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Efficient generation of entanglement is an essential requirement for quantum communications;
however, long distances can only be achieved utilising entangled states that can be efficiently mapped
into matter. Hence, sources generating states with bandwidths naturally compatible with linewidths
of atomic transitions are crucial. We harness the indistinguishability between two spontaneous four-
wave mixing processes to achieve the heralded generation of single-photon frequency-bin entangled
states. State manipulation admits entanglement and generation probability optimizations yet with
negligible absorption. The scheme could also be adapted to photonic and solid interfaces.

Quantum states of light are crucial for quantum com-
munications as well as for all emerging quantum technolo-
gies. The propagation of quantum states through optical
channels is however dramatically affected by losses mak-
ing quantum networks a hard task to accomplish. In spite
of this, the seminal paper of Duan et al. [1] proposed long
distance quantum communications through the entangle-
ment of distant atomic ensembles. Since then, a grow-
ing attention has been devoted towards the development
of narrowband sources of quantum states of light to effi-
ciently map light into atoms. Recently, several generation
schemes based on spontaneous four-wave mixing and Ra-
man processes in atomic ensembles have been proposed
and demonstrated such as, e.g., entangled photon pairs
generated in trapped cold atoms [2-5] and in hot atoms
vapor cells [6]. In such schemes, the quantum states can
be generated with bandwidths naturally compatible with
the atomic transitions, allowing a more efficient map-
ping of light into matter. Unfortunately, such processes
are probabilistic and the generation happens at random
time with very low probability. In order to circumvent
this limitation, so called heralded schemes, where desired
output states are announced by ancillary photons, are re-
quired to permit both further processing into quantum
communication networks and quantum state characteri-
zation [7].

Within this context, it is convenient to exploit the
multilevel structure of a resonant media such as atoms
or atom-like systems [8-10], in order to engineer the
generation of quantum states in a frequency multimode
scenario [11]. In this Letter, we propose a scheme for
the heralded generation of single-photon color entangled
states i.e., states where a single photon excitation is si-
multaneously shared by two distinct frequency modes

of light, exploiting indistinguishably between four-wave
mixing processes. We show that narrowband colour en-
tangled states can be engineered and efficiently gener-
ated only if some specific conditions between detunings
and Rabi frequencies of pump and coupling fields are met.
Propagation [12] and mapping [13] onto a quantum mem-
ory of color-entangled states through a specific atomic
interface has recently been studied hence the present
work represents an additional building block toward
the realization of a quantum network, in which colour-
entanglement is generated, manipulated and stored.

The underlying physical mechanism hinges on a four-
photons spontaneous four-wave mixing process in a three-
level third-order nonlinear medium where, in the pres-
ence of a pair of weak coupling (w.) and pump (w,) co-
propagating beams, Stokes and anti-Stokes photon pairs
emerge (Fig.1). The two processes, one (A) leading to the
emission of a Stokes (w,) and an anti-Stokes (wqs) photon
pair and the other (B) leading to the emission of the same
Stokes (ws) yet a different anti-Stokes (wqs) photon are
sketched in Fig. 1(blue and red lines) and governed by the
following energy conservation laws w, 4+ wqes = wp + we
and w, + wesr = 2wp, respectively . The main feature
of the scheme is that under suitable pump and coupling
conditions () the probability that the two processes A
and B occur simultaneously can be made to be negligi-
ble while (i) the generation of anti-Stokes photons either
through process A or through process B can be made to
occur with the same probability. Hence the detection of
a single-photon at frequency ws will entail, via a state-
projection measurement (Fig. 2), the emission of an anti-
Stokes photon though its detection does not reveal, even
in principle, at which frequency i.e. wgs or wys has been
emitted. Such an indistinguishability results in the state
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FIG. 1. Single-photon color entanglement. [A.] A pair of weak coupling (w.) and pump (wp) beams spontaneously
scatter through the third-order nonlinearity of a three-level atom to generate an anti-Stokes photon was (red) and a Stokes
photon ws (blue). [B.] The different pair {w,,/,ws} of photons can be generated through spontaneous scattering off the pump
(wp) alone. The spontaneous four-wave mixing processes A. and B. result in a small probability of generating single anti-Stokes
photons at frequencies wqes and w,,. For certain atomic parameters (v,I', N/V) and (driving) pump and coupling detunings
(Ap,c) and Rabi frequencies (€,,.) (see Appendix), the emission of one single-photon through channels A. and B. can be made
to be undistinguishable subject to a state-projection measurement on the Stokes (ws) photon (Fig. 2). The sample has a density
N/V ~ 5 x 10"2em™2, length L = 100um, while atomic levels correspond to the transition 5251/2 — 52P1/2 (®*Rb D line)

with A31=795 nm, we1 = 27 X 3 GHz and decay rates ' = 27w x 5.75 MHz and v = 27 x 10 kHz.

superposition,

«Q ‘1>was|0>wa5/ + B8 10)w,.

