 1 < p < +oo,
R > 0 (possibly R = +oo replacing By with RY), y strictly positive function
in C°, the space LP 5  is defined as the space of measurable functions

BR,X
(precisely, classes of equivalence) f on Bg such that

1/p
1z, =X f e, = (/ X|f|pdx> < 4o0.
B , 5

It is a separable reflexive space: indeed it is isomorphic, via the map f —
fx'/?, to the space L’; B> Which is separable and reflexive. Therefore we can
define the space LY (L} 5. ), which can be identified with the space L,
by Proposition [A.6]

We can also define, for all finite exponents > 1, Ly (L2« (L), |
are separable reflexive space by Proposition

In Proposition we have also used the L}'(LE(L’5 ) norm for
infinite exponents (only the norm, not the space): notice that, for any f in

L} (L*x, Bg), the norm || f|ze(zpe (re, ) is well defined (possibly +o00).

R»X

The spaces Wf B, and ijgmg. Given a centered ball Bg in R¢ (or,
for R = 400, in By := RY), given a C strictly positive weight Y, given
1 < p < +o0, the space Wi’gmx is defined as the space of functions on Bg
whose distributional derivative, in the domain Bg, lies in LZ Bry- Precisely,

)), which

a function f is defined to be in Wzl’]gR’X if, for every ¢ = 1,...d, there exists
g; in Lg Br.y Such that, for every ¢ in €77, with support in Bg, it holds

The function g; is denoted by 0,,f. The space W s a Banach space

z,BRr,x

with the norm ”fHW;JgR,x = HfHLi,BR,x + vaHLi,BR,x' The space W;’gmo is
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the closure (in W;,’gm) of the (7%, functions with support in Bg; it is strictly
contained in W;g‘(’ if R < +o0 and it coincides with Wzlfz for R = 4o0.

The spaces W2 and W'? are isomorphic, via the map f +—

z,Br,x z,BRr,x,0 . )
(f,Df), to closed subspaces of L” x LP which is a separable space

I,BR,X I7BR7X’

for 1 < p < 400 and reflexive for 1 < p < +o00; hence W;,’gm and Wj;gmo

are separable for 1 < p < 400 and reflexive for 1 < p < 400 (recall that
closed subspaces of reflexives spaces are reflexive).
These definitions and facts can be extended to ijgR and Wf Bp.0> 10T K

integer: Wf ’gm and Wf ’gR,X,O are separable for 1 < p < 400 and reflexive
for 1 < p < +o0.
The spaces LQM(W;’ER’X) and Lft(L{;W(W;”g’;’X)). Given 1 < p < +o0,

R > 0 (possibly +oo replacing By with R?), y strictly positive function in
C°, the space W s a separable reflexive space. Therefore we can define

z,BRr,x
the spaces L} w(le,’gR,x) and, for all finite exponents > 1, Lft(LfJ“(W;’gz )

R, )
which are separable reflexive space by Proposition [A.1] In Proposition m
we have also used the L}*(LP~ (nggx)) norm for infinite exponents (only
the norm, not the space): notice that, for any f in ng(sz, Bgr), the norm

/] L7 (L (W ) is well defined (possibly +00).

z,BRr,x
Fractional Sobolev norm. Given a (possibly unbounded) domain A
of R, a Banach space V, the fractional Sobolev norm W*?(V), 0 < a < 1,
1 < p < +o00, of a function f: A — V is defined as

— P 1/p
ez = 71+ [ [ O L0y}

This definition is extended to p = +00, 0 < o < 1, as the norm

1 @) = F@)llv
1 llwege vy = 1F laze, + ess-sup .
R T

and it coincides with the C¢ , (V') norm when f has a continuous represen-
tative (which is the case at least for V=R, by Sobolev embedding).
Fractional Sobolev space. When V = R, 1 < p < +0o0, the space

e = WIE(R) (defined by the measurable classes of equivalence f with

finite ng‘ " norm) is separable and reflexive: indeed it is isomorphic, via the
map [ (f,|f(z) = f(¥)|/lz = y|*T¥P), to a closed subspace of LE @ LE

,00

which is separable and reflexive. Therefore we can define the space Lg(Wx, n s
which is separable and reflexive.

