Polarization Selective Optical Nonlinearities in Cold Rydberg Atoms
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We study the interaction between a probe and a trigger weak field in an elongated dense sample of
ultracold rubidium Rydberg atoms in the presence of a coupling and a dressing strong field. Dipole
Rydberg blockade may occur and can be set to depend on the probe and trigger polarizations giving
rise to diverse regimes of electromagnetically induced transparency (EIT) with a concomitant small
probe and trigger absorption and dispersion. This is shown to be relevant to the implementation of
polarization conditional probe and trigger cross-nonlinearities in cold Rydberg atoms.

PACS numbers: 42.50.Gy, 03.67.Lx, 32.80.Ee, 42.65.-k

I. INTRODUCTION

Photon-photon interactions enabled by nonlinear op-
tical mechanisms play an important role in quantum in-
formation processing. Photons, in fact, are ideal car-
riers of quantum information as they can propagate at
the speed of light and are generally not affected by the
environment [1]. Large cross-phase non-linearities be-
tween two photons, in particular, are crucial in many
quantum information applications. One of the preferred
and widely explored scheme to enhance cross-phase non-
linearities is based on Kerr-EIT interactions between a
probe field and a trigger pulse [2-5]. A major draw-
backs, in this case, is the mismatch of the group veloc-
ities which limits the probe and signal interaction time,
placing an upper limit on the order of a small fraction
of a radian to the resulting cross-phase shift [6]. Large
intensities are required instead to reach appreciable non-
linear modulations using Kerr-EIT like interactions [7].
To overcome this limit, matched double slow-light pulses
with two atomic species [8] have been proposed as well
as various other variant schemes including tripod [9-11],
N-tripod [12, 13], and M-type [14, 15] level configurations
and a tripod double EIT [3] and double slow light pulses
in cold atoms [4].

Ultracold Rydberg atoms, on the other hand, are now
attracting great attention [16, 17]. The unique combi-
nation of their strong dipole-dipole interactions and long
radiative lifetimes can in fact be exploited to realize ro-
bust light-atom quantum interfaces [18-20] for quantum
information processing purposes. Rydberg atoms may
exhibit, in particular, a special cooperative nonlinear-
ity [21] known as Rydberg blockade whereby the pres-
ence of an atom excited to a Rydberg level will shift
out of resonance the corresponding Rydberg level of all
nearby atoms prohibiting the simultaneous Rydberg ex-
citation of two or more atoms within a given volume (cor-
responding to a so-called superatom) determined by their
dipole-dipole interaction. Photons nonlinear interactions
in the presence of a Rydberg blockade have been shown

to occur in samples of cold Rydberg atoms when driven
into a regime of EIT [22, 23]. This has been restrained,
however, to considerations of absorptive and dispersive
photon-photon interactions of a single light field. Exten-
sions to conditional nonlinear interactions between two
light fields are usually not straightforward [24-27].

The paper’s main motivation is the discussion of a
scheme for achieving large conditional nonlinear interac-
tions between two weak optical fields with a concomi-
tant small absorption and dispersion. We show that
such conditional interactions can be achieved in samples
of cold atoms through the polarization selective excita-
tion of a high-lying Rydberg state the two weak fields
couple to through different regimes of electromagneti-
cally induced transparency. Specifically this is imple-
mented under symmetric-EIT driving either through the
inverted-U (P) configuration of Fig.1(A) or through the
two inverted-Y (Y') configurations of Fig. 1(B, (). First,
this extends typical cooperative nonlinearities observed
in Rydberg atoms, whose nonlinear response depends on
the incident field intensity at a fixed polarization [28—
30], to polarization-conditional cooperative nonlineari-
ties. Second, different cooperative nonlinearities aris-
ing from specific probe and trigger polarization choices,
through the selection of specific Rydberg excitation
paths, give rise to different optical cross-nonlinearities
between probe and trigger. Polarization-conditional in-
teractions between these two weak fields enable us to de-
vise polarization-encoded cross-nonlinearities exhibiting
a large cross-phase modulation effect with little losses.
Third, our polarization-conditional scheme takes place
within the same 8"Rb superatom, at variance with what
occurs, e.g., in cross-Kerr like [31], resonant absorbing
[32], transversely separated [33], and site addressable [34]
Rydberg nonlinearities. Last and at variance with a sim-
ple Kerr-gate that depends on the intensity of a control
field [18-21] (scalar gate), our polarization selective opti-
cal nonlinearities scheme may be relevant to a Rydberg
polarization-gate. The latter is a vector gate, with two or
more independent photon states simultaneously present,



able to perform vector-state manipulations needed for
quantum information processing.

We describe the evolution of the atoms internal vari-
ables through a standard set of Liouville eq.s briefly il-
lustrated in the basic model of sect.Il while the atomic
response to the probe and trigger fields in the inverted-W¥
and in the two inverted-Y configurations are discussed
respectively in sect. III(A) and sect. III(B, C).

The Rydberg blockade effect is discussed here by treat-
ing the atoms through a superatom (SA) model suitably
including two-photon correlation [30, 35]. A detailed
account of the Rydberg populations resulting from the
three different polarization-dependent excitation paths of
Fig. 1 is given in sect. IV(A) and IV(B).

