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Introduction

In Mathematics, the theory of Optimal Transport has a long and interesting
history. It dates back to the work of G. Monge “Sur la théorie des déblais
et des remblais” (1781), where he investigated the cheapest way to transfer
mass from a source place to a target. Crucial contributions were then given
in the 20th century by A. N. Tolstoi, N. Kantorovich and may others. In
the last years, this branch is getting increasing popularity, due to the high
number of applications in different areas of mathematical analysis, physics,
chemistry. Also, a great boost to the subject was provided by the interest of
Fields’ medallists C. Villani and A. Figalli. For general monographs we refer
to the unsurpassed works of C. Villani [41] [42].

We will concentrate our attention to the problem of Optimal Transport
in the Euclidean space R%. A great progress has also been made in more
general settings, but we prefer to treat problems which are open already in
the Euclidean setting and to keep an eye on applications (see for instance
Fhapter 3).

We start by recalling a modern formulation of the classical Monge’s Op-
timal Transport problem. Given a cost function ¢: R? x R* — R, and given
w, v € P(RY) probability measures, we state the minimization problem

(My) = inf {/Rd c(x, T(x))dp(x) | Tup = V} . (0.1)

Here Typu denotes the push-forward of a measure, given by Tyupu(E) =
w(T~1(E)) for every E C R? yi-measurable (when using this symbol we assume
that the map 7T is p-measurable).

This formulation respects very well the application to a real-world trans-
port of mass from a source distribution to a target, as the transport map T
prescribes deterministically the destination of every source point. However,
when looking at this problem from a mathematical viewpoint, it was soon
realized that the space of admissible maps T' does not enjoy a good structure
in order to treat a variational problem. For instance, given a minimizing se-
quence of maps (7, )nen, in general there is no way to obtain a suitable limit
T = limy,,_ o0 T, and the infimum in is in general not a minimum.
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4 Introduction

In view of this, it is often convenient to consider the Kantorovich relaxed
formulation of the same problem, described by

o) —uwin{ [ opbenlrvenunb 02
Rd x R4
here TI(u, v) is the set of admissible transport plans, given by
M(p,v) = {v € PR x RY) | mhy = p, mhyy = V} ,

where 7!, 72 denote the projection 77: R? x R4 — R¢ on the first and second
component respectively. In other words, a transport plan v should satisfy

[o@airwn = [o@ina) and [ owiren = [owiw

for every ¢ € Cp(RY).

This problem is much more stable from a variational viewpoint. The set
of transport plans II(u,v) is convex and tight. Moreover, the problem is
stated as a minimum of a linear functional over a convex set, and this is a
well-understood class of problems in convex analysis.

Observe that is indeed a relaxation of the problem , since every
map 7' corresponds to a plan v = (id xT")xu. As a consequence, (K2) < (Ma).
The converse is of course not true: not every transport plan is induced by a
map.

The question whether the equality (K2) = (Mz) holds is much more in-
volved. As shown by A. Pratelli in [39], the equality holds for a continuous
cost function.

This does not say, however, that there exists always an optimal transport
map T which realizes the infimum in . A general positive result for the
existence of an optimal transport map is given by the following

Theorem 0.0.1. Suppose that c(xz,y) = h(x —y) with h strictly convez, and
w 1s absolutely continuous. Then there exists a unique optimal transport map
T such that

(M) = (62) = [ el T(a) d(a).

R4

In the case h = |z|?, [Theorem 0.0.1] is often referred to as “Brenier’s

theorem”, since it was first proven by Y. Brenier in [§].

Multi-marginal optimal transport The Kantorovich formulation of the
optimal transport problem admits a natural generalization to the so-called
multi-marginal optimal transport problem: given a cost function c: (RN —
R, and given py, ..., pn € P(RY), find

(Kn) = min{/c(xl, cooyxn)dy(ze, .. xn) |y € H(py, . - ,pN)} ; (0.3)



here II(p1, ..., pn) denotes the set of admissible transport plans given by
Wpr,-oopn) = {7 € PRDY) | )y = p; Vi = 1,... N},

where 77 : (RY)V — R denotes the projection on the j-th component.

This minimization problem shares the same good structure as the classi-
cal Kantorovich formulation with two marginals (linearity of the functional,
convexity and tightness of the set).

A first interesting question, which arises also in the classical 2-marginal
case, is the following. Suppose that the cost function ¢ is not bounded: for
which marginals pq,...,pnN is the Kantorovich minimum finite? This
is not a merely theoretical problem: for instance, in many applications, the

Riesz cost ,
Cs(l'l,...,ﬂfN): Z m
1<i<j<N 7" J

(for some exponent s > 0) is of interest (see for instance [20] 38]), and in
general the theory for repulsive cost functions is well studied ([13], 23] 25, 16]).
We will study this question in Chapter|l} providing a sharp sufficient condition
for the finiteness of in the case when all the marginals are equal.

The Monge formulation can be extended as well to the multi-marginal
case, by letting

(My) = int { o € @), T A (0] (T = m} . (04)

where instead of searching for a single optimal map T as in , we search
for N — 1 maps, each transporting the first marginal p; to one of the others.

Recalling the result of Pratelli [39] for two marginals, one could easily
get that (My) = (Kn) in the case of a continuous cost function and a non-
atomic first marginal p;. Indeed, as already pointed out in [I5] Remark 1.3],
the problem (My) can be seen as a 2-marginal optimal transport problem
between R? and (R4)N -1,

This suggests that, even when the marginals p1, ..., pn enjoy some regu-
larity assumptions (e.g. they are absolutely continuous w.r.t. the Lebesgue
measure), the support of optimal transport plans tends to concentrate on
sets of zero Lebesgue measure. In the extreme case of a Monge solution,
the support is concentrated on the graph of a function 7: R? — (R%)N-1,
However, for many application to physics, it is important to exhibit a dif-
fused transport plan 4 which is “almost” optimal for ([0.3]), in the sense that
Je(X)dy(X) < (Kn)+e. We address this problem in Chapter |4, and we will
show how this has been applied to quantum physical systems in Chapter

In many applications, included the latter to quantum systems, the multi-
marginal optimal transport problem is posed with N equal marginals p; =
<o =pn = p € P(RY) and a symmetric cost function c, i.e., c(x1,...,rN) =
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c(To(1)s - - - > To(y) for every permutation o € &n. In this setting, an alter-
native definition of the multi-marginal Monge problem can be given by the
following

(Meye) = inf { / c(a,T(x), ..., TN N(z))dp(x) | Tygp = p, TN =id ;
(RE)N

(0.5)
where T7 denotes the composition of T' with itself j times. In [15], M. Colombo
and S. Di Marino proved that (Mgy.) = (Kx) in the case of a continuous cost
function c: (RN — [0, +-o0].

The existence of an optimal transport map 1" that realizes the infimum in
(Meye) is much more difficult. Some positive results (see [14]) are known in
dimension d = 1 for the Coulomb cost function

C(I‘l,...,x]v): Z 1

1<i<j<N i — ;|

For particular classes of cost functions generated by vector fields, the ex-
istence of optimal maps was proven by N. Ghoussoub et al. in [30, 29]. In
general, the problem of finding optimal transport maps has been solved only
under special assumptions on the local behaviour of the cost (see [28, [35, 31]).

In inspired by [I7], we will give an original contribute to the
“Monge question” in multi-marginal optimal transport, in the case of the
Coulomb cost function in dimension d = 2, for a spherically symmetric marginal
p. This is part of a work in collaboration with L. De PAscale and A. Kausamo.
As we already pointed out, the choice of the Coulomb cost is due to the large
number of applications of multi-marginal Optimal Transport to physical sys-
tems of charged particles (see [10} 211 [33]).

Remaining in this applied setting with equal marginals, one is often inter-
ested in the limit N — 400 of a large number of particles. Some recent works
[36, 2I] present some progress in this direction. However, the former treats
only the case of a positive-definite cost function, while the latter treats the
pointwise limit, obtaining a very sharp result. In we will study the
[-convergence of the multi-marginal OT functional in the case of a general
pairwise cost function. This will extend the result of B. Pass et al. [36].



Chapter 1

Marginals with finite
repulsive cost

In this chapter we consider a multi-marginal optimal transport problem with
a pairwise repulsive cost function c: (RN — R, i.e.,

1
o(X) = R — (11)
where X = (21,...,2x) € (RN and w: R* — RT is continuous, strictly
increasing, differentiable on (0, 400), with w(0) = 0. The problem we want
to address is the following: for which probabilities p € P(R?) is the transport
cost

cp)=int { [ x)d1x) [ € 1Gp.....

finite?
Due to the fact that the cost function diverges on the diagonal

D= {(J:l,...,xN) € RHN | z; = x; for some i #j}, (1.2)

the question is not trivial. For instance, if p = d,,, then the set of transport
plans II(p,...,p) consists only of the element v = p® --- ® p, and C(p) =
J e(X)dy(X) = +oo.

It turns out that the right quantity to consider is given by the following

Definition 1. If p € P(RY), the concentration of p is k(p) = sup p({z}).
zeR?

Let us state the main result of this chapter.

Theorem 1.0.1. Let ¢ be a repulsive cost function, and p € P(R?) with
1
< —. 1.3
5(0) < (1.9

Then C(p) is finite.
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In an independent work by F. Stra, S. Di Marino and M. Colombo [16],
appeared after the publication of [2], the same result and some finer study of
the problem is obtained via a different technique, closer in the approach to
some arguments in [9].

Structure of the chapter The material for this chapter comes mainly
from [2]. In Section we give some notation, and regroup some definitions,
constructions and results to be used later. In particular, we state and prove
a simple but useful result about partitioning R? into measurable sets with
prescribed mass.

We then show in Section that the condition is sharp, i.e., given
any repulsive cost function, there exists p € P(R?) with x(p) = 1/N, and
C(p) = oo. The construction of this counterexample is explicit, but it is
important to note that the marginal p depends on the given cost function.

Finally we devote Sections [I.3] to [L.5] to the proof of Theorem The
construction is universal, in the following sense: given p € P(RY) such that
holds, we exhibit a symmetric transport plan v which has support outside
the enlarged diagonal

Dq = {(ml,...,xN) e RYN | Ji # j with |z — ;] < a}

for some @ > 0. This implies that [ ¢(X)dy(X) is finite for any repulsive cost
function.

1.1 Notation and preliminary results

We will denote by B(xj,r) a ball with center x; € R? and radius > 0. Where
it is not specified, the integrals are extended to all the space; if T is a positive
measure over R%, we denote by |7| its total mass, i.e.,

| 7] :/ dr.
Rd

If u € M((RH)N) is any measure, we define
1
Hsym = ﬁ Z ¢%&:U'7
seEGN

where & is the premutation group of {1,..., N}, and ¢*: (RN — (RH)N
is the function ¢°(z1,...,2n) = (Ts), - -+ Tswv)). Note that sy, is a sym-
metric measure; moreover, if 4 is a probability measure, then also fisym is a
probability measure.

Lemma 1.1.1. Let p € M((RY)N). Then psym has marginals equal to

1L
J
NZ”#/*
j=1
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Proof. Since pisym, is symmetric, me may calculate its first marginal:

1 1
W;#Msym = 773# ﬁ Z Qb%/i = ﬁ Z 77;1#&(¢s#/1’>
' SEGN ’ SEGN
1 (1) 1 N
_ s(1) J
N Z Ty H= WZ”#%
sE6GN j=1

where the last equality is due to the fact that for every j = 1,..., N there are
exactly (N — 1)! permutations in &y such that s(1) = j. O

For a symmetric probability v € P((R?)Y) we will use the shortened no-
tation () to denote its marginals W‘;gy, which are all equal.

If o1,...,0n8 € M(R?), we define 01 ® --- @ o € M((RY)Y) as the usual
product measure. In similar fashion, if @ € M((RHN-1), ¢ € M(R?) and
1 < j < N, we define the measure Q ®; 0 € M((RY)V) as

/ fd(Q®j0):/ f(z1,...,zn)do(x;)dQ(z1, ..., Z5,...,ZN)
(RN

(RHN
(1.4)
for every f € Cp((RY)N).
Partitions of non-atomic measures
Let 0 € M(Rd) be a finite non-atomic measure, and by, ..., bg real positive

numbers such that b; + - - - + by = |o|. We may want to write

where the E;’s are disjoint measurable sets with o(E;) = b;. This is trivial
if d = 1, since the cumulative distribution function ¢,(t) = o((—o0,t)) is
continuous, and one may find the F;’s as intervals. However, in higher di-
mension, the measure ¢ might concentrate over (d — 1)-dimensional surfaces,
which makes the problem slightly more difficult. Therefore we present the
following

Proposition 1.1.2. Let 0 € M(R?) be a finite non-atomic measure. Then
there exists a direction y € R%\ {0} such that o(H) = 0 for all the affine
hyperplanes H such that H L y.

In order to prove Proposition [I.1.2] it is useful to present the following

Lemma 1.1.3. Let (X, pu) be a measure space, with u(X) < oo, and {E;}icr
a collection of measurable sets such that



10 Chapter 1

1. pw(E;) >0 for every i € I;
2. w(E; N E;) =0 for every i # j.
Then I is at most countable.

Proof. Let iy,...,i, be a finite set of indices. Using the monotonicity of p
and the fact that u(E; N E;) =0 if ¢ # j,

n n
w(X) > p <U EZk) = ZM(E%)
k=1 k=1
Hence we have that
sup ZM(EJ)\ J C I,J finite p < u(X) < oo.
jeJ

Since all the u(E;) are strictly positive numbers, this is possible only if I
is countable (at most). O

Now we present the proof of Proposition [1.1.2
Proof. For k=0,1,...,d— 1 we recall the definitions of the Grassmannian
Gr(k,R%) = {U linear subspace of R? | dimv = k‘}
and the affine Grassmannian

Graff(k,RY) = {w affine subspace of R? | dimw = k} .

Given w € Graff(k, R?), we denote by [w] the unique element of Gr(k, R?)
parallel to w.

If S C Graff(k,R?), we say that S is full if for every v € Gr(k,RY) there
exists w € S such that [w] = v. For every k = 1,2,...,d — 1 let S¥ C
Graff(k,R?) be the set

Sk = {w e Graff(k,R%) | o(w) > o} .

The goal is to prove that S¢1 is not full, while by hypothesis we know
that S° = (), since o is non-atomic.
The following key Lemma leads to the proof in a finite number of steps:

Lemma 1.1.4. Let 1 <k <d—1. If S*71 is not full, then S* is not full.
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Proof. Let v € Gr(k — 1,R%), such that for every v’ € Graff(k — 1,R?) with
[v'] = v it holds o(v") = 0. Consider the collection

W, = {w e Graff(k,RY) | v C [w]} .
If w,w’ € W, are distinct, then wNw’ C v’ for some v’ € Graff(k—1,R%) with

[v'] = v, thus o(wNw') = 0. Since the measure o is finite, because of Lemma
at most countably many elements w € W, may have positive measure,

which implies that S* is not full. O

O
Corollary 1.1.5. Given by, ..., by real positive numbers with by+- - -+by, = |o|,
there exist measurable sets E1, ..., E, C R such that

(i) The E;’s form a partition of R%, i.e.,
k

R'=|JE;, EnNE; =0ifi#j;
j=1

(it) o(Ej) =b; for everyj=1,... k.

Proof. Let y € RY\ {0} given by Proposition and observe that the

cumulative distribution function
F(t) :U({xeRd\x~y<t}>

is continuous. Hence we may find Fj, ..., Ey each of the form
Ej:{:cERd]tj <x'y§t]~+1}

for suitable —oo =t; <ty < -+ <t} < tpy1 = +00, such that o(E;) =b;. O

Corollary 1.1.6. Given by,..., b non-negative numbers with by + - - -+ by, <
|o|, there exists measurable sets Eg, B, ..., Ey CR? such that

(i) the E;’s form a partition of R%;
(it) o(Ej) =b; for every j =1,...,k;
(iii) the distance between E; and Ej is strictly positive if i,j > 1, i # j.

Proof. If k = 1 the results follows trivially by Corollary applied to
by, |o| —by. If k > 2, define

ol =bi— by

1 > 0.
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As before, letting y € R?\ {0} given by Proposition and considering
the corresponding cumulative distribution function, we may find Fy, ..., For_1
each of the form

Fj:{$€Rd|tj<x-y§tj+1}

for suitable —oco =t <to < -+ < tgp_1 < tor, = +00, such that

O'(ng_l):bj Vi=1,...,k
o(Fyj)=¢€¢ Vj=1,....,k—1.

Finally we define
Ej=Fy, Yji=1,... .k
k—1
Ey = U Fy;.
j=1
The properties (i), (ii) are immediate to check, while the distance between

E; and Ej, for i,j > 1, 4 # j, is uniformly bounded from below by

min{t2j+1—t2j|1§j§k‘—1}>0. O

1.2 The condition ({1.3)) is sharp

In this section we prove that the condition is sharp, in the sense that
given any repulsive cost function there exists p € P(RY) with u(p) = 1/N
such that C(p) = oc.

Fix a repulsive cost as in , and set

(JJ/
k= / (Jﬂ'l) dy.
B(0,1) |yl

Note that k is a positive finite constant, depending only on w and the
dimension d. In fact, integrating in spherical coordinates,

rd—1

1,
k= / “ (T)adrd_l dr = agw(1),
0

where g is the d-dimensional volume of the unit ball B(0,1) C R%.
Now define a probability measure p € P(R?) as

L N -1 W' (Jz))
o= s+ St [ s

dz  VfeCy(RY). (1.5)

This measure has an atom of mass 1/N in the origin, and is absolutely
continuous on R%\ {0}. Hence the concentration of p is equal to 1/N, even if
for every ball B around the origin one has p(B) > 1/N.
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We want to prove that any symmetric transport plan with marginals p
has infinite cost. Let us consider, by contradiction, a symmetric plan v, with
() = p, such that

/ Z |)dfy(X) < 00

1<z<j<N
Then one would have the following geometric properties.

Lemma 1.2.1. (i) v(D) = 0, where D is the diagonal defined in (1.2));

(1) v is concentrated over the N coordinate hyperplanes {z; =0}, j=1,...,N,
ie.,

N
supp(~y U xzj =0}.

Proof. (i) Since w(0) = 0, recalling Definition the cost function is iden-
tically equal to 400 on the diagonal D. Therefore, since by assumption the

cost of v is finite, it must be
(D) =0.

(ii) Define

7({z1=0})
=7({z1 = 0} N {22 = 0})

py =7((0,...,0)).

Note that py = y({z1 = 0}) = 7(7)({0}) = p({0}) = 1/N. We claim that
p2 = -+ =pn = 0. Indeed, {z; =0} N {xe =0} C D, and hence py = 0; by
monotonicity of the measure v we have ps > p3 > -+ > py.

Now by inclusion-exclusion we have

N

(N
P(E) = Z(—W“( ‘>pj — Npy =1,
=1 J
and hence + is concentrated over FE. O

In view of Lemma letting H; = {z; =0} for j =1,...,N,

N
j=1

For every j = 1,..., N there exists a unique measure ); over RW-1Dd gych
that, recalling equation (L.4), v|n, = Q; ®; do, with Qj(R(Nfl)d) = % Since
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v is symmetric, considering a permutation s € Sy with s(j) = j, it follows
that @; is symmetric; then, considering any permutation in &y we see that
there exists a symmetric probability Q over R& =14 such that Q; = %Q for

every j=1,...,N, i.e.,
| N
ZNZQQ@J'CSO-
j=1

Projecting « to its one-particle marginal and using the definition of p in
, we get that m(Q) is absolutely continuous w.r.t. the Lebesgue measure,
with

dr(Q)  Xpo,(@)w'(2)

dﬁd k|l"d71

Here we get the contradiction, because
1 1
X)dy(X) > — | ————§ dxyd
Jewn =5 [ = o) 41 dQ(az, . 2)

1
N/ deQa"'v N N/

v d_1/
N B(0,1) w(\wl) k|1 N k w(r)

1.3 Non-atomic marginals

This short section deals with the case where p is non atomic, i.e., k(p) = 0. In
this case the transport plan is given by an optimal transport map in Monge’s
fashion, which we proceed to construct.

Using Corollary let Ei,...,Esn be a partition of R? such that
1

— Vj=1,...,2N.
ON J RRRE!

p(Ej) =

Next we take a measurable function ¢: R? — R?, preserving the measure
p and defined locally such that

¢(Ej) =FEjq2 Vji=1,...,N =2
¢(Fan—1) = E1
¢(Ean) = Ea.
The behaviour of ¢ on the hyperplanes which separate the E;’s is arbitrary,
since they form a p-null set. Note that |x — ¢(x)| is uniformy bounded from
below by some constant 8 > 0, as is clear by the construction of the E;’s (see

the proof of Corollary [1.1.5). A transport plan ~ of finite cost is now defined
for every f € Cp((RH)N) by

/ F(X) dy(X) = / (. 8(@), ... 6" (@) dpla),
(RN (RN



Marginals with finite repulsive cost 15

since

w000 (3) [ a0 = () oty

1.4 Marginals with a finite number of atoms

This section constitutes the core of the proof, as we deal with measures of
general form with an arbitrary (but finite) number of atoms. Throughout this
and the next Section we assume that the marginal p fulfills the condition ((1.3]).

The number of atoms is less than or equal to N

Note that, if the number of atoms is at most IV, then p must have a non-atomic
part o, due to the condition (1.3]). From here on we consider

k
p=o0+ Z bidz,;,
i=1
where by > by > -+ > b, > 0.
We begin with the following

Definition 2. A partition of o of level k& < N subordinate to (x1,...,xg;
bl,...,bk) is

k N
oc=T+ g E T}
i=1 h=i+1

where:
(i) 7,0} are non-atomic measures;

(ii) for every i and every h # k, the distance between supp o} and supp o,
is strictly positive;

(iii) foreveryi,h,if j < ithen x; has a strictly positive distance from supp o,il;

(iv) for every i, h, 02’ = b;, and 7| > 0.

Note that such a partition may only exists if

k
o > (N = )b (1.6)
=1

On the other hand, the following Lemma proves that the condition (1.6
is also sufficient to get a partition of o.
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Lemma 1.4.1. Let (by,...,by) with k < N, and

k
o] > ) (N —i)b;.
=1

Then there exists a partition of o subordinate to (x1,...,Tx;b1,...,bg).

Proof. Fix (x1,...,zk) and for every € > 0 define

k
As = U B(l’j,S).
j=1

and 0. = ox .. Then take € small enough such that

k
o — 0| > ) (N —i)b;, (1.7)
i=1

which is possibile because p(o) = 0 (0 has concentration zero), and hence
|oe| — 0 as € = 0. Due to Corollary the set R?\ A. may be partitioned

as ) N
R4\ A, = (U U E,i) UE,

i=1 h=i+1

with o(E}) = b;, and dist(E}, E!) is uniformly bounded from below.
Finally define afl =0Xpgi, T = 0+ OXE-

O
Proposition 1.4.2. Suppose that k < N and (b1,...,by) are such that
k

o > Nby — > by (1.8)

j=1

Then there exists a transport plan of finite cost with marginals
k
o+ Z bjéxj.
j=1

Proof. In order to simplify the notation, set by+1 = 0. First of all we shall fix
a partition of o subordinate to (x1,...,zk;b1 — bo,...,bg—1 — bk, br). To do

this we apply Lemma since

-1

o

k
(N = i)(bi = big1) + (N = k)bp = (N = )by — ¥ _b; < |o].
1 1=2

-
Il
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Next we define the measures \; = 0y, ® -+ ® 0y, ® Uf+1 ®--®ay €
M((RHN). Let us calculate the marginals of \;: since ‘afl‘ = b; — bjy1 for all
h=i+1,...,N, we get

o = (b; — bi+1)N_lj5xj | ifo<j<i
# (bi — bz‘+1)N’“10;- ifi+1<j<N.

