arXiv:1902.09338v1 [math.PR] 22 Feb 2019

Point vortex approximation for 2D Navier—Stokes equations
driven by space-time white noise

Franco Flandoli* and Dejun Luo!

February 26, 2019

Abstract

We show that the system of point vortices, perturbed by a certain transport type noise,
converges weakly to the vorticity form of 2D Navier—Stokes equations driven by the space-
time white noise.
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1 Introduction

The purpose of this paper is to show that a particle system of stochastic point vortices converges,
as the number of particles goes to infinity, to the vorticity form of the Navier—Stokes equations
driven by the space-time white noise:

dw+u- Vwdt = Awdt + V2V - dW,  w < white noise on T2 (1.1)

Here u = (uy,us) is a divergence free vector field on the torus T? = R?/Z2 and w = V* -u =
Oouy — Orug is the vorticity. The equation (LIJ) in velocity-pressure variables reads as

du + (u- Vu+ Vp)dt = Audt +V2dW,

divu = 0,

which has been studied intensively in the last two decades, see for instance [1} [} 7], 2], 16l 3] 15
[I7] among others. This equation has an invariant measure given by some Gaussian measure
p which is supported by any Sobolev or Besov spaces of negative order. It was shown in [5]
Theorem 5.2] that, for p-a.s. starting points in some Besov space, the above equation has a
unique solution with continuous paths; moreover, if the initial data is a random variable with
distribution p, then the solution is a stationary process.

To motivate our study we begin by considering the vorticity form of the 2D Euler equation:

Ow~+u-Vw=0, wl—g=wp.
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This is a nonlinear transport equation in which u is expressed by w via the Biot—Savart law:
u(z) = (K xw)(z) = (w, K(z —)),

where K is the Biot-Savart kernel on T2. We refer the readers to [8, Introduction] for a list of
well posedness results on this equation. In particular, we are interested in the case when wgy has
the form w} (dx) = \/—lﬁ Zf\il §idxi (dz), where & € R and X} € T? are some distinct points.
According to [I3, Section 4.4], the above equation can be interpreted as the finite dimensional
dynamics on (T2)V

dXZ N N
T Z &K — X7 (1.2)
J Lj#i
with initial condition Xé’N = Xé, 1 =1,---,N. This system is not necessarily well posed: an

explicit example was given in [I3, Section 4.2] which shows that three different vortex points
starting from certain positions collapse to one point in finite time. Nevertheless, the above
system of equations admits a unique solution for (Leb%gv )—a.e. starting point in (T2)V

Based on the above result, the first author of the current paper considered the system (L2])
with random initial data w}’ which converges weakly to the White noise on T? (see [8, Section
3.2] or the next section for the precise meaning). Denote by w}¥ \ﬁ ZZ 1 &0 xiN- He proved

in [8, Theorem 24] that the family {w”"} has a subsequence which converges weakly to some
w. with continuous paths in H 17 (T?) = NgsoH 1 7%(T?), such that w; is a white noise on T?
for all ¢ > 0. Furthermore, the process w. solves the weak vorticity formulation of 2D Fuler
equations. We refer to [8, Theorem 25] for more general results and to [9] for extensions to
stochastic settings. On the other hand, we considered in the recent paper [II] the following
stochastic 2D Euler equation
kL
dw+u-Vwdt =2¢ey Z ek\k! Vwode
0<|k|<N
where k runs over Z?, ey = (Zo<\k|§N #)_1/2 ~ (log N)~'/2, {e}} is the orthonormal basis
of sine and cosine functions (see (Z2)) and {W*} are independent Brownian motions. It was
shown that this model, hyperbolic in nature, converges to the parabolic equation (III) above.
Motivated by the above discussions, we shall study in the current paper the stochastic point
vortex dynamics
1
dx; N = Z GEXPN = XMy dt+2en > ’%ek (XY o W,
J 1,j#i 0<|k|<N

Assume the initial point vortices wo are random and converge weakly to the white noise on

T?, we can prove that the processes w¥ = \F ZZ 160 XN converge weakly to the white noise

solution of (LI). The proof follows the general idea of ﬂ]]]] but we need some L?-boundedness
estimate on a sequence of functionals of w’, which is done in the appendix.

2 Convergence of the stochastic point vortex systems

First, we introduce some notations. As in [8 Section 3.2], let {;}ieny be a family of i.i.d.
N(0,1) r.v.’s, and {X{}ien is an i.i.d. sequence of T?-uniformly distributed r.v.’s; we assume
the two families are independent. For every N € N, denote by

A = (N(0,1) @ Lebp)*™



the law of the random vector ((&1,X(),...,(En,X{")). Let us consider the measure-valued
vorticity field

1 N

N

w ——E 0,
0 \/Nizlgl 0

which can be regarded as a r.v. taking values in the space H 17 (T?) = Ng=oH 17%(T?) with
the law u%;, where H"(T?) (r € R) is the usual Sobolev space on T2. Denote by M(T?) the
space of signed measures on T? with finite variation, and

My (T?) = {p € M(T?)|3X C T? such that #(X) = N and supp(u) = X }.

