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1 Some basic facts regarding Sobolev spaces

In the sequel we will make constant use of Sobolev spaces. We will just summarize the
basic facts needed in the sequel, referring for instance to [3] for a more detailed treatment
of this topic. Actually, it is possible to define them in two different ways, whose (partial)
equivalence is discussed below.

Definition 1.1. Let Q C R" be an open and bounded domain and fix an exponent p with
1 < p < +o0o. We can consider the class of reqular functions C* (ﬁ) (i.e. the subset of
CL(Q) consisting of functions u such that both u and Vu admit a continuous extension
on 09)) endowed with the norm

lullwrw = [l + [Vl - (1.1)
We define the space HYP(Q) to be the completion with respect to the WP norm of C1(Q).

For unbounded domains, including the whole space R", the definition is similar and
based on the completion of

{ueC'(Q): uwe LP(Q), |Vu| € LP(Q)}.

Note that H'?(Q) C L?(Q).
On the other hand, we can adopt a different viewpoint, inspired by the theory of
distributions.

Definition 1.2. Let Q C R™ be an open domain and consider the space C°(§) whose
elements will be called test functions. For 1 < p < oo we say that uw € LP(Q)) has i-th

derivative in weak sense equal g; € Li (Q) if

/uf)zmpdm = —/ pgidr Yo e CF(Q). (1.2)
Q Q

Whenever such gy, ..., g, exist, we say that is differentiable in weak sense. We define the
space W'P(Q) as the subset of LP(Q) whose elements u are weakly differentiable and such
that the corresponding derivatives O;u also belong to LP(S).

It is clear that if g; exists, it must be uniquely determined, since h € L () and

/hgpd:v:() Vo € CF(Q)
Q

implies h = 0. This implication can be easily proved showing that the property above is
stable under convolution, namely h. = h * p, satisfies fQ hepdx = 0 for all p € C(€,),
where €, is the (slightly) smaller domain

Qe = {x € Q: dist(x,00) > €} . (1.3)
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Here p.(z) = e "p(x/€) and p is smooth and compactly supported in the unit ball. Hence
classical derivatives are weak derivatives and the notation 9;(u) (or, equivalently, D;u or
even g—;) is justified.

One classical way to relate weak and strong derivatives is via convolution: namely if
u has weak i-th derivative g, then

Oi(u* p.) = g * pe in Q.. (1.4)

Identity (1.4) can be easily proved considering both sides as weak derivatives and applying
Fubini’s theorem; the smoothness of u* p. tells us that the derivative in the left hand side
is (equivalent to) a classical one.

Notice also that Definition 1.2 covers the case p = oo, while it is not immediately clear
how to adapt Definition 1.1 to cover this case (and usually H Sobolev spaces are defined
for p < oo only).

In the next proposition we consider the relation of W*° with Lipschitz functions. We
omit for brevity the simple proof, based on convolutions.

Proposition 1.3 (Lipschitz versus W1 functions). If Q C R" is open, then Lip(Q) C
Whe(Q) and
| Du|| ) < Lip(u, ) . (1.5)

In addition, if 2 is convex then Lip(Q) = W1°(Q) and equality holds in (1.5).

Since HP((2) is defined by means of approximation by regular functions, for which
(1.2) is just the elementary “integration by parts formula”, it is clear that H'*(Q) C
Wh?(Q). On the other hand, using convolutions and a suitable extension operator de-
scribed below (in the case 2 = R™ the proof is a direct application of (1.4)), one can
prove the following result:

Theorem 1.4 (H = W). If either Q@ =R" or Q is a bounded regular domain, then
H'Y(Q)=W"(Q) 1<p<oo. (1.6)

With the word regular we mean that the boundary is locally the graph of a Lipschitz
function of (n — 1)-variables. However the equality H = W is not true in general, as the
following example shows.

Example 1.5. In the Euclidean plane R?, consider the open unit ball 22 +y? < 1 deprived
of one of its radii, say for instance the segment X given by (—1,0] x {0} . We can define on
this domain 2 a function ¢ having values in (—m,7) and representing the angle in polar
coordinates. Fix an exponent 1 < p < 2. It is immediate to see that § € C*°(Q2) and that
its gradient is p-integrable, hence §# € WP, On the other hand, § ¢ H'?(£2) because the
definition we have given would require the existence of regular approximations for ¢ up
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to the boundary: more precisely, one can easily show using Fubini’s theorem and polar
coordinates that any u € H"?({2) satisfies

Uy (w) = u(re®) € WP (R)

loc

for #*-a.e. r € (0,1), a property not satisfied by 6 (we shall see that W'licl functions on
the real line have indeed continuous representatives).

Remark 1.6. Taking into account the example above, we mention the Meyers-Serrin
theorem, ensuring for any open set ) C R" and 1 < p < +o0, the identity

Co@ W@ = wirQ) (1.7)

holds. The proof can be achieved by (1.4) and a partition of unity. Roughly speaking,
the previous result underlines the crucial role played by the behaviour at the boundary
in the approximation of a function in WP, In the case p = oo the construction in
the Meyers-Serrin theorem provides for all u € Wh*(Q) a sequence (u,) C C®(Q)
converging to u uniformly in €, with supg |Vu,| convergent to ||Vu||w; considering this
type of approximation in Definition 1.1 the validity of the theorem could be extended up
to p = oo.

As will be clear soon, we also need to define an appropriate subspace of H'?(Q) in
order to work with functions vanishing at the boundary.

Definition 1.7. Given Q C R™ open, we define Hy"(Q) to be the completion of C(Q)
with respect to the WP norm.

It is clear that H'?(Q), being complete, is a closed subspace of HP(2).
We now turn to some classical inequalities.

Theorem 1.8 (Poincaré inequality, first version). Let 2 C R™ be an open bounded subset
with regular boundary and 1 < p < +00. Then there exists a constant C'(2), only depending
on 2, such that

lullz, < CE)IVulf,  Yue Hy"(Q). (1.8)

The proof of this result can be strongly simplified by means of these two following
remarks:

o Hy”(Q) C HyP(Q) if Q € @ (monotonicity property)

o C(A\Q) = NC(Q). (scaling property)
The first fact is a consequence of the definition of the spaces H'? in terms of regular
functions, while the second follows by:
x

A) € HyP(Q) Yu e HyP(\Q). (1.9)

ux(x) = u(



Proof. By the monotonicity and scaling properties, it is enough to prove the inequality
for Q = @, C R™ where @), is the cube centered at the origin, with sides parallel to
the coordinate axes and having length 2a. We write z = (z1,2") with ' = (x9,...,z,).
By density, we may also assume u € C!(2) and hence use the following representation

formula:
u(xy,x') = h a0 (t,2") dt (1.10)
b @ Oz ' '

The Holder inequality gives

P / p—1 ¢ au b /
lul” (z1,2") < (2a) — | (t,2")dt (1.11)
—a 81'1
and hence we just need to integrate in x; to get
a » , » a au p ,
|ul? (21, 2") dzy < (2a) — | (t,2")dt. (1.12)
—a —a 8[E1

Now, integrating in 2’ ,repeating the previous argument for all the variables z;,j =1,...,n
and summing all such inequalities we obtain the thesis with C(Q,) < (2a)?/n. O

Remark 1.9. It should be observed that the previous proof, even though very simple, is
far from giving the sharp constant for the Poincaré inequality. The determination of the
sharp constant requires more refined methods.

Theorem 1.10 (Rellich). Let Q be a domain as in the previous theorem and again 1 <
p < 0o. Then the immersion WHP(Q) < LP(Q) is continuous and compact.

We do not give a complete proof of this result. We observe that it can be obtained
using an appropriate linear and continuous extension operator

T:W(Q) — WP (R™) (1.13)

such that
Tu=mu in €2;

supp(Tu) C

being € a fixed bounded domain in R” containing Q. This construction is classical and
relies on the fact that the boundary of 0f2 is regular and so can be locally straightened
by means of Lipschitz maps (we will use these ideas later on, when treating the boundary
regularity of solutions to elliptic PDE’s). The global construction is then obtained thanks
to a partition of unity.

The operator T allows basically a reduction to the case 2 = R", considered in the
next theorem.



Theorem 1.11. The immersion WHP(R") — L

ne(R™) is continuous and compact.

Remark 1.12. It should be noted that the immersion W?(R") — LP(R") is obviously
continuous, but certainly not compact. To note this, just take a fixed element in WP (R")
and supported in the unit square and consider the sequence of its translates along vectors
7, with |75,] — oco. Of course this is a bounded sequence in W1P(R™) but no subsequence
converges in LP(R™).

Let us now briefly sketch the main points of the proof of this theorem, since some of

the ideas we use here will be often considered in the sequel.

Proof. Basically, it is enough to prove that a bounded family F C WP(R") is totally
bounded in L? (R™). To obtain this, first observe that given any Borel domain A C R™

loc

and any ¢ € C'(A) we have
o=l < WITl 0, (1.14)

where Ay, is the |h| —neighbourhood of the set A and 7,¢(x) = ¢(x + h). This follows by
the elementary representation

1
(o = 9)la) = [ (Tl +sh), by ds (1.15)

0

since .
7 — @l < /A/ (Vo(x + sh), )P ds da (1.16)

0

1
<l [ 19wl dyds = 0 1960, (1.17)
||

by means of the Minkowski integral inequality, the Cauchy-Schwarz inequality and finally
by Fubini’s theorem. Hence, denoting by (p.).>o any rescaled family of smooth mollifiers
such that supp(p.) C B(0,¢€), we have that for any R > 0

sup [ = @ * pell o — 0 (1.18)
pEeF
for ¢ — 0. In fact, by the previous result we deduce

sup ¢ = 0% sy < esupl [ [Vl da)i (1.19)
peF v€F JBRric

To conclude we just need to observe that the regularised family {¢ * p., p € F} is rela-
tively compact in L] (R™) for any fixed € > 0. But this is easy since the Young inequality
implies

sup @ # pe| < (19l 114, 1Pell o (1.20)
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and similarly

sup V(0% p0)l < [Vl 17l (1.21)
R

so the claim is immediate by means of the Ascoli-Arzela theorem. n
We also need to mention another inequality due to Poincaré.

Theorem 1.13. Let us consider a bounded, reqular and connected domain €2 C R" and

an exponent 1 < p < oo so that by Rellich’s theorem we have the compact immersion
WhP(Q) < LP(Q). Then, there exists a constant C(S) such that

/ lu — ug|” dx < C(Q)/ |Vul? do Yu € WH(Q) (1.22)
Q 0

where ug = {5 udz.

Proof. By contradiction, if the desired inequality were not true, exploiting its homogeneity
and translation invariance we could find a sequence (u,) such that

e (uy)g=0forall n e N;
o [, |u,|" dz =1 for all n € N;
o [o|Vu,|” dz — 0 for n — oo.

By Rellich’s theorem there exists (up to estraction of a subsequence) a limit point u € LP
that is u,, — uw in LP(Q). It is now a general fact that if (V,) has some weak limit point
g then necessarily ¢ = Vu. Therefore, in this case we have by comparison Vu = 0 in
LP(2) and hence, by connectedness of the domain, we deduce that v must be equivalent
to a constant (this last fact can be proved by a smoothing argument). By the required
properties of the sequence (u,) we must have at the same time

/ udr =0 (1.23)
Q
and
/ ul? de = 1 (1.24)
Q
which is clearly impossible. O]

Note that the previous proof is not constructive and crucially relies on the general
compactness result by Rellich.



2 Variational formulation of some PDEs

After the first section, whose main purpose was to fix the notation and recall some basic
tools, we are now ready to turn to some first facts concerning PDEs.
Let us consider the generalised Poisson equation

—Au=f—> 0Oufa Inf
uwe Hy” (Q).

with data f, f, € L*(Q) for some fixed bounded and regular domain ). This equation
has to be intended in a weak sense, that is, we look u € Hy*() satisfying

/Q (Vu, V) dr = /Q(ﬁp + ) fabap)dr Vo € C2(Q). (2.1)

Equivalently, by density, the previous condition could be requested for any ¢ € Hol 2(Q)
In order to obtain existence we just need to apply Riesz’s theorem to the associated linear
functional F'(v) = [, (fv+ >, faOav) dz on the Hilbert space H,?(€Q) endowed withe

the scalar product
(u,v) = / (Vu, Vv) dz (2.2)
Q

which is equivalent to the usual one thanks to the Poincaré inequality proved in the
beginning of the previous section.

We can consider many variants of the previous problem, basically by introduction of
one or more of the following elements:

e more general linear operators instead of —A;
e inhomogeneous or mixed boundary conditions;

e systems instead of single equations.

Our purpose now is to briefly discuss each of these situations.

2.1 Elliptic operators

The first variation is to consider scalar problems having the form
— s 00 (AP0gu)u = [ — >, Oafa in
ue Hy? ().

where A is a constant matrix satisfying the following requirements:

9



(i) A% is symmetric, that is A% = AP

(ii) A has only strictly positive eigenvalues or, equivalently, A > ¢I for some ¢ > 0, in
the sense of quadratic forms.

Here and in the sequel we use the capital letter I to denote the identity matrix on R".
Actually, it is convenient to deal immediately with the case of a varying matrix A(x)
such that:

(i) Ais a Borel and L* function defined on €2;
(ii) A(x) is symmetric for a.e. x € Q;
(iii) there exists a positive constant ¢ such that A(x) > ¢l for a.e. z € Q.

As indicated above, the previous problem has to be intended in weak sense and precisely
[1avuve) o= [(fo+ 3 fowprde  voe X (2.3
Q Q -

with respect to any suitable class of test functions. In order to obtain existence we could
modify the previous argument, but we prefer here to proceed differently and introduce
some ideas that belong to the so-called direct methods of the Calculus of Variations. Let
us consider the functional F : Hy*(Q) — R

F(v) = /Q % (AVv, Vv) dz —/va dx — Z/Qfaaav dx. (2.4)

First we note that, thanks to our third assumption on A, F' is coercive, that is

lim  F(u) = 400 (2.5)
||UHH3,2<Q)—>+OO
and consequently, in order to look for its minima it is enough to reduce to some closed ball
of Hy*(€). Now, take any minimizing sequence (u,) of F: since Hy*(Q) is a separable
Hilbert space we can assume, possibly extracting a subsequence, that u, — wu for some
u € Hy?(Q). Now, it is easy to see that F is continuous and convex (it is the sum of a
linear and a convex functional) and so it also weakly lower semicontinous. Hence

F(u) < liminf F(u,) = inf F (2.6)

noo Hy*(9)

and we conclude that u is a (global) minimum of F. Actually, the functional F is strictly
convex and so u is its unique minimum.
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Consequently, since F' is a C' functional on Hy(Q) we get dF(u) = 0, where dF is
the differential in the Gateaux sense of F"

dF (u) [p] := lim Flu+ep) = Flu)

e—0 €

Vo € Hy? ().

Here a simple computation gives

ar ()l - |

Q

(AVu, V) dx — / fodu = / fuoOuh dz. (2.7)
Q — Ja
and the desired result follows.

2.2 Inhomogeneous boundary conditions

We now turn to study the boundary value problem for u € H%?(Q)
—Au=f—>_ 0Oufa in
u=g su 0f2.

with f, f, € L*(Q) and a suitable class of functions g € L*(9). The boundary condition
has to be considered in weak sense since the immersion H%?(Q2) — C(Q) does not hold
if n > 2. Here and in the sequel, unless otherwise stated, we indicate with €2 an open,
bounded and regular subset of R".

Theorem 2.1. For any 1 < p < oo the restriction operator
T:CHQ) — C°(09) (2.8)
can be uniquely extended to a linear and bounded operator from W'P(Q) to LP(02).
Consequently, we will interpret the boundary condition as
Tu=g. (2.9)

It can also be easily proved that T'u is characterized by the identity

op . ou =
/Quaxi dr = /QSOaxi dx—i—/anoTuulda Vo € CH(Q) (2.10)

where v = (vy,...,1,) is the unit normal vector, pointing out of €2. Indeed, using the
equality H'?(€2) = W'?(Q) one can start from the classical divergence theorem with
u € C'(Q) and then argue by approximation.
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Remark 2.2. It is possible to show that the previously defined restriction operator T is
not surjective if p > 1 and that its image can be described in terms of fractional Sobolev
spaces. The borderline case p = 1 is special, and in this case Gagliardo proved the
surjectivity of T

We can now mimic the argument described in the previous section in order to achieve
an existence result, provided the function g belongs to the image of T', that is there exists
a function u € WH2(Q) such that Tu = g. Indeed, if this is the case, our problem is
reduced to show existence for the equation

—Av(z) = f — D Oufn in
ue Hy? (Q).

where fv = f and f; = fo + Oqu. This is precisely the first problem we have discussed
above and so, denoted by v its unique solution, the function u = v + u will satisfy both
our equation and the required boundary conditions. These methods can be applied, with
minor changes, to problems having the form

= s Do(AP0gu) + Mu= f =, Oufa in

APdguv, = g on Of).

with A% a real matrix and A > 0 a fixed constant. For the sake of brevity, we just discuss
the case A% = §,43 so that the problem above becomes

—Au+ A u=f in

%:O su 0f).

In order to give it a clear meaning, note that if u, v € C*(Q) then

/(Vu,Vv} dx:—/vAudx—i—/ v@da (2.11)
Q Q a0 OV

and so in this case it is natural to ask that for any v € C*(Q) the desired solution u
satisfies

/Q [(Vu, Vv) + Auw] de = /Qvf dx + /89 vg do. (2.12)

In order to obtain existence (and uniqueness) for this problem, it is enough to apply
Riesz’s theorem to the bilinear form on H'?(Q)

a(u,v) = / [(Vu, Vv) + Auw] dz (2.13)
Q
which is clearly equivalent to the standard Hilbert product on the same space.
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2.3 Elliptic systems

In order to deal with systems, we first need to introduce some appropriate notation.
We will consider functions v : € C R™ — R™ and, consequently, we will use Greek
letters (say «, (,...) in order to indicate the starting domain of such maps (so that
a, f€{1,2,...,n}), while we will use Latin letters (say i, j, k,...) for the target domain
(and hence i, j € {1,2,...,m}). In many cases, we will need to work with four indices
matrices (i.e. rank four tensors) like Af‘j’g , whose meaning should be clear from the context.
Finally, we will adopt Einstein convention and use it without explicit noticing.

Our first purpose now is to see whether it is possible to adapt some ellipticity condition
(having the form A > ¢l for some ¢ > 0) to the vector-valued case. The first idea is to

define the Legendre condition
ASPELE > cle]? vEe M (2.14)

where M™*™ indicates the space of m x n real matrices. Let us apply it in order to obtain
existence and uniqueness for the system

_aa<Az?aﬁuj) =fi—0.ff i=1,....m

u € Hi(Q;R™)

with data f;, f& € L*(2).! The weak formulation of the problem is obviously
/QA%ﬂﬁguj&I(pi dr = /Q [fie" + [{0a¢'] dx (2.15)

for every ¢ € [CH(Q)]™ and again i = 1,...,m. Now, if the matrix A%ﬁ is symmetric
with respect to the transformation («,i) — (f,j) (which is implied for instance by the
symmetries in (a, 3) and (i,7)), then it defines a scalar product on Hj(€;R™) by the
formula

(1) = / AP0, 05" di. (2.16)
Q

If, moreover, A satisfies the Legendre condition above for some ¢ > 0, it is immediate to
see that this scalar product is equivalent to the standard one (with Af‘]ﬂ = §°76;;) and so
we are led to apply again Riesz’s theorem to conclude the proof.

Actually, it should be noted that here (and, in particular, in the scalar case) the
symmetry hypothesis is not necessary, since we can exploit the following:

Theorem 2.3 (Lax-Milgram). Let H be a (real) Hilbert space and leta: H x H — R a
bilinear, continuous and coercive form so that a(u,u) > X|u|> Yu € H for some X > 0.
Then for all F € H' there exists up € H such that a(up,v) = F(v) for allv € H.

!Note that we sometimes omit the Sobolev exponent when this is equal to two: for instance Hg ()
stands for H}?(9).
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Proof. By means of the standard Riesz’s theorem it is possible to define a linear operator
T : H — H such that
a(u,v) = (Tu,v) Vu,v e H (2.17)

and such 7' is continuous since
| Tu||* = (Tu, Tu) = a(u, Tu) < C ||ul| || Tul| (2.18)
where C'is a constant of continuity for a(-,-) and hence
1T < C. (2.19)
Now we introduce the auxiliary bilinear form
a(u,v) = (TT u,v) = (T"u, T"v) (2.20)

which is obviously symmetric and continuous. Moreover, thanks to the coercivity of a we
have that a is coercive too because

Mlull® < a(u,w) = (Tu,u) = (u, T*u) < |full [ T*ull = [Ju]] v/a(u, u) (2.21)

and so a(u,u) > A2 ||ul|®. Since @ determines an equivalent scalar product on H we can
apply again Riesz theorem to obtain a vector u}» € H such that a(uy,v) = F(v)Vv € H.
By the definitions of 7" and a this is the thesis once we just set up = T*u/5. O

As indicated above, we now want to formulate a different notion of ellipticity for the
vector case. To this aim, it is useful to analyze the situation in the scalar case. We have
the two following conditions:

(E) A > M that is (Au,u) > X|u|® (ellipticity);
(C) aa(u,u) = [, (AVu, Vu) dz > X [, \Vu|? dz for all u € H}(Q;R™) (coercivity).

It is obvious by integration that (F) = (C') and we may wonder about the converse.
As we will see below, this is also true in the scalar case (m = 1), while it is false when
m > 1. It is convenient to work with functions having complex values and so let us define

for u,v € Hj(Q,C)

ax(u,v) :/ (AVu, Vo) dzx :/ Z Z A%-B@xaui@xﬁuj dx. (2.22)
n R'ﬂ

a, =11, j=1

A simple computation shows that our coercivity hypothesis implies that

Raa(u,u) > /\/ \Vul? d. (2.23)
0
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Now consider a function ¢ € C®(,R) to be fixed later and define u,(z) = ¢(z)e™*
with 7 > 0 to be intended as a big positive parameter. We have that

1
ﬁﬂ?aA(uT, Uy;) = /QQOZAaﬂfafg dx + o,(1) (2.24)
which is nothing but
1
—2/ \Vu,|* dz = / 2 €] dz + 0-(1) (2.25)
™ Ja Q

when A is the identity matrix. Hence, exploiting our coercivity assumption and letting
T — +00 we get

/ 0 (APE,85 — NEIP) dz >0 (2.26)
Q

which immediately implies the thesis (it is enough to choose ¢ not identically zero.)
Actually, every single part of our discussion is still true in the case when A* = A%%(z)
is Borel and L™ function in © and we can conclude that (E) holds for a.e. z € Q: we
just need to choose in the very last step for any Lebesgue point xq of A an appropriate
sequence of rescaled and normalized mollifiers concentrating around xy. The conclusion
comes, in this situation, by Lebesgue differentiation theorem.

For the convenience of the reader we recall here some basic facts concerning Lebesgue
points (see Section 13). Given f € Ll (R") and zy € R™ we say that z is a Lebesgue
point for f if there exists A € R such that

lim |f(y) — A dy = 0. (2.27)
"0 J B, (wo)

In this case A is unique and it is sometimes written

A= (o) = lim f(x). (2.28)

T—x0

The Lebesgue differentiation theorem says that for £"-a.e. xo € R" the following two

properties hold: ¢ is a Lebesgue point and f(x¢) = f(zo).
It is very interesting to note that the previous argument does not give a complete
equivalence when m > 1: in fact, the coercivity condition

aa(u,u) > )\/|Vu|2 i ue [H'R®RY]" (2.29)

can be applied to test functions having the form u,(z) = ¢(2)be’™* with a € R" and
b € R™ and implies the Legendre-Hadamard condition

APES > AP E=a®b (2.30)
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that is the Legendre condition restricted to rank one matrices &, = a,b’. It is possible to
show with explicit examples that the Legendre-Hadamard condition is in general strictly
weaker than the Legendre condition.

It is possible to show with explicit examples that the Legendre-Hadamard condition
is in general strictly weaker than the Legendre condition.

Example 2.4. For instance, consider when m =n = 2 a tensor Aiajﬁ such that
afB #i #J 2
AT €8, = det(6) +e¢] (2.31)

for some fized € < 1/2. Since rank one matrices have null determinant, the Legendre-
Hadamard condition is fulfilled for any ¢ < e, while the Legendre condition fails for
example by diagonal matrices A(o,—oc) because the sharp constant c¢ in the arithmetic
mean-geometric mean inequality v/ab < c(a +b) is ¢ = 1/2.

Nevertheless, the Legendre-Hadamard condition is sufficient to imply coercivity:

Theorem 2.5 (Garding). Assume that Afj’g satisfies the Legendre-Hadamerd condition
for some positive constant X. Then aa(u,u) > X [|Vul® dz for all u € H'(R™).

Remark 2.6. If A depends on x, we need some regularity to draw the same conclusion.
Assume that €2 is bounded and regular, and that:

e Ac C(ﬁ);
o A(x) satisfies (LH)x A > 0 independent of .

Then, there exists a constant X' € (0,)) such that as(u,u) > X [, |Vu|® dz for all
u € H' ().

In the following proof, we denote by S(R™) the Schwartz space and by ¢ and ¢ the
Fourier transform of ¢ and its inverse, respectively

B(¢) = (2m) 2 / p(w)e " i (2.32)

and
o(x) = (27r)"/2/g0(av)em'6 dg. (2.33)

We will also make use of the Plancherel identity:

/ 50 di = / Sdr Ve, b€ SRY). (2.34)
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Proof. By density it is enough to prove the result when u € [C2°(R™)]™. In this case we
use the representation

u(€) = (2#)_"/2/ o(x)e ™ dy (2.35)
that is u(§) = @(§). Consequently,
Dot (€) = —~iTap) (2.36)

and hence

oz Ou? Oul N ——
aas(u,u) = /Rn Ajlﬁaxaa—xﬂdx:Ajf/nxagp]xﬁcpldﬁ

=AY /R (zag’)(25¢") da,
the last passage being due to Plancherel identity. But now we can apply our hypothesis
A a b aght > Xlal* |bf? (2.37)

to get
aa(u,u) >\ z|* |p(z)|* d. (2.38)
R

If we perform the same steps with §*?d;; in place of A?f we see at once that
Vul* € de = | |af |o(2)[* dz (2.39)
Rn Rn

and this concludes the proof. O]

Remark 2.7. This theorem by Gérding marks in some sense the difference between
pointwise and integral inequalities. It is worth mentioning related results that are typically
non-local. The first one is the Korn inequality: let v € [C°(R",R)]" and 1 < p < 0.

Then
P

Vut (V) |\, (2.40)

Vul? dr < c(n, p) / .

The second one is the Korn-Poincaré inequality: if € is an open, bounded domain with
Lipschitz boundary in R", then

n

R

p

Vatr Vo' 24

inf / lu(z) — Az — ¢|’ dx < C(Q,p)/ 5
0

C€R7tA:—A (9]
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2.4 Other variational aspects

The importance of the Legendre—Hadamard condition is also clear from a variational
perspective. Indeed, let v : @ C R* — R™ be a locally Lipschitz function that is
u e Whe(Q:R™), fix a Lagranglan L and define a functional F(u) = [, L(z,u, Vu) dz.

loc
We say that u is a local minimum for I if

F(u) < F(v) for all v € W-°(Q; R™) such that  {v # u} € Q. (2.42)

loc

We will make the following standard assumptions on the Lagrangian. We assume that
L:QxR™xR™™ — R is Borel and, denoting the variables as (z, u, p), we assume that
L is of class C! in (u,p) with

sup |L| + |Ly| + |Lp| < 400 (2.43)
K

for any domain K = Q' x {(u,p)||u| + [p| < R} with R > 0. and ' C €. In this case it
is possible to show that

t— | L(zx,u+tp, Du+tDy)dx
Q/

is of class C* for all u, ¢ € W,b°(Q;R™) and ' C Q, and its derivative equals
/ L,(z,u+to, Du+tDy) - o+ Ly(x,u+to, Du+tDyp) - Vodr

(the assumption (19.2) is needed to differentiate under the integral sign). As a conse-
quence, if u is a local minimizer, by looking at the derivative at ¢t = 0 we obtain

J

for any ¢ € WhH(Q; R™) with compact support. Hence, exploiting the arbitrariness of
p, we obtain the Fuler-Lagrange equations in the weak sense:

%

ZL xuVu<p+ZL xuVu)ggp

Lo

da. (2.44)

OCZ

%Ll’? (x,u, Vu) = Lyi(z,u, Vu)

1=1,2,...,m

Exploiting this idea, we can associate to many classes of PDEs appropriate energy func-
tionals, so that the considered problem is nothing but the Euler-Lagrange equation for
the corresponding functional. For instance, neglecting the boundary conditions (that can
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actually be taken into account by an appropriate choice of the ambient functional space),
equations having the form
—Au = g(x,u) (2.45)

derive from the functional
1 u
L) =5 b = [ gles)ds (2.46)
0

Adding stronger hypotheses on the Lagrangian L in analogy with what has been done
above (i.e. requiring that

SUp | Lyw| + | Lup| + | Lypp| < +00
K

for any domain K = Q' x {(u,p)| |u| + |p| < R} with R > 0) we can find another necessary

minimality condition corresponding to [ T F(u+ tcp)} > 0, namely

0<T(p,0) = / [AVoVo+ BV - o+ Cyp- | do (2.47)
Q
where the dependence on x and all indices are omitted for brevity and

A(x) = Lpp(z, u(x), Vu());
B(z) = Lyy(z,u(z), Vu(z)); (2.48)
C(z) = Luu(z, u(x), Vu(z)).

We can finally obtain pointwise conditions on the minimum » by means of the following
theorem, whose proof can be obtained arguing as in the proof that coercivity implies
ellipticity one can show the following result:

Theorem 2.8. Consider the bilinear form on H}(Q;R™) defined by

O(u,v) = /(AVqu + BVu-v+ Cu-v)dz (2.49)
where A = A?B( ), B = ( ) and C = Cj;(z) are Borel and L™ functions. If ©(u,u) >
0 for allu € Hl(Q ) A(x) satisfies the Legendre-Hadamard condition with A = 0

for a.e. x € Q.

Hence, in our case, we find that L,,(z,u(x), Vu(z)) satisfies the Legendre-Hadamard
condition with A = 0 for a.e. x € (2.
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3 Lower semicontinuity of integral functionals

The Morrey-Tonelli theorem is a first, powerful tool leading to an existence result for
integral functionals of the form

F(u) := /QL(x,u(x),Du(x))dx. (3.1)

Before stating Morrey-Tonelli’s Theorem, we recall some useful facts about uniformly
integrable maps. A complete treatment of this subject can be found for instance in [24].

Theorem 3.1 (Dunford-Pettis). Let (X, A, i) be a finite measure space and F C L (X, A, p).
Then the following facts are equivalent:

(i) the family F is sequentially relatively compact with respect to the weak-L' topology;
(ii) there exists a function ¢ : Rt — RY with

s(t)

r — 400 as t— 400,

such that
[otfdust vrer,

(1ii) F is uniformly integrable, i.e.

Ve>0 30>0 st wulAd)<d = /|f|d,u<e VfeF.
A

Theorem 3.2 (Morrey-Tonelli). Let L : Q x R™ x R™*" be a Borel Lagrangian with the
following properties:

(1) L is positive;
(2) L is continuous and its derivative L, is continuous;
(3) L(z,s,-) is conver?.

Then any sequence (up) C WH(Q;R™) converging to u in L*(;R™) and with uniformly
integrable derivatives (Duy) satisfies the lower semicontinuity inequality

F(u) < h;fn inf F'(uyp) .

2We will see that this assumption can be considerably weakened
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Proof. Firstly we notice that there is a subsequence uy;) such that
liminf F'(up) = lim F(unp)
and, possibly extracting one more subsequence,
Up(k) — U a.e. .
Thanks to Dunford-Pettis Theorem we can also assume that the weak-L! convergence
Vupwy — g in Ll(Q; R™*™)

holds. This immediately implies that u belongs to W1(Q; R™) and that Vu = g.
Thanks to Egorov’s Theorem and the fact that u and Vu are almost everywhere finite,
for all € > 0 there exists a compact subset K. C {2 such that

o [Q\ K <¢
e u;, — u uniformly on K¢;

e u and Vu are bounded on K..

Because of the convexity hypothesis (2) and the nonnegativity of L, we can estimate

liminf F(up) = lim [ L(z, upg (x), Vupgy(z)) de

h—o0 k—o0 Q

Zklim L, unw (7), Vupy () do
— 00 Ke

> lim [L(z, upy(x), Vu(a)) + {Ly(z, unwy(x), Vu(@)), Vupwy (@) — Vu(z))] da .

k—o00 K.

Thanks to the continuity of L, L, and the uniform convergence of upx) to u on K, we
have that

L(z, uppy(x), Vu(z)) — L(z, u(z), Vu(z)) in L' (K.);
Ly(x, upp(x), Vu(z)) — Ly(z,u(z), Vu(z)) in L'(K,R™™).

Hence, the weak convergence Vuyg) — Vu ensures that

lim [L(z, uney(z), Vu(z)) + (Ly(z, unay (z), Vu(z), Vuye (z) — Vu(z))] dz

k—o0 K.

= /K L(z,u(x), Vu(z)) dx

and as € — 0 we achieve the desired inequality

liminf F'(uy) z/QL(w,u(:U),Vu(x))dx.

h—o00
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Before stating the following Corollary we recall Rellich’s Theorem 1.10, which asserts
that the inclusion Wh(Q) C L*(Q) is compact whenever Q C R" is an open and bounded
set with Lipschitz boundary.

Corollary 3.3. Let 2 C R™ be an open, bounded set with Lipschitz boundary 02 and L
be a Borel Lagrangian satisfying hypotheses (2), (3) from Theorem 3.2 and

(1°) L(xz,u,p) > ¢(|p|) + c|u| for some ¢ >0 and ¢ : Rt — RY with lim 2 — oo,

t——+o0

Then the problem
min { F(u)] w € W (Q;R™)}

admits a solution.

Proof. 1t is a classical application of the direct method of Calculus of Variations, where
hypothesis (1)" provides the sequentially-relative compactness of sublevels {F' < ¢} with
respect to the so-called sequential weak-TW! topology (i.e. convergence in L' of the
functions and weak convergence in L' of the derivatives) and semicontinuity is given by
Theorem 3.2. [

At this point one could ask whether the convexity assumption in Theorem 3.2 is nat-
ural. The answer is negative: as Legendre-Hadamard condition is weaker than Legendre
condition, here we are in an analogous situation and the Example 2.4 fits again. Let’s
define a weaker, although less transparent, convexity condition, introduced by Morrey.

Definition 3.4 (Quasiconvexity). A Borel, locally bounded function F : M™" — R is
quasiconvex at A € M™ ™ if

Vi € C2(QR™) ][ F(A+ Dy)dz > F(A) . (3.2)

We say that F' is quasiconvex if it is quasiconvex at every point A.

