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Abstract

Bounds on the ultimate precision attainable in the estimation of a parameter in Gaussian quantum
metrology are obtained when the average number of bosonic probes is fixed. We identify the optimal input
probe state among generic (mixed in general) Gaussian states with a fixed average number of probe
photons for the estimation of a parameter contained in a generic multimode interferometric optical circuit,
namely, a passive linear circuit preserving the total number of photons. The optimal Gaussian input state is
essentially a single-mode squeezed vacuum, and the ultimate precision is achieved by ahomodyne
measurement on the single mode. We also reveal the best strategy for the estimation when we are given L
identical target circuits and are allowed to apply passive linear controls in between with an arbitrary
number of ancilla modes introduced.

1. Introduction

Quantum-mechanical features and quantum effects can drastically improve the accuracy of measurements
[1-6]. This is known as quantum metrology, and is one of the promising future quantum technologies. In
particular, quantum optical measurement schemes using photonic probes have recently been under intense
study[1, 3-6], pursuing strategies that allow to beat the standard quantum limit on the measurement accuracy,
both theoretically [7-64] and experimentally [65-81].

In a variety of quantum optical metrology settings, the probe sensitivity to the target parameter can be improved
by squeezing the state of the input light [7, 8]. Entanglement is also an important keyword in the studies of quantum
metrology [4—6]. In these ways, the state of the input probe photons is important for high precision metrology.

There is an interesting class of states of light: Gaussian states. From a practical point of view, a variety of
Gaussian states are relatively easy to generate in laboratories, and various quantum information tasks have been
implemented experimentally using photons in Gaussian states [82—84]. Also from a theoretical point of view,
they provide an interesting category of quantum information protocols [82—84]. For these reasons, quantum
optical metrology with Gaussian input probe states and/or Gaussian channels has been eagerly investigated
[14,16,17,19,21,25,28,29,32, 34, 36,43,45-47, 49,51, 55,5961, 64].

For instance, the estimation of a single-mode phase shift is studied with pure [14] and mixed [19] Gaussian
probes, and some other single-mode Gaussian channels such as squeezing and amplitude-damping are analyzed with
general mixed Gaussian probes [34]. The estimation of a single-mode phase shift with general mixed Gaussian probes
is discussed in the presence of general Gaussian dissipation [60]. A few specific two-mode Gaussian channels like two-
mode squeezing and mode mixing are studied with some particular types of two-mode Gaussian probes [59]. The
ultimate precision bound is clarified for generic two-mode passive linear circuits, which preserve the number of
photons passing through them (they are Gaussian channels) [47]. A formula for the quantum Fisher information
(QFI) valid for any multimode pure Gaussian states is derived and investigated under the condition of intense probe
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Figure 1. The generic passive linear optical circuit IL with M input ports and M output ports. Our problem is to estimate a parameter
( contained in the circuit Uy, by sending probe photons through it and measuring its output. We will restrict ourselves to Gaussian
input states p with a given average number of probe photons (N) = N, among which we identify the best Gaussian states reducing
the accuracy limit in the estimation of ¢ as much as possible.

light (with large displacement) [25]. General multimode Gaussian unitary channels (Bogoliubov transformations) are
considered with pure probe states not restricted to Gaussian states and the behavior of the QFI for large mean photon
numbers is discussed [46]. A formula for the QFI matrix is derived for general multimode Gaussian states and
multiparameter Gaussian quantum metrology is discussed [61, 64].

In this paper, we study the estimation of a parameter embedded in a generic M-mode passive linear
interferometric circuit, and clarify the ultimate precision bound achievable with Gaussian probes. We identify
the optimal input probe state among all Gaussian states (including mixed Gaussian states) with a fixed average
number of probe photons. Such abound is known for M = 2 [47], butis not known for M > 3. The proof
strategy taken for M = 2 isnothelpful for M > 3, and itis not a simple generalization of the previous work.

More specifically, we will consider the setting shown in figure 1: a collection of M photonic modes is
employed as a probe to recover the value of an unknown parameter ¢, which is imprinted on the state of the
probe via the action of a passive (i.e. photon number preserving), Gaussian (i.e. mapping Gaussian input into
Gaussian output), unitary transformation Uw Under the assumption that the allowed input density matrices p
of the M modes belong to the set G(M, N) of (not necessarily pure) Gaussian states with an average photon
number N, we are interested in the ultimate accuracy in the estimation of ( attainable when having full access to
the output state

A oAy T
P, = UppU,. (1.1
Our main result consists in showing that, irrespective of the explicit form of [A]W the minimum value of the
uncertainty ¢ on the estimation of ¢ is bounded from below by the Heisenberg-like scaling
6¢min = 1/N. (1.2)

To this end, we shall focus on the QFI F (¢|p) of the problem, which, via the quantum Cramér—Rao inequality
[1,4,85-90], sets a universal bound on d¢,_ . - thatis independent of the adopted measurement procedure,

6spmin > ;,\
VE(@lp)

We hence prove (1.2) by showing that the maximum value of F(¢|p) attainable on the set G(M, N ) is bounded
by a quantity which scales quadratically in N, namely,

(1.3)

F(olp) < 8llg,IPN(N + 1), Vpe G, N). (1.4)
Here, ||g||is the spectral norm of the Hermitian matrix
dU,
—_ syt =¥
8, =1U, i (1.5)

with U, being the unitary matrix describing the circuit, defined in (2.2), and is independent of the input state p.

Moreover, we show that the bound (1.4) is sharp and can be saturated. In fact, we identify the optimal states
within G(M, N) that saturate the inequality (1.4): they are pure states Popt = 1Wopt) (Yopt| givenin (3.31). We
note that, apart from some special cases, such optimal vectors |1/o,) generally depend on the variable ¢, whose
unknown value we wish to determine. Therefore, the possibility of using this optimal input state for achieving
the bound is not straightforward, and would require in practice the use of iterative procedures with a sequence of
input states that approximate the optimal state. Anyway, the optimal state |¢/,,p,;) enables us to reach the upper
bound (1.4).

The paper is organized as follows. The model and the estimation problem are set up in section 2. In section 3,
the maximal precision achievable by a Gaussian probe is found, first for pure Gaussian states and then for mixed
Gaussian states. Moreover, we explicitly find the optimal states that achieve the maximal precision. Two
different measurement schemes are presented in section 4. We look at a few simple examples in section 5.
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Furthermore, in section 6, we exhibit the optimal sequential strategy for the estimation when several target
circuits, together with ancilla modes, are allowed to be used. A summary of the present work is given in section 7.
We add four appendices, containing some technical tools and proofs. In appendix A we collect some results on
Gaussian states and operations, in appendix B we show the derivation of a formula for the QFI, in appendix C we
prove some inequalities on Hermitian matrices used in the solution of the optimization problems, and
appendix D contains the proof of the optimality of the measurement scheme presented in section 4.

