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Abstract. Adapting some techniques and ideas of McCann [Duke Math. J., 80 (1995), pp. 309—
323], we extend a recent result with Fathi [Optimal Transportation on Manifolds, preprint] to yield
existence and uniqueness of a unique transport map in very general situations, without any inte-
grability assumption on the cost function. In particular this result applies for the optimal trans-
portation problem on an n-dimensional noncompact manifold M with a cost function induced by a
C?-Lagrangian, provided that the source measure vanishes on sets with o-finite (n — 1)-dimensional
Hausdorff measure. Moreover we prove that in the case c(x,y) = d?(x,y), the transport map is
approximatively differentiable a.e. with respect to the volume measure, and we extend some results
of [D. Cordero-Erasquin, R. J. McCann, and M. Schmuckenschlager, Invent. Math., 146 (2001),
pp. 219-257] about concavity estimates and displacement convexity.

Key words. optimal transportation, existence, uniqueness, approximate differentiability, con-
cavity estimate, displacement convexity

AMS subject classifications. 28A12, 28A15, 37J50, 49J99, 49N60, 53B21

DOI. 10.1137/060665555

1. Introduction and main result. Let M be an n-dimensional manifold (Haus-
dorff and with a countable basis), N a Polish space, ¢: M x N — R a cost function,
and p and v two probability measures on M and N, respectively.

In a recent work with Fathi [6], we proved, under general assumption on the
cost function, existence and uniqueness of optimal transport maps for the Monge—
Kantorovich problem. More precisely, the result is as follows.

THEOREM 1.1. Assume that ¢ : M x N — R is lower semicontinuous, bounded
from below, and such that

/ (2, y) du(z) dv(y) < +oo.
MxN

If

(i) z— c(z,y) = cy(x) is locally semiconcave in x locally uniformly in y;

(i) %(x, -) is injective on its domain of definition;

(iii) and the measure p gives zero mass to sets with o-finite (n — 1)-dimensional

Hausdorff measure,
then there exists a measurable map T : M — N such that any plan v optimal for the
cost ¢ is concentrated on the graph of T.

More precisely, there exists a sequence of Borel subsets B,, C M, with B, C Bp1,
w(By) /1, and a sequence of locally semiconcave functions ¢, : M — R, where @,
is differentiable on B,,, such that, thanks to assumption (ii), the map T : M — N is
uniquely defined on B, by

) o @) = dus
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This implies both existence of an optimal transport map and uniqueness for the Monge
problem.

Now we want to generalize this existence and uniqueness result for optimal trans-
port maps without any integrability assumption on the cost function, adapting the
ideas of [8]. We observe that, without the hypothesis

/M el du(e) dv(y) < +ox.

denoting with II(u, v) the set of probability measures on M x N whose marginals are
1 and v, in general the minimization problem

@ curn= gt A o)
yel(pv) (JMxN

is ill-posed, as it may happen that C(u,v) = +oco. However, it is known that the
optimality of a transport plan + is equivalent to the c-cyclical monotonicity of the
measure-theoretic support of v whenever C'(u,v) < 400 (see [2], [11], [13]), and so
one may ask whether the fact that the measure-theoretic support of v is c-cyclically
monotone implies that v is supported on a graph. Moreover one can also ask whether
this graph is unique, that is, it does not depend on <, which is the case when the
cost is 4 ® v integrable, as Theorem 1.1 tells us. In that case, uniqueness follows by
the fact that the functions ¢,, are constructed using a pair of functions (¢, 1) which
is optimal for the dual problem, and so they are independent of v (see [6] for more
details). The result we now want to prove is the following.