Do, .- (1)

It turns out that o and [ essentially depend on the
medium linear and nonlinear optical response hence di-
rectly tunable through the pump and coupling driving
fields. This state may be envisaged as the frequency-
entanglement counterpart of the familiar single-photon
path entanglement [14, 15], or time-bin entanglement [16]
used as important resources in quantum protocols to con-
vey and process quantum information [17-20].

Two more processes will clearly contribute to the her-
alded generation of single-photon state (1), namely those
involving the spontaneous generation of the different
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with the fields (negative) frequency parts E; and E;
computed as usual [22] and with space-time dependen-
cies purposely omitted here. Here, we have assumed
that control and pump fields have a fixed relative phase-
relationship that can be arbitrarily controlled and tuned.

The four third-order optical nonlinear susceptibilities
Xl(B) for | = {A,B,C, D} in (3) correspond to the four
spontaneous nonlinear mixing processes triggered by cou-

Stokes-anti-Stokes pairs {ws,wes} (C) and {ws,wqs}
(D) also sketched in Fig. 1 (gray lines ). However the pro-
jection procedure above will prevent the processes { C,D}
from concurring to the generation of the state (1) [21].

Entanglement generation.  Assuming classical
fields in the form of plane-waves EZ'" = Ejetker—iwit with
i = {c, p}, respectively for the control and pump beams,
and standard field operator

A 1 2hw
+ i[kj (w) r—wt] 4 .
Ef = NG /duu / oA ki @)=ty () (2)

with j = {s, as}, for the Stokes and anti-Stokes photons
propagating with a (complex) wave-vector k;(w) [22-24],
the effective Hamiltonian describing the photon-atom in-
teraction can be written as,

L/2 . ~ . ~ . R . .
/ Az} Ef B BBy + x5 EY Ef B B +xG EXES B BL + x5 EXESELES] + he., (3)

(

pling and pump. Details on the susceptibility expressions
are given in the Appendix. For the sake of clarity we re-
strict to a nearly 1D generation geometry with Stokes
and Anti-Stokes photons emitted in the z-direction and
with a fixed (transverse) mode-profile cross-section A
across the interaction region L. We further assume that
the Stokes and the anti-Stokes are initially in the vacuum
[0)s |0)s/]0)as |0)as — |0), so that in the weak sponta-
neous scattering limit [25] one has for the output state,
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Although states with more than one photon per fre-
quency mode are possible (higher order processes), they
are nevertheless unlikely owing to small nonlinearities of
the weak spontaneous scattering [25] we examine here
(4) is the generated state to a very good approximation.
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The four “two-photon” states are generated, in general,
with different amplitude probabilities f; for each of the
four terms | = {4, B,C, D} (Fig. 1A4). The generation
of the pair {ws,wqus}, e.g., occurs with the probability
amplitude,

AkaL
falw,w') = —i—x, (w,w")E, E, sinc ( ];A ) L, (5)

which depends on the electric field amplitudes (E,,E.)
directly and through the susceptibility Xf)(w,w’ ), and
on the z-projection Akg = (kqs + ks — kp — k) - 2 of
the wavevector mismatch (momentum-conservation) for
co-propagating pump and coupling beams. We restrict
here to collecting Stokes and anti-Stokes photons pairs
that are emitted with a very small angle with respect to
the z-direction. Therefore, the phase-mismatch is given
by:

Aky = %nl?)(was)'i_%nz%(ws)_%nl?)(wp)_&nQB(wc)
(6)
where n;;(w) = 14+Re[x;;(w)]/2 is the index of refraction
calculated from the linear susceptibility x;;(w) associated
with the |i) — |j) two-level transition (see Appendix).
The probabilities for the three other processes B, C, D
are instead obtained exchanging ¢ — p and as — as’ [to
obtain fp(w,w’)], ¢ > p, s = s’ and as — as’ [fo(w,w’)],
and p — cand s — s’ [fp(w,w’)], while the same applies
when computing the other mismatches Akp ¢ p. It fol-
lows from (4) that the detection of a Stokes photon at
frequency wy (Fig. 2) projects |¥) ¢ into a superposition
of anti-Stokes single-photon with frequency w,s and wqs,

