ON SINGULAR LIOUVILLE EQUATIONS AND SYSTEMS

ANDREA MALCHIODI()

Ezxpository article

In memory of Abbas

ABSTRACT. We consider some singular Liouville equations and systems motivated by uniformization
problems in a non-smooth setting, as well as from models in Mathematical Physics. We will study exis-
tence of solutions from a variational point of view, using suitable improvements of the Moser-Trudinger
inequality. These reduce the problem to a topological one by studying the concentration property of
conformal volume, which will be constrained by the functional inequalities of geometric flavour. We will
mainly describe some common strategies from the papers [12], [13], [21] in simple situations, to give an
idea to the non-expert reader about the general methods we use.

1. INTRODUCTION

One among the most classical problems in Riemannian geometry is to find canonical metrics on a given
manifold. In two dimensions a natural choice is to uniformize a surface looking for metrics of constant
Gaussian curvature. One way to achieve this is to choose a conformal representative, namely a metric
pointwise scaled by a suitable positive function. Given a compact, boundary-less surface (X, g) with
Gaussian curvature K, consider the conformal change g — § = €2 g, where w is a smooth function on
3. It is known that under conformal changes the Gaussian curvature transforms according to the formula

(1) ~Ayw+ K, = Kze*™.
Hence looking for constant K amounts to solving the following PDE on X
(U) —Ayw+ K, = Ke*”,

where K € R. By the Gauss-Bonnet formula, the sign of K has to be the same as that of the Euler
characteristic of X.

We introduce next a singular version of (U). Singular objects attracted a lot of attention over the
past decades, since they arise in many different situations such as limits of Einstein metrics ([2], [14],
[66]), Kahler-Einstein metrics ([28]), as well as in physical applications such as the study of interfaces or
in general relativity.

One of the simplest singular objects consist of two-dimensional surfaces with finitely-many conical
points. The model object is a standard cone, that can be realized with an isometry from a planar circular
sector. Isometries preserve the Gaussian curvature and hence a cone is geometrically flat on its side
surface, but in a weak sense the curvature behaves like a measure at the conical tip. Precisely, if the
opening angle 6 of the cone is written as 6§ = 27(1 + «), a > —1, the curvature at the vertex is a Dirac
mass with amplitude —2ma.

With this model in mind, for py, ..., p, pointsin X and aq, . .., a,, > —1, we will consider the following
problem on a compact, closed surface (X, g) of total volume 1

(2) ~Ayu+ K, =pe*™ — QWZajépj; pER.
j=1
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Equation (2) is a singular version of (U), and a solution will endow ¥ with a constant-curvature metric
on X\ U™, {p;}, and conical angles §; = 2w(1+ «;) at each point p;. All the singular structure is encoded
in the divisor, written as a formal sum

m
o= E Qi Pi.
i=1

Still by the Gauss-Bonnet formula (assuming without loss of generality that Vol,(X) = 1), that can be
obtained rounding-off the conical points and applying the usual Gauss-Bonnet theorem, the constant p
should satisfy the geometric constraint

(3) p=2mx(X) + 27 Z ;.

As we will see, equations (or systems) like (2) also have applications in physics and for those integer
values of the parameters «; are particularly interesting. Geometrically, these would correspond to orbifold
points with angle greater than 27, but for most of this paper we will limit ourselves to describe the case of
negative alpha’s, which is simpler to analyse. Liouville equations arise in Mathematical Physics as well,
to describe mean field vorticity in steady flows (see [18], [24]), Chern-Simons vortices in superconductivity
or Electroweak theory (see [64], [70]). For these problems p represents a positive physical parameter, and
is not assumed to satisfy (3). The points p; are called vortices, and describe either points where vorticity
is imposed by external forces ([69]), or vortex points, namely zeroes of the Higgs field with vanishing
order «;.

To study existence for (2), it is useful to desingularize the problem, as one could exploit its variational
structure. Consider the Green’s function of —A, on ¥ with pole p, namely the solution to

(4) —AyGp(z) =0, —1 onX, with / Gp(x)dVy = 0.
b

It is a standard fact that G, has the asymptotic behaviour G, ~ —% log dy(z,p) near the singularity,
where dg (-, -) stands for the distance induced by the background metric g. Consider the change of variables

(5) u»—>u+27rZaijj(x) :
j=1

after this, (2) becomes
(6) —Agu=p (ﬁ(x)e% - Zz(x)) on X,

where h(z) = e " 2519 G;(@) - Here a(x) is a smooth function on X such that [ a(z)dV, = 1, while

by the asymptotics of G, h satisfies
(7) h>0on X\ U;{p,}; h(z) =~ ~idy(z,p;)?*  near p;

for some constant y; > 0.
Solutions to (6) can be found as critical points of the Euler-Lagrange energy

(8) I,4(u) :/ |Vgu|2dVg+2,0/ a(z)udv, —plog/ h(z)e* dVy; ue HY(X).
b)) b b

Let us recall that in two dimensions H!(X) embeds into LP(X) for any p € (1,00): the embedding can
be indeed extended up to exponential class. The well-known Moser-Trudinger inequality holds, giving a
quantitative estimate on exponentials of Sobolev functions

_ 1
(9) log /E A= gy, < o /E |V ul?dV, + Cs 4,

where u = fE udVy, stands for the average of v on X.
In the singular case the Moser-Trudinger inequality on ¥ has a different best constant, as was proven
by Chen and Troyanov in [25] and [68] (see also [23]).
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Proposition 1.1. ([25], [68]) Let o > —1 for all §, and let h : ¥ — R be as in (7). Then one has the
inequality

1
47 min{1,1 + min; a; }

(10) log/ h(z)e* =0 qV, < / \Vul?dV, + Ch.y
) )

for allu € HY(X).

Notice that the multiplicative constant appearing in the last formula is determined by the most singular
behaviour of the function h, see (7), that becomes unbounded at the points p; with negative «;’s.

Depending then on the value of p, we distinguish three geometric cases: the subcritical, critical and
the supercritical ones. In the first one p < 4rmin{1,1 + min; c;}, and the latter term in I, , can be
absorbed into the first one, giving coercivity of the energy. As a consequence, one always finds solutions
using the direct methods of the Calculus of Variations, i.e. taking weak limits of minimizing sequences.
See for example [51], [65], [67]. In the regular case (U), this situation corresponds to the negative or
zero curvature case. In the second case (p = 4rmin{1,1 + min; c;}) the energy I, , is bounded below
but coercivity is lost, so it is unclear whether minimizing sequences would converge. If compactness
fails, a typical behaviour of solutions (described in more detail later) leads to indefinite concentration of
conformal volume at a finite number of points. For example, in the positive curvature case of (U) (i.e.
on the sphere), the loss of compactness is caused by the action of the Mobius group, which might cause
all conformal volume to concentrate to a single point, but leaving the Euler-Lagrange energy for (U)
invariant. A careful blow-up analysis of the minimizing sequences might still lead to existence results:
we will not discuss the details here, referring the reader to [34], [59] (and to [33] specifically for the
uniformization problem). T he third case (p > 47 min{1,1 + min; «;}) is the most delicate one, and has
no regular counterpart in (U). The fact that p exceeds the Chen-Troyanov constant causes unboundedness
from below of the energy, so it is hopeless to try to find global minima as before. Worse than that, there
are situations in which solutions do not exist: one well-known example is the tear-drop, namely a spherical
surface with only one singularity. It is known that there is indeed no constant curvature metric on such
an object (see also [20], [39], [40], [56] for more general results of this type).

The supercitical case will be the one we will mostly be interested in, and we will show that a variational
approach might still give conclusions in the search of critical points for I, ., of saddle type. In order to find
them, as for the Direct minimization methods, one fundamental condition is compactness. Concerning
problem (2), an alternative was proved in [9] (after previous results in [16], [48], [47] for the regular case):
either a sequence (uy,)y of solutions to (E,, ) (with p,, — 7 € R) stays uniformly bounded, or it develops
a finite number of spheres at regular points and/or American footballs at singular points, see Theorem
3.5 for a precise statement. An American football is obtained from a sphere (possibly covered multiple
times) by cutting two meridians and by gluing the remaining edges. This results in a constant-curvature
singular surface having two equal conical angles § = 27(1 4+ «): by the modified Gauss-Bonnet formula
(1) the total curvature of this object must be 47 (1 4 «).