THEOREM 1.2. Assume that c: M x N — R is lower semicontinuous and bounded
from below, and let v be a plan concentrated on a c-cyclically monotone set. If

(i) the family of maps x — c(x,y) = cy(x) is locally semiconcave in x locally

uniformly in y;
(ii) %(m, -) is injective on its domain of definition;
(iii) and the measure p gives zero mass to sets with o-finite (n — 1)-dimensional
Hausdorff measure,
then 7 is concentrated on the graph of a measurable map T : M — N (existence).
Moreover, if 7 is another plan concentrated on a c-cyclically monotone set, then v is
concentrated on the same graph (uniqueness).

Once the above result is proven, the uniqueness of the Wasserstein geodesic be-
tween absolutely continuous measures will follow as a simple corollary (see section 3).
Finally, in subsection 3.1, we will prove that in the particular case c¢(z,y) = %dz(:r, Y),
the optimal transport map is approximatively differentiable a.e. with respect to the
volume measure, and we will obtain a concavity estimate on the Jacobian of the op-
timal transport map, which will allows us to generalize to noncompact manifolds a
displacement convexity result proven in [4].

2. Proof of Theorem 1.2.

Existence. We want to prove that ~ is concentrated on a graph. First we recall
that since =y is concentrated on a c-cyclically monotone set, there exists a pair of
functions (p,), with ¢ p-measurable and ¥ v-measurable, such that

o(x) = inf P(y) +c(z,y) Voe M,
yeEN
which implies

o(z) —¥(y) < clx,y) V(z,y) € M x N.
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Moreover we have

(3) o) —Y(y) = c(x,y) ~-ae.

and there exists a point z9 € M such that ¢(xg) = 0 (see [13, Theorem 5.9]). In
particular, this implies

Y(y) > —c(zo,y) > —00  Vy € N.

So, we can argue as in [6]. More precisely, given a suitable increasing sequence of
compact sets (K,) C N such that v(K,) /1 and ¢p > —n on K, (it suffices to
take an increasing sequence of compact sets K, C {¢ > —n} such that v({¢p >
—n}\ K,) < %), we consider the locally semiconcave function

(4) on(r) := inf P(y) +c(z,y).

Then, thanks to (3), it is possible to find an increasing sequence of Borel sets D,, C
supp(p), with u(D,,) " 1, such that ¢, is differentiable on D,,, ¢, = ¢ on D, the
set {¢, = ¢} has p-density 1 at all the points of D,,, and v is concentrated on the
graph of the map T uniquely determined on D,, by

dc

%(x,T(x)) =dgp, forxe D,.

Moreover one has

(5) p(@) = (T () + e, T(x)) Vzel Dy

(see [6] for more details).
Uniqueness. As we observed before, the difference here with the case of Theorem
1.1 is that the function ,, depends on the pair (,), which in this case depends on

7. Let ($,v) be a pair associated to 7 as above, and let @, and D,, be such that 7 is
concentrated on the graph of the map T determined on D,, by

oc, _ ~
%(x,T(x)) =dyp, forxe D,.

We need to prove that T =T p-a.e.

Let us define C,, := D,, N D,,. Then w(Cyp) /1. We want to prove that if x
is a p-density point of C,, for a certain n, then T'(z) = T(x) (we recall that since
w(U,Cy) = 1, the union of the u-density points of C), is also of full y-measure; see,
for example, [5, Chapter 1.7]).

Let us assume by contradiction that T'(x) # T'(z), that is,

Since x € supp(u), each ball around = must have positive measure under p. Moreover,
the fact that the sets {¢, = ¢} and {@,, = ¢} have p-density 1 in x implies that the
set

{o =}
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has p-density 0 in . In fact, as ¢, and @, are locally semiconcave, up to adding a
C'! function they are concave in a neighborhood of x and their gradients differ at z.
So we can apply the nonsmooth version of the implicit function theorem proven in
[8], which tells us that {¢, = @,} is a set with finite (n — 1)-dimensional Hausdorff
measure in a neighborhood of z (see [8, Theorem 17 and Corollary 19]). So we have

p{e = ¢} N Br(x)) p{e # en} N Br(2))

lim sup < lim sup

A (B (@) s (B, ()
M({@n = L;Zjn}’ N Br(aj» M({(ﬁn 7é ()5} N Br(x)) _
) A ) =0

Therefore, exchanging ¢ with ¢ if necessary, we may assume that

(6) p{e <@} N Br(x)) > —u(B,(x)) for r > 0 sufficiently small.