Let us define, for i =1, ..., k, the measure

N
; Ai)s ™y
(bi — bi+1>N7171( oy

P =

where P; = 0 if b; = b;4.1. By Lemma the marginals of P; are equal to

%

N N
1 j i
(B = (bi = bigp)N—i71 jgoﬂ#/\i - j;(bi ~ ber)e * hgi-lo-h’

so that

k kN
ZW(B) = ijéxj + Z Z oh
' i=1 i=1 h=it+1

=1

It suffices now to take any symmetric transport plan P, of finite cost with
marginals 7, given by the result of Section and finally set

k
y=P +> P O
=1

As a corollary we obtain

Theorem 1.4.3. If p has k < N atoms, then there exists a transport plan of
finite cost.

Proof. Let
k
p=0+ Z bj(ng.
j=1
Note that, since by < 1/N,
k k
o] =1=) b; > Nby = > b,
j=1 j=1

hence we may apply Proposition to conclude. ]
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The number of atoms is greater than N

Here we deal with the much more difficult situation in which p has N 4+ 1 or
more atoms, i.e.,

k
p=0+> biby,
j=1

with £ > N + 1 and as before by > by > --- > b, > 0. Note that in this case
it might happen that o = 0.

The main point is to use a double induction on the dimension N and the
number of atoms k, as will be clear in Proposition [1.4.5] The following lemma
is a nice numerical trick needed for the inductive step in Proposition [1.4.5

Lemma 1.4.4. Let (by,...,by) with k > N + 2 and

k
(N=1)by <> by (1.9)
Jj=2

Then there exist to, ..., t; such that
(i) ta+ -+t = (N —1)by;
(i1) for every j =2,...,k, 0 <t; <bj, and moreover
to 2> -+ > t.

by —tg > b3 —t3 > - > by —ty,

(iii)

(iv)
k
(N =1)(by —t2) < (b —t;).
Proof. For j =2,...,k define
k
pi =Y bj,
h=j

and let j be the least j > 2 such that (N — j+2)b; < p;; note that j = N +2
works — hence 7 < N + 2. Define

—(N—=1)b
t]:b]_p2(]\7)1 forj:2’”_7j—17
bjpg—(N—l)bl _ . _
tj b] » N ( ]+) or j =73, K

Next we prove that this choice fulfills the conditions (i)-(iv).
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Proof of (i)

k
th — g — p?_(]]\fv_l)bl(]—_g) _ w(l\f—j—i— 2)

j—2 N—j+2 j—2 N-—j42
:p2<1—3N . ]\J,+ >+(N—1)b1<‘7 i s )

= (N — 1)by.

=2

Proof of (ii) In view of the fact that (N — 1)by < py and 7 < N + 2, it is
clear that t; < b;. If j < 7 we have (N — j 4+ 2)b; > p;, and hence

pr=ba+ - +bji_1+p; <(—2)b1 + (N —j+2)b;.
Thus, since 2 < j < N +1,

Nbj —po+ (N —1)by _ Nbj — (N = j +2)bj — (j — 2)b1 + (N — 1)by
= >
N N
_ (J_Q)bj+§\][\7—]+1)bl > 0.

tj

To show that t; > 0 for j > 7, we must prove [ps — (N —1)b;|(N —7+2) <
Npj, which is trivial if 7 = N — 2. Otherwise, it is equivalent to

—(7=2)[p2— (N =1)b1] + N[ba + -+ + b1 — (N = 1)ly] <0.

Since 2 < 7 < N +1, the first term is negative and by +- - - 4+b;—1 — (N —1)b; <
—(N -7+ 1)b1 <0.

Using the fact that by > --- > by, it is easy to see that to > --- > ---t;

and t; > --- > 1, — note that for j > 7 we have t; = ab;, for some 0 < o < 1.
As for the remaining inequality,

tj—l th e bj_l—b*2p2_—_ j_(N_j+2)bj]7

we already proved

P2 — (N — 1)b1 < 1 .
moreover, by definition of 7, we have (N — 7+ 3)bj—1 > pj—1, or equivalently
(N — 7+ 2)bj—1 > p;. Thus

D, (N g2t <

———— — b; < b1 — b7,
Np; J N—7+2 ] J—1 ]

as wanted.
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It is left to show that by —t9 > --- > by — t.. It is trivial to check that
by —ty =---=0bj1 —t;1,and by —t; > --- > by — t} using by > --- > by, as
before. Finally,

p2— (N —1)by _ byjpa — (N —1)b

bjfl—tjflzbj—tjﬁ N Z;j N (N—j—FQ)’

which is true since (N — 74 2)b; < py and pp — (N — 1)by > 0.

Proof of (iii) The thesis is equivalent to
k
(N —1)tz < th > (N — 1)ty < (N —1)by,
j=2

and this is implied by to < by < by.

Proof of (iv) The thesis is equivalent to
N(bg —t2) < p2 — (N — 1)by,

which is in fact an equality (see the definition of ts).
O

We are ready to present the main result of this Section, which provides
a transport plan of finite cost under an additional hypothesis on the tuple
(b1,...,br). The result is peculiar for the fact that it does not involve the
non-atomic part of the measure — it is in fact a general discrete construction to
get a purely atomic symmetric measure having fixed purely atomic marginals.

Proposition 1.4.5. Let k > N and (b1, ...,b;) with
(N—l)bl <by+---+ bg. (1.10)

Then for every x1, ...,z € R distinct, there exists a symmetric transport
plan of finite cost with marginals p = b6z, + - - + b0z, -

Proof. For every pair of positive integers (N, k), with & > N, let B(N, k) be

the following proposition:

Let (x1,...,2k;b1,...,bg) with (N —1)by < by + -+ 4 bx. Then
for every (x1,...,x) there exists a symmetric N-transport plan
of finite cost with marginals b10,, + - -+ + b0y, .

We will prove B(IV, k) by double induction, in the following way: first we
prove P(1, k) for every k and ‘B(N, N + 1) for every N. Then we prove

PN — 1, k) AB(NE—1) = P(N, k).
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Proof of P(1,k) Thisis trivial: simply take by6,, +- - -+bgdy, asa “transport
plan”.

Proof of B(N, N + 1) Let us denote by Ay the (N + 1) x (N + 1) matrix

o 1 --- 1
1 0 --- 1
AN: . . )
1 1 0
whose inverse is
—(N—-1) 1 1
1 1 —(N-1) --- 1
i 1| v e
N : .
1 1 —(N-1)

Define also the following (N + 1) x N matrix, with elements in R%:

T2 T3 - TN+41
1 T3 - TN+1
(xij) =1 . . . ) ,
:L‘l $2 PR xN
where the i-th row is (z1,...,2i—1,Zit1,...,ZN+1). We want to construct a
transport plan of the form
N+1
P=N E ai((sl‘il ®-® 6xiN)8ym’
i=1

where a; > 0. Note that, by Lemma the marginals of P are equal to

N+1 [ N+1
m(P)=> | > a6
=1 \ it

i#£]

Thus, the condition on the a;’s to have m(P) = p is

a by
Av | ¢ = |
aN4+1 by 11
1.e.,
ay by
Sy .
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Finally, observe that the condition ((1.9) implies that a; > 0, while the fact
that by > by > --- > byyq leads to a1 < ag < --- < anq1, and hence a; > 0
for every i and we are done.

Inductive step Let (by,...,b) satisfying (1.9), with & > N + 2 (otherwise
we are in the case P(N,N + 1), already proved). Take to,...,t; given by
Lemma and apply the inductive hypotheses to find

e a symmetric transport plan @ of finite cost in (N — 1) variables, with
marginals

m(Q1) =

M-

tjéxj;
Jj=2

e asymmetric transport plan R of finite cost in IV variables, with marginals

k
- Z(b]

j=2
Define
N
1 Z Ql ®j x1
j=1

Since 1 is symmetric, ) is symmetric. Moreover, using Lemmam (i),

k
(@) = ﬁ% ST+ ti0e, = bida, + > 16,

j=2 j=2 7j=2

The transport plan P = @ + R is symmetric, with marginals n(P) =
b10y, + -+ + b0y, .
O

In order to conclude the proof of this Section, we must now deal not
only with the non-atomic part of p, but also with the additional hypothesis
of Proposition Indeed, the presence of a non-atomic part will fix the
atomic mass exceeding the inequality , as will be seen soon.

Definition 3. Given N, we say that the tuple (by,...,by) is fast decreasing if

14

(N —34)b; > Z by Vji=1,...,4—1.
i=j+1

Remark 1. Note that if (by,...,by) is fast decreasing, then necessarily £ < N.

As a consequence, given any sequence (by, ba, ... ), even infinite, we may select

its maximal fast decreasing initial tuple (by,...,bs) (which might be empty,
e., L =0).
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Theorem 1.4.6. If p is such that
k

pza—l—ij(sxj

j=1
with k > N atoms, then there exists a transport plan of finite cost.
Proof. Consider (by,...,bx) and use the Remark [1| to select its maximal fast
decreasing initial tuple (by,...,by), £ < N. Thanks to Proposition we

may construct a transport plan Py over RW=04 with marginals bg+15
-+ 4 by, , since

fl?e+1

k
(N—f=Dbpr < Y b
j=0+2

by maximality of (by,...,by) — and this is condition (1.9 in this case. We
extend step by step Ppy1 to an N-transport plan, letting

N

1
P = N_; > (Pii1 @i bay),
i=

forj=40,0—1,...,1.

Let pp = bg+1 +---+b, and ¢ = . We claim that |Pj| = (N —j+1)q,.
In fact, by construction |Ppy1| = py, and 1nduct1vely

J + 1 . .
’Pj|_ Z |Pjp1|=—— N =da=N-j+1Daq
i=j—1
Moreover,

Z@M&’cz + Z b; 51‘1

1=0+1
This is true by construction in the case j = £+ 1, and inductively
1 N

=041

Note that, for every i = 1,...,¢, b; > by > q;. We shall find, using
Proposition a transport plan of finite cost with marginals

l
o+ Z(bz - QZ)(;:E,"
i=1

since the condition (|1.8)) reads

J4 k
N(b1 — q) — Zb—Qg Noy = bi—=(N=0g<1-Y bi=lo|. O
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1.5 Marginals with countably many atoms

In this Section we finally deal with the case of an infinite number of atoms,
i.€.,

o.9]
p=0+> by,
j=1

with b; > 0, bj11 < b; for every j > 1.

The main issue is of topological nature: if the atoms x; are too close each
other (for example, if they form a dense subset of R?) and the growth of b; for
J — o0 is too slow, the cost might diverge. With this in mind, we begin with
an elementary topological result, in order to separate the atoms in N groups,
with controlled minimal distance from each other.

Lemma 1.5.1. There exists a partition R =Fyl)---LJ Eny1 such that:
(i) for everyj=2,...,N+1, z; € on;
(it) for every j =2,...,N +1, OF; does not contain any z;.
Proof. For j =3,...,N + 1 let r; > 0 small enough such that
x; ¢ B(xzj,rj) foreveryi=1,...,N,i# j.

Fixed any 5 = 3,..., N + 1, by a cardinality argument there must be a
positive real t; with 0 < t; < r; and 0B(z;,t;) not containing any z;, i > 1.
We take Ej = B(zj,t;) for j =3,..., N +1. Note that this choice fullfills the
conditions (i), (i) for j = 3,..., N + 1. Finally, we take

N+1

B, =R\ | |J E
j=3

Clearly x5 € Es, and moreover the condition (i) is satisfied, since

N+1
0E; = | J 0E;. O
j=3

Consider the partition given by Lemma and define the corresponding
partition of N given by N= AgU---U Any1, where
Aj:{iEN’JJiGEj}.

Next we consider, for every j = 2,...,N +1 a threshold n; > 2 large
enough such that, defining
&= b,

12>n;
iI€A;
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then

1
€+ -+ ENF1 <min{bN+1,N—b1}. (1.11)

This may be done since the series ) b; converges, and hence for every
7 =2,...,N 41 the series
Db
iI€A;

is convergent.
For every j = 2,..., N 4+ 1 define the following transport plan:

Pj:N Z bi(;xi ®59&2®"'®Sﬂcj®"'®5mw+1 ,
iEAj,ian sym
and note that, by Lemma/|l.1.1
N+1
WP =6 Y o+ 3 b
h=2 i>n;
h;’é] iEAj
Then let
N+1
P3P,
=2
and observe that
N+1 [ N+1 N+1
SESED 31 DT L3S 35 ST
j=2 \ i=2 =2 i>n;
i#] i€ A
Let now
N+1
bi— > e if2<i<N+1
bi = e

0 if i >njand i€ Aj for some j =2,...,N +1
b; otherwise.

We are left to find a transport plan of finite cost with marginals

e ~
o+ Z bl(smzv
i=1
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which has indeed a ﬁnite number of atoms. Note that b; > 0 for every i,
thanks to condition . Moreover, since b1 = b; and b < bj, then b1 > b
for every 5 € N, as is used in what follows. If

N —1)b gi
=2

we may conclude using Proposition Otherwise, we proceed like in the
proof of Theorem 1.4 6L with {b;} replacing {b;}. At the final stage, it is left
to check that

k

Ny = Ger1) = Y (b — Gryr) <1 =D _bi=|o].

i=1 =1
Indeed this is true, since using the condition (1.11)) one gets

k

00 0o
qk_H Z qk+1 Nbl_zbi‘i‘N(EQ"‘“-"‘eN—&-l)<1_Zbi-
=1 =1 =1
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Monge solutions for spherical
densities

We consider a multi-marginal optimal transport problem with Coulomb cost
in the following setting: let d = 2, N = 3 and take p € P(R?) radially
distributed. To be formally precise, this means that there exists a positive
measure p € P([0,00)) such that

400 1 2w
sapantea) = [ (5 [ otr0)0) aotr)
R2 0 T Jo
for every ¢ € Cy(R?). If j is absolutely continuous, this means that the density
of p is a radial function.
As well discussed in [37], in this case the multi-marginal optimal transport
problem reduces to a one-dimensional one. To make this notion precise, we

define the radial cost c: (Ry)? — RU {+oc},

c(ri,ra,r3) = min {é(vy, ve,v3) | |v;| = r; for i =1,2,3}

for all (ry,79,73) € (Ry)%.

For a given triple (r1,r2,73) there exist many differently-oriented vec-
tors (v1,vg,v3) that realize the above minimum. Once a triple of minimizers
(v1,v2,v3) has been fixed, the optimal configuration can be characterized by
giving the radii and the angles between them. We may always assume that
the vector v lies along the positive z-axis, as the Coulomb cost function is
invariant under the action of SO(2) on R? i.e.,

c(xy,x9,x3) = c(A(x1), A(x2), A(z3)) VA € SO(2).

With this choice in mind we denote by 6 the angle between v, and vo and
by 603 the angle between vy and wvs. For this radial and angular data that
corresponds to the triple of vectors (v, vs,v3) € (R?)3 we will sometimes use

27
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the notation C(ry, 72,73, 02,03) for the Coulomb cost é(v1, ve,ve). This allows
to rewrite the radial cost function ¢ as

) ) - i C ) b 79 70 2‘1
C(T‘l T9 Tg) (92%31)1&2 (7‘1 T9,73,U09 3) ( )

Now solving the (MK) problem for the Coulomb cost and the marginal
measure p is equivalent to solving the one-dimensional (MK) problem in the
class II3(p) for the radial density p and the radial cost ¢, as will be made more
rigorous in the next theorem, first proven by Pass (see [37]).

Theorem 2.0.1. The full (MK) problem for the Coulomb cost

min {/ é(vy,v9,v3) dy(v1,v2,v3) | 4 € Hg(,ﬁ)} (2.2)
(R2)3

and the corresponding radial problem

min {/ c(ri,ro,m3)dy | v € Hg(p)} (2.3)
(R4)3

are equivalent in the following sense: the measure v € Il3(p) is optimal for

the problem if and only if the measure

¥ i=(r1,re,m3) @ p

is optimal for the problem . Above, """ js the singular probability
measure on the 3-dimensional torus defined by

2
e = or 0¢06, 1005+ dt,
T Jo

where (62, 03) are minimizing angles 0o = Z(vy,v2), 03 = Z(v1,v3) for
c(ri,ra,r3) = min {é(vy, v, v3) | |vi| =r; fori=1,2,3}.

In [40] the authors conjectured the solution to the radial problem (2.3).
The conjecture is stated for all d and N but for the sake of clarity we formulate
it here for N = 3.

Conjecture 2.0.2 (Seidl). Let 5 € P(R?) be radially-symmetric with the
radial density p. Let s1 and so be such that

1

p([0,51)) = p(ls1, 52)) = p([s2,00)) = 3.

We define the map T : [0,00) to be the unique map that sends, in the way that
preserves the density p,
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e the interval [0,s1) to the interval [s1,s2) decreasingly,

e the interval [s1,s2) to the half-line [s2,00) decreasingly, and

e the half-line [s2,00) to the interval [0, s1) increasingly.
More formally, this map is defined as

F71(2-F(z)) whenz€0,s1)
T(x) = F1(3—F(z)) whenz € [s1,s2)
F~'(1—F(z)) whenz € [s2,00)

where F' is the cumulative distribution function of p, that is, F(r) = p([0,7)).
Then the map T is optimal for the radial problem .

The map introduced in Conjecture is also called “The Seidl map”
or “the DDI map” where the letters DDI stand for Decreasing, Decreasing,
Increasing, identifying the monotonicities in which the first interval is mapped
on the second, the second on the third, and finally the third back on the first.
In an analogous manner one can define maps with different monotonicities:
111, IID, DDI and so on. Since the marginals of our MOT problem are all
the same and equal to p, the only maps 7 that make sense satisfy 7° = Id,
which leads us to the so-called T := {I, D}? class, first introduced by Colombo
and Stra in [17]:

T :={III,DDI,DID,IDD}.

In [I7] the authors were the first to disprove the Seidl conjecture. They
showed that for N = 3 and d = 2 the DDI map fails to be optimal if the
marginal measure is concentrated on a very thin annulus. They also provided
a positive example for the optimality of the DDI map: they constructed a
density, concentrated on a union of three disjointed intervals the last of which
is very far from the first two, so that the support of the transport plan given by
the DDI map is c-cyclically monotone. On the other hand, in [24] De Pascale
proved that also for the Coulomb cost the c-cyclical monotonicity implies
optimality: this implication had been previously proven only for cost functions
that can be bounded from above by a sum of p-integrable functions. Using
these results and making the necessary passage between the radial problem
and the full problem one gets the optimality of the DDI map
for the example of Colombo and Stra. In [I7] the authors also provided a
counterexample for the non-optimality of all transport maps in the class 7.

We will address the connection between the density p and the optimality
or non-optimality of the Seidl map for d = 2 and N = 3. Our main results
are the following:

Theorem 2.0.3. Let p € P(Ry) such that

ra(rs —r1)® —ri(rs +12)® — r3(ri +12)* >0 (2.4)
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for p-a.e. (ri,7m2,13) € [0, 51] X [81, S2] X [$2, $3]. Then the DDI map T provides
an optimal Monge solution v = (Id,T,T?)4(p) to the problem .

This theorem makes more quantitative the positive result of Colombo and
Stra (see Remarks and for a more detailed description). Its proof also gives
a necessary and sufficient condition for the radial Coulomb cost to coincide
with a much simpler cost that corresponds to the situation where all three
particles are aligned. More precisely, we show that

Theorem 2.0.4. Let 0 < r1 < ro < r3. Then (02,05) = (7,0) is optimal in
(2.1) if and only if

Tg(?”g — 7’1)3 — 7”1(7"3 -+ 7’2)3 — 7“3(7’1 + T2)3 > 0.
Moreover, if (2.4) holds, (02,0s) = (m,0) is the unique minimum point.

We continue by using this new condition to construct a wide class of coun-
terexamples for the optimality of the Seidl map. This class contains densities
that are rather physical, such as positive, continuous and differentiable.

S

Theorem 2.0.5. Let p € P(Ry) positive everywhere such that 2t > 1+§

and

T(x)(T%(z) — )% — 2(T?*(z) + T(z))® — T?(x)(z + T(z))> > 0 (2.5)

for p-a.e. x € (0,s1), where T is the DDI map. Then the DDI maps does not
provide an optimal Monge solution v = (Id, S, Sz)#(,o) to the problem .
Moreover, there exist smooth counterexample densities.

Structure of the chapter In we will present the proof of
which is quite technical and long. This will require a careful study

of the stationary points for the radial cost C(ry,r2,73,602,603) for fixed radii
and variable angles (6, 03) € T2.

In we will prove the main Theorems [Theorem 2.0.3] and [The-]
by applying the result of and other techniques,

both original and derived from the literature concerning the multi-marginal
Optimal Transport with Coulomb cost in dimension 1.

2.1 Proof of [Theorem 2.0.4

Let 0 < r1 < r9 < 73 be fixed. In order to lighten the notation, we will
omit the dependence on the radii when possible. We will also introduce the
following functions for 4,7 € {1,2,3} and 6 € T*:

1

y — 22 2 9. » -
D;j(0) = r; +rj —2rirjcost, Fi;(0) PROLE



Monge solutions for spherical densities 31

It will be useful to compute the derivatives of F;;, so we do it now:

r;7;8in 6
Fl(g) = —rasmy
ij D?j/z
riricos  32r2rsin? @
F(0) = " g 2T

ij/ 2 2 ij/ 2
i (rir; cos? 6 + (T‘ZQ + 7‘]2) cos @ — 3rir;)
- Dy;(0)>/*

In order to simplify the notation even more, we denote
Qij(t) = rirst® + (rf + 1)t = Brorj, € [-1,1],
so that 01:(cos6)
r;1; Qi (cos
Fg) = _ "% \cosv)
Z]( ) D”(G)E)/Q
Observe that Q;;(—1) = —(r; +7;)? and  Q;j(1) = (r; —r;j)?, so that
rir; rir;g

FI'0) = — vy
Z]( ) (7’,‘ —i—Tj)S

and Fj(m) = (2.6)

i =7y

First we prove that if (o, 8) = (7,0) is optimal in (2.1)), then (2.4)) holds.

Recall that the function to minimize is

[, B) = Fra(a) + Fi3(8) + Fas(a — B)

and notice that f € C°°(T?). Thus, if (7, 0) is minimal, it must be a stationary
point with positive-definite Hessian. Let us compute the gradient and the
Hessian of f:

Vf(a,B) = (Fia(a) + Faz(a — B), Fi3(8) — Fas(a — B),

o (Fh@)+Fha—B)  —Fha—p)
Hf(ef) < F(a - ) ﬂym+5%m—ﬁﬂ'

Using (2.6), we have

rira - + rers = _ 213 3
Hf(m,0) = | o il i
(ro+rs)3 (ra—r1)3 (ra+r3)3
and
d " Hf( O) 7’%7“27”3 T17’27‘§
e m,0) = — —
(r1+72)3(rs —r1)3  (ro+173)3(rs —r1)3
7“17“%7"3

_.I_
(?”1 + T2)3(7"2 + 7”3)3
_ r1ror3[re(rs — 7“1)3 —ri(rs + 7“2)3 —r3(ry + T2)3}
(r1+12)3(ra +13)3(r3 —r1)3 '
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The positivity of det H f(m,0) implies the condition , which proves
the first part of

Now we assume that holds, and we want to get that (m,0) is the
unique minimum point. The first (and most challenging) step is given by the
following

Proposition 2.1.1. Suppose that 0 < r1 < re < r3 satisfy (2.4). Then
(0,0), (0,7), (m,0), (7, 7) are the only stationary points of f(«, ).

The proof of is quite technical and long. For the sake of clarity we
postpone it to the end of this section, in order to keep focusing on the main
result.

Since {0, 7}? are the only stationary points, the global minimum of f must
be between them. By direct comparison of the values f(0,0), f(0,7), f(=,0),
f(m,m) we will conclude that (7, 0) is the unique minimum point.