Analogous results hold when W} is replaced by Wf S0P for k integer,
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where the Wf 7P norm is defined by

1/p
| D* f(x) — D" f(y)lI},
gy = » dad .
I lwesery = 1 lwes + (/A/A e

The spaces C* and L{(C%). For each integer k (possibly 0), for R > 0
finite, the space Cﬂ’j B is a separable space, hence we can define the spaces

LY(C% 5 ), Liw(Ch 5 ); similarly for C . We also use the norms Ly (Cg 5, ),
LY(Cey), LY(CE,), LY(CE ..), as norms for Borel functions from [0, 7] x R?

to R (mind however that Cg g, Cg,, ... are not separable).

Remark A.10. For 0 < o/ < a < +00, W™ (which can be identified with
Cg, when a is not an integer) is in the closure of C° with respect to the
W' norm. To see this, first notice the following interpolation inequality,
of easy proof: ||gllyer < Cllglliet™ ™ glo 2
Wgee. Now, given f in CF, and the approzimations f¢ given by the convo-
lution with a standard mollifier, then ||f — fEHW;?‘"‘X’ < Ce | fllwe=, as
follows from the previous bound with g = f — f¢, the bound || f — f¢||yee <
Cllfllwee and the bound on || f — f€[|yre coming from Lemma . There-

fore f can be approzimated in W by the C° functions fe.

7k), for every g in

The C/ ! norm. Given a function f in C} .z, when we write f in Cr )
for some vector space V, we mean that F is in C/(V), where F(t,z) =
fot f(r,z)dr.

Localization. Here and in the following, we use the notation with loc.
For example, when we say that a certain property holds for a function f
with values in L?loc, we mean that the property holds for f restricted to Bpg,
as a L} p -valued function, for every R > 0; similarly for other spaces of
functions.

The space L{°(M, 4 10c). The notation “u®@wv is in L (M, 10c)” means
that, for every R > 0, p ® v is in L*(Myy B,).

Bounded-weak (progressive) measurability and the L;(M, )
condition. For the continuity equation, we need to define two additional
conditions. The first one is the bounded-weak (progressive) measurabil-
ity: this means that, for every ¢ in BB, (bounded Borel functions on R%),
(t,w) — (g, @) is (progressively) measurable.

The second condition is [b]|u| in Lj (M o) for a.e. w. This means that,
for fixed w (outside a P-null set), for every R > 0, for a.e. t, 1p,|b| is
integrable with respect to |u| (in particular, 1p,|b:||p:| is a well-defined
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signed measure on RY) and the map ¢ — ||1p,|b:||p||lm, is in L}. Notice
that t — ||1p,|b¢||1¢]|| m, is measurable because, for every ¢,

1pp belelllm, = sup [{ue, Lpbe)]
peDllellc, , <1

for a countable dense set D in C, , and t — (ut, 1 5,,b:) is measurable because
of the bounded-weak measurability assumption.

Convolutions. Given p in L7, (M,) and a test function ¢ in C3%, the
convolution map [0,7] x R? x Q 3 (t,y,w) — ¥ * p(y) € R is measurable.
Indeed we can add the variable y and consider p as a map in Lg ,(M.);
so the convolution map, which reads as (¢,y,w) — (p(y — ), 1), is mea-
surable by Remark . Moreover, any continuous version (when it exists),
with respect to ¢t or y or (¢,y), is measurable by Lemma Similarly for
convolutions with functions in Lf}w(LZJOC), 1 <p<+.

An interpolation lemma. Here we give a classical interpolation result,
see for example in [Tri78], Section 2.7.2 Remark 1 for the R? case and Section

4.5.2, Remarks 2 and 3 for the Bg case.

Proposition A.11. Let 0 < a < < 400, 0 < p < 1; assume that o +
p(B — «) is not an integer. Then there exists C' > 0 such that, for every f
in C,, it holds

z,b’

£ lgegos-er < CIANEL NI

The same result holds replacing the Holder norms on RY with the Hélder
norms on Bg, for R > 0.

It6 formula for classes of equivalence. We conclude with a version
of the It6 formula for L}, classes of equivalence.