We can define the map Ty : (R x T?)N — My (T?) ¢ H~17(T?) as

(€, XD, (0, X)) = ) = —= D 60, (2.1)

then it holds that
py = (T AN = Ay o Ty -

It is proved in [§, Proposition 21| that, as N — oo, wév converges in law to the white noise
Ww N Oon T2.
We denote by

27k - k€ Z3
er(z) = V2 C.OS( mk-a), k€L, x € T? (2.2)
sin(2rk - x), ke€Z2,

where Z% = {k € Z% : (k1 > 0) or (ky = 0, ko > 0)} and Z% = —Z%. Then {e, : k € Z%}
constitute a CONS of L%(TQ), the space of square integrable functions with zero mean. Define
1kt
=——e¢

V2[R
with k* = (kg, —k1). For N > 1, define Ay = {k € Z2 : [k| < N}. Let {Wtk}kezg be a sequence

of independent standard Brownian motions, which are independent of {&;}ien and {X{}ien.
Consider the stochastic point vortex dynamics: for i =1,--- , N,

or(z) (z), keZ? (2.3)

N
XN = Y GR(XY XYY dr ke Y (XY od i (24)
VN 57 keAn

with the initial condition XS’N = Xé. Denote by
Ay ={(z1,...,2n) € (T?)N : there are i # j such that z; = z; }

the generalized diagonal of (T?)Y and A§, = (T?)Y \ Ay. Moreover, for any ¢ € C>(T?), set

Hy(a,y) = 5K(2 ) (Vo(x) ~ Vo), w.yeT

with the convention that Hy(z,z) = 0. It is well known that, for all z € T?\ {0}, K(—z) =
—K(z) and |K(z)| < C/|z| for some constant C' > 0; thus H is symmetric and

1Hslloo < ClIV? o0 (2.5)

We have the following result.



Proposition 2.1. For a.s. value of ((51,X01), . (§N,Xév)), the process (th’N, .. ,XtN’N) is
well defined in AS; for all t > 0, and the associated random measure-valued vorticity

| XN
N [ — . .
Wt - \/N ; él(SXz,N
satisfies the equation below: for all ¢ € C>(T?),
t t
b .0) = @0y + [ (@l ool Hopds+ [ @l Aopas

+2v2en Z / <ws,ak V¢>dwk

keAN

The stochastic process w} is stationary in time, with the law ,u?v at any time t > 0.

Proof. The assertions are the same as [9, Proposition 2.3|; the only difference is that here we
can compute explicitly the second order derivative to get the Laplacian in the equation (2.6]).
Indeed, (2.5) in [9] becomes

(W, 6) = (Wl 6) + /<w ©wl H¢>ds+2\/§6NZ/ W, ok - V) dWE

keAN

+ 4e% Z/ W™, oy - V(oy, - Vo)) ds

keAn
We have o, - V(o - Vo) = Tr[(ak ® Jk)v2¢] since oy, - Vo, = 0 for any k € Z2. The equation
([2.6)) is a consequence of the following equality:
I 5
Z O’k®0'k=Z€N I, (2.7)
keAn

where I is the (2 x 2)-unit matrix. This identity was proved in [11, Lemma 2.6]; we present
the proof here for the reader’s convenience. We have

ko kL
Sn(x) := Z op(x) @ op(x) = Z % [cos®(2mk - x) + sin?(27k - 2)]
keAy keANNZE
- Z 1 ( /{:% —k1k2> o 1 Z 1 < k% _k1k2>
B |k[* \~kiko K2 ) 2 |k[* \~kike K2 )
rernort K| k2 R 2,50 |k| 1h2 K1

So Sy is independent of x. First, we have

1,2 1 k1ko
keAN

since we can sum the four terms involving (k1, k2), (—k1, k2), (k1, —k2), (—k1, —k2) at one time.

Next,
P> w P> rk\4 =5

keA keA



since the points (k1, k2) and (k2, k1) appear in pair. Therefore,

1 ki + k3

L1 22 _ ithky

Sy =8V =7 Z kT Z ‘k’2_4€N
keAn

Hence we obtain (2Z7). O

Let QY be the law of w®™ on X = C([0,T], H '~ (T?)), N > 1. We want to show that the
family {Q™}n>1 is tight in X, for which we need the following integrability properties of w;¥
that are proved in [8, Lemma 23| (except the second estimate which can be proved similarly
to the first one).

