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ABSTRACT

Several trilinear interactions of higher spin fields involving two equal (s = s; = $9)
and one higher even (s3 > s) spin are presented. Interactions are constructed on the
Lagrangian level using Noether’s procedure together with the corresponding next to free
level fields of the gauge transformations. In certain cases when the number of derivatives
in the transformation is 2s — 1 the interactions lead to the currents constructed from
the generalization of the gravitational Bell-Robinson tensors. In other cases when the
number of derivatives in the transformation is more than 2s — 1 we obtain the finite tower
of interactions with smaller even spins less than sz in full agreement with our previous
results for the interaction of the higher even spins field with a conformal scalar[I], 2]. The
self interacting case is presented as an algorithmic formalism for the construction of the
cubic interactions to be applied to spin four and higher.
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1 Introduction

The construction of interacting higher spin gauge field theories (HSF) has always been
considered an important task during the last thirty years (See [3]-[8] and ref. thereé). The
complications and difficulties which accompany any serious attempt to solve the essential
problems in this area always attracted interest but activity intensified after discovering
the important role HSF plays in AdS/CFT correspondence. Particular attention caused
the holographic duality between the O(NN) sigma model in three dimensional space and
HSF gauge theory living in the four dimensional space with negative constant curvature
[9]. This case of holography is singled out by the existence of two conformal points of the
boundary theory and the possibility to describe them by the same HSF gauge theory with
the help of spontaneously breaking of higher spin gauge symmetry and mass generation
by a corresponding Higgs mechanism. All these complicated physical tasks necessitate
quantum loop calculations for HSF field theory [10]-[16] and therefore information about
manifest, off-shell and Lagrangian formulation of possible interactions for HSF. Then after
successful calculations on the quantum level the construction can be controlled by com-
parison with the boundary O(N) model results checking the AdS/CFT correspondence
conjecture on the loop level [10], [11], [13].

In this article we continue the construction of possible couplings including different
higher spin fields which was started in our previous articles about couplings including HSF
and scalar fields [, 2, [10] and that are important for the Higgs mechanism mentioned
above. Here we turn to the trilinear interaction between HSF gauge fields of different
spins (s-s-s’) in a flat background but the results can be easily generalized to the AdS
background. The first three sections are devoted to the development of the idea: how we
can apply higher spin gauge symmetry of a spin ”s” gauge field to the field with a spin
lower than ”s”. Then getting in this way information about the first order gauge trans-
formation, we can handle Noether’s procedure applying this first order transformation
to the zero order free Lagrangian and integrating this variation to a first order trilinear
interaction. Starting from the construction of the spins 1-1-2 and 1-1-4, we discover in
this simple case the same phenomenon as in the previously investigated scalar case [1], 2],
namely the appearance of the couplings with all even spins lower than the initial maximal
higher spin gauge field involved in the interaction vertex (Section 2). Then we generalize
the construction to the more complicated 2-2-4 and then to 2-2-6 where the previously
constructed 2-2-4 interaction again appears automatically (Section 3). The next section
starts from the description of a technique for working with the HSF fields in Fronsdal’s
[17] formulation and deWit-Friedman curvatures [18], [19]. In the same section we succeed
with the construction of the interaction Lagrangian of spin type s-s-2s together with the
first order higher spin gauge transformation. The last section considers a technical setup
aimed at an algorithm for the general solution of the selfinteraction problem of a spin ”s”
gauge field. due to the extreme volume of the linear algebraic task we intend to present
the result for the case of spin four in a forthcoming publication [20].

*We do not pretend here for complete quotations and just present some references important for us
during this investigation



2 Exercises on spin one field couplings with the higher
spin gauge fields

We start this section constructing the well known interaction of the electromagnetic
field A, in flat D dimensional space-time with the linearized spin two field. Hereby we
illustrate how Noether’s procedure regulates the relation between gauge symmetries of
different spin fields. The standard free Lagrangian of the electromagnetic field is

Lo = —% 1 = —%8MA,,8“A” + %((‘M)Z, (2.1)
F = 0,A, — 0,A,, 0A=0,A" (2.2)

To construct the interaction we propose a possible form for the action of the spin two
linearized gauge symmetry

SR (1) = 200V () = He¥(x) 4 0t (x), (2.3)

on the spin one gauge field A, (z). Then Noether’s procedure fixes this coupling (1-1-2
interaction) of the electromagnetic field with linearized gravity correcting when necessary
the proposed transformation.