Remark 3.5. Obviously we can replace the left hand side in (3.2) with the quantity
JC{ D0} F(A + D) dx; this follows from the equality

(Do £ oY 1Dy £0) )
f)F(A+D¢)dx_(1 o )F(A)+ o, P Do

Moreover, the dependence from €2 of this notion is only apparent: indeed, we can observe
that whenever (3.2) is valid for €, then:

e it is valid for every Q' C Q;
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e it is valid for x + A2, for z € R™ and A > 0 (the simple argument uses the change
of variables ¢(-) — (2 + \-)).

The definition of quasiconvexity is related to Jensen’s inequality, which we briefly
recall here.

Theorem 3.6 (Jensen). Let us consider a probability measure 1 on a domain X C R™,
with [ 1yl dp(y) < oo, and a convez, lower semicontinuous function F : X — RU {400}

Then
/XF(y) du(y) > F (/Xydu(y)) :

Quasiconvexity should be considered as a weak version of convexity; indeed, if F' were
convex then the inequality holds for all maps, thanks to Jensen’s inequality, while (3.2)
corresponds to gradient maps.

Proposition 3.7. Any convexr function F : M™*"™ — R is quasiconvez.

Proof. Fix ¢ € C2° and consider the law p of the map = — A + Dy(z) with respect to
the rescaled Lebesgue measure Z"/.Z"()). Due to the compact support of ¢ one has

/nydu(y) =A+/QD<,0(x)d:U:A.

and by a change of variable

fras pewyas = [ Fantn = £ ([ vau) = Fia).

Remark 3.8. The following chain of implications holds:
convexity = quasiconvexity = Legendre-Hadamard with A =10 .

All these notions are equivalent when either n = 1 or m = 1; in the other cases:

e the Example 2.4 implies that a quasiconvex function is not necessarily convex when
min{n, m} > 2;

e when max{n,m} > 3 and min{n, m} > 2, there exist non trivial examples showing
that the Legendre-Hadamard condition does not imply quasiconvexity; the problem
is still open for n = m = 2.

Let us recall that we introduced quasiconvexity as a “natural” hypothesis to improve
Morrey-Tonelli’s theorem. The following Theorem 3.11 confirms this fact.
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Definition 3.9. Let us consider an open bounded subset 2 C R™ and a sequence (f,) of
real function on Q. We write f, — f w*-WhH> if

o f, — f uniformly in Q;
o ||V fullL< is uniformly bounded.
Proposition 3.10. If f, — f w*-WbH>®, then f € W and Vf, = Vf.

This a direct consequence of the fact that (Vf,) is sequentially compact in the w*-
topology of L™, and any weak* limit provides a weak distributional derivative of f (hence
f € W the limit is unique and the whole sequence of derivatives w*-converges).

Theorem 3.11. Assume that the functional F in (3.1) is sequentially lower semicon-
tinuous with respect to the w*-W1>° topology at some point u. Then the Lagrangian
L(z,u(x),) is quasiconver at Du(x) for almost every x € SQ.

Proof. 1t is sufficient to prove the result for any Lebesgue point zy € €2 of Du. The main
tool is a blow-up argument: if Q; is a unit cube and v € Wy™(Q1,R™), we set

F.(v):= / L(zo + ry,u(xg + ry) + rv(y), Du(zo + ry) + Du(y)) dy .

1

The formal limit (as r | 0) of F,

Fy(v) ::/ L(zo,u(zo), Du(xo) + Du(y)) dy

1

is sequentially lower semicontinuous at v = 0 (with respect to the w*-WH> topology)
because of the following two facts:

e cach F, is sequentially lower semicontinuous with respect to the w*-W1* topology,
in fact

F.(v) = / L (z,u(z) 4+ rv(z —xo/r), Du(x) + Dv (x — x¢/1)) dz
Qr(z0)

= F(u+rv(z—uzo/r)) —/Q\Q( )L(x,u(:v),Du(x))d:L’;

e being zy a Lebesgue point for Du, for any sequence (vy,) C VVOLOO with v, = 0 in
Wtee it is easily checked that

lim sup | F5-(vp) = Fo(va)| = 0.
r—=0
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Let us introduce the auxiliary function
H(p) := L(wo, u(wo), Du(xo) + p) -

Given a test function ¢ € C2°(Q1,R™), we work with the 1-periodic function ¢ such that
Y1g, = ¢ and the sequence of highly oscillating functions

1
E@D(hx) :

By construction v, — 0 in W'°(Q;) and Dwy(x) = Di(hx). Thanks to the lower
semicontinuity of F{y at 0 one has

vp(z) ==

H(0) = F(0) < hmmf/ H(Duwp(z

= liminfA™" H(Dy(y))dy
h=o0 Qi/n

= H(Dy(y))dy = [ H(Dy).
Q1 Q1

O

The previous result, due to Morrey, implies that quasiconvexity of the Lagrangian is
equivalent to sequential lower semicontinuity of the integral functional in the weak*-/ 1>
topology. However, in many problems of Calculus of Variations only LP bounds, with
p < oo, on the gradient are available. A remarkable improvement of Morrey’s result is
the following:

Theorem 3.12 (Acerbi-Fusco). Suppose that the Lagrangian L(z,s,p) is measurable in
x, continuous in s and p and satisfies

0 < L(x,s,p) < C(1+|s]*+[p|*)

for some o > 1 and some constant C; suppose also that the map p — L(z,s,p) is
quasiconvez for all (x,s). Then F is sequentially lower semicontinuous in the weak W1*-

topology.

4 Regularity Theory

We begin by studying the local behaviour of (weak) solutions of the system of equations

—Da (Aa (2)0pu (z)) = fi + 0 F2 i=1,...,m
€ Hy (% R™)

loc

(4.1)
with fz € Lloc and Fa < Lloc

25



Theorem 4.1 (Caccioppoli-Leray inequality). If the Borel coefficients A?jﬁ (x) satisfy the
Legendre condition (L)y with A\ > 0 and®

sup ‘Afjﬁ(x)L <A< 400,

then there exists a constant ¢ = c¢(\, ) such that for any ball Br(zo) € Q and any k € R™

c/ |Dul? dx < R_Z/ |u(:v)—k:|2d$+R2/ |f(x)|2d:v+/ |F(z)|* d .
Brya(zo) Br(zo) Br(=o) Br(zo)
(4.2)

Before proceeding to the proof, some remarks are in order.

Remark 4.2. (1) The validity of (4.2) for all £ € R™ depends on the translation in-
variance of the PDE. Also, the inequality (and the PDE as well) has a natural
scaling invariance: if we think of u as an adimensional quantity, then all sides have
dimension length” 2, because f ~ length” % and F ~ length" .

(2) The Caccioppoli-Leray inequality is “unnatural”, because we can’t expect that for
a general u the gradient is controlled by the variance! Precisely because of this fact
we can expect that several useful (regularity) informations can be drawn from it.
We will see indeed that CL inequalities are very “natural” and useful in the context
of regularity theory.

Remark 4.3. In the regularity theory it often happens that one can estimate, for some
a <1,
A< BA*+C'.

The absorption scheme allows to bound A in terms of B, C' and « only and acts as follows:
by Young inequality

b €PaP b?

ab=ea- < — + P +qt=1)
€ P €lq
for p = 1/a one obtains
PA  BY
A<BA+Cc<=1+ T 40
p €lq

e 1
Now, if we choose € sufficiently small, so that — < AL get
p

q
a2 o0
€lq

3we write | A, for the Hilbert-Schmidt norm of a matrix
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Let us prove Theorem 4.1.

Proof.  Without loss of generality, we can consider xy = 0 and £ = 0. As typical in
regularity theory, we choose test functions depending on the solution u itself and namely

d = un?

where n € C2°(Bg), n=11in Bgje, 0 <n < 1and |[Vn| < 4/R.
Since u solves (4.1), we have that

/ADuD@—i—/fCI)—I—/F-D@:O (4.3)
where integrations are understood to be on Br. Moreover
D® = n*Du+ 2nu® Vn, (4.4)
so completing (4.3) with (4.4) we obtain
/nZADuDu+2/nADuu®V17+/f<1>+/n2FDu+2/77Fu®Vn: 0. (4.5)

Let’s deal with each addendum separately.

By Legendre condition

/ nQA%ﬁaaui(?guj > )\/ n*|Dul* > )\/ | Dul? .
Br Br

Bry2
e We have
8A 8A 8A
2 [ naDuusvy <2 [l Dululivnl < 53 [ iDual < 55 [ Dup+ 32 [l
R R Re
where the first estimate is due to Schwarz inequality, the second one relies on the

boundedness of coefficients A%ﬂ and the estimate on |Vnl, and the third one is Young
inequality.

e By Young inequality

. 1
[ gttt < [ i< g [l [ g2
Bgr Bgr Br Br

: A 4
[Eroat < [P @Da) <3 [ipup+ 3 [ 1PE
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e Again for the same arguments (Schwarz inequality, estimate on V7 and Young

inequality)
2/ InFuid |<2/ |F\||<2/ |F|2+2/ uf?
niu a’l']_— Ul = _— u .
Br R Jp, Br R? Br

From (4.5) it follows that

)\/ n?|Dul®* < / n*ADu Du (4.6)
BR BR
= —2/ nADuu@Vn—/ f(I)—/ nzFDu—Q/ nFu® Vn
Br Br Br Br
8A A
< 55 [ wipap+ 5 [iDa (47)
R Jp, 4

SA 1 2 , 2/ , /4 / ,
— + =+ = R —+2 Fl*.(4.8
v () [ wrer [ ure(5+2) [oreas

By choosing e sufficiently small, in such a way that 8Ae/R = A\/2, one can absorb line
(4.7), whence the thesis. 0

Remark 4.4. The Legendre condition in the hypothesis can be replaced by a uniform
Legendre-Hadamard condition, provided one assumes that A%ﬁ e C(Q2, M™* ™) (see Re-
mark 2.6).

Remark 4.5 (Widman’s technique). There exists a sharper version of the Caccioppoli-
Leray inequality, let’s illustrate it in the simpler case f =0, F' = 0. Indeed, since
4
|V77‘ < EXBR\BR/Q )

following the proof of Theorem 4.1 one obtains
/ |Du()| de < — lu(z) — k|? dx . (4.9)
Bpy2 R Br\Bg/2
Setting k := JLBR/2 u, the Poincaré inequality gives
/ |\ Du(z) dz < c/ \Du(z)|? dz . (4.10)
Brs Br\Bgr/2

Adding to (4.10) the term chR/2 | Du(x)|? dz, we get
(c+ 1)/ | Du(z)* doz < c/ | Du(z)|* dx .
Br2 Br
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Setting 6 := —5 < 1, we obtained a decay inequality
/ | Du(x))? dx < 9/ | Du(x)|? dx ;
Bry2 Br
by iterating (4.9), it is possible to infer
/ Du(z)|? dz < 2a(p/R)°‘/ Du(@)Pdz  0<r<R
T Br
with (1/2)* = 0. When n = 2, this implies that u € C%%/2 as we will see.
The following is another example of “unnatural” inequality.

Definition 4.6 (Reverse Holder inequality). A nonnegative function f € L () satisfies
a reverse Holder inequality if there exists a constant ¢ > 0 such that

][ fo gc(][ f)a VBg(z) C Q.
Bgr(z) Bpr(z)

At this point, for the sake of completeness, we recall the Sobolev inequalities. We will
provide later detailed proofs, in the more general context of Morrey’s theory, of the cases
p =mnand p > n. We will also treat the case p < n when dealing with De Giorgi’s solution
of Hilbert’s XIX problem, since slightly more general versions of the Sobolev inequality
are needed there.

Theorem 4.7 (Sobolev inequalities). Let 2 be either the whole space R™ or a bounded
reqular domain.

e [f p <n, denoting with p* = n"—zg > p the Sobolev conjugate exponent (characterized

1_

also by:{% =5

%), we have the continuous immersion
WHP(Q) — LP" (Q) .

o If p=mn, the inclusion of WH™(Q)) in BMO()) provides exponential integrability in
bounded subsets of €2 .

* Ifp>n,
WP (Q) c C"*(Q) with « =1 —n/p. .

Remark 4.8. The Poincaré inequality tells us that

/ lu(x) —al” dx < cRp/ | Du|P
Bgr Br
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with @ := f; wu. So, as the immersion W'” — L”" is continuous,

(/|u—ap*>1/p* <c (/BR |Du|p> ” : (4.11)

. . . . . . . * . _ 2n
Combining (4.11) with Caccioppoli-Leray inequality when p* = 2 (that is, p = ;2% < 2),

we write
c 1/2 1/2 1/p
© </ |Duy2) < (/ |u—ﬂ|2) <c (/ |Du|”) |
R Br Br Br

Conveniently rescaling we discover that |DulP satisfies reverse Holder inequality with
exponent o« = 2/p > 1, that is

1/2 1/p
() <e(f, o)
BR BR

Remark 4.9. Together with Sobolev embedding theorem in Theorem 4.7 with p > n,
another way to gain continuity is using Sobolev spaces W*? with k high. In fact, we can
arbitrarily expand the chain

W2P s Wit [0
Iterating the * operation k-times we get

1

D=
S|

therefore if k& > [ﬂ (where [-] denotes the integer part) we obtain W*? ¢ C%* with any
a € (0,1=n/p+[n/p)).

4.1 Nirenberg method

For the moment let us consider a (local) solution u to the Poisson equation
—Au=f felL?.

Our aim is to prove that u belongs to H?.
When we talk about an a priori estimate, we mean this reasoning: suppose that we
already know that % € H', then it is easy to check that this function solves

ou\ Of
—A —
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in a weak sense. By the Caccioppoli-Leray inequality we get,

/BR/2

We have chosen the Poisson equation because constant coefficients commute with con-
volution, so in this case the a priori regularity assumption can be a posteriori removed.
Indeed, estimate (4.12) applies to u * p. with f * p, in place of f, since u * p, satisfies

—A(u*pe) = f*pe .

Passing to the limit as € — 0 the same holds for .

The situation is much more complex when the coefficients A%ﬂ are not constant and
therefore convolution provides a much worse right hand side in the PDE. Nirenberg’s idea
is to introduce partial discrete derivatives

8u

|f|2 (4.12)

aazl - R2

hei) - =
Apu(z) == wz + hey) = ulz) = it u(x) .
h h
Remark 4.10. Some basic properties of derivation are still true and easy to prove, by

translation invariance of Lebesgue measure:

e (sort of) Leibniz property
Api(ab) = (Thia) Anib + (Apia)b ;

e integration by parts

/cp(x)Ahﬂ-u(x) dr = —/u(x)Ah,m(l’) dv Vo€ Cl.

Lemma 4.11. Consider u € L}, (), with 1 <p < oo and fixi € {1,...,n}. The partial

derivative g—;ﬁ belongs to L1, () if and only if

VO e Fce(Q) st / (Apu) @ < CHSO”LP/(Q)
Q

Proof.  The first implication has been proved in (1.14), because we know that A u is
bounded in L} (§2) when h — 0, so we can conclude with Hélder inequality.
Now fix ' € Q,

1im/ ulA_p i pdr| = SC(Q/)H‘PHLP’(Q');

/ 5%

h—0

= ‘— llm/ (Apiu) pdx

because of duality relation between LF(Q) and L¥' (€'), there exists 2% - € L, (). O
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Let us see how Lemma 4.11 contributes to regularity theory, still in the simplified case
of the the Poisson equation. Suppose f € H)._ in Poisson equation, then linearity and
translation invariance allow to write

—Aru=Thf = —A(Apau) = Apif

Thanks to Lemma 4.11, Ay ;f is bounded in L2, then by Caccioppoli-Leray inequal-
ity VA u is bounded in L . As Ay ;(Vu) = VA u is bounded in L2, thanks to

loc* loc?
Lemma 4.11 again we get

0
(%i(Vu) € L12OC )
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After these preliminaries about Nirenberg’s method, we are now ready to prove the
main result concerning H? regularity.

Theorem 4.12. Let Q be an open domain in R". Consider a function A € C2H(Q; R™ %)

loc

such that A(x) = Afjﬁ(x) satisfies the Legendre-Hadamard condition for a given constant

A >0 and let u € H () be a weak solution of the equation
—div(A(z)Du(z)) = f(z) — div(F(z))
for data f € L .(Q;R™) and F € H}

loc loc
exists a constant ¢ := ¢(QV, A) such that

| D) da < c{/ |u|® dx+/ (11> +|F] +|VF[] dx}.
Q' Q Q

In order to simplify the notation, let s denote in the following proof the unit vector
corresponding to a given fixed direction and consequently 7, := 75, s and Ay, 1= Ay .

(Q;R™ ™). Then, for every subset Q' & ) there

Remark 4.13. Altough the thesis concerns a generic domain ' € 2, it is enough to
prove it for balls inside 2. More precisely, if R < dist(£?', 9€2) we just need to prove the
inequality

/ |D?ul* da < c{/ lul® da +/ (11> +|F]> +|VF[] d:c}
Brya(zo) Br(zo) Br(zo)

for any zy € € since the general result can be easily obtained by a compactness and
covering argument.

Proof. First note that the given equation is equivalent by definition to the identity

/ADuDgpd:U:/fgoda:—i-/FDgodx
Q Q Q

for all ¢ € C°(Q; R™). If we apply it to the test function 7_¢ and do a change of variable,
we find

/Th(ADu)Dgoda:—/Thfgodx—l—/ThFDgodx.
Q Q Q

Subtracting these two equations, we get

/(ThA)D(Ahu)Dgp de = /(Ahf)go dr + /(AhF)Dgp dx — /(AhA)DuDgo dx
Q Q Q Q
which is nothing but the weak form of the equation

—div((m,A)Dv) = f — div(F") (4.13)
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with data f':= Apf and F' := AF — (A, ADy).

Now, the basic idea of the proof will be to use the Caccioppoli-Leray inequality.
However, a direct application of the CL inequality would lead to an estimate having the
L? norm of f’ on the right hand side, and we know from Lemma 4.11 that this norm can be
uniformly bounded in h only if f € H}. .. Hence, rather than applying CL directly, we will
revisit its proof, trying to get estimates depending only on the L? norm of f (heuristically,
we view f’ as a divergence). To this aim, take a cut-off function n compactly supported
in Bg, with 0 < n < 1, identically equal to 1 on Bg/, and such that |Vn| < 4/R, and
insert in (4.13) the test function ¢ := n?A,u. By means of simple computations we get

1 1
o[ DA de < g D@l [xl + 1FLy (D)l +  1Asal)
R/2

+ /B (Anf)r (D) de

and using the Young inequality the previous becomes

1 1
c'/ 0* [DAwf* do < & | |FPde+ 5 || Agul d +/ (Anf)n*(Anu) de
Br/o

Br Br Bgr

with ¢, ¢ appropriate constants. We need to study the different terms separately. First

of all . .
— Apul? de < = Dul? dx
i), 1wl e < [y
by means of (1.14). Hence, the Dirichlet integral can be treated again using the Cacciop-
poli inequality for u and gives an upper bound of the desired form. Let us then discuss

the term

Brin

fA_L (P Apu) dx
Br

/BR / |:T_h77A—h(77Ahu) + (A—hn)(nAhu)] dx

/B (Anf)n*(Apu) d

modified by means of discrete by parts integration and discrete Leibniz rule respectively.
The second summand in the last equality can be treated as follows:

4 4 4
/ FAmnAwul de < — | |fl|Aw|de < — | |fPde+— | |Awul® do
Br R Br R Br R Br
4 ) 4 )
< —= fI7de+ —= Dul” dx,
- BR| | - BM| |
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where the last term admits an upper bound again by the CL inequality. The other
summand requires the introduction of a parameter € in the application of the Young
inequality:

/ F [ron) Aou(mAna)] de < / FA_u(nAw)| dz < © / Pzt e / Au () de
Br Br Br Br

€

IA

1
_/ \fI? dx + 26/ |Dn|? |Apul® dx + 26/ n? |Ap(Du)|* da.
€ JBg Brin Bpryn
But now, by definition of 7
26/ 72 |Ap(Du)|* dx < 26/ |AL(Du)|)? da
Brin Br

and hence we can fix e sufficiently small so that we can absorb this term in the left-hand
side of the inequality. The other terms and also the integral |’ B |F” \2 dz can be studied
in the very same way, so that finally we put together all corresponding estimates to get
the thesis. O

Remark 4.14. It should be clear from the proof that the previous result basically con-
cerns inner regularity and cannot be used in order to get information about the behaviour
of the function u near the boundary 0¢). In other terms, we can’t guarantee that the con-
stant ¢(€), A) remains bounded when ' invades €, that is for R — 0, even if global
regularity assumptions on A, u, f and F are made. The issue of boundary regularity
requires different techniques that will be described later on.

5 Decay estimates for systems with constant coeffi-
cients
Our first target towards the development of a regularity theory is now to derive some

decay estimates for constant coefficients differential operators. Let A = A?jﬁ be a matrix
satisfying the Legendre-Hadamard condition for some A > 0, let

A= DDAy
j af

—div(ADu) =0

and consider the problem

ue H22 (Q;R™).
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Then, these two inequality hold for any B, (x¢) C Br(xy) € 2 :

r\" 2
lul? dz < ¢\ A) (= / lu|” dx (5.1)
/BT(:EO) <R> Br(zo)

n+2
[ el de <00 (1) [ Ju unf ds (5.2)
By (zo) Br(zo)

with ¢(A, A) depending only on A and A. Here w, ,, and ug,, denote the mean value of u
respectively on B,.(zg) and Bg(zo).

Proof of (5.1). By a standard rescaling argument, it is enough to study the case
R = 1. For the sequel, let k£ be the smallest integer such that £ > [%} (and consequantly
H* — C% with o = k — [%D First of all, by the Caccioppoli-Leray inequality, we have

that
/ IVo|* dz < cl/ lv|? d.
By /2(20) Bi(z0)

Now, for any a € {1,2,...,n}, we know that D% € Hﬁ)’f by the previous H? regularity
result, and since the matrix A has constant coefficients it will solve the same equation.
Hence, we can iterate the argument in order to get an estimate having the form

/ Y D7 < / [ da
By ok ( Bi(z0)

20) |o|<k

for some constant ¢, > 0. Consequently, depending on our choice of the parameter k, we
can find another constant x such that

sup  |v]” < m/ v d.
Bl/Qk(mO) Bl(mo)

In order to conclude the proof, it is better to divide the problem into two cases. If
r < 1/2F, then

/ lul> de < wpr™ sup  |ul? < /-@wnr”/ lu|® dx
By (z0) By ok (z0) Bi(z0)

where w,, indicates the Lebesgue measure of the unit ball in R™. Hence, for this case we
have the thesis provided we just let ¢(\,A) = kw,. If r € (1/2%,1), then it clear that
i) By (z0) luf de < [ By (z0) lu> dz and so, since we have a lower bound for r, we just need
to choose c(A,A)” so that c(\, A)"27% = 1, that is ¢(\,A)” = 2*". Finally, c(\,A) =
max {c(A, A); (A, A)"} is the constant needed to conclude.

We can now prove the second inequality, that concerns the notion of variance of the
function u on a ball.
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Proof of (5.2). Again, it is necessary to study two cases separately. If r < R/2, then
by the Poincaré inequality there exists a constant ¢ > 0, not depending on r such that

/ U — gy, |* da < cr2/ |Dul|? dx
By (z0) By (zo)

T’ n
< cr? (—) / |Dul? dx
R/2 Bpr/2(0)

n+2
< 2" (i> / U — | do
R Br(x0)

respectively by the previous result applied to the gradient Du and finally by the Caccioppoli-
Leray inequality. For the case R/2 < r < R we need to use the following fact, that will
be discussed below: let xg,r and u be as above, then u,, , is a minimizer for the function

and so

m— lu —m|* dx. (5.3)
By (zo)

If we give this for granted, the conclusion is easy because

n+2
/ |U - ur,xo|2 dx < / |’LL - uR,aco|2 dx < C/ <1> / |’LL - uR7J10|2 dx
By (x0) Br(x0) R Br(zo)

for any ¢ such that ¢ > 27+2.
Let us go back to the study of

inf/]u—m|p dx
meR [q

for 1 < p < oo and u € LP(;R) where Q is any open, bounded domain in R". As we
pointed out above, this problem is solved, when p = 2, by the mean value ug, (it suffices
to differentiate the integral with respect to m) but this is not true in general for p # 2.
However, for the purpose of the previous result, it is enough to prove what follows. Of

course
inf/|u—m]p dxﬁ/]u—uQ]p dx
mJa Q

but we also claim that for any m € R we also have

/]u—uQ]p dr < 2p/ |u —m|" dx. (5.4)
Q Q
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Since the problem is clearly translation invariant, it is sufficient to prove the thesis for
m = 0. But in this case

/|u—uQ|p dx§2p_1/ lul? dx+2p_1/ lug|? dx < 2p/ |ul” dx
Q Q Q Q

thanks to the elementary inequality

ja+ b < 2777 (laf” + [b]")

/|uQ|p dxg/\u|p dx
Q 0

which is a standard consequence of the Holder inequality.

and to the fact that

6 Regularity up to the boundary

Let us first consider a simple special case. Suppose we have to deal with the problem

—Au=f

ue H (R).

where R := (—a,a)"”" x (0,a) is a rectangle in R" with sides parallel to the coordinate
axes. Let us use coordinates z = (2/,z,) with 2’ € R"! and assume f € L?(R). The
rectangle R' = (—a/2,a/2) x (0,a/2) is not relatively compact in R, nevertheless via
Nirenberg’s method we may find estimates having the form

/ 10, Vau|? do < %/ \Vul? dr
R a® Jr

for s =1,2,...,n — 1., provided u = 0 on RN {x, = 0}. Indeed, we are allowed in this
case to use test functions ¢ = nA, su where the support of 1 can touch the hyperplane
{z,, = 0} (because of the homogeneous Dirichlet boundary condition on u). But now the
equation may be rewritten as
0%u

01,01,
and here the right hand side —A,u + f is in L*(R’). We conclude that also the missing
second derivative in the z,, direction is in L?, hence u € H?*(R'). Now we want to use this
idea in order to study the regularity up to the boundary for problems like

—div(ADu) = f + divF

= _A$’u+f

u e Hi (Q;R™)
under the following hypotheses
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feL2(;R™);
F e H'(Q;R™*");
A€ C’O’l(Q;RmZX”Q);

A(x) satisfies the Legendre-Hadamard condition uniformly in €2;

e 00) € (C? in the sense that it is, up to a rigid motion, locally the graph of a C?
function.

Theorem 6.1. Under the previous assumptions, the function u belongs to H?(£2; R™).

Since we already have the interior regularity result at our disposal, suffices to show
that for any zo € 9 there exists a neighbourood U of zy in Q such that u € H*(U).
Without loss of generality we assume xy = 0. There exist h € C*(R" 1) and V = (—b,b)"
such that (up to a rigid motion, choosing the hyperplane {z,, = 0} as the tangent one to
08 at 0)

QNV ={zxeV: z, <h()}.

Consequently, we can define the change of variables z/, = z,, — h(z’) and the function
H(z',x,) = (2, z, — h(2'))) that maps QN V onto H(2NV'), which contains a rectangle
R = (—a,a)" ! x (0,a). Weset Q' := HYR) Cc VNQand U := H'(R'), with
R = (—a/2,a/2)"' x (0,a/2).

It is clear that H is invertible and, called G its inverse, both H and G are C? functions.
Moreover V H is a triangular matrix with det(VH) = 1. Besides, the maps G and H induce
isomorphisms between H' and H? spaces (via change of variables in the definition of weak

derivative, as we will see in a moment). To conclude, it suffices to show that v = uo G
belongs to H?(R'; R™). To this aim, we check that v solves in R the PDE

—div(ADv) = f + divF
v=0 on{x, =0}NR
where of course the boundary condition has to be interpreted in the weak sense and
f=foG, F=(F-DH)oG, A=[DH-A-(DH)! oG

(here contractions are understood with respect to the greek indices, the only ones involved
in the change of variables, see (6.1) below). These formulas can be easily derived by an
elementary computation, starting from the weak formulation of the problem and apply-
ing a change of variables in order to express the different integrals in terms of the new
coordinates. For instance

[ He)ea) e = [ i G o Gl der(TG () dy
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just letting = G(y), but then det(VG) = 1 and we can set ¢ = 1po H so that equivalently
1 = ¢ o H and hence

R m—/ﬁ iy

Note that here the variable y is nothing but (2, z!,). The computation for F or A is less
trivial, but there is no conceptual difficulty. We just see the first one:

[ gt = [ FG)FEGW) dVEw) dy

- [ rewmgEm GG

which leads to the conclusion. Note that here and above the arbitrary test function ¢
has been replaced by the arbitrary test function ¢». However, we should ask whether the
conditions on A (for instance, the Legendre-Hadamard condition) still hold true for A.
This is the case and we can verify it directly by means of the expression of A above. In

fact,
~ rar OHY 0HP
AP — AP 1
“ ( 8l’a g al’ﬁ ) °G (6 )

and so, for any @ € R” and b € R™

. o o e o
. = 46w (5 <G<y>>a’a/) (G s ) v

0z, Oxp
> A|VH(G)a? b > A[(VH(G) | [l b
since clearly
al* < [(VH(Gw) " IVH(G)al*.

Hence, A satisfies the Legendre—Hadamar(i condition for an appropriate constant \' >
0 depending on A and H and of course A € C%!'(R). Through this transformation of
the domain, we can finally apply Nirenberg’s method as described above and find that
Op,v' € HY(R) fora=1,2,...,n—1and i =1,2,...,m. Anyway, we cannot include in
the previous conclusion the second derivatives 97 , v and here we really need to refine the
strategy seen above for the Poisson equation. Actually, this is not complicated because the

equation readily implies that 9, (AZ”‘B%J) € L*(R)) for any i € {1,2,...,m} and we can

apply Leibniz rule for distributional derivatives to get (since A € C%1) AZ” 6963%]% € L*(R).

Then EZ" is invertible (as a consequence of the Legendre-Hadamard condition) and so

vd 2 /
€ L*(R).
O0xpn 0y,
If both the boundary and the data are sufficiently regular, this method can be iterated

to get:
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Theorem 6.2. Assume, in addition to the hypotheses above, that f € H*(Q;R™) and
also F' € HMY(Q:R™), A € CPHQ,R™ ") with Q such that 9Q € C*2. Then u €
HE2(Q; R™).

We are not going to present the detailed proof of the previous result, but the basic
idea consists in differentiating the starting equation with respect to each fixed direction
to get an equation having the same form:

) ou B af OoF . 0A
—div (AD (3@)) = oL + O + div (8Is u)

which is the case, provided we set F=F+ %u.

7 Interior regularity for nonlinear problems

So far, we have just dealt with linear problems and the richness of different situations
was only based on the possibility of varying the elliptic operator, the boundary conditions
and the number of dimensions involved in the equations. We see now that Nirenberg’s
technique is particularly appropriate to deal also with nonlinear PDE’s, as those arising
from Euler-Lagrange equations.

Consider a function F' € C*(R™") and assume the following:

(i) There exists a constant C' > 0 such that |[D*F(¢)| < C for any £ € R™;

(ii) F satisfies a uniform Legendre condition, i.e. 8pg8p§;F (p)gggf > \¢)? for all € €
R™ for some A > 0 independent of p € R™".

Let BY := ng‘; and Af}ﬁ = % and notice that A?jﬂ is symmetric with respect to the
K2 Z j

transformation («,7) — (3, 7).
Let Q C R”™ be an open domain and let u € H}

15e(€; R™) be a local minimum (in the
sense recalled below) of the functional

wr— I(w) = / F(Vw)dx.
Q
The implication
FeC®=uelC™

is strongly related to Hilbert’s XIX problem (initially posed in 2 space dimensions and in
the category of analytic functions). In the sequel we will first treat the case n = 2 and
much later the case n > 3, which is significantly harder.
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We say that w is a local minimum for I if for any w € H}.(€; R™) such that spt(w —

loc
w') C ' € Q, we have that

//F(Vw’) dx > //F(Vw) dx.

If this is the case, we can derive an appropriate Euler-Lagrange equation: considering
perturbations of the form w' = w + tVy¢ with ¢ € C*(Q,R™) we can prove (using the
fact that the regularity assumptions on F' allow differentiation under the integral sign)

that p o
= -0 = a (,DZ
0= o [/Q F(Vw+tVy) d:c] . /QBZ (Vw) o de.

Now, suppose s is a fixed coordinate direction (and let e, the corresponding unit vector)
and h > 0 a “small” positive scalar: if we apply the previous argument to a test function
having the form 7_pp, we get

%

a dp'
/Q (B (V) 55 do =0

and consequently, by subtracting this to the previous one

)

a dp'
/Q B B2 (V) 57 do =0,

However, as a consequence of the regularity of F, we can write

B (Vu(z + hes)) — B (Vu(z)) = /0 %Bﬁ(tVu(x + hes) + (1 —t)Vu(x)) dt
_ [ /0 APV u(z + hes) + (1 — ) Vu(x)) dt] [g—;‘;(x +hey) — g—im

and setting

A

ij,h

(x) = /01 A%ﬁ(tVu(x + heg) + (1 —t)Vu(x)) dt

we rewrite the previous condition as

/Q 40P (@Mh“j( )W (z) dz = 0.

. x
a0 o,

Hence, w = Apu solves the equation

—div(A,Dw) = 0. (7.1)
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Now, it is obvious by the definition that gf;ﬁ . (x) satisfies both the Legendre condition
for the given constant A > 0 and a uniform upper bound on the L*—norm and therefore
we can apply the Caccioppoli-Leray inequality to the problems (7.1) to obtain constants

C; and (5, not depending on A such that

C
/ |D(A )| dz < -1 |Apgul® dz < Cy
BR(JC())

B2 By (o)
for any Br(z¢) C Bag(zg) € §2. Consequently, by Lemma 4.11 we deduce that
u € HE (Q;R™). (7.2)
Moreover, we have that

o Ay u— g—;‘s in L2 _ (this is clearly true if u is regular and then exploit the fact that

the operators Ay ; are equibounded, still by Lemma 4.11);

° 6‘?7“ satisfies, in a weak sense, the equation —div <A(Du)D§7“> =0 (note that

AP (tDu(z + he,) + (1 — t)Du(z)) "= A% (2)

in LP for any 1 < p < oo since they are uniformly bounded and converge .£"-a.e.).

In order to solve Hilbert’s XIX problem, we would like to apply a classical result
by Schauder saying that if w is a weak solution of the problem —div(BDw) = 0, then
B e C% = w € C**,. But, we first need to improve the regularity of B(x) = A(Du(z))..
In fact, at this point we just know that A(Du) € H}., while we need A(Du) € C%“. The

situation is much harder in the case n > 2, since this requires deep new ideas and the
celebrated theory by De Giorgi-Nash-Moser.