Depending on whether or not the high Rydberg
state is excited (dipole blockade) and depending on the
polarization-excitation path selected, different coopera-
tive Rydberg nonlinearities are observed. These will give
rise in turn to different cooperative dispersion and ab-
sorption effects, which we study in sect. V for a pair of
monochromatic probe and trigger fields under the dif-
ferent polarization configurations of Fig. 1. Concluding
remarks about the paper’s main results and their impli-
cations for polarization-encoded phase-gate applications
are given in sect. VI.

II. THE BASIC MODEL.

Our aim is to exploit the Rydberg blockade to devise
a polarization selective scheme leading to large cross-
nonlinearities between two weak optical fields, say a
probe and a trigger, yet minimising losses. We further
seek a driving configuration that is symmetric as possible
with respect to the probe and trigger transitions so as to
avoid any group velocity mismatch between them as they
simultaneously propagate through the sample.

A symmetric inverted-Y configuration of levels
[Fig. 1(B,C)] would actually allow to couple probe and
trigger, respectively, to the transitions from two distinct
ground states to a common intermediate excited state
which is, in turn, coupled to a higher Rydberg level via
a strong dressing field in a ladder-like EIT level scheme.
The distinct selection rules of the two lower transitions
provide the required dependence on probe and trigger po-
larizations. However, when Rydberg blockade is turned
on detuning the Rydberg level out of resonance, this
inverted-Y configuration would become a highly absorb-
ing one. Yet, by adding a strong coupling field resonant

J

with the transition from a third ground state to the in-
termediate excited state, so as to realize a symmetric
inverted-U configuration of levels [Fig. 1(A)], we can pre-
vent absorption. Even when the Rydberg level is shifted
out of resonance making the presence of the dressing field
immaterial, this coupling field allows for a nearly lossless
propagation of probe and trigger in a lambda-like EIT
configuration of levels.

Probe and trigger will then exhibit in general different
absorption and dispersion properties depending on their
polarizations. The inverted-¥ configuration, in particu-
lar, appears to be a natural choice to achieve the above
tasks of polarization selectivity and symmetric driving
accompanied by small losses. This scheme, where probe
and trigger are treated on equal footing, may also be
relevant to cross-phase modulation applications.

A. Symmetric inverted-V configuration.

We specifically consider an elongated sample of N cold
87Rb atoms located at fixed positions and illuminated by
two strong laser fields of amplitudes E. and E; and two
weak laser fields of amplitudes E, and E;. The coupling
(we) and dressing (wg) fields are assumed to have fixed
linear polarizations while the probe (wp,) and trigger (w;)
fields may change from left to right circular polarizations
or vice versa [Fig. 1(A4-C')] and all four fields with respec-
tive frequencies wy, wy, we, and wy interact with the five
levels |g), [m), |a). |e), and r).

The inverted-¥ configuration (case A1), with dipole-
allowed transitions |g) <> |e), |m) < le), |a) < |e), and
le) <> |r), is attained with the "right” [«P or rather ”al-
lowed” ?] choice of probe and trigger circular polariza-
tions, namely a right-circular polarized probe (01'," ) and
a left-circular polarized trigger (o, ). We further assume
that (i) only levels |g) and |m) are initially populated
and (ii) both probe and trigger fields are so weak that
levels |a), |e), and |r) are approximately empty. The
resulting frequency detunings (Rabi frequencies) are de-
fined as 6, = wp — weg (p = Epdge/2R), 6 = wp — Wem
(% = Eidyne/2h), 6 = we — Wea (e = Ecdge/20) and
0q = wqg — wre (Qq = Eqde,/2h) with w;; being the res-
onant transition frequencies while d;; being the electric
dipole moments.

Adopting the rotating-wave and electric-dipole approx-
imations, we first write down the interaction Hamiltonian
for N cold atoms in the symmetric inverted-¥ (P) con-
figuration as

Hy = —hzgzl (6,088 + Apolk + AgolF + Ao lF] - hzgzl [Qpaé;k + Qo lk + QeolF + QaolF +he] (1)

a

with Ay = (8, — 6¢), Ag = (6, — 0c), and A, = (5, +

m €

(

d4) defined as two-photon detunings. After a standard
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FIG. 1: (Color online) Level diagrams of cold ®"Rb atoms driven into the inverted-¥ (A7) and the inverted-Y (B1,C1)
configurations. All atoms are equally distributed between the two ground levels |g) and |m) and transitions to the excited level
le) are induced by weak probe wp (A4,B) and trigger w: (A, C) fields, respectively. The excited level |e) is further connected to
ground level |a) and Rydberg level |r) by strong coupling (w.) and dressing (wq) fields, respectively. The excitation of level |r)
depends on the specific (circular) polarizations of probe and trigger and so is the Rydberg blockade effect (see text). Atoms
inside a superatom (SA) containing one Rydberg excitation are driven into the tripod (A2) or lambda (B2,C2) configuration
since strong dipole-dipole interactions now move |r) far off resonance. Such polarization selective dipole-dipole interactions
give rise to two correlated regimes of electromagnetically induced transparency, namely, ”inverted-U = tripod” (41 = A2)
and "inverted-Y = lambda” (B! = B2 and C1 = (C2).

averaging of local atomic operators in a micro volume §V containing dn atoms centered at z,

we obtain the following Liouville equations
(2)

—xzk 10U — 0 ()
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The remaining coherences and populations o, o, P | lar polarizations, the full ¥-configuration reduces to the
of, of = and of are negligible in the limit of weak  asymmetric inverted-Y scheme (B1) or (C1) of Fig. 1.

probe and trigger fields. We have phenomenologically
introduced the complex dephasing rates 'y;e = Yge — 10p,

By switching both probe and trigger circular polariza-
tions we end up to to a trivially symmetric and vacuum-

’Yéa = Yga — iAav 'Y;r = Ygr — iAm '75/;m = Ygm — iAnu

= —10;, 7y, = —tA” and v = —iA! in
’Yme Yme —10¢, PYma Yma a ’Ym'r Ymr r
terms of the real dephasing rates Yge, Yga, Ygr» Ygm» Ymes
Ymas and Y and two-photon detunings A/, = &; — 4,
and Al = 6; + dg.