We compute

1 1 1
f(0,0) = +
To — T rg —7nro ryg —1r1
1 1 1
£(0,7) = + +
ro—7T1  r3+re r3+rp
1 1 1
f(m,0) = + +
ro+ry rgt+re rg—rp
1 1 1
f(m,m) =

Crg4r1 rg—19  Tr3A4TY
and observe that clearly f(0,0) > f(0,7). To deduce the other inequalities
we notice that the function
1
T—-—y zT+Y

h(z,y) = for 0 <y <.
is decreasing in = and increasing in y, so h(rs,r1) < h(re,m1) = f(m,0) <
f(0,7) and h(rs,r1) < h(rs,r2) = f(m,0) < f(m,m), as wanted.

Proof of [2.1.1] A stationary point («, §) must solve Vf =0, i.e.,

_ rmrgsina rorg sin(a — ) 0
Di2(a)3/2 Doz(a—B)3/2
rirgsin 8 rorssin(a — f)

" Di3(B)32 " Dag(a— B)32

=0

which we rewrite as

r1r9 sin o r1rgsin 8 _0
Dia(a)?2 " Di3(B)3/%

. ; (2.7)
rirgsin8 rorgsin(a — ) 0
Di3(B)3/2  Dag(a—p)32




Monge solutions for spherical densities 33

Observe that the four points (o, 3) € {0,7}? are always solutions for (2.7).
We will study this system in detail for g € [0,7]. The conclusions can then

be derived for 8 € [—, 0] by making use of the change of variables & = —a,
B8 = —pB. To proceed in the computations, we perform a finer study of the
function ]

7i7; sin 0

9z‘j<9) = _Fi/j(e) = W7

so that the optimality conditions ([2.7)) will be rewritten in the form

{gu(a) = —g13(8) (2.8)

913(8) = goz(a — B).

We now prove that for every § in [0, 7] there exists at least one and at most
two «’s such that each of the two equations is satisfied.
The derivative of g;; is

Qij(cos0)

/
(0) = rirs ————t
gz]( ) TiT; Dz‘j(e)5/2

and it vanishes for

_ 2 2 4 242 4
r T +4/7; —1—147’27"] —i—ry

.

Qij(COS HU) =0 = cos Gij =

€ (0,1).

2r;r;

By looking at the sign of the second degree polynomial );;, we conclude that
gij(0) is increasing from 0 to its maximum on [0, §;;] and decreasing to 0 on
[0, 7]

Lemma 2.1.2. For every 0 € [0, 7], g13(0) < g12(0) and g13(6) < g23(0). (See
Fig. [2.1)

Proof. We claim that 0 < ¢15(0) < ¢15(0) and ¢}5(7) > gj5(m) > 0. Indeed,

using [2.6]

913(0) = —F13(0) =

rrs
(T‘3 — 7"1)3

rr2

>0, and g15(0) = (ra— )%

thus
913(0) < 12(0) = r3(ro — 1) < ra(ry —m1)?
which is weaker than (2.4]).
On the other hand,

rirs
g1s(m) = —Fis(m) = —

(rs +r1)3

r1r2

<0, and gp(m) = NCERE

thus
9is(m) > glo(m) < r3(r1 +12)® <ro(rg +11)?
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gi2

gi3

B

Figure 2.1: The relative position of the graphs of g12 and gi3 on the interval
[0,7]. However the strict inequality betwen the two maximal values is not

proved. See Lemma

which is once again weaker than (2.4]).
Moreover, the equation g;3(f) = g12(¢) has at most one solution in (0, 7),
since we have the following chain of equivalent equalities:

g13(0) = g12(0)
r1rs3 r1ro

D13(0)3/2  Dia(0)3/2

rg/g(r% + r% — 2rgrgcosf) = r§/3(r% + r§ — 21173 cos )

Py =) - 03 - )

_Ty T3
2/3 2/3, 1/3 1/3
5 Ty (g —1y7)

2rir

Recalling that both gi3 and g12 vanish at the endpoints of [0, 7], we get the
thesis. An analogous argument applies to the comparison between g3 and

g23. O

Remark 2. Tt follows from the Lemma above that for every value of g13, and
so for every fixed B, there exists at least one o where gj2(«) takes the same
value. If the value of gi3 is not the maximal one then there are exactly two
different o’s such that the value is achieved. The same holds for gag(a — 3).
See figure below.
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Lemma 2.1.3. Ifcos € (cosb;;,1) then

cos 0 — cos 0;;

' (p -
01y (0) < g0

if cosf € (—1,cosb;;) then
0 — cos b;;
() < ol () CO50 — 0805
a6) < 1) T
Proof. We omit for simplicity of notation the indices ij. Recall that

(). 0)
19) — i1 Qi(cos _ 0
g.(9) (7"12 + 7"]2» — 2r;rj cosf) (cos )

, where h: [—1,1] = R, h(t) = Mfgé%

The thesis is a weak version of the convexity of h: if h is convex, then the
inequalities hold by applying the Jensen’s inequality separately in the intervals
[—1,cos0;;] and [cos;;,1]. It could happen, however, that h has a concave
part between —1 and a certain threshold &, and then it is convex. In this case

we prove the following:

e h;; is decreasing between —1 and a certain threshold o, where it reaches
the minimum;

e { < o, ie., in the interval [0, 1] the function is convex.

Then we deduce that, for —1 <t < o,

t — cosb;;
hij(t) < hij(=1) < hij(=1) —————

—1 —cos 0;;

(recall that h(—1) is negative).
On the other hand, for o <t < cos 6;5,

h(t) < line joining (o, k(o)) and (cos 6;;,0)
< line joining (—1, h(—1)) and (cosb;;,0)
since o is a minimum point. See for a clearer graphical meaning of
the proof.
Here come the computations:
2Tt 4 5y (r] + 3t + v — 130707 4 )

(r? + 7']2- — 2rr;t)7/2

W (t) =

We have that h/(t) = 0 for

—5(r2 4 r2) £ 200] + 1020202 + 217}
t= .
27‘1'1”]‘
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cos 0;;
_____________“_‘_-\-‘
h(t)

Figure 2.2: A graphical understanding of Lemmam the function h(t) stays
below two segments.

Observe that the smaller solution is always outside the interval [—1, 1], since

—5(r? + r?) - \/217‘;l + 1027“1.27“]2. +21rf < —\/1072737"]- < —2rir;.

Denote by ¢ the bigger root.
We move on to the second derivative:

Tizr]zt2 + 9rir; (7“12 + T’?)t + 47"?L — 277”?7"]2 + 47“?

h'(t) = 3rir;
( ) Tlrj (T,? + T‘? _ 2T1Tjt)9/2

We have that h”(t) = 0 for

. —9(r2 4 r2) £ /651 + 270722 + 657
N 27“17“]' '

As above, the smaller root always lies outside the interval [—1,1]. Denote
by & the bigger root. Now we prove that o > £ for any choice of the values
0 < r; < rj. By homogeneity, denoting by u = rf/r? € (0,1), it suffices to
prove that

—5(1 4 u) + V21u2 + 102u 4 21 > —9(1 + u) + v/65u2 + 270u + 65,
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1.€.,

4(1 4 u) + V2102 + 102u + 21 > /65u2 + 270u + 65
37u? + 134u + 37u + 8(1 + u)v/21u2 4 102u + 21 > 65u> + 270u + 65
8(1 4 u)V3v/Tu? 4 34u + 7 > 28u® 4 136u + 28
2v3(1 4+ u) > /Tu? + 34u + 7
12(1 +u)? > Tu? + 3du + 7
51 —u)? >0,

as wanted. O

Now the idea is the following: in view of the first equa-
tion of implicitly defines two C*° functions «ay(8) and ax () such that
ap(0) = 0,a,(0) = m. Analogously, the second equation implicitly defines two
functions ay(8) and a,(B) such that ap(0) = 0,a,(0) = .

We want to prove that each curve ag, intersects each curve ap, only
in 0 or w. By sign considerations, we notice that the first equation implies
a(B) € [m,27n] and the second equation implies a(8) € [, 7 + 3]. Hence, the
possible solutions lie in the region 7 < o < m + 3, and when considering the
whole torus T? the region has a “butterfly” shape.

This already shows that the curves ag () and ay(3) do not produce solu-
tions, since we have that § —7 < ap(8) < 0 and 0 < @p(8) < 7. Thus we can
concentrate our attention on the curves a, and ;.

The key observation lies in the fact that

T < ax(B) < 7+ ar(0)8,

i.e., the function o, (/) stays below its tangent line at 5 = 0 (see Picture .
Likewise, the function &, () stays above its tangent line at 5 = 0. This allows
us to conclude that they do not intersect since, as we will see, the condition
(2.4) is equivalent to o/ (0) < a’.(0).

Lemma 2.1.4. For € (0,7) let a(B) be the solution of
913(8) + gij(a) =0
a(0) = a(r) = 7.

Then
T <a(B) <7+ d(0).

(See Figure[2.]] for a graphical understanding.)

Proof. Differentiating in 5 we get

dis(B) + ' (B)gls () =0 = o(B) = —30)



38 Chapter 2

2T
(&%)}
foms
(673
T
Qg
0 ™ 21

Figure 2.3: In blue, the “butterfly” region of admissible solutions to optimality
conditions (2.7). In black and orange, a plot of the curves g and dg, in
the region 0 < g < 7.

Take B € (0,6:13), where 613 is the critical value of g3, so that cos 8 >

cosf13. By [Lemma 2.1.2| we have that o € [7, 2w — 6;5], because the equation

913(8) + gij(«) = 0 has two solutions in the interval [, 27] and by definition
« is the leftmost one. Using Lemma [2.1.3] we have

g15(0) cosff —cosbis —1—cosb;;

o (B) <

B —ggj (r) 1—cosbig cosa(f)—cosb;;

Since % = a/(0) > 0, it suffices to show that
ij

cos 3 —cosfliz —1—cosb;;

1 —cosbz cosa(B) —cosb; —
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2

0 T

Figure 2.4: A graphical understanding of Lemma the function o () is
confined by 7 < a(8) < 7+a.(0)3, and similarly 7+a/.(0)8 < a,(8) < 7+8.
This implies that the intersection between «, and &, is only at 8 = 0.
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Let & = a(fB) — m, so that 0 < & < 8. We must prove

cos B —cosfiz 1+ cosb;; <1
1 —cosfi3 cosa+cost; — '
(1 + cosb;j)(cos B —cosbiz) < (1 — cosby3)(cos i+ cos b;5)

(cos 8 — cos &) + cos b5 cos B + cos b3 cos & < cos b5 + cos b13.
But this is true, since & < § = cos 8 — cosa > 0 and clearly
cos 0;; cos B + cos 13 cos & < cos 0;; + cos O13.

We got the desired inequality for g € (0,6;3). However, for § > 613 we
have /() < 0, hence the line ¢/(0)3 is increasing and the function «(j3) is
decreasing, giving the inequality for every 3. O

By Lemma we obtain that the function a, () lies between the hor-
izontal line a = 7 and the line @ = 7 + /. (0)5 (strictly for 8 > 0). Recall
that the function a, (/) satisfies the second equation of the stationary system

((2.7)

rirgsin8 rorgsin(a — ) 0
D13(B)3/%  Das(a — B)3/2
with a,(0) = 7, ar(7) = 27.

By a change of variables &(8) = 2w + § — ar (), we get that & satisfies

{913(5) +g23(@) =0

hence 7 < &(B) < m+ & (0)B, i.e.,
T+ a,(0)<ar(8) <7+ p

for 8 > 0. So the idea is that the two lines provide a separation of the curves,
so that no intersection can happen except at the starting point.

We conclude by observing that the condition is equivalent to o/ (0) >
a’.(0): indeed we have

913(8) — ga3(@x(B) — B) =0 =

a/ (0) =14+ 9113(0) -1 _ rirs (?“2 + 7’3)3 _ T2<r3 — r1)3 -7 (7«2 + 7“3)3
" 23(T) (rs—=r1)®  ror ro(rs —r3)
923 311 2r'3 o(rs — 13
and
ol (0) = 913(0) __"n”3 (r1 +12)? _ r3(ry +1r2)3
" _932(77) (r3—r1)3  rire ro(r3 — 7”1)3'
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Before coming to the consequences and proving the main results of this
Chapter, let us present a couple of useful remarks.

Remark 3. We recall the polynomial condition (2.4)):
ra(rs —r1)* = r1(rs +12)* — r3(ry +12)* > 0.

For fixed r1 and 79, the cubic polynomial in 73 that appears on the left-hand
side of ([2.4]) has three real roots. They are given by the following expressions:

51172 + 73 £ (r1 + 12) /13 + 121179 — 4777
2(rg — 1) '

Since we are only interested in the region where r3 > 0 and since

-T2,

5rro + 13 + (r1 + r2)\/73 + 127179 — 417
2(rg — 1)

is the only positive root for every value of 0 < r1 < rg, the condition ({2.4]) can
be rewritten as

5rire + r% + (r1 + 7“2)\/7“3 + 12r17r9 — 47’% <,
2(7‘2 — 7’1) =73

Remark 4. In [17], a crucial role was played by Lemma 4.1. In our framework

this lemma can be obtained as a consequence of by choosing
(following the notation of [17])

90(7'177”2) = (29)

ry > max o(r1,r2) .
3 - - ’
[Tl 77'1F]><[r2 »T;}

If r{ < 7y, as assumed by the authors in [I7], then the maximum above is
a real number and the threshold r; can be fixed. Thus our result gives a

quantitative optimal version of their choice. Moreover, allows
us to deal with the case in which there is no gap between rf and 7, , since we

have an explicit control of the growth of ¢(r1,r2) as r|1 — ra.

2.2 Proofs of the main theorems
When p satisfies the assumptions of [Theorem 2.0.4] we know that
1 1 1
_l’_
ro+r1 T3+T2 r3—nr1

cr(r1,m2,73) =

for (p@p@p)-a.e. (r1,r2,73) € [0, 81] X [81, S2] X [s2, +00). The key observation
lies in the fact that this can be viewed as a 1-dimensional Coulomb cost for
points —rq, 71,73 € R. We can now rely on a somewhat well-established theory
for the Coulomb cost in dimension d = 1: see for instance [15, [14], 23] 25].

This allows to prove [Iheorem 2.0.3
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Proof of [Theorem 2.0.3. This is a direct consequence of [I14, Theorem 1.1].

Indeed, we can consider p € P(R) the absolutely continuous measure defined

byf]
p(x) o€ [0,51] U [s2,+00)
p(x) = { p(—x) z € [—s2,—51]
0 otherwise
and observe that the DDI map T for p corresponds to the optimal increasing

map S defined in [14, Theorem 1.1].
The optimality follows from the fact that

Cr(xv T(m)7 T2<m)) = C(yu S(y)7 SQ(:‘/))

for p-a.e. x € [0,s;1] and p-a.e. y € [—s2,—s1], where ¢ is the Coulomb cost,
as observed above. O

The idea for the proof of [Theorem 2.0.5|is to show that, on the support of
the DDI map, the c¢,-cyclical monotonicity is violated. We prepare a couple

of technical results.

Lemma 2.2.1. Let i—; > H?)J Then there exist €, M > 0 such that

2 1 1 3 1 1
Vs +

> .
82+6+2$2+6+281—|—6 51—6+51 M —¢€

(2.10)

Proof. When e =0 and M = 400, the inequality (2.10|) reads

2 1 1 3 1

59 252 251 S1 S1 ’

which is equivalent to £ > 2341
So 5

By continuity, there is a small € such that

2 1 1 3 1
>f+

+ + .
S9+e€ 2s9+e€ 2s1+€ Ss1—€ S

Now choose M big enough such that the desired inequality (2.10]) holds.
O

Lemma 2.2.2. Let 51,89, and M as z'n and let (r1,m2,7r3) €
(0,€) X (s2 — €,82) X (82,82 + €) and ({1,02,03) € (s1 — €,51) X (51,81 + €) X
(M, +00). Suppose that the condition is satisfied by both (r1,r2,73) and
(ﬁl,gg,fg). Then

cr(r1,72,73) 4+ ¢ (b1, €2, l3) > ¢ (01,72, 73) + ¢ (11, l2, £3).

for simplicity we denote again by p(z) the density of the measure p.
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Proof. Since the condition ([2.9) is satisfied, we have

1 1 1
cr(r1,72,73) = cr(r1,72,73) = 1+ 72 + ro + 13 + r3— 11

1 1 1
> + +
So + € 289 + € Sy + €

and
1 1 1
(01,02, 03) = cr (1,02, 03) =
(01, 02, 03) = cx(ly, 42, 43) gl+gz+£2+€3+€3—€1
1 1
+ 0.

>
- 281+€+€2+€3

Now we analyze the other side. Since ({1, o, (3) satisfy (2.9) and r; < ¢y,
then also (r1, fo, ¢3) satisfy (2.9) so that

1 1 1
r ,f,f = Cr ’f’f =
cr(r1,42,03) = cx(r1, 42, £3) r1+€2+€2+53+£3—7“1
1 1

< — .
_81+£2+£3+M—6

For the other term we have

<

~&
=l

V3
cr(l1,r2,r3) < cally,ro,r3) < ca(ly, b1, 41) = pa—

where ca(r1,72,73) = ¢(r1,0, 72, %”,rg, %’r) denotes the cost when the angles

are the ones of an equilateral triangle. The second inequality follows form
the fact that we are keeping the angles fixed, but decreasing the size of the
sides. By comparing the expressions and using we get the desired
inequality. O

Finally we come to the proof of [Iheorem 2.0.5
Proof of |Theorem 2.0.5. Let ¢, M as in Since p is fully sup-

ported and T is continuous, we have
T(z) — sy and T?(x) — s§ as x — 0,

and
T(zx) — s§ and T?(x) — 400 as  — s7 .

This allows to choose triplets (r1,72,7r3) and (€1, 2, ¢3) as in the hypothesis
of [Cemma. 2.2.2] such that

(T17T27T3) = (va(x)vT2($)) and (61’62’63) = (yaT(y)7T2(y))'

Apply [Lemma 2.2.2] to conclude that the support of the DDI map is not
c-cyclically monotone. ]

2Tt can be computed that o(r1,72) it increasing in 7.
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We can exploit further to produce a class of continuous
counterexamples to the optimality of the DDI map.

First note that it is easy to construct p positive everywhere such that the
condition

T(2)(T?(z) — 2)* — a(T%(2) + T(2))* = T*(2)(z + T(2))° 2 0

holds for every x € (0, s1), where T' is the DDI map.

Given s > 0, one can fix an arbitrary positive function p on the interval
[0, s5] such that [;? p(z)dz = 3. Let sy such that [;* p(z)dz = 1. Observe
that this defines the DDI map T': [0, s1] — [s1, s2] given by

| ot~ [ () p(t)dt,

or equivalently by the Monge-Ampere equation

T(2) = — p(z)
T(O) = S92.

We can now transport p to the interval [s2, +00) via the map ¢(x,T'(z)), where
¢ was introduced in (2.9)), i.e., define p on the interval [s2, +00) by

plo(z,T(x)) = m-

This is possible because (0, s2) = s2, lim ¢(z,T(z)) = +oo and ¢(z,T(z))
T8y
is continuous.

Remark 5. In this construction, the transport function ¢(x,T(z)) can be sub-
stituted with o(z, T'(z)) + h(x) if h is a C* function, h(0) = 0 and h > 0.

Suppose we construct the density p as above, using the transport function
o(z,T(z)) + h(z). When is the obtained density continuous?

Since the density is arbitrary in the interval [0, s2|, we can choose it to
be continuous in that interval, and since the transport function is C'°, the
density will be continuous on [s9,400]. The problem is at the joining point
s2. On the one hand, from the Monge-Ampere equation we get

1oy P(O)
O ==

and on the other hand we get

4 i T(x " _ »(0)
Toe(@ T (@) + 1(z) -t
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thus the continuity is equivalent to

Lo, T@) +W@)|  =-T(0).

z=0

By recalling that

o T(2)) = 507 (z) + T(z)? + (v + T(2))/T(2)? + 1227 (z) — 42?2
we get that
o T(@) + W ()| =7+ T0) +H(0),

=0

hence the equation

T+ T'(0) + 1 (0) = ~T'(0) = ~T'(0) = -

The condition h > 0 forces h'(0) > 0, and we deduce that, if p(0) >
%p(sg ), then there exists a continuous density that satisfies the hypotheses
of obtained for instance by choosing h(z) = Az for a suitable
parameter \. This density provides a continuous counterexample to the Seidl
conjecture, which was so far missing in the literature.

One could, in principle, exploit the same idea in order to get differentiable
counterexamples, and in general C* or even C'™ counterexamples, but the
explicit computations for Cfm—kkgo(x, T(z)) get very hard to treat. However, if p
satisfies the strict inequality

7

p(0) > Sp(s3),

then a C*° counterexample can be implicitly constructed as follows. Let for
simplicity ¥ (x) := ¢(z) + h(z), and recall that we are searching for a C*°
function h such that h(0) = 0, h > 0. By differentiating n times the Monge-
Ampere equation

V(@)p((x)) = plz) € [0,51]

we get,

(1) 4@ palvia) = 5.
k=0

and (computing for 2 = 0)

n

> (1)se 00 [fpotwen] =510,

k=0
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Suppose that we already defined /(0),...,h(™(0). The only term con-
taining A"+ (0) is obtained for k = 0 in the LHS, and reads ¢+ (0)p(s2).
Hence we can isolate it and get

Y(0)p(so) = Z( )W H(0) Ljf;p(w(x)ﬂ -

Since p is positive everywhere, in particular p(s2) > 0 and get a well-
defined expression for A1) (0) depending on h/(0),...,h™(0) (alredy previ-
ously defined by induction). The base step is given by h(O) =

By Borel’s lemma there exists a smooth function f : R — R such that
f® = h®) for all natural numbers k. Since the inequality p(0) > Ip(s;)
implies A’'(0) > 0, there is a 6 > 0 and an interval [0, ] such that f(z) > 0
for all z € [0,0]. We now choose our h to coincide with f in the interval
[0, %) and to be constant, equal to f(5) on the interval [§,00). On the interval
(3,5) we join these two parts smoothly, so that the function h is smooth on
all of its domain [0,00) — at 0 we mean by smoothness the existence of all
derivatives from the right. This in turn defines a smooth density p on the
interval [sg, +-00) by transporting p|[o ) With 1 = ¢ + h.
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Many-body limit of the
multi-marginal OT functional

We consider a standard multi-marginal Optimal Transport (OT) problem de-
fined by

Cn(p) = inf {/CN(xl, coyxN)dP(zy,...,zN)| P € HN(p)} (3.1)

where p € P(R?).
As a cost function ¢y we treat a two-particle interaction of the form

cN(xl,...,xN):N(Nz_l) Z Uz — xj]) (3.2)
1<i<j<N
where £: [0, +00] — R has the following properties:
(i) £(r) = 0;
(ii) ¢ is lower semi-continuous;

(iii) lim £(r) = 0;

r—-+00

(iv) ¢ is locally integrable on RY, meaning / U(|z])dz < 400 for every
B(O,R)
R>0.

It is common in many applications (Density Functional Theory, crowd
motion, statistics) to encounter minimum problems of the form

inf {Cn(p) +F(p)},
pEP(RY)

where F is a suitable density functional. In this context it is important to
understand the behaviour of this value and the structure of the minimizers

47
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for a large number N of particles/people, as this can be used to approximate
the behaviour of large systems, often impossible to compute numerically in an
exact way.

The first step in order to treat rigorously these instances is to understand
the limit as N — oo of the multi-marginal OT functional. In this setting, a
natural tool is the notion of I'-convergence with respect to the weak* topology

of Radon measures on R%. In particular if Cs := I'-lim Cy exists and can be
n—oo

identified, it will possible to pass to the limit in minimum problems of the kind
inf, {Cn(p) + F(p)}. In particular, if F is weakly continuous, by applying a
celebrated theorem of De Giorgi, we will obtain the convergence of the infima

lim inf {Cv(p) + F(p)} = min {Coc(p) + Flp)}

n—oco p

and the weak™ convergence of minimizing sequences P (Rd) to elements of
argmin {C + F}. Let us mention that in such a setting the mimimizers of
the limit problem can be merely sub-probabilities due a possible loss of mass
at infinity.