| =

Let us define A := {p < ¢}, A, = {on < @n}, Fn := AN A, NC,. Since the sets
{¢on = ¢} and {@, = ¢} have p-density 1 in z, and x is a u-density point of C,,, we
have

i AN E) 0 B.(@)
r—0 M(Br(x))

= O,
and so, by (6), we get

(7) w(En, N Br(z)) > —pu(Br(z)) for r > 0 sufficiently small.

A

Now, arguing as in the proof o
prove that

Aleksandrov’s lemma (see [8, Lemma 13]), we can

X:=TYT(A)cA

and X N FE,, lies a positive distance from z. In fact let us assume, without loss of
generality, that

o) = pn(x) = @(x) = Pp(x) =0, dypn # duePpn = 0.
To obtain the inclusion X C A, let z € X and y := T(z). Then y = T(m) for a

certain m € A. For any w € M, recalling (5), we have

p(w) < c(w,y) — c(m,y) + p(m),

¢(m) < c(m,y) — c(z,y) + &(2).
Since p(m) < @(m) we get

o(w) < c(w, T(2)) — c(z,T(2)) + ¢(z) Yw e M.

In particular, taking w = z, we obtain z € A, which proves the inclusion X C A.
Let us suppose now, by contradiction, that there exists a sequence (2;,) C X N E},
such that zp — x. Again there exists my such that T'(z) = T(myg). As dy@n = 0,
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the closure of the superdifferential of a semiconcave function implies that d,, @, — 0.
We now observe that, arguing exactly as above with ¢,, and ¢,, instead of ¢ and @,
by using (4), (5), and the fact that ¢ = ¢,, and @ = @, on C,,, one obtains

on(w) < c(w,T(zx)) — c(zk77~“(zk)) + onl(zr) Yw e M.

Taking w sufficiently near to x, we can assume that we are in R™ x N. We now remark
that since z, € E,, C D,, T(z) vary in a compact subset of N (this follows by the
construction of T) So, by hypothesis (i) on ¢, we can find a common modulus of
continuity w in a neighborhood of x for the family of uniformly semiconcave functions
2+ ¢(z,T(z)). Then we get

pn(w) < %(Zk,T(Zk))(w = 2k) T w(w = zi|)|w = 2k] + @n(21)

= dz, Pn(w — 2i) + w(w — zi[)|w — 26| + Gn(2k).
Letting k — oo and recalling that d,, @, — 0 and @, (x) = ¢, (z) = 0, we obtain
Pn(w) — on(2) < w(lw — z|)|lw — 2| = dypn =0,

which is absurd.
Thus there exists r > 0 such that B,(x) N E, and X N E,, are disjoint, and (7)
holds. Defining now Y :=T'(A4), by (7) we obtain

v(Y) = uw(T7H(Y)) > w(A) = w(Ep) + (AN Ep) > (B (2) N Ey)
1
+ (XN E) + (X \ Bn) = p(Br(2) N En) + u(X) 2 £ u(Br(2)) +v(Y),
which is absurd. ]
Let us now consider the special case N = M, with M a complete manifold. As

shown in [6], this theorem applies in the following cases:
1. ¢: M x M — R is defined by

zy) =  inf /OL<v<t>,w<t>>dt,

v(0)=z, v(1)=y

where the infimum is taken over all the continuous piecewise C! curves, and
the Lagrangian L(z,v) € C?(TM,R) is C?-strictly convex and uniform su-
perlinear in v, and verifies a uniform boundedness in the fibers.