Note that the inverted—¥ configuration, associated
with the choice of the "right” [«P or rather ”allowed”
?] circular polarizations and no Rydberg blockade, i.e.,
the case (A1) in Fig. 1, is described by fully symmetric
equations. By switching one or the other of the two circu-

like situation being both probe and trigger decoupled.
On the other hand, when the Rydberg blockade is turned
on and the level |r) is pushed out of resonance the full
inverted—¥ configuration (A1) of Fig. 1 reduces to the
symmetric tripod configuration (A2) while the inverted-
Y configuration (B1) reduces to the lambda configura-
tion (B2) and so is for the reduction (C1) — (C2).



B. Reduced configurations.

The polarization selectivity stems from the selection
rules of the |g) <> |e) and |m) <> |e) transitions. In par-
ticular, in the configuration (B1) of Fig. 1 the trigger
is decoupled from the |m> < |e) transition due to the
”Wrong [P or rather ”forbidden” ?] circular polariza-
tion (o;) which results into an inverted-Y configuration
encompassing levels |g), |a), |e), and |r). Similarly, in
the other inverted-Y configuration with levels |m), |a),
le), and |r) (C1) the probe field is decoupled from the
lg) <> |e) transition due to a "wrong” [«P or rather ”for-
bidden” ?] circular polarization (o). It is easy to attain

the Liouville equations for the off- dlagonal elements aij
of these inverted-Y configuration (B or C1) by setting
respectively €, =0 or Q, = 0 in Egs. (3).

We further stress, in a mean-field sense, that one atom
excited to a Rydberg level |r) shifts the same Rydberg
level of all surrounding atoms due to strong dipole-dipole
interactions (Rydberg blockade). Precisely, the excitation
to |r) of atoms within a blockade sphere of radius R
around the Rydberg excited atom is then strictly forbid-
den owing to a very large resonance shift. Consequently,
within a mesoscopic blockade sphere, the probe (trigger)
optical response is no longer described by the inverted-
U (A1) or inverted-Y (B1, C1) EIT configurations but
rather by the basic tripod (A2) or lambda (B2, C2) EIT
configurations (see Fig. 1). Relevant Liouville equations
for off-diagonal elements O'] and oij in the tripod and
lambda configurations can be easily attalned by further
setting Q0 = 0 in the equations for of and O’ . of the
inverted-¥ and in the equations for the 1nverted Y config-
uration, respectively. A detailed discussion of how such
polarization selective dipole-dipole interactions give rise
to cooperative nonlinearities in correlated EIT regimes
— inverted-¥ = tripod (A1 = A2) and inverted-Y =
lambda (B! = B2 and C1 = (2) — depending on the
SA Rydberg populations will be provided in Sect. V.

III. ATOMIC SUSCEPTIBILITIES

We discuss in this section the probe and trigger steady-
state susceptibilities for all six configurations of atomic
levels examined in Fig. 1. These can be obtained from
Eq.s (3) via a straightforward, albeit lengthy, calculation
of relevant steady-state probe (o4.) and trigger (ome)
atomic coherences, starting from the inverted-¥ (P) con-
figuration (A1).

A. Polarizations {0, 0, }.

For this choice of probe and trigger polarizations and
for intensities such that [Q,]?045 = [Q¢|*Tsmm, the probe

and trigger susceptibilities are,

NyoF
P g¥ ge
Xp = 6 (4)
P Q,
- N ZI’Y;'r 7_:](175/7771‘4* Ogg
VomAg Aty + Vi Vria Agl W ” + Vor Vg Arn 2
NP
Xi = —a (5)
i’y;zrvinavingAzamm
m’y;nqA A* + 7qr7qa m|Qt|2 + V;nr’yinaAyQPP,
where age and of _ are Steady—state solutions of Eq.s (3).

We denote here by N, = Nod? g/2€0h, N = No d?,,/2eoh
and Ny the average Volume dens1ty of a finite atomic
sample of length L. We also define Ay = v}, By+7,,|Q/?

and By = 7).V, + |Q]? as well as A, = 7,,,Bm +
W;nalgd‘g and Bm = V;ne’Y;na + |QC‘2'

The inverted-¥ configuration (A1) can be seen as
made of two adjacent inverted-Y configurations, one in-
volving the probe field (B1) and the other involving the
trigger field (C1), and both sharing the driving and cou-
pling fields Q4 and .. Each inverted-Y configuration
has, in turn, double dark-states [36] whereby the probe
field, for instance, exhibits double-EIT [3, 37, 38] lead-
ing to different transparency windows centered around
dp = 6. and 6, = —d4 with almost identical probe re-
sponses at both window centers. The two windows be-
come centered at the same position when the dark states
become degenerate, namely when §. — —d,4. Clearly, the
same holds unchanged for the trigger response.