Proposition A.12. Let [X] be an element of Ly, 1 < p < 4o00. Assume

that there exists [B], [G] in L7, progressively measurable, such that [X]
satisfies, for a.e. (t,w)

t t
X, = Xo+ / B,dr + / G, dW, (A.4)
0 0

(more precisely, the equality above holds as equality in Liw, i.e. between

classes of equivalence). Let f: [0,T] x R* = R be a function in C,(CZ,) N
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Cop(CY). Then it holds, for a.e. (t,w),
Jo(Xo) =

/&fr dr+/VfT - B,dr+

/Vfr( X,) - GrdWﬁ—;/ tr[ D2, (X,)G,G*]dr
0 0

(more precisely, the equality above holds as equality in ng).

Proof. By formula (A.4), there exists a version X of [X] with continuous
trajectories and satisfying for every ¢, for a.e. w (with the exceptional
w-set independent of t): indeed, we simply take X defined for every ¢ by
formula , taking the continuous versions of the integrals. Applying Ito
formula for this version X, we find the thesis. ]

A.3 Young integration theory

We review some facts on Young integration theory, which is made to give
sense of integrals where the integrator path is not of BV type, but satisfies
assumptions like Holder continuity.

Given U, V Banach spaces, we call Lin(V, U) the set of linear continuous
functions from V' to U; it is a Banach space with the operator norm. The
following result is at the basis of Young integration theory. It is due to Young
[You36] for R-valued functions. The extension on Banach space is taken from
[FH14]: the statement below is a consequence of the Sewing Lemma 4.2 in
[FH14], Chapter 4 (we do not need assumptions on Lin(V,Lin(V,U)) as in
[F'H14], since these are needed for the rough paths case).

Theorem A.13. Firt 0 <a<1,0< <1 suchthata+>1. Let U, V
be Banach spaces. Then, for every 0 < s <t < T, for every g : [0,T] =V
in CP(V), for every f :[0,T) = Lin(V,U) in C*(Lin(V,U)), there exists the

U-valued limat
/frdgT = hm Z fs (g — gs)

[s,¢/]€ll,

for every sequence (I1,,),, of finite partitions of [s,t] with infinitesimal size
L[| = supjy yjen, (' — 8'); the limit is independent of the choice of sequence
(I1,),.. Moreover it holds

/s t frdgr — fs(9: — gs)

< Ot = s[** I fllep winvan 91l o vy
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for a constant C independent of s,t (in [0,T]) and of f and g. In particular

t
I [ Fdanlcs < Iflleswmvonlslgey

The integral above is called Young integral.
We conclude the section with an a priori estimate on the solution to linear
Young differential equations.

Lemma A.14. Fiz 3 > 1/2. Let X be in C} and let Y be the solution to
the linear equation . _
Yi =Y X,

Then it holds
¥ llop < Yol explC(1 + XTI+ 1 X )

For the proof, we use the notation

Wl = ful + sup =Sl

Y
t,[u,v] u<s<t<v |t — S|B

[flle, = sup LAl
u<t<v
Proof. We take h > 0 to be fixed later and call t; = jA AT, j=0...N. By
Young estimate, we have, for any j, for any ¢t; < s <t <t¢;4y,

Y = Y| < YS|1Xe = Xo| + CJt = s|*|[Y ]| o [ Xl gs-
bttt 4] t

Dividing by [¢ — s|? (and adding the initial datum Y;,), we get

Wleg,, < il + 1Vl X g + Ol = 1Y g,

A RIERY

|XHCf

i1l ‘

and, using the inequality [[Ylc, . ., <Yy, |+ hBHYHCf[t_ L we obtain
()

i1

1Y]] < Y|+ 1X o) + CRP|Y | o X1 s
[t 541] t [t t541] t

1
Now we fix h such that OhBHX”cf < 1/2, for example h¥ = 1/<2C||X||Cf)/\1'
We get
Yl . <210+ 1Xlep)
and so
Yle.,

IV 4R Ny, | <O

titiig
Jti+ i1
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[terating this inequality in j, we get the global exponential bound
1Y lle, < Yol exp[CT/h] < [Yo| exp[CT(1 + HXHIC{f)]-
Finally we obtain
IV lep < Il +sup W lgr,  + Y™
< OfYo| exp[OT(1+ 1X ]| g1 (1 + [ X [ cp)-

The proof is complete.
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