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ABSTRACT. Critical points of approximations of the Dirichlet energy a la
Sacks-Uhlenbeck are known to converge to harmonic maps in a suitable sense.
However, we show that not every harmonic map can be approximated by criti-
cal points of such perturbed energies. Indeed, we prove that constant maps and
the rotations of S2 are the only critical points of E, for maps from S2? to S2
whose a-energy lies below some threshold. In particular, nontrivial dilations
(which are harmonic) cannot arise as strong limits of a-harmonic maps.

1. INTRODUCTION

Let (M?,g) and (N",h) be smooth, compact Riemannian manifolds without
boundary and let N be isometrically embedded into some R*. (The dimension of
M is two and that of N is arbitrary.) For every u € W12(M, N) the Dirichlet
energy F(u) is defined by

(1.1) B(u) = %/M IVl dAy = /M e(u) dAns,

where e(u) = $|Vu|? is the energy density of u.

In a pioneering paper, [9], Sacks and Uhlenbeck introduced, for every a > 1 and
every u € WH2*(M, N), the functional E,(u) = % [,,(1+ |Vu[?)* dAx. For us, it
shall be more convenient to define

1

(1.2) Ea(u) = 5 /M(2 + [Vul?)* dAy.

Critical points of E,, are called a-harmonic maps and they solve the elliptic system
(1.3) div((2 + |Vu|2)0‘_1Vu) (24 V) L A(w) (Va, Va) = 0,

where A is the second fundamental form of the embedding N < R¥. Critical points
of E, are smooth (see [9]) and therefore we can differentiate the equation (1.3) to
get

(1.4) A+ A(u)(Vu, Vu) = —2(a — 1)(2 + |Vu?)"H{V?u, Vu) Vu.

By a remarkable result of Hélein, [6], critical points of E also turn out to be smooth
and satisfy
Au+ A(u)(Vu, Vu) = 0.

In [9], Sacks and Uhlenbeck showed that, as a | 1, a sequence of a-harmonic maps
with uniformly bounded energy converges, away from a finite (possibly empty) set
of points py,...,pe, to a harmonic map from M to N. Furthermore, non-trivial
bubbles (harmonic maps from the two-sphere S?) develop at each of pi,...,p,.
(This is far from a precise statement of the convergence that occurs but it suffices
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for our purposes.) It would be useful to associate a Morse index to a harmonic
map with bubbles. An a-harmonic map has a well-defined Morse index (see e.g.
[8], [12]) and so, it seems worthwhile to investigate whether every harmonic map
from a surface can be captured by the Sacks-Uhlenbeck limiting process. We shall
show that this is not the case, even when M and N are the round unit two-sphere
S% C R3.

In this case the equation (1.4) simplifies to

(1.5) Au A+ u|Vul|? = =2(a — 1)(2 + |Vu|*) "1 (V?u, Vu) Vu.
For u: S? — S? we can define the degree of u by
1
(1.6) deg(u) = — / J(u) dAgs,
47 S2
where

J(u) =u-er(u) Aea(u)
is the Jacobian of u, and (e1,e2) stands for a local oriented orthonormal frame of
TS?. For every u € Wh2%(§2 52 with deg(u) = 1 we can estimate

87 = /82(1 + J(u)) dAg:

(1.7) < /82(1 + e(u) dAgs

< (217 B (u) = (47) %,
Hence we get
(1.8) Eo(u) > 2%Fr

for every u as above. On the other hand we have for every R € SO(3) that the
map u®(z) = Rz satisfies

(1.9) E,(u®) =22t 1x,

From (1.7) it follows that equality in this estimate is attained only for conformal
maps v with constant energy density equal to 2. Hence the rotations are the only
minimizers of E, among all maps with degree 1. By contrast we have the following
theorem due to Wood and Lemaire (see (11.5) in [5]).

Theorem 1.1. ([5]) The harmonic maps between 2-spheres are precisely the ratio-
nal maps and their complex conjugates (i.e., rational in z or z).

In particular, a rational map u has energy given by E(u) = 4x|deg(u)|, which
is the least energy that a map of this degree can have. As we shall discuss more
fully in a moment, the rational maps of degree one include dilations which are not
minimizers of the F, energy for a # 1.

Theorem 1.2. There exists € > 0 and & — 1 > 0 small such that the only critical
points us of Eo which satisfy Ey(ue) < 2297 + ¢ and o < @ are the constant
maps and the rotations of the form u*(x) = Rz, R € SO(3).

Remark 1.3. An upper bound on the energy is necessary in order to deduce the
conclusions of Theorem 1.2. In Section 8 we will construct critical points of E, of
degree one that have large energy and that are not rotations.
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Our proof of Theorem 1.2 goes as follows. After recalling some basic formulas for
the Mo6bius group in Section 2, we prove in Section 3 that maps with low enough E,,
energy must stay close in W2 to some M6bius map. We then improve this result in
Section 4 for critical points of E,, (with low energy), where we show closeness (after
a conformal pull-back) to the identity in WP, where p > % is chosen suitably.

In Section 5 we show that elements in the Mébius group that are close to u as
in Theorem 1.2 lie in a compact set depending on E, (u,). The techniques used in
this section are similar to those used by Kazdan and Warner and also in the study
of the semiclassical nonlinear Schrodinger equation; see for instance, Chapter 8.1 in
[1]. We proceed in section 6 to further improve the W?2P-closeness, and we finally
prove our main theorem in Section 7.

In Section 8 we construct a rotationally symmetric a-harmonic map of degree one
with large energy which is not a rotation. As a byproduct we obtain the existence
of a-harmonic maps of degree one from the disk to S? which map the boundary
circle to a point and we also obtain a-harmonic maps of degree one which map an
annulus to the sphere in such a way that the two boundary circles are mapped to
antipodal points. Note that there are no such harmonic maps.

Acknowledgements T.L. wishes to thank the University of Warwick for hav-
ing hosted him several times during the preparation of this work. A.M. has been
supported by the PRIN project Variational and perturbative aspects of nonlinear
differential problems and by the University of Warwick. M.M. acknowledges hos-
pitality from the Max-Planck-Institute for Gravitational Physics in Golm and the
University of Frankfurt.