The inverted-U configuration (A1), owing to its in-
trinsic symmetric driving structure, further allows for
tuning of these two pairs of dark-states and, in partic-
ular, for their matching. This takes place when 2, =
and 0, = ¢; and gives rise to similar absorptive and
dispersive properties, hence similar group velocities, for
both probe and trigger fields. Note, in fact, that under
such a symmetric EIT driving the two expressions for
X;;D and xF turn into each another upon the interchange
{g & m,p + t} [39]. Matching, in addition, yields al-
most identical probe responses in both inverted-¥ (A1)
and inverted-Y (B1) configurations. Likewise for a trig-
ger field driving the (A1) and (C1) configurations.

Owing to dipole blockade, level |r) may be decoupled,
which reduces the inverted-¥ configuration (A1) to a tri-
pod configuration (A2) whose susceptibilities can easily
be computed from Egs. (3) by setting Q4 = 0, i.e.,

T =N, VgaVgmBmTag (6)
P T (Yam By + Y40l ?) By + a0 [2 By
X? _ Z’yzna’y'/mgB;O—mm (7)

(’}/rngB +7rna|Q | )B* +fY ‘QtPBm

. . +
B. Polarizations {0, o/ }.



The probe susceptibility associated with this polariza-
tions choice corresponds to an inverted-Y configuration
(B1) obtained by setting € = 0 in Eqgs. (3),

s A
Z’Ygr’}/gao-gg

Y
= N,
X g Ag ’ (8)

P

which reduces, in the presence of dipole blockade (€, =
Q4 = 0), to that of a lambda configuration (B2),

L iWéaUgg
Xy =N, (9)
P Ve T 1P

In this case the trigger susceptibility vanishes as in vac-
uum (x} = 0).
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FIG. 2: (Color online) Imaginary (a,b) and real (c,d) parts
of probe and trigger susceptibilities vs. probe and trigger
detunings §, = d&; under balanced driving (see text) with
0gg = Omm = 0.5 and Q, = O, = 3.0 kHz. The suscepti-
bility plotted in (a,c) refer to the inverted-¥ (red-thin) and
inverted-Y (blue-dotted) configurations whose relevant level
transitions are shown schematically in panel (e). The sus-
ceptibility plotted in (b,d) refer to the tripod (red-thin) and
lambda (blue-dotted) configurations with relevant level tran-
sitions shown schematically in panel (f). The coupling and
dressing field parameters are Q. = Q4 = 2.0 MHz, §. = 64 =
1.0 MHz, while the atomic parameters are vge = Yme = 3.0
MHz, vgr = Ymr = 3.0 kHz, v9a = Ygm = Yma = 1.0 kHz,
deg = dem = 1.5 x 10729 Cm, and Ny = 2.4 x 10'% cm ™3,
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FIG. 3: (Color online.) Same as in Fig. 2 except that we take
dc = 04 = 0 here. The pair of probe (trigger) transparency
windows now collapse into a single one centered at d, = d: = 0
(see text) for all configurations whose relevant level transitions
are shown schematically in panels (e) and (f).

C. Polarizations {o,, o, }. This is instead the
reverse situation in which the probe field has a vanishing
susceptibility (x, = 0) while the trigger susceptibility
corresponds to that of an inverted-Y configuration (C1),

Xz’ _ Nm iy;nrvlgaamm ;

or to that of a Lambda configuration (C2),

(10)

- !
L __ Y ma9mm
;=

X —_—
m’Y;ne’Y;na + |QC|2

(11)
As before they are obtained from Egs. (3) by setting,
respectively, 2, =0 or Q, = Q4 =0.

The analytical results (A — C) anticipated above are
further discussed here through the direct computation of
all relevant atomic susceptibilities. In Fig. 2 we plot both
real and imaginary parts of the probe and trigger suscep-
tibilities associated with all six level configurations shown
in Fig. 1. We first observe that, under a symmetric EIT
driving, the probe and trigger fields always exhibit iden-
tical susceptibilities whether we deal with an inverted-
¥ (red-thin) configuration (A7) or with an inverted-Y
(blue-dotted) configuration (B1,C1), that is x = x{

and x;/ = 7 as shown in Fig. 2(a,c). These two panels
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FIG. 4: (Color online) Same as in Fig. 2 except that we take
0c = —0q4 = 80.0 MHz, Q. = 6.0 MHz, and 4 = 8.0 MHz.
The pair of probe (trigger) transparency windows now col-
lapse into a single one (see text) centered at d, = §; = 80.0
MHz for all configurations. The two points ‘@’ and ‘3’ denote
two different reference detunings used in Sect. V.

further show that the probe absorption and dispersion
are nearly indistinguishable for an inverted-U (A1) as
well as for an inverted-Y (B1,C1) configuration, that is
X;IJD ~ XZ~ In the same way this holds for the trigger field,
with xI” ~ xY. At variance with refs. [9, 14, 36], where
slightly different probe and trigger detunings are needed
to balance their absorption and dispersion responses, our
probe and trigger fields interact in a symmetric configu-
ration with identical frequencies and amplitudes. Identi-
cal probe and trigger absorption and dispersion are then
intrinsic to our model.