In the blow-up alternative all the curvature is exhausted in this way and therefore p,,, the total
curvatures of the conformal metric 7162“", must converge to a number in this discrete set

(11) G = {p | p=dm+4r> (1+a;), ne€N, IC {1,...,m}} CR,.

iel
On the other hand, if p does not belong to this set, solutions have to stay compact and variational
methods can be applied. Recall that in the super-critical regime the Euler-Lagrange energy is unbounded
from below. However there is a way to describe how the lower bounds fail, in terms of concentration of
conformal volume.

It turns out that the multiplicative constant in (10) improves if the conformal volume spreads over 3, see
Lemma 2.1. Having a better constant implies more chances to bound the energy from below, and therefore
a low energy forbids too much spreading of the volume. Suppose that all the weights a; are negative:
localizing (10) via cut-off functions near a regular or a singular points, in the denominator one finds
respectively the value 47 or 47(1 + «;). This suggests to introduce a weighted cardinality x on points of
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Y as follows: set

(12) x(q) = 4 if g € 2\ {p1,..,pm};
x(pi) =4r(1+ ;) foralli=1,...,m.

Define also

P(X) ={u : pis a probability measure on X} .
As the total curvature we have at hand is p, this counting suggest that the limit measures for small energy
should be the following

(13) Yoo ={n€P(E) : dmx(supp(0)) < p}.

Without singularities, such spaces coincide with the measures supported on a given number of points
(depending on p), and were useful in studying problems in higher dimensions or of higher order, see e.g.
[4], [36], [37], [52].

For simplicity, we will assume here the following upper bound on p

(14) p <Arm min{l,rln;éi}l(Q +o; + aj)}

In this case, setting
(15) A={pi : 4r(1+ o) < p},
one can check that ¥, , takes the simple form
Ypa=1{0p : pe A}.
In this case one has the following result, whose statement becomes rather simple

Theorem 1.2. ([21], particular case) Suppose that a; < 0O for all i and that p satisfies (14). Then (6)
admits a solution provided card(A) > 1.

While the main result in [21] is more general and deals with sets 3, , of arbitrary structure (see also [6],
[54]), the proof of existence is rather simple to explain under the assumptions of Theorem 1.2, and we
will treat only this case in the present notes. See also [27] for an existence result relying on degree theory.

We next discuss the singular Toda system arising in Chern-Simons theory, which represents a non-abelian
counterpart of (2). Specifically, we consider the following system

_ hie®l hoe®2 m
wo | A (s ) e (s 1) e S e, )

_ — ___hge*2 _ __hget _ m ) _
Aug =20 ( igimay, — 1) = (oaieemay, —1) —4m 202 a2, (0, — 1),

where hi, hy are smooth positive functions on X, and the coefficients «; ; are again larger than —1. In
geometry, (16) describes Frenet frames of holomorphic curves in CP", see [15, 19, 29], with the p;’s stand
for ramification points of the curves. From the physical point of view, abelian Chern-Simons vortices have
been quite well studied for some time, see e.g. [17], [22], [58], [63], while the treatment of the non-abelian
case is more recent, see e.g. [38], [45], [46], [59].

With a change of variable similar to (5) the latter problem transforms into

_ _ Tlleul _ _ E2€u2 _
(17) Auy = 2p1 [y hiev1dv, 1 P2\ T haezav, L),
~Auy =2y (22 1)y (et 1)

j): Eze"@d\/g j): Tzle'“ldVg

where the functions h; satisfy
(18) hi >0 on S\ {pi,....pm} hi(x) ~ d(z,p;)** near pj, i=1, 2.

As for the scalar case one gains the variational structure, with Euler-Lagrange functional

2
(19) Jpalui,us) = / Q(u1,u2)dVy + Zpi (/ u;dVy — log/ Eie“f’dVg> ,
) Pl ) b
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where Q(u1,ug) is defined as:
1
(20) Quy,uz) = 3 (\Vu1|2 + |Vug|* + Vuy - Vug) )

For the regular Toda system a sharp Moser-Trudinger inequality was found in [44] (see also [30] and [71]
for other Liouville systems), where it was shown that

(21) 47 i log/

evi " v, < / Q(u1,u2) dV, + C; u € HY(X).
i=1 = =

Notice that one always has the inequality Q(u1,u2) > 1|V |?, and hence (21) can be thought of as an
extension of (9). Our next goal is to introduce the following theorem, which extends both (10) and (21).

Theorem 1.3. ([12]) Suppose p1,...,pm € X and o5, 1 = 1,2, j =1,...,m, satisfy a; ; > —1 for all
i,7. Then, if h; satisfy (18), the following inequality holds

2
(22) 47r2min{1,l+minai7j}log/%ieui—ui dv, < / Qu1,u2)dVy +C ur,ug € HY(X).
J b b

=1

The constants in the above inequality are sharp.

The above result is a first step for a variational attack for the study of (2). In the recent paper [11] the
case of non-negative coefficients and positive genus has been treated using simply inequality (21), as the
corresponding functions h; are uniformly bounded (see also [53], [60] and [55] for the regular case and [5]
for the scalar singular case). Inequality (22) is indeed needed in a general situation.

Using blow-up analysis it is possible to show that inequality (22) holds for any smaller couple of coefficients
on the left-hand side, and moreover that there exist extremal functions for the corresponding Euler
functionals (19). This is what we will present in these notes. One can then pass to the limit for these
extremals when the parameters approach the critical ones. The presence of singularities causes a variety
of blow-up behaviours (different blow-up rates for the two components, and blow-up at regular or singular
points): using a Pohozaev identity from the recent paper [49] these can be reduced to two cases only.

The above reasoning in terms of volume concentration for the scalar singular equation (see the com-
ments before Theorem 1.2) allows to prove a related alternative for the two components of the system.
As a counterpart of (14), we define

(23) Py := 47 min {1, rr;éin/(Q + a1m + alm/)} P := 47 min {1, H?léin,@ + oy, + O{le)} ,

and suppose that p; < p;. Define also
(24) Ai={p;j + 4r(1+ o5 5) < pi}, i=1,2.

Under the above condition on the p;’s it turns out that for J, o(u) low either hie" concentrates near a

singular point in A; or hoet? concentrates near a singular point in As. To express this (non-exclusive)
alternative, it is natural introduce the join of two topological spaces X and Y (see for instance [41]):

X xY x|0,1
(25) Xy = XV X0

~

where ~ is the equivalence relation among triples (z,y,t) given by
(,9,0) ~ (2,9/,0) Voe X, Vy,y €Y (x,y,1) ~ (2',y,1) Vax,2' € X,VyeY.
The join of the sets .A; and Az could then be used to characterize low-energy levels of J, o, with the join

parameter s € [0, 1] expressing whether %1 €™ is distributionally closer to a Dirac mass or whether %26“2 is
closer to a Dirac mass (for example s = % would describe couples with the same scale of concentration).
This description is however not optimal in general, as it does not take into account the interaction
between two components u; and us via the mixed term in the quadratic form @, which penalizes aligned
gradients. For the regular case of (16), in [55] it was shown that the relative rate of concentration of the

two components plays a role in this matter.
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It turns out that if u;,us concentrate near the same point and with the same scale (a more precise
definition is given below), then the Moser-Trudinger constants for the system double. As a consequence
of this fact it follows that, when p1, p2 € (47, 87) and no singularities occur, then join elements of the form
(m,x, %), x € ¥ have to be excluded (see [42] for higher values of p;). We will present a new improved
inequality from [13] for the singular system (16), in order to understand at the same time the effect of
the interaction of the two components between themselves and with the singularities. As a consequence
of this improved inequality we deduce the next result, which to be stated needs the definition of the
counterpart to (11). Let I'; ,, C Ry be defined, for i = 1,2 and M C {1,...,m}, by

im=ATn+ Z 1+ a550) + Z(2+a1j+a2j):n€N, M c{1,....m}\ M
jlem jeMm

and define also

(26) Ta, 0, =Unpc(rary | Dia X | D 41+ ag;), 400 | U | Y 4m(1 + a), +00 | x Th
JEM JjEM

We then set
(27) '="T4, a,-

Theorem 1.4. ([13]) Let I' as in (26), (py,py) be as in (23), and let p € R2\T satisfy p; < p; for both
i =1,2. Define integer numbers My, My, M3 by:

My =#{j: 4r(1 + a1j) < p1} My = #{j : 4m(1 + aaj) < p2}
(28) Ms :=#{j: 4n(1+ ay;) < pi and p; < 4Amw(2 + a1j + ag;) for both i =1,2}.