2. THE ACTION OF THE MOBIUS GROUP

Let ¢: S? — S? be a holomorphic map of degree 1. Given an arbitrary map
u: S — 52, we shall be interested in how e(u o ) and E,(u o ¢) depend on
¢. For this, it is convenient to identify $2 C R® with C = C U {oo} via the
stereographic projection from the north pole. If we denote the domain S? C R? as
{(z,y,2) € R? : 2% + y? + 22 = 1} and the target S? C R3 as {(u',u?,u3) € R®:
(u')? + (u?)? + (u3)? = 1}, then the stereographic identifications with C are given
by

. 2¢ [ 1, ;2 2n 3 > =1
T4y = , 2= ; Ut =, U= 5.
1+[¢? I¢1F+1 L+ |nf? > +1
The inverse maps are
x4 iy ub + iu?
¢= ; n=-——->%"-:
1—-2 1—u

2.1. The M&bius Group. The holomorphic maps of degree one from C to itself
are the so-called fractional linear transformations which are of the form
aC+b
H
¢ <t d
They form a group, called the Md&bius group, which is the projective special linear
group PSL(2,C). Given M € SL(2,C), let A, A\™1, X > 0, be the eigenvalues of

ad — bc = 1.
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MM*. The singular value decomposition of matrices (see, e.g., [11]) tells us that
there exists U,V € SU(2) such that,

. )\1/2 0
(21) M = U.DV y Where D = O )\7(1/2) .

Elements of the subgroup SU(2) of SL(2,C) represent a rotation; indeed, if T
denotes the 2x 2 identity matrix then, SO(3) may be identified with SU(2)/{I, -1},
which establishes SU(2) as the double cover of SO(3). The diagonal matrices of

1/2
the form (A 0 )\_(01 /2)> represent the dilations m) which are defined by

ma(¢) == AC.

2.2. Energy density in stereographic coordinates. A map u: S? — S? shall
also be denoted by 7: C — C. However, we shall still denote by u the map to S?
that arises from identifying the domain S? with C. We have:

e the energy density of u, e(u), is given by:

(1+1¢)? 2
e(u =——-=|V
where Von is the Euclidean gradient of 7 as a map from C to C with the
flat metrics on both domain and target.

e The area element dAg2 on the domain S? is given by:
4
(1+1¢?)?

where dAg := @d{ A dC is the Euclidean area element on C.

dAg> = dAy

2.3. Transformation of energy density and a-energy under composition
by a Mébius transformation. Given M € SL(2,C) and a map u: C — 52, let
ups be the map defined by

upr(€) = w(M(¢) where, if M = (Z Z) then, by M({ we mean ZCIS.
We have
O (HEP)? | d fac+b\[
22 (1+1¢PY?
= et dia + g (O).
Now
le¢ +d|* (1 +[M¢]?) = |a¢ + b]* + |eC + d]?
_|fa b\ (C ?
|G 0 0)
(2.3) 1/2 2
=% ) (§)] oven

NP+
=
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Using (2.3) in (2.2) gives
_ A1+ [¢%)?
(2.4) e(un)(C) = W (e(u)(M()).

The transformation relation (2.4) allows us to restrict our attention to the dila-
tions my. Set uy = uomy, i.e., ux(¢) = u(A() and set

14 22C12)2
25) 0O = e
Then

e(u)(AC) = xa(€) (e(ur)(€))
for every A > 0 and therefore,

Ea(u):2a_1/c(1—|—e(u)(())a( 1

RESOE dAy(C)

__ oga—1 « 4>\2

_9ga—1 @ 4

=2 [ (1 0O (©) 7 e ()
that is,
(2.6) Ea(u) = EO(’)\(u)\) = Ea7)\—1(U)\—1)
where F,  is the functional defined by

1 oy 1

(2.7) Eya(v) = 5/52 (2 + x| Vs20]?) gdAsz.

Clearly w is a critical point of E, if, and only if, uy is a critical point of E, j.
Moreover, due to the above symmetry of F, in A\, A™!, we assume throughout the
rest of the paper that A > 1.

Proposition 2.1. If x» is as in (2.5), the Euler Lagrange equation satisfied by a
critical point v of Eq ) 18

Av + |Vv|21} + fi+ fo =0,

where
xXaV([Vo?) - Vo
2.8 = -1
(25) frim o) (SO
and
Xa|Vv|?Viog x» - Vv
2. = -1 .
( 9) f2 (OZ )( 2+X)\|VU‘2

The proof of this proposition is just a straightforward computation.

3. CLOSENESS TO THE MOBIUS GROUP
The aim of this section is to prove the following proposition.

Proposition 3.1. There exists 6* > 0 such that, for any § € (0,6%) there exists
e > 0 such that, if 1 < a < 2 and if Ey(u) < 220T 1 + ¢, where u is of degree 1,
then there exists M € PSL(2,C) such that

(3.) 19 Cuar = TD) () < 6
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Furthermore, there is a fived constant C such that, if A > 1 is the largest eigenvalue
of MM* (see (2.1)) then

(3.2) (v — 1)(log A) min{log A, 1} < C4.
The proof of the above proposition relies on the three lemmas below.

Lemma 3.2. Given d > 0, there exists € > 0, sufficiently small, with the following
property: for all > 1, if u € WH22(S2,82) is of degree 1 and Eq(u) < 2291 +¢,
there exists M € PSL(2,C) such that

(3.3) IV (un — Id)||L2(S2) <0
Proof. 1f E,(u) < 22*7 + ¢ then by (1.7) we have

Bi(w) = [ (1+e(w)das

If, for a contradiction, the lemma were not true, we could find a sequence ¢, | 0, a
sequence u, € W12(S82,5?) of degree one, with F;(u,) < 87 + &, and § > 0 such
that

(3.4) IV ((un)ar — Id)HL?(S?) >0 forall M € PSL(2,C).

But u, would then be a minimising sequence for F; of degree one and therefore,
by Theorem 1 in [4], there exists M, € PSL(2,C) such that (u,)as converges
strongly in Dirichlet norm to a degree one minimiser uq, of Fy. (We remark that,
by energetic reasons, multiple splitting into maps of different degrees is excluded.)
By Theorem 1.1, s is of the form ¢ — M. for some M., € PSL(2,C). By the
conformal invariance of the Dirichlet integral we have that

— 0.

HV((un)M,LMo_ol - Id)‘ L2(5?)

This then contradicts (9.5) and concludes the proof. O

We still need to establish a bound on the largest eigenvalue A of M M* in the
previous lemma. The rough plan for doing this is that, because of the closeness
in Dirichlet norm provided by (3.3), Eq x(uar) should be close to E, z(Id). We
should then be able to explicitely describe how E, x(Id) grows with A. Recall that
the relation between E, and E,  is given by (2.7). This plan is executed in the
next two lemmas.

Lemma 3.3. If A > 1 and 1 < a < 2, we have
(3.5) Eo\(v) = BEax(Id) = —a2°72(1 4+ X)) | |Vs20|* — 2| 11 (s2).