Fig. 2(a) displays the typical double-EIT spectrum
with two probe (trigger) transparency windows placed
at 0, = . = 1.0 MHz and 6, = —64 = —1.0 MHz and
this occurs for both inverted-¥ and inverted-Y configu-
rations in the non-degenerate near-resonant EIT regime.
One transparency window (§, = §. = 1.0 MHz) opens up
as due to the interaction between the longer probe (trig-
ger) leg and the coupling beam whereas the other window
(6, = —0; = —1.0 MHz) arises as due to the interaction
of the shorter probe (trigger) leg and the dressing beam
as depicted in Fig. 2(e). Such a double-window struc-
ture clearly disappears in the presence of dipole Rydberg
blockade effects when the three configurations (A1-C1)

reduce respectively to the three configurations (42-C2)
(see Fig. 2(f)). This is observed in Fig. 2(b,d) where the
probe (trigger) susceptibility in the tripod (red-thin) and
lambda (blue-dotted) configurations clearly exhibits the
typical single-EIT spectrum with only one window left at
0p = 6. = 1.0 MHz. The two equalities mentioned above
still hold for tripod and lambda configurations, namely
Xpk = x P and xT, =~ xk,.
P D, D,

Fig. 3 is plotted instead for 6. = 04 = 0 (degener-
ate resonant double-EIT regime) in which case the two
transparency windows collapse into a single one. Notice
that in this case the EIT window associated with the
two inverted-¥ and inverted-Y configurations is slightly
wider than the one observed for the tripod and lambda
configurations. Finally, we consider the degenerate far-
detuned double-EIT case attained with 6, = 80 MHz and
d0q = —80 MHz. We show in Fig. 4 the absorption line
to the right of the center of the transparency window at
dp = 6; = 80.0 MHz, on a spectral range of detunings of
interest for the cross-phase modulation effects discussed
in Sect.V. In particular, two specific choices of detun-
ing will be considered below and indicated by the points
‘a’ and ‘A’ in Fig. 4. Such detunings are on the same
side of this absorption line [Fig. 4(a,c))] for the inverted-
¥ and inverted-Y configurations. For the corresponding
tripod and lambda configurations, instead, the points ‘a’
and ‘B’ are placed on opposite sides with respect to the
absorption peak [Fig. 4(b,d)] because the width of the
transparency window is reduced as the driving field is
decoupled (4 — 0). The ‘@’ and ‘8’ detunings will be
chosen in Sect. V to optimize polarization selective cross-
phase modulation effects respectively in long (L = 2.0
mm) and short (L = 0.1 mm) samples, while minimizing
the losses.

IV. SA RYDBERG POPULATIONS

For given polarizations of probe and trigger fields, cold
8"Rb atoms under consideration behave in principle as a
combination of inverted-¥ and tripod EIT systems (A1
< A2) or a combination of inverted-Y and lambda EIT
systems (B1 <» B2 and C1 <+ C2). Such a correlation of
level configurations depends critically on dipole blockade
of Rydberg excitations, which can be quantified by SA
Rydberg populations as discussed below.

Now we transfer to the language of so-called SAs. Each
SA is defined by the ngs ~ 47rN0R2 /3 atoms inside a
blockade sphere of the radius [40]

M| C 1/6
Ry ~ <|Q2+|Qd|2 for |Agl > vge = Yme »

Yge Co 1/6
Ry~ | —2L— for |A =
b (|QC2 + |Qd|2) or | d| << F)/ge ’Ymev

where the van der Waals (vdW) coefficient Cg depends
on the principal quantum number n of Rydberg level |r)



with Cs = n*!(co+cin+con?) for the ns—ns asymptotes
of cold 8"Rb atoms [41]. Using Cg = —1.67 x 103 s~}
umb for n = 90, Ay = 80 MHz, Q. = 6.0 MHz, Q4 = 8.0
MHz, and Ny = 2.4x10'2 cm ™3, it is easy to find that the
blockade radius is Ry ~ 15.4 ym and the atomic number
is nga ~ 36700 for a given SA [42].

A. Polarizations {o;, o, }.

When the probe and trigger fields exhibit a;‘ and o,
polarizations, SAs should be described by the ground
collective states |G) = |gl,gg, ...,gnSA/2> and |M) =
|m1,ma, ..M, 2) as well as the first-order excited
collective states |[A') = (|A) + |A'™))/V2, |E') =
(219) + [E))/ V2, and |B1) = (|R19) + [Rm)) V2

with the following six components

2

|R19> = ”E X Z?ﬁf/z l91. 92, -y, ~-~79n5A/2>
[ 2

|E19> = E X Z;Li?/2 |gl7g27"'7ej7 "'agnsA/2>
/2

’A19> = E X Z:’i‘f/2 ‘917.927"'7aj7"'7gng,4/2>

2

|R1m> _ E x Z;Li?/z |m1,m2, vy T, ...7mnSA/2>
2

|E1m> _ @ % Z;Ljfﬁ |m1,m2, <y €5, ...,mnsA/2>
2 m

|A1m> _ @ . Z;Liix/Q |m1,m2, ooy Qg enny nsA/2>

while other higher-order excited collective states (with
more than one atoms at level |r) or level |a)) can be
neglected near the EIT window center [35].