Then system (16) admits solutions provided the following condition holds
(Ml,M2, M3) ¢ {(Lja 0>7 (.7? 170)a (27 27 1)a (25 37 2)7 (37 27 2)7 .7 S N}

By the previous description low sub-levels of J,, can be identified with the topological join of A;
and of As, with some points removed. Under the assumptions on the p;’s, this join consists of a graph
X made of segments whose end-points belong to {p1,...,pm}. The conditions on (M, M2, M3) in the
previous theorem ensure that this graph is non contractible. It turns out that the above assumptions on
the M;’s are necessary: in fact in [13] a non-existence result for every case not covered by the theorem is
proved.

Acknowledgements The author has been supported by the PRIN project Variational methods, with
applications to problems in mathematical physics and geometry and by the project Geometric Variational
Problems by Scuola Normale Superiore. The author is a member of the group G.N.A.M.P.A. as a part
of INdAM.

2. VARIATIONAL ASPECTS OF SINGULAR LIOUVILLE EQUATIONS

In this section we treat problem (2) via variational methods. We first show that, in a regime where
coercivity fails, low energy implies volume concentration at suitable points. We will then this character-
ization to build min-max schemes leading to existence of solutions.

2.1. Improved Moser-Trudinger inequalities. In this subsection we describe how improved Moser-
Trudinger inequalities can be employed to deduce information on functions whose Euler-Lagrange energy
is small enough. We would like to give some conditions on a function u in order to obtain lower bounds
on the energy even when we are beyond the coercivity threshold. Indeed, the spreading of the function
e?“over the surface gives sufficient conditions to obtain this lower bound, deduced via some improvement
of the Moser-Trudinger inequality. Two well-known examples were due to J.Moser and T.Aubin, see

[3], [57]. Moser proved that one can replace ﬁ by 8%7 on the standard sphere (52, gg2) provided u is
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antipodally symmetric. Aubin showed instead that on (52, gg2) one can take any constant larger than
8% provided w is balanced, which means that

/ z; e%dVg: = 0; i=1,2,3.
S2

Here x; stand for the Euclidean i-th coordinate function, so the balancing condition means having zero
center of mass in R3 for the conformal volume.

W.Chen and C.Li, [26], extended this argument to arbitrary surfaces, showing that if e?* has integral
bounded from below into two separate subsets of ¥, then the constant ﬁ in (9) can be basically divided
by two. The result was then extended in [37], [36] for an arbitrary number of spreading regions.

Lemma 2.1. ([26]) Let Q1,Q9 be subsets of ¥ satisfying dy(Q1,Q2) > 6o, where §y is a positive real
number, and let vy € (0, %) Then, for any € > 0 there exists a constant C' = C(&,0,70) such that

_ 1
1 2u=m)qy. < C / YV, ul?dV,
og/ze g = +87T—€ 2| gul~dVg

for all the functions v € H*(X) satisfying

Jo €24dV,
29 AL Vi=1,2.
29) JserdVy 7 Z
PRrROOF. Assume without loss of generality that @ = 0: one can find two functions g1, go such that
gi(x) €10,1] for every z € 3;
gi(z) =1, for every x € Q;,1=1,2;
(30) ! X
gi(z) =0, if dg(z, ) > %

lgillcrsy < Cs,y,

where Cs, is a positive constant depending only on dy. By interpolation, for any € > 0 there exists C; 5,
(depending only on & and &) such that, for any v € H'(X) and for any i = 1,2 we have

(31) / Vy(giv)[?dVy < / 9@‘2|V9”|2dvg+5/ |ng|2dVg—|—C’5,5o/v2dVg.
b b b b
‘We next notice that

1
/ etdVy < — [ e*dV, < / 29 dy.
b)) Yo JQ;, b))

Using the standard Moser-Trudinger inequality one finds

2 2
1 1

log/eQ“dV <log —+ — / Vo (giv)|?dV, + giu+Cis g

[y <tog -+ 13 [ Va0 Pdv, + ) ’

=1

By (31) we then deduce

2 2
1 1+4+¢
1og/62“dV <log — + > / Voul?dVy + > g+ Cix 4Ces /’UQdV.
b I Yo 47 i=12|g| J P Zgaog 7

Since we are assuming the average of u to be zero, the average terms in the last formula are bounded
by a constant times the Dirichlet norm of u by Poincaré’s inequality. Therefore, using the elementary

inequality t < et? + 4% we find that

2
1 1+¢
log/ 2udV, < log — + Z/ |V ul?dVy + Cis g +c€,50/v2dvg.
s Yo o oAr = s s
It can be shown, for example using truncations (in height or in Fourier modes) that the last term is
lower order and it can be absorbed into the Dirichlet energy multiplied by an arbitrarily small constant,
concluding the proof. B
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We discuss next the counterpart of the previous result in presence of singularities, for which we recall
the inequality in Proposition 1.1. Again, we wish to derive some improved inequalities in terms of the
spreading of the function

s h(x)e2"
Y L h(x)e2uay’
appearing in the singular Euler-Lagrange energy. 3

Similarly to Lemma 2.1, (10) can also be localized. If some portion of f,, is localized near a regular
point, the corresponding gain in the constant will still be 47. If instead fu is localized near a singular
point p; with negative weight «;, we will gain locally a quantity of size 47(1 + ;). One gets therefore
the following result.

Lemma 2.2. ([21]) Let n € N, let I C {1,...,m} with n + card(I) > 0, and let a; < O for all i € I.
Assume there exist r > 0, §g > 0 and pairwise distinct points {q1,...,qn} S E\{p1,-..,Pm} such that:

o for any couple {a,b} C {q1,...,¢n U (Uicrps)} with a # b one has disty(B, (a), By (b)) > 4d¢;
o for any a € {q1,...,qm} one has dy(p;, Br(a)) > 46y for any i € {1,...,m}\ I;

and consider any o € (O, m)
Then, for any € > 0 there exists a constant C := C(X,g,n,1,7,00,%0,€) such that

_ B 1
32 log [ he2(v=% qy, < / Voul? dv, + C
( ) gL 9—47r(n+zz€](l+az)_'g) E‘ g | g

for all functions u € HY(X) satisfying
fB,.(a) he?" dV,
[y he2e dV,

>, Vaec{q, ..,qUUicrpi)}.

The above lemma states that the more the conformal volume is spread over the surface, the more one
gains in the Moser-Trudinger inequality, especially when some volume accumulates near regular points.
In this situation, one then get lower bounds on the energy even in supercritical regimes. Therefore, if the
energy gets low enough, one should expect concentration of volume. We state next two lemmas making
this reasoning rigorous via a covering procedure.

Lemma 2.3. Let £ € N, and fix two positive number € and r. Suppose for a non-negative function
f € LX) with || f||prs) =1 the following condition holds

/ fdVy <1—¢ for every £-tuple q1,...,q0 € .
Uiler(Qi)

Then there exist € > 0 and T > 0, depending only on e,7,¢ and ¥ (but not on f), and £ + 1 points
Gy, 0gqq € X (which depend on f) satisfying

/ fdvy =z, ..., / fdvy > & Bor(2;) N Bar(q;) = 0 for i # j.
B=(q,) B(Qpy1)

PRrROOF. Arguing by contradiction, assume that for every &,7 > 0 there exists f as in the statement and
such that for every (¢ + 1)-tuple of points ¢1,...,qe+1 in ¥ we have

(33) / fdVy>g Vj=1,....0+1 = Bor(q) N Bar(gj) # 0 for some i # j.
Br(qj)

Let 7 = g, where r is given in the statement. We can find h € N and h points x1,...,z, € ¥ such that
Uk, Be(x;) covers ¥. For ¢ as in the statement of the Lemma, we also define z = 57- We remark that
the choice of 7 and € depends on 7,¢,¢ and ¥ only, as required.

Let {Z1,...,%;} C {x1,..., 2} denote the points for which fB?(ii) fdV, > €. Define Z;, = %1, and let
A; denote the set

Ay ={UiBr(&i) : Bar(Zi) N Bar(dy,) # 0} € Bar (T, ).