Having in mind the result of C. Cotar and M. Petrache [21I], an ideal
prospect for our work would be to get the next-order term of [21I] as I'-limit
of a suitable renormalized sequence.

Structure of the chapter The material for this chapter comes from a work
in collaboration with G. Bouchitté (Université de Toulon). I am grateful to
the financial support of INdAAM (Istituto Nazionale d’Alta Matematica), via
the LIA LYSM project.

In Section |3.1] we introduce some notation and present some known results
of convex analysis and measure theory.

In Section we extend to general costs ¢ the relaxation and duality
framework recently developed in the case of the Coulomb interaction energy
(see [6]). We also prove the I'-convergence of (Cy) and provide a characteri-
zation of the limit functional C»,. We remark that the pointwise convergence
of the multi-marginal OT functional was studied, in the case of a positive
definite cost function, by B. Pass et al. in [36]. We give also a description
of the main properties of C, and of its Fenchel conjugate as a functional on
Cy(RY).

In Section we come back to the minimum problem

igf {Coo(p) + F(p)}

in the special case of a linear and continuous functional . We derive opti-
mality conditions and study the possibility of finding solutions of mass strictly
less than 1 — which reveals a loss of mass at infinity.

Finally, in the appendix we will present some explicit computations of
the relaxed functional Cy for a single Dirac delta (Theorem 3.A.2) and for
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a convex combination of two Dirac deltas (Theorem 3.A.3). As we shall see,
even in these apparently simple cases the result is not trivial. Since in the
literature very few results are known about the relaxed multi-marginal OT
functional, we believe that every small step can be of interest.

3.1 Preliminary results

Tools and notation from convex analysis

Let X be a topological vector space, and f: X — [—o00,+0o0]. The conver
hull of f, denoted by cl f, is the largest lower semi-continuous convex function
below f. It may be defined as the function whose epigraph is the closed convex
hull of the epigraph of f in X x R. Notice that, if f is lower semi-continuous
and convex, cl f = f.

The Legendre-Fenchel conjugate of f, denoted by f*, is defined on X* as

fH(v) =sup {(v,z) - fz)| = € X}.

The following properties are well-known in the literature. We refer to
[43, [7] for exhaustive treatments.

e f*is convex and lower semi-continuous;
e if f <g, then f* > g%
o f*=clf.

The lower semi-continuous envelope of f, denoted f is the greatest lower
semi-continuous function below f, i.e.,

f(z)=sup{g < flgislsc}.
Lemma 3.1.1 ([7, Proposition 1.31]). Let f: X — [—o00,00]. Then
f = inf liminf f(x,).

Tp—T N—00

Lemma 3.1.2. Let f: X — [—o00,00]. Then (f)** = f**.

Proof. Since f < f,then (f)*™ < f**. Givenz € X and € > 0, let (z,,) be such
that f(z) > limp oo f(xn) — €. Since every element v € X* is a continuous
linear functional,

(2,0) = Fl@) < lim {wn,0) — Flwn) +€ < f(0) + e

By passing to the supremum over x € X, since ¢ was arbitrary, we get

(f) () < f*(v),
which in turn implies (f)** > f**. O
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Lemma 3.1.3. Let f: X — [—00,00] be convex. Then f = f**.

Proof. Since f** < f and is Ls.c., then f** < f. On the other hand, fis
convex: given z,y € X, let f(z,) — f(z) and f(yn) — f(y); if t € [0,1] we
have

fltz + (1 = t)y) < liminf f(tz, + (1= t)yn) < Hminftf () + (1= 1) f(yn)]
=tf(x)+ (1 —t)f(y)

Since f is convex ls.c. below f, f < f**. O
Proposition 3.1.4 ([7, Proposition 1.32]). Let f,: X — [—00,00]|. Then

I-lim f,, = I-lim f,.
—00

n—oo n

Tools and notation from measure theory

We will denote by (-, ) the duality between the continuous functions vanishing
at infinity and the finite Borel measures on the Euclidean space:

.

We will denote by M the vector space of finite Borel measures, P the
set of non-negative probability measures, by P_ the set of non-negative sub-
probability measures.

If v: R? — R, we define Syv: (RH)N — R as

1
Syv(xi,...,xN) = N Zv(:cj)
j=1

For a measure p € M((R)Y), we denote by Sym(p) its symmetrization,
given by

Sym(u)(E) = 7 S wlo(B)),

ceG N

where 0(E) = {(z1,...,28) | (To(1) - -+ To(n)) € E} for a permutation o €
Sn.

Given p € M(R?) and h € R, let 73,11 be the translation of y by the vector
h, i.e., h(E) = p(E — h) for every Borel set E.

Lemma 3.1.5. Let i € M(R?). Then mu — 0 as |h| — oco.
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Proof. By splitting p = p4 — p—, we may assume i to be a non-negative
measure. Given ¢ > 0 and f € Cp(R?), let R > 0 such that |f(y)| < € as
ly| > R and pu(B(0, R)¢) < e. Then, if |h| > 2R, we have

} [ t@dnutz)

- ' [ #+ hauta)
- /B o [ DI() 4 / (o + h)| dp(z)

B(0,R)*
< eu(B(0, R)) + esup | f| < e(u(R?) + sup [ f]). O

Moreover, we will make use of the following well-known result (see for
instance [1, Section 5.1]).

Theorem 3.1.6. Let i, n € M(R?). Then the following are equivalent
(7;) Hn — M5
(i) liminf, oo (f, n) > (f, p) for every f ls.c. bounded from below

(#5i) imsup,,_,o (f, tn) < (f, p) for every f u.s.c. bounded from above.

3.2 Duality and I'-convergence

Notice that the functional Cy: P(R%) — R is convex. Given p1, po € P(RY),
let Py € IIn(p1) and Py € IIn(p2) optimal in (3.1). Then tP; + (1 — )P €
Iy (tpr + (1 —t)p2), and thus

Cn(tpr+ (1 =t)p2) < (en,tPr+ (1= 1) P)

— tlen, P) + (1 — 1) (en, Po)
=tCn(p1) + (1 —t)Cn(p2).

In order to study the I'-limit of Cy as N — oo, we consider the dual
formulation given by

My(v) i= Ci(v) = sup {(v,p) — Cw(p)}. (3.3)
pEP(R?)

for v € Co(R?) and

CN(p) = My (p) = Egugw) {{v,p) = Mn(v)}.

By [Lemma 3.1.3| and convexity of Cy, Cy = C}F. Notice moreover that,
if p ¢ P_(R?), then Cy(p) = +oo. This is expected, as P_(R?) is the convex
closure of P(RY).
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An explicit formula for Ciy(p) was given in [6, Theorem 2.3], and reads as
follows:

_— , Y k(k—1) al Yk
Cn(p) = al,..l.,r(lzfvzo Zakmck(mcﬂ Zak <1, Z N kPR =P
propuEP(RY) SE=2 k=1 k=1
(3.4)

Observe in particular that, if |p| < %, then one can choose a; = 1, ay =
.-+ =ay = 0to get Cn(p) = 0. Notice also that, if p € P(R?), the only choice
in isa; =---=an_1 =0, ay = 1, which yields Cnx(p) = Cn(p).

The interested reader may look to [6], 21] for more insights on Cy and the
link with the grand-canonical formulation of Optimal Transport.

Lemma 3.2.1. For every v € Co(R?) one has
My (v) = sup {SNU(.%‘l, cooyxy) —en(zr, .o xn) | @1, aN € Rd} . (3.5)
Proof. Given z1,...,znx € RY, let

1 1
p:NZ% and P =5 D Gagy © 0 © by,

j=1 ’ ceG N

Observe that p € P(R?), and P € IIy(p). Hence
Syv(z1,...,xN) —en(T1,.. ., xN) = /vdp— /cNdP
< [ vdo - o) < Mn (o)

which gives an inequality.
On the other hand, for any p € P(RY), if P € Iy(p) is optimal in (3.1)
one has

/vdp —Cn(p) = /(SNU —cn)dP < sup(Snyv — cn)

Passing to the supremum on the left-hand side one gets the converse inequality,
and thus the thesis. O

Lemma 3.2.2. The sequence (My)n>2 is monotone decreasing and equi-
Lipschitz (with Lipschitz constant equal to 1).

Proof. Let us start by observing that

CN+1(£L'1,...,3}N+1) = —— Z CN(ZL'l,...,i’k,... ,:L'N_H)
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and
1 N+1
SNy1v(21, .., TN1) = Nrl Z SNv(x1, .y Ty o, TN
Hence, for every z1,...,zn,1 € R?,
SN+1U(371, ce ,.’L‘N_H) — CN+1(.%'1, Ceey xN_H)
1 N+1
= m Z (SNU(l‘l,. . .,i’k, e ,xN+1) — CN(.%'l, e ,ik, e ,.%'N_H))

k=1
N+1

_N—i—IZMN = Mp(v)

Passing to the supremum on the left-hand side we get My4+1 < My, as wanted.
In order to prove the second part of the statement, let vy, vy € Co(RY).
Take x1,...,2ry € R? optimal up to a threshold e for My(v1) in (3.5). Then

N
1
My (v1) — Mn(v2) SNZ v1(15) —v2(5)) +€ < Jlvg — w2 + €

By letting € — 0, and then switching the roles of v; and vs we get the thesis.

O
Corollary 3.2.3. The sequence (Cy)n>1 is monotone increasing.
Proof. By we have
Cn(p)= sup {/vdp—MN(v)}
veCo(R4)
> sup {/Udp— MN+1(’U)} = Cn+1(p)- o
UECo(Rd)

We get from|Lemma 3.2.2|and [Corollary 3.2.3|the existence of the pointwise
limits

Mo (v) :A}i_{nooMN(v) and Cuo(p) = Nlim Cn(p).

Remark 6. The uniform Lipschitz continuity of (My)n>2 implies the same
property for Myy: given vi,vo € Co(RY), for every € > 0 let N such that
Mny(vj) — Moo(vj) < € for j =1,2. Then

[ Moo (v1) = Moo(v2)| < [My(v1) = My (v2)] + 2€ < [lor — va + 2e.

Letting € — 0 we get that My is a Lipschitz continuous functional (with
Lipschitz constant equal to 1).
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Remark 7. It is easy to prove that Cso = M : due to|Corollary 3.2.3| we have

Coo(p) = sup Cn(p)

N>2
=sup sup (v,p) — Mn(v)
N>2peCy(RY)

= sup sup (v,p) — My(v)
vECy (R1) N>2

= up (0.9) — Mao(v) = M2L(p)
v€CH(RD)

Besides the pointwise convergence, in the following results we show that
both the sequences (My) and (Cx) I'-converge to their pointwise limits.

Theorem 3.2.4. The functionals My I'-converge as N — oo to the functional
M.

Proof. When we have pointwise convergence of the functionals, the limsup
inequality is trivial: take vy = v as a recovery sequence to get

limsup My (vy) = limsup My (v) = Moo (v).

N—o0 N—oo

Let (vn)n>2 be any sequence in Co(R?) uniformly converging to v. Then

by [Lemma 3.2.2| we have My (vy) > Moo (vn). By taking the liminf on both
sides and using the continuity of My, (see [Remark 6)) we get

liminf My (vy) > Moo (v). O
N—o00

Theorem 3.2.5. The functionals Cy I'-converge as N — oo to the functional
Coo = MZ,.

Proof. As before the pointwise convergence makes the lim sup inequality triv-
ially satisfied.

Take py € P_(RY), py — p. If MZ (p) = +oo, for any n € N let v, €
Co(R%) such that (v, p) — Mso(vy,) > n. Then

Cn(pn) = sup (v,pn) — Mn(v) > (vn, pn) — My (vp),
vECH(RY)

whence

liminf Cy (pn) > liminf (v, pn) — My (vn) = (vn, p) — Moo (vy) > n.
N—o00 N—o00
If on the contrary M (p) < 400, given € > 0, let v, € Co(R?) such that
Mz (p) — € < (ve, p) — Moo (ve). Then

Cn(pn) = sup (v,pn) — Mn(v) > (ve, pn) — Mn(ve),
veCH(RY)
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whence
liminf Cy(py) > liminf (ve, pn) — M (ve) = (ve, p) — Moo(ve) > M2 (p) — €
N—o00 N—o00
In both cases we get the liminf inequality and thus the thesis. O

In the introduction we stated the minimum problem of interest using the
functional Cy, but so far we treated the I'-convergence of C. This is justified
by [Proposition 3.1.4]

Some consequences of our first results, which we state and prove here, will
be useful in the following.

Corollary 3.2.6. For every 2 < k < N one has

E(k—1) N-1
MN(U)>N(N—1)Mk<k—1U)'

Proof. Let z1,...,xx be optimal for My (%v) in (3.5). Then we can send
Tk+1,...,TN tOo 00 to get

Corollary 3.2.7. For every v € Co(R?) and every N > 2

sup v

< My (v) < supw.
Proof. First we prove the upper bound: since ¢y > 0 we have
Mp(v) < sup {SNU(azl, coxZN) | T, aN € Rd} = supw.

Given € > 0, fix x; be such that v(z1) > supv — e. Next send all the

other points zs,...,zN to oo in such a way that all the distances |z; — z;]
with 1 <7 < j < N go to +00. Since ¢ vanishes at infinity, we have that
My(v) > +o( )
v) > —(supv — e
N =N p

By letting € — 0 we get the thesis. O
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Study of the limit functionals

We want to refine the study of the limit functionals M, and C,. First of all
we prove that the domain of Cy, is a subset of P_(R?).

Lemma 3.2.8. If p ¢ P_(R%) then Cw(p) = +o0.

Proof. If p is not a positive measure, let v € Co(R%), v > 0 be such that
(v, p) = =X < 0. For every n € N, let v, = —nv, and notice that v, € Co(R%),
{(Un, p) = n\. Hence

Coo(p) 2> sup {<Un7 P> - Moo(vn)} = supnA = +oo.
neN neN

Given p ¢ P_(R%), let r > 0 be such that p(B(0,r)) > 1. For every n € N
choose v, € Cp(R?) radially decreasing such that v, > 0 and v, (x) = n if
x € B(0,r). Then we have sup v, = n, and recalling |Corollary 3.2.7|

Coo(p) 2 ilelg{@m p) — Moo(vn)} = ilelg{np(B(Om)) —supvn} = +oo. [

Moreover, the domain of Cy is a dense subset of P_(R?). In order to
prove it, we prepare a technical result.

Lemma 3.2.9. For every ball B(0,7), the uniform measure p, concentrated
on the ball is such that C(py) < +00.

Proof. In order to bound Cn(p,), we consider the transport plan Py, =
pr ® -+ & pr, and observe that
—_———

N times
Cnlpr) < / (1, ) APy, = / (1, 22)d(pr © py)

— [ Lb0n () b0 )1 ~ alidrady

1

— 5 [ B0n W+ 2) L0z (w — )e(|2])dzdu
1

<5 [ 15020 ()15 (el dzdw

= 2d1rdwd/ {(|z])dz = K(r,d),
B(0,2r)

where K (r,d) is a finite constant, in view of the property (iv) of £. Hence

Coo(pr) = NE)TOO Cn(pr) < K(r,d) < +oo. [

Corollary 3.2.10. The domain of Cs is a dense subset of P_(R?).
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Proof. 1t suffices to show that every atomic probability can be approximated
by elements of the domain. This amounts to prove that J, can be approxi-
mated for every z € R?. We consider the probability p, given by the normal-
ized uniform measure restricted to the ball B(z,1/n) of radius 1/n, i.e.,

d

dpn, n
pr @13(0,1/71),

where wy is the measure of the unitary ball in R?. As it is well-known, p,, — 6,
as n — +o0o. Moreover, since C, is invariant under translation, C(py,)

<
+00 by [Lemma 3.2.9 O

In view of [Lemma 3.2.8, we may study the restriction of Cs, to P_(R?).
We characterize in the next result the trivial case in which C,, = 0 on P_(R%).

Proposition 3.2.11. The following are equivalent:
(i) Coo(p) =0 for every p € P_(R?);
(i) Moo(v) = supw for every v € Co(R?);
(iii) My(v) = supv for every N € N, v € Co(R9);
(iv) £(0) = 0.

Proof. First we prove the equivalence between (i) and (ii). If (i) holds, then
we have

Mao(v) = Co(v) sup {(0,0) — Coclp)} = sup {v,p) = sup.
pEP_(R?) pEP_(RY)

On the other hand, if (ii) holds then

Coo(p) = ML (p) = sup {(v,p) —supv} <0,
vECH(RY)

but C is non-negative.

The equivalence between (ii) and (iii) follows easily from [Corollary 3.2.7|
and [Lemma 3.2.2]

Finally, we prove the equivalence between (iii) and (iv). Suppose that (iii)
holds and choose v € Co(Rd) such that it has a unique maximum point x,
i.e., v(x) < supw for every x # xo. If x; # xo for some j, then

Snv(x1,...,xN) —en(z1, ..., zN) < supv = My(v).
Hence the supremum is reached only for 1 = -+ = x5 = xg. Thus

My (v) = Syv(zo, ..., x0) — £(0) = supv — £(0),
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proving that £(0) = 0.
If (iv) holds, given v € Co(RY) let x. € RY such that v(z.) > supv — e.
Choose 1 = --- =y = z in (3.5 to get

My (v) > Syv(ze, ..., xe) — £(0) > supv — €.

This proves that My (v) > sup v, which combined with |[Corollary 3.2.7| allows
to conclude. O

Recall that My, is continuous (actually 1-Lipschitz) and convex, since it
is the pointwise limit of the convex functionals My. Hence, by duality,

Moo (v) = M (v) = C5(v) = e?s;uI(D]Rd) (v, p) = Coo(p)- (3.6)

We give in the following result some alternative formulations.

Proposition 3.2.12. For every v € Co(R%) one has

M) = swp (Sw-cap@p)= s [(Sw-eQeQau(Q
pEP_(RY) veP_(P(R4))
= swp (Sew—cap®p) =  sup / (Sav— ¢3,Q © Q) d(Q).
pEP(RE) veP(P(RY))

Proof. Clearly each term of the first line is bigger than or equal to the corre-
sponding term of the second line.

Due to the pairwise-interaction structure of the cost cy, for every p €
P_(RY) and every N > 2 one has

—N<

(Sov — c2,p® p) = |p|* " (Syv—cn,p® -+ ® p) < |p|* sup(Syv—cy) < My (v);
————

N times

by taking the supremum in p on the left-hand side and the infimum in N on
the right-hand side we get

sup  (S2v — ¢, p @ p) < Moo(v)
pEP—(RY)

For every v € P_(P(R?)) one has

/ (Sov — 2, Q®Q)dr(Q) < sup (Sav — o, p® p) /dl/(Q)

pEP(RY)
< sup <SZU —C2,p® p> )

pEP(RY)

yielding

swp [ (S20-2.QuQn(Q) < s (Sw-cap@p).
veP_(P(R)) pEP(R?)
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Finally, for every N > 2 let x{v, e ,:1:% € R? be such that

1
My (v) < (Snv —en)(@ ... oN) + 57
and define
1 Y 1
PN = 2ty and Py= g D Gy © 00y
j=1 og€EGN

Observe that py € P(R?) and Py € Il (py). Denote by yx the 2-marginal
projection of Py, and notice that

(SNU - CN)(.’E{V,.. . 7x]NV) - <SQU - 0277N> :

A classical result by Diaconis and Freedman [26], Theorem 13] gives for ev-
ery N the existence of vy € P(P(R?)) such that ||[yv — [(Q ® Q)dvn (Q)|| <
2/N, where ||-|| denotes the total variation. Hence we have

My (v) < (Sav —c2,vN) + —

\2,_.

~(sw0- - [Q0Qan(@)

+ [ (520 - 200 Q) dn(@ + 5
< <S2U — €2, VN — /(Q ® Q)dVN(Q)>
+  sup / (Sov —c2,Q ® Q) dv(Q) + l

veP(P(RY)) N

By since Sav — ¢o is upper semi-continuous and bounded
from above and vy — [(Q ® Q)dvn(Q) converges to zero strongly, we have

N—oo

lim sup <52v —C2,YN — /(Q ® Q)dVN(Q)> < 0.

Thus we get

My (v) = lim My(v) < sup /(ng —02,Q ® Q) dv(Q),
N—oo vEP(P(RY))

completing the proof. O

Remark 8. The functionals My and M, depend only on the positive part
of its argument. Given v € Cy(R?), denote by v, its positive part, i.e.,
vy = max{v,0}. For every choice of (z1,...,zyx) € (RH)N, if for some k
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we have v(zy) < 0, let x — oo while keeping the other z;’s fixed. This will
increase the value of v(zy) and decrease the value of ¢y (21, ...,z xN) by sending
to zero the terms ¢(|z; — zx|). Hence, the supremum in is attained
for points (x1,...,zn) such that v(z;) > 0 for every j, thus proving that
Mpn(v) = Mpy(vy). By passing to the limit, we get the same property for
Moo.

Definition 4. The direct energy D: M(R%) — [0, +o0] is given by

D(p) = /€(|x —yldp(x)dp(y) if p € P(RY)

+00 otherwise.

(3.7)

The name “energy” is inherited from a physical model where p represents a
charge density, as this functional equals (up to constants) the potential energy
due to the self-interaction of the density p.

Lemma 3.2.13. For every v € Co(RY) we have My (v) = D*(v).

Proof. Recall that the definition of D*(v) is

D*(v) = sup (v,p)— D(p)
pEP(RY)

and notice that (v, p) = (Sav, p® p) and [ £(|z — y[)dp(z)dp(y) = (c2,p ® p)
for every p € P(R?). The conclusion follows from [Proposition 3.2.12| O

Corollary 3.2.14. For every p € M(R?) we have Coo(p) = D**(p).

Proof. Combine [Lemma 3.2.13| and [Remark 7] O

In the aforementioned work by B. Pass et al. [36], it was proven that
limy 0o Cn(p) = D(p) in the case of a positive-definite cost function, i.e.,
in the case when D is a convex functional. |Corollary 3.2.14] is therefore an
extension of their result, valid for every pairwise cost function.

Definition 5. For 1 < a < 2, let us denote by D,: M(R?) — [0, +o0] the
a-homogeneous extension of D to sub-probabilities, i.e.,

a ﬁ i d
Da(p) = D<|p\> foeP-(R)

+00 otherwise.

Remark 9. Observe that Da(p) = (c2,p @ p) for every p € P_(R?).

Theorem 3.2.15. For every 1 < a < 2 we have C = D}F.
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Proof. We rely on|Corollary 3.2.14|and prove that D** = D**. Clearly we have
D, < D for every a € [1,2], hence D}* < D**. Moreover, since Dy < D, it
suffices to prove that D** < D3*. We will proceed by proving that D < Ds.
In view of we will get D** = (D)** < D3*, as wanted.

Recall that

D(p) = inf liminf D(p,).

pn—p N—00

Let p € P_(R?) with compact support. If Dy(p) = +oo then there is
nothing to prove, so assume that Ds(p) < +o0o. Our goal is to construct a
sequence p, — p such that liminf D(p,) < Da(p). This will imply that

D(p) < liminf D(p,) < Da(p).

n—o0

Let us introduce the following technical result.