Proof. By the mean value theorem, there is a positive function g : S? — R, whose
value at p lies between |Vg2v(p)|? and 2 = |Vg21d|? such that

(3:6)  Earlo) = Ban(fd) =5 [ (24300 (Veurl? - 2) ddse
S2



LIMITS OF a-HARMONIC MAPS 7

Let
Ay :={peS?:|Vgu()|?>2} and A_:={pecS?:|Vgu(p)| <2}
Then, on Ay g > 2 and on A_ g < 2. Therefore,
/ 2+x09)" 7 ([Vg2v]* —2) dAg> > 27 / (14+x)"7 " (|Vs20* = 2) dAga
Ay At
and, since (|Vg2v|? —2) is negative on A_,

/1 @-+kaa*1avsﬂ42—2>dAsz>2a—1/ﬁ (14 )L (|Vgz0]? — 2) dAge.
A A

It follows that

(3.7)
/ (2+x29) " (IVs20]* —2) dAg> > 277 / (1+x0)" 7 ([Vg20* = 2) dAge,

S2 52

Now sup xx = A2 and therefore,

SQ
38) | [ 140" (Veorl? = 2)ddse| < (14 X [Taof? = 2 pagsn
5’2

Estimate (3.5) is established by putting together (3.6), (3.7) and (3.8). O

The next lemma describes how E, x(Id) grows with .

Lemma 3.4. We have that

(3.9) Eux(Id) = Eq(my-1) = Eq(my).
Moreover, by letting
(3.10) E(a, N) i= Eq(my) — 2%,
there exists a fized constant C' such that, for 1 < a < 2,
C\2=2, if (a—1)logA > 2,
(3.11) E(a,A) =2 { Cla—1)log A, if (a—1) < (a—1)logA <2

Cla—1)(logN)?, if 0 <log\ < 1.
Additionally, Eq(my) is increasing in A and we have for 0 < (o —1)log A < 2 that

| log A|

3.12 —_—
(312) 1+ |log Al

(my) E,x(Id) > Cla—1)

IR
dlog A dlog A
Proof. We start by obtaining an explicit formula for E,(m)): set r := |¢| and then,
as we saw in §2,
1+4172)2 1
= \? ( = .
O =X 0 T 00

So,

T2

i< [~ B

We make the change of variable

1472

W= 1+ \2p2
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for which
1— )2
dw = 2)\7"de

and obtain

A\ A
_ oa+l1 2\a,, —2
E,(my) =2 77/\2_1/1//\(1—1-11) )Yw ™= dw.

Setting A := €7 and w := e yields:

Eo(mer) = 2a+17r27_671 / (14 e*)*e ! dt

€ - -7
2%

= / (e7t +et)elaDt gt

sinh7 J_,

220¢+1,ﬂ. T
(3.13) = Sh /0 (cosht)® cosh((aw — 1)) dt

where we have used
0 T
/ (et +eh)¥ele Dt gt = / (et +et)re (=Dt gy
—T 0

It is immediate from this expression for E,(my) that E,(m)) = E4(my-1) and the
relation (3.9) then follows by taking (2.6) into account.
As expected we have Ey(me-) =87 V7 € R and E,(m;) = 22%F1x.

It will be convenient to set
B = (a—1),
to make the change of variables
s:=p0t, o:=07=(a—1)logA

and to introduce the functions

g(s) := (cosh(s/B))” cosh s
(3.14) and

1 (o2
Ga::,i/ cosh(s/B3))g(s) ds.
@)= G732

Then (3.13) becomes

22a+1ﬂ.

(3.15) Eo(Meorm) = Fsnh(o/5) /Og(cosh(s/ﬁ))g(s) ds = 2**T1xG (o).

The lower bound cosht > %et yields
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We shall now prove the first inequality in (3.11). So, we assume that ¢ > 2 and
1 < o < 2 and estimate GG from below as follows:

1 o
G(O’) > m \/0-71((3081’1(5//8))‘9(8) ds

__t cosh(s e ds
> SEIGT ), oD
6(20—2) 1 o
>~ Geinh(o/F) /U_l(cosh(s/ﬁ)) ds
S ﬁ sinh(o/B) — sinh((c — 1)/5)
2¢? sinh(o /) '

Keeping in mind that 0 < 8 < 1, we have,

sinh(o/B) — sinh((c — 1)/58) >

It follows that

(1 —e~/%) > sinh(c/B) (e - 1) .

sfe—1 1
G(o) —1>é? (263 —64),

ie,if (¢ —1)logA >2and 1 < @ < 2 then

2_c-2
gy \) 2 22 (e o ) AZa-2

as claimed.

To estimate G(o) — 1 from below for o € [0, 2], we calculate G'(o) from (3.14):

,, __ cosh(a/f) o) — cosh(o/p) Ucos . o) ds
G(0) = Gamha 890~ Gomiiria 5 [, (coh(s/B)gts) s
Now
1 o 1 o )
,6’sinh(a/5)/0 (COSh(S/ﬁ))g(S)dSQ(U)M/O (sinh(s/B))g'(s) ds.

Differentiating the expression for g from (3.14) gives
d'(s) = (cosh(s/B))?~Y(sinh(s/B) cosh s + cosh(s/f3) sinh s)
= (cosh(s/B))?~!sinh(as/f).
Therefore, we obtain:

cosh(o/p)

(3.16) G'(0) = ) /U(sinh(s/ﬂ))(cosh(s/ﬂ))ﬁ_1 sinh(as/fB) ds.
0

 Bsinh? (o/8
We shall estimate G’ from below differently in the two regimes 0 < o < 3 and
0 < B8 <o <2 We start with the latter case for which we shall show that G’ is
bounded below by a positive constant, independent of 3.
cosh(o/p

. ) sinh(as/f)
Using /8 ~ 1 ot )
6 € (0,1) and 8 < o,

> tanh(as/B) in (3.16), we obtain, for
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! 1 [a inh(s sh(s/B3))? tanh(as s
G0 > 73 . Smh(s/B) (cosh(s/3)) tanb(as/ )

cosh(o/B) — cosh 6

> tanh 6
a sinh(c/f)
cosh 6
> tanhf (1 — ,
an < sinh 1 )

where we also used that tanh(af) > tanhé and cosh(s/B) > 1 in the second
estimate.

We now choose 6 > 0 so that coshf < %sinhl and deduce that there exists
C > 0, independent of anything, such that if « > 1 and A > e, i.e., 7 > 1 and
0 < B < o then

(3.17) G'(o) =2 C>0.
It follows that for 0 < 8 < o we get
(3.18) G(o) =2 G(B) + C(o — B).

The lower bound on G’ for o € (0, 5] is straightforward. First use the inequality
cosh(a/B)(cosh(s/B))?~1 = (cosh(s/B))? > 1 for every s € [0,0] in (3.16) to get

! ! 0 sinh (s sinh(as s
G'(o) 73 J, (b (s/8)sinbas/ ) ds

o) > ———
~ Bsinh?

Next, use (sinh(s/f))sinh(as/B) > g—z and the inequality sinhz < z(coshz) for
z 20 to get

! 1 7 2
> mtarmyat Jy

g we have used 0 < o/f < 1.