2. ¢(z,y) = dP(x,y) for any p € (1,+00), where d(x,y) denotes a complete
Riemannian distance on M.

Moreover, in the cases above, the following important fact holds.

Remark 2.1. For p-a.e. z, there exists a unique curve from z to T'(z) that
minimizes the action. In fact, since %(m,y) exists at y = T'(z) for p-a.e. x, the fact
that %(x, -) is injective on its domain of definition tells us that its velocity at time 0
is p-a.e. uniquely determined (see [6]).

Let us recall the following definition; see [1, Definition 5.5.1, p. 129].

DEFINITION 2.2 (approximate differential). We say that f : M — R™ has an
approximate differential at x € M if there exists a function h : M — R™ differentiable
at x such that the set {f = h} has density 1 at x with respect to the Lebesque measure

(this just means that the density is 1 in the charts). In this case, the approximate



Downloaded 07/29/19 to 192.167.204.51. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

EXISTENCE AND UNIQUENESS OF OPTIMAL TRANSPORT MAPS 131

value of f at x is defined as f(x) = h(x), and the approzimate differential of f at x
is defined as Jmf = d,h. It is not difficult to show that this definition makes sense.
In fact, neither h(x) nor d, h depend on the choice of h, provided x is a density point
of the set {f = h} for the Lebesgue measure.

We recall that many standard properties of the differential still hold for the ap-
proximate differential, such as linearity and additivity. In particular, it is simple
to check that the property of being approximatively differentiable is stable by right
composition with smooth maps (say C'), and in this case the standard chain rule
formula for the differentials holds. Moreover we remark that it makes sense to speak
of approximate differential for maps between manifolds.

In [6], the following formula is proven: In the particular case c(z,y) = d*(z,vy),
if p is absolutely continuous with respect to the Lebesgue measure, then the optimal
transport map is given by

T(z) = exp,[=Vayl,

where @mcp denotes the approximate gradient of ¢ at x, which simply corresponds to
the element of T, M obtained from d;gz) using the isomorphism with 7 M induced by
the Riemannian metric (the above formula generalizes the one found by McCann on
compact manifolds; see [10]).

3. The Wasserstein space Wy. Let (M, g) be a smooth complete Riemannian
manifold, equipped with its geodesic distance d and its volume measure vol. We
denote with P(M) the set of probability measures on M. The space P(M) can be
endowed with the so-called Wasserstein distance Ws:

Walpto, )? == min { [ e dv(r,y)}-

Y€ (po,p1)

The quantity Wa(uo, p1) will be called the Wasserstein distance of order 2 between
wo and pq. It is well known that it defines a metric on P(M) (not necessarily finite),
and so one can speak about geodesic in the metric space (P(M),Ws). This space
turns out, indeed, to be a length space (see, for example, [12], [13]). Now, whenever
Wo(po, p11) < 400, we know that any optimal transport plan is supported on a c-
cyclical monotone set (see, for example, [2], [11], [13]). We denote with P%(M)
the subset of P(M) that consists of the Borel probability measures on M that are
absolutely continuous with respect to vol. Thus, if ug, 1 € P*(M) and Wa (g, 1) <
400, we know that there exists a unique transport map between pg and p;.

PROPOSITION 3.1. P%(M) is a geodesically convex subset of P(M). Moreover, if
Lo, b1 € P*(M) and Wa(uo, p1) < +00, then there is a unique Wasserstein geodesic
{ut}epo,1) Joining po to w1, which is given by

pie = (Ti)gpio = (exp[—tV])spo,
where T'(z) = epr[—@xtp} 18 the unique transport map from pg to p1, which is optimal
for the cost %dQ(:c,y) (and so also optimal for the cost d*(xz,y)). Moreover,
1. Ty is the unique optimal transport map from pg to us for all t € [0,1];
2. T, ! is the unique optimal transport map from g to ug for allt € [0,1] (and,
ift €10,1), it is countably Lipschitz);
3. To T{l is the unique optimal transport map from ug to py for all t € [0,1]
(and, if t € (0,1], it is countably Lipschitz).
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Proof. Regarding the fact that u, € P*(M) (which corresponds to saying that
P2¢(M) is geodesically convex) and the countably Lipschitz regularity of the transport
maps (i.e., there exists a countable partition of M such that the map is Lipschitz on
each set), they follow from the results in [6].