We start from the following general ansatz for a gauge variation of A, with respect to
a spin 2 gauge transformation with vector parameter &”

LA, = —£P0,A, + Cerd, A, (2.4)

Then we apply this variation (2.4)) to (2.1I]) and after some algebra neglecting total deriva-
tives we obtain

olLy = 0%e0,A,0,A7 — %5(1)0MAV8”A” + %5(1)(8/1)2 + Cove"9,A,0° A,
— 200%9,A(,0,) A" + %a(l)auAyaVAﬂ — %a(l)(aA)z
+ (C—=1)(0A)9"€"d,A,,. (2.6)

Then we have to compensate (or integrate) this variation using the gauge variation of the

spin 2 field (2.3]) and its trace 52h£?)“ = 2¢(1) . We see immediately that the last line in
[26)) is irrelevant but can be dropped by choice of the free constant C' = 1. With this
choice we have instead of (2.4))

6LA, = —eP0,A, + €0, A, = e’F,, (2.7)

so that our spin two transformation now is manifestly gauge invariant with respect to the
spin one gauge invariance

62A, = 0,0, (2.8)

tFrom now on we will never make a difference between a variation of the Lagrangians or the actions
discarding all total derivative terms and admitting partial integration if necessary. For compactness we
introduce also shortened notations for divergences of the tensorial symmetry parameters

5?11/)“. _ v)\g)\,uu..., 6‘{2) — VVV)\GUA#W, . (25)



and our spin one gauge invariant free action (2.1]) keeps this property also after spin two
gauge variation. Namely (2.6 now can be written as

1
5;[:0 = 8(”5”)FMPFV” — 18(1)FMVF’W. (29)

This variation can be compensated introducing the following 2-1-1 interaction

L1(Au, b)) = 2h<2 ) (2.10)
where
V) = —F,,F’ + ingpaF”", (2.11)
is the well known energy-momentum tensor for the electromagnetic field.
Thus we solved Noether’s equation
51 Lo(Ay) + 80Ls (A, h2) = 0 (2.12)

in this approximation completely, defining a first order transformation and interaction
term at the same time. Finally note that the corrected Noether’s procedure spin two
transformation of the spin one field (27) can be written as a combination of the usual
reparametrization for the contravariant vector A,(x) (non invariant with respect to (2.8))
and spin one gauge transformation with the special field dependent choice of the parameter

o(z) = e () Ay(z)
61A, =elF,, = —"0,A, — 0,e" A, + 9, (e"(x)A,(z)), (2.13)

Now we turn to the first nontrivial case of the vector field interaction with a spin four
gauge field with the following zero order spin four gauge variation

GO = 49w ) 500 PN = 26 (2.14)

where we have a symmetric and traceless gauge parameter e*** to construct a gauge
variation for A,. According to the previous lesson we start from a spin one gauge invariant
ansatz for the spin four transformation of A, field

SLA, = €70,00F . (2.15)
Thus we have now the following variation of Ly
6Ly = 6 (— FWFW) (61A)0, F™ = —0,(e”0,00F,0 ) " . (2.16)

After some algebra, again neglecting total derivatives and using the Bianchi identity
for F,

a,uFu)\ + auF)\,u + a)\F;w = 07 (217)
and taking into account the important relation
Ao v (p _pAo) v 1 V[
— OO, F, O\F,, = =0V eV O, F,"O\F, 6(1 N0 Fz0'F

1
—ia"epA“aAFguaﬂFup - Ze(*f)a“F,wa”F,,(,, (2.18)



we arrive at the following form of the variation convenient for our analysis
1 1,
0Ly = =W Y, F, O\F,, 6(1 00 Fn0"Fy + ~ 6(1 O F, 0, M
1
— 0 (6(1 F0)0, F"™" — —exgﬁ“FH,\ﬁ” Vo — —8” AT O\ Fy 0P F,

+ ey FuF,° %e(g)FWF’“’. (2.19)
Returning to the gauge variation of the spin four field (2I4]) we notice that all terms
in the first line of (2.19) and the first two terms in the second line can be integrated to
the interaction terms, but the first two terms in the second line are proportional to the
equation of motion for the initial Lagrangian (2.1]), hence they are not physical and can
be removed by the following field redefinition

[e % Xeoa 1 ag
A, = A, — O\(hSF,,) — h o0 F. (2.20)
The last term in the second line is also proportional to the free field equations but is not

integrable, so we can cancel this term only by changing the initial variation of A, (2.15).
The modified form of (2.15) is

1
§LA, = 70,00 F .y + 5apewawgﬂ. (2.21)

So we can drop the second line of (2.19).

Another novelty in comparison with the previous case is the third line of (2.19]). Com-
paring with (Z9) we see that we can integrate these two terms introducing an additional
spin two field coupling and compensate the first and third line introducing the following
linearized Lagrangian for the coupling of the electromagnetic field to the spin four and
spin two fields

L1(A,, ROw pdmas) _ i pOmesg® L @ ge) (2.92)

2 e

where the current \If,(f,,) is the same energy-momentum tensor (2.I0) and

1 1
Vs = OaF, 05F — 19000 Fao®” Fg)x + 290 0a 7 ) Firp. (2.23)
The whole action
Lo(A,) + L1(A,, KO pBmvedy (2.24)

is invariant with respect to the spin one gauge transformations and the following higher
spin transformations

1
51Au — Ep/\Uapa)\FW + §ap€u>\08’\FUp,
§Op@uval 4a(uevaﬂ) 50 h paf _ 261(115)’
R = 200} SR = 2y, (2.25)

Therefore we proved that like the previously investigated scalar—higher spin coupling case
[2], the interaction with the spin four gauge field leads to the additional interaction with
the lower even spin two field.