The SA operators 3;; = |I) (J| obey similar dynamic
equations as those for atomic operators o;; = i) (j| ex-
cept that the probe and trigger Rabi frequencies should
be respectively replaced by [43]

Q,,—m;:,/”% Q, Qt—m;:,/"% Q. (12)

That is, the collective transitions |G) <« |E') and
|M) <+ |E'™) are enhanced to have respectively Rabi
frequencies 27 and 2}, which may be comparable to 2.
and Q4 even if Q, ; < Q. 4. Note, however, that dipole-
dipole interactions may result in the modification of two-
particle quantum correlations. As a matter of fact [30],
ngt should be further replaced by Qg’t gp,t to include two-
photon correlations

<QL,tQL,tQp7tQpﬁt>
(8h.00e)

quantifying the probability of having at least two photons
in a blockade volume, but we have g, — 1.0 near the
center of a degenerate EIT window at 6,; = —d0q = .
with |d¢ 4] > V4. when the input probe and trigger fields
are in coherent states [35]. Thus we obtain from Egs. (3)

Ipt = (13)

0,5E = . SF visl 1 sl +ish sl

sl = .Sk + sl

onl = -, 3P 4.5l

pP—4g9

6152516 - 7")4)1621’1;6 + ZQZETZT + iQCETFr:a + iQxh + Zﬂfzim

615250, = _77/71(12510, + Zszrljze
_’Y’I/”I’LTEELT + Z-defle

atszw =

p—mg

ozl =20 +iTel il

for the inverted-¥ double-EIT system. To solve Egs. (14)

in the steady state, we should first express 25 o and xbP

in terms of the variables ZZ and three considerations are

now in order. First, we recall that

P WP P P
EP _ EgP + EmP _ Eagzga 2afnzma
aa — “aa aa T P P ’
by DX
a9 mm
P P P P
289295 Eemzrn,e

P P P
266 = Ege + EZ; =

P P )

p~em

(

Py P P P
wP —yoP 4 ymP _ rg¥gr | Srm Sy
rr — “rr rr P P
by by

99 mm
P

and second we notice that X
rable to Ef;g and P

mm?

P and ¥I may be compa-
as a result of enhanced collec-

tive transitions, whereas X is negligible owing to quan-

tum destructive interference in the EIT regime. In fact,
S9P /89l ~ Q2/Q7 and 248 /2P ~ 42 /QF in the two-
photon near-resonant case of |A, .| < Q.4 as well as
smP /smP ~ Q2/Q2 and S /SMP &~ 42 /2 in the

rr



two-photon near-resonant case of |A[, | < Qc g4, as fol-
lows from Egs. (14) in the steady state. Third, notice that
2P+ 298 +vF =05 and SRP + XP + 20 =05
in a good approximation for the boundary conditions
Qp(z = 0) = Q(z = 0) and initial conditions ¥, (t =
0) = X,um(t = 0), as follows from the second consider-
ation and the conservation of the SA population. From
all the above we obtain,

which are then used to solve Egs. (14) upon setting
8&35 = 0 to arrive at the following steady state SA Ry-
dberg populations

1 1
P _
Sh=+ Z\/l —16(SE P 4+ %P %P ) (15)
1 1
Sha =1+ 1y/1— 165,58, + 22, 5E,)
o 050744 P2 12

mP __
Err

|Ag + Ve (Vma/ Vom) 2512 (Ag /A% + Yor (Vga/ Yam) I P12 + (750l Qal? + 752 1€22) 125 2
0-5|77nq | *[€2]2|€2l?

(16)

for the inverted-¥ double-EIT system.
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FIG. 5: (Color online) Rydberg populations of SAs for the
inverted-Y (a,c) and inverted-¥ (b,d) configurations in the
degenerate resonant double-EIT regime with 6. = —d4 = 0.
Red-thin and blue-dotted curves correspond, respectively, to
Ygr = Ymr = 3.0 kHz and v4r = 7Yymr = 5.0 kHz. Other
parameters are the same as in Fig. 3 except 2, = Q¢ = 30
kHz in panels (a,b); €, = Q; = 50 kHz in panels (c,d).

B. Polarizations {o;}, o/} ({0, , 07 }).

When the probe and trigger fields exhibit 0‘; and o,
(or 0, and o, ) polarizations, SAs are described by the
collective states |G), |A'9), |E'), and |R'Y) (or |M),
|A1m>, |E1m>, and R1m>) in the inverted-Y configura-
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FIG. 6: (Color online) Rydberg populations of SAs for the
inverted-Y (a,c) and inverted-¥ (b,d) configurations in the
degenerate far-detuned double-EIT regime with 6. = —d4 =
80 MHz. Red-thin and blue-dotted curves refer, respectively,
to Ygr = Ymr = 3.0 kHz and v4r = ymr = 5.0 kHz. Other
parameters are the same as in Fig. 4 except Q, = Q¢ = 30
kHz in panels (a,b); ©, = ; = 50 kHz in panels (c,d).

tion. In this case, relevant SA Liouville equations can be
derived by setting Qf = 0 or ) = 0 in Eqgs. (14). Then
with similar considerations mentioned above, we obtain



the following SA Rydberg populations

v _ 05150 21925 % ul? -
™ AP+ (P10l + T IO P
— 0.5 P12 10
" AP T (a1l + o, PP P

for the inverted-Y double-EIT systems. In a good ap-
proximation, they are restricted by $9Y +39Y +XY = 0.5
and XY 4 ymY 4 vY

mm

= 0.5, respectively.