2. The model

Let us consider a set of M bosonic modes described by the operators d,, and 4, satisfying the canonical
commutation relations

[ 3] =0, A &)1 =6y (myn=1,..., M). 2.1
The passive Gaussian unitary U, of figure 1 is defined by the mapping [82, 84]
M
AT Ay A
0 OmUYp = Z(Utp)mnan (m=1,..,M), (2.2)
n=1
or simply written as U;ﬁ(jp = Updwithd = (4 -+ dy )T, where U,isan M x M unitary matrix, whose

functional dependence upon ¢ is assumed to be smooth. We remind that this kind of transformation preserves
the total number of photons of the system, i.e.

M
T & & At A
NU, =N, N=>"aam, (2.3)
m=1
and can be constructed by using beam splitters and phase shifters.
Our problem is to estimate the actual value of the parameter ¢ embedded in UW by probing the output state

P, in (1.1). Consider hence a generic positive operator-valued measure (POVM) P = {11, [91,92] producing
measurement outcomes s with probabilities

plslp) = Tr((Lp,). (2.4)

The Cramér—Rao inequality [ 1, 4, 85-90] establishes that any attempt at estimating ¢ from the values of s is
characterized by an uncertainty

1
oY 22—, (2.5)
VE(elP, p)
with
P 2
F(olP, p) = ZP(SI@)(%IHP(SI@] (2.6)

being the Fisher information (FI) of the process. A stronger, universal bound on the attainable estimation error
can now be obtained by optimizing the right-hand side of (2.5) with respect to all possible POVMs P. This
yields the quantum Cramér—Rao inequality (1.3), with

F(glp) = maxF(¢|P, p) 2.7)

being the QFI of the problem, which by construction depends only upon the input state p and the circuit Uv
[1,4,85-90]. The maximization in (2.7) can be analytically solved, yielding the following compact expression

~ A P2
F(glp) = Tr(p, L)), 2.8)
with L, being a Hermitian operator called symmetric logarithmic derivative (SLD), satisfying
dp, 1
» . . g

The goal of the present work is to optimize the value of the QFI F (|p) in (2.8) with respect to a special class
of allowed input states p. In particular, we shall restrict the analysis to the set G(M, N') of M-mode Gaussian
states with a fixed average photon number N, i.e.

Tr(Np) = N. (2.10)

This last condition is motivated by the fact that it is not realistic to consider probing signals with unbounded
input energy. It turns out that for generic (non-Gaussian) input states the constraint (2.10) is not strong enough
to keep the QFI F (¢|p) finite (see for instance [47], where, for the case with M = 2 input modes, obtaining finite
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optimal values for F (¢|p) requires to impose an extra condition on the variance of N on p; see also [27]), yet for
Gaussian inputs this suffices and the QFI F (¢|p) is finite under the constraint (2.10).

3. Optimization of QFI

Asrecapitulated in appendix A, an input state p belonging to the Gaussian set G(M, N ) is fully characterized by
a 2M x 2M real, symmetric, and positive-definite) covariance matrix I' with matrix elements

1, . . A\ A
Tn = E<{zm, 2)) — Gy (2n) (mn=1,..,2M) (3.1)
and a (2M real column) displacement vector
d= (%) (3.2)
which satisfy the constraint (2.10), i.e.
lTr(r - l) v leow, (3.3)
2 2 2

where 2 = (& )" is the quadrature operator vector with £, = (4, + d,,)/~2 and §, = (d,, — 4,,) /21
(m =1, ..., M),and (---) denotes the expectation value on p. Furthermore, since Uw is a passive Gaussian
unitary, the associated output state ﬁv obtained as (1.1) also belongs to G(M, N ), and its covariance matrix L,
and displacement vector d,, depend linearly onI'and d, as

I, = R,TR], d, = R,d, (3.4)

where R, is the orthogonal matrix rotating the quadrature operators according to LAI% (see appendix A). Under
this condition, the SLD fulfilling (2.9) can be expressed as [29]

. R e oar .
L,=@E—d,)' A2 —d,) + %rp (¢ — d,) — Tr(AL), (3.5)

and, accordingly, the QFI reads [29, 93]

or odr _ od
F(p|p) = Tr|A,—2 | + —2T ' —2. 3.6
(2lp) ( ¢8@] 9o ¢ By (3.6)
Here, A, is the solution to
oL, !
JA, — QLD WAL ! = —(+}), (3.7)
®
with Jbeing the 2M x 2M matrix
(0 I
(00 "

known as the symplectic form.

In the remainder of this section, we shall employ these expressions to derive the inequality (1.4). The analysis
will be split into two parts, addressing first the case of the pure elements of G(M, N ) and then the case of the
mixed ones. For those who are familiar with QFI optimization problems, this procedure might sound
unnecessary. Indeed, due to the convexity of QFI [4, 94], it is well-known that pure input states perform better
than mixed input states for metrological purposes. We cannot, however, apply the same argument in the present
case, and it is not obvious at first glance whether the best state is a pure state. Indeed, even though it is true that
any mixed Gaussian state can be decomposed as a convex sum of pure Gaussian states, each of the constituent of
such decomposition does not necessarily satisfy the constraint (2.10) on the photon number in general. In short,
the Gaussian set G(M, N) is nota convex set, and therefore we cannot use the convexity argument to optimize
the QFI. As a consequence, for the problem we are considering here, we have to address explicitly the case of
mixed input states.

3.1. Optimization among pure Gaussian inputs

For a pure Gaussian state [¢)) € G(M, N), the symplectic eigenvalues of its covariance matrix I (i.e. the
parameters { oy, ..., oy} in the canonical decomposition (A.10) of ) areallequalto g, = 1/2 (m = 1, ..., M).
Accordingly, introducinga 2M x 2M symplectic orthogonal matrix R (i.e. an orthogonal matrix R satisfying
RTJR = J)andan M x M diagonal positive matrix r, the covariance matrix I" can be decomposed as (see the
canonical decomposition (A.10) of I" of a generic (mixed) Gaussian state)

4
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1o 1 e 0 YVor
= JRQR =R )R (3.9)

while the constraint (3.3) on the average number becomes
Tr(sinh?r) + %dz =N, (3.10)

with d being the displacement vector of |1)).