Lemma 2.2. Assume f:T? x T?> = R and g : T?> — R are bounded and measurable, and f is
symmetric. Then, for every p > 1 and 6 > 0, there are constants C),,Cp 5 > 0 such that for all
N >1andtel0,T],

E[[(w) @w, HIF] < Collfl%:  E[[ . 9)"] < Collgllt,  Eflwi||-1-5] < Cpe-

Moreover,

Ewﬁ®wﬁﬂﬁ:%/ﬂmme+¥%%/ﬂmmmr+%%&Qj/ﬂmmey

With these estimates in hand, we can follow the arguments at the beginning of ﬂEZL Section
3] to show the tightness of {QV}y>1 in X. To this end, we need to prove that {Q"}y>1 is
bounded in probability in W1/34(O T3 H=*(T?)) for some > 5, and in LP(0,T; H~179(T?))
for any pp > 0 and § > 0.
First, by Lemma 22l for all N € N,

B [ I sae] = [ Bl ae < G 25)

This implies the boundedness in probability of {Q™ }>1 in LP (0,T; H *1*5(’1[‘2)) for any pg > 0
and § > 0.

Next, to show that {Q™}y>1 is bounded in probability in W1/3’4(O,T; H*“(’I[Q)) with
k > b5, it suffices to prove

TI,,N _, N4
supE[/ Hwt HH Hdt—i—// Hwt‘t_i}/ufﬁ dtds| < oco.

N>1

The expectation of the first part is finite by the estimate (2.8]), thus we focus on the second
part. We need the following result whose proof looks very similar to [I1, Lemma 2.5]. The
difference between them is that here the processes w]' are random point vortices, while the
processes in [I1, Lemma 2.5] have white noise as marginal distribution.

Lemma 2.3. There exists C > 0 such that for any N > 1 and ¢ € C*°(T?), we have
4
E[(wi —wl,0)"] <C(t = 5)* (VI + IV?6]15)-
Proof. By (2.4)), one has

t
(Wi —wl, ¢) = /<w @ wl H¢>dr+/<w£v,A¢>dr

S

+2V2ep Z / <wr,ak V¢>dwk

keAN

5



First, Holder’s inequality leads to

EK/:@{V@@V,H@M)T g(t—s)?’E[/:(w ©wl, Hy)' dr]

; (2.10)
<(t—s) / CIV2G|I%, dr = C(t — 5)IV26]14,

where in the second step we used Lemma and (Z3)). In the same way,

([ a0 d)] <-o'B] [ a0tar] scu-9tiaeli. @

Next, by Burkholder’s inequality,

|:<€N > / wN o Ve de> ] <CaNE[< 3 <w£v,ak-v¢>2dr>2}

keAn S keAy

gcejlv(t—s)/:ﬂ«:[( > <w7{V,Jk-V¢>2>2]dr

keAN
Cauchy’s inequality and Lemma imply that

5[( X o v97) | = X Bl V)l 96

keAy kleAN
< Y (B, on Vo) TP (WY, o - V)]
kleAn
2 2
<o X tow-vol) < el X loulk)
keAn keAn
Note that
Z HO-ICHQ Z ’k‘Q €N7
keEAN keAn
hence,

EK 2 <wiv’“k'v¢>2>2] < OVo|li ent

keAN
This implies

5 (o 5 [ o voyams) | < - opivai.

keAN
Combining this estimate with (Z9)—(2I1]), we obtain the desired result. O

Applying Lemma with ¢(z) = ex(x) leads to
E[ngv - wév,ekﬂﬂ <C(t— 8)2|k|8, k€ Z%.
As a result, by Cauchy’s inequality,

£t =) =] (304 148) el - )
@;Hw VS o ) Bl - o )]

k

SCt—9)Y (1+[kP) "k < C(t = 9)%,
k



since 2k — 8 > 2 due to the choice of k. Consequently,

T T ||oN — N4 It — s|?
E{//{“ o gy, <g// =5 s < oo
o Jo s [REE
The proof of the boundedness in probability of {QN}N>1 in W1/34 (0, T H_"‘(']I'z)) is complete.
Combining this result with [Z38) and the discussions below Lemma 22 we conclude that
{QN}n>1 is tight in X = C ([0, 7], H '~ (T?)).
Since we are dealing with the SDEs (28], we need to consider @V together with the
distribution of Brownian motions. Although we use only finitely many Brownian motions in
(Z8), here we consider for simplicity the whole family {(W{)o<i<7 : k € Z&}. To this end, we

2 ., . .
assume R% is endowed with the metric

]ak—bk\/\l 72
dZQ a,b) Z oW a,b € R™.
kez?

Then (Rzg,dzg) is separable and complete (see [4, Example 1.2, p.9]). The distance in ) :=
C([O,T],RZ%) is given by

dy(w,w) = sup dzg(w(t),l@(t)), w,w € Y,

which makes ) a Polish space. Denote by W the law on Y of the sequence of independent
Brownian motions {(W[)o<i<r : k € Z3}.