In Fig. 5 and Fig. 6, we plot SA Rydberg populations in
the inverted-¥ and inverted-Y configurations as a func-
tion of probe and trigger detunings 6, = ¢, for realistic
values of €, = €y and of Vg = Vymr. Fig. 5 is attained in
the degenerate resonant EIT regime with 6. = —d; = 0
while Fig. 6 is attained in the degenerate far-detuned EIT
regime with 6. = —d; = 80 MHz. We observe a remark-
able difference of SA Rydberg populations 297 — £9Y
(xmP — ymYy even if Q,; < Q4 since it is possible
to have €27 ; ~ (2. 4 in a dense enough sample. We also
observe ¥9Y = ¥mY » »9P = $mPindicating that
SA Rydberg excitations are large when only the probe
or trigger field is coupled to the |e) level, while they are
suppressed when both probe and trigger fields are cou-
pled to the |e) level. This is a salient result as it prompts
a large difference between the SA Rydberg populations
respectively in the inverted-¥ and inverted-Y configura-
tions, which might be exploited to attain large condi-
tional phase shifts [44, 45]. Such a suppression basically
arises from the facts that (i) the collective SA transition

J

Xy =250, +(1=2540)x,  for

i =2+ (=2 g for o
X =2k (=2 )y for |

X5 =250 Xt + (1=25700 )\,

clearly showing cooperative dispersion and absorption ef-
fects depending on whether or not the ensemble is op-
tically driven into the Rydberg state (dipole blockade).
The concept of an excitation blockade sphere,
adopted here [46] to get an intuitive physical pic-
ture of the effects of the dipole-dipole interaction
on the probe and trigger coherences (2), enables
one to include the Rydberg blockade effects in the
average atomic susceptibilities (18-21) which will
then be used to describe the optical response of
the entire sample. A monochromatic probe impinging
over a sample of length L with a vacuum wave-vector

amplitudes |G) + |E19> and |M) < }E1m> are both en-
hanced by the large factor y/ns,/2 and (4i) in the sym-
metric inverted-U configuration (A1) the two transition
pathways interfere destructively yielding a greatly sup-
pressed Rydberg population compared to those attained
by excitation through the asymmetric inverted-Y config-
urations (B1 and C'1), encompassing instead only a single
transition amplitude.

It should be finally noticed that in the limit of weak
probe and trigger fields, even when dipole blockade is
effective, the actual fraction of atoms in levels different
from |g) and |m) remains very small: even for SA Ry-
dberg populations of order 1 as in Fig. 5 and Fig. 6,
Oee < Oga ~ Opr < 107% as nga > 30000. Then, heating
of the sample due to absorption of coupling and dressing
fields is strongly suppressed as both coupling and dress-
ing fields interact with nearly empty levels.

V. RYDBERG COOPERATIVE
NONLINEARITIES

With the individual susceptibilities of Sect. III and
the superatom populations of Sect. IV, we now exam-
ine the dispersion and absorption properties exhibited
by a pair of monochromatic probe and trigger fields trav-
eling through an atomic sample under the three different
polarization configurations of Fig. 1. For each of the cor-
related EIT regimes A1 «» A2, Bi+> B2 and C1 + C2,
the susceptibilities can be written as,

p o, & 0[} (18)
k& a;} (19)

of & aj} (20)

for {op— & o—;}7 (21)

(

k, experiences, e.g., the phase shift

6" = Re(xi ")y L/2, (22)
whereas the extinction coefficient is

kot =TIm(x%")k, L/2. (23)

Similar expressions for ¢;’“ and ;" hold for the trigger
upon replacing p — ¢ in the above equations. Because
the susceptibilities x[, (x}.;) and x}.; (xp,) are indis-
tinguishable (see Fig. 4) and the populations X9 (¥mF)
and L9Y (X™Y) are in general very different (see Fig. 6),



we expect that ¢f (k%) be different from ¢}, (x5) and like-
wise ¢¢ (k%) be different from ¢§ (k). Such departures
are then a direct manifestation of the cooperative nonlin-
earities arising from the dipole Rydberg blockade. When
Rydberg transitions are involved, in fact, the steady-state
optical response, hence the phase shifts and absorption,
will also depend on the probability to find an atom ex-
cited into the Rydberg state.
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FIG. 7: (Color online) Cooperative phase shifts (a) and ex-
tinction constants (b) acquired over a L = 2.0 mm long
sample around the point ‘@’ [Fig. 4] under the inverted-¥
(A1) (red-thin line) and under the inverted-Y (B, C1) (blue-
dotted line) EIT configurations. Here vgr = ymr = 3.0 kHz
and Q, = Q; = 50 kHz while other parameters are the same
as in Fig. 6.
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FIG. 8: (Color online) Same as in Fig. 7 for shifts (a) and

extinctions acquired over a L = 0.1 mm sample around the
point ‘4’ [Fig. 4]

We plot in Fig. 7 and Fig. 8 the cooperative phase
shifts ¢2* = ¢{*° and extinction coefficients £ = k7
as a function of probe and trigger detunlngs Op = 0y
This is done respectively for a long sample (L = 2.0 mm)
containing 65 SAs around point ‘e’ and for a short sample
(L = 0.1 mm) containing only about 3 SAs around point
‘B’ in the degenerate far-detuned regime with §, = —d4 =
80 MHz [Fig. 4,6]. We can reach ¢ = ¢f = 0.777 and
QS?, = ¢y = 1.27w, with r; = k{ ~ 0.027 and ng = K{ =R
0.04m at §, = d; = 80.17 MHz (point ‘@’) in Fig. 7. We
further observe ¢; = ¢f = 0.487 and qbb = ¢f = —0.017
with r; = K ~ 0.047 and Iip =K ~ 0.047 at 0, = 6 =
80.850 MHz (point ‘5’) in Fig. 8.