(3.19) > 33 (cosh 1)2;

It follows that,

o? (a —1)(log /\)2
(3.20) for0<o<B, Go)—-G(0) = 65(cosh 1)2 > 6(cosh 1)2

We can now establish the last two estimates in (3.11). If a—1 < (a—1)log A < 2
then, by (3.18) and (3.20) we have that

E(a,\) =221 ((Gla—1) — 1) + C(a— 1)(log A — 1)) = C(a — 1) log .
If log A < 1 then, we obtain again from (3.20) that
220‘+17r
6(cosh 1)2<

Finally, E,(m)) increases with A because, from (3.16), G’ is evidently positive.
Moreover, in order to show (3.12) we note that it follows from (3.15) that

E(a,\) > a—1)(log \)2.

0
———FE,\(Id) = (0 — 1)2**T'7G (0 — 1) log A).
Fiowy Ba(Id) = (o = P76 (@~ 1) log )
For 1 < log A < 2(a — 1)71 we use (3.17) in order to get
0 |log Al

Eux(Id) > Cla—1)2Cla—1)

dlog A 1+ |log A’
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For 0 < log A < 1 we use (3.19) to conclude

0 | log Al
—F (Id) 2 Cla—1)logA>Cla—1)——————.
Fiogy e 1d) > Cla = DlogA > Cla— D820
The proof of Lemma 3.4 is complete. (]

We can now give the

Proof of Proposition 3.1. Having proved Lemma 3.2, it only remains to establish
(3.2). Apply Lemma 3.3 with v = ups, M as provided by (3.3) and A > 1 equal to
the largest eigenvalue of M M*. Then, with ¢ as in (3.3), we have

(3.21) 220 42 > Eo(u) = Eg\(un) = Eq \(Id) — am2?*T1\2%725,

where we used that

|HV52UM\2 = 2||pr(s2) <[ V(unm — Id)HLz(s2) [V (uar + Id)HL2(S2)
<O/ (87 4 ¢)(8m) < §(167).
Recall that
Eo(Id) = Ey(my) = 22Tr + €(a, N)
and observe that € in Lemma 3.2 can be chosen no larger than §. Therefore, (3.21)
can be rewritten as

(3.22) S(14C'N272) > £(a, N).
If (¢ —1)log) = 2, ie. A2®72 > ¢* then (3.11) provides the lower bound

£(a,\) = CA?*72. So, (3.22) cannot hold if 0 < § < §* := min{ Qg, ,Se*}. There-

fore, A2*~2 must be less than e* and so, from (3.11) and (3.22), we deduce that
S(1+C'e*) = C(a—1)(log \) min{log A, 1}.

4. CLOSENESS IN THE WZ2P-NORM

In this section we prove a refinement of Proposition 3.1, showing closeness be-
tween uy; and the identity in W2P, p € (%, %] The reason for this range of p will
become apparent in Proposition 5.1.

Proposition 4.1. There exist 1 < o, dp > 0 and a constant C' depending only on
ag and dy such that, for every 1 < a < ag, every 0 < § < dg and every critical point
v e WhH2%(S2 8%) of E, » satisfying (3.1) and (3.2) we have, for any p € (2,3

32l
(4.1) o= Id] < s2) + IV (0 = 1) yysm(s2y < O+ = 1).
Proof. We define a map ¢: S? — R? by
v=1Id+vY
and we obtain from Proposition 3.1 that
[V p2(s2) < 6.
By Proposition 2.1, 1 satisfies

(4.2)
Ay = — 2 — 2(Vy, VId)Id — V> — 2(Vep, VId)y — [Vy[*Id — fi — fa.
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We shall first estimate the average of ¥ by integrating this equation and observing
from (2.8) that

(4.3) 1£1(Q)] < Cla=1D)IV(()] < Cla— 1) (1 + [V?4(Q)])
and that
(4.4) | f2(O)] < Cla—1)|(Viog xa) (O] [Vu(Q)].

When integrating (4.2), keep also in mind that ¢ z~(s2) < 2 and make use of
Proposition 3.1 and Lemma A.1 to conclude that

| ][S2 $dAg2| <C8+ Cla —1)[[V?0) L1 (s2) + Cla = 1)|| Vol 2(s2) ||V Iog xall L2(s2)
(4.5) <C(6+ a—1)+ Cla—1)[|[ V| 1 (s2).

This estimate on the average of ¥ allows us to use standard LP-estimates for the
Laplacian and the Sobolev-Poincaré inequality to conclude that, for every p € (2, 3],

372
IVllwir(szy <C (1A% Lo(s2) + (9]l Le(s2))
<O (18lzrisny + [V 0llzzcsny + | f vl
<C (J|AY]|o(s2) + 6+ a — 1+ (o — 1) VY| 1o (s2)) -
By picking ap > 1 sufficiently close to 1 so that C'(ap — 1) < % we get
(4.6) IVlwin(sz)y < C ([[A%Y| Lr(s2) +6 +a—1).

The plan now is to estimate ||Av| zr(s2), by using (4.2). The LP norm of the right
hand side of (4.2) requires us to estimate the L?’-norm of V¢ which we do by
means of the Gagliardo-Nirenberg interpolation inequality:

V9|12 (52) < CIVWI252) IV ]| Lo(s2) + VD[l 2(s2))-

Using (4.2), (4.5), a Poincaré-type inequality, Holder’s inequality, the Gagliardo-
Nirenberg estimate from above, (4.3), (4.4) and Lemma A.1, we get

86ur sy <Ol = wdAsellioiss + 1§ vl + [90lzaqse

+ IVl 20 52y + 11l o (s2) + 1 f2ll L2 (s2))
<C(6+a—1)(1+Cla—1+06)|[V* Lr(s2)-
We can insert this estimate into (4.6) and then choose ap — 1 and §p small in order
to get
[VY[lwrrszy < C(0+a—1).

Using once more (4.5) and the Sobolev embedding theorem, we get, for any p €
(53],

[l e sy < Cllts — ][ YdAg: s + C ‘][ VdAg| < CO+a—1).
S2 S2

This concludes the proof. [
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5. A BOUND ON A

In this section we shall show how the estimates (4.1) and (3.2) imply a very slow

growth on ﬁz)\Em;\(Id) which, when coupled with (3.12), implies a bound on A,

independent of how close « is to 1. We start by computing %Ea, A(v) directly from
(2.7) and (2.5):
log(xx(¢)) = 2log(1 + A?|¢|*) — 2log A — 2log(1 + |¢[*)
e 2

d
an log(xx(€)) = m D\

d 2022~ 1)
1 =
d 1 d o 1
Y B =--2" (2 2% 2 gA
dlog A Alv) 2dlog)\/sz( + X[ Vs20l) Yo s

= / (2 + X)\|V527)‘2)a_1 ((a — 1)|V52’U|2 — 2)) Z()\() dAsz
S2 XA

2
-1
where, as in section 2, z(¢) := :gg 1 e[-1,1).
We wish to estimate mEa’A(Id) — WEQ’A(U) in terms of a suitable
norm of the difference between Id and v.
d d
—FE.(Id) — ——F
dloga e D) = Fioga Fan(v)
2z(A
(51) = _/ (24 2x0)* ' = 24 xa|Vs20[)* ) 2(X) dAg:
52 A

+(a—1) /52 (2(2+20)"7 = Ve[ 2+ x| V2 v[*) 271 2(A) dAs: -
As in the proof of Lemma 3.3, there is a positive function g : S? — R, whose value
at p lies between |Vg2v(p)|? and 2 = |V g21d|? such that

(2+2x)7" = 2+l Veo|)* ) = (@ = D2+ gx0)* (2 = [Vs20]?).
Similarly,
2(242x0)" 7! = [Vs20]? (2 + xa[Vs2o) !
=(2+20) (2~ [Vseo]?)
+ (a—=1)(2+ gx2)* " 2xA(2 — |[Vs20[}) |V s2v]?.