3 Generalization to the 2-2-4 and 2-2-6 interactions

In this section we turn to the spin two field as a lower spin field in the construction of
the higher spin gauge invariant interactions with spin 4 and spin 6 gauge potentials. And
again we want to keep manifest the lower spin two gauge invariance.

So proceeding similarly as in the previous section we start from the free spin two
Pauli-Fierz Lagrangian [21]

1 1
Lo(h?) = 58“@25)8%(2)‘1’3 — Oh@PY D" 4 §,h P Dsh)om — §8uh§)°‘8“h§f)5 . (3.1)
and try to solve the following Noether’s equation
0 2 DafArpy _
01 Lo(RZ)) + 62L1 (R, hD*P) = 0. (3.2)

For this purpose we introduce the following starting ansatz for the spin four transformation
of the spin two field

S1h2) = €79, Ty (3.3)

e'“uv

where Iy, is the spin two gauge invariant symmetrized linearized Riemann curvature

—_

Faﬁ,/u/ - §(Rau,ﬁu + Rﬁu,au)a (34)

Lo pw =0, (3.5)

introduced by de Witt and Freedman for higher spin gauge fields together with the higher
spin generalization of the Christoffel symbols [18]. This symmetrized curvature is more
convenient for the construction of an interaction with symmetric tensors. The corre-
sponding Ricci tensor (Fronsdal operator for higher spin generalization) and scalar can
be defined in the usual manner using traces

Fu =T, = 0h®) — 29,0°h +aah<2 (3.6)
F = Ft = 2(0h@" - 9,0,h" ). (3.7)
In terms of these objects the Bianchi identities can be written as

8)\F,uu aff — a(u v)\af + a(arﬁ A
a)\fag = (‘Wl“Mag + (9(a]:5 A

]' (6%
P Fau = 50T (3.10)

Then a variation of (B.1)) with respect to (3.3)) is

81Lo(h2) = 22

ey

1
51}1,(2 = —(f'wj - §guyf)€p>\08pr)\cr“uu- (311)

;w

To integrate it and solve the equation (3.2)) we submit to the following strategy:

1) First we perform a partial integration and use the Bianchi identity ([B.9) to lift the
variation to a curvature square term.

2) Then we make a partial integration again and rearrange indices using (B.5) and
[B.8) to extract an integrable part.

3) Symmetrizing expressions in this way we classify terms as



e integrable

e integrable and subjected to field redefinition (proportional to the free field equation
of motion)

e non integrable but reducible by deformation of the initial ansatz for the gauge
transformation (again proportional to the free field equation of motion)

Then if no other terms remain we can construct our interaction together with the
corrected first order transformation. Following this strategy after some fight with formulas
we win the battle obtaining the following expression

_ o Buv) (4 (4)
561£0(h/(,b21/)) - _a( Eﬁu )(\I](F)aﬁuy - ‘;[](]-')aﬁ,uy)
0Ly 0Ly
— T ap—or + 07" Tsp—os (3.12)
W0 5h ) o 5
where
g, T 2T AT (3.13)
(TaBuv (aB, wv),po Bg(aﬁ m V)p,a N> .
4) _ o 5£0 5£0
\I/(]-')aﬁ,uu - ]:(aﬁ}—,ul/) - g(aﬁfufy)o = 5h 1CE f/,u/) + g(aﬁéh( Vi Fy)g, (314)
0Ly 1
Sh@aB — —Fap + 5%6}—- (3.15)

So we see immediately that in (3.12]) only the last term of the second line is not integrable
but proportional to the equation of motion and can be dropped by the correction to the
initial gauge transformation (3.3). On the other hand taking into account (2.I4) and
m-m we can compensate \118_2) and the first term in the second line of [3.12) by
the following field redefinition

1
(2) 2 (4)aro . Ya
h,uu 5 h,uzx 2ha I o, pv 4hwj For + 4h o

» Fone (3.16)

Thus after field redefinition we arrive at the 4-2-2 gauge invariant interaction

LaHY,,) = TRl ()
= ih“)aﬁﬂ”rawrw,m — éhg‘*)‘wruﬂvﬂrym, (3.17)
with the following gauge transformations
0ch(Z) = 0T ro i — Dpro(ul 7 (3.18)
SRR = 49keP ) SRS = 2617 (3.19)

Now in possession of knowledge about the 2-2-4 interaction we start to construct the
most nontrivial interaction in this article between spin 2 and spin 6 gauge fields. We would
like to check the appearance of the 2-2-4 coupling during the construction of 2-2-6 which
we expect from the analogy with the scalar case considered in [I], 2] and the 1-1-4 case
considered in the previous section. To proceed we have to solve the following Noether’s
equation

SLo(hP) + 2L (hE), ), os) = 0, (3.20)

pv



with a starting ansatz for the spin 6 first order gauge transformation for the spin 2 field:

51h ( ) = Eaﬁp}\a(x)aaaﬁapr)\a,/u/(z)a (321)

e'uv

and the standard zero order gauge transformation for the spin 6 gauge field

e R\ OmvaBer — 6ok BoP) (1), (3.22)
QRHeP7e = 2etf. (3.23)