|\IJ>P :|:s<0|&s(ws):| |\I’>out =
fA(wasa ws)|1>a5|0>as/ + fB(Was’;Ws)|O>as|1>as’ (7)

which corresponds to the state sought for in (1) with
(complex) coefficients o — fa(wqs,ws)/v/N and § —
IB(Was,ws) /N, being N' = |fa]®> + |fp|* (normaliza-
tion). Here |1); = a'(w;)|0) denotes a single-photon state
at the frequency w; with i = {as,as’, s,s’}. The degree
of entanglement in |¥),, which depends through f4 and
fB on the medium optical response (linear and nonlin-
ear) and the wavevector mismatch can be all-optically
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FIG. 2. Stokes state projection. Under specific pump
and coupling drivings of a sample of cold ¥*Rb atoms pairs
of pump and coupling photons scatter via spontaneous four-
wave mixing into pairs of Stokes and anti-Stokes photons
{ws, was }, {ws, was' } {wsr,was} and {wer,was ). A 7single”
photon can be shared by two different modes wqes and wqg
if a Stokes photon w, is detected (lower-box). Such a con-
ditional detection “heralds” the generation of the entangled
state |¥) (upper-box).

controlled through pump and coupling (Fig. 1). It turns
out in fact that we can span continuously from a mawi-
mally entangled state (o = 3 = 1/v/2) to a pure photon
state [26] (& = 0 or 8 = 0) directly through the Rabi
frequencies 2, . and detunings A, . [27]. We adopt here
the negativity of the partial transpose (NPT) concept
to quantify the degree of entanglement. This has been
introduced in [28] and it is based on the Peres-Horodecki
[29, 30] separability criterion thereby NPT = 1 corre-
sponds to maximally entangled states and NPT = 0 to
separable ones. For the specific state |¥), in (7) we have
NPT =2|al|f].

Entanglement engineering. We will focus in the
following on three representative situations to illustrate
how entanglement can be efficiently engineered. We
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FIG. 3. Raman-like regime. Negativity of the partial
transpose (NPT for the state |¥) in (1) with A, = —1 GHz,
A. = 10 GHz vs. varying pump and coupling intensities
(¢ Qp,c). For fixed driving intensities, maximum NPT values
(dashed line) may be attained by tuning A.. Inset. Plot
section at Q, = 2 x 107*T": maximum entanglement is tuned
through the coupling intensity (o €Q.).

choose a realistic set-up made of cold ®Rb atoms [31],
though we anticipate that the generation mechanism is
general enough to be suited to non-atomic architectures
as well [32-37].

We start considering the case of weak driving fields and
both far detuned from resonance, i.e., Q, . < /AT and
|Ap.c| > T. In these conditions, the indexes of refraction
for all the frequency components are very close to unity,
thus phase matching conditions are basically satisfied
(Akg,Akp ~ 0) over a wide range of frequencies (tens
of Gigahertz) by energy conservation. This is reported
in (Fig. 3) where a nearly balanced spontancous Ra-
man scattering regime with NPT = 1 over a parameters
region for which Q./A.; ~ ,/w21. Maximum entangle-
ment can then be directly tuned through the off-resonant
coupling detuning (A.) (dash-line), else through its in-
tensity (2.) (Fig. 3 inset), and can always be achieved at
vanishing levels of absorption (R ~ 107*). The genera-
tion probability of the entangled state is the probability
to find a single-photon state in modes w,s and w,s and
this is P = [(Las|¥)p|* + [(Las [¥)p|* = [fa]? + | f5[*. In
the spontaneous Raman regime (Fig. 3) we find values of
NPT close to unity with probabilities P ~ 1073 when
background level populations are completely unbalanced

(pd1 > p9,).

Anti-Stokes generation probability P will improve if
one or both driving fields are brought close to reso-
nance though absorption at each anti-Stokes mode will
become important [23]. This turns out to be an impor-
tant generation regime which we will discuss below. A

0.99

0.80

0.60

Q,/T

0.40

0.20

Q. /T

FIG. 4. Near-resonance regime. Same as in Fig. 3 with
A, = —TI', Ac = I'. The generation probability is almost
constant P ~ 1075 in the region in which NPT > 0.9, while
increasing as NPT decreases. The anti-Stokes wqs losses are
constant with €, yet varying with . from total absorption
to < 0.2% (2 = 6 I'). Anti-Stokes w,s losses, constant with
Qc, range from a ~ 3% max (2, ~ I') to almost no loss at all
(Q,=6T1).

proper assessment of the negativity of the partial trans-
pose function in the presence of absorption is in order,
which is done now by adopting a standard beam splitter
model [38]. According to this model, the dissipative pro-
cess is formally described by means of a loss-less beam-
splitter that mixes the ideal state with the vacuum, then
the partial trace over the lossy channel returns the state
subjected to losses. Thus, the lossy state appears to be
noisy and attenuated by the reflection coefficient (R) of
the beam splitter that accounts for the absorption.