If @ <2,
2+9x0) <L
Moreover,
X)\|V521)|2 < %|Vszv|2, if ‘Vssz =2
2+ gxa 1, if [Vg2v|? < 2,
<1+ |VS2’U|2
and

(2+2X)\)a71 < 40471)\20(72, (2+gx>\)a71 < 4a71)\2a72(1 + |V52U|2a72).
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Therefore, using that |z] < 1,

62 |(2+20)7 - @+ alVeeP) ) Z2) < ofa - j2 - [Tsf
and
[(2(2+2x0)"7! = V20 (2 4+ xa[Vs20[1) 1) 2(A0)
(5.3) < CN2)2 = |Vavl?| (14 (o — 1)|Vg2v[**).
Using (5.2) and (5.3) in (5.1) we can finally estimate
d d

_ % g.d) - L _E,
Tlog s et d) = Gy Faa(v)

<Cla—1)(1+ AZ‘H)/ |2 = |Vs2v?| (14 (a — 1)|Vs20[**) dAg>
52
(5.4) < Cla— 1)1+ X2V (v = Id)|| 12(s2) ([[VId]| 12 (s2) + [Vl L2(52))
+C(a— 1)2(1 + /\2a72)||V(’U - Id)||L2a+2(S2)
IV asagssy + [Vl aagso) IV0[ 3 rase)

Proposition 5.1. There exist 1 < ag, dg > 0, possibly smaller than those in
Proposition 4.1, such that if v € W2%(S2 S8?) is a critical point of E, x satisfying
(3.1) and (3.2), 1 < a < ap, 0 <0 < o, then

(5.5) log A < C(6 + a — 1).
Proof. As in Proposition 4.1, we set 1 := v — Id. By the Sobolev embedding,
200 4 2
||V1/)||L2a+2(52) < C(O&)||Vw||W1,p(Sz)7 pi= a2 .
4 3

Note that, since we may assume oy < 2, we have that p € (5, 5]7 as in Proposition
4.1. Moreover, C(«) can then be chosen independent of . So, taking ag and g as
in Proposition 4.1, we get, from (4.1),

(56) ||v1/J||L2a+2(Sz) < 6(5 + o — 1)

In particular, ||VU||L2Q+2(52) < ||V’(/J||L2a+2(s2) + ||VId||L2a+2(52) < C.
By (3.2) we have

(5.7) A22=2 < max{e?@0 e20 2],

Since v is a critical point of E, » we have

ﬁ N E,-(v) = 0. In order to

see this we note that
Eq - (v) = Eqx(vrr-1)
which gives
d
dlogT

Eor o = (7B (0)) oo = Ela(0)(w)

where w is the vector field along v given by

w = Tiv |
— dr A1 T=M\"

But v is a critical point of E,  and therefore E, , (v) = 0.
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It then follows from (3.12), (5.4), (5.6) and (5.7) that

log A . d
14+1log A — dlog\

(5.8) C'Ha—1) Ean(Id) < Cla—1)(0+a—1).

The estimate (5.5) now follows by taking ayp — 1 and §y sufficiently small. O

6. OPTIMAL A\ AND BETTER CLOSENESS IN THE W2P-NORM

Of course, we wish to prove that A = 1. However, the choice of A provided by
Proposition 3.1 has some flexibility and therefore, at the moment, we cannot hope
to do better than (5.5). So we have to choose A optimally, which we do as follows.

Proposition 3.1 suggests that we should choose M so as to minimize ||V (up —
Id)H%Q(SZ) = [|[V(u — M*1)|\2LQ(SZ). This minimization is possible because, as
M — oo in the Mébius group PSL(2,C), [V(u — M~1)[[72(52) = [[VullZ2 (g2 +
IV1d||72 g2y > 16m and therefore, we only need to minimize ||V(uy — Id)[|72 g2
over a compact subset of PSL(2,C). In order to see this we note that up to ro-
tations, M can only go to infinity if it approaches a dilation from the south pole
towards the north pole by a huge factor A, so that the energy of m) is concentrated
on a small disk D centred at the south pole. Take D so small that the energy of u
on D is less than € and the energy of my outside of D is less than €. By breaking
up the integral for

IV (u—=M"Y)22(s2) = [VullZa(s2) + 2(Vu, VM) p2(g2) + [[VM 7|72 (s2)
into the contributions from D and its complement, we see that
<VU, VM71>L2(S2)

is small and noting that by conformal invariance |[VM~!||p2(s2) = [|[VId||12(s2),
the claim follows.

From now on, we shall assume that M does minimize ||V (uns — Id)|[2(s2). Of
course, all the estimates proved so far still hold.

As usual, we set v := uy; and assume that v satisfies the hypotheses of Propo-
sition 5.1. We notice that, by (4.1), v approaches the identity map pointwise as &
and (o — 1) tend to zero. So we may write

v=1Id+v¢=exptb (=I1d+9+O0(9?)); b€ TraWh? (5%, 52).

More explicitly, if x = (z,y,2) € S? C R, then

o(x) = x\/ 1= D)2 + P(x),  d(x) x=0.
(6.1)  P(x) =v(x) + 3E)x,  (x)=d(x) - <1 —\1- |¢(X)2> X,

D2 =[P = 1 wP) < [P =201 —/1-[2).
It follows that
IV — V| = O(|9] V) + O(1$]*) = O[] [Ve]) + O(|¢I?),

(6.2)
V20 = V29| = O([9|IV24)) + O(IVE*) + O(191%) = O(|¢]|V*¢]) + O(IVY[*) + O(|¢])
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and therefore, we derive the following equation for 1/3 by taking the component of
(4.2) orthogonal to the identity:

(6.3) (AP)T + 29 = — 2(Vp, VId)) — f{ — f + O(IVY[?) + O(|9?)

where T denotes orthogonal projection of a vector at x € S2? onto Ty.S?, i.e. onto
the orthogonal complement of x, and f; and f> are given by (2.8) and (2.9).