Exactly the same properties hold for the covariance matrix I}, and the displacement d,, of the associated
output counterpart (1.1) of |1), which of course is also a pure element of the set G(M, N ). Under this premise,
the equation (3.7) for A, can be solved explicitly, yielding

or!
o= —1Ze (3.11)
4 Jy
The QFI (3.6) is then reduced to [29]
1 o, Y| o4l o4,
F(plp) = = Tr||T)' =2 | |+ =21 =2, 3.12
(elp) 2 [( p &p)} 9o ¢ By (3.12)
with the SLD (3.5) given by
. 1. ort odl 1 . oTL
[o=—c@—a) a; (¢—d,)+ T;le(z —d) = T F‘f”la_; . (3.13)

A further simplification can then be obtained by invoking (3.4), which expresses the functional dependence of
I, and d,, in terms of the symplectic orthogonal matrix R,, representing the passive Gaussian unitary
transformation U,,. Specifically, we get

F(plp) = %Tr(GwF‘1G¢F - G)) +d'G,I'"'G,d, (3.14)
and
L,= i(Rgﬁ - TG, I (R 2 — d) +id"G,T"\(R] 2 — ), (3.15)
where
G, = iR/ % (3.16)
is the generator of R..

Our problem is, therefore, to maximize the QFI F (¢|p) in (3.14) with respect to I and d, keeping in mind
the parameterization (3.9) and the constraint (3.10). For this purpose, we start bounding the first term FV(¢|p)
in the sum (3.14). By plugging the symplectic decomposition (3.9) of I', and using the parameterization (A.12)
for R as well as the structure (A.21) of the generator G, we get (see appendix B for the derivation)

FO(p|p) = %Tr(@r*lcwr ~ )
= Tr[(U*gp U cosh2r)?] + Tr(UTg,¢ U sinh 2r UTg; U*sinh2r) — Tr(gj) (3.17)

where g, is the generator of the unitary matrix U,, as introduced in (1.5) and involved in the structure of G, in
(A.21), while Uis the unitary matrix appearing in the parameterization of Rin (A.12). This quantity can be
bounded from above as

FO(p|p) < Tr[(UTgw U)? cosh?2r] + Tr[(U*g(p U)?sinh?2r] — Tr(gj)
= 2Tr[(UTg¢ U)?sinh?2r]
< 2||g, | Tr sinh®2r, (3.18)
where we have used the inequalities

Tr[(AB)?] < Tr(A’B?), (3.19)




10P Publishing

NewJ. Phys. 21(2019) 033014 T Matsubara et al

Tr(ATBTAB) < Tr(A2B?), (3.20)
valid for Hermitian matrices A and B, and
Tr(AB) < ||A| Tt B, (3.21)

valid for Hermitian and positive semi-definite matrices A and B (see appendix C for their proofs). Note that g, is
Hermitian and hence (U*g*j U)? is positive semi-definite, and its norm is given by || (U g LU = lg, I[*- The
equalityin (3.19) holdsifand onlyif [A, B] = 0, while the equalityin (3.20) is obtained ifand only if AB = (AB)’.
The second term F® ((p|p) in (3.14), on the other hand, can be bounded from above as
FO(p|p) = dTG,I1G,d

= 2d"G,RQRTG,d

< 2||G,RQRTG,||d?

< 2/Gy|PllQ2a?

= 2lg, [Plle*]|d?, (3.22)

where we have assumed, without loss of generality, that 7, > 0 (m = 1, ..., M).
Exploiting these results, we can then bound the QFI (3.14) as

F(pl p) < 2||g, P (Tr sinh>2r + [|e*[|d?)
= ZHgg@H2 (4 Tr sinh?r + 4 Tr sinh?r + ||e?||d?)
< 2||g, P[4 Tr sinh?r + 4(Trsinh’r)* + 2| cosh 2r(|d?]
= 2||g, [’ [4 Tr sinh*r + 4(Trsinh*r)* + (4]| sinh? || + 2)d’]
<2|g, |P[4 Trsinh?r + 4(Trsinh?r)? + (4 Trsinh?r + 2)d?], (3.23)

where we have used the inequality
Tr(A%) < (TrA)?, (3.24)

valid for a positive semi-definite matrix A, which is saturated if and only if only one of the eigenvalues of A is
nonvanishing and it is not degenerate (see appendix C for its proof). Imposing hence the constraint (3.10), this
finally gives us

) — 1 —
Felp) < 8l (N + 1) = %) < 8], PRV + 0, (3.29)

which proves the inequality (1.4) for the case of pure input Gaussian states. This result reproduces the bounds
previously known for M = 1 (single-mode phase shift) [14, 19, 34, 40, 59] and for M = 2 (general two-mode
passive linear circuits) [47], and generalizes them to M > 3.

3.1.1. Optimal states

The above derivation of the bound not only proves that the inequality (1.4) holds at least for the pure input states
of the set G(M, N), butalso that the bound is saturated by a proper choice of the inputs, i.e. by properly tuning
the parametersinI"and d. Let us identify such input states.

(i) In order to saturate the last inequality in (3.25), the necessary and sufficient condition is

d=0. (3.26)

(ii) Then, the last inequality in (3.23) is automatically saturated, and the second inequality in (3.23) is saturated
ifand only if only one (e.g. the first) of the squeezing parameters {7, ..., 7} of the matrix r is nonvanishing.
Let us put the nonvanishing squeezing parameter 7, (>0) in the first mode,
1o

. 0_. , (3.27)

(iii) The equalityin (3.22) s trivially satisfied, since d is required to be vanishing in (3.26).

(iv) The last inequality in (3.18) is saturated if and only if the vector (1 0 --- 0)T, corresponding to the first
mode, belongs to the eigenspace of ( UTgyj U)? associated with its largest eigenvalue. The choice
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U=V, (3.28)

with V,, introduced in (A.23) to diagonalize g, suffices to fulfill this condition. Note that the eigenvalues
{&5 ..., em} of g,in (A.23) are ordered in descending order in their magnitudes.

(v) The firstinequality in (3.18) is saturated if and only if both conditions
f _
[U 8, U, cosh2r] = 0,

(3.29)
T . _ T . T

U'g, U sinh2r = (U'g, U sinh 2r)
are satisfied: recall the conditions for the equalities in (3.19) and (3.20). These conditions are already
satisfied with the above tunings of rand U'in (3.27) and (3.28).