If there exists ;, with Bor(Z;,) N Bor(Z;,) = 0, we set

Ay = {U;Br(%;) @ Boz(Zi) N Baz(Zj,) # 0} € Bar(Zy,)-
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Proceeding in this way, we choose recursively points Z;,,Z;,,...,Z;, such that
Bor(Z;,) N Bos(z,) = 0 Vi<a<s,
and introduce sets Asg, ..., Ag by
As ={UiBr(Z:) : Bor(&i) N Bor(Z;,) # 0} C Bur(Z;. )

Because of (33), the process cannot go further than Z;,, and hence s < ¢. Using the definition of 7 we
obtain

(34) ULy Br(#:) € Uj_ 1 Ai C Ui Bar(i5,) C Ui, By (d5,)-
Then by our choice of h, €, {Z1,...,%;} and by (34) one has

/ fav, < / | fav, < / | fav,
E\Ui_, B (Z5,) S\U!_, Br(&:) (Uf‘zlB?(xi))\(Uile?(ii))
£
h—jE<:.
< (h—=jE< )

Finally, if we chose ¢; = Z;, fori =1,...,s and ¢; = Z;, for i = s+ 1,...,¢, we get a contradiction to
the assumptions of the lemma. B

Using Lemmas 2.1 and 2.3 it is possible to analyse the volume concentration for function with large
negative energy, showing that it has to concentrate near at most one singular point in 4, see (15).

Lemma 2.4. Suppose the assumptions of Theorem 1.2 hold true. Then for any e > 0 and any r > 0
there exists a large L = L(e,r) such that for every u € H(X) with I, o(u) < —L there exist p; € A such
that

(35) !

- h(z)e**dV, < e.
fz h(m)eQudVg /E\Br(m) ) !

Proor. We first claim that the conformal volume of functions with low energy must concentrate near
a single point. Indeed, suppose by contradiction that there exist e,7 > 0 and (u,), € H(X) with
I,.(un) = —oo and such that for every point ¢ € ¥ one has fU,’-“_lBr(qi) e“»dV, < 1—¢e. Noting that
1, o is invariant under adding constants, we can assume that for every n we have the normalization
fz /~1(x)62“" dVy = 1. Then we can apply Lemma 2.3 with £ =1, f = iz(x)ezun, and afterwards Lemma
2.2 with n + card(I) = 2 and dy, 7o sufficiently small (depending on r and €) to obtain

Ipo(up) > /\Vgun|2dVg+2p/ au,dVy — Cp
) b

- P 2 _
V dv, — ,
drmin;2; (2 + o + ) _5/2| gUn|“dVy — pTy,

with C' and € independent of n (€ arbitrarily small). Since we are assuming p < 47 min;«;(2 + o + o),
we can choose € > 0 so small that 1 — := 6 > 0. Hence using also the Poincaré

P
4 ming»; (24+a;+a;)—€
inequality we find

Ipag (un)

Y

5/ IV gun |2 dV, + 2,0/ a(u, —y,)dV, — Cp
> b

(36)

Y

5/ |V yu,|2dV, — C (/ |vgun|2dvg> —Cp>—C.
> b

This lower bound contradicts the fact that I, o(u,) — —00, and proves our claim.

To conclude the proof, we must show that the volume concentrates near a singular point in A. In
order to show this, it is sufficient to argue as before and still apply Lemma 2.2 with I = () and n = 1,
using the fact that p < 47 and that the local Moser-Trudinger constant is bigger than p if the singular
concentration point does not belong to A. B

By the previous lemma it follows that if the Euler-Lagrange energy is low enough then the function
ﬁ(x)eQu, normalized in L, is localized near at most one singular point of ¥. Choosing € and r sufficiently
small, one can easily see that the point p; in the statement of Lemma 2.4 must be unique, and therefore
we obtain a canonical map from low energy levels into the set of singular points.
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Proposition 2.5. Under the assumptions of Theorem 1.2 there exist a large constant L and a continuous
. : 1 7 2u _
map ¥ : {I, o < —L} — A such that, if I, o (u,) — —00, then Wh(x)e % — 0y(y,) @SN — 00.

Remark 2.6. If card(A) > 1, since A is discrete, from the continuity of ¥ it follows that {1',,7g < fL}
is disconnected for L sufficiently large.

We will see in the next section how to construct a sort of inverse map to ¥, which will allow to prove
existence of solutions via suitable min-max schemes.

3. PROOF OF THEOREM 1.2
In this section we prove our first existence result, concerning singular Liouville equations.
3.1. Test function estimates. For each singular point p; and A > 0, define the function

A
1+ A2d(z, xi)2(1+ai)) '

(37) @@A@0==bg(
This function satisfies the following properties.
Proposition 3.1. Let p; be a singular point in A. Then, as A — +oo the following properties hold true

1

(i) mﬁ(m)eQ‘PM — 0, weakly in the sense of distributions;

(i) 1, o(pin) — —oc.

PROOF. To prove (i) we first notice that, since h(z) ~ d(z, p;)** one has

B 21 2 () /\72041-)\2 71 /\72041-)\2 12 )
h(x)e i > 3 >C P USEEvE— >C7 A mn BQ)\—I(pi) \B/\—l(pi).
(1 + N2d(z, ;)20 +e0)) ()\2)\—2(1"’0‘71))
Integrating it follows that
(38) / h(z)e*?irdV, > / h(z)e*irdV, > O~ L.
= ng—l(pi)\BA_l(pi)
On the other hand, one has that
~ oo T2a7~,/\2
/ h(x)e*?>aV, < C srdr.
E\Bor-1(p,) aa-1 (1 A2p2(1tes))
By the change of variables Ar!t® = st we then obtain
~ oo 820¢i+1
/ h(x)e*?irdV, < C’/ ay ———————ds =0
E\Bzxfl(m) 22 T (1 + 32(1-"-041:))

as A — 4o0o. From the latter formula and (38) then (z) follows.

To show (i), we prove the following estimates

(39) p/E wixdVy = —(p+o0x(1))log A (ox(1) = 0 as A = +00);

(40) / IV ypin?dVy < 8(1+4 a;)m(1+ 0x(1))log A as A — +oo.
b
Once we have these, (i) follows immediately.

Proof of (39). Fixing any 6 > 0 small we have that

A

A
8 T Nediam(zyziren = Pl S 18 T gmnray, ¥ € XA B,

A
(41) log W S QD»L,A(y) S log )\, fOI‘ y € B25(p1)
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From these two estimates and some elementary computations we deduce that

p/E piadVy = p [(=log \)(1 + O(8%)) + O(1) + O(5%)(|log A| + [log d])] ,
as A — 4o00. By the arbitrarity of 4, (39) follows.
Proof of (40). We will show the following two pointwise estimates on the gradient of ¢; x

(42) Veoir(y)] < O for every y € X,

where C' is a constant independent of ¢ and A, and

2(1 + ai)
43 Voirx(y)| < ——
(43) Vi) < 2
To check (42) we notice that
A2d i 1
(44) (y, i) < oarie,

L+ N2d(y, p;)20Fed =
where C'is a fixed constant (independent of \). Moreover

d(y, pi)' T2*V, (di(y))
(1+ N2d(y,p;)20Fe0)”

Using |V,d;(y))| < 1 and inserting (44) into (45) we obtain immediately (42). Similarly, erasing the term
1 from the denominator we deduce (43).
The estimate (42) then implies

(46) / IV, 0in2dV, < C
B__ 1 (p:)

A Tfag

(45) Voirly) =—2(1+ ozi))\z

for some fixed C depending only on ¥ and «;. On the other hand, using polar coordinates centred at p;
and using (43) one finds that

1 )2
/ IV ypin|?dV, < 4/ LQZ)QCZVQ < 87(1+ oa(1))(1 + ;) log A
S\B___ (p:) S\B_ 1 (pi) (Y, 20)
ALt A1ty

as A — +oo. From (46) and the last formula we finally deduce (40). ®

3.2. Min-max scheme and existence. We next introduce a variational scheme for obtaining existence
of solutions for (6). Let first L be so large that Proposition 2.5 applies with %, and then choose two
distinct points p;,, p;, such that 47 (1 4+ ;) < p.

Choose next A be so large that Ipa(p;,x) < —L and Ipa(p;, 5) < —L (see Proposition 3.1 (ii)).
Fixing this value of X, we define the family of maps

(47) Iy = {w :[0,1] = H'(X) : @ is continuous and w(0) = ¢, x,@(1) = @125} .
Lemma 3.2. Ily is non-empty and moreover, letting

_ = L

IIy = inf sup I,(w(t)), one has Iy > ——.

@€l tef0,1] = 2
PRrROOF. To show that Il # 0, it suffices to consider the map
(48) w(t) = (1 -1, 5+ 1o, x-
Arguing by contradiction, suppose that ﬁX < —%. Then there would exist a map w € II; with
SUPe(o,1] Iy o(w(t)) < —%L. Since by our choice of L Proposition 2.5 applies with %, the composition
t— Uow(t)

is well defined and continuous. However, by Proposition 3.1 (i) and Proposition 2.5 one has that
U o w(0) = pr; Vow(l) =po,

which contradicts the continuity of this map. ®
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By the statement of Lemma 3.2 and standard variational arguments, one can find a Palais-Smale sequence
(tn)n for I, o at level Ily, namely a sequence for which

I 0(uy) — Iy I (un) — 0.