Next, we let e1, es be an orthonormal basis for 752 so that D..e; (x) = 0, where
D is the covariant derivative on T.S?. We calculate at x:

De,9h(x) = ei(h)(x) = ((ei(4)) - x)x = ei($) (%) + (h(x) - €i(x))x
and, since 9)(x) = Zle(z&(x) - e;)e;, we conclude that

(A@T + 9 = Apge)

where Arg: is the (rough) connection Laplacian on vector fields on S2. Next it
follows from [3], Proposition A3, that

Aty = Apgath — 1,

where Ay is the (negative semi-definite) Hodge Laplacian. Furthermore, it was
calculated in [10] that

~Argeth —1p = —(AY)T — 2 = Jo)

where .J is the Jacobi operator of the energy functional at the identity on S2. By
standard Hodge theory, the spectrum of Arg2 is the same as the spectrum of A
on functions shifted up by 1, i.e., the spectrum of Argz is {—1,—5,...}. Indeed, if
AP+ cp =0 then Apg2 (Vo) + (¢ —1)Ve =0 and Apg2(xVe) + (¢ — 1)(xVp) =0
where * is rotation by 90° in T'S?. These two equations follow from the above
relation between Ay and Arg2 and the facts that the exterior derivative d and
* both commute with Apg; the second equation follows from the first and the
conformal invariance of the Dirichlet integral in two dimensions. So, the kernel of
J consists precisely of the span of the gradient of the linear functions on S? and
their 90° rotations. But this is precisely the tangent space Z of the Mdébius group
at the identity; the flow of the gradient of a linear function is a dilation and the
flow of a 90° rotation of the gradient of a linear function is a rotation.
We shall be making use of the elliptic estimate

[llw= < OIS Lr + ol r)

where 1/;0 is the orthogonal projection of 1& onto the kernel of J with respect to
the inner product on L?(S?). We start by estimating 1)9. From the minimizing
property of ||V (v — Id)||%2(52) it follows that

— VU~V§dASQ+/ VId-VEédAg: =0 VEe€ Z.
52 52
Now VId V¢ =divE and [g,(divE) dAg2 = 0. Therefore
(6.4) / v-AfdAg =0 VEeZ
SQ

‘We have
AL(x) = (AT (x) + (AL -x)x
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and, since ¢ € Z, (A&)T = —2¢. If, as before, ey, es is an orthonormal basis for
Ty S? so that De,e;(x) = 0, then

_ ‘Z (146 00+ (es€) ) )

= - Z <(ei (g) : 61;) (X) + (ez(f) . 6i)(X))
= —2div{(x)

where we used £ - x = 0 in the second line and £ - ¢;(e;) = £ - D,,e; = 0 in the third
line. Using these calculations of A¢ in (6.4) yields

/ v-EdAg2 +/ (v-x)(divE) dAg2 =0,
52 52

and, taking into account (6.1), the fact that £ is tangent to S? and [, (div§) dAg: =
0, we obtain

) EdAge :_/SZ 1 — [§]2(div€) dAge :/SZ (1 — /1~ |]2)(divE) dAge.

‘We now choose & = 1[)0 and get
[0l (55) < [0~y [, V0] dAse

But (Atg)T = —2¢ because 1 € Z and therefore

S2

1/2

1/2
[ il aas <c ( / |w02dAs2) - 20( —AwowodAsz)
S2 S2 S2

=2C |90l L2(s2).

We have proved that, for p € [%, 3],
(6.5) 1oll e (s2) < ClidhollLa(s2) < ClPlFoe(s2) < Clidbll Lo (52 19l lw=.o-

We next estimate ||J9)||z» by estimating the LP norm of the right hand side of
(6.3).
From (4.4), (A.2) and (5.5) we have,

[f2| < Cla—1) (sup [Viog xa|) [Vo| < C(a —1)(log A)[Vvl,

where we have used (A — 1) < C(log A\) which holds because of the bound (5.5) on
A. Therefore,

(6.6) 172 | r(s2) < Cla = 1)(1og M) Vo]l o (s2).-
To estimate || f1[|z»(g2) we recall that
|Vo|? = |VId|* + 2(VId, Vi) + |V|? = 24 2dive + |V

and therefore,
[V(IVol?)] < CIV| (1 + Vo).
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It follows from (2.8) and the estimate

XA Vol + Vo))
2+ x| Vo)?

1
<§\/XA+1<1+)\<C
that

(6.7) 1] < Cla— D)V (XA|VU|(1+|VU)

2+ x| Vo2

) < Cla—1)|V%y|

where we have used x < A? and the bound (5.5) on \.
Using these bounds on f; and fo and (6.2) in (6.3), keeping in mind that
V| pr(s2y is bounded by the energy of v, we see, also using (6.5), that

[llwzs < OIS e + ol 0)
< Oz (52 [Vl o (s2) + Cla = D (V] 1 (s2) + (log )
+ CIV G252y + Clltll e s2) [ lwan.
We now appeal to the Gagliardo-Nirenberg interpolation inequality
1990252y < CIVOl 225 IVl s
and use (4.1) with §p and ag — 1 sufficiently small, to conclude that

(6.8) [¢]lw2r < Cla—1)(log ).

7. PROOF OF THEOREM 1.2

We start with a classification result for a-harmonic maps of degree 0 with “small”
energy.

Proposition 7.1. Fizn > 0. Then there exists @ — 1 > 0 small, @ depending only
on n, such that if 1 < a < @ and u: S? — S? is a-harmonic, of degree zero and
E(u) < 8t —n, then u is constant.

Proof. If the proposition is not true, then we can find a sequence «; \, 1 and
a sequence of non-constant maps u;: S? — S? such that deg(u;) = 0, u; is a;-
harmonic and E(u;) < 87 —n Vj € N. By the results of Sacks-Uhlenbeck [9] we
know that two possibilities can occur:

(i) u; converges smoothly to a harmonic map u*: S? — S? of degree zero
which is therefore constant, or

(ii) there exist two harmonic maps u*: S? — S? and v®: $? — S? and a
point p € S? such that, a subsequence of u; (still denoted by u;) converges
smoothly on compact subsets of S\ {p} to u* and a nontrivial bubble u?
develops at p. Since E(u?) < 87 we have |deg(u®?)| = 1. By choosing the
orientation of the domain S? relative to that of the image S? appropriately,
we may, and we will, assume that 47 deg(u?) = E(u®?) = 4. (It follows
that u* is constant, but this is not of direct importance to us.)