The cooperative nonlinearity arising from the Rydberg
blockade may finally be compared with those arising from
standard cross-Kerr EIT processes [2—4, 36] and to this
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FIG. 9: (Color online) Same as same in Fig. 7 with coop-

erative phase shifts (a) and extinctions (b) acquired under
the inverted-W (A1) (red-thin line) and inverted-Y (BI, C1)
(blue-dotted line) EIT configurations, with |r) being a normal
excited state. Shifts (c) and extinctions (d) acquired under
a tripod (A2) (red-thin line) and Lambda (B2, C2) (blue-
dotted line) EIT configurations. Parameters and notation as
in Fig. 7.

extent we examine two specific cases. We take (7) a sam-
ple driven in the inverted-¥ and inverted-Y double-EIT
configurations, yet with |r) being a normal excited level
and (7) a sample driven in the tripod and lambda single-
EIT configurations. In the case (1), the probe and trigger
phase shifts reduce to ¢}, = Re(x),)kpL/2 and ¢}, =
Re(x, +)kp,+L/2 while the extinction constants reduce to
kb = Im(x) )kt L/2 and k), = Im(x, ,)kpsL/2. In
the case (ii), on the other hand, we have for the phase
shifts ¢£t = Re(xit)kp,tL/Q and ¢£,t = Re(Xﬁ,t)kp,tL/Q
and for the extinction constants x], = Im(x} ;)kpL/2
and /ﬂgt = Im(xﬁ’t)k:p,tL/Q. This is shown in Fig. 9
where we use the same parameters as in Fig. 7 and
plot in the left (right) panels the individual phase shifts

PY T,L o .

oY = ¢, (¢t = ¢;") and individual extinction
PY T,L :

constants kY = ;" (sl = k) around point

o’ [48]. Similar levels of absorptive losses and of (ab-
solute) phase shifts are observed in Fig. 9. Yet unlike in
Fig. 7, there are no appreciable differences between the
two choices {0}, 0, } (both probe and trigger coupled)
and {U;E, ati} (either probe or trigger coupled) for probe
and trigger polarizations. This indicates that the condi-
tional Rydberg blockade can be exploited to attain cross-
phase modulation efficiencies that cannot be achieved at
all with the usual Kerr-EIT nonlinearities that we exam-
ined in Fig. 9.



VI. CONCLUSIONS

A pair of weak probe and trigger fields interacting with
a pair of strong coupling and dressing fields through a
dense sample of cold rubidium atoms that may be driven
to a Rydberg state can experience diverse regimes of elec-
tromagnetically induced transparency (EIT) depending
on (a) the probe and trigger polarizations and (b) the
presence of Rydberg blockade effects. This hinges on
the probe and trigger circular polarization selection rules
and on the strength of the linearly polarized coupling
and driving fields, a most relevant instance of which is
illustrated in the five-level inverted-¥ EIT configuration
(A1) of Fig. 1. The optical response in this configura-
tion is central to this work and enables us, in turn, to
readily compute the optical responses of other (reduced)
EIT configurations such as, e.g., inverted-Y, tripod, and
lambda (Sect. III). In each of these EIT configurations,
whether Rydberg blockade is present or not, the probe
and trigger propagation can be engineered so as to occur
without significant absorption and dispersion. Depend-
ing on the choice of circular polarizations, on the other
hand, probe and trigger cooperative cross nonlinear in-
teractions originating from the Rydberg blockade become
much stronger than those observed in typical Kerr-EIT
media at the same level of linear absorption and disper-
sion [2—4, 36].

Our inverted-¥ configuration, characterized by large
polarization conditional nonlinear interactions between
two weak optical fields with little absorption and disper-
sion, allows for efficient cross-phase modulation effects.
The required conditions are (%) a degenerate EIT regime
(6. = —d4) with large enough coupling and dressing fields
(Qc.a ~ Yge ~ VYme), (1) far off resonant probe and trig-
ger EIT windows (§, = 0; = 6. = —6q=80 MHz, in
our case) to guarantee that the two-photon correlation
functions g, ~ ¢; ~1, and finally (44) symmetric driving
with equally populated grounds |g) and |m). The last
requirement is not only beneficial to achieve probe and
trigger fields matching but also to ensure a suppression
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of the Rydberg population for the polarization choice of
Fig. 1(A4), in comparison with those of Fig. 1(B) and Fig.
1(C). One key advantage of our scheme is that Rydberg
blockade results in the conditional reduction from a dou-
ble EIT configuration to a simple EIT one, rather than
to an absorbing one. This is the critical point for sup-
pressing linear absorption and dispersion for any choices
of probe and trigger polarizations.

The scheme we propose appears as a promising tool to
implement a variety of all-optical polarization sensitive
cross-phase nonlinearities with (polarization) conditional
shifts of the order w. Dipole blockade depends on the
probe and trigger polarization states with the inverted-¥
and inverted-Y configurations exhibiting in fact quite
different SA Rydberg populations. In particular, the
scheme we propose could provide the basic physical
mechanism for a universal vector gate [14] in which the
nearly lossless and distorsionless propagation of probe
and trigger pulses would be naturally matched thanks to
the symmetry of our configuration. Large values of phase
shift could be attained not only in samples containing
only a few Rb superatoms, but also employing very
weak pulses. We anticipate that cross phase shifts of
order 7 might be achieved with pulses containing only
a few hundreds of photons, the reason being that the
variation of superatom Rydberg populations is mainly
determined by ng, Qit so that small Rabi frequencies
Q,+ may be compensated by a large number ng, of
atoms per blockade sphere.
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