Thanks to the results proved in the last section, the proof of the rest of the proposi-
tion is quite standard. In fact, a basic representation theorem (see [13, Corollary 7.20])
states that any Wasserstein geodesic curve necessarily takes the form p; = (e) 411,
where II is a probability measure on the set I' of minimizing geodesics [0,1] — M,
and e; : I' — M is the evaluation at time ¢: e;(y) := v(¢t). Thus the thesis follows
from Remark 2.1. O

The above result tells us that also (P“(M), Ws) is a length space.

3.1. Regularity, concavity estimate, and a displacement convexity re-
sult. We now consider the cost function ¢(z,y) = $d?(z,y). Let p, v € P*“(M) with
Wa(p, v) < +00, and let us denote with f and g their respective densities with respect
to vol. Let

T(z) = exp,[-Vay]

be the unique optimal transport map from u to v.

We recall that locally semiconcave functions with linear modulus admit vol-a.e. a
second order Taylor expansion (see [3], [4]). Let us recall the definition of approximate
hessian.

DEFINITION 3.2 (approximate hessian). We say that f : M — R™ has a approxi-
mate hessian at x € M if there exists a function h : M — R such that the set {f = h}
has density 1 at x with respect to the Lebesgue measure and h admits a second order
Taylor expansion at x, that is, there exists a self-adjoint operator H : T,M — T, M
such that

h(exp, w) = h(z) + (Vzh, w) + %<Hw, w) + o([[w]?).

In this case the approzimate hessian is defined as @if = H.

As in the case of the approximate differential, it is not difficult to show that this
definition makes sense.

Observing that d?(z,y) is locally semiconcave with linear modulus (see [6, Ap-
pendix]), we get that ¢, is locally semiconcave with linear modulus for each n. Thus
we can define p-a.e. an approximate hessian for ¢ (see Definition 3.2):

@ig@ = Vigz)n forx € D, NE,,

where D,, was defined in the proof of Theorem 1.2, F,, denotes the full y-measure set
of points where ¢,, admits a second order Taylor expansion, and V2¢,, denotes the
self-adjoint operator on T, M that appears in the Taylor expansion on ¢, at z. Let
us now consider, for each set F,, := D, N F,, an increasing sequence of compact sets
K C F, such that u(F, \ Uy, K) = 0. We now define the measures pl, := u K%,
and v)}, := Tyulr, = (exp[—Vn])sul,, and we renormalize them in order to obtain two
probability measures:

n

AN M;,;:L ac AN Vm Z/m ac
= PY(M = = Pje(M).
o= oy € O = ey = o €D
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We now observe that T is still optimal. In fact, if this were not the case, we would
have

/ (e, 8(x)) dil () < / (. T(x)) dpm (z)
Mx M

MxM

for a certain S transport map from /), to 7;,. This would imply that

/M el S(@) dui@) < / e, T(x)) dyl (),

M x M

and so the transport map

&y | S ifzeK],
S(x)'_{T(x) ifz e M\K"

would have a cost strictly less than the cost of T', which would contradict the opti-
mality of T

We will now apply the results of [4] to the compactly supported measures ji?,
and 27 in order to get information on the transport problem from p to v. In what
follows we will denote by dei and by Vidi, respectively, the gradient and the hessian
with respect to x of d?(x,y), and by d, exp and d(exp, ), the two components of the
differential of the map TM > (x,v) — exp,[v] € M (whenever they exist). By [4,
Theorem 4.2], we get the following.