8 Holder, Morrey and Campanato spaces

In this section we introduce the Holder spaces C%®, the Morrey spaces LP* and the
Campanato spaces £P*. All these spaces are relevant, besides the standard Lebesgue
spaces, in the regularity theory, as we will see.

Definition 8.1. Given A C R", u : A — R™ and a € (0,1] we define the a— Hélder
semi-norm on A as
HUH = sup ‘U(CL’) _u(y>|
CAT e o —y[”

We say that u is a-Holder in A, and write w € C%*(A;R™), if |ull, 4 < 0.
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If Q C R™ is open, we say that u : © — R™ s locally a— Hdélder if for any x € Q) there
exists a neighbourhood U, € € such that [lul|, ;< +00. The corresponding vector space

is denoted by C%(Q; R™).

loc

If k € N, the space of functions of class C*(;R™) with all i—th derivatives with
i| <k in C%(Q;R™) will be denoted by C**(Q; R™).

Remark 8.2. With respect to the previous definition the spaces C*%(Q; R™) are Banach
with the norm '
lllone = Nulloe + D 1Dl o
li|=F
Definition 8.3 (Morrey spaces). Assume @ C R™ open, A > 0 and 1 < p < co. We say
that f € LP(2) belongs to LPM(Q) if

sup r’\/ |fI” dx < 00
Q(zo,r)

0<r<dg, o€

where Q(xg,r) := QN B,(xg). It is easy to verify that

. 1/p
1l o = < sup T / i dm)
0<r<dq, xo€N Q(z0,7)

is a norm on LP(Q).
Remark 8.4. We mention here some of the basic properties of the Morrey spaces LP*.:

(i) LP*(Q;R) are Banach spaces, for any 1 < p < oo and A > 0;

(ii) LPO(%R) = LP(R);

(iif) LPMQR) = {0} if A > n;

(iv) LP(5R) ~ L= R);

(v) L¥#(;R) C LPAQ;R) if ¢ > p and 2 > 2ok,

Note that the condition (n — X)/p > (n — u)/q can also be expressed by asking A < A,
with the critical value A, defined by the equation (n—A\.)/p = (n— u)/q. The proof of the
first result is standard, the second statement is trivial, while the third and fourth ones are
immediate applications of Lebesgue differentiation theorem. Finally the last one relies on

Holder inequality:
p/q
(L) = (], o)
Q(z,r) Q(z,r)
< Co || f || o 7P/ I = O || f ]| g 7

IN
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Definition 8.5 (Campanato spaces). Suppose that 2 is a bounded open set. A function
f:Q — R belongs to the Campanato space LP? if

£ = sup /Q( )\f(x) — faor|Pdr < 00, (8.1)
x0,T

T0€N, 0<r<dg

where dgq is the diameter of ) and

fror == ][ f(x) da (8.2)
Q(zo,7)
The mean f,,, defined in (8.2) is not perhaps the better object to calculate that sort
of variance in (8.1), anyway it gives equivalent results, thanks to (5.4).

Remark 8.6. As in Remark 8.4, we briefly highlight the main properties of Campanato
spaces.

(i) As defined in (8.1), || - || z»» is merely a seminorm because constants have null £P*
norm. If Q) is connected, then £7* modulo constants is a Banach space.

(i) £L¥* C LP* when p < gand (n—\)/p > (n—pu)/q.

(iii) C% C LP"Her | because

/ @) = foon
Q(zo,r)

We will see that a converse statement holds (namely functions in these Campanato
spaces have holder continuous representative in their Lebesgue equivalence class),
and this is very useful: we can replace the pointwise definition of Holder spaces with
an integral one.

P < | f s ? B0, )] = |l ctsur™?

Actually, Campanato spaces are interesting only when A > n, exactly because of
their relationship with Holder spaces. On the contrary, if A < n, Morrey spaces and
Campanato spaces are perfectly equivalent. In the proof of this and other result we need
a mild regularity assumption on €2, namely the existence of ¢ > 0 satisfying

L (QN B (0)) > er™ Voo € Q, Vr € (0,dg). (8.3)
Basically, this assumption avoids domains with outer cusps.

Theorem 8.7. Let Q C R™ be an open, bounded, reqular set satisfying (8.3) and let
0 < X <n. Then the spaces LP* and LP? are equivalent, i.e.

- zex = - llern + 11l
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Proof.  All through the proof we denote with ¢ a generic constant depending from the
constant ¢ of regularity of the domain €2 and from n, p, A.
Without using the hypothesis on A, we easily prove that LP* C £P?: trivially Jensen

inequality ensures
[ aebars [ p@pds.
Q(zo,r) Q(zo,r)

thus we can estimate

[ o-tapa<et ([ eras [ jpra)<e [ .
Q(zo,r) Q(zo,r) Q(zo,r) Q(z0,7)

Conversely, we would like to estimate r—* fQ(Io o | f (@) [P de with || fl|zoa + [ f]]p for
every 0 < r < dg and every xg € €. As a first step, by triangular inequality we separate

/Q <2 / F(@) = faonl? dz + et fanl? < ¢ (1f By + 7| fuon )
$0,7"

Q(zo,r)

so we took out the problematic addendum |f, ,|P.
In order to estimate |fy,|”, let us bring in an inequality involving means on concentric
balls: when xy € ) is fixed and 0 < r < p < dq, it holds

ot o — Fro P < / onr = foo|? da
Q(zo,r)

p—1 _ » B )
< 2 (/Mm | foror — [ ()] dw+/g(xo’r)\f(x) Froml dx)

S 2p_1||f”ip,>\ (7")\ + p)\) S 2p||f”ip,>\p)\ )

thus we obtained that

_n o2 P\r A-=n
Frar = Frool < ellfllonsr30% = el flnn (2)7 05" (5.4

Now fix a radius R > 0: if r = 2-**DR and p = 27FR, inequality (8.4) means that

R\ 7
Froipas = Frossl Sllflon (55) (85)
and, adding up when £ =0,..., N, it means that
n—>A\ A—n
2 2V 1 R\ 7
s = fonl <A fleonkF 5= <elflon (35) - 60
P fr—
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Let us go back to our purpose of estimating |f,,.|P: we choose R € (dq/2,dq) and
N € N such that » = R/2V+1. By triangular inequality

‘fwoﬂ" P < 2p71 (’fwo,r - f:vo,R‘p + |fzo,R’p) )

since
| foo,rl < cldo)l[fllzr
the only thing left to conclude is to apply inequality (8.6) in this case:
|fac0,7’ - fxoyR’p < CHfHﬁPv)‘T)\_n )

that is all we needed. O
Remark 8.8. When the dimension of the domain space is n, the Campanato space £ is
very important in harmonic analysis and elliptic regularity theory: after John-Nirenberg
seminal paper, this space is called BMO (bounded mean oscillation). It consists of the

space of all functions f : 2 — R such that there exists a constant C satisfying the
inequality

/ |f(z) = foor] de < Cr" VO <r <dqg, Vg€ Q.
Q(zo,r)

Notice that L>(2) € BMO(Q): for example, consider 2 = (0,1) and f(z) = Inz. For
any a, v > 0 it is easy to check that

a+r
/ ]1nt—ln(a+r)|dt:r+aln( ? )Sr,
a a+r

hence Inz € BMO(?). For simplicity, we replaced the mean faaw Insds with In(a + 1),
but up to a multiplicative factor 2 this does not make a difference. On the contrary

Inx ¢ L>(9).

Theorem 8.9 (Campanato). With the previous notation, when n < X\ < n+p Campanato
spaces LP are equivalent to Hélder spaces C%® with a = (A —n)/p. Moreover, if §) is
connected and X > n + p, then LP? is equivalent to the set of constants.

Proof. As in the proof of Theorem 8.7, the letter ¢ denotes a generic constant depending
on the exponents, the space dimension n and the constant in (8.3).

Let A = n + ap. We already observed in Remark 8.6 that C%* C £P*, so we need to
prove the converse: given a function f € L£P*, we are looking for a representative which
belongs to C%.

Recalling inequality (8.5) with fixed radius R > 0 and = € €2, we obtain that the
sequence (f; g/or) has the Cauchy property. Hence we define

F) = lim fly)dy .
=00 JQ(z,R/2k)
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Clearly

b @) fwpPdy—0 = i) - f@Pd—0, @)
Q(z,R/2%) Q(z,R/2%)
but since radii have a geometric behaviour, i.e.

bosw-faprd <z f i) - f@Pdy.
Q(z,r)

Q(z,R/2k)
then (8.7) implies that
[ 15w - Fapdy —o
Q(z,r)

and in particular f does not depend on the chosen radius R. Let us prove that
fec™.
We employ again an inequality from the proof of Theorem 8.7: letting k& — oo in (8.6),
we get that .
|f(@) = for| < || fll o R
with a = (A — n)/p; consequently
(@) = FW) < 17 (@) = forl + | for = forl + 1 fyr = FW) < clz = yl* + |forr = furl -

The theorem will be proved if we can estimate |f, r — fyr|- Choosing R = 2|z — y|, we
integrate on a domain 2 with diameter R/2, such that

Q(z,R) Ny, R) D Q,

in order to control
1z, R) N Qy, R)| > C27"R" .

So

R fun— fonl? < / o — Foml? ds
Q(z,R)ﬂQ (y,R)

szﬁ(/ 56)— Funl s+ | V@—ﬁﬂO
Q(z,r) Uy,R)
2p”f||ip,>\R)\_n )

IN

and finally
A=n a
|for = furl < cllfllppn R <clz—y|*.
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Corollary 8.10 (Sobolev embedding for p > n). With the same hypothesis on Q@ C R™,
if p > n, then WhP(Q) C C%(Q), with a =1 —n/p.

Proof. An immediate consequence of Holder inequality is
gell — geLl’ﬁ.
For this reason .
Du e LY (Q) = LM v (Q) = LI (Q) . (8.8)

Moreover, we have that
Due [P — e [P

loc loc

because Poincaré inequality gives that
[t ey <er [ pur <. (59
B(z,r) B(z,r)

Applying (8.9) to (8.8), we get
= El,n—i—a(Q)

and definitely
u e C¥*Q) .

9 XIX Hilbert problem and its solution in the two-
dimensional case

Let 2 C R" open, let FF € C3(M™ ") and let us consider a local minimizer u of the
functional

UH/ (Dv)d (9.1)

as in Section 2.4. We assume that D?F(p) satisfies the Legendre condition (??) with
A > 0 independent of p and is uniformly bounded.
We have seen that u satisfies the Euler-Lagrange equation (9.1) are

0

gor (B (D) =0 i =1,..om. (9:2)

We have also seen in Section 7 how, differentiating (9.2) along the direction xg, one can

obtain 5 5 5 P
(7
8;{;8 (a—xa (Fp? (D’U,))) = a_xa (pr‘pf (DU) 81’581‘8) =0. (93)
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In the spirit of X1X Hilbert’s problem, we are interested in the regularity properties
of u. Fix s € {1,...,n}, let us call

ou
0x,

U(zy,...,z,) = (z1,...,2,) € L*(Q,R™), A(xy,...,2,) == D*F(Du(xy, ..., 1,)),

thus (9.3) means 4 that U satisfies the system of PDE

) 0 %
div(ADU) = > >~ B (Fp?pjg(Du) 5; 8:63) =0. (9.4)

a 4,6

Since U € H{ (Q;R™) by (7.2), we can use Caccioppoli-Leray theorem for U, in the sharp
version of Remark 4.5. Combining Caccioppoli-Leray inequality with Poincaré inequality,

we obtain

/ |U(w)|2d:v§cR2/ |DU(3:)|2dx§c/ |DU|? ,
Br/2 Bry2

Br\Bgr/2

thus, adding chR/2 |DU|? to both sides, we get

c
/ DU (2)|? dz < —— |DU (2)|? dx .
Brj2 c+1 Br
Now, if 0 := -7 <1 and o = —log, 0, we can write the previous inequality as

/BM | DU (2)]? da: < (%)Q/BR DU ()| dx . (9.5)

In order to get a power decay inequality from (9.5), we state this basic lemma and its
useful improvement.

Lemma 9.1. Consider an nondecreasing real function f : (0, Ro] — R satisfying

f(%) < (%)af(p) Vp<Ryp.

F(r) <20 (E)af(R) Y0 <r<R< R,

4To be precise we should write in (9.4) div(ADU®) =0 for alli =1,...,m

Then
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Proof. Fix r < R < Ry and choose a number N € N such that

R R

2N+1<r§2_N'

It is clear from the iteration of the hypothesis that
R 1\ Y
<[z
(o) =(3) o,

fr) < f(27VR) <27V f(R) = 2027V F(R) < 2°(r/R)* f(R) .

thus, by monotonicity,

O

Lemma 9.2 (Iteration Lemma). Consider an increasing real function f : (0, Ry] — R
which satisfies for some positive coefficients A, B > 0 and exponents o > (3 the following
inequality

f(p)gAK%) +e] f(R)+ BR® Y0<p<R<R, (9.6)
for some
1 \a=
< |— .
€ < (2A> ) (9.7)
and some 7y € (a, 3). Then
B
f(p) < ela, B, A) [(}%) f(R) + Bpﬂ . (9.8)
Proof. Having fixed the auxiliary exponent v € (3, ), define 7 such that
2A7% =77 | (9.9)
thus (9.7) gives the inequality
er” < 1. (9.10)
The following basic estimate uses the hypotheses (9.6) jointly with (9.9) and (9.10):
f(TR) < A(T*+¢€)f(R) + BR’ = A7*(1 + e77*)f(R) + BR” (9.11)
< 2A7°f(R) + BR’ = 7 f(R) + BR” . (9.12)

The iteration of (9.11) easily gives

f(T*R) < T f(tR)+ B’ R’ < 7 f(R)+7"BR°+ BT°R° = ' f(R)+ BR°7° (147777 .

o1



It can be proven by induction that

N N~ 6. (N-1)8 k(v—8) _ Ny B.(N-1)8
f(r"R) <17 f(R) + BR°T E T =71""7f(R)+ BR°T T
So, given 0 < p < R < Ry, if N verifies
TN+1R<p§TNR,

we conclude choosing the constant c¢(a, 3, A) in such a way that the last in the following
chain of inequalities holds:

L=y -8
flp) < f(TNR>§TN’Yf(R)+BRB T
< Tﬂ( N+1ﬁf )+ (BRﬂ N+1ﬁ)

1—77 )

< s ( )+ _(B/)

cla, )((R)ﬁf(R)Jer)-

IA

O

Remark 9.3. The fundamental gain in Lemma 9.2 is the passage from R” to p® and
the removal of €, provided that € is small enough. These improvements can be obtained
passing from the power « to the worse power § < a.

Now, thanks to Lemma 9.1, we are ready to transform (9.5) in
/ DU (2)|? dz < ¢ (ﬁ)a/ IDU(x)|*dz Y0O<p<R,
B, R/ Jpy

therefore | DU| € L**. So, as we remarked in the proof of Corollary 8.10, this gives
U e L>,

All these facts are true in any number n of space dimensions, but when n = 2 we can
apply Campanato theorem to get
U e 0o/?

ie. u€ Ch/? and A = D?*F(Du) € C%/2,
The Schauder theory that we will consider in the next section will allow us to conclude
that
u e C»0/?

and, as long as F' is sufficiently regular, the iteration of this argument solves XIX Hilbert’s
regularity problem in the C'™ category.
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10 Schauder theory

We are treating Schauder theory in a local form in 2 C R", just because it would be too
long and technical to deal also with boundary regularity (some ideas are analogous to
those used in Section 6).

We recall the usual PDE we are studying, in a divergence form.

div (ADu) = divF  in ;
u € HE (Q;R™)

loc

(10.1)

Theorem 10.1. If A?j’ﬁ are constant and satisfy the Legendre-Hadamard condition for
some A > 0, then
Fely = Dueclp.

loc loc

Proof. Since the estimates we make are local, we assume with no loss of generality that
F € £27(Q). Let us fix a ball By € Q with center xy € Q and compare with u the
solution v of the homogeneous problem

—div(ADv) =0 in Bg;
(10.2)
v=u in 0Bp.

Since Dv belongs to H{. . for previous results concerning H? regularity and its com-

ponents D;v solve the homogeneous problem (because we supposed to have constant
coefficients), we can use the decay estimates (5.1) and (5.2).
So, if 0 < p < R, (5.2) provides us with the following inequality:

/B \Dv(z)—(Dv)p\zdx§c<}%>n+2 /B |Du(z) — (Do) gl dz . (10.3)

Now we try to employ (10.3) to get some estimate for u, the original, “non-homogeneous”,
solution of (10.1). Obviously, we can write

Uu=w-+v,

where w € H}(Bg;R™). Thus (first using Du = Dv + Dw, then the minimality of the
mean and (10.3), eventually Dv = Du — Dw)

/Bp |Du(x) — (Du),|*dz < 2 </B |Dw(z) — (Dw),|? dx +/

By

|Du(z) — (Du), I da:)
sz/B |Dw(x)—(Dw)R|2dx+c<}%>n+2/B Do(z) — (Do) al? da
§c’/B |Dw(x)—(Dw)R|2dx+c<%>n+2/B |Du(z) — (Du)g|?dz .
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The auxiliary function
£(0) = [ 1Du(e) ~ (Dw), * d
By

is non decreasing because of the minimality property of the mean (Du),, when one min-
imizes m +— [, [Du(x) — m[*dz. In order to get that f satisfies the hypothesis of
P

Lemma 9.2, we have to estimate [, |Dw|?. We can consider w as a function in H'(R")
(null out of Q) so, by Garding inequality (choosing the test function ¢ = w),

LLJDqudxch¥ADwuﬂmm@dx=c/

Br

F(z)Dw(x)dx = c/(F(x)—FR)Dw(m) dx
(10.4)

because div(ADw) = divF by linearity. Applying Young inequality to (10.4) and then
absorbing [, |Dw|? in the left side of (10.4), we get

/ | Dw(x)|? dw < c/ |F(x) — Fr|*dz < ¢||F||Z2.. R*
Br

Br

because F' € L*H.
Therefore we obtained the decay inequality of Lemma 9.2 for f with o« =n+2, 3 = pu
and € = 0, then
P\
o) <e(L) F(R)+ep"
that is |Du| € L>H. O

Corollary 10.2. With the previous notation, when u = n+ 2a, Theorem 10.1 and Cam-
panato Theorem 8.9 yield that

Fe(C» — Due(C%.

Theorem 10.3. Considering again (10.1), suppose that A%ﬁ € C(2) and A satisfies a

(locally) uniform Legendre-Hadamard condition for some X > 0. If F' € LIQO”C‘ with < n,
then |Du| € L:"

loc *

Remark 10.4. Naturally, since u < n, Campanato spaces and Morrey spaces coincide.
Nevertheless, we use Morrey spaces for simplicity reasons.

Proof. Here there is an example of Korn’s technique of coefficient freezing.
Fix a point zy € {2 and define

F(z) == F(x) + (A(x0) — A(z)) Du(z) ,
so that the solution u solves

div(A(zo)Du(z)) = divF(z) + div ((A(zg) — A(z))Du(z)) = divF .

o4



Using (5.1) for u = v 4+ w, where v solves the homogeneous PDE (10.2) with frozen
coefficients A(zg), we obtain

/BPIDu@)Pd;ﬁ < c(%)n/BR|Du(x)\2dx+c’/‘Dw(x)|2dx
: C<%>n/BR'D“(”f)|2d“6’/|ﬁ(:c)|2dx.

Thanks to continuity property of A, there exists a continuity modulus w which allows us
to estimate

/B |}~7(x)|2dx§2/3 |F(x)|2dx+2w2(R)/ | Du(x)|? dz . (10.5)

Bgr

2,p
loc»

Consequently, as F' € L

/ |F(2)|? de < cR* + 2w2(R)/ | Du(x)|? dz .

BR BR

We are ready to use Lemma 9.2 with f(p) := pr |Du(x)|*dz, « = n, 8 = p < n and
€ = w?(R): it tells us that if R is under a threshold depending only on ¢, a, 3, we have

fip) < e () 1)+

so that |Du| € L2# O

loc*

Theorem 10.5 (Schauder). Suppose that the coefficients Af;ﬁ(x) of the PDE (10.1) belong
to C**(Q) and A satisfies a (locally) uniform Legendre-Hadamard in Q for some X > 0.
Then the following implication holds

FeClt = DucCX®

loc loc »

that s to say
Felit™ — Duefim,

loc

Proof. With the same idea of freezing coefficients (and the same notation!), we estimate
by (5.1)

|Du<x)—(Du)pﬁd;@gc/(%)m/B |Du(:v)—(Du)R|2dx+c’/B |F ()| de .
(10.6)

By
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Additionally, the Holder propriety of A makes us rewrite (10.5) as

/B F(2)2 dz < z/B \F(x)\zda:—ircRQa/B \Du(z)| dz . (10.7)

If F e O™

loc »

we can complete (10.7) with

/ F(2)[2 da < cR"2 +cR2a/ \Du(z)|2 dz .
Br

Br

Theorem 10.3 with g = n — a < n tells us that Du € L?#, thus

/ |F(2)|? dox < cR™2 4 cR™ (10.8)
Br

Adding (10.8) to (10.6) and applying Lemma 9.2 with exponents n + 2 and n + «, we get
(Du € L (= Due C%?)

Replacing (10.8) with
/ |F($)‘2 dr < CRn+2a +CRn+2a ’
Br

we are allowed to reach the conclusion, again by Lemma 9.2 with exponents n + 2 and
n + 2. 0

11 Regularity in L” spaces

In this section we deal with elliptic regularity in the category of LP spaces, another natural
class of spaces besides Morrey, Holder and Campanato spaces.

Lemma 11.1. In a measure space (Q, F, ) consider a F-measurable function f : Q) —
[0, +00] and call

Ft)=p{zeQ: f(x)>t}) .
The following equalities hold for 1 < p < 4-00:

/fp Vp(z) = p/ootp‘lF(t)dt (11.1)
/ fP(x)du(z) = p/ootp_lF(t)dt+spF(s). (11.2)
{f>s} s
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Proof. Since f > 0, we can neglect the modulus. It is a simple consequence of Fubini
theorem that

/pr(:c) du(z) = /Qp (/Of(a:) tpldt) du(x) :p/ooo 1 (/ N d,u(x)) &t
= p/oootplF(t)dt.

Equation (11.2) follows from (11.1) applied to the positive part of f — s. O

Theorem 11.2 (Markov inequality). In a measure space (2, F, 1) a function f € LP(2)
satisfies

P ({f > 1) < / @) du(a) | (11.3)
Q
Proof. We begin with the trivial inequality

txqszn () < |f(2)] VeeQ, (11.4)

thus, integrating (11.4) in © we obtain

e ({lf] = 1)) < / ()] dulz) -

Substituting t — ¢ and |f| — |f|? we reach

Pu({f >t}) <t {lfIF = ")) < /Q ()" dp(z) -

0

Markov inequality inspires the definition of a space that is weaker than L, but it still
keeps (11.3).

Definition 11.3 (Marcinkiewicz space). Given a measure space (2, F, ) and an exponent
1 < p < +o0, the Marcinkiewicz space LP (2, i) is defined by

LP(Q,u) :={f:Q— R F-measurable | u ({f > t}) < c¢/t’P Vt >0} .
We denote® with || f|| 1z the smallest constant ¢ for which

p({f>t}) <c/tP Vt>0.

°Pay attention to the lack of subadditivity of || - ||z : the notation is misleading and it is not a norm!
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Remark 11.4. If ;4 is a finite measure, then
g<p = LPCLP CL?.
The first inclusion is due to Markov inequality (11.2), on the other hand, if f € LP then

/Q|f|qdu(a7) = q/oootq—lF(t) dt§q(/Oltq_lF(t)dt—i—/lootq_lF(t)dt)

R _ q
< qu(@) +q / gt de < qul®) +
1

Definition 11.5 (Maximal operator). When f € L*(R™) is a nonnegative function, we
can define the maximal operator

Mf(z) == sup][ fly)dy | (115)
Qr(z) J Qr(x)

where Q-(x) is the r-cube with center x.
It is important to remark that the maximal operator M does not map L' into L.

Example 11.6. In dimension n = 1, consider f = xjo1) € L'. Then

1
|

Mf(x) when |z| >> 1,

so Mf ¢ L'

However, if f € L', the maximal operator M f belongs to the weaker Marcinkiewicz
space L. as we are going to see in Theorem 11.8. We recall first Vitali covering theorem,
in a version valid in any metric space.

Lemma 11.7 (Vitali). Let F be a finite family of balls in a metric space (X,d). Then,
there exists G C F made of disjoint balls satisfying

UclUs.

BeF Beg

Here, for B ball, B denotes the ball with the same center and triple radius.

Proof.  The initial remark is that if B; and B, are intersecting balls then B, C B\g,
provided the radius of Bs is larger than the radius of B;. Assume that the family of balls
is ordered in such a way that their radii are nonincreasing. Pick the first ball By, then
the first ball among those that do not intersect B; and continue in this way, until either
there is no ball left or all the balls left intersect one of the chosen balls. The family G of
chosen balls is, by construction, disjoint. If B € F \ G, then B has not chosen because
it intersects one of the balls in G; the first of these balls By has radius larger than the

radius of B (otherwise B would have been chosen before By), hence B C E} O
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Theorem 11.8 (Hardy-Littlewood theorem). Consider f € L', then the maximal opera-
tor Mf defined in (11.5) satifies

IMFlley < 3" flles -

Proof. Fix t > 0 and a compact set K C { M f > t}: by inner regularity of the Lebesgue
measure we will reach the conclusion showing that

37’L
K< 21l

Since K C {M [ > t}, for any x € K there exists a radius r(x) such that

/ f(y) dy > tr(e)"
Qr(a)(T)

Compactness allows us to cover K with a finite number of cubes

el

then Vitali lemma states allows to find J C I such that the cubes Qr(xj)(xj), j € J, are
pairwise disjoint and

U Qsr(ay)(75) 2 UQW (z;) D K .

jeJ el

We conclude that

n n 3
K| <> 3" (x;)" <3 Z/ dy<—|]fHL1.

jeJ iel Y Q@ry
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12 Some classical interpolation theorems

In the sequel, we will make extensive use of some classical interpolation theorems, that
are basic tools in Functional and Harmonic Analysis.

Assume (X, F p) is a measure space. For the sake of brevity, we will say that a linear
operator U mapping a vector space D C LP(X, ) into LI(X, p) is of type (p,q) if it is
continuous with respect to the LP — L4 topologies. If this happens, obviously U can be
extended to a linear continuous operator from LP(X, u) to LY(X, ) and the extension is
unique if D is dense.

The inclusion LP N L7 C L" for p < q and r € [p,q| can be better specified with the
following result:

Theorem 12.1 (Riesz-Thorin interpolation theorem). Let p, ¢ € [1, 00] with p < q and
T:D C LP(X,p)NLYX,u) — LP(X, 1) N LYX, 1) a linear operator which is both of
type (p,p) and (q,q). Then T is of type (r,r) for all v € [p,q|.

We do not give the proof of this theorem. A standard reference is [22]. In the sequel
we shall consider operators T' that are not necessarily linear, but @)-subadditive, namely

T(f+ 9l <QUT(NHI+IT()  Vf,geD.

We also say that a space D of real-valued functions is stable under truncations if f € D
implies fxyjfj<ky € D for all k> 0 (all L spaces are stable under truncations).

Definition 12.2 (Strong and weak (p,p) operators). Let s € [1,00] and D C L*(X, )
linear and let T : D C L*(X,n) — L*(X, u), not necessarily linear. We say that T is of
strong type (s, s) if |T(u)||s < C|lu|ls for all uw € D, for some constant C' independent of
u.

If s < 00, we say that T is of weak type (s, s) if

w({x: |Tu(x)|>a})§0(m) Vao>0,ueD
a
for some constant C' independent of u, a. Finally, by convention, T is called of weak type
(00, 00) if it is of strong type (00, 00).

We can derive an appropriate interpolation theorem even in the case of weak continuity.

Theorem 12.3 (Marcinkiewicz interpolation theorem). Assume that p, q € [1,00], D C
LP(X, ) N LYX, p) is a linear space stable under truncations and T : D — LP(X, ) N
LI(X, p) is Q-subadditive, of strong type (p,p) and of weak type (q,q).

Then T is of strong type (r,r) for all v € [p,q] \ {q}-
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Remark 12.4. The most important application of the previous result is perhaps the
study of the boundedness of maximal operators, see the next Remark. In that case, one
tipically works with p = 1 and ¢ = oo and we limit ourselves to prove the theorem under
these additional hypotheses.

Proof. We can truncate f € D as follows:

f=g+h, g(@) =F@)xgp<sy  h(@) = F@)X{ 51575}

where 7 is an auxiliary parameter to be fixed later. By assumption g € D N L®(X, u)
while h € DN L' (X, u) by linearity of D. Hence

TN < QIT (9] + QIT(h)] < QysAs + Q[T(h)]

with Ay as the operator norm of 7" acting from D N L*>(X, ) into L>(X, p). Choose 7y
so that QAy = 1/2, therefore

(e >t < firwl > o1
and so

p il > sn < u({irmi> g5 ) < (222) e (222) [ ppra

where A; is the constant appearing in the (weak-L',L!) estimate. By integration of the
previous inequality, we get

p / T {T)] > 5)) ds < 24,Qp / N /M 2| f] dpds

and by means of the Fubini-Tonelli theorem we finally get

1f (@)
2A,Qp

HT(f)H§§2A1Qp/X </O ’ sp2d3> ]f(a:)]du(x)—( T

and the conclusion follows. O

[l

Remark 12.5. As a byproduct of the previous result, we have that the maximal operator
M defined in the previous section is of strong type (p,p) for any p € (1,00] (and only
of weak type (1,1)). These facts, that have been derived for simplicity in the standard
Euclidean setting, can be easily generalized, for instance to pseudo-metric spaces (i.e.
the distance fulfils only the triangle and symmetry assumption) endowed with a doubling
measure, that is a measure p such that pu(Ba.(2)) < Bu(B.(x)) for some constant (3
not depending on the radius and the center of the ball. Notice that in this case the
constant in the (weak-L!,L') bound of the maximal operator does not exceed (32, since

((Bsr (7)) < (B (2)).
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13 Lebesgue differentiation theorem

In this section, we want to give a direct proof, based on the (1, 1)—weak continuity of the
maximal operator M, of the classical Lebesgue differentiation theorem.

Theorem 13.1. Let (X, d, p) a metric space with a finite doubling measure on its Borel
o—algebra and p € [1,+00). If f € LP(u) then for p-a.e. x € X we have that

lim |f(y) — f(2)]” du(y) = 0.

r|0 B, (z)
Proof. Let
A= {w € X| limsup][ |f(y) = f(@)" du(y) > t} :
By ()

rl0

The thesis can be achieved by showing that for any ¢ > 0 we have u(A;) = 0, since the
stated property holds out of U,A;/,. Now, we can exploit the metric structure of X in
order to approximate f in L'(x) norm by means of continuous and bounded functions:
for any € > 0 we can write f = g+ h with g € C,(X;R) and ||h|}, < te. Hence, it is
enough to prove that for any ¢ > 0 we have pu(A;) = 0 where

A= {o e Xitmsw £ i) = @) du) > 1}
rl0 B, (z)

This is easy, because by definition

A C {|h|p > %} U {M(|h|p) > g}

and if we consider the corresponding measures, we have (taking Remark 12.5 into account)

1.71 ||h||1£p S 2(]. + ML}U;Ll)E

w?

2 2
p(A) < 5 IR, + 5

where My .p1 is the constant in the (weak-L',L') bound. Since € > 0 is arbitrary we get
the thesis. O

Remark 13.2. All the previous results have been derived for the maximal operator
defined in terms of centered balls, that is

r>0

M () = sup ][ RO
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and the Lebesgue differentiation theorem has been stated according to this setting. How-
ever, it is clear that we can generalize everything to any metric space (X,d, p) with a
finite doubling measure and a family of sets F := U,cx F, with

M f(z) = sup ][f

AeF,
provided there exists a universal constant C' > 0 such that
VAe F, Ir>0 ACB.(z), plA) > Cu(B(x)).

More precisely, under these hypotheses Mz < %M and we may derive all estimates ob-
tained above. Correspondingly, there is a version of the Lebesgue differentiation theorem
referred to the family F.

In Euclidean spaces an important example to which the previous remark applies, in
connection with Calderén-Zygmund theory, is given by

F.:={Q cube, z € Q},

consequently Lebesgue theorem gives

lim Wdy=0
m6Q7|Q—>0][| o) dy

for a.e. x € R™. Notice that requiring |Q| — 0 (i.e. diam(Q) — 0) is essential to “factor”
continuous functions as in the proof of Theorem 13.1.

14 Calderén-Zygmund decomposition

We need to introduce another powerful tool, that will be applied to the study of the BMO
spaces. Here and below () will indicate an open cube in R™ and similarly Q' or @Q".

Theorem 14.1. Let f € L}(Q), f > 0 and consider a real number o such that fQ fdr <
a. Then, there exists a countable family of open cubes {Q;},.; with Q; C Q and sides
parallel to the ones of QQ, such that

(1) QiNQ; =0 ifi # j;
(i) a < fQifdx§2”oz Vi

(ii) f < a ae onQ\UQ;.
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Remark 14.2. The remarkable (and useful) aspect of this decomposition is that the
“bad” set {f > a} is packed inside a family of cubes, carefully chosen in such a way that
still the mean values inside the cubes is of order .. As a consequence of the existence of
this decomposition, we have

oYl <Y [ far<ifl

The proof is based on a sort of stopping-time argument.

Proof. Divide the cube @ in 2" subcubes by means of n bisections of ) with hyperplanes
parallel to the sides of the cube itself. We will call this process dyadic decomposition.
Then:

o If le f > a we don’t divide @QQ; anymore;

e clse we iterate the process on Q);.

At each step we collect the cubes that verify the first condition and put together all such
cubes, thus forming a countable family. The first two properties to be verified are obvious
by construction. For the third one, note that if x € @\ U;Q;, then there exists a sequence
of subcubes (@j) with x € ﬂj@j and @]] — 0, féj fdx < «. Thanks to the Lebesgue
differentiation theorem we get f(z) < « for a.e. x € Q \ U;Q;. O

15 The BMO space

Given a cube @ C R", we define
BMO(Q) := {UGLI(Q)| sup |u — ugy| dx<oo}.
QCQ J
An elementary argument replacing balls with concentric cubes shows that we have BMO(Q) ~

L5 that is the two spaces consist of the same elements and the corresponding semi-norms
are equivalent. Here we recall the inclusion already discussed in Remark 8.8:

Theorem 15.1. For any cube Q C R" the following inclusion holds:
W (Q) — BMO(Q).