First of all we have to transform the variation
1
S Lo(RG)) = —(F™ — 3 9" F)e*°27 0,050,  ro (3.24)

into a form convenient for integration. Following the same strategy as before in the 2-2-4
case, using many times partial integration and Bianchi identities (B.3), (3.8)-(B.10), we
obtain after tedious but straightforward calculations

(a ﬁ vp)y (6) -1 (" B V), (4)
5 Lo ( ) g \I]( )aﬁuw\p g \II(F JaBuy
0Ly vo oL
+ ap ;w)\cr&)\a Usppw—7 — _8pa)\ u &rrp)\,m/ (S)
6h?) oh)
oL
— R (T, F)— (3.25)
5h,w
where
(6) od K,00
lIj(l")oxﬁ,uz/)\p a(arﬁu, 8VF)\P),05 - g(aﬁaury a)\rp)ﬁ,ocS
1 K od
_§g(a68 L, 7050 5p) w6 (3.26)
@  _ o 2 oA
lIj(l“)aﬁ;w - F(aﬁ, g Loy o0 — gg(aﬁl“/f Loypons (3.27)
and RL (T, F) M(S) are remaining integrable terms proportional to the equation of mo-

p,
Nz

tion. Indeed the symmetric tensor R (I', F) is expressed through the only integrable
combinations of derivatives of gauge parameter

R%(F J,—_- 6) _ 6?{15))\5004861—‘)\67 a)\ oeﬁé Ma F 2 s + 8)\ [a e aﬁéuu)a fﬁé}
2 y v
200 [ O] 4 S 0.05F + 0 Fug 4 00 Fug
5 Aaf( V) 1 aBuv A afBuv 1 V)
(3.28)

Substituting into this expression 9*e*#) with 2p6Aed0m 8(%(62*;”) with 218 “and

correspondingly 26(1ﬁ)“ Y and 26( 3) with their traces, we define a field redefinition for h(2#

P g g (D F RO W), (3.29)

int

using which we can drop the third line in (3.25]). The second line in ([3:25)) can be cancelled
by the following deformation of the initial ansatz for the transformation (B.21))

4 1
SThE) = € 9,0,0,T g0 — gapeaﬂmakagrﬁw + gapa*eagﬂ""aarwu. (3.30)



Thus we arrive at the promised result that the 2-2-6 interaction automatically includes
also the 2-2-4 interaction constructed above, and the corresponding trilinear interaction
Lagrangian is

1 1
Lo(h®, 1D WO) = —Zh OGO

1 1
_ah(@aﬁwj}\ﬁa&rﬁ% 0581/F)\p,o5 + 6hg?)a“l/)\papryﬁ’o&a)\Fpn,cré

1 1 1
g h N T, 0Ty s L T ol 27— BT 7T 0. (3.31)

This formula together with the corrected gauge transformation (B.30]) solves completely
Noether’s equation (3.20]).

4 2s-s-s interaction Lagrangian

The most elegant and convenient way of handling symmetric tensors such as hffl)m,,, s (2)
is by contracting it with the s’th tensorial power of a vector a* of the tangential space at
the base point z [12]-[16]

s

W (za) =Y ([T @), (). (4.1)

pi =1

In this way we obtain a homogeneous polynomial in the vector a* of degree s. In this
formalism the symmetrized gradient, trace and divergence ar

Grad : h'¥(z;a) = Gradh®™(z;a) = (aV)h®(z; a), (4.2)
Tr: h9(z a) = Tra® (2 a) = — 0, (:a), (4.3)
s(s—1)
Div : h®(z;a) = Divh®* Y (z;a) = %(V@a)h(s)(z; a). (4.4)
The gauge variation of a spin s field is
6h' (z;a) = s(aV)e®* V(2 a), (4.5)
with traceless gauge parameter
Oee® ™ V(z;a) =0, (4.6)
for the double traceless gauge field
02h)(z;a) = 0. (4.7)

We will use the deWit-Freedman curvature and Cristoffel symbols [18, [19]. We contract
them with the degree s tensorial power of one tangential vector a* in the first set of s

ITo distinguish easily between "a” and ”z” spaces we introduce for space-time derivatives a% the
notation V,, and as before we will admit integration everywhere where it is necessary (we work with a
Lagrangian as with an action) and therefore we will neglect all space-time total derivatives when making
a partial integration



indices and with a similar tensorial power of another tangential vector b” in its second
set. The deWit-Freedman curvature and n-th Cristoffel symbol are then written as

I (z:b,a) : T (2;b, Aa) = T®) (2; Ab, a) = AT (2;b, a), (4.8)
Te)(zb,a) D0 (25b,Aa) = AT (210, ), (4.9)

FEZ))(Z; b, a) = )\HFEZ))(Z; b,a), (4.10)
T (2:b,a) = TP (216, ) =s. (4.11)

Next we introduce the notation x,, %, for a contraction in the symmetric spaces of indices
aorb

%, = WH orae. (4.12)

To manipulate reshuffling of different sets of indices we employ other differentials with
respect to a and b, e.g.