Unfortunately it is not known whether Palais-Smale sequences admit converging subsequences. To show
this property, recall first that u + 2 is compact from H(X) to LP(X), which by Hélder’s inequality
implies the compactness of u — h(z)e2* from H'(X) into L'(X). Therefore it would be sufficient to show
that a Palais-Smale sequence is bounded.

This indeed can be proved indirectly, following an argument in [61], by slightly modifying the value
of the parameter p. We choose a small py > 0, and allow p to vary in the interval [1 — pg, 1 + pg]. We
consider then the functional I, , for these values of p. If pg is sufficiently small, the interval [1—po, 1+ po]
will be compactly contained in the complement of the set &, see (11). Following the previous estimates
with minor changes, one easily checks that the min-max scheme applies uniformly for p € [1 — po, 1 + po]
and for X sufficiently large. Precisely, given any large L > 0, there exist py sufficiently small and X so
large that for p € [1 — po, 1 + po]

— L
(49) sup I, q(w(m)) < —2L; II,:= inf sup I,,(w(t)) > —=,
te{0,1} welly ¢efo,1] 2

where IIy is defined in (47). Moreover, using for example the test map (48), one shows that for pg
sufficiently small there exists a large constant L such that

(50) II,<L for every p € [1 — po, 1 + po].

We have the following result, regarding the dependence in p of the min-max value ﬁp, see [35].
Lemma 3.3. Let X be so large and po be so small that (49) holds. Then the function

I
prs —2 is non-increasing in [1 — po, 1 + po).
p

Proor. For p’ > p, we have

Lo ILyw 1/1 1 / )
el ——(=-= Vo ul2dV, > 0
p o 2\p o 2| gul*dVy 2.0,

=]

% 2 This concludes the proof. m

which clearly implies =

From Lemma 3.3 we deduce that the function p — % is differentiable almost everywhere, and we obtain
the following corollary.

Corollary 3.4. Let \ and po be as in Lemma 3.3, and let A C [1 — po,1 + po] be the (dense) set of
p for which the function % is differentiable. Then for p € A the functional I, possesses a bounded
Palais-Smale sequence (u;); at level I1,, weakly converging to a solution of (6).

PrROOF. The existence of a Palais-Smale sequence (u;); follows from Lemma 3.2, and the boundedness
is proved exactly as in [35], Lemma 3.2. ®

From the above result we obtained a sequence p, — p such that I,, , has a critical point. We have next
the following result.

Theorem 3.5. (9], [7], [8]) Let ¥ be a compact surface, and let u; solve (6) with h as in (7), p = p;,
pi — p. Suppose that fz Ju:dVy < C for some fized C > 0. Then along a subsequence u;, one of the
following alternatives holds:

(1): uy, is uniformly bounded from above on 3;



ON SINGULAR LIOUVILLE EQUATIONS AND SYSTEMS 13

(ii): maxy (2ulk — log fz fui,, dVg) — 400 and there exists a finite blow-up set S = {q1,...,q} €5
such that
(a) for any s € {1,...,1l} there exist x; — qs such that u; (z}) — +oo and u;, — —o0
uniformly on the compact sets of ¥\ S,
(b) Pi fus, — Ei:l Bsdq, in the sense of measures, with Bs = 4w for qgs # {p1,...,Pm}, or
Bs =4n(1+ o) if ¢s = p; for some j ={1,...,m}. In particular one has that

p=dmn+ 4w Z(l + o),
jet
for somen € NUO and J C {1,...,m} (possibly empty) satisfying n + card(J) > 0.

Proor or THEOREM 1.2 By Corollary 3.4 there exists a sequence py — p such that I, , has a critical
point u. By Theorem 3.5, since p ¢ &, ug must then converge to a solution of (2). B

We also refer to [35], [62] for previous results on surfaces with positive genus concerning the regular case
of (2). The above method can actually be used to find multiplicity results as well for generic data, see
[31], [32].

4. A MOSER-TRUDINGER INEQUALITY FOR SINGULAR SYSTEMS

In this section we are going to prove the following Moser-Trudinger type inequality. It is a weaker version
of Theorem 1.3, but anyway sufficient to prove the existence result Theorem 1.4. We denote as ™~ the

. . 0 ifxz>0 .
negative part of a real number x, that is z~ := { —x ifr<0’ and we set for i € {1,2}
51 a; = — max oy
(51 jeflmy

Proposition 4.1. Let & be a closed surface with area |S| =1, h; be as in (18), and &; be as in (51).
Then, for any p = (p1,p2) € R satisfying p; < 4m(1+ &;) for both i € {1,2} there exists C(p) > 0 such
that the Euler-Lagrange functional (19) verifies

Jpa(u) >—=C(p) Yue HY (D)
Definition 4.2. As in [44], we define the set of admissible parameters A as
A= {p € Rf_ : Jpa 15 bounded from below} .
Clearly, A preserves the partial order of R? , that is if p € A then p € A until p; < p; for both i € {1,2};
in these terms, Proposition 4.1 is equivalent to saying
(0,47 (1 + ay)) x (0,47(1 4+ a2)) C A.
Remark 4.3. One can easily see that A is not empty: since it holds

Vup|? + |[Vusl|?
% < Q(u17u2)

one can apply the scalar Moser-Trudinger inequality (10) to both components to get
8 ~ 8 ~
(O, §7r(1 + oq)) X (O, 571'(1 + a2)> C A.

To prove Proposition 4.1, some lemmas will be needed. First of all, we notice that when the parameter
p is in the interior of the set A, then the energy functional is not only bounded from below, but even
coercive and it has a minimizer; on the other hand, if p is on the boundary of A, then J,, cannot be
coercive.

o
Lemma 4.4. For any p €A there exists a constant C' such that

f (‘VU1|2 + |V’LL2|2) %
Jp1g(u) 2 = C .

Moreover, J, o admits a minimizer u = (u1,uz) that solves (17).

-C
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d(p, OA
ProoF. Taking 6 € (07 (p\,[2))’ we have (1+0)p € A 50 J(144)p,a(u) > —C; therefore, we can write

J(1+6)p,a(0)

5
Tyalu) = 1T5/Ec,g(ul,uz)czvg+ el >

)
> 2 2 d _
> 6(1—&—6)/2(vu1| + |Vuol?) dV, — C

and the first claim follows.
To prove the rest we notice that, if we restrict ourselves to the subset of H*(X)? consisting of all functions

satisfying / hiet dV, = 1, the energy is coercive since, from Poincaré’s inequality and (10)
b
/ uidV, = / (u; —;)* dVy + (w)? <
) b
1 2
C | |Vu|?dVy+ (C+ —— JPav, ) <
/E| uil -"+< * 167r(1+a¢)/2|vu| -") =

2
c<1+/ |Vui|2dVg> :
P

Being J, o weakly lower-semicontinuous as well, the existence of a minimizer follows from the direct
methods of calculus of variations. B

IN

IN

Lemma 4.5. For any p € OA there exists a sequence {tx}ren C H'(2)? verifying

~ ~ J, a(ak)
Vi k| + | Vg gl?) dV, — li el B <0.
/2(| Uyl + [Vugil?) dVy e +o0 Qi Vil + NP v, =

PROOF. Suppose by contradiction that

/ (|Vu1,;€
hH)

0
for any choice of {uy}. This would mean that J, o(u) > 5/ (IVui[* 4 |Vug|?) dV, — C, hence for any
)

J a(uk)
2 2 j2es
\Y% av, — = >60>0
+ [Vuzl*) dVy koo TO° Te (Vur sl + [Vug s?) dV, ~

small § we would get

Tarsmalt) = (1+0Ta() =5 | Qurw)aV, >
P
0 ¢ 9 9
> (+0)2-2) [ (Vi + [Vugl?) @V, — C
2 2) /s
> —C

hence (1 + J)p € A, whereas one clearly has (1 — §)p € A; this is in contradiction to p € OA. W

We then need a basic calculus lemma. Its proof will be omitted, as it can be found in [44] (following an
idea of W. Ding).