Lemma 3.2.16. Let p € P_(RY) with compact support. Then

lim (c2,p @ mp) = 0.

h|—o00

Proof. Given e > 0, let R be such that p(B(0, R)¢) = 0 and ¢(r) < e for r > R.
Then, if |h| > 3R we have

[ et~ whdot@rampt) = [ [ tie ~y ~ )dpta)dp(o)

// Uz —y - h)dp(x)dp(y) <e. O
B(0,R)x B(0,R)

Fix a unitary direction v € R?. In view of [Lemma 3.2.16| for every n > 1
let R,, be such that
1
<C27 P& TruP) < -
n
as |r| > Ry. Let hy;j = Rpju for j =0,...,n, so that hy,; — hy; = ru with
|r| > R, for every i # j. We define

n

1—p|
on=p+ " ;Thmjp.
J:

Notice that p, € P(R?), and p, — p by [Lemma 3.1.5. By translation
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invariance of Dy and the choice of the h,, ;’s we get

2(1 — -
D(pyn) = D2(p) + (n\p!) Z <02,Thmp ® Thn,jp>

i,5=0
i
1—1p))? <&
Gl nL ) (€2, Thy ;0 @ Thy )
j=1
2(1— o) (1—1oD)® §
= Dafp) + =23 (2 p @ T, hpp) + g D Dalp)
i,j=0 j=1
i#i
2(1 - 1—|p|)?
< Do(p) + X n\p!)+( nlp\) Da(p),

whence
liminf D(p,) < Da(p).
n—oo
If p € P_(R?) does not have compact support, COHSlder for every n € N the
measure p, := p|pon)- Notice that p, — p, since Uf (p(x) — pn(z ))‘ <
sup | f| p(B(0,n)¢) — 0 for every f € Co(RY) — actually, the same holds for
every f € Cy(RY), i.e., pn — p tightly. Then

D(p) < liminf D(p,) < hmmf Ds(pn) < Da(p).

n—o0

This concludes the proof of [Theorem 3.2.15| O

Understanding in general the behaviour of D**, even on probabilities,
seems to be a difficult problem. This difficulty would be very much simplified,
at least for sub-probabilities, if we could prove some homogeneity.

Let us fix p € P(RY) and 6 € [0,1], and go back to the stratification
formula , reported here for the sake of the reader:

N

— . k(k

Cn(0p) = inf o {E akNEN % (k) § ap <1, § akﬂkep}-
)

p1,-..pN EP(RY

In an optimal choice ay,...,an there will be a minimum and a maximum
index k such that ay > 0, which we denote respectively by k(N,0p) and
kE(N,68p). Observe that

N N

k
;Nakpk =0p = ,;kak =6N,

hence necessarily k(N,0p) < ON < k(N,0p).
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Conjecture 3.2.17. The gap between k(N,0p) and k(N,0p) vanishes (with
respect to N ) as N — oo, i.e.,

tmsup EV00) _ i EOV.00)
N—oo N—c N

This is weak version of the statement
E(N,6p) = [ON], k(N,0p) = [6NT,

which was initially conjectured by some people in the field but is probably
not true, according to some recent works in preparation by S. Di Marino, M.
Lewin and L. Nennal[l]

An immediate application of [Conjecture 3.2.17]is given in the following

Theorem 3.2.18. Suppose that|Conjecture 3.2.17 holds. Then the functional
Cw 1s 2-homogeneous, i.e.,

Coo(Bp) = 0°Cos(p) Vp € P(RY),V0 € [0,1].

Proof. Tt suffices to consider 6 € (0,1). One inequality is true independently
from |Conjecture 3.2.17, namely Cu(0p) < 0?°Coo(p). Indeed, from
lary 3.2.6 |, by choosing a suitable sequence (kn)n>2 such that lim kN =0, we
get

Moo (0v) > 02 Moo (v),
whence

Coolp) = sup  (0,9)—Mao(v) > = sup (80, 8p)—May(60) = —

25 Coo(0p).
vECH(R?) 02 v€CH(RY) 62

For the converse, let p1,...,pn and aq,...,an optimal in (3.4]) for 6p, with
a; = ---=ag_1 = 0. Then by convexity of C we have

Mz

— ](]
0
]:
N .
k—1 J k—1
> - > .
2 71 ZkagNCk pj) > N 19Ck(P)
]:
If there exists a sequence (Np,)pen such that limy_, E(%};(’p ) — ¢ Conjec-

ture 3.2.17), then we can conclude that Co(0p) > 62Coo(p), as wanted. [

!Personal communication.
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3.3 Minimizers and ionization effect

Finally we come back to the problem stated in the introduction, namely a
minimum problem of the form

n {On(0) + F(p)) (3.8)

for some functional F(p). We want to address the instances of this problem
when F is linear and continuous, i.e.,

F(p) = —(v,p)

for some potential v € Cy. As we already observed, in this case makes
sense only when supv > 0, otherwise the infimum is zero, and a minimizing
sequence vanishes weakly by spreading mass to infinity.

Fix thus v € Cp(R?) such that supv > 0, and consider the function

gv: (0,400) — (0,supv]

PR W (3.9)

Proposition 3.3.1. Let g, defined as in (3.9). Then
(i) gy is increasing;
7)1 A) = .
(@) lim gu(A) =supv
Proof. Since M is convex and My (0) = 0,

/ pa—
My (M) = My <))\\/)\,U + )\)\’/\O> < %Moo()\’v) VO <A< N,

thus proving (i).
(i) Using|Corollary 3.2.7| and [Lemma 3.2.2 we have

Moo (M) < My (Av) < Asupw,

whence
i Moo (Av)
limsup ———=

< supw.
A—400 A

By [Corollary 3.2.10} given € > 0 let p. € P(R?) such that:

e (v,pc) > (1 —¢)supw;

o Coo(pe) < +00.
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This can be achieved by taking a sequence {p,} in the domain of C, such
that p, — 0., where v(x) = supw, and letting p. = p,, for a suitable n large
enough. Then

Moo (Av) 2 A (v, pe) — Coolpe) = A(1 =€) supv — Coo(pe),

whence \
lim inf M

> (1— .
im inf > (1—e¢€)supwv

Since € was arbitrary we get

Moo (A Moo (X
supv < liminf M < limsup M

< sup v
A—+00 )\ A——+o00 - ’

as wanted. O

Given v € Cp(R?) such that supv > 0, we denote M (v) the set of minimiz-
ers of the functional p — Cu(p) — (v, p). In other words, for every p € M(v)
we have My (v) = (v, p) — Cxo(p). Here we see clearly the link between the
minimum problem and the I'-limit of the Legendre-Fenchel conjugate
M.

It is of great interest to understand if the minimizers M (v) are probabilities
or not. When the mass of a minimizing density p is less than one we have
the so-called ‘onization phenomenon, taking the name from the case where p
denotes the charge density of N electrons. For this reason we want to state,
up to our knowledge, some conditions to have probability solutions to the

problem (|3.8)).

Theorem 3.3.2. Suppose that Cw, is 2-homogeneous, i.e., Coo(tp) = t2Coo(p)
vt € [0,1],¥p € P(RY). Then

2M oo (v)

lp| > min {1,
sup v

} Vp e M(v).

Proof. Let p € M(v). If p is a probability, there is nothing to prove, so
assume that p = toug for some to € [0,1), o € P(RY). In particular, ¢ must
minimize the function g(t) = (v, tuo) — Coo(tuo) = t (v, p10) —t*Coo (o). Hence,

by differentiating, tg = 2&’0“(‘;20). Recall however that p € M(v), whence

t t
Moo (v) = (0, p) = Coolp) = to {0, o) = 1§Coc(tt0) = 5 (v, 10) < 5 sup,

as wanted, since to = |p|. O

The provides a sufficient condition in order to assure that

the minimum problem has only probability solutions.
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Corollary 3.3.3. Suppose that Cu, is 2-homogeneous, and let v € Co(R?)
such that Moo (v) > 282 > 0. Then M(v) C P(R?).

Proof. It follows immediately from ]

When we make the potential grow in size, there is a threshold past which
we always have probability solutions. This is reasonable: due to the minus
sign in front of the potential term, we are putting a very strong confining
potential, which does not allow the mass (or charge) to escape at infinity.

Proposition 3.3.4. For every v € Cy such that supv > 0, there exists a
threshold A*(v) > 0 such that

M) CPRY) YA > N (v).

Proof. In view of |Corollary 3.3.3|7 it suffices to show that My (A\v) > %supv
for A large enough. This follows from [Proposition 3.3.11 ]

3.A Explicit computations for Cy

An explicit computation of the relaxed transport cost Cv(p) for a general sub-
probability p € P_ (Rd) is often much involved, and in most case impossible
to carry out. In this Section we present, to the best of our knowledge, some
examples for atomic probabilities. We begin with the following result about a
linear programming problem.

Lemma 3.A.1. Let0<0 <1 and N > 2. Then

max {Z Rap| Y ap =1, kay = eN} — 9N?,

ag,...,an >0
,min_ {Z Rap| Y ar =1, kay = QN} = 02N? + {ON} (1 — {ON}),

where {ON'} denotes the fractional part of ON .

Proof. Let ag,...,any > 0 be admissible parameters. Observe that for every
k we have |k — &| < &, which yields

N 2 2 2 2
2 N 2 N N 2 N 2

>k ak—z(:)<k:—) ak+ON? — = <= +ON? = —— = ON”.
On the other hand, the choice ag =1—6, ay =0, ar = 0 for k # 0, N, fulfills
the constraints and gives > k%ay = ON2.

Let kg < ON < kg+1. We claim that an optimal solution for the minimum
problem is given by ay, = ko+1—0N, ap,+1 = ON —ko, ar, = 0if k # ko, ko+1.
Indeed, let by, ..., by any admissible choice of parameters, observe that

N N

0 = — s = — s
ary =Y (ko +1—=k)br, aggr1 =Y _(k—ko)bx
k=0 k=0
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whence
N

kaky + (ko + 1) %akgsr = Y (k§ + kg — kok + (ko + 1)*k — (ko + 1)ko)bx

(2kok + k — k% — ko)bg

[
MZI

i
o

I
TTMz

N
p— Y (ko = k)* + (ko — k) by
k=0

Since each term of the last sum is positive (both if k < ko and if k& > ko), we
proved that the choice ag, = ko+1—60N =1—{0N}, ag,+1 = 0N —ko = {ON}
is optimal. Finally, notice that
kgako + (ko + 1)2ak0+1 = (N — k‘o)QakO + (ko +1— 9N)2ak0+1 + 02 N?

=6>N? + ai0+1ako + aioak0+1 =0>N? + ko Qko+1-

We want to compute the relaxed cost of a Dirac delta. Since every trans-
port plan must be a Dirac delta on its own, concentrated on a point X € R?

with equal coordinates, it is necessary to assume that ¢(0) is finite in order to
get a sensible result. From now on we assume thus that £(0) < +oc0.

Theorem 3.A.2. Let 0 € [0,1]. Then

0 if ON <1
Cn(05) = 62N 9 {ON} (1 - {6N})
(Nl_Nl N(N —1)
Proof. As we already observed in if = |050| < +, then Cn(05p) =
0. Assume hence that N > 1. Recalling that Cy(do) = ¢(0) for every k > 2,
by we have

N N N
O Kk — 1) - koo
Cn(600) = NN =1 al,..l.],[gvzo {Z k| ;ak = 1,;1 Nk =0

> 2(0) otherwise.

N N N
20(0) i k(k—1) k
="V f A — =1 —ap=10p.
N(N — 1) apsmsan>0 {Z gkl D ar=1) Tar
k=0 k=0 k=0

Indeed, every ag,...,an admissible in the first line produces a choice of
parameters for the second line by letting ag = 0. Conversely, as we deduce

from the proof of since N > 1, in an optimal solution for the

second line we have ag = 0, and we get a choice of parameters for the first

line. In view of we conclude that

2¢(0) (92N2 +{ON} (1 - {ON}) 0N>

O (6%0) = N(N —1) 2 2

as wanted. O
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Recall that, by monotonicity, the I'-limit of Cly is also the pointwise limit
of Cx. Observe that, by [Theorem 3.A.2] we have

Coc(06,) = lim T (630) = 6%¢(0) = 6°Coc (62),

since

Cn(6z) = Cn(62) = £(0),

as the set of transport plans consists only of the element p ® --- ® p. Thus,
at least in the case when ¢(0) < oo, we get 2-homogeneity of Co, for Dirac
masses, in agreement with [I'heorem 3.2.18|

The next step is to compute the relaxed transport cost for a convex com-
bination of two Dirac masses. As before, it is necessary to assume that £(0)
is finite.

Theorem 3.A.3. Let 0 <0 <1, and p = 00, + (1 — 6)6,. Then
Cn(p) = [L = (N, 0)]€(0) + (N, ) min {£(|z — y),£(0)},

where
20(1 —0)N B 2{6N} (1 —-{6N})

N0 =—5 5 NN —1)

Proof. Every symmetric N-transport plan Py with marginals p is given by

N
Py =) apSym(0; ® @6, ®0,® @3
k=0 k times N—Fk times

where the ap’s must satisfy ax > 0, > ar = 1 and the marginal condition.
The latter may be written as follows:

N N

k N—k
> ok =0, > Nk =1-0. (3.10)
k=0 k=0

Indeed, this is a general fact about the Sym operation: every marginal of
Sym(p) is the arithmetic mean of the N marginals of f.

In order to compute the cost of Py, it is useful to observe that, due to the
pairwise structure of the cost,

(en, PN) = /Rdled U(lu — v|)dma(Pn)(u,v), (3.11)

where m3(Py) denotes the 2-marginals projection of Py.
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Let us compute m2(Py). Consider the (]Z ) different permutations of the
string (z,...,x, y,...,y ) given by the Sym operation: there arﬂ
—_—— ———

k times N—Fk times

N -2
( ) of them starting with (z, x),

k—2
N -2
( L ) of them starting with (y,y),
N —2 . . .
<k 1> of them starting with either (x,y) or (y,x).

The 2-marginals projection of Py, which can be computed by integrating
out all the variables except the first two, is given hence by

wQ(PN)zi&K]:_J(S ® s +<Nk_2>5y®5y

N —2 N —2
+<k_1>5x®6y+<k_1>5z®5y]

w7 B = 2(%[ 32), and observe

Let us define for simplicity ap =

that ap + Br = 1 by the recursion formula for binomial coefficients. Recalling
-, the transport cost of Py is given by

(e, Py) = Zak b 0) + etz — )] = £(0) + [£(|z — y]) — £(0) Zam

Observe that

N N
20N 2
—k*+ kN)a — K ay.
Zakﬁk Z - “N_1 N(N_l)z Ak
k‘:O k=0
If ¢(|x — y|) > £(0), by |Lemma 3.A.1| the minimal value is
N
20N 2
E ak,Bk = - 0N2 = 0.

N-1 N({N-1)

k‘

=0
If /(Jz — y|) < £(0), again by Lemma 3.A.1] the minimal value is

N
20N 2
= - 0>°N? + {ON} (1 — {6N
o=y - g N+ N} (6N
201N 2{ON} (1 {IN}) _
~ N-1 N(N —1)
2Here and in the following, we adopt the convention that (IZ) =0ifk<0Oor k> N.

(N, 6). O
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As a consequence we get
Coo (00, + (1 — 0)5,) = (6% + (1 — 62))£(0) + 20(1 — 6) min {£(|]z — y]), £(0)} .

Let p = 00, + (1 — 0)d,. It may be interesting to observe that, in the case
when £(0) > {(|z — y|) we get

Coo(p) = /ﬂ(\x’ —'|)dp(z")dp(y"),

as in the Pass’ result [36], while in the case £(0) < {(|x — y|) we get a Monge-
type integral

Coo(p) = / (|2’ — T("))dp(z'),
with T = id.
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Smoothing of transport plans
with fixed marginals

In this Chapter we focus on a multi-marginal Optimal Transport problem
on the Euclidean space. Suppose we are given N Borel probability measures
Pl,---, PN € P(Rd), and a transport plan p € I(p1,...,p,) — usually it
will be an optimal transport plan associated to some cost function. As we
already know from the previous chapters, even when p1, ..., p, share some
regularity properties (e.g., they are absolutely continuous w.r.t. the Lebesgue
measure, or their densities are in some class of regular functions), typically the
transport plan p will not share the same regularity. In fact, optimal transport
plans tends to concentrate on sets of zero Lebesgue measure, as is for instance
the case when there is a Monge-type solution.

When considering quantum systems of particles, the Schrédinger equation
can be naturally stated for wave-functions with Sobolev regularity, ¢.e., a
wave-function v lies in H'((R%)Y). If we consider, according to the Born
interpretation, the measure du(X) = [1(X)|*> dX on (RN as the probability
distribution of finding the particles in positions X = (x1, dotsc, zy), then the
marginals of y are given by

pj(ﬂfj) = / |’¢J(ZL‘1, e ,CL‘N)‘2 dﬂ?l tee dx]’,1 dSCjJrl tee dSUN.
(Rd)Nfl

It is not difficult to show (see for instance [34, Theorem 1.1]) that in this case
VP € H L(R?) for every j = 1,...,N. For this reason, we will concentrate
on the case when the measures p1,..., py have a Sobolev-type regularity, as
clarified in the following

Definition 6. If p > 1, we say that a probability measure p € P(R™) is W1P-
reqular if p is absolutely continuous with respect to the Lebesgue measure £™,

1/p
(ags) e

and

71
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In other words, u is W'P-regular if there exists f € WIP(R™), f > 0, such
that
T
dcm
Since in the following we will use this definition both for measures on R?
and on (RN we keep a generic dimension m for the Euclidean space. We
will denote by Pp,(R™) the space of WlP_regular probability measures. This
definition arises naturally in the setting of Density Functional Theory as a
generalization of the one given by Lieb in [34] for p = 2, but since the theory
works for every Sobolev exponent p > 1, we prefer to keep it generic. Also, in
the Hilbertian case p = 2, some results enjoy a simplified proof and sharper
constants, as we will show in due time.
From here on, p will be a fixed real number greater than 1. The set P,(R™)
has a natural structure of metric space if endowed with the distance
)

dp 1/p dv 1/p
( d£m> B ( d£m>
Wt

which can be seen as a refined version of the Hellinger distance between two
absolutely continuous probability measures, where the LP norm of the p-th
roots is replaced by the WP norm. We delay to Section a more detailed
study of the metric space P,(R™).

As we already noticed, even when the marginals pi,...,pn are W1P-
regular, the plan p will in general be singular. On the other hand, for many
applications, and in particular when dealing with I'-convergence, it is useful
to have regular transport plans which are “close” to a given optimal one (see
for instance [4], 19, [32]). With this in mind, we want to address the following

dp(p,v) =

Problem: Given p1,...,pn € Pp(RY), and given p € I(p1,...,pn),
find a family (pie) .~ such that:

(i) pe € Pp(RYN) for every e > 0;

(it) pe € (p1, ..., pN);

(117) e — p as e — 0 (for a suitable notion of convergence).

In other words, we search for W1P-regular multi-marginal transport plans
with marginals p1, ..., pxy which approximate a (non regular) transport plan
. Since in general p does not have any regularity property, the natural
topology for (iii) is the tight convergence of probability measures, i.e., weak
convergence in duality with Cj, ((R%)") (continuous and bounded functions).

Notice that, if p is an optimal transport plan for some cost function ¢, and
the cost function is upper semi-continuous and bounded from above, combin-
ing (iii) and the Portmanteau’s Theorem we get

i [ (0 du () = [ () du(x),

e—0
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whence we may say that p® is “almost” optimal for small €.

One could think that a very common technique for regularizing, namely
the convolution with a smooth kernel, should be a good approach for dealing
with this type of problems. However, the marginal constraint, which is crucial
in all applications in optimal transport, is not stable under any convolution
operation, which makes the problem not trivial.

The main result of this chapter is the following

Theorem 4.0.1. Let pn € P((RY)N) such that 7['5#/1, € Pp(RY) for every k =

1,...,N. Then for every ¢ > 0 there exists ©°[u] € Py(R?) such that the
following hold.

(i) W%@a[u] = wfﬁu for every k=1,..., N.

(ii) For every e >0,
Wa(0%[ul, p) < C(d)V Ne,

where Wo denotes the Wasserstein distance. If moreover pu € Pp((RH)N),
then ©°[u] — p in the dy-metric as € — 0.

Observe that [Theorem 4.0.1}(ii) implies that ©%[u] — p as ¢ — 0, as
wanted. We will call ©%[u] given by [Theorem 4.0.1f a “smoothing operator”,

viewed as a functional
O: (0, +00) x P ((Rd)N) — P, ((Rd)N)
(e,10) — %[y

The construction of the operator © will depend on the choice of a function
n € C*®(R?), which will play the role of a convolution kernel. Depending on
the choice of 7 we will have additional properties, as stated in the following

Theorem 4.0.2. Let 1 be supported on B(0,1), and Q@ C (RHN such that
Q4 B(0,7) € (RHN \ supp p for some r > 0. Then () =0 on Q as soon
ase <r/2.

Theorem 4.0.3. Let n be a Gaussian kernel, and suppose that p, — p, and
Tyl — Tyt in the dy-topology. Then ©°(u,) — ©°(u) in the dy-topology for
every € > 0.

In other words, when taking a Gaussian kernel, weak convergence is re-
inforced to Sobolev convergence as soon as the smoothing parameter ¢ is
positive, and the marginals converge in the Sobolev sense.

This results will prove very useful for the applications in the final chapter,
where we will choose the kernel 1 accordingly to our needs.

Finally, we want to point out that the definition of the smoothing operator,
which we give in the case of Sobolev spaces due to physical interest, works
in the same way for other classes of absolutely continuous measures, e.g.,
measures with C*® density, with analogous regularity and continuity results.
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Structure of the chpater The material of this chapter derives mainly
from [3]. In Section [4.1] we will introduce some notation and some preliminary
results about p-th powers and p-th roots of non-negative Sobolev functions.
Moreover a short overview of the space P, is given, with special attention
to the map sending a measure to its marginals. Many of the proofs for this
Section will be put in the Appendix, in order to focus better on the proof of
Mheorem 4.0.11

In Section we will present the proof of Theorem In Section
we will prove [Theorem 4.3.1] and [Theorem 4.3.2] Finally, in the Appendix we
will complete the missing proofs from Section and Section

4.1 Preliminary results and the space P,

Notation

If f: RHY - R, and 1 < k < N, we denote by

/f(X)ka: iz/f(ﬂﬁl,---,xN)dwl"'dik'--dSUN

the integral of f with respect to all the variables except xp. This is a function
of the variable zy.
When f € WHP(R™), we will adopt the convention that

1/p

m
VI= | Do 10a ) (4.1)
j=1
i.e., when computing the norm of a gradient we take on R" the p-th norm.

Roots and powers of Sobolev functions

When dealing with a smooth non-negative function u, we know that V(u®) =
au® 'Vu. This is also true for Sobolev functions if the RHS has the right
summability. To make everything clear we state the following results, which
will be useful later in order to have an expression for the weak derivatives of
p-th powers and p-th roots of non-negative Sobolev functions. The proofs of
[Proposition 4.1.1] and [Proposition 4.1.2] will be given in the Appendix.

Proposition 4.1.1. Letp > 1. Ifu € WYP(R™), u > 0, then u? € WHI(R™),
and VuP = puP~'Vu.
Viceversa, let u € WHL(R™), u > 0, such that

/ul_p |VulP < cc. (4.2)

1-p

Then u/P € W'P(R™), and Vul/? = %u r Vu.
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The condition (4.2) in [Proposition 4.1.1|is necessary, as the following ex-
ample shows.

Example 1. In dimension m = 1, fix p > 1 and consider the W! function

sin(z)P~1 r<m
f(x)_{ (@ 0<z<

o otherwise,

whose weak derivative is f'(x) = xo,-(p — 1) sin(z)P~2 cos(z). However, f/P
does not belong to WP (R), since the weak derivative of f1/? should be g(x) =

ijlx[O’ﬂ] sin(:c)_% cos(x), but

[l ar= @0 [T,

pP sin(z)

diverges at both 0 and 7.

Proposition 4.1.2. If u, — u in WEP(R™), up,,u > 0, then uh, — uP in
Wl’l(Rm).