THEOREM 3.3 (Jacobian identity a.e.). There exists a subset E C M such that
w(E) =1 and, for each z € E, Y(z) := d(exp,)_g,, and H(z) := %Vid%(w) both
exist and we have

f(x) = g(T(2)) det[Y (x)(H (x) — Vip)] # 0.

Proof. Tt suffices to observe that [4, Theorem 4.2] applied to 47, and 27, gives
that, for p-a.e. x € K7,

fa) _ oT@) e o
,LL%(M) = ILL%(M) d t[Y( )(H () vz‘;@n)] # 0,

which implies
f(z) = g(T(x)) det]Y (x)(H(z) — @ig@)] #0 for prae xz € K.

Passing to the limit as m,n — 400 we get the result. O
We can thus define u-a.e. the (weak) differential of the transport map at z as

d,T =Y (z)(H(z) - @icp)

Let us prove now that, indeed, T'(z) is approximately differentiable u-a.e., and that
the above differential coincides with the approximate differential of 7. In order to
prove this fact, let us first make a formal computation. Observe that since the map
T — expm[—%vzdz] =y is constant, we have

0= dm(expz[—%vzdz]) =d, exp[—%vmdi] — d(eXPz)févmdg (%ngi) Yy € M,
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By differentiating (in the approximate sense) the equality T'(z) = exp[—V.¢] and
recalling the equality Vo = %VzdzT(x), we obtain

d,T = d(expm)_@w(f@ @) + dy exp[— V]

2
= d(exp,)_g, ., (—V2p) + d(eXPz)—%vxd‘;’,(z) (%Vid%(x))
= d(exp,)_s,,(H(z) = Vip),

as wanted. In order to make the above proof rigorous, it suffices to observe that for
p-a.e. x, T'(z) & cut(z), where cut(z) is defined as the set of points z € M which
cannot be linked to x by an extendable minimizing geodesic. Indeed we recall that
the square of the distance fails to be semiconvex at the cut locus, that is, if € cut(y),
then

dz (expz [U]) - 2d§(l’) + dgzy (expgﬂ[—v])

inf 5 = —00
0<|v]lo<1 |v]

(see [4, Proposition 2.5]). Now fix € F,. Since we know that d*(z,T(z)) >
on(2) —(T(z)) with equality for z = , we obtain a bound from below of the hessian
of d%(x) at  in terms of the hessian of ¢,, at x (see the proof of [4, Proposition 4.1(a)]).
Thus, since each ¢, admits vol-a.e. a second order Taylor expansion, we obtain that,
for p-a.e. x,

x & cut(T(xz)), or equivalently T(x) ¢ cut(x).

This implies that all the computations we made above in order to prove the formula for
d,T are correct. Indeed the exponential map (x,v) — exp,[v] is smooth if exp, [v] ¢
cut(z), the function d; is smooth around any z & cut(y) (see [4, Paragraph 2]), and
Ve is approximatively differentiable p-a.e. Thus, recalling that, once we consider
the right composition of an approximatively differentiable map with a smooth map,
the standard chain rule holds (see the remarks after Definition 2.2), we have proved
the following regularity result for the transport map.

PROPOSITION 3.4 (approximate differentiability of the transport map). The
transport map is approximatively differentiable for pu-a.e. x, and its approrimate dif-
ferential is given by the formula

d,T =Y (z)(H(z) - Vip),

where Y and H are defined in Theorem 3.3.

To prove our displacement convexity result, the following change of variables
formula will be useful.

PROPOSITION 3.5 (change of variables for optimal maps). If A: [0+ o0) — R is
a Borel function such that A(0) =0, then

| At avoitn) = [ (55 s avoito)

where J(z) == det[Y (z)(H (x) — V2)] = det[d,T)] (either both integrals are undefined
or both take the same value in R).