Proof. First, notice that W'"(Q) — {u||Vu| € L*""~1(Q)} (this is an immediate conse-
quence of the Holder inequality). Then, by the Poincaré inequality there exists a dimen-
sional constant C' > 0 such that for any " C @ with sides of length h

lu —ug/| de < Ch | |Vu| de < C|Vu|pn1h™.
Q’ Q’
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However, it should be clear that the previous inclusion is far from being an equality
as elementary examples show, see Remark 8.8. We shall extend now to n-dimensional
spaces the example in Remark 8.8, stating first a simple sufficient (and necessary, as we
will see) condition for being BMO.

Proposition 15.2. Let u : Q — R be a measurable function such that, for some b > 0,
B >0, the following property holds:

for all cubes C' C Q there exists ac € R such that |C N {ju — ac| > o}| < Be™™|C].
(15.1)
Then uw e BMO.

The proof of the Proposition is simple, since
> B
/ |u—u0]dx—/ HC N |u—uc| > o}|do < E‘C’ :
c 0

Example 15.3. Thanks to Proposition 15.2 we verify that In|z| € BMO, in fact In |z|
satisfies (15.1) for o > 1 (the parameters b and B will be made precise later).
Fix a cube C, with h the length of the side of C'. We define, respectively,

(€] := max|z| |n| := min || ,

moreover
ac :=Inl¢|,

ac —u=1In <@> i
||

We estimate the Lebesgue measure of C' N {|¢| > |z|e”}: naturally we can assume that
|€| > |n|e”, otherwise there is nothing to prove, so

[€le™ = In| = —In — €] + €] = —v/nh + [¢] |

so that

then
Vnh

<
g <

Finally

(\/ﬁ)nwn e—na
T

so that (15.1) holds with b =n and B = (v/n)"w, (1 —e 1) ™"

1
7 [CNlu—ac| 2 o}| <

The following theorem by John and Nirenberg was first presented in [19].
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Theorem 15.4. In the setting described above, there exist constants ¢y, co depending only
on the dimension n such that

2L ({Ju — ug| > t}) < e liswo 27(Q) Yu € BMO(Q).

1/e

Remark 15.5. In the proof we present here, we will find explicitly ¢; = e'/¢ and ¢ =

1/(2"e). However, these constants are not sharp.

Before presenting the proof, we discuss here two very important consequences of this
result.

Corollary 15.6 (Exponential integrability of BMO functions). For any ¢ < co there
exists K(c,cq) such that

clu—ug |

/ el lsyvo dr < K(c,cs).
Q

Proof. 1t’s a simple computation:
/ eclal gy = c/ e L™ ({lu —ug| > t}) dt < ccl/ elemelt gt
Q 0 0

where we assumed ||u||pro(g) = 1 and we used the John-Nirenberg inequality. O

Remark 15.7 (Better integrability of W™ functions). The previous theorem basically
tells that the class BMO and hence also W™ has got exponential integrability properties.
This result is partly specialized and refined by the celebrated Moser-Trudinger inequality,
that we quote here without proof. Let @ C R™ be a bounded domain, u € Wy"™(Q) with
Jo IVu|"dz < 1. Then there exists a constant C'(2) such that

/ el gy < O(Q)
Q

_1
where «,, := nw,”~;. This inequality has first been presented in [23].

Theorem 15.8. Ifu € BMO(Q) and p € [1,00) we have

1/p
<]é lu —ugl” d:v) < c(n,p) |ull garo -

Consequently the following isomorphisms hold:

LP" ~ LY ~ BMO . (15.2)
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The proof relies on a simple and standard computation, similar to the one presented
before in order to get exponential integrability.
We can now conclude this section, by proving the John-Nirenberg inequality.

Proof. By homogeneity, we can assume without loss of generality that ||u||pyo = 1. Let
«a > 1 a parameter, to be specified later. We claim that it is possible to define, for any
k > 1 a countable family of subcubes {Qf}ie I contained in @) such that

(i) |u(x) — ugl < 2"ka a.e. on Q \ Uijes, QF;
(i) Diep, £MQF) < o™ " 27(Q).

The combination of linear growth in (i) and geometric decay in (ii) leads to the exponential
decay of the repartition function: indeed, choose k such that 2"ak <t < 2"a(k + 1) and
S0

" ({Ju—uq| > t}) < 2" ({|u — ug| > 2"ak}) < a™*.27(Q)

by the combined use of the previous properties. Now we want a~% < cje™? for all
t € (2"ak,2"a(k + 1)) which is certainly verified if
O./_k _ Cle—CQQ"a(k—i-l)

and consequently we determine the constants ¢;, ¢y by asking

e — o e =1,
By the first relation ¢, = 1;,%;“ and we maximize with respect to o > 1 to find
1
a=e, ¢ =€’ cg=—"
2ne

So we just need to prove the claim. If k& = 1 we simply apply the Calderén-Zygmund
decomposition to f = [u — ug| for the level a and get a collection {Q;},.;, . We have to
verify that the required conditions are verified. Condition (ii) follows by Remark 14.2,
while (i) is obvious since |u(z) — ug| < @ a.e. out of the union of @} by construction.
But, since [|u||pypo = 1, we also know that

Vie I ][ lu —ugi|der <1 <a
o} '

i

and hence we can iterate the construction, by applying the Calderén-Zygmund decom-
position to each of the functions |u — ug:| with respect to the corresponding cubes Q).
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In this way, we find a family of cubes {Qil}, each contained in one of the previous ones.
Moreover [u(z) — ugr| < o on Q; \ UiQ7, and so

Se@ < Yo f o

1
< Y 2Qh < 2@

dx

which is (ii). In order to get (i), notice that

Q\UQ?}, C (Q\UiQ;) U (Ui(@i \ui@Q7)))

so for the first set in the inclusion the thesis is obvious by the case k£ = 1. For the second,
we first observe that

uo — Upt| < uo — uldr < 2™«
Q Q} o Q

and consequently

Ju(@) — ugl < |u(x) — ugi] + |ug, — ugl < a+2"a < 2" - 2a.

With minor changes, we can deal with the general case £ > 1 and this is what we need
to conclude the argument and the proof. ]
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16 Stampacchia Interpolation Theorem

John-Nirenberg theorem stated in Theorem 15.4 can be extended considering the L?
norms, so that the case of BMO maps corresponds to the limit as p — oc.

Theorem 16.1 (John-Nirenberg). For any p € [1,4+00), for u € LP(Q) consider

KP(u) := sup {z; Qi (]é u(z) — ug,

There exists a constant ¢ = c(p,n) such that

dx)p| {Qi}i partition of Q} )

[ = uql Ly, < clp,n)Ky(u) -

The proof of Theorem 16.1 is basically the same as Theorem 15.4, the goal being to
prove the polynomial decay
c(p

> 1] < 2 gy

instead of an exponential decay.

Theorem 16.2 (Stampacchia interpolation). Let D C L*>(Q;R®) be a linear space and
p € [1,00). Consider a linear operator T : D — BMO(Qy), continuous with respect to

the norms (L*(Q;R?®), BMO(Qy)) and (LP(Q;R?®), LP(Qy)). Then for every r € [p,o0)
the operator T is continuous with respect to the (L"(Q;R®), L"(Qy)) topologies.

Proof. For simplicity we assume s = 1 (the proof is the same in the general case). We
fix a partition {Q;} of @ and we regularize the operator T" with respect to {Q;} (even if
we do not write the dependence of T' from {Q);} for brevity):

T(u)(z) := . Tu(y) — (Tu)g,| dy VzeQ;.

We claim that T satisfies the assumptions of Marcinkiewicz theorem. Indeed
(1) T is obviously 1-subadditive;

(2) L — L* continuity holds by the inequality

T | = Sup/ Tu(y) — (Tw),| dy < || Tullpmo < cllulre ;
v JQ;
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(3) LP — LP continuity holds too, in fact, by Jensen inequality,

|Tul?, = Z Q] (][ Tu(y) — (Tu)o, dy) Z/ Tu(y) — (Tu)g, | dy
< 2”12/ (Tu@)PP + [(Tu)q, ") dy < 2°|Tull, < c2?|jul|7, -
i YQi
Thanks to Marcinkiewicz theorem the operator
T:DcL'(Q) — L"(Qo) (16.1)

is continuous for every r € [p, 00, and its continuity constant can be bounded indepen-
dently of the chosen partition {Q);}.
In order to get information from Theorem 16.1, for r € [p,00), we estimate

K" (Tu) = supz Qi (][ Tu(y) — (Tu)g, |dy) < ?2211; 1 Tonulls < clluller

where the first inequality is Jensen inequality and the second one is due to the continuity
property of T': L"(Q) — L"(Qy) stated in (16.1). Therefore, by Theorem 16.1, we get

|Tu — (Tu)g||rr, < c(r,n,T)||ul||rr Yu e D .

Since u +— (T'u)q obviously satisfies a similar L}, estimate, we conclude that ||Tu||z; <
c(ryn, T)|lu|| - for all uw € D. Again, thanks to Marcinkiewicz theorem, with exponents p
and r, we have that continuity L" — L' for every r’ € [p,r). Since r is arbitrary, we got
our conclusion. O

We are now ready to employ these harmonic analysis tools to the study of regularity in
L? spaces for elliptic PDEs, considering first the case of constant coefficients. Suppose that
) C R™ is an open, bounded set with Lipschitz boundary 0f2, suppose that the coefficients
A?jﬂ satisfy Legendre-Hadamard condition with A > 0 and consider the divergence form
of the PDE

{ —div(ADu) = divF (16.2)

u e H(QR™) .

In the spirit of Theorem 16.2, we define for each component
ou’
ox,’

In the following arguments we omit for simplicity the dependence on ¢ and . Thanks

to Campanato regularity theory, we already got the continuity of T : £2* — L£>* when

0 < A < n+2, thus choosing A = n and using the isomorphism (15.2) we see that 7" is in
particular continuous as an operator

T : L®(Q;R"™) —s BMO(Q) . (16.3)

TF =
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Remark 16.3. Let us remark the importance of weakening the norm in the target space
in (16.3): we passed from L>(Q2) (for which, as we will see, no estimate is possible) to
BMO(2). For BMO(Q) the regularity result for PDE is true and Theorem 16.2 allows
us to interpolate between 2 and oo.

We are going to apply Theorem 16.2 with D = L*®(Q;R™) and s = nm. By
Caccioppoli-Leray inequality (see Theorem 4.1 and Remark 4.4) we obtain the second
hypothesis of Theorem 16.2: T : L*(; R™™) — L?*() is continuous. Therefore

T:D — LP(Q) (16.4)

is (LP, L?)-continuous if p € [2,00). Since the unique extension of T to the whole of L?
still maps F into 9, u‘, with u solution to (16.2), we have proved the following result:

Theorem 16.4. For allp € [2,00) the operator F +— Du in (16.2) maps LP(Q; R™™) into
LP(Q;R™™) continuously.

Our intention is now to extend the previous result for p € (1,2), by a duality argument.

Lemma 16.5 (Helmholtz decomposition). If p > 2 and B is a matriz satisfying the
Legendre-Hadamard inequality, a map G € LP(2; R™) can always be written as a sum

G =BD¢+G , (16.5)

where )
divG =0
and, for some constant c, > 0, it holds
D¢l e < e ||Gllzv - (16.6)
Proof. Tt is sufficient to solve in H}(; R™) the PDE

—div(BD¢) = divG .
and put G := G — BD¢. The estimate (16.6) is just a consequence of Theorem 16.4.

O

Fix p' € (1,2), so that p > 2, and set D := L*(Q). Our aim is to prove that
T : L? — L* is continuous with respect to (Lp/, Lp/). We are showing that, for every
F € D, TF belongs to (L?) ~ L”. In the chain of inequalities that follows we are using
A*, that is the adjoint matrix of A, which certainly mantains the Legendre-Hadamard
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property. Lemma 16.5 is used in order to decompose the generic function G € L? as in
(16.5).

sup (TF,G) = sup /TF(x)G(x) dr = sup /Du(:v) (A*ng(:n) —|—é($)) dx
IGllLp <1 IGllp<1 IGllLp<1
< sup / (ADu(x)) D¢(x)dx =  sup /F(m)Dgzﬁ(x) de < .|| F|| . -
D&l <c« D&l <c«

If we approximate now F' € L” in the L? topology by functions F,, € L? we can use the
(LP, L?)-continuity to prove existence of weak solutions in Hé * to the PDE when the right
hand side is L” only. Notice that the solutions obtained in this way have no variational
character anymore, since their energy [ ADuDudz is infinite (for this reason they are
sometimes called very weak solutions). Since the variational characterization is lacking,
uniqueness of these solutions needs a new argument, based on Helmholtz decomposition.

Theorem 16.6. For all p € (1,2) there exists a continuous operator T : LP(§; R™™) —
Hy" (4 R™) mapping F to the unique weak solution u to (16.2).

Proof. We already illustrated the construction of a solution u, by a density argument and
uniform L? bounds. To show uniqueness, suffices to show that u € Hy* and —div(ADu) =

0 implies v = 0. To this aim, we define G = [DulP~ Du € ¥ and apply Helmholtz
decomposition G = A*D¢ + G with ¢ € H, 7 and G € L*' divergence-free. By a density
argument first in v and then in ¢ (notice that the exponents are dual) we have | GDudz =
0 and [ ADuD¢dx = 0, hence

/|Du|pdx:/GDudx:/A*ngDudx:/ADungdx:O.
Q Q Q Q
UJ

Remark 16.7 (General Helmholtz decomposition). Thanks to Theorem 16.6, the Helmholtz
decomposition showed above is possible for every p € (1, 00).

Remark 16.8 (W?? estimates). By differentiating the equation and multiplying by cut-
off functions, we easily see that Theorem 16.4 and Theorem 16.6 yield
= e W27

—div(ADu) = f, |Du|le Ll . feL} loc *

loc? loc

Remark 16.9 (No L™ bound is possible). The regularity obtained by Stampacchia in-
terpolation theorem is optimal: we show here that 1" does not map L* into L*>. To show
this, argue by contradiction and assume that 7" has this property; then, we will show that
necessarily T is discontinuous. Now, if (B;) is a countable family of closed disjoint balls
contained in By, by a scaling argument we can find (since T is discontinuous) functions
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F; € L>(B;) with ||F}||sc = 1 and solutions u; € H}(B,) to the PDE with ||Vu;|le > i.
Then it is easily seen that the function

u(z) = .
0 ifz e Bl \ Usz

belongs to Hi(By), solves the PDE, and its gradient is not bounded.
So, it remains to prove that 7' is necessarily discontinuous. By the same duality
argument used before, if T" were continuous we would get

[Dullr < ¢l[Flr
whenever u € Hj(; R™) solves
div (ADu) = div(F) .

Hence, regularizing solutions by convolution, we could state that Du or, strictly speaking,
the derivative in the sense of distributions, is a representable by vector-valued measure
with finite total variation in €2 whenever F'is a vector-valued measure and

[ Dullae) < el Fllme) - (16.7)

But, (16.7) is false. In fact, when n = 2 and m = 1, consider the trivial matrix A%’ := §,4
and the related Poisson equation

—div(ADu) = —Au =4y , (16.8)

where Jq is the Dirac measure supported in 0. The well-known fundamental solution of
the Laplace equation (16.8) is
In |z|

27

so Vu(x) = %‘Zﬁ? Now, for any cut-off function n we have

u(z) = —

and we conclude, by applying (16.7) to 0,,(nu) (with F; = 0 for j # ), that the distri-
butional derivative of Vu is representable by a measure with locally finite total variation.
But the pointwise derivative (which for sure coincides with the distributional derivative,
out of the origin) is given by

1 TR T
Dlufz) = — (1-222)
ul) 27r\x|2( |x|2)

Since |D?u|(z) ~ 1/]z|? and 1/|z|* ¢ L] we reach a contradiction.
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Now we pass from constant to continuous coefficients, using Korn’s technique.

Theorem 16.10. In an open set Q C R" let uw € H} (Q;R™) be a solution to the PDE

loc
—div(ADu) = f + divF

with coefficients A € C(Q; anmz) which satisfy a uniform Legendre-Hadamard condition
for some A > 0. Moreover, if p € (1,00), let us suppose that F € I and f € Li , where

loc loc’

the Sobolev conjugate exponent ¢* = qn/(n — q) coincides with p. Then |Du| € LI (£2).
Proof. Let us fix s > 2 and let us show that

|Du| € L"?(Q) = |Du| e L:"() . (16.9)

loc loc

Proving (16.9) ends the proof because |Du| € L2 (Q) (case s = 2) and in finitely many
steps s* becomes larger than p.

Fix a point 2o €  and a radius R > 0 such that Bgr(zg) € 2: we choose a cut-off
function n € C (Bgr(w)), with 0 <7 <1 and n =1 in Brja(o).
We claim that nu belongs to Hy* "?(Bg(z0)) if R < 1, as it is the unique fixed point of a
contraction in Hy™® "?(Bg(x)) that we are going to define and study in some steps. This
implies in particular that |Du| € L¥"?(Bpg/a(x0)).
(1) We start localizing the equation. Replacing ¢ with n¢ in the PDE, by algebraic
computations we obtain

/B A @) V() d

_ /B @) (1) D) + (o) © Vi(a)) V(o) do

- /B< Ale) (Dul@) D) @) + ula)  Tn(a)Vo(a) = Du(o) (Tn(a)e (o)) da

_ /B ( )f(x)ﬁ(x)<P(x)+F(a7)V(ngp)(x)+A(x) (w(2)@V (2 W (2)—-Du(x)Vn(z)e(x)) de

- / @) + @Vl dr.

defining 3
f(@) = f()n(x) + F(x)Vi(z) — A(z) Du(z)Vi(z)
and

F(z):= F(z)n(z) + A(z)u(z) ® Vn(zx) .
Thus nu satisfies

—div(A(zo)D(nu)) = f + div[F + (A — A(z0))D(nu)]. (16.10)
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(2) In order to write f in divergence form, let us consider the problem

—Aw=f
w € HY(Q;R™)
Thanks to the previous LP regularity result for constant coefficients PDE’s, since f € Lfélq

(because we assumed that |Du| € L;F), we have |D?*w| € L;"? (see also Remark 16.8).
(sAq)*

e hence

By Sobolev immersion we get |Dw| € L

|Dw| € LEM = L7

loc loc

Now we define

F*(z) := F(z) + Dw(z) € LL/" .

loc

(3) Let E = Hy*"?(Bg(xo); R™) and let us define the operator © : E — E which
associates to each V € E the function v € E that solves

—div (A(zg)Dv) = divF™ — div ((A(xg) — A)DV) . (16.11)

The operator © is well-defined because |F*| € L¥"P(Bg(z0)) (we saw that in step (2))
and we can take advantage of regularity theory for constant coefficients operators. The
operator © is a contraction, in fact

[D(vr = va)|| 2 < el (Azo) — A) D(Vi = V)| < %IID(Vl = Va)ll e ro(Ba(eo))
if R is sufficiently small, according to the continuity of A. Here we use the fact that the
constant ¢ in the first inequality is scale invariant, so it can be “beaten” by the oscillation
of Ain Bg(zy), if R is small enough.

Let us call v, € E the unique fixed point of (16.11). According to (16.10), nu already
solves (16.11), but in the larger space HS”’AS. Thus nu € HS’S*AP if we are able to show
that v, = nu, and to see this it suffices to show that uniqueness holds in the larger space
as well.

Consider the difference v/ := v, — nu € Hy*""(Bg(x0);R™) C H(Bgr(zo); R™): v is a
weak solution of

—div (A(x)Dv") =0,

hence v" = 0 (we can indeed use the variational characterization of the solution). This

concludes the proof. O
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17 De Giorgi’s solution of Hilbert’s X/X problem

17.1 The basic estimates

We briefly recall here the setting of Hilbert’s XIX problem, that has already been described
and solved in dimension 2.
We deal with local minima v of scalar functionals

v /Q F(Dv) dx

where F' € C*P(R") (at least, for some 3 > 0) satisfies the following ellipticity property:
there exist two positive constants A < A such that AT > D*F(p) > M for all p € R™ (this
implies in particular that | D?F| is uniformly bounded). We have already seen that under
these assumptions it is possible to derive the Euler-Lagrange equations divF,(Dv) = 0.
By differentiation, for any direction s € {1,...,n}, the equation for u := dv/dz, is

—div (Fpp(Dv)Du) =0
that is, more explicitly

ai% <Fpapﬁ 0 5 {axSD -

Recall also the fact that in order to obtain this equation we needed to work with the
approximation Ay ;v and with the interpolating operator

Ap(z) = /01 Fp(tVu(z + hey) + (1 — t)Vo(x)) dt

and to exploit the Caccioppoli-Leray inequality.

One of the striking ideas of De Giorgi was basically to split the problem, that is to
deal with v and v separately, as Dv is only involved in the coefficients of the equation for
u. The key point of the regularization procedure is then to show that under no regularity
assumption on v (i.e. not more than measurability), if u is a solution of this equation,
then u € C2%(Q), with a depending only on n and on the ellipticity constants X, A. If

loc
this is true, we can proceed as follows:

ueC™"™ =velC = F,(Dv) e C" = ueC* =ve

where the only non-trivial implication relies upon the Schauder estimates and on the fact
that F,, is Holder continuous. If F'is more regular, by iteration we can easily show that

FeC*®=0ve(C™®
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and also, by the tools developed in [18], that

FeC=veC”

which is the complete solution of the problem raised by Hilbert.

Actually, we have solved this problem in the special case n = 2 since, by means of
Widman'’s technique, we could prove that |Du| € L** and hence |Du| € £ for some
a > 0. This is enough, if n = 2, to conclude u € C%*/2.

First of all, let us fix our setting. Let 2 be an open domain in R", 0 < A < A < o0
and let A*° be a Borel symmetric matrix satisfying a.e. the condition \I < A(x) < Al
We want to show that if u € HL  solves the problem

—div (A(z)Du(z)) =0

then u € C;2%. Some notation is needed: for B,(x) C  we define

A(k,p) ={u>k}NB,(z)

where the dependence on the center x can be omitted. This should not create confusion,
since we will often work with a fixed center. In this section, we will derive many functional
inequalities, but typically we are not interested in finding the sharpest constants, but only
on the functional dependence of these quantities. Therefore, in order to avoid complication
of the notation we will use the same symbol (generally ¢) to indicate different constants,
possibly varying from one passage to the next one. However we will try to indicate
the functional dependence explicitly whenever this is appropriate and so we will use
expressions like ¢(n) or ¢(n, A, A) many times.

Theorem 17.1 (Caccioppoli inequality on level sets). For any k € R and B,(x) C
Br(z) € 2 we have

c
Du2dy§—/ u— k) dy 17.1
/A(k,p) [Dul (R —p)? A(k,R)( ) (a7.1)

with ¢ = 16A? /)2

Remark 17.2. It should be noted that the previous theorem generalizes the Caccioppoli-
Leray inequality, since we don’t ask p = R/2 and we introduce the sublevels.

Theorem 17.3 (Chain rule). If u € W,21(Q), then for any k € R the function (u — k)t
belongs to W' (Q). Moreover we have that D(u — k) = Du a.e. on {u >k}, while

loc

D(u—k)t =0 ae. on{u<k}.
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Proof. Since this lemma is rather classical, we just sketch the proof. By the arbitrariness of
u, the problem is clearly translation-invariant and we can assume without loss of generality
k = 0. Consider the family of functions defined by ¢.(t) == Vi2+e2 —e for t > 0
and identically zero elsewhere, whose derivatives are uniformly bounded and converge to

X{t=0}- Moreover, let {u,} a sequence of Cf, . functions approximating u in I/Vlic1 We have

that for any n € N and € > 0 the classical chain-rule gives D; [p.(u,)] = ¢L(un)Dj(uy,).
Passing to the limit as n — oo gives D; [¢.(u)] = ¢L(u)D;(u). Now, we can pass to the
limit as e | 0 and use the dominated convergence theorem to conclude that Du* =
X {u>0} Dju. L

We can now come to the proof of the previous theorem.

Proof. Let 1 a cut-off function supported in Bg(z), with n = 1 on B,(z) and |Vn| <
2/(R— p). If we apply the weak form of our equation to the test function ¢ := n?(u—k)*
we get

/ n*ADuDudx = —2/ nDuADn(u — k)" dx
A(k,R) Br(z)
A de
< —/ n? | Dul|’ dx+;2/ (u—k)*dx
€ Ja(,R) (R—=0)% Jag,p)

for any € > 0, by our upper bound and Young’s inequality. Here we let ¢ = 2A /) so that,
thanks to the uniform ellipticity assumption, we obtain

A 8A?
2 2 2 2
nADuDude—/ n° | Dul| dx+—/ (u—k)" dz .
/A(k,R) 2 J AR MR = 0)? Jaw.r)
Since on the smaller ball 1 is identically equal to 1 we eventually get
16A2
Du2da:§—/ u—k)? du
/A(lc,p) Dl N(R=p)? Jaw.r) ( )
which is our thesis. O

The second great idea of De Giorgi was that (one-sided) regularity could be achieved
for all functions satisfying the previous functional inequality, regardless the fact that
these were solutions to an elliptic equation. For this reason he introduced a special class
of objects.

Definition 17.4 (De Giorgi’s class). We define the De Giorgi class DG () as follows:
DG () := {u |u satisfies (17.1) for all k € R and B,(z) € Br(x) € 2 for some constant ¢ € R} .

In this case, we also define ¢}, (u) to be the minimal constant larger than 1 for which the
previous condition is verified.
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Remark 17.5. From the previous proof, it should be clear that we don’t really require
u to be a solution, but just a sub-solution of our problem. In fact, we have proved that

16A2

A2
In a similar way, the class DG_(2) (corresponding to supersolutions) and ¢, (u) could
be defined by

—div (ADu) < 0= u € DG(Q), cha(u) <

C
|Dul*dy < —/ (u—k)*dy
/{u<k}me<x) (R = 0)* Jiu<tinBr@)

and obviously u — —u maps DG (Q) in DG_(Q) bijectively, with ¢}, (u) = cp(—u).
The main part of the program by De Giorgi can be divided into two steps:

(i) If u € DGT(Q), then it satisfies a strong maximum principle in a quantitative form
(more precisely the L? to L* estimate in Theorem 17.8);

(ii) If both u and —u belong to DG (Q) then u € C¥(Q).

loc

Let us start by discussing the first point. We define these two crucial quantities:
Ulhp)= [ e Vi) = 27 (Alh )
h,p

Theorem 17.6. The following properties hold:

(i) Both U and V' are non-decreasing functions of p, but non-increasing functions of h.;

(ii) For any h >k and 0 < p < R the following inequalities hold:

V(h,p) < sU(kp), Uk, p) < c(n) - chg(u)(R—p)2U(k, R)V (K, p)*'".

(h — k)
Proof. The first part of the theorem and the first inequality are trivial, since
(h— )2V (h,p) = / (h— k)2 de < / (u — k)2 da
A(h,p) A(h,p)
< / (u— k) do =U(k,p).
A(k,p)

For the second inequality, introduce a cut-off function 7 supported in B(gry,)/2(z) with
n=1on B,(z) and |[Vn| <4/R — p. We need to note that

4 +
/ 772|D(u—k:)+|2dx§ L(ul/ (U—]{,‘)Q
B(Rr4p)/2 (R - ,0) A(k,R)
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and
16

((u—k)")?|Dnl?dx < —/ (u — k)2 da.
/153(R+p)/2 (R = p)* Jagk.r

Combining these two inequalities, since ¢, (u) > 1, we get

.ot
[ it —kop e < B [ g
B(Rp)/2 (R—p) A(k,R)

and by the Sobolev embedding inequality this implies

</A<k7p) S dm> - = %ﬁp&;gm /A(k,R) (u=k)"ds

for some constant c¢(n) depending on the dimension n and on the numerical constant .
In order to conclude, we just need to apply Holder’s inequality

Uk, p) = /A Uap)((u —k)")?dx < < /A . (u— k)% dx> " V(k, p)2/"

with p=2*/2=n/n—2, p' =n/2. O

The previous inequalities can be slightly weakened in order to get

V(h,p) < U(k,R), U(h,p) <c(n)-epa(u)(R—p)~2U(k, R)V (k, R)*™

1
(h —k)?
and we shall use these to obtain the quantitative maximum principle.

We can view these inequalities as joint decay properties of U and V; in order to get
the decay of a single quantity, it is convenient to define ¢ := U¢V" for some choice of the
(positive) real parameters £, 1 to be determined. We obtain:

C 1

Us(h, p)V"(h, p) < (h— k)2 (R —p)%

Uk, R)V*/™(k, R).

where C := ¢(n) - ¢},o(u), a convention that will be systematically be adopted in the
sequel. Since we are looking for some decay inequality for ¢, we solve in (0,£,n) the
system

26

tn=0¢  —~=0n
getting 7 = 1 (by homogeneity this choice is not restrictive), £ = nf/2 and

12
+4/-+

1
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Note that 6§ > 1 : this fact will play a crucial role in the following proof. In any case, we
get the decay relation

ct 1
P S G =

k R) .

Theorem 17.7. Let u € DG (), Bg,(z) € Q. For any hy € R there exists d =
d(ho, Ro, che(w)) such that p(hg + d, Ry/2) = 0. Moreover, we can take

d* = ¢ (n)[che ()" (ho, Ro)’" /Ry’
the constant ¢, depending only on the dimension n. In particular v < ho + d a.e. on
Bryj2().
Theorem 17.8 (L? to L™ estimate). If u € DG (u), then for any Bg,(z) C Q and for
any hy € R

V2V (ho, R)\ T
ess- sup  u < ho + ¢ (n)[che(u)]™/* (R_”/ (u — ko)? dx) (%) :
A(ho,R)

Bpy/2(2)

Proof. This corollary comes immediately from the theorem, once you express ¢ in terms
of U and V and recall that £ + 1 = 0¢ that is £(f — 1) = 1, by means of simple algebraic
computations. ]

Remark 17.9. From the corollary with hg = 0, we can get the maximum principle for u
as anticipated above. In fact

ess- sup (u™)? < g(n) ][ u? dx
Brg /2 Br, ()
with g(n) easily estimated in terms of ¢, ¢}, (u), n and w,.
We are now ready to prove Theorem 17.8, the main result of this section.

Proof. Define k,, := hg+d —d/2" and R,, := Ry/2+ Ry/2"™, so that k, 1 (ho + d) while
R, | Ry/2. Here d € R is a parameter to be fixed in the sequel. From the decay inequality

for ¢ we get
2n+2 2¢ 2n+2 2
k -1 ¢
ol Bn)” e <R0) ({ d })

and letting 1, := 2""¢(k,, R,,) this becomes

90<kn+17 Rn-l-l) S Qp(kn’ Rn)

¢n+1 S ¢n |:2MC§22§+22n(2§+2)Ro_2fd—22—un(9_1)¢z_1:| ‘
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This is true for any p € R but we fix it so that n(2§ +2) = un(f — 1) = 0, leading to a
cancellation of two factors in the previous inequality. It should now be clear that if we
are able to determine d such that

2#0522§+2w871R62§d72 S 1

then by induction v, < 1, ¥n € N. In that case, p(k,, R,) < 27"" and since by
monotonicity

@(ho +d, Ry/2) < p(kyn, Ro/2) < @(kn, Ry)

we get the thesis. But the previous condition on d is satisfied if
P = ()ehlw)]" Ry
and the desired claim follows. O]

We are now in position to discuss the notion of oscillation, which will be crucial for
the conclusion of the argument by De Giorgi.

Definition 17.10. Let 2 C R™ be an open set, B.(x) C Q and u : Q — R a measurable
function. We define its oscillation on B,(z) as

w(By(x))(u) := ess- sup u — ess- inf w.
B,(z) By (z)

When no confusion arises, we will omit the explicit dependence on the center of the ball,
thus identifying w(r) = w(B,(z)).

It is an immediate consequence of the previous results that if u € DG (u) N DG _(Q),

then
1/2 1/2
ess- sup u < ( ( ][ u? dm) , ess- inf u < ( < ][ u? dx)
B, /2(x) Br(x) Br/a(z) By (z)

for a constant ¢, which is a function of the dimension n and of ¢pg(u). Here and in the
sequel we shall denote by cpe(u) the maximum of ¢}, (u) and ¢y (u) and by DG(u) the
intersection of the spaces DG, (u) and DG _(u).

Consequently, under the same assumptions,

1/2
u? d:z:) .

Let us see the relation between the decay of the oscillation of u and the Holder regu-
larity of w.

w(Byyal))(u) < 2 ( /

r(2)
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Theorem 17.11. Let Q C R™ be open, ¢ > 0, a € (0,1] and let u : Q2 — R a measurable
function such that for any B.(z) C Q we have w(B,(z)) < cr®. Then u € CLY(Q), that
is there exists in the Lebesgque equivalence class of u a C’loof‘ representative.

Proof. Clearly, by definition of essential extrema, we have that

ess- inf u <wu(y) < ess- sup u for Z"-a.e. y € B,(x) .
BT(:E) B'r(x)

These inequalities imply ess-infp, () u < up,(z) < ess-supg, (,) and hence, by our hypoth-
esis, |u — up, ()| < 2r?®. We have proved that u € £>"2%(Q), but this gives u € C.(Q)
(regularity is local since no assumption is made on €2), which is the thesis. ]

This theorem motivates our interest in the study of oscillation of u, that will be carried
on by means of some tools we haven’t introduced so far.

17.2 Some useful tools

De Giorgi’s proof of Holder continuity is geometric in spirit and ultimately based on the
isoperimetric inequalities. Notice that, as we will see, the isoperimetric inequality is also
underlying the Sobolev inequalities used in the proof of the sup estimate for functions in
DG (Q).

We will say that a set £ C R™ is regular if it is locally the epigraph of a C'* function.
In this case, it is well-known that by local parametrizations and a partition of unity, we
can define o,,_1(0F), the (n — 1)—dimensional surface measure of JF.

Of course, regular sets are a very unnatural (somehow too restrictive) setting for
isoperimetric inequalities, but it is suffcient for our purpose. We state without proof two
isoperimetric inequalities:

Theorem 17.12 (Isoperimetric inequality). Let E C R™ be reqular and such that 0,1 (0F) <
+00. Then
min {.£"(E), £"(R"\ E)} < c(n) [0,1(9E)]'

with c¢(n) a dimensional constant.

It is also well-known that the best constant c(n) in the previous inequality is £"(By)/[0n_1(0B1)]',
that is, balls have the best isoperimetric ratio.

Theorem 17.13 (Relative isoperimetric inequality). Let Q@ C R™ be an open and bounded
set, with O Lipschitz. Let E C Q with (OE) N € Ct. Then

min {.Z"(E), £™(Q\ E)} < ¢(n, Q) [0n_1((OE) N Q)" .