Lemma 4.6 ([44], Lemma 4.4). Let {ax}ren and {by}ren be two sequences of real numbers satisfying
b
ar — +oo and lim — <0.
k—+oo k—+o0 ay,
Then there exists a smooth function F : [0,+00) — R satisfying, up to subsequences,

/ 1 > , B .
O0<F'(t)y<1l foranyt>0 F'(t) e 0 F(ay) — by e +00
The latter lemma will be applied to the sequences
ap = / Q(ﬂl,k,ﬂQ,k)dVg, b, = Jp,g(ak)
by

where 4y, is as in Lemma 4.5, and we will consider the auxiliary functional

Tpaw) = Jpale) = F ([ QG ua)ay ).
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whose behaviour is described by the following lemma.

Lemma 4.7. For any p 610\ the functional jp,g is bounded from below on H*(X)? and its infimum is
achieved by a function satisfying

{ — (1 - 2g(w)) Au; + %Aueﬁi = 2p; (7%61” - 1) — P3—i (}Li?)fie"a’i - 1) ;
fE Ele“lqu =1,

where g(u) = F’ </ Q(ul,ug)dVg>. On the other hand, if p € OA then Hir(lifl)? jp& = —00.
by

ProoOF. For p € X one can argue as in Lemma 4.4, yielding lower semi-continuity from the regularity of
F and coercivity from the behaviour of F’ at infinity.
For p € OA, taking uy as in Lemma 4.5 and applying Lemma 4.6 one gets
Jpally) =by — F —  —00.
palin) = by = Flar)  — —o0

This concludes the proof. ®

We will need next the following two results. The first one is from [12], and its proof is rather similar to
from Theorem 3.1 in [44].

Theorem 4.8. ([12]) Let h; as in (18), let uy = (uy g, u2) € HY(X)? be solutions of

—Au; i = QV;,k:Eieui’k - V‘sfi,kﬁsfieus’/"”“ + Vi
[y BaetirdV, < C

1VikllLe(zy < C

Vik . — 1in LOO(E)

—400

ie{1,2},

for somep > 1, C >0 and define the sets S; as
S; = {p €X: Jxr — p such that u;p(xy) — +oo} )
k—+o00 k——+oo

Then, after taking subsequences, one of the following alternatives happens.

(1) For each i € {1,2}, either u; , is bounded in L°°(X) or it tends uniformly to —oo.

(2) Si # 0 for some i € {1,2}; in this case, S; is finite and either u; , is bounded in L7, (X\(S1 U S2))
or it converges to —oo in L5 (E\(S1 U S2)) for each j € {1,2}; moreover, if S;\Ss_; # 0, then
the latter alternative occurs for u; .

Theorem 4.9. ([49], Proposition 3.1) Let uy, = (uy 1, uz,) € H'(2)? be solutions of (17), let é;(p) stand
for 0 if p is regular and for oy ; if p = pj. Define also

) T : T Uik
(52) o;(p) : rh—%kklfoo e hiekdVy.

Then, one has

(53) 71(p)* = 01(p)o2(p) + 02(p)* = An (1L + 1 (p))o1 (p) + 47 (1 + G2(p)) o2 (p)-

‘We are now in position to prove the main result of this section.

PROOF OF PROPOSITION 4.1 Suppose by contradiction that
(0,47(1 4+ @) x (0,47(1 + a2)) ¢ A;
then there is some p € A with p; < 4n(1 + &;) for both ¢ € {1, 2}.
Consider a sequence {py }ren 6/0& with pg kﬁ—;oo p and a minimizer uy for jpk’g, as in Lemma 4.7; then,
v = ug + log py solves
{ — A = 2 @'evi’k - pi,k) ==y (53%6”“’“ - paﬂ-,k) :
Js, hie"rdVy = pj s
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6 — 5g(vk) an 3 —4g(vi)
6 — 8g(vk) + 2g(vk)? 3 —4g(vg) + a(vk)?
be applied to this sequence. The normalization on the integral implies that u; ; cannot tend to —oo for
any i € {1,2}; moreover, we can also exclude boundedness in L°(X) because this would imply conver-

with both uniformly converging to 1, so Theorem 4.8 can

gence to a minimizer u of J5 4, contradicting Lemma 4.7.

The only case left is the blow-up around at least one point p: Pohozaev’s identity (53) implies that if
there is a singularity of mass ¢; ;j on p then o; > 4mw(1 + «; ;) for some i € {1,2}, whereas if p is a regular
point then there is a component with a mass of at least 47 around it; in both cases, for such an i we
obtain:

4m(14 &) < lim  lim hie’i+dV, < Tim | hetrdV, = p, < 4n(1 + a;),
r—0 k—+oco B (p) k— 400 n

that is a contradiction. ®

We conclude the section by showing a partial converse of Theorem 4.1, namely that for higher values
of the parameter p the functional J, , is unbounded from below. Estimates of this type will be needed
in the next Section and are in the spirit of Proposition 3.1.

Proposition 4.10. If p; > 4x(1 + @;) for some i € {1,2}, then iI(lf) Jp.a = —00 that is
Hi(z)2 7

A C (0,4m(1 + a1)] x (0,47 (1 + as)] .
Proor. We will give the proof for i = 1, being nearly identical for i = 2.

Choosing a point p; such that &;(p1) = &;, we define for large A

2 2

: )\1+&1 1 | /\1+&1
901,)\<33) = log (1 T (Ad(m,pl))2(1+al)> ) %02,)\(-77) = _5 og (1 + ()\d(w7p1))2(1+a1)>

Using the fact that ‘V (d(m,pl)Q(H&l))’ < 2(1 4 ay)d(x, p1) 2%, we obtain

Veia(@)] =

_9)2(1+a) |V (d<x’p1)2(1+&1))| _
1+ (Ad(z, pp))2(t+an) -
A(1 4 g )N2HE) (g, py ) 120
- 1+ (Ad(x,py))20+an) -

min {m ‘m} ,

IA

and therefore

1
/Q(%plvk’@lh)dvg */ Vo1 al2dV, <
> 4 P

(54) < OAQ/ dVg+4(1+&1)2/ Vs S <
Bi(m) E\B (p1) d(-,p1)
< C+8m(l+ &1)2 log \.
Moreover, being
(55) max{1, (Ad(z,p1))* T} < 14 (Ad(z, p1))* ) < Cmax{1, (Ad(x,p1)) 2o},

one gets the following estimate on the average of ¢

P = /E(max{Z(l + ai)log A, —2(1 4+ aq)(log A+ 2logd(, p1)) } + O(1))dV,.
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Dividing ¥ into the two regions where the above maximum is attained and using the integrability of
logd(-,p1) in two dimensions one gets

L1 = 2(1+&1)log)\/

v, —2(1+ &) log)\/ qv, —
B

(1) E\B1 (p1)
X

1
X

(56) 4(1 + o) / logd(-,p1)dVy + O(1)
E\B%(pl)

= —2(1+aq)logA+O(1),

and clearly also P2 » = (1 + a1)log A + O(1).
For a small but fixed § > 0 we have, again by (55),

/Ele%,xdvg > C d(',p1)2a16¢1**dvg >
b BJ(PI)\B%(Pl)
C / dV,
7 NIV CY I

on the other hand, we can write that

(58) /77,26“02~\dvg > C/\lJr&l/ Ezd(',p1)2(1+al)d‘@ZC)\lJral.
= I\B 1 (p1)

Therefore, from (45), (56), (57), (58) we conclude that
Jnau) <201+ @) ({1 + 1) — pr)log A+ O(1) — —oc.

as desired.

5. IMPROVED VECTORIAL INEQUALITIES
First of all, we recall the following result from [10], which extends Lemma 2.2 to the vectorial case.

Lemma 5.1. ﬁlO], Lemma4.3) Let § > 0, J1, K1, Ja, Ko € N be given, let {mq1,...,m15,,Ma1,...,Mays,} C
{1,...,m}, {Q”}f;l2‘]+l{ be open subsets of ¥ such that

Qim; <0 Vi=1,2,5=1,...,J;
d(QZJ7QZj/) 26 Vi= 172’ vj).j/ = la"'a']i'i_Kiaj?éj/
d(p],QU) 26 VZZ 1,2,V]: 1,,KZ+MZ,V]: 1,...,7’77,7 ];ému,
and u € HY(X)? satisfy
/ fiudVy >4 Vi=1,2,Vj=1,...,J; + K;.
Qi

Then, for any € > 0 there exists C = Cs, 5.1, K,,J2,K5,c > 0 such that

2

Ji
47rz K, + (1 + im,,) <log/ he"'dVy — / uidVg> <(1+ 5)/ Q(u)dVy + C.
i=1 =1 by by 5

J

We will consider next some improved functional inequalities that take into account the relative speeds
of concentration of the two components of the system. Let us first set

(59) L= {feLl(z) : f>0ae. inZ,/degl}.
>

We will define, for each f € L, a center of mass and a scale of concentration, inspired by [55] (Proposition
3.1) but such that the center of mass belongs to a given finite set 7 C X (which will be, in our applications,
a subset of the singular points). As in [55], we will map £ onto the topological cone over F of height §,
which is defined by

F x (0,0
(60) oy F = 22100

~
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where the equivalence relation ~ is given by (z,0) ~ (2/,d) for any x € ¥. The meaning of such an
identification is the following: if a function f € £ does not concentrate around any point x € F, then
we may not be able define a center of mass. In this case, the equivalence relation in the definition of the
cone leaves it undetermined.