The proof follows by the Jacobian identity proved in Theorem 3.3, exactly as in
[4, Corollary 4.7].
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Let us now define for ¢ € [0,1] the measure p; := (T})4u, where
Ti(z) = eme[_t@x%p]'

By the results in [6] and Proposition 3.1, we know that T} coincides with the unique
optimal map pushing p forward to p;, and that pg is absolutely continuous with
respect to vol for any ¢ € [0, 1].

Given x,y € M, following [4], we define for ¢ € [0,1]

Zi(x,y) :={z € M | d(z,2) = td(z,y) and d(z,y) = (1 — t)d(x,y)}.
If NV is now a subset of M, we set
Zy(z,N) 1= UyenZi(z,y).

Letting B, (y) C M denote the open ball of radius » > 0 centered at y € M, for
t € (0,1] we define

>0

i VOl(Zt(x’BT(y)))
Ut (xa y) T }*,() VOI(Btr (y))

(the above limit always exists, though it will be infinite when z and y are conjugate
points; see [4]). Arguing as in the proof of Theorem 3.3, by [4, Lemma 6.1] we get
the following.

THEOREM 3.6 (Jacobian inequality). Let E be the set of full p-measure given by
Theorem 3.3. Then for each x € E, Yy(z) := d(exp,) _;5,, and Hy(z) = %Vid%(w)
both exist for all t € [0,1] and the Jacobian determinant

(8) Jo(@) == det[Yi (2) (Hy(x) — tV2)]
satisfies
Tr(x) > (1= 1) o o(T(2), 2)] "+t [vr (@, T(2))] I ().

We now consider as source measure pg = pgdvol(z) € P*(M) and as target
measure fi; = py dvol(x) € P*(M), and we assume as before that Wa (o, 1) < +00.
By Proposition 3.1 we have

pe = (Ti)zlpo dvol] = py dvol € P5°(M)

for a certain p; € L'(M, dvol).
We now want to consider the behavior of the functional

U(p) = /M A(p(z)) dvol(z)

along the path ¢t — p;. In Euclidean spaces, this path is called displacement interpo-
lation and the functional U is said to be displacement convex if

[0,1] >t +— U(p:) is convex for every po, p1.

A sufficient condition for the displacement convexity of U in R™ is that A : [0, +00) —
R U {400} satisfy

9) (0,+00) € s — s"A(s™") is convex and nonincreasing, with A(0) =0
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(see [7], [9]). Typical examples include the entropy A(p) = plogp and the L?-norm
Alp) = Zgp? for ¢ > 2L

By all the results collected above, arguing as in the proof of [4, Theorem 6.2],
we can prove that the displacement convexity of U is still true on Ricci nonnegative
manifolds under the assumption (9).

THEOREM 3.7 (displacement convexity on Ricci nonnegative manifolds). If Ric >
0 and A satisfies (9), then U is displacement convet.

Proof. As we remarked above, T; is the optimal transport map from pg to p;. So,
by Theorem 3.3 and Proposition 3.5, we get

10 U = [ Al dvolw) = [ (Jpg))) (4 @) dvol(a),

where F; is the set of full pg-measure given by Theorem 3.3 and J;(x) # 0 is defined
in (8). Since Ric > 0, we know that v(x,y) > 1 for every x,y € M (see [4, Corollary
2.2]). Thus, for fixed = € Fy, Theorem 3.6 yields the concavity of the map

0,1] 5 ¢ J7 ().

Composing this function with the convex nonincreasing function s — s"A(s™") we
get the convexity of the integrand in (10). The only problem we run into in trying to
conclude the displacement convexity of U is that the domain of integration appears
to depend on t. But, since by Theorem 3.3 E; is a set of full pp-measure for any
t € [0, 1], we obtain that, for fixed ¢,#',s € [0,1],

U(p(i—syt+str) < (1= 8)U(pt) + sU(prr),

simply by computing each of the three integrals above on the full measure set E; N
Ev NEq_s)tyst- o
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