(vi) Finally, since d = 0, all the photons are spent for the squeezing r, in the first mode. The constraint on the
mean photon number N in (3.10) yields

n=In(N + N + 1). (3.30)

Putting all these conditions together, it follows that the state achieving the upper bound in (3.25) among the
pure Gaussian input states of G(M, N) is a single-mode squeezed vacuum with zero displacement (3.26) and a
squeezing r given by (3.27) and (3.30), and rotated by the unitary (3.28), i.e. the vector

[Yopt) = V,81(10)10), (3.31)

with |0) the vacuum state and S, (€) = €24 ~¢"4") the squeezing operator on the first mode.
A couple of comments are in order. First, recall that \Z, is the passive linear transformation characterized by

V;d\zj = V,awiththe M x M unitary matrix V,, diagonalizing the generator g, of the circuitasin (A.23).1t
redefines the modes of the system in a way that allows us to describe the optimal state as a configuration with all
the photons injected into the first mode only (i.e. the one with the largest (in magnitude) eigenvalue of g..). We
stress, however, that even after this ‘reorganization’ the modes other than the first one are not free from the
target parameter ¢ in general, due to the subsequent propagation induced by Uw and the problem is not reduced
to asingle-mode problem. It remains intrinsically a multimode problem, and we cannot simply apply the results
known for single-mode estimation problems. Second, as indicated by the notation, the transformation V, may
depend upon the target parameter ¢ for a generic choice of Uw and so may do the optimal state |1/op). Therefore,
if that is the case, it would not be easy to prepare this optimal state |¢/,,,;) without knowing the value of the
parameter , which we intend to estimate, and an adaptive strategy updating the estimate of (o would be required
in practice.

3.2. Optimization among mixed Gaussian inputs
We have just shown that the inequality (1.4) holds at least for the pure elements of the set G(M, N ). Here, we are
going to generalize this by showing that the same result holds for the mixed elements of the set G(M, N).

We first point out that any mixed Gaussian state pr. 4, characterized by a covariance matrix I and a
displacement d, can be expressed as a mixture of pure Gaussian states pr, ;_ as

Pra= [EVEPL© D¢ (3.32)
with a Gaussian probability distribution
e LTy g

JerMdet( — Ty

Pr(§) = (3.33)

In these expressions, I is the pure state covariance matrix obtained by taking the symplectic decomposi-
tion (A.10) of the original covariance matrix I" and replacing all the symplectic eigenvalues {ay, ..., oy} of the
latter with 1/2, i.e.

I = %RQZRT, (3.34)
keeping the squeezing matrix Q and the symplectic orthogonal matrix R of I unchanged. By construction, it
follows that

L -Ty,>0, (3.35)
since all the symplectic eigenvalues {ay, ..., oy} of any I are greater than or equal to 1/2. The convex

decomposition (3.32) can be verified by looking at the characteristic function xr ;(n) for the Gaussian state pr. 4

7



10P Publishing

NewJ. Phys. 21(2019) 033014 T Matsubara et al

in (A.8): by direct computation, we can check that

deMé PF(&)XFO,d_g(n) = Xr,a(M)» (3.36)

which is equivalent to (3.32). Note that the pure Gaussian states pr, ;- ¢in the convex sum (3.32) do not satisfy
the constraint (3.3) on the mean photon number in general, while the original mixed state Pr.a should do. Yet,
by using the convexity of the QFI and the last inequality appearing in (3.23), which holds for pure Gaussian
states, and by recalling the expressions for the mean photon number in (3.3) and (3.10), we can write

Felora) < [ &Y€ Pr@F(elpr,a

<slg, P [everof Hm(n - 1) a- o]
+ i[Tr(Fo - %) +d- 5)2]2 - i(d _ 5)4}
Blr-5) 4]

+ l[Tr(lﬂ - l) + dZ]Z — l[Tr(F - o) + 4
4 2 4

L

= SH&OHZ(W(N 1) = LT — T + d2]2)

<8||g,IPN(N + 1). (3.37)

e

For the first equality, we have used the moments of the Gaussian distribution Pr (&) in (3.33), i.e.,
f d*M¢ Pr(€)¢ = 0and f Mg Pr(€)€2 = Tr(I' — T}). Theinequality (3.37) proves that (1.4) holds irrespec-
tive of the purity of the input states. Furthermore, we notice that the last inequality is saturated if and only if

Tr(' = I;) =0 and d=0. (3.38)
Dueto (3.35), the first condition requires
I'=1Ih, (3.39)
implying that the only elements of G(M, N ) which saturate the bound (1.4) are the pure ones, given in (3.31).

4. Measurements

In this section, we focus on the measurement P that attains the maximum on the right-hand side of (2.7)
yielding the QFI. As it is the case for the optimal input state [¢/,,p) analyzed in the previous section, we shall see
that the optimal POVM also exhibits in general a nontrivial dependence on the target parameter ¢, making it
problematic to use it in realistic situations. Still, determining the optimal POVM explicitly is a well-defined
problem which deserves to be addressed.

As a starting point of our study, we use the well-known fact that a POVM P that maximizes the FI of the
problem can always be constructed by looking at the set of the eigenprojections of the SLD L, of the model [89].
We have given an SLD L, for a generic Gaussian state p,, in (3.5), which for a pure Gaussian state reduces
to (3.13). For our problem, in which the parameter ¢ is embedded in the probe state via a passive linear circuit, it
reduces further to (3.15), which depends on the input state, i.e. its covariance matrix I" and displacement d, and
the generator G, of the circuit. Specifying this expression in the case of the optimal input |1)o,) in (3.31), we get

i oo

. N ) A2
o = igsinh2n U, V(4 — a/ )V, U,

(4.1)

with 4, being the annihilation operator of the first probing mode, and ¢ being the largest (in magnitude)
eigenvalue of G, which is put in the first mode after the diagonalization of G, by \7? (see (A.21)—(A.24); recall
also the discussion around (3.28)).

Notice, however, that SLD is not unique when the density operator ﬁw is not of full rank: see (2.9). Indeed,

there is a different and simple construction of SLD for a pure state. Since a pure state p, satisfies p, = ﬁ)j, its

derivative yields an SLD iw = 2dp, /dp, which for our problem with the optimal Gaussian input state [%opt)
reads

/

~ Y A AT
Ly - _ZIUL//‘[G\';)) |wopt> <’(/)0pt|] U(p) (42)
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Figure 2. An overall circuit to achieve the ultimate precision bound in (1.4), including the preparation stage for the optimal input
state |p) in (3.31) and the measurement stage, where |x) (x| represents the homodyne measurement on the first mode along the
quadrature £ = (4 + 4,7) /~/2 and the phase shift @ is tuned to # = =tan~!e?°, Note that ¢ of U¢ is the target parameter to be
estimated, which is not under our control, while ¢’ of \7@/, U\;l, and V,Y;l is decided by ourselves. Tuning ¢’ to the true value ¢
provides us with the optimal strategy. The perfect cancellation of LA]Q by U; tells us that our guessed value ¢’ perfectly matches the
true value ¢, and a small deviation can be sensitively detected by the strategy shown here with ¢’ = .

where

¥ dU¢

. o _ . . . R . Al
is the generator of the target circuit U,, which is quadratic in the canonical operators d and a'. This SLD L,isof
rank 2, and its eigenbasis includes the two orthogonal eigenvectors

1 - .
|¢i> = wa(WJOPO + 1|1/)(J)_pt>) (4.4)
belonging to the two nonvanishing eigenvalues +-2(AG,, )opt, where
1 1 A A
= ——— (G, — (Gp)o opt) > 4.5
|wopt> (AGP)Opt( (% < <p> pt)lw pt> ( )

A A A2 A . .
with (G, Jopt = (Yopt| Gyl Yopt ) and (AG,, )(2)pt = (Gp)opt — (G@ipt, is a state orthogonal to [t/iy), i.e.