Viceversa, let u, — u in WY (RY), u,,u > 0. Let h,,h € L'(R™) such
that wy ™ |Vup|P < hy, vl |VulP < h, and

nlggo/hn = /h. (4.3)

Suppose also that for every subsequence {hy,} there exists a further subse-

quence converging to h pointwise a.e. Then u}z/p — ul/P in WLP(R™),

The space P, of regular measures

We aim to study the space (Pp ((Rd)N ) ,dp) in relation with the map which
sends a WP_regular probability onto its marginals, namely

m: Py (RYY) — PRYY (4.4)
p— (ptu).
We have the following
Proposition 4.1.3. Let p > 1. Then
(i) if p € Pp(RHYN), then u¥ € Py(RY) for every k=1,...,N;

(ii) the map m: Pp (RHN) — PL(RNN is continuous with respect to the
distance d,, and the relative product topology on the codomain.
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This will be proved in the Appendix. We remark that |[Proposition 4.1.3(ii)
was alredy proved by Brezis in [34, Appendix] in the case p = 2. In what
follows, if p1 is W1 P-regular, with a slight abuse of notation we will denote by
(X)) its density, whose p-th root belongs to W ((R))Y). For k=1,...,N
let

pa) = [ W%, V@) = [Vau0dt. @9

where V, 1 is defined according to [Proposition 4.1.1} It is easy to prove, ap-
proximating p with smooth functions, that V" is the distributional gradient
of ¥, hence pkf € WHH(RY).

Remark 10. Notice that u* coincides with the (density of the) push-forward
measure under the projection 7% : (R%)N — R? on the k-th factor, which makes
the notation consistent.

If p € Pp(R™), it will be useful to deal with the Sobolev norm of pt/r.
However, since u is a probability,

HMI/”H;LP :/,u(x)dx—k/‘v,ul/p(x)‘p dz = 1+/‘V,u1/p(az)‘p dz,

hence all the information is contained in the second summand. Therefore we
give the following

Definition 7. If u € P,, the WP-energy of u is defined as

&0 = [ [V . (4.6)

In the special case p = 2, this quantity may be seen as the kinetic en-
ergy [ |Vzp|2 of a system described by a wave-function ¢ € W12(R™), which
justifies the name. It is well-known (see for instance [34]) that the kinetic
energy of a wave-function is bounded from below by (a constant times) the
kinetic energy of its marginals. This is also true in our setting, as stated in
the following

Lemma 4.1.4. Let pu € P, (RY)Y). Then

N
&) = 3 &),
k=1

Moreover, if pi,...,pn € Pp(RY),

N

inf {£,(1) | 1 € Pp(R™) NIlp1,.., pn)} = 3 Exlon)-
k=1

Proof. See Appendix. O
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Finally, the following proves a monotonicity property and a continuity
property of the energy with respect to convolution, which will be useful later

(since convolution will be one of the main tools for the proof of [Theorem 4.0.1J).

Lemma 4.1.5. Let n € C°(R™), n > 0 such that [ n =1 and define n°(z) =
-+ (%), fore > 0. Then, for every pu € Pp(R™),

Ep(pxn®) < () and  lim E(u+1°) = Elp).

Proof. See Appendix. O

4.2 Proof of [Theorem 4.0.1|
In this Section we deal with the proof of To this end, we will

define an operator
0: R* x P (RHY) — P (RY)Y)
(&, 1) — Oy
such that the following properties hold.
A. If y* € Py(RY) for every k = 1,..., N, then
O%[u] € Pp((R)™Y).

B. For every € > 0, for every k =1,..., N,
O[] = ",
C. For every ¢ > 0,
Wa(©°[1), 1) < C(dVNE;
if moreover p € P,((RY)Y), then

lim d,,(©°[4], p) = 0.

e—0

Construction of © and proof of property

Fix a radial function n € C®(R%), Jnm=1,n>0. We require that there
exists ¢(n) € (0,400) such that

\V. P
[ s <) and e nte) de < el
Examples of functions with this properties are

1
e -1 |z|l <1
n(2) ={ 12

0 otherwise
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or any Gaussian
() = e 5
2)=——>-¢€ 2
1 (2mo)d/2
Given € > 0, let °: R? — (0, 4-00) be given by
1 z
6 e — —
(=) = 'l (5) '

The following property, immediate to obtain with a change of variables
eu = z, will be useful in the following:

/ ViE@E L [ IVa@)l” e

et T ) et T2
For € P ((RY)N), we define the measure A°[y] as the convolution of

p with the kernel 7°(x1) -+ (xn), i.e., if ¢: (RN — R is any continuous
bounded function,

/w Y dA® [ //w ljj (e — 20) dp(X)dY. (A7)

Notice that A®[u] is absolutely continuous with respect to the Lebesgue
measure, with density

N
= /Hﬁe(yk — ) dp(X).
j=1

Finally, if ¢: (R*)Y — R is any continuous bounded function, we define
©¢[u] via the expression

Joeoerue = [[ux ﬁ M{’jn‘ Ayt (@) A (V) Y, (4.8)

where the denominator (% *n°)(yx) denotes the density of the measure u* %n°
evaluated at yi.

Remark 11. If (u* x 1n°)(yx) = 0, we have

0= /Ua(yk—iﬁk)dﬂk(xk) = /AE(Y)dYk’

so the numerator also vanishes everywhere. It is safe to define the integrand
to be zero for such Y’s. This convention will be assumed in the following.
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Remark 12. This construction fits into the general framework for the com-
position of transport plans, as in [I, Section 5.3]. Indeed, the definition of
O%[u] may be seen as follows: as a first step we regularize p by convolution;
secondly, we consider the 2-transport plans ¥ for k =1,..., N defined by

/ oz, y) dB*(z,y) = / o, y)1 (@ — y) A (y) dy

for any ¢ € C(R? x RY). Notice that 8% has marginals p* * n° and p*. Then
©°[u] corresponds to the composition of A°[u] with ¥ on each corresponding
k-th marginal.

Remark 13 (Property . For every € > 0 and for every k = 1,..., N, we have
A[p]* = 4% % 7. Indeed, using Fubini’s Theorem,

N
— [[ T~ ) au(x)av
j=1
= /na(yk — ap) du(X) :/ﬁa(yk — ) du* ().

Moreover, we have that ©°[u]¥ = p*, which proves property Again by
Fubini’s theorem, and using the previous result,

N
5 yk_xk) k 5
[ otwaerlulx) = [[ otan 1_] (e T Ay ) Al () AY
xk) k 5
~ [ ot I *n e Ty () A ()

— / ()7 (e — ) dpa® () dy = / o) At ().

Proof of property [A] and energy estimates

In this Section we prove that © satisfies property [A] Moreover, we will give
upper bounds for the W1P-energy of ©°[u]. Let p € P ((R%)V) such that
uk € Py(R?) for every k = 1,..., N. Then ©¢[u] is absolutely continuous with
respect to the Lebesgue measure, with density given by

Olul(x) = [ Pl Y)a,

where we denote by P¢[u] the integral kernel appearing in (4.8)), namely

N
P,V = T ATk A (1), (4.9)
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Let us denote by
Vi (g /VU Yr — Tp)
V., 0°[u](X) := Pelul(X,Y)dY. (4.10
() = T ke A P(X, Y)Y (410)

We claim that V,, ©°[u](X) is the weak gradient with respect to the k-
th variable of ©°[u](X) in WHL(RH)N). Indeed, if ¢ € C®((RY)N), by the
Fubini’s Theorem we may perform first the integration in x; to get

- [ Va0 W0ax = - [ [ Vw0l y) axay

//1/1 v’,j((:”’;)PE[ 1(X,Y)dX dY
Tg

//zp v” VI Wk = ) per g x, vy dx dy

(yk — =k)

=/MMW”?WMMMX

- o /W S P (X,Y ) Y X,

To conclude that ©°[u] € P, ((R?)Y), in view of [Proposition 4.1.1} it
suffices to show a suitable domination, which is given in the following

Lemma 4.2.1. Let p € P((RYHN) such that u* € P,(R?) for every k =
1,...,N. Then

|V, O[] (X )Ip@e[ J(x)r

\v4 _
< op-1 | /Z () / Vit — eol” Pelp)(X,Y)dY
p (ﬂfk) “(yr — k)P
Proof. The triangular inequality for the p-th norm on R? gives
Yk ()] IV (yr — )|
V2, 0°[p](X)| < | / — == P [u](X,Y)dY.
V., 07| < B le P (X.Y)

Using the Holder inequality with exponents p and - 1,

Yk — «Tk
1
(Vi (g — o) |” >P p=1
< Pelul(X,Y)dY | O°[ul(X) »
_(/'n%%mwp (X, ) H(X)
and the thesis follows. O

Finally we get the proof of property [A] together with the usual explicit
formula for the weak gradient of ©¢[u]'/?.
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Theorem 4.2.2 (Property [A). Let p € P (R)Y) such that pi* € P,(R?) for
every k =1,...,N. Then ©[p] € P, (RY)Y), and

Vi O° ] /P(X) = ;@E[MJ(X)TVM@E[M](X)

Proof. Recalling |Proposition 4.1.1] it suffices to check that condition (4.2])
holds. Using we have

/ V2, 0[] (X) P @m (X)1PdX
< 2P~ 1</ |Vu }( )dX+/ \VTI yk_xk)‘pPa[M](X,Y)deX)

“(yr — xp)P

v p
:2p-1< | /éxxlfld +/\V77 ll )
k

<2 o0

52’

where ¢(d,p) is a constant depending on the dimension d and the exponent
p. O

From [Theorem 4.2.2 we get also estimates on the WlP-energy of ©%[y], as

stated in the following

Theorem 4.2.3. Let p € P ((RY)YN). Then there exists a constant c(n, p)
such that
3 c(.1)
L(O°[]) < Z( kylp . S0P ) . (4.11)
k=1

52/27

If in addition p € P ((Rd N) and p > 1, then

N p
<2 <Hvxk1\5[u]1/”Hp + c(p)A¥ (e, p, u)> (4.12)

k=1
where
k k T k ERE
Ak(a,p, 1) = { [(gp(ﬂ ) + gp(ﬂ * 778))1’771 - 21’7151:(:“ * 778)?71} I<p<2
(Ep(1™) = Ep(uF 5 17))» p=>2

and c(p) is an explicit constant depending only on the exponent p.

Proof. Combining [Theorem 4.2.2| and (4.10) we get
1
[ a0 ax = 5 [ 60017 195, ul(X) P ax

:pp/‘w U(XOVP 4+ 074 /V” Yk — ) [](X,Y)dedX

ykka

=[50+ g0p ax.
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Then we have

k T p k T p
Jiseopax = [ oy ax - [IECIE e

By the Hélder inequality (as in the proof of [Lemma 4.2.1)), we have

_ P
()P = O (X)) V” y’“_ ) pel(X, V) dY
Yk xk
k_mk’

thus, as in the proof of

_ P
/yg )P dX</ |V” Yk xk' [](X,Y)deXng).
(Y — k)P €

By the triangular inequality in LP((R%)") we conclude that

= st s (o 42

as wanted.
When the measure p is regular, we may perform a change of variable in
(.10) to get
Vi (zr) V(" 07) ()
Vo O l(X) = / ( PL(X, Y)Y
* pE () (u’“*n ) (Yr)
[ y] - x] j _

)+ I1(X).

By the Holder inequality with exponents p and = Lo,

P < x)p-! Vih( (N 1) () |” e

1P < s | A
p € p 1 |vxkA8 (Y

X < & [ e b v ay,

When we integrate with respect to the X variable, the triangular inequality
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in LP gives
|V, O[] (X)[” 4X e
( O [u](X)r-1 )
< (// ‘V/Zk(xk) B Vi,;k**nzjzéi];) pr[u]()Q Y)deX> 1/p
( / W”AE I pefux,v) deX) ”p

p

1/p
7 (y — @)pf(z) da dy)

(//'Vu Mu **nn)%j))
(/)

o

Now we recall the following inequalities by Clarkson [12]: if f,g € LP(v),
then

p p

f+yg

1 1
L+ L gl - H p>2  (413)

2
T (1 1 =
p—1 p—1 _|_g
<[ Z p - p |
(117 + 310P) ™" - |55

where all the norms are LP(v) norms.

. k T k* 5
If we apply ([£.13) on R? x R? with f(z,y) = Vu’i(g(c)), g(z,y) = W
dv

and dacd (z,y) =n°(y — w)uk(m), we get for p > 2

D < 2! //‘vl;ﬁkw p

5

P
p—1

1<p<2, (4.14)

2
f—g
2

e (y — @)pF () dz dy

p

+ 2P~ 1 MM **7777 nE(y . ﬂf)uk(x) dz dy
« P
// ’ vu /z * nn)zz(;)/) n(y — x)ﬂk($) dzdy

=: 2P~ lpp( p(# )‘i‘gp(ﬂ *776)) - 5.

Similarly, if 1 < p < 2, using (4.14]) we have
P % p Pt
D < [prl (Ep(,uk) + Ep(pF * 775)> - Sﬁl} :

Finally, we consider the convex function ¢(z) = |z|” on R¢, for which we

have Vo (z) = p(|z1P 2 21, . . ., |za|P "% 24). By convexity we have

o(w +2) > p(22) + Vp(22) - (w — 2),
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so letting w = VJZIZS) and z = v(("iizzzzz(;)/) we get
S>//’2VM”*:;77 )pns(yfx)uk(fﬂ)dmdy
MM **7777 2?5 al (A(LM **nn)g(i) 3;!:’(“9(65)6) iy = @) dady
B [ T
—9p |V pk % nf) 7}1}7 dy = PPPE, (1 % 7).

(1% %) (y)P
Hence, for p > 2,
D <27 (&) = &+ 7))

while for 1 < p < 2

1 p—1
D27 | (&) + & 4 17) T — e b ey |

Putting all together and summing on k£ we get the thesis. O

In the particular case p = 2, the Hilbertian structure allows to simplify
some computations and to get slightly sharper constants, as stated in the
following result, which is proved in the Appendix.

Theorem 4.2.4. Let p € P (R)YN) such that p* € Pa(RY) for every k =
1,...,N. Then

£(6°]4])

), (4.15)

where ¢(n) is a constant depending on the choice of 1.

Remark 14. As one would expect, if the measure p is not regular then the
bound on the energy of ©¢[u] diverges as € approaches zero, as in and
. On the contrary, if p is WP-regular then the bound on the energy of
O%[p] in converges to the energy of i as ¢ — 0. Indeed, on the one hand
AF(e,p, 1) converges to zero for every k = 1,..., N by [Lemma 4.1.5, On the
other hand, let A\°(z1,...,2n) = n°(21) - - n°(2n), we have A%[u] = p* A%, and
hence
R e v
P P

When we raise to the power p and sum over k we get &,(u) in view of the

usual condition (|4.1)).
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Proof of property [C]

For the proof of property [C] we do not need to assume that the marginals of
u are regular. In order to simplify the notation, let as above P¢[u] be the
measure over (RN x (RN given by

/ (X, Y)dP[u](X,Y) / H(X,Y) u(*kn_)?k)) dp () AN [ (V),

already introduced above, and let Q¢[u] be the measure over (RN x (R4)N
given by

N
[[veeraetaceyy = [[veey) T - o) dutoay
k=1

for any 1: (RN x (RY)Y — R bounded and countinuous.

Remark 15. Observe that P¢[u|(X,Y) is the density of a transport plan be-
tween O¢[u] and the measure A®[u] introduced in (4.7). Analogously, Q°[u] is
a transport plan between A¢[u| and u.

Theorem 4.2.5 (Property first part). For every e > 0,
Wa(©° (], 1) < eC(n)VN,
where C(n) is a constant depending on the choice of 1.

Proof. The idea is to estimate Wa(O%[u], A%[u]) and Wa(A%[u], 1), and then
use the triangular inequality for the Wasserstein distance. On the one hand,

WA ) < [[1X - Y dQu(x.Y) Z//m—yu 4Q[l(X.Y)
= |k — yil” n=(yre — o) dye dp® ()
;;// E— Ykl MYk k) dYr dp Tk
N
- |26 e (1) dzi dpa ()
;// k|l Me\2k kAl Tk
< 3 ?n(z)dz = Nec(n)
< |z|"n(z)dz = Ne“e(n).
6;/]@ n 17

On the other hand,
W2(O%[ul, A[u / X — Y[ dPl(X,Y)

- ,; [ 1=l ap e y)

N
=3 [ o=l et = ) i ) < N,
k=1
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as before. In conclusion,

Wa(O%[u], 1) < 26/ Ne(n). O

Corollary 4.2.6. As ¢ — 0, ©°[u] converges weakly to p in duality with
Co(RDN).

Proof. As it is well-known, the Wasserstein convergence implies the weak con-
vergence — see e.g. [Il Proposition 7.1.5]. O

We conclude this section with the second part of property [C} So far we
proved that ©%[u] converges to p in the Wasserstein and weak sense, which
is the natural notion of convergence as far as p is no more regular than a
measure. However if 1 is regular, since ©¢[u] € P, for every ¢ > 0 it is natural
to ask whether ©°[p] — g in the dp-topology. The answer is positive, as stated
in the following

Theorem 4.2.7 (Property |C| second part). Let p € Pp (RY)N). Then
lim d,(©°[p], ) = 0.

e—0
Proof. Combining the fact that the family ©%[u]'/? is bounded in W'* due to
and the result of [Corollary 4.2.6| we get that ©%[u]'/? — pl/P
weakly in WP (R1)N) as ¢ — 0. Since W' is uniformly convex, we need
only to check that

hmH@ﬁM%

e—0

1

Wie HW wie
The LP-norms are identically equal to 1, so we need to prove the limit for

1 1

the norms of the gradients. The weak convergence of VO¢[u]? to Vur implies
that )
I ‘fH O[] .
iyt Vel Lp

The other inequality follows from ]

1
=

4.3 Proof of Theorems 4.3.1] and [4.3.2]

We recall and prove [['heorem 4.3.1

Theorem 4.3.1. Let n be supported on B(0,1), and Q C (RN such that
Q4 B(0,7) € (RHN \ supp p for some r > 0. Then ©°(u) =0 on Q as soon
ase <r/2.

Proof. Let X € Q and ¢ < r/2. We have
Oul(X) = [ Plu(X,Y)ay

[ Plavars [ Pluey)ay,
|X-Y|<% | X-Y[>3
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where we recall that

N0 (ke — )i ()
Pelu(X,)Y) = ]H (Mk « 1) (yr) A [p](Y).

We claim that both integrals are equal to zero. If ]X Y| < %, then
Y + B(0,7/2) € (RN \ supp p. Hence, A°[u] =0 for £ < \F’ since A°[u] =
p* ¥ and supp A° C B(0,eV'N).

On the other hand, if | X — Y| > 7, then there exists k such that |z — yy|
Once again, if ¢ < 7=, then n°(yr — ) = 0, and so P°[u|(X,Y)

-
2VN'
0.

O v

Finally we prove

Theorem 4.3.2. Let n be a Gaussian kernel, and suppose that p, — p, and
Tl — Tyt in the dy-topology. Then ©°(u,) — ©°(u) in the dy-topology for
every € > 0.

We fix € > 0 and we take a Gaussian mollifier

o1 e

= e

(27e)d/2

The main idea is to use the Dominated Convergence Theorem, but in

order to do so we must first prove some fine upper-bound on the integral
kernel P¢[u]. With a slight abuse of notation, since A%[u] and u* x n° are
absolutely continuous with respect to the Lebesgue measure, we will use the
same symbol for the measure and its density.

Lemma 4.3.3. Let pn € P (RY)YN). Then:

()

2

ATu)(Y) < (2me)

(i) Let R >0, v € [0,1] be such that *(B(0,R)) > ~. Then

R 2
(1" %) (yx) > 7(%2)[1/2 exp <—<yk|;; ) ) :
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Proof. (i) We apply a general version of the Holder’s inequality with exponents
p1=---=pn = N, and use the fact that 7°(z) < 7°(0) = (2we)~Y2, to get

/Hn yr — k) dp(X Sﬁ</ (g — )™ dM(X))}V
< (2re) S ( [ xk>du<X>) ’

k=1
N

(2me)= 5 [ (" ) (wi) ™
k=1

as wanted.

(ii) We start by observing that
(1 5 07) (ye) = /Us(yk — @) dpF(zy) > /B(O " 0 (e — wx) dp® ().

When zj, belongs to the ball B(0, R), the minimum value of n°(yr — )

is attained at xp = —ng—:‘, or at any boundary point if yp = 0. Thus, in this
region,
1 (lye| + R)
(5
_ > - _MIRI T Y
and the thesis follows. O

Lemma 4.3.4. Let p,,p € Pp(Rd) such that p, — p in the dy-topology.
Then, for every ~y > 0 there exists R > 0 such that p,(B(0,R)) > 1—~ and
p(B(0,R)) = 1—1.

Proof. It suffices to show that p, — p, which implies that the family {p,}, cx
is tight; however, by |Proposition 4.1.2] we have the stronger property p, — p
in WHHRY). O

Proposition 4.3.5. Suppose that p, — p, with pf — p* in Pp(Rd) and
pk — u¥ pointwise a.e. on R for every k =1,...,N. Then ©%[u,] — O[]
pointwise a.e. on (RN

Assume in addiction that Vul — VuF pointwise a.e. on R  Then
VO (1,] — VO [u] pointwise a.e. on (RN

Proof. Let P*[u](X,Y) be the integral kernel defining ©¢[u], namely
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We claim that P¢[u,] converges pointwise a.e. to P¢[u]|. For every Y €
(RHN and every k € {1,..., N} we have

(s 1) ) = ()] < [ 0 = ) ) = )|

]

by [Proposition 4.1.2 Moreover

[ A [pn]) (V) — A [u] (V)]
/Hn Yk — ) dpn (X /Hn yr — ) dp(X )‘

goes to zero for every Y because [ [ n°(yr — ) is a fixed countinuous bounded
function, and y, — p. Finally fix X € (R)Y in the set of full measure such
that pk(zy) — pF(xy) for every k=1,..., N.

We need only to find a domination for P¢[u,]. For every k =1,..., N let

Ry, given by [Lemma 4.3.4{for v = %, and let R = maxy Rj. Using[Lemma 4.3.3

(i) and (ii) one has

Plun)(X,Y) < (27T€)_(N2_Nl)d ﬂ 0 (yp — ) ik (1)
T W o ) () NIV

<(N — Dyl + R)2>

N
< 2V T 7 (wr — ) pel (i) exp 5 Ne

k=1

oN (DR i —logl? Iyl +CNzg +2(N=1) R)|y|
H Mn xk 2 e 2Ne .

When X and ¢ are fixed, the latter is an integrable function of the variable
Y = (y1,...,yn), and we conclude the first part of the proof thanks to the
Dominate Convergence Theorem.

Recalling (4.10]) we have
vk (xk) V77 Yk — Tk)
Vi, O 1in = 1 wal(X,Y)dY
Olal(x) = el A P, (X, V)
and
A7l (xk /Vn Yr — Tp)
V., O - PE[u(X,Y)dY
o) = S ) P, Y)

Using the first part and the additional assumption on the pointwise con-
vergence of the gradients, we immediately see that

Vpn ()

ik (x
T o)) — T e x),

pi* (k)
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pointwise a.e. on R% x R,
As for the second term, like before the integrands converge pointwise a.e.,
and the domination is obtained using [Lemma 4.3.3 (i) and (ii). O

From [Proposition 4.3.5] using some dominations already seen for the proof
of Property A, we obtain the following corollary.

Corollary 4.3.6. Suppose that ji, — u, with uf — % in P,(R?) and pk — p*
pointwise a.e. on RY for every j = 1,...,N. Then ©%[u,]"/? — ©¢[u]'/? in
17((R4Y).

Assume in addiction that Vuf — VuF pointwise a.e. on R Then
O ua] /P — €% VP in WP((RAYN).

Proof. By [Proposition 4.3.5|we already have pointwise a.e. convergence of the
functions. Using

la” — b < |a—b|" Vv e (0,1],Va,b> 0, (4.16)
we get

O] (X)7 = ©°[u)(X) 7" < |67 ua) (X) — ©°[1] (X))
< ©°[u,)(X) + O [u) ().