Let’s introduce another classical tool in Geometric Measure Theory.
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Theorem 17.14 (Coarea formula). Let Q C R™ open and u € C*°(Q2) nonnegative, then
/|Vu|dx:/ o (0 fu = t}) dt .
Q 0

Remark 17.15. It should be observed that the right-hand side of the previous formula
is well-defined, since by the classical Sard’s theorem

ue C®R") = 2 ({u(z): Vu(z)=0})=0.
By the implicit function theorem this implies that almost every sublevel {u < t} is regular.

Proof. A complete proof won’t be described here since it is far from the main purpose of
these lectures, however we sketch the main points. The interested reader may consult, for
instance, [11].

We first prove [, [Vu|dz < [ 0n-1 (2N {u = t}) di. Consider the pointwise identity

u = / X{u>t} dt
0

that implies

/|Vu|da: = sup /(Vu,gp) dr = sup /udivgpdm
) Q Q

peCE, |p|<1 weCl, |p|<1

= sup / (/(divgp)x{wt} dx)dt
o Jo

peCl, Jpl<1

< / sup /(divgp)x{u>t} dx | dt.
0 peCE, [p|<1JQ

Hence, by the Gauss-Green theorem we obtain

/ |Vu|de < / ( sup / (o, 1) dan_l) dt < / o1 (QN{u=1t}) dt,
Q 0 peCL, o<1 JOn{u=t} 0

again exploiting the fact that for a.e. ¢ the set {u = t} is the (regular) boundary of
{u > t}.
Let us consider the converse inequality, namely

AIVU\de/_wan_l(Qm{u:t}) dt .

o0

This is trivial (with equality) if u is continuous and piecewise linear, since on each part of
an adapted triangulation of €2 the coarea formula is just Fubini’s theorem. The general
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case is obtained by approximation, choosing piecewise affine functions which converge to
w in WH(Q) and using Fatou’s lemma and the lower semicontinuity of £ +— o,_1(2N
OF) (this, in turn, follows by the sup formula we already used in the proof of the first
inequality). We omit the details. O

In order to deduce the desired Sobolev embeddings, we need a technical lemma.

Theorem 17.16. Let G : [0, +00) — [0, 4+00) a nonincreasing measurable function. Then

for any o > 1 we have
a/ G (t) dt < (/ GV (t) dt) :
0 0

Proof. 1t is sufficient to prove that for any 1" > 0 we have the finite time inequality

a/OT 7 1G(t) dt < (/OT GV (1) dt)a

which is implied, by integration, by

T'G(T) < < /0 ' GY(t) dt) o GYT) .

This is equivalent to

T
GYo(T) < ][ GV (s) ds
0
that is obvious, since G is nonincreasing. ]

We are now ready to derive the desired embedding inequalities.

Theorem 17.17 (Sobolev embeddings, p = 1). We have
1/1
( || " dx) <c¢(n) [ |Vuldx u € WHHR™).
R R™

Consequently, the have the following continuous embeddings:
(1) WHH(R") — £ (R™);

(2) for any Q C R™ open, reqular and bounded Wy (Q) — L (Q).
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Proof. By Theorem 17.3 it is possible to reduce the thesis to the case u > 0, and smoothing
reduces the proof to the case u € C'°. Under these assumptions we have

/n(U)l* de =17 /OOO (/0D n (L > 1Y) dE < 17 </Ooo P> ) dt) "

thanks to the lemma above. Consequently, the isoperimetric inequality and the coarea

formula give
/ (W' de < ) ( /0 o L= 1] dt) }

= (n) (/R IVl d:r;)l* .

Theorem 17.18 (Sobolev embeddings, 1 < p < n). We have

VAN

. 1/p 1/p
( |ul? da:) < ¢(n,p) ( |Vul? da:) Yu € WHP(R™) .
R™ Rn

Consequently, the have the following continuous embeddings:

(1) W (R") — L7 (R");

(2) for any Q C R™ open, reqular and bounded Wy () — LP" (Q).

Proof. Again, it is enough to study the case u > 0. We can exploit the case p =1 to get

1/1*
(/ u™ dx) < c(n)/ au® | Vul| dz

and by Holder the right hand side can be estimated from above with

, 1/p 1/p
c(n)a [/ ule P dx] { |Vul? dx} :
n R”

Now, choose « such that al* = (o — 1)p’. Consequently

LY 1p
(/ u? dx) < ¢(n,p) ( |Vul? dx) ,
n Rn

but 1/1* — 1/p’ = 1/p* and the claim follows. The continuous embedding in (2) follows
by the global one in (1) applied to an extension of u (recall that regularity of 2 yields the
existence of a continuous extension operator from W?(Q) to W1P(R™)). O
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We will also make use of the following refinement, where no assumption is made on
the behaviour of u at the boundary of the domain.

Theorem 17.19. Let u € WhY(Bg) with v > 0 and suppose that L™ ({u = 0})

Z"(Br)/2. Then
1/1*
</ ut’ dm) < c(n)/ |Vul|dx .
Bgr Br

Proof. This result is the local version of the embedding W' < L!". Hence, in order
to give the proof, it is just needed to mimic the previous argument substituting the
isoperimetric inequality with the relative isoperimetric inequality, that is here

v

L ({u>t}) < e(n)on_ [L"(Br N {u=t})]" .

We leave the details to the reader. O

17.3 Proof of Holder continuity

We will divide the final part of the proof in two parts.

Lemma 17.20 (Decay of V). Let Q C R™ be open and let u € DG (). If Bagr C
and ky < ess-supp, (u) = M with V(ko, R) < £"(Bg)/2, then the sequence of levels

k,=M — MQ_,,ko for v >0 has the property that

V<k,y7R>2/1* S C(n)CBG(u)R2n72 '

14

Proof. Take two levels h, k such that M > h > k > kg and define v :=uAh—uANk =
(u A h —k)T. By construction v > 0 and since u € W1 (Q) we also have v € WHH(Q). Tt
is also clear that Vv # 0 only on A(k, R) \ A(h, R). Now, notice that

270 =0)) > 2" ({u < k) > 2" ({u < ko)) > L 2"(By)

and so we can apply the relative version of the critical Sobolev embedding and Holder
inequality to get

oty = [ (f) )

= <c(n) (/A(M) |Vu)? dm)l*ﬂ LAk, R)\ A(h, R))Y'/2.
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We can now exploit the De Giorgi property of u that is

in order to obtain
(h— k)" ZL"(A(h, R)) < e(n)che(u)2(M — k)" ROIV2LM(A(k, R)\ A(h, R))"/?
or equivalently
(h— k)2 |A(h, R)[*" < e(n)che(u)(M — k)?R*2(V(k,R) — V(h,R)) . (17.3)

Here we can conclude the proof by applying (17.3) for h = k;;1 and k = k;, so that

vV (kR < Y V(i R < 2e(n)cho(w)R"> [V(ki, R) — V(kiga, R)]
=1 =1
< 2¢(n)wpchg(u) R 2.

[]

Theorem 17.21 (C%* regularity). Let Q C R" be open and let v € DG(Q). Then
we Cr(Q), with 2a = —log (1 —27772),

loc

0(n—1)

v =c(n)[cpg(u)]@Dn +1 (17.4)

and 0 given by (17.2).

Proof. Pick an R > 0 such that Byg(z) C Q and consider for any » < R the functions
m(r) := ess-infp, (;)(u) and M(r) := ess-supp (,)(u). Moreover, set w(r) = M(r) — m(r)
and u(r) == (m(r)+ M(r)) /2. We apply the previous lemma to the sequence k, :=
M(2r) — ﬁﬁﬁ), but to do this we should have

2"({u> u(20)} 1 B,(x)) < S 27 (B, ()

But, either £"({u > p(2r)} N B, (z)) < $2"(B.(z)) or Z"({u < p(2r)} N B.(z)) <

5 Z"(B,(x)). The second case is analogous, provided we work with —u instead of u, and

it is precisely here that we need the assumption that both u and —u belong to DG (€2).
Consequently, we can choose an index v € N, so large that

A (612
c(n) [CBG(U)](MM (M> < % .

rn
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Using Lemma 17.20 it is easily seen that the choice of v as in (17.4) provides the condition
above, so we can choose v independently of r (this is crucial for the validity of the scheme
below).

Now apply the maximum principle in Theorem 17.8 to u with radii /2 and r and
ho = M(2r) — z=w(2r) to obtain

V(ky,r) ) (6-1)/2

rn

M (g) < ho + c(n) [eha ()] ™ (M (2r) — ho) (

and by the appropriate choice of v that has been described we deduce

1
2V+2w(2r).

1 1 1
2V+1w(27“) + §2y+1w(27") = M(2r) —

M (g) < M(2r) —

If we subtract the essential minima and use m(r/2) < m(2r) we finally get

w(r/2) < w(2r) (1 _ 2V1+2)

which is the desired decay estimate. By the standard iteration argument, we find

w(r) < 4°w(R) (%) 0<r<R
for 2a = —log (1 — 27772) and the conclusion follows.
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18 Regularity for systems

18.1 De Giorgi’s counterexample to regularity for systems

In the previous section we saw De Giorgi’s regularity result for solutions u € H'(Q) of

the elliptic equation
div (A(z)Du(z)) =0

with bounded Borel coefficients A satisfying AI < A < AI. It turned out that u € C’IOO’CO‘(Q),
with a = a(n, A\, A).

It is natural to investigate about similar regularity properties for systems, still under
no regularity assumption on A (otherwise, Schauder theory is applicable). In 1968, in [7],
Ennio De Giorgi provided a counterexample showing that the scalar case is special. De
Giorgi’s example not also solves an elliptic PDE, but it is also the minimum of a convex
variational problem.

When m = n, consider
u(z) == x|z|* . (18.1)

We will show in (18.8), (18.9) and (18.7) that, choosing

n 1
“T7 (1_ (2n—2)2+1> ’ (18.2)

the function u is a solution of the Euler-Lagrange equation associated with the uniformly
convex functional

TR
|z [?

L(u) = /B ((n — OV - u(z) 4 n Du(w))2 FDu(@)Pdr . (183)

If n > 3 then |u| ¢ L>°(By), because

n 1 3 1
_O‘_§<1_ (2n—2)2+1) 25(1_\/_1_7)>1

and this provides a counterexample not only to Holder regularity, but also to local bound-
edness of solutions.
Calling B(x) the matrix such that L(u) = [, (B(x)Du, Du) dz, we remark that B(x)

has a discontinuity at the origin (determined by the term x ® z/|z?|).
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The Euler-Lagrange equation associated to (18.3) is the following (in the weak distri-
butional sense): for every h = 1,...,n it must be

0 Ty OU
0 = (n—2)8—wh(n—2 Z@xt Z e 895) (18.4)

"0 | zhm "L out " xgx Out

n 82uh
DSy (18.6)
k=1 k

We are going to prove in a few steps that u is the unique minimizer of L, with boundary
data given by w itself, and that u solves the Euler-Lagrange equations. The steps are:

(i) w, as defined in (18.1), belongs to C*°(B; \ {0};R") and solves in B; \ {0} the
Euler-Lagrange equations;

(i) w € H'(B;;R") and is also a weak solution in B; of the system.
Let us perform step (1). Fix h € {1,...,n}, then
Ay (zp]2|®) = (an + o®)ap|z|* 3 (18.7)

and this is what we need to put in (18.6) when w is given by (18.1). For both (18.4) and
(18.5) we have to calculate

and

n
Z: IP 8% = Z ar’e? x| = alz|* .

s,t=1

In order to complete the substitution in (18.4), since

0
ool = ol
we obtain
(n—2)5— Z e Z P ) — an—2){(n—2)(n+0) + nolalal"
0xh — Oy |z|? O

(18.8)
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In order to complete the substitution in (18.5), since
i 0 (zhailz]®™?) = (n+ o — Day|z|* 2,
8xk
k=1
we obtain
"0 |zp " out "z, Oul
n — n—2 — tn —
> on i (-2 S o S R

=nn+a—1D[(n—2)(n+a)+nalzyz|*? . (18.9)

Putting together (18.8), (18.9) and (18.7), u(x) = z|z|* solves the Euler-Lagrange equa-
tion if and only if

2
(2n — 2)? <a+g) +an+a*=0,

which leads to the choice (18.2) of a.

Let us now perform step (ii), checking first that u € H'. As |Du(x)| ~ |z|* and
2a > —n, it is easy to show that |Du| € L*(By;). Moreover, for every ¢ € C°(B; \ {0})
we have classical integration by parts formula

/Du(a:)gp(x) dx = —/u(:v)Dgp(x) dx . (18.10)

Thanks to Lemma 18.1 below, we are allowed to approximate in H'(Bj;R™) norm every
v € CX(B;) with a sequence (¢r) C C®(B; \ {0}). Then we can pass to the limit
in (18.10) because |Du| € L?(Bj) to obtain v € H'(B;;R™). Now, setting A(z) =
B(z)*B(x) using the fact that the Euler-Lagrange PDE holds in the weak sense in By \ {0}
(because it holds in the classical sense), we have

/B A(z)Du(z)Dp(x)dx =0 (18.11)

for every p € C°(B;\ {0}; R"). Using Lemma 18.1 again, we can extend (18.11) to every
¢ € C°(By;R™), thus obtaining the validity of the Euler-Lagrange PDE in the weak sense
in the whole ball.

Finally, since the functional L in (18.3) is convex, the Euler-Lagrange equation is
satisfied by u if and only if w is a minimizer of L(u) with boundary condition

u(z) =z in 0By .

This means that De Giorgi’s counterexample holds not only for solution of the Euler-
Lagrange equation, but also for minimizers.
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Lemma 18.1. Assume thatn > 2. For every ¢ € C°(By) there exists ¢ € C°(B1\{0})
such that py, tends to ¢ strongly in Wh%(By).

Proof. Consider 1 € C>°(R") with ¢» = 1 on By, then rescale v setting ¢y () := ¥(kx).
Put ¢y == ¢(1 — ¢); in L? topology we have

0 — Pk = PP — @, (Do), — Dy

and
D(p — 1) = (Do)t + @Dy, .

Hence, the thesis is equivalent to verify that

/ (22| D ()2 dz — 0 |
B
but
| eleriDn@Pis < (st [ Dok da
B1 B
= G [ Du@P s — 0,
Rn
where we used the fact that n > 2. L]

We conclude noticing that the restriction n > 3 in the proof of Lemma 18.1, is not
really needed. Indeed, when n = 2 we have

Cap,({0}) := inf {/ |D(2))? dz | ¢ € C°(R?), 1(0) = 1} =0, (18.12)

that is “points have null 2-dimensional capacity”. Let us prove (18.12): considering radial
functions ¢ (x) = a(]z|) the problem reduces to

inf{/olr]a’(r)\zdrm(()) =1,a(l) = o} :

We can take a.,(r) := 17, so
1 0
/ 2 /=
dr=—--—0.
/0 rlas () dr 2

Using (18.12) to remove the point singularity also in the case n = 2, it follows that the
functional L(u) and its minimizer are a counterexample to Lipschitz regularity.
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19 Partial regularity for systems

As we have seen with De Giorgi counterexample, it is impossible to expect an “everywhere”
regularity result for elliptic systems: the main idea is to pursue a different goal, a “partial”
regularity result, away from a singular set. This strategy goes back to De Giorgi’s himself,
and implemented for the first time in the study of minimal surfaces.

Definition 19.1 (Regular and singular set). For a generic function u : Q — R we call
regular set of u the set

Qreg(u) == {x € Q| there exists r > 0 such that B,(z) C Q and u € C'(B,(z)} .
Analogously, the singular set is
E(u) = Q\ Queg(u) .

The set Qeq(u) is obviously the largest open subset A of 2 such that u € C*(A).
Briefly, let us recall here the main results we have already obtained for elliptic systems.

(a) If we are looking at the problem from the variational point of view, studying local
minimizers u € Hy,, of v — [, F(Dv)dz, with F' € C*(R™"), |[D*F(p)| < A, we
have already the validity of the Euler-Lagrange equations. More precisely, if

// F(Du(x)) dz < / F(Du()dr  Yust {utv} e eq,

then
0

Oxq
(b) If F satisfies a uniform Legendre-Hadamard condition for some A > 0, by Nirenberg

method we have Du € HL_ and (by differentiation of the (EL) equations with
respect to z.)

0 0?ul
F. s(D
0%, ( P (Du) 01,07,

p;pP;

(Fpe(Du)) =0 Vi=1,...,m.

)z() Vi=1,....m,y=1,...,n. (19.1)

Definition 19.2 (Uniform quasiconvexity). We say that F' is A-uniformly quasiconvez if
/ F(A+ Dg(x)) — F(A) dz > )\/ DePds Ve CX(QR™) |
Q Q
Remark 19.3. Notice that F is A-uniformly quasiconvex if and only if F(p) — A|p|? is
quasiconvex. In this case, by Remark 19.3, (D*F — \I) satisfies the Legendre-Hadamard

condition with parameter 0 or, equivalently, D?F satisfies the Legendre-Hadamard con-
dition with parameter A. So, in this case local minimizers are H2_. and (19.1) holds.
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In this section we shall provide a fairly complete proof of the following result, following
with minor variants the original proof in [9].

Theorem 19.4 (Evans). If F € C*(R™*") is A-uniformly quasiconver with X > 0 and
satisfies
|ID*’F(p)| <A VpeR™", (19.2)

then any local minimizer u belongs to CY* (Qyeg) for some a = a(n,m, A, \) and
L (U Qreg) =0

The following list summarizes some results in the spirit of Theorem 19.4. At this stage
we should point out that the growth condition (19.2) is generally replaced in literature
by the more general one

ID’F(p)| < Co (1 +|p|"?)  withg>2, (19.3)
which leads to the estimates |DF (p)| < C1(1 + |p|?~1) and |F(p)| < Ca(1 + |p|?).

(i) If D?*F > M for some A > 0, then Giaquinta and Giusti (see [14] and [16]) proved
a much stronger estimate on the size of the singular set, namely (here s#* denotes
the Hausdorff measure, that we will introduce later on)

HTEE(S(u) =0 Ve>0.

(i) If D?*F > A for some A > 0 and it is globally uniformly continuous, then we have
even "% (X(u)) = 0.

(iii) If w is locally Lipschitz, then Kristensen and Mingione proved in [20] that there
exists 0 > 0 such that
A0 (S(u) =0 .

(iv) On the contrary, when n = 2 and m = 3, there exists a solution u for the system
O (F,e(Vu)), provided in [21], such that

BN
Qreg(u) =10 .

This last result clarifies once for all that partial regularity can be expected for (local)
minimizers only, and we will see how in the proof of Evans’ result local minimality
(and not only the Euler-Lagrange equations) plays a role.

We will start with a decay lemma relative to constant coefficient operators.
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Lemma 19.5. There exists a constant a = a(n,m, A, \) such that, for every constant
matriz A satisfying the Legendre-Hadamard condition with X and the inequality |A] < A,
any solution v € H'(B,) of

div(ADu) =0 in B,
satisfies

1

][M |Du(x) — (Du)p,, |* dv < T ]{BT |Du(z) — (Du)p,|* dx .

Proof.  As a consequence of what we proved in the section about decay estimates for
systems with constant coefficients, considering (5.2) with p = ar and o < 1, we have that

n+2
/ \Du(z) — (Du)p, |*dz < e\, A, n,m) (%) / |Du(z) — (Du)g, [2de . (19.4)
ar BT‘
It is enough to consider the mean of (19.4), so that
][ |Du(x) — (Du)p,,|* dz < c(\, A)a? |Du(x) — (Du)g,|* dz ;

By

we conclude choosing « such that c(\, A,n,m)a? < 1/16. Note that 1/16 could be re-
placed by an arbitrary positive constant however, 1/16 is already suitable for our purposes.
O

Definition 19.6 (Excess). For any function u € H}

o R™) and any ball B, (z) € Q) the
excess of u in B.(x) is defined by

1/2
Exc (u, B,(z)) = ( Ji L 1Put) - <Du>Bﬁ<x>|2dy> .

When we consider functions F' satisfying the more general growth condition (19.3),
then we should modify the definition of excess as follows, see [9]:

Exc (u, B,(x))* = ]{3 . (1+ |Du(y) — (Du)p,(2)]97%) | Du(y) — (Du)p,w|* dy.

However, in our presentation we will cover only the case ¢ = 2.

Remark 19.7 (Properties of the excess). We list here the basic properties of the excess
as defined above, all trivial to check.

(i) Any additive perturbation by an affine function p(x) does not change the excess,
that is
Exc (u + p(x), B,(2)) = Exc (2, B, (x)) .
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(ii) The excess is positively 1-homogeneous, that is for any number A > 0

Exc (Au, B,(x)) = AExc (u, B,(x)) .

(iii) We have the following scaling property:

Fxc (u(p:c + x9)

5 ,Bl(O)) = Exc (u, B,(z0)) -

Remark 19.8. The name “excess” is inspired by De Giorgi’s theory of minimal surfaces,
presented in [5] and [6], see also [13] for a modern presentation. The excess of a set £ in
a point is defined (for regular sets) by

Bxc (E, B, (x)) i ][ wely) — ve(@) dow 1 (y) |

B,(z)NOE

where vg is the inner normal of the set £. The correspondence between Exc (u, B,(z))
and Exc (E, B,(x)) can be made more evident OF as the graph associated to the function
u, in a coordinate system where Vu(z) = 0.

The main ingredient in the proof of Evans’ theorem will be the decay property of the
excess: there exists a critical treshold such that, if the decay in the ball is below the
treshold, then decay occurs in the smaller balls.

Theorem 19.9 (Excess decay). Let F' be as in Theorem 19.4 and let o € (0,1) be given
by (19.5). For every M > 0 there exists € = €o(n, m, \, A, M') > 0 satisfying the following
implication: if

(a) uw € HY(B,(z);R™) is a local minimizer in B,(z) of v — [ F(Dv)dx,

(b) |(Du)p, @) <M,

(¢) Exc (u, B.(z)) < €,
then ]

Exc (u, Bar(2)) < B Exc (u, By (x)) .

In the case when D?*F is uniformly continuous, condition (b) is not needed for the validity
of the implication and €y is independent of M.

Proof. The proof is by contradiction: in step (ii) we will normalize the excesses, obtaining
functions wy, with Exc (wy, B,(0)) > 1/2 while Exc (wy, B1(0)) = 1. Each wy, is a solution
of

div (Fpe (Dwy)) =0 .
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We will see in step (iii) that, passing through the limit as k — oo, the strong H] -limit
Weo SOlVES

div (Fp?pf (poo)Dwoo> —0

with Exc (e, Bo(0)) > 1/2 and Exc (we, B1(0)) < 1: using Lemma 19.5, in step (iv) we
will reach the contradiction.
For the sake of simplicity, we will prove the result under the additional assumption
that
F(p) > elp|” (19.5)

for some € > 0.
(i) By contradiction, we have M > 0 and local minimizers uy : 2 — R™ in B, (zx) with

e = Exc (ug, By, () — 0

satisfying
|(Dug) s, (2| <M (19.6)

but
1
Exc (ug, Bar, (Tk)) > 3 Exc (ug, By, (xk)) VkEeN.

(ii) Suitably rescaling and translating the functions ug, we can assume that z; = 0,
r, = 1 and (ug)p, = 0 for all k. Setting py, := (Duy)p,, the hypothesis (19.6) gives, up to
subsequences,

Pk — Poo € R™™ . (19.7)

We start here a parallel and simpler path through this proof, in the case when D?F is
uniformly continuous: in this case no uniform bound on p;. is needed and we can replace
(19.7) with

D*F(py,) — Ay € R (19.8)

Notice that (19.8) holds under (19.7), simply with A,, = D?F(ps.). Notice also that, in
any case, A, satisfies a (LH) condition with constant A and |A,| < A.

We do a second translation in order to annihilate the mean of the gradients of mini-
mizers: let us define

vp(x) = up(z) — p(@) |
so that (Duvg)p, = 0. According to property (i) of Remark 19.7 the excess does not change,

so still
Exc (vg, B1(0)) = ¢, — 0

and .
Exc (vg, Bo(0)) > 56k -
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During these operations, we need not to lose sight of the variational problem we are
solving, for example every function v, minimizes the integral functional associated to

p— F(p+px) — F(pr) — DF(pi)p -

In order to get some contradiction, our aim is to find a “limit problem” with some decaying
property. Let us define
v
wp = — kel
€k

It is trivial to check that (wg)p, = (Dwy)p, = 0, moreover

Exc (wg, B1(0)) =1 and Exc (wg, B4 (0)) > % : (19.9)

The key point of the proof is that wy, is a local minimizer of v — [ Fj(Dv) dz, where

1
Fi(p) == = [F(exp + pr) — F(pr) — DF(pr)exp] -
2
(iii) We now study both the limit of Fj and the limit of wy, as k — oo. Since Fj €
C?(R™*™), by Taylor expansion we are able to identify a limit Lagrangian, given by

Fuo(p) = %(Aoop,m :

to which Fj(p) converge uniformly on compact subsets of R”*". Indeed, this is clear with
Ay = D?F(pso) in the case when pp — poo; it is still true with A, given by (19.8) when
D?F is uniformly continuous.

Once we have the limit problem defined by F,,, we drive our attention to wy: it is
a bounded sequence in H'?(Bj;R™) because the excesses are constant, so by Rellich
theorem we have that (possibly extracting one more subsequence)

Wy — Wee  in L*(Bp;R™)

and, as a consequence,
Dwy — Dws,  in L*(By;R™) . (19.10)

The analysis of the limit problem now requires the verification that wy, solves the Euler
equation associated to Fi,. We need just to pass to the limit in the (EL) equation satisfied
by wy, namely

/B (D2F(p, + e Dwn(x)) Dwn(z), Do(z)) dz = 0 Voo € C(By R™) .
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Adding and subtracting (D*F(py) Dwy, Dy) and using the fact that D?F(p;,) — A we
obtain

/ (A Dwn(z), Do) dz =0 Vo € C®(Bi:R™) | (19.11)

provided we show that

lim |D*F(py, + e Dwy,) — Aso||Dwy| dz = 0.

k—o0 Bl

This can be obtained splitting the integral into the regions {| Dw| < L} and {|Dwy| > L},
with L fixed. The first contribution goes to zero, thanks to the convergence of p, to pso
or, when p; is possibly unbounded, from the uniform continuity of D?F. The second
contribution tends to 0 as L | oo uniformly in k, since |[D*F| < A and || Dwyl[2 < 1.

(iv) Equality (19.11) means that

div (AewDwes,) =0

in a weak sense: since the equation has constant coefficients we can apply Lemma 19.5 to
get

1
][ | Dwo(2) — (Dweoo), |* do < 16 | Dweo ()| d (19.12)

B1

Suppose we know how to improve (19.10) to a strong local convergence:
Dwy — Dwy,  in Ly (By; R™ ™) . (19.13)

Since the excess is sequentially weakly lower semicontinuous we can use (19.9) and (19.13)
to get

Exc (Weo, Ba(0)) > and Exc (ws, B1(0)) < 1. (19.14)

| —

On the other hand (19.12) yields

?

Exc (oo, Bo(0)) < iEXC (Woo, B1(0)) <

NN

so that we achieve the contradiction.

We stop here the proof, even if we didn’t obtain yet the strong convergence property
(19.13): this is a gain due to the variational character of the problem and, what remains
of this section until Lemma 19.15, will be devoted to prove it. Notice that the strong
convergence property will follow from the fact that wy is a minimizer of a variational
problem, not only the solution to a system of elliptic PDE: the counterexamples due to
Miiller and Sverak we already mentioned (see [21]) show that the decay of the excess does
not hold for solutions, and therefore local strong convergence has to fail. O
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We will deal separately with two aspects of the convergence problem (19.13):

(1) on the one hand we will deduce the local equi-integrability of | Dwy|* via quasiminima
theory;

(2) on the other hand we will prove in Proposition 19.13 a kind of variational conver-
gence of [ Fj(Dv)dx to [ Fu(v)dx which is the key ingredient for strong conver-
gence of gradients.

We will put together these two results in Proposition 19.13 and then we will conclude in
Lemma 19.15.

It will be useful for our purposes to explain the concept of quasiminimum, first in-
troduced in the context of multiple integrals of calculus of variations by Giaquinta and
Giusti in [14] and then developed in [15]. In a geometric context, similar ideas about
quasiminima have been developed in [2].

Definition 19.10. Let Q > 1. A function u € Hllo’f(Q;Rm) is a Q-quasiminimum of an
integral functional v — [ F(z,v(z), Dv(zx))dz if

/B ( )F(x,u(x), Du(z))dr < Q " )F(x,u(x) + ¢(z), Du(x) + Dy(x)) dx

for all balls B,(x¢) € Q and all p € CX(B,(zo); R™).

Our extra assumption (19.5) allows to read local minimizers of v — [ F(Dv) as Q-
quasiminima of the Dirichlet energy. The proof follows by a simple comparison argument.

Theorem 19.11. Let F be satisfying e|p|> < F(z,s,p) < Alp|* with 0 < e < A. Ifu is
a local minimizer of v — [ F(x,v, Dv)dx, then u is a Q-quasiminimum of the Dirichlet
integral

— D 2d 19.
v /Q| v(x)|”dx (19.15)
with Q = AJe.

Some weak regularity property of quasiminima follows from the following proposition,
whose proof can to be found in [15].

Proposition 19.12 (Higher integrability). If u € HL_(Q;R™) is a Q-minimum of v

loc

[ |Dv*dx, then there exist ¢ = q(n,m,Q) > 2 and C = C(n,m, Q) such that, for all balls
By, (20) € Q, it holds

1/q 1/2
(][ |Du(x)\qu) <C <][ | Du(x)|? dx) .
B (z0) Bar (o)

101



Thanks to (19.5), we are able to apply Theorem 19.11 with F' = Fj, which satisfy the
assumption of the theorem with constants uniform in k£, and then Proposition 19.12 to
the sequence wy, studied in the proof of Theorem 19.9, for some () independent of k. We
obtain that

sup/ |Dwg(x)|?de < 400 V7 € (0,1)
k

.

and, in particular, that |Dwy|? is locally equi-integrable.
On the other hand, we prove a sort of local convergence of energies, in analogy with
the techniques of I'-convergence. Let us introduce a convenient notation: we set

Fi(v, By) ::/ Fi(Dv(x))dx, Foo(v, B,) ::/ Foo(Dv(x)) dx

with Fio(p) = 5(Aeep, p), and
M ‘= ]Dwk|2X31$” .

Note that, up to subsequences, pp — po (We consider the space of measures in the
duality with C%(B;)). We recall classical and easy to prove semicontinuity properties of
weak convergence of measures:

e for every open subset A C B; we have lower semicontinuity, i.e.

liminf i (A) > poo(A) ;

k—o00
e for every compact subset C' C By we have upper semicontinuity, i.e.

limsup px(C) < poo(C) -

k—o0

By lower semicontinuity, we have . (B;) < 1. We shall also use the fact that the set
{r € (0,1) : uso(9B;) > 0} is at most countable (because the sets are pairwise disjoint
and the total mass is less than 1).

Proposition 19.13. With the previous notation and the one used in proof of Theo-

rem 19.9, we have:
lim sup fk(wkn BT) < foo<woo; B’T) (1916>

k—o0

for all 7 € (0,1) such that p(90B;) = 0. In addition, (19.16) implies,

lim sup Foo (Wi, Br) < Foo(Woo, Br) - (19.17)

k—o0
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Proof. Fix 7 € (0,1) with pu(90B;) = 0, and fix 7, 7 such that 7 < 7 < 7. Fix
also a function ¢ € C*(B,,) with 0 < ¢ < 1 and ¢ = 1 on B,,. We start with the
quasiconvexity property and positivity of F', so that

Fi(wg, Br) < Fr(wy, Br,) < Fi (1 — @)wy + pwo, Br,) (19.18)
Carrying on with (19.18), we can split the limsup we are interested in (i.e., (19.16)) as a

sum

lim sup Fy(wg, By) < limsup/ Fr(Dwso(x)) dx (19.19)
B,

k—o0 k—o0

+ limsup / Fi (D (1= @)w + ) (2)) da -(19.20)
k—o0o Bry\Bry

Since lim sup,, fBﬁ Fi.(Dws(x)) dr = Foo(Weo, Bry) < FoolWeo, By), we can put aside

(19.19) and focus on (19.20). Note that we can write

D (1 = p)wr + pwoo) (2) = Dep(x) (weo () — wi(2)) + (1 — @(x)) Dwi () + () Dwos ()

so that

Fio (D ((1 = ) + ¢ ()

C (14D ((1 = p)wy + pws) (2)])

C (1+2[Dp()*lwr(r) — wee()]* + 2|(1 — p(2)) Dw() + ¢(2) Dwoo(2)[?)

C (1+ 2[Dp() *Jwr(r) — weo(2)|* + 4| Dwi()[* + 4| Dwoo (2)]?)

and finally

IA A CIA

k—o0

lim sup / Fi (D (1= @)up + pwa) (2) da
Bry\Bry

<C (1 + 4| Dwso(2)|?) dz + 4Cpos (Br, \ Bry) -
Br\Bry
Letting 71 T 7 and 75 | 7 we get fiqe (ETQ \ Bﬁ) | #eo(0B;) = 0, and this concludes the
proof of (19.16).
Now we prove (19.17). Since we already proved (19.16), it is sufficient to point out
that, fixing M > 0,

/ | Fy.(Dwy(x)) — Foo(Dwy(z))| dx §/ |Fi.(Dwy(x)) — Foo (Dwi(2))|(d9.21)

. Br0{|Dwy,|<M}
+ / | F(Dwy(2)) — Foo(Dwy(z))[(d9.22)
B-N{|Dwg|>M}

In fact, the first term (19.21) tends to zero as k — oo when M is fixed and the second
term (19.22) is arbitrarily small, uniformly in k, when M >> 1, using the local equi-
integrability of | Dwy|? in Bj. O
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Finally, we are able to complete the proof of Theorem 19.9 with Lemma 19.15. The
following is just an elementary fact from real analysis that will be useful in Lemma 19.15.

Lemma 19.14. Consider real sequences, (ax) and (by), satisfying

e liminfa, > a € R;

k—oo

e liminfb, > b e R;

k—oo

o limsup(ag + bx) < a+b;

k—o0

then a, — a and by, — b.

Lemma 19.15. If a sequence (wy) weakly converging to we, in HY(B.;R™) satisfies

hmsup/ (Ao Dwy (), Dwy(z)) dx S/ (Ao Dweoo (), Dwoo(z)) dx (19.23)

k—oo - -

then Dwj, — Dwe, strongly in L (B.; R™™).

loc

Proof. The proof will be reduced to the classical statement that weak convergence in
L? and convergence of L? norms implies weak convergence using the Fourier transform.
Firstly we remark that

() = / (AoDu(z), Du(z))dz  u € H\(B.:R™)

is sequentially lower semicontinuous with respect to the weak H'-convergence. In fact
® > 0 because of Garding inequality, hence the quadratic form associated to ® satisfies
the Cauchy-Schwarz inequality and we can represent ¢ as follows:

O (u) = sup {/BT<AOODu(x),Dv(:U)> dx ‘ v e HYB;R™), v/®(v) < 1} . (19.24)

When v is fixed, the application u +— f ADuDv is continuous in the weak H!-topology,
then ® is sequentially lower semicontinuous with respect to the weak H'-convergence
according to (19.24).