To simplify the notations, we write W. = (W})o<t<7 for the whole sequence of processes
{(Wtk)OStST ke Z%} in ). Denote by PN the joint law of (w_N,VV.) on X x ), N> 1. Since
the marginal laws {QN } NeN and {W} are respectively tight on X and ), we conclude that
{PN } NeN is tight on X' x ). By Skorokhod’s representation theorem, there exist a subsequence
{N,}ien of integers, a probability space (é), ]:", I@)) and stochastic processes ((,:}NZ, WN’) on this
space with the corresponding laws PV, and converging P-a.s. in X x ) to a limit (d)., W) We
are going to prove that @., or more precisely another closely related process, solves the vorticity
form of the Navier—Stokes equation with a suitable cylindrical Brownian motion.

We want to identify the approximating processes on the new probability space as random
point vortices. For this purpose, we follow the discussions above [8] Lemma 28] and enlarge
the probability space (@ F, IP’), so that it contains certain independent r.v.’s we need. The
rough idea is to apply a random permutation to an (R x T2?)¥-valued r.v. which corresponds,
via the mapping I)), to a r.v. with values in My (T?), see the end of Step 1 in the proof of
[8, Lemma 28] for more details. Denote by (@ F, P) a probability space on which, for every
N > 1, we define a uniformly distributed random permutation Sy : ;05X N, where X is the
permutation group of order N. Define the product probability space

(0,F,P)= (6 x6,Fa F,PoP) (2.12)

and the new processes

~

(wNi,WNi) = (d}Ni,WNi) om, (w,W)= ((,ZJ,W) om, SN =S8N 0Ty,

where m; and mo are the projections on O x 6. Here, we slightly abuse the notations by
denoting the final probability spaces and processes like the original ones. In the sequel we
always consider the processes on the new probability space.

First, by Proposition 1] it is easy to show



Lemma 2.4. The new process w. is stationary and for every t € [0,T], the law pu; of wy on
H~17(T?) is the white noise measure .

Similarly to [9, Lemma 3.5], we can identify the structure of w!'' as a sum of Dirac masses.

Lemma 2.5. The process wivi on the mew probability space can be represented in the form
N;
\/LNTV ijl fj5Xg,Ni , where

1,N; i, N
(€1 X0™), s (6 X)) (2.13)
is a random vector with law XY and (th’Ni, . ,XtN"’N') solves the stochastic system (2.4)
with the initial condition (Xé’Ni, . ,Xév“Ni) and new Brownian motions {(WtNi’k) ke, }

defined above.

As a consequence (cf. Proposition B.), for any i € N and ¢ € C°°(T?), the new process
whVi satisfies P-a.s., for all ¢ € [0, 7],

t t
(w,0) = (o) + [ (@ owl Hy)as+ [ (o) Ag)as
0 0

t
+2\/§€N¢ Z / <wévi’ak-v¢>dW8Nivk.
0

kGANi

(2.14)

Remark 2.6. Using the a.s. convergence of w™i to w in C([0,T], H '~ (T?)), we can show
that the quantities in the first line of ZI4]) converge respectively in L*(©,P) to

t t
<wt7 ¢>7 <w07 ¢>7 /0 <w7‘ ® Wr, H¢> d7”7 A <w7‘7 A¢> d?"',

see [9, Proposition 3.6] for details. However, the term involving stochastic integrals does not
converge strongly to some limit. Therefore, we can only seek for a weaker form of convergence.

Before proceeding further, we introduce some notations. By A & Zg we mean that A is
a finite set. Let Iy : H 17 (T?) — span{e; : k € A} be the projection operator: Ipw =
> iealw, er)e;. We shall use the family of cylindrical functions below:

FC} = {F(w) = f({w,€);1 € A) for some A € 7% and f € C',?(]RA)},

where R? is the (#A)-dimensional Euclidean space. To simplify the notations, sometimes
we write the cylindrical functions as F' = f o Il, and for I,m € A, fi(w) = (9;f)(yw) and
Jim(W) = (010m f)(I1aw). Denote by L the generator of the equation (ILI]): for any cylindrical
function F = f oI, with A € Z2,

LooF = 472 3P [fraw) — filw)(w, )] — (u(w) - Ve, DF), (2.15)
leA

where the drift part
(w(w) - Vw,DF) = =) fi(w){w @ w, He,).
leA

Finally we introduce the notation

k-1

C pu—
k,l ‘]{?’2 )

k1€ Z3. (2.16)

Qo



We have the following useful identity (cf. [10, Lemma 3.4] for the proof):
2 L 9.0
Z Crp = 95N ] (2.17)
keAn
Now we prove that the limit w is a martingale solution of the operator L.