The latter converges pointwise to 20¢[u|(X), and

/ O [11n](X) dX + / % [u](X)dX =2,

which allows to conclude the first part of the proof thanks to the Dominated
Convergence Theorem.
Using the expression given by [Theorem 4.2.2| and (4.16|) we have

p
/ \vxk@a unWP(X) -V oY) [ ax

< [ Ol (07 V)0 — €))7V, () )| X,

By [Proposition 4.3.5 we have pointwise convergence to zero of the inte-
grand. In order to control the gradients we recall [Lemma 4.2.1) and get

(100l () V2, ©° 1a] (X) = O[] (X) 77V, €[] (X) |
<2 1(@5[ 00795, 0 (X + €° ] (X) 7 [V, O[] (X))

‘Vlin xk) ‘p ‘VU m —ka)|p
= M |an<yk — )l
44P ( ()P O°[u](X) + / e P Peu](X, Y)dY)

= 4p_1gn(X) + 4p_1g(X)
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By hypothesis we have that that g, — g pointwise a.e. as in the proof of
[Proposition 4.3.5 Moreover, as already seen above,

/%qu{ﬂv@mﬂmf¢m+/ﬁz@f®

1 )P
/ pp/‘ (zk) dx—{—/’vnp‘ldz,

which allows to conclude thanks to the Dominated Convergence Theorem. [J

and

As a final result we obtain the proof of

Proof of [Theorem 4.53.3. By contradiction, suppose that there exist § > 0 and
a subsequence of (i) (denoted again (u,) for simplicity) such that

dy (©° (1], ©°[11]) > 5. (4.17)

Extract a further subsequence (u,;); such that ,ufbj — p* in P,(R?), and
in addition ,uflj — pF and V,uf” — V¥ pointwise a.e. on R? for every

k =1,...,N. Due to |Corollary 4.3.6| we should have @5[unj]1/p — ©°[u)\/P
in WLP((RY)N), contradicting ([4.17)). O

4.4 Appendix

Here we complete the missing proofs from Sections First we recall the
results of paragraph

Proposition 4.1.1. Letp > 1. Ifu € WHP(R™), u > 0, then u? € WHLH(R™),
and VuP = puP~1Vu.
Viceversa, let u € WHH(R™), u > 0, such that

/ul_p |VulP < oo. (4.2)

Then u'/? € WYP(R™), and Vul/? = pu v

Proof. If u € WHP(R™) clearly u? € L'(R™), and viceversa if u € W11(R™)
then ur € LP(R™). Let u, € C®(R™)N WY (R™) such that u, — u in
WLP(R™). Then by the Hélder inequality with exponents p and pf i

/ [ub 'V, — uP V| < /uﬁl |Vu, — Vu| + / Vul [ —uP!
= [lunllp ™ |V = Vg,

1 p—1
-1 —1|5=1
+IVaully ||t = w7
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Recall that
la? — 9] < |a—b|la+0b]""" VYge[l,00),Va,b> 0. (4.18)
If p > 2 we use (4.18) and the Holder inequality to get

[Eaetals

p—1 -2
) < lun = ull, llun +ull, "

ifl<p<2/lety=p—1€(0,1) and use (4.16) to get

[l =t

-1
< Jun —ully™

This completes the proof of the first part. Suppose on the contrary that
u € WHL(R™), w > 0, and that the condition (4.2) holds. Fix ¢ € C°(R™)
and € > 0. We want to prove that

1 1 1-p
/(u+5)PV¢:—p/¢(u+€) >V, (4.19)

To this end, let u, — wu in lel(Rm), where u, € C*, u, > 0; up to a
subsequence we may suppose also u,, — u and Vu,, — Vu pointwise almost
everywhere. Putting u,, in place of u in we have pointwise convergence
of both the integrands, and we conclude via the Dominated Convergence The-
orem using the dominations

1—

1-p 1-p 1-p
<7 10l Vual, [o(u+e) 7 Vu| <7 (9] [Val.

1-p

d(un +¢) 7 Vu,

Finally, letting e — 0 in (4.19)), we have once again pointwise convergence
of the integrands, and we conclude by the classical Lebesgue’s dominated
covergence Theorem thanks to the hypothesis and the domination

1-p

p
‘gb(u—i—e)TVU‘ < | ul P [Vl 0

Proposition 4.1.2. If u, — u in W'P(R™), uy,u > 0, then up, — uP in
Whi(R™).

Viceversa, let u, — u in WHL(RY), u,,u > 0. Let hy,h € LY(R™) such
that ul™ [Vun|? < hp, ut=P|VulP < h, and

Tim_ / By = / h. (4.3)

Suppose also that for every subsequence {hy,} there exists a further subse-

quence converging to h pointwise a.e. Then u,l/p — ul/P in WLP(R™),
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Proof of |Proposition 4.1.9. If p = 1 there is nothing to prove, so assume p > 1,
and take u, — u in WHP(R™). Using (4.18) and the Holder inequality with

P
exponents p and 5o

[ 1= 1 < =l +

Since u, — u in WHP(R™) and hence in particular u, is bounded in
LP(R™), we get that uh — uP (strongly) in L!'(R™).

Moreover, Vi, = puf 'V, and VuP = puP~1Vu by [Proposition 4.1.1]
hence by the Holder inequality

/|Vu{’l — VuP| < p/ulfl_1 |Vu, — Vu| ~I—p/ |Vul ‘u{’l_l - up_1]

< p lunlE™ [Vt — V], +p / IV [ur ! — |

which converges to zero as in the proof of [Proposition 4.1.1]
To prove the converse, suppose by contradiction that there is a subsequence
(denoted again uy,) such that

Hu;/P,ul/PHWLP > 5> 0. (4.20)

By hypothesis, up to a further subsequence we may assume that u,; — u,
Vu,; — Vu and h,, — h pointwise almost everywhere. Then we have by

, with v = %,
J ity =t < [, =] = o, ]

1—p 1-p
unf Vunj —u » Vu

and
P

HVu}/.p - Vul/pH = 1/
J P pp

Here the integrand converges to zero pointwise, and using the domination

1—p 1—p

p
) Ve, —u o Vul <27 (al P [V, |+ ul P [Vul) < 27y, + B)

and the condition (4.3)) we conclude thanks to the Dominated Convergence
Theorem that u}lﬁp — u!P in WHP(R™), contradicting (#.20). O

We are ready for the proof of [Proposition 4.1.3] which we recall for the
sake of the reader.

Proposition 4.1.3. Let p > 1. Then

(i) if p € Pp(RYN), then u* € Py(RY) for every k=1,...,N;
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(ii) the map m: Py (RHN) — PL(RNHN is continuous with respect to the
distance d,, and the relative product topology on the codomain.

Proof. For the first part, by |[Proposition 4.1.1] it suffices to show that, if
p € Pp((RHYN), then fuk(:v)l_p}v,uk(xﬂp dz is finite. Using the Holder
inequality with exponents 1% and p, we get

p—1

Vit ()| < v / (X))

o ot )
([t a5)’

kau%(X)‘ aXs

Hence
p p
[ Ok doe < [ |Vantreo] ax

which is finite by hypothesis.

Now we come to the second part. Let p, — p in P, ((Rd)N ) and fix
ke {l1,...,k}. First of all we prove that u% — p* in WH1(R9). Using
and the Holder inequality,

/

dxk

(o) = o) e = [ ' [ 530 = ()%
< / i (X) = (X)) dX

and
[0 = Vit ao = [ ' [ Fautn(X) = V() 42| dy

< [ 1¥20n(3) = Va2 .

We deduce that p* — p* in WH1(RY), since p, — p in WHP((RHN) by
[Proposition 4.1.1. Now we want to apply |[Proposition 4.1.2) with

~ p ~
n(Tk) pp/‘vxk/ﬁi/p ka, h(%):Pp/’kaHl/p(X) dXj,

in order to conclude that (1f)Y/? — (uf)Y/P in WP (R?).
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By the first part we have (uf)!=? ‘V,ufg‘p < hy, and (k)P ‘V,uk’p < h.
Condition (4.3)) is ensured by

nhHHOlO hn <$k> dzyp = p? hm /’ka/i?lz/p )‘p dX
=7 Jim [V
= pp Hvzkﬂl/p ‘
p

- / h(zy) dz.

We now follow a construction similar to the one of the Riesz-Fischer the-
orem, and already used for the analogous result by Brezis in [34, Appendix].
Recall that, by |Pr0position 4.1.2L o — o in W1 ((Rd)N). For every subse-
quence of (hy,)n(denoted again (hy,), for simplicity), extract a further subse-
quence (hyp;); such that:

(i) lelép — Vu!/P pointwise a.e.;

(i) HV“}# - Vul/p’ ip <9,
Let
F(X) = ’V;u/p( ‘ +Z ’vul/p wl/po()’p.

Since F € L' (R")N) and clearly
1/ p -1 1/ P
Vo <2 Ex), vt < Fx)
we have that hy,; — h pointwise a.e. by dominated convergence. O

Next we prove the estimates on the energy given in paragraph

Lemma 4.1.4. Let p € P, (RY)N). Then

>
Il

v
)—‘MZ
=

Moreover, if p1,...,pn € Pp(R%),

inf {&,(1) | 1 € Pp(R™) N IL(p1, ..., p)} =

i]=
hé'")
>
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Proof. Fix pn € Py, ((Rd)N). By [Proposition 4.1.3 we have

P

1 _ p P A
v(ﬂk)l/p(xk)‘ :ﬁﬂk(l’k)l p]w’“(xk)\ S/’kaul/p(X)’ 4%,

Summing on k and recalling the condition (4.1]) we get the thesis. As for
the second statement, due to the first one clearly we have

N
inf {€, (1) | € Mpr,...,pn)} =Y Enlpr).
k=1

Let however (X)) := p1(21) -~ pn(xn); then g is such that p € P, (RT)N)
and

N
Vot = V" T] () /;
i=1
;;ék
hence

/ (VW%(X)FD dx = / ‘vp}/”(xk)‘p dzy, = &) (pr).

Finally summing on k and taking into account the usual condition (4.1)),

N
Ep(1) = Enlpr)- O
k=1

Lemma 4.1.5. Let n € C*(R™), n > 0 such that [n =1 and define n°(z) =
a%n (%), for e > 0. Then, for every p € Py(R™),

Ep(pxn®) < E(p) and  lim E(u+17) = Elp).
Proof. By the Holder inequality with exponents p and p%l we have

IV (p*n) (@) = [((V) *n°) ()]
< /\Vu(y)!ng(fv —y)dy

p—1

< (/ u() P V)P 0t (z — y) dy) C ) (@)
Since p* n® € C*°(R™) we have
Vs 1 2@)] = L) @) T (s ) @)

<

D= Q=

</u(y)1_” V()P nf (z — ) dy> l/p, (4.21)
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whence
p
&) = [ [Fs ) @) do

<5 w) P IV )Pt (z — y) dyda

— [ vt dy =&,

In order to prove the second part, it suffices to show that (u * ne)l/p
converges strongly to x'/? in WP to get that

lim &, (0  n°) = lim H(u*n l/pH —1=&(n).

e—0

Since (' P |VulP) *n° — p' =P |VulP pointwise a.e., the inequality ([4.21))
gives a domination which allows to conclude thanks to |[Proposition 4.1.2 [J

e—

1=

wlp wlp

Finally, we present a slight modification of for the case
p = 2, which allows to get sharper constants, as stated in

Theorem 4.2.4. Let pn € P (RY)Y) such that p* € Po(R?) for every k =
1,...,N. Then

£(0°[u))

), (4.15)

where c¢(n) is a constant depending on the chozce of n.

Proof. We use the formula for the gradient given by[Theorem 4.2.2] and exploit
the Hilbertian structure of W12((R)N) to get

£2(6° (1)) = / Ve[ ax

_ L[ |[Ver[u(X)P
- ox) ¥

I [l

N
_ Yk (er) - Vi (ye — an)
kz;/ Pk () n® (yp — o) Pul(X, y)dx dy

+Z/@a ‘/V" e~ ) P (X, Y)Y

(Yk — k)
=1—-IT+1III.

2
dX

We treat the three terms in order. First we have

R SR A7 R 2 Nk
I = 4;/dek—;/)vx/;’“(m)‘ dxk—;&(ﬂ )
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The second term vanishes. Indeed, using Fubini’s theorem and a change
of variables,

Vu V77 (Ye — o) 0 (yk — 2k) & e
1= [ [ S ) T ) A1) 0
:/ vk xk)Vn (yk — wx) dog dyg

= (// Vu’“(xk)dxk> . (/ va(z)dz) |

and the second term is zero, as it can be seen, for instance, integrating in
spherical coordinates — recall that we chose a radial kernel 7.
Finally, by the Cauchy-Schwarz inequality,

Vne -z 2
’ ’7 (v = 2) e PGy ay

Y — ﬂfk
‘vn yk_xk ‘ P‘E[,u](X,Y)dY/P‘E[,u}(X,Y’)dY'
Yk — .’Ek
ey |V77 (yk—xk”z 5
-0 [u](X)/ o) [u](X,Y)dY.
Hence
111 < Z / / Virty y:—_xik I Pelp)(X,Y)dY dX
!Vn yr — x|’ .
Z// T F—— pF () A (] (V) Y dazy,
|V77 vk — )| [Vn©(2) Ne(n)
Z// “(yr — 77) (xk)dykdwk—N/dzg o

where ¢(n) is a constant depending on the choice of 7. O



Chapter 5

Applications to
Density Functional Theory

Introduction

Consider a system of N particles (e.g. electrons) interacting through Coulomb
force both with each other and with M other fixed particles (e.g. nuclei)

at positions (r1,...,rp) with charges (—Zi,...,—Zy). According to the
Schrédinger equation, the ground state energy of the system is given by
min  {R*T() + Vee (V) + Ve ()} (5.1)
1 wave-function
where
1
== / IV (X)|? dX is the kynetic energy,
Vine(¥) = Z / is the internal interaction energy,
1<z<_7<N | o
Z
Veat (¢ Z Z / ‘k [p(X ‘ is the external interaction energy
T; — Tk
k=1 1=1

and h is the Planck constant.

We must now specify which is the set of admissible wave-functions. If the
particles are electrons (or, more in general, fermions), then they follow the
Fermi-Dirac statistics and the set of wave-functions is given by

= {w e HY(R3 x {1,1)N;0)| /]w NP dX =1,1 is antlsymmetrlc}
where we say that a wave-function is antisymmetric if
Y(T1, 00,0 TN, an) = 8igN(0)Y(To(1), Aa(1)s - - - s Ta(N)s Co(N))

99
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for every permutation ¢ € Sy. On the contrary, if the particles are bosons,
then they follow the Bose-Einstein statistics and the set of wave-functions is
given by

5= {u e HUE x ()% 0) | [ EOR dX = 1,0 is symmetri.
where we say that a wave-function is symmetric if

w(l'ly ai, ..., TN, OZN) = ¢(x0(1)7 Qs(1)s -1y La(N)s ao‘(N))

In the above we adopted the common notation

/f(X)dX = Z /(RB)N f(z1,00,..., 2N, aN)dzy - dey
(a1, an)e{t Y

for every f: (R3 x {1,{}HY — C.

According to the usual Born interpretation, |¢(x1, a1, ..., 2y, ay)|? is the
probability distribution of finding the N particles in positions (x1,...,zxN)
with spin values (a,...,an) and, in agreement with the indistinguishabil-
ity principle, it is invariant with respect to permutations of the N variables
(24, 0v;).

Computing the ground values above amounts to solving a Schrodinger
equation in R3Y and the numerical cost scales exponentially with N. The
Density Functional Theory (DFT from now on) is an alternative introduced
in the late sixties by Hohenberg, Kohn and Sham. However the desire to
describe the system in term of a different variable is much older and we may
consider the Thomas-Fermi model as a precursor of this theory. Nowadays,
DFT is recognized as the absolute best tool for computing the ground state of
complex systems, in virtue of its excellent compromise between computational
efficiency and accuracy. See [27] for a classical monography, and the works
of P. Gori-Giorgi, M. Seidl, A. Gerolin, S. Di Marino for recent contributions
and the current state-of-art.

The idea is to associate to every wave function v a probability density on
R? defined as follows [}

pl)(z) = Z / [z, a1, T, s . .., )P dag - - - day.
(1) {4} @™
It can be shown (see for instance [34, Theorems 1.1 and 1.2]) that the set
of feasible densities is given by
R:={pec P(R3) | p = p[t] for some o) € A}
={pe P(R3) | p = p[t] for some o) € S}

= {p:R3—> [0,+oo]\/p—1, \/ﬁeHl(Rd)}

'In the usual definition in quantum chemistry, the integral in the definition of py is
also multiplied by a factor N, but for our presentation from the mathematical viewpoint we
prefer to deal with probability measures.
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The key remark which constitutes the starting point of DFT is the follow-
ing: the minimum problem (j5.1)) can be factorized as

;rél% 77121:}1;1) {R*T (%) + Vit (¥) + Vear () }

where 1) — p denotes the fact that p = p[¢].
Observe that, if 1 — p, then by symmetry

Zy |v(X Zyp(z)
Veat( ZZ/ 2 _m Z O NZL x_m = Veat ().

i=1 k=1

Hence, it is natural to define the Levy-Lieb functional

Fi(p) = min {R°T(9) + Vin(9) }

so that we reduce ([5.1) to the minimum problem

Z%i%é {Fn(p) + vext(p)} -

The Levy-Lieb functional Fj is also called “universal Levy-Lieb func-

tional”, since it does not depend on the specific external potential — it only
depends on the density p, the number of particles N and the parameter .
We should be careful, however, in the definition of the Levy-Lieb functional,
to distinguish between the fermionic and the bosonic case. For the sake of
clarity, let us define

Fit = min {RT(y) + Vit (V) | ¥ € A9 = p}
when we consider fermionic particles, and by
S . 2 -
Fy = min {F*T(¢) + Vint(¥) | ¢ € S, ¢ = p}

when we consider bosonic particles.
In this chapter we are going to deepen the study of the Levy-Lieb functional
by treating two main topics of DFT:

(1) Continuity of the Levy-Lieb functional
(2) Semiclassical limit of the Levy-Lieb functional
In order to give a more general mathematical framework, in the following

we will denote by d the spatial dimension of the system of particles, without
necessarily reducing the setting to the physical case d = 3.
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5.1 Continuity of the Levy-Lieb functional

The main question of this Section is the following: is the Levy-Lieb functional
continuous with respect to the density p?

First of all we need to specify the topology for the space R of the densities.
Recall that

R:{p:R3—>[0,+oo]|/p:1,\/ﬁEH1(R3)}.

A natural topology is given by considering R as a metric space endowed with
the distance

3(p1,p2) = llpr — p2ll g1y -

This turns out to be also a physically meaningful topology, since we have the
following

Theorem 5.1.1 ([34, Theorem 1.3]). Let ¢, ¢ € A or S, and suppose that
U = € HY (R x {1,41)";C). Then \/p[tn] = /pl[Y] € H'(R).

This amounts to say that the map v +— p[¢] is continuous, but it is quite
clear that this map is not invertible — in fact, different wave-functions may
well share the same single particle density. However, suppose that (y/px)r>1
converge to \/p in H', and take 1 such that p = p[¢)]. Can we find (¢y)r>1
such that pj, = p[tx] and 1, — ¢ in H'? In other words, is the map 1 +— p[y)]
open? This problem, to our knowledge first stated in [34, Question 2], is still
open.

This question is strongly related to the continuity of the Levy-Lieb func-
tional, since we have the following result.

Theorem 5.1.2. If the map ¥ — p[] is open, the Levy-Lieb functional is
continuous.

Proof. The idea is to use the De Giorgi’s main theorem on I'-convergence (see
[22, Theorem 7.4]). Given a sequence (pg) such that pr — p € R, consider
the functionals

Fe(¥) = BT (%) + Vint (¥) + X (e gsp} (%)

and
F(W) = B*T(¥) 4 Vint (V) + X{pea|vsp} (1),

where x is the characteristic function of a set, taking values 0 on the set and
+00 outside. By definition we have that Fy*(py) = min {Fy(¢)) | ¢ € H'} and
FA(pr) = min {F(¥) | ¢ € H'}. Thus, we need to prove that Fj I'-converges
to FE

2The condition pr, — p implies tightness of the set S = {p} U {Pr}ren» and taking the

counterimage of a tight set by the map sending a measure to its marginal preserves tightness.
Thus the set {¢| p[¢)] € S} is sequentially compact.
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liminf-inequality Take any sequence ¥, — 1. If p # p[], then by
we have that p[i;] # px definitively, so that the lim inf-inequality is
trivially satisfied. Hence we can assume that p[i)] = p. Since the functionals

T and V,; are continuouﬁﬂ we get

F) = Jim RAT (Y1) + Vi (Y1) < h’ggf}—k(¢k)~

lim sup-inequality If p[i)] # p there is nothing to prove, so assume that
p = pl[Y]. Take as a recovery sequence the one given by the openness of the
map ¥ +— p[], i.e., take (¢) such that p[yx] = pr and ¥ — 1 € H'. Then
we have

F) = FBT0) + Vi (W) = Jim BT () + Vi () = Jim Falw). O

We will provide a partial positive answer when the spin variables are not
taken into account. In particular, we prove the following results.

Theorem 5.1.3 ([5, Theorem 1.1]). Let v € H'((RY)N;R) symmetric and
non-negative. Given (pn)n>1 such that \/pn — \/p[Y] in H'(R?), there exist
(Yn)n>1 symmetric and non-negative such that p, = p[pn] and ¥, — ¥ in
H'((R)V;R).

Theorem 5.1.4 ([5, Theorem 1.2]). Let ) € H'((RY)N;R) symmetric. Given
(pn)n>1 such that \/pn — \/p[] in HY(R?), there exist (¢n)n>1 symmetric
and complez-valued such that p, = p[by] and ¥, — ¢ in H'(RY)N;C).

Notice that the first result is already of physical interest, since in many
cases the ground state of a system of N-particles is non-negative.

The main tools will be the smoothing of transport plans as introduced
and studied in [3 4] and an application of the weighted Sobolev spaces. In
Section we will start by constructing explicitly an L? approximation of ||
which respects the marginal constraint. Then in Section [5.1] we regularize it in
order to obtain a Sobolev regular sequence which converges in H! to |¢| and
still maintains the marginal constraint. The main tool will be the smoothing
operator defined in Chapter [d This will complete the proof of Theorem [5.1.3
In the final Section making use of a suitable weighted Sobolev space, we
show how to deal with the sign of the wave-function, finally proving the main
result in its completeness.

Construction of L? wavefunctions

In this section we start the construction by proving the following

3The fact that Ve is continuous on the set of wave functions follows from the observation
that f(z) = % is such that f € L>=(R?)+LY?(R?), and the Holder and Sobolev inequalities.

z|
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Theorem 5.1.5. Let p,,p € L'(RY) such that \/p, — \/p in L*(RY), [p=
[on =1 and let ¢ € L2(RYN) symmetric, ¢ > 0, such that p = ply].
Then there exists a sequence (pn) € L2(RON) such that o, is symmetric,
pn = plpn] and gn — ¢ in L2(RHY).

For fixed n € N, let 00 = p and ¢% = ¢ and define inductively for & > 0

By = {2 e B! | o}(2) > pu()}

N O'k i) — Pn\T;
Sk(x) = %Z nl ;)k(xf)( J)XE;g(%‘),
i=1 n

ITH(X) = ) (X)y/1 = SE(X),

aﬁ“(m) = /cpﬁ“(x,xg,...,a:N)zdxg--da:N.

Notice that, for every k,n, the function gofl is symmetric. The sequence
(¢F) >0 is monotone decreasing, as proved in the following

Lemma 5.1.6. (i) 0 < oftl < oF < o;
(i) 0 < optt <oy < p;
(iii) EXtY C EF C EY.