For every n € C2°(B;), the lower semicontinuity of ® means that

lim inf /B (Au D(wyn) (), D(wyn)(2)) dz > / (A D(wan), D(wer)) dz |

k—o0 BT

so, cutting the terms which are automatically continuous,

liminf/B (Ao Dwy(x), Dwy(z))n*(x) d:v2/ (Ao Dwoo (), Dweo(2))0*(2) da .

k—oo B,
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By monotone approximation from below, the same property holds when 7? is replaced by
a nonnegative and lower semicontinuous function Y.

Call

ag ::/B (A Dwy(z), Dwy(x)) dz, b ::/B (Ao Dwi(z), Dwy(x)) dz

’ ~\Bp

and apply Lemma 19.14 and (19.23) to obtain that for every p € (0, 7)

lim [ (AxDwi(z), Dwg(x)) de = / (Ao Dwoo (), Dwoo (2)) dx |

k—oo B, B,

and therefore for every n € C2°(B;) radial we have

lim [ (Ace D(wyn) (), D(win)(x)) do = / (Ace D(woon) (), D(woon)(x)) d .

k—o00 B, Br

Via Fourier transform, this means that

n n
D lléaminllz: — > leawoaill3e |
a=1 a=1

therefore a repeated application of Lemma 19.14 gives (since there is weak convergence
of the Fourier transforms as well, and therefore lower semicontinuity) || wgn|l3. —
[€awoon||2, for all v € {1,...,n}. It follows that for all

goﬂm I ga@

strongly in L2 Turning back with the Fourier transform we achieved the thesis because
for every n € C2°(B,) we have strong H'-convergence wyn — weon). O

105



19.1 The first partial regularity result for systems: £" (3(u)) =0

After proving Theorem 19.9 about the decay of the excess, we will see how it can be used
to prove partial regularity for systems.

We briefly recall that ..,(u) denotes the largest open set contained in 2 where u :
Q — R™ admits a C' representative, while X(u) := Q \ Queg(u). Our aim is to show that
for a solution of an elliptic system

o L (S(u)) = 0;

o "2 (X(u)) = 0 in the uniformly convex case and "2 (X(u)) = 0 if D*F is
also uniformly continuous.

In order to exploit Theorem 19.9 and prove that Z" (X(u)) = 0, fix M > 0, so that
there is an associated €y = eg(n, m, A, A, M) for which the decay property of the excess
applies. Recall also that the constant « in the decay theorem depends only on the space
dimensions and the ellipticity constants.

Definition 19.16. We will call

Qur(u) == {z € | 3B, (z) C Q with ’(DU)BT(@‘ < M; and Exc (u, B;(z)) < € }

where
M, = M/2 (19.25)
and € verifies
2% < € (19.26)
and, for the a given in Theorem 19.9,
(2" a2 e < M (19.27)

Remark 19.17. The set Qp(u) C 2 of Definition 19.16 is easily seen to be open, since
the inequalities are strict. Moreover, by Lebesgue approximate continuity theorem (that
is, if f € LP(Q2), then for Z"-almost every x one has fBT(@ |f(y)— f(x)|Pdy — 0asr | 0),
it is easy to see that

ZL" ({|Du| < My} \ Qu(u)) =0. (19.28)

Finally, using (19.28), we realize that

zn (Q\ U QM(u)> <z (Q\ JAIDu| < M1}> =0. (19.29)

MeN MeN
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By the previous remark, if we are able to prove that
Qar(u) C Qpeg VM > 0, (19.30)

we obtain £ (X(u)) = 0. So, the rest of this section will be devoted to the proof of the
inclusion above, with M fixed.

Fix x € Q(u), according to Definition 19.16 there exists 7 > 0 such that |(Du) g, )| <
M, and Exc (u, B,(x)) < €;. We will prove that

Byyal) C Queglu)

so let us fix y € B, /s(x).
(1). Thanks to our choice of €; (see property (19.26) of Definition 19.16) we have

1/2
Bxc (u, Bya(y) = (][ ()|Du<s>—<Du>Br/2<y>|2df)
r/2\Y

1/2
< (][ |Du(§) — (Du) g, ()| d§>
BT/Q(y)

1/2
< on/2 (][ IDu(€) — (D) g, (o) d£) = 2"?Exc (u, B,(7)) < €
B (x)

so, momentarily ignoring the hypothesis that )(Du) B, /Q(y)’ should be bounded by M (we
are postponing this to point (ii) of this proof), Theorem 19.9 gives tout court

1
Exc (u, Byj2(y)) < =€o |

Exc (u7 Bar/Z (?J)) < 9

| —

thus, just iterating Theorem 19.9, we get
Exc (u, Bakr/Q(y)) < 2 "Exc (u, Br/g(y)) < QM2 (19.31)

As we have often seen through these notes, we can apply an interpolation argument to
radii in the first inequality of (19.31) and then we obtain

Exc (u, B,(y)) < 2* (%) Exc (u, B,(y)) Vp e (0,7/2]

with p = (logy(1/a))™". We conclude that the components of Du belongs to the Cam-
panato space L>""2*(B, 5(z)) and then u belongs to CH*(B, 5(z)).

(2). Now that we have explained how the proof runs through the iterative application of
Theorem 19.9, we deal with the neglected hypothesis, that is [(Du)g, )| < M and, at
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each subsequent step, |(Du) Bakr/g(y)| < M. Remember that in part (i) of this proof we
never used (19.25) and (19.27).

Since x € €y and r fulfills Definition 19.16, for the first step it is sufficient to use
the triangular inequality in (19.32) and the Hélder inequality in (19.33): in fact we can
estimate

(Dwew| = [ Dul€) = (Dwae de + (Du)so
Br/Z(y)
< ][ | Du(€) — (Du)p,(@)| d€ + |(Du)p, )| (19.32)
Br/?(y)
2n
< (25 [ 1pu© - 0w de) + |
wpT By (x)
) 1/2
< o ( ][ | Du(§) — (Du)p, ()| dg) + |Dug, ()| (19.33)
By (x)
< 2"Bxc (u, By (%)) + |Dup, (o] < 2"e1 + My < M . (19.34)
We now show inductively that for every integer k£ > 1
k—1
‘(Du)Baw(y) <M+ 2% +a 22y 27 (19.35)
7=0

If we recall (19.25) and (19.27), it is clear that (19.35) implies

<M

(D), L0

for every k > 1.
The first step (k = 1) follows from (19.34), because, estimating as in (19.32) and (19.33),
we immediately get

A

a€ + |(Dw)p, 40

(s ] < [Du©) - Du
Bar/Q(y)

a "Exc (U, Br/2(y)) + ‘(D“)Br/z(y)
< Q"M 2%6 + 2%, + M, .

IA

Being the first step already proved, we fix our attention on the (k + 1) step. Without
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the same procedure, we estimate again

S f
Bak+1r/2(y)

< a "Exc (U, Bakr/Q(y>) + ‘(DU)B kyy2(Y)

(Du)

Du(§) = (Du)p ;. ,w)

Bk, (v)

k—1
< QMR+ My A+ 2% + o ey 22 Z 277 (19.36)

J=0

where (19.36) is obtained joining the estimate on the excess (19.31) with the inductive
hypothesis (19.35).
In order to carry out our second goal, namely to prove that

A (S(u) =0 Ve>0,

we need some additional results concerning Hausdorff measures.

19.2 Hausdorff measures

Definition 19.18. Consider a subset B C R", k > 0 and fix 6 € (0,00]. We set

o

HF(B) = ¢ inf {Z[diam(Bi)]k]B C D B;, diam(B;) < 5}

i=1 i=1
and

H*(B) = lim HF(B) | (19.37)
the limit in (19.37) being well defined because 6 — H*(B) is nonincreasing. The constant
cx € [0,4+00) will be conveniently fized in Remark 19.20.

It is easy to check that 7% is the counting measure when k& = 0 (provided ¢y = 1)
and % is identically 0 when k > n.

The spherical Hausdorff measure .#* has a definition analogous to Definition 19.18,
but only covers made with balls are allowed, so that

A< FF<kk (19.38)
Remark 19.19. Simple but useful properties of Hausdorff measures are:
(i) The Hausdorff measures are translation invariant, that is
H*(B+h)=#"B) YBCR"VheR",
and k-homogeneous, that is

HFA\B) = \'o*(B) YVBCR",VA>0.
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(ii) The Hausdorff measure is countably subadditive, which means that whenever we
have a countable cover of a subset B, namely B C U,;¢;B;, then

AM(B) <Y AM(B) .

el

(iii) For every set A C R" the map B +— (AN B) is g-additive on Borel sets, which
means that whenever we have a countable pairwise disjoint cover of a Borel B by
Borel sets B;, we have

HH(ANB)=> A#"(ANB).
il
(iv) Having fixed the subset B C R™ and ¢ > 0, we have that
k>kK = B) <" B). (19.39)
In particular, looking at (19.39) when 6 — 0, we deduce that
H¥(B) < 00 = H"(B)=0

or, equivalently,
H*(B)>0 = H"(B)=+o0o.

Remark 19.20. The choice of ¢ is meant to be consistent with the usual notion of k-
dimensional area: if B is a Borel subset of a k-dimensional plane 7 C R", 1 < k < n,
then we would like that

LH(B) = #"B) . (19.40)

It is useful to remember the isodiametric inequality: naming w, := £"(B1(0)), for every
measurable subset B C R" it is true that

L(B) < w, (dh%(m)n . (19.41)

Thanks to (19.41), it can be easily proved that equality (19.40) holds if we choose

wr k2

®T R T (14 k/2)

where I' is Euler’s function:

[(t) ::/ stle % ds .
0
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More generally, with this choice of the normalization constant, if B is contained in an
embedded C'-manifold M of dimension k in R", then

A" (B) = o1(B)

where oy, is the classical k-dimensional surface measure defined on Borel subsets of M by
local parametrizations and partitions of unity.

Proposition 19.21. Consider a locally finite measure > 0 on B(R™) and , fizingt > 0,

put
B = {x
u(B) > t7*(B) .
Moreover, if u vanishes on % -finite sets, then #*(B) = 0.

B
lim sup w > t} , (19.42)
p—0 PrWg

then B is a Borel set and

A traditional proof of Proposition 19.21 is based on Besicovitch covering theorem,
whose statement for completeness is included below. We present instead a proof based
on a more general and robust covering theorem, valid in general metric spaces.

Theorem 19.22 (Besicovitch). There exists an integer £(n) with the following property:
if A C R" is bounded and p : A — (0,400), there exist sets Ay, ..., Agpy such that

(a) the balls { By)(T)}eca, are pairwise disjoint;
(b) the new families still cover the set A, that is

(n)

3
AcC U U By ()

=1 :EGA]'

Let us introduce now the general covering theorem.

Definition 19.23 (Fine cover). A family F of closed balls in a metric space (X,d) is a
fine cover of a set A C X if

VeeA inf{r>0[B(zx)eF}=0.

Theorem 19.24. Fiz k > 0, consider a fine cover F of A C X, with (X, d) metric space.
Then there exists a countable pairwise disjoint subfamily F' = {B;};>1 C F such that at
least one of the following conditions holds:

(i) 3272 [diam(B;)]* = oo,
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(ir) A% (A\U;2, B;) =0.

Proof.  The subfamily F” is chosen inductively, beginning with Fq := F. Surely, there
exists a closed ball, let us call it B, such that

diam (B;) > %Sup {diam(B)| B € Fo} .

Now put - o
Fi = {BE.}E'o’BmBl:@},

and choose among them a ball By € F such that
_ 1 _
diam(By) > 5 Sup {diam(B)| B € F1} .

If we try to go on analogously, the only chance by which the construction has to stop is
that for some [ € N the family F; = (), so we are getting option (ii) in the statement.
Otherwise, if suppose that the construction does not stop, we get a family 7' = {B;}i>1.
We prove that if (i) does not hold, and in particular diam(B;) — 0, then we have to find
(ii) again. ‘

Fix an index iy € N: for every z € A\ J;2, B; there exists a ball B,)(z) € F such
that

10
FT(I)($) N UEZ =0 ,
i=1

because F is a fine cover of A and the complement of U B; is open in R”. On the other
hand, we claim that there exists an integer i(x) > iy such that

By (2) N Bywy # 0 . (19.43)

In fact if
VieN Byn(x)NB; =0, (19.44)

then 1
VieN diam(B;) > idiam(gr(x)(x)) ,

but diam(B;) — 0, so (19.44) is false. Without loss of generality, we can think that
i(x) is the first index for which (19.43) holds, too. Since, by construction, diam(B()) >
%sup{diam(B)\B € Fi)-1} (and B,(z) () € Fiz)-1), then r(z) < diam(B;y)).

If Fi(x) = B”(w) (yi(m)), then

Er(z) (z) C §5Ti(z) (yz‘(x))
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and

A\UB C U Ba,. (13) - (19.45)

1=ig+1
Choosing ig such that 10r; < ¢ for every i > ig, (19.45) says that

%’“(A\GE)S%’“<A\OE> i k(107)F

i=1

We conclude remarking that when 6 — 0, i — +o00 and

(A\UB) < lim wy Z 10r)F =0

i=19+1
0
Now we are able to prove Proposition 19.21.

Proof. By intersecting B with balls, one easily reduces to the case of a bounded set B.
Hence, we can assume B bounded and p finite measure. Fix § > 0, an open set A D B
and consider the family

F:={B,(z) | r<8/2, B.(z) C A, p(B.(2)) > twpr™ } (19.46)

that is a fine cover of B. Applying Theorem 19.24, we get a subfamily 7' C F whose
elements we will denote by o
B; = B,,(z;) .

First we exclude possibility (i) of Theorem 19.24: as a matter of fact

i[dlam <2kZT <—Z,u§ < kgj(f)<oo

=1

Since (ii) holds and we can compare * with .ZF via (19.38),

k k Sl - 1 — = 1(A)
B) <.} <U1 Bi) < ;wkri < ;M(Bi) <=, (19.47)

As § | 0 we get t.7%(B) < u(A) and the outer regularity of p gives t.%(B) < u(B).
Finally, the last statement of the proposition can be achieved noticing that the in-
equality gives that .#%(B) is finite; if we assume that p vanishes with finite k-dimensional

measure we obtain that u(B) = 0; applying once more the inequality we get .*(B) = 0.
0
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19.3 The second partial regularity result for systems: " 2" (X(u)) =
0

Aware of the usefulness of Proposition 19.21 for our purposes, we are now ready to obtain
that if F' € C?(R™*") satisfies the Legendre condition for some A > 0 and satisfies also

|ID?*F(p)] < A < +o0 Vpe R™"
then any local minimizer u has a large regularity set of big measure indeed, in fact
HH(S(u) =0  Ve>0, (19.48)

where, as usual, X(u) 1= Q\ Queg(u).

Let us remark that, with respect to the first partial regularity result and with respect
to Evans Theorem 19.4, we slightly but significantly changed the properties of the system,
replacing the weaker hypothesis of uniform quasiconvexity with the Legendre condition
for some positive A (i.e. uniform convexity). In fact, thanks to the Legendre condition
the sequence Ay ((Du) satisfies an equielliptic family of systems, then, via Caccioppoli
inequality the sequence Ay, ((Du) is uniformly bounded in L2 . The existence of second
derivatives in L2 _ is useful to estimate the size of the singular set.

We will also obtain a stronger version of (19.48) for systems in which D?F is uniformly
continuous, we will see it in Corollary 19.27.

As for the strategy: in Proposition 19.25 we are going to split the singular set (u)
in two other sets, ¥;(u) and 33(u), and then we are going to estimate separately the
Hausdorff measure of each of them with the aid of Proposition 19.26 and Theorem 19.29.

Proposition 19.25. Consider, as previously, a variational problem defined by F €
C?(R™ ™) with |D?*F| < A, satisfying the Legendre condition for some X > 0. If u is
a local minimizer of such a problem, define the sets

r—0

Yi(u) = {x e

limsuprz_”/ o |D“(y)|* dy > O}
B (x

and
Yo(u) := {x €N

lim (DU)BT(QC)} = +OO} .

r—0

Then Y(u) C X1 (u)USs(u). If in addition D*F is uniformly continuous, we have (u) C
21 (U)

Proof. Fix x € Q such that x ¢ 3 (u) U Xo(u), then

e there exists M; < +o0o such that ‘(Du) Br(x)| < M, for arbitrarily small radii r > 0;
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e thanks to Poincaré inequality

Fxc (u, By(x))? < Cr"2 / \D2u(y) 2 dy — 0 ;
By (x)

thus for some M > 0 we have that x € Qu(u), where Qy/(u) has been specified in
Definition 19.16, and 2y (u) C e, due to (19.30).

The second part of the statement can be achieved noticing that in the case when D?F
is uniformly continuous no bound on |(Du)p,(y)| is needed in the decay theorem and in
the characterization of the regular set. ([l

Proposition 19.26. If u € W>(Q), we have that

272 (D () =0 .

Proof. Let us employ Proposition 19.21 with the absolutely continuous measure p :=
| D?u|?.#™. Obviously we choose k = n—2 and we have that u vanishes on sets with finite
% -measure. The thesis follows when we observe that

=1 { g w(B,(x)) 1} |

hm sup - r > —
v—1 r—0 WgT 14

By the second part of the statement of Proposition 19.25 we get:

Corollary 19.27. If we add the uniform continuity of D*F to the hypothesis of Proposi-
tion 19.26, we can conclude that

A (S(uw) =0 . (19.49)

The estimate on the Hausdorff measure of ¥5(u) is a bit more complex and passes
through the estimate of the Hausdorff measure of the so-called approximate discontinuity
set S, of a function v.

Definition 19.28. Given a function v € L. (), we put

loc

Q\SU::{JSEQ‘EIzERS.t. lim |U(y)—z]dy:O}.
10 By (z)

When such a z exists, it is unique and we will call it approximate limit of v at the point
x.
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Theorem 19.29. Ifv € W'?(Q), 1 < p < n, then
HPT(S) =0 Ve>0.

Notice that the statement is trivial in the case p > n, by the Sobolev embedding theo-
rem (i.e. S, = 0): as p increases the Hausdorff dimension of the approximate discontinuity
set moves from n — 1 to 0.

Applying this theorem to v = Du € H'*(Q), p = 2, we conclude that " 21¢ (35(u)) =
0.

Proof. (1) Fix 0 < n < p, we claim that

p
e i) ~ W] < =[] poldya oo Det)lay
0 Bi(x

Bp(x)
(19.50)
we will show this in the third part of this proof.
Suppose that x is a point for which th(x) |Du(y)| dy = o(t"~¢) for some € > 0, then

it is also true that p"~! [ B, (x) |Dv(y)|dy — 0 and the sequence (v)p, ;) admits a limit z
as r — 0 because it is a Cauchy sequence. Thanks to the Poincaré inequality

][ () = (0) 5@ dy < 07’_(”_1)/ [Do(y)ldy == 0.,
B (x) By(x)

therefore
Fotw) - ldy 2o,
By(@)

that is to say, * ¢ S,. This chain of implications means that, for all € > 0,

Q\S, D {x €N ‘ / |Du(y)| dy = 0(t”‘1+5)} : (19.51)
Bi(x)
(2) In order to refine (19.51) suppose that

[ 1Dut)ldy = ofen )
Bi(x)
for some € > 0, then, by Holder inequality,

| IDetw)ldy < oty ol
Bi(z)
For this reason we can improve (19.51) with
Q\ S, D {x €N ‘ / |Du(y) P dy = 0(t"‘p+6)} : (19.52)
Bt(z)
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in view of Proposition 19.21 the complement of the set {x €N ‘ 5, @) |Du(y)|P dy = O(tn—p-i-s)}

" Pt negligible, hence the jump set S, is J#" PT¢-negligible, too.
(3) This third part is devoted to the proof of (19.50); for the sake of simplicity we
put = 0. Let us consider the characteristic function xp, (9); since we would like to

differentiate the map
“n )
prp /x(;)v(y)dy,

(in order to study its increment) a possible proof of (19.50) is based on a regularization
of x, differentiation and passage to the limit.

We produce instead a direct proof based on a ad hoc calibration: we need a vector
field ¢ with Supp¢ C B,(0) whose divergence almost coincides with the left member of
(19.50), that is

divg =n (n"xs, —p "XB,) - (19.53)
Therefore,

8(a) = o (77 A fal ™) — o)
verifies (19.53) and

n

g /B,,(o) vly)dy - o /B o v(y) dy = / v(y)dive(y) dy (19.54)

= —/cb(y)-Dv(y)dyS/B O |¢(y)l|Dv(y)|dyS/B ly|~ "V dp(y)  (19.55)

»(0)

= /Ooou(\yy@l) >t) dt = (n— 1)/000 s u(B,(0)) ds (19.56)
= (n— 1)/0p s_"/B |Du(y)| dy ds + (n — 1) /OO s" |Dv(y)| dy ds

By

P
= -0 [ [ Dl ayds+ o [ Delay.
0 s By

where we pass from (19.54) to (19.55) by the divergence theorem, from (19.55) to (19.56)
by Cavalieri’s principle and then it is all change of variables and Fubini’s theorem. 0

Remark 19.30. In the case p = 1 it is even possible to prove that S, is o-finite with
respect to "1, so the measurement of the discontinuity set with the scale of Hausdorff
measures is sharp. On the contrary, in the case p > 1 the right scale for the measurement
of the approximate discontinuity set are the so-called capacities.
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20 Some tools from convex and non-smooth analysis

20.1 Subdifferential of a convex function

In this section we briefly recall some classical notions and results from convex and non-
smooth analysis, which will be useful in dealing with uniqueness and regularity results for
viscosity solutions to partial differential equations.

In the sequel we consider a convex open subset {2 of R™ and a convex function u : 2 —
R. Recall that u is convex if and only if

f((l —t):L‘—I—ty) <(1T—=t)f(x)+tf(y) Ve, y e Q, tel0,1].

If u € C?%(Q) this is equivalent to say that D?u(z) > 0 in the sense of symmetric operators
for all x € €.

Definition 20.1 (Subdifferential). For each x € 2, the subdifferential is the set
du(z) == {p € R"uly) > u(z) + (p,y — ) Yy € Q} .
Obviously du(z) = {Vu(z)} at any differentiability point.

Remark 20.2. According to Definition 20.1, it is easy to show that

e u(z ) — u(a)
Ju(z) ={peR |h£é£1f "

> (p,v) Yv} . (20.1)

Indeed, when p € du(z) the relation

u(xr + tv) — u(z)
t

> (p,v)

passes through the limit. Conversely, after recalling the monotonicity property of differ-
ence quotients of a convex function, i.e.

u(e+00) —ule) _ (= 0/ u(e) + fuet ) —u(e) _ulett)—u@) |,

t’ = 7 t
(20.2)

we have that for every y € 2 we have (choosing t =1, v =y — z)

u(z + t':/) — u(x) > (py— ) + 0(;/)

u(y) —u(z) >
The same monotonicity property (20.2) yields that the liminf in (20.1) is a limit.

Remark 20.3. The following properties are easy to check:
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(i)

(i)

(i)

The graph of the subdifferential, i.e. {(z,p)|p € du(x)} C Q2 x R™, is closed, in fact
convex functions are continuous.

Convex functions are locally Lipschitz in €2; to see this, fix a point zyp € Q and z, y €
B, (z0) @ Br(zo) € £, for the sake of simplicity suppose that |z —xo| < |y —zo| <7
and u(y) — u(z) > 0. Thanks to monotonicity of difference quotients seen in (20.2),
we can estimate

[uy) —w(@)] _ wlyr) —u(z) _ Osc(u, Br(zo))
ly—= = lyp—a R—r ’

where yr € 0Bgr(xg) is on the segment between x and y. Thus

Osc(u, Br(xo)) '

Lip(u, B, <
ip(u, Br(ro)) < — "

Moreover,
Osc(u, Br(zo))

R—r ’

eSS-SUDPp, (4)| DUl <
because of (1.5).

As a consequence of (ii) and Rademacher’s theorem, du(z) # 0 for all x € Q. In
addition, a convex function u belongs to C! if and only if du(z) is a singleton for
every x € (). Indeed, if x;, are differentiability points of v such that z;, — x and
Vu(zy) has two distinct points, then du(z) is not a singleton. Hence Vu has a
continuous extension to the whole of Q and u € C*.

Given convex functions f; : 2 — R, locally uniformly converging in 2 to f, and
x — x € §), any sequence (pg) with pg € 0f(xx) is bounded (by the local Lipschitz
condition) and any limit point p of (py) satisfies

pedf(x).

In fact, it suffices to pass to the limit as k — oo in the inequalities

fe(y) > fe(we) + (pe,y — 1) Vy € R™

As a first result of non-smooth analysis, we state the following theorem.

Theorem 20.4 (Nonsmooth mean value theorem). Consider a convex function f : Q@ — R
and a couple of points x,y € ). There exist z in the segment between x and y and

p € 0f(2) such that

flx) = fly)={pzr—y) .
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Proof. Choose a positive convolution kernel p with support contained in B, and define
the sequence of functions f. := f * p., which are easily seen to be convex in the set (). in
(1.3), because

F(0 = o+ ta1) = / (1= B0+t — e€)p(€) de

< /Q (1= ) f(wo — €€) + f (w1 — €€)) p(€) d€
= (1 - t)fé(a:()) + tfe(xl) ’

moreover f. — f locally uniformly. Thanks to the classical mean value theorem for regular
functions, for every ¢ > 0 there exists 6. € (0, 1) such that

fe(@) = f(y) = pe;x —y) -

with p. = Vf(z.) € dfc(x.). Since (6., p.) are uniformly bounded as ¢ — 0, we can find
€, — 0 with 6., — 6 € [0,1] and p., — p. Remark 20.3(iv) allows us to conclude that
p € If((1—60)x+ 0y) and
f(@) = fly) = (px—vy) .
O

Proposition 20.5. Given a convex function f : Q — R, its subdifferential Of satisfies
the monotonicity property:

p—qz—y) >0 Vpedf(zx), Vge df(y).

Proof. Tt is sufficient to sum the inequalities satisfied, respectively, by p and ¢, i.e.

fly) — f(z)
f(@) = f(y)

(p,y — )

>

O

Remark 20.6. Recall that continuous function f : & — R is convex if and only if its
weak second derivative D?f is non-negative, i.e. for all nonnegative ¢ € C°(Q) and all
¢ € R™ we have

/Qf(a:)ng(x) dx >0 .

This result is easily obtained passing through approximation by convolution, because, still
in the weak sense,

D*(f % pc) = (D*f) * pe .
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Although we shall not need this fact in the sequel, except in Remark 20.15, let us
mention for completeness that the positivity condition on the weak derivative D? f implies
that this derivative is representable by a symmetric matrix-valued measure. To see this,
it suffices to apply the following result to the pure second derivatives Dgg f:

Lemma 20.7. Consider a positive distribution T' € 2'(12), i.e.
VoeCX(Q),p >0 (T,9)>0.

Then there exists a locally finite nonnegative measure p in €2 such that

(T, ) =/Q¢du V€ C2(Q) .

Proof. Fix an open set ' € €, define K := ¥ and a cut-off function ¢ € C>®(Q) with
|k = 1. For every test function i € C°(§Y'), since ||1)||<¢ — 1 > 0 and T is a positive
(and, of course, linear) distribution, we have

(T, ) < (T, [l o) = CEU)P e

where C(Q) := (T, ¢). Replacing ¢ by —, the same estimate holds with |(T,%)| in the
left hand side. By Riesz Representation Theorem we obtain the existence of p. U

Definition 20.8 (A-convexity, uniform convexity, semiconvexity). Given A € R and a
function f:Q — R satisfying the inequality

/Qf(:x)gigf(m)dxz )\/Qgp(x) dx

for every non-negative o € C>*(Q) and for every ¢ € R™ (in short D*f > M), in the
spirit of Remark 20.6, we say that f is A-convex. We say also that

e f is uniformly convex if A > 0;
e f is semiconvex if A <0 .

Notice that, with the notation of Definition 20.8, a function f is A-convex if and only
if f(x) — Az|*/2 is convex.

Analogous concepts can be given in the concave case, namely A-concavity (i.e. D*f <
Al), uniform concavity, semiconcavity. An important class of semiconcave functions is
given by squared distance functions:
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Example 20.9. Given a closed set £ C R”, the square of the distance from E is \-
concave. Indeed,

dist*(z, E) — |z|* = inf (z — y)* — [z[* = inf (|y|* —2 20.3
ist™(z, E) — [z = inf (z —y)* — |o* = nf (jyI* ~2(z,9)) , (20.3)
since the functions x — |y|?> — 2(z, y) are affine, their infimum over y € E, that is (20.3),
Is concave.

Remark 20.10 (Inverse of the subdifferential). (i) If f: Q@ — R is A-convex, Proposi-
tion 20.5 proves that for every p € df(z) and every q € 9f(y), we have

(p—qx—y) >Nz —yl*. (20.4)

(ii) If A > 0, for each p € R™ no more than one = € § can satisfy p € df(z), because
through (20.4) we get

pedf(x)Ndfly) = 0=p-pr—y 2ANe—y]> = z=y.

In particular, setting

L:=]Jof(z),

z€eQ
there exists a unique, well-defined map ¥ : L — € such that p € 9f(¥(p)).

(iii) Moreover V¥ is a Lipschitz map: rewriting (20.4) for ¥ we get
AT (p) = (g)]* < (p— ¢, ¥(p) = ¥(a)) < Ip— al[¥(p) — (g)],
thus Lip(¥) < 1/

(iv) The conjugate of a convex function f is generally defined as

fr(@?) i=sup ((2%, ) — f(2)) ;

e

we immediately point out that f* is a convex function, because it is the supremum
of a family of affine functions.

(iv) We now show that 9f* is single-valued (hence f* € C!) and
Df*(z*) = V(") .

Indeed, fix x*, as f is A-convex there exists a maximizing x such that f*(z*) =
(x*,z) — f(x), consequently for every y*

[ ) =sup ((y"y) — fy) >y o) — flz) = f*(@") + (y* —2",2) . (20.5)

ye
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Hence x € 0f*(z*). In order to prove that V f*(z*) = ¥(2*) it remains to show that
x = W(xz*). The point = € Q has been chosen because of its maximizing property:
for every y € )

(@ x) — f(x) = [(«") = (2%, 9) = f(y) ,
thus
fly) = f(@) + (&% y — ),
that is 2* € 0f(z) or, by the definition of ¥, x = ¥(z*).

20.2 Convex functions and Measure Theory

Now we recall some classical results in Measure Theory in order to have the necessary
tools to prove Alexandrov Theorem 20.14 on differentiability of convex functions.

Thanks to the next classical result we can, with a slight abuse of notation, keep the
same notation V f for the pointwise gradient and the weak derivative, at least for locally
Lipschitz functions.

Theorem 20.11 (Rademacher). Any Lipschitz function f : R™ — R is differentiable at
ZL"-almost every point and the pointwise gradient coincides £"-a.e. with the distribu-
tional derivative V f.

Proof. Fix a point zy which is a Lebesgue point of Df, i.e.
r—0
1, . 127 = Dildy = 0. (20.6)
By (xzo

Defining )
1) =+ (o +79) = f(z0)

and noticing that Df,.(y) = D f(x¢ + ry) (still in the distributional sense), we are able to
rewrite (20.6) as

f DS (y) — Df (o)l dy =2 0,
B1(0)

where f,. sequence of functions with equibounded Lipschitz constant and f,.(0) = 0 for
every v > (0. Thanks to the Ascoli-Arzela theorem, as r | 0 this family of functions has
limit points in the uniform topology. Any limit point g obviously satisfies ¢(0) = 0, and
since Dg is a limit point of D f, in the weak* topology, the strong convergence of D f,. to
D f(zo) gives Dg = D f(xy), still in the weak sense. We conclude that g(z) = D f(zo)z,
so that g is uniquely determined and

o) = 5 (Flao +ry) = S(a0)) =2 Df(aoly

uniformly in B;(0). This convergence property is immediately seen to be equivalent to
the classical differentiability of f at xo, with gradient equal to D f(xg). O
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The proof of the following classical result can be found, for instance, in [10] and [11].

Theorem 20.12 (Area formula). Consider a Lipschitz function f : R™ — R"™ and a Borel
set A C R™. Then the function

N(y, A) := card (f~'(y) N A)

is (and, in particular, f(A) = {N > 0}) is L"-measurable and

[ 1dervs@ar= [ N ayay = 2n(sa)
A R

Definition 20.13 (Pointwise second-order differentiability). A function f : R" — R is
pointwise second-order differentiable at x € R™ if there exist p € R™ and S € Sym™ "
such that

F) = F@)+ oy — )+ Sy — 2y~ 2) +olly — af?)

Notice that pointwise second-order differentiability implies first-order differentiability,
and that p = Df(z) (here understood in the pointwise sense). Also, the symmetry
assumption on S is not restrictive, since in the formula S can also be replaced by its
symmetric part.

We are now ready to prove the main result of this section, Alexandrov Theorem.

Theorem 20.14 (Alexandrov). A conver function f : R" — R is £"-a.e. pointwise
second-order differentiable.

Proof.  The proof is based on the inverse function ¥, introduced in Remark 20.10.
Obviously, there is no loss of generality supposing that f is A-convex for some positive
A> 0.

We briefly recall, from Remark 20.10, that 0f associates to each x € R" the subdif-
ferential set, on the contrary W is a single-valued map which associates to each p € R”
the point = such that p € 0f(x). Let us call the set of “bad” points

Y= {p| AV (p) or IVY(p) and det V¥ (p) = 0} .

Since V¥ is Lipschitz, Rademacher Theorem 20.11 and the Area Formula 20.12 give
2 (W(R) < / | det VU] dp = 0 .
b
We shall prove that the stated differentiability property holds at all points = ¢ W(X).
Let us write x = U(p) with p ¢ 3, so that there exists the derivative V¥ (p) and, since it
is invertible, we can name

S(a) = (V)" .
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Notice also that S is symmetric, since ¥ is a gradient map, hence there is no need to
symmetrize it. If y = U(q), we get

S Hg—p=SE)y—2) = (y—z—VI()(g—p))
= —(V(q) —¥(p) — V¥(p)(q —p))
|

= o(lp—dql) = o(lz —y]) .
Therefore

q€9f(y)

The result got in (20.7), together with the non-smooth mean value Theorem 20.4, give
us the second order expansion. In fact, there exist § € (0,1) and g € 9f((1 — 0)y + Ox)
such that

fly) = fx) = (¢,y — )
= (¢—=Vf(x)=S@)(y—2),y—x) +(Vf(2),y —2) + (S(x)(y — 2),y — x)
= (Vf(x),y—z) +(S(@)(y —x),y — ) + o(ly — z]?) .