We apply this losses model to each anti-Stokes mode
with absorption R(w), which is obtained from the imagi-
nary part of the first order susceptibility x13(w) (see Ap-
pendix), R(w) = 1—exp{—Im[x13(w)]wL/c}. The output
state affected by absorption is then used to calculate the
NPT. Hereafter, a NPT close to unity will then en-
sure the generation of a maximally entangled state with
negligible absorption. We report in Fig. 4 the NPT be-
havior for small detunings |A, .| ~ I" and driving fields
such that /AT < Q, . ~ T, showing large variations of
the degree of entanglement along with losses and occur-
ring with generation probabilities P orders of magnitudes
larger than in the Raman case. Maximal entanglement
(NPT > 0.99) is restricted only to the high intensities
region (9, ~ 6 I') with probabilities P~ 10~* provided
that p?; > p3,, i.e., most of the atomic background pop-
ulation (see Appendix) is in the lowest state |1). Losses,
on the other hand, remain small around the high inten-
sity region due to the Autler-Townes splitting and in the
lower intensities region due to Electromagnetically In-
duced Transparency (EIT) [39).
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FIG. 5. Optimal entanglement - a) Same as in Fig. 3 with

A, =-T,Ac=T, Q, =1.5T and with varying background
population values p; of the lowest level [40]. b) Regions
where the NPT > 0.95 (red line hatching) and NPT > 0.99
(red cross hatching) as in Fig. 5a. Anti-Stokes transmission
(T,s) increases with Q. but strongly decreases with p{; if Q. <
. The other anti-Stokes transmission (7ys/) varies in the
range 0.98+1 for 0.5 > p%; > 0.1 and regardless of Q.. The
overlap region (2) between the low absorption areas (light
blue and light orange) yield optimal conditions to generate
colo: entanglement (NPT > 0.99) with a probability P ~
107"

In general, the atoms (optical) response depends on
the atom’s levels relative steady-state background atomic
populations g;; with {j = 1,2,3} (see [40]). As there
exists widely used techniques for accurate state prepara-
tion of cold # Rb samples [31] it may be worth to examine
how entanglement may be engineered also through state
preparation.

Unlike the Raman-like regime, where the NPT be-
haviour (Fig. 1) is unaffected by populations, changing
the background population p?; and p9, of the two lower
levels |1) and |2) leads (see Fig. ba) to optimal NPT
values (NPT > 0.99) at coupling strengths smaller than
those of Fig. 4, with vanishing losses (< 1%). A plot
with all figures of merit - NPT, P and absorption - is re-
ported in Fig. 5b. Optimal color entanglement is seen
to take place within an overlap region for weak driv-
ings Qpc ~ |Apc| ~ T and a largely unbalanced back-
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FIG. 6. Phase-matching conditions. The plots of
sinc®(AkaL/2) (blue line) and sinc?(AkgL/2) (yellow line)
show how the phase-matching conditions can be satisfied. a)
The near-resonance parameters of Fig. 4 are used for the plots
with Q, = Q. = 2T for which the NPT = 0.94. b) Opti-
mal entanglement conditions of Fig. 5 with Q. = 1.6" and
pi1 = 0.1 where NPT = 0.99.

ground populations pJ; and p9, of the two lower levels.
From Fig. 5 it is clear how the manipulation of the lower
populations yields to the optimization of generation as
it guarantees almost the same performances in terms of
NPT and P as those of Fig. 4 yet at much lower £ ,’s
which provides an advantage toward implementation of
the scheme with weak driving fields.

Even though NPT takes into account of all the as-
pects connected to the state generation including phase-
matching through Eq. (5), it is important to show how
the phase-matching conditions Ak and Akp are simul-
taneously satisfied in the near-resonance conditions of
Fig. 4 and Fig. 5. In the former case, perfect phase-
matching occurs over a narrow bandwidth for the emis-
sion of w,s while the w, process is widely phase-matched
[as shown of Fig. 6a)] since it occurs further away from
level |3). On the other hand, in the latter case, Fig. 6b)
shows that the phase-matching conditions are satisfied
simultaneously over the same range of frequencies.