Ay = (ady), (4.13)
B, = (b0,). (4.14)

Then we see that operators Ay, a?,b* are dual (or adjoint) to B,, O,, 0, with respect to
the "star” product (4.12)

Apf(a,b) %45 g(a,b) = f(a,b) *.p Bag(a,b), (4.15)
<Z2> F(@5) #ap g(a,b) = f(a,b) %qp (E) g(a,b). (4.16)

b

In the same fashion gradients and divergences are dual with respect to the full scalar
product in the space (z, a, b)

(V)

(O9) f(z10,0) xap g(z;0,0) = —f(z50,b) *qp (vab)g(Z; a,b).
(4.17)
Now one can prove that [I8] [16]:
AT (2;a,0) = B,T®(2;a,b) = 0. (4.18)

These ”primary Bianchi identities” are manifestations of the hidden antisymmetry. The
n-th deWit-Freedman-Cristoffel symbol is

(R)P1---Prsfi1 - fe

1
) (z;b,a) = T{) b bratt Lt = [(bV) — E(QV)Ba]rgj}_l)(z; b,a), (4.19)

or in another way

0 (zib,0) = ([JI0V) ~ 3 (@) B)AO (0. (1.20)

k=1



Using the following commutation relations

[Ba, (aV)] = (bV), (4.21)
[BS, (aV)] = kB~ (bV), (4.22)
[Ba, (aV)*] = k(bV)(aV)" ", (4.23)
O0,(bV)" = i(i — 1)(bV)" 20, (4.24)
(V) Oy B] = ij(bV) ' BN (Vd,), (4.25)
0,87 = j(j — 1)BJ~%0,, (4.26)
and mathematical induction we can prove that
(s) ~ (=1)* n—k k k7 (s)
T (zi0,a) = — (0V)" (V) Bk (2 a). (4.27)
k=0 ’
The gauge variation of n-th Cristoffel symbol is
(s) (_1)n n+1l pn _(s—1)
oL (z:b,a) = . (aV)" " Bre® " (z;a), (4.28)
putting here n = s we obtain gauge invariance for the curvature
0T ) (25, a) = 0. (4.29)

Tracelessness of the gauge parameter (4.6]) implies that b-traces of all Cristoffel symbols
are gauge invariant

s -1)" — —
Dbérﬁn’)(z; b,a) = (fl_g)!(aV)"“BZ 20,667V (2;a) = 0. (4.30)

Thus for the second order gauge invariant field equation we can use the trace of the second
Cristoffel symbol, the so called Fronsdal tensor:

1
F(z;a) = §Dbf‘gg(z; b,a)
= 0h¥(z;a) — (aV)(VI,)R¥ (2 a) + %(CLV)2Dah(S)(2; a). (4.31)

Using equation ([A27]) for Cristoffel symbols and after long calculations we obtain the
following expression

I (25b,a) = (n—k)(n — k= DOV 2@V} BEFO(za). (432)

We have expressed the b-trace of any FEZ)) through the Fronsdal tensor or the b-trace of the
second Cristoffel symbol, but this is not the whole story. Using mathematical induction

and (4.21)-(£26]) again we can show that

2

> C k) — k= D)0V B
= nln = )([JI09) - 1 @V)B)FO (=10, (13

k=3



In particular for the trace of the curvature we can write
0,0 (2:b,a) = s(s — 1)U(a, b, 3, 5) F (2 a), (4.34)

where we introduced an operator mapping the Fronsdal tensor on the trace of the curva-

ture
S

U(a,b,3,s) = [J1(bV) — %(aV)Ba]. (4.35)

k=3
Now let us consider this curvature in more detail. First we have the symmetry under

exchange of a and b
I (2 a,b) = T®(2;b,a). (4.36)

Therefore the operation ”a-trace” can be defined by (£34]) with exchange of a and b at
the end. The mixed trace of the curvature can be expressed through the a or b traces
using ”primary Bianchi identities” (Z.I8])

(0,07 (21, a) = —%BanF(s)(z; b,a) = —%AbDaP(S) (:b, a). (4.37)

The next interesting properties of the higher spin curvature and corresponding Ricci
tensors are so called generalized secondary or differential Bianchi identities. We can
formulate these identities in our notation in the following compressed form (]...] denotes
antisymmetrization )

— VI (z;a,b) =0. (4.38)

This relation can be checked directly from representation (4.27)). Then contracting with
at and b” we get a symmetrized form of (A.38])

sV, [ (2;a,b) = (aV)@ZF(S)(z; a,b) + (bV)@ZF(S)(z; a,b). (4.39)

Now we can contract (439) with a 0 and using (£.37)) obtain a connection between the
divergence and the trace of the curvature

(s —1)(VI)L' ¥ (z;a,b) = [(bV) — =(aV)B,|T:T®) (2; a, b). (4.40)

1
2
These two identities with a similar identity for the Fronsdal tensor

(V0,)F) (2: a) = %(aV)DGF(S)(z; a), (4.41)

play an important role for the construction of the interaction Lagrangian. To complete
the free field information we present here Fronsdal’s Lagrangian in terms of our quantities:

Lo(h(a)) = %V“h(s)(a) ra VARG () — %(vaa)h@)(a) fa (VO)H(a)
+%(vaa)h<5>(a) %q (V)0 (a) — iVuDah(S)(a) %q VPO, (a)
—%(V@a)ﬂah(s)(a) %q (VO,) 0.0 (a). (4.42)
The same Lagrangian can be written in the following compact form