(zboptlwﬁp& = 0. Therefore, the measurement P with the POVM
{log) (@l 19 ) (o L T = 19) (o | — @) (& |} (4.6)

will achieve the upper bound of the QFIin (1.4). Thisis a generalization of the result given in [14], from a single-
mode phase shift to a generic multimode passive linear circuit.

Another example of an optimal POVM can be obtained by considering the scheme depicted in figure 2 (the
circuit in figure 2 includes both the preparation stage for the optimal input state |1/,p) in (3.31) and the probing

stage together with the circuit U,,). The measurement s to first undo the circuit U, as well as the transformation
Vv applied to prepare the optimal input state |/,p) in (3.31), and then to perform the homodyne measurement
on the first mode along the quadrature £ = eif4/aig =044 — 2 cosf + 7, sin @ with @ = +tan~'e?".
Accordingly, the elements { I1,.} of the POVM for this measurement can be expressed as

M, = U, V,ea(|x) (x| © 1©-- @ De @y T, (4.7)

where | x) is the eigenvector of the quadrature operator % such that £|x) = x|x), normalized as

(x|x") = 6(x — x"). Indeed, the FI by this POVM {I1, } for the optimal input [1opt) in (3.31) coincides with the
upper bound of the QFI in (1.4). See appendix D for the proof. This is a generalization of the result given in [19],
from a single-mode phase shift to a generic multimode passive linear circuit.

5. Simple examples

Let us look at a few simple examples, i.e. the two- and three-mode circuits shown in figure 3, to see in particular
how the unitary V,, involved in the optimal input Gaussian state (3.31) looks like. The optimal input Gaussian
states | 1)op) and the maximal QFIs F (|| ¢/op)) for those examples are summarized in table 1.

9
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(a) MZ interferometer I (b) MZ interferometer II
%)
1 1 1 T2 1
N ¥
” ”
2 +p 2 2 4= 2
(¢) two-mode mixing (d) three-mode mixing

1 1 1 © 1
> %, 2_/ 2
2 2 3—/90 3

Figure 3. (a)—(b) Two different arrangements of the MZ interferometer. (c) Two-mode mixing circuit. (d) Three-mode mixing circuit.

Table 1. The optimal Gaussian input state |1/op) and the maximal QFI F (0] [¢op)) for
the estimation of the parameter ¢ in each of the circuits shown in figure 3.

|"/’0pt> F (@l %opt))
MZ interferometer I UITZ(E)SA1(T0)|0> SN(N + 1)
MZ interferometer IT 0172(%)§1(f0)|0> 2N(N + 1)
Two-mode mixing e%(ﬁfﬁlﬂigﬁZ)0172(%)51(70)|0> SN(N + 1)
Three-mode mixing Uy (p)er iz 031(%) Ulz(%)gl(foﬂm 16N (N + 1)

5.1. Mach-Zehnder (MZ) interferometer I
We first consider the MZ interferometer in figure 3(a). Our target is the phase shift ¢ in one of the two arms of
the interferometer. The state of the probe photons going through this MZ interferometer is transformed by the

unitary transformation
U, = Usz (%)e_i”ﬁﬂ.a‘ Ulz(§)> (5.1)
where
Upn(0) = e0@ian=asin (5.2)

describes a beam splitter for modes m and n, which acts on the canonical operators as

/\T R ~ . A )
Urin(a)am Unn(0) = (C959 —sme)([im) = Umn(e)((im)’ (5.3)
U, (), U, (0) sinf cos@ )\ a, s

with 6 characterizing its transmissivity. In particular, Uy, (g) describes a balanced beam splitter. The generator
of this two-mode circuit reads

A 5T dg, AT (aNata 7y (7
Gy, =1 ¢—; = []12(Z)a1 ﬂlUlz(I)' (5.4)
The unitary matrix U, related to the unitary transformation U, through (2.2) is given by
_ri(m)fe ¥ 0 s
Uy = U12(4)( 0 1)U12(4), (5.5)
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and its generator reads
dy, 10
gt i (m n
8, = 1U, do = 12(1) (0 0) Ulz(I)- (5.6)
We thus have
g, Il = 1. (5.7)
The unitary operator \7? corresponding to the unitary matrix diagonalizing g, in (5.6) (compare it with (A.23)) is
% AT (T
V= 05(5). (5.8)
Therefore, the optimal Gaussian input state (3.31) for this MZ interferometer is given by
~t 7\ a
[Yop) = 012(5)$100)10), (5.9)

with the squeezing parameter ry given in (3.30). By this choice, the QFI reaches the upper bound in (1.4),
yielding
F(ol|Yop)) = 8N (N + 1). (5.10)

Notice that, in this case, the optimal input state | {,p) in (5.9) is independent of the target parameter ¢. Note
also that the same expression as (5.10) is found e.g. in [14, 19, 34, 40, 59], but it is found there as the optimal QFI
for the estimation of the single-mode phase shift with a Gaussian probe. Here, (5.10) is presented as the optimal
QFI for the two-mode circuit in figure 3(a).

The unitary transformation UITZ (%) in the optimal input state (5.9) ‘unfolds’ the first beam splitter U;, (g) of
the MZ interferometer. Thus, the best strategy effectively consists in sending the single-mode squeezed vacuum
o) = S1(10) |0) directly to the phase shifter without the first beam splitter U, (%) The second beam splitter
U;; (%) of the MZ interferometer is also unfolded by U, (g) performed in the optimal measurements (see (4.4)
and (4.7), where Uv contains 0{2 (%), whose Hermitian conjugate U, (%) in U; acts on the output probe state
first in the measurement process, canceling the second beam splitter lAflg (g)).