In case (i), E(u;) — 0 as j — oco. But then, by Theorem 3.3 in Sacks-Uhlenbeck
[9], there exists e > 0 and ap > 1 such that, if v is a-harmonic, 1 < a < ag
and E(v) < € then v is constant. In particular, u; is constant for large enough j,
contrary to our assumption.
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In case (ii), we can find a sequence D; of discs centred at p, whose radii r;
decrease to 0 and a sequence o; \, 0 such that o;/r; T +oo and, if

vj(2) == uji(riz), |2 <oj/ry,

then

sup  (|v;(z) — uB(z)\ + |Vu,;(2) — VuB(z)|) —0 as j — oo.
|z|<oj/T;

In particular,

/ J(uj)dAg> — 4rdeg(u®P) =4 as j — oo
D;

and
/ |Vu;|? dAg: —>/ |VuP|? dAg> = 87 as j — oo.

But then, for 1arge enough j,

/ J(Uj)dAsz :/ J<Uj)dAs2 +/ J<Uj)dAS2
52 S2\D;

J
1
= (47T - in) - 5 /Sz\D ‘V’U,j|2 dAs2
J

> (4 — 5n) — (87 —n) — (47 — 7))

Therefore, for large enough j, u; has nonzero degree, which is again contrary to
our assumption. (I

Proof of Theorem 1.2. Since we have Proposition 7.1 at our disposal, we only need
to classify the a-harmonic maps of degree 1 which satisfy the assumptions of The-
orem 1.2.

In order to do this, we go back to the proof of Proposition 5.1, using our improved
estimate (6.8) to obtain

[Vl p2a+2(s2) < Ca —1)(log A).
The string of inequalities in (5.8) now becomes
log A d
14+1log A — dlog\
By demanding that « be suffciently closq, but not equal, to 1, we conclude that
A = 1. But, by (6.8) this implies that ¢ must vanish, that is, v is the identity

and the Mobius transformation M which minimizes |V (un — Id)||%. (s2) must be
a rotation. So w is a rotation, as claimed.

C'Ha—1) Ea(Id) < C(a —1)*(log \).

8. OTHER a-HARMONIC MAPS OF DEGREE 1

In this section we shall construct rotationally symmetric a-harmonic maps of
degree 1 that are not rotations. Of course, their a-energy will be strictly bigger
than 2217, We shall also construct a-harmonic maps of degree 1 from the disk
to the sphere which map the boundary circle to a point. This was proved to not
be possible for a harmonic map by Lemaire (see, for instance, (12.6) in [5]). We
shall further construct a map of degree 1 from the annulus to the sphere which is
a-harmonic and which maps the boundary circles to antipodal points.
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8.1. Rotationally symmetric maps. For n € N, r € [nm, (n + 1)7r] and 0 €
[0, 27], we consider a parameterisation of S? given by
(r,0) — (sinr cosf, sinr sinf, cosr).
This parameterisation is orientation preserving if n is even and orientation reversing
if n is odd. In these coordinates, the metric on S? is given by
dr® + (sinr)2d6?.
We shall be interested in maps vy from 52 to itself which are of the form

(r,0) — (sin(f(r)) cos @, sin(f(r))sind, cos(f(r)))
with
f:0,7] = R, f(0)=0, f(r)=nm.
These maps are rotationally symmetric and, for n > 1, wrap over S? more than
once; the degree is zero if n is even and one if n is odd. The energy density e(uy)
of such a map is given by

ctu) = 5 (177 + SO0

(sinr)

and, in order to express the c-harmonic map operator (1.5) at uy, we compute:

% = f'(r)(cos(f(r)) cosB, cos(f(r))sinf, —sin(f(r))),
% = (—sin(f(r))sin6, sin(f(r)) cos6, 0),
S = LB (pay,
3;:; = —sin(f(r))(cosf, sinf, 0) = —sin(f(r)) (sin(f(r))Uf + W?> :
cosr 8.

The Laplacian on S? is given by A = g—; + + W% and so,

sinr Or

Aug + \Vuf|2u,c +(a=1)(2+ |Vuf|2)_1V(|VUf|2) -Vuy

() Ouy NG cosT Ouy

T f(r) or (F(r)) us + sinr or
D) (g 4 ) g
(sinr)? < (F(r))us + fr) 87“)

U S PR N

(sinr)? 2+ |Vusl?) or Or
1 8uf " @f/(T) _ (cos f(r))(sin f(r))
(sinr)?

(a—1) IVuy|?
2+ |VUf|2) or

Thus u¢ is a-harmonic if

&1 )+ f'r) =

- f’(r)ﬁ(f (r) sinr
+ ).

cosTr

(cos f(r)sinf(r)) _ (a=1) OVus*

(sinr)2 (2+ |Vugl?) or 0-

sinr
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8.2. Construction of rotationally symmetric a-harmonic maps. We shall
specialise to the case n = 3 (though our arguments will work for any other integer
value of n) and we define

X ={f:0,r] >R:uy € Wl’za(Sz,R?’), f(0)=0, f(r)=3n}.
Let A :=infscx I(f) where

I(f) = Ealuy) = W/Oﬂ (2+ (f)2 + (Sinf)2>asinrdr.

(sinr)?

A direct calculation shows that f € X is a critical point of I if, and only if, uy is
an a-harmonic map, i.e., if, and only if, f satisfies (8.1). This is a manifestation of
the principle of symmetric criticality of Palais; see, for example, Remark 11.4(a) in
[2]. The symmetry group in question here is the group O(2) of the rotations about
the axis (0,0, z) and reflections in planes containing the line (0, 0, z).

If f; is a sequence in X, we shall write u; instead of uy,. Let f; be a sequence
in X such that I(f;) J A. Then u; is a bounded sequence in W12%(52 R3) and
therefore, a subsequence, still denoted by wu;, converges weakly in Wh2o(§2 R3)
and uniformly in C°(S%,R3) to u* := uy- for some f* € X.! By the lower semi-
continuity of E, with respect to weak convergence in W12%(S2 R3), we have that
I(f*) = Eo(u*) = A. Thus u* is an a-harmonic map of degree 1 which is not a
rotation. We get a lower bound on E,(u*) by arguing as in (1.7) and (1.8):

E,(u*) = W/OW <2+ (f*)* + (Sinf*)Q>asinrdr

(sinr)?

T </07r (2+ (£ + M) sinrdr>a </Oﬂsinrdr>1a

«

>ol-er (/ﬂ (2sin7 42| f*'(sin f*)|) dr)
0

There exist r1, 12 € (0,7) such that f*(r1) =7 and f*(rz) = 2x. Then

ﬂ—*/-*d/rl*/-*d—rz*/.*d ﬂ-*/-*d
[ s [ dr / 1 (sin ) r+/2f (sin f7) dr

= —cos f*(r)]g" + cos f*(r)[;2 — cos f*(r)|},
= 6.

It follows that
Eq(u*) > 23T,

Let D; be the geodesic disc in S? of radius r; and centred at (0,0,1), let Do
be the geodesic disc in S? of radius 7 and centred at (0,0,—1) and let A be the
annulus between D; and Dy. Then the restriction of u* to D; is an a-harmonic
map of degree 1 onto all of S? which maps all of the boundary of D; to (0,0, —1).
Similarly, the restriction of u* to A is an a-harmonic map of degree 1 onto all of
52 which maps the two boundaries of A to antipodal points of S2.