Proof. Since 0 < S¥(X) < 1, the factor \/1 — Sk(X) is less or equal than 1,
and the inequalities in (i) are obvious; (ii) and (iii) follow. O

In order to estimate some L? norms which will appear later, the following
lemma will also prove useful.

Lemma 5.1.7. If k>0 and E C Eﬁ, then

[k = paede < (1) [ o) - o

Proof. By induction on k. For k = 0 the inequality is in fact an equality.
Suppose now the thesis is true for k, and fix £ C EF*!. Using the fact
that EF*1 C EF one has

k _ k _ Gk — x)dz
L@@ = putanas = | ey PP = 85000 [ i
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Notice that

/ K (X)28E(X)dX
Ex(RA)N-1

205 (%) = pu(@)) |
NZ/EX (Re)N— 1 X) Uk(xj) XEjg(fL’J)dX

n

k
> o X QUTL(xl) — Pn($1) dX
Ex (RN (pn( ) 05(371) XEﬁ(xl)

because the (first) marginal of ¥ is ¢F and F C EF. Hence, using the

inductive hypothesis,

[k @) = i < (1= ) [ (oha) = putaeis

ns

as wanted. O

The following proposition specifies that the sequence (¢%)>0 is not too
far away from the target function ¢ with respect to the L? topology.

Proposition 5.1.8. For cvery k > 0,

@n

oIz | < 2N (V5 — v/l 2y -

L2((RHN)

Proof. We denote for simplicity the L?norm as ||-|| both on (R)" and on R,
since there cannot be any confusion. By the definition of the ¢},’s we may
compute for every j > 0

et = [ o0 - siconx = |4l - [ i) - pulea.

n

Hence, using Lemma [5.1.7]

k—

—
??‘
,_.

el - Hso,’sz:ZO(MH lei1P) = 0/ o1, — pn)
SE(W)j/E](p—pn)=§<NA_,1>j/m P = pnl
k—1

IN

< )/p pn|<N/\p Pnl,

[e=]

.
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Now the Hélder inequality and the elementary estimate (v/a + v/)?
2(a +b) lead to

Jio=mi<(frvoevne) " (fivo- o)
:<2/<p+pn>)l/gnm—mZQM_MHD

We are ready to define the functions ¢,,. Let

o

on (X) = lim o)
72(w) = [ @ (eian, o)y day.

They are well defined due to Lemma and p2° is symmetric, since it
is the pointwise limit of symmetric functions; let moreover

4 = / (pn(2) — 022(2)) da

N
an e H pn(a;) — o (25))

dn j=1
= Ve (X)? + an(X).

where the second term is set to zero if ¢, = 0. Observe that the function
pn 18 symmetric, because «,, is symmetric by construction. The definition is
well-posed since «, is non-negative, as proved in the following

Lemma 5.1.9. p,(z) —o;°(z) > 0.

Proof. Using that Z

XEk > 0, one has

pu() — o5 (2) = pulz) / A (X)2diy - diy
(RN -1
= pul2) — o (2) + / A (X)2SK (X )y - dy
R(N—-1)d

> (pa(0) - ob(o) (1= e

If € EF then

N -1

(on(0) = k(o) (1= (@) ) = 5 (oule) = o)
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on the other hand, if € (E¥)¢, then p,(x) — 0¥ (2) > 0, and hence

(on(0) = k() (1= (@) ) = puli) = obia) = 222 (0) - b)),

So that for every z € R?,

and letting k£ — oo,

pule) — 02(w) > “ L (pa(a) 03 (@) = pule) 0@ 20, O

Finally, ¢, — ¢ in L? as n goes to oo, as is proved in the following
Proposition 5.1.10.
2
lon = #llze <2@2N + 1) [IVp = Voull 12
Proof. By the monotonicity described in Lemma @ > oy and then
lon = ¢l* = 0%+ (07) + an — 20\/ (#3)” +
QP+ (P2 + an — 2007 <% — (o) + an
Integrating over RY leads to
2 2 2
lon = @llze < llelzz = llenllze + llonlipr -

Letting £ — oo in Proposition and using the monotone convergence
theorem, one has

2 2
lellze = llenllze < 2N Ve = Veal L2 -

On the other hand, recalling the final step of the proof of Proposition
and using again the monotone convergence theorem,

lanlls = [ (pala) = 07 (a) d
< [1pata) = p@dz + [ (ol) - o2(@)) do

<2|V5- Vol + [ elxrax

= 2||\/p — v/aull 2 + el — o312
<N +1)1y5 — Voul 2 - 0

This concludes the proof of Theorem [5.1.5

e (X)%dX
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Sobolev regularity and convergence

Let pp, p, vn and ¢ as in Section and assume, additionally, that ¢ € H!
and /p, — /p in H'(R?). The sequence (p,) constructed in Section is
such that ¢, € L2((RY)N) with ¢, — ¢ in L2((R)N). We will now improve
the regularity and the convergence of (p,) using the results of Chapter

Given ¢ € L2((R%)N), we write for simplicity ° for the square root of the
density of the measure ©°(u,), where du,(X) = lp(X)[* dX and © is the
smoothing operator of Theorem We take in this case a Gaussian kernel,
since we need By the results of Chapter 4 ©¢(¢p) is indeed ab-
solutely continuous w.r.t. the Lebesgue measure, and ¢° € H'((R?)). More-
over, if ¢ is a symmetric function, i.e., p(z1,...,2N) = P(Te(1); -+ To(n))
for every permutation ¢ € Gy, the construction of Chapter [4| produces a
symmetric function ¢°.

We are now able to prove the following

Theorem 5.1.11. Let p,,p € R such that \/p, — /p in H'(R?), and let
0 € H' ((RHN) symmetric and non-negative be such that plg] = p. Then
there exist u, € H'(RHN) such that u, — ¢ in H'((RON) and plu,] = pn-

Proof. In this proof we denote by ||-|| the H'-norm on (R%)V. Let ¢,, ¢ defined

in Section the idea is to take a suitable diagonal sequence u,, := gofl(n).

Let Ny =1, and for k > 1 choose N} € N such that
(i) Ni > Ni_q;

27k < 27F for every n > Nj.

—k
e —

(i) |

The sequence (Ng)r>o is well defined due to Theorem m(iii) and in-
creasing. Given n > 1, let k be such that Ny < n < N1, and set e(n) = 27F.
When Ny <n < Ngi1, by construction we have

As n — oo, also k — oo and the right-hand side goes to zero due to
Theorem [4.2.7] O

—k —k —k _ —k
R e R e R e !

To avoid any confusion, in the following we will denote by (pn)nen a
sequence such that ¢, — ¢ in H'((RH)N) and plp,] = pn.

Remark 16. If the original wave-function was symmetric and non-negative,
then by Theorem [5.1.11] we already get the desired approximating wave-
functions which are also symmetric and non-negative, thus proving Theorem
0. 1.3
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5.2 Approximation with signs

Let pn, p, on and ¢ like in the previous sections, and assume now that ¢ = |1,
where 1) € H'((R?)V;R). In this section, starting from ¢, we will construct

Y, € HY((RY)N;C) such that 1, — p, and 1, N 1. Some weighted Sobolev
spaces will be the main tool of the construction.

To every measurable A : (R?)N — R” (scalar or vectorial) we may associate
some spaces related to the measure |A\|?(X)dX. In particular this will be used
for A equal to the wave function 1 or equal to the gradient of the wave function
V. The most natural space is

L%(|M\?dX;C) := {f: RHN - C| /\f(X)]2|)\(X)]2dX < —l—oo} .

When A € H}((R)V;R) we may define also the Sobolev spaces relative to the
measure |A\|?dX = A\2dX. First we need a definition of the gradient:
Definition 8. If A € H!((RY)":R) and f € L?(\2dX), the gradient V,f is
defined by the identity

A
/vAngdX = —/fch)\ZdX — 2/fapv)\)\2dX Voecl®.  (5.2)
It is then natural to define the Sobolev space

HY(\2dX) := {f € L*(\%dX): /|VAf(X)|2>\2dX < +oo} .

Remark 17. If f is a C' function then Vyf = V f, the usual gradient. Indeed,
if ¢ € C°, then

/VAngAQdX = —/fwAQdX — 2/f<pv)\)\/\2dX
= /Vfcp)\2dX+2/f<pv)\)\>\2dX—2/fgov)\)\>\2dX
= / VipA2dX.
Remark 18. If f,g € H'(\2dX), and fg, fVg,gVaf € L2(A\2dX), then fg €

H'(\2dX) and V(fg) = fVg + gVaf. This is Corollary 2.6 in [11].

The next construction relates these ideas to the objects we know from the
previous sections. Let 1) € H'((R?)™:R) so that also || € H'((R¥)N); then
there exists a measurable function e : (RY)N — {—1,1} such that 1 = e|y)|.
The function e coincides almost everywhere with /|| in the set where ¥ # 0.
From now on, let A\ = [¢|.
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Lemma 5.2.1. It holds that e € H'(||?dX) and Vye = 0 [|?dX — a.e.
Moreover, since |e| <1, e € L2(|Vy|?dX).

Proof. Since le| = 1 |¢|?dX — a.e., e € L*(|¢|?dX). Let ¢ € C,

[ Dectifax = - [evieluax —2 [ eplul L vvax ~o.
since
[evetvrax = [ovpiax = - [ovupplax - [evlivvax
— -2 [ plu|vydx. 0

We are interested in smooth approximations in these Sobolev spaces, a
well-studied question in the literature. The following is a consequence of [11],
Theorem 2.7]; we invite the reader to see also the references in that paper for
a more complete picture.

Theorem 5.2.2. There exists a sequence {e,} € C*° N H(|¢|?dX) such that
(i) lenl <1,
(ii) en — e in HY(J]?dX),
(iii) e, — e in L?(|Vy|?dX).
Proof. Choose a sequence of smooth cut-off functions (¢, )n>1 such that:
e 0<c, <1,
e ¢c,=1on B(0,n—1), ¢, =0 on B(0,n)
e Lip(c,) < 2.

First we consider e ¢, and we prove that it satisfies the properties (i)-(iii)
above. The property (i) is obvious. Also the L2-convergence is easy:

/|ecn —e|N2dX < / MNdX, /\ecn —e||[VAPdX < / VA2 dX
B(0,n)c B(0,n)c

converge to zero since A\, VA € L?(RV9). Combining Remark [17| and Remark
we have V) (ec,) = ¢,Vae + eVac, = eVac, = eVe,, and we must prove
that it converge to 0 in L?(A?dX). Indeed we have

/ leVen|? A2dX < 4 / A2dX.
B(0,n—1)¢

Now the second step is to regularize by convolution with a standard mol-
lifier of compact support J. defined by J.(X) = 1/eN9J(X/e), where J is
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non-negative and supported in the unit ball, with [ = 1. It is shown in [I1]
Theorem 2.7] that J. x (ec,) converge to ec, for fixed n as € — 0. Thus it
suffices to take &, small enough so that ||Jz, * (ecn) — ecnl| g1 (r2qx) converges
to zero to conclude. d

Remark 19. If the function e is symmetric, it is possible to make e, to be
symmetric as well. It suffices to choose ¢, (the cut-off functions) to be sym-
metric. Then the process of convolution maintains symmetry if the kernel is
symmetric.

In order to have a good behaviour of the approximating sequence (ey,)n>1
for the estimates that will be needed in the proof of Theorem [5.2.5] we must
also control the Lipschitz constant of e,. This may be done as a consequence
of the following

Lemma 5.2.3. Given sequences of non-negative real numbers (M) and (ay)
such that a, — 0, there exists a choice (ny) of indexes such that

(i) ni /* +00;

(7,7,) Mnkak — 0.
Proof. Given n, let K(n) such that Mya, < 27" for all £ > K(n), and choose
also K(n+ 1) > K(n). Now we define the sequence (ny) as follows:

1 itk < KQ)
"Tn KM <k<Kn+l).

By construction we have My, a; < 27" for all k > K(n), thus proving (ii).

On the other hand, given L € N, if &k > K (L) we have ny > L, which proves
(i)- O

Corollary 5.2.4. Given (a,) such that a, — 0, the sequence in Theorem
may be chosen such that Lip(e,)a, — 0.

Proof. Apply Lemma with M,, = Lip(e,) to select a suitable sequence
(én,,) with the desired property. O

Definition 9. Let w € C'([-1,1], S1) be defined by
s 1797,

The function w is such that |w| = 1, w(—1) = —1 and w(1) = 1 so that
w(e(z)) = e(x) a.e. in the set 1) # 0. Moreover, observe that |w'| = § and
lw(s) —w(t)| < 5 |s —t| for all s,t € [~1,1].

Theorem 5.2.5. Let w be the function defined above. Let e, € C° with
values in [—1,1] be such that e, — e in H'(||?dX) and L?(|V|?dX). Then

Y 1= w(en)pn — P in H'.



112 Chapter 5

Proof. First the L? convergence which is easier.

[t = ¥llz2 = llw(en)pn — elP]]| 12
< |lw(en)on — wlen)[¥[llz2 + llwlen) W] — elP|]| 2
= [lon = [¥lllL2 + [lw(en) — ellL2(p2ax)
< Alon = [¥lll2 + [lw(en) — wle)llL2(y2ax) + llw(e) — ellL2(pzax)
< llen = [lllz2 + 5 llen = ell2qypax).

The last term converges to 0 by Theorem above.
For the L? convergence of gradients, let us first compute

an = w/(en)ven()pn + w(en)VSOM
Vi = V(el¢]) = eVI[y],

and in the second computation we used that Ve = 0 a.e. where |9)| # 0.

IV = Vipl2 = |[w'(en)Venpn +w(en)Vin — VY|
< Jlw'(en) Venpn — w'(en) Ven| || + [|w'(en) Ven ¥ ]
+ llw(en) Von — eVIg].

The three terms on the right-hand-side above may be studied separately, the
most difficult one being the first. We have

T
o (ea)Vengn = (en)Venldl | < 5 [ 19eal*in = 012X
.
< 3 Lin(en)? [ lion = vl dX.

The last term of the inequality converges to 0 if we choose a, = |l¢n — [¢]]] 2

in Corollary

The second term
0 T
o (en) Ve 0|2 < Q/yvenpwzdx

and this goes to 0 by Theorem ii) and Lemma Finally we control
the third term by breaking it down again.

lw(en)Vion — €V [l 2 < lw(en)Vion — w(en)V 48] 2
+ lw(en)V 9] = €9 ] 12
< Vn = VIl 2 + w(en)V 1] = w(e)V [l 2
< IV = V1l 2 + 5 llen = ell zoppax) -

The last term converges to 0 by the convergence of ¢, to || in H'((RH)N)
and by Theorem iii). O
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In conclusion, notice that the approximating sequence built in this way
maintains the symmetry property. Indeed, ¢, is symmetric for every n, and
so is the sign function e. By Remark 19 we may choose e, to be symmetric.
Finally, if e,, is symmetric, so is w(ey, ), and hence w(ey)py, is symmetric, finally
proving Theorem [5.1.4

5.3 The semiclassical limit of the Hohenberg-Kohn
functional

In this Section we address the following problem: what is the behaviour of
F{‘ and Fﬁs as h — 07

This is a very relevant topic in physics, and is called the “semiclassical
limit”. It corresponds to the case of “strongly correlated electrons”, i.e., to
a system in which the internal potential energy V;,; due to the interaction
between particles dominates the kinetic energy T

Let us start with a crucial remark.

Remark 20. If we put A = 0 in the definition of Fﬁs we get
ES = inf {Vins () | ¥ € S, = p}.

Recall the Kantorovich formulation of the multi-marginal optimal trans-
port problem for a cost function c¢(xy,...,zy) with all marginals equal to

clp) = min{ [ ()00 1y €M)}

By considering the Coulomb cost function

1
c(xy,...,on) = Z m
J

1<i<j<N 7"

and by viewing |@b|2 as the density of a probability measure vy on (R)Y, we
get

B =int{ [ O30 |7 € Mo, v7 € (@Y
> int { [ (X)) € o) | =€)

Thus, the two functionals look almost the same, except for the regularity
request on the transport plan. However, as we studied in detail in Chap-
ter [4l every transport plan can be approximated by a regular one, so the two
functionals are actually the same/']

4This still requires some work, since the Coulomb cost is not a continuous and bounded
function. Details will be made precise in the following.



114 Chapter 5

This raises the question of whether F A,Fg — C in a suitable sense of
convergence. This connection between the Levy-Lieb functional and the multi-
marginal optimal transport functional was not realized until recent years —
see for instance [10, [I8]. Since then, the semiclassical limit of the Levy-Lieb
functional was studied in [4, 32 [19], and finally now we have a complete
picture. We will devote the rest of this section to the proof of the following
results.

Theorem 5.3.1. For every p € R,

lim £ (p) = C(p).
1—0

Theorem 5.3.2. For every p € R,
lim F7(p) = C(p).
—0

For the proof of Theorem we will closely follow [4], and is based on
our smoothing procedure of Chapter [4]

A proof of[Theorem 5.3.2|is given in [4] for N = 2, 3, and a very similar idea

was later developed in [19] to get the same result for any number of marginals.
However, in our opinion, the proof of given by M. Lewin in
[32] is much more physically meaningful and elegant. Moreover, it exploits
once more the ideas coming from Chapter [4 and this give everything a nice
unique frame. For the main estimates, however, we will refer to the original
paper, because we want to focus on the link between Lewin’s contruction and
Chapter

For both theorem, we will prove the result in the spinless case. The spin
dependence can be handled easily, e.g., by letting all the particles in the same
spin state with probability one.

Without further ado, let us move to the proofs. For clarity of presentation,
we separate the argument in two sections: the first one will show how to
deal with the bosonic case. In the second part, we will present how Lewin
generalized this construction to mixed quantum states to get Theorem

Proof of [Theorem 5.3.1]
Let us fix p € R. For every ¢ € S, ¢ — p we have
RT(4) + Vine(¥) = Vine(¥) = Cp),

since the transport plan u defined by du(X) = |¢(X)[*dX is an admissible
competitor for the multi-marginal optimal transport problem C|(p).
By passing to the infimum on the left-hand side we get

Ff(p) > Clp),
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hence

liminf ¥ (p) > C(p).
h—0

Let now p € P((RY)V) be an optimal transport plan for C(p), i.e.,
= C(p).
/KZ L e
<i<j<N

First of all, notice that we can assume p to be a symmetric measure:
indeed, if it is not the case, let

where T,: (RH)YN — (RN is the permutation of coordinates defined by
T5(21,--,2N) = (To(1)s-- -5 To(n)). Because of the symmetry of the cost
function, Sym p will still be an optimal transport plan for C'(p).

Now the idea of the proof is to let

b =1/ OVE[y],

where O is the smoothing operator defined in Chapter dl In this case we take a
compactly supported kernel 7, since we need to apply Observe
that this defines 1, € H'((R?)"), symmetric and positive.

Lemma 5.3.3. With the notation above,
lim A>T (¢5) = 0.
Lim 75T (4n)

Proof. We apply the p = 2 version of the energy bound for © given by

to get
() = £(0"u)) < Y

Vol
Rd
Since p € R, the last integral is finite, and we get the thesis. O
Lemma 5.3.4. With the notation above,
h—0

Proof. By a result of Buttazzo et al. [9, Theorem 2.4], there exists a > 0 such
that
p(D2a) = 0,

where Ds,, denotes the “enlarged diagonal”

Dy = {(m,...,xz\/) € (Rd)N| |z; — x| < 2a for some i 3&‘7}'
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We define the truncated Coulomb cost

Ca<1‘1,...,l‘N) = Z fa(xi,xj),

1<i<j<N
where
1 .
if lz —vy| >«
fa(x7y) = |1:c—y| ‘ y‘ N
= otherwise.

Observe that ¢, is a bounded and continuous function which differ from
the Coulomb cost only on D, C Ds,, hence

C(p) = / (X)dp(X) = / a(X)dpu(X).

By |Corollary 4.2.6|, we know that @\/ﬁ[u] — 4, so in particular

tiy [ ol [0 aX = lim [ e0(X)80V 1)) = [ calX)du(X) = C(p).

On the other hand by with Q = D,, we know that, for i

sufficiently small, 15 = 0 on D,,, hence

Vioaln) = [ O [in (O ax = [ eal0) (X)X,
and we get the thesis. O

This concludes the proof of since we get

lilgl Sup F(p) < lir;ia sup (R*T(4hn) + Vine (1)) = C(p).

Proof of [T’heorem 5.3.2

We get easily that
liminf Y (p) = C(p)
h—0

as in the proof of

In order to get the (much harder) inequality, we give a brief quantum-
oriented introduction and notation, in order to clarify the similarities of Lewin’s
argument with our construction. As in quantum chemistry is often done, we
extend the set A of wave-function to the set of N-particles density matrix, as
for the following

Definition 10. The set of N-particles density matrices is the set of linear
operators I': A — A such that:

(i) T is trace-class, TrI' = 1;
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(i) T=T*T >0.

The set of N-particles density matrices is convex. Observe also that any
Y € A provides an N-density matrix I'y, given by the orthogonal projection
on the linear subspace generated by ., so the notion of N-particles density
matrix effectively extends that of wave-function. To any given I', we can
associate a single-particle density pr defined by duality by

[ ()dp(z) = Te(o(a)T)

for every ¢ € Cy(RY). Notice that, consistently, if I' = 'y, then the density
pr defined in this way coincides with the single particle density of the wave-
function .

A crucial result in Density Functional Theory is the following by H. Lieb
[34, Section 4.B].

Theorem 5.3.5. Let p € R. Then
F(p) = inf {Tr HoI'| T’ N-particle density matriz, pr = p}

Here Hj denotes the fundamental hamiltonian

N
HO = —ZAxk +C(3}'1,...,.’L’N),
k=1

which is a non-negative self-adjoint operator on A, since the Coulomb cost
function ¢(z1,...,xN) is non—negativeﬂ

Let us take a symmetric optimal transport plan p € P((RY)N) for the
multi-marginal optimal transport problem. The idea to complete the proof of

'Theorem 5.3.2|is thus to construct a suitable sequence I'j, such that:
(A) Tr(—Agz, )T is controlled in terms of & for every k =1,...,N;
(B) T, = p and supp ', N Dy, = () for A sufficiently small.

This will allow to conclude as in the previous section.

Lewin’s nice idea is to modify the smoothing operator of Chapter 4]in order
to get not a wave-function, but an N-particle denisty matrix. We take a com-
pactly supporte kernel 7.(z) € C*(R%), and we start as usual by regularizing
w by convolution. Let as in Chapter []

N
A[ul(V) = / TT 7 ok — 20 du(2).
k=1

5Here the Laplacian is naturally defined by duality using the Sobolev derivatives.
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Recall that we got back the original marginals by letting

/H77 e 2P pefu(v) a.

and in this way we get a symmetric (bosonic) wave-function, because we are
averaging on Y the symmetric wave-functions

n° (Y, — zx)p(x)

A § S PRES TN

If we want to get an N-particle density matrix, we should average on Y
suitable operators I'y. A standard way to construct fermionic wave functions
is to take the so-called Slater determinant: given ¢1,...,pn € H'(RY), the
wave-function

e1(r1) ... p1(aN)
S(e1y---yon)(z1,...,zN) = det : . :

en(z1) ... en(zN)
belongs to the set A.

Recalling that to each wave-function ¢ we can associate I' = I'y,, we define
the wave-function

n° (y1—=1)p(z1) n°(y1—zn)p(zN)
v (pxn%)(y1) T (pxn%)(y1)
Y= (x1, ..., xN) = det : . :
n° (yn—z1)p(z1) N (yn—zn)p(zN)
(pxn°) (yn) T (pxn%)(yn)

and let I'j, := [')cy. When we average over Y, since A®[u] is a probability
measure, by convexity of the NV-particles density matrices we get an admissible
trial state

re / e AS[](Y) Y.

For the properties of I'*, which lead to the result and also to an additional
bound on the rate of convergence,we refer to [32] and in particular Theorem
1 therein.
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