5.2. MZ interferometer II
Let uslook at the MZ interferometer in the slightly different configuration shown in figure 3(b). This setup
induces the unitary transformation

0, = O(5)e H@a-ii g, (1), (G.11)
and its generator is given by
A
Gy, = EUM(

2)Gia — ) On(%). (5.12)

The unitary matrix U, corresponding to the unitary operator 0’»9 in (5.11) is given by

_ (e 2 0 L
Up = U12(4)( 0 eiv/Z)U12(4)’ (5.13)
while the Hermitian matrix g, corresponding to the generator CA;¢ in (5.12) reads
1/2 0
— (= ks
g = Ulz(4)( . _1/2)U12(4). (5.14)
We thus have
1
== 5.15)
gl =3 (

The optimal Gaussian input state for this MZ interferometer is the same as the one given in (5.9), while the
maximal QFI achievable by the optimal input state is

F(@lltbopt)) = 2N (N + 1). (5.16)

This QFI is lower than the previous one in (5.10) for the other MZ interferometer, even though the relative
phases ¢ to be estimated in the two MZ interferometers are the same. This is because injecting all the resources to
one of the two arms of the interferometer is optimal if we stick to Gaussian probes, and only one of the two phase
shifters in figure 3(b) is probed. It would be worth noticing that our estimation problem implicitly assumes the
presence of an external phase reference. Without the reference beam, the two MZ interferometers in figures 3(a)

11



10P Publishing

NewJ. Phys. 21(2019) 033014 T Matsubara et al

and (b) are equivalent, since only the relative phase between the two arms matters in such a case. See the
discussion in [26].

5.3. Two-mode mixing
Let us look at another two-mode example: the estimation of the parameter ¢ characterizing the transmissivity of
the beam splitter represented by the unitary transformation

U, = Unn(y). (5.17)
See figure 3(c). Its generator reads
G, = i@aia — a/' &), (5.18)
which can be rewritten as
G, = l@la=ia) 0}, (%) @'a — aja) 0y, (%) e T@h-410) (5.19)

It is unitarily equivalent to the generator C;lc in (5.12), apart from the numerical proportionality constant 1/2.
We thus have

g, Il =1, (5.20)

and the maximal QFI is given by
F(@llop)) = 8N (N + 1). (5.21)

This is reached by the input state

W) = G-y (g)s}(ro) 10), (5.22)

with the squeezing parameter r, given in (3.30). This optimal state is again independent of the target
parameter .

The same estimation problem, i.e. the estimation of (¢ in the two-mode mixing channel (5.17), is studied in
[59], but the maximal QFI (5.21) and the optimal Gaussian input state (5.22) are not identified there.

5.4. Three-mode mixing

Let us also look at a three-mode example. We consider the circuit shown in figure 3(d), composed of two beam
splitters of the same transmissivity characterized by the parameter ¢. Our problem is to estimate the single
parameter ¢ in the three-mode mixing circuit represented by the unitary transformation

U, = Uss(9) Ui (). (5.23)

Its generator reads

A

A _,\T ~ ~ AT A ~ ~ ~ A
G, =iU05(p) (85 8, — 43 a5 + 43 ay — a7 &) Uia ()

= V2 Vo(aa — ajan Vv, (5.24)
with
Vv, = 01-;(90)6?‘2;52 031(%) Uu(%)- (5.25)
We have
g, =2, (5.26)
and the maximal QFI is given by
F(@llYope)) = 16N (N + 1). (5.27)

This is reached by the input state
~T s Ta 1y T\ 75 T\ &
opt) = Unp(p)ez 1805y (Z) O (Z) 81 (1) [0, (5.28)
[opt) = Ura(9)ed a0, (T) O (2

with the squeezing parameter r, given in (3.30). In this case, the optimal input state depends on the target
parameter .

If our guess ¢’ is not precise and does not match the true value ¢, the input state (3.31) and the
measurement, e.g. (4.6) or (4.7), prepared and performed with the guessed value ¢’ in place of ¢ (see e.g. the
circuit in figure 2) are not optimal, and the FI for such a nonoptimal probing deviates from the maximal QFI
in (1.4). Since we assume that the functional dependence of Uw upon @ is smooth, the FIis a smooth function of
', and therefore, the deviation of FI from the maximal QFI is only quadratic around the optimal point ¢’ = .
In this sense, the FI is robust to a small error in the guess of ¢.

12
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Figure 4. The parallel scheme in (a) is equivalent to the sequential scheme in (b) with the target circuits UVA swapped by SWAP gates,
which is a particular case of the sequential scheme in (c) with generic gates Uy entangling the main probes with additional ancillas.

6. Sequential strategy

If we are allowed to use multiple (identical) target circuits (L at the same time, we could do better. Suppose that
we are given L identical M-mode passive linear circuits Q,. A paradigmatic scheme for the quantum metrology is
the parallel scheme in figure 4(a) with an entangled input p [2, 4]. The result in section 3 suggests, however, that,
if we stick to Gaussian inputs, this parallel setup does not help improve the maximal QFI found in (1.4), since the
best strategy is to inject all the resources into a single-mode of the overall LM-mode passive linear circuit in
figure 4(a): only one of the L circuits is probed with the others irrelevant. See (3.31). On the other hand, if we are
allowed to perform some operations { Uy, ..., Up_ ;) between the target gates (L with ancilla modes introduced
as in figure 4(c), we can hope to do better. Let us restrict ourselves to passive linear controls { U, ..., U;_,},and
seek for the optimal strategy with a Gaussian input p € G(K, N ), where K > LM.

The circuit in figure 4(c) is described by the unitary

Z:I*P = U‘P UL,le 02 U¢010¢ (61)

Note that there are K (LM ) modes in total in the overall circuit, and the unitary operators U, act only on the

first M modes, i.e. IAJQ ® I. By abuse of notation, Qo ® I is simply denoted by (L in (6.1). The overall circuitisa
K-mode passive linear circuit, and the orthogonal matrix R, which rotates the quadrature operators Z in phase

space according to the transformation Z:{Q is given by

U, 0
R, = WT[ 0 u* )W (6.2)
with
Uy, =U,U1U, - BU,U U, (6.3)

where U and Uy (£ = 1, ..., L — 1)are K x Kunitary matrices corresponding to Qg ® Tand Uy, respectively.
The quantity relevant to the maximal QFI is the spectral norm of the generator of this orthogonal transformation
R, (see (1.4)),1.e. thelargest (in magnitude) eigenvalue of

-1
. AU,

G = UL— =3 ULU[ - UlUJg U U, - DU, (6.4)
dp ;55
where
du,
_ptSe

The spectral norm of the generator G, is bounded from above as

19l =

L—-1
YUY - ULULg Up U, - UL,
£=0

-1
<YLY - UlULg, Up U,y - DU || = Lig, |- (6.6)
£=0
This inequality is saturated if
g, UrU =0 (£=1,..,L—1) (6.7)

A sufficient and general solution is given by

U=U (¢=1.,L-1 (6.8)

13



10P Publishing

NewJ. Phys. 21(2019) 033014 T Matsubara et al

(see [95]). By this choice, the generator of the overall circuit Z:{,v; isreducedto G, = Lg , and the upper bound on
the QFI by the sequential strategy with a Gaussian input p € G(K, N) is given by

Felp) < 8L2g, PN (N + D). (6.9)
This upper bound is saturated by the input state
|\Ijopt> = |wopt> ® |0>’ (610)

with [1)op) given in (3.31) for the first M modes while vacuum for the rest.