1 1
Lo(h'¥(a)) = —§h(5)(a) xq F(a) + gmah(s)(a) % 0o F ) (a). (4.43)



To obtain the equation of motion we vary (4.42) or (4.43)) and obtain

2

6Lo(h(a) = —(F(a) = T0.F (@) x4 6h(a). (4.44)
Zero order gauge invariance can be checked easily by substitution of (4.3]) into this varia-
tion and use of the duality relation ([AI7) and identity (£41]) taking into account trace-
lessness of the gauge parameter ({.G). Now we turn to the generalization of the Noether
procedure of the 2-2-4 case to the general s-s-2s interaction construction. So we must
propose a first order variation of the spin s field with respect to a spin 2s gauge transfor-
mation. Remembering that Fronsdal’s higher spin gauge potential is double traceless, we
must make sure that the same holds for the variation. Expanding the general variation
in powers of a?

S (a) = 8h{3) (a) + 61D (a) + (a?)26h N (a) + ..., (4.45)

we see that the double tracelessness condition 020h(*)(a) = 0 expresses the third and
higher terms of the expansion (£45]) through the first two free parameters 5h8(a) and
5h(5_2)(a)ﬁ. From the other hand Fronsdal’s tensor is double traceless by definition and

therefore all these O(a?) terms are unimportant because they do not contribute to (£.44).

This leaves us freedom in the choice of §h*~?)(a). Substituting [@45) in (&44) we discover
that the following choice of 6h(~2)(a)

1

(s—2) — 0O (s)
S D(0) = 55—y Padh( (@) (4.46)
reduces our variation ([44) to
Sy Lo(h®)(a)) = —F)(a) #, 6h{;)(a). (4.47)

Then we propose the following spin 2s transformation of the spin s potential

Oh(3) (a) = 25U (b, a, 2, 5)e*~}(2:0) # T (20, ), (4.48)
where )
Ub,a.2,s) =[] {(vab) - lAb(vaa)} : (4.49)
k=2 k

is operator dual to

(69) — 3 (V) BaJu (b, 0,3, ) = [[(09)

k=2

1

~(aV)B,], (4.50)

§For completeness we present here the solution for 62(°~%)(a) following from the double tracelessness
condition

L [0260) (a) + dar 0,002 (a)]

80&10&2 e (&)
ar=D+2s—(4+2k), ke {1,2}.

ohs(a) = —




with respect to the *,;, contraction product. Taking into account (4.34) and Bianchi
identities (A40) we get

Sy Lo(h'(a)) = 26*71(2;b) %, T (2; b, a) *, s[(bV) — %(aV)Ba]U(b, a,3,5)F®) (2 a)
.
s—1
= 26272, b) %, T (2;b, a) %4 (V)T (2D, a)

= —(bV)e* (D) %, T (b, a) %, T (b, a) — 262 71(D) %, V. IO (b, a) %, LT (b,a).  (4.51)

222 b) 1, T (22 b, ) 0 ——[(BV) — %(aV)Ba]DbF(S)(z; b,a)

Then using a secondary Bianchi identity (£.39) and a primary one (£.I8)) one can show
that

_2625_1(6) . Vﬂr(s)(b7 CL) oy 81;)1F(s)(b7 CL)
1
= (VAT (1) % T (b, 0) %0 BT (b, ). (4.52)

Putting all together we see that the integrated first order interaction Lagrangian

1
L1(h)(a), h®) (b)) = 2_sh<2s>(z; b) 4 W3 (2;), (4.53)
2
WY (2:0) = TO(b,a) %, T (b,a) — ﬁaﬁr@(b, a) %o LT (b, a). (4.54)

supplemented with transformation (Z48) for h®(a) and the standard zero order for
h(2s) (a)

6oh®9) (2; ) = 25(bV)e®* 7V (2; D), (4.55)
So0ph %) (2:b) = 45(V9y)e®*~V (2;b), (4.56)

completely solves Noether’s equation
51y Lo(h)(a)) + 8oL1 (R (a), ) (b)) = 0. (4.57)

Note that here just as in the 2-2-4 case we did not obtain an interaction with lower
spins because all derivatives included in the ansatz were used for the lifting to the second
curvature.

5 Cubic self-interaction of even higher spin fields

Though it is desirable to use curvatures and Christoffel symbols to express also local
manifestly covariant self-interactions of higher spin fields, such ansatz has not yet been
successful. Of course cubic self-interactions can be built from three curvatures by tensorial
contractions, but this ansatz is in this context considered to be trivial because of the great
number of derivatives (3s for spin s) it contains. A minimally improved ansatz with 3s-2
derivatives has been shown to exist for all s [22] by deriving it by a QFT calculation.
Extending known examples for spin 2 and 3 [3], we would like to construct the interaction
with s derivatives for spin s. To construct such interaction we have developed an algorithm
displayed in the remainder of this article.