Lemma 5.2. Let F := {x1,...,2x} C X be a given finite set and L, Cs be defined by (59) and (60).
Then, for § > 0 small enough there exists a map ¢ = (8,<) = (Bx,sx) : L = CsF such that:
o Ifc(f) =4, then either fz\uze}‘Bé(m) fdVy > 6 or there exists ', 2" € F with ' # z” and

/ fdvy > 46 / fdvy >6
Bs(z') Bs(z')
o If<(f) <9, then

/ fav, > 6 / fav, = .
B (B(S)) E\Be()(B(f))

Moreover, if f™ :) 0z for some x € F, then (B(f™),s(f™)) I) (z,0).

ProoF. Fix 7€ (1,1), take § < Mlooler oda! @) and define, for k=1,..., K,

2
k
R W) = [ v, =1- 3" 1)
Bg(zk) Z\Ua—'E}‘BL?(Z) k=1
Choose now indices E, % such that
I = I I+ = I .
7(f) peimax, k(f) 7(f) max k(f)

We will define the map v depending on k and L(f):

e k= 0. Since f has little mass around each of the points zj, we set ¢(f) = ¢ and do not define
B(f), as it would be irrelevant by the equivalence relation in (60). The assertion of the Lemma
is verified, up to taking a smaller §, because

1

fAV, = Io(f) > =1 >4
/z\uzeme) =02

o k>1, L(f) < IKTT I:(f). Here, f has still little mass around the point zz (which could not be

uniquely defined), so again we set ¢(f) := . It is easy to see that I;(f) > 1=, so

1—71

/as(m it = /Bsm) =g

o k>1, I(f) > EZI(f). Now, I;(f) > 7, so one can define a scale of concentration s (7, f) €

(0,0) of f around ry € F, umquely determined by

fdvy =1
BS(“W )(xE
We can also define a center of mass 3(f) = xz but we have to interpolate for the scale:
— Case I (f) < 2ETI-(f): setting

s(f) =s (. f) + >

/ degZ/ JdVy=12>4
Be(s) (B(f)) BS(I%’ )(fz)
1—71

fav, 2/ fAV, > ——— >34
/X;\Bc(f)(ﬁ(f)) ! E\BJ(.’I)'E) K(]. +’7’)
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— Case I(f) > 21[_{—:1'@(]“): we just set ¢(f) : s (IE,f) and we get

/ fAV,=7>6 / fdV,=1—7>4.
Bo(r) (B(£)) S\Bq (5 (B())

To prove the final assertion, write (up to sub-sequences), (Boo,Soo) = limy— oo (B(f™),s(f™)).
For large n we will have

) )
/ frdvy < 3 / frdvy < 3 for any 2" € F\ {z},
S\U,r e #Bs(z') Bs(z')

which excludes ¢, = §. We also exclude ¢, € (0,9) as it would give

/ frdVy =6 / fravy > 6.
By (Be) S\Bsgo (Boo)

which is a contradictions since F N (m) = 0.

Finally, we exclude 8, # x because we would get the following contradiction:

/ Frdv, > 6.

This concludes the proof. ®

Define
hiet hoet2
(61) (w1, u2) = e ——
fz hiev1dVy fz haet2dVy

combining such a map ¢ with Lemma 5.1 we deduce some extra information on low sub-levels of J, .
Recall first the definition of the sets A; from (24).

) = (fl,u7f2,u) :

Corollary 5.3. Let 8,7 be as in Lemma 5.2 and define, for u € H'(X)?,

Pr(u) = Ba,(frn),  (u) =ca, (f2u) Ba(u) = B, (fou),  2(u) = ca,(f2.u)-

Then for any ¢’ > 0 there exists Ls: such that if g;(u) > 6" for both i = 1,2, then J, o(u) > —Ls.
PROOF. Assume first ¢;(u) = d: from the statement of Lemma 5.3, we get one of the following:

* o, By F1udVs 2 5,

° fBé(pj) fr.dVy > 2LM for some p; & Aj,

. fBJ(p;_) f1,udVy > 6, fBJ(p]_”) f1,udVy > 8 for some j' # j".
Depending on which possibility occurs, define respectively

o Oy =Y\ UL, Bs(py),

e Oy := Bs(pj),

o 01 := Bs(pjr), Qg := Bs(p;»).
It is easy to verify that such sets satisfy the hypotheses of Lemma 5.1, up to eventually redefining the map

1 with a smaller § < w: in the first case, we have J; = 0, K1 = 1, in the second case either
Ji=0,K;y=1or J; =1,K; =0 but p <4n(1 + ai;), and in the third case we have J; =2, K; = 0.
If ¢ <¢1(u) < d, then fE\Bal(ﬁl(u)) fi1,udVy > 6, so we have one among the following:

° fZ\U;”ZlB,;(I) fradVy > 5
® fBa(,él(u)) JrudVy =6, fBB(pj) fiudVy > Q‘SW for some p; # B1(u).
Jag 581 SV
Depending on which is the case, define:
o Oy := X\ UJL, Bs(pj).

e Q1 := Bs(u)(B1(u)), Q12 := Bé(pj)'
o Q= Ay 5(B1(u))
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Repeat the same argument for us to get similarly €1, and possibly Q5. Applying Lemma 5.1 one gets
Jp,g(u) >—Ls. 1

With some extra work (see [13] for the details) it can be shown that the vectorial Moser-Trudinger
inequality improves each time the two scales (in the sense defined by Lemma 5.2) coincide, no matter
how small they are.

Proposition 5.4. ([13]) Let B;(u),<;(u) be as in Corollary 5.3. There exists L > 0 such that if
{ B1(u) = P2(u) = pm  with p1, p2 < 4A7(2 + a1m + a2m)
s1(u) = <a(u) ’
then J, o(u) > —L.

6. PROOF OF THEOREM 1.2

Let us introduce the space X, which is simply a graph and will be used in our min-max scheme. It is
obtained removing some points from the join of the weighted barycenters 4; x As defined by (25). The
points to exclude correspond to improved inequalities for functions centered around the same point and
at the same rate of concentration (see the previous section for more details).

Precisely, we set

1
(62) X =A *AQ\{(pj7pj,2> L p1,p2 < 47r(2+a1j+a2j)}.

We will prove that, under the assumptions of Theorem 1.4, the space X is not contractible, showing that
it has a non-trivial homology group. In order to do this, we will recall how to compute the homology
groups of the join of two known spaces. Since the join is homotopically equivalent to a smash product of
X, Y and St (see [41] for details), its homology groups only depend on the homology of X and Y.

Theorem 6.1. ([41], Theorem 3.21) Let X and Y be two topological spaces. Then

J(X*Y) ZH )@ Hy_ g1 (Y).

In particular, if X = (SDl)VN1 andY = (SDZ) N2 are wedge sum of spheres, then X xY has the same

homology of (SD1+D2+1)VN1N2.

Actually, in the same book [41] it is shown that the following homotopical equivalence holds: (S D1 ) VAL,

(SD2)VN2 ~ (SD1+D2+1)VN1N2. We have then the following result.

Proposition 6.2. Let X be as in (62) and suppose we are under the assumptions of Theorem 1.4. Then,
the space X has non-trivial homology groups and it is not contractible.

PrOOF. The spaces A; are discrete sets of M; points, for i = 1,2, that is a wedge sum of M; — 1 copies

of S%. Therefore, by Theorem 6.1, A; x A has the same homology as (Sl)v(Ml_l)(Mrl). The set we
have to remove from the join consists of M3 singular points {p,,, .. - ,pmMB} for some {my,...,mp} C
{1,...,M}.

Defining then, for some fixed § < %, Y= 35 (pm] s P s 2) Y retracts on {pml, ooy P } On the

other hand, X NY is a disjoint union of M3 punctured intervals, that is a discrete set of 2M3 points, and
X U is the whole join. Therefore, the Mayer-Vietoris sequence yields

Hi(XNY) = Hi(X)® Hi (V) » H(XUY) = Ho(XNY) — Ho(X)® Hy(Y) — Hy(XUY).