O

Remark 20.15 (Characterization of S). A blow-up analysis, analogous to the one per-
formed in the proof of Rademacher’s theorem, shows that the matrix S(x) in Alexandrov’s
theorem is the density of the measure D?f with respect to £", see [1] for details.

125



21 Viscosity solutions

21.1 Basic definitions

In this section we want to give the notion of viscosity solution for general equations having
the form
E(z,u(z), Du(x), D*u(z)) = 0 (21.1)

where u is defined on some locally compact domain A C R™. This topological assumptions
is actually very useful, because we can deal at the same time with open and closed domains.
We first need to recall two classical ways to regularize a function.

Definition 21.1 (us.c. and ls.c. regularizations). Let A" C A a dense subset and
u: A" — R. We define its upper regularization u* on A by one of the following equivalent

formulas:

u*(z) = sup {limhsup w(xp)|(up) € A"z, — x}

= inf sup wu
T>OBT(x)ﬁA’

= min{v|v is w.s.c. and v > u}.
Similarly we can define the lower regularization u,

us(r) := inf {limhinfu(a:h)|(uh) c Az — x}
= sup inf w
T>13 By (z)NA’
= max{v|v is Ls.c. and v < u}

which is also characterized by the identity u, = —(—u)*.

Remark 21.2. It is clear that pointwise v, < u < u*. In fact, u is continuous at a point
x € A (or, more precisely, has a continuous extension in case x € A\ A’) if and only if

We now assume that £: L C A x R x R" x Sym™*" — R, with L dense. Here and in
the sequel we denote by Sym™”" the space of symmetric n x n matrices.

Definition 21.3 (Subsolution). A function u : A — R is a subsolution for the equation
(21.1) (and we write E < 0) if the two following conditions hold:

(i) u* is a real-valued function;
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(i) For any x € A, if p is C™ in a neighbourhood of x and u* — ¢ has a local mazimum

at x, then
E,(z,u*(x), Dp(z), D*¢(x)) <0 . (21.2)

It is obvious from the definition that the property of being a subsolution is invariant
under u.s.c. regularization, i.e. u is a subsolution if and only if u* is a subsolution.

The geometric idea in this definition is to use a local comparison principle, since
assuming that u* — ¢ has a maximum at z implies, if u is smooth, that Du*(z) = Dp(x)
and D?*u*(x) < D*p(z). So, while in the classical theory of PDE’s an integration by parts
formula allows to transfer derivatives from u to the test function ¢, here the comparison
principle allows to transfer (to some extent, since only an inequality holds for second-order
derivatives) the derivatives from wu to the test function ¢.

Similarly, we give the following:

Definition 21.4 (Supersolution). A function u : A — R is a supersolution for the
equation (21.1) (and we write E > 0) if the two following conditions hold:

(i) us is a real-valued function;

(ii) For any x € A, if ¢ is C* in a neighbourhood of x and u, — ¢ has a local minimum

at x, then
E*(z,u.(z), Do(x), D*p(x)) > 0. (21.3)

We finally say that u is a solution of our problem if it is both a subsolution and a
supersolution.

Remark 21.5. Without loss of generality, we can always assume in the definition of
subsolution that the value of the local maximum is zero, that is u*(z) — ¢(x) = 0. This is
true because the test function ¢ is arbitrary and the value of ¢ at x does not appear in
(21.2). Also, possibly adding |y — z|* to ¢ (so that first and second derivatives of ¢ at x
remain unchanged), we can assume with no loss of generality that the local maximum is
strict. Analogous remarks hold for subsolutions.

Remark 21.6. A trivial example of viscosity solution is given by the Dirichlet function xq
on R, which is easily verified to solve the equation v’ = 0 in the sense above. This example
shows that some continuity assumption is needed, to hope for reasonable existence and
uniqueness results.

Remark 21.7. Rather surprisingly, a solution of £ = 0 in the viscosity sense does not
necessarily solve —F = 0 in the viscosity sense. To show this, consider the equations
|f' =1 =0and 1 —|f'| =0 and the function f(¢t) = min{1 —¢,1+¢}. In this case, it
is immediate to see that f is a subsolution of the first problem (and actually a solution,
as we will see), but it is not a subsolution of the second problem, since we can choose
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identically ¢ = 1 to find that the condition 1 — |¢'(0)] < 0, corresponding to (21.3), is
violated.
We have instead the following parity properties:

(a) Let £ be odd in (u,p,S). If u verifies E' < 0, then —u verifies £ > 0.
(b) Let E be even in (u,p,S). If u verifies F < 0, then —u verifies —F > 0.

We now spend some words on the ways of simplifying the conditions that have to be
checked in order prove the subsolution or supersolution property. We just examine the
case of subsolutions, the case of supersolutions being the same (with obvious variants).

We have already seen in Remark 21.5 that we can assume without loss of generality
that u* — ¢ has a strict local maximum, equal to 0, at xz. We can also work equivalently
with the larger the class of C? functions ¢ in a neighbourhood of x. One implication
is trivial, let us see the converse one. Let p € C? and assume u*(y) — p(y) < 0 for
y € B,(z), with equality only when y = . By appropriate mollifiers, we can build a
sequence (¢,) C C®(B,(z)) with ¢, — ¢ in C%(B,(z)). Let then z,, be a maximum in
B,.(z) of the function u* —¢,. Since ¢,, — ¢ uniformly, it is easy to see that any limit point
of (x,) has to be a maximum for u* — ¢, hence it must be x; in addition the convergence
of the maximal values yields u*(z,) — u*(x). The subsolution property, applied with ¢,
at x,, gives

and we can now let n — oo and use the lower semicontinuity of F, to get the thesis.
Actually, it is rather easy now to see that the subsolution property is even equivalent
to
E.(z,u*(z),p,S) <0 V¥ (p,S) € Jyu'(x)

where
) = { .S ) < ) + =) + 55l =)y = a) + olly — o)}

Indeed, let P(y) := u*(x)+(p, y—2) +3(A(y—x), y—x), so that u*(y) < P(y)+o(ly—=|?),
with equality when y = x. Hence, for any € > 0 we have u*(y) < P(y) + €|y — z|> on a
sufficiently small neighbourhood of z with equality at y = = and we can apply (??) to
this smooth function to get

E.(z,u*(x),p+2e(y — 2),S + 2¢l) = E,(z,u*(x), DP(y) + 2¢(y — x), D*P(y) + 2¢I) < 0
and by lower semicontinuity we can let € — 0 and prove the claim.

Remark 21.8. After these preliminary facts, it should be clear that this theory, despite
its elegance, has two main restrictions: on the one hand it is only suited to first or second
order equations (since no information on third derivatives comes from local comparison),
on the other hand it cannot be generalized to vector-valued functions.
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21.2 Viscosity solution versus classical solutions

We first observe that a classical solution is not always a viscosity solution. To see this,
consider on R the problem u” —2 = 0. The function f(¢) = * is clearly a classical solution,
but it is not a viscosity solution, because it is not a viscosity supersolution (take ¢ = 0
and study the situation at the origin).

Since we can always take u = ¢ if u is at least C?, the following theorem is trivial:

Theorem 21.9 (C? viscosity solutions are classical solutions). Let Q C R"™ be open,
u € C*Q) and E continuous. If u is a viscosity solution of (21.1) on 0, then it is also a
classical solution of the same problem.

The converse holds if S — E(x,u,p,S) is nonincreasing in Sym"™*".

Theorem 21.10 (Classical solutions are viscosity solutions). Ifu is a classical subsolution
(resp. supersolution) of (21.1), then it is also a viscosity subsolution (resp. supersolution)
of the same problem whenever E(x,u,p,-) is nonincreasing in Sym"™*".

Proof. We just study the case of subsolutions. For a test function ¢, if u — ¢ has
a local maximum at a point x then we know by elementary calculus that Du(x) =
Dy(x) and D?*u(z) < D?*p(x) and by definition E,(z,u(z), Du(z), D*u(z)) < 0. Con-
sequently, exploiting our monotonicity assumption (which is inherited by FE,) we obtain
E.(x,u(x), Dp(x), D*p(x)) < 0 and the conclusion follows. O

Before going further, we need to spend some words on conventions. First of all, it
should be clear that this theory also applies to parabolic equations such as (;—A)u—g = 0
if we let z := (y,t) € R" x (0,+00) with A = R" x (0,+00). Secondly, it is worth
remarking that many authors adopt a different conventions, which we might call elliptic
convention, which is “opposite” to the one we gave before. Indeed, according to this
convention, if (for instance) we deal with a problem of the form F(D?u) = 0, we require
for a subsolution that u* — ¢ has a maximum at z implies F(VZp(z)) > 0 (i.e. a
subsolution of —F(D?u) = 0 in our terminology). As a consequence, in the previous
theorem, we should replace “nonincreasing” with “nondecreasing.”

Now, we are ready to introduce the first important tool for the following theorems.

Theorem 21.11. Let F be a family of subsolutions of (21.1) in A and let u: A — R be
defined by
u:=sup{vjv € F}.

Then u is a subsolution of the same problem on the domain AN {u* < co}.

Proof. Assume as usual u* — ¢ has a strict local maximum at z, equal to 0, and denote
by K the compact set B,.(z) N A for some r to be chosen sufficiently small, so that z is
the unique maximum of u* — ¢ on K.
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We can find a sequence (zj) inside K convergent to x and a family of functions
(vp) C F such that u*(x) = limy, u(xp) = limy, vy (z). Hence, if we call y;, the maximum
of v; — ¢ on K, then

u*(yn) — ©(yn) = vy (yn) — ©(yn) = vi(zn) — p(zn) > vi(Tn) — @(zh).

Since by our construction we have v, (z5,) —¢(z,) — 0 for h — oo, we get that every limit
point z of (y,) satisfies

W (2) - p(2) > 0.
Hence z is a maximum in K of u* — ¢, u*(z) — ¢(z) = 0 and z must coincide with .
Consequently y, — x, u*(yn) — ¢(yn) — 0 and, by comparison, the same is true for the

intermediate terms, so that vy (y,) — u*(x). In order to conclude, we just need to consider
the viscosity condition at the points y; which reads

E.(yn, vy (yn), Do(yn), D*p(yn)) < 0

and let h — oo to get
E.(z,u"(x), Dp(x), D*p(x)) < 0.

We can now state a first existence result.

Theorem 21.12 (Perron). Let f and g be respectively a subsolution and a supersolution of
(21.1), such that f, > —oo and g* < 400 on A. If f < g on A and the function E(x,u,p,-)
is non-increasing, then there exists a solution u of (21.1) satisfying f < u < g.

Proof. Call
F = {v|v is a subsolution of (21.1) and v < g} .

We know that f € F, so that this set is not empty. Hence, we can define u :=
sup {v| v € F}. By our definition of F, we have that u < g and therefore u* < ¢g* < +oc.
Since u* > u, > f, > —o0, in A, by Theorem 21.11 u is a subsolution on A. Consequently,
we just need to prove that it is also a supersolution on the same domain.

Pick a test function ¢ such that u, — ¢ has a relative minimum, equal to 0, at xy. We
know that, without loss of generality we can assume that

u, () — p(z) > |z — 20|* on AN B,(x) (21.4)
for some sufficiently small » > 0. Assume by contradiction that
E* (20, us(20), Dp(x0), D*p(10)) < 0 (21.5)

and define a function w := max{y + §*, u} for some parameter § > 0. We claim that:
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(a) w is a subsolution of (21.1);

(b) w < ¢ (and hence w € F);

(¢) {w>u}#0,

provided we choose ¢ sufficiently small.
It is easily proved, again by contradiction and exploiting the fact that E* is upper
semicontinuous, that for § > 0 sufficiently small we have

E*(x,0(x) + 0%, Dp(z), D*p(z)) <0 on Bas(zg) N A .

This means that p+§* is a classical subsolution of (21.1) on this domain and hence, by our
monotonicity hypothesis, it has to be also a viscosity subsolution. Consequently, by a very
special case of the previous theorem, we get that the function w is a viscosity subsolution
of (21.1) on Bas(zg) N A. Moreover, by (21.4), we know that w = u on A\ Bj(x). Since
the notion of viscosity solution is clearly local, so that w is a global subsolution on A.°

To prove that {w > u} # () we just need to observe that any ¢ > 0 u.(zg) = ¢(xg) <
o(zo) + 6%, and on any sequence () such that u(z,) — u.(zy), we must have for n
sufficiently large the inequality u(wx,) < ¢(x,) + 6*.

Finally, we have to show that w < ¢: this completes the proof of the claim a gives the
desired contradiction in order to conclude. To this aim, it is enough to prove that there
exists > 0 such that ¢ +0* < g on AN Bs(zo). But this readily follows, by an elementary
argument, by showing that ¢(z¢) = u.(xg) < g«(x0). Again, assume by contradiction that
us (o) = g«(mg) : if this were the case, the function g, — ¢ would have a local minimum
at zo and so, since g, is a viscosity supersolution, we would get

E*(x0, g4(w0), Dp(wo), D*p(x0)) > 0,

which is in contrast with (21.5). O

21.3 The distance function

Our next goal is now to study the uniqueness problem, which is actually very delicate as
the previous examples show. We begin here with a special case.
Let C' C R™ be a closed set, C' # () and let u(x) := dist(z,C). We claim that the
distance function is a viscosity solution of the equation |p|>* —1=0on A :=R"\ C.
First of all, it is clearly a viscosity supersolution in A. This follows by Theorem 21.11
(in the obvious version for supersolutions), once we observe that u(z) = infyec |z — y

SWe mean that if A = A; U Ay and we know that u is a subsolution both on A; and A,, relatively
open in A, then it is also a subsolution on A.
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and that for any y € C the function z — |z — y| is a classical supersolution in A (because
y ¢ A) and hence a viscosity supersolution of our problem.
The fact that u is also a subsolution follows by the general implication:

Lip(f)<1 = |[Df*-1<0 in the sense of viscosity solutions.

Indeed, let x be a local maximum for f — ¢, so that f(y) — ¢(y) < f(z) — ¢(x)

for any y € B,.(x) (and r small enough). This is equivalent, on the same domain, to
o(y) —e(z) > f(y) — f(x) > —|y — x| and by the Taylor expansion we finally get

(Dp(z),y —x) +o(ly —z]) > ~|y — 2| .

This readily implies the claim.
Less trivial, but still true, is the converse implication, namely

|IDf|> =1 <0 in the sense of viscosity solutions = Lip(f) <1

for f continuous (or at least upper semicontinuous), which is proved by means of the
regularizations f<(x) := sup, (f(y) — |z —y|*/(2¢)) that we will study more in detail later
on. We just sketch here the structure of the argument:

(1) still |Df€|> — 1 < 0 in the sense of viscosity solutions;

(2) |Df]* =1 < 0 pointwise Z"-a.e., because f¢ is semiconcave and we can apply
Alexandrov’s theorem (here, since the equation is of first order, Rademacher’s the-
orem would be sufficient);

(3) by Proposition 1.3 one obtains Lip(f€) < 1;
(4) f¢ | f and hence Lip(f) < 1.

We now come to our uniqueness result.

Theorem 21.13. Let C C R™ be a closed set as above, A =R™\ C and let uw € C(A) be
a nonnegative viscosity solution of |p|> —1=0 on A withu =0 on JA. Then C # 0 and
u(z) = dist(z, C).

Proof. By our assumptions we can clearly extend u continuously to R", so that u = 0
identically on C. It is immediate to verify |Vu|? —1 < 0 in the sense of viscosity solutions
on R". Consequently, thanks to the previous regularization argument, Lip(u) < 1 and
hence, for any y € C' we have that u(z) < |z — y| which means u(z) < dist(z,C). In
the sequel, in order to simplify the notation, we will write w(z) for the distance function

dist(zx, C).
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So, it remains to show that w < u. Assume first that A is bounded: we will show later
on that this is not restrictive. By contradiction, assume that w(xg) > u(xy) for some x;
in this case there exist \g > 0 and 7 > 0 such that

sup {w(e) = (14 () = 1o~ ol | 2 0
for all e > 0 and A € (0, \g). Indeed, it suffices to bound from below the supremum with
w(xg) — (1 + N)u(zg), which is larger than 7o := (w(xy) — u(zg)) for A > 0 small enough.
Moreover, for € > 0 and A € (0, \g) the supremum is actually a maximum because it
is clear that we can localize z in A (otherwise the whole sum is nonpositive) and y in a
bounded set of R™ (because w is bounded on A, and again for |y — z| large the whole sum
is nonpositive). So, call (Z,7) a maximizing couple, omitting for notational simplicity the
dependence on the parameters €, A. The function z — w(z) — 5 |z — 7> has a maximum
at * = T and so we can exploit the fact that w(-) is a viscosity solution of our equation
(with respect to the test function ¢(z) = |r — 5|?/(2¢)) to derive |Dy|*(Z) < 1, that is

|z — ¥l
€

<1.

We also claim that necessarily y € A. if € is sufficiently small, so that € < 2vy. Indeed,
assume by contradiction that ¥ ¢ A, so that w(y) = 0, then by the triangle inequality

_ 1 _ _ I _
Y% < wE) -—T-g<z-y-—T-7
2¢ 2¢

_ L _ -y
— -l (1= gm-al) < F0
€

2

since we have shown that [T — 7| < e. As a consequence, we get 279 < |T — 7| < ¢, which
gives a contradiction.

Now, choosing € so that § € A, the function y — (1 4+ MNu(y) + o [T — y|” has a
minimum at y = 7 and arguing as above we obtain

‘u‘ > (14 2),
€

which is not compatible with [T — 7| < e. Hence, at least when A is bounded, we have
proved that w = u.

In the general case, fix a constant R > 0 and define ug(x) := u(x) A dist(z, R\ Bg) :
this is a supersolution of our problem on A N Bg, since u(z) is a supersolution on A
and dist(z,R" \ Bg) is a supersolution on Bg (by the infimum property). Moreover,

Lip(ug) < 1 implies that ug is a global subsolution and we can apply the previous result
(special case) to the function ug to get

ug(x) = d(z, (R"\ A)U (R"\ Bg)).
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Letting R — oo we first exclude C' = () since in that case ur T oo which is not admissible
since ugp < u and then (by C # )) we obtain u(z) = dist(z, C). O

Remark 21.14. We can also give a different interpretation of the result above. In the
spirit of the classical Liouville’s theorems we can say that “the equation |Du|*—1 = 0 does
not have entire viscosity solutions on R™ that are bounded form below”. Nevertheless,
there exist trivial examples of functions that solve this equation in the viscosity sense and
are unbounded from below (e.g. take u(x) = x; for some i € {1,...,n}.)

21.4 Maximum principle for semiconvex functions

We now turn to the case of second-order problems having the form F'(Du, D*u) = 0 on an
open domain A C R". We will always assume that F(p,.S) is non-increasing in its second
variable S| so that classical solutions are viscosity solutions.

Let us begin with some heuristics. Let f, g € C?(A) N C(A) and assume that f is
a subsolution on A, g is a supersolution on A and f < g on 0A and that one of the
inequalities F'(Df, D?f) <0, F(Dg, D?g) > 0 is always strict. Then f < g in A. Indeed,
assume by contradiction sup,(f —¢g) > 0, then there exists a zy € A which is a maximum
for f — g. Consequently V f(zy) = Vg(xo) and also D?f(xg) < D?g(xq). These two facts
imply by the monotonicity of F' that

F(Df(xo), D*f(x0)) = F(Dg(xo), D*g(x0)) (21.6)

On the other hand, f (resp. g) is also a regular subsolution (resp. supersolution) so that
F(Df(o), D*f(x0)) <0 F(Dg(wo), D*g(x0)) = 0. (21.7)

Hence, if we compare (21.6) with (21.7), we find a contradiction as soon as one of the two
inequalities in (21.7) is strict.

In order to hope for a comparison principle, this argument shows the necessity to
approximate subsolutions (or supersolutions) with strict subsolutions, and this is always
linked to some form of strict monotonicity of the equation, variable from case to case (of
course in the case F' = 0 no comparison principle is possible). To clarify this point, let
us consider the following example. Consider the space-time coordinates x = (y,¢) and a

parabolic problem
F(Dyu, D2 u) = Ou — G(Diu)

with G nondecreasing, in the appropriate sense. In this case, we can reduce ourselves to
strict inequalities by performing the transformation v — e*u.

In order to get a general uniqueness result for viscosity solution, we cannot just argue
as in the case of the distance function and we need to follow a strategy introduced by
Jensen. The first step is to obtain a refined versions of the maximum principle. We start

with an elementary observation.
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Remark 21.15. If (p, S) € J2u(x) and u has a relative maximum at z, then necessarily
p=0and S < 0. To see this, it is enough to apply the definitions: by our two hypotheses

02 uly) — u(z) = (p,y — ) + 5{Sly — 2)oy — ) + olly — ol

and hence

Yy—x
<“w-w
(S(y —x),y — )

ly — x|

) <o(ly—=z]) =p=0,

<o(l) = S5<0.

We are now ready to state and prove Jensen’s maximum principle for semiconvex
functions.

Theorem 21.16 (Jensen’s maximum principle). Let u : Q@ — R be semiconvexr and let
xo € Q a local maximum for u. Then, there exist a sequence (x,) convergent to xy and
€ | 0 such that u is pointwise second-order differentiable at z, and

Du(z,) — 0 D*u(x,) < e, .

The proof is based on the following lemma. In the sequel we shall denote by sc(u, )
the least constant C' such that u is (—C)-convex, i.e. u + C|z[*/2 is convex (recall
Definition 20.8).

Theorem 21.17. Let B C R" a ball of radius R and u € C(B) semiconvez, with

maxu > maxu.
B OB

(Notice that this implies sc(u, B) > 0)). Then, if we let

G° = {x € Blthere exists p € Bs s.t. u(y) < u(z) + (p,x —y) Vy € B}
it must be s
2 e B
for 0 < 6 < (maxgu — mingu) /(2R).

Proof. We assume first that u is also in C*(B). Pick a § > 0, so small that 2R <
maxp u — maxgp v and consider a perturbation u(y) + (p,y) with |p| < J. We claim that
such functions necessarily attains its maximum in B. Indeed, this immediately comes from
the two inequalities
< OR
max (u+ (p,y)) < maxu +
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and
max(u + (p,y)) > maxu — 6 R.
B B

Consequently, there exists © € B such that Vu(z) = p. This shows that Vu(G?) = Bs.
To go further, we need the area formula. In this case, it gives

/ | det D*u|dx = / card ({z|Vu(z) = p}) dp > w,6"
GI Bs
by the previous statement. On the other hand
/ |det D*u| dx < [sc(u, B)]" Z™(G°).
G9o

Indeed, since the points in G° are maxima for the function u(y) + (p,y), this implies
D?u(z) <0 for any x € G5 and, by semi-convexity, D?*u(x) > —sc(u, B)I. If we combine
these two inequalities, we get
w™o"
LG > —————
)2 R BT
which is nothing but the thesis.
In the general case we argue by approximation, finding smooth functions u,, such that
u, — w uniformly and sc(u,, B) — sc(u, B); to conclude, it suffices to notice that limit
of points in G°(u,) belongs to G°(u), hence £"(G°(u)) > lim sup,, L™(G°(u,)). O

We can now prove Jensen’s maximum principle.

Proof. Let zy be a local maximum of u. We can choose R > 0 sufficiently small so that
u(r) < u(zg) in Br(x) and, without loss of generality, we can assume u(xy) = 0. This
becomes a strict local maximum for the function @(x) = u(x) — |z — xo|*. It is also easy
to verify that u is semi-convex in Bg(xo). We now apply the previous lemma to u: for
any 0 = 1/k we obtain that #Z"(GY*) > 0 and (thanks to the Alexandrov theorem)
this means that there exists a sequence of points (x;) such that u is pointwise second-
order differentiable at z; and for appropriate vectors pr with |pg| < 1/k the function
u(y) — (pk,y) has a local maximum at zy. Since |pg| — 0, any limit point of (zj) for
k — oo has to be a local maximum for @, but in Bg(xo) this necessarily implies z; — .
Moreover py = Du(x;) — 0 and D*u(x;,) < 0. As a consequence,

Du(xy) = Du(wy) + 4|z — z0* (21 — 10) — 0

and
D*u(xy) = D*u(wy) + 8(xp — 20) ® (2 — 0) + 4|8 — 201
< < D*u(xy) + 12|z — 201 .
Setting €, = 12|z — xo|> we get the thesis. O

136



We now introduce another important tool in the theory of viscosity solutions.

Definition 21.18 (Inf and sup convolutions). Given u: A — R and a parameter ¢ > 0,
we can build the regularized functions

1
i(a) = sup {ut) = Lo - o} (2138)
yeA €

which is called the sup-convolution of u and verifies u > u, and

ui(z) = inf {u(y) + %|x _ y|2} | (21.9)

yeA
which 1s called the inf-convolution of u and verifies u, < u.

In the next proposition we summarize the main properties of sup-convolutions; anal-
ogous properties hold for inf-convolutions.

Proposition 21.19 (Properties of sup convolutions). Assume that u is u.s.c. on A and
that uw(z) < K(1+ |z|) for some constant K > 0.

(i) u is semiconvex and sc(u,R"™) < 2/¢;
(i1) u® > u and u¢ | u pointwise, locally uniformly if u is continuous;
(iii) If F(Du, D*u) < 0 in the sense of viscosity solutions on A, then F(Du¢, D*uf) < 0

on A€, where

A¢ = {x € R"| the supremum in (21.8) is attained} .

Proof. (i) First of all, notice that by the linear growth assumption, the function u¢ is
real-valued for any € > 0. Moreover, by its very definition

u'(w) + e’ = supuly) — Lyl + 2 (z,9)
€ yeA € €
and the functions in the right hand side are affine with respect to z. It follows that the
left hand side is convex, which means sc(uf, R") < 2/e.
(ii) The inequality u¢ > u and the monotonicity in € are trivial. In addition, we can take
quasi-maxima (y.) satisfying

52 52 52
u(z) Sulye) = =+ e <K+ [yel) = = + e S K1+ [ +]0]) = = + e
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with d. = |y —x|. Via these two inequalities, one first sees that y. — x so that, exploiting
the upper semicontinuity of v and neglecting the quadratic term in the first inequality we
get

u(z) > limsup u(y.) > limsup u(x) .

e—0 e—0

If u is continuous, the claim comes form Dini’s Lemma concerning monotone convergence.
(iii) Let zp € A° and let yo € R™ be the corresponding maximum, so that u‘(zg) =
u(yo) — |xo — yo|?/e. Let then be ¢ a smooth function such that u¢ — ¢ has a local
maximum in zo and, without loss of generality, we can take u‘(xg) = @(xp). Define
Y(z) = p(r — yo + x0) : we claim that u — ¢ has a local maximum at y, with value
|wg — yo|?/e. If we prove this claim, then it must be

F(D(yo), D*3(y)) < 0

and, by the definition of ¢, this is equivalent to
F(Dyg(w0), D*p(x0)) < 0.
Hence, it is enough to prove the claim. On the one hand
(o) = ¥ln) = ulwo) — (o) = ulyn) — (wn) = + o — ol
while on the other u(z) < ¢(z) in B,.(zy) gives
u(y) — %|:r —y? < p(x) Vo€ B (x), Yy € R"

and, letting y = x — xo + yo with = € B,(z), this implies

u(y) < ¢(y) + %Iwo —yo|* Vy € By (o) -
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21.5 Existence and uniqueness results

In this section we can collect some existence and uniqueness results for second-order
equations. The main tool is the comparison principle, stated below. In this section we
shall always assume that A is a bounded open set in R".

n

Proposition 21.20 (Comparison principle). Let F' : A x Sym™ "™ — R be continuous

and satisfying, for some A > 0, the strict monotonicity condition
F(z,S+1tl) > F(z,S) + M vVt >0
and the uniform continuity assumption

lim F(z,S) = F(z,S) uniformly in S € Sym™*", for all * € A.
Let u, uw : A — R be respectively a bounded u.s.c. subsolution and a bounded l.s.c. super-
solution to —F(x, D*>u) = 0 in A, with (u)* < (u). on OA. Then u <u on A.

Notice that the uniform continuity assumption, though restrictive, covers the equations
of the form G(D?u) + f(x) with f continuous in A. Also, the proof we shall give shows
that in the case when F' is independent of x the strict monotonicity assumption is not
needed.

A direct consequence of the comparison principle (take u = u = w) is the following
uniqueness result:

Theorem 21.21 (Uniqueness of continuous solutions). Let F' be as in the comparison
principle and h € C(0A). Then the problem

—F(z, D*u(z)) =0 in A;
(21.10)
u=nh on 0A

admits at most one viscosity solution u € C'(A).
At the level of existence, we can exploit Theorem 21.12 to obtain the following result:

Theorem 21.22 (Existence of continuous solutions). Let F' be as in the comparison
principle and let f and g be respectively a subsolution and a supersolution of —F (x, D*u) =
0, such that f, > —o00, g* < 400 and f < g on A. If g* < f. on OA, there exists a solution
to (21.10) with h = g* = f..

In order to prove this last result, it suffices to take any solution u given by Perron’s
method, so that f < u < g in A. It follows that v* < ¢* < f, < u, on JA and the
comparison principle (with u = u*, @ = u,) gives u* < u, on A, i.e. u is continuous.
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The rest of the section will be devoted to the proof of the comparison principle, which
uses besides doubling of variables, inf-sup convolutions and Jensen’s maximum principle.
First of all, for v > 0 we set

and we see that we can assume with no loss of generality that u satisfies the stronger
property —F.(z, D*u) < 0 in the viscosity sense. Indeed, once we are able to show that
this assumption implies the comparison property, we get

g—é—i—@@ﬁgﬂ in A

for some v < § depending only on ¢ and A. Indeed, for 6 > 0 fixed still u —§ + Z|z|* <@
in A for v small enough, and satisfies —F, (2, D*u) < 0. To conclude the proof in the
general case, it suffices to pass to the limit as ¢ | 0.

Assume by contradiction that dy := u(zg) — u(xy) > 0 for some zy € A, and let us
consider the sup convolution

1
uf(r) ;= sup u(z') — |z — 2)? (21.11)
x'€A €

of w and the inf convolution

B 1
uc(y) == supu(y’) — |y —y' (21.12)
y'eA €

of u; since u¢ > u and u, < u we have

1
max u(z) — uc(y) — —|z — y[* > u(x0) — ue(wo) > u(xo) — u(wo) = do
AxA 4e

and we shall denote by (z.,y.) € A x A a maximizing pair, so that
1 4 € . e—
do + —|re — ye|* < u(ze) — ue(ye) < supu —infu . (21.13)
€

Also, we notice that
1

€ * o 1
u'(ze) = max (w)"(#') — “lze — @', ue(y) = min @.(y) — Clye — 9T
y

and we shall denote by 2/ € A and y! € A maximizers and minimizers respectively.
Now we claim that:
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(a) liml(i)nf dist(x., 0A) > 0 and lirnl(i)nf dist(y., 0A) > 0;

(b) for e small enough the supremum in (21.11) with = € B.(z.) is attained and the
infimum in (21.12) with y € B.(y.) is attained.

To prove (a), notice that if (z,y) is any limit point of (z,y.) as € | 0, then (21.13)
gives T = gy and
|ze — o + ye — yl

dy < 1irr£l£llp(u)*($2) — ()« (y.) — p

Since the supremum of (u)* — (@), is finite, this implies that |z, — 2. — 0, |y — y.| — 0,
hence (z,y.) — (Z,Z) as well and semicontinuity gives dy < (u)*(Z) — (W).(Z). By
assumption (u)* < (u), on JA, therefore € A and this proves (a).

To prove (b), it suffices to choose, thanks to (a), ¢ > 0 and Jy > 0 small enough, so
that dist(x., 0A) > dy for € € (0,¢). Now, for all x we have

1 1
u(z) — E|Z‘/ —z)? < maxu — Z|x/ —z)? < u(r) <u(x)

as soon as |x—1x'|? > eosc(u). Hence, any maximizer ' belongs to the closed ball centered

at x with radius \/eosc(u). If |x — x| < € and € < €, since dist(x., 0A) > Jy this implies

that any maximizer 2’ is in A for € < ¢, small enough. The argument for y. is similar.
Let us fix € small enough so that (b) holds and both z. and y. belong to A, and let us

apply Jensen’s maximum principle to the (locally) semiconvex function

w(z,y) == u(x) — u(y) — 4%]35 —yl*

to find z, = (Ten,Yen) — (Te,ye) and 0, | 0 such that w is pointwise second-order
differentiable at z,, Dw(z,) — 0 and D*w(z,) < §,I. By statement (b) and Proposi-
tion 21.19(iii), for n large enough (such that |z, — (z, y)| < €) we have

—F(Zen, D*u(2c)) <0, —F(Yem, D*uc(yen)) > 0. (21.14)
On the other hand, the upper bound on D*w(z,) gives

{ D*u(xen) —

— — _ 1 _ 2 <
] ~ (Tem = Yem) @ (Ten = Yen) = ¢|Temn — Yem | L < 0nd (21.15)

(xe,n - ye,n) X (l‘e,n - ye,n) - %lxe,n - y57n|2] S 571] .

o Nom 1N

By (21.15) we obtain that D?*u¢(z.,) are uniformly bounded above, and they are also uni-
formly bounded below, since u€ is semiconvex. Since similar remarks apply to D?u,(y..,),
we can assume with no loss of generality that D*u®(z.,) — X, and D*u,(yc,) — Ye, and
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(21.15) gives X, < Y.. On the other hand, from (21.14) we get —F,(x., X.) < 0 and from
the strict monotonicity property of F(z.,-) we get

F(x,Y) > F(xe, Xo) > My, —F(y,Y:) > 0.

Hence F(z.,Y:) — F(y, Y:) > A\y. Finding a (common) limit point & € A of x. and y. as
€ | 0 we contradict the uniform continuity assumption on F(-,S) at x = 7.

21.6 Holder regularity

Definition 21.23 (Tangent paraboloids). Consider a paraboloid P (generally, P(x) =
c+ (p,z) + 1/2(Sx,x) ), we say that P is a paraboloid centered in xo with opening M if

P(z)=c+ %\x —x0l? .
Given a function u : Q — R and a subset A C 2 C R", we denote
(w0, A, u) :=inf {M |IP(x) = c+ M/2|x — zo|* with u(xe) = P(xo) and u < P on A}
Moreover, we put B

O(xo, A, u) := 0(xo, A, u)

and finally B
0(zo, A, u) := max {Q(mo,A,u),H(xo,A, u)} )

Given a function u : {2 — R, let us consider the symmetric difference quotient in the
direction &

xo + h€) — u(xg — hE) — 2u(zy)  O%u
2 ~ e

A culin) = Bne(Bgu) o) =

Notice that the symmetric difference quotient satisfies, by applying twice the integration
by parts formula for Ay, ¢,

/uAi7§¢dx:/¢AZ7§ud:v (21.16)
Q Q

whenever u € L (Q), ¢ € L>(Q) has compact support, |¢| = 1 and the h-neighbourhood

loc
of supp¢ is contained in (2.