Proposition 2.7. For any F € FC2,
t
M} = F(w) — F(wo) — / LooF(ws)ds (2.18)
0

is an Fy = o(ws : s < t)-martingale.

Proof. The proof below is analogous to that of [I1l Proposition 2.9], but the processes (ng :
involved there are processes of white noises on T?, while here wiv ¢ are random point vortices.
Recall the CONS defined in ([22). Taking ¢ = ¢; in [ZI4)) for some [ € Z2, we have

d<wiN",el> = <wiv' ®wiN",Hel>dt — 47T2|l|2<wivi,el>dt

+2V2en, D (w' ok Ver) dW, VR, (2.19)
kGANi

Therefore, for I,m € Z%,

d<wivi,el> . d<wivi,em> = 88?\[1, Z <wivi,0k . Vel><wivi,ak . Vem> dt.
keANZ.

It is easy to show that o - Ve; = \/57‘('0]67[6]66,[; hence
<wiv",0k . Vel><wivi,ak . Vem> = 27720k,l0k7m<wivi, eke,l><wivi, eke_m>

= 212Cy1Chom [<wivi, 6k671><wfv'} €erem) — 5l,m}

As a result,

d<wivi,el> . d<wgvi,em> = 167726?\[1, Z CriCrm [<wgvi,eke_l><wivi,eke,m> — 5l,m] dt
keANZ.

+ 8726, |12 dt,

where in the last step we have used (2.I7)). To simplify the notations, we denote by

Rl,m (thZ) = 87‘1’2 Z Ck,lem [<wi\7¢’ 6k671><thi, eke_m> — 5l,m} .
keANZ,

Recall that w'* has the law (i, for any t € [0,T], thus Ry, (wivl) is bounded in L*([0,T] x ©)
by Proposition 3.1l in the appendix. Finally, we get

dw &) - dwy, em) = 26X, Ry (w]'7) dt + 8726, )1|* dt. (2.20)



By the It6 formula and (2.19), (2.20)),
dF () = df ({w¥, e;);1 € A)
= > Al [ @ Wl Hey) - 4m? 1wl )| dt

leA
+2v2en, S fi(wM) Y (o - V) dw
leA keAn,
+ > frm (@) [ Rim (w]77) + 47261 1[] d.
I,meA

Recalling the operator Lo, defined in (ZI3]), the above formula can be rewritten as
dF (w}") = LooF (w]¥) dt + €%, ¢ dt + MY, (2.21)

where, by Proposition B.1],
CtNZ = Z fl,m(WiVi)Rl,m(WiNi)

I,meA

is bounded in LQ([O, T] x @) since {f1m}1,men are bounded, and the martingale part

thN" = 2\/§6Ni Zfl (wiv') Z <wiv",ak . Vel> thNi’k.
leA k;EANZ

Note that MtN ‘ is a martingale w.r.t. the filtration
FlNi = a(wévi,WSNi s < t),

where we denote by W[V = {Wév“k}kezg.
0
Next, we show that the formula ([Z2T]) converges as i — oo in a suitable sense. To this end,

we follow the argument of [6] p. 232]. Fix any 0 < s < t < T. Take a real valued, bounded
and continuous function ¢ : C([0,s], H '~ x RZg) — R. By (ZZ1]), we have

t t
E[(F(wivi)—F(wévi)—/ LaF () ar -2k, [ ggvidr>¢(w,W_Ni)} 0.

Since F € FC} and w!'* has the law pu,, for all ¢ € 0,T], by Lemma 22 all the terms in the
round bracket are square integrable. Recall that, P-a.s., (w_Ni,VV_Ni) converges to (w.,VV.) in

C([O, T],H '~ x Rzg). Repeating the treatment of the term Iév’“ in the proof of [9, Proposition
3.6], we can show the convergence of the term involving the nonlinear part in Lo F’; the other
terms are simple. Thus, letting ¢ — oo in the above equality yields

t
E[(F(wt) — F(ws) — / Lo F(wy) dr>gp(w.,W)} = 0.
The arbitrariness of 0 < s < t and ¢ : C([0,s], H '~ x RZ?}) — R implies that MF is a

martingale with respect to the filtration G; = O'(WS, Ws s < t), t €[0,T]. Forany 0 < s <t <
T, we have Fy C G, thus

E(MF|F) =B[E(M]|6,)| 7] = E[MI| 7] = MT,
since M!" is adapted to F. 0

10



At this stage, taking the cylinder functions F(w) = (w, ¢;) and F(w) = (w, e;){w, em) (I,m €
Z2) and using Lévy’s characterization of Brownian motions, it is easy to show that (see [11]
Proposition 2.10] for details)

Proposition 2.8. There exists a family of independent standard Brownian motions {Wtk it >
O}keZQ such that (w., W.) solves (L)), where W; = Zkezg Wt_kek%.
0