The results in (6.8) and (6.10) show that the ancilla modes are not necessary for the optimal strategy. We
note that in general the optimal controls (6.8) and the optimal input state (6.10) depend on the target
parameter .

7.Summary

We have clarified the universal bound (1.4) on the precision of the estimation (QFI) of a parameter embedded in
a generic multimode passive (photon number preserving) linear optical circuit by using Gaussian probes with a
given average number of probe photons N. We have identified the input Gaussian state (3.31) thatyields the
QFI saturating the bound (1.4): itis a single-mode squeezed vacuum in an appropriate basis. We have also found
measurements (POVMs) (4.6) and (4.7) by which FI reaches QFI. The best (sequential) strategy when we are
given multiple identical target circuits and are allowed to apply passive linear controls in between with the help
of an arbitrary number of ancilla modes has been revealed: no ancilla mode is actually needed for the best
strategy”’.

Even though the optimal input state (3.31) and the optimal measurements (4.6) and (4.7), as well as the
optimal controls (6.8) in the sequential strategy, depend on the target parameter to be estimated in general and
adaptive adjustments of the input, the measurement, and the controls would be required to achieve the precision
bound in practice, the above result shows that the bound is sharp and covers various specific setups composed of
phase shifters and beam splitters, including the standard MZ interferometer, providing the universal bound that
cannot be beaten by any Gaussian inputs and any passive controls.

The present work has focussed on passive linear circuits. Bounds on more general Gaussian metrology, for
general Gaussian channels including amplitude-damping channels and channels involving squeezing, etc., have
not been thoroughly understood yet, beyond analyses on specific setups. Entanglement with ancilla modes
would be useful for such generic Gaussian metrology [17] and it would be interesting to explore.
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Appendix A. Gaussian states and operations

In order to introduce a proper definition of the Gaussian set G(M, N ), we find it useful to introduce the
quadrature operators X,, and j for each of the M modes,

2 = [
=t
o (m=1,.. M. (A.1)
A~ Am — Ay
In = 421

6 There are works in the literature which discuss the unnecessity of mode entanglement [5, 39, 40, 50, 53, 55, 96, 97]. Note, however, that in
those works the probe states are not restricted to Gaussian states and in addition just the achievability of the Heisenberg scaling (quadratic in
N)is discussed. The chosen probe states are not necessarily the optimal ones, even though they actually yields QFIs scaling quadratically in
N (their coefficients are not necessarily the optimal). On the other hand, in the present work, we look at the optimal state which yields the
maximal QFI.
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Aligning these operators as a column vector
%
R x M
z=\|,1=1- ) A2
(}’ ) N &.2)
Im
the above relation (A.1) can be expressed as
a X
= W]\ . A3
(&) G) “
witha 2M X 2M unitary matrix
1 (T il
W = — . A.4
7 (r %) A9
The canonical commutation relations (2.1) can then be expressed in the compact form
Zims 20l = inn (m, n=1,...,2M), (A.5)
with J being the 2M x 2M real matrix
0 I
= . A6
=(% ) (A6)
A.1. Gaussian states
A Gaussian state p is fully characterized by its covariance matrix I" and its displacement d, defined by
L, s 5 s\ /5 A
Lo = _<{Zm) Zn}> - <Zm> <Zn>’ dm = <Zm> (m, n=1,...,2M), (A7)
where (---) denotes the expectation value on p. In particular, its characteristic function reads as
x(m) = (%) = e~ In+ind (A.8)
Furthermore, p is an element of G(M, N ) when its mean photon number is equal to N , i.e.
(A9)

(N

where the number operator N is defined in (2.3). The covariance matrix I" is real, symmetric, and positive-
definite, and hence, according to Williamson’s theorem it admits the canonical decomposition [83, 84]
(A.10)

I = RQR'SRTQRT,

V) = %[Tr(l“ — %) + dZ] =N,

where
0 e 0
»=|(°¢ = A1l
(50) @ (Oe,,), (A1)
U 0 U’ o
R=wT w, R =wf , A.12
( 0 U* ) ( 0 U™ ) ( )
with M x M diagonal submatrices
01 n
0= > r= > (A13)
oM ™

and M x M unitary submatrices Uand U’’. The 2M x 2M matrices R and R’ are real orthogonal matrices, and
wehave RT = RT = R"'and R’" = R'f = R’~!. The parameters {0, ..., oy} are the symplectic eigenvalues of

I, which control the purity p(p) of the Gaussian state p through [84]

7 Note that U is not the Hermitian conjugate U ofthe M x M matrix U, but is obtained by taking the complex conjugate of each matrix
element of U. In other words, itis U* = (U")" = (U”)f, with T denoting the matrix transpose. This U" is necessary in the structure of Rin

(A.12), for the symplectic character of R.
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Py =Trp= —_ — ] L (A14)
Jdet@D) ity 20w ’
while {n, ..., rp} are the squeezing parameters. The symplectic eigenvalues are bounded from below by

Om = 1/2(m = 1, ..., M) due to the uncertainty principle [83, 84]. The Gaussian state p is pure, p(p) = 1,if
and only if all the symplectic eigenvalues saturate the lower bounds o, = 1/2 (m = 1, ..., M). Without loss of
generality, we assume that

o= 0 2o 2 —, nz=znz--2=2n 2 0. (A.15)

This reordering can always be done by arranging properly R and R’. The matrices Rand R’ are symplectic and
orthogonal, characterized by the structure (A.12) with the unitary matrices Uand U’. The squeezing matrix Q is
also symplectic. The symplectic character of these matrices is characterized by

R'R =7, RTJR =], QJQ =J. (A.16)

A.2. M-mode passive Gaussian unitary
Our target circuit U, is a generic M-mode passive Gaussian unitary, whose action is characterized by the M x M
unitary matrix U, introduced in (2.2). In terms of the quadrature operators Z,,, it is rephrased as

. R 2M
Up2mU, = Y (Rp)mnZn (m=1,...,2M), (A.17)
n=1

or simply written as A; éffw = R, Z,with R, being the 2M x 2M orthogonal matrix defined by

(U 0

R, =W W. A.18

¢ 0 U* ( )
®

Asis clear from this structure, the matrix R, is symplectic and orthogonal, and the passive linear transformation

U, is arotation on the phase space.