Remark 21.24. If a paraboloid P with aperture M “touches” u from above (i.e. P(xq) =
u(xg) and P(x) > u(x) in some ball B,(z)), then

A; cu(zo) < A Plxg) =M with || =1and |h| <7,

and a similar property holds for paraboloids touching from below. Thus we deduce the
inequalities B
_Q(anBT‘(:EO)7u) S Aiﬁ“(l‘@) S 0(1’0,BT(ZL‘O),U) .
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Proposition 21.25. Ifu: ) — R satisfies
0. :=0(-, B(-) NQ,u) € LP(Q)
for some € >0 and 1 < p < oo, then u belongs to W*P(Q) and, more precisely,
[ Decull Lo omegay < [|ell e () VEe st (21.17)

Remark 21.26. By bilinearity it is possible to obtain estimates from (21.17) an estimate
on mixed second derivatives:

[Dequllee) < [EllnllOcllr)  VE, neR™, & Ln.
Proof. Fix a smooth function ¢ € C°(2), then
0%
uw(r) == (x) dz
[ u@ G @

lim/ﬂ(Ai’Su(x))go(x) dx

h—0

lim/u(m)Ai’ggo(x) dx

< Oell e lloll o ) -

while we pass from the first to the second line with (21.16). Thanks to Riesz Representa-
82

e
an element of LP(€)) which represents the derivative D¢€u in the sense of distributions
and which satisfies (21.17). O

tion Theorem, we know that the map ¢ — [, u(z)5# (z) dz admits a representation with

Corollary 21.27. If Q C R" is conver and 6. € L>(S2), then
Lip(Vu, Q) < [[0c]| (o) -

Proof.  We recall that since €2 is convex and v is scalar we have || Dv||p~q) = Lip(v, )
(while, in general, || Dv|| ) < Lip(v,2)). If v takes values in R™ (in our case v = Vu :
2 — R"), then by the same smoothing argument used in the scalar case we can always
show that

[1Dv] ooy = Lip(v, 2)

(here |A|; denoted the operator norm of A) because, when v is continuously differentiable

v(z) — v(y) = / Do((1 — t)z + ty)(y — 2)dt < o —y / Dulo((1— t)e + ty) dt

In our case Dv is a symmetric square matrix and its £-norm coincides with its largest
eigenvalue, that is

| Dol = sup [(Dvg, §)] -
j61=1
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At this point our aim is the study of nonlinear PDE as

—F(x, D*u(z)) + f(z) =0 (21.18)

nxn

with F' nondecreasing on Sym (the laplacian, for example).

Definition 21.28 (Ellipticity). In the problem (21.18) we have ellipticity with constants
A>XA>0f
M|N|| < F(M+N)—F(M) <A|N] VYN >0 (21.19)

where ||N|| means the largest eigenvalue of the symmetric matriz N .
Remark 21.29. Every symmetric matrix N admits a unique decomposition as a sum
N=N"—-N~

with N*, N© > 0 and N*TN~ = 0. It can be obtained simply diagonalizing N =
> or ., piei @ e; and then choosing N := Zp>0 pie; ® e; and Zpigo pie; @ e;. Observ-
ing this, we are able to improve the definition of elliptic problem replacing (21.19) with

F(M+ N)—F(M) <A|NT|| = AN (21.20)
for every symmetric matrix N.
Example 21.30. Consider the case

F(M) =tr(BM)

where B = (b;;); j=1,..» belongs to the set

.A)\’A = {B < Sym”xn\)\[ < B< AI} .

Fix the symmetric matrix N. In order to verify (21.19) we choose the coordinate system
in which N = diag(p1, ..., pn), thus

F(M+N) = F(M) =tx(BN) = bipi > XY _ pi > Apumax
=1 =1
and analogously

F(M+N)—F(M)=t(BN)=> bipi <A pi < nApmax -
=1 =1
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After this introductory part about definitions and notation, we enter in the core of
the matter of the Holder regularity for viscosity solutions: as in De Giorgi’s work on the
XIX Hilbert problem, the regularity will be deduced only from inequalities derived from
ellipticity, without a specific attention to the original equation. This idea is due to Pucci,

who the main tools we are going to introduce are named after.

Definition 21.31 (Pucci’s extremal operators). Given ellipticity constants A > X > 0

and a symmetric matriz M with eigenvalues {p1, ..., pn}, Pucci’s extremal operators are
defined by
M=(M) = )\ZPH-AZM
pi>0 pi<0
MEM) = A pi+ XD pi
pi>0 pi<0

Remark 21.32. Example 21.30 shows that

M- (M) = BiI}\f tr(BM)
EANA

M*T (M) = sup tr(BM).
BGA)HA

As a matter of fact, denoting with (b;;) the coefficients of the matrix B € Ay 4,
i=1 pi>0 pi<0
and the equality in (21.23) holds if

B:ZA61®€Z+ZA€,®€Z

pi>0 pi<0

(21.21)

(21.22)

(21.23)

Remark 21.33. Pucci’s extremal operators defined in Definition 21.31 satisfy the follow-

ing properties:

(a) trivially M~ < MT and M~ (=M) = —M™*(M) for every symmetric matrix M,

moreover M* are positively 1-homogeneous;
(b) for every M, N it is simple to obtain from (21.21) and (21.22) that
MF(M)+ M~ (N) < MY (M + N) < MY (M) + M*(N)
and similarly

M-(M)+ M (N) <M (M+N) <M (N)+MHM);
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(c) they are elliptic (i.e., they satisfy (21.19)) with constants A\, nA, because of Exam-
ple 21.30.

Definition 21.34. With the previous notations, we will denote

Sub(f) == {u:Q—=R|-M*(u)+f<0}
Sup(f) = {u:Q—>R|[-M (u)+f>0},

finally
Sol(f) := Sub(=[f[) N Sup(|f]) . (21.24)

Remark 21.35. Roughly speaking, the classes defined above correspond to De Giorgi’s
class DG, since u solution to (21.18) imply u € Sol(f) (where we use the ellipticity
constants of I to define Pucci’s operators); thus, if we are able to infer obtain regularity
of functions in Sol(f) we can “forget” the specific equation.
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22 Regularity theory for viscosity solutions

22.1 The Alexandrov-Bakelman-Pucci estimate

Let us introduce the following notation:
Sup(f) = {u| — )+ f >0}

and
Sub(f) == {u| — )+ f <0}

where M¥* are Pucci’s extremal operators (dependlng only on the ellipticity coefficients
A and A). Notice that since M™ > M~ the intersection of the two sets can be nonempty.
In the sequel, a constant will be called wuniversal if it depends only on the space
dimension n and the ellipticity constants A, A.
The estimate we want to prove is named after Aleksandrov, Bakelman and Pucci and
is therefore called ABP weak maximum principle.

Theorem 22.1. Let u € Sup(f) N C(B,) withu >0 on B,. and f € C(B,). Then

1/n
maxu~ < cr (/ (f+)n dx)
Br {u=Twu}

with ¢ is universal and ', is defined below.

Since f* measures in some sense how far u is from being concave, the estimate above
can be seen as a quantitative extension of the fact that a concave function in a ball attains
its minimum on the boundary of the ball.

Definition 22.2 (Definition of I',). Assume the function u™ is extended to all Bo,\ B, as
the null function (this extension is continuous, since u~ is null on 9B, ). We then define

I', =sup {L|L affine, L < —u~ on Egr} i

In order to prove the ABP estimate we set M := maxgz u~ and assume with no loss
of generality that M > 0.

The following facts are either trivial consequences of the definitions or easy applications
of the tools introduced in the Convex Analysis part: first, —M < T', < 0; as a consequence
r, e VVliCOO (Bs,); finally since w is differentiable a.e. by Rademacher’s theorem and the
graph of the subdifferential is closed, we get 9T, (z) # 0 for all z € Bs,,. We will use this
last property to provide a supporting hyperplane to I', at any point in B,.

We need some preliminary results, here is the first one.

147



Theorem 22.3. Assume u € C(B,), u>0 on OB, and I, € C(B,). Then

1/n
maxu~ < cr (/ det VT, d:)j) )

By
Remark 22.4. The previous theorem implies the ABP estimate, provided we show that
e ', € CYY(B,), as a consequence of u € Sup(f);

e on the set {u > T} (which is the so-called non-contact region) one has det VT, = 0
a.e.

e on the set {u=T,} (which is the so-called contact region) one has det VT, < f
a.e.

We can now prove this first result.

Proof. Let xy € B, be such that u(z;) = M. Fix £ with |{] < M/3r and denote by L,, the
affine function L(x) = —a + (z,€). It is obvious that if a > 1, then the corresponding
hyperplane lies below the graph of (the extended version of) —u~ and there is a minimum
value of « such that this happens, that is —u~ < L, on Bs,. The graph will then meet
the corresponding hyperplane at some point, say xy € Ba,.. If it were |zo| > 7, then
Lo (o) = 0, but on the other hand |L,(z1)| > M and since |zg — x1| < 3r L, would have
slope || > M /3r, which is a contradiction. Hence the contact point must lie inside the
ball B, and therefore B M/gr(O) C VI, (B,). If we measure the corresponding volumes and
use the area formula, we get

wn(M/3r)" < / (det V?I', dz)
Br

or equivalently

1/n
M < 3w;1/"r (/ det V2T, dx) )

This proves the claim with ¢ = 3w, n, O]

Let us now come to the next steps. The next theorem shows that regularity, measured
in terms of opening of paraboloids touching I, from above, propagates from the contact
set to the non-contact set. It turns out that the regularity in the contact set is a direct
consequence of the subsolution property.

Theorem 22.5 (Propagation of regularity). Let u € C(B,) and suppose there exist 0 <
e <r, M >0 such that for all vo € B, N {u =T} there exists a paraboloid with opening
coefficient less than M which has a contact point from above with the graph of T, in
B(xy). Then T, € CYY(B,) and det V?*u =0 a.e. on {u>T,}.
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With the notation introduced before, the assumption of Theorem 22.5 means (T, B.(z0))(z0) <
M. Since T', is convex, the corresponding quantity ¢ is null. Recall also that we have
already proved that 6, § € L*> implies u € C*.

Theorem 22.6. Let v € Sup(f) in By, ¢ convex in Bs with 0 < ¢ < v and v(0) = ¢(0) =
0. Then @(z) < ¢ (supp, ) 2> in Bys, where v and C are universal constants.

We can get a naive interpretation of this lemma (or, better, of its infinitesimal version
as d | 0) by this formal argument: v—¢ has a local minimum at 0 implies V?v(0) > VZp(0)
and by the assumption v € Sup(f) this gives M~ (¢(0)) < f.

Now it is possible to see how these tools allow to prove the ABP estimate.

Proof. Pick a point g € B, N {u =1} and let L be a supporting hyperplane for I';, at
xg, so that I'y, > L and I, (zo) = L,,. With respect to the statement of the Theorem 22.6,
define o :=T, — L, v := —u~ — L = u A0 — L (and notice that v is a supersolution
because v € Sup(fxs,).) Now, p(zg) = v(zo) implies, by means of Theorem 22.6,

5(@0, Bus(x0))(z0) < ¢ sup [T Yz, € B, (22.1)
Bs(x0)

with v and ¢ universal, for all § € (0,7). Hence 6(Ty, Bys(20))(z0) < csupp, f©. By
Theorem 22.5 we get I',, € C*! and det V?I', = 0 a.e. in the non-contact region. Finally,
to get the desired estimate, we have to show that a.e. in the contact region one has
det V2T, < ¢(f™)". But this comes at once by passing to the limit as § — 0 in (22.1) at
any differentiability point zy of T',. In fact, all the eigenvalues of V2T, () do not exceed
¢fT(xg) and the conclusion follows. O

Now we prove Theorem 22.5.

Proof. Let r € (0,6/4) and call ¢ := (supg,_ ¢) /r?. Let then zo € OB, be a maximum
point. By means of a rotation, we can write x = (2/,z,), ¥’ € R" ! z, € R, and assume
xo = (0,7). Consider the intersection A of the closed strip defined by the hyperplanes
x, = r and z,, = —r with the ball Bs. We clearly have that 04 = A; U A, U A3, where
A = §5/2 N{z, =1}, Ay = Eg/g N{z, = —r} and Az = 0Bs/2 N {|z,| <1}

We claim that ¢ > @r? on A;. To this aim, we first prove that p(y) < o(x)+o(|ly—w0|)
for y — zo, y € H := {z,, = r}. In fact, this just comes from p(ry/|y|) < ¢(zo) and
observing that ¢(y) — ¢(ry/|y|) = o(|ly — zo|), because ¢ is Lipschitz continuous. On the
other hand, we have that £ € 0y (xo) implies ¢(y) > ¢(zo) + (§,y — o) for all y € H.
Hence, by comparison, it must be £ = 0 and so ¢(y) > cr? on A; (this should be seen as
a nonsmooth version of the Lagrange multiplier theorem).

As a second step, set p(z) = ¢/8(x, + )% — 4r? /62 |2'|* and notice that the following
properties hold:
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(a) on Ay, p(z) <¢/2r* < ¢(z);
(b) on As, p(z) <0 < p(z) (and in particular p(z) < v(z));
(c) on Az, 0%/4 = |2'|> + 22 < |2/|* + r* < |2/|? 4+ §?/16, which implies |z|? > 3/1652.

By means of the last estimate we get p(z) < (¢/2)r? — (3/4)cr? < 0 < ¢ and obviously
p(0) = er?/8 > 0. Now, we can rigidly move this paraboloid (in partial analogy with the
strategy described above) until we get a limit paraboloid p’ = p — « (for some translation
parameter o > 0) lying below the graph of v and touching it at some point, say y. Since
p < v on JA, the point y is internal to A.

By the supersolution property M~ (V?p) < f(y) < supp, f we get (since we have an

explicit expression for p)
= 2

c r
)\Z —8(n — 1)Acﬁ < SEF f.
But now we can fix r such that 8(n — 1)Acr?/§? < X¢/8 (it is done by taking r so that

8r < 8y/A/((n —1)A)): we have therefore ¢ < §supp, f with v := 1/A/((n —1A). O

It remains to prove Theorem 22.6.

Proof. Recall first that we are assuming the existence of an uniform estimate
Oy, B(x))(x) <M VxeB,n{u=T,}

Consider now any point o € B, N {u >T,} and call L a supporting hyperplane for T,
at xo. We claim that:

(a) There exist n + 1 points x1,..., 2,41 such that xy € S := co(xy,...,T,41) (here
and in the sequel co stands for convex hull) and, moreover, all such points belong
to B, N {u =T,} with at most one exception lying on dBs,. In addition T, = L on
S;

(b) zo = S \ix; with at least one index i verifying both z; € B, N {u = T',} and
Ai > 1/(3n).

To show the utility of this claim, just consider how these two facts imply the thesis: on
the one hand, if T, is differentiable at zq, we get det V2I',(z¢) = 0 because I, = L on S.
On the other hand we may assume, without loss of generality that z; € {u = I',} N B,
and A\; > (1/3n) so that since

h
xo+h=X\ (901 + )\—) + XoTo+ -+ A1 T,
1
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one has

Cu(zo+h) < MLy (zr+h/A) + Xelu(@2) + -+ A Du(@n41)
2

h
= [L(xl) +k ‘)\_ + Ao L(72) + -+ + Anra L(wni1) = Lwo) + kA" /M
1

< Tu(o) + 3nk |h?

and this estimate is clearly uniform since we only require |h/A\;| < €, which is implied by
|h| < €/(3n).

Hence, the problem is reduced to proving the two claims above. This is primarily
based on a standard result in Convex Analysis, which is recalled here for completeness.

Theorem 22.7 (Carathéodory). Let V' be a finite-dimensional real vector space and let

n = dim(V). If C CV is a closed set, then for all x € co(C) (the convex hull of C') there
exist 1, ..., Tni1 € C, Aiy...; Apy1 > 0 such that

n+1 n+1

xzz)\ﬂi, Z/\izl-
i=1 i=1

Set then C” := {z € By,|L(z) = —u~(2)} # 0 and C = co(C"); we claim that z, € C.
In fact, if this weren’t the case, there would exist an hyperplane L’ such that L'(xq) > 0
and Lj, < 0 and hence, taking ¢ > 0 sufficiently small we would have L+dL'(z) > L(o)
and also L + 0L < —u~, which contradicts the maximality of L. Now, we can write o =
S Ny with @ € {—u~ = L} € {—u~ =T, }. In case there were two distinct points
x;, x; with |z;| > r and |z;| > r (and so L(x;) = 0, L(x;) = 0) then the function I, would
achieve its maximum, equal to 0, in the interior of By, and so (by the convexity of ')
it must be identically I'y, = 0 on Bs,, in contrast with the assumption M = maxu~ > 0.
Let us now prove that I', = L on S. The implication > is trivial, the other one is clear
for each * = x; and is obtained by means of the convexity of I', at all points in S. We
also need to show that any exceptional point, if any, must lie on 0Bs,. Call such a point
x; with |z;| > r and assume by contradiction |z;| < 2r : then L(z;) = 0 and T',(x;) = 0,
again contradicting the fact that I', can’t have interior maximum points.

Now we prove part (b) of the claim. If all points z; verify |z;| < r, then max\; >
L > L otherwise if one point, say x, satisfies |z;| = 2r, then \; < 1/(3n) for all i > 2

n+1 3n?
implies A; > 2/3 and therefore

r>|xol =201 — Y Nz > cr——r=nr.
P 3 3n
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22.2 The Harnack Inequality

In this section we shall prove Harnack’s inequality for functions in the class Sol(f) :=
Sub(f) N Sup(f) where, according to Definition 21.34, the sets Sup(|f]) and Sub(|f]|) are
defined through Pucci’s extremal operators (with fixed ellipticity constants 0 < A < A)
so that, in the sense of viscosity solutions,

wesSup(lf)) = M (W)+|f[=0;

u e Sub(|f])) <= —MT(u)+|f]<0.
We shall use the standard notation @, (x) for the closed n-cube in R™ with side length
r, @ = @Q,-(0) and always assume that f is continuous. In the proof of Lemma 22.13
below, however, we shall apply the ABP estimate to a function w € Sup(g) with g upper

semicontinuous. Since there exists g, continuous with ¢, | ¢ and w € Sup(g,), the ABP
estimate holds even in this case.

Theorem 22.8. Consider a function u : )y — R with u > 0 and u € Sol(f) N C(Q1).

There ezists a universal’ constant Cy such that

sup u(z) < Cyg < inf wu(x)+ ||f“Ln(Ql)> : (22.2)
ajte/2 $€Q1/2

Let us show how (22.2) leads to the Holder regularity result for viscosity solutions of
a fully non linear elliptic PDE

—F(D*u(z)) + f(x) =0.
1. As usual, we need to control the oscillation (now on cubes), defined by
wy i = M, —m,

with M, := sup,cq. u(r) and m, := inf,cq, u(z).

In the same context of Theorem 22.8, there exists a universal constant p € (0, 1)
such that
wije < pwr + 2| fllzrou) - (22.3)

Indeed, we apply Harnack’s inequality (22.2)

e to the function u — mq, so that

My —my < Cp (majg —ma + | fllenon) (22.4)

7As we said in the previous section, “universal” means that the constant depends only on the space
dimension n and the ellipticity constants A, A.
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e to the function M; — u, so that
My —my <Cq (Ml — My + ”f”m(@g) . (22.5)
Adding (22.4) and (22.5) we get
w1+ wije < Cx (w1 — wije + 2| fllzngn)

which proves (22.3) because

Cy—1
il w1+2 CH
Cp+1 Cy+1

Cyg—1
w1+ 2| fllzrequ) -

<
w2 = Cu+ 1

| fllzn(gu) <

We spend a line to remark that clearly p = (Cy — 1)/(Cy + 1), Cy being the
universal constant in (22.2). It is crucial for the decay of the oscillation that u < 1.

. Thanks to a rescaling argument (which we will be hugely used also in the proof of
Harnack’s inequality), we can generalize (22.3). Fix a radius 0 < r < 1 and put

ur(y) = fry)=flry)  whenye Q.

Notice that (22.3) holds also for u, (with the corresponding source f,) because
Pucci’s operators are homogeneous. Moreover, passing to a smaller scale, the L™-
norm improves.

For simplicity we keep the notation w, for the oscillation of the function u, we use
osc(+, Q) otherwise. We can estimate

wrp = rosc(uy, Q) < prfosc(u, Q1) + 2r%| frll Lo(an)
pwr + 21| fllzr@n) < pwr + 20 fll oy -

. By the iteration lemmas we used so frequently in the elliptic regularity chapters, we
are immediately able to conclude that

1 (e
wr < Cr*  with <§) =,

for all » € (0,1], with C' dependent only on p and || f||zn(,), thus we have Holder
regularity.

In order to prove Harnack’s inequality, we will pass through the following reformulation
of Theorem 22.8.
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Theorem 22.9. There exist universal constants eg(n, A\, A), C(n,\,A) € R such that if
u : Q1 — R is a nonnegative function, belonging to Sol(f) N C(Qum) on Qum, with
inf,eq,, u(z) <1 and

1l @y m < €0 s

then
sup u(z) < C'. (22.6)
2€EQ1 /4
Remark 22.10. Theorem 22.8 and Theorem 22.9 are easily seen to be equivalent: since
we will prove the second one, it is more important for us to check that Theorem 22.8
follows from Theorem 22.9.
For some positive § > 0 (needed to avoid a potential division by 0) consider the function

u
ian1/4 u—+ 0+ ”fHL"(Qz;\/H)/GO .

V=

Since infg, , v < 1 and, denoting by f, the source term associated with v, | follzn(
€0, we have sup,¢q, , v(z) < C, hence

Qaym) <

sup u(z) < C| inf w(z)+46+ n € )
s ) < C (gt 0(@) + 5+ o/

We let 6 — 0 and we obtain Harnack’s inequality with the cubes Q1/4, Q4. /7; by a scaling
argument, this means

sup u(x) <C inf  wu(z)+r n . ) 22.7
s u(e) < (ot ) + 110, e ) @27

Now, we pass to the cubes @/, Q1 with a simple covering argument: there exists an
integer N = N(n) such that for all x € Q1/2, ¥y € @1 we can find points z;, 1 <7 < N,
with z; = z, xy = y and x;1 € Q,(x;) for 1 < i < N, with » = r(n) so small that all
cubes Q6 /n(7;) are contained in Q. By applying repeatedly (22.7) we get (22.2) with
Cy ~CVN.

We describe the strategy of the proof of Theorem 22.9, even if the full proof will be
completed at the end of this section.

We will study the map
t»—>$”({u>t}ﬂQ1)

in order to prove:

e a decay estimate of the form Z" ({u >t} N Q) < dt~¢, thanks to the fact that
u € Sup(|f|) (see Lemma 22.13),
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e the full thesis of Theorem 22.9 using the fact that also u € Sub(—|f]).

The first goal will be achieved using the Alexandrov-Bakelman-Pucci inequality of the

previous section. The structure of the proof remembers that of De Giorgi’s regularity

theorem, as we said, and we will complete it through the following lemmas and remarks.
The first lemma is a particular case of Calderén-Zygmund decomposition.

Lemma 22.11 (Dyadic Lemma). Consider Borel sets A C B C Q1 with £L"(A) < 4§ < 1.
If the implication .
LMANQ)<0ZL(Q) = QCB, (22.8)

holds for any dyadic cube QQ C Q1, with Q being the predecessor of ), then
ZLMA) <L (B) .

Proof. ~ We apply the construction of Calderén-Zygmund (seen in Theorem 14.1) to
f = xa: there exists a countable family of cubes {Q;};cr, pairwise disjoint, such that

xa <6 a.e. on Qp \ UQi (22.9)

iel

and
LHANQ;) < 0.L™(Qy) -

Since 0 < 1 and x4 is a characteristic function, (22.9) means that A C (J,.; Qi up to
negligible sets, thus

LAY LMANQ) <D 6L™MQ:) < 6L™(B) .
0

It is bothering, but necessary to go on with the proof, to deal at the same time with
balls and cubes: balls emerge from the radial construction in the next lemma and cubes
are needed in Calderén-Zygmund theorem, needed elsewhere.

Lemma 22.12 (Truncation Lemma). If we fix the dimension of the space and the ellip-
ticity constants 0 < X\ < A, there exists a universal function ¢ € C*°(R"™) such that

(1) ¢ 20 on R"\ By /5 (0);
(i) ¢ < —2 on the cube Qs;

(iii) finally M*(D?*p) < Cuxg, onR™
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Proof. 'We recall some useful inclusions:

Bijy CQ1 CQ3C B3y C By -
We first define
o(x) = My — Ms|z|™  when || > 1/4 .
When « is fixed, we can find M; = M;(«) > 0 and My = My(«) > 0 such that

(i) Plos, = = 0, so that ¢ > 0 on R™\ By z;

(ii) ¢ =0, so that ¢ < -2 on Qs.

085 /22
After choosing a smooth extension for ¢ on B4, we conclude checking that there exists
an exponent « that is suitable to verify the third property of the statement. We compute

o rTR®x
D (|z]™) = — Ha+2[+a(a—|—2)|x|a+4,

thus the eigenvalues of D?p when |z| > 1/4 are Msa|z|~@*? with multiplicity n — 1
and —Maa(a + 1)|z|~@*? with multiplicity 1 (this is the eigenvalue due to the radial
direction). Hence, when |z| > 1/4 we have

M,
MF(D%*p) = a2 —— (Ao — A(n — Da(a +1))
so that M*(D2%p) <0 on R"\ Q, if we choose a = a(n, A\, A) > 1. O
Lemma 22.13 (Decay Lemma). There ezist universal constants e > 0, M > 1 and
€ (0,1) such that if w € Sup(|f]), u > 0 on Quym, info,u <1 and [|f|1rq, ) <€
then for every integer k > 1
L ({u>MYyn@) <(1—p)k. (22.10)
Proof. 'We prove the first step, that is
L({u> MyNQy) < (1—p) . (22.11)

We use the Alexandrov-Bakelman-Pucci estimate of Theorem 22.1 for the function w, de-
fined as the function u additively perturbed with the truncation function ¢ of Lemma 22.12.
If w:=u+ ¢, then

(i)
w >0 ondB,; (22.12)

because u > 0 on Q4,5 and ¢ > 0 on R™\ By /3
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inf w <infw < -1 (22.13)
By m Q3

because Q3 C By and ¢ < —2 on By 4, and at the same time we are assuming
that infg, u < 1;

(iii) directly from the definition of Sup(|f]) we get — M~ ( u) + |f| > 0, moreover
M*(D?*p) < Cyxg,. Since in general M~ (A + B) < M~(A) + +( ) (see Re-
mark 21.33), then

M (D*w) + (If| + Coxg,) = (=M™ (D*u) + |f]) + (=M (D*¢) + Cyxg,) 2 0 .
(22.14)
The inequality (22.14) means that w € Sup(|f| + Cypxg,)-

Thanks to the ABP estimate, which we can apply to w thanks to (22.12) and (22.14),
we get

max w”(v) < Cagr ( /{ oy @I+ Cog ) dy) " (22.15)

$EBQﬁ

Now, remembering that (22.13) holds and that, by definition, {w = T',,} C {w < 0}, we
can expand (22.15) with

1 < max w (z) < Capp (/{w:f‘w} <|f(y)| + Osox@(y)y dy) 1/n

IGBQﬁ
n 1/n
< Camr ([ (Il + Coxg )" ) (2216)
{w<0}
< Ol fllincum + CanrCo™ (@1 {w < O (2217)
< Canplfllinum + CanrCo?™ @1 {u < MY, (2218)

where we pass from line (22.16) to line (22.17) by Minkowski inequality and from line
(22.17) to line (22.18) because, if w(x) < 0, then u(x) < —¢(x) and then u(x) < M with
M = max ™.

Choosing a universal ¢y such that Cyppey < 1/2 we can resume (22.18) with

1

l/n
L@ MY 2 g

(22.19)

thus, if @ := (2C4ppC,)™", we obtain (22.11).
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We prove the inductive step: suppose that (22.10) holds for every j < k — 1. We exploit
the Dyadic Lemma 22.11 with A = {u > M*}NQ, B={u> M*1}NQ, and § = 1—p.
Naturally A C B C Q; and Z"(A) < 4, so, if we are able to check that (22.8) holds, then

L (Qin{u>MY) <(1—pL (Qn{u>M"") <(1—p)tF.

Concerning (22.8), suppose by contradiction that for some dyadic cube @ C @1 we have
that
ZLM(ANQ) < 0L"(Q) (22.20)

but Q ¢ B, Q being the predecessor of @, as usual: there exists z € @ such that
u(z) < MF'. Let us rescale and translate the problem, putting @(y) = wu(z)M~*=1
with x = z + 27%y if Q has edge length 27¢. Because of the rescaling technique, we need
to adapt f, that is define a new datum

P 1 C))
W) = gmomT
The intention of this definition of f is to ensure that @ € Sup(|f]), in fact
M2 x 1 -
-M (DQU) + |f| = 22 N [h—1 (—M <D2U) + |f’) >0.
Clearly if z € Q then y € Q3, so
. u(z)
f < <1.
Jnf wly) < 3pe1 S

If ||f||Ln(Q4ﬁ) < €, then, applying what we already saw in (22.19) to @ instead of u,
p< 2 (< MYNQ) = 272" ({u< M} Q) |
this means that p.2"(Q) < £" ({u < M*yn Q) and, passing to the complement,
L ({u>MINQ) <(1-w2"(Q),

which contradicts (22.20).

In order to complete our proof, we show that effectively || f| z(q v < €0 In general,
let us remark that the rescaling technique does not cause any problem at the level of the
source term f. Indeed

. 1
11l @um = Jprmigi 1 len @, o o) = €0 -
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Corollary 22.14. There exist universal constants ¢ > 0 and d > 0 such that if u €
Sup(|f[), u >0 on Qum, info,u <1 and || f||nq, ) < €0, then
L {u>tnQy) <dt™* Vt>0. (22.21)

Proof.  This corollary is obtained by Lemma 22.13 choosing € such that (1 — p) = M~¢
and d' = M€ = (1 — pu)~!: interpolating, for every t > 1/M there exists k € N such that
MF1 <t < MF so

L"{u>t3NQ) <L ({u>M-"In@y) < M—FD <d(MF)y e < d't .

Choosing d > d’ such that 1 < dt~ for all t € (0,1/M) we conclude. O

In the next lemma we use both the subsolution and the supersolution property to
improve the decay estimate on .Z"({u > t}). The statement is a little technical and the
reader might wonder about the choice of the scale [; as given in the statement of the
lemma; it turns out, see (22.26), that this is the largest scale r on which we are able to
say that 2" ({u > 1"} N Q,) < r", knowing that the global volume Z" ({u > 17} N Q)
is bounded by d(v7)~.

Lemma 22.15. Suppose that u € Sub(—|f|) on Quym and || f||lzrq, ) < €0 with €y given
by Lemma 22.13. Assume that (22.21) holds. Then here ezist universal constants My > 1
and o > 0 such that if

o € Qi2 and u(zg) > Mo’ for some 7> 1,

then B '
Jz1 € Q(w0) such that u(x1) > Mo,

where v = My/(My—1/2) > 1 and [; := UM(;C/”(V—e/n)j_
Proof. First of all, we fix a large universal constant o > 0 such that

1
50" > d2(4y/n)" (22.22)

and then we choose another universal constant M; so large that

1

dMy© < 3 (22.23)
and
oMy < 2yn . (22.24)
By contradiction, assume that for some j > 1 we have
sup  u(z) <M . (22.25)
fCG@zj (wo)

159



We first estimate the superlevels

z" ({u Z I/ng/Z} N Qlj/(4\/ﬁ)<x0)) S L ({U Z I/jMO/Q} N Ql)
<d(VMy)2) = d2vI M < = (=) v My =< (2 22.26
= d(v'Mo/2) . °<2<4\/ﬁ)y 0 2(4\/5)  (22.26)

where we used condition (22.22) on ¢ and the definition of /;, as given in the statement
of the lemma.

We claim that the superlevel can be estimated as follows:

" ({’LL < VjMO/Q} N Qlj/(4\/5)<l'0)) < %Z” (Qlj/(4\/ﬁ)) . (2227)

Obviously the validity of (22.26) and (22.27) is the contradiction that will conclude the
proof, so we need only to show (22.27).
Define the auxiliary function

vMy — u(x)y=U=1)
(V — 1>MO ’

v(y) =

L

where x = Lo+ 7mY- Since y € Qun <= 1 € Qi;(70), by (22.25) the function v is defined

and non-negative on Q. In addition, u(zg) > Mov/~! implies that infg, v < 1.
Notice that our preliminary choice of v (v = My/(My—1/2)) means that My = v/[2(v—1)],
so (modulo the change of variables)

{v> My} = {u<v/My/2} .

Moreover, if we compute the datum f, which corresponds to v, since the rescaling radius

is 1;/4+/n, we get
(1;/4v/n)*

fv(y) = Mo(l/ . ].)Vj_l f(.ﬁ(}')
SO . l
”fv“L"(Q4ﬁ) - My(v — 1)vi—1 4\j/ﬁHfHLn(Qlj (x0)) = €0 (22.28)
because iy

My(v — Dvi-Y4y/n — 2yn

thanks to (22.24). The estimate in (22.28) allows us to use Corollary 22.14 for v, that is
3"({1} > Mo}ﬂQl) < dM0_6 ,
and we can use this in conjunction with (22.23) to obtain that (22.27) holds:

A 1
2" ({u <V Mo/2} N Qy, jaym(0)) < dMy L™ (Qujam) < 502”” (Qu,jaym) -
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We can now complete the proof of Theorem 22.9, using Lemma 22.15. Notice that
in Theorem 22.9 we made all assumptions needed to apply Lemma 22.15, taking also
Corollary 22.14 into account, which ensures the validity of (22.21).

Roughly speaking, if we assume, by (a sort of ) contradiction, that u is not bounded above
on ()1/2, then, thanks to Lemma 22.15, we should be able to find recursively a sequence
(x;) with the property that

since Y ;1j < oo, the sequence (x;) admits a converging subsequence, and in the limit
point we find a contradiction. However, in order to iterate Lemma 22.15 we have to
confine the sequence in the cube Q)1 s.

To achieve this, we fix a universal positive integer jo such that >, 1; < 1/4 and we
assume, by contradiction, that there exists a point zy € Q1,4 with u(z) > Myvio~1. This
time, the sequence (zj) we generate iterating Lemma 22.15 is contained in @)1/, and

u(xy) > Moyt (22.29)

When k£ — oo in (22.29) we obtain the contradiction. This way, we obtained also an
“explicit” expression of the universal constant in (22.6), in fact we proved in that

sup u(x) < Moot
z€Q1 /4
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