In the remaining part of this section, we follow the arguments at the end of [I1}, Section 2].
We can rewrite (LI)) in the velocity variable 4. = u(®.) as follows:

di + b(a) dt = vAadt + 20 dW. (2.22)

Here, b(u) = Pdiv(u®u) and Au = PAu, in which P is the orthogonal projection onto the space
of divergence free vector fields on T?. It is clear that @ has trajectories in C([0,T], H (T?)),
that is, in C([O, T], H*‘S(’I[Q)) for any d > 0. As mentioned at the beginning of this paper, the
above equation has been studied intensively in the last two decades. We deduce from Lemma
2.4l and Proposition that the process @ is a stationary solution to (Z22]) in the sense of
[0, Definition 4.1]. Let us remark that this definition is based only on the Sobolev regularity
of w € C([0,T], H (T?)); the definition of the nonlinear part b(a) is based on the Galerkin
approximation and coincides with our definition, as explained by [I1, Theorem A.12] in terms
of the vorticity variable.
Similarly to the arguments in [I4], Section 3.5], we can prove

Proposition 2.9. The uniqueness in law holds for stationary solutions to (2.22]).

Proof. By [12, Theorem 3.14], it is sufficient to show that the pathwise uniqueness holds for
stationary solutions of (Z22)). Let u; (i = 1,2) be two stationary solutions to the equation
(222) in the sense of [5, Definition 4.1], which are defined on the same probability space
(0, F,P), with the same initial data u;(0) = u2(0) = u(0) (P-a.s.) and the same cylindrical
Brownian motion W (t), 0 <t¢ < T. Then, for i = 1,2, P-a.s.,

t t
wi(t) = u(0) — / b(u;(s))ds +/ Aui(s)ds +V2W (), 0<t<T.
0 0
These equations can be rewritten as
t t
ui(t) = eu(0) — / =) Ap(u;(s)) ds + V2 / =) Aqw (s).
0 0

We extend W (-) to be a two-sided cylindrical Brownian motion on R (possibly at the price of
enlarging (©, F,P)) and define

Z(t) = \/§/t =94 g (s).

It is well known that Z is a stationary process with paths in C ([O, T], By p) for any o < 0, p >
p > 2 (cf. the last line on p.196 of [5]). Here, for any s € R, By , is the Besov space on T2.
Note that

V2 / -9 AW (s) = Z(t) — e Z(0),
0

we arrive at

ui(t) — Z(t) = " (u(0) — Z(0)) — / t = Ap(uy(s))ds, i=1,2. (2.23)



As in [5, Theorem 5.2, p.196], let «, 3, p, p, o be such that

2 1 1
—>a>—0>0,p:p22,ﬁ21,——+—<g—
P 2 p 2

IS

1 <

B2

Using these parameters, we define the following space
&=1°(0,T;By,)nC([0,T),B],).

Since for any t € [0,7T], u;(t) is distributed as N(0,(—A)~!) = ®keZgN(0,1/(47r2\k:]2)), one
has u;(t) € By ,, P-a.s. (see [2l Proposition 3.1]). We also have Z(0) € By , (P-a.s.), thus by
[5, Lemma 6.1], we obtain that, P-a.s., [0,T] > t ~ "4 (u(0) — Z(0)) € £. Next, for any vy > 1

and € > 0, since
o [ Ity at) = [ Bl ) a

using estimates on the operator b(-) and the regularity provided by the Gaussian marginal of
u;(+), we can prove b(u;(+)) € L7(0,T; H'7¢) (P-a.s.), see the arguments on the top of p.197
in [5] for details. Therefore, [5, Lemma 6.2] gives us that fg elt=9)4p(u;(s)) ds € €. Combining
these discussions with the equations ([2.23)), we deduce that u; — Z € £ (P-a.s.) for i = 1,2. By
[0, Theorem 5.2, p.196] (see in particular the arguments on p.200 after the proof), we obtain,
P-a.s., ui(t) = wug(t) for all ¢ € [0,7]. Thus the pathwise uniqueness holds for stationary
solutions to (2.22]). O

Recall that {Q™}n>1 are the distributions of (w;")
result of this paper.

0<t<T" Now we can prove the main

Theorem 2.10. The whole sequence {QN}Nzl converges weakly to the distribution of solution
to (LTI).

Proof. Proposition [Z9]implies that the stationary solutions to (ILI]) are unique in law, thus we
deduce the assertion from the tightness of the family {Q™}y>1. O

3 Appendix

Recall the expressions of w)’ in () and of C, in (ZI6). In this part we prove the following
technical result.

Proposition 3.1. For any l,m € Z% fized, the sequence of random variables

Rym(wp) = Z CrtCrm (W), ener) (Wi, erem) — dum)
keAn

is bounded in L?*(©,F,P).