By construction the transformation Uw maps the set G(M, N) into itself. In particular, given p € G(M, N),
the covariance matrix I, and the displacement d,, of the associated Gaussian output state 9, in (1.1) are
obtained by rotating the covariance matrix I" and the displacement d of the input state p as

I, = R,IR], d, = R,d. (A.19)

Note that they still fulfill the constraint (A.9) due to the fact that R, is orthogonal.
An important role on our problem is played by the generator of the transformation (A]w i.e. by the operator

R ~+dU,
L= iU —2, (A.20)
P
whose equivalent on the phase space reads
dR, g 0
G,=iRI—~=wil" _|w (A21)
de 0 —g,
with
dy,
_ iyt 9

Thisg,isan M x M Hermitian matrix, that can be diagonalized by means of an M x M unitary matrix V,,

&
g, =Voe, Ve, = ) (A.23)
EM

where, without loss of generality, the magnitudes of the eigenvalues €,, of g, are ordered in decreasing order

lell 2 leal = -+ 2 leml. (A.24)
The generator G, is accordingly diagonalized as
E/ .

G, = waf( 0‘” ., ]ng = B,(&,i)) P, (A.25)
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where

PWT%OW & € 0 A.26
[ 0 Vv* i W_OEW' (4.26)

Appendix B. Derivation of the expression (3.17) for F(|p)

Here, we show the derivation of the expression for FV(¢|p) in (3.17). Notice first that Rin (A.12) is a real
matrix, and hence,

.
R=pg=prl=wi|U 0 |w (B.1)
o Ut

Inserting this into (3.9), the covariance matrix I" of a pure Gaussian state is expressed as

1. .{U 0 ) e 0 ) Ut o
r = —wt W w w
2 (0 U~ ( 0 e % 0o uUr

1 . Ucosh2r U" Usinh2r U’
—W W)
2 U*sinh 2r UT U*cosh 2r U"

(B.2)

and we have

(B.3)

-1 — ZWT( Ucosh2r UT  —Usinh2r UT )

—U*sinh2r UY U*cosh2r UT
Then, inserting these and (A.21) into the firstline of (3.17), we get

FO(p|p) = %Tr(GwF‘IGWF - G2
— %Tr[(U*g,p U cosh2r)?] + %Tr[(cosh 2r UTg:;U*)Z]
. . . 1 1
+ Tr(U'g, U sinh2r UTg:U* sinh2r) — 7 Tr(g;) -3 Tr (g;)*. (B.4)

Since g, is Hermitian and hence g;k = ng, this is simplified to the expression in (3.17), noting Tr(AT) = Tr A for
any matrix A.

Appendix C. Some useful inequalities
Lemma 1. For Hermitian matrices A and B,
Tr[(AB)Y] < Tr(A2B). (C.1)
The equality holds ifand only if [A, B] = 0.
Proof. Since i(AB — BA) is Hermitian,

0 < Tr{[i(AB — BA)}
= —2Tr[(AB)?] + 2 Tr(AB). (C.2)

Therefore, the inequality (C.1) follows. The equality holds ifand onlyif AB — BA = 0. O

Lemma 2. For Hermitian matrices A and B,

Tr(ATBTAB) < Tr(A?B?). (C.3)
The equality holds ifand only if AB = (AB)T.
Proof. By noting the Hermitianity of A and B,

0< Tr{[AB — (AB)"]'[AB — (AB)"]}
= 2Tr(A*B?) — 2Tr(ATB'AB). (C.4)

Therefore, the inequality (C.3) follows. The equality holds ifand onlyif AB — (AB)” = 0. O
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Lemma 3. For Hermitian and positive semi-definite matrices A and B,
Tr(AB) < ||A|| Tr B, (C.5)

where||A||is the spectral norm of A, given by its largest eigenvalue. The equality holds if and only if the support of B (
i.e. the orthogonal complement of its kernel) is contained in the eigenspace of A belonging to its largest eigenvalue.

Proof. Consider the spectral decomposition of the Hermitian and positive semi-definite matrix A,

A=Ay, An > 0. (C.6)

Then, by noting the fact that #'Bu > 0 for any vector u,
Tr(AB) = > Au¥i BV < Amax D ¥ BV = Amax Tt B, (C.7)
n n

which proves the statement. The equality holds if and only if (Apmax — )\n)v;f Bv, = Oforalln,i.e. ifand onlyif
v, By = 0 for all v belonging to the eigenvalues \; of A strictly smaller than A,y This, in turns, is equivalent
to the condition that the support of Bis in the eigenspace of A belonging to its largest eigenvalue Aya. O

Lemma 4. For Hermitian and positive semi-definite matrix A,
Tr(A%) < (TrA)>. (C.8)
The equality holds if and only if only one of the eigenvalues of A is nonvanishing and it is not degenerate.

Proof. The eigenvalues )\, of A are positive semi-definite, A, > 0. Then,
2
Tr(A?) = > A2 < [Z /\n) = (TrA)?. (C.9)

The equality holds ifand onlyif A\, A, = 0 for all pairs with m = n, namely, only one of the eigenvalues \,, is
nonvanishing and it is not degenerate. O

Appendix D. Proof of the optimality of the measurement in figure 2

Here, we show that the FI by the optimal input |1/,) in (3.31) and the POVM {I1,}in (4.7) (the circuitin
figure 2) coincides with the upper bound of the QFILin (1.4). To see this, observe that the probability of
measuring the value x by this measurement in the output state of the circuit in figure 2 is given by

AT ~ AT A ~ At A —i0ata O 7S Y YF .8
plele) = (01 8 () V100, Vel Ly (e 80050 4.0, V.81 (1)[0), (D.1)

where the parameter ¢’ used in the input state and in the measurement will be set ¢’ = ¢ later. It is the marginal
of the Wigner function of the output state along the quadrature £ = (4, + ;) /~/2. Its characteristic function
X (€]) is computed to be

oo .
Y@ = [ drpalpre s
— 00
= (0] § () V;, 70,0 Vil i€ g0 \7;, A; 7, V,081(1)10)

— e 3 (A0E (D.2)
where
21 iUt 2 AR oa 2196
(Ax)g=—1 + |[(VU" U,V il (cosh2ry — 1)+Re[e (VT U", U,V )i;]sinh 2ry) (D.3)
05 o e P ¢ g e el
with (V;, U;, U, V)11 being the (1, 1) element of the matrix V,;, U,;, U, V. Its Fourier transform yields

(D.4)

p(lo) = ;exp(—x—z)
J2r(Ax) 2005 )
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Then, using (A.22) and (A.23), the associated FI defined by (2.6) becomes

00 a 2

L e I p(xw)(—ln P(xlw))
—00 8()0
2
_ l(iln( Ax)§] (D.5)
2\ 0p

4 sin* 0 cos? 0

(e cos? 0 + e~ 2" sin® 0)?2

2¢f sinh? 21,

at ¢’ = ¢, which can be maximized by setting § = +-tan~'e?" to get
F(pIP; [tbopt)) = 2e7 sinh?2ry = 8e{ N (N + 1). (D.6)

This coincides with the upper bound of the QFl in (1.4), and proves the optimality of the circuit in figure 2.
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