———— —— —— ———

0 0 7,(M1—1)(Ma—1) 72Mg—1 ZM3—1 0

The exactness of the sequence implies that by (X) — by(X) = (M; — 1)(My — 1) — Ms, so if the latter
number is not zero we get at least a non-trivial homology group. Algebraic computations show that,
under the assumption My, My > M3, (M7 —1)(Ms —1) # M3 is equivalent to the assumption of Theorem
1.4, and therefore the proof is complete. B
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We will now introduce some test functions from the space X' to arbitrarily low sub-levels of J, . Such
test functions will have a profile which resembles the entire solutions of the Liouville equation and of the
Toda system. We will use suitable interpolation between each of the above three profiles depending on
whether the points in A; coincide or not and depending on which of the parameters p;. The map ®* will
therefore be defined case by case.

Let us start by setting ®*(¢) = (qbl — %, do — %) when ¢ = (p;,pjm,t) for some j. The functions

@1, @2 will be defined in different ways, depending on the relative positions of pq, p2, a1, g; in R. When
dealing with the same singular point we set

(<<) p1,p2 <AT(2+ a1j + ag;):

{ —2logmax {1, (Ad(-,p;))?IF)} if t <

P1:=19 if t >

ISIEENIEENSIERNI

by = 0 if t <
27 —2log max {1, (/\d(~,pj))2(1+a2j)} ift >
(<>) p1 < 47T(2 + a1 + OLQJ') < p2:

¢1 := —2logmax {1, max {1, ()\t)2(1+azj)} (/\d(~,pj))2(1+a“)}
¢ == —2logmax {1, (\td(-,p;)) 23+t

(><) p2 < 47T(2 + ag; +042j) < p1:

¢1 := —2log max {1, (A1 - t)d(~,pj))2(2+°‘1f+°‘2j)}
¢ = —2logmax {1, max {1, (A(1 — ¢))2(0+213) } (Ad(-, p;))2(1H22) } .

(>>) p1,p2 > 47(2+ a1j + ag;):

)2+Oc1j +asz;

¢1 = —2logmax < 1, ()\ max{lAt}

max{1A(1-D)) d(-, ppn ) 2019, (/\d(ij))z(”“”*a“‘j)}

)\max{lv\(lft)} d(.jpj)2(1+a2j)’ ()\d(.7pj))2(2+a1j+a2j)} .

max{1,\t}

P2 :

2+ayjt+az;
—2logmax < 1, ( )

Let us now consider the case z1 # 3, x; € A;. Here, we define ® just by linearly interpolating
between the test functions defined before:

PNy, 20, t) = DI (2, 21, 0) + DN (29, 2, 1).
We have then the following result.

Proposition 6.3. The above test functions {<I>>‘}/\ : X — HY(X)? satisfy
Joa (@A(C)) — —00 uniformly for ¢ € X.

A——+o0

We are finally in position to prove Theorem 1.4. The proof will follow by showing that low sub-levels
are dominated by the space X (see [41], page 528), which is not contractible by Proposition 6.2.

Lemma 6.4. For L > 0 large enough there exist maps ® : X — J;é and U : Jp’é — X such that U o ®
is homotopically equivalent to Idy .

To prove Lemma 6.4 we need the following estimate. Notice that the choice of 7 (see the proof of
Lemma 5.2), which was not relevant in all the rest of this paper, will be made in the proof of this lemma
to let the following result hold true: for the proof we refer to [12].

Lemma 6.5. Let § be as in Lemma 5.2, Bi(u),0;(u) be as in Corollary 5.3 and ® as in Theorem 6.3.
Then, for a suitable choice of T, there exists Cy > 0,8’ € (0,8) such that:
t>4
o [f eithert>1— % or { T1 =Ty =:p, , then o (@A(C)) >
p1, p2 < 47T(2 + a1 + Ozgj)
otherwise, o1 (®*(¢)) < & and B1 (P(¢)) = 1.
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t<i
o [f eithert < % or{ Ty =Ty =:pj , then oo (@A(C)) >
p1,p2 < A2+ a1 + ag;)
otherwise, o3 (P*(()) < 8 and B2 (P*(()) = 2.

PROOF OF LEMMA 6.4. Let § be as in Lemma 5.2, 5;(u),s;(u) be as in Corollary 5.3 and ¢’ be as in
Lemma 6.5. Take now L so large that Corollary 5.3 and Theorem 5.4 apply.
We define ® = ®* as in Theorem 6.3, with Ao such that ®*(X) C J, 2 for any A > Xo. As for

v J;ff — X, we write

0 / if ¢o(u) > 0’
W) = (B1 (u), Ba(u), ¢’ (51 (), 53(u))) with #/(c1(u), 2(u) = § gy if (), s(u) < &
1 if ¢ (’LL) > o

Let us verify the well-posedness of W. The definition of ¢ makes sense because, from Corollary 5.3,
Jpa(u) < —L implies min{¢; (u), s2(u)} < §’. Moreover, if ' > 0 (resp. t' < 1), then ¢; < 0 is well-defined
(respectively, ¢ < § is well-defined), hence S (resp. f2) is also defined. Finally, ¥ is mapped on X be-
cause, from Theorem 5.4, when J, o(u) < —L we cannot have (81 (u), B2(u), ' (s1(u),2(w))) = (p;,pj. 5)
with p1, po < 47(2 + a1 + ;).

To get a homotopy between the two maps, we first let A tend to +oo, in order to get x; and 2, then
we apply a linear interpolation for the parameter t. Writing ¥ (®*(¢)) = (8(¢), 82(¢),t'*(¢)), we have
F = F2 * F17 with

Ao A

Fr:(Cos) = ((01,29,8),8) o ( =0, B <<>,t“°<<;>)

Byt (z1,22,829(0)) = (21,22, (1 — 8)t"0(C) + st) .

We have to verify that all is well-defined.
A

20
If we cannot define 8, 7" (¢), then by Lemma 6.5 we either have t > 1 — %{:S) >1- %‘; or we are on

the first half of the punctured segment. By the same Lemma, we get ¢ (®*(¢)) > & that is t'*(¢) = 1.
Ag

For the same reason, if 8, (¢) is not defined, then #'*°(¢) = 0, so F; : X x [0,1] — A; x.A2 makes sense.

Its image is actually contained in X because, from Lemma 6.5, if 1 = x5 and p < 47 (x1(x) + x2(2)),

where we have set

4 _J 1+a; itz=p;
= {1 T B

Then either ¢*°(¢) € {0,1}, hence in particular it does not equal %

A
Concerning F5, the previous Lemma implies /6’11?05 )=z ift<1- %(1 —8), hence in particular passing
to the limit as s — 1, if ¢ < 1. A similar condition holds for B2, which gives Fy(-,0) = Fy(-,1). If 2
is not defined then #*(¢) = 1, hence (1 — s)t"*0(¢) + st = 1, and similarly there are no issues when zo
cannot be defined. Finally, by the argument used before, if 21 = xo = p; and p1, p2 < 47(2 + a1 + a;),
then (1 — s)t"(() + st # 5. M

Concerning compactness, we have a useful result which can be deduced from minor modifications of
the argument in [50]. It basically states the existence of bounded Palais-Smale sequences for p belonging
to a dense set of Ri \ I'. Putting together with the compactness result stated before, we get:

Lemma 6.6. Let p € T' be given and let a < b be such that (16) has no solutions in {J, o € [a,b]}. Then,
{Jp,a < a} is a deformation retract of {J, o < b}.

We also deduce that J, . is uniformly bounded from above on solutions, hence we have:

Corollary 6.7. Let p ¢ I' be given. Then, there exists L > 0 such that {J, o < L} is a deformation
retract of HY(X)?; in particular, it is contractible.
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PROOF OF THEOREM 1.4 Suppose by contradiction that the system (16) has no solutions. By Lemma

6.6,

{Jp,a < —L} is a deformation retract of {J, o < L}, hence by Corollary 6.7 it is contractible. Let

H(¢(,s) : X x[0,1] — X the homotopy equivalence defined in Lemma 6.4 and let H' be a homotopy
equivalence between a constant map and Idy; < 1}

Then H"(¢,s) = U(H'(®(C),s)) : X x[0,1] — X is an equivalence between the maps ¥o® and a constant
and H” x H is an equivalence between Idy and a constant map. This means that X is contractible,
contradicting Theorem 6.2. B
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