As in the classical work [3] the presumed interaction Lagrangian £; gives by variation
the current 5

J(z;a) = mﬁl, (5.1)

and this current is as a consequence of gauge invariance required to be conserved ” on-shell”
modulo a?

(V- (%)J(Zj a) = jo(z;a) + a*ji(z;a) + O((a*)?), (5.2)

jo(z; a) = y(a, b7 V) *p f(s)(z7 b) + R(Z, a)7
and F(© is the first variation of the Lagrangian L
S 1
FO)zb) = FO(25b) = 70°FO)(zb), (5.4)

where F(*)(2;b) is Fronsdal’s operator (&31)). Thus the remainder R(z;a) of the coset
decomposition of jy(z;a) is postulated to vanish.

There are two provisos to be made. We will in this analysis use deDonder gauge
throughout. Use of free gauge did not allow us to produce a recursive algorithm. Moreover
we will make the coset decomposition with respect to Fronsdal’s F*) indeed, it is later
possible to correct for this technical defect with not much effort. Let us now describe the
basic concepts of the algorithm.

We consider one specific term in the large number of cubic interactions of supposedly
general form

'Cl,specific = A/d21d22d2’35(21 - 22)5(21 - 23)(aaab)Q12 (aaac)Q13 (abaC)Q23
00 0,203 (V1 V)12 (V1 V3) 1 (Vo Vg)
(0.V2)*2 (02 V3)** (3,V2) (3V5) ™ (0:V2) " (0.V5)™
h(z1; a)h(22; b)h(z3; c). (5.5)
All space derivatives can be applied to the second and third field factors if V; is replaced

by —V, — V3. The factor A is a kind of a coupling constant, it can be characterized as a
function of all exponents

A = A(ag, asz; B2, B3572,73 | 01, 02, 03 | Wiz, wiz, was). (5.6)

The domain on which these functions are defined is the first topic to be studied.
First we have

o123 € {0, 1}, (5.7)

since the double trace of the fields h vanishes. Moreover we use the shorthands
a = aytag; B=PF+ B v=7+5 (5.8)
W = wia+ W13 -+ W23, (59)

and denote the fixed degree in the space derivatives by A. All exponents are obviously
nonnegative.
The balancing equations for these exponents are
A = a+fB+v+ 2w, (5.10)
s = Q2+ Qi3+ a+ 20, (5.11)
5 = Q2+ Qa3+ [+ 209, (5.12)
s = Qi3+ Qs+ 7+ 203, (5.13)



Introducing once again shorthands by

o = §—201—a>0, (5.14)
09 = S— 252 - ﬁ > O, (515)
03 = 8—2(53—’}/20, (516)

we can express the exponents @;; by

Q2 = 1/2(01 + 09 — 03), (5.17)
Qs = 1/2(01+ 03 —02), (5.18)
Qoz = 1/2(02 + 03 —01). (5.19)

These Q;; must be positive which entails triangular inequalities for the o4 3. Inserting
then (5.14) - (5.16) into (5.17) - (5.19) and identifying

A=s, (5.20)
we obtain the explicit formulae
Rz = w+7— 0123, (5.21)
Qs = w+f—diz2, (5.22)
(23 = wta—0yy, (5.23)
where e.g.
512’3 - 51 + (52 - (53, (524)

which takes values between —1 and +2. We obtain

a  >max{0,d31 —w}, (5.25)
B >maz{0, 5132 — w}, label5.26 (5.26)
v >max{0,0125 — w}. (5.27)

The identification (5.20) is tentative and the proof that a cubic invariant form does exist
under this condition is one issue of this investigation.

When we take the variation of L gpecific With respect to the field i we get three terms.
The first is

X(ag, az; B, B3;72,73 | 01,02, 03 | wia, wiz, waz) = (a2)51DgQDig(aﬁb)Qm(@&c)ng

X (81,86)6223 (aﬁg)o‘z (aﬁg)% (81,82)62 (81)03)53 (0002)72 (0003)73(—|:|2 — 82 . 83)“12

X (—Dg — 02 . 83)““3 (8203)“23h(z2; b)h(2’37 C) |Zz:z3zz . (528)
This being the variation with respect to the first factor h, we take next the variation with
respect to the second factor renaming the internal (”dull”) variables a,b, ¢ and z1, 22, 23

and performing the necessary partial integrations to get rid of the space derivatives on
the field which is varied

c>b—oa—c 3092513, (5.29)

but maintain all exponents «;, 3,7, §,w. Finally we do the same with the third factor in the
Lagrangian applying the inverse (equal the square) of the permutation (5.29). Together



we obtain the sum of three expressions X (..;..;.. | ... | ...)

X (g, as; Ba, B3 72,73 | 01,02, 03 | wiz, Wiz, wWas3)
az+B2+72 ) o 72 . .
+(—1) tha+y Z <ka) <k56) <k’y)X(5_kﬁ>kﬁa7_k'wk’yva_ka>ka

Kok, Ky
82.01.6 —1)as B+ a3 B 3
| 63,01, 02 | waz, wi2,wi3) + (—1) Z (ka ks )\,
Kk Ky
X(k’}/?fy_ k“/;koma_ kaukﬁ7ﬁ_ kﬁ | 62753751 | (A}13,(A}23,w12). (530)

If we return to the current we can expand it as

J(z:a) = Z Az, as; Ba, P32, 73 | 01,02, 03 | wiz, wiz, was)

domain(A)
X(Oé2,043;52753;72773 \ 01,02, 03 \ W127w13,W23)7 (5-31)

and the question arises under which condition this current can be integrated over h to
obtain a Lagrangian.