The proof of the above assertion follows the idea of [I0l Appendix 6], with some combina-
torial flavor here. Since [, m are fixed, we write Ry instead of Ry, (wg’) for simplicity. We deal
with the two cases [ # m and [ = m in the two subsections separately.

12



3.1 Casel:[l#m

The definition of wév yields

N
Ry = % Z CriChkom Z &rés(ener) (Xg) (enem)(X7),

keAn r,s=1

therefore,

N
RN:m Z Z Ck,lck,mck’,le/,mfrfsgr’gs/

k,k'€AN 18,18 =1
x (exer) (Xg) (enem) (X§) (ewer) (X§ ) (erem)(X5)-

Recall that the two families {¢,},>1 and {X{},>1 are independent, and {&},>1 is an i.i.d.
sequence of N(0,1) r.v.’s, while { X },>1 consists of i.i.d. T?valued uniform r.v.’s. We have

N
1
= 2 2 OuiCrmCiiCrmE (st éy)

k,k'€AN r,8,17,8'=1

ER3, =

x E[(erer)(X5) (erem) (X3) (ewer) (X5 )(ewem) (X5 )]

and by the Isserlis—Wick theorem,
E(&r&sgr’gs’) = E(&rés)E(gr’gs’) + E(frfw)E(fsfS/) + E(&r&s’)E(ésgr’)
= 57",867"’,5’ + 67",7"’58,5’ + 57’,8’65,7”-

As a result, we can write
ERJQV =S| + 59 + 5;3.

3.1.1 The quantity 5
We have

N
1 /
S1=7 > CriCrmCraCrmE|(eherem)(X5) (€herem) (X5)].

kk'eAn rr'=1
Note that X and Xgl are independent if 7 # 7/, hence

1 /
S1=3 Yo > CriCrmCriCrmE[(eRerem)(X0)|E[(eherem)(X5)]

k,k'eAn 1<r#r'<N
1 N
22 229
TN Z ZCk,lck,mck’,lck’va[(ekek’el em)(X0)]-
Kk €Ay r=1

We denote the two terms by S1 1 and S 2, respectively.
First, since X§ (r € N) is a uniformly distributed r.v. on the torus T2, we obtain

1
5171 = W Z Z Ck,leka/JCk/,m/ezelem dx/ei,elem dz

kk'EAN 1<r#r' <N

N2 - N ) )
= N2 Z CriChmCur 1Crt o | ereremdx | epejen do
kk'eAn
1 2
= <1 — N) ( Z Ck,lem/ezelem d.%') .

keAN

13

(3.1)



Note that C_;; = —C}; and ez + eQ_k =2 for any k € Z2, we have

Z Ck,lemei = Z (Ck,lemei + C,k,lC,k,megk) =2 Z Ck,lem (3.3)

keAn keANNZE keANNZE

is a constant. This implies

S11=0 (3.4)
since [ ejey, dz =0 for [ # m.
Regarding the term S o, we have
1 N
5172 = W Z ZCk7le,ka/7le/7m/eiei,e?efn dx

kK EAn r=1

1

= N Z CkJCk,ka/JCk@m / e%ei,e%e; dz.

k.k'eAn

As |e(x)] < V2 for all € T? and k € Z2, we deduce that

16 2Im|2 16 5 12 (log N)?
<=2 ¥ Sy S o] <cm) =t
Sl = k2|2 v k2 = clm=—y
k.k'eAnN keEAN

Combining the above estimate with (8.2)) and (3.4]), we arrive at

(log N)?
N

|S1] < Cy for all N > 2. (3.5)

3.1.2 The quantity S
We have

1

N
=57 2 2 CriCrmCriCrmE[(exeref)(X§)(exewrer,) (X5)]-

kk €Ay rs=1

Sa

Similar to ([B.2]), the above quantity can be decomposed as

1
SQ = W Z Z CMCk,ka/,le/’mE[(ekek/e?)(XS)]E[(ekek/efn)(XS)]
kk'eAN 1<r#s<N

N

1

t57 2 D CriCrmCuiCr mE[(eRetieier,) (X0)]
kk'eAy r=1

which are denoted as S 1 and S 2. Note that

(log N)?
N

|S20| = [S12] < C4 for all N > 2.

Next, using the fact that X7 is uniformly distributed on T? and the Cauchy inequality,

1
’5271‘ = ‘(1— N) Z Ck,le7ka/7le/,m/ekek/e% dx/ekek/efn dz

kK EAN

271/2 2
< [ Z Cg,lC,%/7l</ekek/e? dx> ] [ Z C’,imCz/’m(/ekek/efn dx> ]

k,k'eAn k,k'eAN

1/2
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It suffices to estimate one of the two terms. Intuitively, the quantity

2
Iy = Z Clz,lclzl,l</ekek’el2 dx> (3.6)

k. EAN

is bounded as N — oo due to the fact that the integral [ ekek/e? dx # 0 imposes a constraint
on k and k', e.g. k =k or 2l = k+ k’. Such constraint reduces the degree of freedom of k and
k', and implies
1 1
Iy < Z WSQZW for all N > 1.
keAN keZ?