In conclusion, we anticipate that generation of her-
alded frequency-entangled single-photon states may oc-
cur through the Stokes state projection scheme of Fig.2
whereby the detection of a single-Stokes photon in the
frequency mode w; (wy/) does not reveal, even in princi-
ple, which frequency mode wg,s Or wys is populated by



a single-photon. This scenario provides a new tool to
develop quantum communication and information pro-
cessing exploiting the frequency degree of freedom [12].
As it is often the case for non-classical effects of the elec-
tromagnetic field [41], the proposal for entanglement gen-
eration through the indistinguishability between two dif-
ferent spontaneous four-wave mixing processes exhibits
a certain versatility. In principle, it could be adapted to
atoms photonic crystal fibers interfaces [32, 33], to minia-
turized (micrometer-sized) atomic vapour cells [35, 42] or
to solid interfaces with crystals doped with rare-earth-
metal ions [36] or with with N-V color centers [34, 37]
where similar three-levels two-fold configurations exist.

We are indebted to Prof. Jin Hui Wu for many in-
sightful discussions. Support from the Italian Ministry of
Foreign Affairs (MAECI) and the National Natural Sci-
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Rabi frequency. We denote by E. the electric (real) field
amplitude driving the w3y transition and by ps, the cor-
responding dipole moment (Fig. 1.4). Here A, = w32 —w,
denotes the coupling’s detuning from the resonant wss
transition line while o), = p9; — pY; represents the
total steady-state background population difference be-
tween |1) and |3) in the absence of pump and coupling
and likewise for 03, = p95 — pJ5. At thermal equilib-
rium the mean numbers of atoms in level |1),]2) and
|3) are related by the Boltzmann’s law [22, 31] so that
one has, for instance, N§ /Ny ~ e~ (F2=E0)/ksT In par-
ticular, NJ/NY ~ NY/N§ ~ e~ (Fs=Er2)/ksT (g
condition that is frequently matched in cold-atom ex-
periments [31, 44]. The population difference gg-’j =
p}; — P33 =~ pj; amounts to the steady-state background
number density p(]?j =N ]Q /N that one has in the absence
of pump and coupling and with N = N + N + N =
NY + N9 being the total (conserved) number density.
Temperature, level-degeneracy, pumping etc. are com-
monly used to achieve selective excitation of level |2) so
as to vary p9, [31, 45-48].

The spontaneous decay rate I'; of level j = {1,2,3}
with T'y 2 much smaller than I's, I' ~ I's and v =~
(T1+7T2)/2 [31]. In the absence of the coupling (a,. — 0)

the coupling beam

o N|p13\2 { (w31 — was — Ac — 1)
011 —
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APPENDIX: Susceptibilities

Linear susceptibilities. The atomic medium re-
sponse at the anti-Stokes frequencies w,s and wqs is com-
puted through a standard density matrix approach [22,
43] appropriate to the three-atomic levels configuration
of Fig. 1. The diagonal and off-diagonal density matrix
elements relevant, e.g., to the A-configuration (red) of
Fig. 1.A are computed in the limit of a “weak” anti-
Stokes field that is A nearly-resonant with a (stronger)
coupling (w.) through both lower ground levels |1) and
|2). The resulting susceptibility can be written as,

(OJ31 — Was —
1+« Ls Das

CTZ

0 Qe

B ) 0

(

the susceptibility y13(was) recovers the well known ex-
pression for a two-level atom susceptibility whose real
and imaginary parts yield the familiar dispersive and
Lorentzian lineshapes [39, 49]. Likewise in the ground-
state approximation [49] whereby most of the atomic
background population is in the lowest state |1) (p9; ~
095 ~ 0), the dominant term in (8) recovers the well
known expression for a A three-level atom susceptibility
responsible for EIT [39, 49, 50].

The susceptibility x13(w),) for the other anti-Stokes
mode “w!.” can be computed using the same approach
when adapted to the levels A-configuration (blue) of

Fig. 1.B.

Non-linear susceptibilities. The creation of pho-
tons at frequency wgs, €.g., occurs through a third-order
mixing process by which the three different weak beams
{wp, we,ws} interact to generate another weak beam at
frequency wgs = wp+we.—ws, as sketched in Fig. 1.A. The
relevant third-order nonlinear susceptibility can be com-
puted through standard perturbative expansion meth-
ods [51, 52] so that under the assumption that just only
one (excited) energy-level |3) contributes to intermediate
resonances, the susceptibility (resonant part) comprises
two terms, each proportional to the steady-state back-
ground population difference p{; and p9, of the two lower
levels.
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