The answer to this question is simple: the integrability conditions are dual to the
relation (530]) between the basis elements. In explicit terms the integrability necessitates
that amplitudes form triplets and the relations valid inside the triplets are

A(ﬁ — Mg, Mg,y = My, Mey; & — My, My | 03,01, 02 | w23>W12,w13)
-z ()
nema Mg, mg my
A(ng, a —ng;ng, B — na; My, Y — Ty | 01,02, 03 | Wiz, W13, W23). (5.32)

A second relation connects two A with the inverse permutation of arguments.
The triangular matrix used in (5.32)

Pon=(-1""),0<m<n<N, (5.33)
m

has the property
P?=1, (5.34)

and therefore typically represents a transposition (or reflection). To the integrability
constraints belongs also an almost trivial exchange symmetry between the two fields
contained in the current (72, 3-symmetry”). It has the form

A(OQ’ a3, B?v B37 V2,73 ‘ 517 627 63 ‘ w1, W2, w3)
= Ao, a2;73,72; B3, B2 | 01,03, 02 | wi, w3, wo). (5.35)
Using the basis (5.28) on shell, the product over the derivatives (V;V;)“¥ degenerates

into (VyV3)“ (B13). So in the recursion equations only this exponent w appears. If we
reconstruct the interaction Lagrangian at the end we face the ambiguity under

(V2V3)” = [[(ViV;)~s. (5.36)
ij
However the Laplacians appearing are irrelevant since they can be (and should be) re-
moved by field redefinitions.



Requiring R(z;a) to vanish on shell we use the basis (5.28) with the simplification
{wij} = w, this we will address as the ”canonical” basis. Then quartets of labels (c, 3,7 |
w) with (BI0)

a+f+v+2w=A+1, (5.37)

characterize each recursion equation. These recursion equations are

agA(ag + 1, a3; Ba, Ba5 72,73 | 01, 02,03 | w — 1)

+azA(ag, az + 1; B, B33 72,73 | 01, 02,03 [ w — 1)

+Qu2[Aaa, az; B2 — 1, B33 92,73 | 01, 02,63 | w)

+A(g, az; Ba, Bs — 1,792, 73 | 01,02, 03 | w)]

+Qu3[A(az, az; B2, B3;72 — 1,73 | 01,02, 03 | w)

+A(az, as; Ba, Bs; v2, 73 — 1] 01, 02,03 | w)]

+2(01 + 1)[A(aa — 1, as; B2, B33 72,73 | 01 + 1, 6203 | w)

+A(az, a3 — 15 Ba, B35 v2,73 | 01+ 1,02,63 | w)] = 0. (5.38)

It is obvious that the variables ds, 03 are fixed in all entries of this equation. Let us
assume them to be fixed now. Then the function A with prescribed arguments «, 3, v, 01, w
is regarded as an element of a vector space B(a, 3,7 | d1,w). Since ag, o, 72 vary and
enumerate the components of the vectors of this space, it has dimension (a+1)(5+1)(y+
1). The recursion defines linear relations between the vectors of a quartet of spaces

B(O‘+17B77 | 617(*]_1)73(0‘75_177 | (51,&]),
B(a,ﬁ,fy—l\51,w),B(a—1,ﬁ,7\51+1,w). (539)

The domain D][ds, d3] is defined to consist of those points (base points) on which a vector
space (fibre) B(a, 8,7 | 01,w) exists. Two base points can be connected by a line if both
appear in the same recursion equation. This decomposes the domain D[ds, d3] into several
connected graphs. Actually some base points may not appear in any recursion equation.
To each connected graph we have a linear homogeneous equation system for the vectors
of its spaces. Therefore for each graph there is a linear space of solutions. Using the
canonical basis the direct sum of all these can be projected on four subspaces with fixed
n

01+ 09 +03=n¢€ {0, 1,2, 3}, (540)

and on each of these four spaces the integrability conditions act again as a linear system
of equations. The vector space of these solutions defines the interaction Lagrangian.

Finally the first order correction 58 to the gauge transformation is derived from
Noether’s equation

165)(250) — e(2:b) % V(a, b V)] 4 Flz10) = 0, (5.41)

where ) is taken from (5.2).

6 Conclusions

We presented interaction Lagrangians for triplets of higher spin fields, a pair of which has
equal spin s; whereas the third has spin sy > s;. Besides the Lagrangians the next-to-
leading order of the gauge transformations is given. The fields of smaller spins appear



combined into currents of the Bell-Robinson form [3]. Remarkable is that for one such
spin s the interaction implies the existence of a whole ladder of interactions for smaller
spins ss —2n > s1. In the case of three equal spins we presented only the formalism which
can be transcribed into an algorithm. The applications of this algorithm will be presented
in a forthcoming article [20].
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