We refer the readers to [10, Section 6.1.2] for details.
To summarize, we obtain
(log N)? )

|52|§Cz<1+ N

3.1.3 The quantity S3

Similar computations as above lead to

N
1
S3 = N2 ) kEEA § 1 CreiChmCi 1 Crr mE [ (enewerem ) (Xh) (enewerem)(XF)]
K EAN TS=

1
=<7 2 2. CriCumCuiCrmE|(erereiem)(X§)E[(exew erem) (X5)]
kk'€AN 1<r#£s<N

N

1

t57 2 D CriCrmCiaCr mE[(eRefiefer,) (X0)]-
kk'eAy r=1

Again, the last quantity is dominated by a constant multiple of (log N)?/N. The first one on
the right hand side is equal to

1 2
(1— N) Z Ck,zck,ka',le',m</ekekfelem diﬂ) ,

kk'eA N
which, due to the same reason as for the term ([B.6]), is bounded in N. Therefore, we still have

(log N)?

< o).
|53|_03<1+ N )

Combining the above inequality with (31I), (33) and B1), we conclude the assertion in
the first case | # m.
3.2 Case2:[=m

In this case,

Ry = Z C,il((wév, exer)? — 1).
keAn

Consequently,

ER% = Z C’,%JC,%,J E((wév, ere) (Wi, epre))? — (W ene))? — (Wl eper)® + 1).  (3.8)
kk'eAn

15



By the definition of w{,

E((wév,ekel> = % Z frgs [(ekel)(XO)(ek‘el)(XO)]

1N
NZ (e2e?) X0 = /6%612 dz.

As a result,

Z Cklck'lE(<wo sexer)’? ( Z Ck’ >

k,k"€AN k'eAn

Similar to (B3],

keAN

S chd=2 Y =Y =gl

keAN keANNZE keAn
where the last step is due to (ZI7). Substituting this result into ([B9)) yields
1
2 2 N 2 —4)74
Z CkJCk./’l]E(<w0 ,€k€l> ) = ZeN |l| .
k.k'€AN

Analogously,

1 _
Z Clg,lcl%/,lE(@év,@k/el)Q) = 16N4|l|4.
k€A N

Combining these facts with ([B.8]), we obtain

1
ER% = Z C,%JC’,%,JE((QJ(])V,ekel>2<wé\7,ek/el>2) - 18&4‘”4.
kK EAN

Now we compute the expectation on the right hand side of (B.I1I]). We have

N

Z C’,il/eze? dz.

(3.9)

(3.10)

(3.11)

(wo' s ener)(wp s ewer)? = % D Gbbb(eren) (X5) (ener) (X§) (ewer) (X5 ) (exrer) (X3).

r,s,rl s'=1

The Isserlis—Wick theorem implies

E((“(])Vaekeﬁ <W0 7€k/€l Ng Z ekel )(ek’el)(X6 )]
5 N
t N2 E[(exewel) (Xg)(exered) (X))
r,s=1
=:J1+ Jo.

First,

N
1= 15 Y Elleed)(Xo)]E[(efe)(X5)] + % Z;E[(ezez,e?)()(g)]

1<r#r' <N

16
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which are denoted by Ji 1 and Jj 2, respectively. Note that

1
Ji1 = <1 — N) /eze? dx/ei,e? dx

1 16
Jio = N/eiei,e?‘ dx < N

and

Moreover,

2
1 1\ _
Z Clek/ J11 == (1 — —>< Z Ckl/eze%dx> = Z<1 — N>€N4|l|4;

kk'eAn keAN

where the last step is due to [BI0). Therefore,

log N)?
S CRCh = ettt 0<%). (3.13)
k,k'EAN
It remains to estimate Jy in (B12]). Similarly,
2 s
J2 = m Z E[(ekek/e%)(XO)]E[(ekek/e?)(Xo) N2 ZE ekek,el )(XO)]

1<r#s<N

We write Jp 1 and Ja 2 for the two terms. We still have

2 32
J272 == N/ekek/el dx < W

Next,
2
1 2
Jo1 = 2(1 - N) </ekek/el dx) .
As a result,
2 2
(log N)
Z Ck le,/ JQ = 2(1 - —> Z Ck le/ </€k€k/612 dl’) + O(T .
kk'eAn k,k'eAn

Note that the sum in the first quantity is equal to Iy defined in (3.6]). Therefore,

Y Cria)

2 2
Y. CRiCiy il
ke k€A N

Combining this estimate with II)—-EI3]), we finally get

2
ER2 g(%@(%).

The proof is complete.
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