IThis uniform convergence in CP fails when a = 1 and this is precisely why this construction
does not yield harmonic maps of the type considered in this section.
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9. e-APPROXIMATION

In this section we study a fourth order approximation

E.(u) := 1/ (|IVul? + e|Aul?) dAg:
2 /2
of the Dirichlet energy. This approximation was first studied in [7] and it was shown
that smooth critical points exist for every £ > 0 and that sequences of critical points,
for e — 0, satisfy the same bubbling picture as the a-harmonic maps studied earlier.
As in section 2 we also define the energy

1
Boaw =5 [ (V0 +exa|Au) dds:

and it follows that u is a critical point of E, iff uy is a critical point of E. y.
Note that critical points of E. ) satisfy the PDE

—Au+ eA(xrAu) = u(|Vul> — eA(xa| Vul?) — 2e div(xrAu, Vu) + exa|Aul?).

Next we note that for every map u € C°°(5?,5?) with deg(u) = 1 we have

dn(1+2¢) = /

| Jw)ddse + %( / J(u) dAge)?

SZ
€ 2 2
— V dA
8 (/Sz ‘ u| Sz)

e

/ |Vu|4 dAsz
2 /g

< E(u) +

where we used that Au = (Au)? — u|Vu|? and therefore

/ |V’U,|4 dAsz < / |Au‘2dAs2
52 S2

with equality iff v is harmonic. Hence we also see that equality holds in the above
estimate iff u is harmonic with constant energy density and therefore if it is a
rotation. (Note that —AId = 2Id and therefore E.(Id) = 4m(1 + 2¢).)

Next we calculate

Es(mA) = Es’)\(Id) = 47T-|—2€/ XA dASZ
52

B A+22 4
_M+%AVGH@POH@PMM)

(1 + A%r2)? r
=4 16 d
T m/o NI

A A
:4W+8W€ﬁ/)\,1 dew

(9.1) :4w(1+2§(A2+1+A‘2)),

1423272

where we used the substitution w = CEEIE
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Differentiating this explicit expression for E.(m)) with respect to log A yields

d 16me

mEs(mA) = 3 (/\2 - >‘72)
167, 5 AN +1
=5 M oUmg
(9.2) > Ce(N\? —1).

The proposition analogous to Proposition 3.1 in this setting is

Proposition 9.1. There exists §* > 0 such that, for any § € (0,6*) there exists
>0 such that, if 0 < e <1 and if E.(u) < 4n(1 4 2¢) 4+ p, where u is a critical
point of E. of degree 1, then there exists M € PSL(2,C) such that

(9.3) 19 (s = 1) sy + VE lvA0r Aluar = 1) o) <.

Furthermore, there is a fived constant C such that, if A > 1 is the largest eigenvalue
of MM* (see (2.1)) then

(9.4) (A —1) < 0.

Proof. As for Lemma 3.2, we shall prove (9.3) by contradiction. However, instead
of appealing to Theorem 1 in [4], we shall use Theorem 1.1 in [7]. More specifically
if, for a contradiction, (9.3) were not true, then we could find a sequence ., | 0,
a sequence &, € [0,1], a sequence u,, € W?2(52,8?) of critical points of E., of
degree one, with E._(u,) < 47(1 + 2e,,) + pn, and § > 0 such that

(9-5) IV ((un)ar = Id)”m(SZ) +VEn [V A((un)ar — 1d) HL2(52) >0

for all M € PSL(2,C). Now we have to consider two cases:

1) e, —0
In this case it was shown in Theorem 1.1 in [7] that we get a similar
contradiction as in the proof of Lemma 3.2. Note that here A\ corresponds
to the reciprocal of the energy concentration radius which is relevant for
constructing the blow-up map wuy; in this situation.
2) g9 = €0 € (0,1]
Here we have, at least for n large enough, a uniform W22-bound for the
sequence u,. Hence we conclude that u, converges strongly in W22 to a
limiting map . which is a critical point of E.__ and which satisfies

E._(uso) =4m(1 + 2e00).

By the discussions above this implies that u, is a rotation, contradicting
(9.5).

To establish (9.4), we set v := uys and calculate as in section 5 to obtain

d

- E. =2 )| Av|? dAgs.
0= o Fea(®) = 2 [ as()lAu dds
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Since ||z|| g (s2) < 1 we conclude further from the estimate (9.2) that

d d
2<% B (Id- - _E
CeW -1 <y log A ealld) = 5 log A A)

:25/ O (AT — |Av[?) dAgs

S2

(9.6) < 2Vell[ VXA = Id) | 2(s2) VE (VXA AV 2 (s2) + [[VXAATd 12 (s2))-
Now, by assumption,

47(1 4+ 22) + 0 > B () = Eop(uar) = Ben(v)
> 4m + E/ XalAv|? dAge
2 /s
where, in the second inequality, we have used
1
— |V’U|2 dAg2 > 4w
2 Jge

which holds because deg(v) = 1. So,
(9.7) ellVxXaAv||72 (g2 < 16me + 2p.
By the triangle inequality,
(9-8) VeV AId|| 252y < Ve(VXAAUTd = v)||z2(s2) + [[VXx Al L2 (s2) ) -
So, using (9.3), (9.7) and (9.8) in (9.6), and thus we get
e(\? —1) < C6.
(I

Here we see that in the replacement for Proposition 4.1 we need to get
an estimate for ||A(v — Id)||z2(s2) which is independent of ¢ (see Lemma
2.6 in [7]).

APPENDIX A. AN ESTIMATE FOR THE FUNCTION X
Lemma A.1. There is a constant C > 0, independent of X > 1, such that

I <1 <1
(A1) 19 log xall st < {C( og))  for0<logA\

C(logA)z  for log\ > 1.
Proof. First of all we note that
d A% T 4r(A? = 1)
@2 grlexalr) <1+/\2r2 1+r2) 1+ 7r2)(1+ A22)

and hence we estimate

r3

o 1/2
2
||VIOgX>\||L2(S2) =4(\" - 1) <87T/0 (1+ A2r2)2(1 + r2)4 dr)

<4(A% —1)(8m)Y/2

1/2
1/A 1 00
/ 1"3d1"+i 1erri ialr .
0 A aT Mo
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So,

A1\ (A—1) (1 1 Yz
||V10gX)\HL2(SZ) < 4(87‘(‘)1/2 ()\) <>\> (4 + g + IOg)\> .

Now, for 1 < A < e, we have

A—1
— <logX and (% + % +log)\)1/2 <V2
and, for log A > 1, we have
A—1
(5§ Tlog )Y < V2(log 1)1/
which yield the desired estimate (A.1). O
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